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Groups acting on trees: how do they look like?

Topology and some natural subgroups

Let T be a d-regular tree (d > 3).
Aut(T) =Group of automorphisms of T acting without edge inversion

Aut(T) C TT endowed with the induced topology, becomes a locally
compact, second countable group that is totally disconnected.

In other words, g, — id if and only if for every v € VT and every m € N,
gn|B(v, m) =id|B(v, m) for every n large enough.

-Studied by Tits, Serre, Bruhat, Bass, Lubotzky, Mozes, Burger and many

others.
-Nowadays, they play important role in the structure theory of tdlc groups.
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Groups acting on trees: how do they look like?

Types of elements and natural subgroups

Let G < Aut(T) be a non-compact, closed subgroup that acts transitively
on OT.

- For v € VT, G, is a maximal compact subgroup.
- For £ € 0T, Ge = {g € G| g& = &}, the Borel subgroup.
-G2 = {g € G| g€ = €andgis elliptic}, the horospherical subgroup.

Geometric analogues of many of the classical decomposition of linear
groups hold:

-Cartan (KAK) decomposition: G = G,a”G,, where a is an hyperbolic
element of minimal translation distance (two in this case).

-lwasawa (KAN) decomposition: G = G, G¢ and G¢ = aZGg, so

G = GvaZGg.

-Bruhat decomposition: G = G¢wG¢ LI G¢, where w is an element with
w2¢ = & (Weyl group element).
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The example of SLy(K)

(Bruhat-Tits, Serre)
K = Qp or K= Fpr((T71))
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The example of SL,(K)

(Bruhat-Tits, Serre)
K=Qpor K=Fn((T™1))

Serre: Consider a graph where vertices correspond to the equivalence
classes (for multiplication by some a # 0 € K) of lattices in K x K and
edges correspond to some relation between two equivalence class of
lattices (namely there is an edge between [L] and [L'] if there are
representatives Ly and Ly such that [Lg : Ly] = |residue field| = |p"|).
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The example of SL,(K)

(Bruhat-Tits, Serre)
K=Qpor K=Fn((T™1))

Serre: Consider a graph where vertices correspond to the equivalence
classes (for multiplication by some a # 0 € K) of lattices in K x K and
edges correspond to some relation between two equivalence class of
lattices (namely there is an edge between [L] and [L'] if there are
representatives Ly and Ly such that [Lg : Ly] = |residue field| = |p"|).

~This is a (p" + 1)-regular tree endowed with a natural action of SLy(K)
by automorphisms, induced by its linear action on K x K.

OTpni1 identifies with ]P’(k2) and the action on 9 Tpny1 corresponds to the
action of SLy(K) on P(K2) by homographies.

This gives an embedding (P)SLa(K) < Aut(Tpny1), (the latter is much

larger
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The example of SLy(K') continued

Setting G = SLy(K), we have
- For v € VT, G, = a maximal compact subgroup (conjugate to SL»(0O)).
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Setting G = SLy(K), we have
- For v € VT, G, = a maximal compact subgroup (conjugate to SL»(0O)).
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7 is some fixed uniformizer.
u  x ) o . .
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The example of SLy(K) continued

Setting G = SLy(K), we have
- For v € VT, G, = a maximal compact subgroup (conjugate to SL»(0O)).
- For £ € T ~P(K?), G¢ = conjugate to <* :) <G.

- . : : 7r
- A minimal length hyperbolic element is conjugate to ( 7r_1>’ where
7 is some fixed uniformizer.

u  x ) o . .
—G£O = u-1) where v is a unit in the valuation ring O.

So our geometric subgroup Gg corresponds to a compact extension of the
unipotent group when we specialize to SLg(iA().
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Denote G = Aut(T). Let £ € T and let Gg be the associated
horospherical subgroup. Let ' be a discrete subgroup of G.
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horospherical subgroup. Let ' be a discrete subgroup of G.

Note that I is discrete if and only if for every v € VT, I, is finite.
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Denote G = Aut(T). Let £ € T and let Gg be the associated
horospherical subgroup. Let ' be a discrete subgroup of G.

Note that I is discrete if and only if for every v € VT, I, is finite.

Covolume of a discrete subgroup I can be expresses as err\-,- |r71\ Sol

is a lattice if and only if this sum is finite.

We are interested in understanding measures invariant under (the
“unipotent” or horospherical) GEO action on the homogeneous space G/TI.
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Measure classification and an Hedlund theorem

Measure classification for general discrete subgroup
quotients (a Dani theorem)

Denote G = Aut(T). Let £ € T and let Gg be the associated
horospherical subgroup. Let ' be a discrete subgroup of G.

Note that I is discrete if and only if for every v € VT, I, is finite.

Covolume of a discrete subgroup I can be expresses as err\-,- |r71\ Sol

is a lattice if and only if this sum is finite.

We are interested in understanding measures invariant under (the
“unipotent” or horospherical) Gg action on the homogeneous space G/TI.

Why not looking at the genuine unipotent subgroups as in the classical
results of Dani, Margulis, Ratner, ..?
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Measure classification and an Hedlund theorem

Statement of first theorem and remarks

Indeed, one can define a subgroup U := {g € G|a~"ga" — id} of more
dynamic nature, which would coincide with the unipotent group in the
SLy(K) example, but in general, this group is not closed. Moreover, in the

setting of the following result, we have Us = Gfo.
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Measure classification and an Hedlund theorem

Statement of first theorem and remarks

Indeed, one can define a subgroup U := {g € G|a~"ga" — id} of more
dynamic nature, which would coincide with the unipotent group in the
SLy(K) example, but in general, this group is not closed. Moreover, in the

setting of the following result, we have Us = Gfo.

Theorem (CFS 19’ (a Dani theorem))
Let G =Aut(T), £ € 9T, T < G a discrete subgroup. Let yu be a
Gg—invariant and ergodic probability measure on G/I'. Then, either

- is Gg—homogeneous (i.e. supported on a closed Gg—orbit), or
- 1t = mx (the Haar measure on G/T') and T is a lattice.
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Measure classification and an Hedlund theorem

Statement of first theorem and remarks

Indeed, one can define a subgroup U := {g € G|a~"ga" — id} of more
dynamic nature, which would coincide with the unipotent group in the
SLQ(R) example, but in general, this group is not closed. Moreover, in the
setting of the following result, we have U = Gfo.

Theorem (CFS 19’ (a Dani theorem))
Let G =Aut(T), £ € 9T, T < G a discrete subgroup. Let yu be a
Gg—invariant and ergodic probability measure on G/I'. Then, either

- is Gg—homogeneous (i.e. supported on a closed Gg—orbit), or
- 1t = mx (the Haar measure on G/T') and T is a lattice.

Remark

1. In fact the above result is true for a larger class of groups G < Aut(T),
for example the Burger—Mozes universal groups.
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Measure classification and an Hedlund theorem

Statement of first theorem and remarks

Indeed, one can define a subgroup U := {g € G|a~"ga" — id} of more
dynamic nature, which would coincide with the unipotent group in the
SLQ(R) example, but in general, this group is not closed. Moreover, in the
setting of the following result, we have U = Gfo.

Theorem (CFS 19’ (a Dani theorem))
Let G =Aut(T), £ € 9T, T < G a discrete subgroup. Let yu be a
Gg—invariant and ergodic probability measure on G/I'. Then, either

- is Gg—homogeneous (i.e. supported on a closed Gg—orbit), or
- 1t = mx (the Haar measure on G/T') and T is a lattice.

Remark

1. In fact the above result is true for a larger class of groups G < Aut(T),
for example the Burger—Mozes universal groups.

2. Theorem (a Furstenberg theorem): If T is a cocompact lattice, then

G2-action on G /T is uniquely ergodic.
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Measure classification and an Hedlund theorem

Some words on the proof
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The proof uses Ratner's drift argument.
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Measure classification and an Hedlund theorem

Some words on the proof

The proof uses Ratner's drift argument.

1) One replaces Birkhoff's ergodic theorem by Lindenstrauss’ ergodic
theorem for amenable groups (GEU).
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The proof uses Ratner's drift argument.

1) One replaces Birkhoff's ergodic theorem by Lindenstrauss’ ergodic
theorem for amenable groups (GEU).

2) One adapts the drift argument of Ratner to get additional hyperbolic
invariance
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Some words on the proof

The proof uses Ratner's drift argument.

1) One replaces Birkhoff's ergodic theorem by Lindenstrauss’ ergodic
theorem for amenable groups (GEU).

2) One adapts the drift argument of Ratner to get additional hyperbolic
invariance (most of the effort goes into this part which also uses classical
decompositions for G, e.g. the Bruhat decomposition).
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Measure classification and an Hedlund theorem

Some words on the proof

The proof uses Ratner's drift argument.

1) One replaces Birkhoff's ergodic theorem by Lindenstrauss’ ergodic
theorem for amenable groups (GEO).

2) One adapts the drift argument of Ratner to get additional hyperbolic
invariance (most of the effort goes into this part which also uses classical
decompositions for G, e.g. the Bruhat decomposition).

3) One concludes by adapting an ending argument due to Ghyse' that uses
Howe—Moore property which in this setting were proven by
Lubotzky—Mozes.
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Measure classification and an Hedlund theorem

Geometrically finite lattices and edge-indexed graphs
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Measure classification and an Hedlund theorem

Geometrically finite lattices and edge-indexed graphs

The class of lattices in Aut(T) is much less tractable than the class of
lattices in linear groups.
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Geometrically finite lattices and edge-indexed graphs

The class of lattices in Aut(T) is much less tractable than the class of
lattices in linear groups.

For example,

1) There are towers of lattices with arbitrarily small co-volume.
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Geometrically finite lattices and edge-indexed graphs

The class of lattices in Aut(T) is much less tractable than the class of
lattices in linear groups.

For example,
1) There are towers of lattices with arbitrarily small co-volume.

2) There is a lattice I such that the G-action does not have a spectral gap
on L?(G/T). (Bekka—Lubotzky)
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Measure classification and an Hedlund theorem

Geometrically finite lattices and edge-indexed graphs

The class of lattices in Aut(T) is much less tractable than the class of
lattices in linear groups.

For example,
1) There are towers of lattices with arbitrarily small co-volume.

2) There is a lattice I such that the G-action does not have a spectral gap
on L?(G/T). (Bekka—Lubotzky)

3) Lattices are not necessarily geometrically finite.
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Measure classification and an Hedlund theorem

Geometrically finite lattices and edge-indexed graphs

The class of lattices in Aut(T) is much less tractable than the class of
lattices in linear groups.

For example,

1) There are towers of lattices with arbitrarily small co-volume.

2) There is a lattice I such that the G-action does not have a spectral gap
on L?(G/T). (Bekka—Lubotzky)

3) Lattices are not necessarily geometrically finite.

We will recall the definition of geometrically finite lattices.
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Measure classification and an Hedlund theorem

Geometrically finite lattices and edge-indexed graphs

The class of lattices in Aut(T) is much less tractable than the class of
lattices in linear groups.

For example,

1) There are towers of lattices with arbitrarily small co-volume.

2) There is a lattice I such that the G-action does not have a spectral gap
on L?(G/T). (Bekka—Lubotzky)

3) Lattices are not necessarily geometrically finite.

We will recall the definition of geometrically finite lattices.

An edge-indexed graph (A, i) is the data of a connected graph A and a
function i/ : EA — N.
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Measure classification and an Hedlund theorem

Geometrically finite lattices and edge-indexed graphs

Given a discrete subgroup I' < Aut(T), one can associate the data of an
edge-indexed graph as shown on the black board. (Bass-Kulkarni)
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Measure classification and an Hedlund theorem

Geometrically finite lattices and edge-indexed graphs

Given a discrete subgroup I' < Aut(T), one can associate the data of an
edge-indexed graph as shown on the black board. (Bass-Kulkarni)
Definition

A discrete subgroup I is said to be geometrically finite if ' T with its

edge-indexed graph structure is a union of a finite graph and finitely many
cuspidal rays.
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Measure classification and an Hedlund theorem

Geometrically finite lattices and edge-indexed graphs

Given a discrete subgroup I' < Aut(T), one can associate the data of an
edge-indexed graph as shown on the board. (Bass-Kulkarni)

Definition

A discrete subgroup I is said to be geometrically finite if ' T with its
edge-indexed graph structure is a union of a finite graph and finitely many
cuspidal rays.

It is a result of Raghunathan that all /attices in a k-rank one simple linear
algebraic group over a non-archimedean local field k are geometrically
finite. The geometric interpretation is due to Lubotzky.
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Measure classification and an Hedlund theorem

Geometrically finite lattices and edge-indexed graphs

Given a discrete subgroup I' < Aut(T), one can associate the data of an
edge-indexed graph as shown on the board. (Bass-Kulkarni)

Definition

A discrete subgroup I is said to be geometrically finite if ' T with its
edge-indexed graph structure is a union of a finite graph and finitely many
cuspidal rays.

It is a result of Raghunathan that all /attices in a k-rank one simple linear
algebraic group over a non-archimedean local field k are geometrically
finite. The geometric interpretation is due to Lubotzky.

An example is the modular ray which is the edge-indexed graph associated
to the Nagao lattice PSLa(Fy[T]) in PSLa(Fo((T71))).
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An Hedlund theorem

We are now ready to state
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Measure classification and an Hedlund theorem

An Hedlund theorem

We are now ready to state
Theorem (CFS 19')

Let G < Aut(T) be a non-compact, closed and topologically simple
subgroup acting transitively on OT. Let [ < G be a geometrically finite
lattice, £ € OT and Gg the horospherical subgroup in G. Then,
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An Hedlund theorem

We are now ready to state

Theorem (CFS 19')

Let G < Aut(T) be a non-compact, closed and topologically simple
subgroup acting transitively on OT. Let [ < G be a geometrically finite
lattice, £ € OT and Gg the horospherical subgroup in G. Then,

1. every orbit of Gg is either compact or dense, and

2. The family of (discrete) one-parameter compact orbits is in bijection
with the cusps of '\ T.
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An Hedlund theorem

We are now ready to state

Theorem (CFS 19')

Let G < Aut(T) be a non-compact, closed and topologically simple
subgroup acting transitively on OT. Let [ < G be a geometrically finite
lattice, £ € OT and Gg the horospherical subgroup in G. Then,

1. every orbit of GgO is either compact or dense, and

2. The family of (discrete) one-parameter compact orbits is in bijection
with the cusps of '\ T.

Remark

Note that this result applies to simple linear algebraic groups over
non-archimedean local fields.

v
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An Hedlund theorem

We are now ready to state

Theorem (CFS 19')

Let G < Aut(T) be a non-compact, closed and topologically simple
subgroup acting transitively on OT. Let [ < G be a geometrically finite
lattice, £ € OT and Gg the horospherical subgroup in G. Then,

1. every orbit of GgO is either compact or dense, and

2. The family of (discrete) one-parameter compact orbits is in bijection
with the cusps of '\ T.

Remark

Note that this result applies to simple linear algebraic groups over
non-archimedean local fields.In this case, for characteristic zero, it is a
specialization of Ratner’s results.

v
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An Hedlund theorem

We are now ready to state

Theorem (CFS 19')

Let G < Aut(T) be a non-compact, closed and topologically simple
subgroup acting transitively on OT. Let [ < G be a geometrically finite
lattice, £ € OT and Gg the horospherical subgroup in G. Then,

1. every orbit of GgO is either compact or dense, and

2. The family of (discrete) one-parameter compact orbits is in bijection
with the cusps of '\ T.

Remark

Note that this result applies to simple linear algebraic groups over
non-archimedean local fields.In this case, for characteristic zero, it is a
specialization of Ratner’s results. For non-zero characteristic, it can be
deduced by combining works of Mohammadi and Ghosh.

v
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Measure classification and an Hedlund theorem

Some words on the proof
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Measure classification and an Hedlund theorem

Some words on the proof

The proof follows somewhat standard lines with some geometric input
coming from Paulin's work.
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Measure classification and an Hedlund theorem

Some words on the proof

The proof follows somewhat standard lines with some geometric input
coming from Paulin's work.

Standard lines: use of Margulis’ orbit thickening argument thanks to the
analogues of classical decompositions and dynamical aspects of these
decompositions, together with mixing of the " geodesic flow" that follows
from Howe—Moore property shown by Lubotzky-Mozes.
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Measure classification and an Hedlund theorem

Some words on the proof

The proof follows somewhat standard lines with some geometric input
coming from Paulin's work.

Standard lines: use of Margulis’ orbit thickening argument thanks to the
analogues of classical decompositions and dynamical aspects of these
decompositions, together with mixing of the " geodesic flow" that follows
from Howe—Moore property shown by Lubotzky-Mozes.

X X X
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Measure classification and an Hedlund theorem

Some words on the proof

The proof follows somewhat standard lines with some geometric input
coming from Paulin's work.

Standard lines: use of Margulis’ orbit thickening argument thanks to the
analogues of classical decompositions and dynamical aspects of these
decompositions, together with mixing of the " geodesic flow" that follows
from Howe—Moore property shown by Lubotzky-Mozes.

X X X

In the second part of the talk, we will be interested in statistical properties
of dense orbits in the previous theorem. Namely, their equidistribution
property.
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Non-escape of mass

Part 2: (Non)-escape of mass and equidistribution of dense
orbits
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Non-escape of mass

Part 2: (Non)-escape of mass and equidistribution of dense
orbits

What is non-escape of mass? and why do we want such a thing?
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Part 2: (Non)-escape of mass and equidistribution of dense
orbits

What is non-escape of mass? and why do we want such a thing?

+ Setting for the rest: G < Aut(T) non-compact, closed and G ~OT
transitively, I < G a geometrically finite lattice, n € OT.
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Non-escape of mass

Part 2: (Non)-escape of mass and equidistribution of dense
orbits

What is non-escape of mass? and why do we want such a thing?

+ Setting for the rest: G < Aut(T) non-compact, closed and G ~OT
transitively, I < G a geometrically finite lattice, n € OT.

Fix a geodesic ray in T: yo,¥1,.--,Yn,... CONverging to 7.
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Non-escape of mass

Part 2: (Non)-escape of mass and equidistribution of dense
orbits

What is non-escape of mass? and why do we want such a thing?

+ Setting for the rest: G < Aut(T) non-compact, closed and G ~OT
transitively, I < G a geometrically finite lattice, n € OT.

Fix a geodesic ray in T: yo,¥1,.--,Yn,... CONverging to 7.

For i € N, denote by F; the group Gy, ,), i.e. the subgroup of Gfl) fixing
the ray [y;,n) pointwise.
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Non-escape of mass

Part 2: (Non)-escape of mass and equidistribution of dense
orbits

What is non-escape of mass? and why do we want such a thing?

+ Setting for the rest: G < Aut(T) non-compact, closed and G ~OT
transitively, I < G a geometrically finite lattice, n € OT.
Fix a geodesic ray in T: yo,¥1,.--,Yn,... CONverging to 7.

For i € N, denote by F; the group Gy, ,), i.e. the subgroup of Gfl) fixing
the ray [y;,n) pointwise.

We have G0 UjF;. The sets F; constitute a nice Folner sequence of G0

(so they replace intervals). It is a sequence of increasing compact-open
subgroups.
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Non-escape of mass

Part 2: (Non)-escape of mass and equidistribution of dense
orbits

What is non-escape of mass? and why do we want such a thing?

+ Setting for the rest: G < Aut(T) non-compact, closed and G ~OT
transitively, I < G a geometrically finite lattice, n € OT.
Fix a geodesic ray in T: yo,¥1,.--,Yn,... CONverging to 7.

For i € N, denote by F; the group Gy, ,), i.e. the subgroup of Gfl) fixing
the ray [y;,n) pointwise.

We have G0 UjF;. The sets F; constitute a nice Folner sequence of G0
(so they replace intervals). It is a sequence of increasing compact-open
subgroups. Denote by mf, the Haar probability measure on F;.
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Non-escape of mass

Part 2: (Non)-escape of mass and equidistribution of dense
orbits

What is non-escape of mass? and why do we want such a thing?

+ Setting for the rest: G < Aut(T) non-compact, closed and G ~OT
transitively, I < G a geometrically finite lattice, n € OT.
Fix a geodesic ray in T: yo,¥1,.--,Yn,... CONverging to 7.

For i € N, denote by F; the group Gy, ,), i.e. the subgroup of Gfl) fixing
the ray [y;,n) pointwise.

We have G0 UjF;. The sets F; constitute a nice Folner sequence of G0
(so they repIace intervals). It is a sequence of increasing compact-open
subgroups. Denote by mf, the Haar probability measure on F;.

We want a result saying that most of the elements in F; keeps a point
x € G/T in a compact set (analogue of classical Dani-Margulis results).

Cagri Sert (Universitat Ziirich) Measure classification and (non)-escape of mdCTS, Bangalore (4 October 2019)[10pt] join



Non-escape of mass

Results: non-escape of mass and equidistribution
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Results: non-escape of mass and equidistribution

Theorem (CFS, 19')

For every € > 0, there exist a compact set K. C G/T such that for every

x € G/T not-belonging to a compact Gg -orbit, for every n large enough,
we have

me{g € Frlgxe K} >1—¢
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Non-escape of mass

Results: non-escape of mass and equidistribution

Theorem (CFS, 19')

For every € > 0, there exist a compact set K. C G/T such that for every
x € G/TI not-belonging to a compact Gg -orbit, for every n large enough,
we have

me{g € Frlgxe K} >1—¢

Using classical arguments (involving again the Howe-Moore property and
the previous Hedlund type theorem) one deduces the equidistribution of
dense orbits in the Hedlund type theorem we saw before (analogous to a
well-known result of Dani-Smillie).
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Non-escape of mass

Results: non-escape of mass and equidistribution

Theorem (CFS, 19')

For every € > 0, there exist a compact set K. C G/T such that for every
x € G/TI not-belonging to a compact Gg -orbit, for every n large enough,
we have

me{g € Frlgxe K} >1—¢

Using classical arguments (involving again the Howe-Moore property and
the previous Hedlund type theorem) one deduces the equidistribution of
dense orbits in the Hedlund type theorem we saw before (analogous to a
well-known result of Dani-Smillie).

Theorem (CFS, 19')

For every x € G /T not belonging to a compact G,?—orbit, the sequence of
orbits F,x endowed with their orbital probability measures, equidistributes
to the Haar measure. In other words, writing W : Gg — GJT,

V(g) := gx, we have Vy.mg, — mx as n — oo.
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Non-escape of mass

Escape of mass

In the case of simple linear algebraic group over non-archimedean local
field of characteristic positive, this is a result of Ghosh.
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Non-escape of mass

Escape of mass

In the case of simple linear algebraic group over non-archimedean local
field of characteristic positive, this is a result of Ghosh.

X X X
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Non-escape of mass

Escape of mass

In the case of simple linear algebraic group over non-archimedean local
field of characteristic positive, this is a result of Ghosh.

X X X

Escape of mass:

Theorem (CFS, 19')

There exist a lattice I in Aut(Te) and geodesically non-divergent
x € Aut(Te) whose G,? orbit exhibits escape of mass.
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Non-escape of mass

On the proof of non-escape of mass
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Non-escape of mass

On the proof of non-escape of mass

Deriving the equidistribution statement from the non-escape of mass result
follows rather standard lines so let us concentrate on the proof of
non-escape of mass result.
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Non-escape of mass

On the proof of non-escape of mass

Deriving the equidistribution statement from the non-escape of mass result
follows rather standard lines so let us concentrate on the proof of
non-escape of mass result.

Let us try to understand why for a given x €'\ G and e >0, 1 — ¢

proportion of the orbit F,x stays inside a compact subset K for every n
large enough.
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Non-escape of mass

On the proof of non-escape of mass

Deriving the equidistribution statement from the non-escape of mass result
follows rather standard lines so let us concentrate on the proof of
non-escape of mass result.

Let us try to understand why for a given x €'\ G and e >0, 1 — ¢
proportion of the orbit F,x stays inside a compact subset K for every n
large enough.

For simplicity, let us suppose that I is of Nagao type, i.e. ['\ T is a ray.
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Non-escape of mass

On the proof of non-escape of mass

Deriving the equidistribution statement from the non-escape of mass result
follows rather standard lines so let us concentrate on the proof of
non-escape of mass result.

Let us try to understand why for a given x €'\ G and e >0, 1 — ¢
proportion of the orbit F,x stays inside a compact subset K for every n
large enough.

For simplicity, let us suppose that I is of Nagao type, i.e. ['\ T is a ray.

So, we want to find a compact set in '\ G with the previous property. We
might as well look for it in '\ G/K where K is a compact subgroup of G.
In particular, we can take K to be the stabilizer of a vertex v € T.
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Non-escape of mass

On the proof of non-escape of mass

But assumptions on G implies that it acts transitively on T (in fact on
evenly spaced vertices but let's not get into that), so G/K identifies with
T.
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Non-escape of mass

On the proof of non-escape of mass

But assumptions on G implies that it acts transitively on T (in fact on
evenly spaced vertices but let's not get into that), so G/K identifies with
T.

In other words, we are looking for a compact set in '\ T (which is a ray!)
that contains most of the projection of Fjx.
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Non-escape of mass

On the proof of non-escape of mass

But assumptions on G implies that it acts transitively on T (in fact on
evenly spaced vertices but let's not get into that), so G/K identifies with
T.

In other words, we are looking for a compact set in '\ T (which is a ray!)
that contains most of the projection of Fjx.

To define such a projection map, let us choose a lift of '\ T in T, i.e. a
ray 0,1,... (by abuse of notation identified also with '\ T). Let
m: T — T\ T be the projection.
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Non-escape of mass

On the proof of non-escape of mass

But assumptions on G implies that it acts transitively on T (in fact on
evenly spaced vertices but let's not get into that), so G/K identifies with
T.

In other words, we are looking for a compact set in '\ T (which is a ray!)
that contains most of the projection of Fjx.

To define such a projection map, let us choose a lift of '\ T in T, i.e. a
ray 0,1,... (by abuse of notation identified also with '\ T). Let
m: T — T\ T be the projection.
Consider

Label : G/T — T\ T ~T\ G/K (3.1)
gl — (g 10) '

This is a continuous map with compact fibres.
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Non-escape of mass

On the proof of non-escape of mass

In other words, we can see G/I" as a collection of compact pieces, indexed
by labels 0,1,. ...
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Non-escape of mass

On the proof of non-escape of mass

In other words, we can see G/I" as a collection of compact pieces, indexed
by labels 0,1,. ...
Consequently, the non-escape of mass statement that we are looking for

can be expressed equivalently as

For every € > 0, there exists N, € N such that every glI' not contained in a
compact Gg—orbit satisfies

mg, {f € F,|Label(fgl') € {0,...,N.}} >1—¢

for every n large enough.
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Non-escape of mass

On the proof of non-escape of mass

In other words, we can see G/I" as a collection of compact pieces, indexed
by labels 0,1,. ...
Consequently, the non-escape of mass statement that we are looking for

can be expressed equivalently as

For every € > 0, there exists N, € N such that every glI' not contained in a
compact Gg—orbit satisfies

mg, {f € F,|Label(fgl') € {0,...,N.}} >1—¢

for every n large enough.

The advantage of this reformulation is that it allows us to work on the
picture.
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Non-escape of mass

On the proof of non-escape of mass

In other words, we can see G/I" as a collection of compact pieces, indexed
by labels 0,1,. ...
Consequently, the non-escape of mass statement that we are looking for

can be expressed equivalently as

For every € > 0, there exists N, € N such that every glI' not contained in a
compact Gg—orbit satisfies

mg, {f € F,|Label(fgl') € {0,...,N.}} >1—¢

for every n large enough.

The advantage of this reformulation is that it allows us to work on the

picture.
How?
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Non-escape of mass

On the proof of non-escape of mass

In other words, we can see G/I" as a collection of compact pieces, indexed
by labels 0,1,. ...
Consequently, the non-escape of mass statement that we are looking for

can be expressed equivalently as

For every € > 0, there exists N, € N such that every glI' not contained in a
compact Gg—orbit satisfies

mg, {f € F,|Label(fgl') € {0,...,N.}} >1—¢

for every n large enough.

The advantage of this reformulation is that it allows us to work on the
picture.
How? Let's see.
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Non-escape of mass

On the proof of non-escape of mass

We are interested in Gggr which is gGg_lnF.
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Non-escape of mass

On the proof of non-escape of mass

We are interested in Gggr which is gGg_lnF.

For our problem, we can ignore the g in gGg,lnr, so we are left with
Gg_lnr i.e. the Gg_ln—orbit of the identity coset [ in G/T.
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Non-escape of mass

On the proof of non-escape of mass

We are interested in Gggr which is gGg_lnF.

For our problem, we can ignore the g in gGg,lnr, so we are left with
Gg_lnr i.e. the Gg_ln—orbit of the identity coset [ in G/T.

Let us redefine y,'s as a ray from 0 = yg to g~ 11 and F, as G[?/n )"
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Non-escape of mass

On the proof of non-escape of mass

We are interested in Gggr which is gGg_lnF.

For our problem, we can ignore the g in gGg,lnr, so we are left with
Gg_lnr i.e. the Gg_ln—orbit of the identity coset [ in G/T.

Let us redefine y,'s as a ray from 0 = yg to g~ 11 and F, as G[?/n )"

How is Label(F,I) C N distributed?
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Non-escape of mass

On the proof of non-escape of mass

We are interested in Gggr which is gGg_lnF.

For our problem, we can ignore the g in gGg,lnr, so we are left with
Gg_lnr i.e. the Gg_ln—orbit of the identity coset [ in G/T.

Let us redefine y,'s as a ray from 0 = yg to g~ 11 and F, as G[?/n )"

How is Label(F,I) C N distributed? Picture on the black
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Non-escape of mass

On the proof of non-escape of mass

We are interested in Gggr which is gGg_lnF.

For our problem, we can ignore the g in gGg,lnr, so we are left with
Gg_lnr i.e. the Gg_ln—orbit of the identity coset [ in G/T.

Let us redefine y,'s as a ray from 0 = yg to g~ 11 and F, as G[())/n )"

How is Label(F,I) C N distributed? Picture on the black

We want to see this distribution it as the n"-step distribution of a
judiciously constructed Markov chain.
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Non-escape of mass

On the proof of non-escape of mass

One easily verifies that this Markov chain M,, models the label distribution

on pieces of spheres, it is irreducible (possibly periodic but let us ignore
this issue).
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On the proof of non-escape of mass

One easily verifies that this Markov chain M,, models the label distribution
on pieces of spheres, it is irreducible (possibly periodic but let us ignore
this issue).

Moreover, one shows the following more general fact

Proposition

For a discrete subgroup I' < G, the Markov chain M,, is positively
recurrent, equivalently (for irreducible aperiodic chains), it admits a unique
stationary probability measure if and only if T is a lattice.

Cagri Sert (Universitat Ziirich) Measure classification and (non)-escape of miCTS, Bangalore (4 October 2019)[10pt] join



Non-escape of mass

On the proof of non-escape of mass

One easily verifies that this Markov chain M,, models the label distribution
on pieces of spheres, it is irreducible (possibly periodic but let us ignore
this issue).

Moreover, one shows the following more general fact

Proposition

For a discrete subgroup I' < G, the Markov chain M,, is positively
recurrent, equivalently (for irreducible aperiodic chains), it admits a unique
stationary probability measure if and only if T is a lattice.

This allows us to directly deduce the following label equidistribution result
on the tree:

Corollary

Let T < G be a lattice, v € VT. Then, the label distribution on S(v, n)
(sphere) converges to a probability measure.
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Non-escape of mass

On the proof of non-escape of mass

One easily verifies that this Markov chain M,, models the label distribution
on pieces of spheres, it is irreducible (possibly periodic but let us ignore
this issue).

Moreover, one shows the following more general fact

Proposition

For a discrete subgroup I' < G, the Markov chain M,, is positively
recurrent, equivalently (for irreducible aperiodic chains), it admits a unique
stationary probability measure if and only if T is a lattice.

This allows us to directly deduce the following label equidistribution result
on the tree:

Corollary

Let T < G be a lattice, v € VT. Then, the label distribution on S(v, n)
(sphere) converges to a probability measure. (small caution: arithmetic

aYdaYedd= aYa
Cagri Sert (Universitat Ziirich
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Non-escape of mass

On the proof of non-escape of mass

Why does this not answer to our initial problem?
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Non-escape of mass

On the proof of non-escape of mass

Why does this not answer to our initial problem? Because in our problem
the index of the center of the sphere (y,) is not fixed. It moves with n.
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Non-escape of mass

On the proof of non-escape of mass

Why does this not answer to our initial problem? Because in our problem
the index of the center of the sphere (y,) is not fixed. It moves with n.

Let C(n) := Label(y,) € N denote the label of y,. So we are interested in
non-escape of mass in the sequence of distributions of Markov chain
obtained by starting the chain at C(n) and running it up to time n.
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Non-escape of mass

On the proof of non-escape of mass

Why does this not answer to our initial problem? Because in our problem
the index of the center of the sphere (y,) is not fixed. It moves with n.

Let C(n) := Label(y,) € N denote the label of y,. So we are interested in
non-escape of mass in the sequence of distributions of Markov chain
obtained by starting the chain at C(n) and running it up to time n.

One easily verifies that there are two possible behaviour for the sequence

C(n):
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Non-escape of mass

On the proof of non-escape of mass

Why does this not answer to our initial problem? Because in our problem
the index of the center of the sphere (y,) is not fixed. It moves with n.

Let C(n) := Label(y,) € N denote the label of y,. So we are interested in
non-escape of mass in the sequence of distributions of Markov chain
obtained by starting the chain at C(n) and running it up to time n.

One easily verifies that there are two possible behaviour for the sequence
C(n):
1) either, it goes straight to oo after finitely many zigzags,
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Non-escape of mass

On the proof of non-escape of mass

Why does this not answer to our initial problem? Because in our problem
the index of the center of the sphere (y,) is not fixed. It moves with n.

Let C(n) := Label(y,) € N denote the label of y,. So we are interested in
non-escape of mass in the sequence of distributions of Markov chain
obtained by starting the chain at C(n) and running it up to time n.

One easily verifies that there are two possible behaviour for the sequence
C(n):

1) either, it goes straight to oo after finitely many zigzags, or

2) it keeps oscillating forever (possibly with arbitrarily large excursions),
each time only turning back once it reaches to 0.
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Non-escape of mass

On the proof of non-escape of mass

Why does this not answer to our initial problem? Because in our problem
the index of the center of the sphere (y,) is not fixed. It moves with n.

Let C(n) := Label(y,) € N denote the label of y,. So we are interested in
non-escape of mass in the sequence of distributions of Markov chain
obtained by starting the chain at C(n) and running it up to time n.

One easily verifies that there are two possible behaviour for the sequence
C(n):

1) either, it goes straight to oo after finitely many zigzags, or

2) it keeps oscillating forever (possibly with arbitrarily large excursions),
each time only turning back once it reaches to 0.

It follows from our considerations in the proof of Hedlund's theorem that
the first case occurs if and only if G,? orbit of gl is compact. (this is the
same situation with the geodesic flow on the modular surface).
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Non-escape of mass

On the proof of non-escape of mass

So we focus on the second case (oscillation forever).
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Non-escape of mass

On the proof of non-escape of mass

So we focus on the second case (oscillation forever).

Interlude:

The size of these excursions is related to a geometric analogue of
diophantine approximation problems (with respect to the geometrically

finite lattice I') studied by Paulin, Hersonsky, Broise-Alamichel,
Parkkonen...
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Non-escape of mass

On the proof of non-escape of mass

So we focus on the second case (oscillation forever).

Interlude:

The size of these excursions is related to a geometric analogue of
diophantine approximation problems (with respect to the geometrically
finite lattice I') studied by Paulin, Hersonsky, Broise-Alamichel,
Parkkonen...

One may think of C(n) staying bounded as g~ being -badly
approximable etc.
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Non-escape of mass

On the proof of non-escape of mass

So we focus on the second case (oscillation forever).

Interlude:

The size of these excursions is related to a geometric analogue of
diophantine approximation problems (with respect to the geometrically
finite lattice I') studied by Paulin, Hersonsky, Broise-Alamichel,
Parkkonen...

One may think of C(n) staying bounded as g~ being -badly
approximable etc.

For example, in the diophantine approximation problem in F,((771))
(studied already by Artin and Mahler); the size of the excursions of labels
in the quotient PSLy(IFq[T]) \ Tq+1 of the projection of a geodesic ray in
T4+1 converging to some £ € OTg41 =~ Fo((T71))P! is precisely the
degrees of the best-approximating polynomials obtained by the continued
fraction expansion in Fy((T71)).
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Non-escape of mass

On the proof of non-escape of mass

Back to the proof
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Non-escape of mass

On the proof of non-escape of mass

Back to the proof

In the forever oscillating case, we clearly have n — C(n) — oco. But the
divergence can be arbitrarily slow (for Liouville type ends).
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Non-escape of mass

On the proof of non-escape of mass

Back to the proof

In the forever oscillating case, we clearly have n — C(n) — oco. But the
divergence can be arbitrarily slow (for Liouville type ends).

However, thanks to the “very recurrent” structure of the transition kernel
of the Markov chain, one can show that this will suffice to get
equidistribution (in particular non-escape of mass) of the sequence of
distributions of labels obtained by running the Markov chain for a time n
starting from C(n).
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On the proof of non-escape of mass

Back to the proof

In the forever oscillating case, we clearly have n — C(n) — oco. But the
divergence can be arbitrarily slow (for Liouville type ends).

However, thanks to the “very recurrent” structure of the transition kernel
of the Markov chain, one can show that this will suffice to get
equidistribution (in particular non-escape of mass) of the sequence of
distributions of labels obtained by running the Markov chain for a time n
starting from C(n).

This completes the proof.
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Non-escape of mass

On the proof of non-escape of mass

Back to the proof

In the forever oscillating case, we clearly have n — C(n) — oco. But the
divergence can be arbitrarily slow (for Liouville type ends).

However, thanks to the “very recurrent” structure of the transition kernel
of the Markov chain, one can show that this will suffice to get
equidistribution (in particular non-escape of mass) of the sequence of
distributions of labels obtained by running the Markov chain for a time n
starting from C(n).

This completes the proof.

However, it naturally suggests the problem of whether this can be
extended beyond geometrically finite case which is answered in the
negative by the last escape of mass theorem we had stated.
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Escape of mass

On the proof of escape of mass in the non-geometrically
finite case
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Escape of mass

On the proof of escape of mass in the non-geometrically
finite case

T = Te, find a lattice I such that '\ G/K ~T \ T has exponentially long
tubes.
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Escape of mass

On the proof of escape of mass in the non-geometrically
finite case

T = Te, find a lattice I such that '\ G/K ~T \ T has exponentially long
tubes.

Use iteratively subgaussian concentration inequalities for Markov chains for

these tube-parts of '\ T each time ignoring exponentially small proportion
of trajectories.
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Escape of mass

On the proof of escape of mass in the non-geometrically
finite case

T = Te, find a lattice I such that '\ G/K ~T \ T has exponentially long
tubes.

Use iteratively subgaussian concentration inequalities for Markov chains for
these tube-parts of '\ T each time ignoring exponentially small proportion

of trajectories.

Deduce that most of the trajectories of the Markov chain does not have
time to leave the tube which yields the escape of mass.
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Thank you

Thank you
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Thank you

Thank you for keeping the trees alive.
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