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1 Basics from Analysis 3 and Probability 1

The goal of this section is to review basic facts from Analysis 3 and Probability 1 that we
will use for the rest of the course.

If (2, F,P) is a probability space, we define for p € [1, 00),

LP = {X : Q — R, F-measurable, E [| X |’] < oo}

Up to equivalence classes, L? is a Banach space with norm || X||;» = E[|X|P]"?. We also
define
| X || = inf{C >0:P[|X| < C]=1}

and
L™ ={X : Q — R, F-measurable, || X ||z~ < co}.

Up to equivalence classes, L* is also a Banach space with norm ||.X||ze.

The following results will be relevant in this course. If (ay) € R and (Ag) € F are disjoint,
then X,, = 22:1 a1y, is called a simple function.

Theorem 1.1 (Density).

1) If X >0, there exists a sequence of simple functions X,, > 0 such that X,, /* X asn — co.
2) Simple functions are dense in LP for any p € [1,00].

3) C(R) is dense in LP(R) for any p € [1,00).

Proposition 1.2.
1) L9 C L? for any p,q € [1, 00| with p < q.
2) Hoélder’s inequality: For any p,q € [1,00] with 1/p+1/q =1,

EXY] < [IX]pYlq-
3) Moreover, it holds || X||» =sup{E[|X|Y]:Y >0,||Y ||z« = 1}.

Remark 1.3. If p € [1,00), the sup in 3) is attained for Y = |X|P/9. This implies that if
q > 1is given by 1/p+1/q =1, then L9 is dual of LP.

Here is another fundamental inequality in probability theory.

Proposition 1.4. Jensen’s inequality: If ¢ : R — R is a convex function and X € L', then

p(E[X]) < E[p(X)].

Let us now review the two fundamental results on convergence of independent random vari-
ables.



Theorem 1.5 (Kolmogorov’s Law of large numbers). Let (X,,) be a sequence of i.i.d. random
variables in L' with mean u. Then it holds almost surely and in L*,

X1+ 4+ Xy

RS N -

One particular goal of this course is to give a proof of this result and to generalize it in the
case where the random variables (X,,) are not necessarily independent (see Section ?7).

The fluctuations of this sum around its mean are of order 1/+/N and asymptotically Gaussian.

Theorem 1.6 (Central limit theorem). Let (X,,) be a sequence of independent random vari-

ables in L* with E[X,] = 0 and E[X2] = 2. Let Sy = /S~ 02 and let us suppose that

n=1"n

for any e > 0,

]&E%OE—QEQE [t ] =0 (11

Then XIJFE—;XN = Np1 as N — oo.
(1.1) is known as the Lindeberg’s condition.

Proof by Lindeberg’s replacement strategy. Let f € C°(R). By Taylor’s theorem, it holds
for any € > 0 and all z,y € R,

[f@+y) = @)= [y = ["(@)y° /2] < Re(y) = Celpyze + Lyne)y®s  (1.2)
where C' = || f"|loo + ||/"||cc/6 depends only on the test function f.

Let (Z,) be a sequence of independent Gaussian random variables on (€2, F,P) which is
also independent from (X,), with Z, ~ /\/0,0% . Let us denote for any N € N and n <
N, Xy, =X /ZN and Zy, = Z,/Xy. The strategy is to find out the distribution of
X1+E—+XN = Xy + -+ Xy n by replacing the random variables Xy 5 by Zn i successively.
Let us also denote

S](\If) =Zn1+ -+ e+ Xnp+ -+ XN, for ke{0,...,N}.
In particular, we have
SN = Xya -+ Xy = 25 and S0 = Zyg 4o+ Zvye (13)

Fix k € {1, .. ,N}, by applymg (12) with x = ZN,l + -+ ZN,k:—l + XN,k+1 + -+ XN,N
and y = Xy, we obtain

FSE) = fl@) = F/(@) Xwg — f(2) X% /2] < Re(Xnp).
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By taking expectations on both sides, this implies that

E[f(SY )] — E[f(2)] —E[f"(2)|E [X%,] /2] < E[R(Xnw)], (1.4)

where we used that x is independent from y = Xy and that E [Xy ;] = 0.
Similarly, with x = ZN,l + -+ ZN,k—l + XN,k—l—l + -+ XN7N and Yy = ZN,k7

E[f(S\))] — E[f(2)] —E[f"(2)]|E [Z3,] /2| < E[R(Zyy)] - (1.5)

By combining the bounds (1.4)~(1.5) and using the triangle inequality, since E [X3% ] =
E [Z]Q\,k] by construction, we obtain

E[f(SY)] — ELF(SY )] < E[R(Xnp)] +E[Re(Znp)].

By summing the previous estimates for £ = 1,..., N and using that the terms are telescoping,
this implies that

N N N
E[£(SY") - Z Sy )| < Z (Xnw)] ZE [Re(Zn )] -
k=1 k=1 k=1
(1.6)
Note that by definitions, ij E [XJZV 1] =1 and the error can be controlled by
N N N
Z E [Ré(XNJf)] = Ce Z K [XIQV,k]'\XN,MSE] +C Z E |:X]2V,k1|XN,k|>€j|
k=1 k=1 k=1

< Ce+ CZQ;IE [XJQV,k1|XN,k|>J
Now, using the condition (1.1), we verify that for any € > 0,

limsup S B[R (Xn )] < Ce.

N—o0

We want to prove a similar claim for the Gaussian random variables Zy ;. This is the goal

of the next exercice.
2

Exercise 1.1. 1) Show that the condition (1.1) implies that lim max = 0.

N-soo n<N \ B2
2) Deduce that the sequence (Z,),>1 also satisfies Lindeberg’s condition (1.1).
3) Show that ZN71 + 4 ZN,n ~ N071.



Exactly as above, 2) implies that limsup> y E[R.(Znx)] < Ce. Hence, by (1.6), we con-

N—o0o
clude that
limsup [E[f(S§) — F(SW)]| < 2Ce.

N—oo

Since the parameter € is arbitrarily small, this shows that lim E[f (S](VN)) — f (S](\?))] = 0.

N—oo

To finish the proof, we use (1.3) and note that by 3), E[f(S](VN))] = E[f(No1)], so we have
shown that

Jéi_r)nooE[f(Xﬁi;XN)] = E[f(Mo)]. (1.7)
Since (1.7) holds for any test function f € C°(R), we conclude that Xl+i;XN = Noy. O

2 Conditional expectation

2.1 L? theory

L*(Q, F,P) is a Hilbert space with inner product X,Y +— E[XY]. The following result
from analysis will be relevant for our construction of conditional expectation.

Theorem 2.1 (Orthogonal Projection). Let H be a Hilbert space and L C H be a (closed)
subspace. We define v € H — d(x, L) = inf{||z —y|| : y € L}. For any x € H, there exists a

unique =, € L such that
2 —2c] = d(z, £).

xr is called the (orthogonal) projection of x on L and it is characterized by the following
property: z € L satisfies
(zy) =(z,y), VYyeL, (2.1)

of and only iof z = x,.
Proof. We are going to use the (parallelogram) identity: for any y,y’ € H,
ly = y'I* + lly +¥'lI* = 2(lyI* + [Iy'lI*). (2.2)

By definition, there exists a sequence y,, € £ such that ||y, — z|| — d(z, £) as n — oo. Let
us show that (y,) is a Cauchy sequence. By (2.2), we obtain

19 = Yml* + 1122 = v = yml* = 2]}z — yull* + 2]z — yul*.
Using that |22 — y, — Y| = 2]z — 2252 || > 2d(z, £), we obtain

lyn — ym||2 <€+ €m where €, = 2|z — yn||2 — 2d(a:,[.)2.
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As ¢, — 0 as n — oo, this shows that (y,) is a Cauchy sequence and, as H is complete,
Yn — T, in H. Since L is closed, we also have x, € £ and by continuity,

e — ] = lim fly, — ]| = d(z. £).

The Cauchy property also implies that this limit x, € £ is unique.
To prove that the projection x, satisfies (2.1), fix y € £ and consider the map:

ANER W ||z — o+ My|)? = |lz — 2] + 20Nz — 22, 9) + N2y
This map is a polynomial of degree 2 and (by definition of x ) its unique minimum is attained
at A = 0. Hence, we have
Y MY =2 —2ey) =0
—|x -z, — =2(r—uw = 0.
K L Y o £,y

Since it is true for any y € £, this shows that (z —z.) € £ (equivalently, z, satisfies (2.1)).
To conclude the proof, it remains to show that the equation (2.1) has a unique solution. If
z € L satisfies (2.1), then for any y € L,

lz = ylI* = llz = 2> + |z = ylI* + 2 {2 — 2,y — 2) > [l — z||.
=0 since (y—z)eL
Now, taking the infimum over all y € £ on the LHS, this shows that
d(z, L) = ||z — z||.
This computation implies that z = z is the (orthogonal) projection of x on L. m
Corollary 2.2. For any (closed) subspace L C H, the map np :x € H +— xp € L is linear.

Proof. For @« € R and x,2' € H, we have to show that ng(ax + 2') = ax, + 2/. By
Theorem 2.1, it suffices to check that this vector satisfies (2.1). This follows directly by
bi-linearity of the inner product on H. m

Remark 2.3. The linear map 7 is an orthogonal projection in the sense that mz|, =1 and
that Ker(mz) = 0. Moreover, it is immediate to check that if L C L is a (closed) subspace,
then mpme = 7w (this is the ‘tower property’).



Let A C F be a o-algebra. By definition, £ = L*(Q, A, P) is a closed linear subspace of
H = L*(Q, F,P) and we denote by E[-|A] the (linear) projection H — L.

Then, for any X € L*(Q, F,P), this defines a random variable E [X |A] € L*(Q, A, P). More-
over by Theorem 2.1, an A-measurable random variable Z satisfies

E[ZY] =E[XY], VY €L} AP), (2.3)

if and only if Z = E[X|A].

The random variable E [X|.A] is called the conditional expectation of X knowing A.
The conditional expectation has the following basic properties.

Proposition 2.4. The map E [-|A] is linear and positive on L*(Q, F,P) and it satisfies

IE[XIA] 12 < [ X[z VX € LX(Q, F,P) (2.4)

Proof. Linearity and (2.4) follow immediately by definition (see Corollary 2.2). Suppose that
X >0 with X € L*(Q, F,P). Since the event A = {E[X]|A] < 0} € A, on the one-hand by
(2.3), we have

E[E[X|A]14] > 0.

On the other-hand since E [X]A]14 < 0, we conclude that E [X|A] 1igx|4<o; = 0. This
shows that the random variable E [X|.A] is non-negative (hence, the map E [-|A] is positive).
[

The random variable E [X|.A] has the following interpretation: it is the best approximation
of X in the space of A-measurable functions for the mean-square distance in the sense that
E [X|A] is the unique minimizer of ||Z — X||z2 over all Z € L*(Q, A, P).

2.2 General theory

In this section, we generalize the concept of conditional expectation in two cases: i) X > 0
and i) X € L'. These generalizations rely on Proposition 2.4 and two preliminary Lemmas.

Lemma 2.5. If X, Z > 0 are F-measurable and E [X14] = E[Z14] for all A € F, then X =
Z a.s..

Proof. For any € > 0 and ¢t > 0, the events A, = {X >t+¢€,t > Z} € A. By assumption,

E[Z14,,] <tP[Ay] and E[X14 ] > tP[A,].



This implies that P [A.;] = 0 for any ¢t € Q.. Moreover, by monotone convergence, for any

te Q-H
P[X >t> 7] =lmP[A,]=0.
€E—

Now, by density, P[X > Z] = [J,co, PIX >t > 2] = 0 . By symmetry, we also have
P[X < Z] = 0 and we conclude that X = Z. O

Lemma 2.6. If X € L'(Q, F,P) and E[X14] =0 for all A € F, then X = 0.

Proof. The events Ay = {X € Ry} € F, so by assumptions: E [X1,,] = 0. This implies
that the random variables £X14, > 0 have mean-zero, so that X1,, = 0. O

Let us now extend the definition of E [X|A] to any positive random variable X.

Theorem 2.7. Suppose that X > 0 is F-measurable and A C F is a o-algebra. There exists
a unique random variable Z > 0 which is A-measurable such that

E[ZW] =E[XW], VW >0, A-measurable. (2.5)
We denote Z = E[X|A].

Proof. The random variables X,, = X An € L? so we can define Z, = E[X,|A] > 0 (see
Proposition 2.4). Moreover, since (X,,) is non-decreasing, it follows that (Z,) is also non-
decreasing. Hence, Z., = lim Z, exists with Z, € [0, oo] and for any W > 0 (F-measurable),

n—oo

lim E[Z,W] = E[ZW]. (2.6)

n—oo

Now for any Y € L*(Q, A, P), E[Z,Y] = E[X,Y] by applying (2.3), so that by (2.6),

E[XY] = lim E[X,Y] =E[Z.Y].

n—oo

In particular, this holds for all positive simple function Y which are A-measurable and by
Theorem 1.1.1), this shows that Z, satisfies (2.5). Uniqueness of this solution follows directly
from Lemma 2.5. []

Similarly, we can also extend the definition of E [X|A] to X € L'(Q, F,P).

Theorem 2.8. Suppose that X € L'(Q, F,P) and A C F is a o-algebra. There erists a
unique random variable Z € L'(Q, A, P) such that

E[ZW]=E[XW], VYW e L™, AP). (2.7)

We denote Z = E[X|A] and it satisfies |E[X|A] ||z < [|X]||z1-
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Proof. We decompose X € L'(Q, F,P) as
X=X,-X_ where X4 = | X|1xer, . (2.8)

We apply Theorem 2.7 and set Z. = E[X4|A] > 0. Note that since X. € L', we also have
Z. € L' by (2.5) with W = 1. Let Z := Z, — Z_. By construction, Z € L'(Q, A,P) and by
(2.5), it satisfies

E[ZW]=E[XW], VW e L, AP),W >0.

This implies that Z satisfies (2.7) by decomposing W according to (2.8) and using linearity
of E [-]. Uniqueness of this solution follows directly from Lemma 2.6. It just remains to verify
that || Z]| 0 < || X||z:. If we take W = sgn(Z) in (2.8), since ||sgn(Z)||z~ < 1 we deduce from
Holder’s inequality that

| Z]|or = E[Zsgn(Z)] = E [Xsgn(2)] < || X]|| - O
We are now ready to formalize our definition of conditional expectation.

Definition 2.1. Let X > 0 or X € LY(Q, F,P) and A C F be a o-algebra. We define
E [X|.A] to be the unique random variable Z which is .A-measurable and satisfies

E[Z14] =E[X14], VAcA (2.9)

E [X|A] is called the conditional expectation of X knowing A and it satisfies:
HE[X[A]>0if X >0. @) EXAcLlifXeLll.

This definition is consistent with both Theorem 2.7 and Theorem 2.8. In particular by a
standard density argument (using Theorem 1.1): ¢) if X > 0, the condition (2.9) is equivalent
to (2.5). #) if X € L', the condition (2.9) is equivalent to (2.7).

Remark 2.9. ¢ The fundamental property (2.9) characterizes E [X|A]. It means that
to verify whether an A-measurable random variable Z is E [X|.A], it suffices to check that it
satisfies (2.9). In particular, if X is A-measurable, then E [X|A] = X.

e By the monotone class Theorem, it suffices to check that (2.9) is satisfies for all A € II
where II is any 7-system so that A = o (II).

e Observe that E[] = E[-|A] where A = {0, Q} is the trivial o-algebra.

Notation 2.2. e For any B € F, we denote by P[B|A] = E [15|A].
e For any random variable Y on (2, F,P), we denote E [-|Y] =E[-|o(Y)].



2.3 Properties of conditional expectation

The goal of this section is to report on how to compute conditional expectations, that is
to give the basic properties of E [-|A]. This first proposition follows immediately from the
construction in Section 2.2 — see also Corollary 2.4.

Proposition 2.10. The map E[-|A] is linear and positive on L*(Q, F,P).

As a consequence of Proposition 2.10, one has similar calculus rules for E [-|A] as for the
usual expectation E [-], except that the output is a random variable.

Proposition 2.11. Let (X,,) be random variables on (2, F,P) and A C F be a o-algebra.
1.(Monotone convergence) If there exists a constant C' > 0 such that X,, > —C and X,, /* X
a.s., then as n — oo,

E[X,|A "E[X|A] a.s.
2.(Fatou’s lemma) If there exists a constant C' > 0 such that X,, > —C, then a.s.,

liminf E [X,|A] > E[liminf X,,|A].
n—oo

n—o0
3. If X, & X in L', then E[X,|A] = E[X|A] in L.

Proposition 2.11.3. is a direct consequence from the last bound in Theorem 2.8. This state-
ment replaces the usual dominated convergence theorem.

Proof. 1. Since X,, > —C| its conditional expectation is well defined in the sense of Theo-
rem 2.7. By positivity, the sequence E [X,,|.A] is non-decreasing so it has limit Z > —C which
is A-measurable. To check that Z = E[X|A] it suffices to verify it satisfies the condition
(2.9): for any A € A,

n—oo

where both limits exist by the usual monotone convergence theorem.
2. We use the usual argument, by positivity, it holds for any n € N|

E[inf X;|A] < inf E[X;|A].
k>n k>n

n—oo

Using 1., we have lim ]E[égf Xy|A] = E[liminf X,|A] which yields the claim. O
>n n—00

We also have the following version of Jensen’s inequality which is important.
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Lemma 2.12 (Jensen’s inequality). Let A C F be a o-algebra, ¢ : R — R be a conver
function and X € LY(Q, F,P), then a.s.,

p(E[X|A]) < E[p(X)|A].

Proof. We rely on the fact that a function ¢ : R — R is convex if and only if ¢(x) =
sup,,> (@ + B,) for two sequences a,,, 3, € R. Then, by Proposition 2.10,

E [p(X)|A] > sup (E[anX + Bu]A]) = sup (o E [X]A] + 8,).

Note that we do not exclude the possibility that E [p(X)|.A] = +oo here and we used that
X € L' so that the RHS is well-defined with the trivial observation that E[1|A] = 1. By
definition, the RHS equals to p(E[X|A]) € R. O

Remark 2.13. The inequality of Lemma 2.12 also holds if we assume instead that ¢ : Ry —
R s convexr and X > 0.

We obtain the following inequalities as a direct consequence of Lemma 2.12.

Proposition 2.14 (Norm’s estimates). Let A C F be a o-algebra. For any p € [1,00] and
for all X € LP(Q), F,P),
1B [X[A] [lze < [1X ][ e

Proof. Since the function x € R +— |z|? is convex for any p € [1,00), by Jensen’s inequality,
[E[X]A] " < E[X][A]. (2.10)

Taking expectation and using that E [E [|X |?|.A]] = E [|.X|P|], this implies the claim.
For p = oo, we use Proposition 1.2.3) and write

IE[X|A] ||~ = sup{E[|E[X|A]|Y]:Y >0,Y is A-measurable, E[Y] = 1}.

Note that since E[X|A] is A-measurable, we can take the supremum only over function
Y which are also A-measurable. Now, using (2.10) with p = 1, it holds for any Y > 0,
A-measurable,

E[EX]AY] <ERE[X[A]Y]=E[X]Y] < | X[lE[Y].
This inequality implies that |E[X]A] ||z~ < || X|]cc- O

Let us now give the three crucial properties which are specific to conditional expectation.
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Proposition 2.15 (Important properties). Let X >0 or X € L}(Q, F,P).
1.(Tower property) If B C A C F are o-algebra, then

E[E[X|A]|B] =E[X|B].
2.(Taking out what is known) If Y is A-measurable and Y >0 or XY € L', then
E[XY|A] =YE[X|A].
3. If o(X) is independent from A, then E[X|A] = E[X].
Proof. For 1., 2. and 3., it suffices to check that the fundamental property (2.9) is satisfied. [
Our last property is a generalization of Proposition 2.15.3.

Proposition 2.16. Let X, Y be two random variables such thatY is A-measurable and o (X)
is independent from A. Let h be a real-valued function such that h > 0 or h(X,Y) € L.
Then

B(XY)IA =g(¥)  where g(s) = [ hw,y)Px(do).

Proof. In class, we give an easier proof in case A = o(Y'). We now give a general argument.
Let Z € L>*(Q, A, P) with Z > 0. Using that o(X) and A, the law of the vector (X,Y, 7)
factorizes: P(x)y,z) = Px ® P(y,z). By Fubini’s theorem and the definition of g, this implies
that

B((XV)Z) = [[ han)Px(do)Prs(dy. dz) = [ g(0)2Pia(dy.dz) =Elg(Y)2).

Note that g is measurable and applying Fubini’s theorem is justified in both case h > 0 or
h € L'(Px ® Py). By (2.9), this computation shows that E [h(X,Y)|A] = g(Y). O

Proposition 2.17. Let X € L' (or X > 0) and A,B C F be two o-algebras so that B is
independent of o(X) V A. Then E [X|A] is also independent from B and

E[X|AVB] = E[X|A.

Proof. See Exercise n
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2.4 Explicit cases
2.4.1 Discrete setting

Let us suppose that A = o (II) is generated by a (countable) partition IT = {A,,} of 2 (that
is the events A, are disjoint with P[A,] > 0 and Q = J,, A,,). In this case, it holds for any
random variable X > 0 or X € L}(Q, F,P),

E[X14,]
P[A,]

Note that since the events A,, are disjoint, for every w € 2, the sum on the RHS of (2.11)
contains at most one non-zero term. This explicit representation is particularly useful when
A = o(N) for a discrete random variable N.

E[X[A =3 14 E[X[4], E[X|A,]= (2.11)

2.4.2 Random variables with a density

Here, we assume that (X,Y’) is a random vector with a density. It means that its law has
the form P (xy)(dz,dy) = fixv)(z,y)dzdy where fixy) € L' and fx,y) > 0.

Then Y also has a density which is given by fy(y) = / fxy)(z,y)de.
Let us define a new function ¢ > 0 by

f(X Y)(%Q)
q(r,y) =1 —_—
( ) {fv (y)>0} fy(y)

Proposition 2.18. Under the above assumptions, for any function h > 0 or h € L', one
has

E [h(X)|Y] = / h(x)q(z, V)dz.

Proof. Let S = {fy(y) > 0} and note that the event {Y € S} has probability 1. Indeed, we
have P[Y ¢ S| = / fr(y)dy = 0. Moreover, by definition of ¢, it holds for any Borel

{fy (y)=0}
set B,
B tven [ e v)ie] = [[ na)t,ennte. vy
— [ 1o tienyes i o) dady
=E[h(X)lyenyes]-
By (2.9), since o(Y) = {Y € B : BisaBorel set} and lycg = 1 a.s., this proves the
claim. 0
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2.4.3 (Gaussian vectors

Definition 2.3. X = (X,...,X,,) is a Gaussian vector on L?*(Q2, 7, P) if for any a € R",
(X, a) is a real-valued Gaussian variable. We define the mean and covariance matrix of X
by

/LZ:]E[XZ]7 EU:E[(XZ_MZ>(X]_M])]7 for 4,7 € {Lan}
We denote the law of the vector X by Px = N, ). Then, for any a € R",

Ex [6i<X,a>] _ ei(u,a)—(a,2a>/2'

Lemma 2.19. Let X = (Xy,...,X,) be a Gaussian vector with law Ng ).

1) The random variables (X1, ..., X,) are independent if and only if the matriz ¥ is diagonal.
2) There exists a (fized) lower-triangular matriz L and a Gaussian vector Z ~ Ny so that
X =LZ.

Proof. See exercises O

Proposition 2.20. Let (Yi,...,Y,,X) be a Gaussian vector with law N x) and let A =
o(Y1,...,Y,). There exists a (fized) A € R"™ so that Z = E[X|A] = (\,Y). Moreover, for
any function f: R xR* - R,

a2 /952
6w/2¢7

BV = [ F(Z+ 0. Puo(de) = [ J(Z+0.0)"—du.

where 0 = || X — Z||2 € R,

Proof. We use a similar idea as in the proof of Lemma 2.19. Let Z = (\,Y) be the L*-
projection of X on span(Y’). By Theorem 2.1, we have

E[(X —-2)Y,]=0 for all k € {1,...n}.
Since (X — Z,Y1,...,Y,) is a Gaussian vector, this implies that o(Z — X) is independent

from A. Consequently, we can apply Proposition 2.16 by writing f(X,Y) = A(X — Z)Y).
Then as (X — Z) is a centered Gaussian, we obtain E [f(X,Y)|A] = g(Y') where

9(y) = /h(w,y)P(X_Z)(dw) = /f(Z—i_way)PN(O’UZ)(dw)ﬂ

where 0 = || X — Z||12 € R, is the appropriate standard deviation. Moreover, if we apply this
result with f(x,y) = « (this function is in L'(Ppr42))), we get E[X|A] =Z = (\,Y). O
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2.5 Alternative construction: L' theory

This construction relies on the Radon—Nikodym Theorem that we now review.

Definition 2.4. Let u, 7 be two measures on (€2, F). We say that u is absolutely continuous
with respect to n if

w(A)=0 VAe{0 e F:n0O)=0}
Then, we write p < 7.

Theorem 2.21 (Radon-Nikodym). Let u,n be two o-finite measures on (Q, F). Then,
w < n if and only if there exists a (unique) function® f:Q — R, so that

u(A) = /A fdn.

. . . . d
f is called the density of u with respect to n and it is usually denoted by f = E% :
Proof. We admit this result for now. n

Let 0 < X < oo be a F-measurable random variable and A C F be a o-algebra. It is
straightforward to check that the set function A € A+ E[X1,4] is a o-finite measure which
is absolutely continuous with respect to P on (€2, .A4). Therefore, by Theorem 2.21, it admits
a density that we denote by E [X|A].

By definition, E [X].A] > 0 and it is the unique .A-measurable random variable which satisfies

E[XlA]:E[E[X|A]1A], VAeA

This gives an alternative proof of Theorem 2.7.

f is uniquely defined as an equivalent class of measurable maps on (€, F, 7).
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3 Discrete time martingale

We consider the probability space (€2, Foo, P). The interest of martingale in probability theory
lie in that the martingale property is generally easy to verify and there are stopping theorems
and general convergence results;

3.1 Definitions
Definition 3.1. e A filtration is a sequence of g-algebras F = (F,)>, such that

FoCFiC- CFu.

e A sequence of random variables X = (X,,)>° is called adapted to F if

X, is F,-measurable for any n € Nj.

e A sequence of random variables X = (X,,)%, is called predictable (with respect to F)
if

X, is F,_1-measurable for any n € N.

e X is called a random process if X,, € L'(Q, F,,,P) for any n € N.

Definition 3.2. If X = (X,,)7°, is a sequence of random variables, we define its filtration

[e.9]

n=0"

F¥ = (Ff =0a(Xo,..., X))

FX is called the canonical filtration of X.

Definition 3.3. A random process X is a martingale (with respect to F) if for any
m < n,

E [ X,|Fn] = X

Definition 3.4. A random sequence X = (X,,)2, is called a positive martingale
(with respect to F) if X is adapted, X,, > 0 and for any m < n,

E [ X, |Fm] = X

Remark 3.1. If X is a martingale with respect to F, it need not be a martingale with respect
to its own filtration F~X < F.

Definition 3.5. ¢ A random process X is a submartingale (with respect to F) if for
any m < n,

E [Xp|Fn] > X

e We say that X is a supermartingale if —X is a submartingale.
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Remark 3.2. A martingale is a random process with constant expectation: E[X,| = E [X].
Submartingales have non-decreasing expectations: E[X,] > E[X,,] for any m <n.

The most basic example of a random process X is a random walk:
X, =21+ + 2, forn > 1,

where Zj, are i.i.d. rv in L'. With respect to its canonical filtration F*~,

e X is a martingale if E [Z;] = 0.

e X is a supermartingale if E [Z;] < 0.

e X is a submartingale if E [Z;] > 0.
Proposition 3.3 (Convex transformations). Let ¢ : R — R be a convex function so that
E[p(X,)] < oo for any n € Ng. We denote p(X) = (p(X,))22,-

o If X is a martingale, then o(X) is a submartingale.
e If v is non-decreasing and X is a submartingale, then p(X) is also a submartingale.

Proof. These claims follow directly from Jensen’s inequality; see Lemma 2.12. O]
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