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CHAPTER 1

Recap of Linear Algebra I

This chapter is a summary of the basic concepts introduced in Lin-
ear Algebra I which will be used in this course.

1.1. Groups, rings, and fields

DEFINITION 1.1 (Groups). A group is a set G with a distinguished
element e, called the neutral element, and an operation, called “multi-
plication,”

G xG
(a,b)

which is associative—i.e., a(bc) = (ab)c for all a,b,c € G—and which
satisfies ae = ea = a. Moreover, for all a € G, there is an element

denoted by a™!, and called the inverse of a, satisfying aa™! =a la =e
for all a € G.

G

%
— ab’

One can show that the inverse is unique, that (a=')~! = @ and that
(ab)™t =b"ta~! for all a,b € G.

DEFINITION 1.2 (Abelian groups). A group G is called abelian if,
in addition, ab = ba for all a,b € GG. If G is abelian, one often uses
the additive notation in which the neutral element is denoted by 0, the
multiplication is called “addition” and denoted by

(a,b) — a + b,

and the inverse of an element « is denoted by —a (and called the “ad-
ditive inverse” or the “opposite” of a).

ExXAMPLES 1.3. Here are some examples of groups:

(1) Z with the usual 0 and the usual addition is an abelian group
(in additive notation).

(2) Zso with e = 1 and the usual multiplication is an abelian
group (not in additive notation).

7



8 1. RECAP OF LINEAR ALGEBRA I

(3) Invertible n x n matrices form the group GL,, with e the iden-
tity matrix and the usual multiplication of matrices; this group
is nonabelian for n > 1E|

(4) The set Aut(S) of bijective maps of a set S to itself form a
group with multiplication given by the composition and neu-
tral element given by the identity map. If S = {1,...,n} this
group is called the symmetric group on n elements and is de-
noted by S,, (or Sym(n)); its elements are called permutations.

DEFINITION 1.4 (Rings). A ring is an abelian group (R,0,+) to-
gether with a second associative operation, called “multiplication,”

RxR — R
(a,b) +— ab’

which is also distributive; i.e.,
alb+c)=ab+ac and (a+b)c=ac+ be
for all a,b,c € R. A ring R is called:

(1) a ring with one if it possesses a special element, denoted by 1,
such that al = 1la = a for all a € R;
(2) a commutative ring if ab = ba for all a,b € R.

EXAMPLES 1.5. Here are some examples of rings:

(1) Z—with the usual addition, multiplication, zero, and one—is
a commutative ring with one.

(2) The set 27Z of even numbers—with the usual addition, multi-
plication, and zero—is a commutative ring without one.

(3) The set Mat,x, of n X n matrices, with the usual addition
and multiplication, with 0 the matrix whose all entries are
0, and with 1 the identity matrix, is a ring with one. It is
noncommutative for n > 1.

(4) Polynomials form a commutative ring with one.

(5) If I is an open interval, the set C°(I) of continuous functions on
I, the set C*(I) of k times continuously differentiable functions
on I, and the set C*°([) of functions on [ that are continuously
differentiable any number of times are commutative rings with
one. Recall that the operations are defined as

(f +9)(@) = f(z) +g(x), (f9)(x) = f2)g(z), wel

1We assume, without explicitly recapping, the knowledge of matrices, including
the notion of sum, product, and transposition. We will recap trace and determinant

in Section
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The zero element is the function 0(z) = 0 for all  and the one
element is the function 1(x) =1 for all x.

DEFINITION 1.6 (Fields). A field K is a commutative ring with
one in which every element different from zero is invertible. This is
equivalent to saying that K* := K\ {0} is a commutative group (not
in additive notation).

The only fields we are going to consider in this course are the field
R of real numbers and the field C of complex numbers.

Many of the results we present actually hold for any field, and most
of the results hold for any field of characteristic zero, like R or C, i.e.,
a field K such that there is no nonzero integer n satisfying na = 0 for
a nonzero element a of K

DEFINITION 1.7 (Subobjects). A subset of a group/ring/field which
retains all the structures is called a subgroup/subring/subfield.

1.2. Vector spaces

A vector space over a field K, whose elements are called scalars, is
an abelian group (V,+,0)—in additive notation—whose elements are
called vectors, together with an operation

KxV — V
(A\v) = M’

called multiplication by a scalar or scalar muItipIication satisfying
AMpv) = Ap)v,  A+p)v = v+p, ANv+w)=Iw+w, lv=uv,
forall \, p € K and all v,w € V.

ExAMPLE 1.8 (Column vectors). The set K" of n-tuples of scalars,
conventionally arranged in a column and called column vectors, is a
vector space with

vl w! vt 4+ w! 0
N Bl B : . 0=1:10,
v" w" v+ w" 0
and
vl vl
Ao =1
" A"

°By na one means the sum a + - - - + a with n summands.
3not to be confused with the scalar product a.k.a. the dot product or the inner
product



10 1. RECAP OF LINEAR ALGEBRA I

The scalars v® are called the components of the column vector, which
is usually denoted by the corresponding boldface letter U.E]

EXAMPLE 1.9 (Row vectors). The set (K")* of n-tuples of scalars,
conventionally arranged in a row and called row vectors, is a vector
space with

(vl,...,vn)—i—(wl,...,wn) = (vl—i—wl,...,vn—l—wn), 0:= (0,...,0),

and
Ao, vn) = (Mg, Ay

The scalars v; are called the components of the row vector, which is
also usually denoted by the corresponding boldface latter v 2

REMARK 1.10 (Components and indices). The scalars forming a
row or column vectors are called its components. We will consistently
denote the components of a column vectors with an upper index and
the components of a row vectors with a lower index. This is a nowa-
days standard convention (especially in physics) that comes in handy
with Einstein’s convention for sums (which we will introduce in Defi-

nition [1.33)).

EXAMPLE 1.11 (The trivial vector space). The vector space V =
{0} consisting only of the neutral element 0 is called the trivial vector
space. It is denoted by 0, but also by K° (and, if you wish, (K°)*).

REMARK 1.12 (The zero notation). Observe that the symbol 0 is
used for all of the following:

2) The zero element of a ring or a field.

3) The zero element of a vector space.

4) The vector space consiting only of the zero element (0 = {0}).

5) A constant map having value 0 (e.g., the continuous real func-
tion x — 0 for all z € R, or the map V. — W, v — 0, where
V and W are vector spaces).

(6) A matrix whose entries are all equal to 0 (even though we will

prefer the notation 0).

ExXAMPLE 1.13 (Polynomials). The ring K[z]| of polynomials in an
undetermined x with coefficients in K (i.e., expressions of the form
p = ap+a1x+---+agr?, for some d, and a; € K for all i) is also a vector
space over K with scalar multiplication Ap := Aag + A1z + - - - + Aagz?
and the usual addition of polynomials (i.e., addition of the coefficients).

4 Other common notations are ¥ and v.
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EXAMPLE 1.14 (Functions). The rings of functions C*(I), k € NU
{o0}, of Example . are also vector spaces over R with scalar
multiplication (A\f)(z) = X f(x).

DEFINITION 1.15 (Subspaces). A subset W of a vector space V that
retains all the structures is called a (vector) subspace. Equivalently,
W C V is a subspace iff for every w,w € W and for every A € K we
have w +w € W and Aw € W.

DEFINITION 1.16 ((Direct) sums of subspaces). If W, and W, are
subspaces of V| we denote by W; 4+ W5 the subset of elements of V
consisting of sums of elements of W; and Ws; i.e.,

W1 + WQ = {’Ujl + wa, Wy € Wl, Wy € Wg}

It is also a subspace of V. If W3 N W,y = {0}, the sum is called the
direct sum and is denoted by W7 & Ws.

REMARK 1.17. A vector v € Wi @& Wy uniquely decomposes as
v = w; + wy with w; € Wi and wy € Wy, The vectors w; and wq are
called the components of v in the direct sum.

PROOF. If v = w; + ws were another decomposition, by taking the
difference we would get w; — w; = ws — wy. Since the left hand side
is in W1, the right hand side is in Ws, and W7 N Wy = {0}, we have

wl—ﬁh:o:ﬁb—wg. U

REMARK 1.18. Vice versa, if every vector in W7 + W5 has a unique
decomposition v = wy +wse with w; € W, i = 1,2, then this is a direct
sum (i.e., W3 N Wy = 0).

PROOF. Suppose v € WiNW,. From 0 = v—v, we see that the first
summand, v, is the component of 0 in W; and the second summand,
—wv, is its component in Ws. Since we can decompose the zero vector

also as 0 = 0+ 0 (and 0 belongs to both W, and Ws), by the assumed
uniqueness of the decomposition, we then have v = 0. U

DEFINITION 1.19. If W is a subspace of V', a subspace W’ such
that V' =W & W' is called a complement.

Every subspace admits a complement, see Lemma and Propo-
sition [L.55] This is elementary in the case of finite-dimensional vector
spaces and requires the axiom of choice for infinite-dimensional ones

(see Digression [1.56]).

DEFINITION 1.20. We may generalize Definition to a sum of
several subspaces Wy, ..., Wy:

W1+"‘+Wk::{vl+"'+vk7 Ui€m7 Z:l,,k}
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We generalize the notion of direct sum via the property in Re-
mark LIS

DEFINITION 1.21. A sum Wj + ---+ W}, is called a direct sum, and
it is denoted by

k
Wie---aW, o P,
i=1
if every vector v in it has a unique decomposition v = wy + -+ + wy
with w;, e W, i =1,... k.

REMARK 1.22. An easier criterion is the following. A sum W; +
- -+ Wy is a direct sum iff the zero vector has a unique decomposition.

PROOF. If the sum is direct, the zero vector has a unique decom-
position by definition, like every other vector.

Vice versa, suppose that the zero vector has a unique decomposition
and that a vector v can be written both as w; + -+ + w; and as
wy + -+ + wy, with w;,w, € W;. By taking the difference of these
two decompositions, we get (wy — w}) + -+ + (wr, — wy) = 0, which
then implies w; = w} for every i. Therefore, the decomposition of every
vector in the sum is unique. O

REMARK 1.23. A consequence of this is that for any 0 < r < k we

have
k r k
v - Do B w.
i=1 i=1 i=r+1
PROOF. We have to prove that €._, W; N B W, =0 Ifvis

in the intersection, we may uniquely decompose it as w; + --- + w,
and as w,y1 + - -+ + wi with w; € W;. Taking the difference, we get
0=wi+-+w,—w,r1—---—wg. By uniqueness of the decomposition
in @le W;, we get w; = 0 for every i. O

REMARK 1.24. Note that, by definition, W; & Wy = W5 & W, and
that, by the last remark, (W, @& W) & W3 = W, & (W, & W), where
Wy, Wy and W3 are subspaces of V. Therefore, the direct sum is
commutative and associative. It also has a “neutral element,” namely
the zero subspace 0 := {0}.

REMARK 1.25 (Infinite sums). Let (I¥;);cs be a, possibly infinite,
collection of subspaces of a vector space V. Their sum is the subspace
of V' consisting of all vectors of the form w;, + -+ + w;,, w;; € W;, for
7 =1,...,k and some integer k. This sum is direct, denoted by

P w.

1€S
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if each vector in it has a unique decomposition (or, equivalently, if
wi, + -+ wy, =0, wy; € Wy, 1y # iy for j # j', implies w;, = 0 for
all 7).

DEFINITION 1.26 (Direct sums of vector spaces). If V; and V; are
vector spaces over the same field, we denote by V; @ Vo—and call it
the direct sum of V; and Vo—the Cartesian product Vi x V5 of pairs of
elements of V; and V5 with the following vector space structure:

(v1,v9) + (01, 02) == (v1+ 01,02 +03), 0 :=(0,0), A(v1,v2) = (Avy, Avg).

The spaces V; and V5, are identified with the subspaces {(v,0),v € V;}
and {(0,v),v € Vo} of V := V1 @ V5. Under this identification, VNV, =
{0}, so the notation for the direct sum of the vector spaces V; and V;
fits with that of the direct sum of the subspaces V; and V5 of V. This
generalizes to a collection Vi,..., Vi of vector spaces over the same
field. By @le V;, we denote the Cartesian product Vj x - -+ x V}, with

(U17"'7vk)+(/ﬁla-"@/k) = (Ul—i_@/la"ka—’—@/k)u
0:=(0,...,0),
Ay, ..o vp) = (Avg, ..o Aog).

Again, we may regard V; as the subspace of @le V; consisting of k-tu-
ples with 0 in each position but the ith.

Note that K” = K&- - -@K with n summands. As a subspace of K",
the kth summand consists of vectors in which only the kth component
may be different from zero.

Moreover, K* = K" @ K' for all nonnegative integers r and [ with
r+1 = n. In this case, as a subspace of K", the first summand consists
of vectors whose last [ components are zero, and the second summand
consists of vectors whose first » components are zero. We use this
decomposition (with [ = 1) for the following

LEMMA 1.27. FEvery subspace of K™ has a complement.

ProoOF. Let W be a subspace of K". We want to show that we
can always find a subspace W’ of K" such that W & W’ = K" (i.e.,
WnNW' ={0} and W+ W' =K").

If n = 0, there is nothing to prove, since necessarily W = {0} and
W’ ={0}.

Otherwise, we prove the lemma by induction onn > 0. If n = 1, the
proof is immediate: In case W = {0}, we take W' = K. If, otherwise,
W contains a nonzero vector v, then W = K, since every vector in K
can be written as A\v; therefore, W' = {0}.
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Now assume we have proved the lemma for K", and let W be a
subspace of K*™!. Let W; be the subspace of vectors in W whose last
component is zero and let W5 be the subspace of vectors of W whose
first n components are zero. We can view W; as a subspace of the
first summand, K", in the decomposition K*"*! = K" @ K and W, as
a subspace of the second summand, K. By the induction assumption,
there is a complement W] of W in the first summand and a complement
W3 of Wy in the second. Then W{& W3 is a complement of W in K”. [

1.3. Linear maps

A map F: V — W between K-vector spaces is called a linear map
if
F(Q v+ pv) = AF(v) + pF(0)
for all \, x € K and all v,v € V.

ExXAMPLES 1.28. Here are some examples of linear maps:

(1) The inclusion map of a subspace is linear.
(2) If V' is the direct sum of vector spaces V; and Vo—i.e., V =

Vi & V5 as in Definition then we have the linear maps,
called canonical projections, 7;: V — V;, 1 = 1,2, given by

mi(v1, v2) = v;.

If we regard V7 and V5 as subspaces of V', we may also regard
the projections as linear maps P;: V — V:

Pl(Ul,UQ) = (Ul,O) and PQ(Ul,UQ> = (O,Ug).

More precisely, P; = t; o m; where ¢; is the inclusion of V; into
V.

(3) Multiplication, from the left, by an m X n matrix defines a
linear map K" — K™.

(4) Multiplication, from the right, by an m x n matrix defines a
linear map (K™)* — (K")*.

(5) The derivative defines a linear map C*(I) — C*=Y(I), f — f’
(we assume k € Nog U {o0}).

REMARK 1.29. Here are some facts and notations.
(1) If F is linear, one often writes F'v instead of F(v).

(2) The image of a linear map F: V — Wf|is denoted by im F or
F(V) and is a subspace of .

%i.e., the set of vectors w € W for which there is a v € V with w = F(v)
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(3) The subset of elements of V' mapped to 0 by a linear map
F:V — W is denoted by ker F' and is called its kernel. It is
a subspace of V. A linear map F' turns out to be injective iff
ker F' = {0}.

(4) The composition of linear maps, say, F': V — W and G: W —
7, is automatically linear. Instead of G' o F' one often writes
GF.

(5) If a linear map F' is linear and invertible, its inverse map F~!
is automatically linear.

(6) A linear map F': V — W is also called a homomorphism from
V to W.

(7) An invertible linear map F': V' — W is also called an isomor-
phism from V to W.

(8) If an isomorphism from V' to W exists, then V and W are
called isomorphic and one writes V' = W.

(9) A linear map F': V — V is also called an endomorphism of V'
or a linear operator (or just an operator) on V. If it is invertible,
it is also called an automorphism. The identity map, denoted
by Id or Idy or 1, is an automorphism.

(10) If F is an endomorphism of V', a subspace W of V is called
F-invariant if F(W) C W (i.e., F(w) € W for every w € W).
The restriction of F' to an invariant subspace W then yields
an endomorphism of .

We introduce the following sets of linear maps and their additional
structures:

(1) Hom(V, W) is the set of all homomorphisms from V' to W. If
F,G € Hom(V, W), we define F' + G € Hom(V, W) by

(F +G)(v) = F(v) + G(v).

We denote by 0 the zero homomorphism 0(v) = 0 for all v €
V. With the scalar multiplication (AF)(v) :== X F'(v), the set
Hom(V, W) is a vector space over K.

(2) End(V) = Hom(V,V) is the set of all endomorphisms of V.
As a particular case of the above, it is a vector space over K.
It is also a ring with one, where the multiplication is given by
the composition and the one element is the identity map.

(3) Aut(V) € End(V) is the set of all automorphisms of V. It is
a group with multiplication given by composition.

REMARK 1.30 (Injective linear maps). Note that a linear map F
is injective iff ker F' = 0. In fact, if F' is injective, then F'v = 0 = F0
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implies v = 0. On the other hand, the equality F'v = Fv' implies, by
linearity, that v — v" € ker F', so if ker F' = 0 then we have v = v'.

DEFINITION 1.31 (Dual space). The vector space Hom(V, K) is usu-
ally denoted by V* and called the dual space of V. Note that V*, like
every Hom space, is itself a vector space. An element o of V* is a
linear map V' — K and is usually called a linear functional or a linear
form or a covector. In addition to the notation a(v) to indicate o € V*
evaluated on v € V| one often writes (a, U)E]

EXAMPLE 1.32. A row vector & = (aq,...,q,) € (K")* defines a
linear functional on K" via

Ul

— (o, v) = Zawi. (1.1)

,UTL

One can show that these are all possible linear functionals on K", so
(K™)* is the dual of K", which justifies the notation.

DEFINITION 1.33 (Einstein’s convention). In these notes we will
follow a very handy convention introduced by A. EINSTEIN according
to which, whenever an index appears twice in an expression, once as
a lower and once as an upper index, then a sum over that index is
understood.

EXAMPLE 1.34. According to Einstein’s convention, the evaluation
of a row vector e on a column vector v, as in equation ([1.1]), is simply
written as

(a,v) = a'.
DEFINITION 1.35 (Bidual space). The dual space of the dual space

V* of a vector space V' is denoted by V** and is called the bidual space
of V.

REMARK 1.36. Note that every v € V defines a linear functional
on V* by V* 5 a — v(a) = «a(v). Therefore, we may regard V
as a subspace of V**. We will see (Proposition that, if V is
finite-dimensional, one actually has V = V**,

REMARK 1.37 (Direct sum). Suppose V = V; & V4 as in Exam-
ple [1.28 (2). Then we have the following relations among the projec-

tions:
P+ P =1, Pf =D, PQ2 =P, PP=PFPP =0

6This notation actually indicates the induced bilinear map V* x V — K.
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REMARK 1.38. More generally, an endomorphism P of V is called
a projection if
P? =P,

Note that ) := 1— P is also a projection and that we have PQ) = QP =
0. This is related to the previous remark as follows: define V; := im P
and V5 :=im (). Then we have V =V, @&V, and P, = P and P, = Q).

REMARK 1.39 (The dual map). A linear map F': V' — W induces
a dual map F*: W* — V* as follows: an element a of W*—i.e., a linear
functional on W—is mapped to F*a € V* defined by

(F*a)(v) = a(Fv).

Note that F™ is also linear. Moreover, F™** restricted to V' is the map
F again. We will see in Section that the dual of a map is related
to the transposition of matrices.

1.4. Bases

A basis of a K-vector space V' is a collection (e;);es of elements of
V' such that for every vector v € V' there are are uniquely determined
scalars v* € K, only finitely many of which are different from zero, such

that
v = Z vie;.
i

Note that, by omitting the zero summands, this is a sum of finitely
many terms. The scalars v are called the components of v in the given
basis. Using Einstein’s convention (see Definition [I.33), we write the
expansion of v in the basis (€;);es as

v ='e;.

REMARK 1.40. In order to use Einstein’s convention, one has to be
consistent with the positioning of the indices. Typically we will use
lower indices for basis elements and, consequently, upper indices for
components of vectors. In some cases, see below, we use upper indices
for basis elements and, consequently, lower indices for components of
Vectorsﬂ

EXAMPLE 1.41 (The standard bases). The space K™ has the stan-
dard basis (e, ..., e,) where e; denotes the column vector that has a 1

"As will be explained later, we use upper indices for a basis of a dual space.
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in the ith position and a 0 otherwise. The space (K")* also has a stan-
dard basis, now with upper indices (e',...,e"), where e’ denotes the
row vector that has a 1 in the ith position and a 0 otherwise. Namely:

1

v

v=|: = v="1'eg
Un

v=(v1,...,05) — v = v;€’

REMARK 1.42 (Related concepts). Some important concepts are
related to the notion of basis. All the vectors mentioned in the following
list belong to a fixed K-vector space V.

(1) A linear combination of a finite collection vy, ..., vy of vectors
is a vector of the form Aw; with \* € K. The set

Span{vy, ..., v} = {Nov;, \; € K}

of all linear combinations of v1, ..., vy is called their span and
is a subspace of V. If the set contains a single vector v, instead
of Span{v} we also use the notation Kv, so

Kv = {\v, A € K}.

(2) A linear combination of a collection (e;);es of vectors is by
definition a linear combination of a finite subcollection. When
writing \v;, it is then assumed that only finitely many \;s are
different from zero. The set Span;cge; of linear combinations
of the vectors in the collection is also a subspace of V.

(3) A collection (e;);es of vectors is called a system of generators for
V if every vector of V' can be expressed as a linear combination
of the e;s (but we do not require uniqueness of this expression).
In other words, Span,.ge; = V. Each e; is called a generator.

(4) A collection (e;);es of vectors is called linearly independent if a
linear combination can be zero only if all the coefficients are
zero. That is, if

The collection is called linearly dependent otherwise.
(5) A basis is then the same as a linearly independent system of
generators.

One can easily see that the following hold:
(1) If F: V — W is injective and (e;);cs is a linearly independent
family of vectors in V', then (Fe;);cs is a linearly independent
family of vectors in W.
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(2) If F': V — W is surjective and (e;);cs is a system of generators
in V, then (Fe;);cs is a system of generators in .

Therefore,

PROPOSITION 1.43. If F: V. — W is an isomorphism and (e;)ics
is a basis of V', then (Fe;)ies is a basis of W.

Moreover, one has the

THEOREM 1.44. Any two bases of the same vector space have the
same cardinality.

If V admits a finite basis (i.e., a basis (e;);es with S a finite set),
then it is called a finite-dimensional vector space; otherwise, it is called
an infinite-dimensional vector space.

DIGRESSION 1.45 (Existence of bases). By definition a finite-dimen-
sional vector space has a basis (actually, a finite one). By the axiom
of choice one can prove that every vector space has a basis (actually,
the existence of bases for all vector spaces is equivalent to the axiom
of choice).

DEFINITION 1.46 (Dimension). If V' is finite-dimensional with a
basis of cardinality n (i.e., |S| = n), then we set

dimV =n

and call it the dimension of V. Usually we then choose S = {1,...,n}
and denote the basis by (e, ...,e,). Note that the trivial vector space
V = {0} is zero-dimensional. In particular, we have

dimK" = dim(K")* =n Vn eN.
If V is infinite-dimensional, we set
dimV = oo.

REMARK 1.47 (Dimension over a field). The same abelian group
V may sometimes be regarded as a vector space over different fields
K. In this case, it is convenient to to remember which field we are
considering when computing the dimension: we will write dimg V' for
the dimension of V' as a K-vector space.

REMARK 1.48 (Complex spaces as real spaces). In particular, a case
we will often encounter is that of a complex vector space V' (i.e., a vector
space over C). For every real A\, we still have the scalar multiplication
v — Av, so V may also be regarded as a real vector space (i.e., a vector
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space over R). If Bc = (eq,...,e,) is a basis of V' as a complex vector
space, thenﬁ
Br = (e1,...,€en,1€1,...,1e,)

is a basis of V' as a real one. In fact, every v € V may uniquely be
expanded as \e; with \* € C. Writing \! = @’ +ib?, with @' and b° real,
we get the expansion v = a’e; + b'ie;, so Bg is a system of generators
over RH Moreover, if a’e; + blie; = 0 for a’,b* € R, then \e; = 0; linear
independence of B¢ over C implies, for all i, \¥ = 0 and, therefore,
a' = b* = 0, which is linear independence of Bg over R. Therefore, Bg
is basis. We conclude that dim¢ V' = n implies that dimg V' = 2n; i.e.,

dimg V = 2dimc¢ V.

One can prove that a linearly independent collection (eq,...,e,)
in an n-dimensional space is automatically a basis. This in particular
implies the following

PROPOSITION 1.49. If V' is a finite-dimensional vector space and
W is a subspace of V' of the same dimension, then W = V.

REMARK 1.50 (Direct sums and bases). There is a strong relation-
ship between the notions of direct sums and bases. Namely, by Defini-

tion [1.21] a collection (vy,...,v,) is a basis of V iff V = Q| Kv;.

REMARK 1.51 (Union of bases). Another relation is the following.
IfV = @le W; and B; = (v;;)j=1,..4; is a basis of W, then

B:=U" B = (vig) i=1,...k

.]:17"'7 0

is a basis of V. As a consequence,
k k
dim @ W; =) dim W;. (1.2)
i=1 i=1

Proo¥r. By Definition [1.21} every v € V uniquely decomposes as
v = w1+ -Fw, with w; € W;. By definition of basis, every w; uniquely
decomposes as w; = Zj;l «; ;v; j. Therefore, v uniquely decomposes

as v = Zle Z;l;l Q; 5V; 5. O

8Here i denotes the imaginary unit, and ie; is the scalar multiplication of the
scalar i with the vector e;.

9A standard convention in mathematics is to use italic characters for variables
and roman characters for constants. The imaginary unit, being a constant, is then
denoted by i, whereas ¢ is a variable, like, e.g., the index in e;. By handwriting it
is however better to avoid using a variable ¢ when the imaginary unit also appers.
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REMARK 1.52 (The basis isomorphism). A basis B = (eq,...,e,)
of V' determines a linear map

¢p: K" =V
by
ol
¢B - vlez
,UTL
In particular, we have
Ppe; = e;

for all 7. Note that ¢ is an isomorphism with inverse d)gl: V- K"
the map that sends v € V to the column vector with components the
components of v in the basis B. The vector gbglv is called the coordinate
vector of v. Note that we then have

dmV =n — V=2 K"

REMARK 1.53. If V and W have the same finite dimension, then,
by composition of the above, we get an isomorphism V' — W. Note
that such an isomorphism depends on the choice of bases.

REMARK 1.54 (Bases and frames). When we define the isomor-
phism of Remark [1.52] the order in which we take the basis vectors
(é1,...,e,) matters. This is an additional choice to just the notion of a
basis (which is by definition a collection, i.e., a set, of linearly indepen-
dent generators). A basis with a choice of ordering is more precisely
called a frame. According to a general habit, we will be sloppy about
it and speak of a basis also when we actually mean a frame as, e.g., in

Remark m@

An immediate consequence of the basis isomorphism is the following

PROPOSITION 1.55. Fvery subspace of a finite-dimensional vector
space has a complement.

PrROOF. Let V' be n-dimensional, and let Z be a subspace of V.
By choosing a basis B, we have the isomorphism ¢gz: K* — V. Then
W = gbgl(Z ) is a subspace of K". By Lemma it has a complement
W’. Finally, ¢g(W') is a complement of Z. O

1075 pe pedantic, a basis consisting of the vectors e;, i € S, should be denoted
by {e;}ics, whereas the notation (e;);cs, with S a totally ordered set, should be
reserved to a frame. However, the latter notation has become common for bases as
well.
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DIGRESSION 1.56. By the axiom of choice, one can show that a
subspace of any vector space has a complement.

DEFINITION 1.57 (Change of basis). If B and B’ are bases of an
n-dimensional space V', the composition

¢B’B = ng/lQbB € Aut(K”)
is called the corresponding change of basis.
REMARK 1.58. If you have a vector v € V| then ¢glv is the column

vector of its components in the basis B. The column vector gbg,lv of its
components in the basis B’ is then related to (bglv by

le_g/lv = gbB/Bgf)lgl’U.

Therefore, ¢ maps the coordinate vector in the B basis to the co-
ordinate vector in the B’ basis. (A more descriptive, but also more
cumbersome, notation would be ¢g. 5 instead of ¢g.)

V—V

w| e

Kn ¢ Kn
B'B

REMARK 1.59 (The dual basis). A basis B = (e1,...,e,) of V
allows defining uniquely the components v* of any vector v. The map

e: V. = K
v v
is linear for every 7. The collection B* := (e!, ..., €") of linear function-

als is called the dual basis of V*—more precisely, the basis of VV* dual
to B—and satisfies, by definition,

i i 1 iti=y,
e(ej)—éj:—{

0 ifi#j,
where 5; is called the Kronecker delta. It is indeed a basis of V*. In
fact, if o := aue’ = 0, then 0 = a(e;) = a; for every j, so (e',...,e") is

linearly independent. Moreover, given any o € V*, we get
a(v) = a(v'e;) = v'ale) = e'(v)ale) = (ale)e’)(v),

which shows that (e',...,e") is a system of generators and that, in
particular, we can compute the component «; of « as a(e;).
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EXAMPLE 1.60. The basis (e!,...,e") of (K")* is the dual basis to
(61, RN en).

More generally, we have proved the

ProprosITION 1.61. If V' is a finite-dimensional vector space, then
dim V* = dim V.

This also implies that dim V** = dim V. As a consequence of Re-

mark and of Proposition [1.49, we get the

PROPOSITION 1.62. If V' s a finite-dimensional vector space, then
V=V

REMARK 1.63 (Canonical and noncanonical maps). A linear map is
called canonical if it does not depend on any additional structure. For
example, if W is a subspace of V', the inclusion map is canonical. If
V = Wy @ Ws, the projections from V to Wy and W are also canonical.
If W is a subspace of V', we can always find a complement W', so we
can write V. = W @ W' and, therefore, get a projection V. — W.
This projection is not canonical because it depends on the choice of
a complement. Similarly, we saw that that every element V' defines a
linear functional on V*, so we have a canonical inclusion map of V' into
V**. If V is finite dimensional, we then have a canonical isomorphism
between V and V**: we therefore write V= V**. On the other hand,
by Proposition [I.61] and Remark [I.53] we also have an isomorphism
between V' and V*, but this is not canonical because it depends on the
choice of a basis. Explicitly, the map V' — V* sends v'e; to > v'e’
(note that we cannot use Einstein’s convention in this case).

ExAMPLE 1.64. With respect to the standard basis, the isomor-
phism K" = (K")*, as at the end of the previous remark, is the trans-
position map v — v':

1.5. Representing matrices

If F:' V — W is a linear map and (e;);cs is a basis of V', then the
values of F' on the e;s are enough to reconstruct F; in fact, every v € V
is uniquely expanded as v'e;, so by linearity we get

F(v) = v'F(e;).
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Vice versa, we can define a linear map F': V — W by specifying w; =
F(e;) € W for alli € S.
If (€7);e5 is a basis of W, we may expand F'(e;) as
F(e;) = A e, (1.3)
where, by Einstein’s convention, a sum over 7 is understood. The scalars
Al are the entries of the representing matrix A of F'. On a generic vector
v =1'e; € V we then get
F(v) =v'Ale,.
We now assume that V' and W are finite-dimensional: say, dimV =
n and dim W = m. Then

AL AL AL
) A2 oAb
A = (A )}::11, n = : : . :

is called an m X n matrix.

REMARK 1.65. Note that we consistently put the indices in upper
and lower positions. We will also encounter matrices with only lower
indices representing bilinear forms.

REMARK 1.66 (Normal form). Given a linear map F: V — W
between finite-dimensional vector spaces, one can always find bases
e1,...,e, of Vand é1,..., e, of W such that the representing matrix

of F reads
1r O’r,n—r
A= (Om—r,r Om—r,n—r) ’

where 1, denotes the r x r identity matrix and 0; ; denotes the ¢ x j
zero matrix. Here r = dimim F' is called the rank of F. From this
presentation it also follows that the kernel of F' corresponds, under the
isomorphism to K™ induced by the basis, to vectors of the form

which show that dimker /' = n —r. We thus get the dimension formula
dimker F' 4+ dimim F' = dim V/ (1.4)
for any linear map F': V — W.
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If F: V — W is an isomorphism, then ker F' = 0 (see Remark [1.30)
and im F' = W, so we get dim V' = dim W. If, on the other hand, V and
W have the same finite dimension n, then each of them is isomorphic
to K" by the basis isomorphism of Remark [1.52 Therefore,

PROPOSITION 1.67. Two finite-dimensional vector spaces are iso-
morphic iff they have the same dimension.

1.5.1. Operations. If B is the representing matrix of another lin-
ear map G: V — W with respect to the same bases, the representing
matrix of F'+ G is A + B, where addition is defined entry-wise:

(A+ B): = Al + B

If G is instead a linear map W — Z, the collection (&;)i=1,..
basis of Z, and B is the corresponding k X m representing matrix of
G, then the representing matrix of GF' is the k x n matrix B A, where
the matrix multiplication is defined by["]

(BA)! = B'A”. (1.5)

1.5.2. Duals. If F*: W* — V* is the dual map, see Remark [1.39,

of a linear map F: V' — W with representing matrix A, then we get,
for « = a;87 € W* and v = v'e; €V,

F*(a)(v) = a(Fv) = a; & (v' Al &;) = oz A0,

where e!,...,e™ is the dual basis to €1,...,&,. To compute the ith

component of F*«, we evaluate on v = ¢; getting (F*a); = oz A, so
F*(a) = az Al €.
To get the representing matrix of F™*, we then compute
F*() = Ale. (1.6)
The difference between and is that in the former we sum

over the upper index whereas in the latter we sum over the lower index
of the matrix A. In the usual notation with two lower indices, this
correponds to summing over the first or second index, and the two
representing matrices are related by the exchange of the indices—the
operation known as transposition: if A is the representing matrix of F,
with respect to some bases, then A" is the representing matrix of F*
with respect to the dual bases.

11Comparing with the usual way of writing a product of matrices, we see here
that the upper index is the first index and the lower index is the second index.
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REMARK 1.68. When working with vector spaces of row or column
vectors, the standard basis is always assumed, unless otherwise speci-
fied. A linear map between such subspaces is then always understood as
the corresponding matrix. We would in particular write A: K" — K™
to denote the linear map with representing matrix A with respect to
the standard bases, i.e., the map v — Aw, where we use matrix mul-
tiplication. Note that the jth row of A is equal to Ae;. One can also
easily see that the dual map, acting on row vectors, is instead given by
a— aA.

1.5.3. Change of basis. If we want to keep track of the chosen
bases, we need a more descriptive notation. Let B = (ey,...,e,) be
the chosen basis of V and B = (éy, ..., &) the chosen basis of W. The
representing matrix of a linear map F: V — W with respect to the
bases B and B is then denoted by Fgg.

As we identify linear maps K"” — K™ with their representing ma-
trices with respect to the standard bases, we may regard Fpgz as an
m X n matrix or, equivalently, as a linear map. In the latter case, we
have, in terms of the basis isomorphisms of Remark

Fgs = ¢ Fop.

If we choose another basis B’ of V' and another basis B’ of W, we
then have, using the notation of Definition

Fap = ¢g Fon = ¢5' 05Fssd5 05 = dpsFssdss
ie.,
Fas = ¢opFpsdss -
It is easy to remember this formula, for it looks similar to the formula
for matrix product, with indices replaced by bases.

REMARK 1.69 (Equivalence of matrices). The formula for the change
of bases motivates the following definition of equivalence of matrices.
Two m x n matrices A and B are called equivalent if there is an in-
vertible m x m matrix T and an invertible n x n matrix S such that

A=TBS.

By this definition, any two representing matrices of the same linear
map are equivalent, as we may see by setting A = Fzpr, B = Fgg,
S = ¢pp, and T = ¢z 5. Note that, explicitly, we have

AL, =17 BIS!,.
Also useful are the formulae

/I ~ il
e, =Sye; and & =T ¢,.
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Let us prove the first (the second is analogous):

vei = Syope; = d(Se;) = ¢p(dpper) = dpes = e,
where we also used the linearity of ¢ and the definition ¢ = d5' dp.

1.5.4. Endomorphisms. If F' is an endomorphism of a finite-di-
mensional vector space V', one usually chooses the same basis (say, B)
for V' as source and target space. In this case, the representing matrix
of V', now a square matrix with respect to the basis B is written Fj
and we have

Fg = ¢5' Fop.

If we pass to another basis (say, B’), we then have
Fs = ¢p5Fs0885-

Observing that the isomorphisms ¢gp and ¢pg are inverse to each
other, we can also write

Fg = ¢p Faopp -

REMARK 1.70 (Similarity of matrices). The formula for the change
of basis for the representing matrix of an endomorphism motivates the
following definition of similarity of matrices. Two n X n matrices A and
B are called similar if there is an invertible n x n matrix S such that

A=S"'BS.
By this definition, any two representing matrices of the same endomor-
phism are similar.
1.5.5. Bilinear forms. A bilinear form on a K-vector space V' is a
map B: V x V — K that is linear in both arguments; viz.,
B()\lvl + )\21)2, U)) = )\13(1]1, ’LU) + )\23(1}27 ’LU)7
B(U, )\111)1 + )\2w2) = /\1B(U, U)l) + AQB(U7 UJQ).

If B={e1,...,e,} is a basis of V', the representing matrix B of a
bilinear form B has the entries

Note that, consistently with the r.h.s., we use lower indices for the
entries of the representing matrix.
Now consider a new basis B’ = {¢€},...,¢e/,} and denote by S the

matrix representing, in the standard basis of K", the change of basis
¢pp; i.e., as we showed above,

/)
€y = 5'2-/61-.

12 ¢., a matrix with the same number of rows and columns
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Denoting by B’ the representing matrix of B in the basis B’, we then
have

/i J

REMARK 1.71 (Congruency of matrices). The formula for the change
of basis of a bilinear form motivates the following definition of congru-
ency of matrices. Two n X n matrices B and B’ are called congruent if
there is an invertible n x n matrix S such that

B =S"BS,

where T denotes transposition. By this definition, any two representing
matrices of the same bilinear form are congruent.

1.6. Traces and determinants

Trace and determinant are particularly important functions on square
matrices which we review here.

The trace of an n x n matrix A is the sum of its diagonal elements.
If we write A = (A}), then

tr A = Al

where we used Einstein’s convention. If we we write A = A;;, then we
have to write the sum symbol explicitly: tr A = >" | A;. (The fact
that this second notation is incompatible with Einstein’s convention is
related to the fact that the trace of a bilinear form is not a natural
operation.)

Immediate properties of the trace are

(1) tr AT = tr A for every n x n matrix, and
(2) tr AB = tr BA for all n x n matrices A, B.

The second property implies tr S~'BS = tr B, so similar matrices—
see Remark have the same trace. Therefore, we can make the

following

DEFINITION 1.72. The trace of an endomorphism F' of a finite-di-
mensional vector space V' is the trace of any of its representing matrices:
tr F' := tr Fg, where B is any basis of V.

13Note that in the explicit formula it is the upper index of the first S that
is the same as the first index of B, whereas in the usual product of matrices—see
footnote [[I}it should be the lower index to be involved. It is for this reason that
the first S is actually transposed.
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Congruent matrices may on the other hand have different traces.
For this reason the trace of a bilinear form is not a well-defined concept,
as it depends on the explicit choice of a basis[]

We conclude with a few additional properties of the trace:

(1) The trace is linear: tr(AMA+AB) = Atr A+putr B for all nxn
matrices A, B and for all scalars \, p.
(2) tr1, = nif 1, is the identity matrix on K".
(3) tr: End(V) — Kis alinear map: tr(AF+AG) = Atr F4+putr G
for all endomorphisms F, G of the finite-dimensional space V'
and for all scalars A, p.
(4) trldy = dim V.
The determinant of a square matrix can be uniquely characterized by
some properties or can be, equivalently, defined by an explicit formula.
The defining properties are the following:

(1) The determinant is linear with respect to every column of the
matrix.

(2) The determinant vanishes if any two column of the matrix are
equal.

(3) The determinant of the identity matrix is 1.

One can show that, for every n, there is a unique map Mat,,»,(K) — K
satisfying these three properties, and this map is called the determi-
nant. In words, one says that the determininant is the unique alter-
nating multilinear normalized map on the columns of a square matrix.
Some derived properties are the following:

(D.1) Properties (1) and (2) above hold taking rows instead of colums.

(D.2) det AT = det A for every n x n matrix A.

(D.3) If two columns (or two rows) are exchanged the determinant
changes sign.

(D.4) If one adds to a column a linear combination of the other columns
(or to a row a linear combination of the other rows) the deter-
minant does not change.

(D.5) det(AA) = A™det A for every n x n matrix A and every scalar
A

(D.6) The determinant of a diagonal matrix or of an upper triangular
matrix or of a lower triangular matrix is equal to the product of
its diagonal elements.

(D.7) det AB = det A det B for all n x n matrices A, B.

141¢ is well-defined if we may restrict to a special class of bases that are related
to each other by an orthogonal transformation, i.e., if we only allow congruences
B’ = STBS with ST =1.
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(D.8) det A # 0 iff A is invertible. By the previous property, we also
see that in this case, det A™' = (det A)™L.

(D.9) A collection vy, ..., v, of vectors of K" is a basis iff the deter-
minant of the matrix S whose ith column is v; is different from
zero. (Note that v; = Se; for all i.)

(D.10) The determinant of a block-diagonal matrix is the product of the
determinants of its blocks: det (4 &) = det Adet D, where A
and D are square matrices.

(D.11) More generally, det (4 B) = det Adet D, where A and D are
square matrices.

The last property is derived from the others by the following remarks.
We should distinguish the case when A is invertible and when it is not.
In the second case, there is some nonzero vector v in the kernel of A.
By completing v with zeros, we get a nonzero vector in the kernel of
det (4 B), which is then also not invertible. In this case, both sides
of the equality vanish by (D.. If, on the other hand, A is invertible,
we can write (4 B) = (4 %) (34, 8). The determinant of the first
matrix on the right hand side is det Adet D by (DJL0]), whereas the
determinant of the second is 1 by (D[6)).

The determinant of an n x n matrix A = Az- can also be explicitly
computed by the Leibniz formula

det A = Z sgnJACI,(l) Ay (1.8)

gESy

where sgno is the sign of the permutation a. In particular,

a b
det(c d)-ad—bc.

The determinant can also be computed in terms of the Laplace expansion
along the ith row

det A =) (—1)"7ALd), (1.9)
j=1

where d; is the determinant of the matrix obtained by removing the ¢th
row and the jth column from A. For example, the Laplace expansion

15Evelry permutation may be written, in a nonunique way, as a product of
transpositions, i.e., permutations that exchange exactly two elements. The parity
of the number of occurring transpositions does not depend on the decomposition.
The sign of a permutation is then defined as —1 to the number of occurring trans-
positions.
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of a 3 x 3 matrix along the first row is

a b c
det |d e f :adet(z f)—bdet(d f>+cdet(d Z)
g h i ! gt g

An analogus formula for the expansion along a column also exists as a
consequence of (D[2)).

An immediate consequence of the Laplace expansion is the following
formula for the determinant of a perturbation of the identity matrix.

PROPOSITION 1.73. Let A be an n X n real or complex matrixz and
h a scalar. Then

det e = det(1 + hA + O(h%)) = 1 + htr A+ O(h?). (1.10)

PRrOOF. For a given n x n matrix B, we write By for its lower
right (n — k) x (n — k) block. We then have

det(1 + hA + O(h?)) = (1 + hayy) det(1 + hA + O(h?))11 + O(h?).

In fact, the explicit summand on the right hand side is the first term
in the Laplace expansion along the first row. The remaining terms are
of the form ha,j, 7 > 1, times the determinant of the matrix obtained

removing the first row and the jth column. Since the first column of
a21

this matrix is the vector h ( : ), this determinant is of order h, so
an1

hay; times this determinant is of order h*. We can now repeat this
argument inductively on the lower right blocks:

det(1 4+ hA + O(h*)) = (1 + hayy) det(1 + hA + O(h*))11 + O(h?)
= (14 hay)(1 + hagy) det(1 + hA + O(h?))a2 + O(h?)
== (14 hay) - (1+ han,) + O(h?).

Finally, observe that (1+hayy) -+ (14 hay,) =1+htr A+O(R?). O

The determinant may also be used to compute the inverse of an
invertible matrix as

_ 1 }
A lzdetAad‘]A’

where adj A denotes the adjugate matrix of A, i.e., the matrix whose
(4,7) entry is (—1)"™7 times the determinant d’ of the matrix obtained
by removing the the jth row and and ith column from A. This formula
is theoretically important—it shows, e.g., that the entries of A~ are
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rational functions of the entries of A—but practically not so useful,
apart from the 2 x 2 case, which is also easy to remember:

(Z Z) - adl—bc (_dc _ab> : (1.11)

Namely, apart from dividing by the determinant, we just have to swap
the diagonal entries and change the sign of the off diagonal entries.

Determinants may also be used, via property (D7 to establish
whether a linear map F': V' — W between finite-dimensional vector
spaces is invertible. By Proposition [1.67, we know that a necessary
condition is that V and W have the same dimension, say, n. A repre-
senting matrix of F' is then an n x n matrix, which by (D is invertible
iff its determinant is different from zero[" On the other hand, F is in-
vertible iff any of its representing matrices is so. Therefore, we have
the

PROPOSITION 1.74. A linear map F:V — W between finite-di-
mensional vector spaces is invertible iff dimV = dim W and the deter-
minant of any of its representing matrices is different from zero.

It follows from (D7) and (DJ8)) that det S~*BS = det B, so similar
matrices—see Remark have the same determinant. Therefore,
we can make the following

DEFINITION 1.75. The determinant of an endomorphism F' of a finite-
dimensional vector space V' is the determinant of any of its representing
matrices: det F' := det Iz, where B is any basis of V.

In particular, an endomorphism is invertible iff its determinant is
different from zero.

REMARK 1.76 (Discriminants). Congruent matrices may on the
other hand have different determinants. We see however, from (DJ2)
and (DJ7), that B = STBS implies det B’ = (det S)?det B, so the
determinant changes by a factor that is the square of a nonzero scalar.
The discriminant of a matrix is by definition its determinant up to such a
factor. It follows that congruent matrices have the same discriminant
and that we may define the discriminant of a bilinear form as the
discriminant of any of its representing matrices. If we work over C,
where every element is a square, the only meaningful statement we

16Note that this statment is independent of the chosen bases. In fact, any
two representing matrices of F' are equivalent n X n matrices A and B, as in
Remark [I.69] i.e., A = TBS, where S and T are invertible. We then have, by
(D, det A = cdet B, where ¢ = det S det T' is a nonzero number.
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can make is whether the discriminant is equal to zero or different from
zero. Over R, we can refine this and speak of strictly positive, strictly
negative or zero discriminants.






CHAPTER 2

Linear ODEs and Diagonalization of
Endomorphisms

In this chapter we discuss the problem of bringing an endomor-
phism, via a suitable choice of basis, to a diagonal representing matrix,
whenever possible. We start by motivating this problem with the study
of systems of linear ordinary differential equations with constant coef-
ficients.

2.1. Differential equations

An ordinary differential equation (ODE) is an equation whose un-
known is a differentiable function of one variable that appears in the
equation together with its derivatives.

Newton’s equation F' = ma is an example of an ODE. In this case,
the unknown is a path z(¢)[] In normal form (i.e., with the highest
derivative set in evidence on the left hand side) the equation reads

= —F r.t).
T — (x,,t)

A solution is a specific function z(t) that satisfies the equation for all ¢
in some open interval (possibly the whole of R). In the one-dimensional
case, this is a single equation, but if we consider the problem in three
space dimensions, we get a system of ODEs—one equation for each
component. We also get a system is we describe the interaction of
several particles.

The order of an ODE (or of a system of ODEs) corresponds to
highest derivative occurring in it. For example, Newton’s equation (like
many fundamental equations in physics) is a second-order ODE. It is
possible to reduce the order by the following trick, which we illustrate in
the case of Newton’s equation. Namely, we introduce the momentum
p = mv. We can then rewrite Newton’s equation as the first-order

1By path we mean a (twice) differentiable map whose domain is an interval.

35
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system
. P
€rT = —
m
p:F<x,£,t>
m

where now the pair (z,p) is regarded as the unknown.

The Cauchy problem for a system of first-order ODEs consists of the
system together the specification of the variables at some initial time.

The theory of ODEs is discussed in the analysis classes, and there
it is proved, under some mild conditions, that a Cauchy problem has a
unique solution (in an open interval around the initial time).

We will consider here only linear (systems of) first-order ODEs with
constant coefficients, where methods of linear algebra can be used.

2.1.1. Linear ODEs with constant coefficients. ODEs are called
linear if the unknown and its derivatives appear linearly. The ODE is
called homogenous if there is no term independent of them, inhono-
geneous otherwise.

A linear first-order ODE is then the equation & = ax, when homo-
geneous, and ¢ = ax +b, when inhomogeneous, where a and b are given
functions of t. We say that the equation has constant coefficients if a
is constant.

NoTATION 2.1. It is a standard practice in the theory of ODEs to
write (t) after a variable to specify that it is not assumed to be constant.
If (¢) does not appear, the variable is assumed to be a constant. The
unknown function is written without (¢) in the equation, as the notation
x(t) is reserved for writing a solution. Therefore, a linear first-order
ODE constant coefficients is written as

& = ax + b(1). (2.1)
In the homogeneous case—i.e., when b(t) = 0—we write
T = ax. (2.2)

ExXAMPLE 2.2 (Growth processes). The homogenous equation & =
ax with constant a describes a growth process where the growth z
is proportional to the quantity z itself (properly speaking, we have
a growth when @ > 0 and a decay when a < 0). Such equation is
widely used: e.g., in economics to describe capital growth by compound
interest, in biology to describe growth (or decline) of a population, in
physics to describe radioactive decay.

To solve (2.2)), we introduce y(t) := e *x(t). Differentianting we
get § = e (& — ax). Therefore, z is a solution to (2.2)) iff § = 0,
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i.e., y = ¢, where ¢ is a constant. We then get the general solution
z(t) = e*c. We can also rephrase this as the

PropPOSITION 2.3. The Cauchy problem

Lo — o

for a homogenous linear ODE with constant coefficient a has the unique
solution

x(t) = e x. (2.3)
The solution is defined for all t € R.

By the same trick, we may also study the associated nonhomoge-
nous equation (2.1)), where b(t) is not necessarily assumed to be con-
stant. Namely, we write again y(t) == e “z(¢). In this case, z is a
solution to iff y = e *b(t), so we can get y, and hence z, by
integrating e~%b(t). Namely, we have y(t) = ¢ + fg e~ b(s)ds, where
c is a constant. Therefore, we have the general solution

t
x(t) = e“tc—i-/ =) b(s) ds. (2.4)
0

This leads to the

PROPOSITION 2.4. The Cauchy problem
T = axr+b(t)
z(0) = o

for a nonhomogenous linear ODE with constant coefficient a has the
unique solution

t
x(t) = ey +/ =9 p(s) ds. (2.5)
0

The solution is defined for all t € R.

2.1.2. Systems of linear ODEs with constant coefficients.
A system of the formE|

x = Az + b(t), (2.6)
where A is a given n X n matrix (with constant entries), called the
coefficient matrix, and b is a given map from an open interval to R,

! (t)
20f x(t) = < : > is a time-dependent vector, its time derivative is defined
0

& (t)
componentwise, viz., &(t) = ( . )
" (t)
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is called a system of n linear ODEs with constant coefficients. For b(t)
the zero map, we have the system

T = Ax, (2.7)
which is called homogeneous.

EXAMPLE 2.5 (Harmonic oscillator). Consider Newton’s equation

in one dimension with force F' = —kx, where k is a given positive
constant. The second-order ODE m# = —kx may be rewritten as the
system
. p
T =—
m
{ p=—kx

which can be brought in matrix form & = Ax by setting = () and

o L
A_(_k 0).

EXAMPLE 2.6 (Homogenous nth-order linear ODE with constant
coefficients). Consider the ODE

2™ a4 e, @+ anr =0, (2.8)
where aq, ..., a, are given constants. This ODE can be rewritten as a
system by defining
x
x
T =
x(n_2)
x(n_l)
In fact, we have
T T
T = : = .
x(n_l) x(n_l)
™ —ay 2" — a1 F —
Therefore, the ODE ([2.8)) is equivalent to the system ([2.7)) with
0 1
0 0 1
A= ... . (2.9)
0 R | 1
—Qan —Qp-1 - —Ay —

where all the nondisplayed entries are equal to zero.
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ExXAMPLE 2.7 (Infinite-dimensional examples). In physics one also
studies equations involving functions of several variables together with
their partial derivatives—these are called partial differential equations
(PDEs). Several important PDEs in physics are linear. For example,
the wave equation

1 0%
———=A
2 Ot? ¥,
the heat equation
oY
7 — oA
5 = AAY,
and the Schrodinger equation
ioy h?
—— =——A .
h ot 2m v+Vy

In these examples, 1 is a function (real in the first two cases and com-
plex in the third) of the time variable ¢ and the space variables x,y, z;
A= 88—; + 88—; + g—; is the Laplace operator; ¢, a, h, and m are real
constants (respectively: velocity, diffusivity, Planck constant, mass);
and V is a real function of the space variables (the potential). Each
of these equations may be viewed as a system of linear ODEs with
constant coefficients in the infinite-dimensional vector space C'*°(IR?)
of infinitely differentiable functions in the space variables. The un-
known (t;z,y,2) is then viewed as a map R — C®(R?), ¢t — 1y,
with ¢y (z,y, z) == ¥(t;z,y, z). The techniques we present in this sec-
tion for finite systems of linear ODEs with constant coefficients may
be extended to these infinite-dimensional systems, but we will not do
it here.

ExAMPLE 2.8 (Diagonal case). The homogeneous system ([2.6]) may
be easily solved if the coefficient matrix is diagonal. Namely, suppose
A = D with D diagonal with diagonal entries A, ..., A,:

A1
D= - . (2.10)
An

The system then splits into n independent equations

= Mat, L d = N

The ith equation has the general solution x'(t) = e*’c!, where ¢! is

a constant. It then follows that the associated Cauchy problem with
initial condition x(0) = @, has the unique solution z'(t) = ez},
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which is defined for all t € R, for i = 1,...,n. If we denote by eP? the

diagonal matrix with diagonal entries e*?, ... et
e)qt
Pt = : (2.11)
eAnt
we can write the unique solution as
x(t) = ePlxy. (2.12)

DIGRESSION 2.9 (Upper triangular case). The homogenous case
when the coefficient matrix is upper triangular may also be easily
solved. To illustrate the idea, we consider the two-dimensional case
with A = (’\O1 fQ ) We then have the two equations

o= Mot + Bt @7 = Mt

The second equation is independent of 2! and has the general solution
22(t) = e*!c?, where ¢? is a constant. We may plug this solution into
the first equation getting the nonhomogenous equation

jfl — )\lxl —|—Be’\2t02,

which can be solved using ([2.4) with b(t) = e!3c%. If \; # Ay, we
then get

e>\2t

A2 — A

where ¢! is a new constant. If \; = Ay = \, we get instead

Be?,

ol (t) = eMic! +

xl(t) =Ml 4 teMBe2.

Note that in the “degenerate case” when A\ = Ay, the solution does
not only depend on exponential functions but also has a factor t. The
general case, with A upper triangular, is solved similarly. One solves
the equations iteratively from the last equation, which only depends
on the last component of x, to the first. Every time one inserts the
solution into the previous equation, which then turns out to be a non-
homogeneous linear ODE that can be solved by . By induction
one sees that the inhomogenous term b(t) is a linear combination of
products of exponential and polynomials. In conclusion, the general
solution will also be given by a linear combination of products of expo-
nentials and polynomials. If the diagonal entries are all different, the
general solution is simply a linear combination of exponentials.
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2.1.3. The matrix exponential. Following the examples of the
solutions and , we now want to get a general solution to
in the form of an exponential.

The exponential of a square matrix A is defined by extending to
matrices the usual series defining the exponential of a real or complex
number:

=1 1
A k 2
= —A = 1 A —A DR
e E:M + A+ AT+
k=0
One can easily see that the series converges for any matrix A and,
moreover, that the power series

[e.9]

tk 12
et = EA’“:1+tA+§A2+---.

k=0

has infinite radius of convergence. It follows that it defines a smooth
(i.e., infinitely often continuously differentiable) function and that tak-
ing a derivative commutes with the sum, so we get

d

—eAl = e A = Ae? (2.13)
dt

Moreover, from

e =1,

we see that U(t) := eA! is the unique solution to the matrix Cauchy
problem

{ U = AU
uo = 1
REMARK 2.10 (Derivatives of matrices). If
s e - 0
AO =D =| 7
A7(t) At - AR(D)

is a time-dependent matrix, its time derivative is defined component-
wise, viz.,

A(t) = (A;(t))ii—zllw'ﬁ’
extending the definition for vectors in footnote [2] The Leibniz rule for
the derivative of a product of matrices follows immediately from the

the multiplication rule (|1.5)):
(AB) = AB + AB.
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REMARK 2.11. The matrix exponential has the following proper-
ties, which can be easily proved:

(1) As in the case of the exponential of a number,
eA(t+s) — eAt eAS (214)

for all t,s € C. In particular, taking s = —t, we see that
1= eAtefAt

)

so e4? is always invertible and its inverse is e~

(2) If A and B commute (i.e., AB = BA), then in the product
of two exponentials we can rearrange the factors. Therefore,
we have

At

eATB —c4eB if AB = BA. (2.15)

Note that this equation does not hold if A and B do not

commute because on the right hand side all powers of A comes

to the left and all powers of B to the right, whereas on the

left hand side powers of A and B come in all possible orders.
(3) For every invertible matrix S, we have

STIAS — g-leAg (2.16)

This follows from (S~ AS)* = §~' A*S | which is easily proved
for all .
(4) For every square matrices A and B, we have

(A 0) B
0 B e 0
This follow from (4 g)k = <%k ]gk), which is easily proved
for all k.

DIGRESSION 2.12 (The BCH formula). One can show that, upon
convrgence issues, the product of exponentials e? e® is also in general
the exponential of a matrix. An explicit expression is given by the
Baker—Campbell-Hausdorff formula

oA oB _ oBCH(A,B)
with .
BCH(A, B) =A+B+§[A7B]+... :

where the dots denote a sum of higher commutators, i.e., terms given
by commutators of commutators of commutators, and so on, of A and
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B (e.g., [A,[A,B]] or [B,[B, A, B]]|). When A and B commute, all

the commutators vanish, so
BCH(A,B) = A+ B,

and one recovers ([2.15). Another interesting case (which can be proved
directly as in exercise {f) is when [A, B] = ¢1 with ¢ a constant scalar.
In this case, the higher commutators vanish, so

BCH(A,B) = A+ B + %d.

Since 1 clearly commutes with A + B, we can use ([2.15)) and obtain

oA oB _ o3¢ oAtB.
Exchanging A and B, observing that B + A = A + B and that
[B,A] = —[A, B] = —1c1, and comparing the two formulae, one also

gets

edeB = cteB el

The extension of this formula to operators on (appropriate) infinite-di-
mensional spaces leads to the Weyl formula for the canonical commu-
tation relations in quantum mechanics [

Another interesting property of the matrix exponential is given by
the following

PROPOSITION 2.13. Let A be a square matrix. Then
for every t.

PROOF. We consider the function d(t) := det e’ and compute its
derivative. Using (2.14)) and the multiplicativity of the determinant—
i.e, property (D[7)) on page 29}—we have d(t+h) = d(t)d(h). Therefore,
using d(0) = 1, we have

- d(t+h) —d(t)

dt) = lim, h =

) =13 = adge)

3In quantum mechanics, the position and momentum coordinates g and p are

replaced by operators ¢ and p satisfying the canonical commutation relation [g, p]
ik, where A is the Planck constant. This leads, up to proving the result in an
infinite-dimensional context, to the Weyl formula

eltq elsh — efltsh elsP eltq.
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with a = d(0). By Proposition , we then have d(t) = e. To
complete the proof, we only have to show that a = tr A. This can be
done explicitly by using the formula

det e = det(1 + hA + O(h?)) = 1 + htr A + O(h?),
which is equation ((1.10]). U

We may use the matrix exponential to solve any homogeneous linear
system of ODEs with constant coefficients & = Ax by the same trick we
used in the case of a single equation. Namely, we introduce y = e 4'z.
Differentianting, thanks to (2.13)), we get y = e 4*(z— Ax). Therefore,
x is a solution to iff y =0, i.e., y = ¢, where c is a constant vector.
We then get the general solution x(t) = e’c. We can also rephrase
this as the

PrRoPOSITION 2.14. The Cauchy problem
r = Ax
z(0) = x
for a homogenous linear system of ODFEs with constant coefficients has
the unique solution
x(t) = eMx,. (2.18)
The solution is defined for all t € R.

By the same trick, we may also study the associated nonhomoge-
nous equation (2.6, where b(t) is a (not necessarily constant) map from
an interval to R". Namely, we write again y := e~4zx. In this case, x is
a solution to iff y = e~ b(t), so we can get y, and hence x, by in-
tegrating e~ b(t). Namely, we have y(t) = ¢+ f(f e~ 4% b(s) ds, where
c is a constant vector, and the integral is computed componentwise.
Therefore, we have the general solution

t
x(t) = el +/ eA=9) b(s) ds. (2.19)
0

2.1.4. Computing the matrix exponential. The practical prob
lem consists in computing the exponential of a given matrix A. The
simplest case is when the matrix A is diagonal, A = D with D as in
(2.10). In fact, we have

AY
Dk’ _ ..
/\k

so eP? is as in (2.11)). This way we recover the solution discussed in

Example 2.8
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Thanks to (2.13]), we can also explictly compute the exponential
of a diagonalizable matrix, i.e., a square matrix A that is similar to a
diagonal matrix D. Writing

S'AS =D

for some invertible matrix S, we get the solution to the associated
Cauchy problem in the form

it
x(t) = S Sy,
At
where \q,..., A, are the diagonal elements of D. In the next sections
we will develop methods to determine the scalars Ay, ..., \, and the

matrix S, whenever possible.

REMARK 2.15. Not every matrix is diagonalizable. Consider, e.g.,
A = (3}). Pick an invertible matrix § = (¢%). Computing " as in
(1.11)), we then get

1 de  d?
1 .
SlAS = —— (_CQ _Cd).

Since S is invertible, the entries ¢ and d cannot be both zero, so the
right and side cannot be a diagonal matrix.

DIGRESSION 2.16. By Digression , and by , we can also
explicitly compute the exponential of a matrix that is similar to an
upper triangular matrix. This turns out to be always possible if we
work over complex numbers. (See Section [2.4])

ExAMPLE 2.17. Consider again the nondiagonalizable matrix A =
(345). We can compute its exponential explicitly as follows. We easily
see that A? = 0, which in turn implies A™ = 0 for all n > 1. Therefore,

At (1t
e —1-|-25A—(0 K

This exponential actually solves the problem of the free particle

mi =0,
which is the same as the harmonic oscillator of Example [2.5] but with
oL

k = 0. The coefficient matrix is in this case A = 0 >, ie., % times

the matrix considered above. In this case, we have

At 1t
e :1+tA:(O Tf)
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The solution to the Cauchy problem is then

x(t)) _ N EA 1 L\ (o _ [T+ Lpo
p(t) Po 0 1) \po Po ’
This yields the usual formula

() = 7o + L2t
m

2.2. Diagonalization of matrices

Suppose A is diagonalizable, i.e., ST'AS = D for some invertible
matrix S and a diagonal matrix D. If \; is the ¢th diagonal entry of
D, then we have De; = \;e;. Denoting by v; the ith column of S, i.e.,
v; = Se;, we get

A’UZ' = 1415'(3Z = SD@Z = )\ZSCZ = )\Z’UZ
This motivates the following

DEFINITION 2.18 (Eigenvectors and eigenvalues). A nonzero vector
v is called an eigenvector of a square matrix A if there is a scalar A,
called the eigenvalue to the eigenvector v, such that

Av = ). (2.20)
We then have the

THEOREM 2.19. A square matriz is diagonalizable iff it admits a
basis of eigenvectors.

Proor. If S'AS = D is diagonal, then, by the above discussion,
the vectors v; = Se; are eigenvectors. They are a basis because S is
invertible. (Note that S defines the change of basis from the standard
basis (e1,...,e,) to the basis (vy,...,v,).)

On the other hand, if (vy,...,v,) is a basis of eigenvectors, we
define S as the matrix whose ith column is v;. It is invertible by
property (D@ on page [30} moreover, we have v; = De; for all i. We
then have, for D .= S " AS,

Dei = DS_l’Uz‘ = S_lA’Ui = )\Z-S_lvi = )\iei,
which shows that D is diagonal with diagonal entries Ay, ..., \,. U
REMARK 2.20 (Linear systems of ODEs). Back to our problem
& = Ax, assuming we have a basis of eigenvectors (vy,...,v,) of A,
we have the expansion x(t) = >, £(t)v;, with uniquely determined
scalars £'(t),...,&"(t) for each t. The system then becomes ¢' = A€,
ey € = X,€", which is solved by £4(t) = eMt¢l, with (&),...,&0) the
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components of the expansion of @y: Ty = £ v;. Therefore, we get the
unique solution to the Cauchy problem in the form

x(t) = z”: eMtelv,. (2.21)
i=1

REMARK 2.21 (Choice of field). For our application to linear sys-

tems of ODE we assume A to have real (or complex) entries. On the
other hand, the general problem of diagonalization, Theorem [2.19] and
the rest of the discussion make sense for every ground field.

Now note that we can rewrite the eigenvector equation (2.20]) as
(A — A1)v = 0. This shows the following

LEMMA 2.22. A scalar X\ is an eigenvalue of the square matriz A
iff A — A1 is not invertible.

PrROOF. A—)\1 isinvertible iff its kernel is different from zero. This
happens iff there is a nonzero vector v such that (A —A\1)v=0. O

It follows, from property (D on page that the eigenvalues
of A are precisely the solutions to det(A — A1) = 0. This motivates
considering the function

Pa = det(A — \1).

If Ais an n x n matrix, by the Leibniz formula (1.8)) we see that Pa
is a polynomial of degree n,

Py =Dbo\" + D\ 4+ 4,
In particular, by = (—1)", by = (—1)""'tr A, and b,, = det A.

DEFINITION 2.23 (Characteristic polynomial). The polynomial Pa
is called the characteristic polynomial of the square matrix A.

We may summarize the previous discussion as the

PROPOSITION 2.24. The eigenvalues of a square matriz are the
roots of its characteristic polynomial.

In the quest for the diagonalization of A, we first compute its eigen-
values by this proposition. Next, we proceed to the determination of
its eigenvectors. That is, for each root A of the characteristic polyno-
mial of A, we consider the system Av = Av of n linear equations (with
unknown the components v', ..., v™ of the vector v). We know that
this system has nontrivial solutions because A — A1 is not invertible.

Note that for every eigenvalue there are infinitely many eigenvec-
tors. For example, if v is a A-eigenvalue, then so is av for every scalar
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a # 0. More generally, if v; and v, are A-eigenvalues, then so is any
nonzero linear combination of them.

In order to diagonalize a matrix, we have to determine all its eigen-
values, but there is no need to find all the corresponding eigenvectors:
it is enough to find a basis of eigenvectors (if possible).

EXAMPLE 2.25. Let A = (93%). Its characteristic polynomial is
P4 = det (_C’\ f)\) = A2 — be. Assuming be > 0, we have the two real

distinct roots AL = £v/be. The eigenvector equation Av = A\, v is then

the system
bv? = Vbco'
' = Vbev?

The first equation yields the relation v? = \/% vl. The second equation
does not yield any new independent condition (this is a consequence of
A— )\, 1 being not invertible). Therefore, we have a 1-parameter family
of solutions (we can choose v! € R as the parameter). For example, for

1
vl = 1 we have the eigenvector v, = ( \/% ) A similar computation

1
yields the eigenvector v_ = (_ \/% ) to the eigenvalue /\_. One can
easily check that (v, v_) is a basis of R%. The transformation matrix
and its inverse are then

1 b

1 1 1
S:(’U U_):( C c), S_IZ— ¢
’ Vi Vi 2\1 /b
One can then explicitly verify that S'AS = (‘/OE _\0/%>.

EXAMPLE 2.26. Consider the matrix A of (2.9)) associated to a
homogenous nth-order linear ODE with constant coefficients as in Ex-
ample [2.6] It is a good exercise to show that in this case

Poa=(—1)"N"+a \" '+ +a, 1\ +ay).

Therefore, the characteristic equation P4 = 0 may be obtained from
[2-8) by formally substituting A* to 2®) for k = 0,...,n. Equivalently,
it may be obtained by inserting into (2.8)) the ansatz z(t) = e™.

To be sure that the roots of the characteristic polynomial exist, we
assume from now that we work over C and make use of the

4If b and ¢ are both positive, we could also pick v! = Vb, getting v = V¢ and
= (%)
V4 = :I:\/E .
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THEOREM 2.27 (Fundamental theorem of algebra). A nonconstant
complex polynomial has a root. As a consequence, it splits into a product
of linear factors.

The characteristic polynomial P4 of a complex n x n matrix A
factorizes as
Pa=(=1)" (A=) - (A= M),
where A, ..., Ay are the pairwise distinct roots of P4. Note that k < n.
The exponent s; is called the algebraic multiplicity of A\;. Note that we
have s; + -+ + s = n.

REMARK 2.28 (Linear systems of ODEs). The coefficient matrix A
of a linear system of ODEs is usually assumed to be real, and we are
interested in a real solution x(t). The trick is to regard A as a complex
matrix; assuming it then to be diagonalizable, we may find a basis of
eigenvectors and proceed as in Remark [2.20l The unique solution to
the Cauchy problem is still given by , ie.,

x(t) = M,
=1

where now the \;s, s, and v;s may be complex. If the initial condition
xy is real, then the unique solution is also real, which ensures that the
sum of complex vectors on the right hand side of yields a real
vector. It is always possible to rearrange this sum of complex exponen-
tials times complex vectors into a real sum involving real exponentials
and trigonometric functions as we explain in the next example and,
more generally, in Section [2.2.1]

EXAMPLE 2.29 (Harmonic oscillator). In the Example of the

Ok %) with k£ and m positive

harmonic oscillator, we have A = (
constants. The characteristic polynomial is

— 1
Pa =det(A— A1) = (_2 _m)\> =\ 4 w?

with w = \/% . The complex eigenvalues are then +iw. To find the

eigenvectors, we then study first the equation Av = iwv. Writing
v = (%), we get the equation
b

— = iwa
m

(with the second equation in the system a multiple of this one). By
choosing a = 1, we get the eigenvector v = (! ). Similarly, one sees

imw
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that © = (_;L ) is an eigenvector for —iw. (This is a general fact: if
v is an eigenvector with eigenvalue A for a real matrix A, then v is
an eigenvector for A; this follows from taking the complex conjugation
Ab = M\ of the equation Av = \v. See also Remark ) Since
(v, ) is a basis of C?, the matrix A is diagonalizable. The general real

solution @ of the associated linear system of ODEs has then the form

x(t) = ze“! ( L ) + ze !t ( .1 >
imw —imw

for some complex constant z. In particular, the first component is

x(t) = 2z + ze ™ = Acos(wt + )
if we write z = éeio‘.

REMARK 2.30. Note that a nonzero vector cannot be the eigenvec-
tor of two different eigenvalues. In fact, if Av = Av and Av = pv, we
get by taking the difference that (A — p)v = 0. If X\ # p, we then get
v=0.

Another important observation is the following

LEMMA 2.31. A collection (vq,...,v,) of eigenvectors of an n X
n matriz A corresponding to pairwise distinct eigenvalues is linearly
independent.

PROOF. Suppose > " a;v; = 0. Pick k € {1,...,m}. If we apply
[1;2.(A—A;1) to the sum, all the terms with i # k are killed. On the
other hand,

H(A — )\jl)vk = H()\k — )\j)’vk.

itk ik
Therefore, oy, H#k()\k — A\j)v, = 0. Since vy, # 0 and \; # A, for all
Jj # k, we get a = 0. Repeating this argument for each k € {1,...,m},
we see that every a; has to vanish. O

This immediately implies the following useful criterion.

PROPOSITION 2.32. If the n X n matriz A has n pairwise distinct
etgenvalues, then it is diagonalizable.

PROOF. Let Ay,...,\, be the pairwise distinct eigenvalues of A.
Choose an eigenvector v; for each eigenvalue )\;. By Lemma this
is a basis. O

To study the diagonalization procedure in general, we need the
following
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DEFINITION 2.33. Let A be an eigenvalue of A. The space
Eig(A, \) == ker(A — A1)
is called the eigenspace of A associated with )\.E| The dimension
d = dim Eig(A, \)
is called the geometric multiplicity of A.

Note that the eigenvectors of A with eigenvalue A are precisely the
nonzero elements of Eig(A, \).

REMARK 2.34. One can show that d < s for every eigenvalue, where
s is the algebraic multiplicity and d is the geometric multiplicity. (We

will prove this as Corollary in Section [2.4.1])

We have the following generalization of Proposition [2.32]

THEOREM 2.35. Let \q,..., \x be the pairwise distinct eigenvalues
of the n X n matriz A and let d; denote the geometric multiplicity of
Ai. Then A is diagonalizable iff dy + --- + dx, = n. In this case, we
have

K" = Eig(A, \) & - - - & Eig(A, \).

ProOF. We use the criterion of Remark [1.22] to show that the sum
Eig(A, A1) + - -- + Eig(A, \) is direct.

Suppose we have v1+- - -+v;, = 0, v; € Eig(A, \;). If some of the v;s
were different from zero, then we would have a zero linear combination
of eigenvectors corresponding to pairwise distinct eigenvalues, which is
in contradiction with Lemma [2.31] Therefore, the zero vector has a
unique decomposition and the sum is direct.

By (1.2)), the direct sum Eig(A, A\)®- - -®Eig(A, A;) has dimension
dy + - -+ 4+ dg. By Proposition [1.49] it is then the whole space K" iff
dy+---+dp =n.

In this case, fori =1,...,klet (v;;)j=1,. 4, be a basis of Eig(A, \;).
By Remark the union of these bases is a basis of the whole space.
Since every v; ; is an eigenvector, A is then diagonalizable by Theo-

rem O

DIGRESSION 2.36. By Remark [2.34] one then also has that A is
diagonalizable iff the geometric multiplicity of every eigenvalue is equal
to its algebraic multiplicity.

The procedure for the diagonalization of a square matrix A is then
the following:

®In principle we may define Eig(A, \) for any scalar . However, if X is not an
eigenvalue, we have Eig(A,\) = 0.
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Step 1. Find all the pairwise distinct roots Ay, ..., A\x of the charac-
teristic polynomial Py.

Step 2. For every root \; choose a basis of Eig(A, \;) and use it com-
pute the dimension d;.

Step 3. If dy+- - - +dx = n, then we have found a basis of eigenvectors
and A is diagonalizable.

REMARK 2.37. We have seen in Remark the example A =
(9 4) of a nondiagonalizable matrix. Let us see what goes wrong with
the diagonalization procedure. The characteristic polynomial is P4 =
det A = (_0A _1)\) = A2, We therefore only have the eigenvalue \ = 0,
which comes with algebraic multiplicity 2. An eigenvector (§) must
then satisfy (§¢) (%) =0, i.e., b =0. The eigenspace of A = 0 is then
the span of (}), which shows that the geometric multiplicity is 1. In

particular, Eig ((J3),0) ¢ C2

2.2.1. Digression: The real case. Suppose now that A is a real
n X n matrix—e.g., the coefficient matrix of a real system of ODEs. To
proceed, we regard it as a complex matrix. Its eigenvalues may then
be complex numbers.

REMARK 2.38. Since P, is in this case a real polynomial, any com-
plex root comes with its complex conjugate root. Therefore, if the
eigenvalue )\ is not real, we also have a distinct eigenvalue X. Suppose
that z € C™" is an eigenvector to the eigenvalue A, i.e., Az = Az. By
taking complex conjugation, we get Az = Az, so z is an eigenvector
to the eigenvalue \.

Now suppose that A is diagonalizable as a complex matrix. We
want to show that one can find a convenient basis of real vectors associ-
ated to the complex eigenvectors so that we can bring A in a convenient
normal form.

To proceed, let us introduce the following notation. We denote by
Eig(A, X\) C C" the eigenspace to the eigenvalue A of A as a complex
matrix. If A is real, we denote by Eigg(A, ) C R” the eigenspace to
the eigenvalue A of A as a real matrix.

If X\ is a real eigenvalue, one can show that dimg Eigg(A,\) =
dimc Eige (A, \).

If X is not real, then we write A = a4+ i3, with a and [ its real and
imaginary parts. Let v be a A-eigenvector. Then, by Remark [2.38] v
is a A-eigenvector. As v and © belong to different eigenspaces, they
are linearly independent. Now let w and w be the real and imaginary
parts of v, i.e., v = u + iw with uw and w real vectors. We also have
v = u — iw. Note that (u,w) is a basis of Spanc{v,v}. Moreover, we
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have

— )\ 5\_
Au:Av;v: U; v:au—ﬂw,

Aw:Av_,v )\v_)\v—ﬁu+a'w
21 21

Therefore, the restriction of A to Spang{w,w} has the representing
matrix (_aﬁ g) in the basis (u, w).

If we now do this for every nonreal eigenvalue \; = a;+i5;, ; and ;
real, passing from the basis (v; 1,..., V4, Vi1, - .., Viq,) of Eige (A, N)@
Eige(A, \) to the basis (w; 1, w1, - . ., Wi g, Wiq,), With u; ; and w; ; the
real and imaginary parts of v; j, we get the

PROPOSITION 2.39. Let A be a real n X n matriz that is diagonal-
izable as a complex matriz. Then there is an invertible real matriz S
such that STYAS has the block form

At

B,

where A1, ..., \, are the real eigenvalues of A, and the B;s are 2 x 2
blocks of the form

(B 3,
B; = (—@‘ aj> , aj, B € R,
corresponding each to a pair (\j, \;) of conjugate nonreal eigenvalues.

REMARK 2.40. If we want to apply this result to the solution of
linear system of ODEs with constant coefficients, we have to compute
the exponential of ¢ times the block matrix in the proposition. To do
S0, it is enough to compute the exponential of each block. For each of
the real eigenvalues, we then simply get the 1 >< 1 block e*it. For each
block B; we observe that B; = a;1 + 3; (% {). By -, we then
get

oBit — eajte(,ol (l])ﬁjt‘



54 2. LINEAR ODES AND DIAGONALIZATION OF ENDOMORPHISMS
It is possible (see exercise 2. to check thatﬁ

e(—ol §)z _ ( COS T sinx)

—sinx coszx

Therefore,
oBit _ ot ( cog(ﬁjt) sin(ﬂjt)) .
—sin(f;t) cos(B;t)
This shows that the solution to a linear system of ODEs with constant
coefficients whose coefficient matrix is diagonalizable as a complex ma-
trix can be written in terms of real exponentials and trigonometric
functions as announced at the end of Remark [2.28]

2.3. Diagonalization of endomorphisms

The problem of diagonalization and the results we have discussed
for matrices can be generalized to endomorphisms. We present them
here, also as an occasion to recapitulate what we have seen.

DEFINITION 2.41. An endomorphism F’ of a vector space V is called
diagonalizable if there is a basis B such that Fj is a diagonal matrix.

Note that if v is an element of such a basis, we have v # 0 and
Fv = A\v for some scalar \.

DEFINITION 2.42 (Eigenvectors and eigenvalues). A nonzero vector
v is called an eigenvector of an endomorphism F' if there is a scalar A,
called the eigenvalue to the eigenvector v, such that Fv = Av.

We clearly have the

THEOREM 2.43. An endomorphism F' of V is diagonalizable iff V'
admits a basis of eigenvectors of F.

If V' is finite-dimensional, by Definition [1.75] we may define the
characteristic polynomial of an endomorphism F' as

Pr = det(F — \1d).
We then have the

LEMMA 2.44. The eigenvalues of an endomoprhism of a finite-di-
mensional space are the roots of its characteristic polynomial.

We also have the following generalization of Lemma (with es-
sentially the same proof).

6This can either be done by explicit resumming the exponential series or by
solving the harmonic oscillator with &k = m = 1.
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LEMMA 2.45. A collection of eigenvectors of an endomorphism cor-
responding to pairwise distinct eigenvalues is linearly independent.
This implies again the

PROPOSITION 2.46. If an endomorphism of an n-dimensional space
has n pairwise distinct eigenvalues, then it is diagonalizable.

We also associate to an eigenvalue A of F' € End(V') its eigenspace
Eig(F, \) == ker(F — \1d)
and its geometric multiplicity
d = dim Eig(F, A).
We have Eig(F, \) N Eig(F, u) = 0 for A # p and the following

THEOREM 2.47. Let Ay, ..., \x be the pairwise distinct eigenvalues
of an endomorphism F of an n-dimensional space V and let d; denote
the geometric multiplicity of \;. Then F is diagonalizable iff dy + - - - +
dr =mn. In this case, we have

V =Eig(A,\) @ --- ® Eig(A, \).
If Pp splits into linear factor (e.g., if the ground field is C) as
Pp=(=1)" (A= A1) - (A= )™,
then s; is called the algebraic multiplicity of ;.

REMARK 2.48. For every eigenvalue \;, we have d; < s;. Therefore,
F' is diagonalizable iff d; = s; for every i.

In applications it is often important to diagonalize two different en-
domorphisms at the same time. Of course one has first of all to assume
that each of them is diagonalizable. We say that two diagonalizable
endomorphisms F' and G on a vector space V are simultaneously diag-
onalizable if they possess a common basis of eigenvectors.

PROPOSITION 2.49 (Simultaneous diagonalization). Two diagonal-
izable endomorphisms F' and G on a vector space V' are simultaneously
diagonalizable iff they commute, i.e., FG = GF.

PROOF. See Exercise 2[11] OdJ

In the case of matrices, the above proposition reads more explictly
as follows.

COROLLARY 2.50. Two diagonalizable matrices A and B com-
mute (i.e., AB = BA) iff there is an invertible matriz S such that
StAS =D and S'BS = D' where D and D' are diagonal matri-

CES.
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2.3.1. The spectral decomposition. Suppose F' € End(V) is
diagonalizable. If we decompose V' = Eig(F, A1) & - - - @ Eig(F, \x), we
have, as in every direct sum, a unique decomposition of every v € V
as v = wy + -+ - + wy with w; € Eig(F, \;). We let P;: V' — V be the
linear map that assigns to a vector v its ith component w;. The P;s
are a complete system of mutually transversal projections; i.e.,

k
P! =P VYi, PBP=PP=0Yi#j Y PB=Id.
i=1
Since the ith component of a vector is an eigenvector to \;, we have
FPuv = Fw; = \jw; = \;Pv for every v € V. As an identity of maps,
this reads F'P; = \;F;. Summing over ¢, we then get

k
F=> \P. (2.22)
=1

The set {A1,..., \x} of the pairwise distinct eigenvalues of F' is called
its spectrum and ([2.22) is called the spectral decomposition of F|Z|

EXAMPLE 2.51. Suppose the eigenvalues {\1, ..., A, } of F are pair-
wise distinct. Let A be the n x n matrix that represents F' in a corre-
sponding basis of eigenvectors; i.e., A is the diagonal matrix with ); in
the ith position, i = 1,...,n. In this basis P; is (represented by) the
diagonal matrix with 1 in the ¢th position and 0 otherwise. Note that
all the properties listed above are now trivial. For example, > " | P, is
clearly the identity matrix and A =>"" | AP,

2.3.2. The infinite-dimensional case. In Example 2.7, we have
seen that some important PDEs in physics are linear and can be viewed
as linear ODEs on some infinite-dimensional space.

We will not treat this case here in general, but we will consider an
example: the wave equation on a one-dimensional space interval, a.k.a.
the vibrating string. Namely, we want to study the PDE

10% 0%

2 ot2 Ox?’
where the unknown ¢ is a function on R x [0, L] 5 (¢, z) which describes
the transversal displacement of the string)] We assume that the string

"This terminology ultimately comes from physics, namely from the fact that the
spectral lines of an atom are computed in quantum mechanics by taking differences
of eigenvalues of a certain endomorphism, the Hamiltonian operator of the electrons
in the atom.

8More generally, we could consider an interval [a, b], but translating it to [0, L],
with L = b — a its length, simplifies the discussion.
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endpoints are fixed:
W(t,0) =(t, L) =0 forallt

(this models, e.g., the string of a musical instrument). We then intro-
duce the infinite-dimensional vector space

V= {6 € C2(0,L]) | 6(0) = 4(L) = 0}

and regard ¢ as a map R — V. The right hand side of the wave equa-
tion uses the linear map F' = ;—::2. Note that F' is not an endomorphism
of V' because F(¢), ¢ € V, might not satisfy the boundary conditions.
To get an endomorphism, we should work on the subspace

V= {¢ € C™([0,L]) | ¢*)(0) = ¢®*)(L) = 0 Vk € N},

on which F'is an endomorphism. We now want to find the eigenvectors

of F, ie., ¢ € V\ {0} such that
// — )\gb

for some complex scalar A. Denoting by £« the two square roots of A,
we see that the general solution to this equation is

¢(r) = Ae™® + Be %,

where A and B are complex constants. The endpoint conditions ¢(0) =
0 and ¢(L) = 0 amount to the linear system[]

A + B =0
Ael + Beol = 0

which has a nontrivial solution (B = —A # 0) iff the coefficient matrix

(uaz bz ) is degenerate. Since its determinant is e™F — e, we may

have a nontrivial solution iff e?** =1, i.e., a = % with k£ an integer.
The case k = 0 yields ¢ = 0, which is not an eigenvector. For k # 0,

we take A = & (and hence B = —%), so we have the real eigenvector
k
or(x) = sin (W—L:E>

corresponding to the eigenvalue \ = —”2’;2. Note that ¢_p = —¢x, so

they are not linearly independent. Therefore, we only consider £ > 0.

9Note that the eigenvalue equation implies that ¢(2+2) is proportional to ¢(2)

for all k£, so it is enough to check the boundary condition for £ = 0, as the higher-or-
der conditions ¢(**)(0) = ¢(**)(L) = 0, k > 0, then follow automatically.
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By Lemma [2.45| the collection (¢y)kez., is linearly independent in

V and hence in V. Therefore, on the subspace V'’ spanned by this
collection, we have that the set of eigenvalues (a.k.a. the spectrum) is

m2k?
{_?, k: 6 N>D} .

If the two initial conditions, v|;—¢ and %—f |i=0, for the wave equation
are linear combinations of the ¢is, we may then write the unique so-
lution to the Cauchy problem as a linear combination of the ¢xs with
time-dependent coefficients. In fact, suppose

Ylimo =Y brodr,
h—1

a o0
a—i) im0 = kz; Vo Dk »

where only finitely many of the bygs and of the vgs are different from
zero. We can then consider a solution of the form

Y= Z i Pk,
k=1

where the coefficients b, are now functions of time, and the sum is
restricted to the ks for which byy # 0 or viy # 0. The wave equation
then yields separate ODEs for each of these ks, which we can assemble
into the Cauchy problems
b = —TEb,
be(0) = bio
bk(O) = Vro

Interestingly, it turns out that one can also make sense of infinite
linear combinations Y~ | by sin (T5£), where (b)) is a sequence of real
numbers with appropriate decaying conditions for k — oo. This is
an example of Fourier series. We will return to this in Example |3.38|
where we will also learn a method to compute the coefficients b, of an

expansion.

2.4. Trigonalization

Even though not every matrix can be diagonalized, it turns out
complex matrices can be brought to a nice upper triangular form. More
precisely, we have the
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THEOREM 2.52. Let A be a n X n matriz whose characteristic poly-
nomial splits into linear factors (e.g., a complex matriz),

Pa=(=1)"(A= X)) - (A= )k, (2.23)
Then there is an invertible matriz S such that
S™'AS =D+ N,

where D is a diagonal matriz with the eigenvalues of A as its diagonal
entries, IN is an upper triangular matriz with zeros on the diagonal,
and DN = ND.

Before we prove the theorem, let us see its consequences for the
exponential of a real or complex matrix A (and hence for the associ-
ated system of ODEs). By , we have that e4 = SeP+N S~ By
([2.15)), we have eP+N = ePelN. We already know how to compute the
exponential of a diagonal matrix, so we are only left with the expo-
nential of IN. Observe that IN applied to a vector whose last k < n
components are equal to 0 yields a vector whose last k41 components
are equal to 0. Therefore, N" applied to any vector yields the zero
vector. In conclusion, N™ = 0 for all m > n. One says that IN is
nilpotent (meaning that it has a vanishing power). It follows that ¥
is a finite sum. These results do not change if we multiply A by ¢, so
we get

In particular, this means that a solution of the associated system of
ODEs is a combination of exponentials and polynomials.

Also note that e is an upper triangular matrix with 1s on the
diagonal, so dete™ = 1. Therefore, dete?’ = deteP?. Since D is
diagonal, we obviously have deteP* = e!* P On the other hand, we
have tr A = tr D. In conclusion,

det eAt — ettI‘A

for every t. This is a purely algebraic proof of Proposition m (In
the theorem we assume that P4 splits into linear factors, which might
not be the case if A is real. In this case, we can however regard A as
a complex matrix, apply the theorem, and get the last identity; finally,
we observe that both the left and the right hand side are defined over
R.)
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2.4.1. Proof of Theorem The eigenspace of A associated
with the eigenvalue A may be viewed as the largest subspace on which
the restriction of A — A1 is zero. Since we are looking for a basis
in which the representing matrix minus the diagonal matrix with the
eigenvalues as its diagonal entries is nilpotent, we define the generalized
eigenspace associated with the eigenvalue \ as

Eig[A, A == {v | Im e N (A — A\1)"v = 0}.

More precisely, we say that v is a generalized A-eigenvector of rank
m > 0if (A —AX1)"v = 0 but (A — A1)"!v # 0. Note that every
nonzero vector in Eig[A, \] is a generalized A-eigenvector with a well-
defined rank. In particular, an eigenvector in the original sense is a

generalized eigenvector of rank 1, so
Fig(A, \) C EiglA, A.

Also observe that A — A1 applied to a generalized A-eigenvector of rank
m > 1 yields a generalized A-eigenvector of rank m — 1.

Finally, note that Eig[A, )] is A-invariant, so also (A — A1)-invari-
ant. We denote by IN, the restriction of A — A1 to ETg[A, Al. By the
definition of generalized eigenspace, IV, is nilpotent.

Let (v1,...,v4) be a basis of Eig[A, A]. We order the basis in such
a way that the rank of v; is less than or equal to the rank of v, for
j=1,...,d—1. It follows that N is represented in this basis by
an upper triangular matrix with zeros on the diagonal. Moreover, IN
clearly commutes with A Idﬁg[ AN We are then done after proving the
following

PROPOSITION 2.53. Under the assumptions of Theorem[2.53:
(1) the algebraic multiplicity s; of \; is equal to the dimension ¢;
of EA)i:g[A, \i] for every i, and
(2) we have the decomposition K" = E/]\i/g[A, M BB Eivg[A, Ak

In fact, it is enough to choose a basis of each generalized eigenspace,
ordered by rank as above. In the basis of K" given by the union of these
bases, A is represented by a matrix D + IN as in the theorem.[ial

We start by proving the

LEMMA 2.54. The sum Eig[A, \] + - - - + Eig[A, Ay] is direct.

101 particular, the restriction of D to ﬁé[A, Aj]is A Idﬁg[A L whereas the
s NG

restriction of N is Ny, .
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PROOF. We use the criterion of Remark [1.22] Suppose we have
v+ -+ v, =0, v; € Eigl[A, \;]. We want to prove that all the v;s
are zero.

Suppose, by contradiction, that this is not the case. Without loss
of generality, we can assume that all the v;s in our sum are different
from zero (otherwise discard those that are zero, or, more concretely,
assume the the nonzero v;s have index i < k). Let m; > 0 be the rank

of v;. Since w; = (A — \;1)™lv; # 0 is an eigenvector for \;, we
have, fixing some 1,

k
H(A_ M) ey = H(A— )™ = H()‘z =)y = 24
Jj=1 J#i J#i

Since []; (A — A;)™ " is different from zero, we get that z; # 0.
Therefore, z; is also an eigenvector for A;.

If we now apply H§:1(A — N1 to vy + - + v = 0, we get
z1+---+ 2z, = 0. Since the z;s in the sum are eigenvectors for pairwise
distinct eigenvalues, this is in contradiction with Lemma [2.31]

Therefore, the zero vector has a unique decomposition (as 0+- - -+0)
and the sum is direct. U

PROOF OF PROPOSITION [2.53] Note that part (1) of the state-
ment implies part (2) using Lemma [2.54] In fact,

dim(Eig[A, \] @ - B EiglA,\]) =01 + -+ 6 = s1 4 ... 56 = n,

so the direct sum is the whole space K".

Therefore, we will only prove statement (1) by induction on the
dimension n. For n = 1 there is nothing to prove, as in this case
A = ()) and Eig[A, \] = Eig(A,\) = K.

Next, we assume we have proved (1), and hence (2), for dimensions
up ton — 1. We pick an i € {1,...,k}, denote by A; the restriction of
A to I*i\i:g[A, Ai], which is A-invariant, and choose a complement W to
]iIg[A, Ai] in K™. With respect to the decomposition K" = Eﬁ/g[A, i @

W, A has the form
A, B
o C)’

where B is the composition of the restriction of A to W with the
projection to Eig[A, \;] and C is the composition of the restriction of
A to W with the projection to W.

By property (D. of the determinant, we have P4 = Py, Pc. 1If
we take a rank-ordered basis of ]iivg[A, Ai], we have that A; is repre-
sented by an upper triangular matrix with diagonal entries equal to \;.
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Therefore, by property (DJ), Pa, = (—=1)%(X\ — X\;)%. In conclusion,
Pa = (=1)%(\ — \;)% Pc. Comparing with (2.23)), we have that

PC _ (_1)dimW ()\ o )\1)5’1 . ()\ _ )\k)s;C

with s} = s; for j # i and s} = s; — ¢;. We claim that s} = 0, which
in particular implies §; = s;. Since this can be done for every i, this
completes the proof of the proposition.

We now prove the claim that s; = 0. Since dimW < n and Pg
splits into linear factors, we may apply the induction hypothesis, SGE

W = Eig[C, \| @ - -- @ Eig[C, \g].

Consider the space V = Eig[A, \;] ® Eig[C, \;]. For v in the first
summand, we have Av € ETg[A, Ai]; for v in the second summand,
we have Av = Bv + C;v, where C; denotes the restriction of C' to
E/]\iJg[C , Ai], which is a C-invariant subspace. Therefore, the restriction
Ay of A to V has the following form with respect to the decomposi-

tion:@
A, B
0o C,/°

One easily proves, by induction on r, that

s (A= N1 B\ [(Ai—\1) B,
(Av = A1) = ( 0 C; - m) B ( 0 (C; - m)r)

for some matrix B,. If v € Eig[C, \;] has rank r, we then have (A —
A1)"v = B,v. Since this is now an element of Eig[A, \;], there is an
s such that (A — \;1)°*B,v = 0. This means that (A — \;1)""5v = 0,
ie, v € E\i:g[A, Ai]. Finally, since E\ﬂg[c, Ai] belongs to a complement
of ETi/g[A, Ai], the only vector in their intersection is 0. We have thus
proved that liié;[C, Ai] = 0 and, hence, that s, = 0. O

Another interesting consequence of part (1) of Proposition is
the following result, announced in Remark [2.34]

COROLLARY 2.55. The geometric multiplicity of every eigenvalue
is less than or equal to its algebraic multiplicity.

PROOF. Since Eig(A, ;) C Eig[A, \;], we have dim Eig(A, \;) <
(52' = S;. ]

e actually choose a basis to identify W with K4™W and apply statement
(2) to the representing matrix of C.

12By abuse of notation, we keep writing B, but what appears here is actually
the restriction of B to ﬁ_g/[C, Ai-
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2.5. Digression: The Jordan normal form

By choosing a more suitable basis of each Eig[A, \;], the strictly up-
per triangular matrix N of Theorem may be put in a “canonical”
form that can be more easily dealt with.

For this we need the notion of a Jordan block (after the French math-
ematician CAMILLE JORDAN). For a scalar A\ and a positive integer
m, the Jordan block Jy ,,, is the m X m upper triangular matrix whose
diagonal entries are equal to A, the entries right above the diagonal are
equal to 1, and all other entries vanish; e.g.,

\ ] A1 0
JA,1=(>\), JA,2:<O A)’ Js=10 X 1],
0 0 X

and
A1 00
0O N1 0
Ta=10 0 a1
0O 0 0 X

A Jordan matrix is a block diagonal matrix whose diagonal blocks are

Jordan blocks.

THEOREM 2.56. Let A be a matriz as in Theorem[2.53. Then there
is a basis in which A is represented by a Jordan matriz. More precisely,
for each eigenvalue \;, the generalized eigenspace Eig| A, \;] has a basis
in which the restriction of A is represented by a Jordan matriz of the

form
JAi,ml

Jki,mk
with0<m; <---<mg andm; +---+mp =s;.
To prove the theorem, it is enough to prove the statement for each
generalized eigenspace separately. By definition of generalized eigen-

space, the restriction IN; of A — A1 to Eig[A, \;] is nilpotent. It follows
that it is enough to prove the following

PROPOSITION 2.57. Let N be a nilpotent operator on an n-dimen-
stonal vector space V. Then there is a basis of V in which N is
represented by a Jordan matriz of the form

JO,ml

JO,mk
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with0<my <---<my and my +---+my = n.

To prove the proposition, we need some preliminary remarks. The
first remark is that a nilpotent operator is not invertible, so it has a
nonzero kernel.

We say that a vector v in V' has rank m > 0 if N™v = 0 but
N™=1y 2£ 0. For a vector v of rank m we define

v; = N""v

for j =1,...,m. The vectors vy,..., v, are called a Jordan chain (note
that v,, = v and that vy is in the kernel of N). We denote by Jor(v)
their span:

Jor(v) := Span{vy, ..., v, }.

The next remark is that Jor(v) is N-invariant and that the vectors
v1, ...,y form a basis. That they generate Jor(v) is obvious by def-
inition, so we only have to check that they are linearly independent.
Suppose o‘v; = 0 for some scalars al,...,a™. Applying N™~! to this
linear combination yields a™N™ 1y = 0, which implies o™ = 0. If we
then apply N™ 2 to the linear combination, knowing that o™ = 0 we
get @™ I N™ 1y = 0 which implies ™! = 0, and so on. In particular,
this shows that dim Jor(v) = m.

The final remark is that, by construction, the restriction of N to
Jor(v) in the basis (v, . .., vy, ) is represented by the Jordan block J .

The strategy to prove Proposition [2.57|consists then in decomposing
V' into spans of Jordan chains.

Note that the vector v of rank m we started with to define Jor(v)
might be in the image of N, say, v = Nw. In this case, we may extend
the Jordan chain Jor(v) to the Jordan chain Jor(w) 2 Jor(v) (note
that w; = v; for 7 = 1,...,m and that w,,,1 = w). If v is not in the
image of N, we say that vy, ..., v,, is a maximal Jordan chain and that
v is a lead vector for it. Proposition [2.57|is then a consequence of the
following

LEMMA 2.58. Let N be a nilpotent operator on an n-dimensional
vector space V. Then there is a collection vpy,...,vw of lead vec-
torﬁ of ranks my, ..., my, respectively, such that V = Jor(v)) ®--- @
Jor(vy).

Note that we may arrange the lead vectors v(y),...,v) so that
0 <my <--- < my as in Proposition [2.57,

BWe write v(;) for the lead vectors and v(;) ; for the vectors in the corresponding
Jordan chain.
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PrROOF OF THE LEMMA. We prove the lemma by induction on the
dimension n of V. If n = 0, there is nothing to prove.

Next, assume we have proved the lemma up to dimension n — 1.
Let W C V be the image of N. Note that W is N-invariant. By the
dimension formula , we have dimW = n — dimker N < n, since
N has nonzero kernel, so we can apply the induction assumption to
W. Namely, we can find vectors v(yy,...,vx) in W such that W =
Jor(vay) ® - @ Jor(vwy). (The v(;s are lead vectors in W but not in
V.

We now have two cases to consider. The first case is when W N
ker N = OH In this case V.= W @ ker N. A basis (zp),...,zq)) of
ker N produces the decomposition ker N = Jor(zn)) @ Jor(z) (note
that Jor(z()) = Kz, for 2(;) is in the kernel of N). This concludes the
proof in this case.

The other case is when W Nker N # 0. Let W’ be a complement of
W +ker N in V. In particular, the restriction of N to W' is injective.
Therefore, we have uniquely determined wyy, ..., wg) in W’ satisfying
Vi) = Nw(i) for i = 1, . .,/{.

We claim that (wqy, ..., ww)) is a basis of W’. This completes the
proof of the lemma, since it yields the decomposition V' = Jor(wq)) &
- @ Jor(way) @ Jor(zay) @ Jor(zy), where (2, ..., %) is a basis of
a complement of W in W + ker V.

To prove the claim, take some v in W’. We have to show that it
has a unique decomposition in wy,...,we). Since Nv is in W, we
rank of vy in W. Note that all these vectors but v(,...,vu) are
in the image of N2. Therefore, we have uniquely determined scalars
ot, ..., a* and some vector w such that Nv = Y, a‘v;) + N?w. Setting
V=0 — Y, alwy), we get NU = N?w, so ¥ — Nw € ker N and hence
v € W + ker N. Since, however, v € W’ which is a complement of
W +ker N, we get v = 0 and hence v = ), a'wy). O

Exercises for Chapter 2
2.1. Applying the formula e = Se5 451671 compute eA! for A =
(83) using § = (3 ).

(a) Compute A" for all integers n > 0.
Hint: Distinguish the cases n even and n odd.

14This case in particular happens when n = 1.
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(b) Using the above result and writing the exponential series as

oo

1 o
At 2s A2s 25+1 A 2s+1
et = E — %A+ —t A ,
— (2s)! — (2s + 1)!
show that

At cost sint
e’ = . )
—sint cost

Hint: Use the series expansions of sin and cos.

2.3. Let A= (} %) and B = (3}). Compute e4? eB! eAleB! BloAl

(55
and e*+B)  (Hint: Proceed as in the previous exercise.)

Y

2.4. The goal of the exercise is to prove the special case

1
eA eB — eic eA+B

of the BCH formula (see Digression [2.12)) arising when [A, B] =
cl. To do so, we introduce

F(t) = !4 !B o HA+E)

and show that F(1) = e2°1.
(a) Repeatedly using (2.13)), show that
F(t) = ¢ [A, /B o~ HA+B),
(b) Show that for any three n x n matrices X, Y, and Z, one has
X,YZ]=[X,Y]Z+Y[X, Z].
(¢) By induction on k, and using the last formula, show that
[A, B¥] = ckB*!

under the condition [A, B] = c1.
(d) Conclude that

[A,e'B] = cte'B

and that F' solves the Cauchy problem

F =ctF
F0)=1

(e) Show that ez 1 is a solution to this Cauchy problem. To

show that it is the unique solution, introduce G(t) :== e~ 2" F(t).
Show that

G=0 and G(0)=1
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and conclude that F(t) = ez 1.
Conclude that F(1) = e2°1.

2.5. Consider the harmonic oscillator of Example [2.5]
(a) Set w = /%, define a new “time” variable 7 = wt, and intro-

duce the new unknown y = -£-. Show that, setting = = (),
the ODE system for the harmonic oscillator takes the form
4z — Az with A =(°}).

(b) Using the result of exercise 2 write down explicitly the solu-
tion (1) = eA7xy and out of it recover the solution z(t) with
initial condition xzg.

2.6. Determine the characteristic polynomial of the following matrices,
and find their eigenvalues and a basis of eigenvectors:

9 1 010 1 -1 -1
A:(1 2), B=[101], c=[-1 3 -1
01 0 -1 -1 3
2 1
2.7. Let A = 5 3]

(a) Find the similarity transformation that diagonalizes A, i.e.,
find a matrix S such that S~'AS = D is a diagonal matrix
and compute D explicitly.

(b) Using your results just obtained, find the solution to the Cauchy
problem given by

i—j — Az, a(0) = ((1)) |

2.8. In this exercise we prove that Pa(A) = 0 for any 2 x 2 matrix|"]
where P4(A) is the characteristic polynomial of A in A. For this
we can proceed as follows:

(a) Show that for any 2 x 2 matrix A the characteristic polyno-
mial can be written as

Pa()) = A2 —tr(A)\ + det(A).

15The result actually holds for matrices of any size and is known as the Cayley—
Hamilton theorem.
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2.9.

2.10.

2.11.

2. LINEAR ODES AND DIAGONALIZATION OF ENDOMORPHISMS

(b) We will now interpret it as a polynomial in the matrix A.
Show that

A? —tr(A) A +det(A)1 = 0.

Let J be an endomorphism of V satisfying J? = id.

(a) Show that A = %1 are the only possible eigenvalues of J.
(b) Using

v+ Juv v—Ju

T T

show that J is diagonalizable.

v

Motivated by the study of the vibrating string where the endpoints
are free to slide frictionless in the vertical direction, we consider
the endomorphism F = Cf—;z of the vector space

V= {¢ € C™([0,4) | ***1(0) = ¢V () = 0 Vk > 0}.

Find all eigenvalues of F' and a corresponding linearly independent
system of eigenvectors.

The goal of this exercise is to show that two diagonalizable en-

domorphisms F' and G on a vector spacdﬂ V' are simultaneously
diagonalizable—i.e., possess a common basis of eigenvectors—iff
they commute—i.e., FG = GF.
(a) Assume that F' and G have a a common basis of eigenvectors.
Show that they commute.
(b) Now assume that F' and G commute.
(i) Show that every eigenspace of F' is G-invariant.
(ii) Let (A1,...,Ax) be the pairwise distinct eigenvalues of
F. Let v be an eigenvector of G with eigenvalue u. Let
v = vy + - - + v be the unique decomposition of v with
v; € Eig(F, \;). Show that Gv; = uv; for every i.
Hint: Use point (i) and the uniqueness of the decompo-
sition.
(iii) Show that Eig(G, ) = @F, (Big(F, ;) N Eig(G, 1)1
Hint: Use point (ii).

16For notational simplicity, we assume V to be finite-dimensional.
17Some of these intersections might be the zero space.
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(iv) Conclude that
V= (D Eig(F.\)NEig(G. ).

i=1,...k
g=1,...,l

where (p1,..., ) are the pairwise distinct eigenvalues
of G.

(v) Conclude that F' and G have a common basis of eigen-
vectors.

2.12. Let

A=1|-1 5 2
0O 0 6

(a) Find all eigenvalues of A.

(b) Find linearly independent eigenvectors corresponding to all
eigenvalues.

(¢) Find an invertible matrix S such that §'AS is upper trian-
gular.
Hint: Find an appropriate basis for each generalized eigen-
space.






CHAPTER 3

Inner Products

In this chapter we discuss inner products, a generalization of the
familiar dot product, a.k.a. the scalar product.

REMARK 3.1 (Terminology). The term scalar product is unfortu-
nately used both as a synonym of dot product and as a synonym of
inner product. For this reason, we will avoid using this term. We will
only speak of dot product (for the well-known special case) and of inner
product (for the generalization, which comprises the dot product as a
special case).

3.1. The dot product

3.1.1. The dot product on the plane. Recall that the dot prod-
uct of two vectors v = (5;) and w = (z;) on the plane is defined as

v-w = vhw' +v*w? (3.1)

Also recall that the length ||v]|| of v, also known as the norm of the vec-
tor v, is defined by the Pythagorean theorem as ||v|| = /(v!)? + (v?)?,

so we have
ol = Voo, (32)

If v and w are different from zero, we may find the oriented angle 6

w

S

F1GURE 3.1. The oriented angle between two vectors

between them, see Figure [4.1] and also write
v-w = ||v]|||w] cosb. (3.3)
Computing the sum of the vectors as in Figure[3.2] by the law of cosines
71
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A

FiGURE 3.2. The law of cosines

(the generalization of the Pythagorean theorem), we have

AC’ = AB + BC" —9AB BC cos .

By writing the length of the sides of the triangle in terms of the norms
of the corresponding vectors, and observing that 6/ =7 — 6, we get

lv +w]* = [Jv]* + [[w]]* + 2[|v[|w] cos 0. (3-4)

Since cos < 1, we get, after taking the square roots of both sides, the
triangle inequality

[v + wl| < [Jo]| + [Jw]] (3.5)
stating that the length of one side of a triangle cannot exceed the sum
of the lengths of the two other sides (the inequality is saturated—i.e.,
it becomes an equality—iff the triangle is degenerate).

3.1.2. The dot product in n dimensions. We now generalize
the above considerations to the n-dimensional space R™. The dot prod-
uct of two n-dimensional vectors

is defined componentwise generalizing (3.1)):
n
v-ow = Z viw’.
i=1
Note that, using transposition, this can also be written as

vow=1vw, (3.6)

where we use matrix multiplication on the right hand side. The length
(or norm) [|v| of v is defined by the n-dimensional extension of the
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Pythagorean theorem as ||v|| = />, (v?)?, so we have again (3.2). If
v and w are different from zero, they span a plane and inside this plane
we find the oriented angle § between them, so we have again (3.3)), the

cosine law (3.4, and the triangle inequality (3.5)).

3.2. Inner product spaces

We now want to generalize all the above to general vector spaces
over R.

DEFINITION 3.2 (Inner products). A positive-definite symmetric
bilinear form on a real vector space is called an inner product. A real
vector space endowed with an inner product is called an inner product
space (a.k.a. a euclidean space).

More explicitly, if V' is a vector space over R, an inner product is
amap V x V — R, usually denoted by ( , ), satisfying the following
three properties.

Bilinearity: For all v, vy, vo, w,wi,wy € V and all A\, s € R,
we have

()\1/01 + >\2U27 ’U)) - )\1(’017 U)) + )\2</025 w)a

(v, Mqwy + Agws) = A (v, wy) + Ao (v, wo).
Symmetry: For all v,w € V, we have

(v,w) = (w,v).
Positivity: For all v € V' \ {0}, we have
(v,v) > 0.

REMARK 3.3. Because of symmetry, it is enough to verify linearity
on one of the two arguments, as that on the other follows. Moreover,
bilinearity implies

(v, Av) = X (v,v) (3.7)
for all v € V and all A € R. In particular, setting A = 0, we get
(0,0) = 0. By positivity, we then get (v,v) > 0 for every v € V.

ExXAMPLE 3.4 (Dot product). The dot product v - w on R" is an
example of inner product. We will see (Theorem that, upon
choosing an appropriate basis, an inner product on a finite-dimensional
vector space can always be brought to this form.

EXAMPLE 3.5 (Subspaces). If W is a subspace of an inner product
space V', we may restrict the inner product to elements of W. This
makes W itself into an inner product space.



74 3. INNER PRODUCTS

EXAMPLE 3.6. On R"” we may also define
(v,w) = Z o'
i=1

for a given choice of real numbers Aq,..., \,. This is clearly bilinear
and symmetric. One can easily verify that it is positive definite iff
Ai>0foralli=1,...,n.

ExXAMPLE 3.7. More generally, on R" we may define
(v, w) = v gw = Vg,

where g is a given n x n real matrix, and we have used Einstein’s
convention in the last term. (The previous example is the case when g is
diagonal.) Bilinearity is clear. Symmetry is satisfied iff g is symmetricﬂ
A symmetric matrix g is called positive definite if the corresponding
symmetric bilinear form is positive definite, i.e., if v gv > 0 for every
nonzero vector v.

REMARK 3.8 (Representing matrix). If we have an inner product
(, ) on a finite-dimensional space V' with a basis B = (ey,...,e,), we
define the representing matrix g with entries

g” = <€i,€j).

Upon using the isomorphism ¢p: R" — V of Remark [1.52] we get on
R" the inner product of Example [3.7

EXAMPLE 3.9 (Inertia matrix). The angular momentum L, with
respect to a reference point O, of a particle of momentum p located
at position r with respect to O is given by L = r x p. In turn,
p = mv, where m is the mass and v is the velocity of the particle. If
we have a rigid body consisting of N particles of masses m; located at
positions r; with respect to O, we then have a total angular momentum
L= Zfil m;r; xv;. If the body rotates around O with angular velocity
w (i.e., around the oriented axis w with angular speed ||w||), we then
have v; = w x r; for every 7, so

N

=1

This expression is linear in w, so there is a matrix I, the intertia matrix,
such that L = ITw. This matrix is symmetric. In fact, for any two

'Recall that a matrix A is called symmetric if AT = A.
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vectors w and z, we have

N N
w' Iz = E mw - r; X (2 X ;) E mi(z X ;) - (w X 7;),
= i=1
which is clearly symmetric in w and z. Moreover,

N
w' [w = ZmZHw x ;|| >0,
i=1
so I is nonnegative. Unless the distribution of particles is on a line,
there will be at least one i such that w is not parallel to 7;, so [|w X
r;]| > 0. In this case, I is positive definite. We will return to this in

example [4.115/]

The following two examples are (the real version of examples that
are) important for quantum mechanics.

ExAMPLE 3.10 (Continuous functions on a compact interval). We
consider the vector space V' = C°([a, b]) of continuous real-valued func-
tions on the interval [a,b]. Then

b
(f9)= [ fgda (3.8)

is an inner product on V. Bilinearity and symmetry are obvious.
As for positivity, note that, if f # 0, there is some zy € [a,b] with
f(zo) = ¢y # 0. By continuity there is some open interval (¢, d) C [a, b]
containing zy such that f(x)? > ¢2/2 for all z € (c,d). We may write

(f.f) = /f2d:c+/ deer/dex

Since the first and the last integral are nonnegative and the middle
2
one is larger than or equal to 2(d — ¢), and hence positive, we get

(f.f) > 0. :

ExaMPLE 3.11 (Compactly supported continuous functions). De-
note by V' = CY(R) the vector space of continuous real-valued functions

>This example generalizes to a continuum distribution of matter with density
p(r) on a domain U. In this case we have

L:/Up(r)rx(wxr)d?’r.

The inertia matrix is symmetric (and positive definite if the distribution of particles
is not on a line) also in this case.
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on R with compact support: i.e., f belongs to CO(R) iff it is continuous
and there is an interval [a, b] outside of which f vanishes. We deﬁneﬂ

(o)
(fo)= [ fode
—00
This can be proved to be an inner product as in the previous example.

The following is also an important infinite-dimensional example.

EXAMPLE 3.12. A sequence a = (aq,as,...) of real numbers is
called finite if only finitely many a;s are different from zero (equiva-
lently, if there is an N such that a; = 0 for all ¢ > N). We denote
by R* the vector space of all finite real sequences, with vector space
operations

)\(al,ag,...) = ()\(ll,)\ag,...)
(al,ag,...>+(bl,b2,...):(a1+b1,a2+b2,...).

It is an inner product space with
o0
(a,b) = Zaibi,
i=1

where the right hand side clearly converges because it is a finite sum.

3.2.1. Nondegeneracy. The positivity condition of an inner prod-
uct (, ) on V implies in particular the nondegeneracy condition

(v,w) =0VYw <= v=0.

In fact, the condition has to be satisfied in particular for w = v, so we
have (v,v) = 0 and hence v = 0. A further consequence of this is that
the linear map

Vi = vV

v = L(v)

with L(v)(w) = (v, w), is injective.

REMARK 3.13 (The induced isomorphism). If V' is finite-dimen-
sional, then this map is also surjective: in summary, we get an isomor-
phism L between V' and V*. We denote by R its inverse.

3Note that the integral converges. In fact, f vanishes outside some interval
[a,b] and g outside some interval [a’,b']. Let [c,d] be some interval that contains

both [a,b] and [a’,b']. Then ffooo fgdx = de fg dz which converges since f and g
are continuous.
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EXAMPLE 3.14. In the case of the dot product on R"—(v,w) =
v-w = v w as in —the map L is just the usual transposition
map R” — (R™)*:

L(v)=v".

REMARK 3.15 (Lowering and raising indices). In the case of Exam-

ple ('v, w) = v’ gw on R"—the map L is given by

Lv)=v"g.

As (1, ) is positive definite, the map L is an isomorphism. This implies
that the matrix g is invertible. Note that L(v) is the row vector a
with components
ij:’l)igij, jzl,...,n,

where we have used the Einstein convention of Definition [[.33] For this
reason, applying L is also called the operation of lowering indices. It is
customary, especially in the physics literature, to denote by ¢“ (note
the upper indices!) the entries of the inverse matrix g=—!. That is,

97951 =4,
where we have used the Kronecker delta. The map R: (R")* — R",
inverse to L, maps a row vector e to the column vector v = R(«)
whose components are
vt :gijozj, 1=1,...,n.

For this reason, applying R is also called the operation of raising indices.

REMARK 3.16. For a general finite-dimensional inner product space
(V,(, )) with basis (eq,...,e,) and representing matrix with entries
gij = (e;,€;) as in Remark , the maps L and R are also described in
terms of lowering and raising indices:

L(v); = v'gij, R(a)' =g"ay,

with v = v'e; and @ = aye/. Here we have denoted by (e!,..., e")
the dual basis on V* and by ¢“ the entries of the inverse matrix of
g = (9)-

3.3. The norm

Let (V,(, )) be an inner product space. Positivity implies—see
Remark [3.3}—that (v,v) is a nonnegative real number. Therefore, we
can compute its square root. We use this to define the norm of a vector

v, generalizing (3.2)), as
o]l = v/ (v, ).
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The norm has three important properties. We start considering the
first two, which follow immediately from the properties of the inner
product:

(N.1) ||v|]| > 0 for all v € V, and |jv]| = 0 iff v = 0.

(N.2) ||aw|| = |al|Jv]| for all v € V' and for all a € R.

For the third property—the triangle inequality—we need first the fol-
lowing

THEOREM 3.17 (Cauchy—Schwarz inequality). Let (V,(, )) be an

inner product space, and let || || denote the induced norm. Then all
v,w €V satisfy the Cauchy-Schwarz inequality
(v, w)| < [vlll|wll (3.9)

with inequality saturated (i.e., becoming an equality) iff v and w are
linearly dependent.

Proor. We start proving the inequality. If w = 0, both sides
vanish, so the inequality is satisfied. If w # 0, we consider the function
FO) = |v+ 2 w|]* = (v+ Aw, v + Aw) = ||[v]|* + 2A\ (v, w) + X |lw]?.

The function satisfies the following three properties:
(1) f(X\) >0 for all A.
(2) f'(N) = 2(v, w) + 2A|Jw]|*.
(3) f"(\) = 2||w|[* > 0 for all .
Property (2) implies that f has a unique critical point, which by prop-
erty (3) is a minimum, located at
(v, w)
[l
Property (1) implies that this minimum f,;, is nonnegative. Therefore,
(v, w)*

lwl

/\min -

0< fmin = f()\min) = HUH2 -

This inequality may be rewritten as |(v, w)|* < ||v||?||w]|*>. Taking the
square root yields the Cauchy—-Schwarz inequality .

Next, assume that v and w are linearly dependent. Upon exchang-
ing them if necessary, we have w = av for some real number . We
then have (v,w) = «||v||?, by linearity with respect to the second argu-
ment, and ||w| = |a|||v]|, by property (N.2). This shows that we have
an equality in (3.9).

Vice versa, suppose that we have an equality in . If w=0,
the vectors are obviously linearly dependent. If w # 0, we consider
the function f as above. The equality in implies fui, = 0. This
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means ||[v+ Apinw|| = 0, 80 v+ Apnimw = 0 by property (N.1). Therefore,
v and w are linearly dependent. U

We then have the following generalization of ((3.5)):

PROPOSITION 3.18 (The triangle inequality). Let (V,( , )) be an
inner product space, and let || || denote the induced norm. Then all
v,w €V satisfy the triangle inequality

v+ wl|| <o + [Jw]]. (3.10)
Proor. We have
o+ w|]? = (v+w,v+w) = [|v]|* + 2(v, w) + [|w]]*.

By taking the absolute value (and using the triangle inequality on R),
we get

lv +wl* = [llv + wl*| < [Jol* + 2/(v, )] + [Jw]]*.
By the Cauchy-Schwarz inequality, we then have
lv+wl* < ol + 2ljoll[lwll + [[w]* = (Jv]l + [[wl)*.
By taking the square root, we get the triangle inequality (3.10]). 0
As a consequence, we have the following

THEOREM 3.19 (Properties of the norm). Let (V,(, )) be an inner
product space. Then the induced norm || || satisfies the following three
properties
(N.1) ||v]| >0 for allv eV, and ||v]| =0 iff v=0.

(N.2) ||av|| = |al||v|| for allv € V' and for all o € R.
(N.3) ||v+wl| < ||v]| + ||w| for all v,w € V.

DIGRESSION 3.20 (Normed spaces). A norm on a real vector space V'
is a function || ||: V' — R satisfying properties (N.1), (N.2), and (N.3).
A real vector space endowed with a norm is called a normed space. The
above theorem shows that an inner product space is automatically a
normed space as well. On the other hand, there are norms that are
not defined in terms of an inner product. For example, on R™ one can

show that
n v
v, = <Z W!”)
i=1

defines a norm for every real number p > 1. The following is also a
norm:

V|00 = maX{|Ul|, N A
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REMARK 3.21 (The other triangle inequality). In plane geometry
we know that not only is the length of one side of a triangle shorter than
the sum of the lengths of the other two sides, but also that it is longer
than their difference. Analogously, in a normed space, in addition to
the triangle inequality we also have

[0 = wl| = [[|v]| = {Jwl] (3.11)
for all v and w. To prove this, just apply the usual triangle equality to
w and v — w:

[0l = [lw + (v = w)|| < [lw] + [[v—w].
Therefore, ||v]| — [Jw| < |lv — w]||. Exchanging v and w yields |Jw|| —
|lv]] < |Jv —w]||. The two inequalities together imply (3.11)).

REMARK 3.22 (Angle between vectors). Returning to the Cauchy—

Schwarz inequality (3.9)), we observe that for nonzero vectors v and w
|(v,w)

we may also write m < 1. This implies that there is an angle 0,

unique in [0, 7|, such that

cosf = M
[[v]{Jw]]

This formula generalizes (3.3)). We also have
lv+wl* = [[o]* + 2(v, w) + [lw]* = [[o]* + [[w]]* + 2[[|l[|w] cos 6,
which generalizes the law of cosines (3.4)).

REMARK 3.23 (Infinite-dimensional spaces). Note that our proofs
of the Cauchy—Schwarz and the triangle inequalities also hold in the
case of infinite-dimensional spaces. In particular, in the case of Exam-
ple of continuous functions on a compact interval [a, b] with inner
product as in the induced norm is

,
HfH=</ Iz dx) ,

so the Cauchy—Schwarz inequality explictly reads

/abfgdx g(/abedx)%(/angda:)é, (3.12)

whereas the triangle inequality reads

(/ab(erg)de)%g(/abedx)éJr(/abg?dx);. (3.13)
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On the inner product space R* of Example [3.12, the norm is

(3.14)

(3.15)

3.3.1. Square-integrable continuous functions. The inequal-
ities and allow for the construction of a more interesting
inner product space (whose complex version is) important for quantum
mechanics, namely, the space of square-integrable continuous functions.

We start with a digression on improper Riemann integrals of contin-
wous functions[] Recall that one defines

00 b
/ fdzr:= lim / f dz,
oo a,b—~+o00 —a

where f is a continuous function, if the limit on the right hand side
exists. For further convenience, we define

b
I¢(a,b) ::/_ f dux,

SO ffooo fdz =1limgp 4o If(a,b). Note that I is a continuous function
of a and b.

The situation is better behaved when f > 0 because, in this case,
I+ is monotonically increasing, so

bhH—i{ [f(&7 b) = Sup{[f(aa b)? (aa b) € (REO)Q}
a,b—+o00

and the limit exists, although it can be infinite.

We can always reduce to this well-behaved case by introducing

fi ::mT+f and f_ = WT_f

“What we discuss here has far reaching generalizations to much larger classes
of functions via the Lebesgue integral.
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Note that, for f continuous, also fi are continuous. They are moreover
nonnnegative, so the integrals ffooo f+ dx exist, although they can be
infinite. Observe that we have

f=r—7-
If the improper integrals of fi are finite, then there difference is well-
defined (and finite), so the limit defining the improper integral of f
converges, and we have

[ tao= [ par- [Tpa

Now observe that
lfl = f+ + f-.

If f is continuous, we then have

J = [ reas [Cra

where each of the three improper integrals is possibly infinite. Observe
however that, since all three integrals are nonnegative, the left hand
side is finite if and only the improper integrals of fi are finite.

We may summarize this discussion, with the following definition
and lemma.

DEFINITION 3.24. A continuos function f: R — R is called abso-
lutely integrable if the improper integral ffooo | f| dz is finite.

LEMMA 3.25. If f is an absolutely integrable continuous function,
then its improper integral converges, and we have

[t o[ ra

We next move to the main object of interest for us:

DEFINITION 3.26. A continuos function f: R — R is called square
integrable if the improper integral [°°_ f? dx is finite.

We first have the

LEMMA 3.27. If f and g are square-integrable continuous functions
on R, then so is f + g.

PROOF. We use the triangle inequality (3.13)), writing —a instead

of a:
([smrar) <(fra) «(frw)
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Since f and g are square-integrable, the two summands on the right
hand side have finite limits for a,b — +o0o. This implies that I(;4)2(a,b)
is bounded from above, so its limit—which exists because (f + g)? is
nonnegative—is also finite. O

Since multipliying a square-integrable continuous function by a real
constant clearly yields again a square-integrable continuous function,
the lemma has the following

COROLLARY 3.28. The set L*°(R) of square-integrable continuous
functions on R is a subspace of the real vector space C°(R) of continuous
functions on R.

Next, we have the

LEMMA 3.29. If f and g are square-integrable continuous functions
on R, then the product fg is absolutely integrable.

PROOF. In this case we use the Cauchy—Schwarz inequality (3.12]),
writing —a instead of a, applied to the nonnegative continuous func-

tions | f| and |g|:
b b 3/ b >
[ istalad < ([ iseac) ([ 1k ac)

Since |f|lg] = |fgl, |f|* = f?, and |g|* = ¢?, we can rewrite it as

[ ([ ) ([.0w)

where we have removed the absolute value around the left hand side
which is clearly nonnegative.

Since f and g are square integrable, the two factors on the right
hand side have finite limits for a,b — +oco. This implies that I} (a, )
is bounded from above, so its limit—which exists because |fg| is non-
negative—is also finite. 0

We can summarize these results in the

THEOREM 3.30. On the real vector space L*°(R) of square-inte-
grable continuous functions on R, we have the inner product
+oo

(f,9) = fg dz.

—0o0

PRrROOF. We have already proved that the integral defining the inner
product converges. It is clearly bilinear and symmetric. Positivity is
proved as in Example [3.10] O
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Finally, observe that the induced norm—called the L?-norm—is

+o00 %
1= ([ a)

Since L*°(R) is an inner product space, we have the Cauchy—Schwarz
and triangle inequalities. Explicitly, they say that for square-integrable

continuous functions f and g on R, we have
+oo —+o00 %
< ( f? dx) ( / q* dx) ,
+oo 3 +o0 2 +oo 3
</ (f+g)2dx> §( fzda:) +(/ g2dx)

REMARK 3.31. The space C°(R) of compactly supported continu-
ous functions of Example is a subspace of L*°(R), and its inner
product is the restriction of the inner product on L*°(R).

N

fgdx

‘ N

o0

N

3.3.2. Square-summable sequences. Analogously to the space
of square-integrable functions, we may study the space of square-sum-
mable sequences (this is actually easier, so we leave many details to
the reader: see Exercise 3.@.

DEFINITION 3.32. A sequence a = (ay,as,...) of real numbers is
called square summable if the series Y 7, (a;)* converges.

If a is a sequence, we denote by a™ its N-truncation, i.e., the
sequence whose first N terms are the same as in a, whereas the others
are equal to zero. Note that, for every N, a™) belongs to the inner
product space R> of finite real sequences introduced in Example |3.12]

Using the triangle inequality on R*> for truncated sequences
and taking the limit for N going to infinity, one shows that the sum of
two square-summable sequences is again square-summable.

By the Cauchy—Schwarz inequality on R*°, one shows that,
if @ and b are square summable, then »°, |a;b;| converges. A fortiori,
the right hand side of

oo
(CL7 b) = Z aibi
i=1
also converges.
The inner product space of square-summable real sequences is de-
noted by £? (or, more precisely, by £2 to stress that we are considering
real sequences).
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3.4. Orthogonality

Let (V,(, )) be an inner product space. Two vectors v and w are
called orthogonal if (v,w) = 0. In this case one writes v L w.

A collection (e;);es of nonzero vectors in V' is called an orthogonal
system if e; L e; for all i # j in S.

LEMMA 3.33. An orhogonal system is linearly independent.

PROOF. Suppose Y ; Ne; = 0 for some scalars \* (only finitely
many of which are different from zero). For every j, we then have

<€j7 Z )\161) =0.

On the other hand, using the linearity of the inner product and the
orthogonality of the system, we getE]

(63', ZA’@) = Nle;]1*.

Since e; # 0, we get N = 0. O

If (€;);es is in addition a system of generators, then it is called an
orthogonal basis.
An orthogonal system (e;);cs is called an orthonormal system if in
addition ||e;||* = 1 for all + € S. Succinctly,
(€i,€5) = 04y, (3.16)

where 0;; is the Kronecker delta:

1 ife=y,
Oij = P
0 ifi#j.
If (e;)ies is in addition a system of generators, then it is called an
orthonormal basis.

EXAMPLE 3.34. The standard basis (ey,...,e,) of R" is an or-
thonormal basis for the dot product.

REMARK 3.35. Note that implies that the representing ma-
trix of an inner product on a finite-dimensional space in an orthonor-
mal basis is the identity matrix. We will see (Theorem that every
finite-dimensional space admits an orthonormal basis, so eventually we
always go back to the case of the dot product.

5No sum is understood on the right hand side.
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An orthogonal system (e;);es can be transformed into an orthonor-
mal system (€;);cs with the same span simply by normalizing the vec-
tors: e; = ﬁ for all i« € S. We will therefore mainly consider or-
thonormal systems/bases.

If v =), v',; is in the span of an orthonormal system (e;);cs, we
can get the coefficients of the expansion by the formula

v' = (e;,0). (3.17)

We can also rewrite the expansion as

v = Z(ei,v)ei.

i
Moreover, note that, if w =3, w'e;, then (v, w) = >, v'w(e;, e;), so,

ij
by (3.16)),

and, in particular,

Joll? = S ()2 (3.18)

REMARK 3.36 (Einstein’s convention). The above formulae do not
fit with Einstein’s convention as introduced in Definition [[.33] The
way out is to raise and lower indices as in Remark [3.15], now using the
three different notations d;;, 67, and 6% for the Kronecker delta (each of
them being 1 for i = j and 0 otherwise). We then define, in Einstein’s
notation, e’ = de; and v; = §;;v7. The formulae above now read

v =v'e,

v; = (e;,v),

v = (', v)e;,
(v,w) = v'§u7,
I

v||? = vi;07.
J

REMARK 3.37 (Bessel’s inequality). The generalization of Pythago-
ras’ theorem given by (13.18]) does not hold if we have an orthonormal
system (e;);es that is not a basis. Actually, if S is infinite, then (3.18))

may not be a finite sum, as there could be infinitely many nonvanish-
ing coefficients v; = (e;,v) for a given vector vﬁ Suppose now that

61t (e:)ies is a basis, the v's are the coefficients of the expansion of v, so only
finitely many of them are different from zero, by definition of a basis.
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S = Nyg. In particular, for each N, (eq,...,ey) is an orthonormal
system, so we havd]|

N
> W) < ol
i=1

Therefore, the limit for N — oo converges, and we have

> )? < ol (3.19)

which is known as Bessel's inequality.

EXAMPLE 3.38 (Sine series). Consider the space
Vi={¢ € C°([0,L]) | $(0) = ¢(L) = 0}

which extends that of Section to all continuous functions. Let

en(n) = \/% sin (”Lﬁ) |

One can easily verify that (ej)gen., is an orthonormal system on V

with the inner product (f,g) = fOL fg dx of Example |3.10L If f is a
linear combination of the eys,

flz) = \/gg by, sin (%) (3.20)

"Observe that

2 N N
0< :<U—Zviei,v—2vi6i>:
i=1 i=1
N N

N
= [l =23 ) + 3_(00)? = lel® = 3_(w0)*

i=1 i=1

N
i
v— E v'e;
i=1
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with only finitely many bs different from zero, then we can recover the
coefficients by of the expansion via (3.17)) :ﬁ

be = (cx, f) = \@/OL f(z) sin (%) dz. (3.21)

Note that the integral on the right hand side actually converges for
every f in V, so we can define the coefficients by also for functions that
are not finite linear combinations of the eys. Bessel’s inequality (4.10))

in this case reads
o

D) < IfI% (3.22)
k=1
In this particular case one can show—but this is beyond the scope of
these notes—that Bessel’s inequality is actually saturated:
> =11 (3.23)
k=1
This equality is known as Parseval's identity. Finally, it turns out that
also the series (3.20)) actually converges, in an appropriate sense, to the
original function f. This is an example of a Fourier series, called a sine
series.

3.4.1. The orthogonal projection. Let w be a nonzero vector
in V. Any vector v can then be decomposed in a component parallel
to w,

v = (v,w)ﬁ, (3.24)
and in one orthogonal to it,
v =0v—v.
In fact, (v,w) = (v,w), so (vi,w) = 0. This is an example of an

orthogonal decomposition.
80ne often prefers to write the expansion as
> . [ Tkx
f(z) = ; by, sin (L>

without the prefactor, i.e., using a nonnormalized orthogonal system. In this case,
the coefficients by are obtained by

b = i/OL f(z)sin (WIZx) dz.
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REMARK 3.39. If you want to construct the above formulae, you
can proceed as follows. First write v = v + v with the sole conditions
that v is proportional to w and v, is orthogonal to it. This means
that there is a scalar A, to be determined, such that vy = Aw and that
(v, w) = 0. Now compute the inner product of v with w:

(v,w) = (v) +vi,w) = (v, w) + (v, w) = (v, w) = (Aw,w) = AJwlf.

Therefore, since we assume w # 0, we have A = |(|21|T2. Inserting it into

v = Aw yields (3.24).

ExAMPLE 3.40. Consider R? with the dot product. Let v = (32)
and w = (§) as in Figure[3.3] We then have ||w||? = 40 and v-w = 20,
sovy = 5w = (})and vy = (33) = (}) = (7).

—

FI1GURE 3.3. The orthogonal decomposition

ExXAMPLE 3.41. On R™ with the dot product, the formula for the
parallel component of v along a unit vector w reads

v = (w-v)w.

On R3 one can write the orthogonal component also using the cross
product (see exercise 3[16]) as

v, = (w X v) X w.
Therefore, for v, w € R? with ||w|| = 1, the decomposition reads
v=(w-v)w+ (wXv)Xxw.
We denote by P, the endomorphism that assigns to a vector v its

component v parallel to w. We rewrite the definition for future use:
w

PwU = (U,U))W.

(3.25)

Note that, for any scalar A, we have

w
P,(Aw) = (Aw, w) TE = \w.
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Therefore, P, restricted to the span of w acts as the identity. This also
means that P2 = P,, so P, is a projection.

As a consequence, the endomorphism P, = Id —P, is also a pro-
jection. Its image, which we denote by w', is called the orthogonal
complement to the span of w. Explicitly, we have

t={veV|vLluw} (3.26)

PROOF. For any v, we have seen that P/v = v, is orthogonal to
w, so it belongs to wt. This shows im P! C w*.

On the other hand, if v € wt, we get P,v = 0, so we have P.v = v,
which shows that v is in the image of P.. Therefore, w* Cim P!. O

EXAMPLE 3.42. Let V = C°([0, 1]) be the space of continuous func-
tions on the interval [0, 1] with inner product (f, g) fo fg dz (see Ex-

ample . Let f(z) = 2® and g(z) = z. We have ||g||* = fo r? dr =
5 and (f,g) fo a* dz = 1, so P,f = 2g. Therefore, we get
3
3

(B)@) =20 and (Bf)() =2 — 3o

REMARK 3.43. Note that P, and P, only depend on the direction
of w but not on its norm:

Pw=P, and P, =P,

w

for every A # 0. In particular, if w is normalized (i.e., ||w| = 1), then
we get the simpler formula

Pyv = (v,w)w.

3.4.2. The Gram—Schmidt process. We want to show that a
finite (or countable) linearly independent system may be transformed
into an orthonormal one with the same span.

The central step of the contruction is the following: Suppose we
have an orthonormal system (ey,...,e;) and a vector v that is not a
linear combination of the e;s. Then we can make v orhogonal to all the
e;s by substracting all its parallel components:

k
V=0 — Z(’U, €i)e;.
i=1
Note that (v,e;) =0 for i = 1,..., k. Moreover, v # 0 because v is not
a linear combination of the e;s. We can then normalize it to

v
e = .
TR
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As aresult (e, .., ek 1) is also an orthonormal system, and in partic-
ular it is linearly independent by Lemma |3.33] Also note that

Span{ey, ..., ex1} = Span{ey, ..., eg, v}

In fact, let w be a linear combination of (ey,...,exy1). Since ey is
a linear combination of (ey,..., ek, v), we get that w is so, too. Vice
versa, let w be a linear combination of (ey, ..., ex, v). Since v is a linear
combination of (ey, ..., ex41), we get that w is so, too.

We then get the following

PROPOSITION 3.44 (Gram-Schmidt process). Let (vy,...,v;) be a
linearly independent system in an inner product space V. Then there
is an orthonormal system (eq, ..., ex) with the same span. This system

is determined by the following process:

- o
V1 =1 €1 = m
1
- Vo
Vg == vy — (g, €1)€1 €y = W
2
- U3
U3 = v3 — (vs3,e1)e; — (v3, €)en es = m
3
k—1 5
Vg = V) — Z(vk,ei)ei e = H~k||
i=1 Uk

PROOF. The proof goes by induction on the number £ of vectors.

For k = 1, we simply normalize the vector: e; = ”5—1”

Next suppose we have proved the statement for £ vectors and we
want to prove it for k£ + 1. Consider the subcollection (vy,...,vx)
of (v1,...,vk41). By the induction assumption, we can replace it by
the orthonormal system (eq,...,ex), given by the construction in the
proposition, which has the same span. In particular, vy, is not a
linear combination of the e;s, @ = 1,..., k. We can therefore apply the
construction just before the proposition to get the vector e, ;. As we
observed, (eq, ..., e 1) is an orthonormal system with the same span as
(€1,..., €k, Ugs1). As the latter has the same the span as (v, ..., Vgs1),
the proof is complete.

The displayed list of assignments summarizes this process. 0

If (vy,...,v,) is a basis of V, then the Gram—Schmidt process yields
an orthonormal basis (eq, ..., e,). Therefore, we have the



92 3. INNER PRODUCTS

THEOREM 3.45 (Orthonormal bases). A finite-dimensional or count-
ably infinite-dimensional inner product space has an orthonormal basis.

EXAMPLE 3.46 (A countably infinite-dimensional example). Con-
sider the inner product space V = C°([0, 1]) of Example[3.10} Let W be
the subspace of polynomial functions. This has the basis (1, z, 2%, 23,...).
We write vi(x) = xF. The Gram-Schmidt process will then turn
(g )ken into an orthonormal basis (ex)ren of W. Let us see the first

steps. We have |lvg]]? = fol ldr = 1, so ¢y = vy. Next we compute
(v1,€0) = folxdx = 1,50 01(z) = 2—3. From ||| = fol (z— %)de =

L, we get e1(z) = 2v/3 (z — £). Next we compute (vs, €9) = fol r?dr =

5and (ve1) = 2V3 [y (v = 3) do = 575, 0 Da(a) = 2% — § -

(r—1) =2 o+ 1 From [&®= [ (2> -+ D2 dz = L we
get ex(x) = 6v5 (22 —x+1). We then have the beginning of the

orthonormal basis
1 1
<1,2\/§(x—§> ,6\/5(x2—m+6) >

EXAMPLE 3.47 (Hermite polynomials). This is another countably
infinite-dimensional example, which is relevant for the quantum har-
monic oscillator. Let V' be the space of real polynomial functions (you
may regard it as a subspace of C°(R)). One can show (see exercise 3
that

of W.

+oo
(f.9) = / e fgda

o0
is an inner product on V. The basis (1,z,z% 23,...) of V can then
be turned by the Gram—Schmidt process into an orthonormal basis
(€0, €1,...). Its elements (up to appropriate factors) are the Hermite
polynomials H,:

1 da"
——H,, H, = (—1)""—e*
VA/m2mn! dan
As we have already observed, see equation ([3.16)) and Remark [3.35]

the matrix representing the inner product in an orthonormal basis is
the identity matrix. In particular, we get the following

€p =

COROLLARY 3.48. A symmetric matriz g is positive definite iff it
is of the form g = ETE with E an invertible matriz.

PROOF. Let (v, w) := v gw.
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If g is symmetric and positive definite, then ( , ) is an inner product.
By the Gram—Schmidt process, we have an orthonormal basis. In such a
basis, see Remark [3.35] the inner product is represented by the identity
matrix. Taking E to be the matrix representing the change of basis,
we then get g = E'E.

Vice versa, if g = ETE, we get that g7 = g. Moreover, for every
v we have

(v,v)=v'gv=v'E"Ev = (Ev)"Ev = Ev - Ev.

If v is different from zero, then so is also Ewv, since E invertible. By
the positivity of the dot product, we then get the positivity of ( , ),

v#0 = Ev#0 = Ev-Ev>0 = (v,v) >0,
and hence of g. O

REMARK 3.49. As is made clear in the proof, a matrix E such that
g = ETE is obtained via the change of basis to an orthonormal basis
(v1,...,v,) for the inner product (v, w) = v'gw. In particular, if we
denote by F' the matrix whose columns are these basis vectors, we get

v v]
FTgF: T g(’l]17...,vn) = T (9’01,...,g’vn) :17
v, v,

so g = FT7'F~!. Therefore, we get the factorization g = ETE with
E = F~'. As F consists of basis elements, it is also called a frame.
For this reason, its inverse E is called a coframe/]

REMARK 3.50. The matrix E in Corollary is not uniquely de-
termined (as we can choose different orthonormal bases). In particular,
suppose that E’ is also an invertible matrix with g = E"E'. Then we
have E''E' = ETE, or, equivalently, EV""'E'T = EE'"'. Therefore,
the invertible matrix O == E'E~" satisfies

o"=0"

A matrix with this property is called an orthogonal matrix (see more
on this in Section . Note that E' = OE. In conclusion, any
two matrices occurring in a factorization of the same positive definite
matrix are related by a uniquely determined orthogonal matrix.

9n four dimensions, the German name vierbein is also used. In generic dimen-
sion, one also uses vielbein. In three and four dimensions, the terms triad and tetrad,
respectively, are also used.
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The fact that a positive definite matrix g is necessarily of the form
g = E'E for some invertible matrix E implies that det g = (det E)? >
0, so we have the

LEMMA 3.51. A positive definite matriz necessarily has positive
determinant.

This fact can actually be improved to a useful criterion to check
whether a matrix is positive definite. We need the following terminol-

ogy.

DEFINITION 3.52. Let g be an n xn matrix. Forevery k =1,...,n,
we denote by g ;) the k& x k upper left part of g.m The determinant of
9r) 1s called the kth leading principal minor of g.

Then we have the

COROLLARY 3.53. If g is a positive definite matriz, then all its
leading principal minors are necessarily positive.

PROOF. Let Wy be the span of (ey,...,ex). The restriction to W
of the inner product defined by g is also an inner product. Moreover,
for any v, w € Wy, we have (v,w) = v gw = ETg(k)fIJ, where the tilde
means we truncate the vector to its first £k components. This shows that
g is a positive definite matrix, so det g ;) > 0 by Lemma w O

The converse to Corollary also holds. (For the proof, see exer-
cise 3[12])

LEMMA 3.54. If all the leading principal minors of a real symmetric
matriz g are positive, then g is positive definite.

We can summarize the results of Corollary and of Lemma |3.54
as the following

THEOREM 3.55 (Sylvester’s criterion). A real symmetric matriz is
positive definite iff all its leading principal minors are positive.

DIGRESSION 3.56 (Maxima and minima of functions). Sylvester’s
criterion has an important application in analysis. Let F' be a twice
continuously differentiable function of n variables. If x( is a critical
point, then the Taylor expansion of F' in a neighborhood of F' reads

F(@) = Flao) + 5(@ — 20)7 () (@ — o),
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where g(x) is an n x n matrix depending continuously on x with
g(xy) = dg F' = <%(mo)>—the Jacobian matrix of F. The lead-

ing principal minors of g are continuous functions of @ (since they are
polynomials in the entries of g which is continuous). If we assume
that they are all positive at g, then there is a neighborhood in which
they all remain positive. In this neighborhood, g(x) is then positive
definite, so F(xo) is a minimum. We then get the following criterion:
we have a minimum at a critical point x, if all the leading principal
minors of the Jacobian at @ are positive (equivalently, if the Jacobian
is positive definite at @(). Similarly, we have a maximum at a critical
point xq if all the leading principal minors of minus the Jacobian at x,
are positive (equivalently, if the Jacobian is negative definite at x).

3.4.3. Orthogonal complements. The following is a very useful
generalization of the concept of the orthogonal complement w' of a
nonzero vector w introduced in (3.26)).

DEFINITION 3.57. Let W be a subspace of an inner product space
V. The orthogonal subspace associated to W is the subspace

Wt ={veV|vlwVYweW}

of all vectors orthogonal to vectors in W.

If W = Rw, for a nonzero vector w, then W+ is the same as w™ as

introduced in (3.26]).

EXAMPLE 3.58. Let V' = R3? endowed with the dot product. Let
w = (é) and W = Ruw the z-axis. Then W+ is the yz-plane. Another

example is the following: Let v, w be linearly independent vectors in
R3 and let W be the plane they generate. Then W+ is the line through
the origin orthogonal to this plane. We can write

Wt =R(v x w),
where we have used the cross product.

EXAMPLE 3.59. Let V = C°([—1,1]) be the space of continuous
functions on the interval [—1, 1] with inner product (f,g) = f_ll fg dx

(see Example [3.10]). Let
W= {f € C°([~1,1]) | f(0) =0}

We claim that W+ = {0}. To show this, assume that g is not the
zero function. We will show that we can find an f in W such that
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(f,9) # 0. In fact, let 2o € [~1,1] \ {0} be a point with g(x) # 0[]
We may assume xy > 0 and g(zg) > 0 (the proof for the other cases is
analogous). By continuity, there is an € > 0 such that (zo —€,z¢+¢€) C
(0,1) and g(z) > 0 for all = € (xg — €, 29 + €). Consider

f(z)
9()
x
0 for x < xy — €,
1+ =2 for xg —e < x < w,
1 -5 forxg <z <10+ e,
0 for x > xp + €.

We have f € W and

xo+e€
(f.9) = / fgda

0—€
because f vanishes outside of the interval (xg — €, 9+ €). The integral
is strictly positive because both f and g are strictly positive in the
interval (zg — €,z + €).

Without any assumption on dimensionality, we have the following

PrOPOSITION 3.60. Let V' be an inner product space, and let W
and Z be subspaces of V.. Then the following hold:

(1) {0}t = V.

(2) V= {0}.

(3) W W = {0}.

(1) WCZ = Z-Cwt.

(5) W C Wt
(6) WL = W,
PROOF.

HIf g(z) = 0 for all 2 # 0, then, by continuity, we also have g(0) = 0, so g
would be the zero function.
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(1) Every vector is orthogonal to the zero vector.

(2) If v € VL, then (v,w) = 0 for every w € V. In particular, we
may take w = v, so (v,v) = 0, which implies v = 0.

(3) If v € W, then (v,w) = 0 for every w € W. If v € W, then,
in particular, we may take w = v, so (v,v) = 0, which implies
v=0.

(4) If v € Z*, then (v,2) = 0 for every 2 € Z. In particular,
(v,2) =0 for every z € W, so v € W+.

(5) Let w € W. Then, for every v € W+, we have (v,w) = 0.
But this means that w is orthogonal to every vector in W+,
sow € Wt

(6) Applying (4) to , we get W+ C W+, On the other hand,
for Wt reads W+ C (W) = wHtt,

]
Property of the above proposition shows that the sum of W and
W+ is a direct sum. If this happens to exhaust V, i.e., if
Wewt=1V,
then we say that W+ is the orthogonal complement of W. To stress that
this is a direct sum of orthogonal spaces, we may also use the notation
V=wQow
Note that in this case we have
WLL —W.

In fact, by (3 applied to W+, we have W N W+ = {0}, which then
implies W++ C W. From (5) we have the other inclusion.

The orthogonal space W+ might happen not to be a complement
to W, as Example shows. However, we have the following

ProprosITION 3.61. If W is a finite-dimensional subspace of an
inner product space V, then W= is a complement of W, called the
orthogonal complement:

V=WaeW.

ProOF. We prove this by generalizing the construction in Sec-
tion B.4.1]

Namely, let (wy, ..., wy) be an orthonormal basis of W (which exists
by Theorem [3.45)). Then we define Py, € End(V') as

k

Py (v) = Z(v, wW; ) w; . (3.27)

i=1
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Note that Py (w) = w for every w € W, so Py is a projection (i.e.,
P2, = Py ) with image . Also note that for every v,z € V, we have
k

(Pw(v),2) = ) (v, w;)(z,w,),

=1

(Pw(v), 2) = (v, Pw(2))
for all v,z € V. In particular, we have

(Pw(v),w) = (v,w) YveV, YweW. (3.28)
We then define Py, .= Id — Py, i.e.,

SO

k
Py (v) =v— Z(v, wW; ) w;.
i=1
This is also a projection (see Remark [1.38). We claim that its image
is W+t. Clearly, if v € W+, then P}, (v) = v, so W+ C im P};,. On the
other hand, for every v € V' and every w € W, by (13.28]) we have

(PI;V('U)vw) = (U’w) - (PW(U)>w) =0,
so im P, C W+,
Finally, observe that every v € V' can be written as
v = Py (v) + Pl (v).

Since the first summand is in W, the second is in W+, and, by in
Proposition W N W+ = {0}, the proof is complete. O

REMARK 3.62. Note that, since the decomposition of a vector in
a direct sum is unique, the projections Py and Py,1 are canonically
defined. That is, formula is just a convenient way to write Py,
when we are given an orthonormal basis (wy,...,wy), but it is inde-
pendent of its choice.

In particular, Proposition |3.61| implies the following

THEOREM 3.63. Let V' be a finite-dimensional inner product space.
Then, for every subspace W we have the orthogonal complement W+,
In particular,

dim W + dim W+ = dim V,
and

Wt =w.

We may generalize the orthogonal decomposition W & W+, when
W+ is a complement, to more general “orthogonal sums.” First, we
need the
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DEFINITION 3.64. Two subspaces W; and W5 of an inner product
space V' are called orthogonal, and we write

Wy L W,
if every vector in W is orthogonal to every vector in Ws.

For example, W and W+ are orthogonal subspaces. Note that
Wy L Wy implies Wi N Wy = {0}, as a vector in the intersection is
orthogonal to itself, so it has to be zero. In particular, a sum of two
orthogonal spaces W; and W5 is automatically a direct sum, which we
may also denote as Wi DQW5;. This generalizes to collections:

DEFINITION 3.65. Let (W;);cs be a collection of subspaces of an
inner product space V. The collection is called orthogonal if

W; L W; for all ¢ # j.

PROPOSITION 3.66. If (W;);es is an orthogonal collection of sub-
spaces, then the sum of the W;s is direct.

PROOF. Suppose we have ) w; = 0, w; € W;, and only finitely
many w;s different from zero. Taking the inner product with w; yields

0= (ijzwi> = [Jwyll?,

so w; = 0. As we can do this for every j, we get that the zero vector,

and hence every vector, has a unique decomposition, so the sum is
direct. 0

REMARK 3.67 (Orthogonal sums). To stress that the summands of
such a direct sum are orthogonal to each other, we may also use the
notation

D Wi

i€s
for the direct sum @, ¢ W;.

DEFINITION 3.68. If (W;);es is an orthogonal collection of sub-
spaces of V' and their sum is the whole of V', then
V=0OW,
i€s
is called an orthogonal decomposition of V.

REMARK 3.69. Suppose we have an orthogonal decomposition V' =
D;cs Wi. Let P; denote the projection to the W;-component. Then,
for any v,v" € V., we have

(P, v') = (P, Pv').
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In fact, since Pjv € W, it is orthogonal to every vector in the other W;s,
so it only sees the W;-component of v'. Similarly, we have (v, Pv') =
(P, Pu'). Therefore,

(Piva U,) = (U7 Pﬂ),)

for all v,v" € V. This is an example of a symmetric operator (more on

this in Section [3.5.4).

3.5. Orthogonal operators

An endomorphism F' of an inner product space V is called an or-
thogonal operator if
(Fv, Pw) = (v,u)

for every v,w € V.

EXAMPLE 3.70 (Orthogonal matrices). In the case of the dot prod-
uct on R"™, the endomorphism defined by an n x n matrix A is or-
thogonal iff v - w = (Av) - (Aw) = v'ATAw for all v,w € R"
Taking v = e; and w = e;, the condition implies (ATA)U = 0;; for all
1,7 =1,...,n. Therefore, we see that the endomorphism defined by A
is orthogonal iff

ATA =1,
which is the usual definition of an orthogonal matrix. Note that the
condition implies that A is invertible and also that A~ is itself an
orthogonal matrix. Moreover, if A and B are orthogonal, then so is
their product AB.

REMARK 3.71. In particular, we have that an endomorphism of a
finite-dimensional inner product space is orthogonal iff its representing
matrix in any orthonormal basis is orthogonal.

REMARK 3.72. Let (vy,...,v,) be the columns of an n x n matrix
A. Then (v],...,v)) are the rows of AT. We then see that
A is orthogonal <= (vy,...,v,) is an orthonormal system.

A matrix A whose raws (or columns) are an orthonormal system is also
called an attitude matrix.

In particular, the matrix representing the change of basis from the
standard basis to another orthonormal basis (w.r.t. to the dot product)
is orthogonal. By the observations at the end of Remark we then
get the

PROPOSITION 3.73. The maltrix representing the change of basis
between any two orthonormal bases on (R™,-) is orthogonal.
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REMARK 3.74. If we consider on R™ the inner product (v, w) =
v gw, where g is a positive definite symmetric matrix as in Exam-
ple[3.7], the condition for the endomorphisms defined by an nxn matrix
A to be orthogonal is

ATgA =g.
If we write g = E'E as in Corollary , the condition becomes
A'"ETEA=E"E, ie.,
B'B=1 with B=FEAE™"

That is, upon conjugation by E, we get the usual condition for an
orthogonal matrix

EXAMPLE 3.75 (An infinite-dimensional example). Consider the
vector space V' of square-integrable continuous functions on R as in
Section (or, for simplicity, consider the vector space V' of com-
pactly supported continuous functions on R of Example . For a
given a € R, consider the endomorphism F' of V' defined by

(Ff)(x) = flz+a).
Since the integral on R is translation-invariant, we get
+oo +oo

(Ff, Fg) = flx+a)g(z +a)de = f(@)g(z) dx = (f,9),

—00 —

so F'is orthogonal.
Here is a useful characterization of orthogonal operators:

THEOREM 3.76. Let F' be an endomomorphism of an inner product
space V. Then the following are equivalent:

(1) F is orthogonal.
(2) F preserves all norms.

The condition that F' preserves all norms means
[Ew[| = [o]
for every v € V.

PROOF OF THEOREM [3.76l. By the definition of norm, it is clear

that implies .
On the other hand, implies as an immediate consequence of
the formula

1
(v, w) = (Il +wl® = [lo]” = [[wl®),

2Note that E describes the change from the chosen orthonormal basis to the
standard basis. Therefore, B is just the representation of A with respect to the
orthonormal basis.
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which holds for every v, w € V. O
COROLLARY 3.77. An orthogonal operator is injective.

PRrOOF. If v is in the kernel of F', then we also have ||Fv| = 0. If
F' is orthogonal, then, by the above theorem, it preserves norms, so we
get ||v|| = 0, which implies that v vanishes. O

This has the following immediate corollary:H

COROLLARY 3.78. An orthogonal operator on a finite-dimensional
inner product space is invertible.

One can easily prove that the composition of two orthogonal op-
erators is an orthogonal operator, that the inverse of an orthogonal
operator is an orthogonal operator, and that the identity map is an
orthogonal operator. As a consequence of this and of Corollary [3.78|
we have the

PROPOSITION 3.79. The set O(V') of orthogonal operators on a
finite-dimensional inner product space V' is a group, called the orthog-
onal group of V.

REMARK 3.80. In the case of R” with the dot product, we write
O(n) for the corresponding group of orthogonal matrices

O(n) = {A € Mat,,,(R) | ATA =1},
called the orthogonal group in n dimensions.

REMARK 3.81. On an infinite-dimensional inner product space an
orthogonal operator may fail to be surjective. Consider, e.g., the or-
thogonal operator

(al,ag,...) — (0,@1,(12,...)
on the space R* of finite real sequences introduced in Example [3.12]

3.5.1. Linear conformal maps. Recall that the angle 0, , be-
tween two nonzero vectors v,w € V is defined as the unique angle in
[0, 7] such that
cos b, , = M
= ol
If Fis an injective endomorphism, we can also measure the angle be-
tween the image vectors F'v and F'w and ask whether this is presev-
erved.

13The corollary also follows from Remark and Example m
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DEFINITION 3.82. An endomorphism F' of an inner product space
V' is conformal if it is injective and preserves all angles, i.e.,

(Fv, Fw) (v, w)

ol Fwll Jlvllflw]

for all v,w € V'\ 0.

Note that just preserving all angles is not enough for an endo-
morphism to be orthogonalﬁ We have two basic examples of linear
conformal maps:

(1) orthogonal operators;
(2) the endomorphism F' = A1d with A # 0.

In fact, an orthogonal operator is injective by Corollary and pre-
serves norms by Theorem [3.76] so it clearly preserves angles. In the sec-
ond example, F is injective. Moreover, (Fv, Fw) = M\ (v,w), ||Fv| =
|A|v, and [|[Fw|| = |Alw. Note that for A\ # 1 this endomorphism is not
orthogonal.

It turns out that every linear conformal map is a composition of
these two examples:

LEMMA 3.83. A linear conformal map can be uniquely written as
the composition of a rescaling (A1d, with X\ > 0) and an orthogonal
operator G, i.e., F' = \G.

PRrROOF. It is enough to show that HITZIJIH takes the same positive

value, which we denote by A, for every nonzero vector v. In fact, this
implies

Fuv | Fo|
S i
so G preserves all norms and is therefore orthogonal by Theorem [3.76]
First observe that, if v is any nonzero vector and v’ = ﬁ its
corresponding unit vector, we have || Fv|| = [|F(||[v[[v)]| = [|v||||F ()],

ol
v
Therefore, it is enough to show that ||Fv|| takes the same value,

which we denote by A, for every unit vector v.
Let v and w be any two unit vectors. Then (v + w,v — w) = 0.
Since F'is conformal, we have

0= (F(v+w),F(v—w) = Fv||* — || Fw|*

SO | F'v'|| (we have only used the linearity of F here).

14 Consider for example the endomorphism F = AId with A #0,1.
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REMARK 3.84. By inspection in the proof, we see that actually any
injective endomorphism F' that preserves orthogonality, i.e., such that

vlw = Fvl Fuw,

is of the form A\G, with A > 0 and G orthogonal, and therefore confor-
mal.

3.5.2. Isometries. The notion of orthogonal operator may be gen-
eralized to linear maps between different spaces. Let (V,(, )y) and
(W, (', )w) be inner product spaces. A linear map F': V — W is called
an isometry (more precisely, a linear isometry) if

(FU1; FUQ)W = (Ul, Uz)v

for all v;,vy € V. Following verbatim the proof of Theorem [3.76, we
see that F'is an isometry iff it preserves all norms. We also see that an
isometry is always injective and that it preserves all angles. If V' and
W are finite-dimensional, we then have dimV < dim W, and F' is an
isomorphisms iff dim V' = dim W.

ExXAMPLE 3.85. The inclusion map of a subspace, with the restric-
tion of the inner product as in Example [3.5] is an isometry.

EXAMPLE 3.86 (Sine series and spaces of sequences). Consider the
space

V= {p € C°([0, L]) | $(0) = &(L) = 0}

of Example with the orthonormal system provided there. To each
function f € V we may assign the real sequence (b1, b, ...) with by =
(er, f) as in (3.21). If f is in the span V' of the sine functions, by
is the coefficient of its expansion in the basis (ex)ren., of V', so only
finitely many bys are different from zero. For a general f € V', however,
infinitely many bgs may be different from zero. Still we have Bessel’s
inequality which shows that (by,bs,...) is a square-summable
sequence (see Section . Therefore, we have a linear map

F:{¢ € C0,L])| $(0) = ¢(L) =0} — 0
f — <\/%IOL f(x)sin (%) dm)

Thanks to Parseval’s identity (3.23]), F' is actually an isometry. It is
not surjective though

k‘EN>0

15We may enlarge V to contain noncontinuous square-integrable functions. All
the above works. By the injectivity of the isometry F', we then get square-summable
sequences of coefficients beyond those coming from continuous functions.
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ExampLE 3.87. If (eq,...,e,) is an orthonormal basis of V', then
the linear map F': V' — R" that assigns to a vector v the column vector
with components its coefficients v* = (e;,v) is a bijective isometry (in

the notations of Remark F = ®5" with B= (e1,...,e,)).
From this observation and from Theorem [3.45] we get the

THEOREM 3.88. Fvery n-dimensional inner product space possesses
a bijective isometry with R™ endowed with the dot product.

3.5.3. The orthogonal groups. In this section we analyze the
group O(n) of orthogonal matrices, introduced in Remark , in par-
ticular for n = 2 and n = 3.

The first remark is that the condition AT A = 1 implies (det A)? =
1. Therefore,

det A = +1.

Orthogonal matrices with determinant 1 form a subgroup of O(n) called
the special orthogonal group:
SO(n) :== {A € Mat,,,(R) | ATA =1 and det A = 1}.
We also write
07 (n) == {A € Mat,,,,(R) | ATA =1 and det A = —1}.

We have O(n) = SO(n) L O~ (n)[1

Note that O™ (n) is not a subgroup. Also note that for every A, B €
O~ (n), we have AB € SO(n). On the other hand, for every A € O™ (n)
and every B € SO(n), we have that AB and BA lie in O™ (n).

REMARK 3.89. An example of a matrix in O™ (n) is
1

S = ;
—1

ie., Se; = e; for i < n and Se, = —e,. The matrix S acts on
R™ as the reflection through the hyperplane Span{ey,...,e, 1}. Note
that for every A € O™ (n), we have B := AS € SO(n); equivalently,
A = BS. This means that, in order to describe the elements of O(n),
it is enough to describe those of SO(n) and then apply S if needed.

REMARK 3.90. If n is odd, then also —1 is an element of O™ (n), so
we can write each A € O™ (n) as (—1)(—A), with —A € SO(n). Note
that, in any dimension, —1 acts on R" as the reflection through the
origin.

16The symbol U denotes disjoint union.
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3.5.3.1. The groups O(2) and SO(2). Let A = (¢b%) € SO(2). Its
inverse, by (L.11)), is A = (% 7). Imposing this to be equal to AT =
() yields
d=a and b= —c,
so A = (27°). Since 1 = det A = a® + ¢*, we may parametrize the

entries by a = cos# and ¢ = sinf. We have proved the

PROPOSITION 3.91. A matriz in SO(2) has the form

_ [cosf —sinf
R(0) = (Sinﬁ cos ) ’
The angle 0 is uniquely determined if we take it in the interval 6 €
[0, 27).

REMARK 3.92. If v is a vector in R?, then R(f)v is the vector
rotated counterclockwise by the angle . From this observation, or by
direct computation, we get R(A)R(6') = R(6 + 6’). The group SO(2)
may then be interpreted as the group of rotations on the plane centered
at the origin.

REMARK 3.93. Note that R(0) =1 and R(7) = —1. On the other
hand, for any 6 € (0, 7)U (7, 27), R(#) does not preserve any line, so it
cannot have any eigenvector and is therefore not diagonalizable (over
the reals). We can see this also via the characteristic polynomial

Prg) = A2 —2\cosf + 1,

whose roots are A\, = e,

As for A € O™ (2), it follows—see also Remark that it can
then be written as R(6)S with S = ({ %) for some 6. Therefore, we
have the

PROPOSITION 3.94. A matriz in O™ (2) has the form

cosf siné

so)=(Gnp ).
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The angle 0 is uniquely determined if we take it in the interval 8 €
0, 27).

Note that S(6)? = 1 for every #. Geometrically, S(6) may be
interpreted as a reflection.

PROPOSITION 3.95. The matriz S(0) is diagonalizable and similar
to (§%). Geometrically, S(0) acts on R? as the reflection through the
line that passes through the origin and forms an angle g with the x-axis.

We give two proofs, one with a more geometric flavor and the other
fully algebraic.

GEOMETRIC PROOF. As S(f) is given by R(0)S, its action on a
vector v is given by the successive application of S and R(9).

Now, if v is a nonzero vector that forms an angle o with the z-axis,
then Swv is the vector of the same length that forms the angle —a with
the z-axis, as S is the reflection through the z-axis. Applying the
rotation R(6) next gives the vector of the same length that forms the
angle § — o with the z-axis.

A nonzero vector v is then kept fixed by S(6) iff « = —a mod 27,

0

ie., 2a =60 mod 2n. For a,f € [0,7), this yields a = § or a = 7 + g,

which shows that the line Lo that forms the angle g with the z-axis is
invariant. i

It is then convienient to write a = g + . A nonzero vector forming
this angle with the x-axis is then sent to the vector of the same length
that forms the angle g — [ with the z-axis. If we now measure angles
w.r.t. the line Lg, we see that a nonzero vector forming an angle S

with it is mapped by S(#) to the vector of the same length that forms

the angle —f with it. This shows that S(6) is the reflection through

Ly. O
2

ALGEBRAIC PROOF. Note that S(0) = (§ %) and S(m) = ('9),
so the proposition is immediately proved in these two cases.
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Assume then 0 € (0,7) U (7, 27). The characteristic polynomial
Psgy = A\ + 1

has the two distinct real roots 1, so S(#) is diagonalizable and similar
to (§ % ). We now look for a basis of eigenvectors (v, v_).
The eigenvector equation S(f)v, = v, with v, = (§), yields

acosf + bsinf = a,

SO
1 —cosf 0
b=a—— =atan—.
sin ¢ 2
That is, the line L, that is fixed by S(6) has inclination 4.
Similarly, the eigenvector equation S(A)v_ = —v_, with v_ = (3),
yields
acosf + bsinf = —a,
SO
b 1+ cosé ; 0 n T
=—a———=atan | -+ = | .
sin 2 2
Therefore, the line L_ that gets reflected through its origin is rotated
by 7 with respect to L, so it is orthogonal to it. U

3.5.3.2. The groups O(3) and SO(3). Analogously to what we have
done in two dimensions, we now want to determine the normal form of
a matrix A in O(3).

The first remark is that the characteristic polynomial of a real 3 x 3
matrix is a real cubic polynomial and has therefore at least one real
root. The second remark is that, if A is orthogonal, then | Av| = ||v||
for any v. In particular, if v is an eigenvector for a real eigenvalue A,
we then get |Al||v]| = ||v]|, so |A\| = 1. We have then proved the

LEMMA 3.96. A matriz A € O(3) has at least one real eigenvalue,
which can only be 1 or —1E|

Now, let v be an eigenvector of A € O(3). Then the plane W = v+
orthogonal to v is A-invariant. In fact, if w € W, then 0 = (w,v) =
(Aw, Av) = AM(Aw,v), so Aw € W (recall that A = £1). Moreover,
for every w,w’ € W, we still have (Aw, Aw’) = (w,w’). Therefore,
the restriction F' of A to W is an orthogonal operator. By choosing an
orthonormal basis (w;, w2) of W, we then represent I’ as an orthogonal

1"The lemma immediately generalizes to O(2k + 1) for any k.
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2 x 2 matrix B. Observe that, in the orthonormal basis (H:_H’ wi, 'w2>,

our matrix A becomes

0 0
B

o O >

Therefore, det A = A det B.

Consider first the case A € SO(3). Since B € O(2), we have
det B = £1. If B € SO(2), we then have A = 1. If B € O (2),
then by Proposition [3.5.3.1 we know that B has an eigenvector with
eigenvalue 1. Therefore, we have the

PROPOSITION 3.97. A matriz A € SO(3) has at least one eigen-
vector with eitgenvalue 1.

The line spanned by this eigenvector is called a principal axis of A.
If we now let v be an eigenvector of A € SO(3) with eigenvalue 1, we
get that the orthogonal matrix B that represents the restriction of A

to v in an orthonormal basis has determinant 1. From Remark [3.92
we get therefore the following geometric description.

THEOREM 3.98. A matriz A € SO(3) acts on R® as a rotation
around its principal axz's

The group SO(3) may then be interpreted as the group of space
rotations centered at the origin.

By choosing an orthonormal basis (v, w;, ws), with v a unit vector
on the principal axis and (w;, ws) an orthonormal basis of v+ such that
w; X we = v, we then get, thanks to Proposition [3.73] the following
theorem, where S is the matrix with colums v, w1, w-.

THEOREM 3.99. For every matriv A € SO(3), there is a matriz
S € SO(3) such that

1 00
ST1AS =10
0 R(6)

for some angle 6.

If A € O (3), then —A € SO(3), which can be written in the above
form. Note that —R(f) = R(0 + 7). Therefore, now writing 3 instead
of 0 + 7, we have the

8The principal axis is uniquely determined if A # 1.
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THEOREM 3.100. For every matric A € O™ (3), there is a matrix
S € SO(3) such that

-1 0 0

-1 o
SAS=1 Y Ry

for some angle (.

3.5.4. Symmetric and skew-symmetric operators. We con-
clude with some related concepts.

DEFINITION 3.101. An endomorphism F' of an inner product space
V' is called symmetric if

(Fv,w) = (v, Fw)
for every v,w € V.

ExAMPLE 3.102. In the case of the dot product on R", the endo-
morphism defined by an n x n matrix A is symmetric iff the matrix A
is symmetric, i.e., AT = A. In particular, we have that an endomor-
phism of a finite-dimensional inner product space is symmetric iff its
representing matrix in some orthonormal basis is symmetric.

ExXAMPLE 3.103. If we have an orthogonal decomposition
V == @ Wi,
€S
then the projection P; to the W;-component is symmetric, as shown in

Remark [3.691

Symmetric operators occur in several applications. As an example,
note that B(v,w) = (v, Fw) is a bilinear symmetric form iff F' is
symmetric. We can then define a new inner product on V', provided F
is positive definite, i.e., (v, Fv) > 0 for every v € V' \ {0}.

Another useful concept is the following.

DEFINITION 3.104. An endomorphism F' of an inner product space
V is called skew-symmetric (or antisymmetric) if

(Fv,w) = —(v, Fw)
for every v,w € V.

ExAMPLE 3.105. In the case of the dot product on R", the en-
domorphism defined by an n x n matrix A is skew-symmetric iff the
matrix A is skew-symmetric, i.e., AT = —A. In particular, we have
that an endomorphism of a finite-dimensional inner product space is
skew-symmetric iff its representing matrix in some orthonormal basis
is skew-symmetric.
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Skew-symmetric operators are closely related to orthogonal opera-
tors.

One relation is the following. Suppose O(t) is a differentiable map
R — O(n). Then, differentiating the identity OTO = 1, we get 00+
O"O = 0. Therefore, the matrix A := OO~ is skew-symmetric.

A second relation concerns perturbations of the identity operator.
Namely, let O(t) = 1+ At+O(t?). Then O'(t) = 1+ ATt +O(#?), and
O"(1)O(t) = 14 (AT + A)t +O(t?). It follows that O(t) is orthogonal
only if A is skew-symmetric.

A third relation is the following. Let A be skew-symmetric. De-
fine O(t) := eA’. Then we have O = O™', so O(t) is orthogonal
for every t. Finally, note that the trace of a skew-symmetric matrix
vanishes. Therefore, by Proposition [2.13] det O(t) = 1 for every t. As
a consequence, e/’ is a differentiable map R — SO(n).

REMARK 3.106. The vector space of skew-symmetric n x n matrices
is denoted by so(n):

s0(n) = {A € Mat,,,,(R) | AT = —A}.
This notation helps remembering that we have the exponential map
exp: so(n) — SO(n)

A — 4
REMARK 3.107. Note that R(f) = ef?) with p(f) = (
exp: 50(2) — SO(2) is surjective.
REMARK 3.108. Note that, thanks to (2.17)),

1 00 (8 00))
_ p(f
8 re)| ="

with p(f) as above. From Theorem we then have that for every
matrix O € SO(3), there is a matrix S € SO(3) such that

O = Se<§ £(£)>S‘1 =4

with
000 000
A=S1|0 S't=81|0 ST
0 p(0) 0 p(0)

which is skew-symmetric, since p(6) is so. Therefore, exp: s0(3) —
SO(3) is surjective.
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REMARK 3.109. We will see in Corollary 4.113|that for every n the
exponential map exp: so(n) — SO(n) is surjective.

3.5.5. Minkowski space. It was observed by Poincaré and by
Minkowski that Lorentz boosts (a part of the transformations, discov-
ered by Lorentz, that preserve Maxwell’s equation) are like rotations
but for a “squared norm” given by x? + y? + 22 — %2, where c is the
speed of light As this is central to Einstein’s special relativity, we
will briefly digress on it.

The idea is to define an “inner product” on R*!, called the Minkowski
(inner) product, (with n = 3 being the case for usual space-time) as

(v, w) = v Qw

With@]
n-= . )

which is called the Minkowski metric.
Conventionally one uses indices from 0 to n (instead of 1 to n+ 1),
so a vector v in the Minkowski space (R™*1 ( , )) is denoted by

v
ol
v=1| .|,
v.”
and one denotes the standard basis by (eq,...,e,). The components
v, ..., v" are thought of as space components, whereas 1" is thought

of as ¢ times the time component. The Minkowski product then reads

9More precisely, Poincaré was thinking in terms of the usual euclidean norm
but proposed to consider time as an imaginary coordinate, i.e., he considered the
squared norm a2 + y? + 2% + (ict)?. Minkowski later observed that it was more
natural to keep working over the reals, just by changing the last sign in the formula
for the squared norm.

20An equally spread convention defines
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explicitly
(v, w) = =" + Z v’
i=1
We have the “squared norm” (v,v) = —c*? + > (2')?, where we

have set v° = ¢t and v' = 2 for i > 0.

The Minkowski product is bilinear and symmetric but not positive
definite. For example (e, eg) = —1. On the other hand (e;, e;) = 1 for
i=1,...,n,and (e;,e;) =0foralli# j,i,j =0,...,n. The standard
basis is then orthogonal. It may also be considered orthonormal if we
accept that one vector has “squared norm” —1 instead of +1.

By analogy with the basis vectors, one says that a vector v is time-
like if (v,v) < 0 and space-like if (v,v) > 0. Note that there are also
nonzero vectors v satisfying (v,v) =0, e.g., v = ey + e;. Such vectors
are called null or light-like.

3.5.5.1. Lorentz transformations. Much of the theory of inner prod-
ucts extends to the case of the Minkowski product. We will focus here
only on the topic of orthogonal matrices, namely matrices A such that

(Av, Aw) = (v, w)

for all v,w. From the definition of the Minkowski product, we then
have that A is orthogonal iff

A'nA =n.

Orthogonal matrices on the Minkowski space (R™1, (, )) are also called
Lorentz transformations. They form a group, called the Lorentz group,
which is denoted by O(1,n).

Note that A € O(1,n) implies (det A)*> = 1. Lorentz transfor-
mations with determinant equal to 41 are called proper and form a
subgroup denoted by SO(1,n).

If we denote by a;, i = 0,...,n, the columns of a Lorentz transfor-
mation A, then we get

1 ifi=j=0,
(ai,aj): 1 le:j>O,
0 ifij.
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That is, the columns of A are orthogonal to each other, the last n
columns are normalized and space-like, and the first column is normal-
ized and time-like. Writing

ag

g

we then get
—(ag)® + ) (ap)* = —1,
i=1

which shows that either ag >1or a8 < —1. A Lorentz transformation
A with a8 > 1 is called orthochronous.

Orthochronous Lorentz transformations form a subgroup of O(1, n),
which is denoted by O, (1,7n). The intersection of O (1, n) and SO(1,n)
is the group SO, (1,n) of proper, orthochronous Lorentz transforma-
tions:

SO4(1,n) = {A € Mat(i1)xmin(R) | ATnA =n, det A =1, af > 1}.

3.5.5.2. The group SO, (1,1). In the case of one space dimension,
we essentially repeat the analysis of Section [3.5.3.1, with minor, but
important, variations.

Let A = (2%) € SO,(1,1). Its inverse, by (L.1I),is A = (% ).
The defining equation

14T,’7 — nA—l

(To)= ().

d=a and b=c,

reads explicitly

Therefore, we get
so A= (%¢). Since 1 = det A = a®—c? and a > 1, we may parametrize
the entries by a = cosh 7 and ¢ = sinh 7. We have proved the

PROPOSITION 3.110. A matriz in SO, (1,1) has the form

L(r) = (COShT sinh 7') 7

sinh7 coshr
for a uniquely determined T € R.@

21 physics, one uses the parameters v = cosh 7 and 3 = tanh 7, so we have

(7 By
L(ﬁv v)’
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Unlike nontrivial rotations, Lorentz transformations leave certain
lines invariant. Actually, L(7) is diagonalizable for every 7. In fact,
for 7 # 0, the characteristic polynomial

Priy = A2 —2\cosh7 + 1

has the two distinct roots

Ar = cosh7 + Vecosh? T — 1 = cosh 7 &+ sinh 7 = ™.

As corresponding eigenvectors we may take

(), =)

Note that both v, and v_ are light-like.

As a consequence, the diagonal lines L, = Rv, and L_ = Rv_ are
invariant under every Lorentz transformation. Moreover, each of the
four connected regions in R? \ (L, U L_) is also invariant.

2V =ct

future
—present——x—present— ol — 4

past

Following the physical interpretation, these four regions are called
future, past, present to the left, present to the right. They can be
characterized as follows: a nonzero vector v = (5?) is in the future if
(v,v) < 0 and v° > 0, in the past if (v,v) < 0 and v° < 0, and in the
present if (v,v) > 0 (to the left if v* < 0 and to the right if v! > 0)@

By the usual diagonalization procedure, we may write

Lir)=S87"(5%)S

0 e 7™

with the relation v = \/11_? Physically L with 8 = 2 describes the transformation

between two observers moving at relative velocity v with respect to each other.

22In higher dimensions, one gets a similar structure with the difference that the
present becomes a connected region, whereas future and past are still disconnected
by the light cone {v | (v,v) = 0}.
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with § = (} ). This may also be easily checked explicitly by observ-
ing that §~ = %S.

Finally, note that (¢ %, ) = e(6 —OT). Therefore, L(1) = eSil(

Since S7' (7 %) 8 = (97), we finally have

9)s

(k]

L(t)= e<2 6>.

Exercises for Chapter 3
3.1. Let V' = Mat, x,(R) be the vector space of n x n real matrices.
Show that
(A,B) =tr(A"B)

is an inner product on V.

3.2. The goal of this exercise is to show that the following two condi-
tions on g = (g ?) are equivalent:
(A) g is positive definite (i.e., (v,w) = v'gw is an inner prod-
uct).
(B) @ > 0 and detg > 0.
Throughout the exercise we write © = ().
(a) Compute (x,x).
(b) Assuming (A) show the following statements:
(i) If (@, x) > 0 for y = 0 and every x # 0, then o > 0.
(ii) Now assume y # 0 and a > 0. Define f(z) = (:Z’Qw), with
z = g Considering the minimum of f for z € R, show
that detg > 0.
(¢) Assuming (B), show the following statements:
(i) (x,x) > 0 for y = 0 and every x # 0.
(ii) Now assume y # 0. Show that

(o + By)?
—
Conclude that g is positive definite.

(x, ) >

3.3. In each of the following cases, compute the angle between the
vectors v and w.

(a) V = R3 with the dot product, v = (é), w = (%
(b) V' = R?, inner product defined by g = (3 2),v = (1), w = (}).
(c) V =0C%0,1)), (f,g9) = fol fgdx, v the function 1 — z, w the

function 2.
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Let V' be the space of real polynomial functions (you may regard
it as a subspace of C°(R)). Show that

(f,9) = /_ e fgda

(e 9]

is an inner product.

Using the Cauchy—Schwarz inequality, find the maximum and the
maximum point(s) of the function x + 2y + 3z on the unit sphere

S ={(ry.2) eR [ 2" +y" + 2" = 1}.
Hint: Note that using the dot product the function can be ex-
pressed as (é) v with v € S2.

Recall that a sequence a = (aq,as,...) of real numbers is called
square summable if the series > :° (a;)* converges. Let (*(R) de-
note the set of square summable real sequences.

(a) Show that the sum of two square summable real sequences is
again square summable: i.e., given (ay,as,...),(b1,ba,...) €
(*(R), one has >_:° (a; + b;)* < co.

Hint: Use the triangle inequality on RY to find an estimate of
Zilil(ai + b))%,

(b) Show that for every (ay,as,...), (bi,bs,...) € £*(R), the series
Yoo lagb;| converges.

Hint: Use the Cauchy-Schwarz inequality on RY to find an
estimate of "N |a;bil.

(c) Use the above to show that £%(R) is a real vector space with
the addition rule (ay, ag, ...)+ (b1, b, ...) = (a1+b1,a2+ba, . ..)
and that

((ay,ag,...), (b, ba,...)) = Zaibi

is an inner product.

In this exercise we work on V = R3 with the dot product.
(a) Let w = G) For each of the following v € R? find the

orthogonal decomposition v = v + v, with v proportional
to w and v, orthogonal to it.

(i) v = (é)
(ii) v = (g)
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3.8.

3.9.

3.10.

3.11.
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(iii) v = —‘Z’4>
(b) Let w; = (%), wy = (_(1)1), w3 = (—24).
(i) Show that (w;,ws, ws) is an orthogonal basis.
(ii) Compute the corresponding orthonormal basis (v1, ve, v3)
obtained by normalizing the vectors.

(iii) Expand (é) and <§> in this orthonormal basis.

In V = C°]0,1])—the space of continuous functions on the in-
terval [0,1] with inner product (f,g) = fol fg de—Tlet g(x) = 22
For each of the following f € V find the orthogonal decomposition
f = f) + fL with f; proportional to g and f, orthogonal to it.

(a) f(z) ==
(b) f(z) = 2*(1 — 223).
(c) f(x) =e"

Consider the function

V= {¢ € C°([0,7]) | ¢(0) = ¢(m) = 0}

Compute the coefficients by, = (ex, f) with respect to the orthonor-

mal system
2 .
er(x) = \/jsm (kx),
T
k € Nyo.

Hint: Use e, = —Z—% and integration by parts.

(a) Apply the Gram-Schmidt process to the following vectors:
(i) v, = (%) Vg = <(1)> in R3.
1 2
0
1
1

o= (] )oor= () ws= (F) e

(b) Find an orthonormal basis for the positive definite matrix
g = (12), and write g = E"E for some matrix E.

fu—

Apply the Gram—Schmidt process to the three vectors (1, x, 2?) in
the space V' of polynomial functions on R with inner product (see
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exercise 3
o
.2
(ho)= [ e fgdn

—00

Hint: You can use the formulae

o 2 T
] = —ar d — —_
() /_ ¢ ’ a’

o0

(%)kfm) (1t e,

o

which hold for every real o > 0 and every positive integer k.

3.12. The goal of this exercise is to prove the following statement:

If all the leading principal minors of a real symmetric ma-
trix g are positive, then g is positive definite.

We prove it by induction on the size of the matrix g.

(a) Show that the statement is true if g is a 1 x 1 matrix.

(b) Assume that the statement holds for n x n matrices and let
g be an (n 4+ 1) x (n + 1) symmetric matrix satisfying the
condition in the statement. Write

(R b
9=\b" 4

with h an n X n matrix, b an n-column vector and a a scalar.
(i) Show that h is positive definite, so there is an invertible
matrix E such that h = ETE.
Hint: Use the induction hypothesis.
(ii) Show that

a> || Fb|[g,

where F = E7! and ||v||g = /v - v denotes the eu-
clidean norm on R".
Hint: Use the condition in the statement and the identity

A B _
det (C D) =det Adet(D — CA'B),

which holds for every block matrix with A invertible.@

23This identity may be proved by writing

A B\ (A 0 1 A'B
Cc D) \c D-cA'B)\o 1

and computing the determinant.
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(iii) For a fixed n-column vector w consider the function

(A) Show that
f(z) =az’+2b-wx + | Ew||}.
(B) Show that the minimum value of f is

(b-w)*

a

Frin = | Bwl[g —
(C) Assuming b - w # 0, show that

|FD|[5| Ewlf — (b- w)?
18],

Hint: Use point [12(b)iil
(D) Show that

IFB|E[| EwllE > (b w)”.

fmin >

Hint: Use the Cauchy-Schwarz inequality for the
dot product.
(iv) Conclude that g is positive definite.

3.13.
(a) Let W C R* be the subspace generated by

w, = and wq =

=W N =
— N W

(i) Find an orthonormal basis of W.
(ii) Use it to compute the projection operators Py and Py ..
(iii) Apply Py and Py . to the vector v = (0,1,2,1)".

(b) Let V' be the vector space of all polynomials of degrees two
or less restricted to the interval [0,1] € R, endowed with the
inner product (f,g) = fol f(x)g(x)dz.

(i) Find an orthonormal basis for the subspace V' spanned
by f(z) =2 —1 and g(z) = z + 2°.
(ii) Find the projection operators Py, and Py .
(iii) Apply the projection operators to the vector h(x) = 1.
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3.14. Which of the following matrices are orthogonal?

3 1
9 _ Vo V10
A<\/§1)B132622 C=|-7% 7%
s _ , = — — — , frt \/% \/%
E T\-6 -3 -2 1 3
14 V14
3.15. Let V = C%(R) be the space of compactly supported functions on
R with inner product (f,g) = fj;o fgdzx.
(a) For which values of a,b € R is the following endomorphism of
V' orthogonal?
(F'f)(x) = bf (az).
(b) Show that
(Ff)(x) = v/cosh(@) f (sinh(z))
is an orthogonal endomorphism of V.
3.16. In this exercise we investigate some properties of the cross product

in R%. We do not recall its explicit definition but define it implicitly
as follows: for every a,b € R3, the cross product a x b is the
uniquely determined vector satisfying

axb-c=det(abc),

for every ¢ € R®. Here (a b ¢) denotes the matrix with columns a,
b, and c¢. Using this characterization of the cross product, prove

the following statements.
(a) Va,b € R?

axb=-bxa.
(b) Va,b e R3 a # 0,
axb=axb,,

with the orthogonal decomposition b = by + b, with respect
to a.
(c) Va,b,c € R3

axb-c=cxa-b=bxc-a.
(d) Va,b e R?
axbla and axblb.

= ©
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(e) Assume a L b. Then
la x ]l = [la]/[b].
Hint: Observe that, for a and b different from zero,
la x b|* = det(a b a x b) = ||a|[[b][[[|a x b det S,

where S is an orthogonal matrix. Why is @ x b # 07?7
(f) Va,b € R3, with ||a]| = 1,

la > bl = [[b.L.

(g) For a,b € R? with |la|| = 1 define v = (a x b) x a. Use all
the above to show the following statements.
(i) v € Span{a, b}.
(ii)) v = Ab, for some A € R.
(iii) v - by = [|bL ||~
Conclude that

(axb)xa=5b,.
Therefore,

b=(a-b)a+(axb)xa

3.17. Let a € R? with ||a|| = 1. For every b € R3, we use the orthogonal
decomposition b = by + b, with respect to a.
(a) Assuming b, # 0, show that (a,b;,a x b) is an orthogonal
basis of R3.
(b) Show that

R,(0)b=0bj+ cosfb, +sinfa xb,,

where R, (#) € SO(3) is the counterclockwise rotation by the
angle 6 around a.
Hint: Normalize the orthogonal basis of the previous point and

use points (16d) and (L61) of exercise 3[16]

3.18. Recall that so(3) is the vector space of 3 x 3 real skew-symmetric
matrices. Show the following statements.
(a) For all A, B € s0(3) and for all § € SO(3), we have
(i) [A,B] = AB — BA <€ s0(3).
(i) SAS™! € 50(3).
(iii) S[A,B]S™' =[SAS™',SBS™|.
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(b) The following matrices are a basis of so(3):

00 O 0 01 0 -1 0
Ry=100 —-1], Ro=10 00)], Rs3=1|1 0 0
01 0 -1 0 0 0 0 0

(c) Writing

3
xR = Z 'R,
i=1
show that
- R x -Rl=xxx-R.
Hint: Use the explicit formula

x T Yz — 2y
yl x|yl =1|zx—2z
z z Ty — Yz

3.19. Let

L2 -1 2
o=-|2 2 -1
3\21 2 9

).

(a) Check that O € SO(3

(b) Find its principal axis.
Hint: Find an eigenvector of O. Note that you should already
know an eigenvalue, so there is no need to solve the character-
istic equation.

(c) Find its rotation angle.
Hint: Choose a unit vector w orthogonal to the principal axis
and compute Ow.






CHAPTER 4

Hermitian products

In this chapter we extend, and adapt, the notion of inner product
to complex vector spaces. Among the reasons to do so, one is that
working over complex numbers gives more tools also to solve problems
over the reals. Another is that this framework is needed for quantum
mechanics.

4.1. The standard hermitian product on C”

The dot product z - w = z'w may in principle be extended to

complex vectors. The problem is that z - z = Y_.(2")? is not generally
a real number (even less generally a nonnegative real number), so it
cannot be used to define a norm.

Recall however that, for a complex number z, one may indeed define

a norm using the absolute value

|z| = Vzz.

If one writes z = a + ib, with a and b real, then |z| = v/a? + b2, so the
absolute value of a complex number is the same as the euclidean norm
of the corresponding real vector under the identification (isomorphism
of real vector spaces) C = R?.

Guided by this, we want to define the norm of a vector z in C" as
lzll = />, Z'2". Again, note that by writing 2" = a’ + ib’, with a’
and b’ real, we have |z| = />, ((a")? + (b")?), so this norm is the
same as the euclidean norm under the identification (isomorphism of
real vector spaces) C" = R?".

Following the case of the inner product on a real space, we want to
get the norm as the square root of the inner product of a vector with
itself. In order to do so, we have to adapt the definition of the inner

125
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product to the followingﬂ
(z,w) = Zziwi =z'w,

where z denotes the vector whose components are the complex con-
jugates of the components of z. This is called the standard hermitian
product on C" (after CHARLES HERMITE).

Note that the standard hermitian product is linear in the second
argument. With respect to the first argument, we have instead

</\121 + )\2Z27 'lU> = /_\1 <Zl, 'lU> + 5\2 <ZQ, ’U)> .

One says that ( , ) is antilinear in the first argument.
Also note that ( , ) is not symmetric. Instead it satisfies

(z,w) = (w, z).
One says that ( , ) is conjugate symmetric or hermitian symmmetric.

Finally, we have that (z, z) is a nonnegative real number, so we can
take its root, which gives back the norm we wanted to consider:

12[l = V(2 2).

4.2. Hermitian spaces

Motivated by the example of the standard hermitian product and
its properties, we introduce the following

DEFINITION 4.1 (Hermitian forms). A map (, ): V xV — C,
where V is a complex vector space, is called a hermitian form if it
satisfies the following two properties.

Linearity in the second argument: For all v, w,ws € V and
all A1, A2 € C, we have

(v, Mqwy + Aawa) = A1 (v, w1) + Ao (v, wy) .
Hermitian symmetry: For all v,w € V', we haveﬂ
(v, w) = (w,v).

IThis is the most common convention in physics. In most math texts, one uses

instead
n

(z,w) = Z Z' = 2w,
i=1
which produces anyway the same norm ||z|| = /(z, z).
2Note that complex conjugation is applied to the image of ( , ). In the case
of the standard hermitian product, we also have (w, z) = (w, z), but for a general
complex vector space V, the complex conjugation “0” of a vector v is not defined.




4.2. HERMITIAN SPACES 127

LEMMA 4.2. An hermitian form { , ) on V also satisfies the fol-
lowing properties.

Antilinearity in the first argument: For all vy,v5,w € V
and all A\, Ay € C, we have

(A1 + Mg, w) = Ay (vg, w) + Ag (va, w) .
Reality: For allv € V, we have (v,v) € R.
ProoOF. This is a very easy computation left to the reader. U

REMARK 4.3. We can summarize the antilinearity in the first argu-
ment and the linearity in the second, by saying that ( , ) is sesquilinear.

Sesquilinearity: For all v, vy, v9, w, wy,ws € V and all A\, Ay €
C, we havd]

(AMv1 + Agug, w) = Ay (v1,w) + Aa (va, W),
(v, \jwy + Aawa) = A1 (v, w1) + Ag (v, ws) .

Note that the reality property allows asking whether (v, v) is posi-
tive or negative or zero.

DEFINITION 4.4. An hermitian form (, ) on V is called positive
definite if (v,v) > 0 for all v € V' \ {0}.

We now come to the fundamental

DEFINITION 4.5 (Hermitian products). An hermitian product is a
positive-definite hermitian form. A complex vector space V together
with an hermitian product ( , ) is called an hermitian product space.ﬁ]

REMARK 4.6. A finite-dimensional hermitian product space is also
called a finite-dimensional Hilbert space.

We may now adapt several examples from Section [3.2]

EXAMPLE 4.7 (The standard hermitian product). The standard
hermitian product ©"w on C" is an example of hermitian product. We
will see (Theorem that, upon choosing an appropriate basis, an
hermitian product on a finite-dimensional vector space can always be
brought to this form.

3This is the most common convention in physics. In most math texts, a
sesquilinear form is instead linear in the first argument and antilinear in the sec-
ond. In both cases, an hermitian form may be defined as an hermitian-symmetric
sesquilinear form.

4Terminology at this point starts to differ wildly among different authors. You
may check, e.g., https://en.wikipedia.org/wiki/Inner_product_space to get some
coherent version.
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EXAMPLE 4.8 (Subspaces). If W is a subspace of an hermitian
product space V', we may restrict the hermitian product to elements of
W. This makes W itself into an hermitian product space.

ExXAMPLE 4.9. On C" we may also define
(v, w) = Z A\
i=1
for a given choice of complex numbers \;,...,\,. This is clearly
sesquilinear, and it is hermitian symmetric iff all \;s are real. One
can easily verify that it is positive definite iff \; > O forall: =1,... n.

ExAMPLE 4.10. More generally, on C" we may define
(v, w) = v gw = V' g u, (4.1)

where g is a given n X n complex matrix, and we have used Einstein’s
convention in the last term. (The previous example is the case when g
is diagonal.) Sesquilinearity is clear. Hermitian symmetry is satisfied
iff g is self adjoint, i.e.,

9" =g,
where g denotes the matrix whose entries are the complex conjugates
of the entries of g. A self-adjoint matrix g is called positive definite if

the corresponding hermitian form is positive definite, i.e., if ' gv > 0
for every nonzero vector v.

The above example motivates the following

DEFINITION 4.11. The adjoint (a.k.a. the hermitian conjugate or the
hermitian transpose) of a complex matrix A is the matri

At =AT,

where the symbol t is pronounced “dagger.” A complex square matrix
A is called self adjoint (or hermitian) if it satisfies

Al = A,

Using this terminology, we may say that (4.1 defines an hermitian
form iff g is self-adjoint.

In the math literature, the adjoint matrix of A is also denoted by A*. The
* notation has some advantage in handwriting, for it avoids any possible confu-
sion between the dagger symbol 1 and the transposition symbol T. Note however
that, when dealing with complex matrices, in most cases you can bet one is using
hermitian conjugation and not transposition.
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Using the notation of the adjoint, we can write the standard hermit-
ian product on C" as

(z,w) = z'w.
The adjunction has several properties that parallel those of trans-

position, as described in the following lemma, whose proof we leave as
an exercise.

LEMMA 4.12. The adjunction has the following properties (for all
matrices A and B and for every complex number X):
(1) (A1)l =
(2) (A+B)T = A"+ B'.
(3) (MNA)T = AT,
(4) (AB)" = B'A'.
(5) If A is invertible, then so is AT, and we have (AT)~' = (A™1)T.

REMARK 4.13 (Representing matrix). If we have an hermitian prod-
uct (, ) on a finite-dimensional space V with a basis B = (eq, ..., €e,),
we define the representing matrix g with entries

Gij = <€i7 €j> .

Hermitian symmetry of (, ) implies g;; = g;;, so g is self-adjoint. If
we expand v = v'e; and w = w'e;, then by sesquilinearity we get

(v,w) = @igijwj,

that is, formula (4.1). Upon using the isomorphism ¢pz: C* — V of
Remark [1.52] we therefore get on C™ the inner product of Example|3.7]

4.2.1. Complex-valued functions. The content of the exam-
ples 3.11] and [3.12] where the inner product was defined in terms of
an integral, may be readily generalized to the complex case. We only
need to spend a few words about complex-valued functions and their
integrals.

Namely, if f is a complex-valued function, then one can write f =
u + iv with uniquely determined real-valued functions v and v, called
the real and imaginary part of f, respectively. One says that f is
continuous/differentiable/smooth/...if u and v are so. The integral of

f is defined as
b b b
/fdx::/udx—i-i/vdx. (4.2)

EXAMPLE 4.14 (Continuous functions on a compact interval). De-
note by V' = C%([a, b], C) the vector space of complex-valued functions
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on the interval [a,b]. Then

wm:/ﬁm (4.3)

is an hermitian product on V. Sesquilinearity and hermitian symmetry
are obvious. Note that

b
@ﬁz/mwn

where | | denotes the absolute value of complex numbers (for f = u+iv,
we have | f| = vVu? + v2). As |f|? is now a real-valued function, we may
proceed exactly as in Example to show positivity.

ExAMPLE 4.15 (Compactly supported continuous functions). Let
V = C%R,C) be the vector space of complex-valued functions on R
with compact support: i.e., f = u + iv belongs to C?(R, C) iff v and v
are continuous function with compact support—i.e., v and v belong to

the CO(R). We define

ray= [ Fodn

This can be proved to be an hermitian product as in the previous
example.

4.2.2. Square-integrable continuous functions. We now want
to introduce the space of complex-valued square-integrable continuous
functions, which is important for quantum mechanics. We will rely on
the discussion of Section [3.3.1]

The first point is to define the integral of a complex-valued contin-
uous function on R. We do this by extending . Namely, we use
the following

DEFINITION 4.16. A complex-valued continuos function f: R — C
is called integrable if both its real and imaginary parts u and v are
absolutely integrable according to Definition In this case we set

/ fdx::/ udx+i/ v dx.

Next we introduce the main concept.

DEFINITION 4.17. A complex-valued continuos function f: R — C
is called square integrable if the improper integral [*°_|f|? dz is finite.

Note that |f|? is real valued, so the definition reduces to what we
discussed in Section B.3.1)
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If we write f = u + iv, with u, v real valued, then |f|? = u? + v%
Therefore, we get the

LEMMA 4.18. A complex-valued continuos function is square inte-
grable iff its real and imaginary parts are so.

This also implies the following

LEMMA 4.19. If f and g are complez-valued square-integrable con-
tinuous functions on R, then so is f + g.

PRrROOF. Write f = u+iv and g = u + iv. By the previous lemma,
we know that u, v, w, v are real-valued square-integrable continuos func-
tions. This implies, by Lemma[3.27] that u+u and v+ are also square
integrable. Therefore, f + g = (u + u) + i(v 4+ v) is square integrable
(again by Lemma [4.18). O

Since multipliying a complex-valued square-integrable continuous
function by a complex constant clearly yields again a square-integrable
continuous function, the lemma has the following

COROLLARY 4.20. The set L*°(R,C) of complez-valued square-in-
tegrable continuous functions on R is a subspace of the complex vector
space CO(R,C) of complex-valued continuous functions on R.

Next, we have the

LEMMA 4.21. If f and g are complex-valued square-integrable con-
tinuous functions on R, then the product fg is integrable.

PROOF. Write f = u +iv and g = @ + iv. Again, by Lemma [4.18]
we know that u, v, w, v are real-valued square-integrable continuos func-
tions. We have

fg = vt +vo +i(ud — vi).
By Lemma [3.29] we have that the real-valued continuous functions
uu, vv, wv and vu are absolutely integrable. Therefore, the sums
uu + vv and wv — vu are also absolutely integrable. Therefore, by

Definition [4.16| fg is integrable. 0

We can summarize these results in the

THEOREM 4.22. On the complex vector space L*°(R, C) of complez-val-
ued square-integrable continuous functions on R, we have the hermitian

product
+o0

(f.g9) = fg dz.

—o0
PRrROOF. The only thing still to check is positivity. We leave it as
an exercise. 0
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4.2.3. Square-summable sequences. Analogously to the space
of complex-valued square-integrable functions, we may study the space
of square-summable complex sequences.

We start with the following immediate generalization of Exam-
ple|3.12

A sequence a = (ay,as,...) of complex numbers is called finite if
only finitely many ;s are different from zero (equivalently, if there is
an N such that a; = 0 for all i« > N). We denote by C*> the vector
space of all finite real sequences, with vector space operations

)\(al,a2,...) = ()\al,)\ag,...)
(a17a2,...>+(b1,bg,...):(a1+b1,(l2+b2,...).

It is an hermitian product space with

<a, b> = i &ibh
=1

where the right hand side clearly converges because it is a finite sum.

DEFINITION 4.23. A sequence a = (ay, as, . ..) of complex numbers
is called square summable if the series > ;°, |a;|* converges.

One can prove (we leave the details to the reader) that the sum
of two square-summable complex sequences is again square-summable
and that, if a and b are square summable, then »"° a;b; converges.

The hermitian product space of square-summable complex sequences,
with hermitian product

<CL, b> = i C_Ll'bi,
i=1

is denoted by ¢* (or, more precisely, by (% to stress that we are consid-
ering complex sequences).

4.2.4. Nondegeneracy and Dirac’s notation. As in the case
of the inner product, the positivity condition of an hermitian product
(, ) on V implies in particular the nondegeneracy conditions

(v,w)y=0Vw <= v=0 and (v,w)=0% <= w=0.
These conditions imply that we have the following injective maps (bi-
jective if V' is finite-dimensional):

(1) An antilinear map
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(2) A linear map
vV o v
w = (,w)

where V" denotes the space of antilinear maps V — C.

At this point, it is convenient to introduce a notation due to P. A.
M. DirAcC, which is commonly used in quantum mechanics.

In this notation, known as the bra—ket notation, the hermitian prod-
uct, called the bracket, of two vectors v and w is denoted by (v |w),
with a vertical bar instead of a comma. It has to be thought of as the
juxtaposition of the bra (v | and the ket | w).

In this notation, kets are just another way of denoting vectors (more
precisely, we should think of w — |w) as the identity map on V with
vectors written in two different notations). As remarked above, we may
also regard kets as antilinear maps V' — C.

Similarly, bras are just another way of denoting covectors (more
precisely, we should think of v — (v| as the antilinear injective map
V' — V* introduced above).

The bra—ket notation helps remembering what is linear and what is
antilinear (just by analogy to the properties of the bracket with respect
to its arguments).

Dirac’s bra—ket notation becomes even more useful when dealing
with orthonormal bases, as we will see in Section

4.2.5. The adjoint of an operator. The notion of adjoint may
be extended to operators.

DEFINITION 4.24. Let F' be an endomorphism of an inner product
space (V,(, )). Its adjoint operator is an endomorphism FT of V such
that for every v,w € V we have

(v, Fw) = (Flv,w).

REMARK 4.25. The existence of FT is not guaranteed if V is infinite-di-
mensionalﬁ However, if FT exists, then it is uniquely determined. In
fact, let FT be also an endomorphism satisfying (v, Fw) = <ﬁ Tv,w>
for every v,w € V. Then we have <(ﬁT - FT)v,w> = 0 for every

v,w € V. By the nondegeneracy of the hermitian product, we then get
(FT — F')v = for every v € V, i.e., F'T = FT.

60ne can easily check that FT exists iff for every v the linear form oy : w —
(v, Fwy) is in the image of the antilinear map z — (z, ) introduced in Section m
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EXAMPLE 4.26. In the case of the standard hermitian product on
C", the adjoint of the endomorphism defined by an n x n complex
matrix A is the endomorphism defined by the adjoint of A.

REMARK 4.27. The adjoint of an operator shares the same prop-
erties of the adjoint of a matrix as expressed in Lemma (4.12 which
follow from the uniqueness of the adjoint:

(1) (F)T = F.

(2) (F+G)t = FT +GH.

(3) (A\F)t = AFT.

(4) (FG) = GTFT.
On a finite-dimensional space one also has that, if F' is invertible, then
so is FT, and we have (FT)~1 = (F~1)I.

4.3. The norm

As in the case of the inner product, we can define a norm starting
from an hermitian product. Namely, we set

[o]] = v/ (v, v).

We immediately get the first two properties of a norm:

(N.1) |Jv|]| > 0 for all v € V, and |jv]| = 0 iff v = 0.
(N.2) ||av|| = |al||v|| for all v € V and for all o € C.lj

Again we will get the triangle inequality from the
THEOREM 4.28 (Cauchy-Schwarz inequality). Let (V,(, )) be an

hermitian product space, and let || || denote the induced norm. Then
all v,w € 'V satisfy the Cauchy-Schwarz inequality
| (v, w) | < [lo]f|lw] (4.4)

with inequality saturated (i.e., becoming an equality) iff v and w are
linearly dependent.

PROOF. The proof runs exactly along the lines of the proof to The-
orem [3.17] We describe only the case w # 0 to outline the, minor,
differences. Namely, we consider again the function

FO) = v+ |
where now A is a complex variable. We have
F) = v+ 2w, v+ Aw) = ||v||* + X (w,v) + X (v, w) + X2|lwl|*

If we write A = a 4 ib, we may view f as a real-valued function of the
real variables a and b. We have:

"Here |a| = v/ aa is the absolute value of the complex number «.
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(1) f(a+ib) > 0 for all a,b.
(2) Hess f(a+1b) = <2”w”2 0 > for all a, b.

0 2wl?
By computing % and %, we see that f has a unique critical point,
which is a minimum because the Hessian is positive definite. By explicit

computation, we get
| (v, w) |?
[[w][?

We leave all the remaining details, as well as the proof of the second
part of the theorem, to the reader. 0

Fonin = [V]I* =

We then get, with the simple details of the proof left to the readers,
the following

PROPOSITION 4.29 (The triangle inequality). Let (V,(, )) be an
hermitian product space, and let || || denote the induced norm. Then
all v,w € V satisfy the triangle inequality

v+ wl < Jlv]] + [[w]. (4.5)
As an immediate consequence we have the

THEOREM 4.30 (Properties of the norm). Let (V,(, )) be an her-
mitian product space. Then the induced norm || || satisfies the following
three properties

(N.1) ||v]| >0 for allv €V, and ||v|| =0 iff v=0.
(N.2) ||av|| = |a||v|| for allv € V' and for all o € C.
(N.3) ||[v+wl| < ||v|| + [|w]| for all v,w € V.

DIGRESSION 4.31 (Complex normed spaces). A norm on a complex
vector space V' is a function || ||: V' — R satisfying properties (N.1),
(N.2), and (N.3). A complex vector space endowed with a norm is
called a complex normed space. The above theorem shows that an
hermitian product space is automatically a complex normed space as
well. On the other hand, there are norms that are not defined in terms
of an hermitian product.

REMARK 4.32 (The other triangle inequality). Like in the case of
real normed spaces, see Remark [3.21} also in a complex normed space
we have the other triangle inequality,

vl = flwl[| < flv — wl| (4.6)

for all v and w, which is proved exactly like in the real case.
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4.4. Orthogonality

We briefly review the rather straightforward generalization of the
concepts presented in Section 3.4}

Let (V,(, )) be an hermitian product space. Two vectors v and w
are called orthogonal if (v, w) = 0. In this case one writes v L w. Note
that this condition is symmetric (i.e., v L w iff w L v).

An orthogonal system is again defined as a collection (e;);cs of
nonzero vectors in V' such that e; L e; for all ¢ # j in S. Again
we have, with exactly the same proof as in the inner product case, the

LEMMA 4.33. An orhogonal system is linearly independent.

If the orthogonal system generates the space, we call it an orthogonal
basis.

If the vectors e; are normalized (i.e., ||e;||* = 1), then we speak of
an orthonormal system or an orthonormal basis, respectively.

EXAMPLE 4.34. The standard basis (ey,...,e,) of C" is an or-
thonormal basis for the standard hermitian product.

REMARK 4.35. Note that the representing matrix of an hermitian
product on a finite-dimensional space in an orthonormal basis is the
identity matrix. We will see (Theorem that every finite-dimen-
sional space admits an orthonormal basis, so eventually we always go
back to the case of the standard hermitian product.

If v =3, v' is in the span of an orthonormal system (e;);es, we
can get the coefficients of the expansion by the formula
i

vt = (e;,v) . (4.7)

Unlike in the case of the inner product, we now have to be careful on
the order of the arguments, as we have
o' = (v, e;).

We can also rewrite the expansion as
v = Z (e;,0) €.
i
Moreover, note that, if w = >, w'e;, then (v, w) = Zij v'w? (e;, e;), s0
<U’ U)> = Z@sz - Z <U7 €i> <€ia w> )
i i

and, in particular,

lol* = ' (4.8)

(2
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REMARK 4.36 (Dirac’s notation). The above formulae have a nice
rewriting in terms of Dirac’s bra—ket notation introduced in Section4.2.4}
The expansion formula for a vector v in the orhonormal basis (e;), e.g.,
reads

|U>:Z\€i><€i‘v>> (4.9)
and the bracket of two vectors is now
(v]w) =2 (v]e)(ei|w).
The nice mnemonic rule stemming from these formulae is that the ex-
pression | e;)(e; |, summed over 7, may be freely inserted or omittted in
other expressions.ﬁ Another practical advantage of the bra—ket nota-

tion is that it allows for the shorthand notation |4) for |e;). With it
the above formulae simply read

[o) =) li)(ilv)  and  (v|w)=) (v]i)(ilw).
REMARK 4.37 (Bessel’s inequality). As in the case of the inner
product, see Remark [3.37, we may apply (4.7)) also to the case when

the orthonormal system is not a basis. In particular, with the same
proof as in the inner product case, we get again Bessel’s inequality

>l < ol (4.10)
=1

with
/Ui = <6i7 U)
where (e;);en., is an orthonormal system.

EXAMPLE 4.38 (Fourier series). Consider the complex vector space

Vi={0€C%([0,L],C) | $(0) = ¢(L)}

8The mathematical reason is that (|e;)) denote an orthonormal basis of V,
whereas ({(e; |) denotes the corresponding dual basis of V*. The term |e;){e; | is
then a dual vector (i.e., a linear map V' — C) times a vector: this corresponds to
a linear map V — V, |v) = |e;) (e;|v). By [£9), we have that the sum over i
produces the identity operator:

Z‘€i><€i ‘ =1d.

K2
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of complex-valued continuous periodic functions on the interval [0, L]
with hermitian product

L
(f,9) = /0 fgda.

Consider
1 2rikx
ep(r) = —=e' ¢

VL

which belongs to V for every k € Z. We have

1 L
<€k,€k>:z/0 1d$:1,
for every k, and

1 2mi(l—k)x
(ex, e1) L/O ¢ v 2mi(l — k) © ’

for every k # [ in Z. Therefore, (eg)rez is an orthonormal system.
Using Dirac’s notation, and writing | k) instead of |ex), we get the
Fourier coefficients

_ 27ikx

fk=<k|f>=%/0 e f s (4.11)

for every f € V. As Z is a countable set (i.e., it is isomorphic to N),
we still have Bessel’s inequality, which now reads

STUAP <A1 (412
keZ
In this particular case, one can show—but this is beyond the scope of
these notes—that Bessel’s inequality is actually saturated:

SO0 = 11 (4.13)
keZ
This equality is known as Parseval’s identity. Note that, if f is in the
span of the egs, we then have

1 2nikx
- T

flx) 7 ; fre T, (4.14)
However, even if f € V is not in the span of the e;s, it turns out that
the series actually converges, in an appropriate sense, to the
original function f. This is an example of a Fourier series. Finally, note
that working with complex-valued functions has several advantages,
one being the easier way to show that (ey) is orthonormal as compared
to the case of sine or cosine series. This theory may also be used for
real-valued functions, just regarded as a special case of complex-valued
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ones. The only observation regarding the Fourier coefficients is that f
is real valued iff f_, = fi for every k.

4.4.1. The orthogonal projection. The definition and proper-
ties of the orthogonal projection go exactly as in the case of the inner
product.

If w is a nonzero vector, we can uniquely decompose any vector v
as v = v + v with vy € Cw and v; L w by

w
[w]|?

Again we define the projections

v = (w,v) and v, =v—uy.

w
lw]]?

Their properties are again the following;:

P,v = (w,v) and P =1d—P,.

P2=p, P2=p,

w

imP, =Cw, imP,=w-={vecV|vluw}
and, for every A € C\ {0},

Pw =P, P, =P.

w

In particular, if w is normalized (i.e., ||w|| = 1), then we get the simpler
formula

P,v = (w,v) w,

or, in Dirac’s notation,

Py,v=|w)(w|v).

4.4.2. The Gram—Schmidt process. The Gram—Schmidt pro-
cess works in exactly the same way as in the case of the inner product.
By the same proof, we get the following

PROPOSITION 4.39 (Gram-Schmidt process). Let (vy,...,v;) be a
linearly independent system in an hermitian product space V. Then
there is an orthonormal system (ey,...,ex) with the same span. This
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system is determined by the following process:

~ U1
V1 = U1 €1 = W
1
. Vo
Ug == 09 — (€1, 02) €1 €y = W
2
~ U3
U3 == v3 — (e1,v3) e1 — (€2, v3) €3 eg = W
3
k-1 5
Vg = Ug — Z (€i, k) € e = H~—kH
i=1 Uk

Again, if (v, ...,v,) is a basis of V', then the Gram—Schmidt process
yields an orthonormal basis (ey, ..., e,). Therefore, we have the

THEOREM 4.40 (Orthonormal bases). A finite-dimensional or count-
ably infinite-dimensional hermitian product space has an orthonormal
basis.

If V = C" with hermitian product (v, w) = v gw, where g is a
positive definite self-adjoint matrix, the elements of an orthonormal
basis (v, ..., v,) satisfy

Therefore, the invertible matrix F' whose columns are these basis vec-
tors satisfies

ol ol
FTgF: g(v17"'7vn): (glvlaaglvn):]w
v, v,

so g = F'"'F™! By setting E = F~!, we get the factorization
g = E'E. Note on the other hand that, if we have a matrix g of this

form, then g is self adjoint and positive definite, for v"gv = Ev Ev.
We then have the

COROLLARY 4.41. A self-adjoint matrix g is positive definite iff it
is of the form g = E'E with E an invertible matriz.

REMARK 4.42. The matrix E in Corollary is not uniquely
determined (as we can choose different orthonormal bases). In particu-

lar, suppose that E’ is also an invertible matrix with g = E''E’. Then
we have E'E = E'E, or, equivalently, E'E~! = E"'E". Since
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EV'E = (E'E~")!, we get that the invertible matrix U := E'E ™"
satisfies

ut=u"
A matrix with this property is called unitary (see more on this in Sec-
tion . Note that E' = UE. In conclusion, any two matrices occur-
ring in a factorization of the same positive-definite matrix are related
by a unitary matrix.

Note that det E'E = |det E|?, which is positive if E is invertible,
so we have the

LEMMA 4.43. A positive-definite self-adjoint matrix necessarily has
positive determinant.

Exactly as in the case of inner products, and with the same proof,
we then get the following

COROLLARY 4.44. If g is a positive definite matriz, then all its
leading principal minors are necessarily positive.

The converse to Corollary also holds. (For the proof, very
similar to that to Lemma [3.54] see exercise 4[6])

LEMMA 4.45. If all the leading principal minors of a self-adjoint
matrix g are positive, then g is positive definite.

We can summarize the results of Corollary and of Lemma |4.45
as the following

THEOREM 4.46 (Sylvester’s criterion). A self-adjoint matriz is pos-
itive definite iff all its leading principal minors are positive.

4.4.3. Orthogonal complements. The orthogonal subspace as-
sociated to a subspace W of an hermitian product space (V,(, )) is
defined exactly as in the the case of the inner product:

t={veV|vlwvYweW}

The orthogonal space has exactly the same properties, with the same
proofs as in Proposition 3.60!

{0}L
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Moreover, again by the same proof as in the case of Proposition [3.61]
we have the following

PrRoPOSITION 4.47. If W is a finite-dimensional subspace of an
hermitian product space V., then W+ is a complement of W, called the
orthogonal complement:

V=wQow.
In particular, this implies the following

THEOREM 4.48. Let V' be a finite-dimensional hermitian product
space. Then, for every subspace W we have the orthogonal complement
W, In particular,

dim W + dim W+ = dim V,
and

Wt =w.

Again we say that two subspaces W and W5 of an hermitian prod-
uct space V' are orthogonal if every vector in W is orthogonal to every
vector in Ws. In this case we write

Wy L Ws.
DEFINITION 4.49. Let (W;);es be a collection of subspaces of an
hermitian product space V. The collection is called orthogonal if
W; L W for all @ # j.
PROPOSITION 4.50. If (W;)ies is an orthogonal collection of sub-
spaces, then the sum of the W;s is direct.

This is proved exactly as in the case of Proposition [3.66]

DEFINITION 4.51. If (W;);cs is an orthogonal collection of sub-
spaces of V' and their sum is the whole of V', then

V=0W,
i€S

is called an orthogonal decomposition of V.
REMARK 4.52. Suppose we have an orthogonal decomposition V' =

D;cs Wi. Let P; denote the projection to the W;-component. As in
Remark [3.69, we may prove that

<Pﬂ),?)l> = <Ua Pivl>

for all v,v" € V. This is an example of a self-adjoint operator (more on
this in Section 4.5.3)).
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4.5. Unitary operators

An endomorphism F' of an hermitian product space V is called a
unitary operator if
(Fv, Fw) = (v, w)

for every v,w € V.

EXAMPLE 4.53 (Unitary matrices). In the case of the standard her-
mitian product on C”, the endomorphism defined by an n x n complex
matrix A is unitary iff oTw = Av' Aw = 9T A" Aw for all v,we C.
Taking v = e; and w = e;, the condition implies (ATA)U = 0;; for all
1,7 =1,...,n. Therefore, we see that the endomorphism defined by A
is unitary iff

ATA =1,
A matrix satisfying this identity is called a unitary matrix. Note that
the condition implies that A is invertible and also that A~! is itself

a unitary matrix. Moreover, if A and B are unitary, then so is their
product AB.

REMARK 4.54. In particular, we have that an endomorphism of a
finite-dimensional hermitian product space is unitary iff its representing
matrix in any orthonormal basis is unitary.

REMARK 4.55. Let (vy,...,v,) be the columns of an n x n matrix
A. Then (9],...,®]) are the rows of AT. We then see that

n

A is unitary <= (vy,...,v,) is an orthonormal system.
Here is a useful characterization of unitary operators:

THEOREM 4.56. Let F' be an endomomorphism of an hermitian
product space V. Then the following are equivalent:
(1) F is unitary.
(2) F preserves all norms.

PROOF. If F is unitary, then in particular ||Fv|* = (Fv, Fv) =
(v,v) = ||v]|* for every v, so F preserves all norms.

The reversed implication is obtained by making use of the polariza-
tion identity

1 . . . .
(v, w) = Z(llo + wl* = flo = w]® =ilo+iw|* +ifo —iw]*),  Vo,w,
whose proof is left as an exercise. O

Condition implies that a unitary operator is injective. This has
the following immediate corollary.
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COROLLARY 4.57. A unitary operator on a finite-dimensional her-
mitian product space is invertible.

One can easily prove that the composition of two unitary operators
is a unitary operator, that the inverse of a unitary operator is a uni-
tary operator, and that the identity map is a unitary operator. As a
consequence of this and of Corollary [£.57, we have the

PROPOSITION 4.58. The set U(V') of unitary operators on a finite-di-
mensional hermitian product space V' is a group, called the unitary group

of V.

REMARK 4.59. In the case of C™ with the standard hermitian prod-
uct, we write U(n) for the corresponding group of unitary matrices

U(n) = {A € Mat,,,(C) | ATA =1},
called the unitary group.
REMARK 4.60. The characterization of unitary matrices of Exam-

ple [4.53| extends to operators. Namely, assume V' to be finite-dimen-
sional (or, more generally, F' to be invertible). Then F' is unitary iff

FTF =1d,

where we have used the notion of adjoint operator introduced in Sec-
tion |4.2.5| In fact, if F' is unitary, then so is its inverse. Therefore,

(v, Fw) = <F_1v, F_le> = <F_1v,w> ,
which shows F' = F~!. On the other hand, if F'' is the inverse of F,
then
(Fv, Fw) = <FTFU,U}> = <F_1Fv,w> = (v,w),

so F'is unitary.

4.5.1. Isometries. The notion of unitary operator may be gen-
eralized to linear maps between different spaces. Let (V,(, ),) and
(W, (", )w) be hermitian product spaces. A linear map F': V. — W is
called an isometry if

<FU17FUQ>W = <Ulav2>v

for all vy,vy € V. Following verbatim the proof of Theorem [4.56] we
see that F' is an isometry iff it preserves all norms. We also see that an
isometry is always injective. If V and W are finite-dimensional, we then
have dim V' < dim W, and F' is an isomorphisms iff dim V' = dim W.

EXAMPLE 4.61. The inclusion map of a subspace, with the restric-
tion of the hermitian product as in Example [4.§] is an isometry.



4.5. UNITARY OPERATORS 145

ExXAMPLE 4.62 (Fourier series and spaces of sequences). Consider
the space

V={¢ e C%([0,L],C) | $(0) = ¢(L)}
of Example |4.38| with the orthonormal basis provided there. To each
function f € V we may assign the complex sequence

(oo fon, fo, fa, for o)

with fr == (ex, f) as in (4.11)). For a general f € V| infinitely many
frs may be different from zero. Still we have Bessel’s inequality
which shows that (..., f_1, fo, f1, f2, - . - ) is a square-summable sequence
(see Section ﬂ Therefore, we have a linear map

F: {$€C0,1),C) | $(0) = ¢(L)} — &
/ = (%EfoLe_$fdx>kez

Thanks to Parseval’s identity (4.13]), F' is actually an isometry. It is
not surjective though

EXAMPLE 4.63. If (ey,...,e,) is an orthonormal basis of V| then
the linear map F': V — C" that assigns to a vector v the column vector
with components its coefficients v* = (e;, v) is a bijective isometry (in

the notations of Remark F = &5 with B=(e1,...,e,)).
From this observation and from Theorem [4.40, we get the

THEOREM 4.64. Every n-dimensional hermitian product space pos-
sesses a bijective isometry with C" endowed with the standard hermitian
product.

4.5.2. The unitary groups. In this section we analyze the group
U(n) of unitary matrices, introduced in Remark [1.59] in particular for
n=1andn=2.

Note that, for every complex square matrix, det AT = det A. There-
fore, the condition ATA = 1 for a unitary matrix implies |det A|> = 1.
This means that det A is of the form e for some 6 € R.

Unitary matrices with determinant 1 form a subgroup of U(n) called
the special unitary group:

SU(n) = {A € Mat,,,(C) | ATA =1 and det A = 1}.

9To agree with the notation there, we have to relabel the indices via an isomor-
phism N — Z.

10We may enlarge V to contain noncontinuous square-integrable functions. All
the above works. By the injectivity of the isometry F', we then get square-summable
sequences of coefficients beyond those coming from continuous functions.



146 4. HERMITIAN PRODUCTS

REMARK 4.65. The groups U(1), SU(2), and SU(3) are particularly
important in physics: SU(2) is related to spin in quantum mechanics,
U(1) x SU(2) to the electroweak interaction, and SU(3) to the strong
interaction.

REMARK 4.66. If A is an n X n unitary matrix with determinant

el then B = e~ A is also unitary, but now with determinant equal
to 1. Therefore, every n X n unitary matrix A can be written as AB
with |A| =1 and B € SU(n).

4.5.2.1. The group U(1). A matrix A € U(1) is of the form A = ()
with |A| = 1. Therefore, we have the

PROPOSITION 4.67. A matriz in U(1) has the form (). The
angle 0 is uniquely determined if we take it in the interval 6 € [0,2m).
Geometrically, U(1) is the unit circle S* in the complex plane:

U1)=S'={reC |\ =1}

REMARK 4.68. If z = pel® € C, then e’z = pel(®*%) 5o the group
U(1) may be interpreted as the group of rotations on the complex plane
centered at the origin.

As we observed in Remark [3.92] also the group SO(2) acts by rota-
tions on the plane. Actually, U(1) and SO(2) are essentially the same
group, as follows from the normal form of matrices in SO(2) given in
Proposition Namely, we have the following

PROPOSITION 4.69. There is a group isomorphism
U(l) — SO(2)
0, (cos 0 —sind
© sinfl  cos@
We leave the simple details of the proof to the reader.

4.5.2.2. The group SU(2). We have seen that, geometrically, the
group U(1) is the same as the unit circle in the plane. Our goal is to
show the higher-dimensional analogue for SU(2).

PROPOSITION 4.70. A matriz A in SU(2) has the form

a=(% )

with |a|? + |B)?> = 1. Therefore, geometrically, the group SU(2) is the
same as the three-dimensional unit sphere S3 in R*.
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PRroOF. Consider a 2 X 2 complex matrix A = (’;‘ ’g ) with deter-
minant 1. By (1.11] - its inverse is then ( = ;,B ) Equating it to its
adjoint < ) yields § = o and v = — 8.

_B o
determinant, which we have to equate to 1, is |a|? 4 |]|?. We have thus
proved the first statement.

Next, if we identify C? with R* by taking the real and imaginary
parts of o and BE

a=2"+i2® and B =2*+iz',
we see that the equation |«|* + |3|> = 1, for (o, ) € C?, defines
§*={(a"a",2%,2°) e R | (2°)* + ()" + (2%)" + (2°)" = 1},
which is the unit sphere. O

As a consequence, our matrix A has the form ( « B ), and its

4.5.3. Self-adjoint and anti-self-adjoint operators. We con-
clude with a related concept.

DEFINITION 4.71. An endomorphism F of an hermitian product
space V is called self adjoint if

(Fo,uw) = (v, Fu)
for every v,w € V.

REMARK 4.72. By the notion of adjoint operator introduced in
Section [£.2.5, we immediately have that F is self adjoint iff its adjoint
operator exists and

Fr=F

EXAMPLE 4.73. In the case of the standard hermitian product on
C", the endomorphism defined by an n X n matrix A is self adjoint
iff the matrix A is self adjoint (see Definition , ie, AT = A,
In particular, we have that an endomorphism of a finite-dimensional
hermitian product space is self adjoint iff its representing matrix in
some orthonormal basis is self adjoint.

EXAMPLE 4.74. If we have an orthogonal decomposition
V=0OW,
i€s
then the projection P; to the W;-component is self adjoint, as shown in

Remark [4.52]

HThe reason for naming the real and imaginary parts this way is to conform
with a notation that we will introduce in Remark
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Self-adjoint operators are at the core of quantum mechanics, where
they are used to describe physical observables.

DEFINITION 4.75. An endomorphism F' of an hermitian product
space V is called anti—self adjoint or antihermitian if

(Fv,w) = <U7Fw>
for every v,w € V.

REMARK 4.76. By the notion of adjoint operator introduced in
Section 4.2.5, we immediately have that F' is anti—self adjoint iff its
adjoint operator exists and

Fl=-F

EXAMPLE 4.77. In the case of the standard hermitian product on
C", the endomorphism defined by an n x n matrix A is anti-self adjoint
iff the matrix A is anti-self adjoint, i.e., AT = —A. In particular, we
have that an endomorphism of a finite-dimensional inner product space
is anti—self adjoint iff its representing matrix in some orthonormal basis
is anti-self adjoint.

REMARK 4.78. Self-adjoint and anti-self-adjoint operators are close-
ly related. Namely, suppose F' is self adjoint. Then iF is anti-self
adjoint. In fact

(iFv,w) = =1 (Fv,w) = —i (v, Fw) = — (v,iFw) .
Similarly, if F' is anti—self adjoint, then iF" is self adjoint.

Anti-self-adjoint operators are also closely related to unitary oper-
ators. One relation is the following. Suppose U(t) is a differentiable
map R — U(n). Then, differentiating the identity UTU = 1, we get
UTU + U'U = 0. Therefore, the matrix A = UU ™" is anti-self
adjoint.

A second relation concerns perturbations of the identity operator.
Namely, let U(t) = 1 + At + O(t?). Then U'(t) = 1 + A't + O(t?),
and UT(H)U (t) = 14 (AT + A)t +O(t?). Tt follows that U (t) is unitary
only if A is anti—self adjoint.

A third relation is the following. Let A be anti—self adjoint. Define
U(t) :== eA. Then we have U = U™}, so U(t) is unitary for every ¢.
Therefore, e4? is a differentiable map R — U(n). By Proposition [2.13]
detU(t) = !4 for every t. As a consequence, e? is a differentiable
map R — SU(n) iff the trace of A vanishes.
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REMARK 4.79. The real vector space@ of anti-self-adjoint n xn ma-
trices is denoted by u(n); its subspace of traceless matrices is denoted
by su(n):

u(n) = {A € Mat,»,(C) | AT = —A},
su(n) = {A € Mat,,»,(C) | A= —A trA= 0}.
This notation helps remembering that we have the exponential maps

exp: u(n) — U(n)
A — A

exp: su(n) — SU(n)
A = et

REMARK 4.80. We will see in Corollary [4.106|that for every n these
exponential maps are surjective. In the next section we will only focus
on the case of su(2).

4.5.4. Pauli matrices. The Pauli matrices, introduced by W.
PAULI to describe the spin of a particle in quantum mechanics, are
a basis of the real vector space isu(2) of traceless self-adjoint 2 x 2
matrices (see Remark to relate self-adjoint and anti-self-adjoint
operators). They are the following three traceless self-adjoint 2 x 2
matrices:

(01 (0 i (10
1=\10) 27 o) 270 —1)

PROPOSITION 4.81. The Pauli matrices (o1,09,03) form a basis
of the real vector space isu(2) of traceless self-adjoint 2 x 2 matrices.
Consequently, (ioy,i09,103) is a basis of the real vector space su(2) of
traceless anti-self-adjoint 2 X 2 matrices.

PROOF. Let A = (‘; _ﬁa) be a traceless 2 x 2 complex matrix. Then

Al = (g j& > Therefore, A is self adjoint iff

a=a and [=7.
The first equation says that « is real: we write o = 2® € R. If we denote
by ! and 22 the real and imaginary parts of y—i.e., v = 2' +iz?>—then
the second equation says that 8 = x! —iz?. Therefore, A is self adjoint
and traceless iff it is of the form

3 1 .2
xr r — 1T 1 2 3
A= ) =z 01+ 109 + 20

! 4 ix? —x3 ! 2 3

12A linear combination with real coefficients of anti-self-adjoint matrices is still
anti-self adjoint. The same does not hold if we allow complex coefficients.
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with 2!, 22, 23 real. One also immediately checks that this decomposi-
tion is unique, so (01, 09, 03) is a basis of isu(2). The second statement
is an immediate consequence of Remark |4.78] 0

REMARK 4.82. To get a basis of the real vector space iu(2) of
self-adjoint 2 x 2 matrices we just have to add one more basis element,
e.g., 0o = 1. We will not consider this here.

REMARK 4.83. The expansion of a traceless self-adjoint 2 x 2 matrix
in the basis of Pauli matrices is usually denoted by

x-o=1'o, =xlo) + 220y + 203, (4.15)
REMARK 4.84. Matrices in SU(2) can also be written in terms of
Pauli matrices. In fact, by Proposition every A € SU(2) if of the
form A = (_aB§> with |a|? + [8]*> = 1. Setting @ = z° + iz and
B = 2? +iz!, we have
A=11+iz o

331
with (2°)2 4 (2)? 4 (2%)? 4 (23)? = 1. Tt is convenient to set & = (;«? )

The condition then reads (x°)* + ||z||* = 1, where || || denotes the

euclidean norm on R®. This means that there is an angle 6 such that

2% = cosf and ||z|| = £sinf. We can therefore write

A =cosfl+isinfz-o, (4.16)
where Z is a unit vector.

One immediatley checks that the square of each Pauli matrix is the
identity matrix and that

0109 = i0'3 = —09071, 0903 = iO'l = —03039, 0301 = 10'2 = —0103.

One may summarize all these identities as
3
0i0j = 0;;1 + iz €ijkOk,
k=1
where d;; is the Kronecker delta and ¢y, is the Levi-Civita symbol defined

as zero if one index is repeated and as the sign of the permutation
123 +— 15k otherwise. Explicitly,

€123 = €231 = €312 = 1,

€132 = €213 = €321 = —1,
€ijr = 0 otherwise.
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Using the notation of (4.15)), we then have, for every x,y € R3,
(x-o)y-o)=x-yl+ixxy-o, (4.17)

where on the left hand side we use matrix multiplication and on the
right hand side we use the dot and the cross product of vectors. This
formula implies the following

LEMMA 4.85. For every y € R®\ {0}, we have

eiy~a = COS ”yH 4 Sin ||yH
[yl

PROOF. By (4.17) with © = y we have (y-o)? = ||y||*1. Therefore,

setting J = iﬁ’ﬁ, we have J? = —1. This implies J* = (—=1)°1 and

J*th = (=1)*J for all s € N. We then get, for every a € R,

o o0 o251
eaJ:nZ:OHang( (2s)! 1+Z RpRE
Recognizing the power series for sine and cosine, we then have
e =cosal +sinalJ.
Finally,
¥ = el¥l7 = cos||y|| 1 +sin |y J,
which proves the lemma. U

By (4.16)) we then have the

COROLLARY 4.86. The exponential map su(2) — SU(2) is surjec-
tive.

4.5.4.1. SU(2) and space rotations. There is a very strong relation
between the group SU(2) and the group SO(3) of space rotations. This
is at the core of the appearance of SU(2) in quantum mechanics to
describe the spin of particles.

The central observation is the following. Let A € SU(2) and B be
a 2 x 2 traceless hermitian matrix. Define

d,B = ABAT.

It is readily verified that ® g A is also traceless and hermitian. That is,
we have defined a linear map

D isu(2) —  isu(2)
B — ABA'

For any two A, A’ € SU(2), we also clearly have
P B =AAB(AA) = & ,(d 4 B).
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That is,
Ppar = PaPy,

where on the right hand side we use the composition of linear maps.
Abstractly, we have the group homomorphism

®: SU@2) — Aut(isu(2))
A —> <I>A

where Aut(isu(2)) denotes the group of automorphisms (i.e., invertible
linear maps) of the real vector space isu(2). Using a basis—e.g., by the
Pauli matrices—we may identify isu(2) with R* and Aut(isu(2)) with
the group of invertible 3 x 3 real matrices.

One can also readily prove that det(®4B) = det B for every A €
SU(2). If we expand B in the basis of Pauli matrices,

Bez o— 3 rt —iz?
= =\l 4z 3 )

we see that det B = (z')? + (2%)® 4+ (2%)? = ||z||*>. This shows that
the representing matrix of ® 4 in the basis of the Pauli matrices pre-
serves the euclidean norm, so it is orthogonal (by Theorem [3.76]).
The composition ¥ of the group homomorphism ® with the isomor-
phism gb(’;h@m): isu(2) — R? is therefore a group homomorphism
U: SU(2) — O(3). By definition we have

Pp(x-0)=(Vazx)- 0. (4.18)
Thanks to we can explicitly write down W and get the following
THEOREM 4.87. For
A =cosf1l+isinfz-o,
where T is a unit vector, we have
U4 = Rz(—20),

where Ry («) denotes the counterclockwise rotation by the angle «
around the oriented principal axis generated by the wvector m. Con-
sequently, ¥ defines a surjective group homomorphism

U: SU(2) = SO(3).

Moreover, U4 = U4 iff A = £A’, so the the preimage of each point
in SO(3) consists of exactly two points in SU(2). (One says that SU(2)
is a double cover of SO(3).)
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PROOF. Take A as in the statement and B =y -o. By (4.17)), we
get

AB =cosfy-o+isinfz -yl —sinfx xy-o
=isinfx-yl+ (cosfy —sinfx xy)-o.
Since AT = cosf1—isinf - o, we then get, after some simplifications,
ABA" = (cos’ Ay +sin0 (2-y2— (Zxy)xZ)—2sinfcosZ x y)-o.
We have
T-Yyr =1y
where we use the orthogonal decomposition y = y; + y, with y

proportional to & and y, orthogonal to it. A computation using the
properties of the cross product (see exercise . shows

@xy)xz=y,.
Therefore, using and exercise [3|[17]
Uy = 00829(y|| +vy,) +sin29(yH —y,)—2sinfcosfx xy
=y +cos(20)y, —sin(20)x x y,
= Rz(—20)y.

This proves the first part of the theorem.

The explicit formula also shows that the image of ¥ is the whole
group SO(3). Moreover, if A" = cos @ 1+isin@' z'-0 and U4 = U 4/, we
have Rz(—20) = Rz (—260"). This first implies that the two rotations
have the same principal axis, so = +Z'. Actually, up to choosing
¢’ appropriately, we may assume & = Z . We then have the condition
20 = 20’ mod 27, ie., # =60 mod 2w or # = 0 + 7 mod 27. In the
first case, A = A’ and in the second A = —A'. O

REMARK 4.88. As a final remark, note that by Proposition [4.70]
we can identify SU(2) with the three-dimensional sphere S®. Moreover,
if A corresponds to a point z € S* C R*, then —A corresponds to the
antipodal point —z. The map ¥ therefore provides a surjective map
S$3 — SO(3) with the property that the preimage of each point in SO(3)
consists of two antipodal points in S3.

4.6. Diagonalization and normal form for some important
classes of matrices

We will now apply hermitian products to diagonalize unitary and
self-adjoint matrices. This will also lead to the diagonalization of real
symmetric matrices and to a normal form for orthogonal and for real
skew-symmetric matrices.
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The three mentioned cases of real matrices can actually be reduced
to the study of unitary or self-adjoint matrices.

PROPOSITION 4.89. Let A be an n x n real matriz, which we will
regard as an n X n complex matriz. Then the following hold:

(1) A is orthogonal iff A is unitary.
(2) A is symmetric iff A is self adjoint.
(3) A is skew-symmetric iff 1A is self adjoint.

PROOF. The three statements simply follow from the fact that, A
being real, we have A = A, so AT = AT, For the last statement, we

use (1A)t = —iAT = —1AT, O

Finally, unitary and self-adjoint matrices are particular examples
of the more general concept of normal matrices.

DEFINITION 4.90 (Normal matrices). A complex matrix A is called
normal if it commutes with its adjoint:

ATA = AAT.
LEMMA 4.91. Unitary and self-adjoint matrices are normal.
Proor. This is readily verified and left as an exercise. 0

We will therefore start with a discussion of normal matrices and
their diagonalizability, then we will specialize this result on unitary
and self-adoint matrices, and finally we will draw consequences for
orthogonal, real symmetric and real skew-symmetric matrices.

4.6.1. Normal matrices and normal operators. We begin by
extending the definition of normal matrices to operators.

DEFINITION 4.92 (Normal operators). An endomorphism F' of an
inner product space (V,(, )) is called normal if its adjoint, as defined
in Section [4.2.5] exists and satisfies

F'F=FF?".

In the next two propositions we state some important properties of
normal operators.

PROPOSITION 4.93. Let F' be an endomorphism on V' with adjoint
FT. Then F is normal iff

(Fv, Fw) = (F'v, FTw)
for all v,w e V.
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PROOF. By definition of adjoint operator, we have
(Fv, Fw) = <FTFU,1,U> and <FTU,FTU}> = <FFTv,w>.

Therefore, if F' is normal, the stated equality follows immediately. If,
on the other hand, the stated equality holds, then we get

(FTFv— FFlv,w) =0

for all v,w. By the nondegeneracy of (, ), we then have FTFv —
FFy =0 for all v, i.e., FIF = FFT, O

PROPOSITION 4.94. Let F' be normal. Then the following hold:

(1) v is an eigenvector of F with eigenvalue X iff it is an eigenvector
of FT with eigenvalue \:

Fo=M < Flv=)w.
(2) Eig(F,\) = Eig(F', ) for every eigenvalue \ of F.

PROOF. By definition, v # 0 is an eigenvector of F' with eigenvalue
A iff Fv = Av. This occurs iff ||[(F'— A1d)v|| = 0. However,

|(F — Md)|*> = (F — Md)v, (F — Ad)v)
= ((F" = X1d)v, (F' = XId)v) = [|[(F" = X1d)v|%,

where we have used that F* (and hence F'— AId) is normal. Therefore,
the previous condition holds iff [|[(FT — AId)v|| = 0, i, iff Flv = A,
viz., iff v # 0 is an eigenvector of FT with eigenvalue \. U

PROPOSITION 4.95. Let v be an eigenvector of a normal operator

F. Then vt is an F-invariant and F'-invariant subspace. Moreover,
the restriction of F to vt is normal.

ProoF. We have Fv = \v. Let w € v*. Then, using Proposi-
tion [4.94]
(v, Fw) = (Flv,w) = (Av,w) = A (v, w) =0,
so Fw € v*. Similarly one proves that v is also F'-invariant:
(v, Flw) = (Fv,w) = (A, w) = X (v,w) =0,
Finally, if w, w’ € v*, the identity (Fw, Fu') = (Flw, Fiw') shows
that Fj  is normal (by Proposition 4.93).
The above results lead to the following

THEOREM 4.96. An operator F' on a finite-dimensional hermitian
product space V' is normal iff there is an orthonormal basis of eigen-
vectors (in particular, F is diagonalizable by Theorem :
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PROOF. Suppose first that we have an orthonormal basis (vy, ..., v,)
of eigenvectors of F' with corresponding eigenvalues (Af,...,\,). We
then have

<FT’UZ', 'Uj> = <Ui, FUj> = )\jéij'
Expanding Ffv; = > op QikUg yields @;; = A;6;;. Therefore, Fty, =
>k Me0ikUk = \v;. As a consequence,
On the other hand,
FFT’UZ‘ = F(XZUZ) = XZPWUZ = |)‘i|2vi7
SO
F'Fv; = FF;.
Since this holds for every basis element v;, we conclude that FTF =
FF?, so F is normal[”

Now suppose instead that F' is normal. We prove that it admits an
orthonormal basis of eigenvectors by induction on the dimension n of
V. If n =1, there is nothing to prove.

Assume we have proved the statement for spaces of dimension n,
and let dimV = n + 1. Let A be an eigenvalue of F' (which exists be-
cause, by the fundamental theorem of algebra, the characteristic poly-
nomial has roots). Let v be an eigevector for \. We can assume that
||l = 1 (otherwise we just rescale v by its norm). By Proposition [4.95]
vt is F-invariant and F restricted to it is normal. Moreover, by The-
orem |4.48] dimv*t = n. Therefore, by the induction hypothesis, v+

has an orthonormal basis of eigenvectors. This basis together with v is
then an orthonormal basis of V. U

REMARK 4.97. Note that the proof of the theorem also gives a
recursive procedure to obtain an orthonormal basis of eigenvectors of
a normal operator.

REMARK 4.98. Note that Theorem also implies that the ei-
genspaces corresponding to different eigenvalues of a normal operator
I are orthogonal to each other:

Eig(F,\) L Eig(F,p) if X # p.
I3 An equivalent proof is based on the observation that, in an orthonormal basis

A1
of eigenvectors, F' is represented by a diagonal matrix D = ( ) and F't by
An

by}
Dt = ( ) Therefore, D'D = DD'.
Xn
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In particular, this implies that any two eigenvectors corresponding to
different eigenvalues are orthogonal to each other:

Fv=M, Fw=pw, N\ pnp = v L w. (4.19)

A second consequence is that the spectral decomposition of Section [2.3.1]
is now orthogonal

V =Eig(F,\) Q- - QEig(F, \g),

where Ai,...,\; are the pairwise distinct eigenvalues of the normal
operator F'. Therefore, the projection operator P; corresponding to
the eigenspace Eig(F,\;) is self adjoint for every i (see Remark [£.52)).
In summary,
k
P'=P Vi, P}=PVYi, PPj=PFP=0Yi#j, Y P=Id
i=1

and

The theorem also has the following fundamental

COROLLARY 4.99. An n x n complex matriz A is normal iff there
is a unitary matriz S such that

A
S 'AS=D= ,
An

where (A1, ..., \,) are the eigenvalues of A.

PROOF. View A as the endomorphism of C" defined by v — Aw.

If there is a unitary matrix S as in the statement, then its columns
(v1,...,v,) are an orthonormal basis of C". Moreover, the columns
of AS are (Avy, ..., Av,), whereas the columns of SD, which by the
statement is the same as AS, are (\vy,...,\,v,). Therefore, the v;s
are eigenvectors. Since we have an orthonormal basis of eigenvectors,
then A is normal by Theorem [4.96|

On the other hand, if A is normal, then by Theorem we have

an orthonormal basis (vy,...,v,) of eigenvectors. If we let S be the
matrix with columns the v;s, then S is unitary and satisfies the stated
identity. (l

In applications, especially to quantum mechanics, it is often impor-
tant to diagonalize two different normal endomorphisms at the same
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time: we say that two normal endomorphisms F' and G on an hermit-
ian product space V are simultaneously diagonalizable if they possess
a common orthonormal basis of eigenvectors. We have the following
generalization of Proposition [2.49

PROPOSITION 4.100 (Simultaneous diagonalization). Two normal
endomorphisms F' and G on an hermitian product space V are simul-
taneously diagonalizable iff they commute, i.e., FG = GF.

PROOF. See Exercise 48 O

In the case of matrices, the above proposition reads more explictly
as follows.

COROLLARY 4.101. Two normal matrices A and B commute (i.e.,
AB = BA) iff there is a unitary matriv S such that ST'AS = D
and S'BS = D' where D and D’ are diagonal matrices.

4.6.2. Diagonalization of unitary matrices. Let U be a uni-
tary matrix, hence normal. We can then apply Corollary [4.99] We first
however make the following observation.

PROPOSITION 4.102. The eigenvalues of a unitary matriz have ab-
solute value 1. Therefore, they are of the form € for some 6 € R.

PROOF. Let v be an eigenvector to the eigenvalue A of the unitary
matrix U: Uv = Av. Then
[v]* = (v,v) = (Uv,Uv) = (W, v) = |AP||v],
so |A> = 1, since v # 0. O
REMARK 4.103. By Remark we have that any two eigenvectors
of a unitary matrix corresponding to different eigenvalues are orthogo-

nal to each other, see (4.19)). This can also be checked directly. Namely,
assume Uv = \v and Uw = pw. Then

(v, w) = (Uv,Uw) = O, pw) = A\ (v, w) = g (v, w).
If A # p, then this implies (v, w) = 0.

As an immediate consequence of Corollary we then get the
following

THEOREM 4.104. An n x n complex matriz U is unitary iff there
is a unitary matriz S such that

ei@;l

STIUS = ,
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where 61, ...,0, are real numbers.

PRrROOF. The only-if part follows directly from Corollary and
Proposition [4.102] The if part is just a computation: observe that the
diagonal matrix D on the right hand side is unitary and that therefore
SDS™! is also unitary, since S is so. O

REMARK 4.105. Note that U in the theorem is special unitary iff
0+ -+ 0, =2rk with &k € Z. We can actually assume without loss
of generality (just by changing 0, to 6,, — 27k) that

O+---+6,=0.
We conclude with the following
COROLLARY 4.106. The exponential maps
exp: u(n) — U(n)
A — A
exp: su(n) — SU(n)
H

A ed

are surjective.

Proor. Let U € U(n). By Theorem [4.104] there is a unitary
matrix S such that U = SDS™" where

eiel 191
D = =e?  with B=
elfn i6,,
and 0y,...,0, real. By we then have U = e4 with A =
SBS~' = SBS'. Since B is clearly anti-self adjoint, then so is A.
Therefore, A € u(n).

If U € SU(n), we may assume, by Remark 4.105] that 61+ - -+86,, =
0. Therefore, tr B = 0 and hence tr A = 0. Therefore, A € su(n). O

4.6.3. Diagonalization of self-adjoint matrices. Let A be self
adjoint, hence normal. We can then apply Corollary [4.99. We first

however make the following observation.

PROPOSITION 4.107. The eigenvalues of a self-adjoint matriz are
real.

PROOF. Let v be an eigenvector to the eigenvalue A of the self-ad-
joint matrix A: Av = Av. Then, on the one hand,

<U7Av> = <’U,)\’U> = A <v7v> = /\||’U||2,
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and, on the other hand,
(Av,v) = (W, v) = X (v, 0) = Av]|*

Since (v, Av) = (Av,v) for A self adjoint and v # 0, we get A =
A l

REMARK 4.108. The fact that the eigenvalues of a self-adjoint ma-
trix are real is of fundamental importance for applications in quantum
mechanics. We will see that it is also important in view of the diago-
nalization of real symmetric matrices.

REMARK 4.109. By Remark we have that any two eigenvec-
tors of a self-adjoint matrix corresponding to different eigenvalues are
orthogonal to each other, see . This can also be checked directly.
Namely, assume Av = A\v and Aw = pwv. Then

(v, Aw) = p(v,w)  and  (Av,w) = X (v,w) = A (v,w),
as A must be real. Since (v, Av) = (Av,v), for A # p this implies
(v,w) = 0.

As an immediate consequence of Corollary we then get the
following

THEOREM 4.110. An n X n complex matrix A is self adjoint iff
there is a unitary matriz S such

A
StAS = ,
An
where Ay, ..., \, are real numbers.

PROOF. The only-if part follows directly from Corollary and
Proposition [£.107 The if part is just a computation: observe that
the diagonal matrix D on the right hand side is self adjoint and that
therefore SDS™! is also self adjoint, since S is unitary. O

4.6.4. Normal form of orthogonal matrices. An orthogonal
matrix O when viewed as a complex matrix is unitary. Therefore, by
Theorem [4.104] it is diagonalizable, as a complex matrix, with eigen-
values of the form €. As some eigenvalues may not be real, in general
an orthogonal matrix is not diagonalizable (over the reals). However,
one can arrange the orthonormal basis of eigenvectors so as to prove
the following normal form theorem.

THEOREM 4.111. Let O be an n X n orthogonal matriz. Then there

is an orthogonal matriz S such that S~*O8 = R where R has one of
the following block diagonal forms (we have to distinguish four cases).
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n=2r n=2r+1
() " Ry
detO =1 .
R(0r) R(6,)
1 —1
—1
R(0

det O = —1 R(61) o

R(erfl) R(QT')

with
cosf) —sinf
R(0) := (Sinﬁ cos 6 ) '
For the proof we will need a generalization of Proposition [4.95

LEMMA 4.112. If W is an O-invariant subspace, for an orthogonal
matriz O, then so is W+.

PRrOOF. First observe that O restricted to W is still injective and
therefore, as a map W — W, bijective. Therefore, W is also O~ '-in-
variant. Then, for every v € W+ and w € W, we have

w- (Ov) = (0O"'w)-v =0,

where in the first equality we have used the fact that also O~' is or-
thogonal and in the second that O 'w is in W. This shows that
Ov e W+, O

PROOF OF THEOREM [4.111] If an eigenvalue is real, hence neces-
sarily equal to £1, then we can choose the corresponding eigenvector
to be real. By Lemma [4.112] its orthogonal space is O-invariant. We
can then proceed by induction until no real eigenvalues are left.

If an eigenvalue is not real, then its complex conjugate is also an
eigenvalue, since the characteristic polynomial of O is real and there-
fore each nonreal root comes with its complex conjugate. If €l is an
eigenvalue, with 6 different from 0 and 7 modulo 27, then e is a
distinct eigenvalue. If v is an eigenvector for e, taking the complex
conjugation of Ov = v yields Ov = ¢ %9, so ¥ is an eigenvector
for e, By Remark [.103] v L ¥. Assuming ||v] = 1 (otherwise just
divide v by its norm), we also have ||D]| = 1. It follows that the real
vectors
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are an orthonormal system@ and therefore linearly independent. More-
over,

v +e v+ v—T
Oa=———=cos ——— +isin —— = cosfa —sinf b,

V2 V2 V2

0., . —ifa— e —
Ob:w:cosé’v v+isin00+v:cOSQb+sin9a.

iv/2 iv2 iv2
Therefore, O restricted to Span{a, b} is represented, in the basis (b, a),
by the matrix R(0).

We can keep grouping pairs of eigenvectors with conjugate eigen-
values, apply the above construction, restrict O to the orthogonal com-
plement of their real span (which is O-invariant by Lemma and
continue by induction. This way we get an orthonormal basis of R" in
which O is represented by a block diagonal matrix whose blocks are
either 1 x 1 with entry £1 or 2 x 2 of the form R(#).

We can also group a pair of eigenvectors with eigenvalue +1. In
this case, O restricted to their span is the 2 x 2 identity matrix, i.e.,
R(0). If instead we group a pair of eigenvectors with eigenvalue —1,
then O restricted to their span is minus the 2 x 2 identity matrix, i.e.,
R(7). Therefore, we can rearrange the orthonormal basis (and get the
orthogonal matrix S whose columns are the elements of this basis) so
that O is represented as in the table. The four cases just correspond
to the fact that the number of £1-eigenvectors can be even/odd. [

We conclude with the following

COROLLARY 4.113. The exponential map
exp: so(n) — SO(n)
A = 4

18 surjective.

PROOF. Let O € SO(n). By Theorem [4.111] there is an orthogonal
matrix S such that O = SRS~ with R as in the first row of the table.
Note that, thanks to (2.17), R = e? with p of the form

n=2r n=2r-+1
0

p(Ql) 9(91)

p(6;) p(6,)

Namely, (a,a) = (b,b) = 1 and (a,b) = 0. Since a and b are real, this is the
sameasa-a=b-b=1
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p(0) = (2 _09> :

Therefore, O = e with A = SpS~" = SpST, which is skew-symmet-
ric, since p is so. 0

with

4.6.5. Diagonalization of real symmetric matrices and bi-
linear forms. A real symmetric matrix A when viewed as a complex
matrix is self adjoint. Therefore, by Theorem[4.104] it is diagonalizable,
as a complex matrix. By Proposition its eigenvalues are however
real. As a consequence, A is diagonalizable also as a real matrix:

THEOREM 4.114. Let A be an n X n real symmetric matriz. Then
there is an orthogonal matrix S such that

M
S1AS = ,
An

where A\i,..,A\, are real numbers.

PRrROOF. The proof proceeds by induction as in the case of Theo-
rem by the following two remarks.

First, a real symmetric matrix is also self-adjoint and therefore has
real eigenvalues, so it has at least an eigenvector. Second, if v is an
eigenvector for some eigenvalue A\, Av = \v, then for every w

v (Aw) = (ATv) - w = (Av) - w = \v - w.

Therefore, w € v* implies Aw € v*+. We can then proceed by induc-
tion to show that there is an orthonormal basis of eigenvectors.

The matrix S is obtained as the matrix whose columns are the
elements of this basis. 0

EXAMPLE 4.115 (Inertia matrix). In example[3.9] we observed that
the inertia matrix is symmetric (and positive definite if the distribution
of particles is not on a line). By the preceding theorem, we can find
an orthonormal basis of eigenvectors. In this context, the span of an
eigenvector is called a principal axis. The three real eigenvalues I,
I;, and I3 are called moments of intertia. If the angular velocity w is
along the ¢th principal axis, we then have L = [;,w, so also the angular
momentum is along the ith principal axis.

A symmetric matrix A is often used to define a symmetric bilinear
form by
(v, w) =v' Aw.
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From this point of view, one has to consider symmetric matrices up
to congruency as in Remark [[.71] Namely, recall that A and B are
congruent if there is an invertible matrix T' such that B = T AT.
Since S in Theorem is orthogonal, we have that a symmetric
matrix A is congruent to the diagonal matrix with the eigenvalues on
its diagonal. We can actually get an even more standard form.

THEOREM 4.116. Let A be a real symmetric matriz. Then there
is an invertible matriz T such that T AT is a diagonal matriz whose
diagonal entries are only from the set {0,1, —1}. This diagonal matriz
is called a normal form for A.

PROOF. Let (vyq,...,v,) be an orthonormal basis of eigenvectors

of A (e.g., the columns of the matrix S of Theorem {4.114)). We define
v; if )\2 = O,
v; = \UK it \; >0,
\/1:7 it \; <0.

Then (vq,...,v,) is an orthogonal basis of eigenvectors. Moreover,

D, ; is equal to 1 in the first case and to + in the second and third

case. The matrix T is finally obtained as the matrix whose columns
are the elements of this basis. U

We can rearrange the basis vectors (i.e., permute the columns of
T) in such a way that the first diagonal entries of the diagonal matrix
are equal to 0, the second to —1 and last to +1. The number of the
entries of each type is an invariant under congruency. To prove this,
we first consider the following

LEMMA 4.117. Let ( , ) be a symmetric bilinear form on a real
finite-dimensional vector space V. Set

N={veV | (v,w)=0YweV},
which is clearly a subspace (called the null subspace of the bilinear
form). Let V_ V., be subspaces of V' such that following hold:
(1)V=NaoV_aV,.
(2) For every v and w in different summands (v,w) = 0.
(3) Vv € V_\ {0}, (v,v) <0.
(4) Vv € V+ \ {O}; (U7U) > 0.

Then, for every other decomposition N,W_ W, of V with these prop-
erties, we have dim W_ = dim V_ and dim W, = dim V..

In particular, the numbers ng = dim N, n_ = dimV_, and n, =
dim V. only depend on the bilinear form and not on the decomposition.



4.6. DIAGONALIZATIONS AND NORMAL FORMS 165

The triple (ng,n_,ny) is called the signature of the symmetric bilinear
form.

EXAMPLE 4.118. The signature of an inner product on V', dim V' =
n, is (0,0,n). The signature of the Minkowski product on R™™! is
(0,1,n).

PROOF OF THE LEMMA. Let my: V — Vi be the projections to
the correspnding summand; i.e., if v decomposes (uniquely) as v =
v +v_ + vy, then mov = vg.

Now consider subspaces W_, W, also satisfying (1), (2), (3), and
(4). We claim that 7_ — and T4y, are injective. In fact, let w € W_.

If m_w =0, then w = wy + wy with wy € N and w, € V. Therefore,
(w,w) = (wy,wy) > 0. Since (w,w) < 0, we conclude (w,w) = 0, so
w = 0. Similarly, for w € W,.

As a consequence, dim W_ < dim V_ and dim W, < dim V. Since,
by (1), dimW_ 4+ dim W, = dim V_ 4+ dim V, we conclude that both
inequalities are saturated. O

The spans of the basis elements given by the columns of any T as
in Theorem corresponding to the diagonal entries 0, —1 and 1,
respectively, yield a choice of decomposition N & V., @& V_. This first
of all shows that such a decomposition exists. It also shows that the
numbers of 0s, —1s, and 1s on the diagonal of the normal form do not
depend on the choice of basis:

PROPOSITION 4.119 (Sylvester’s law of inertia). Let A be an n xn
real symmetric matriz. Let D be a diagonal matrix congruent to A
whose diagonal entries are in the set {0,1,—1}. Let (do,d—,d) be
the number of diagonal entries of D equal to 0, —1 and 1, respectively.
Then (do,d_,dy) is equal to the signature (ng,n_,n.) of the symmetric
bilinear form associated to A.

In particular, we have that for every n x n real symmetric matrix
A there is an invertible matrix T" such that
0.,
TTAT = -1,
1,

+

4.6.6. Normal form of real skew-symmetric bilinear forms.
If B is an n x n real skew-symmetric matrix, then A = iB is self
adjoint. Therefore, by Theorem [4.110] A is diagonalizable with an
orthonormal basis of eigenvectors; moreover, by Proposition [4.107] its
eigenvalues are real. As a consequence the eigenvalues of B are purely
imaginary or zero.
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To proceed, we will need a generalization of Proposition [4.95] sim-
ilar to Lemma [£.112

LEMMA 4.120. If W is an B-invariant subspace, for a real skew-sym-
metric matriz B, then so is W+,

PROOF. For every v € W+ and w € W, we have
w - (Bv) = (B'w)-v=—(Bw)-v =0,
since Bw € W by assumption. This shows that Bv € W+, O

Let us restrict B to the orthogonal complement of its kernel, which
is B-invariant by Lemma [.120] Its eigenvalues there will then be
purely imaginary and different from zero. We proceed as in the case of
orthogonal matrices. Since B is real, every nonreal eigenvalue comes
with its complex conjugate. Therefore, if v is an eigenvector for the
eigenvalue i\, A € R, then ¥ is an eigenvector for the distinct eigen-
value —i\. By Remark [£.109) v L ©. Assuming [[v| = 1 (otherwise
just divide v by its norm), we also have ||v|| = 1. It follows that the
real vectors

v+o vV—T
a: 7 and b: w5
are an orthonormal system and therefore linearly independent. More-
over,

V—T LU+

7 b, Bb =i\ NG Aa.
Therefore, B restricted to Span{a, b} is represented, in the basis (a, b),
by the matrix (% ).

Going to the orthogonal space and proceeding by induction (thanks
to Lemma , we then get an orthogonal matrix S, whose columns
are the elements of an orthogonal basis (vy,...,v,,a1,by,...,ax, by),
with » = dim ker B, such that

Ba =i\

0,
0 XN

S'BS = A0

0 M
Y

with \; # 0 for i = 1,..., k. Without loss of generality (swap a; with
b; otherwise), we can assume \; > 0 for every i.
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From the point of view of the associated skew-symmetric bilinear
form (v, w) = v' Bw, it is natural to consider B up to congruency.
We can in this case choose a new basis by setting

~ - a ~ b;
v; = vy, a; = ﬁ, =
where we assume, as remarked above, A\; > 0 for every i. We then set

T to be the invertible matrix whose columns are the new basis vectors.
We have then proved the following

THEOREM 4.121. Let B be an n X n real skew-symmetric matrix.
Then n = r + 2k, with r = dimker B and some k, and there is an
invertible matriz T such that

0,

T'"BT =

with k nondegenerate blocks.
In particular, we have the following

COROLLARY 4.122. Let B be an nxn nondegenerate real skew-sym-
metric matrixz. Then n is even.

This case is particular important for mechanics in Hamilton’s for-
mulation, where half of the basis elements, say the as, correspond to
the positions of the system and the other half, say the bs, correspond
to the momenta.

Exercises for Chapter 4
4.1. For which of the following matrices g is the bilinear form (v, w) =
v'gw an hermitian product? Motivate your answer.

4.2. Let V' = Mat,,«,,(C) be the complex vector space of n x n complex
matrices. Show that

(A, B) = tr(A'B)

is an hermitian product on V.
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4.3. Recall that an operator F’ on an hermitian product space is called
self adjoint if it has an adjoint FT and F' = F. Consider the linear
operator F = i% (i.e., F'f =1if’) on the following complex vector
spaces

V= Coo([a’ b]7C)’
Voi={feW|fla)= [}
Vs = {f € Va | fla) = 0},

with hermitian product

b
(f,9) ;:/ fg dz.

(a) Show that F' on V5 and on Vj is self adjoint.
(b) We now want to show that F' on V; is not self adjoint because
it does not have an adjoint.
(i) Assume by contradiction that FT: V; — V) exists. Let
G = F' — F. Show that Vg € V;

(Gf,g)=0.

Hint: Observe first that (Gf,g) = (f, Fg) — (F'f, g).

(ii) Show that, if h € V; satisfies (h,g) = 0 Vg € V3, then
h=0.
Hint: You may use the fact that, for every xqg € R and
e > 0, it is possible to find an infinitely differentiable
nonnegative function g that is equal to 1 in the interval
[zo — €, 0 + €] and equal to 0 outside the interval (zo —
2¢, 9 + 2¢). See Figure for an examplem

(iii) Conclude that G is the zero operator.

(iv) Show on the other hand that there are f,g € V; such
that (Gf,g) # 0, so G cannot be the zero operator.

4.4. Consider the complex vector space C* of finite complex sequences
(i.e., sequences (aj,as,...) of complex numbers that have only

15¢e° denotes the space of infinitely differentiable functions.

16The colored portions in the figure correspond to the following functions:

1 1

Yblack = 0,  Yred = Yyellow = 1, Yblue =

1 1

I ey

==

Note that these functions join smoothly (i.e., all left and right derivatives of any
order coincide) at the points x = 0,1, 3, 4.
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FI1GURE 4.1. A function g for xg =2 and e =1

finitely many nonzero terms) with the hermitian product

=1

Let F': C*° — C® be the linear operator
F(by,ba,...) = > b:,0,0,...
i=1

Assume by contradiction that the adjoint F'' exists. Show that
there is an a € C* such that

<FTa, ei> # 0 Vi,

where e; is the basis element of C* given by the sequence whose
1th term is equal to 1 and whose every other term is equal to 0.
Conclude that this is a contradiction [I]

17 Another way to interpret this exercise is in terms of representing matrices.
Using the given basis, we define the representing matrix A of an endomorphism
F as the infinite matrix with entries 4] defined by Fe; = 3°72, Ale;. Note that
an infinite matrix may represent an endomorphism iff each of its columns has only
finitely many nonzero entries. The transpose of such a matrix may violate this
condition.
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4.5. On the complex vector space V of complex-valued polynomial
functions on R with hermitian product

T

o= [ ™ dre% F@lola),

(e 9]

consider the endomorphism F =i (% + ozx), a €eR, ie.,

(Ff)(x) =if'(z) +ioxf(z).

(a) Show that F' admits an adjoint for every a.
(b) Find « such that F is self-adjoint.
4.6. The goal of this exercise is to prove the following statement:

If all the leading principal minors of a self-adjoint matriz
g are positive, then g is positive definite.

We prove it by induction on the size of the matrix g.

(a) Show that the statement is true if g is a 1 x 1 matrix.

(b) Assume that the statement holds for n x n matrices and let
g be an (n+ 1) x (n + 1) self-adjoint matrix satisfying the
condition in the statement. Write

_(h b
9=\ &

with h a self-adjoint n X n matrix, b an n-column complex
vector and a a real number.
(i) Show that h is positive definite, so there is an invertible
matrix E such that h = E'E .
Hint: Use the induction hypothesis.
(ii) Show that

a> |[Fbl,

where F := E""! and ||v||z := Vo v denotes the stan-
dard hermitian norm on C".
Hint: Use the identity on determinants of block matrices
presented in exercise [3[12]

(iii) For a fixed n-column complex vector w consider the real-
valued function

(A) Setting z = u + iv and b'w = a+ if—with u, v,
a, and [ real—show that

f(z) = a(u® + v*) + 2(au + Bv) + || Bw||j;.



EXERCISES FOR CHAPTER 4 171

(B) Show that the minimum value of f, as a function
of (u,v) € R? is

=T
b wl|?
Fuin = | B — 22

(C) Assuming b'w # 0, show that

=T
|Fb|f]| Ew|f — [b w]®
| Fb|1%

Hint: Use point .
(D) Show that

T
IFblG] Ewl > [b w].

fmin >

Hint: Use the Cauchy—Schwarz inequality for the
standard hermitian product.
(iv) Conclude that g is positive definite.

4.7. Consider the following matrices:

L1 —i =1+ ! —i 1—i
A== i 1 L+i |, B=g| i 1 1—i],
1+i —14i 0 14+i —1—i 0

5/3  2i/3 —2i/3 e 1 1
C=|-2i/3 5/3 -2/3|, D=—F4 |1 1(i-V3) i(i+3)
2i/3 —2/3 5/3 V3 1 L(i++3) 1(i—+V3)

N =N

(a) Which of them is unitary and/or self adjoint?
(b) For each unitary and/or self-adjoint matrix in the list, find an
orthonormal basis of eigenvectors.

4.8. The goal of this exercise is to show that two normal endomor-
phisms F' and G on a finite-dimensional hermitian product space V'
are simultaneously diagonalizable—i.e., possess a common orthonor-
mal basis of eigenvectors—iff they commute—i.e., FG = GF.E
(a) Assume that F' and G have a common orthonormal basis of

eigenvectors. Show that they commute.
(b) Now assume that F' and G commute.
(i) Show that F and GT commute.
(ii) Let A be an eigenvalue of F. Show that Eig(F,\) is
a G-invariant and G'-invariant subspace and that the

18This result is of fundamental importance for quantum mechanics.
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restriction of G to it is a normal operator.
Hint: Note that Eig(F, \) is also an eigenspace for F'.

(iii) Conclude that it is possible to find a common eigenvector
vof F and G.

(iv) Let v be a common eigenvector v of F' and G. Show
that v* is invariant under F, FT, G, G, and that the
restrictions of F' and G to it are normal operators that
commute with each other.

(v) Show that F" and G possess a common orthonormal ba-
sis of eigenvectors.

Hint: Proceed by induction on the dimension of V.

4.9. Let
. 4 Li+V3) L(i—V3) L[4
E:g ii—V3) 4 L(i++v3) | and F:g 1 41
5(0+v3) §(i—V3) 4 114

(a) Show that E and F' commute.
(b) Show E and F' are simultaneously diagonalizable by finding a
common orthonormal basis of eigenvectors.



CHAPTER 5

Multilinear algebra

In this chapter we go beyond the notion of linear maps to encom-
pass multilinear ones. In particular, this allows considering polynomial
functions and maps as part of linear algebra. New spaces appear nat-
urally in this context via the tensor product. These constructions are
important in a variety of situations, ranging from analysis to physics
(fluid mechanics, general relativity, quantum mechanics,...).

We consider vector spaces over a ground field K, which, for the
applications in these notes, will be R or C. The vector spaces will be
always assumed to be finite dimensionalﬂ

5.1. Tensor products

We begin by recalling that a map V x W — Z, where V, W and
Z are vector spaces, is called bilinear if it is linear with respect to each
argument when the other argument is kept fixed. That is, ¢ is bilinear
if
(A1 + Agva, w) = A (v1, w) + A (v2, w),
P(v, w4+ Agwa) = Mg (v, w1) + A (v, w2),

for all v,vy,vy € V', all w,wy,ws € W, and all \j, Ay € K.

Note that the set Bil(V,W;Z) of bilinear maps V x W — Z in-
herits a vector space structure from Z. Namely, if ¢; and ¢, are in
Bil(V, W; Z), one defines

(1 + ¢2)(v,w) = ¢1(v, w) + P2(v, W),
(A1) (v, w) = Ay (v, w).

1Unless explicitly stated otherwise, the results in this chapter also hold for
infinite-dimensional spaces. The proofs are exactly the same if we assume the
existence of a basis (which is guaranteed by the axiom of choice). In this case, a
sum over an index set is understood to have only finitely many nonvanishing terms.
For applications to quantum mechanics, one needs instead an extension of these
results to infinite-dimensional Hilbert spaces, which we do not discuss here.

173
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If (e;)ier is a basis of V and (f;);es is a basis of W, a bilinear map
¢ is completely determined by its values £(e;, f;). This also shows that

dim Bil(V,W; Z) = dim V dim W dim Z.

The main idea of the tensor product consists in replacing bilinear maps
by linear maps:

DEFINITION 5.1. Theﬂ tensor product of two vector spaces V and
W is a pair (V ® W,n), where V ® W is a vector space and n: V X
W — V ® W is a bilinear map, such that for every vector space Z
and every bilinear map &: V x W — Z there is a unique linear map
 o: VW — Z such that £ = g on. This property is called the
universal property of the tensor product.

V xW 7

VeoWw

§ 3¢

Z

Before we show the existence of the tensor product, let us draw
some consequences of this definition. First, observe that the association
& = £y is linear, i.e.,

€+ s =&s + s,
()\5)® - )\5@,
and that it has an inverse: to any linear map ¢: V @ W — Z we

associate the bilinear map ¢pon: V x W — Z. By uniqueness, we then
have (¢ on)g = ¢. This shows that we have an isomorphism

Bil(V,W; Z) = Hom(V @ W, Z).
In particular, for Z = K we have
Bil(V,WW;K) = (V @ W)*.
If V and W are finite dimensional, we then also have
VoW = Bil(V,W;K)". (5.1)

This is one possible way of constructing the tensor product (in partic-
ular; this is already a proof that the tensor product of two finite-di-
mensional vector spaces exists).

2We are actually defining “a” tensor product, but we will see in Lemma
that all definitions are canonically equivalent.
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The important point, however, is that it does not really matter
which construction pf the tensor product we use, as they are all equiv-
alent:

LEMMA 5.2. Suppose (V @ W)y,m1) and ((V & W)a,m2) both sat-
isfy the universal property. Then there is a canonical’| isomorphism
Fio: (V X W)1 — (V X W)Q such that o = F127]1.

PROOF. Since 1), is a bilinear map, there is a uniquely defined linear
map, which we denote by F5, with the property stated in the Lemma.

Vx W n (V&W

T2 Fy Fiy

(Ve W),

We have to prove that F5 is an isomorphism. To do this, we reverse
the role of 1 and 2 and get a linear map Fy;: (V@ W)y — (V@ W),
such that 1, = Fymy. Therefore, ny = Fy Fion. This shows that
Fy, Fys is the linear map (m1)g: (V@ W), — (V ® W); corresponding
to 1. By uniqueness we have Fy Fjs = Id;. Analogously, we prove
F12F21 - Id2 |:|

We now turn to the existence of the tensor product, also for infinite-
dimensional vector spaces. As the actual construction does not matter,
we may pick one in particular, e.g., by using bases.

LEMMA 5.3. The tensor product of any two vector spaces V. and W
exists.

PROOF. Let (e;);er be a basis of V and (f;);es a basis of W. Recall
that a basis allows identifying vectors with their coefficients. More
precisely, let Map(/,K) denote the vector space of mapsﬂ I - K. To
a map ¢ — v’ we associate the vector y_,_; v'e;. Vice versa to a vector
v € V that we expand as Y, _; v'e; we associate the map ¢ — v*. Hence,
the choice of a basis for V' establishes an isomorphism Map(I,K) = V.
Also note that to the basis element e, corresponds the map i — §%. By

3Canonical means that no choice is required to define it. See also Remark

“In the infinite-dimensional case we only consider maps that do not vanish at
finitely many points.
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abuse of notation, this map is also denoted by e, and the maps (€;);er
are clearly a basis of Map(/,K). This suggests defining

VW =Map(I x J,K).

To show that this is the correct choice, we only have to define n
and to prove the universal property. First observe that the maps

e; ® fi: (r,s) — 0;6;

1750

for i € I and j € J, form a basis of Map(I x J, K).
As 7 is bilinear, it is enough to define it on basis elements. Following
the analogy of a single vector space, we set

niei, f;) = e ® fj.
Finally, if € is a bilinear map V' x W — Z, we define

§olei @ fj) = &lei £j),

and we immediately see that £ = &g on, as it is enough to check this
identity on basis vectors.

On the other hand, £ is uniquely determined. In fact, the difference
¢ of any two maps {g and { corresponding to the same &, satisfies
¢ on = 0. Applying this to basis vectors, we get ¢(e; ® f;) = 0 for all
1,7, SO ¢ is the zero map. O

REMARK 5.4 (Bases). Since (e; ® f;)ier,jes is a basis, every vector
z of V@ W can be written as

DI
iel jeJ
for uniquely determined scalars 2. This in particular shows thatﬂ
dim(V @ W) = dim V dim W.

Note that in this representation the components of the vector z have
two indices. In particular, we may think of the z"s at the entries of a
matrix. This a practical point of view for applications.

REMARK 5.5 (Tensors). It is customary to denote with v ® w the
value of n on (v, w):

v w = n(v,w).
®One may easily check that {0}@W = W®{0} = {0} for every vector space W,

so the dimension formula has to be understood with the convention 0-d =d-0=20
even if d = oco.
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Vectors in V' ® W are usually called tensorsﬁ Tensors of the form
v®@w (i.e., tensors in the image of 1) are called pure tensors. With this
notation, the universal property reads more clearly as

{o(v®@w) = §(v,w) (5.2)
forall v € V and all w € W.

REMARK 5.6 (Pure tensors). Not every tensor is pure! Using bases
as in Remark [5.4] we can expand a pure tensor v ® w as

VR W = Zviwjei@)fj.
(]
This means that the matrix z = (2%) corresponding to a pure tensor
has the form 2% = v'w? for some scalars v* and w’. For example, if

V =W =R? we get
L viw! vlw?
viwl v*w? )

Clearly not every matrix has this form: e.g., the matrix (¢ ) has not.
To check that a tensor is not pure we resorted to bases. Note, however,
that being pure is a property that does not rely on any choice of basis:
it simply means being in the image of 7.

REMARK 5.7 (Pure and entangled states). The notion of pure ten-
sors is very important in applications to quantum mechanics where it
is used to define the pure states of a composite system, with the other
states usually referred to as entangled.

The fact that n is a bilinear map is encoded in the new notation of
equation (5.2)) by the formulae

(V1 +v9) @W =v] QW+ Vg W, (5.3a)
v ® (W + we) = v @ w; + v wa, (5.3b)
M) @w=v® A\w) =Av® w, (5.3¢)

for all v,vy,v9 € V, w,wy,we € W and X € K.

DI1GRESSION 5.8. These formulae lead to yet another construction
of the tensor product. Namely, one considers the free vector space

6Vectors owe their name to the fact that they were originally introduced to
define actual displacements: vector in Latin means carrier. Tensors owe their name
to the fact that they were originally introduced to describe tensions in an elastic
material as linear relations, i.e., matrices, between the vectors that describe internal
forces and deformations.
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generated by the elements of V' x Wﬂ writing v ® w instead of (v, w) €
V x W, and imposes the formulae (i.e., one quotients by the
subspace generated by them)ﬁ The advantage of this construction is
that it does not require introducing bases (so it does not need the axiom
of choice).

REMARK 5.9 (Change of basis). Suppose we have changes of bases
e, =y Alezand fj =), Bjj f7. Then, expanding and using (5.3)), we
get the following formula for the corresponding change of basis in the
tensor product:

e®fi=Y ABl&® f;
2

If 2 € V®W is expanded in the basis e; ® f; as in Remark [5.4]
z=) ;€ ® fj, then we have

z= ZA?ZMB?@@]FJ—:ZZU%@]FJ—
i 17 1]
with
2" = ARV B,

where we have used Einstein’s convention to avoid the sum symbols.
This way we recover the correct transformation rules for matrices under
a change of basis. This simple derivation is an added value of the
concept of tensor product.

Note that any linear map on V ® W is completely determined by its
values on all pure tensors v®w as this in particular entails evaluation on
the basis vectors (e; ® fj)ier jes (or, more abstractly, since pure tensors
are the image of n and a linear map &g is completely determined by
the bilinear map & = &g on). This also means that to define a map on
V @ W we can specify it on all pure tensors v ® w and check that it is

compatible with (/5.3)).

"The free K-vector space Span(M) generated by a set M—in our case M =
V' x W—is the set of finite linear combinations ZmeM Amm, with A, € K. It can
equivalently be described as the set of maps M — K that are different from zero
on finitely many elements. The previous linear combination is identified with the
map m — Ap,.

8More neatly, one quotients Span(V x W) by the relations

(v1 +v2),w) = (v1,w) + (v2, W),
(v, (w1 + ws))
(Av, w)

(

(v,w1) + (v, w2),
(v, \w) = X (v, w),

and denotes the equivalence class of (v, w) by v ® w.



5.1. TENSOR PRODUCTS 179

REMARK 5.10 (Commutativity). We have a canonical isomorphism

VeaW S WeV
VRW H— wRU

REMARK 5.11 (Unit). We have a canonical isomorphism

VoK S5 V
VRN = A

with inverse V. — V @ K, v — v ® 1. (Note that \v is mapped to
(Av) ® 1 which is however the same as v ® \.)

REMARK 5.12 (Associativity). If we have a third vector space Z,
then we have a canonical isomorphism

VeW)eZ = Ve (WeZ)
W) ®z — 1 (we =2)

For this reason one usually writes V ® W ® Z without bracketing. One
also says that the tensor product of vector spaces is associative.

REMARK 5.13 (Multiple tensor products). Suppose we have vector
spaces V1, ... V.. Then we can defines their tensor product Vi ®---®@V},
by iterating the pairwise tensor product: first compute V; ® V5, then
(Vi ® V5) ® V3, and so on. By the above remarks the order in which

take these tensor products does not matter. If (ey)) is a basis of V,,
then we get a basis of V; ® --- ® V}, denoted by (6511) ®- - ® egf)). A
vector z € V] ® -+ ® V) can then be uniqgely expanded as

Y — Z i ez(ll) Q- ® o)

1

extending the formula given in Remark[5.4] If we have changes of bases
ezm =>. (TMféér), then, extending Remark , we get

7= Z 00Tk ééil) R ® ég:)
U152k

with

ST — (1) Z o (k%zz itk
This leads to a practical interpretation of tensor products, common in
physics: a tensor is simply viewed as an object with several indices
transforming as in the above equation under changes of bases. This
is then just a generalization of the notions of vector (one index) and
matrix (two indices).
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REMARK 5.14 (Hom spaces). Another useful map is the canonical
inclusion
V*@W < Hom(V,W)
aw = (v alv)w)
To see that it is injective observe that, if a(v)w = 0 for all v € V, then
w =0 or a =0, and in either case a ® w = 0.

REMARK 5.15 (Hom spaces in the finite-dimensional case). If V'
and W are finite dimensional, then the last homomorphism is also an
isomorphism since

dim(V* @ W) = dim V dim W = dim Hom(V, W).

If we choose a basis (e;);e; of V', a basis (f;)ses of W, and denote by
(€")ier the dual basis of V*, then a vector A in V*®@W can be expanded

as
A=Y A e f

iel jeJ
The coefficients Ag are also the components of the matrix that repre-
sents the corresponding linear map on right hand side:

jet
REMARK 5.16 (Dual spaces). Similarly, we have a canonical inclu-
sion
VEeW* — (Ve Ww):*
a®f = (vew— a()b(w))
which is an isomorphism if V' and W are finite dimensional. Moreover,

(5.1)) shows that, if V' is finite dimensional, then V* ® V* is canonicaly
isomorphic to the space Bil(V,V;K) of bilinear forms on V:

V* e V* 2 Bil(V,V;K).

If we pick a basis (e;) of V and its dual basis (¢') of V*, then the
entries of a matrix (A;;) can be viewed equivalently as the coefficients
of an element of V* @ V*, 37 Ajje’ ® ¢/, and as the entries of the

representing matrix of a bilinear map, (v,0) — Y A;;v'07.

REMARK 5.17 (Linear maps). If we have linear maps ¢: V. — V’
and ¥: W — W’ then we canonically have a linear map

oRY: VoW — VW
vRw = o(v) @ Y(w)
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If we have bases (e;)icr of V', (fj)jes of W, (€ )irer of V' and (f},) e
of W', we may represent the maps ¢ and ¢ by matrices: ¢(e;) =

Sier @€l and Y(f;) = X e ) fir. Tt follows that
6@U(E®f)=> Y vl e ® fi

‘el jret’

5.1.1. Inner products. As we have seen above, a bilinear form
on a finite-dimensional vector space V may be equivalently viewed as
an element By of V* ® V*. If we have a second finite-dimensional
vector space W endowed with a bilinear form By, € W* @ W*, we may
consider the tensor product By ® By in V' ® V* @ W* @ W*, which
is isomorphic to (V @ W)* ® (V @ W)*, thanks to remarks [5.10} [5.12]
and [5.16] This way we get a bilinear form on V @ W.

In particular, if V' and W are inner product (or hermitian) spaces,
we may induce an inner (or hermitian) product on V ® W. Explicitly,
we have

(U ® w, v 2D)V(XJVV = (?J, 'ﬁ)V ('lU, w)W’
and
<U ® w, v® ID)V(X)VV = <U, 6>V <w7 w>W '

Moreover, given orthonormal bases (e;)i=1,.» of V and (f;)j=1,.»
of W, one can easily verify that (e;®f;)i=1..m: j=1...n is an orthonormal
basis of V @ W.

Dirac’s notation is particulat handy. In this case, we denote the
orthonormal bases as | i)y and | j) and use the shorthand notation

lif)vew = 1)y @ | )w-

When it is clear from the contexts, the indices V, W, and V ® W are
usually omitted. This way, a vector ¢ in V ® W is expanded as

\w>=2\z‘j><z‘jw>.

5.2. Tensor powers
Let V' be a vector space. Its kth tensor power is by definition
V=V .. .2V,

where we have k copies of V' on the right hand side. The definition is
actually by induction:

VO =V and VMU .=yegy.
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As the tensor product of tensor spaces is associative the bracketing is
not important. By convention one also sets
Vel =K.
Observe that
dim V® = (dim V)"
An element of V®* is called a tensor of order k. If we pick a basis

(e;)icr on V, then (e;,® -+ ®e€;, )iy _ier is a basis of V®* and a tensor
T of order k£ may be uniquely written as

T — Z Tlllk €i1®"'®eik-
i1yl €1
Moreover, we have V&1 @ V@2 = V&F+k) for all ki, ky. (We
write equal instead of isomorphic, as the isomorphism is canonical.)
This corresponds to a bilinear map
R V®k1 % V®k2 N V®(k1+k2)
(v1®---®vk1,w1®---®wk2) = VR QU QW ® - ® Wy,

called the tensor product of tensors. It is clearly associative: namely,
(Tl ®T2) ®T3 - T1 ® (TQ ®T3)

for all T; € V%% and any choice of k;. Usually one then omits brack-
eting. One also extends the tensors product to scalars. Namely, if
acV® =K and a € V&, one defines a ® o := ao = a ® a. Notice
that 1 € K is then a unit: 1® a =a ® 1 = « for all a.

If we pick a basis, then the components of a tensor product of
tensors are just the products of the components of the two factors:

(Th @ o) thavk = Ty T 02,

The tensor product of tensors then makes
(V) =PV
k=0

into an associative algebra called the tensor algebra of V:ﬂ; ie., we
have a billinear map T'(V) x T'(V) — T'(V), (a, f) — a ®  which is
associative:

(@@B)@y=a8(f®7)
for all o, 8,7y € T(V'). Also note that there is a unit element 1 € K =
ViCcT(V)ie,l@a=a®l=aforalaecT(V).

9The T in T(V) stands for “tensor.”



5.2. TENSOR POWERS 183

An element of T'(V) is sometimes called a nonhomogenous tensor,
but often just a tensor. Elements of a single V®* are also called ho-
mogenous tensors.

A linear map ¢: V — W canonically induces linear maps

IR Yok — Wek (5.4)
VR QU = Ov) @ ® (vk)

for all k. Notice that if 7} and T5 are in V¥ and V®*2 then
¢®(k1+k2)<T1 ® Tg) — ¢>®k1(T1) ® ¢®k2 (Tg).

This construction may be repeated with the dual space V* of V.
More generally, one considers the tensor product

TEV) = VO @ (V*)®s

An element of T#(V) is called a tensor of type (k,s). Tensors of type
(0, s) are also called covariant tensors of order s, whereas tensors of
type (k,0) are also known as contravariant tensors of order km As the
notation suggests, by convention we put the linear forms to the right.
Hence, if we pick a basis (e;);e; on V', then

(6, ® - ®e;, @ N ® €js)¢1,...,ik,j1,...jsel
is a basis of TF(V'), where (e7),c; denotes the dual basis. A tensor T
of type (k,s) can then be uniquely written as

T — Z Thzk €i1®"‘®€ik®ejl®"'®€js-

J10s
i yeensierd1seds €
REMARK 5.18. Sometimes this convention of putting first the copies
of V' and then those of V* is not observed. In this case, it is important
to write the indices in the correct order. For example, a tensor with
componens T’jk is understood as an element of V@ V* @ V.

REMARK 5.19. Particularly important are the tensor spaces T} (V)
and T3 (V) for V finite-dimensional. In this case, T}/ (V') is canonically
identified with the space of endomorphisms of V. In a basis we write
FeTHV)as

F:ZF;eiQ@ej.

i,J€1

10This terminology refers to the fact that, if we change basis by some matrix,
the components of a vector change by application of the inverse matrix (hence
the name contravariant), whereas the components of a linear form change by the
application of the matrix itself (hence the name covariant).
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The coefficients F; are also the entries of the matrix representing the
corresponding endomorphism, which we keep denoting by F':

F(e;) = ZFje

The tensor space Ty (V) is instead canonically identified with the space
of bilinear forms on V. In a basis we write B € Ty (V) as

B:ZBUSZ(X)GJ

ijel

The coefficients B;; are also the entries of the matrix representing the
corresponding bilinear form, which we keep denoting by B:

B(@Z‘, ej) = BZ]

REMARK 5.20 (Einstein’s convention). Note that above we have
consistently made use of Einstein’s convention. Namely, we have used
lower indices to denote basis vectors (e;) and upper indices to denote
the components v in the expansion of a vector

v = E v'e;.
i

For the dual basis we have used the same letters as for the basis but
with upper indices: (¢'). For the components of a linear form we have
then used lower indices:
w = Z w;e'.
i

Consequently a vector in T will have k upper and s lower indices.
This notation allows recognizing at a glance the type of a tensor. As
usual, we can also tacitly assume a summation over every repeated
index, once in the upper and once in the lower position. For example,
with this convention the expansion of a tensor of type (1, 1) is written
as F = Fje; ® ¢/, and the expansion of a bilinear form is written as
B = Bz’j Gi ® €j.

A tensor of type (k,s) may be written, by definition, as a linear
combination of tensors of the form T'® S where T is of type (k,0) and
S is of type (0, s). The tensor product of tensors extends to the general
case by

1 2 k1+k
Ts’j V)® TSIZ (V) — T2 (V)

S1+s82

(T1®Sl)®(T2®SQ) = T RTS8 ® S
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Similarly, an isomorphism ¢: V' — W induces canonically isomor-
phismﬂ
¢ THV) — TEW) (5.5)
TS — ¢*(T) @ (¢")71)*(5)
for all k,s. Again, if Uy € T (V) and U, € TF(V), we have

PEtR (U @ Uy) = 68 (Uy) @ ¢¥2(U).

2

This can be written, a bit painfully, in terms of the components of the
tensor and of the representing matrix A of ¢ in a given basis and of its
inverse B = A™!:
(¢3(T))55 = T 58 A - AR By - By,
where we have used Einstein’s convention.
Finally, observe that the pairing V@ V* — K, (v, a) — «(v) canon-
ically induces linear maps

L (V) = TEH(W),

forall 1 <m <k and 1 <n < s, obtained by pairing the mth vector
with the nth linear form in the tensor. These linear maps are called
contractions. Contractions may of course also be written in terms of the
components. For example, if T' is of type (3,2), its contraction I3(T)
is of type (2,1) and has components

(D) =T

where we have used Einstein’s convention.

5.3. The exterior algebra

In this section, we develop the theory of skew-symmetric tensors,
which are used in several instances like, e.g., to obtain an intrinsic char-
acterization of determinants, to define differential forms (used to give
an invariant theory of integration and a unified form of the theorems of
Gauss and Stokes in every dimension), and to describe classical fields
that obey the Fermi-Dirac statistics.

In continuity with the previous sections, we assume that the ground
field K has characteristic zero (e.g., K=R or K = (C)H

In terms of a basis, skew-symmetric tensors are simply the tensors
whose components are skew-symmetric with respect to any exchange
of indices.

H1n this case, ¢ must be an isomorphism because we need the associated map
(")~ L V* — W,
2For the general case, see Section @
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More invariantly, we proceed as follows. First observe that a per-
mutation o on k elements defines an endomorphism of V®* given by
V1 @ @ Uk = Vg(1) @ -+ @ Ug(k)
on pure tensors. We denote the so defined endomorphism also by o.
In particular, if (¢;) is a basis and a = Y Qe @ ®e;, 1S a
k-tensor, then

U1yl

— E 1enlg )
oq = « €iya) X X Cior)

[ARRENT"

§ : - R
— o° 1(1) o 1(k)€i1 ®...®€ik‘

U1l

(5.6)

Note that this defines a representation of the symmetric group Sy (i.e.,
the group of permutations over k elements) on V®*: namely,

(o109)a = 01(02c)  and  Ida =«

for all 01,09 € S and a € V& (we denote by Id the identity permu-
tation).

Since we are interested in skew-symmetric tensors, we twist this
representation by the Signzﬁ a k-tensor is called skew-symmetric if

oo = SgNo «
for all o € S}.

REMARK 5.21 (Signs). One can show that every permutation o can
be written as a product 7 - - - 75 of transpositions, where a transposition
is a permutation that exchanges exactly two elements. The number s
is of course not fixed. However, one can show that its parity is fixed.
One then defines the sign of the permutation o as (—1)*®. In particular,
we have sgnT = —1 if 7 is a transposition and sgnId = 1.

As a consequence, we have that « is skew-symmetric if and only
if T = —a for every transposition 7. We denote by A¥V the vector
space of skew-symmetric k-tensors.

If we expand « in a basis, we see that « is skew-symmetric if and
only if its components change sign by the exchange of any two indices.
More generally, by , we see that « is skew-symmetric if and only
if

&ig(l),..ig(k) = sgno ai1-~~ik (57)

for all o and all 74, ..., .

137 parallel discussion, without this twist, leads to the symmetric algebra.
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Note that the map ¢®* defined in equation (5.4) commutes with
the action of the permutation group:

¢®k0' — U¢®k

for all ¢ € S;,. This implies that ¢®* maps skew-symmetric tensors
to skew-symmetric tensors. The restriction of ¢®* to A*V is usually
denoted by A*¢. In summary, a linear map ¢: V — W canonically
induces linear maps
Arg: APV — AFW

for all k.

The tensor product of two skew-symmetric tensors is in general no
longer skew-symmetric. However, one can always skew-symmetrize it
and define the wedge product of a; € A¥V and ay € A*2V by

o N\ Qg = Altk(ozl & 042), (58)
with & = k1 4+ ko, where

EXAMPLE 5.22. If aq, a9 € V = A'V, then
a1 ® g — g @ oy
5 .

LEMMA 5.23. The alternating map Alt® has image equal to A*V.
Moreover, if a € AFV | then Alt*a = a.

041/\042:

ProOF. For 7 € Sk, let us compute
1 1
T AltFo = 7 Z SgNO TOQ = SguT sgn(to) Toa.

oES o€ESk

By the change of variable ¢ = 7o, we then get

1
ko 2 ~n k
TAlt" a = SgnT Z sgno oo = sgnt Alt" «
gESK

for all 7 € Sy, which proves that the image of Alt¥ is in A*V.

We then move to the second statement. From oo = sgno a, we get
AltF(a) = = Y ses, @ = a. This also proves that the image of AltF is
the whole of AFV. O

REMARK 5.24. Note that dividing by the order of the group of
permutations in the definition of the wedge product is fundamental for
this lemma to hold. Therefore, we must be sure the k! # 0 in K for
every k. If the ground field K has characteristic different from zero,
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all this does not work, and one has to resort to a different definition of
A*V and of the wedge product.

If ¢ is a linear map as above, then we clearly have
Ak¢(041 A Ckg) = (AklOél) A (AkQOég).
We extend the wedge product to the direct sum AV = @, AV

LEMMA 5.25. (AV,A) is an associative algebra with unit 1 € K =
A%V ; ie.,
(1 ANag) Nag = ag A (ag A ag)
for all oy, a9, 3 € AV, and
INa=aANl=«
for all a € AV.
This algebra is called the exterior algebra of V.

PROOF. For a; € A¥V i =1,2,3, we compute

1

m Z sgno ooy @ az) | Aag =

UESk1+k2

(1 ANag) Nag =

1 ~ ~
T (ks + K+ k) (ke + ko) Z sgno sgno o (o (a1 ® as) ® as).

5esk1+k2+k3

TESk; +kq
Let o x Idy, be the permutation over ky + ko + k3 elements that is the
identity on the last k3 element and o on the first k; + ko elements.
Then o(a; ® ag) ® ag = (0 x Idg, ) (a1 ® as ® ag). Notice that sgno =
sgn(o xIdyg,). We then make the change of variable ¢ +— 7 = (o x 1dy,)
and get

1 .
A Nag = .
(naz)has = G S + ) 2. sEud(mBa;®ay)

TESky +hotky
O'Gskl +ko

If we perform the sum over o, we finally obtain

1 ~
(g ANag) Nag = CETE] Z sgno oo ® as ® as).

TESky +hytky

By an analogous computation, one sees that this is also the expression
for an A (a2 A ag).
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We next check that 1 € K is the unit. Since 1®a = o and a € AFV
is skew—symmetric we have

INa=— ngnaal@a k'ngnaaa—MZa—a
O'Gsk oESy, €Sk

Similarly, one sees that a A 1 = a. U

REMARK 5.26. By induction, using the first part of this proof, one
can also prove that for oy € A¥V, i =1,...,r, we have

1
alA...AaT:gngnO'O'(Oq@"'@ar)'

" o€eSy
with & =>""_ ki.
LEMMA 5.27. The wedge product is graded commutative, i.e.,
as Aoy = (—=1)F*20, Ay

for all oy € APV and oy € A*2V . In particular, a Ao = 0 if « € AFV
with k odd.

ProoOF. Let 7 € Si, k = ki + ko, denote the permutation that
exchanges the first k; elements with the last ko elements. We have
ay ® oy = 7(a; ® ag). Then, by (5.8), we have

1
o Ny = o Z sgno o7(ag ® ag).
oc€ESk
By the change of variables o — o = o7, we get
g N\ oy = sgm' Z sgno oo ® as).
UESk

This completes the proof since sgnt = (—1)*1k2, O

LEMMA 5.28. If (€;)icr s a basis of V', then (ej, A---Nej,)jy<-<ijpel
is a basis of AFV

PROOF. We expand a € AFV C V& as

o= g alvt e @ ® ey,

. . . o 1
Since a = sgno oa for all o, we can also write a = 7> ¢ sgnooa.

We then get, by Remark [5.26]

E atthe N Ne,,

i1yt €1
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which shows that (e;; A---Ae;, )i, icer is a system of generators for
AV
By the graded commutativity we have e; A e; = 0 for all 7. This

implies that, if an index is repeated, then e;, A---Ae;, = 0, since we can
use the graded commutativity to move the two e;’s with the same index
next to each other. If all the indices are different from each other, then
there is a unique permutation o such that is1)y < iy2) <+ < Iy
We can then write

Qe €y N Nej = Qe SgNo €, ANEVANGCE
) A A Ciy iy = aJ1Ik ey N Nej,,
where we have used and have set j, = 1,4y, 7 = 1,..., k. By
construction we have j; < jo < --- < ji. If we fix a string of ordered
jrs, there are k! corresponding strings of unordered i,s. Therefore,

— J1-Jk o .
o= Z ko ey N+ ANej,

J1<<jr€l

o(k)

— lo(1)-Lo(k .
= e (k) 6%(1

which shows that (e;, A---Aej,)j,<..<j.er is also a system of generators
for A*V.

We finally want to prove that they are linearly independent. Let
Mi-Jk be a collection of scalars for j; < --- < j; such that

Z )\jl“'jk €, FANKIEIEIVAN €j, = 0.

J1<-<jr€l
For i1, ...,1 pairwise distinct, define ot = sgng A\t where o
is the unique permutation such that i,y < -+ < ig@); if an index is

repeated, we define o't = 0. We then have 33, . a/t e; A-A
ei, = 0. By Remark|5.26| this implies Zil,...,ikel alt-t e, @ ®e;, = 0.
Hence o't = ( for all 7y,...,%, which implies A7 = 0 for all
g1 <ot < Jg- O

This in particular implies that to define a linear map on A*V it is
enough to define it on pure elements, i.e., elements of the form v; A
-+ A v, checking that it is multilinear and alternating in the vectors
Viy...,Un.

COROLLARY 5.29. If dimV = n, then dim A*V = (). In particu-
lar, A¥V = {0} if k > n.

Observe that A"V is one-dimensional if n = dim V. This means,
that if ¢ is an endomorphism of V', then A"¢ is the multiplication by
a scalar. It turns out that this scalar is the determinant of ¢:

[A"¢pa =detgal (5.9)
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for all « € A"V
PROOF. Let (eq,...,e,) be a basis of V. We have

A'pler N Ney) = dler) A Aplen) = Z G Ao N,

where (¢7) is the matrix representing ¢ in this basis. If any index is
repeated, the contribution vanishes. If all indices are pairwise different,
we let o be the permutation with o(j) = ;. Then

An¢(el A---A en) = Z sgno ¢T(1) e sz(n) e1 A--- A €n,
O'GSn

which completes the proof by using the Leibniz formula for the deter-
minant. U

5.3.1. Contractions. The pairing between a vector space and its
dual extends to the exterior algebra. We describe its most important
instance.

An element of AV* is called a form and an element of AFV* a
k-form. A k-form a; A --- A a; with a; € V* for all 7 is called pure. A
linear map defined on A*V* is completely determined by its values on
the pure forms (as in particular basis elements are pure forms). On the
other hand, a map defined on pure forms extends to a linear map if it
is multinear and alternating on the pure forms.

A vector v in V defines a linear map ¢,: AFV* — A*1V* called
contraction, for all k, defined on pure forms by

lag A Nag) =ar(v)ag A+~ Nag —as(v)ag Aag A Nag+ -+
k
=> (=) la ) a A Ad A Ay,
r=1

where the caret ~indicates that the factor a, is omitted. On A°V* the
contraction ¢, is defined as the zero map.

LEMMA 5.30. The contraction has the following important proper-
ties. First, for all « € A*V*, B € A'V*, and v € V, one has

L(aAB) = t,a A B+ (1) a A B
Second, for allv,w € V and o € AV*, one has
Lol = —LylyQL

PRrOOF. It is enough to check the first identity when o and 3 are
pure, and this follows immediately from the definition.
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The second identity can also be easily checked on pure forms. In
fact, one can use the first identity to show that I,., = tytw + twly
satisfies

Iw(@NB)=1L,aNB+aNl,,p

for all a and . By induction one then sees that I, ,, is determined by
its actions on 1-forms. Since I, ,, is clearly zero on A'V*| it is then zero
on the whole AV*. 0

Let finally ¢ be a linear map V' — W. Since the transpose of a
linear map is defined exactly so as to preserve the pairing of a vector
with a linear form, (¢*a)(v) = a(¢v) for all a € W* and v € V, we
have

LA\ o*a = A 1o% g0, (5.10)
for all v in V and all a € AFV*.

5.3.2. Digression: The exterior algebra as a quotient. In
the above description of the exterior algebra, we had several denom-
inators of the form k!, which is not a problem if the ground field K
has characteristic zero. For a general ground field, one can use another
definition of the exterior algebra (which is canonically isomorphic to
the previous one if the field has characteristic zero).

To start with, we recall a basic construction. An algebra A is a
vector space endowed with a bilinear map A x A — A, usually denoted
by (a,b) — ab. The algebra is called associative if (ab)c = a(bc) for
all a,b,c € A. A two-sided ideal of an algebra A is a subspace I with
the property that ax € I and xa € I for all a € A and all x € I. The
quotient space A/I then inherits an associative algebra structure by

a[t] = [ab], acld, be b

Note that the class [ab] does not depend on the choice of representatives
a and b, since [ is a two-sided ideal.

We now apply this construction to the algebra T'(V) :== @y, V&,
where V' is a vector space on some ground field K, of any characteristic,
and the associative algebra structure is defined by the tensor product
of tensors. We let I be the two-sided ideal generated by elements of
the form v ® v with v € V. More explictly I is the span of elements of
the form a @ v@v®b with a,b € T(V) and v € V. The exterior algebra
AV of V is then defined as the quotient algebra T'(V')/I. The induced
associative product is denoted by A and is called the exterior product:

WA =la®b, acld, belb
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Note that I is a graded ideal, i.e., I = @, I}, with

Ly =1NV®*
=span{a®@vRvb:vEV, a € VO be VO k)t ky =k —2}.

One then defines A*V = V®* /I, and one gets AV = @;-, A*V. Ob-
serve that A’V = K and A'V = V.

The kth tensor power ¢®* of a linear map ¢: V. — W clearly
sends the kth component of the ideal of T'(V') to the kth component
of the ideal of T'(IW), so it descends to the quotients. We denote it by
Arg: APV — ARV,

One can prove that the so defined exterior algebra has the same
properties as the one we have defined above in terms of skew-symmetric
tensors.

In the case of characteristic zero, the two constructions are equiv-
alent. Namely, let A,: V¥ — V% be the map defined by Aya =
% desk sgno oa. One can see that [, = ker Ay and that the image of
Ay, is the space of skew-symmetric k-tensors. The induced isomorphism
between T'(V)/I and @, Ax(V*®*) is also compatible with the wedge
products.

Finally, observe that in the general construction the exterior algebra
is a quotient of the tensor algebra, whereas in the special construction
with skew-symmetric tensors it is a subspace.
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