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Motivation

Goal
Count the number of codewords of a certain weight

◦ MacWilliams found a relationship between the Hamming weight enumerator of a code and its dual code.
=⇒ MacWilliams Identity

◦ Linear Programming Bound

◦ Non-Existence Results for the Lee and Homogeneous Metric

Can we derive a MacWilliams-like identity for a similar
enumerator in the Lee/Homogeneous metric?
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Codes over Z/psZ

integer residue ring : Z/psZ = {0, . . . , ps − 1}
standard inner product : ⟨x, y⟩ :=

∑n

i=1 xiyi, x, y ∈ (Z/psZ)n

Linear code over (Z/psZ)n and its dual
Over Z/psZ, a linear code C of length n is a Z/psZ-submodule of (Z/psZ)n. The elements of C are called
codewords. The dual code of C is

C⊥ = {x ∈ (Z/psZ)n | ⟨x, c⟩ = 0 for every c ∈ C} .

Example over Z/3Z

C = {(0, 0, 0), (1, 0, 0), (2, 0, 0)}

C⊥ = {(0, 0, 0), (0, 1, 0), (0, 0, 1), (0, 2, 0), (0, 0, 2), (0, 1, 1), (0, 1, 2), (0, 2, 1), (0, 2, 2)}
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Hamming Weight

Hamming weight and weight enumerator
Let x ∈ (Z/psZ)n and let C ⊆ (Z/psZ)n be a linear code.

Hamming weight of x : wtH(x) = | {i = 1, . . . , n | xi ̸= 0} |

Weight i enumerator of C : W H
C (i) = | {c ∈ C | wtH(c) = i} | for i = 0, . . . , n

J. Bariffi, 26.07.24 3
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Hamming weight and weight enumerator
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The MacWilliams Identity

◦ Relation between W H
C and W H

C⊥

MacWilliams Identity [MacWilliams ’63]

Given a linear code C ⊆ (Z/psZ)n and its dual C⊥. For every j ∈ {0, . . . , n}, it holds that

W H
C⊥ (j) =

1
| C |

n∑
i=0

Kj(i)W H
C (i),

where, given a p-th root of unity ξ, Kj(i) :=
∑

a∈(Z/psZ)n

wtH(a)=j

ξ⟨a,x⟩ for any x ∈ C with wtH(x) = i.
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Krawtchouk Coefficient for the Hamming Weight Enumerator

Given any x ∈ (Z/psZ)n : wtH(x) = i

Krawtchouk coefficient Kj(i) :=
∑

a∈(Z/psZ)n

wtH(a)=j

ξ⟨a,x⟩

x 0

︷ ︸︸ ︷i ︷ ︸︸ ︷n − i

a ︸ ︷︷ ︸
t

︸ ︷︷ ︸
j − t

0 0

∑
k ̸=0 ξk = (−1)

∑
k=0 ξk = 1
∑

k ̸=0 ξ0 = (ps − 1)
∑

k=0 ξ0 = 1

Kj(i) =
j∑

t=0

(i
t

)(n − i

j − t

) n∏
k=0

∑
ak

ξxkak

=
j∑

t=0

(i
t

)(n − i

j − t

)

(−1)t(ps − 1)j−t
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Example over Z/3Z

MacWilliams Identity

W H
C⊥ (j) =

1
| C |

n∑
i=0

(
j∑

t=0

(i
t

)(n − i

j − t

)
(−1)t(ps − 1)i−t

)
W H

C (i)

C = {(0, 0, 0), (1, 0, 0), (2, 0, 0)}

C⊥ =
{

(0, 0, 0), (0, 1, 0), (0, 0, 1), (0, 2, 0), (0, 0, 2), (0, 1, 1), (0, 1, 2), (0, 2, 1), (0, 2, 2)
}

W H
C⊥ (1) =

1
3

(K1(0) + K1(1))

=
1
3

(
1
[(0

0
)(3

1
)

(−1)021
]

+ 2
[(1

0
)(2

1
)

(−1)021 +
(1

1
)(3

0
)

(−1)120
])

=
1
3

(6 + 6) = 4
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W H
C⊥ (j) =

1
| C |

n∑
i=0

(
j∑

t=0

(i
t

)(n − i
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)
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W H
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1. The MacWilliams Identity

2. The Lee and Homogeneous Metric Case

3. MacWilliams-type Identities for Suitable Code Partitions



Lee and Homogeneous Weight over Z/psZ

Lee Weight

wtL(a) := min {a, ps − a}

Homogeneous Weight

wtHom(a) :=


0 a = 0
1 a ̸∈

〈
ps−1

〉
p/(p − 1) a ∈

〈
ps−1

〉
\ {0}

Example over Z/8Z

1 2 3 4 5 6 7

1

2

3

4

Z/8Z

weight Lee

We extend both weights additively, i.e., for x ∈ (Z/psZ)n we have wtL/Hom(x) =
∑n

i=1 wtL/Hom(xi)
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Non-Existence for Lee/Homogeneous Weight Enumerator

Given any x ∈ (Z/psZ)n : wtL(x)/ wtHom(x) = i

Krawtchouk coefficient Kj(i) :=
∑

a∈(Z/psZ)n

wtL(x)/ wtHom(a)=j

ξ⟨a,x⟩

x 0
︷ ︸︸ ︷? ︷ ︸︸ ︷n−?

a ︸ ︷︷ ︸
t

︸ ︷︷ ︸
? − t

0 0︸ ︷︷ ︸
? − t

︸ ︷︷ ︸
n−?−? + t

◦ wtL(x)/ wtHom(x) = i does not imply supp(a) = i.

◦
∑

a∈(Z/psZ)n

wtL(a)/ wtHom(a)=j

ξ⟨a,x⟩ highly depends on the choice of x

◦ H. Gluesing-Luerssen, Partitions of Frobenius Rings Induced by the Homogeneous Weight, 2013.

◦ K. Shiromoto, A note on a basic exact sequence for the Lee and Euclidean weights of linear codes over Zℓ, 2015.

◦ N. Abdelghany, J. Wood, Failure of the MacWilliams identities for the Lee weight enumerator over Zm, m ≥ 5, 2020.

◦ J. Wood, Homogeneous weight enumerators over integer residue rings and failures of the MacWilliams identities, 2023.
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Changing the Approach

Wanted
An enumerator ...

◦ with more information about the codeword’s structure

◦ allowing for a well-defined Krawtchouk coefficient

◦ giving rise to the weight enumerator

Idea: Refine the weight partition!

J. Bariffi, 26.07.24 9
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Lee Weight Decomposition

Lee Decomposition
For any x ∈ (Z/psZ)n we define its Lee decomposition πL(x) = (πL

0(x), πL
1(x), . . . , πL

M (x)) by

πL
i (x) = | {k = 1, . . . , n | wtL(xk) = i} | .

Example over Z/4Z

codewords of Lee weight 2 : (0, 2, 0), (0, 0, 2)︸ ︷︷ ︸, (0, 1, 1), (0, 1, 3), (0, 3, 1), (0, 3, 3)︸ ︷︷ ︸
Lee decomposition πL : (2, 0, 1) (1, 2, 0)

Note! We can derive any additive weight wt(x) for x ∈ Z/psZ from this decomposition, i.e.,

wt(x) =
M∑

i=0

πL
i (x) wt(i).

J. Bariffi, 26.07.24 10



Lee Weight Decomposition

Lee Decomposition
For any x ∈ (Z/psZ)n we define its Lee decomposition πL(x) = (πL

0(x), πL
1(x), . . . , πL

M (x)) by

πL
i (x) = | {k = 1, . . . , n | wtL(xk) = i} | .

Example over Z/4Z

C =
{

(0, 0, 0), (0, 1, 0), (0, 0, 1), (0, 3, 0), (0, 0, 3), (0, 2, 0), (0, 0, 2), (0, 1, 1),

(0, 1, 3), (0, 3, 1), (0, 3, 3), (0, 1, 2), (0, 2, 1), (0, 3, 2), (0, 2, 3), (0, 2, 2)
}

codewords of Lee weight 2 : (0, 2, 0), (0, 0, 2)︸ ︷︷ ︸, (0, 1, 1), (0, 1, 3), (0, 3, 1), (0, 3, 3)︸ ︷︷ ︸
Lee decomposition πL : (2, 0, 1) (1, 2, 0)

Note! We can derive any additive weight wt(x) for x ∈ Z/psZ from this decomposition, i.e.,

wt(x) =
M∑

i=0

πL
i (x) wt(i).

J. Bariffi, 26.07.24 10



Lee Weight Decomposition

Lee Decomposition
For any x ∈ (Z/psZ)n we define its Lee decomposition πL(x) = (πL

0(x), πL
1(x), . . . , πL

M (x)) by

πL
i (x) = | {k = 1, . . . , n | wtL(xk) = i} | .

Example over Z/4Z

C =
{

(0, 0, 0), (0, 1, 0), (0, 0, 1), (0, 3, 0), (0, 0, 3) , (0, 2, 0), (0, 0, 2),(0, 1, 1),(0, 1, 3), (0, 3, 1), (0, 3, 3) ,

(0, 1, 2), (0, 2, 1),(0, 3, 2), (0, 2, 3) , (0, 2, 2)
}

codewords of Lee weight 2 : (0, 2, 0), (0, 0, 2)︸ ︷︷ ︸, (0, 1, 1), (0, 1, 3), (0, 3, 1), (0, 3, 3)︸ ︷︷ ︸
Lee decomposition πL : (2, 0, 1) (1, 2, 0)

Note! We can derive any additive weight wt(x) for x ∈ Z/psZ from this decomposition, i.e.,

wt(x) =
M∑

i=0

πL
i (x) wt(i).

J. Bariffi, 26.07.24 10



Lee Weight Decomposition

Lee Decomposition
For any x ∈ (Z/psZ)n we define its Lee decomposition πL(x) = (πL

0(x), πL
1(x), . . . , πL

M (x)) by

πL
i (x) = | {k = 1, . . . , n | wtL(xk) = i} | .

Example over Z/4Z

C =
{

(0, 0, 0), (0, 1, 0), (0, 0, 1), (0, 3, 0), (0, 0, 3) , (0, 2, 0), (0, 0, 2),(0, 1, 1),(0, 1, 3), (0, 3, 1), (0, 3, 3) ,

(0, 1, 2), (0, 2, 1),(0, 3, 2), (0, 2, 3) , (0, 2, 2)
}

codewords of Lee weight 2 : (0, 2, 0), (0, 0, 2)︸ ︷︷ ︸, (0, 1, 1), (0, 1, 3), (0, 3, 1), (0, 3, 3)︸ ︷︷ ︸
Lee decomposition πL : (2, 0, 1) (1, 2, 0)

Note! We can derive any additive weight wt(x) for x ∈ Z/psZ from this decomposition, i.e.,

wt(x) =
M∑

i=0

πL
i (x) wt(i).

J. Bariffi, 26.07.24 10



Lee Weight Decomposition

Lee Decomposition
For any x ∈ (Z/psZ)n we define its Lee decomposition πL(x) = (πL

0(x), πL
1(x), . . . , πL

M (x)) by

πL
i (x) = | {k = 1, . . . , n | wtL(xk) = i} | .

Example over Z/4Z

C =
{

(0, 0, 0), (0, 1, 0), (0, 0, 1), (0, 3, 0), (0, 0, 3) , (0, 2, 0), (0, 0, 2) ,

(0, 1, 1),(0, 1, 3), (0, 3, 1), (0, 3, 3) , (0, 1, 2), (0, 2, 1),(0, 3, 2), (0, 2, 3) , (0, 2, 2)
}

codewords of Lee weight 2 : (0, 2, 0), (0, 0, 2)︸ ︷︷ ︸, (0, 1, 1), (0, 1, 3), (0, 3, 1), (0, 3, 3)︸ ︷︷ ︸
Lee decomposition πL : (2, 0, 1) (1, 2, 0)

Note! We can derive any additive weight wt(x) for x ∈ Z/psZ from this decomposition, i.e.,

wt(x) =
M∑

i=0

πL
i (x) wt(i).

J. Bariffi, 26.07.24 10



Krawtchouk Coefficient for the Lee Decomposition

Set of Lee decompositions DL
ps,n :=

{
π ∈ {0, . . . , n}M+1

∣∣∣ ∑M+1
i=0 πi = n

}
Lee decomposition enumerator DL

π(C) :=
∣∣ {c ∈ C | πL(c) = π

} ∣∣
Krawtchouk coefficient KL

π(ρ) =
∑

a∈(Z/psZ)n

πL(x)=ρ

ξ⟨x,a⟩, x ∈ (Z/psZ)n : πL(x) = π

x πL(x) = π

︷ ︸︸ ︷π0

0
︷ ︸︸ ︷π1

±1 · · ·
︷ ︸︸ ︷πM

±M

a πL(a) = ρ0
t00︸ ︷︷ ︸

t0

±1
t01

· · · ±M

t0M

0
t10

±1
t11

· · · ±M

t1M︸ ︷︷ ︸
t1

· · · 0
tM0

±1
tM1

· · · ±M

tMM︸ ︷︷ ︸
tM

Note! KL
π(ρ) is independent on the choice of x ∈ (Z/psZ)n
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Lee Metric - MacWilliams-like Identity

MacWilliams Identity for the Lee Decomposition Enumerator

DL
π(C⊥) =

1
| C |

∑
π∈DL

ps,n

KL
ρ(π)DL

ρ(C),

where the Krawtchouk coefficient exists and is given by

KL
ρ(π) =


∑

t∈CompL
ρ<π

(∏M

i=0

(
πi

ti0,...,tiM

)∏M−1
j=1

(
ξ−ij + ξij

)tij
ξiM

)
if p = 2∑

t∈CompL
ρ<π

(∏M

i=0

(
πi

ti0,...,tiM

)∏M

j=1

(
ξ−ij + ξij

)tij

)
otherwise

Credits:
◦ MacWilliams in 1963: Over Fps

◦ Astola in 1982: Association schemes

◦ Solé in 1986: Association schemes

◦ B., Cavicchioni, Weger in 2024: Identity is true over any finite chain ring R for all additive weights
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Homogeneous Weight and Unit Decomposition

Recall the homogeneous weight over Z/psZ

wtHom(x) :=


0 if x = 0
1 if x ̸∈

〈
ps−1

〉
\ {0}

p
p−1 if x ∈

〈
ps−1

〉

◦ Homogeneous weight decomposition
◦ H. Gluesing-Luerssen, Partitions of Frobenius Rings Induced by the Homogeneous Weight, 2021.

◦ Consider the following partition of Z/psZ: PHom = Z | U | S | R, where

Z := {0} , U := (Z/psZ)×, S := ps−1(Z/psZ), R := {x ∈ Z/psZ | x ̸∈ Z ∪ U ∪ S}

J. Bariffi, 26.07.24 13
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Homogeneous Metric - MacWilliams-like Identity
Homogeneous weight and unit decomposition πHom(x) = (πHom

Z (x), πHom
U (x), πHom

S (x), πHom
R (x)),

πHom
I (x) = | {k = 1, . . . , n | xk ∈ I} |

MacWilliams-like Identity for the Homogeneous Weight [B., Cavicchioni, Weger ’24]

DHom
ρ (C⊥) =

1
| C |

∑
π∈DHom

ps,n

KHom
ρ (π)DHom

π (C),

where the Krawtchouk coefficient exists and is given by

KHom
ρ (π) =

∑
t∈CompHom

ρ<π

( ∏
i∈IHom

( πi
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What More?

Further Results
◦ Coarsest partition for the Lee/Homogeneous metric

◦ Linear Programming bounds

◦ MacWilliams identity for λ-subfield metric over Fps , λ ≥ 1

wtλ(a) =


0 if a = 0
1 if a ∈ F×

p

λ if a ∈ Fps \ Fp

◦ Oa0 = {0} , Oa1 = F×
p

◦ iteratively for i = 2, . . . , ps−1
p−1 :

Oai = aiF×
p for some ai ∈ Fps \

(⊔i−1
j=0 Oaj

)
Open Questions

◦ Is there a coarser partition for the subfield weight?

◦ Other metrics?
Thank you for your

attention!

J. Bariffi, 26.07.24 15



What More?

Further Results
◦ Coarsest partition for the Lee/Homogeneous metric

◦ Linear Programming bounds

◦ MacWilliams identity for λ-subfield metric over Fps , λ ≥ 1

wtλ(a) =


0 if a = 0
1 if a ∈ F×

p

λ if a ∈ Fps \ Fp

◦ Oa0 = {0} , Oa1 = F×
p

◦ iteratively for i = 2, . . . , ps−1
p−1 :

Oai = aiF×
p for some ai ∈ Fps \

(⊔i−1
j=0 Oaj

)

Open Questions
◦ Is there a coarser partition for the subfield weight?

◦ Other metrics?
Thank you for your

attention!

J. Bariffi, 26.07.24 15



What More?

Further Results
◦ Coarsest partition for the Lee/Homogeneous metric

◦ Linear Programming bounds

◦ MacWilliams identity for λ-subfield metric over Fps , λ ≥ 1

wtλ(a) =


0 if a = 0
1 if a ∈ F×

p

λ if a ∈ Fps \ Fp

◦ Oa0 = {0} , Oa1 = F×
p

◦ iteratively for i = 2, . . . , ps−1
p−1 :

Oai = aiF×
p for some ai ∈ Fps \

(⊔i−1
j=0 Oaj

)
Open Questions

◦ Is there a coarser partition for the subfield weight?

◦ Other metrics?

Thank you for your
attention!

J. Bariffi, 26.07.24 15



What More?

Further Results
◦ Coarsest partition for the Lee/Homogeneous metric

◦ Linear Programming bounds

◦ MacWilliams identity for λ-subfield metric over Fps , λ ≥ 1

wtλ(a) =


0 if a = 0
1 if a ∈ F×

p

λ if a ∈ Fps \ Fp

◦ Oa0 = {0} , Oa1 = F×
p

◦ iteratively for i = 2, . . . , ps−1
p−1 :

Oai = aiF×
p for some ai ∈ Fps \

(⊔i−1
j=0 Oaj

)
Open Questions

◦ Is there a coarser partition for the subfield weight?

◦ Other metrics?
Thank you for your

attention!

J. Bariffi, 26.07.24 15


	The MacWilliams Identity
	The Lee and Homogeneous Metric Case
	MacWilliams-type Identities for Suitable Code Partitions

