TUM School of Computation, Information and Technology
Department of Electrical and Computer Engineering
Technical University of Munich

MacW.illiams-type Identities in the

Lee and Homogeneous Metric

Jessica Bariffi

joint work with G. Cavicchioni and V. Weger
Doctoral Seminar

July 25" and 26", 2024




Motivation

Goal
Count the number of codewords of a certain weight

J. Bariffi, 26.07.24



Motivation m

Goal
Count the number of codewords of a certain weight

o MacWilliams found a relationship between the Hamming weight enumerator of a code and its dual code.
=— MacWilliams Identity

J. Bariffi, 26.07.24



Motivation m

Goal
Count the number of codewords of a certain weight

o MacWilliams found a relationship between the Hamming weight enumerator of a code and its dual code.
=— MacWilliams Identity

o Linear Programming Bound

J. Bariffi, 26.07.24



Motivation m

Goal
Count the number of codewords of a certain weight

o MacWilliams found a relationship between the Hamming weight enumerator of a code and its dual code.
=— MacWilliams Identity

o Linear Programming Bound

o Non-Existence Results for the Lee and Homogeneous Metric

J. Bariffi, 26.07.24



Motivation m

Goal
Count the number of codewords of a certain weight

o MacWilliams found a relationship between the Hamming weight enumerator of a code and its dual code.
=— MacWilliams Identity

o Linear Programming Bound

o Non-Existence Results for the Lee and Homogeneous Metric

Can we derive a MacWilliams-like identity for a similar
enumerator in the Lee/Homogeneous metric?

J. Bariffi, 26.07.24
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Codes over Z/p°Z

integer residue ring :  Z/p*Z ={0,...,p* — 1}
standard inner product : (z,y) := Z?:l iy, x,y € (Z/p°L)"
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Codes over Z/p°Z

integer residue ring :  Z/p3Z ={0,...,p* — 1}

standard inner product : (x,y) 1= Z?:l ziyi, x,y € (Z/pSL)™

Linear code over (Z/p3Z)™ and its dual
Over Z/p°Z, a linear code C of length n is a Z/p*Z-submodule of (Z/psZ)™. The elements of C are called

codewords. The dual code of C is

¢t ={z e (Z/p*Z)" | (x,¢) =0 for every ¢ € C}.
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Codes over Z/p°Z

integer residue ring :  Z/p3Z ={0,...,p* — 1}

standard inner product : (x,y) 1= Z?:l ziyi, x,y € (Z/pSL)™

Linear code over (Z/p3Z)™ and its dual
Over Z/p°Z, a linear code C of length n is a Z/p*Z-submodule of (Z/psZ)™. The elements of C are called

codewords. The dual code of C is

¢t ={z e (Z/p*Z)" | (x,¢) =0 for every ¢ € C}.

Example over Z/3Z

¢ =4{(0,0,0),(1,0,0),(2,0,0)}
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Codes over Z/p°Z m

integer residue ring :  Z/p3Z ={0,...,p* — 1}
standard inner product : (x,y) 1= Z?:l ziyi, x,y € (Z/pSL)™

Linear code over (Z/p3Z)™ and its dual
Over Z/p°Z, a linear code C of length n is a Z/p*Z-submodule of (Z/psZ)™. The elements of C are called
codewords. The dual code of C is

¢t ={z e (Z/p*Z)" | (x,¢) =0 for every ¢ € C}.

Example over Z/3Z

C =
ct =

(0,0,0),(1,0,0),(2,0,0)}

{
{(0,0,0),(0,1,0),(0,0,1),(0,2,0), (0,0,2), (0,1,1),(0,1,2), (0,2,1),(0,2,2)}

J. Bariffi, 26.07.24 2



Hamming Weight

Hamming weight and weight enumerator
Let x € (Z/p°Z)™ and let C C (Z/p*Z)™ be a linear code.

Hamming weight of z: wty(z) =[{i=1,...,n|z; #0}|

Weight i enumerator of C : Wg'(z) =|{ceC| wth(c) =14}| fori=0,...
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Hamming Weight

Hamming weight and weight enumerator
Let x € (Z/p°Z)™ and let C C (Z/p*Z)™ be a linear code.

Hamming weight of z: wty(z) =[{i=1,...,n|z; #0}|
Weight i enumerator of C : Wg'(z) =|{ceC| wth(c) =14}| fori=0,...

Example over Z/37Z

C= {(0,0, 0), (0, 1,0),(0,0,1),(0,2,0),(0,0,2),(0,1,1),(0,1,2),(0,2,1), (0,2, 2)}
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Hamming Weight

Hamming weight and weight enumerator
Let x € (Z/p°Z)™ and let C C (Z/p*Z)™ be a linear code.

Hamming weight of z: wty(z) =[{i=1,...,n|z; #0}|
Weight i enumerator of C : Wg'(z) =|{ceC| wth(c) =14}| fori=0,...

Example over Z/37Z

¢ =1{(0,0,0),(0,1,0),(0,0,1),(0,2,0),(0,0,2),(0,1,1),(0,1,2),(0,2,1),(0,2,2) }

wty=0 wty=1 wty=2
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Hamming Weight

Hamming weight and weight enumerator
Let x € (Z/p°Z)™ and let C C (Z/p*Z)™ be a linear code.

Hamming weight of z: wty(z) =[{i=1,...,n|z; #0}|
Weight i enumerator of C : Wg'(z) =|{ceC| wth(c) =14}| fori=0,...

Example over Z/37Z

¢ =1{(0,0,0),(0,1,0),(0,0,1),(0,2,0),(0,0,2),(0,1,1),(0,1,2),(0,2,1),(0,2,2) }

wty=0 wty=1 wty=2

%% %o

J. Bariffi, 26.07.24



The MacWilliams Identity

o Relation between Wg' and Wg'L

MacWilliams Identity [MacWilliams ’63]

Given a linear code C C (Z/p°Z)™ and its dual C*. For every j € {0,...,n}, it holds that

W, (j) = i‘ K;()WH (@),

i=0

Z £(%%) for any x € C with wty(z) = 4.

a€(z/p )"
wty (a)=j

where, given a p-th root of unity &, K;(i) :=

J. Bariffi, 26.07.24



Krawtchouk Coefficient for the Hamming Weight Enumerator

Given any =z € (Z/pSZ)" : wty(z) =1
Krawtchouk coefficient K (i) := Z glaw)

a€(Z/pZ)"™
wty (a)=j

J. Bariffi, 26.07.24
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Krawtchouk Coefficient for the Hamming Weight Enumerator

Given any =z € (Z/pSZ)" : wty(z) =1

Krawtchouk coefficient K (i) := Z glaw)
a€(z/p°2)"
win (a)=3
i n—1
T 0

J. Bariffi, 26.07.24

t



Krawtchouk Coefficient for the Hamming Weight Enumerator

Given any =z € (Z/pSZ)" : wty(z) =1

Krawtchouk coefficient K (i) := Z §<‘W”>
a€(Z/p )"
wty (a)=j
i n—i
T ’ | 0 ‘
a ’ 0 | 0 ‘
t -t

J. Bariffi, 26.07.24
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Krawtchouk Coefficient for the Hamming Weight Enumerator

Given any

Krawtchouk coefficient

J. Bariffi,

26.07.24

z € (Z/p*L)"

Ki(i) = Y gl

a€(Z/pZ)"™
wty (a)=j

s owty(x) =14

0= OC [T e

t=0 k=0 ay

t



Krawtchouk Coefficient for the Hamming Weight Enumerator

Given any

Krawtchouk coefficient K (i) :=

n-—1
| | 0 |
d 0| 0|
¢ j—t
J. Bariffi, 26.07.24

z € (Z/p*L)"

s owty(x) =14

Z 5(%9@)

a€(Z/pZ)"™
wty (a)=j



Krawtchouk Coefficient for the Hamming Weight Enumerator

Krawtchouk coefficient

Zk;éo ¢F =

J. Bariffi, 26.07.24

(=1)

x € (Z/p°Z)" : wtn(z) =1

Z glanz)

a€(Z/p°Z)"
wty (a)=j



Krawtchouk Coefficient for the Hamming Weight Enumerator

Given any =z € (Z/pSZ)" : wty(z) =1

Krawtchouk coefficient K (i) := Z glaw)

a€(Z/p°Z)"
wty (a)=j

. ] K0 -3 O H [T e
t=0 k=0 ayp
! e SO0 e
t=0
Do =1

J. Bariffi, 26.07.24



Krawtchouk Coefficient for the Hamming Weight Enumerator TUT

Given any =z € (Z/pSZ)" : wty(z) =1

Krawtchouk coefficient K (i) := Z glaw)

a€(Z/p°Z)"
wty (a)=j

.| R K0-Y O[S ew
t=0 k=0 ayp
a 0] 0| =00 eer -y
t=0
Zk¢0£ _(p 71)
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Krawtchouk Coefficient for the Hamming Weight Enumerator TUT

Given any =z € (Z/pSZ)" : wty(z) =1

Krawtchouk coefficient K (i) := Z glaw)

a€(Z/p°Z)"
wty (a)=j

.| S K0-Y O[S ew
t=0 k=0 ayp

a 0| | =00 Eer -y
t=0

J. Bariffi, 26.07.24



Example over Z/37Z

MacWilliams Identity

t=0

n J .
W, () = ﬁ > <Z ® (?:Z)(—Ut(ps - 1)i_t> WH (i)
i=0

¢ = {(0,0,0),(1,0,0), (2,0,0)}
¢t ={(0,0,0),(0,1,0),(0,0,1),(0,2,0), (0,0,2), (0,1,1),(0,1,2),(0,2,1),(0,2,2) }

J. Bariffi, 26.07.24



Example over Z/37Z

MacWilliams Identity

n J .
Wc“m'):lélZ(Z (ﬁ)(?: (-1)'(p* - 1)~ )Wc“u)
i=0

¢ = {(0,0,0),(1,0,0), (2,0,0)}
¢+t ={(0,0,0), (0,1,0), (0,0, 1), (0, 2,0), (0,0, 2),(0,1,1),(0,1,2),(0,2,1),(0,2,2) }

WL (1) = < (WEH(0)K1(0) + WE (1) K1 (1) + WH(2)K1(2) + WE (3)K1(3))

o:)\»—t

J. Bariffi, 26.07.24



Example over Z/37Z

MacWilliams Identity

n J X
v@m=@2&2@@<U@A>>Wm
i=0

C:{ (0,0,0), (1,0,0), (2,0, 0)}

¢t ={(0,0,0), (0,1,0), (0,0, 1), 0, 2,0), (0,0, 2),(0,1,1),(0,1,2),(0,2,1),(0,2,2) }

Wl (1) = 2 (WE0)K1(0) + WE (1) K1 (1) + W (2)K1(2) + W (3) K1 (3))

o:)\»—t

J. Bariffi, 26.07.24



Example over Z/37Z

MacWilliams Identity

t=0

n J .
W, () = ﬁ > <Z ® (?:Z)(—Ut(ps - 1)i_t> WH (i)
i=0

C:{ (0,0,0), (1,0,0), (2,0, 0)}

¢t ={(0,0,0), (0,1,0), (0,0, 1), 0, 2,0), (0,0, 2),(0,1,1),(0,1,2),(0,2,1),(0,2,2) }

W)= (1 Ki(0)+ 2 - K1 (1)

Wl =

J. Bariffi, 26.07.24



Example over Z/37Z

MacWilliams Identity

n J .
W, () = ﬁ > <Z ® (?:Z)(—Ut(ps - 1)i_t> WH (i)
i=0

t=0

C:{ (0,0,0), (1,0,0), (2,0, 0) }

¢t ={(0,0,0), (0,1,0), (0,0, 1), 0, 2,0), (0,0, 2),(0,1,1),(0,1,2),(0,2,1),(0,2,2) }

WL (1) = 5 (1 Ka(0) +2- Ka (1)

- % (1 [(8) (?)(—1)021] +2 [((1)) (f)(—1)021 n (1) (g)(_1)120])

J. Bariffi, 26.07.24



Example over Z/37Z

MacWilliams Identity

n J .
W, () = ﬁ > <Z ® (?:Z)(—Ut(ps - 1)i_t> WH (i)
i=0

t=0

C:{ (0,0,0), (1,0,0), (2,0, 0) }

¢t ={(0,0,0), (0,1,0), (0,0, 1), 0, 2,0), (0,0, 2),(0,1,1),(0,1,2),(0,2,1),(0,2,2) }

1

ng(l):5(1'K1(0)+2'K1(1))
1 0y /3 1\ /2 1\ /3
=3 (1@ Q2] +2 [ () ) -vr2t+ () (o) -v'2°] )
:%(6+6):4

J. Bariffi, 26.07.24
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2. The Lee and Homogeneous Metric Case



Lee and Homogeneous Weight over Z/p*Z

Lee Weight

wti (a) := min {a,p® — a}

J. Bariffi, 26.07.24

Example over Z/87Z

weight
44
31
2+ o
1+ (o]
o , ,
1 2



Lee and Homogeneous Weight over Z/p*Z

Lee Weight

wti (a) := min {a,p® — a}

WhHom ([l) e

Homogeneous Weight

0

p/(p—1)

a=20
ag(p
e(p

S

5 —

D,
{0}

J. Bariffi, 26.07.24

Example over Z/87Z

OLee
x Hom

weight
44
31
2+ o
1+ ® x
2



Lee and Homogeneous Weight over Z/p*Z TUM

Lee Weight Example over Z/8Z
weight
4t o OLee
wti(a) := min {a,p® — a} x Hom
3+ [e] [e]
o |
Homogeneous Weight © - ©
0 a=0 14 ® x x x x ®
WhHom (a) := ¢ 1 ad <p571>
— Z/8Z
p/(p—1) ac(p*")\ {0} |
1 2 3 4 5 6 7

We extend both weights additively, i.e., for x € (Z/p°Z)™ we have Wt| /pom(z) = Z?:l WL /Hom (%)

J. Bariffi, 26.07.24



Non-Existence for Lee/Homogeneous Weight Enumerator

Given any =z € (Z/p°Z)™ : wtL(x)/ Wwhhom(z) = ¢
Krawtchouk coefficient K (i) := Z glax)

a€(Z/p°Z)"™
wt (2)/ Whhom (@)=J

J. Bariffi, 26.07.24



Non-Existence for Lee/Homogeneous Weight Enumerator TUT

Given any =z € (Z/p°Z)™ : wtL(x)/ Wwhhom(z) = ¢

Krawtchouk coefficient K (i) := Z glax)

a€(Z/p°Z)"™
wt (2)/ Whhom (@)=J

? n—7
- ’ | 0 ‘ o wt(z)/ wthom () = ¢ does not imply supp(a) = i.
o Z £{®%) highly depends on the choice of
a€(Z/p°2)"
a| 0o | [T Ay
\—,—/\W—/\—v—/\—\,—/
t 7T—t ?7—t n—=7-74t

J. Bariffi, 26.07.24 8



Non-Existence for Lee/Homogeneous Weight Enumerator TUT

Given any =z € (Z/p°Z)™ : wtL(x)/ Wwhhom(z) = ¢

Krawtchouk coefficient K (i) := Z glax)

a€(Z/p°Z)"
wtL (z)/ WtHom (a)=J

? n—7
- ‘ | 0 ‘ o wt(z)/ wthom () = ¢ does not imply supp(a) = i.
o Z £{®%) highly depends on the choice of
a€(Z/p°Z)"
al o | [T Ay
\_\,_/\—v—/\—v—/\—\,—/
t 7T—t ?7—t n—=7-74t

o H. Gluesing-Luerssen, Partitions of Frobenius Rings Induced by the Homogeneous Weight, 2013.
o K. Shiromoto, A note on a basic exact sequence for the Lee and Fuclidean weights of linear codes over Zy, 2015.
o N. Abdelghany, J. Wood, Failure of the MacWilliams identities for the Lee weight enumerator over Ly, m > 5, 2020.

o J. Wood, Homogeneous weight enumerators over integer residue rings and failures of the MacWilliams identities, 2023.

J. Bariffi, 26.07.24 s
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3. MacWilliams-type Identities for Suitable Code Partitions



Changing the Approach

Wanted
An enumerator ...
o with more information about the codeword’s structure

J

J. Bariffi, 26.07.24



Changing the Approach

Wanted
An enumerator ...
o with more information about the codeword’s structure

o allowing for a well-defined Krawtchouk coefficient

J. Bariffi, 26.07.24



Changing the Approach

Wanted
An enumerator ...
o with more information about the codeword’s structure

o allowing for a well-defined Krawtchouk coefficient

o giving rise to the weight enumerator

J. Bariffi, 26.07.24



Changing the Approach

Wanted
An enumerator ...
o with more information about the codeword’s structure

o allowing for a well-defined Krawtchouk coefficient

o giving rise to the weight enumerator

J. Bariffi, 26.07.24



Changing the Approach

Wanted
An enumerator ...
o with more information about the codeword’s structure
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Changing the Approach TUT

Wanted
An enumerator ...

o with more information about the codeword’s structure
o allowing for a well-defined Krawtchouk coefficient

o giving rise to the weight enumerator

Idea: Refine the weight partition!

codewords

weight 0 W weight ), weight partition

J. Bariffi, 26.07.24 9



Lee Weight Decomposition

Lee Decomposition

For any z € (Z/p°Z)"™ we define its Lee decomposition w-(z) = (n§(z), 7 (z), ..

@) = | {k=1,...,n | wte(ax) = i}|.

L

.,71']W

(z)) by

Example over Z/AZ

J. Bariffi, 26.07.24
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Lee Weight Decomposition m

Lee Decomposition
For any « € (Z/p*Z)™ we define its Lee decomposition w(x) = (n§(x), 75 (2), ..., 75, (2)) by

@) = | {k=1,...,n | wt(ax) = i}|.

Example over Z/4Z
C= {(07070)7 (0,1,0),(0,0,1),(0,3,0), (0,0,3), (0,2,0), (0,0,2), (0,1, 1),
(0,1,3),(0,3,1),(0,3,3),(0,1,2),(0,2,1), (0, 3,2),(0,2,3), (0,2, 2)}

J. Bariffi, 26.07.24 10



Lee Weight Decomposition m

Lee Decomposition
For any « € (Z/p*Z)™ we define its Lee decomposition w(x) = (n§(x), 75 (2), ..., 75, (2)) by

Example over Z/4Z
C = {(07 07 0)7 (07 17 0)7 (07 07 1)7 (07 37 0)7 (07 07 3) ’ (07 27 0)7 (07 0’ 2)7(0’ 17 1)’(07 17 3)7 (07 37 1)7 (07 37 3) il

(0, 1, 2), (0, 2, 1),(0, 3, 2), (0, 2, 3), (0, 2, 2) }

J. Bariffi, 26.07.24 10



Lee Weight Decomposition m

Lee Decomposition
For any « € (Z/p*Z)™ we define its Lee decomposition w(x) = (n§(x), 75 (2), ..., 75, (2)) by

@) = | {k=1,...,n | wt(ax) = i}|.

Example over Z/4Z
C = {(07 07 0)7 (07 17 0)7 (07 07 1)7 (07 37 0)7 (07 07 3) ’ (07 27 0)7 (07 0’ 2)7(0’ 17 1)’(07 17 3)9 (07 37 1)7 (07 37 3) il

(0, 1, 2), (0, 2, 1),(0, 3, 2), (0, 2, 3), (0, 2, 2) }

codewords of Lee weight 2: (0, 2,0),(0,0,2), (0,1,1),(0,1,3),(0,3,1),(0,3,3)
Lee decomposition 7t : (2,0,1) (1,2,0)

J. Bariffi, 26.07.24 10



Lee Weight Decomposition m

Lee Decomposition

For any « € (Z/p*Z)™ we define its Lee decomposition w(x) = (n§(x), 75 (2), ..., 75, (2)) by

@) = | {k=1,...,n | wt(ax) = i}|.

Example over Z/4Z
C= {(0,0,0), (0, 1, 0), (0, 0, 1), (0, 3, 0), (0,0, 3), (0, 2,0), (0,0, 2),

(0, 1, 1),(0, 1, 3), (0, 3, 1), (0, 3, 3), (0, 1, 2), (0, 2, 1),(0, 3, 2), (0, 2, 3), (0,2, 2) }

codewords of Lee weight 2: (0, 2,0),(0,0,2), (0,1,1),(0,1,3),(0,3,1),(0,3,3)
Lee decomposition 7t : (2,0,1) (1,2,0)

Note! We can derive any additive weight wt(z) for x € Z/p®Z from this decomposition, i.e.,
M

wt(z) = E mh(2) wt(3).
i=0

J. Bariffi, 26.07.24 10



Krawtchouk Coefficient for the Lee Decomposition m

Z]\/[+1 T —=n
i=0 v

Set of Lee decompositions ]DJLSm = {TK‘ €{0,..., n}M+1

D
Lee decomposition enumerator DL (C) := | {c cc|nt(e) = 7r} |
Krawtchouk coefficient KL (p Z(LG(Z/péZ)" §<w’“>, xz € (Z/p°Z)" : 7t(x) =7
L
(z)=p

J. Bariffi, 26.07.24 11



Krawtchouk Coefficient for the Lee Decomposition

Set of Lee decompositions DL, n = {TK‘ €{0,..., n}M+1

ZM+1 o —n
e, i=0 "'
Lee decomposition enumerator DL (C) := | {c cc|nt(e) = 7r} |

Krawtchouk coefficient KL (p Z(LG(Z/p‘SZ)” §<w’“>, € (Z/p°Z)" : w(z) =7

t(@)=p
o T ™™
—

x 0 +1 M | r@)=n




Krawtchouk Coefficient for the Lee Decomposition m

Set of Lee decompositions ]I)J';;Sm = {TK‘ €{0,..., n}M+1 Zi\igl T = n}
Lee decomposition enumerator DL (C) := | {c cc|nt(e) = 7r} |
Krawtchouk coefficient KL (p Zae(Z/péZ)” §<w’“>, € (Z/p°2)" : nt(z) ==
t(@)=p
0 T TN
x’ 0 ‘ +1 ‘ ‘ +M ‘ at(z) =7

alo[E - EMolE - EM [o[F1-EM  r@=p
too to1 Loar tio t11 tiag Tarolart tM}

to t1 ty

J. Bariffi, 26.07.24 11



Krawtchouk Coefficient for the Lee Decomposition

Set of Lee decompositions ]I)J';;Sm = {7‘(‘ €{0,..., n}M+1 Zi\igl m = n}
Lee decomposition enumerator DL (C) := | {c cc|nt(e) = 7r} |
Krawtchouk coefficient KL (p Z(LG(Z/p‘SZ)" §<w’“>, € (Z/p*Z)™ -
i
(z)=p
o T ™™
—
2| 0 | +1 \ e
afo 21 EM o 11 M [o[51--- EM
too to1 toarl10 11 Y taotmi  taray
to t1 tym

Note! KL(p) is independent on the choice of = € (Z/p*Z)"

J. Bariffi, 26.07.24

a(z) =7
at(x) ==
m(a) = p

11



Lee Metric - MacWilliams-like Identity TUT

s \

MacWilliams Identity for the Lee Decomposition Enumerator

1
LioLly L L
D(CH) = c] E K, (m)D,(C),

WED'{)SW

where the Krawtchouk coefficient exists and is given by

Srccomst (T (oo T ) TL (6 €)' ) 02

Kp(m) = o o b
Y ) o N .
EteComp;<ﬂ_ Hi:O (tio,jrﬁ,tuw) Hj:l (6 “ + E”) ]> otherwise

P

J. Bariffi, 26.07.24 12



Lee Metric - MacWilliams-like Identity TUT

s \

MacWilliams Identity for the Lee Decomposition Enumerator

Loply — 1 L L
DW(C ) - ﬁ Z Kp(W)Dp(c)v
WED'{)SW

where the Krawtchouk coefficient exists and is given by

M Lo M—1 —ij ij)tij M . -
EtGComp;<ﬂ_ Hi:() (tio,.u,t”w) szl (f +& 3 ifp=2

M ™ Mo (g ij)tij )
EtECompl;)<ﬂ_ Hi:o (ti0a~~atiiw) Hj:l (E +¢ otherwise

. J

Credits:
o MacWilliams in 1963: Over Fjs

Kp(m) =

o Astola in 1982: Association schemes
o Solé in 1986: Association schemes

o B., Cavicchioni, Weger in 2024: Identity is true over any finite chain ring R for all additive weights

J. Bariffi, 26.07.24 12



Homogeneous Weight and Unit Decomposition

Recall the homogeneous weight over Z/p*Z

0 ifz=0
Wiom(z) := ¢ 1 ife g (p*~1)\ {0}
Lo ifze (pt)

J. Bariffi, 26.07.24
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Homogeneous Weight and Unit Decomposition
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Homogeneous Weight and Unit Decomposition TUM

Recall the homogeneous weight over Z/p*Z

0 ifz=0
Wihom(z) := ¢ 1 ifz ¢ (p*1)\ {0}
£ ifze (pt)

o Homogeneous weight decomposition

o H. Gluesing-Luerssen, Partitions of Frobenius Rings Induced by the Homogeneous Weight, 2021.

o Consider the following partition of Z/p*Z: PH™ = Z | U | S | R, where

Z:={0}, U:=(z/p°2)*, S:=p°" Y 2Z/p°Z), R:={xc€Z/p°Z|x¢ ZUUUS}
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Homogeneous Metric - MacWilliams-like Identity TUT

Homogeneous weight and unit decomposition 7Hom(z) = (xHom (), 7r5°m (z),ﬂ'gm‘ (z), wﬁf’m(m)),

mom (@) = | {(k=1,...,n | ok € T}
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Homogeneous Metric - MacWilliams-like Identity TUT

Homogeneous weight and unit decomposition 7Hom(z) = (xHom (), Trg"m (z), g°m (z), ﬁﬁf’m (z)),

mfom(@) = [ {k=1,...,n|zx € I}|

MacWilliams-like Identity for the Homogeneous Weight [B., Cavicchioni, Weger ’24]

DHom (CJ_ Z KHom( )DHom(C)

WE]IDH‘""
\ T

where the Krawtchouk coefficient exists and is given by

D S ) [ L U

tGComp';°<mﬂ, 4€IHom

-1 tzr
(ps - p)) (p— ) ZsTESSTESRIIRS Uy =t gy =t =0}

J. Bariffi, 26.07.24 14



What More?

Further Results
o Coarsest partition for the Lee/Homogeneous metric

o Linear Programming bounds

o MacWilliams identity for A-subfield metric over Fps, A > 1
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What More?

Further Results
o Coarsest partition for the Lee/Homogeneous metric

o Linear Programming bounds

o MacWilliams identity for A-subfield metric over Fps, A > 1

0 ifa=0 ° Oao = {0},
wty(a) =< 1 ift)LE]F;< o iteratively for 1 = 2,...,
A ifa€Fps \Fp Ou = aiF

0

J. Bariffi, 26.07.24
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What More?

Further Results
o Coarsest partition for the Lee/Homogeneous metric

o Linear Programming bounds

o MacWilliams identity for A-subfield metric over Fps, A > 1

0 ifa=0 © Oap ={0}, Oa, =Fy
wtr(a) =1 ifa€F) o iteratively for i =2,..., ’;:%11.
A ifa€Fps \Fp Oq,; = a,-IF;; for some a; € Fps \ (l_l;;é O(Lj)

Open Questions

o Is there a coarser partition for the subfield weight?
o Other metrics?
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