ANABELIAN PRESENTATION OF THE MOTIVIC GALOIS GROUP IN
CHARACTERISTIC ZERO

JOSEPH AYOUB

ABSTRACT. Let k be a field endowed with a complex embedding, and let G0 be the associated mo-
tivic Galois group. The goal of this paper is to show that (o admits a natural manifestation in
anabelian geometry. Roughly speaking, we prove that G0 coincides with the automorphism group

of the functor X — ﬂ%eo(X) sending a k-variety X to the geometric completion of its topological

fundamental group. This can be considered as a motivic version of the Thara—Matsumoto—Oda Con-
jecture, greatly expanded and proven by Pop. In a sequel to this paper, we will develop the parallel
story for the {-adic realisation. For this reason, many of the intermediate results are developed in a
greater generality than strictly necessary for the main results proven here.
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INTRODUCTION

Our aim in this introduction is twofold. Firstly, we recall a few facts surrounding the classical
Ihara—Matsumoto—Oda Conjecture, which is now a theorem of Pop [Pop19|]. These facts will be
of no use in the main body of the paper, but help putting our results into perspective. Secondly, we
present a rough form of our main results.

Around the classical Thara—Matsumoto—Oda conjecture.

Let k be a field and fix a separable closure k/k of k. Given a geometrically connected k-variety
X and a geometric point ¥ — X over k, one has the well-known short exact sequence of profinite
groups

1 - 78X, %) — 79X, %) = Gk/k) — 1, (1)
where ¢ (%/ k) is the Galois group of £, nft(X, x) 1s the étale fundamental group of X and ﬁlé‘(X, X) =
ﬂ'f’t(X Qx %, x) is the étale fundamental group of X ®; %; see [SGA 1, Exposé IX, Théoreme 6.1].
This short exact sequence defines an action of Q(%/k) on 7%(X, X) by outer automorphisms, i.e., a
morphism of groups
Aut(T(X, X))
Inn(@4(X, X))
In fact, the morphisms px are compatible with morphisms of k-varieties. To phrase this compat-
ibility precisely, we introduce the category (’}Tppf of profinite groups up to inner automorphisms.

It is obtained from the category Grp, of profinite groups by identifying the arrows that differ by
inner automorphisms. Explicitly, if H and G are profinite groups, then

homa;ppf(H, G) = G\homg,, (H,G)

px : Gk/k) > Out(m'(X, %)) = 2

where G is acting by conjugation on the set of continuous morphisms from H to G. Using this
category, the aforementioned compatibility can be summarised as follows.

(i) As an object of (’}\rf)pf, the profinite group ﬁft(X, x) is independent of the choice of X up to
a canonical isomorphism and we may denote it simply by 7£(X).

(ii) Let Sch; c Schy be the subcategory of geometrically connected k-varieties. The assignment
X ﬁlét(X) extends naturally into a functor

7 Sch), — f}rvppf. (3)

(ii1) The group Q(%/ k) acts on the functor Ef‘ by invertible natural transformations; this action
is given on X € Sch; by the morphism py.
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In particular, we obtain a morphism of groups

p: Glk/k) = Aut(Th). 4)
More generally, given any subcategory {/ C Schy, we obtain a morphism of groups
pu = Gk/k) — Aut(m('|y). )

We have the following remarkable theorem of Pop, see [Pop19, Theorem 2.7].

Theorem 1 (Pop). Assume that k has characteristic zero and let V = Smy be the subcategory of
smooth k-varieties in Schy. Then py is an isomorphism.

Remark 2. In the 80’s, Ihara asked whether the morphism p, or some closely related variant, was
an isomorphism for k = Q and, in the 90’s, Matsumoto and Oda conjectured that this was indeed
the case. In an unpublished manuscript, Pop gave a positive answer to lhara’s question. Soon
after, he developed a new approach for proving much finer versions of the Ihara—Matsumoto—Oda
Conjecture; the new approach was finally published in [Pop19]]. Further refinements were obtained
later by Topaz [Top18]] and Silberstein [Sil13]]. In the present paper, we will not be concerned with
these finer versions. However, for the interested reader, we mention a few milestones.

e By [Pop19, Theorem 2.7], Theorem [T holds true in positive characteristic if the étale fun-
damental groups 7(X) are replaced by their tame quotients.

e A version of Theorem (1| holds true if the étale fundamental groups 7'(X) are replaced by
their maximal pro-¢ abelian-by-central quotients and Sm; by much smaller subcategories.
See [Pop19, Theorem 2.6] for a precise statement.

e A version of [Popl9, Theorem 2.6] holds true for the maximal mod-¢ abelian-by-central
quotients of the ﬁf‘(X)’s. See [Top18, Theorems A & B] for precise statements.

e According to [Sil13, Theorem 3], there are geometrically integral algebraic surfaces X
defined over Q such that

Py - G@Q/Q) — Out(@ (7))
is already an isomorphism. (Here nx is the generic point of X.) A version for the maximal
pro-¢ abelian-by-central quotient of ﬁft(nx) is obtained in [Pop18, Theorem 1.3].
e Finally, a p-adic analytic version of Theorem [[] was proven by André based on Pop’s solu-
tion of the IThara—Matsumoto—Oda conjecture; see [And03, Theorem 9.2.2].

In this paper, we will prove a motivic analogue of a variant of Theorem|[I] In order to explain
what this variant is about, we need a digression.

Given a noetherian scheme X, we denote by IT*(X) the étale fundamental groupoid of X. Re-
call that IT%(X) is a groupoid enriched in profinite sets. The objects of TI(X) are the geometric
points of X. The set of arrows between geometric points X, — X and X; — X is the profinite
set nlét(X, Xo, X1) of paths from X, to Xy, i.e., of invertible natural transformations between the as-
sociated fibre functors on locally constant étale sheaves of finite sets on X. For more details, see
[SGA 1| Exposé V, §5 & §7]. The fundamental groupoid has better functorial properties than the
fundamental group. Indeed, let Grpd,; be the strict 2-category of groupoids enriched in profinite
sets. Then, there is a strict 2-functor

I* : Schy — Grpd, (6)

sending a k-variety X to the fundamental groupoid IT(X) = IT¥(X ® k) of its base change to k.
This 2-functor lifts and extends the functor Eft in (3). More precisely, the following holds.
3



(i) Let Grpdgf be the full sub-2-category of Grpd,; whose objects are the connected groupoids.
Then, there is an obvious functor

Grpdgf - (’}\rﬁpf

exhibiting (’}\ripplc as the 1-categorical truncation of Grpdgf.
(i1) There is a commutative triangle

Sch;, % Grpd’;

There is also an action of the Galois group G (k/k) on the 2-functor IT%, lifting and extending the
action p in (F_f[)._Before introducing this action, we recall what it means to give an automorphism of
the 2-functor IT*.

Description 3. We denote by Aut(IT") the monoidal category of automorphisms of the strict 2-
functor I1*. An object of this category consists of a pair of families ((€x)x, (¢s);) where:

o for an object X in Schy, & is an equivalence of the groupoid IT¢(X) acting continuously on
the profinite sets of paths,
e for a morphism f : ¥ — X in Schy, @y is a natural transformation

ay & o TI(f) = T(f) o &y
which is necessarily invertible.

The a/’s are required to be compatible with composition in the obvious way: if f : ¥ — X and
g : Z — Y are two composable morphisms in Schy, the following diagram commutes

Afog

T(fog)oé,

£x o TIE(f) o TI¥(g) —— TI¥(f) 0 &y o TT¥(g) —— TI(f) 0 TI¥'(g) 0 &.

Exoll%(fog)

An arrow € : ((Ex)x, (@p)p) — ((Ex, (0/}) ¢) In Aut(ﬁét) is a family of natural transformations
(ex : Ex — &)x such that for every f : ¥ — X, the following square commutes

&x o TI(f) —— TI(f) 0 &y
& o TI(f) —=TI4(f) 0 &,
The monoidal structure on Aut(IT) is given by composing functors and natural transformations:
((Ex)x, (@p)p) o (Exx, (@) p) = ((€x © Ex, (@ &y o Exay)y).

Clearly, every object of Aut(IT%) is left and right invertible for this tensor product. Thus, Aut(IT¢)

is a (possibly noncommutative) Picard groupoid.
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There is a morphism of Picard groupoids
p: Gk/k) - Aut(IT*) @)
defining an action of Q(%/k) on the 2-functor TI¥. It sends an element o € Q(%/k) to the pair
((éx)x. (ay);) such that:
e for X in Schy, £y is the autoequivalence of 1°(X ® k) induced by the automorphism idy ®
Spec(o!) of the scheme X ®; k,

e for f : ¥ — X in Schy, a; is the identity natural transformation obtained by applying the
strict 2-functor 1% to the equality

(f X idgpeee) © (idy X Spec(a™)) = (idx x Spec(a™)) o (f X idg,.z)):
This said, we have a natural variant of the Thara—Matsumoto—Oda question.
Question 4. 1Is the functor p in (7)), or some closely related variant, an equivalence?
Remark 5. The truncation functor Grpd,; — (/}\rijpf induces a morphism of Picard groupoids
Aut(I®y) — Aut(Tp)

for any subcategory { C Schy, and it is easy to check that the triangle

G (k/k) = Aut(TT],)

pv l

Aut(@|o)

is commutative. Unfortunately, this morphism of Picard groupoids is not a priori essentially sur-
jective on objects: given a compatible family of outer automorphisms of the 7;'(X)’s, for X € ¢/,

it is not at all clear how to lift this family into an object of the Picard groupoid Aut(IT!|,). Thus,
a positive answer to Question 4/ does not formally imply the original [hara—Matsumoto—Oda Con-
jecture.

Before we start discussing our main results in the motivic setting, we need to move a small
step further from the original Ihara—Matsumoto—Oda Conjecture. In fact, this extra step is merely
cosmetical; it is based on the following observation.

Observation 6. The fundamental groupoid I1(X) of a noetherian scheme X carries exactly the
same information as the multi-Galois category &(X) of locally constant étale sheaves of finite sets
on X. Indeed, &(X) is equivalent to the category of covariant functors from IT*(X) to the category
Sets, of finite sets (respecting the enrichment in profinite sets on IT*(X)) and, conversely, I1¢(X)
is equivalent to the groupoid of fibre functors on &(X). Indeed, there is a fully faithful 2-functor
Fun(—, Setg,) from (Grpd ;)P to the 2-category of categories and exact functors. (See [SGA 1,
Exposé V, §6, Proposition 6.1].)

Thus, instead of considering the 2-functor I1* in (B), one could consider the 2-functor
8 1 (Schy)*® — CAT (8)

sending a k-variety X to the category 8(X) = &(X ® k). It follows immediately from the above
observation that we have a canonical equivalence of Picard groupoids

Aut(TT*) =~ Aut(&) 9
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and hence also a morphism of Picard groupoids
p: Ck/k) — Aut(§). (10)

The latter can be described as follows: it sends an element o € G(k/k) to the family of pullback
functors ((idy x Spec(c))*)x. This said, Question []is equivalent to the following.

Question 7. Is the functor p in (10)), or some closely related variant, an equivalence?

It is precisely Question [7] that we will generalise and answer in this paper. In fact, this formu-
lation of Question [ suggests immediately many variants where the categories of locally constant
étale sheaves of finite sets are replaced by similar ones such as:

e the entire étale topoi;
e categories of étale local systems with coefficients in a finite ring;
e categories of étale sheaves with coefficients in a finite ring.

At this stage, we may state a precise theorem about the 2-functors
&(—;A): (Schy)® — CAT  and  F(—;A): (Schy)® — CAT
sending a k-variety X to the categories E(X ;A) and ?(X ; A) of étale local systems and étale sheaves

on X ®; k with coefficients in a finite ring A.

Theorem 8. Assume that k has characteristic zero and that A is connected. Then, the natural
functors of Picard groupoids

Ck/k) = Aut(E(—;A)  and  G(k/k) — Aut(F(—; A))
are equivalences.

Remark 9. Theorem [§| will be obtained as a consequence of our motivic Theorems[2.2.3|and 4.4.2]
combined with rigidity for torsion étale motives. See Corollaries 2.2.8] and 4.4.16] (and Remark
M.4.17). We also expect that there is a direct proof which is entirely parallel to the proofs of
our motivic theorems; see Remark @} Such a direct proof should also work for the 2-functor

F : (Schy)P — CAT sending a k-variety X to the étale topos of X ®; k.

Description of the main results.

We fix a field k endowed with a complex embedding o : k < C. In this paper, we are mainly
concerned with variants of Questions 4| and [7| where the Galois group G(k/k) is replaced with the
motivic Galois group Gk, 0).

In the remainder of the introduction, we treat G, (k, 07) as an affine group scheme defined over
Q for the sake of simplicity. (In the main body of the paper, G (k, o) will be considered also
over deeper bases, such as the sphere spectrum, and, more importantly, we shall keep track of its
natural derived structure, although the said structure is conjectured to be trivial.) The short exact
sequence ((I)) admits a motivic version, at least generically and up to a caveat. Indeed, let K/k be
a finitely generated extension in which k is algebraically closed, and let ¥ : K — C be a complex
embedding extending o. Let U be the pro-k-variety of open neighbourhoods of the generic point
of a smooth model of K, and let U*" be the associated analytic pro-variety. Note that £ determines
a compatible system of base points in U*". By [Ayol4b, Théoremes 2.34 & 2.57], we have the
following exact sequence of affine group schemes over Q:

U™, 2) = Crnot(K, ) = Gatlk, ) = 1, (11)
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where ﬂ?lg(Ua“,Z) is the pro-algebraic completion of the pro-discrete topological fundamental
group of the analytic pro-variety U. The caveat here is that this sequence is not exact on the
left (unless the extension K/k is trivial). Nevertheless, we obtain a short exact sequence

1 - 71U, Z) = Gua(K,Z) = Go(k,0) = 1 (12)

if we define 77°°(U, X) to be the image of the morphism n?lg(U M YY) = Guot(K,X). This yields an
action of Gmo(k, 0°) by outer automorphisms on the affine group scheme 7{*°(U, ). Letting K vary,
it is possible to formulate a generic analogue of the original Ihara—Matsumoto—Oda Conjecture for
Gmot(k, o), but we will not do so here.

Instead, we move directly towards a motivic analogue of Question For this, we need to
understand precisely the Tannakian category that gives rise to 73" (U, £). By construction, we have
a surjection of affine group schemes

U™, E) -» 71U, 3). (13)

Since n?lg(U a %) is the fundamental group of the Tannakian category LS(U™; Q)**" of local sys-
tems of Q-vector spaces on U, we may think of 77*°(U, %) as the fundamental group of a Tan-
nakian subcategory LS,.,(U; Q)Y < LS(U™; Q)*-” whose objects we call local systems of geo-
metric origin. It turns out that, more generally, there is a good notion of sheaves of geometric origin
over any k-variety, which specialises to the aforesaid one for the pro-k-variety U. Given a k-variety
X, a constructible sheaf on X" is of geometric origin if it belongs to the smallest abelian subcat-
egory Shgeo(X; Q)" closed under extensions and containing the sheaves of the form R” f*"Q, for
n € Nand f : Y — X a proper morphism. Closing under colimits and deriving, one obtains the

oo-category Shge,(X; Q).

Remark 10. In the main body of the paper, we adopt a different construction of the co-category
Shyeo(X; Q) which is better suited for dealing with more general coefficient rings; see Definition
However, for regular coeflicient rings, one obtains precisely the co-category we just de-
scribed; see Remark [1.6.18] and Theorem [1.6.32]

By construction, these co-categories are stable by pullback, which yields a functor
Shgeo(—; Q) : (Schy)? — CAT.L,. (14)

In fact, we prove in Subsection @] that the co-categories Shgeo(X; Q), for X € Schy, are actually
stable by the six operations on constructible sheaves. This is a nontrivial fact and a key ingredient
in the proof of the next statement, which is our first main result.

Theorem 11. There is a natural equivalence

Gmot(k, )(Q) = Auteq(Shgeo(—; Q)) (15)

from the discrete group of Q-rational points of Gme(k, 0)(Q) to the space of autoequivalences of the
Sunctor Shgeo(—; Q) considered as a presheaf on Schy valued in symmetric monoidal co-categories.

Remark 12. Of course, we will also give a similar interpretation of the A-points of G (k, o) for
any (classical) Q-algebra A: Gu(k, 0)(A) is equivalent to the space of autoequivalences of the
functor Shye,(—; A). However, it is worth mentioning that our main theorem is even more precise.
Indeed, the motivic Galois group G (k, o) carries a natural derived structure (expected to be
trivial, but this expectation remains a conjecture at the time of writing). Similarly, the right hand
side of (I5) is the global section of a derived group stack Auteq(Shge,(—; Q)). Our main theorem

matches Gnoi(k, o) and Auteq(Shyeo(—; Q)) with their derived structures; see Theorem [2.2.3]
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Remark 13. An interesting byproduct of the proof of Theorem [11]is the following. The action of
Gmot(k, o) on the functor Sheeo(—; Q) can be used to construct a new six-functor formalism whose
underlying pullback formalism is given by the functor

Shim(=; Q) : (Schy)® — CAT., (16)

sending a k-variety X to the co-category Shge“(‘f‘(X ; Q) of fixed objets in Shye,(X; Q) for the action

gmot

of Gmot(k, o). The usual Betti realisation functor for motives factors through Shyes'(—; Q) yielding
a morphism of six-functor formalisms

R : MSh(—; Q) — Shi™(—; Q). (17)

(Here and below, MSh(X; Q) is the co-category of motivic sheaves on X.) It is natural to expect that
R yields an equivalence when restricted to the sub-co-categories of constructible objects on both
sides. In view of the main result of [CG17]], objects in Shé‘;"g,"‘(X ; Q) are entitled to be called Nori
motivic sheaves. This gives a new construction of an abelian category of Nori motivic sheaves

with the expected relation to the triangulated categories of motivic sheaves a la Voevodsky. See
[Aral3|], [Ara23], [Ivol7] and [IM23]] for other approaches.

The proof of Theorem I ]is extraordinary simple! It relies on the following two ingredients.

(1) A motivic description of the functor Shye,(—; Q).
(2) The universality of the functor MSh(—; Q) as an object in the co-category of Voevodsky
pullback formalisms.

The second ingredient is a recent result of Drew—Gallauer [DG22]. Roughly speaking, it is the
property that the functor MSh(—; Q) is initial when viewed as an object of a certain co-category of
functors satisfying enough of the six-functor formalism; see also Theorem [2.1.5] To describe the
first ingredient, we note that the Betti realisation yields a natural transformation

B” : MSh(—; Q) — Shgeo(—; Q). (18)

Let B € MSh(k; Q) be the commutative algebra representing singular cohomology of motives; this
is the image of Q by the functor B, : Modg — MSh(k; Q), right adjoint to B*. Applying a general
co-categorical construction, we obtain a natural transformation

B : MSh(—; B) — Shgeo(—; Q) (19)

factoring B*. Here, for X € Sch;, we denote by MSh(X; B) the co-category of B-modules in
MSh(X; Q). The motivic description of Shy.,(—; Q) is the content of the following statement.

Theorem 14. The morphism B* in is an equivalence.

The fully faithfulness of B* is an old observation due to Cisinski-Déglise, which is a direct con-
sequence of the compatibility of the Betti realisation with the six operations; see Proposition@
The essential surjectivity, 1.e., the fact that every sheaf of geometric origin is in the image of B*,
can be deduced from Deligne’s semi-simplicity theorem [Del/71, Théoreme 4.2.6]. Nevertheless,
we offer a second proof, avoiding Hodge theory and relying instead on results about the motivic
Galois group, namely [Ayol4b, Théoremes 2.34 & 2.57]. A closely related variant of Theorem
[I4] was announced by Drew in [Drel8]]; see the paragraph “Forthcoming and future work” in the

introduction of loc. cit.
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Remark 15. In the main body of the paper, the above results are presented differently. Indeed,
as explained in Remark we adopt another construction of the co-category Shy.,(X;Q), one

for which the essential surjectivity of B* is automatic. The problem becomes then to concretely
determine Sh,.,(X; Q) as a sub-co-category of ind-constructible sheaves. This can be achieved
using Theorem [1.6.16]as explained in Remark [I.6.18§]

Using the above two ingredients, we get the following chain of equivalences:
EndMap(Shye,(—; Q)) EndMap(MSh(—; B))
MSh(-; Q)
EndMap !
MSh(-; B)),,
MSh(X; Q) MSh(Y; Q)]
l .
f*

1R

1

1R

lim  Map
f:Y—>Xe(Schy)™

VR
MSh(X; B) MSh(Y;B)

The subscripts “id” and *“f*” refer to taking the fibres at the points
id € EndMap(MSh(—; Q)) and f* € Map(MSh(X; Q), MSh(Y; Q))

respectively. Also, the self-mapping spaces are taken in the co-categories of CAlg(Pr")-valued
presheaves on Schy, for the first two, and on A! x Schy for the third one. Finally, the mapping
spaces after the limit are taken in CAlg(PrL)Al. This said, we may use [Lurl7, Theorem 4.8.5.21],
to continue the above chain of equivalences as follows

= lim  Mapp,ca (MSh(X; Q), Blx), MSh(Y; Q), Bly)) -
f:Y—>Xe(Schy)W

~ lim Ma an(Bly, B
£ Ke ey Pcatemsn(r:y (Bl Bly)

= MaPCAlg(MSh(k;Q))(@a@)
~ Gk, 0)(Q).

This finishes our sketch of proof of Theorem [I1} For more details, we refer the reader to the proof
of Theorem where we actually use a slightly different argument.

In the remainder of the introduction, we briefly explain how to derive from Theorem|[IT]a similar
statement about the action of the motivic Galois group on categories of local systems of geometric
origin. For X € Schy, we denote by LS,.,(X; Q) the full sub-co-category of Sh,.,(X; Q) generated
under colimits by the dualizable objects. Clearly, an autoequivalence of Shy.,(X; Q) restricts to an
autoequivalence of LS, (X; Q), which gives a map

AUteq(Shgeo(_; Q)) - AUteq(LSgeo(_; Q)) (20)

To construct a map in the opposite direction, it is enough to find a recipe for constructing the functor
Shgeo(—; Q) from the functor LSg.,(—; Q). This is not unreasonable since a constructible sheaf of
geometric origin on X can be obtained by gluing local systems of geometric origin on locally closed
subvarieties of X. To produce such a recipe, we need to extend the functoriality of the categories
LSgeo(—; Q) in order to allow monodromic specialisation functors; see Section Then, we need to
show that these extra functorialities are automatically compatible with the autoequivalences of the

functor LSy, (—; Q). At the end, we are able to justify the following statement; see Theorem [4.4.2]
9



Theorem 16. There is a natural equivalence

Gmor(k, 7)(Q) = Auteq(LSgeo(—; Q) 21

from the discrete group of Q-rational points of Gme(k, 0)(Q) to the space of autoequivalences of the
functor LSe,(—; Q) considered as a presheaf on Smy valued in symmetric monoidal co-categories.

Notation and conventions.

co-Categories. We freely use the language of co-categories as developed in Lurie’s books [Lur09],
[Lurl7] and [Lurl8|]. The reader familiar with the content of these books will have no problem
understanding our notation pertaining to higher category, higher algebra and higher algebraic ge-
ometry, which are often very close to those in loc. cit. Nevertheless, we list below some of the
notations and conventions we frequently use.

As usual, we employ the device of Grothendieck universes, and we denote by Cat,, the oco-
category of small co-categories, and CAT,, the co-category of possibly large co-categories. We
denote by CATL (resp. CATR) the wide sub-co-category of CAT,, spanned by functors that are
left (resp. right) adjoints. Similarly, we denote by Pr" (resp. Pr®) the co-categories of presentable
co-categories and left (resp. right) adjoint functors. We denote by Pr- ¢ Pr" (resp. P} c Pr®)
the sub-co-category of compactly generated co-categories and compact-preserving functors (resp.
functors commuting with filtered colimits). Given a compactly generated co-category C, we denote
by C“ c C its full sub-co-category of compact objects.

We denote by & the oco-category of spaces (aka., homotopy types) and by Sp the oco-category
of spectra. The latter admits a natural ¢-structure (Sps,, Sp,) with Sp,, the sub-co-category of
connective spectra.

Given an oco-category C, we denote by Map.(x,y) the mapping space between two objects x
and y in C and, if C is stable, we denote by map(x, y) the corresponding mapping spectrum. We
denote by Eqv.(x,y) C Map,(x,y) the subspace of equivalences between x and y. We also write
EndMap.(x), instead of Map(x, x), for the self-mapping space of an object x of C. Similarly, we
write Auteqo(x), instead of Eqv(x, x), for the space of autoequivalences of x.

Given two oo-categories C and X, we denote by Fun(C, ®) the co-category of functors from C
to @. If C is small, we denote by P(C) = Fun(C?, &) the co-category of presheaves on C and by
y : C — P(C) the Yoneda embedding. More generally, we write Psh(C, ) instead of Fun(C°?, D)
if we want to consider contravariant functors from C to @ as @-valued presheaves on C. If C is
endowed with a Grothendieck topology 7, we denote by 2V(C) c P(C) the full sub-co-category
of 7-(hyper)sheaves and by L, : #(C) — @T(A)(G) the (hyper)sheafification functor. Similarly, we
denote by ShVE_A)(G; @) the full sub-co-category of Psh(C; @) of @-valued 7-(hyper)sheaves.

A symmetric monoidal co-category is a cocartesian fibration C®* — Fin, such that the induced
functor (p}); : Ciy = [Ti<i<n Ca1y is an equivalence for all n > 0. (Recall that Fin, is the category
of finite pointed sets, (n) = {1,...,n} U {*} and p' : {(n) — (1) is the unique map such that
(©)~'(1) = {i}.) The fibre Gfb over (1) is called the underlying co-category, and is simply denoted
by C. The co-category of commutative algebras in C® is denoted by CAlg(C). If A € CAIg(C), we
denote by Mod4(C) the co-category of A-modules. If C® = $p®, we simply write CAlg and Mod,.
We also write CAIg™ c CAlg for the full sub-co-category of connective commutative ring spectra.
If A is a (connective) commutative ring spectrum, we write CAlg'™, instead of CAlg'™”, for the

A A/
co-category of (connective) commutative A-algebras.
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By Lurie’s straightening construction, a symmetric monoidal co-category can be considered as a
commutative algebra in CAT,. We use this to identify the co-category of symmetric monoidal
co-categories with CAlg(CAT,,). Similarly, the co-categories Pr™ and Pr- underly symmetric
monoidal co-categories Pr-® and Pr>®. A symmetric monoidal co-category is said to be pre-
sentable (resp. compactly generated) if it belongs to CAlg(Pr") (resp. CAlg(Prh)).

Unless otherwise stated, lax symmetric monoidal functors and their underlying functors are
denoted by the same symbol.

Algebraic Geometry. 1f kis a field, we use “k-variety” as a shorthand for “k-scheme of finite type”.
If o : k — Cis a complex embedding, we denote by X" the complex analytic variety associated
to a k-variety X. If we need to specify the dependency on o, we write X",

Unless otherwise stated, schemes will be assumed quasi-compact and quasi-separated. Given
a scheme S, we denote by Schy the category of S-schemes of finite presentation. We denote by
Smg C Schg and Etg c Schg the full subcategories of smooth and étale S -schemes respectively.
When § is the spectrum of a commutative ring R, we write Schg instead of Schgpec(r), and similarly
in the smooth and étale cases. These categories are usually endowed with the étale topology, which
we abbreviate by “ét”. We denote by — Xy — (resp. — Xg —) the direct product on Schg (resp. Schg).
If a ground field k is fixed, we often write — X — instead of — X, —.

Given a scheme S, we denote by A% the n-dimensional relative affine space over . If § is the
spectrum of a commutative ring R, we write A} instead of Agpec( r- If a ground field & is fixed, we
even write A" instead of A}. Similarly, we denote by P§ the n-dimensional relative projective space
over S, and use similar shorthands when S is the spectrum of a commutative ring or the ground
field.

Motivic and ordinary sheaves. In this paper, we will depart from well-established notations in
motivic homotopy theory: given a scheme X, we denote by MSh(X) the Morel-Voevodsky oo-
category of motivic sheaves on X in the étale topology. This is usually denoted by SH¢(X), or
similarly. Given A € CAlg, we denote by MSh(X; A) the co-category of A-modules in MSh(X).
Objects of MSh(X; A) will be called motivic sheaves with coefficients in A. More generally, if A is
a commutative algebra in MSh(S) and X is an S -scheme, we denote by MSh(X; A) the co-category
of A-modules in MSh(X). (Here we are implicitly using the symmetric monoidal functor given by
pullback along the structural morphism X — §.)

Similarly, given a complex analytic variety (or, more generally, any topological space) W, we
denote by Sh(W) the co-category Shv”(Op(W); Sp) of Sp-valued hypersheaves on the site of opens
in W. Given A € CAlg, we denote by Sh(W; A) the co-category of A-modules in Sh(W) which we
call sheaves on W with coeflicients in A. The full sub-co-category of Sh(W; A) of local systems is
denoted by LS(W; A)“, and its indization is denoted by LS(W; A).

If X is a k-variety, with k a field endowed with a complex embedding o : k — C, we denote by
Sh(X; A) the indization of the co-category of sheaves on X" that are constructible with respect
to the analytification of a stratification of X. We denote by Sh.,(X; A) the full sub-co-category
of Sh.(X; A) consisting of those sheaves that are of geometric origin. If we need to specify the
dependency on o, we write Sh,_(X; A) and Sh,_eo(X; A). If A is the sphere spectrum, we omit it
from the notation, and write simply Sh.(X) and She.,(X). Also, we denote by LS,.,(X; A) the full
sub-oco-category of Shy.,(X; A) generated under colimits by local systems of geometric origin.

Galois and fundamental groups. Let k be a field. Given a separable closure k/k of k, we denote

by G(k/k) the absolute Galois group of k; this is a profinite group. If o : k < C is a complex
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embedding, we denote by G,(k, 0) the motivic Galois group of k. This is naturally an affine de-
rived group scheme. More precisely, it is the spectrum of a derived Hopf algebra #,,:(k, o) which
is connective. In fact, in this paper, we only consider commutative (but not necessary cocommu-
tative) Hopf algebras, and we use the expression “Hopf algebra” as a shorthand for “commutative
Hopf algebra”.

If W is a connected complex analytic variety and w € W a point, we denote by (W, w) the
fundamental group of W and ﬂ?lg(W, w)q its pro-algebraic completion over Q. Said differently,

ﬂilg(W, w)g is the fundamental group of the Tannakian category LS(W;Q)“*“ neutralised by the
fibre functor at w. If X is a connected k-variety and x € X*" is a complex point of X, we denote
geo

by ;" (X, x)g the fundamental group of the Tannakian category LS,.(X; Q)** neutralised by the

fibre functor at x. If we need to specify the dependency on o, we write 77 *°(X, x)g. In fact,
geo

. (X, x)5 can be defined for any commutative ring spectrum A.

.. alg
similar groups 7, “(W, w), and 7

1. MOTIVES, REALISATION AND THE MOTIVIC (GALOIS GROUP

In this section, we review the construction of the motivic Galois group introduced in [Ayol4al]
and revisited in [Ayol7a]] and [[Ayo23]. We also review some basic facts from [Ayol4a; |Ayol14b]
and relate them to the notion of local systems of geometric origin. All the results contained in this
section are essentially known, but not always available in the generality we want to consider in this
paper. The reader familiar with this material may skip this section and refer to it when needed.

1.1. Motivic sheaves.

In order to streamline the notation in the paper, we will depart from well-established notations in
motivic homotopy theory and write MSh(X) for the Morel-Voevodsky co-category of étale motivic
hypersheaves on X, simply called motivic sheaves herein. This co-category is usually denoted by
SH¢(X), or similarly, in the literature. We will also write MSh(X; A) for the co-category of motivic
sheaves with coefficients in a commutative ring spectrum A € CAlg. In this subsection, we recall
the construction of these co-categories and review their basic properties.

Notation 1.1.1. Given a small co-category C, we denote by P(C) the co-category of &-valued
presheaves on C. (As usual, & is the co-category of spaces, aka., homotopy types.) If C is endowed
with a Grothendieck topology 7, we denote by @”(C) the full sub-co-category of P(C) spanned
by the 7-(hyper)sheaves. More generally, if 0 is another co-category, we denote by Psh(C; ) the
co-category of @-valued presheaves on C and by Shv'""(C; @) its full sub-co-category spanned by
7-(hyper)sheaves. When @ = Mod, is the co-category of A-modules for some commutative ring
spectrum A € CAlg, we write Psh(C; A) and Shvg’\)(G ; A) instead. If M is a A-module, we denote
by M. the associated constant presheaf and (hyper)sheaf on C. There are obvious functors

A(=): P(C) = Psh(C;A)  and  A(-) : PV(C) — Shv'V(C; A), (1.1)

induced by the unique colimit-preserving functor & — Mod, sending the one-point space to A.
We also denote by A(—) and A,(—) the precompositions of the functors in (I.1)) with the Yoneda
embedding and its (hyper)sheafified version (which fails to be an embedding in general).

Remark 1.1.2. Let ® be a symmetric monoidal co-category with underlying co-category @. Ap-
plying [Lur09, Proposition 3.1.2.1] to the cocartesian fibration D® — Fin,, we deduce that

FUI’I(GOP, @®) XFun(G"P,Fin*) Fll’l* - Fln*
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defines a symmetric monoidal co-category Psh(C; @)® whose underlying co-category is Psh(C; D).
By [Lurl7, Proposition 2.2.1.9], if the symmetric monoidal co-category @€ is presentable, then
Shvi™(C; D) underlies a unique symmetric monoidal co-category Shv!"(C; D)® such that the (hy-
per)sheafification functor

L. : Psh(C; D) — ShviV(C; D)

lifts to a symmetric monoidal functor. These considerations apply with D® = Mod$ the symmetric
monoidal co-category of A-modules (with A € CAlg as above). The resulting symmetric monoidal
co-categories are denoted by Psh(C; A)® and ShVS_A)(G ; A)® respectively. The functors A(-) and
A(=) in (L) lift naturally to symmetric monoidal functors.

Remark 1.1.3. Let A € CAlg be a commutative ring spectrum. By [Lur09, Proposition 5.5.3.6 &
Remark 5.5.1.6], the co-categories Psh(C; A) and SthA)(G; A) are presentable. They are generated
under colimits by their objects A(X) and A.(X), for X € C. In fact, the objects A(X) are compact,
so that Psh(C; A) is compactly generated. More is true: the symmetric monoidal co-categories
Psh(C; A)® and Shv""(C; A)® are presentable and, if C has finite products, Psh(C; A)® is even
compactly generated.

Remark 1.1.4. When A = S is the sphere spectrum, we write Psh(C) and ShV(TA)(G) instead of
Psh(C; S) and Shv(C;S). Said differently, Psh(C) and Shv")(C) are the co-categories of Sp-
valued presheaves and 7-(hyper)sheaves respectively. In fact, this will be a general notational
convention in the paper: given some oco-categories depending on a commutative ring spectrum A,
we simply remove “A” from the notation to indicate that A is set to be the sphere spectrum S. It
is worth recalling that Psh(C) is tensored over Sp® and that, by [Lurl7, Proposition 4.8.1.17], the
oo-category Psh(C; A) is equivalent to the co-category of A-modules in Psh(C). Thus, we have an
equivalence

Psh(C) ® Mod, =~ Psh(C; A)

where the tensor product is taken in Pr®. The same applies to the co-category Shvi)(C; A).

We remind the reader that all schemes are supposed quasi-compact and quasi-separated, al-
though this is often unnecessary. As usual, for a scheme S, we denote by Schy the category of S -
schemes of finite presentation. We denote by Smg C Schg the subcategory of smooth S -schemes,

which we view as a site endowed with the étale topology abbreviated by “ét”.

Definition 1.1.5. Let S be a scheme and A € CAlg a commutative ring spectrum. We denote
by MSh*(S; A) the full sub-co-category of Shv/(Smg; A) spanned by the A'-invariant étale hy-
persheaves. (Recall that a presheaf F is Al-invariant if, for every X € Smyg, the projection map
p: A}( — X induces an equivalence p* : F(X) = F(A}().)

Remark 1.1.6. The sub-co-category MSheT(S: A) is the localisation of Shv,,(Smg; A) with respect
to the collection of maps of the form Aét(A}() — Ag(X), for X € Smg, and their desuspensions. In
particular, the obvious inclusion admits a left adjoint

L, : Shvl\(Smg; A) — MSh™(S; A). (1.2)

The co-category MSheﬁ(S ; A) 1s stable and, by [Lurl7, Proposition 2.2.1.9], it underlies a unique
symmetric monoidal co-category MSh® (S ; A)® such that Ly, lifts to a symmetric monoidal func-

tor. Moreover, the symmetric monoidal co-category MSh*T(S; A)® is presentable.
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Definition 1.1.7. Let S be a scheme and A € CAlg a commutative ring spectrum. We denote by
Ty (or simply T if S is clear from the context) the image by the functor L,: in of the cofibre
of the split inclusion Ag(S) — Aét(Aé \ Og) induced by the unit section. With the notation of
[Rob13| Definition 2.6], we set

MSh(S; A)® = MSh*"(S; A)®[T5'].

Thus, there is a morphism X7 : MSh*(S; A)® — MSh(S; A)® in CAlg(Pr"), sending T to a ®-
invertible object, and which is initial for this property. We denote by Qf the right adjoint of X7
The objects of MSh(S'; A) are called motivic sheaves on S'.

Notation 1.1.8. Let X be a smooth S -scheme. We set
M*T(X) = L1 (Aa(X)) and M(X) = ZYMT(X) = ZFLa1 (Aa(X)).

These are objects of MSh®(S; A) and MSh(S; A). The object M(X) is called the homological
motivic sheaf associated to X.

Notation 1.1.9. We denote by A (or Ag) the monoidal unit of MSh(S; A)®. For n € N, we denote
by A(n) the image of T?”[—n] by X%, and by A(—n) the ®-inverse of A(n). For n € Z, we denote
by M +— M(n) the Tate twist given by tensoring with A(n).

Lemma 1.1.10. Let S be a scheme and A € CAlg a commutative ring spectrum. The symmetric
monoidal co-category MSh®V(S; A)® is presentable and its underlying co-category is generated
under colimits, and up to desuspension and negative Tate twists when applicable, by the motivic
sheaves MM (X) with X € Smg.

Proof. See [AGV22, Lemma 3.1.6]. O

Notation 1.1.11. Let S be a scheme and A € CAlg a commutative ring spectrum. We denote by
MSh®D(S; A)@ the smallest full sub-co-category of MSh®D(S; A) containing the motivic sheaves
M (X), with X € Smyg, and stable under finite limits, finite colimits, direct summands and nega-
tive Tate twists when applicable. In [[Ayo(07a, Definition 2.2.3], objects in MSh(S ; A)“ were called
constructible, but we will avoid this terminology in this paper. Instead, we will call them motivic
sheaves of finite generation.

Under some mild hypotheses, Lemma[I.1.10]can be strengthened as in the next proposition. We
refer the reader to [AGV22| Definition 2.4.8] for the notion of (virtual) A-cohomological dimen-
sion when A is connective. Below, we extend this notion to nonconnective ring spectra by declaring
that the (virtual) A-cohomological dimension is equal to the (virtual) 759A-cohomological dimen-
sion. Also, we will say that a scheme is A-good if it is (759A, ét)-good in the sense of [AGV22,
Definition 2.4.14].

Proposition 1.1.12. Let S be a scheme and A € CAlg a commutative ring spectrum. Assume that
S has finite Krull dimension and that the virtual A-cohomological dimensions of its residue fields
are uniformly bounded. Then the symmetric monoidal co-category MSh®®(S; A)® is compactly
generated. A set of compact generators of its underlying co-category is given, up to desuspension
and negative twists when applicable, by the M (X)’s with X € Smg a A-good smooth S -scheme.

Proof. See [AGV22, Proposition 2.4.22 & Remark 2.4.23]. m|

Over a field, we also have the following fact.
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Proposition 1.1.13. Let k be a field and A € CAlg a commutative ring spectrum. Then the oco-
category MSh(k; A) is generated under colimits by its dualizable objects.

Proof. This follows from [EK20, Theorem 3.2.1], which is based on [BD17]]; see [Ayo23, Lemma
1.12]. If k has characteristic zero, one can use instead [[R1003]]. O

Proposition 1.1.14. Let S be a scheme and A € CAlg a commutative ring spectrum. The assign-
ment X — MSh®D(X; A)® extends naturally into a functor

MSh®®(—; A)® : (Schg)® — CAlg(Pr™™). (1.3)
Proof. We refer to [Rob15]] for the construction of such a functor. O

Notation 1.1.15. Let f : Y — X be a morphism in Schg. The image of f by the functor in (I.3)) is
the symmetric monoidal functor

£ MSh®®(X; A)® — MSh®D(y; A)®

whose underlying functor, also denoted by f*, is called the inverse image functor. The latter has a
right adjoint f,, called the direct image functor.

The functor MSh(—; A)® in (I.3) is an example of what we shall call a Voevodsky pullback
formalism. In [AyoO7a, §1.4.1 & §2.3.1], up to the co-categorical enhancement, such a structure
was called a monoidal stable homotopy 2-functor. An equivalent notion is that of a coefficient
system; see [Drel8, Definition 5.3] and [DG22, Definition 7.5]. Below, we denote by CAT?, the
oco-category of stable co-categories and exact functors; CAT® has a natural symmetric monoidal
structure given by [Lurl7, Corollary 4.8.1.4] (with K the class of finite simplicial sets).

Definition 1.1.16. Let S be a scheme. A Voevodsky pullback formalism over S is a functor
Ft® : (Schg)® — CAlg(CATY),

sending X € Schg to a stable symmetric monoidal co-category #(X)® and a morphism f : ¥ —» X
in Schg to an exact symmetric monoidal functor f* : #(X)® — #(Y)®, such that the following
conditions are satisfied.

(1) #(0) is the final co-category with one object and one morphism.
(2) For every morphism f : ¥ — X in Schyg, the functor f* admits a right adjoint f,. Moreover,
given a cartesian square in Schg

’

vy 2.y

b
X =5 X,
with g smooth, the exchange morphism g* f. — f/g’* is an equivalence.

3) If f : Y — X is a smooth morphism in Schg, the functor f* admits a left adjoint f;.
Moreover, for A € #(X) and B € #(Y), the obvious morphism fi(f*(A) ® B) —» A ® fy(B)
is an equivalence.

4) If i : Z — X is a closed immersion in Schg, the functor i, is fully faithful. Moreover, if
Jj : U — X is the complementary open immersion, then the pair (i*, j*) is conservative.

(5) For X € Schg and p : A}, — X the obvious projection, the functor p* is fully faithful.

(6) For X € Schg, pbeasin(5)and s : X — A)l( the zero section, the endofunctor py o s, is an

equivalence.
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We say that the Voevodsky pullback formalism #€® is presentable if it factors through the oo-
category CAlg(Pr™*) of stable presentable symmetric monoidal co-categories. We say it is com-
pactly generated if it factors through the co-category CAlg(Pr-*) of stable compactly generated
symmetric monoidal co-categories.

Proposition 1.1.17. Let S be a scheme and A € CAlg a commutative ring spectrum. The functor
MSh(—; A)® : (Schg)®® — CAlg(Pr*)

is a presentable Voevodsky pullback formalism. It is compactly generated if S has finite Krull
dimension and the A-cohomological dimensions of its residue fields are uniformly bounded.

Proof. All the axioms in Definition [I.1.16]are direct consequences of the construction, except for
axiom (4) which is a reformulation of the Morel-Voevodsky localisation theorem [MV99, §3.2,
Theorem 2.21]. For a fully detailed exposition, see [AyoO7/b, §4.5.2 & 4.5.3]. For a modern treat-
ment of the Morel-Voevodsky localisation theorem, see [Hoy18, §1]. The second assertion fol-
lows from Proposition [I.1.12] The condition that the A-cohomological dimensions of the residue
fields of S are uniformly bounded implies that the unit object of MSh(X; A) is compact for every
X € Schg. (See Step 1 of the proof of [AGV22, Proposition 2.4.20].) O

Remark 1.1.18. A Voevodsky pullback formalism gives rise to a full six-functor formalism as
explained in [Ayo07a; [Ayo07b]. More precisely, the axioms of Definition [I.1.16]imply the proper
base change theorem, which can be used to define the exceptional adjunction

fi @) 2 #HX): f

for every morphism f : ¥ — X in Schg. In fact, it is even possible to prove an analog of [AGV22,
Theorem 4.6.1] for #°.

We record the following definition. (Compare with [Ayol0, Définition 3.1].)

Definition 1.1.19. Let S be a scheme, and let #® and #¢’® be two Voevodsky pullback formalisms
over S. A morphism ¢ : #® — #'® of Voevodsky pullback formalisms is a morphism of
CAlg(CAT®)-valued presheaves such that the following condition are satisfied. For a smooth mor-
phism f : ¥ — X in Schg, the induced natural transformation f; o ¢y — ¢x o fy, between functors
from #(Y) to #'(X), is an equivalence. We say that ¢ is a morphism of presentable Voevodsky
pullback formalisms over S if ¢ is a morphism of CAlg(Pr™-*)-valued presheaves. Finally, we say
that ¢ is a morphism of (presentable) six-functor formalisms if it is a morphism of (presentable)
Voevodsky pullback formalisms which is furthermore compatible with the ordinary direct image
functors, i.e., such that the natural transformation ¢x o f, — f. o ¢y is an equivalence for every
morphism f : ¥ — X in Schg. See Remark [I.1.20]below for a justification of this terminology.

Remark 1.1.20. By [Ayol0, Théoréme 3.4], the commutation with the operations f, is automatic
for any morphism of Voevodsky pullback formalisms. Moreover, the commutation with the op-
erations f ' can be reduced to the case of a closed immersion, which in turn follows from the
commutation with the operations j., for j an open immersion in Schg. Thus, a morphism of six-
functor formalisms is also compatible with the operations f; and f*, for any morphism f in Schy.
Even more, it is compatible with the internal Hom functor from any object of #(X) which belongs
to the smallest sub-co-category closed under retract, finite limits and finite colimits, and containing

the objects of the form f;1, for f : ¥ — X smooth.
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Remark 1.1.21. Let S be a scheme and A a commutative ring spectrum. Let (R be a commutative
algebra in MSh(S; A). Given an S -scheme X, we set

MSh(X; R) = Modg(MSh(X; A)),

using the action of MSh(S; A)® on MSh(X; A) induced by the symmetric monoidal pullback func-
tor along the structural morphism. In this way, we obtain a new presentable Voevodsky pullback
formalism MSh(—; R)® together with a morphism R ®, — : MSh(—; A)® — MSh(—; R)® of pre-
sentable Voevodsky pullback formalisms. (The existence of the functor MSh(—; R)® follows, for
example, from [Lurl7, Theorem 4.8.4.6] and the functoriality of the tensor product in Pr'; the
properties (1)—(6) in Definition are easily verified.)

Remark 1.1.22. In this paper, we are mainly concerned with motivic étale hypersheaves (which we
are simply calling motivic sheaves). However, we occasionally need to use the co-category of mo-
tivic sheaves in the Nisnevich topology which, over a scheme S, will be denoted by MShffif)(S 3 \).
This co-category is obtained by using Nisnevich sheaves instead of étale hypersheaves in Def-
initions [I.1.5] and [I.1.7] Everything we said so far is equally valid for the Nisnevich version,
and sometimes under weaker assumptions. In particular, we have a presentable Voevodsky pull-
back formalism MSh,;s(—; A)® which is compactly generated (under the only assumption that S is
quasi-compact and quasi-separated). We also have a morphism of presentable Voevodsky pullback

formalisms ag : MShy;(—; A)® — MSh(—; A)® given by localisation functors.

For later use, we introduce another class of presentable Voevodsky pullback formalisms which
contains the compactly generated ones.

Definition 1.1.23. Let S be a scheme. A Voevodsky pullback formalism #® over S is said to be
strongly presentable if it is presentable and if, for every morphism f : ¥ — X in Schg, the functor
fi t H(Y) = H(X) is colimit-preserving.

Remark 1.1.24. If #® is a strongly presentable Voevodsky pullback formalism over S, then the
functors f* are also colimit-preserving for all morphisms f in Schy. Indeed, when f is smooth,
this is automatic by the equivalence f* ~ Th(Q;) o f* (see [Ayo07a, Scholie 1.4.2]). Moreover, if
i is a closed immersion in Schg with complementary open immersion j, the localisation triangle
shows that i' is colimit-preserving if and only if j, is.

Remark 1.1.25. Let S be a scheme and A € CAlg a commutative ring spectrum. The Voevodsky
pullback formalism MSh(—; A)® : (Schg)? — CAlg(PrL’ ") is strongly presentable if S has finite
Krull dimension and the virtual A-cohomological dimensions of its residue fields are uniformly
bounded. This follows from Proposition [[.1.12] (Compare with Proposition [[.1.17])

Proposition 1.1.26. Let S be a scheme and A € CAlg a commutative ring spectrum. Assume that
S is noetherian and that A is eventually coconnective. Assume also that every prime number is
invertible on S or in myA. Then the Voevodsky pullback formalism

MSh(—; A)® : (Schg)*®® — CAlg(Pr-)
is strongly presentable.

Proof. Let f : Y — X be a morphism in Schg. We need to show that f, : MSh(Y; A) — MSh(X; A)
is colimit-preserving. By [Rob15, Corollary 2.22], it would be enough to show that the functors

f. : MSh(¥; A) - MSh*(X; A) and QL :MSh*"(Z; A) — MSh*"(Z; A),
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with Z € {X, Y}, are colimit-preserving. The case of Q. follows from the case of the direct image
functor along the projection A}, \ 0 — Z. Thus, we only need to consider the case of f.. It is
enough to show that the non-A!-localised direct image functor

.+ ShvA(Smy; A) — Shv/(Smy; A) (1.4)

is colimit-preserving. (Indeed, this functor takes morphisms of the form Aét(A%,) — Ag(V), for
V € Smy, to A'-equivalences as it can be shown using the explicit A'-homotopy

Aa(AL) ® fha(A)) = fha(AD) D fihg(AL),

where m : A2 — Al is the multiplication.)

To show that the functor in (1.4)) is colimit-preserving, we need to show that, for every U € Smy,
the direct image functor for the small étale sites, associated to the projection Y xy U — U, is
colimit-preserving. Replacing X and Y by U and Y Xx U, we are lead to show that

f. : Shvi(Ety; A) — Shvi(Etx; A)

is colimit-preserving. Replacing A with 759A, we may assume that A is connective. Since A is
eventually coconnective, we can find an integer N > O such that ;A = O0fori > N+ 1. If N > 1
and the result holds for 7.y_1A, we may use the exact triangle

Ji(=®n TonA) = ful=) = ful= @ Ten-1A)

and the fact that 7>y A is a T<y_; A-module to conclude. Thus, by induction on N, we can reduce to
the case where A is an ordinary commutative ring. This case was treated in [Ayol4c, Lemme 4.2].
Note that the assumption in loc. cit. is indeed satisfied for any noetherian scheme S by [[LO14,
Exposé XVIII,, Corollary 1.2]. m|

1.2. The Betti realisation.

In this subsection, we recall the construction of the Betti realisation following [[Ayol0]. Given
a complex analytic variety V, we denote by AnSmy the category of smooth complex analytic
V-varieties which we endow with the classical topology, abbreviated by “cl”. Unless otherwise
stated, the notion of (hyper)sheaf on AnSmy is always taken with respect to the classical topology.
In fact, by [Lur09, Corollary 7.2.1.12 & Theorem 7.2.3.6], every sheaf on AnSmy is a hypersheaf.
As usual, we denote by DY, the n-dimensional relative polydisc.

Definition 1.2.1. Let V be a complex analytic variety and A € CAlg a commutative ring spec-
trum. We denote by AnSh°"(V; A) the full sub-co-category of Shv;(AnSmy; A) spanned by the
D!-invariant hypersheaves. (Recall that a presheaf F is D'-invariant if, for every W € AnSmy, the
projection map p : Dy, — W induces an equivalence p* : F(W) ~ F(Dy,).)

As explained in Remark , the co-category AnSh°"(V; A) underlies a presentable symmetric
monoidal co-category AnSh®"(V; A)® and we have a symmetric monoidal functor

Ly : Shv/j(AnSmy; A)® — AnSh*T(V; A)® (1.5)
whose underlying functor is left adjoint to the obvious inclusion.

Definition 1.2.2. Let V be a complex analytic variety and A € CAlg a commutative ring spectrum.

We denote by Ty (or simply T is V is clear from the context) the image by the functor Ly in (I.5)
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of the cofibre of the split inclusion A, (V) — Acl(A:; "\ Oy) induced by the unit section. With the
notation of [Rob15, Definition 2.6], we set

AnSh(V; A)® = AnSh*™(V; A)®[T;'].

Thus, there is a morphism X7 : AnSh*™(V; A)® — AnSh(V;A)® in CAlg(Pr"), sending Ty to a
®-invertible object, and which is initial for this property. We denote by QF the right adjoint of X7

The oo-categories introduced above are equivalent to much simpler ones. To state this, we
introduce a notation.

Notation 1.2.3. Let W be a topological space and A € CAlg a commutative ring spectrum. We
denote by Sh(W; A)® the symmetric monoidal co-category of sheaves on W with coefficients in A.
In formulas, we set

Sh(W; A) = Shv;(Op(W); A)
with (Op(W), cl) the site of opens in W with the open cover topology.

Proposition 1.2.4. Let V be a complex analytic variety and A € CAlg a commutative ring spec-
trum. Then, the obvious functors

[ Py
Sh(V; A) = AnSh*(V; A) — AnSh(V; A)
are equivalences of co-categories.

Proof. The first equivalence is the content of [AyolO, Théorémes 1.8]. The second equivalence
follows from [Ayo10, Lemme 1.10] showing that Ty is already ®-invertible in AnSheﬁ(V; A). O

We now fix a ground field k endowed with a complex embedding o : k < C. Given a k-variety
X, we denote by X*" the associated complex analytic variety.

Definition 1.2.5. Let X be a k-variety and A € CAlg a commutative ring spectrum. The Betti
realisation for motivic sheaves on X is the symmetric monoidal functor

B} : MSh(X; A)® — Sh(X™; A)® (1.6)
defined as the composition of
MSh(X; A)® A AnSh(X*"; A)® ~ Sh(X*™"; A)®. (1.7)

Here, An" is obtained from the functor Smy — AnSmym, given by Y +— Y*", by the functoriality
of the constructions in Definitions [I.1.7]and [I.2.2] The functor B}, admits a right adjoint By .. If
no confusion can arise, we sometimes write B* and B, instead of B}, and By ..

Proposition 1.2.6. The functors By, in (1.6) are part of a morphism
B* : MSh(—; A)® — Sh((=)™; A)® (1.8)

of CAlg(Pr")-valued presheaves on Schy. Moreover, if f is a smooth morphism in Schy, the obvious
natural transformation

fiial’l o B* N B* o ‘fﬁ
is an equivalence. Said differently, B* is a morphism of presentable Voevodsky pullback formalisms

in the sense of Definition[I.1.19

Proof. One argues as in [Rob15, §9.1] for the first assertion. The second assertion is the content
of [Ayo10, Proposition 2.5]. O
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For later use, we need to adjust the Betti realisation, replacing its target by a smaller compactly
generated co-category. In particular, this will have the effect of rendering the Betti realisation into
a morphism of six-functor formalisms in the sense of Definition[I.1.19]

Definition 1.2.7. Let A € CAlg be a commutative ring spectrum.

(i) Let W be a complex analytic variety. We denote by LS(W; A)“ the full sub-oco-category
of Sh(W; A) consisting of dualizable objects. Objects of LS(W; A)® will be called local
systems on W; see Lemma below. We then define LS(W; A) to be the indization of
LS(W; A)“. Objects of LS(W; A) will be called lisse sheaves or ind-local systems on W.

(i1) Let X be a k-variety. A sheaf F € Sh(X®*"; A) is called a constructible sheaf on X if for
every point x € X, there is a locally closed subvariety Z C X containing x such that F|zn is
dualizable, i.e., belongs to LS(Z*"; A)“. We denote by Sh.(X; A)“ the full sub-co-category
of Sh(X®*"; A) consisting of constructible sheaves on X. We then define Sh.(X; A) to be the
indization of Sh¢(X; A)“. Objects of Sh.(X; A) will be called ind-constructible sheaves on
X.

Remark 1.2.8. There is a unique colimit-preserving functor
Sh(X; A) — Sh(X*; A) (1.9)

which restricts to the obvious inclusion on Sh.(X; A)®, but which is not fully faithful unless X is
zero-dimensional. Note also that LS(X®"; A) is a full sub-oco-category of Sh.(X; A). In the sequel,
we will also write LS(X; A) instead of LS(X*"; A). By construction, LS(X; A)“ is the full sub-co-
category of dualizable objects in Sh.(X; A).

Below, we prove a few facts concerning the co-categories introduced in Definition [I.2.7] We
start with the lemma that justifies our notion of local system.

Lemma 1.2.9. Let W be a complex analytic variety and F € Sh(W; A) a sheaf on W. Then the
following conditions are equivalent.

(i) The sheaf F is dualizable.
(ii) There exists an open cover (W)),e; of W such that the sheaves F|y. are constant with value
a perfect A-module.
(iii) For every contractible open subvariety U C W, the sheaf F|y is constant with value a
perfect A-module.

Proof. The implication (ii) = (i) is obvious and the implication (iii) = (ii) follows from the clas-
sical fact that a complex analytic variety is locally contractible. (See [Har75, Corollary 3.4] for a
much more general result.) The implication (ii) = (iii) is standard, but we include an argument for
the reader’s convenience. Assume that (ii) is satisfied. Replacing W by U, we may assume that W
is contractible. In particular it is connected and all the fibres of F are equivalent to a fixed object
Fo € Mod,. Let O = Eqvyyg, (Fo, F) be the hypersheaf on W sending a connected open subset
V c W to the space of equivalences from F; to F'(V). Then Q admits an action of the group space
G = Auteqyyq, (Fo). In fact, condition (ii) implies that Q is a G-torsor over W. By [Loj64], W is a
CW-complex, and this ensures that the G-torsor Q is classified by amap W — B(G), with B(G) the
classifying space of G. Since W is contractible, every such map is null-homotopic, which implies
that the G-torsor Q is necessarily trivial. A global section of Q yields an equivalence between F

and the constant sheaf with value F,, on W. This proves (iii).
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It remains to show the implication (i) = (ii). Assume that F' is dualizable. We fix a point x € W,
and we show that F is constant in the neighbourhood of x. The functor A +— A, is symmetric
monoidal. This implies that the A-module F', is dualizable and hence perfect and compact. Writing
F, = colim,cy F(U), where the colimit is over the open neighbourhoods of x, we deduce that the
identity of F, lifts to a morphism of A-modules F, — F(U), for U small enough. Replacing W
by U, we obtain a morphism (F,). — F from the constant sheaf (F ).y with value F,, inducing
the identity on the stalks at x. The cofibre G of this morphism is still dualizable, and it is enough
to show that it is zero in the neighbourhood of x. Let G" be the dual of G, and consider the unit
morphism 7 : Ay — G ®, G". Restricting to an open neighbourhood U of x and passing to global
sections, we obtain a morphism of A-modules

A > T(U;G o) GY). (1.10)

Taking the colimit over U, we obtain the map A — G, ®, G, ~ 0. Since A is compact, we deduce
that the morphism (I.10) is zero for U small enough. Then the unit map Ay — Gly ®x G|y is
zero, which implies that G|y is zero as needed. |

Corollary 1.2.10. Assume that A is an ordinary regular ring and let X be a k-variety. Then the
canonical t-structure on Sh(X™; A) restricts to a t-structure on its sub-co-categories LS(X; A)“ and
Sho(X; A)®. In particular, there is a unique compactly generated t-structure on Sh(X; A) making
the functor in (1.9) t-exact, and this t-structure restricts to a compactly generated t-structure on
LS(X; A).

Proof. To show that LS(X; A)“ is preserved by the canonical truncation functors, we use the second
characterisation of local systems given in Lemma [[.2.9] and the fact that perfect A-modules are
preserved by the canonical truncation functors when A is regular. To show the same property for
Sh(X; A)”, we use the fact that the pullback functors for Sh((—)*"; A) are #-exact. The remaining
assertions are clear. O

Remark 1.2.11. Keep the assumptions as in Corollary [1.2.10, Then Sh.(X; A)” is the indization
of She(X; A)*»¥ which is a full subcategory of Sh(X*"; A)”. Since every object of Sh.(X; A)*? is
noetherian, it follows that the family of fibre functors

x* : She(X; A)Y — Mody,
for x € X*", is conservative. In fact, it is enough to consider those points x which are defined over
a finite extension of k.

Lemma 1.2.12. Let X be a k-variety. Then the functor
LS(X;A) — Sh(X*™; A), (1.11)
obtained from (1.9)) by restriction, is fully faithful.
Proof. Let I c Sh(X*"; A) be the full sub-co-category generated under colimits by LS(X*"; A)“.
The functor in (I.TT]) lands in  and restricts to the obvious inclusion on LS(X; A)® = LS(X*™; A)“.
Thus, it is enough to show that the objects of LS(X*"; A)“ are compact objects of 7.
Since local systems are dualizable, we are reduced to showing that A is a compact object of I

or, equivalently, that the functor I'(X*"; —) : ¥ — Mod, commutes with direct sums. Let (M, ), be
a family of objects in 7 and M = @a M,. We need to show that the natural map

@ T(X™; M,) — T(X™; M) (1.12)

21



is an equivalence. Both sides of the map in (I.12)) satisfy cdh excision on X. Using resolution of
singularities in characteristic zero [Hir64|], we reduce to the case where X is smooth, admitting
an open immersion j : X < X with X smooth and proper, and X \ j(X) a strict normal crossing
divisor. By [Lur(09, Corollary 7.3.4.12], the functor F(Ya"; —) commutes with direct sums. Thus,
we are left to show that the morphism

@ Mo = j.M (1.13)

is an equivalence in Sh(Yan; A). WE check this on stalks, and fix a point x € X For U in a cofinal
system of neighbourhoods of x in X*", we can find isomorphisms

U=~D"" and  j(U)=D"x D'\ {0},

for some integers m,n > 0. In particular, j~'(U) is then equivalent to the classifying space B(Z™)
of Z™. It is enough to show that

D ri W), M) = TG W), Ml @) (1.14)

is an equivalence for such U’s. The stalk of the sheaf M,|; ) at a base point of 7 NW(U) is a
A-module N, with an action of Z". Setting N = (D N,, the morphism in (T.14) is equivalent to

Pr@;N.) - 1@ Ny,

where T'(Z™; —) = (-)%" is the derived functor of invariants under the action of Z”. Thus, we are
reduced to showing that I'(Z"; —) commutes with direct sums. By induction, we may assume that
m = 1. The result follows then from the fact that I'(Z; —) can be computed as the equalizer of the
identity map and the action of 1 € Z. O

Proposition 1.2.13. The six operations resulting from the Voevodsky pullback formalism
Sh((=)*"; A)® : (Schy)®® — CAlg(Pr™™)
preserve the sub-oo-categories of constructible sheaves.

Proof. This is a well-known fact, at least when A is an ordinary ring. For the reader’s convenience,
we include a proof. To simplify notation, we shall write f*, f., etc., instead of f**, f", etc. We
split the proof in several steps.

Step 1. The result is obvious for the ordinary pullback and the tensor product. In this step, we
assume that the result is also known for the ordinary direct image functors, and explain how to
derive the result for the remaining operations.

Given a morphism f of k-varieties, to show that f; preserves constructible sheaves, we may
assume that f is an open immersion or a proper morphism. The case of open immersions is clear
and, in the case of proper morphisms, we use that f; ~ f, to conclude. Similarly, to prove that
f' preserves constructible sheaves, we may assume that f is smooth or a closed immersion. If f
is smooth, we conclude using that f* is equivalent to f* up to a twist and shift. If f is a closed
immersion, we use the localisation triangle and the assumption that ordinary direct images along

open immersions preserve constructible sheaves. Finally, to prove that Hom(F, G) is constructible
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if F,G € Sh(X*"; A) are constructible, we may assume that F is of the form u,L where u : Z — X
is a locally closed immersion and L is a local system on Z*". In this case, we have equivalences

Hom(u,L, G) ~ u,Hom(L, u'G) = u.(L' ®, u'G)
and the result follows from the previous considerations.

Step 2. 1t remains to prove that f. preserves constructible sheaves for every morphism f : ¥ — X
of k-varieties.

We argue by induction on the dimension of Y. Let F be a constructible sheaf on Y. We may find
a dense open subvariety V C T, which is smooth up to nil-immersion, and such that F|y is a local
system on V. Let v : V — Y be the obvious inclusion and s : Z — Y the complementary closed
immersion. We have an exact triangle

fiF = fv.V'F — f.5.5C —

with C = cofib(F — v,v*F). Applying the induction hypothesis to f o s : Z — X, we see that f.F
is constructible if (f o v).F|y and v, F|y are constructible. This proves that it is enough to treat the
case where Y is smooth and F is a local system on Y*".

Step 3. Using resolution of singularities in characteristic zero [Hir64], we may find an open im-
mersion j : ¥ — Y over X, with ¥ smooth and D = Y \ Y a normal crossing divisor. In this step,
we prove that j, F is constructible. (Recall that F is a local system on Y, by Step 2.)

Let Dy,..., D, be the irreducible components of D and, for I C {1, ..., m} nonempty, let
D,:ﬂDa and D;:D,\UD,,.
ael b¢l

We claim that the restriction of j.F to D; is a local system. Indeed, every point of (D})™ admits
an open neighbourhood V in Y*" such that

VD" and '(V)=D""x@D'\{0})"

(Of course, n is the local dimension of Y and r is the cardinality of /.) We form the commutative
diagram with cartesian squares

1 —— VeV A
I
D'\ {0}y —2sDr ey,

By homotopy invariance, the local system F'|;-1(y is the pullback of a local system F, on (D'\{0}).
Using the (analytic) smooth base change theorem, it follows that the restriction of j.F to VN (D;)™
is isomorphic to p*ij jo,.Fo. The A-module ij jo . Fy is perfect since it is equivalent to I'(Z"; (Fy),),
where x € (D! \ {0})" is a base point. (See the proof of Lemma ) This proves our claim.

Step 4. Let g : Y — X be the structural morphism of the X-scheme Y. Recall that our aim is to
prove that f.F' ~ g, j.F is constructible.

Replacing Y with a connected component and X by the image of this component, we may assume
that Y is integral and g dominant. Using the proper base change theorem, the constructibility of
J«F and induction on the dimension, we can replace X with any dense open subvariety of X. Thus,
we may assume that g is smooth and that D = Y \ Y is a relative normal crossing divisor, i.e., all

the D;’s from Step 3 are smooth over X. We claim that in this situation, g. j.F is a local system on
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X. This is typically proven using Ehresmann’s theorem. We will give below a different proof using
the six-functor formalism.

Step 5. In this last step, we finish the proof of the proposition. We work in the situation we reached
in Step 4. To show that f.F is a local system, it is enough to show that the obvious morphism

Hom(A, A) ®4 g.j.F — Hom(A, g. . F) (1.15)
is an equivalence for every A € Sh(X*"; A). We have obvious equivalences
Hom(A, A) ®; g.j.F" =~ g.(¢"Hom(A, A) @ j.F)
g-(Hom(g"A, A) ®, j. F),

1R

and Hom(A,g.j.F) =~ g.Hom(g*A, j.F).
The third equivalence is obvious, while the first two rely on the fact that g is proper and smooth.
Therefore, it is enough to show that the natural morphism
Hom(g"A, A) ®, j.F — Hom(g*A, j.F) (1.16)

is an equivalence. This is a local question over Y*", and can be checked on stalks. We fix a point
y € Y*. For V varying in a fundamental system of neighbourhoods of y, and U the image of V in
X* we have:

(1) U =~ D", V ~ D" and, modulo these isomorphisms, V' — U is given by the projection to

the first m coordinates.

(2) 7' (V) = D"" x (D' \{0}) with r < n —m.

It is enough to show that for these V’s, the following morphism of A-modules
['(V;Hom(g"A, A)) ® T(V; j.F) — [(V;Hom(g"A, j.F)) (1.17)

is an equivalence. We have a commutative diagram with cartesian squares

’

J g

i) 1% U

lp” lp’ lp
Dn—m—rx(Dl\{O})r Jo Drm 80 pt

and a local system Fy on D" x (D' \ {0})" such that F]| vy = p""Fy. Up to canonical equiva-
lences, the morphism in (I.17)) can be rewritten as

[(U; Hom(Aly, A) @ T(D"™; jo,«Fo) — T'(V; Hom(g” Aly, p”* jo,«Fo)). (1.18)
We have a chain of natural equivalences
['(V;Hom(g"™Aly, p”* jo,«Fo)) I'(U; Hom(Aly, g.p"" jo,+Fo))
=~ T'(U;Hom(Aly, p*go. «jo.+F0))
=~ T'(U;Hom(Al|y, A) ®x p*go.«jo.«Fo)

~ [(U;Hom(A|y, A)) & I'(D"™; jo,+Fo)
where:

(1) is induced by the adjunction (g"*, g.);
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(2) follows from the (analytic) smooth base change theorem applied to the second square in
the above commutative diagram;
(3, 4) follow from the fact that p* gy .. jo.Fo 1s a (constant) local system with values I'(D"™"; jo .Fo)
which is a perfect A-module.

This clearly proves that (I.18)) is an equivalence, and finishes the proof of the proposition. O

Corollary 1.2.14. There are two Voevodsky pullback formalisms

She(—; A)“® : (Schy)® — CAlg(Cat?) and She(—; A)® : (Schy)? — CAlg(Pr=*")
related by a morphism of six-functor formalisms She(—; A)“**® — She(—; A)® which is compatible
with internal Homs.

In the next statement, we introduce the refined Betti realisation.

Theorem 1.2.15. There is a commutative triangle of presentable Voevodsky pullback formalisms

MSh(—: A)® —=s Sh(=: A)®

T |
Sh((-)" A)°

where the vertical arrow is given by the functors in (1.9). Moreover, B}, is a morphism of six-
functor formalisms.

Proof. We may replace k with its algebraic closure in C in order to reduce to the case where k
has finite A-cohomological dimension. Indeed, by [Ayol5a, Corollaire 1.A.4], the inverse image
functor along a field extension k’/k defines a morphism of six-functor formalisms

MSh(—; A)® — MSh(- ®; k’; A)®.
Now that k is assumed to have finite A-cohomological dimension, Proposition [[.1.12]implies that
the co-categories MSh(X; A) are compactly generated for all X € Schy, i.e., we have equivalences
Ind(MSh(X; A)“) ~ MSh(X; A).

By [Ayo07a, Théoreme 2.2.37 & Corollaire 2.3.65], the six operations deduced from MSh(—; A)®
respect compact objects. It is worth noting here that compactness for motivic sheaves (under our
hypothesis on k) coincides with the notion of constructibility introduced in [Ayo(7a, Définition
2.2.3] relatively to the set {A(n);n € Z}. (This is just Proposition [I.1.12]) Proposition [I.2.13] then
implies that the functors B}, in (I.6) take compact motivic sheaves to constructible sheaves, and
thus induce a morphism of CAlg(Cat,,)-valued presheaves

B : MSh(—; A)“® — She(—; A)“°.
By [Ayol0, Théoreme 3.19], B, is a morphism of six-functor formalisms. Applying indization,
we obtain a morphism of presentable six-functor formalisms
B’ : MSh(—; A)® — Shu(—; A)®.
All the remaining assertions are clear. O
Remark 1.2.16. We refer to the morphism of six-functor formalisms B, as the refined Betti reali-

sation, or simply as the Betti realisation if no confusion can arise. Also, we will often write B* and

B} instead of B}, and B}, .. To ease notation, we sometimes write B* or B}, instead of B}, or B, ,.
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For later use, we note the following fact.

Proposition 1.2.17. The functor
B« @ Shy(X; A) —» MSh(X; A), (1.19)

right adjoint to B, is colimit-preserving.

ct

Proof. Since B . is an exact functor between stable co-categories, it is enough to show that it
preserves filtered colimits. If the ground field & has finite virtual A-cohomological dimension, the
functor B}, belongs to Pr- and the claim follows from [Lur09, Proposition 5.5.7.2(2)]. In general,
we argue as follows. Let MSh,;s(X; A) be the co-category of motivic sheaves on X in the Nisnevich
topology. (See Remark[I.1.22]) There is an obvious functor

ag : MSh,;(X; A) - MSh(X; A)

which is a localisation functor, i.e., its right adjoint functor o is fully faithful. By [AGV22,
Proposition 3.2.3 or Remark 2.4.23], the co-category MSh,;s(X; A) is compactly generated and the
composite functor B}, o a4 preserves compact objects. Using [LurO9, Proposition 5.5.7.2(2)] as
above, we conclude that o o B . 1s colimit-preserving. The result follows since B . =~ ag 0 0g ©

B . and ag 1s colimit-preserving. O
Corollary 1.2.18. Let X be a k-variety. For M € MSh(X; A) and N € Sho(X; A), the morphism
M A Bct *(N) - Bct *(th(M) 2N N) (120)

is an equivalence provided that M belongs to the full sub-oo-category of MSh(X; A) generated
under colimits by dualizable objects. (In particular, if X = Spec(k), then the morphism in (1.20) is
always an equivalence.)

Proof. By Proposition the domain and codomain of the morphism in (1.20)) are colimit-
preserving in the variable M. Thus, we may assume M dualizable and use [Ayol4a, Lemme 2.8]
to conclude. The last assertion follows from Proposition [I.1.13] m|

We end this subsection with an enhancement of Lemma([I.2.12] In the statement and the proof of
this enhancement, we make use of some basic facts concerning stratifications, which are discussed
at length at the beginning of Subsection [3.1]

Proposition 1.2.19. Let X be a k-variety endowed with a stratification . Denote by Shy(X; A)“ C
She(X; A)? the full sub-oco-category whose objects are the constructible sheaves F such that F|; is
a local system on Z* for every P-stratum Z. Let Shyp(X; A) be the indization of Shyp(X; A)®. Then
the functor

Shp(X; A) = Sh(X™; A), (1.21)
obtained from (1.9)) by restriction, is fully faithful.

Proof. We split the proof in two steps. In the first step we gather some preliminary results which
are used in the second step.

Step 1. Refining & if necessary, we may assume that there is a morphism of k-varieties f : X’ — X
and a stratification &’ of X’ with the following properties:

e X’ is smooth and &’ is regular in the sense of Definition [3.1.6(i);
e f is is proper, surjective, and compatible with the stratifications & and %’ (as formulated

in Remark [3.1.2(ii));
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e for every P-stratum Z, there is a unique open #’-stratum Z’ such that f induces an isomor-
phism Z" ~ Z;
e for every ’-stratum Z’ whose image in X is contained in the /-stratum Z, the morphism

is smooth and the complement of Z’ in 2’2 is a normal crossing divisor relative to Z.

The existence of f and /" as above can be obtained by noetherian induction using resolution of
singularities in characteristic zero [Hir64]].

Given a locally closed subvariety Z C X, we denote by j; : Z <— X the obvious immersion. If
Z is P-constructible (i.e., a union of P-strata), we write P, for the stratification of Z obtained by
restricting . In particular, we may consider the co-category Shy,(Z; A) defined as in the statement.
Notice that, if Z is a P-stratum, then Shy,(Z; A) = LS(Z; A). We use similar notations for locally
closed subvarieties of X”.

LetZ C X be a #-constructible locally closed subvariety. We claim that j . takes Shy, (Z; A)“ to
Shy(X; A)“. By induction on the dimension of Z and using localisation triangles, we easily reduce
to the case where Z is a P-stratum. Let Z’ be the open #’-stratum mapping isomorphically to Z. By
the third step of the proof of Proposition[I.2.13] we see that j . takes LS(Z’; A)” to Shy (X"; A)®.
(Indeed, Z’ is the complement of a normal crossing divisor in a connected component of X’.) It
remains to see that f. takes Shy (X’; A)” to Shp(X; A)“. We may check this on generators of the
form jr M with T" € X" a ®’-stratum and M € LS(T"; A)®. Lettingu : T — T’T and g : T’T - T
be the obvious morphisms, it is sufficient to show that g.u,M is a local system. By duality, we may
as well prove that g.u.M" is a local system. This was proven in the fifth step of Proposition|[1.2.13]
(Recall that g is smooth and proper, and 7" is the complement of a relative normal crossing divisor
inT.)

Similarly, under the assumption that Z C X is %-constructible, the functor j,, takes Shy (X'; A)
to Shy,(Z; A)® This can be deduced using a localisation triangle from the analogous property for
jrawithT = X\ Z.

Step 2. Let Iy C Sh(X™; A) be the full sub-co-category generated under colimits by Shy(X; A)®.
(We will use a similar notation when X is replaced by a locally closed {#-constructible subvariety.)
As in the proof of Lemma |[1.2.12] we need to show that the objects of Shy,(X; A)“ are compact
objects of J. It is enough to do so for objects of the form jz M, where Z C X is a P-stratum
and M a local system on Z*". Assume for a moment that j,, restricted to J, is colimit-preserving.
Then, by Step 1, it induces a functor
Jz:Ix = Ty
which is right adjoint to jz,. By adjunction, we have

Mapy, (jiz 1M, =) = Mapg, (M, j;(-)). (1.22)

By Lemma|[1.2.12] we have an equivalence LS(Z; A) =~ J; showing that M is a compact object of

J7. But we have also assumed that j’Z : Ix — Iz was colimit-preserving. This shows that the right
hand side of the equivalence in (1.22)) preserves filtered colimit as needed.

To conclude, it remains to see that j’Z : Ix — Sh(Z*™; A) is colimit-preserving. We will show

more generally that
Jyz Ty = Sh(Z*; A) (1.23)
is colimit-preserving for any #-constructible closed subvariety ¥ C X containing Z. (Of course,

Jr.z : Z <= Y is the obvious inclusion.) We argue by induction on the codimension of Z in Y. If Z
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is open in Y, there is nothing to prove. Thus, we may assume that Z has codimension at least one
in Y. Let Y° C Y be the union of the {-strata that are open in Y, and let u : Y° C Y be the obvious
inclusion. We claim that

u, : Jy- — Sh(Y*"; A) (1.24)

is colimit-preserving. Assuming this claim, we can conclude as follows. By Step 1, the functor
u, induces a colimit-preserving functor u, : Jyo — Jy. Given an inductive system (M,), in Ty,
consider the localisation triangles

vwWN, > M, - uuM,, (1.25)

where v : Y \ Y° — Y is the closed immersion complementary to u and N, = v'M,. Since v
is a closed immersion, the functor v, is colimit-preserving. Thus, setting M = colim, M, and
N = colim, N,, we have a localisation triangle

N —> M — uu"M. (1.26)
Now, recall that our goal is to show that
colim j, ,M, — j, ,M

is an equivalence. Using the distinguished triangles (1.25)) and (1.23)), and the fact that ]'y S =0,
we are reduced to showing that the morphism

. .l .l
colim jy ,v.N, = jy ,v.N
Py 4 ,

is an equivalence. Since ]'Y Ve = jly\yo, » this follows from the induction hypothesis on the codi-
mensionof ZinY .

We now finish the proof by establishing the claim that the functor in (1.24]) is colimit-preserving.
Without loss of generality, we may assume that ¥ = X. Since X° is the disjoint union of the open
P-strata, it is enough to show that j; . : Iy — Sh(X*"; A) is colimit-preserving, with U C X an
open P-stratum. We appeal to the morphism f : X” — X and the stratification &’ from Step 1.
Let U’ C X’ be an open stratum of X’ mapping isomorphically to U. Since f is proper, the functor
[« 1s colimit-preserving. (For instance, this follows from the proper base change theorem for the
Voevodsky pullback formalism Sh((—)*"; A) and [Lur(09, Corollary 7.3.4.12]). Thus, it is enough
to show that jy- . : LS(U’; A) — Sh(X"*"; A) is colimit-preserving. This was done in the proof
of Lemma [[.2.12] (Recall that U’ is the complement of a normal crossing divisor in a connected
component of X’.) O

Remark 1.2.20. Let X be a k-variety. Since the functor (1.9) fails to be full faithful, we cannot view
the objects of Sh.(X; A) as actual sheaves on X*". However, the situation is not too bad. Indeed,
we have an equivalence in Pr-:

Sh(X; A) = cogm Shy(X; A),

where & varies in the filtered set of stratifications of X, and each Shg(X; A) can be identified with
a full sub-co-category of Sh(X*"; A) by Proposition|1.2.19

Corollary 1.2.21. Let X be a k-variety and A — A’ a morphism of commutative ring spectra.
Then, the induced functor

Mod,/(She(X; A)) — Sh(X; A”) (1.27)
28



is fully faithful. Moreover, if A and A" are ordinary regular rings, then the functor (1.27) is t-exact
and the image of the induced fully faithful exact embedding of abelian categories

Mod,(She(X; A))” — She(X; A”)” (1.28)
is closed under subquotient.

Proof. Using Remark|[I.2.20] it is enough to prove the corollary for Shy(X; —) instead of She(X; ),
with @ a stratification of X. By Proposition [1.2.19, Shy(X;—) is a full sub-co-category of
Sh(X®"; —). This already proves the first assertion since the functor

Mod, (Sh(X™; A)) — Sh(X™"; A")

is an equivalence. To prove the second assertion, we notice that Sh.(X; A)" is the abelian sub-
category of Sh(X*"; A)” whose objects are ordinary sheaves of A-modules F such that, for every
P-stratum Z, F|zw is a filtered union of its subsheaves that are local systems of finitely generated
A-modules. An object of Mod,/(She(X; A))” is such an F together with a structure of A’-module.
Let G C F be a subsheaf with G € Sh(X; A”)”. We need to show that G € Sh.(X; A)" once the
action of A’ is forgotten. This is clear. Indeed, given a P-stratum Z, the locally constant sheaf of
A-module G|z is the filtered union of the intersections of G|z~ with the subsheaves of F|z« that
are local systems of finitely generated A-modules. These intersections are clearly local systems of
finitely generated A-modules, as needed. O

1.3. Motivic Galois group, I. The general case.

We explain here the construction of the motivic Galois groupoid associated to a Weil spectrum
following [Ayo23]]. In Subsection |1.4] we specialise to the motivic Galois group associated to
the Betti realisation, which was introduced and studied in [Ayol4aj |Ayol4b]. The motivic Galois
groupoid arises naturally as a nonconnective spectral affine groupoid in the sense of spectral alge-
braic geometry [Lurl8]]. We start by recalling the notions of group and groupoid in an co-category
following [Lur09, Definition 6.1.2.7].

Definition 1.3.1. Let C be an co-category. A groupoid in C is a cosimplicial object X : A®® — C
such that, for every integer n > 0 and every covering {0, ...,n} = IUJ with INJ = {m} a singleton,

the square
l l (1.29)
X(AT) ——— X(AM™)

is cartesian. We say that X is a group if moreover X(A°) is a final object.

Next, we recall the co-category of nonconnective affine spectral schemes following [Lurl8), Def-
inition 1.1.2.8, Variant 1.1.2.9, Corollaries 1.1.6.2 & 1.1.6.3].

Definition 1.3.2. A nonconnective spectral scheme X = (|X]|, ©Ox) is a pair consisting of a topologi-
cal space |X| and a CAlg-valued hypersheaf Oy, called the structural sheaf, such that the following
properties are satisfied.

(i) The ringed space X! = (|X|, moOy) is a scheme in the classical sense;
(i1) For every i € Z, the m1y©x-module m;Oy is quasi-coherent.
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The scheme X¢' is called the underlying scheme of X. A spectral scheme X is a nonconnective spec-
tral scheme such that Oy is connective, i.e., the sheaves m;OQy are zero for i < 0. A (nonconnective)
spectral scheme X is said to be affine if X! is affine.

Notation 1.3.3. We denote by SpSCH"™ the co-category of nonconnective spectral schemes and
morphisms of locally spectrally ringed spaces in the sense of [Lurl8, Definition 1.1.5.3]. We
denote by SpSCH the full sub-co-category of SpSCH" spanned by spectral schemes. We denote
by SpAFF™ the full sub-co-category of SpSCH™ spanned by affine (nonconnective) spectral
schemes.

Remark 1.3.4. The point of view of spectrally ringed spaces will be of little use in this paper.
Indeed, we will rather think about spectral schemes via their functors of points. More precisely, by
[Lurl18|, Proposition 1.1.4.3], a commutative ring spectrum A gives rise to an affine nonconnective
spectral scheme Spec(A), whose underlying scheme is Spec(myA). By [Lurl8, Propositions 1.1.5.5
& 1.1.6.1], this yields equivalences of co-categories

Spec : CAlg® — SpAFF™  and  Spec : (CAIg")°® = SpAFF.
Using the Yoneda embedding and Zariski descent, one obtains fully faithful functors
SpSCH™ — P(SpAFF™) ~ Fun(CAlg,8) and SpSCH — P(SpAFF) =~ Fun(CAlg™, §).

This allows to view a (nonconnective) spectral scheme X as a functor from (nonconnective) com-
mutative ring spectra to spaces. More generally, we set

SpSTK™ = Fun(CAlg, &) and SpSTK = Fun(CAlg™, &)
and call the objects of this co-category (nonconnective) spectral prestacks.

Notation 1.3.5. Given a (nonconnective) commutative ring spectrum A € CAlg, we de-
note by SpAFF{?, SpSCH{® and SpSTK{® the oco-categories of objects over Spec(A) in
SpAFF™  SpSCH™ and SpSTK™. In particular, we have equivalences of co-categories

SpAFF, =~ (CAlgS")*? and SpAFF™ ~ (CAlg,)°.

Definition 1.3.6. Let A be a (nonconnective) commutative ring spectrum. A (nonconnective) spec-
tral group(oid) prestack G over A is a group(oid) in the co-category SpSTKf{’C). We say that G is a
(nonconnective) spectral affine group(oid) over A if it belongs to the co-category SpAFFX‘C).

Remark 1.3.7. The oco-category of nonconnective spectral affine groups (resp. groupoids) over
A 1s equivalent to the oco-category of groups (resp. groupoids) in (CAlg,)°® and hence to the
opposite of the co-category of Hopf algebras (resp. algebroids) in Mod,. Said differently, every
nonconnective spectral affine group (resp. groupoid) G arises in an essentially unique way as the
spectrum of a Hopf algebra (resp. algebroid) in Mod,. The same applies in the connective case.
Given a symmetric monoidal co-category C®, recall that a Hopf algebra (resp. algebroid) in C is a
cosimplicial object H : A — CAlg(C) satisfying the dual conditions for a group (resp. groupoid)
in Definition [I.3.1] Below, we will also use the notion of comodules over Hopf algebroids; see
[Ayo023|, Definition 4.4] for a precise definition.

To go further we need to recall the notion of a Weil spectrum following [Ayo23| Definition 1.14].

The following notation will be handy.
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Notation 1.3.8. Let S be a scheme and A a commutative ring spectrum. Given a motivic sheaf
M € MSh(S; A), we set I'(S; M) = map(Ag, M), the mapping spectrum in MSh(S; A) from the
unit object to M. This yields a functor

I'(S;—) : MSh(S; A) = Mod,,

right adjoint to the “constant Artin motive” functor. As usual, if § = Spec(R), we write ['(R; —)
instead. If S is clear from the context, we also write I'(—) instead of I'(S'; —).

We fix a ground field k and a commutative ring spectrum A.

Definition 1.3.9. A Weil A-spectrum over k is a commutative algebra A in MSh(k; A) such that,
for every A-module M € MSh(k; A), the obvious morphism A ®r 1)l (M) — M is an equivalence.
We say that A is neutral over A if the map A — I'(A) is an equivalence. If k and A are understood,
we simply say “Weil spectrum”.

Lemma 1.3.10. Let A € CAlg(MSh(k; A)) be a Weil spectrum. Then, the functor

A ®r(ﬂ) - MOdr(ﬂ) - MSh(ﬂ) (130)
is an equivalence of co-categories.
Proof. See [Ayo23| Propositions 1.11 & 1.13]. O

Notation 1.3.11. Let C® be a symmetric monoidal co-category and let A € CAlg(C) be a commuta-
tive algebra in C. We denote by C*(A) the Cech conerve of A. This is the cosimplicial commutative
algebra
C*(A) : A — CAlg(C)

defined as the left Kan extension along the inclusion A< C A of the functor [0] — A. Informally,
for an integer n > 0, we have C"(A) ~ A®"*!, and the face maps are induced by the unit morphism
1 — A while the degeneracy maps are induced by the multiplication morphism A ® A — A. (See
[Ayo23, Notation 4.6].) The Cech conerve on A has a natural coaugmentation given by (V:‘I(A) =1.

Theorem 1.3.12. Let A € CAlg(MSh(k; A)) be a Weil spectrum.

(i) The cosimplicial commutative algebra F(C‘(ﬂv)) is a Hopf algebroid in Mod,.
(ii) For M € MSh(k; A), tfze I['(C*(A))-module T'(C*(A) ®\ M) is naturally a comodule over
the Hopf algebroid I'(C*(A)).

Thus, one obtains a symmetric monoidal functor

oL : : ®
[(C*(A) ® —) : MSh(k; A)® — COMOdr(é.(ﬂ». (1.31)

Proof. This is a particular case of [Ayo23, Theorem 1.3.12]. m|

Definition 1.3.13. Keep the assumptions of Theorem [1.3.12] The Hopf algebroid ['(C*(A)) is
called the motivic Hopf algebroid associated to A and is denoted by #,o(A ). We set

Gmot(A) = Spec(H o (A));

this is a nonconnective spectral affine groupoid over A, which we call the motivic Galois groupoid
associated to A. When the Weil spectrum A is neutral over A, #,,(A) is a Hopf algebra and

Gmot(A) 1s a group.
In the remainder of this subsection, we give a description of the functor of points of G, (A).

Theorem 1.3.14. Let A € CAlg(MSh(k; A)) be a Weil spectrum.
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(i) The commutative algebra A admits a natural structure of a comodule over H o (A), i.e.,
there is a natural lift of A to a commutative algebra in coMody, 7 (MSh(k; A)).

(ii) Let s,t € Guot(A)o(A) be two A-points corresponding to two A-algebra morphisms from
['(A) to A. We set A; = A ®ray,s A and A, = A ®rcxy,; A. Then, the coaction in (i)
induces an equivalence of spaces

Gmot (V1) XG0 G0 (8, D} = MaPeajgmshigny (Ass Ar)-

Proof. The lift of A to a commutative algebra in coMody, 7 (MSh(k; A)) is simply given by
the cosimplicial commutative algebra C*(.7) considered as a commutative algebra over the Hopf
algebroid I'(C*(A)). The key property to be checked here is that the obvious morphism

is an equivalence for all integers O < m < n, which follows from the defining property of a Weil
spectrum. For (ii), we need to show that the coaction of #,,(A) on A induces an equivalence

The natural map between these two spaces takes a morphism « : I'(A;®x.A;) — A to the composite
morphism
a®id

ﬂs - ﬂs PN ﬂt = F(k’ ﬂs (2N ﬂt) DIN ﬂt — %ta

where the middle equivalence is provided by the defining property of Weil spectra. (Indeed, A,
is a Weil spectrum by [[Ayo23], Corollary 1.15].) To see that (I.32) is an equivalence, we use the
following chain of equivalences

MapCAlg(MSh(k;A))(ﬂS’ A = MapCAlg(MSh(k;ﬂ,))(ﬂs ®n A, Ar)
= MapCAlgA (F(ﬂs‘ ®A ﬂt)’ A)9
where the second equivalence follows from Lemma|1.3.10]applied to the Weil spectrum A,. i

In the case where the Weil spectrum is neutralised over A, we can be more precise. To do so, we
need a digression on groups of autoequivalences in the co-categorical setting.

Notation 1.3.15. Let C be an co-category admitting fibre products and let f : ¥ — X be a morphism
in C. We denote by C,(f), or C.(Y/X), the Cech nerve of f. This is the simplicial object
Co(f) : A% = C)x

defined as the right Kan extension along the inclusion (A<0)°P c A of the functor [0] — Y/X.

The Cech nerve of f can be also considered as an augmented simplicial object in C by setting
C_i(f) = X. (Compare with Notation|(1.3.11})

In the next construction, we use Notation in the case where C = & is the co-category of
spaces. As usual, given an co-category C, we denote by C~ the largest sub-co-groupoid of C.

Construction 1.3.16. Let C be an oo-category. For X € C, we define a (small) simplicial space
Auteqo(X) : A — & by taking the Cech nerve of the morphism X : pt — C~ from the point to
the co-groupoid C~ viewed as a (possibly large) space. In formula, we have

Auteq,(X) = Co(X : pt = C%).

By [Lur09, Proposition 6.1.2.11], the simplicial object Auteq.(X) is a group in spaces.
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Remark 1.3.17. Given a groupoid G : A®® — & in spaces, we set B(G) = colimyo»G which we
call the classifying space of G. By construction, B(G) is the value at A? € A, of the augmented
simplicial object G* extending G to a colimit diagram. Moreover, the groupoid G is effective in the
sense of [Lur09, Definition 6.1.2.14], i.e., G is the Cech nerve of the map Gy — B(G); see [Lur09,
Corollary 6.1.3.20] for a proof of this classical fact. In the situation of Construction the
natural augmentation of the simplicial space Auteq.(X) induces a map of spaces

B(Auteq,(X)) — C~,
which identifies B(Auteq.(X)) with the full sub-co-groupoid of C= spanned by the object X.
We also need a parametrised version of Construction [I.3.16]

Construction 1.3.18. Let K be a small simplicial set and let C : K — CAT be a diagram of
oco-categories. Let X : pty — C be a natural transformation from the constant functor pt; : K —
CAT,, pointing to the final co-category pt. We define a diagram Auteq.(X) : A®* X K — & by

taking the Cech nerve of the morphism X : pty — C~ in Fun(K, &). (As in Construction|1.3.16]
the diagram of co-groupoids C~ is viewed as a diagram in spaces.) We may view Auteq.(X) as a
diagram of simplicial spaces

Auteqp(X) : K — Fun(A®™, §)
sending a vertex v € K to the group Auteqe,,,(X(v)).

We need to spell out in which sense the group Auteq.(X) acts on X. We do this directly in the
parametrised case.

Lemma 1.3.19. Keep the notations as in Construction Letp: fK C — K be the cocartesian
fibration classified by the functor C. There is a diagram

Acte(X) : A® x [ C— §

and a natural transformation Acte(X) — Auteqe(X) o (idaw X p) such that the following conditions
are satisfied. (Below, we represent vertices of fK C by pairs (v,A) withv € K and A € C(v).)

(i) The diagram Acte(X) : fK C — & is given informally by (v, A) Mapg,,(X(v), A).
(ii) For all integers 0 < m < n the square

..........

l l

Acte (X)) — Auteqo(X)im © p

is cartesian.
(iii) For every (v,A) in fK C, the induced action of Auteqe,,(X(v)) on Mape,,(X(v),A) in hS is
given by composition.

Proof. Consider the diagram F : fK C — CAT,, sending a vertex (v, A) to the co-category C(v) /4.
There is a natural transformation 5 — C o p given at (v, A) by the forgetful functor C(v),» — C(v).

It induces a natural transformation 5= — C~ o p. We define Acto(X) by the cartesian square of
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simplicial objects in Fun( fK C,S)

Acte(X)y ————— =

l |

é.(X:ptK - C%op——C%op.
The properties (1)—(iii) follow readily from the construction. O

We now return to our discussion about motivic Galois groups. First, we introduce a special
instance of Construction [[.3.18]

Notation 1.3.20. Let R be a commutative algebra in MSh(k; A). (We are interested in the case of
a Weil spectrum, but this is not relevant for now.) We apply Construction [I.3.18]to the functor

CAlg(MSh(k; -)) : CAlg, — CAT.,
sending A’ € CAlg, to CAlg(MSh(k; A”)), and the natural transformation pt — CAlg(MSh(k; —-)),

given at A’ by the functor pointing at /R ®, A’. This yields the nonconnective spectral group
A-prestack of autoequivalences of R, which we denote by Auteq(R).

Theorem 1.3.21. Let A € CAlg(MSh(k; A)) be a Weil spectrum neutral over A. Then there is a
canonical equivalence of nonconnective spectral group prestacks

gmot(ﬂ) - AUteg(ﬂ).

Proof. By Theorem we know that Auteq(A) is affine and has the same underlying non-
connective spectral scheme as Goi(A). We need to show that this identification of the underlying
spectral prestacks extends to the group structures. To simplify notation, we write X, = Spec(E*)
for the simplicial object in SpAFF’ representing Auteq(.A). By Lemma([I.3.19] we have a functor

Act(A) : A” — Fun (f CAlg(MSh(k; -)), S)
C

Alg,
and, for every integer n > 0, the functor

Act(TT), - f CAlgMSh(k; ) — §
CAlgy

is corepresentable by the pair (E", A ®, E"). (For the last assertion, we use properties (i) and
(i1) in Lemma [1.3.19]) In particular, we may view Act(A) as a cosimplicial object in the co-
category fc Alg CAlg(MSh(k; —)). Composing with the projection to CAlg(MSh(k; —)), we obtain

a cosimplicial commutative algebra A* in MSh(k; A) with the following properties:
(i) A° ~ A and [(A*) ~ E*;
(i1) A* defines a commutative algebra in coModg(MSh(k; A));

(iii) the coaction maps A — A®xE' and A — A @) Hne(A)" are equivalent, and correspond
to the tautological action of Auteq(A) on A. (For this claim, we use Theorem and
the third property in Lemma|[[.3.19])

It is now easy to conclude. Indeed, C(A) belng a left Kan extension, there is a morphism of
cosimplicial commutative algebras C(A ) > A extendmg the identity in degree 0. The property
(iii) above ensures that the morphlsm F(C (A)) — F(ﬂ ) is an equivalence. This readily implies

that the morphism [(C* () — F(ﬂ ) is an equivalence in all degrees. O
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Remark 1.3.22. Given a Weil spectrum A € CAlg(MSh(k; A)) neutral over A, we have the associ-
ated realisation functor given by

R 1 : MSh(k; A)® 225 MSh(k; A)® =~ Mod?,

where the last equivalence follows from Lemma[I.3.10] By [[Ayo23| Theorem 1.21], we have an
equivalence of groups

Auteq(A) = Auteqeaigpry, g, 0, R2)-

On the other hand, the obvious map

Auteunn(MSh(k;A)®,Mod?;)(g‘nﬂ ) = AUteqCAlg(P ™ vishia)®) (Bta)

is an equivalence (where, by abuse of notation, we wrote “Fun” for the co-category of symmetric
monoidal functors). Indeed, every autoequivalence of R 7z which is the identity on MSh(k; A)® is
also the identity on ModY since R 7 admits a section. Thus, we have an equivalence of groups

This holds equally with A and A replaced by A" and A ®, A’ for any A" € CAlg,. Using this and
Theorem [1.3.21] it follows that the motivic Galois group Gno(A) is equivalent to the one defined
by Iwanari [Iwal4, Definition 5.13].

1.4. Motivic Galois group, II. The Betti case.

We fix a ground field k£ and a complex embedding o : k < C. In this subsection, we specialise
the constructions of Subsection|[I.3]to the Betti spectrum representing Betti cohomology. Then, we
recall a few known properties of the associated motivic Galois group. As usual, A € CAlg will be
a commutative ring spectrum.

Definition 1.4.1. Consider the Betti realisation functor B* : MSh(k; A) — Mod, associated to the
complex embedding o, and let B, be its right adjoint. (See Definition [I.2.5]) The Betti spectrum
is the commutative algebra in MSh(k; A) given by

B = B.A.

When A = S is the sphere spectrum, we simply write B. If we need to specify the dependency on
o, we write B, and B, 5.

Remark 1.4.2. By [Ayo23, Proposition 1.20], the Betti spectrum B, is a Weil spectrum, which is
neutral over A. Moreover, by [Ayo23, Theorem 1.21], the Betti realisation functor B* is equivalent

to the composition of
BA®,

MSh(k; A) ——— MSh(k; B,) ~ Mod,.
Thus, for M € MSh(k; A), we have an equivalence B*(M) =~ I'(B @5 M).

Definition 1.4.3. The motivic Hopf algebra #,,,(k, o) associated to the complex embedding
o is defined to be Hpo (B, a). Similarly, the motivic Galois group Go(k, 0)a 1s defined to be
Gmot(Bs. o). When A is the sphere spectrum, we simply write #,o(k, 07) and Goi(k, ).

Remark 1.4.4. By [[Ayo23, Theorem 4.18 & Remark 4.19], the motivic Hopf algebra #€,(k, o)
coincides with the one introduced in [Ayol4a]. In particular, we have #,,(k, 0')/1\ = B*B..A. This

fact will be used with no further mention in the sequel.
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Lemma 1.4.5. There is an equivalence of commutative algebras By ~ B @ A in MSh(k; A). We
also have an equivalence of Hopf algebras H o (k, o) =~ Hiot(k, ) ® A and an equivalence of
nonconnective spectral affine groups Gmo(k, 0)a =~ Gmot(k, 07) ® Spec(A).

Proof. We only need to prove the first assertion. In fact, more generally, we have an equivalence
B.(S) ® L ~ B.(L) for every spectrum L € Sp. This can be proven easily by reduction to the case

L = S using Proposition [[.2.17] ]

In the remainder of this subsection, we review some well known properties of the motivic Galois
group. We start with the following useful fact.

Proposition 1.4.6. Assume that k is a filtered union of a family of subfields (k,), and let o, = o7,
be the complex embedding of k, obtained by restricting o. Then, the morphism of Hopf algebras

COlim %mot(ka/a O-KZ)A - ggmot(ka O-)A (1 33)

is an equivalence.
Proof. The morphism e, : Spec(k) — Spec(k,) induces a pair of adjoint functors
e, : MSh(k,; A) 2 MSh(k; A) : e, .
and, by [AGV22, Proposition 2.5.11], the obvious functor
co}lim MSh(k,; A) — MSh(k; A)

is a localisation. (Here, the colimit is computed in Pr" and, under suitable finitness assumptions,
the above functor is actually an equivalence.) Thus, for M € MSh(k; A), we have an equivalence

M = colimee, .M. (1.34)

Denote by B}, : MSh(k,; A) — Mod, the Betti realisation functor associated to o, and let B, .
be its right adjoint. We have an equivalence B} ~ B* o ¢} inducing an equivalence of right-lax
monoidal functors B, . =~ e, . o B.. Applying the equivalence in to M = B, A, we obtain an
equivalence of commutative algebras

colime, B, .A ~ B.A. (1.35)

Applying the colimit-preserving functor B* to the equivalence in (I.35)) yields the equivalence
colimBB, .A =~ B'B.A. (1.36)

This shows that the morphism of Hopf algebras in (I.33) is an equivalence in cosimplicial degree
one, which is enough to conclude. O

Notation 1.4.7. Let X be a profinite set. Given a A-module M, we set
MX = colim MF,

X»F
where the colimit is over the filtered set of surjections from X to finite sets and M = [] M is the
finite direct product of copies or M indexed by F. When M = A, the resulting A-module A¥ is

naturally a commutative A-algebra. In fact, we have equivalences M* ~ AX @, M.
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Construction 1.4.8. Let k’/k be an algebraic extension of k and o : k¥’ < C a complex embedding
extending 0. We have a commutative diagram of co-categories

Shv}(k; A) —— MSh(k; A)
|- [N
Shvj(k'; A) L MSh(kK'; A) -2+ Mod,,

where B* and B’ are the Betti realisations associated to o~ and o, and e : Spec(k’) — Spec(k) is
the obvious morphism. From this diagram, we deduce a morphism

e.A — B.A (1.37)
of commutative algebras in MSh(k; A) making the following diagram
tvee, N — e't'e,A —— "B, A

l J (1.38)

A B/A

commutative. Applying B* to the morphism in (I.37), we obtain a morphism of commutative
algebras

AHme W0 s g6k, o)L, (1.39)
where Hom, (k’, C) is the profinite set of complex embeddings of k" extending o. Moreover, the
commutative diagram in (I.38)) implies that the following square

AHom(,-(k’,(C) ? gemot(k’ g )/1\

la* l (1.40)

A——— gemot(k,’ OJ)/I\

is commutative. Now, assume furthermore that k'/k is a Galois extension with Galois group
G (k' [k). Then the morphism in (1.39) underlies a morphism of Hopf algebras

ABGEID s ok, ) (1.41)

where B.(G (k' /k)) is the classifying simplicial profinite set associated to G(k’/k). To see this, note
that the morphism extends to a morphism of cosimplicial algebras :*C*(e,A) — C*(B.A).
Taking global sections, we obtain a morphism of cosimplicial algebras [(C*(e.A)) — T(C*(B.A))
which is precisely the morphism in (I.47)). It follows also from the construction that the morphism
in (I.41) is part of a commutative square of Hopf algebras

ABGK ) gp (k, o)

l l (1.42)

A ——— Hna(K', 0")a
extending the square in (1.40).

Lemma 1.4.9. Let k' [k be an algebraic extension and o’ : k' — C a complex embedding extending
0. Then, the square of commutative algebras in (1.40) is cocartesian. If moreover k' [k is Galois,

then the square of Hopf algebras in (1.42)) is also cocartesian.
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Proof. We keep the notations as in Construction[1.4.8] For M’ € MSh(k’; A), the object e.(M’) is
an e, (A)-module and the morphism

e'e.(M') ®peny A > M’ (1.43)

is an equivalence by [Ayo23, Proposition 5.2]. Set B, = B,A and B} = B/A. Since B* ~ B o ¢”,
we have B, ~ e, (B)). Using the equivalence in (1.43), we deduce an equivalence of commutative
algebras

e*@/\ ®e*e*A A ;) @//\
Applying B’ to this equivalence, the result follows. O

Theorem 1.4.10. Let k/k be an algebraic closure of k and & : k < C a complex embedding
extending o. Then the morphism of Hopf algebras

APGED — Tk, ) (1.4)

becomes an equivalence after {-adic completion, for every prime €. Said differently, the cofibre of
the morphism of A-modules AS*'P — 3, (k, o)) belongs to Mod,,,.

Proof. This follows from [Ayo23, Theorem 5.9]. O
The following is a particular case of [Ayo23, Theorem 7.1].

Theorem 1.4.11. Assume that A is connective. Then, the Hopf algebra #y(k, ) is also con-
nective. Equivalently, Gmo(k, 0)a is a spectral affine group over A.

Proof. We only need to show that the underlying A-module of . (k, o), is connective. Since
Honor(k, YA = Hnoi(k, o) ® A, we may assume that A = S is the sphere spectrum. Since S5*/® is
connective, it is enough to show that the cofibre of the morphism of spectra

Sg(k/k) - %mot(ks 0_)1,

is connective. By Theorem [1.4.10(i1), this cofibre belongs to Modg. Since tensoring with Q is
exact, we are left to show that the cofibre of the morphism of Q-modules

QQ(E/IC) - %mot(ka O-)(IQ’

is connective. This follows immediately from [Ayol4a, Corollaire 2.105]. O
Remark 1.4.12. Keep assuming that A is connective. It follows from Theorem [I.4.T1] that the
ordinary myA-algebra

%ﬁ}ot(ka O)n = moHmor(k, o)A
is an ordinary Hopf algebra. Its spectrum, denoted G (k, 0),, is the classical affine group scheme
underlying Gno(k, 0)a. Taking A = Q, we obtain an affine pro-algebraic group G (k, o")g which
1s isomorphic to Nori’s motivic Galois group by [CG17, Theorem 9.1].
1.5. The fundamental sequence.

In this subsection, we discuss some of the results obtained in [Ayol4b, §2] relating motivic
Galois groups to topological fundamental groups. The main facts are summarised in Theorem

[[.5.18 below. As usual, A € CAlg is a commutative ring spectrum.
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Construction 1.5.1. Fix a ground field k£ and a complex embedding o : k — C. Let X = (X,).
be a pro-k-variety and x € lim, X,(C) a compatible system of base points. Consider the symmetric
monoidal functor
¢% : LS(X; A)® - Modf (1.45)
given by the fibre functor at x. (Here and below, we define LS(X; A)® to be the filtered colimit
in CAlg(PrLLU) of the symmetric monoidal co-categories LS(X,; A)® introduced in Definition m;
see also Remark ) The functor ¢* in (T.43)), being a morphism in CAlg(Pr"), admits a right
adjoint ¢, . which is right-lax symmetric monoidal and commutes with colimits. In particular, we
have a commutative algebra ¢, .A in LS(X; A) and a symmetric monoidal functor
¢:  LS(X; ¢, .A)® — Mods, (1.46)

sending a ¢, .A-module M to ¢ (M) ®44 .o A. (For R € CAlg(LS(X; A)), we are denoting by
LS(X; R) the co-category of R-modules in LS(X; A) as in Remark|[I.1.21]) By Lemma|[I.5.2]below,
the functor 5; is an equivalence. Thus, the conditions in [[Ayo23, Situation 4.7] are fulfilled and we
can apply [Ayo23, Theorem 4.9] to obtain a Hopf algebra (X, x), = ['(X; C(¢,. . A)).

Lemma 1.5.2. The functor in (1.46) is an equivalence.

Proof. Since the functor ¢* admits a section, it is enough to show that it is fully faithful. Using that
the right adjoint ¢, . is colimit-preserving and that LS(X; ¢, .A) is compactly generated by objects
of the form M ® ¢, .A with M dualizable, we are left to check that the morphism

M@ ¢y A — ¢y P (M)
is an equivalence. This follows from [Ayol4a, Lemme 2.8]. O
Notation 1.5.3. With the notations as in Construction [1.5.T] we set
75X, x)a = Spec(F (X, X)4).
This is a nonconnective spectral affine group over A.
Remark 1.5.4. If A’ is a commutative A-algebgra, there is an obvious morphism of Hopf algebras
FX, x)p 4 N = F(X, x)p.
However, contrary to Lemma[[.4.5] this morphism is not an equivalence in general.

Lemma 1.5.5. Keep the assumptions and notations as in Construction Assume furthermore
that A is an ordinary regular ring. Then the Hopf algebra F (X, x), is coconnective.

Proof. By Corollary [I.2.10} there is a t-structure on LS(X; A), and the functor ¢} is t-exact. This
implies that its right adjoint ¢, . is left -exact. The result follows since the A-module underlying
F (X, x)a is given by ¢i¢, .A. O

Lemma 1.5.6. Let X be a pro-k-variety and let e : Y — X be a pro-finite étale morphism. Let
y € im Y(C) be a point and x € lim X(C) its image by e. Then, we have a cocartesian square of
commutative algebras

A0 —— F (X, 2
F
A—— F X, y),.
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If e is Galois with profinite Galois group G ~ e~'(x), then the above square underlies a commuta-
tive square of Hopf algebras.

Proof. The proof is identical to the proof of Lemma|[I.4.9] ]
We recall the following classical definition.

Definition 1.5.7.

(i) An elementary fibration is an affine morphism of schemes f : X — S which is part of a
commutative diagram

X%X#Z

N

where j is an open immersion with complementary closed immersion i, f is smooth, proper,
geometrically connected and of relative dimension 1, and e is étale.

(ii) Let k be a field. A k-variety X is said to be an Artin neighbourhood if its structural mor-
phism X — Spec(k) can be factored as

X=X, X, — - - X 55 X, = Spec(k)

where, for 1 < r < d, the morphism f, : X, — X,_; is an elementary fibration. (In

particular, an Artin neighbourhood is smooth and geometrically connected over k.)

Lemma 1.5.8. Assume that the field k is infinite and perfect. Then, every smooth and geometrically
connected k-variety admits an open covering by Artin neighbourhoods.

Proof. This is proven in [SGA 4°, Exposé XI, Proposition 3.3] under the assumption that k is
algebraically closed. The argument in loc. cit. has been extended to the case where k is infinite
and perfect in [SS16, Lemma 6.3]. (Note that perfectness is already necessary for a smooth affine
curve over k to admit a smooth compactification.) O

Fix a ground field k£ and a complex embedding o : k — C. The following theorem, which
is essentially due to Beilinson, is a “pro-algebraic” version of the well-known property that Artin
neighbourhoods are of type K(m, 1); see [SS16, §2.3 & Proposition 2.8] for a discussion in the
context of pro-finite étale homotopy theory. (In the statement below, we implicitly use the fact that
pushforwards along elementary fibrations preserve local systems, which follows from Ehresmann’s
theorem; see also Step 5 of the proof of Proposition[1.2.13])

Theorem 1.5.9 (Beilinson). Assume that A is a field or a Dedekind domain with finite residue
fields at all maximal ideals. Let X € Smy be an Artin neighbourhood. Then there is an equivalence
of co-categories

Oy : D(LS(X; A)°) = LS(X; A).
More generally, assume that for every k-variety S we are given a full sub-co-category L(S) C
LS(S; A) such that the following conditions are satisfied:

e each L' (S) is stable under colimits, desuspension, tensor product, and truncations with
respect to the natural t-structure;
o the L'(S)’s are stable by pullbacks and by pushforward along finite étale morphisms and

elementary fibrations;
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o cach L(S)Y =L(S)NLS(S; A) is stable under duality and generates JL'(S) by colimits.
With L(X)° = L(X) N LS(X; A)°, there is an equivalence of oo-categories D(L(X)7) — L (X).

Proof. The essential part of the statement can be obtained by adapting Beilinson’s proof of [Bei87,
Lemma 2.1.1]. However, some extra work is needed for dealing with unbounded complexes. For
the reader’s convenience, we give a complete proof which we split into three steps.

Step 1. We argue by induction on the dimension of X. When X is zero-dimensional, there is
nothing to prove. Thus, we may assume that the dimension of X is > 1, and we fix an elementary
fibration f : X — S with § an Artin neighbourhood. By the induction hypothesis, the functor

Os : D(L(S)”) = L(S)

is an equivalence of co-categories. Consider the commutative square

D(L(S)7) = DL X))

ngs lgx (1.47)
£08) —L— 1(x,

where we denote by f* the two functors given by pullback along f. These two functors admit right
adjoints that we denote by

Rf, : D(L(X)”) = D(L(S)) and fi i LX) — L(S).

We will prove in Steps 2 and 3 below that the square (1.47) is right adjointable, i.e., that the natural
transformation

Os o Rf. — f. o6y (1.48)

is an equivalence. This would suffices to conclude. Indeed, 8y is colimit-preserving and its image
generates L' (X) under colimits. Thus, it is enough to show that Oy is fully faithful. Let M and N
be two objects of D(L'(X)"), and consider the map

Mapp 1xy7) (M, N) = Map ;x (M, N). (1.49)

(Since Oy is the identity on objects, we simply write M and N for 8x(M) and 0x(N).) The domain
and codomain of the map in transform colimits in the variable M into limits in &. The
co-category D(L'(X)") is generated under colimits by the objects of .L'(X)*“-, and these objects are
clearly dualizable with respect to the symmetric monoidal structure on D(.L'(X)") given by Lemma
[1.5.10]below. Thus, we may assume that M is dualizable with dual M". Replacing N by N ®, M",
we may even assume that M = Ay is the unit object. In this case, the map in (I.49) can be identified
with the map

Mapp 1sy7)(As, Rf.N) = Map ;5 (As, fN) (1.50)

induced by the equivalence 65 and the natural transformation (1.48)). This proves our claimed

reduction.
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Step 2. Tt remains to see that the natural transformation in (1.48)) is an equivalence. Note that the
functor f. has cohomological amplitude in [0, 1], i.e., takes an object of M € JL(X)" to an object
f«M € L(S) concentrated in cohomological degrees zero and one.

We start by showing that the natural transformation in (I.48) is an equivalence when evaluated
at an injective object J of the Grothendieck abelian category -£(X)”. The condition that J is
injective ensures that the complex R f.J is concentrated in degree zero. Since Rf,J — f.J induces
an equivalence in degree zero, it remains to see that H'(f.J) vanishes. Since the functor f* :
L(S)” — L(X)? is exact, it follows that H(£,J) is an injective object of L(S)”. Using that 6
is an equivalence, we deduce that f,J splits as a direct sum H(£.J) @ H'(f,J)[-1]. To conclude,
it is thus enough to show that the morphism f*f.J — J is zero on the factor f*H'(f,J)[—1]. But
cofib(f*H!(£.J)[-1] — J) belongs to L(X)" and is an extension of f*H'(f.J) by J. This extension
must split because J is injective. Hence f*H'(f,J)[—1] — J is zero as needed.

Next, we show that the natural transformation in (1.48) is an equivalence when evaluated at any
object M of L(X)”. Choose an exact sequence

M>PSI's ... 5" >N->0

where the I”’s are injective objects of L' (X)°. Letting I = [I° — ... — I'""], with I° placed in degree
zero, we obtain an exact triangle

M — I — N[-m] —

in D(L(X)”). The morphism Rf.I — f.I is an equivalence by the previous discussion. We deduce
an equivalence

cofib(Rf,M — f.M) ~ cofib(Rf,N — f.N)[-m — 1].

The right hand side in concentrated in cohomological degrees > m. This shows that the morphism
H/(Rf.M) — H(f.M) is an isomorphism for i < m — 1. Since m can be taken arbitrary large, this
proves that Rf,M — f.M is an equivalence.

For use in Step 3 below, we note the following consequence. We have two “global sections”
functors

RI(X; -) : D(L(X)”) —» D(Mody) ~ Mod, and I'X;-) : L(X) > Mod,,

right adjoint to the obvious functors sending a A-module to the associated constant sheaf. Using the
induction hypothesis, and the discussion above, we immediately see that the obvious natural trans-
formation RI['(X; —) — I'(X, —) o 6y is an equivalence when evaluated at any object of D°(L(X)?).
In particular, using Artin’s vanishing theorem for the cohomology of affine varieties in the Betti
setting (see the beginning of [Nor02, §1] for a proof), we deduce that the functor RI'(X; —) has
cohomological amplitude in [0, dim(X)].

Step 3. At this stage, we know that the natural transformation in (I.48)) is an equivalence when
evaluated at any object of D°(L(X)?). This sub-co-category generates D(.L(X)?) under colimits.
On the other hand, the functors f. and 6y are colimit-preserving. (In the case of f., we use that f* :
L(S) — L(X) belongs to Prb by construction; see Definition ) Thus, to conclude, it remains
to see that R, is also colimit-preserving. For this, we will show that f* : D(JL(S)") — D(L(X)")
belongs to Pr. That D(L(S)?) is compactly generated follows from the induction hypothesis
since L'(S) has this property. Using the symmetric monoidal structures provided by Lemmaf(l.5.10
below, we see that f* : D(L(S)”) — D(L (X)) preserves dualizable objects. Since dualizable

objects generate D(-L(X)") under colimits, we can conclude if dualizability in D(L'(X)") implies
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compactness. This is the case if and only if Ay is compact in D(.L(X)?). Said differently, we are left
to show that the “global sections” functor RT'(X; —) : D(L(X)") — Mod, is colimit-preserving.

In order to do so, we first prove that every object of D(L(X)") is Postnikov complete in the sense
of [CM21, Definition 2.4] (see also [[CM21, Example 2.6]). By [CM21, Proposition 2.10], it is
enough to show that every torsion-free object M of L (X)*” = L(X)* NL(X)” has cohomological
dimension < dim(X). (Here we use the fact that every object of L (X)“* is a quotient of a torsion-
free object; see the proof of Lemma[I.5.10] below.) This follows immediately from the following
properties: M is dualizable, the functor MV ® — is t-exact, and, for N € L(X)", the A-module
RI'(X; N) has cohomological amplitude in [0, dim(X)]. (The last property was proven in Step 2.)

This said, it is easy to see that RI'(X; —) is colimit-preserving. Indeed, let L : K — D(JL(X))
be a colimit diagram with K filtered, and denote by co the cone point of K”. For every @ € K”, we
have an equivalence in Mod,:

RI(X: L(@) = limRT(X: 7, L(@)),

just using that L(«) is Postnikov complete. Moreover, for a fixed cohomological index n, the tower
of ordinary A-modules (R"T'(X; 7<,,L())),, 1s constant starting from m > dim(X)—n. (This follows
from the fact proven in Step 2 that RI'(X; —) has cohomological amplitude in [0, dim(X)].) Using
the Milnor exact sequence for lim' (see for example [Wei94, Theorem 3.5.8]), we deduce that

R'T(X; L(a)) = R'T(X; 7o L(a))

is an isomorphism for m > dim(X) — n. Thus, we are reduced to showing that R"I'(X; 7., L(c0)) is
the colimit of the R"T'(X; 7<,,L(@)), for @ € K. Said differently, we may replace L with 75>_,7,,L
and assume that the L(a)’s, for @ € K", are bounded. In this case, by Step 2, we may replace
RI'(X; —) with I'(X; —) o 6y and conclude using the fact that I'(X; —) is colimit-preserving. O

Lemma 1.5.10. Assume that A is a field or a Dedekind domain with finite residue fields at all max-
imal ideals, and assume we are given full sub-co-categories L (S) C LS(S; A) as in the statement
of Theorem Then the oco-categories D(L(S)") admit natural symmetric monoidal structures
such that the pullback functors and the functors 0s lift to symmetric monoidal functors.

Proof. The case where A is a field is clear, so we assume that A is a Dedekind domain. It is
enough to show that every local system M in JL'(S)“" admits a resolution by a torsion-free local
system in L'(S)“. Let M’ C M be a torsion-free subsheaf of M such that M = M/M’ is torsion.
(For example, take M’ to be the image of an endomorphism of M given by multiplying by an
nonzero element of A annihilating the torsion in M.) By our assumption on the residue fields of
the Dedekind domain A, the local system M" has finite monodromy, i.e., there exists a finite étale
cover e : S’ — § such that e*M"” is constant. Since e;je*M"” — M" is surjective, we may find
a surjection N — M” with N torsion-free. (More precisely, we take for N the image by ¢, of a
constant sheaf of free A-modules surjecting onto e*M”’.) We then obtain a surjection MX;»N — M
from a torsion-free local system in .£'(S)*:¥, whose kernel is also torsion-free. m|

Remark 1.5.11. Theorem [[.5.9]admits a version at the generic point. More precisely, let K/k be a
finitely generated extension, and let .£L'(K) be the colimit in Pr" of the -£'(X)’s with X smooth affine
models of K. (Note that the X’s can be assumed to be Artin neighbourhoods by Lemma [I.5.8])
Then, we also have an equivalence

Ok : D(L(K)Y) = L(K).
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Indeed, restricting to compact objects, we have DP(L(K)*¥) ~ L (K)“ which is a direct conse-
quence of Theorem It remains to see that D(L(K)") is compactly generated by the objects
of L(K)“? and their desuspensions. Since these objects are dualizable, we reduce to showing that
RI(K;—) : D(L(K)”) = Mod, is colimit-preserving. The argument used in Step 3 can be adapted
to cover this. (Note that RI'(K; —) has cohomological amplitude bounded by the transcendence
degree of K/k as this follows from the analogous property for the RI'(X; —)’s.)

Proposition 1.5.12. Assume that A is a field or a Dedekind domain with finite residue fields at
all maximal ideals. Let X be an Artin neighbourhood and let x € X(C). Denote by 7_rlét(X, X) the
profinite étale fundamental group of the pair (X, x). Then, the natural morphism of Hopf algebras

AB@ X)) F(X, ) (1.51)

becomes an equivalence after {-adic completion, for every prime €. Said differently, the cofibre of
the morphism of A-modules ATED 5 F(X, x)ll\ belongs to Modgryc(n).

Proof. This is a variant of Theorem [I.4.10| and the proof given in [Ayo23| Theorem 5.9] can be
adapted to the situation at hand. It is enough to prove that (1.51]) becomes an equivalence after

tensoring with A/p, for every maximal ideal p C A containing £. Then, in place of the rigidity
theorem for torsion motivic sheaves, one uses the equivalences

LS(X; A/p) = DLS(X; A/p)”) =~ D(Rep(m;'(X, x); A/p)),

where the first one is provided by Theorem [[.5.9] and the second one follows from the fact that a
local system of A/p-modules over X has finite monodromy, and hence becomes constant over an
étale finite cover of X*". O

Proposition 1.5.13. Assume that A is a field or a Dedekind domain with finite residue fields at all
maximal ideals. Let X be an Artin neighbourhood and let x € X(C). Then F (X, x)A is concentrated
. alg . .

in degree zero and i, *(X, x)A is a classical affine group scheme over A.

Proof. By Lemma|1.5.5] we already know that F (X, x), is coconnective. Thus, it remains to see
that it is connective. Using Proposition |1.5.12] it is enough to prove this after tensoring with
Frac(A). Since the functor ¢, . : Mod, — LS(X; A) is colimit-preserving, we have

F (X, x)a ®n Frac(A) = ¢y¢. .(Frac(A)).
Now, by Theorem the functor ¢, . can be identified with the right derived functor R¢, . :
D(Mody) — D(LS(X; A)?) of the right adjoint of ¢* : LS(X; A)” — ModY. Since Frac(A) is an
injective object of Mod},, we deduce that R¢, .(Frac(A)) is concentrated in degree zero. The same
is thus true for ¢;R¢, .(Frac(A)) as needed. O

Corollary 1.5.14. Assume that A is a field or a Dedekind domain with finite residue fields at all
maximal ideals. Let K/k be a field extension and ¥ : K — C a complex embedding extending
o. Consider Spec(K) as a pro-k-variety in the obvious way and X as a point of the analytic pro-
variety Spec(K)™. Then, F(Spec(K),Z)a, is concentrated in degree zero and ﬂ?lg(Spec(K),Z)A
is a classical affine group scheme over A. (In the sequel, we will write F (K, X)x and n?lg(K, 2)a
instead.) Moreover, with K|/K the algebraic closure of K in C, the natural morphism of Hopf
algebras
ABGK/K) _y F(K,2)a

becomes an isomorphism after {-adic completion, for every prime €. Said differently, the cofibre of

the morphism of A-modules AS%/%) — F (K, X))\ belongs t0 Modgca)-
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Proof. This follows from Lemma [I.5.8] Propositions [[.5.12]and [1.5.13] m|

Remark 1.5.15. When A is a field, the affine group scheme Jrillg(X, X)a in Proposition |1.5.13|is
the pro-algebraic completion of the topological fundamental group m;(X*", x). This can be easily
obtained from the fact that LS(X; A)” is equivalent to the ordinary category of finite-dimensional
representations of ;(X*", x) with coefficients in A.

Construction 1.5.16. Let K/k be a field extension and £ : K — C be a complex embedding
extending o~. We have a commutative diagram of co-categories

MSh(k: A) <2 MSh(K: A)
lB; lBk&
—Jcst ¢*
Mod, — 2% 4 LS(K; A) —2— Mod,,

where we have written LS(K; A), instead of LS(Spec(K); A), to denote the co-category of ind-local
systems on Spec(K)?". This gives rise to a commutative diagram in CAlg(LS(K; A)) as follows:

(B} By, .Adesw —— By, (K/K)'By, A — By By .A

| l

Acst ¢):, .

Applying [[Ayo23| Theorem 4.9] to the commutative algebras B, .A, By .A and ¢5 .A, we deduce
a commutative square of Hopf algebras

%mot(k’ O_)A — ggmot(K’ z:)A

l |

A ——— F(K/k, 24,

and hence a sequence
75K/ Dn = Gro(K. Dn = Gk, ) (1.52)
of nonconnective spectral affine groups over A.

Notation 1.5.17. Let K/k be a field extension and X : K — C a complex embedding of K extending
0. Consider the induced morphism of spectral affine groups

PK/k : gmot(Ka z:)A - gmot(ka 0-)A~ (153)

The kernel of the morphism pg/, will be denoted by G\ ;(K/k,X)a, and its Hopf algebra will be
denoted by #,(K/k,X)s. The sequence (1.52)) induces a morphism of nonconnective spectral
affine groups n?lg(K [k, 2)n = Gra(K/k,Z).

In the next statement, we summarise the relation between motivic Galois groups and algebraic
completions of fundamental groups. The main part of the statement was essentially proven in
[Ayol4b §2]. (See also [Ayol4d] for corrections.)

Theorem 1.5.18. Let K/k be a field extension and £ : K — C a complex embedding extending o.
We have the following properties.
(i) The morphism in (1.53)) is flat. Moreover, it is faithfully flat if and only if k is algebraically
closed in K.
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(ii) If k is algebraically closed, the morphism in (1.53)) admits a splitting exhibiting Guno(K, )z
as a semi-direct product of Gre|(K/k, Z)p by Gmot(k, 0)A-

(iii) The nonconnective spectral scheme G |(K/k,X), is flat over A. In particular, if A is an
ordinary ring, then G (K/k,Z) is classical.

(iv) Assume that A is a field or a Dedekind domain with finite residue fields at all maximal
ideals. Then, the morphism of classical affine group schemes

7Kk, Z)n — Gral(K/k, DA, (1.54)

induced from the sequence in (1.52), is faithfully flat.

Thus, if A is a field or a Dedekind domain with finite residue fields at all maximal ideals, and if k
is algebraically closed in K, then we have an exact sequence of classical affine group schemes

7K/ 2)A — GO (K, D)a — G (ko) — (1) (1.55)

Proof. Using Lemma [[.4.5] it is enough to prove (i)—(iii) when A is the sphere spectrum. In par-
ticular, we may assume that A is connective. By Theorem[I.4.11] it follows that the nonconnective
spectral group schemes appearing in the statement are actually spectral group schemes.

Let £ C K be the algebraic closure of k in K and 0 = X|;» : K — C. We have a factorisation
Pk = Pk © Py~ By Lemma [1.4.9] the morphism pg i © Gno(k’,0')a = Gmo(k, o), is a base
change of Spec(c*) : Spec(A) — Spec(AH°m-*.Oy which is a pro-open immersion. Thus, to prove
that (I.53) is flat, we may replace k by k', and it is enough to treat the second assertion in (i). Next,
we want to reduce to the case where k is algebraically closed. Fix an algebraic closure k/k of k
and a complex embedding & : k — C extending 0. Set K’ = K ® k and let Y’ : K’ — C be
the complex embedding extending o and £. By Lemma we have a commutative diagram of
spectral affine groups with cartesian squares

Pk [k - _
Cot K, E)A — Gtk T)n —— {114

l l l (1.56)

PKk

Cnot (K, 2)A —— Gmot(k, 0)A —— G(k/k)a,

where we wrote G(k/k)x for the Galois group of k/k considered as a constant spectral group
scheme over A. To show that pg/ is faithfully flat, we may argue locally around each point
v € Q(E/k). Since Q(%/k) is profinite, localising around the inverse image of y amounts to taking
the fibre at y. Thus, we are left to prove that G (K, ), = Gmoi(k, 0)a,, is faithfully flat (where

[IP2)

v’ in subscript refers to taking the fibre at y). But Gy (K, X)a 5 and Guo(k, 04,4 are torsors under
Cmot(K',Z")A and Qmot@, o)a- So, it is enough to treat the case of the extension K’ /% as needed.

Now that we have reduced property (i) to the case where £ is algebraically closed, we see that it
follows from properties (ii) and (iii). We next prove (ii) and (iii), starting with (iii) which requires
less work. By Lemma it is enough to show that G (K/k, ) is flat over the sphere spectrum.
Using Theorem [I.4.10(ii), we have equivalences of spectra

cofib (ST K/ — 76, (K/k.5)'}

1R

cofib {Qﬁlﬂ(l{/k’z) - %rel(K/k, z:)(IQ}
(1.57)

12

cofib {Z7 KD s 7 (K/k,Z)L)
46



By [Ayol4bl, Theorem 2.55], #..;(K/k, X)z is concentrated in degree zero, which implies that the
spectra in belong to Mody), and hence are flat over the sphere spectrum. Since ST KIED) g
also flat, the result follows from stability of flatness by extension.

We now prove (ii). Without loss of generality, we may assume that K is also algebraically
closed. Applying Zorn’s lemma to the ordered set of pairs (L, s) consisting of an algebraically
closed subfield L C K containing k and a section s of p; ., we are reduced to showing (ii) in the
case where K/k has transcendence degree 1. Let 7 be an indeterminate and, for n € N*| fix an n-th
root 11/ of ¢. Let A, be the henselisation of k[¢!/"] at the ideal generated by ¢!/, and K,, = A,[t""].
Then |, K, 1s an algebraically closed extension of k of transcendence degree 1. Thus, without
loss of generality, we may assume that K = | J,a~ K,,. For n € N*, we denote by

¥, : MSh(K,,; A)® — MSh(k; A)®

the “nearby motive” functor associated to the uniformizer '/* € A,. For the construction and the
basic properties of this functor, we refer the reader to [Ayo07b, §3.5]; see also [AIS17) §4.3] for
a shorter account of the construction. (The constructions of loc. cit. are done using the language
of derivators but are easily translated into the language of co-categories.) By [[AyoO7b, Proposition
3.5.9], for m,n € N*, we have an equivalence of symmetric monoidal functors ¥,,, o (em), = ¥n,
where e,, : Spec(A,.,) — Spec(A,) is the obvious morphism. Passing to the colimit in CAlg(Pr"),
we obtain a symmetric monoidal functor

¥, : MSh(K; A)® — MSh(k; A)®.

Composing with the Betti realisation functor associated to o : k — C, we obtain the tangential
Betti realisation functor

TgB* : MSh(K; A)® — MSh(k; A)® = Mod® (1.58)

considered in [[Ayol3b, §2.5]. We claim that this functor is non canonically equivalent to B, :
MSh(K; A)® — Mod}. Before saying anything about this claim, we explain why it suffices for
proving (ii). Using the claimed equivalence, we see that the #,,,((K, X), is equivalent to the Hopf
algebra associated to the Weil spectrum TgB,(A), where TgB, is the right adjoint of TgB*. By the
very construction of TgB*, we have a morphism of commutative algebras ¥..(TgB,(A)) — B.(A)
yielding a morphism of Hopf algebras

gemot(TgB*(A)) - %mot(k, O-)A-

This gives the required splitting.

We now say a few words about why the functor TgB" in (I.58) is equivalent to B§. The proof is
very similar to that of [Ayol4b, Proposition 2.20] and [Ayo15b, Théoreme 2.18], and we will not
repeat the details here. One needs a variant of [Ayol4b, Lemme 2.21] ensuring the existence of a
family of paths (y, : [0, 1] — C),au with the following properties:

e v,(0)=0,7,(0) = 1 and y,(1) is the image of t!/" by T : K — C,
e for m,n € N*, we have (v,,,)" = ¥,
e 7, admits a lift to the analytic pro-variety Spec(A,)*" sending O to the origin.

We leave the construction of such a family of paths to the reader.

To finish the proof, it remains to prove (iv). Using the first cartesian square in (I.56), we may
assume that k is algebraically closed. The morphism in is over G(K/K)x, where K is the
algebraic closure of K in C. Arguing as in the beginning of the proof, it is enough to show that the

morphism in (T-54) is faithfully flat after taking the fibre at 1 € ¢(K/K). Using Lemmas and
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[1.5.6] we find ourselves in the case where K is algebraically closed. In this case, using Theorem
1.4.10, we have a cartesian square of ordinary rings

%rel(K/k’ E),l\ — > A

| |

He(K/k, )} ®a Frac(A) — Frac(A)

where the horizontal arrows are the counit morphisms. (Notice that this is still true even when A
has positive characteristic.) Similarly, by Corollary [[.5.14] we have a cartesian square of ordinary
rings

F(K/k, ), —————— A

| l

F(K/k, %)) ®x Frac(A) — Frac(A).
Applying Lemma([I.5.19 below, we are reduced to showing that the morphism of Frac(A)-algebras
Hoa(K/k, )\ @4 Frac(A) — F(K/k, ). @, Frac(A) (1.59)

is flat. If A has positive characteristic, we have #(.(K/k, 2)11\ ®a Frac(A) =~ Frac(A) by Theorem
[[.4.10] and there is nothing to prove. So we may assume that Frac(A) is a field of characteristic
zero. In this case, a morphism of Hopf algebras over Frac(A) is flat if and only if the induced
morphism of affine group schemes is surjective. Thus, it is enough to show that

ﬂeldg(K/k’ Z:)Frac(A) - Qrel(K/k, z:)Frac(A)

is surjective. (Indeed, the above morphism factors through ﬂ?lg(K [k, X)p ®a Frac(A).) The result
follows now from [Ayol4b, Théoreme 2.57]. m]

Lemma 1.5.19. Let R be an integral domain, and consider a commutative triangle of ordinary
rings

A’%B’

N

Frac(R)

where a and b are surjective. Define subrings A C A’ and B C B' by A = a”'(R) and B = b™'(R),
and let f : A — B be the induced morphism. Then f is flat if and only if f’ is flat.

Proof. 1t is clear that A’ and B’ are localisations of A and B. Thus, if f is flat, then so is f”.
The converse follows from [Fer0O3, Théoreme 2.2(iv)]. Indeed, assume that f” is flat. Let C' =
B’ ®, Frac(R) and C = ¢"!(R), where ¢ : C’ — Frac(A) is the obvious morphism. Then B is also
the inverse image of C C C’ along the obvious map B* — C’. Said differently, the A-module B is
the image by the functor

Mod}, — Mod,
Frac(R)
as in [FerO3, page 559], of the triple (C, s, B"), where s : C ® Frac(R) ~ C’ is the obvious
identification. Thus, it remains to see that C’ is flat over R, which is clear. O
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1.6. Constructible sheaves of geometric origin.

In this subsection, we give a precise definition of what we mean by sheaves of geometric origin.
(A similar notion was introduced in [BBDS82, §6.2.4]; see Remark[I.6.24]below for a comparison.)
We then prove that this class of sheaves has good formal properties. Along the way, we prove
a Betti version of [Drel8) Desiderata 1.1(7)]. As usual, we fix a ground field k endowed with a
complex embedding o : kK — C, and we denote by A a commutative ring spectrum.

Definition 1.6.1. Let A € CAlg be a commutative ring spectrum and let X be a k-variety.

(1) We denote by Shye,(X; A) the full sub-co-category of Sh(X; A) generated under colimits
and desuspension by objects of the form f.A, with f : ¥ — X a proper morphism of
k-varieties. Ind-constructible sheaves in Shg.,(X; A) are said to be of geometric origin.

(1) We define LS,.,(X; A) to be the full sub-co-category of Shye,(X; A) generated under colim-
its by the dualizable objects of Shg,(X; A).

Remark 1.6.2. By Proposition [I.2.T3] the objects generating the sub-co-category Shge(X; A) are
compact in Shy(X; A). Thus, the co-category Shge,(X; A) is compactly generated and Shgeo(X; A)®
is the smallest full sub-oco-category of Sh(X; A)“ closed under retract, finite limits, finite colimits,
and containing the objects of the form f.A, with f : ¥ — X a proper morphism of k-varieties.
Similarly, the co-category LS,.,(X; A) is compactly generated and

LSgeo(X; A)® = LS(X; A) N Shyeo(X; A)* (1.60)

is precisely the co-category of local systems that are of geometric origin. (This relies on the fact that
a constructible sheaf of geometric origin is dualizable in Shy.(X; A) if and only if it is dualizable
in Sh.(X; A). Indeed, the contravariant endofunctor Hom(—, A) of Sh(X; A) preserves the sub-
co-category Shge,(X; A) by Corollary [I.6.9 below.)

Remark 1.6.3. Let A’ be a commutative A-algebra. Then, the obvious functor
MOdA/(Shgeo(X; A)) - Shgeo(X; A/)

is an equivalence. Indeed, it is fully faithful by Corollary [I.2.21] and essentially surjective since
its image contains a set of generators of Shg.,(X; A’). We do not know if the analogous result for
LSgeo(X; =) holds true in full generality, but see Remark [I.6.27|and Proposition[1.6.30] below.

Remark 1.6.4. Using the proper base change theorem and the projection formula for proper push-
forward in the Betti setting of ind-constructible sheaves, we see that sheaves of geometric origin
are stable under pullbacks and tensor product. Thus, we have a CAlg(Pr"™)-valued presheaf

Shgeo(—; A)® : (Schy)® — CAlg(Pr™). (1.61)

By [Ayo0O7a, Lemme 2.2.23], given a k-variety X, the co-category MSh(X; A) is generated under
colimits, desuspension and negative Tate twists by motivic sheaves of the form f.A, with f :
Y — X proper. This shows that the refined Betti realisation of Theorem [[.2.T5] factors through a
morphism

B, : MSh(—; A)® — Shgeo(—; A)® (1.62)

geo
of CAlg(Pr")-valued presheaves. If no confusion can arise, we simply write B* for this morphism.
Construction 1.6.5. Recall that we denoted by B, the commutative algebra in MSh(k; A) given

by B.(A), where B.. : Mody, — MSh(k; A) is the right adjoint of the Betti realisation functor. By
Remark [I.1.21] there is a Voevodsky pullback formalism

MSh(—; BA)® : (Schy)®® — CAlg(Pr™*) (1.63)
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sending a k-variety X to the symmetric monoidal co-category MSh(X; B,)® of B,-modules in
MSh(X; A)®. Moreover, we have a factorisation of the refined Betti realisation
* & Br®- o B ®
B* : MSh(—; A)® —— MSh(—; BA)® — Shq(—; A)°, (1.64)
where B* is given by the formula B*(—) = B*(—) ®g+p.a) A. The existence of the functor in (T.63)
and the factorisation in can be deduced from [Lurl7, Theorem 4.8.4.6] and the functoriality

of the tensor product in Pr*. (Alternatively, one can adapt the method used in [AGV22, §3.4].)
Combining this with Remark we obtain a morphism of CAlg(Pr")-valued presheaves

B:. : MSh(—; B,)® — Shgeo(—; A)®. (1.65)

geo
If no confusion can arise, we simply write B* for this morphism too.
The following result is essentially due to Cisinski—-Déglise, see [CD19, Example 17.1.7].
Proposition 1.6.6 (Cisinski—-Déglise). Let X be a k-variety. Then, the functor
B" : MSh(X; B4) — Shy(X;A) (1.66)
is fully faithful. In particular, the morphism in (1.63)) is an equivalence.

Proof. For the sake of clarity, we shall write ﬁ}‘( for the functor in (1.66) and denote by EX,* its
right adjoint. Informally, the latter sends an object F' € Sh.(X; A) to By .(F) endowed with its
natural structure of a B,-module. Combining Proposition [1.2.17| with [Lurl7, Corollary 3.4.4.6],
we deduce that B’X’* is colimit-preserving. Thus, to show that the unit morphism id — §X*§; is
an equivalence, it is enough to do so after evaluation on a set of objects generating MSh(X; B,)
under colimits. Using [Ayo(7a, Proposition 2.2.27], we are reduced to showing that

2.(A) ® Baly = Bx.Bi(g.(A) ® Baly) = Bx..Bi(g.(A)

is an equivalence when g : ¥ — X is a proper morphism from a smooth k-variety Y. By the
projection formula (see, for example, [AGV22, Proposition 4.1.7]), we have g.(A) ® Balxy =
g.(Baly). By Theorem we have an equivalence By ,B}(g.(A)) =~ g.By.(A). Thus, to
conclude, we need to show that B,|y — By.(A) is an equivalence. Using that the refined Betti
realisation commutes with extension by zero, we deduce that the functors B_ . commute with the
inverse image along open immersions. Thus, we may replace Y by a smooth compactification and
assume that Y is furthermore proper. Using [[Ayo(O7a, Proposition 2.2.27] for a second time, we see
it is enough to show that

MaPMSh(y;A)(h!A(m) [n], Baly) — MapMSh(Y;A)(h!A(m) [1], By .(A))

is an equivalence for & : Z — Y a proper morphism from a smooth k-variety Z, and m,n € Z.
Using adjunction and Theorem[I.2.15] we reduce to showing that

MaPMSh(z;A)(A(m)[n], E®\ Balz) — MapMSh(Z;A)(A(m)[n]’ Bz.BZE)

is an equivalence, where E = h'(A) is the relative Thom space associated to the virtual normal
bundle of 4. Finally, by adjunction, we are left to show that

P+(E ®x p"Bp) = p:Bz.B7(E)
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is an equivalence, where p : Z — Spec(k) is the structural morphism which is smooth and proper.
Using the projection formula [AGV22, Proposition 4.1.7] and Theorem as we did previ-
ousely, we can rewrite this morphism as p.(E) ®, By — B.B*p.(E). That this is an equivalence is
a particular case of Corollary [I.2.18] O

Remark 1.6.7. The proof of Proposition |1.6.6/ shows that the commutative algebra B, |x, obtained
by pulling back B, to X, coincides with By .(A). This is actually a formal consequence of the fully
faithfulness of the functor B* in (I.66) which implies, more generally, that
M ®, Balx — By By(M)

is an equivalence for every M € MSh(X; A).
Remark 1.6.8. One could give a shorter proof of Proposition under the hypothesis that the
field k has finite virtual A-cohomological dimension. Indeed, in this case, we easily reduce to
showing that

Mapyispx.a) (M, N @ Balx) = Mapgy, x.4)(B" (M), B*(N)) (1.67)
is an equivalence when M is compact. We then have an equivalence

Hom(M, —) ® Balx ~ Hom(M, — @ Balx)

since B, |x can be written as a filtered colimit of dualizable objects. By Theorem(1.2.15] we have an
equivalence B* o Hom(M, —) ~ Hom(B*(M), B*(-)). Putting these facts together, we may rewrite

the map in as follows:
Mapyghx.a) (A, Hom(M, N) @ Balx) — Mapg,, x.a)(A, B (Hom(M, N))). (1.68)

Let p : X — Spec(k) be the structural projection. For the same reasons as before, we have
equivalences p.(— ®x Balx) = p.(—) ® B and B* o p, =~ p, o B*. Thus, it is enough to show that

is an equivalence, which is the case by Corollary[I.2.1§]

Corollary 1.6.9. The sub-co-categories Shyeo(—; A) C She(—; A) are closed under the four opera-
tions f*, f., fi and f*, associated to a morphism f of k-varieties, as well as tensor product and the
internal Hom from a constructible sheaf of geometric origin.

Proof. Theorem implies that
B* : MSh(—; B,)® — She(—; A)®

is a morphism of six-functor formalisms. By Remark [I.1.20] it is thus compatible with internal
Homs from constructible objects. (Here, constructibility is relative to the set {Bx(n); n € Z} in the
sense of [[Ayo07al Définition 2.2.3].) The result follows then from Proposition [I.6.6] m|

Corollary 1.6.10. Let € be a prime number and let k/k be the algebraic closure of kin C. Let X be
a k-variety and set X; = X ® k. Then the obvious functor

ShVe{:\t(EtX;; A)f—cpl - Shgeo(X; A)f—cpl (169)
is an equivalence of co-categories.
Proof. We may assume that k = k. By Proposition and [AGV22, Theorem 2.10.4], it suffices

to show that (B,); = (A);. This follows from the fact the Betti realisation induces an equivalence
of co-categories MSh(k; A)s.cpi = (Mody)s.cpi, again by [AGV22, Theorem 2.10.4]. O
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Proposition 1.6.11. Let € be a prime number. Assume that A is connective and that the homotopy
groups of A€ are all finite. Let X be a k-variety. Then we have an equivalence of co-categories

Shgeo(X; A)f-cpl = Shct(X; A)[—cpl- (170)

Proof. Working with ¢-nilpotent objects instead of {-completed ones, we need to show that the
inclusion Shgeo(X; A)rpit € She(X; A)eni 1s an equality. It is enough to show that Shge,(X; A)znil
contains a family of compact generators of Sh.(X; A)sni- Such a family is given by objects of
the form j,(L/{), where j : Z — X is a locally closed immersion and L a local system on Z*".
Replacing X with Z, we are reduced to showing that L/ belongs to Shye,(X; A)pny for every local
system L of A-modules on X*". Using Corollary [I.6.10] it is enough to show that L/¢ is locally
constant for the étale topology.

We first treat the case where A is eventually coconnective. Since the stalks of L are perfect
A-modules, the Postnikov tower of L/¢ yields a finite exhaustive filtration of L/{ whose graded
pieces are local systems of finite abelian groups. Such a local system has finite monodromy and
becomes constant over a finite €tale cover of X. This shows that L/ belongs to Shgeo(X; A) i as
needed.

We now treat the general case. Without loss of generality, we may assume that X is connected.
Let L, be the fibre of L at some point of X. We also denote by L, the associated constant sheaf on
X*, and consider G = L ® Lj. We claim that, locally for the étale topology, there is a morphism
A — G/€ which corresponds, by duality, to an equivalence Ly/¢ ~ L/¢. This will finish the proof.
Since Etx has bounded local cohomological dimension and since G is eventually connective, there
exists an integer N > 0 such that

moMapgy, (v, »A Gl /) — ﬂOMaPShC[(U;TSNA)(TsNA’ (Gly & 1<) /)

is a bijection for every étale X-scheme U. Since (L ®\ T<yA)/C belongs t0 Shgeo(X; A)ppnit by
the previous discussion, it is élale locally equivalent to the constant sheaf (Ly ® 7<yA)/¢. Thus,
there is an étale cover U — X, and a morphism e : (Ly|ly)/¢ — (L|y)/¢ which becomes an
equivalence when tensored with 7.yA. since L, and L are eventually connective, this forces e to
be an equivalence. m|

Construction 1.6.12. Let X be a pro-k-variety and x € lim X(C). Repeating Construction |1.5.1
with LS..,(X; A) instead of LS(X; A) we obtain a Hopf algebra 78°(X, x),. Explicitly, we consider
the symmetric monoidal functor

@+ LSgeo(X; A)® — Mod}
with right adjoint ¢, ., and we set F2°(X, x), = ['(X; (Vl(qu, ). We also set
(X, x)a = Spec(FEO(X, x)p).

This is a nonconnective spectral affine group over A. When X = Spec(K), with K/k a field ex-
tension, and x is the point induced by a complex embedding X : K — C extending o, we write

Feo(K, %), and 7{°(K, Z), instead.

Proposition 1.6.13. Assume that A is a field or a Dedekind domain with finite residue fields at

all maximal ideals. Let X be an Artin neighbourhood and let x € X(C). Then F&°(X, x), is
concentrated in degree zero and H%BO(X, X)a is a classical affine group scheme over A.

Proof. The proof of Proposition [I.5.13] can be adapted easily by applying Theorem [[.5.9] in the
case where L'(=) = LSge0(—; A). |
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For the next statement, recall the Hopf algebras F (K/k,X), and #.(K/k, X)A that were intro-
duced in Construction and Notation

Lemma 1.6.14. Let K/k be a field extension and £ : K — C a complex embedding extending
o. Let By : MSh(K;A) — Mody be the associated Betti realisation functor and set By n =
By .(A) which we view as a commutative algebra in MSh(K; B,). Consider the fibre functor
¢5 - LS(K;A) — Mod, associated to point ¥ of Spec(K)™. Then, the following conditions are
satisfied.

(i) There is an equivalence of commutative algebras qb%ﬁ*@l A= Ha(K/k, E)II\ which is com-
patible with the coaction of F (K/k, X)x. N
(ii) Assume that A is an ordinary regular ring. Then B*Bs, 5 belongs to LS(K; A)°.

Proof. By construction, we have equivalences
¢:B* By A ¢5(B* By, A @, A)
(¢5B By, A) ®peg, A
~ (BiBs A) @z, A
= Hmu(K,Z)\ Btk N

showing the first assertion. For the second assertion, we may assume that A is Z or Z/¢ for a prime
number ¢. In particular, A is a field or a Dedekind domain with finite residue fields at all maximal
ideals. It follows from Theorem and Remark that ¢} : LS(K; A) — Mod, is t-exact,

and reflects 7-connectivity and #-truncatedness. Thus, it suffices to show that ¢;B*®B; 4 belongs to
Mody, which is indeed the case by Theorem [1.5.18Giii). O

1R

1R

Theorem 1.6.15. Let K/k be a field extension and X : K — C a complex embedding extending o.
Then, there is an equivalence of spectral affine groups

7 (K, Z)p = Graa(K/k, D). (1.71)

In particular, ﬂ“feo(K, X)a is flat over A. Moreover, assuming that k is algebraically closed in K, we
have a short exact sequence

(A = 77 (K, 2)a = Grnot(K, Z)a = Gork, 0)a — {1)a. (1.72)

Finally, when A is a field or a Dedekind domain with finite residue fields at all maximal ideals, we
have a faithfully flat morphism of classical affine group schemes

7Kk, D)p — 15K /k, D)a. (1.73)
Proof. By Theorem [1.5.18} we only need to prove the equivalence in (I.71)). Since F&°(K, %)} ~
Pids A, the result follows from Lemma |1.6.14(i) by noticing that B*Bs 5 = ¢s .A. O

Theorem 1.6.16. Assume that A is an ordinary regular ring and let X be a k-variety. Then the
natural t-structure on Shy(X; A) restricts to a t-structure on Shyeo(X; A). Moreover, the abelian
subcategory Shgeo(X; A)” C Sh(X; A)Y is stable under subquotient.

Remark 1.6.17. Keep the assumptions as in Theorem [[.6.16] By Corollary [[.2.10] the truncation
functors for the natural #-structure on Sh.(X; A) preserve compact objects. This implies the same
for the natural 7-structure on Shy,(X; A) by virtue of the equality

Shgeo(X; A) N She(X;A)” = Shgeo(X; A)”.
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Said differently, the natural z-structure on She,(X; A) restricts to a #-structure on Shgeo(X; A)“ and
can be recovered from this restriction by indization.

Remark 1.6.18. We keep assuming that A is an ordinary regular ring. Theorem [[.6.16 allows for
a very concrete description of the co-category Shee,(X; A)”. First, we note that Shyeo(X; A)“7 C
Sh.(X; A)* ¥ is the smallest abelian subcategory of constructible sheaves, closed under extension
and containing the objects of the form H”(f.A), where f : Y — X is a proper morphism and p € N.
We call the objects of Shyo(X; A)*“ ordinary constructible sheaves of geometric origin. Then,
Shgeo(X; A) C Shy(X; A)® 1s the full sub-co-category consisting of those constructible sheaves F
such that H'(F) is of geometric origin for every i € Z, i.e., belongs to Shee(X; A)*7. Finally, we
note that Shg.,(X; A) is the indization of Shge,(X; A)“.

Lemma 1.6.19. To prove Theorem it is enough to treat the case of A = Q.

Proof. We split the proof in two small steps.

Step 1. Let A — A’ be a morphism of ordinary regular rings. In this step, we assume that Theorem
is known for A, and we prove it for A’. By Remark [[.6.3] that we have an equivalence

Shgeo(X; A,) = MOdA’(Shgeo(X; A))
By Corollary [I.2.21] it is thus enough to prove the conclusions of Theorem [I.6.16]for the inclusion
MOdA’(Shgeo(X; A)) C MOdA/(Shct(X; A)),

assuming them for the inclusion Shye,(X; A) C She(X; A). This follows immediately from the fact
that the forgetful functor
Moda (She (X5 A)) — She(X; A)

is t-exact, and reflects the property of being of geometric origin.

Step 2. It remains to prove Theorem [1.6.16] for A = Z assuming it holds true for A = Q. Let
M € Shgeo(X; Z)“ be a constructible sheaf of geometric origin, and form the ordinary constructible
sheaf H(M) € Sh.(X;Z)". Let N ¢ H’(M) be a constructible subsheaf. We claim that N belongs
t0 Shgeo(X;Z)“. Since M and N are arbitrary, this will prove the result.

By Corollary [I.2.21] and our assumption, the conclusions of Theorem [I.6.16] are verified for the
inclusion

Modg(Shgeo(X; Z)) € Modg(She(X; Z)).

It follows that HO(MQ) belongs to Shye,(X;7Z), and the same is true for its subsheaf Ng. On the
other hand, there is an exact sequence of ind-constructible sheaves of Z-modules

O—)@E[—)N—)NQ—)@F[—)O,

where ¢ varies among prime numbers, and E, and F, are {-nilpotent objects of Shy(X;Z). Our
claim follows now from Proposition [I.6.11] m|

Remark 1.6.20. Unless otherwise stated, Pr--valued presheaves are left Kan extended to pro-k-
varieties. This applies to She(—; A) and LS(—; A), and their sub-co-categories Shye,(—; A) and
LSgeo(—; A). If A is a k-algebra, we write She(A; A), etc., instead of Sh(Spec(A); A), etc. If K/k
is a field extension, then we have equivalences

LS(K;A) =~ Sh(K; A) and LSeeo(K; A) = Shgeo(K; A).
54



This follows immediately from the fact that every constructible sheaf on a k-variety becomes a
local system when restricted to some open dense subvariety.

Next, we prove Theorem [1.6.16] at the generic point, assuming that A = Q. We will give
two proofs, one relying on Deligne’s semi-simplicity theorem [Del71, Théoreme 4.2.6] and one
avoiding Deligne’s semi-simplicity theorem, and relying instead on Theorem [I.5.18] We believe
that the argument using Deligne’s semi-simplicity theorem was known to Drew.

Lemma 1.6.21. Let K/k be a field extension. Then the natural t-structure on LS(K; Q) restricts
to a t-structure on LSyeo(K; Q). Moreover, the abelian subcategory LSq.(K;Q)” c LS(K; Q)7 is

stable under subquotient.

First proof of Lemma By [[Ayo074a, Proposition 2.2.27], Shee,(K; Q) is generated under col-
imits and desuspension by objects of the form f.Q, with f : ¥ — Spec(K) proper and smooth.
By Deligne’s semi-simplicity theorem [Del71, Théoréme 4.2.6] combined with [Del68, Proposi-
tion 2.1], Sheo(K; Q) contains the ordinary sheaves that are subquotients of some H”(f.Q), for
f Y — Spec(K) proper and smooth, and p € N. Moreover, Sh,,(K; Q) is generated by these
ordinary sheaves under colimits and desuspension. We conclude using Lemma([1.6.22]below. O

Lemma 1.6.22. Let A be a stable co-category endowed with a t-structure, and let S be a set of
objets in A° which is closed under subquotient. Let B C A be the smallest full sub-oo-category
closed under finite colimits and desuspension, and containing S. Then the t-structure of A re-
stricts to B and BY c A" is closed under subquotient. In fact, the latter is the smallest abelian
subcategory of A° containing S and closed under extension.

Remark 1.6.23. Using the decomposition theorem [BBD82, Théoréme 6.2.5] and arguing as in the
first proof of Lemma [[.6.21] one obtains more generally that, for every k-variety X, the perverse
t-structure on Sh(X; Q) restricts to a -structure on Sh,.,(X; Q) whose heart is stable under sub-
quotient. (In fact, Q could be replaced here with any field of characteristic zero.) A closely related
result was announced by Drew in [Drel8]]. Most probably, this was based on the same argument.

Remark 1.6.24. The more general result alluded to in Remark [1.6.23] implies that every object in
Sh(X; C)®, which is of geometric origin in the sense of [BBD82, §6.2.4], belongs to Sh,e,(X; C).
The converse being clear, this proves that Definition[I.6.1]is compatible with [BBD82, §6.2.4].

We offer another proof of Lemma [I.6.21] avoiding Deligne’s semi-simplicity theorem.

Second proof of Lemma As in the first proof, the essential point is to show that every sub-
quotient Q of H?(£.Q) is of geometric origin, i.e., belongs to the essential image of the fully faithful
functor B* : MSh(K; Bg) — LS(K; Q). We use the notation in the statement of Lemma
By Theorem the action of ﬂ?lg(K /k,Z)q on ¢gHP(f.Q) factors uniquely through its quo-
tient Gri(K/k,X)q, and the same is true for ¢5Q. Thus, we may find a ﬂ?lg(K /k, X)g-equivariant
resolution

¢;;Q - J0®g€rel(K/k’2)Q > Jn®g€rel(K/k’Z)Q — e

where the J"’s are Q-vector spaces endowed with the trivial action of n?lg(K /k,2)g. By Lemma
1.6.14] this yields a resolution in LS(K; Q)" of the form

Q- @B Byg— - —J @B Byg— -
55



Truncating stupidly, we obtain a tower
(Pn =[J°®BByg— - > J ®§*@2’Q])
in LS., (K; Q). Clearly, forn > 1, we have

n>0

i ~ Q Si l = 0,
H(P) ‘{ 0 si i¢{0n).
Since the cohomological dimension of LS(K; Q)" is bounded by the transcendence degree of the
extension K/k, we have
P, =~ Qe H"(P,)[-n]
for n big enough. Since P, belongs to LS,.,(K; Q), the result follows. O

We are now ready to finish the proof of Theorem [1.6.16]
Proof of Theorem By Lemma|1.6.19] we may assume that A = Q. By Lemmal|l.6.21] the

result is known at the generic points.

We fix a compact object F' € Shy,(X;Q)” and let G C HO(F) be a constructible ordinary
subsheaf of H’(F). We need to show that G also belongs to Shyeo(X; Q). We argue by noetherian
induction on X. Let 1 be a generic point of X and K = «(n) its residue field. By Lemma [1.6.21]
G, = n°G belongs to Shy,(K;Q)“. Thus, we can find an open neighbourhood U C X of 1 such
that G|y belongs to Shee,(U; Q)“. Using the localisation triangle, we are thus reduced to showing
that i*G € Shye,(Z;Q)*, with i : Z < X the inclusion of the complement of U in X. Since i is
t-exact, i*G is a subsheaf of H°(i*F). Thus, it is of geometric origin by noetherian induction. O

Theorem [I.6.16|admits the following complement.

Proposition 1.6.25. Assume that A is an ordinary regular ring and let X be a k-variety. Then the
t-structure on Shgeo(X; A), provided by Theorem restricts to a t-structure on LS geo(X; A)).

Proof. Given a local system of geometric origin L € LSy (X;A)”, we need to show that the
H/(L)’s are also local systems of geometric origin. We know that they are constructible sheaves
of geometric origin by Theorem [[.6.16] We also know that they are local systems by Corollary

[I.2.10[ We conclude using the equality in (L.60). O

Next, we will discuss a variant of Theorem [I.6.16] which is valid for arbitrary connective com-
mutative ring spectra A. In general, we do not expect Sh.(X; A) to have a natural #-structure,
and thus the forthcoming #-structure on Sh,.,(X; A) is not obtained by restricting an existing one
on Sh(X; A). Instead, we are going to restrict the natural #-structure on Sh(X*"; A), but for this
we need to overcome the issue that the functor Shge,(X; A) — Sh(X*; A) is not fully faithful,
and Lemma [I.2.12] will be our main tool for doing so. We will need the following auxiliary co-
categories.

Notation 1.6.26. Let X be a k-variety. We denote by LS;CO(X ; \) the sub-oco-category of LSq.o(X; A)
generated under colimits and desuspension by objects of the form f.A, with f : ¥ — X a smooth
and proper morphism of k-varieties.

Remark 1.6.27. As in Remark [I.6.3] the functor
Mod (LS., (X:A)) — LS. (X; )

geo geo

is an equivalence since, by construction, its image contains a set of generators of LS, (X; A"). This

is actually the main reason for using LS'gCO(X ; —) instead of LS,.,(X, —) in the statement below.
56



Lemma 1.6.28. Assume that A is connective and let X be a smooth k-variety. Then, there is a
unique t-structure on LS, (X; A) such that the functor LS., (X; A) — Sh(X™; A) is t-exact.

geo geo

Proof. Using Lemma |1.2.12] we identify LS. (X; A) with a full sub-co-category of Sh(X*"; A).

geo

We need to show that the natural 7-structure on Sh(X*"; A) restricts to a ¢-structure on LS:;BO(X i N).

We split the proof of this in two steps. In the first step, we reduce to the case where A = Q. This
case is treated in the second step by repeating the first proof of Lemma[[.6.21]

Step 1. Given a morphism A — A’ in CAIg®", we have a commutative square of co-categories

Mod (LS. (X; A)) — Mod, (Sh(X™"; A))

geo

§ §

LS, . (X; ') — Sh(X*"; A’)

geo

where the vertical arrows are equivalences and the horizontal ones are fully faithful embeddings.
Thus, if the proposition holds true for A, it does also for A’. This shows that it is enough to treat
the case where A = S is the sphere spectrum.

Next, we assume that the proposition holds true for A = Q and we prove it for A = S. Let
F € LS;,eO(X; A)® be a compact object. We will show that H(F) belongs to LS;,eO(X ;\). By
assumption, we know this for H’(Fg). Consider the fibre sequence

F—>FQ—>@N5,
7

where ¢ denotes a prime number and N, = colim, F/{" is an {-nilpotent object. We deduce an exact
sequence of ordinary sheaves on X*":

P H N - H(F) - H(Fg) - EHHN,) — H'(F),
t 4

It is thus enough to show that K = ker {Hf(F/f") — H*'(F){ and I = im {Hi(F/f") — Hi”(F)}
belong to LS, (X) for all £, n € N and i € Z. By Lemma , F is a locally constant sheaf on
X* with stalks in Sp®. It follows that H*!(F) and H(F/¢") are locally constant ordinary sheaves
of abelian groups on X®", and that the stalks of H'(F/£") are finite. This implies that both K and I
are locally constant ordinary sheaves with finite stalks. Thus, they become constant over a finite

étale cover and this implies that they belong to LS!_ (X) as needed.

geo

Step 2. We now assume that A = Q. It is enough to show that the z-structure on Sh(X; Q) restricts
to LS,.(X; Q). The first proof of Lemma [1.6.21} based on Deligne’s semi-simplicity theorem
[Del71, Théoreme 4.2.6] and [Del68| Proposition 2.1], extends literally. |

Theorem 1.6.29. Assume that A is connective and let X be a k-variety. There is a unique t-
structure on Sheeo(X; A) which is compatible with filtered colimits and such that the obvious functor
Shgeo(X; A) — Sh(X™™; A) is t-exact. Moreover, we have an equivalence of abelian categories

Shgeo(X; A)Q = MOdnoA(Shgeo(X; Z)O)-

Proof. Given a stratification & of X, we denote by Shb_geo(X; A)? C Shgeo(X; A)“ the sub-oco-
category whose objects are the constructible sheaves F such that F|; € LS.  (Z; A)* for every
(X; A) to be the indization of Sh7, . (X;A)®. It is easy

geo
P-stratum Z C X. We then define Shy, ., P-geo
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to see that Shg.,(X; A) is the colimit in Pr" of the Shf@_geo(X ; A)’s when & varies among all the
stratifications of X. To prove the existence and the uniqueness of the #-structure in the statement,
it is enough to do so for Shj, ..,(X; A) with the extra assumption that all the #-strata are smooth.
By Proposition the functor Shy, .., (X; A) — Sh(X*"; A) is fully faithful, and it remains to
see that the 7-structure on Sh(X*"; A) restricts to Shy, ..,(X; A). The latter property follows from
Lemma [1.6.28] and the r-exactness of the functors j* and ji, for j : Z — X the inclusion of a
P-stratum in X.

It remains to prove the last statement. Using Remark [[.6.3] we reduce to the case where A = S
is the sphere spectrum. We then use the fact a O-truncated object of Shy, ..,(X)zo has a natural
structure of a Z-module. This gives a fully faithful embedding Shyeo(X)” C Sheeo(X;Z). For the

converse inclusion, we use the 7-exact forgetful functor Shye,(X; Z) — Shgeo(X). O
We can now prove the following result.

Proposition 1.6.30. Let A — A’ be a morphism of commutative Z-algebras, and assume that A
and N’ are eventually connective and coconnective. Let X be a smooth k-variety. Then the functor

MOdA’ (Lsgeo(X; A)) - LSgeo(X; AI)
is an equivalence.

Proof. It is enough to prove that the functor
MOdA(LSgeo(X; Z)) - Lsgeo(X; A)

is an equivalence for any Z-algebra A which is eventually connective and coconnective. Using
Remark [I.6.3] it is enough to prove that the forgetful functor LS,.o(X; A) — Shgeo(X;Z) lands
inside LSy¢0(X;Z). Let F € LS,,(X; A) be a local system of A-modules which is of geometric
origin. We need to show that F, considered as a sheaf of Z-modules, is a filtered colimit of local
systems of geometric origin. Under our assumption on A, F has finite cohomological amplitude
with respect to the natural 7-structure on Shg.,(X; Z). It is thus sufficient to show that H!(F) belongs
to LS,eo(X;Z) for all i € Z. Since F can be shifted, we may assume i = 0. We may also assume
that X is connected.

Note that H’(F) is locally constant for the analytic topology on X*". By Remark F can be
written as a filtered colimit of constructible sheaves of Z-modules which are of geometric origin.
It follows that H(F) is the filtered union of its subsheaves of Z-modules that are constructible
and of geometric origin. If G ¢ H°(F) is such a subsheaf, we can find a dense open subvariety
U c X such that G|y is a local system of geometric origin. Choose a base point x € U*". Since
X is smooth, the induced morphism of fundamental groups (U™, x) — m;(X*", x) is surjective.
Since the action of 7, (U, x) on H(F), factors through 7;(X®", x), the same is true for the action
of m;(U*", x) on G,. It follows from this that G|y is the restriction to U of a unique local system
G’ contained in H(F). In fact, we have G’ = R%j, j*G, where j : U — X is the obvious inclusion.
This prove that G’ is of geometric origin and that G C G’. Thus we have proven that H'(F) is the
filtered union of its local systems of Z-modules that are of geometric origin. O

Corollary 1.6.31. Assume that A is a commutative Z-algebra which is connective and eventually
coconnective. Let X be a smooth k-variety. Then there is a unique t-structure on LSq.,(X; A) such
that the functor LSe,(X; A) — Sh(X®"; A) is t-exact. Moreover, we have an equivalence of abelian
categories
LSgeo(X; A)Q = MOdnoA(LSgeo(X; Z)Q)~ (174)
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Proof. Using Proposition[1.6.30, we reduce to the case where A = Z which is treated in Proposition
[1.6.25] mi

The following result is essentially due to Nori.

Theorem 1.6.32 (Nori). Assume that A is an ordinary commutative ring and let X be a k-variety.
Then, the functor

D(Shgeo(X; A)7) = Sheeo(X; A) (1.75)
is an equivalence of co-categories. If A is a field or a Dedekind domain with finite residue fields at
all maximal ideals, then the same is true with “Sh” instead of “Shge, ”.

We will not give a self-contained proof of Theorem [[.6.32] Instead, we will explain how to
deduce it from results in [NorO2]. First, we establish some reductions.

Lemma 1.6.33. Assume that A is an ordinary ring. We have an equivalence of co-categories
Mod (D(Shgeo(X; Z)7)) = D(Shgeo(X; A)7).
Thus, to show that the functor in (1.75)) is an equivalence, it is enough to consider the case A = Z.

Proof. The functor — ® A : Shgeo(X;Z)” — Shgeo(X; A)Y is right exact and, by Theorem |1.6.29
it admits an exact right adjoint given by the forgetful functor. Arguing as in the proof of Lemma
[I.5.10} this adjunction can be lifted to the derived setting:

D(Shgeo(X;Z)7) 2 D(Shgeo(X; A)7).

It is immediate to see that [Lurl’/, Theorem 4.7.3.5] applies to the above adjunction yielding the
equivalence in the statement. This proves the first statement. Combining this with Remark [1.6.3]
we obtain also the second statement. O

Lemma 1.6.34. Assume that A is a field or a Dedekind domain with finite residue fields at all
maximal ideals. To show that the functor in (1.75)) is an equivalence, it is enough to show that the
functor

D" (Shgeo(X; A)*7) — Shgeo(X; A)® (1.76)

is an equivalence. The same is true for “Shy” instead of “Shge, ”.

Proof. Since Shyeo(X; A) is the indization of Shye,(X; A)“, it would be enough to show that
D(Shgeo(X; A)?) is the indization of Db(Shgeo(X ; A)*?). The argument is very similar to the one
used in Step 3 of the proof of Theorem [I.5.9] Indeed, using that the functor in is an
equivalence, we deduce that every object of Shy,(X; A)*“ has cohomological dimension bounded
by 2dim(X). Using [CM21, Proposition 2.10], we deduce that every object of D(Shgeo(X; A))
is Postnikov complete. From this, it follows easily that every object in Db(ShgeO(X ;A7) deter-
mines a compact object of D(Shgeo(X; A)). The result follows since D°(Shgeo(X; A)¥) generates
D(Shgeo(X; A)”) under filtered colimits. The case of “Sh,” is treated similarly. O

Proof of Theorem|1.6.32 We only discuss the case of sheaves of geometric origin. By Lemmas
1.6.33| and [1.6.34}, it is enough to show that the functor in (I.76) is an equivalence. Only fully
faithfulness is needed. We will prove more generally that

Mappsh,xenre)(F2 G) = Mapg,  yn)(F. G) (1.77)

is an equivalence for F € D°(Shgeo(X; A)¥) and G € D°(Shgeo(X; A)°).
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Step 1. We first assume that G is torsion. Since F is constructible, the domain and codomain
of commute with filtered colimits in the variable G provided that the inductive system is
uniformly bounded below (using cohomological indexing). In particular, we may assume that G is
a Z/¢”-module. By adjunction, we may then replace A with A/¢” and F with F/{”. (Here we are
implicitly using Remark [I.6.3]and Lemma|[I.6.33]) Then, the result follows from Corollary [I.6.10]
and the fact that Shvét(EtXE; Z/¢) is equivalent to the derived co-category of ordinary étale sheaves
of Z/¢"-modules on X;. (This works similarly in the case of “Sh”, but one needs to combine

Corollary [I.6.10] with Proposition [I.6.11])

Step 2. By Step 1, we may replace G with G ®, Frac(A) since cofib{G — G ®, Frac(A)} is torsion.
By adjunction, we can further replace A and F with Frac(A) and F ®, Frac(A). In this case, the re-
sult follows from [Nor0O2, Theorem 3]. Strictly speaking, Nori’s theorem is stated for constructible
sheaves, but a quick look at his proof shows that the result is also valid for constructible sheaves
of geometric origin (and constructible sheaves of Frac(A)-modules definable over A). O

Corollary 1.6.35. Assume that A is an ordinary commutative ring and let X be a k-variety. Then
the family of fibre functors x* : Shyeo(X; A) — Mod,, for x € X*, is conservative and reflects
t-connectedness and t-truncatedness. In fact, it is enough to consider those points x which are
defined over a finite extension of k. If A is a field or a Dedekind domain with finite residue fields at
all maximal ideals, then the same is true with “Shy” instead of “Shge,”.

Proof. This follows from Remark and Theorem o

In the same vein, we state the following version for local systems.

Theorem 1.6.36 (Beilinson). Assume that A is an ordinary commutative ring. Let X be a smooth
k-variety, and assume that X is an Artin neighbourhood. Then, the functor

D(LSge0(X; A)7) = LSgeo(X; A) (1.78)
is an equivalence of co-categories.

Proof. When A = Z, this is Theorem 1§? where we take L'(—) = LSge0(—; A). The general case
would follow from Proposition [I.6.30]if we can show an equivalence

Modp(D(LSeo(X; Z)7)) = D(LSge0(X; A)).
This is done using Corollary[I.6.31] and arguing as in Lemma[1.6.33] o

Proposition 1.6.37. Assume that A is an ordinary commutative ring. Let X be a smooth k-variety,
and assume that X is an Artin neighbourhood. Then, an ind-constructible sheaf of geometric
origin M € Shgeo(X; A) belongs 1o LS4o(X; A) if and only if its cohomology sheaves H'(M) belong
10 LSeeo(X; A)” for all i € Z.

Proof. By Proposition [[.6.30and Corollary[I.6.31] it is enough to treat the case A = Z. By Propo-
sition [I.6.25] the condition is necessary. Thus, we only need to show that M is an ind-local system
of geometric origin provided that its homology sheaves H'(M) are ind-local systems of geomet-
ric origin. Since M = colim,ey 7<_,M, we may assume that M is connective. Clearly, for every
n € N, 1,,M belongs to LS,.,(X;Z). Thus, it is enough to show that the Grothendieck prestable
oco-categories LSq.o(X;Z)5o and Shye,(X;Z)so are Postnikov complete. (See [Lurl8, Definitions
A.7.2.1,C.1.2.12 & C.1.4.2 ].) This follows from [[CM21, Example 2.21] combined with Theorems

[.6.32] and [1.6.36] Note that these two theorems imply that the Grothendieck abelian categories
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Shyeo(X;Z)” and LS,e0(X;Z)” admit enough objects of cohomological dimension < 2 dim(X) in
the sense of [CM21, Definition 2.8]. O

We can use Proposition to get rid of the connectivity assumptions in Proposition
provided that X is an Artin neighbourhood.

Proposition 1.6.38. Let A — A’ be a morphism of commutative Z-algebras. Let X be a smooth
k-variety, and assume that X is an Artin neighbourhood. Then the functor

MOd/\’ (LSgeo(X; A)) - Lsgeo(X; A,)
is an equivalence.

Proof. 1t is enough to prove that the functor
MOdA(LSgeo(X; Z)) - LSgeo(X; A)

is an equivalence for any Z-algebra A. Using Remark[1.6.3] it is enough to prove that the forgetful
functor LS,eo(X; A) — Shgeo(X;Z) lands inside LSq.(X;7Z). Let F' € LSq.(X; A) be a ind-local
system of A-modules which is of geometric origin. We need to show that F', considered as a sheaf
of Z-modules, is a filtered colimit of local systems of geometric origin. Using Proposition[1.6.37]
it is enough to show that H/(F) belongs to LSyeo(X;Z) for all i € Z. The rest of the argument is
identical to the one used for Proposition[I.6.30] o

2. THE MAIN THEOREM FOR CONSTRUCTIBLE SHEAVES

This section contains the first main result of this paper. We show here that the motivic Galois
group Gnot(k, o) arises naturally as the full group of autoequivalences of the functor

Shgeo(—)® 1 (Schy)® — CAlg(CAT.,).

This is Theorem [2.2.3| whose proof is given in Subsection[2.2] A key ingredient for the proof is the
universality theorem of Drew—Gallauer [DG22] which we review in Subsection [2.1

2.1. Universal Voevodsky pullback formalisms.

In this subsection, we review the main result of [DG22]] which, roughly speaking, asserts that
MSh,;s(—)® is initial among all Voevodsky pullback formalisms (see Remark [1.1.22). The fol-
lowing definition agrees with [DG22, Definition 2.11] except for the condition that #(0) is final.
(Recall that all schemes are assumed quasi-compact and quasi-separated; given a scheme S, we
denote by Schg the category of S -schemes of finite presentation.)

Definition 2.1.1. Let S be a scheme. A pullback formalism over S is a functor
#t® : (Schg)® — CAlg(CAT,,)

sending X € Schy to a symmetric monoidal co-category #(X)® and a morphism f : ¥ — X in
Schg to a symmetric monoidal functor f* : #(X)® — #(Y)®, such that the following conditions
are satisfied.

(i) #€(0) is the final co-category with one object and one morphism.
(i1) (Projection formula.) If f : Y — X is a smooth morphism in Schg, the functor f* admits a
left adjoint f;. Moreover, for A € #(X) and B € #((Y), the obvious morphism f;(f*(A) ®
B) — A ® fy(B) is an equivalence.
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(iii) (Smooth base change.) Given a cartesian square in Schg

’

vy 2.y

b
X 5 X,
with g smooth, the exchange morphism gt/i f — fgyis an equivalence.

A morphisms of pullback formalisms is a natural transformation 6 : #® — #’® such that the
natural morphisms fj o6y — 8y o fy are equivalences for all smooth morphisms f : ¥ — X in Schy.
We denote by PB(S) the sub-co-category of Fun((Schy )P, CAlg(CAT)) spanned by the pullback
formalisms and their morphisms.

The following is a key technical result in [DG22]]. We give a sketch of proof for the reader’s
convenience. For a much more systematic treatment, we refer the reader to [DG22, Theorem 3.26].

Proposition 2.1.2. The co-category PB(S) admits an initial object given by the functor
(Sm(_))* : (Schg)® — CAIlg(CAT.) 2.1

sending X € Schy to the ordinary category Smy endowed with its cartesian symmetric monoidal
structure.

Proof. We will explain how to construct a morphism of pullback formalisms 6 : (Sm_))* — #®
for any #® in PB(S). One can then conclude by arguing that our construction is functorial in
#t® and provides a section of the left fibration PB(S Ysm.,<;, — PB(S) sending (Sm(_))* to the
initial object of PB(S)sm.,~/» which is given by identity of (Sm(,)*. Informally, the functor
Ox : Smy — #((X) sends a smooth X-scheme Y with structural morphism f to the object fly,
where 1y is the monoidal unit of #(Y)®.

The construction of the natural transformation 6 : Sm_, — #, without its compatibility with the
symmetric monoidal structures, is quite straightforward. (For instance, one can adapt the proof of
[AGV22, Lemma 2.6.12].) The question of how to incorporate the symmetric monoidal structures
was resolved in [DG22]]. In retrospective, one needs to exploit the fact that the functors f are
left-lax monoidal. The problem is that the theory of symmetric monoidal co-categories is built in
a way that allows to speak naturally about right-lax monoidal functors, but not about the left-lax
monoidal ones. Thus, one is lead to work with the induced symmetric monoidal structures on the
oo-categories #°P(X)’s. (Here and below we write “#°P(X)” instead of “#(X)°P”.)

Let (Schg)°P!! be the ordinary category whose objects are given by pairs ({n), (X;) <i<,), Where
n > 0 is an integer and the X;’s are S -schemes of finite presentation. An arrow

(r, (upr<jen) = (1), (XD 1<izn) = ((07), (X)1<jen) 2.2)

between two such pairs consists of a morphism r : (n) — (n’) in Fin, and, forevery 1 < j <n’,a
morphism of S -schemes u; : X;. = [liey1((Xi/S). We have an obvious functor (Schg Y Fin,
which defines the cocartesian monoidal structure on (Schg)°P. We also have the diagonal functor

d : Fin, X (Schg)® — (Schy)°>H 2.3)
sending a pair ({n), X) to the pair ((n), (X)1<i<n)-
Similarly, we consider the ordinary category D whose objects are pairs ((n), (f; : Yi = Xi)i<i<n)s
where n > 0 is an integer and the f;’s are smooth morphisms in Schg. An arrow

(r,(vi,upigjen) + ), (fi 1 Yo = Xir<icn) = (), (f 2 Y = XDi<jen) (2.4)
62



between two such pairs consists of a morphism r : (n) — (n’) in Fin, and, forevery 1 < j <n’, a
commutative square of S -schemes

Y;- — Hier‘l(j)(Yi/S)

|

%¢ — [Lier1)(Xi/S).
‘We have obvious functors
s+ D — (Schg)°P! and t: D — (Schg)°>!

sending the object ((n), (f; : ¥i = X)i<iza) t0 ((n), (V)1zis) and (), (X))1<in) respectively. We
also have a natural transformation ¢ : ¢+ — s given at the previously considered object by id,,, and
the fi’s.

Next, we consider the cocartesian fibration

p : E® = (Schg)PH, (2.5)

classified by the functor sending an object ((n), (X;)1<i<n) to the co-category [[;<i<, #°°(X;) and
an arrow as in (2.2)) to the functor (M,);<;<, — (®ie-1()U;Mi)1<jew, Where uj; @ X — X; is the
i-component of u;. The existence of such a cocartesian fibration is established in [DG22, Corol-
lary A.12 & Remark A.13]. Notice that, for X € Schg, the base change of p along d|gin,x(x} 1S
precisely the cocartesian fibration #°°(X)® — Fin, defining the symmetric monoidal structure on
the opposite of #(X).

Base changing p along s and ¢, we obtain a commutative triangle

® ¢
t

N

D,

where p; and p, are cocartesian fibrations, and ¢* preserves cocartesian edges. Over the previously
considered object ({n), (f; : ¥; = Xi)i<i<n), ¢ 1s given by the cartesian product of the inverse image
functors f;*, which admit right adjoints by assumption. By [Lurl7/, Proposition 7.3.2.6], the functor
¢* admits a right adjoint ¢ relative to D in the sense of [Lurl7, Definition 7.3.2.2]. Writing 1 for

the cocartesian section of p, given by the monoidal units, we obtain a section ¢y1 : D — E? of p,.
Equivalently, we have constructed a commutative triangle

[1]

®
s

D b z®
N 26)
(Schg )1

with the following properties. The base change of 7 by d|gin,x(x), for X € Schyg, is the cocartesian
fibration

X - DX = (SmX)OP’U — Fin,
defining the cocartesian symmetric monoidal structure on (Smy)°®. Similarly, the base change of &
by d|in,x(x}, for X € Schg, is a symmetric right-lax monoidal functor

hy @ (Smy)PM — F¢oP(X)®
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sending a smooth X-scheme Y with structural morphism f to fi1y. If follows from the projection
formula for #® that hy is actually symmetric monoidal. Combining this with the smooth base
change property for #%, we deduce that h preserves cocartesian edges, i.e., that the diagram (2.6)
is a morphism of cocartesian fibrations. Base changing this diagram along the functor d in (2.3),
composing the slanted arrows with the projection to (Schg)? and then straightening, we obtain a
morphism (Sm_))°"" — F¢°® in Fun((Schy )P, CAlg(CAT,,)). Applying the involution (—)° of
CAlg(CATL,), we obtain the desired morphism of pullback formalisms 6 : (Sm(_))* — #*®. m]

Definition 2.1.3. Let S be a scheme.

(i) A pullback formalism #® is said to be presentable if it factors through CAlg(Pr™). A
morphism of presentable pullback formalisms is a morphism of pullback formalisms that
belongs to the co-category Fun((Schg )P, CAlg(PrL)). We denote by PrPB(S) the sub-oo-
category of PB(S) spanned by the presentable pullback formalisms and their morphisms.

(ii) A pullback formalism #® is said to be stable if it factors through CAlg(CAT). A mor-
phism of stable pullback formalisms is a morphism of pullback formalisms that belongs to
the co-category Fun((Schy ), CAlg(CAT?)). We denote by PB*(S) the sub-co-category of
PB(S) spanned by the stable pullback formalisms and their morphisms.

(iii) We denote by PrPB*(S) the intersection of PrPB(S) with PB*(S). Thus PrPB*(S) is the
full sub-co-category of PrPB(S) spanned by stable presentable pullback formalisms.

Definition 2.1.4. We define VPB(S) to be the full sub-co-category of PB*(S) consisting of Vo-
evodsky pullback formalisms in the sense of Definition[I.1.16] Similarly, we define PrVPB(S) to
be the full sub-co-category of PrPB*(S) consisting of presentable Voevodsky pullback formalisms.

Recall from Remark that we denote by MSh,;(—)® the presentable Voevodsky pullback
formalism sending X € Schg to the Morel-Voevodsky stable co-category MShy;s(S ) endowed with
its natural symmetric monoidal structure. We stress here that this co-category is constructed using
non-necessary hypercomplete Nisnevich sheaves. (This is only relevant when S has infinite Krull
dimension since, otherwise, every Nisnevich sheaf is hypercomplete by [CM21, Theorem 3.18] and
[Lur09, Corollary 7.2.1.12].) We can now state [DG22, Theorem 7.14]. Since this result is crucial
for us, we give a sketch of proof relying on Robalo’s universality theorem [Rob15) Corollary 2.39].
For a more detailed and self-contained proof, we refer the reader to [DG22].

Theorem 2.1.5 (Drew—Gallauer). Let S be a scheme. Then the Voevodsky pullback formalism
MSh,;is(=)® : (Schg )P — CAlg(Pr™*")
is an initial object of PrVPB(S).
We will need the following general lemma.

Lemma 2.1.6. Let C and @D be oo-categories, and let Fy : C — D be a functor. Assume that,
for every A € C, we are given a replete sub-co-category Vs C Dp, ), such that, for every arrow
A — Bin C, the induced functor Dp, ), — Drya) takes Vg inside V4. Let W C Fun(C,D)g,, be
the largest replete sub-co-category such that the evaluation functors Fun(C,D)g,, — Drya) take
W inside Vy for all A € C. If the V,’s admit initial objects, then so does W, and Fy — G is an
initial object of W if and only if Fy(A) — G((A) is an initial object of V4 for every A € C.
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Proof. Consider the functor Dg, ), : C® — CAT.,,, sending an object A to the co-category Dr, ),
and form the associated cartesian fibration

p: j(@m—)/ - C.
C

Using the discussion preceding [Lur(09, Remark 4.2.2.2] and [Lur09, Proposition 4.2.2.4], it is easy
to see that the co-category Sect(p) of sections of p is equivalent to Fun(C, D)g,,. Let

vc 3[ Doy
C

be the replete sub-oco-category containing all the p-cartesian edges and whose fibre at A € C is the
sub-oco-category V)4 C Dp,4), given in the statement. Denoting by ¢ : ¥V — C the restriction of
p, we see that the replete sub-co-category Sect(q) C Sect(p) corresponds to ¥/ c Fun(C,D)r,,
modulo the equivalence Sect(p) =~ Fun(C, D)g,,. Now, the result follows from [Lur09, Proposition
2.4.4.9] applied to the cartesian fibration q. O

Proof of Theorem[2.1.5] We apply Lemma[2.1.6]to the following situation. We take C = (Schy)*,
@ = CAIg(CAT) and F the functor (Sm_)* : (Schg)® — CAlg(CAT,,). Given X € Schg, we
define Vx C CAIg(CAT)smy)<, to be the replete sub-co-category whose objects are the symmetric
monoidal functors p : (Smy)* — K*® satisfying the following conditions.

(1) The symmetric monoidal co-category K® is stable and presentable.

(2) The functor p takes a Nisnevich square of smooth X-schemes to a cocartesian square in K.
(3) For every U € Smy, the functor p takes the projection A;, — U to an equivalence in K.
(4) The object cofib{p(coy) — p(Py)} is ®-invertible in K®.

A commutative triangle of symmetric monoidal functors

(Smy)< —— K®

®
K®,

with p and p’ satisfying the conditions (1)—(4), belongs to V if « is colimit-preserving. Clearly, the
natural transformation u : (Sm(_))* — MSh(-)®, provided by Proposition [2.1.2] defines an object
in the sub-co-category

W c Fun((SChS )Op, CAIg(CATOO))(Sm(_))X/.

By [Rob15] Corollary 2.39], for X € Schg, the co-category ) admits an initial object given
by the symmetric monoidal functor uy : (Smy)* — MSh,;(X)®. (Note that Robalo considers
the co-category of Nisnevich motivic hypersheaves, but his argument works as well in the non-
hypercomplete case. Note also that the condition (2) is equivalent to demanding Nisnevich descent
by [Hoy14, Proposition C.5].) Thus, by Lemma [2.1.6] the natural transformation y is an initial
object of /. To conclude, we will show that the co-category PrVPB(S) embeds naturally in {/
and that the morphism from the initial object of 1§’ to a presentable Voevodsky pullback formalism
belongs to PrVPB(S).
We use Proposition [2.1.2]to identify PrVPB(S ) with the co-category

PIVPB(S )(sm(_))X/ = PIVPB(S) XpB(S) PB(S )(Sm(_))x/
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whose objects are the morphisms of pullback formalisms 6 : (Sm(_))* — #® from (Sm.,)* to a
Voevodsky pullback formalism #®. We clearly have a faithful functor

PrVPB(S )sm, </ — Fun((Schg)®, CAIg(CAT.))sm </

whose image lies inside {¥/. Given a presentable Voevodsky pullback formalism #® and a triangle
of natural transformations

(Sm_))* —— MShy(-)®

R
FH(-)®
defining a morphism in 1/, we claim that ¢ is a morphism of presentable Voevodsky pullback
formalisms. To prove this, we need to check that, given a smooth morphism f : ¥ — X in Schg,
the natural transformation fy o ¢y — ¢y o f; is an equivalence. Using that MSh,;(Y) is generated
under colimits, desuspension and Tate twists by the image of uy, it is enough to check that the
natural transformation
fiodyopy = dxo fyopuy

is an equivalence. Since u and 6 = ¢ o u are morphisms of pullback formalisms, we have equiva-
lences f o ¢y o uy = ¢x o ux o fy and fy o uy = uy o fi, which is enough to conclude. m|

There is an étale local version of Theorem To state it, we make the following definition.

Definition 2.1.7. Let S be a scheme, and let #® : (Schg)® — CAlg(Pr™*) be a presentable
Voevodsky pullback formalism. Denote by 6 : (Sm,)* — #(—)® the natural transformation
provided by Proposition We say that #® is étale local if, for every X € Schg and every
étale hypercover Y, — Y_; in Smy, the augmented simplicial object Ox(Y,) — 0x(Y_y) is a colimit
diagram in #(X). We denote by PrVPB(S) the full sub-co-category spanned by the étale local
presentable Voevodsky pullback formalisms.

Lemma 2.1.8. Let S be a scheme, and let #® : (Schg)? — CAlg(PrL’ Yy be a presentable Voevod-
sky pullback formalism. Assume that #® is étale local. Let (e; : X; — X); be an étale cover in
Schg. Then the functors e} : H(X) — F(X;) are jointly conservative.

Proof. SetY =[], X;and let f : Y — X be the obvious morphism, which is étale and surjective. It
is enough to show that #((X) is generated under colimits by the image of the functor f;. Denoting
by f. : C.(Y/X) — X the Cech nerve of f, we will show that the obvious morphism

lim £, , "M — M
c[gg];gnf,ﬁfn -

is an equivalence for every M € #€(X). But this morphism can be written as

c[o]lign 9 C(Y/X)OM —> M
nle

where 6 : Smy — #(X) is the functor provided by Proposition This finishes the proof. O
Theorem 2.1.9. Let S be a scheme. Then the Voevodsky pullback formalism
MSh(-)® : (Schg)? — CAlg(Pr™*")

is an initial object of PrtVPBg(S).
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Proof. The proof of Theorem [2.1.5] can be adapted easily to the étale local context. Given X €
Schg, we define 1y C CAlg(CAT,)smy)<, to be the replete sub-co-category whose objects are the
symmetric monoidal functors p : (Smy)* — K® satisfying the conditions (1), (3) and (4) from the
proof of Theorem[2.1.5]as well as the following strengthening of condition (2).

(2”) The functor p takes étale hypercovers in Smy to colimit diagrams in K.

We then obtain a replete sub-co-category
W’ C Fun((Schg ), CAlg(CATw))sm.,)/»

with an initial object given by the natural transformation y : (Sm(_))* — MSh(-)®. (This relies on
an étale version of Robalo’s universality theorem [Rob15, Corollary 2.39] which follows from the
original one by the universal property of localisations.) The remainder of the argument can then
be repeated with the obvious modifications. O

We end this subsection with the A-linear versions of Theorems 2.1.3] and

Remark 2.1.10. We follow the convention in [Lurl8, Appendix D.1] of assuming A-linear oco-
categories to be presentable by design; see [Lurl8, Definitions D.1.2.1 & D.1.4.1]. In particular, if
A 1s connective, we define the co-category LinPry of A-linear co-categories by

LiIlPI'A = MOd(Modf\n)Q@(PI'L).
Without any condition on A, we define the co-category LinPr}, of stable A-linear co-categories by
LiI’IPI'f\t = MOd(MOdA)®(PI'L )

The co-categories LinPr, and LinPr} have natural symmetric monoidal structures, and we have
natural equivalences

CAlg(LinPry) = CAIZ(Pr")wmodsnye and  CAlg(LinPr}) ~ CAlg(Pr")mod, e/
as a consequence of [Lurl7/, Corollary 3.4.1.7].

Definition 2.1.11. Let A € CAlg be a commutative ring spectrum. A A-linear Voevodsky pullback
formalism is a functor

FH® : (Schg)® — CAlg(LinPr}
whose composition with the forgetful functor CAlg(LinPr}) — CAlg(Pr™*") is a presentable Vo-

evodsky pullback formalism. We define the co-category PrVPB(S ; A) of A-linear Voevodsky pull-
back formalisms by the following cartesian square

PrVPB(S; A) —— Fun((Schg)°, CAlg(LinPr}))

l l 2.7)

PrVPB(S ) —— Fun((Schy)?, CAlg(Pr™*)).

We define in the same way the co-category PrVPB« (S ; A) of étale local A-linear Voevodsky pull-
back formalisms.

Lemma 2.1.12. The obvious forgetful functor PrtVPB(S; A) — PrVPB(S) admits a left adjoint
sending a presentable Voevodsky pullback formalism #(=)® to the A-linear Voevodsky pullback

formalism Mod (#(-))®. The analogous statement holds also in the étale local case.
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Proof. This follows immediately from the fact that the right vertical arrow in the square (2.7)
admits a left adjoint, given by #(-)® — Moda(#(—))®, which moreover preserves presentable
Voevodsky pullback formalisms and their morphisms. O

Theorem 2.1.13. Let S be a scheme. Then the Voevodsky pullback formalism
MShyi(—; A)® @ (Schg)® — CAlg(LinPr}
is an initial object of Pr'VPB(S; A). Similarly, the Voevodsky pullback formalism
MSh(—; A)® : (Schg)®® — CAlg(LinPry
is an initial object of PrVPB«(S; A).
Proof. This follows immediately from Theorems [2.1.5/and 2.1.9] and Lemma[2.1.12] o

Corollary 2.1.14. Let S be a scheme. The obvious forgetful functor
PI‘VPB(S )MSh (A2 ™ PI'VPB(S ) A)

is an equivalence of co-categories. Similary, the obvious forgetful functor
PI'VPBét(S )MSh(—;A)®/ — PI'VPBét(S 5 A)
is an equivalence of co-categories.

For later use, we record the following application of Theorem[2.1.13]

Corollary 2.1.15. Let S be a scheme, and let #® : (Schg)® — CAlg(LinPr}) be a A-linear
Voevodsky pullback formalism. Assume one of the following conditions:

(i) every prime number is invertible on S or in myA,

(ii) F® is étale local.
Then #°® is semi-separated in the following sense. For every universal homeomorphisme : X' — X
in Schg, the functor e* : #(X) — #H(X’) is an equivalence.

Proof. Arguing as in the proof of [AGV?22, Theorem 2.9.6], we only need to show that id — e.e”
is an equivalence. By the projection formula for proper direct image, we have an equivalence
e.e’(—) ~ e,1 ® (—). It is thus enough to prove that 1 — e.1 is an equivalence in #(X). We
first prove this under the assumption (i). By [Ayol0, Théoréme 3.4], the morphism of Voevodsky
pullback formalisms MShy;(—; A)® — #® provided by Theorem is compatible with the
operation e,. Thus, it is enough to show that 1 — e,1 is an equivalence in MSh,;s(X; A), which fol-
lows from [AGV?22, Theorem 2.9.7]. Similarly, under assumption (ii), we are reduced to showing
that 1 — e.1 is an equivalence in MSh(X). We may assume that X is affine. By [GD66, Théoreme
8.10.5], we may assume that e : X’ — X is the base change of a finite type universal homemo-
rophism e : X — X, where X, is a finite type Z-scheme. We are then reduced to showing that
1 — ey .1 is an equivalence. By [AGV22, Corollary 2.8.8 & Remark 2.8.9], we can check this
after pulling back to the points of X. Thus, we are finally reduced to the case where X = Spec(K)
is the spectrum of a field K. If K has characteristic zero, we can then use [AGV?22, Theorem
2.9.7] to conclude. If K has characteristic p > 0, Lemma below gives an equivalence
MSh(K) ~ MSh(K; S[p~']), and we can again conclude by [AGV22, Theorem 2.9.7]. |

Lemma 2.1.16. Let S be a scheme of characteristic p > 0, and let #® : (Schg)® — CAlg(Pr") be

a presentable Voevodsky pullback formalism. If #® is étale local, then it is S[p~']-linear:
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Proof. Using Theorem we reduce to showing that MSheﬁ(Fp) is S[p~']-linear. For this, it
is enough to show that 1/p = cofib(p : 1 — 1) is zero. It is enough to do so in MSheﬁ(FP;A),
where A is the localisation of the sphere spectrum at all primes different from p. By [SGA 47,
Exposé X, Théoréme 5.1], the étale A-cohomological dimension of an F,-scheme X is bounded
by dim(X) + 2. It follows that the A'-localisation functor L, takes an n-connective étale sheaf of
A-modules on Smg, to an n — 2-connective €tale sheaf. In particular, 1/p is at least —2-connective.

From this, we deduce an equivalence in MSheff(IFp; A):
1/p = lim L La(rn(A/ p)es.

Arguing by induction on the amplitude of 7.,(A/p), we are finally reduced to showing that
L1 Lg(F,) is zero or, equivalently, that the co-category MSheﬁ(Fp; Z/ p) is zero. This follows from
the Artin—Schreier exact sequence as in the proof of [Ayol4c, Lemme 3.10]. O

2.2. The main theorem.

In this subsection, we prove our main theorem for constructible sheaves of geometric origin
and derive a few complements. We start by introducing the prestack of autoequivalences of the
CAlg(CAT,,)-valued presheaf Sh®

geo*

Notation 2.2.1. We denote by LinPr?E)® : CAlg — CAlg(CAT,,) the functor sending a commutative
ring spectrum A to the symmetric monoidal co-category LinPrj{’@’ = Modyoa2 (Pr™)® of stable A-
linear co-categories. (See Remark ) We deduce from LinPrzE)@’ another functor, namely
CAlg(LinPr?t_)) : CAlg — CAT,, which we can identify with CAlg(PrL)Mod?_) ;- (This identification

follows from [Lurl7, Corollary 3.4.1.7].)

Definition 2.2.2. Let k be a field and o : k — C a complex embedding. We define the nonconnec-

tive spectral group prestack Auteg(Sh?eo) by applying Construction|1.3.18|to
e the functor C = Psh(Schy; CAlg(LinPr?t_))) : CAlg — CAT,, sending A to the co-category

Psh(Schy; CAlg(LinPr}))

of CAlg(LinPrf{)—valued presheaves on Schy, and
e the natural transformation pt — C pointing at the functor

Shgeo(_;A)® : (SChk)Op - CAlg(LlnPrj{ .
viewed as a CAlg(LinPr})-valued presheaf on Schy, for every A € CAlg.

Thus, informally, the group of A-points of Auteg(Sh?eo) is the group of autoequivalences of the
CAlg(LinPr})-valued presheaf Shgeo(—; A)®. If we want to stress that Auteq(Sh?..) depends on the

geo
complex embedding o, we will write Auteg(Sh?_geo).
The following is our main theorem for constructible sheaves.

Theorem 2.2.3 (Main theorem for constructible sheaves). Let k be a field and o : k — C a
complex embedding. There is an equivalence of nonconnective spectral group prestacks

Gmou(k, o) > Auteq(Sh?._.,). (2.8)
In particular, the right hand side is a spectral affine group.

Proof. We split the proof in two steps.
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Step 1. Using Theorem [I.3.21] it is enough to construct an equivalence of nonconnective spectral
group prestacks
Auteq(B) ~ Auteq(Shg,,)

where B € CAlg(MSh(k)) is the Betti spectrum introduced in Definition By Proposition
1.6.6, we have an equivalence of CAlg(LinPr})-valued presheaves

B* : MSh(—; B,)® = Shyeo(—; A),
and this equivalence is natural in A. Thus, in Definition [2.2.2] we may as well take the natural
transformation pt — C sending A to the functor
MSh(—; BA)® : (Schy)® — CAlg(LinPr).
Now, recall that the nonconnective spectral group prestack Auteq(%) is obtained by applying Con-
struction to

e the functor @ : CAlg — CAT,, sending A to the co-category CAlg(MSh(k; A)) of commu-
tative algebras in MSh(k; A), and
o the natural transformation pt — 9 pointing at B, for every A € CAlg.

There is a natural transformation % — C sending A to the functor
CAlg(MSh(k; A)) — Psh(Schy; CAlg(LinPrf{))
taking a commutative algebra A in MSh(k; A) to the CAlg(LinPr})-valued presheaf
MSh(—; A)® : (Schy)® — CAlg(LinPr}).
Moreover, the following triangle of natural transformations
pt— D
N
C

is commutative. Applying Construction|1.3.18|with the functor A! x CAlg — CAT,, corresponding
to the natural transformation 0 — C, we obtain a morphism

Auteq(B) — Auteq(Shg,,), (2.9)

and it remains to see that this morphism is an equivalence. This will be proven in the next steps.
Step 2. Evaluating the morphism (2.9) at A yields the morphism of groups:

AUteqCAlg(MSh(k;A))(@/\) - AUtequh(Schk;CAlg(LinPrj{)) (MSh(—; B»)®). (2.10)

We only need to show that (2.10]) induces an equivalence on the underlying spaces.

First, we note that any autoequivalence of the CAlg(LinPr} )-valued presheaf MSh(—; B,)® is
automatically an autoequivalence of étale local A-linear Voevodsky pullback formalisms. Thus,
the codomain of the map in (2.10) can be rewritten as follows:

Auteqp,ypp, .a) (MSh(—; BA)?) (2.11)

where PrVPBy(k; A) is the co-category introduced in Definition[2.1.T1] Applying Corollary[2.1.14]

we see that the space in (2.11)) is equivalent to

(MSh(—; A)® — MSh(—; B,)®). (2.12)
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Using again that the autoequivalences of the CAlg(Pr™)-valued presheaf MSh(—; B,)® belong to
PrVPB(k), we may rewrite the space in (2.12)) as

Auteqpsh(schk, CAlg(PrL))Msh(,’A)‘X’/ (MSh(_; A)® e d Msh(—; @A)®) . (2. 13)

Now, remark that we have a commutative triangle

(a)

®)
(©)

AULCplgqprt g0 (MS(K; AY® — MSh(k; B1)°)

where (a) is the map in (2.10) modulo the above identifications, and () is the map induced by
evaluating at the final object of Schy. It is easy to see that the map (c) is induced by the functor

CAlg(MSh(k; A)) — CAIg(Pr")vsn:are (2.14)

sending a commutative algebra A in MSh(k; A) to the functor MSh(k; A)® — MSh(k; A)®. By
[Lur17, Corollary 4.8.5.21], the functor in is fully faithful, which implies that the map (c) is
an equivalence. To end the proof, it remains to see that the map () is an equivalence.

Step 3. To prove that the map (b) is an equivalence we remark that, for every k-variety X, the
following square

MSh(k; A)® —— MSh(k; Bp)®

l |

MSh(X; A)® —— MSh(X; BA)®

is cocartesian in CAlg(Pr"). Indeed, by the usual formula for the pushout of commutative algebras
(which follows from [Lurl7, Corollary 3.2.3.2 & Proposition 3.2.4.7]), it is enough to show that
the base change functor
Modush:aye (Pr) — Modwishx:aye (Pr)
takes the MSh(k; A)®-module MSh(k; B,) to the MSh(X; A)®-module MSh(X; B,). Thus, we are
reduced to showing that the obvious functor
MOngA(MSh(k, A)) OMSh(k;A)® MSh(X, A) - MOngA(MSh(X, A))

is an equivalence. (Note that here, we are free to forget the symmetric monoidal structure on
MSh(X; A), remembering only its left MSh(k; A)®-module structure.) The claimed result is then a
particular case of [BFN10, Proposition 4.1].
This said, it is now easy to prove that the map () is an equivalence. Indeed, the object
MSh(—; A)® — MSh(—; B»)®
of Psh(Schy; CAlg(Pr™))usn(_:a)e; appears now as the image of the object
(MSh(k; A)®)est = (MSh(k; Br)®)est
by the cobase change functor
PSh(SChk; CAlg(PrL))(MSh(k;A)®)C51/ - PSh(SChk; CAlg(PrL))MSh(_;Ap/.

(As usual, the subscript “cst” refers to “constant presheaf”.) The result follows now from Lemma

2.2 4 below. ]
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Lemma 2.2.4. Let C be a small co-category admitting a final object pt, and let 1D be an co-category
admitting pushouts. Let F € Psh(C; D) be a D-valued presheaf on C. Let f : A — B be a map in
D, and suppose we are given a pushout square in Psh(C; D):

Acst —F

B

BCSt E— G.
Then, the functor Psh(C; D) — D, given by evaluating at pt, induces an equivalence of groups:
Auteqpg, e, ), (F = G) = Auteqy,  (F(pt) — G(pt)). (2.15)

Proof. Without loss of generality, we may assume that A = F(pt) which implies that B = G(pt).
Evaluation at pt gives a map

Auteqpsh(e;@)F/(F - G) > Auteq@A/(A — B), (2.16)

and we want to show that this map is an equivalence. By construction, the object F — G is the
image of the object Ay — B by the cobase change functor Psh(C; D)4, — Psh(C; D)g, which
admits a right adjoint given by precomposition with the morphism A, — F. Combining this with
the fact that (—). is left adjoint to evaluating at pt, we obtain the equivalences

Mappg, e, 0, (F = G, F = G) = Mappgc.0), (Acst = Besi, Act = G)

~ Map@A/(A — B,A — B).

It is easy to see that the composite equivalence sends the subspace Auteqp,c. ), (F — G) to the
subspace Auteqy, (A — B) yielding the map (2.16). It remains to see that this map is surjective on
7o, which follows from the fact that it admits a section. O

Our next task is to derive a version of Theorem [2.2.3] for the classical affine group scheme
underlying G (k, o). For that, we need a “classical” version of Definition

Definition 2.2.5. Let k be a field and o : k — C a complex embedding. The (noncommutative)
Picard prestack Auteg(Shzéf ) is the functor sending an ordinary commutative ring A € CAlg”
to the Picard groupoid of autoequivalences of the functor Shge,(—; A)”® from (Schy)*® to the 2-
category CAlg(LinPr™) of ordinary A-linear symmetric monoidal categories. If we want to stress

that this depends on the complex embedding o, we will write Auteq(Sh;:2, ) instead.

o-geo

Remark 2.2.6. As for oco-categories, we will assume that ordinary A-linear categories are pre-
sentable. More precisely, if Pr*“ ¢ Pr" denotes the full sub-co-category of ordinary presentable
co-categories (see [Lur09, Remark 5.5.6.21]), then LinPro™ = ModModX(PrL"’rd). (Compare with

Remark [2.1.10})

Corollary 2.2.7. Let k be a field and o : k — C a complex embedding. There is an equivalence of
classical Picard prestacks

mot(k, ) = Auteq(Shy:Z,,).
In particular, the right hand side is an affine group scheme.
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Proof. Recall that, for an ordinary commutative ring A, we have er}m(k, 0)A) = CGuolk, o)(A).
Thus, by Theorem [2.2.3] it remains to construct equivalences of groups
Autepgpsch,; CAlg(LinPra ) (Shgeo(—; A)®)

- oa 2.17)
- Autequh(Schk;CAlg(LinPr(’A'd))(Shge()(_;A) )

which are natural in A. We split the proof in three steps.

Step 1. Note that any autoequivalence ® of the CAlg(CAT.,)-valued presheaf Shye,(—; A)® has to
be t-exact, i.e., should respect the natural 7-structures on the stable co-categories Shye,(X; A), for
X € Schy. This follows from the following two observations:
¢ for any finite extension //k, ® induces a 7-exact autoequivalence of the stable co-category
Shgeo(l; A) = (Mod, )" since it preserves colimits and the ®-unit,
e © commutes with the 7-exact functors x* : Shgeo(X; A) — Shyeo(x; A), for all closed points
x € X, and these functors reflect -connectedness and 7-truncatedness by Corollary [I.6.33]

In particular, we deduce an equivalence of groups:

Auteqpg s inpryy) (Shgeo (=3 A)®)
Psh(Schy; CAlg(LinPry)) g (218)

= . ®
- AUtequh(Schk; CAlg(LinPr,\))(Shgeo(_ s A)Z))-

Moreover, for every X € Schy, the ordinary category Shee,(X; A)” can be identified with the full
sub-oco-category of discrete objects in Shge,(X; A)so. Thus, there is a natural map of groups:

. ®
Auteqpgy schy: CAlg(LinPry)) (SNgeo(—3 A)S)
— Auteqpgsch,; CAlg(LinPrgfd))(Shgeo(_; A)7®).

Clearly, the maps in (2.18) and (2.19) can be made functorial in the ordinary ring A. Thus, to finish
the proof, it suffices to show that the map in (2.19) is an equivalence.

(2.19)

Step 2. We first note that the map in (2.19) admits a section. Indeed, a symmetric monoidal au-
toequivalence of the functor Shy,(—; A)*”® induces a symmetric monoidal autoequivalence of the
functor D(Shgeo(—; A)” ‘io which, by Theorem is equivalent to Shgeo(—; A)go. This actually
requires some explanations. First, we need to argue that the monoidal structure on Shge,(—; A)™®
can be left derived, and for this we need the existence of flat resolutions. But using the equiva-
lence in (I.74), we can reduce to the case A = Z which can be treated as in the proof of Lemma
Second, we need to construct a natural transformation D(Shgeo(—; A)?)® = Shgeo(—; A)®
extending the functors considered in Theorem [1.6.32] This can be done as follows. Clearly,
we have a natural transformation D(Shgeo(—; A)7)® — Sh((-)*; A)®. For X € Smy, the oco-
category D(Shgeo(X;A)”) is compactly generated (as it follows from Theorem and the
functor D(Shgeo(X; A)”) — Sh(X™;A) takes the compact objects to Sheeo(X; A)“. In this way,
we obtain an induced natural transformation D(Shge,(—; A)”)**® — Sh((-)*; A)**® and it remains
to pass to indization to conclude.

The domain of the map in (2.19) is discrete, being equivalent to the set of A-points of the affine
group scheme G¢ (k, o) by Theorem combined with the equivalence in (2.18)). Since this
map admits a section, it follows that its codomain is also discrete. Even more, we see that the
functor sending A € CAlg” to the group

. 0,®
Auteqpgy seh,: CAlg(Linprrd)) (Shgeo(—3 A) ™)
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is representable by an affine group scheme which is a split closed subgroup of G (k, o). To end
the proof, we need to show that this closed subscheme is dense, and for that it is enough to show
that this closed subscheme and G¢! (k, o) have the same A-points for every field A of characteristic
zero. In this way, we are reduced to showing that the map in (2.19)) is an equivalence when A is
a field of characteristic zero. Under this assumption, the tensor products on the abelian categories
Shgeo(X; A)” are exact in both variables.

Step 3. The remainder of the argument consists in quoting some results from [Lurl8, Appendix C].
Following loc. cit., we denote by Groth,, the co-category of Grothendieck prestable co-categories.
This is the full sub-co-category of Pr whose objects are the prestable co-categories in which fil-
tered colimits are exact; see [Lurl8|, Proposition C.1.4.1, Definitions C.1.4.2 & C.3.0.5]. We also
need the wide sub-co-category Groth!®™® c Groth,, spanned by those functors that are left exact
(in addition to being colimit-preserving); see [Lurl8, Notation C.3.2.3]. We need as well the
full sub-co-categories Groth'*? ¢ Groth®* and Groth'™® ¢ Groth'™* spanned by the separated
Grothendieck prestable co-categories and by the Grothendieck abelian categories respectively; see
[Lur18, Proposition C.3.6.1 & Definition C.5.4.1]. The co-categories Groth.,, Groth!™® and Groth'$*
have natural symmetric monoidal structures, and the inclusion functors to Pr* are compatible with
these structures; see [Lurl8, Theorem C.4.2.1, Corollary C.4.4.2 & Theorem C.5.4.16]. There is a
functor (=)sep : Groth'™ — Groth'®**P which is left adjoint to the obvious inclusion. By [Lurl8,
Corollary C.4.6.2], there is a unique symmetric monoidal structure on Grothﬁ"’ *P such that (=)sp
is symmetric monoidal. Now, by [Lurl8| Theorem C.5.4.9 & Remark C.5.4.10], the construction
A — D(A)sq defines a fully faithful functor

D(-)so : Groth'™® — Groth!®**P (2.20)

from the 2-category Grothﬁ,X of Grothendieck abelian categories and colimit-preserving exact func-

tors. The induced functor
D(—)s : ModModa(Grotth‘) - ModModa\(Groth}i"’ sep) (2.21)

is symmetric monoidal, i.e., given two Q-linear Grothendieck abelian categories A and A’, the
natural functor

D(A)z0 ® D(A")z0 = D(A ® A")x0

is an equivalence. To see this, we use [Lurl8, Corollary C.2.1.8] to view A and A’ as exact
localisations of Mody and Mody,, where R and R’ are noncommutative ordinary Q-algebras. In this
case, D(A)sp and D(A")5 are exact localisations of Mody' and Mody,. The result then follows
from the equivalence Mody' ® Mody, ~ Modggy , noting that R® R’ is an ordinary Q-algebra (since
R and R’ are flat over Q). Having said all this, it is now easy to conclude.

From the fully faithful symmetric monoidal embedding in (2.21)) we obtain, for any ordinary
Q-algebra A, a fully faithful embedding

CAlg(Groth{)yoaz; — CAlg(GrothlS™*P)ypoge,. (2.22)

lex

The functor Shyeo(—; A)”® can be considered as a CAlg(Groth,; )Modj\ ,-valued presheaf. Similarly,

the functor Shyeo(—; A)2, can be considered as a CAlg(Groth!*® "P)moder/-valued presheaf. More-

over, the latter is obtained from the former by composing with the fully faithful embedding in
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(2.22). Thus, we obtain an equivalence of groups:

. ®
AUteqp . seh, : CAlg(Groth®™ *P) vade®) (Shgeo(—3 A)Z))
A oa (2.23)
= AULEpgh(Schy: CALg(Grotls), . yo.e ) (STeeo(—3 A 7).
A

Since any autoequivalence of Shyeo(X; A)so (resp. Shgeo(X; A)7) is colimit-preserving and left ex-
act, we see that the map in (2.19) coincides with the one in (2.23). o

By base change to positive characteristic rings, one obtains the following particular case of

Corollary

Corollary 2.2.8. Let k be a field of characteristic zero,_%/k an algebraic closure of k and A a
torsion ordinary connected ring. Consider the functor F(—; A) : (Schy)°P - CATq sending a

k-variety X to the ordinary category of étale sheaves of A-modules on X Q k. Then, there is an
equivalence of Picard groupoids

G(k/k) =~ Autepsen: CAlg(LinPr?\rd))(ﬁ(_; A)®).

In particular, the right hand side is discrete.

Proof. This follows readily from Corollary Indeed, fix a complex embedding & : k — C and
set ¢ = oly. By Theorem ¢l (k, o), is isomorphic to the constant affine group scheme
associated to the profinite group G(k/k). On the other hand, for every X € Schy, the category
F(X; A) is equivalent Sheeo(X; A)? by Corollary o

Remark 2.2.9. The proof we gave of Corollary [2.2.§]is not satisfactory. Indeed, there is an elemen-
tary direct argument, valid for any ground field k and any ordinary commutative ring A, which can
be obtained by following the same strategy used for proving Theorem 2.2.3] Indeed, the Drew—
Gallauer universality theorem for MSh(—; A)® admits a version for the functor #(—; A) sending a
k-variety X to the category of étale sheaves of A-modules on X. (In such a version, one asks that
" admits a left adjoint f just when f is étale.) Using that F(X;A) is equivalent to the category
of e.A-modules in F(X; A), where e : Spec(%) — Spec(k) i1s the obvious morphism, we deduce
that the autoequivalences of F(=;A) correspond to the automorphisms of the commutative algebra
e./\ € CAlg(F (k; A)) which can be identified with the elements of Q(%/ k). We leave the details to
the interested reader.

2.3. A complement to the main theorem.
In this subsection, we derive an interesting complement to our main theorem for constructible

sheaves. Fix a ground field k and a complex embedding o : k — C.

Notation 2.3.1. We write G (k, o). for the simplicial object in SpAFF defining the spectral affine
group Gno(k, o). Let BGuo(k, 0) be the spectral prestack sending A € CAlg™ to the space

B(Gmot(k, 0)(A)) = fﬁilﬂl Gmot(k, T)n(A).

Below, we will consider BG,(k, o) as a functor from CAlg™ to co-groupoids and, in particular,
to co-categories. Given a connective commutative ring spectrum A, we denote by BG o (k, 07)4 the
restriction of BG(k, o) to CAlgy'.

The following is a “connective” version of Notation [2.2.1]
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Notation 2.3.2. We denote by LinPr?_) : CAlg™ — CAIlg(CAT,,) the functor sending a connective
commutative ring spectrum A to the symmetric monoidal co-category LinPry = ModModT@(PrL)@
of A-linear co-categories. (See Remark|2.1.10.) We deduce from LinPr?_) another functor, namely
CAlg(LinPr._)) : CAlg™ — CAT., which we can identify with CAlg(PrL)Modif ;- (This identifica-
tion follows from [Lurl7, Corollary 3.4.1.7].)

In the statement below, we consider the functor
Psh(Schy; CAlg(LinPr_))) : CAlg®™ — CAT,,
sending A to the oco-category Psh(Schy; CAlg(LinPry)) of CAlg(LinPry)-valued presheaves on
Schy. Note that we have a natural transformation
pt — Psh(Schy; CAlg(LinPr_))) (2.24)

pointing at Sh,e(—; A)® for every A € CAlg™.
Theorem 2.3.3. There is a natural transformation of functors from CAIg™" to CAT,

BGmot(k, o) — Psh(Schy; CAlg(LinPr_))) (2.25)

extending the natural transformation in (2.24). Moreover, for every A € CAIg®", the corresponding
functor

BGot(k, 0)(A) — Psh(Schy; CAlg(LinPry,))
induces an equivalence between its domain and the full sub-co-groupoid of its codomain spanned
by the object Shyeo(—; A)®.

Proof. 1t follows immediately from Construction [[.3.18] and Remark [I.3.17] that there is a natural
transformation
B(Auteq(She,,)) — Psh(Schy; CAlg(LinPr)))
with the required property. Thus, the result follows from Theorem [2.2.3] ]
Construction 2.3.4. The natural transformation in (2.25) gives rise by adjunction to another natu-
ral transformation
(Schy)® X BGmoi(k, o) — CAlg(LinPr_)) (2.26)

of functors from CAlg®" to CAT,,. Applying Lurie’s unstraightening [Lur09, §3.2] to the functor
BGmot(k, 07), we obtain the cocartesian fibration

p:®= f BGnot(k, 00) — CAlg™,
CAlg™

which is in fact a left fibration. Similarly, applying Lurie’s unstraightening [Lur09, §3.2] to the
functor CAlg(LinPr_,), we obtain a cocartesian fibration

g: ¥ = CAlg(LinPr,_,) — CAlg®.
CAlg™

The morphism in (2.26) induces a commutative triangle

(Schy)? x ©




with r : (Schy)? x® — O the projection to the second factor and £ a functor preserving cocartesian
edges. There is a functor [ : ¥ — CAlg(Pr") whose restriction to the fibre at A € CAlg®™ is the
obvious forgetful functor CAlg(LinPr,) — CAlg(Pr"). Consider the composite functor

loh:(Schy)® x ® — CAlg(Pr"). (2.27)

Note that this functor sends a triple (X, A, %), with X € Sch;, A € CAlg™ and % the base point of
BGmot(k, )(A), to the symmetric monoidal co-category Sh,e,(X; A)®. By adjunction, we deduce a
functor

(Schy)® — Fun(®, CAlg(Pr™)). (2.28)
We denote by
Shimet(—)® : (Schy)®P — CAlg(Pr") (2.29)

the functor obtained from the one in (2.28)) by composition with the limit functor

lim : Fun(®, CAlg(Prt)) — CAlg(PrY).
Informally, for X € Schy, an object of the co-category Shg‘;“;"‘ (X) 1s an object M € Shy,(X) endowed
with compatible equivalences M @ A =~ y*(M ® A) for every A € CAIg® and y € Guo(k, o) (A).

Said differently, Shge"(‘f‘ (X) is the co-category of sheaves of geometric origin fixed by the action of
the spectral affine group Go(k, o) on the co-category Shye,(X).

Proposition 2.3.5. The functor Shge“;"‘(—)@ in (2.29) is a presentable Voevodsky pullback formalism
and the forgetful functors yield a morphism

ff: Shg‘;“(‘)‘”(—)® — Shygeo(—)® (2.30)
of presentable six-functor formalisms over k in the sense of Definition

Proof. This is a consequence of the fact that limits of co-categories have good formal properties.
Inspecting Definitions [1.1.16and [T1.1.19] we see that it suffices to show that the squares

S (xX) —— S ()

lffx lﬁy (2.31)

Shyeo(X) —— Shyeo(¥)

are right adjointable for all morphisms f : ¥ — X in Sch; and left adjointable for all smooth ones.
This follows easily from [Lurl7, Corollary 4.7.4.18]. Indeed, the functor

® — Fun(A', CAT.), (2.32)

deduced from by restricting along (f,id) : Al x ® — (Schy)°® x ® and using adjunction,
factors through FunRAd(Al, CAT.,); see [Lurl7, Definition 4.7.4.16]. (This follows form the fact
that the BG,o((k, 0)(A)’s are co-groupoids and that the operation f, on sheaves of geometric origin
commutes with extension of scalars.) Consider a limit diagram

@< — Fun(A', CAT,,) (2.33)
extending the diagram in (2.32)). By construction, the cone point of ®< is mapped to the functor

o Shge"(‘f‘(X) — Shge“(‘,"‘(Y ). By [Lurl7, Corollary 4.7.4.18], the diagram in (2.33)) factors through

Fun®*4(A!, CAT,,). Since the square in (2Z.31) is the image of the edge relating the cone point of
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@< to the object (S, x) of @, the result follows. When f is smooth, the functor in (2.32)) factors
through FunLAd(Al, CAT,,), and we may conclude similarly. O

Corollary 2.3.6. There is a morphism
Bgmm : MSh(_)® N Shgen(l)ol(_)tx)
of presentable six-functor formalisms over k.

Proof. 1t follows from Theorem[2.1.9]and Proposition [2.3.5|that there is a morphism of presentable
Voevodsky pullback formalisms B% as in the statement. It remains to prove its compatibility with
ordinary direct images. This follows from Theorem [I.2.15|and the fact that the forgetful functors
in (2.30) are conservative and commute with ordinary direct images. m]

Remark 2.3.7. For X € Schy, it is expected that the functor B4 : MSh(X) — Shé‘l"(‘,“‘(X) in-
duces an equivalence between the co-category MSh(X)®™ of constructible motivic sheaves and
Q)m()l

the co-category Shye' (X)°°™ of constructible sheaves of geometric origin fixed by G (k, 7). This
property would imply the conservativity conjecture (see for example [Ayol7b, §2.1]).

o
(}mot

Since Gmo(k, o) is affine, it is possible to describe the co-categories Shgey'(—)® more simply.
This is explained in the following remark.

Remark 2.3.8. By construction, BG,(k, 0) is the colimit of G, (k, o). taken in the co-category
of spectral prestacks. Thus, with the notation of Construction [2.3.4] the cosimplicial diagram
Homor(k, o) © A — CAlg™" admits a canonical lift to @, i.e., there is a commutative triangle

Moreover, p induces an equivalence between the colimits of the diagrams p? : ®°® — SpAFF and
Gmot(k, 0), taken in the co-category of spectral prestacks. Thus, composing p with the functor in
(2.27)), one obtains a functor

Shgeo(—; Fmot(k, 0)*)® : (Schy)® x AP — CAlg(Pr") (2.34)
and an equivalence 7
Shge'(—-)® =~ [li]ni Shyeo(—; Hmot(k, 07)")® (2.35)
nje

of CAlg(Pr™)-valued presheaves on Schy. It is important to note here that the functor in (2.34) is
by no mean the obvious one obtained by applying Shg,(—; —)® to the cosimplicial ring spectrum
Hmor(k, 0)*. In fact, this functor encodes the action of Gpei(k, o) on Shye,(—)%.

Remark 2.3.9. There is also an “ordinary” version of the previous results, where Gyo(k,0) is
replaced with its underlying ordinary group scheme G (k, o). More precisely, replacing CAlg®™

and G (k, o) with CAlg” and G¢! (k, o) in Construction , we obtain a functor

mot
Shim (=1 Z)® : (Schy)™ — CAlg(Pr"). (2.36)
Arguing as in Proposition we see that this functor is a Z-linear Voevodsky pullback formal-
ism, and the obvious natural transformation
MSh(—:Z)® — Shim(—; Z)® 2.37)
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is a morphism of presentable six-functor formalisms. Arguing as in Remark [2.3.8] we also obtain
the following simpler description

S (1) = lim S 6Lk, 239

Let A" C A be the wide subcategory of strictly increasing maps. The obvious inclusion is coinitial
by [Lur09, Lemma 6.5.3.7], and thus we also have an equivalence

ShSm (= Z)® ~ lim Shyco(—; He (k, o). (2.39)
nleA’

cl

Since Gy,

(k,0) is a flat affine group scheme over Z, we see that the semi-cosimplicial diagram
Shyeo(—; Hoi(k, 0)*)® : A” — CAlg(Pr")

mot
lifts to a diagram of stable co-categories with #-structures and t-exact functors. Thus, for X € Schy,
G

the stable co-category Shyey" (X; Z) admits a z-structure such that

Shge‘fgl,"‘ (X;2)° = [}li]g}/ Shgeo(X; #or (k, 7))’ (2.40)
By [[CG17, Theorem 9.1], the abelian category Shg*;'c‘zl;"(k; Z)" is equivalent to the abelian category
of ind-Nori motives. Thus, an object of (2.40) whose underlying sheaf is constructible, is enti-

tled to be called a Nori motivic sheaf on X. See [[Aral3], [[Ara23|], [Ivol7]] and [IM?23]] for other
approaches to the notion of Nori motivic sheaves.

Remark 2.3.10. Given a commutative ring spectrum A, one can also define a A-linear Voevodsky
pullback formalism

Sh&m*(—; A)® : (Schy)*® — CAlg(LinPr}).
Indeed, we have a natural transformation
(Schy)®® X BGot(k, 0)p — CAlg(LinPr?‘_)),

of functors from CAlg, to CAT., and we can use it in place of (2.26) in Construction [2.3.4]
Alternatively, we have an equivalence

Shity' (=3 A) = lim Shyco(=; Fr(k: )})°

as explained in Remark [2.3.8] The obvious A-linear versions of Proposition [2.3.5] and Corollary
[2.3.6)hold true. In fact, by Remark[I.6.3]and [Lur17, Corollary 4.2.3.3], there is an equivalence

Mod, (Sheiy'(=)° = Sheii'(— A)®
of CAlg(LinPr})-valued presheaves on Schy.

3. MoNoODROMIC SPECIALISATION, STRATIFICATION AND EXIT-PATH

In this section, we develop a machinery which we need in Section [] in order to prove that
Gmot(k, o) is the group of autoequivalences of the functor LS?eo sending a k-variety to its symmetric
monoidal co-category of local systems of geometric origin. (For a precise statement, see Theorem
) In fact, this machinery allows for a description of the co-categories Shg.,(X), for X € Schy,
in terms of co-categories of local systems of geometric origin in a highly structured and “coordinate
free” manner. We expect this machinery to be also useful in other contexts, so we made an effort

to develop it for rather general Voevodsky pullback formalisms.
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3.1. Regularly stratified varieties and deformations to normal cones.

In this subsection, we gather some geometric constructions needed in the remainder of this
section. We start by recalling the notion of a stratification.

Definition 3.1.1. Let X be a noetherian spectral space (see for example [Stacks, Tag O8YF]). A
stratification & of X is a set of connected and locally closed subspaces of X, called {#-strata, such
that the following conditions are satisfied.

(i) The P-strata form a partition of X, i.e., we have a set-theoretic decomposition X = [[scp S .
(i1) The closure of a P-stratum is a union of P-strata.

A subset C c X is called P-constructible if it is a union of P-strata.

Remark 3.1.2. Let X be a noetherian spectral space.

(1) Let # be a stratification of X. The set &P of P-strata is finite. We define a partial order <
on P by setting T < S if T ¢ S. A P-stratum is maximal (resp. minimal) for this order if
and only if it is open (resp. closed). Moreover, the union of open {-strata is dense in X.

(i1) Let # and Q be two stratifications on X. We say that Q is finer than & is every -
constructible subset is Q-constructible. More generally, a continuous map f : ¥ — X
of noetherian spectral spaces is said to be compatible with stratifications /% and Q on X and
Y if the inverse image of a /P-constructible subset is Q-constructible. In this case, there is
an induced map f. : Q — # sending a Q-stratum D to the unique #-stratum C such that
f(D)cC.

(iii) Given a finite family (Z;);c; of closed subsets of X, there is a coarsest stratification on
X for which the Z;’s are constructible. The strata of this stratification are the connected
components of the subsets ((;c; Z) \ (U;eny Zi) for J C 1.

Definition 3.1.3. A stratified scheme is a pair (X, #x) consisting of a noetherian scheme X and
a stratification #Px of the topological space underlying X, which we call the structural stratifica-
tion. Whenever possible, we shall omit to mention the structural stratifications. A morphism of
stratified schemes f : ¥ — X is a morphism of schemes which is compatible with the structural
stratifications (as in Remark [3.1.2(ii)).

Remark 3.1.4.

(i) If no confusion can arise, the Px-strata of a stratified scheme X are simply called the
strata of X. Similarly, the $x-constructible subsets of X are simply called the constructible
subsets of X.

(i1) Let S be a base scheme. By the expression “stratified S-scheme”, we mean a stratified
scheme whose underlying scheme is endowed with a morphism to S'. The same applies for
the expression “morphism of stratified S -schemes”.

Notation 3.1.5. Let X be a stratified scheme. We denote by X° the union of the open strata of X.
As said in Remark [3.1.2](i), this is a dense open subscheme of X.

Definition 3.1.6.

(i) Let X be a regular noetherian scheme. A stratification  on X is said to be regular if
there exists a strict normal crossing divisor D on X whose irreducible components are -
constructible and such that  is the coarsest stratification on X with this property. (Said dif-
ferently, if (D;)¢; are the irreducible components of D, then the -strata are the connected
components of the subsets ((;c; Dj) \ (U;es D), for J C 1, as in Remark iii).)
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(i") A regularly stratified scheme X is a stratified scheme X whose underlying scheme is regular
and whose structural stratification Py is also regular.

(i1) Let S be a noetherian scheme and X a smooth S -scheme. A stratification & on X is said to
be smooth (over §) if there exists a relative strict normal crossing divisor D on X which is
a union of P-constructible smooth divisors and such that  is the coarsest stratification on
X with this property.

(i1") Let S be a noetherian scheme. A smoothly stratified S-scheme is a stratified S-scheme
X whose underlying §-scheme is smooth and whose structural stratification Py is also
smooth.

Notation 3.1.7. We denote by SCHX the category of stratified schemes and REGZ its full sub-
category of regularly stratified schemes. Let S be a noetherian scheme. We denote by SchXg the
category of finite type stratified S -schemes. We denote by RegZ¢ (resp. SmZy ) the full subcategory
of SchXg spanned by the regularly stratified S -schemes (resp. the smoothly stratified S -schemes).
If Aisaring and S = Spec(A), we write SchX,, Regx, and SmZX, instead. Note that for a perfect
field k£, we have SmZX; = RegZ;.

Our next task is to introduce a version of the classical deformation to the normal cone which
plays a key role in the whole section. This is the subject of Construction [3.1.10|below; the relation
with the classical deformation to the normal cone is explained in Remark We start by
introducing some useful notations.

Notation 3.1.8. Let X be a regularly stratified scheme and let C be a stratum of X. We denote by
R5(C) the group of Cartier divisors of X freely generated by the irreducible constructible divisors of
X containing C. (Said differently, a basis of this group consists of the D’s, for D a 1-codimensional
stratum of X such that C < D.) We denote by Rx(C) C R(C) the submonoid of effective Cartier
divisors. We set

T5(C) = Spec(Z[t"; v € RY(CO)]) and Tx(C) = Spec(Z[t"; v € Rx(C))]).

(Here, the t"’s are considered as monomials satisfying t - t” = t"*.) Thus, T%(C) is the split
torus dual to the lattice R$(C) and we have an equivariant embedding T5(C) < Tx(C). Such an
embedding will be called a split torus-embedding; see Definition [3.6.4 below. In fact, Tx(C) is
isomorphic to A¢, with ¢ the codimension of C in X, and T4(C) corresponds to the complement
of the union of the coordinate hyperplanes. We use this to consider Tx(C) as a regularly stratified
scheme, with open stratum T3(C). We denote by oc he unique closed stratum of Tx(C); it is
isomorphic to Spec(Z). Often, when working over a base scheme §, we continue writing T(C),
Tx(C) and o¢ for the base change of these schemes to S.

Notation 3.1.9. Let X be aregular scheme. As usual, given an irreducible divisor D on X, we denote
by Ox(D) the fractional ideal associated to D, i.e., the inverse of the ideal of Oy defining D. More
generally, if v = e;- D +...+e¢,-D, is a Cartier divisor on X, we set Ox(v) = Ox(Dy)*" - - - Ox(D,)*".
(Note that Ox(v) is an ideal of Oy if and only if —v is effective.)

Construction 3.1.10. Let X be a regularly stratified scheme and let C be a stratum of X. Assuming
that X is connected, we set
DfY(C) = X° X TYC)  and  Dfy(C) = Spec[ P ©xwmnopn-t|. @D

veR$(C)
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By construction, we have an evident morphism Dfx(C) — X X Tx(C), and cartesian squares

Df,(C) —— Dfx(C) X x T2(C) —— Dfx(C)
[ =] |
X — X T5(C) —— Tx(O).

The scheme Dfy(C) is regular and the open subscheme Df}(C) c Dfx(C) is the complement of
a strict normal crossing divisor. We use this to make Dfx(C) into a regularly stratified scheme so
that Dfy(C) is its open stratum. Note also that the obvious action of T$(C) on Dfy(C) extends to
an action on Dfx(C). (Indeed, Dfx(C) is the spectrum of a R§(C)-graded Ox-algebra.)

If X is no longer assumed to be connected, we set Dfx(C) = Dfy,(C) where X’ is the connected
component of X containing C.

Construction 3.1.11. Let X be a regularly stratified scheme and let C be a stratum of X. Assume
first that X is connected. Let D C X be an irreducible constructible divisor containing C, corre-
sponding to an element v € Rx(C). The ideal of Opt, () generated by the sections of Ox(-v) - t™
is the ideal of an irreducible smooth divisor D" c Dfy(C), namely the closure of D X T3(C) in
Dfx(C). We define the constructible open subset Df*)’((C) C Dfx(C) as the complement of the divi-
sors D", for D c X irreducible constructible and containing C. Using the second equality in (3.1)),
we readily obtain the following description

DfY(C) = Spec( P oxm-t|. (3.2)

veR$(C)

Thus, the X-scheme Df&(C) is a torsor under 7. In particular, the morphism ngf(C) - X is
smooth.

If X is no longer assumed to be connected, we set DfB((C ) = ngf, (C) where X’ is the connected
component of X containing C.

Remark 3.1.12. Keep the notation as above and assume that X is connected. Let Dy, ..., D, be the
irreductible constructible divisors containing C. For 1 < i < ¢, we have the classical deformation
to the normal cone of D;, which we denote by W,. Recall that W; is the complement of the strict
transform of o X X in the blowup of Al x X along o X D;, i.e.,

W; = Spec| Ox[1] & EF) Ox(-nD;) - 17" .
n>1
It follows immediately that Dfx(C) is the fibre product of the W;’s over X. Also, letting 51' be the
strict tranﬁform of A' x D; in W,, the open subscheme DfE((C) corresponds to the fibre product of
the W; \ D;’s. The main reason for introducing the scheme Dfx(C) the way we did in Construction
[3.1.10]is to render its naturality in X and C more transparent; see Theorem [3.1.30] below.

Notation 3.1.13. Let X be a regularly stratified scheme and let C be a stratum of X. We set
Nx(C) = Dfx(C) X1y(c) Oc-
where X’ C X is the smallest constructible open neighbourhood of C in X. This is a constructible

closed subscheme of Dfy.(C), and hence inherits a stratification. We write N3 (C) instead of Nx(C)°

and set N*)’((C) = ngf(C) N Nx(C). Note that T$(C) acts naturally on Nx(C).
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Lemma 3.1.14. Let X be a regularly stratified scheme and let C be a stratum of X. Let Dy, ..., D,
be the irreductible constructible divisors containing C. For 1 <i < ¢, let N; = D; be the normal
bundle of the closed immersion D; — X. Then Nx(C) is isomorphic to

(N1 Xp, C) Xz ... Xz (N, Xp, C) (3.3)

endowed with the coarsest stratification P for which the inverse images of the zero sections of the
N;’s and the inverse images of the irreducible components of C \ C are P-constructible. Moreover,
we have the following properties.

(i) The locally closed subscheme Nx(C) - Dfx(C) is actually closed, and is isomorphic to the
normal cone of the closed immersion C — X. _
(ii) Nx(C) is regularly stratified and N;(C ) is a torsor under T3(C) defined over C.

Proof. We may assume that X is connected. If C is open, we have Nx(C) = C, and there is nothing
to prove. Thus, we may assume that C has codimension > 1. A direct computation shows that
Nx(C) (resp. N*)’((C )) is isomorphic to the spectrum of the R5(C)-graded Og-algebra

@ Ox(v)-t' (resp. @ Ox () -t"),

VeR$(C), v<0 VveR$(C)

where Oy (v) is the quotient of Oy (v) by the sub-Oyx-module .., Ox (V). (Of course the in-
equality sign “<” refers to the additive order on the group R (C) for which Rx(C) is the monoid of
positive elements.) Since C = X’ N D; N --- N D,, this shows that Nx(C) is indeed given by (3.3).
The remaining claims follow easily from this. O

Remark 3.1.15. Let X be a regularly stratified scheme and let C be a stratum of X. Then R}(C)
can be identified with the group of Cartier divisors with constructible support on the smallest
constructible open neighbourhood of C. Thus, given a second stratum D > C, there is a natural
morphism R$(C) — R§(D) induced by restricting Cartier divisors to the smallest constructible
open neighbourhood of D. (In terms of Cartier divisors on X, this morphism sends an irreducible
constructible divisor to itself if it contains D and to zero if not.) We let R;’(l p(C) be the kernel
of this morphism and set Ryp(C) = Rx(C) N R;(ID(C)‘ Clearly, R§(|D(C) is freely generated by
those irreducible constructible divisors containing C but not D. By construction, we have an exact
sequence of lattices

0 = Ry p(C) = RY(C) = RY(D) — 0. (3.4)
(The inclusion R%(D) c R}(C) defines a splitting of the exact sequence (3.4) which gives rise to
decompositions R} (C) = R}(D) & R§(| p(C) and Rx(C) = Rx(D) ® Ry p(C). However, this splitting
is not functorial for morphisms of stratified regular schemes and will be of little use to us.) Dually,
we obtain the following exact sequence of tori

1 = TY(D) = Tx(C) = Typ(C) — 1 (3.5)
acting on a the following sequence of morphisms
Tx(D) = Tx(C) = Txp(C). (3.6)

Taking the closure of the orbit of 0p by T%(C), one obtains a constructible closed subscheme of
Tx(C) mapping isomorphically to Txp(C). Said differently, the second morphism in (3.6) admits
a T4 (C)-equivariant section
Txp(C) = Tx(C), (3.7
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which we use to identify Tx)p(C) with a constructible closed subscheme of Tx(C). (It is easy to see
that the ideal defining Txp(C) is generated by the t"’s for v € Rx(D).) Moreover, T§<I p(C) is then a
stratum of Tx(C), and it is easy to check that the map D > C — T§fl p(C) 1s a bijection between the
strata of Tx(C) and those strata of X containing C in their closure.

Notation 3.1.16. Let X be a regularly stratified scheme and let C < D be strata of X. We set
Dfxp(C) = Dfx/(C) X1y(c) Txip(C)

where X’ C X is the smallest constructible open neighbourhood of D in X. This is a constructible
closed subscheme of Dfy.(C), and hence inherits a stratification. We write Df;’{| p(C) instead of

Dfyp(C)° and set ng(l p(C) = DfE((C) N Dfxp(C). Note that TS (C) acts naturally on Dfyp(C).

Lemma 3.1.17. Let X be a regularly stratified scheme and let C < D be strata of X. Denote by E
the largest stratum of Nx(D) laying over the stratum C C D. There is a commutative diagram of
stratified schemes

Dfyp(C) —— Df(C) X5 Nx(D) —— Dfn,ny(E)

L |

Txp(C) ——— TH(C) —— Ty (E)

where the horizontal arrows are isomorphisms. Moreover, we have the following properties.

(i) The locally closed subscheme Dfxp(C) C Dix(C) is actually closed, and the projection
Dfyxp(C) — DI5(C) has the structure of a vector bundle and exhibits Di5(C) as the quo-
tient of Dfxp(C) by the action of T5(D).

(ii) Dfxp(C) is regularly stratified, and the horizontal arrows in (3.8)) induce isomorphisms
e Dfyp(C) ~ T%(C) X N(D) = T ) (E) X N3 (D),

e Df},(C) = Df(C) x5 Ny(D) = Df;’\ﬂ),( o E)

® Nx(C) = Nx(D) x5 N5(C) = Nyyp)(E).

Proof. We may assume that X is connected. If D is open, we have Dfxp(C) = Dfx(C) = Df5(C),
and there is nothing to prove. Thus, we may assume that D has codimension > 1. Using the
decomposition R} (C) = R§f| p(C) ® R5(D), we have an isomorphism of Ox-algebras

ODfx(C)) = { @ (Ox(v) N Ox) - t" | ®o, ODIx(D)).

veR$, ,(C)

It follows by construction that

ODfxp(C) = | D OOy -t

veR$, ,(C)

®ox O(Nx(D))

P ©xwmnon-t

veR§, ,(C)

®oy Op [®o, ONx(D))

1R

ODIH(C)) ®o, ONx(D)).
84



For the last isomorphism in the above chain, we use the fact that the lattice R;(C ) can be identified
with R§,,,(C). All the assertions are now clear, except maybe the second chain of isomorphisms in
(i1) which can be obtained via a similar computation. ]

Remark 3.1.18. Let X be a regularly stratified scheme and let C < D be strata of X. If follows
from Lemma 7| that Dle p(C)isa torsor under T%(C) defined over D. In particular, we have

an 1som0rphlsm ngqD(C) ngf(C) Xx D showmg that Dfyp(C) is just the closure in Dfx(C) of
the inverse image of D under the projection Df X(C ) — X.

Remark 3.1.19. Let X be a regularly stratified scheme and let C < D be strata of X. There is a
commutative diagram of regularly startified schemes

Df5(C) — Dfy(C)

| ]

T5(C) —— Tx(C).

The top horizontal arrow is obtained by composing the inclusion Dfx,(C) — Dfyx(C) with the
zero section of the vector bundle Dfyp(C) — Df5(C). (Note that this zero section is also the
fixed-point locus for the action of T5(D) on Dfyp(C).) The bottom horizontal arrow coincides
with the inclusion Txp(C) — Tx(C) modulo the identification Ty p(C) = T5(C). We can describe
the induced morphism

P ©xmnon-t' - P ©5nop -t

veRY(C) yeR%(C)

as follows. If v ¢ R‘)’(| p(C), then the above morphism sends the v-th factor to zero. If v € R;’(l »(O)
with image v’ € R%(C ), then the above morphism sends the v-th factor to the v’-th factor via the

obvious projection.

Lemma 3.1.20. Let X be a regularly stratified scheme and let C < D be strata of X. There is a
natural morphism Dfx(D) — Dfx(C) which is part of a commutative cube

TXlD(C )

Nx(D) —‘> Dfxm(C) l
(3.9)
l TX(D) —l—> Tx(C)
e 7

Dfx(D) —  Dfx(C)

whose back, front, bottom and top faces are cartesian. In fact, if X coincides with the smallest
constructible open neighbourhood of D, then all the faces of the cube (3.9) are cartesian.

Proof. We may assume that X is connected. The morphism Dfy(D) — Dfx(C) is dual to the
morphism of Ox-algebras

D OxN Ot = (P (Ox(uw) N O) - ¢ (3.10)
veRY(C) HERY(D)

given as follows. For v € R} (C), let v/ € R}(D) be the Cartier divisor obtained by removing the

components corresponding to the 1rreduc1ble constructible divisors containing C but not D. Then
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Ox(v) N Ox € Ox(v') N Oy, and the morphism in (3.10) sends the v-th factor to the v’'-th factor via
this inclusion. It is easy to see that the square

|

Tx(D) —— Tx(C)

is cartesian, for example, using Remark [3.1.12] The cube (3.9) and its properties follow readily
from the construction of Dfy 5 (C). O

Remark 3.1.21. We warn the reader that the morphism Dfx(D) — Dfx(C) in Lemma |3.1.20|does
not map the open Df’(D) inside Df%(C) unless C = D.

Notation 3.1.22. Let X be a regularly stratified scheme and let C < D be strata of X. We set
DfY(C) = D x T(C)

to be the closure in Dfy(C) of the inverse image of D by the projection X X T{(C) — X. (Compare
with Remark |3.1.18]) This is a constructible closed subscheme of Dfy(C), and hence inherits a
stratification. We write Dfl)?"’(C) instead of Df? (C)°. Note that T (C) acts naturally on Df? ().

Lemma 3.1.23. Let X be a regularly stratified scheme and let C < D be strata of X. There is an
isomorphism DfY(C) ~ Df5(C) x Tx(D). Moreover, we have the following properties.

(i) There a is natural projection Df)l?(C) — Df5(C) admitting the structure of a free vector
bundle and exhibiting Di(C) as the quotient of Df? (C) by the torus T°(D).

(ii) Df? (C) is regularly stratified, and Df)D( (C)NDAyp(C) = DIF(C) where Di(C) is identified
with the fixed-point loci for the action of T°(D) on DfQ(C ) and Dfxp(C).

Proof. By construction, Df{(C) is the spectrum of the image of the graded homomorphism
P ©xmnoy-t - P o5t
veR$(C) veR%(C)

If v does not belong to R;(|D(C) +Rx (D), then the image of Ox(v)NOx — Oy is zero. If v = v +v”
with V' € R;(lD(C) and v € Rx(D), then the image of Ox(v) N Ox — O is Ox(v') N Op. Thus, the
image of the above graded homomorphism is given by

®[ @z
v"eRx(D)

This proves all the assertions in the statement. (For (ii), recall that Dfy5(C) is defined by the
vanishing of the t” for v’ € Ry(D).) |

D ©0HNnop) -t '

VRS, ()

In the remainder of this subsection, we will describe the functoriality of the previous construc-
tions in X and C. Given a stratified scheme Y and a sequence of strata (D;);<j<, in ¥, we will call
“relevant” the open strata of ¥ containing at least one of the D;’s in their closure.

Lemma 3.1.24. Let f : Y — X be a morphism of regularly stratified schemes which we assume, in

each point below, to send the relevant open stratum of Y into an open stratum of X.
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(i) Let D be a stratum of Y and C = f.(D). Pulling back Cartier divisors from the smallest con-
structible neighbourhood of C to the smallest constructible neighbourhood of D induces a
homomorphism f* : R (C) — R}(D) respecting the submonoids of effective elements.

(ii) Let Dy > D, be strata of Y and Cy > C, their images by f.. Then we have a morphism of
short exact sequences of lattices

o

6 (C1) — R(C1) —— R(Co) —— 0

lf* lf’* lf’* (3.11)

0 —— R}, (D1) — R(Dy) —— Ry(Dg) — 0.

0——R

Moreover, we have a commutative square

Ry, (C1) —— RZ (C1)

L

R} p,(P1) —— RS, (D)),

where the horizontal arrows are the obvious identifications given by pulling back Cartier
divisors and fy : Dy — Cy is the morphism induced by f.

Proof. This follows from the associativity of pulling back Cartier divisors. O

Remark 3.1.25. We warn the reader that, in general, the morphism of exact sequences in (3.11)) is
not compatible with the splittings given by the inclusions R(Cp) C R5(Cy) and R}(Dy) C R} (D).

Proposition 3.1.26. Let f : Y — X be a morphism of regularly stratified schemes.

(i) Let D be a stratum of Y and C = f.(D). There is an induced commutative diagram of
regularly stratified schemes

Y +—— Dfy(D) —— Ty(D)

]

X +— Dfy(C) — Tx(C).

(ii) Let Dy > Dy be strata of Y and Cy > C, their images by f.. There is an induced commuta-
tive diagram of regularly stratified schemes

Tp,(D1) - Typy(D1) ———— Ty(D1) +——— Ty(Dy)

Dfp, (D) «———— Dfyp,(D1) ————— Dfy(Dy) «———— Dfy(Dy)

l Te, (Ch) l — Txic,(C) — Tx(Cy) +— Tx(Co)

Dfg (C1) «——— Dfxc,(C;) ———— Dfx(C) «—— Dfx(Co).
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(iii) Keep the notations as in (ii). There is an induced commutative diagram of regularly strati-
fied schemes

Df7,(Dy) +— DIy’ (D;) — Dfy(D,) +— Dfy(Dy)

[ T .

Dfg (C1) «—— Df{*(C1) — Dfx(Cy) +—— Dfx(Co).

Proof. Let Cy be the stratum of X containing the image of the relevant open stratum of Y. Then,
there is an obvious morphism f* : R}, (C) — R}(D) given by the pullback of Cartier divisors.
The morphism Ty(D) — Tx(C) is dual to the morphism

Z[t";v € Rx(O)] - Z[t"; u € Ry(D)]

sending t” to t/", when v € Ry, (C), and to zero otherwise. Similarly, the morphism Dfy(D) —
Dfx(C) is dual to the morphism of Ox-algebras

D OO0t = P fOwnOn)-t*

veRL(C) ueR} (D)

sending t” to t/", when v € R§(|C0(C)’ and to zero otherwise. The commutativity of the diagram in
(i) is immediate from the construction.

We next check that the second and third cubes in (ii) are commutative. To do so, we may use
Remark below to reduce to the following two cases: f takes the relevant open stratum to
an open stratum or f is the inclusion of the closure of a stratum of X. The first case follows from
Lemmas[3.1.20]and [3.1.24] The second case can be dealt with directly using the description of the
ideals defining the various closed immersions (see Remark [3.1.19). It remains to check that the
first cube in (i1) is commutative. This follows from the fact that the morphisms

ny|D0(D1) - DfEO(Dl) and DleCO(Cl) - Dfa)(cl)
are equivariant retractions to fixed-point loci for the action of the tori T} (Dy) and T3(Cy) as ex-
plained in Lemma [3.1.17)i). Part (iii) is proven similarly. O

Remark 3.1.27. The morphisms Ty(D) — Tx(C) and Dfy(D) — Df(C) in Proposition [3.1.26]i)
are compatible with composition in the obvious sense. Moreover, when f is the inclusion of the
closure of a stratum C" > C, the induced morphisms T¢ (C) — Tx(C) and Df,(C) — Df(C) are
the one described in Remark [3.1.191

Theorem 3.1.28. There are functors
Df, T: f (#,>) —» REGX
REGE

sending a pair (X, C), consisting of a regularly stratified scheme X and a stratum C C X, to the
regularly stratified schemes Dfx(C) and Tx(C) respectively. These functors are characterised by
the following properties.
(i) For a fixed X and strata Cy > C, in X, the associated morphisms Dfx(Cy) — Dfx(C,) and
Tx(Co) — Tx(C)) are the obvious ones. (See Remark[3.1.15])
(ii) A morphism f : (Y,D) — (X,C) with C = f.(D) is sent to the obvious morphisms
Dfy(D) — Dfx(C) and Ty(D) — Tx(C). (See Proposition[3.1.26(i).)

Furthermore, we have a natural transformation Df — T given by the obvious morphisms.
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Proof. This follows from Proposition [3.1.26| by direct verification. The details are omitted. m|

Notation 3.1.29. Let X be a stratified scheme.

(i) We denote by &} the sub-poset of (Py, >) X (Px, <) whose elements are the pairs (C_, Cy)
of strata in X such that C_ > C,. Thus, an arrow

(CL,Cp — (C-,Cy)

witnesses a decreasing chain of strata C” > C_ > Cy = C|,.
(i1) We denote by #¢ the sub-poset of (Px, >) X (Px, <) X (Px, =) whose elements are the triples
(C_, Cy, C,) of strata in X such that C_ > Cy > C,. Thus, an arrow

(C,_a C(,)’ C_,'_) - (C—’ CO’ C+)
witnesses a decreasing chain of strata C’. > C_ > Cy > Cj > C/, > C,.
There is an obvious projection ) — &5 sending (C_, Cy, C,) to (C_, Cy).

Theorem 3.1.30. There are functors
Df, T: f #"” — REGX
REGZ

sending a pair (X,(C_,Cy,C,)), consisting of a regularly stratified scheme X and an object of
Py, to the regularly stratified schemes DI . (Cy) and Tg ¢ (C) respectively. These functors are
characterised by the following properties.

(i) For a fixed X and an arrow in Py of the form (C_, Cy,C,) — (C_,C_,C,), the associated
morphisms ng_lCO(CJr) — Dfz (Cy) and Tg_lCO(CJr) — Tz (C,) are the obvious inclusions.

(ii) For a fixed X and an arrow in Py of the form (C_,C_,C",) — (C_,C_, C,), the associated
morphisms DIz (C,) — Dfs (C,) and T¢ (C',) — T (C.) are the obvious ones.

(iii) For a fixed X and an arrow in Py of the form (C_,Cy,C,) — (Cy,Cy,C,) the associ-
ated morphism Df . (C,) — Dfg (C,) is the one described in Lemma @i ), and the
associated morphism Tg | (Cy) — Tg (C.) is the obvious identification.

(iv) A cocartesian morphism of the form f : (Y,(D_,D_,D,)) — (X,(C_,C_,C,)) is sent to
the obvious morphisms Dfj; (D) — Dfz (C,) and T (D,) — T (C,). (See Proposition
B.1.26(i).)

Furthermore, we have a natural transformation Df — T given by the obvious morphisms.

Proof. This follows from Proposition [3.1.26| by direct verification. The details are omitted. m]

3.2. Monodromic specialisation, I. Definition and basic properties.

In this subsection, we construct monodromic specialisation functors. Classically, monodromic
specialisations were introduced by Verdier in [[Ver83, §8], and they are closely related to the nearby
cycle functors. Roughly speaking, monodromic specialisation along a closed subvariety Z C X is
the nearby cycle functor associated to the deformation to the normal cone of Z. When Z is a
principal divisor, this construction can be used to encode the monodromy action on the sheaf of
nearby cycles via a monodromic sheaf on a relative 1-dimensional torus. In the motivic setting, a
similar but more restrictive formalism was developed by Ivorra—Sebag in [IS21]]. (Indeed, the map
fCn used in [IS21, §4.1] is the projection to A! of an open subvariety of the deformation to the
normal cone of the central fibre of f.) Our monodromic specialisation formalism is closely related

to the aforementioned constructions, but differs in some aspects related to functoriality. We start
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by generalising some constructions from [AyoO7b, §3.4 & 3.5]. Throughout this subsection, we
fix a base scheme S and a Voevodsky pullback formalism

% : (Schg)® — CAlg(CATY)

which we assume to be strongly presentable in the sense of Definition [I.1.23] Recall that this
means that #® factors through CAlg(Pr™*") and that the two operations f, and £, associated to a
morphism f in Schg, are colimit-preserving as explained in Remark (The same is true of
course for the two operations f* and f;.)

Construction 3.2.1. Let 7 be a torus over S (or any other base scheme). We define a diagram of
T-schemes YT as follows. The indexing category of Y7 is A x N* where N* = N \ {0} is ordered
with the opposite of the divisibility relation. We set YT ([n], r) = T"*!, with structural morphism

T S T, (X0y...,Xp) = X

For r,d € N*, the morphism Y”([n],rd) — Y*([n],r) is given by raising all the coordinates to
the power d. The cosimplicial scheme U7 (-, r) is independent of r once we forget the structural
morphism to 7. Its coface morphism d' : Y7 ([n],r) —» YT ([n + 1], r) is given by

X0y .. s Xy Xiy ..., x,) 1f 0<i<n,
(X0, vy X, 1) if i=n+1.

(xo,...,xn)l—>{

Its codegeneracy morphism s/ : YT ([n],r) — YT ([n — 1],r) is given by
(s 2a) > (Xs oy ooy 1),

Said differently, Y7 (-, r) is the cosimplicial torus T X 1, obtained by applying [Ayo07b, Lemme
3.4.1], and considered as a cosimplicial 7-scheme using the composition of

Tsr1—T 5T
In fact, we even have YT = 8T X¢r 1, where we apply [Ayo07b, Lemme 3.4.1] in the category of

N*-diagrams of tori with 7 the diagram sending r € N* to T and an arrow rd — r in N* to the
endomorphism of raising to the power d. (See also [Ayo07bl, Définitions 3.5.1 & 3.5.3].)

Construction 3.2.2. Keep the notations as in Construction Let6: YT — (T, A x N*) be the
natural transformation from U/ to the constant A x N*-diagram given by the structural projections
to T. We have a morphism of cocartesian fibrations

(A x N¥)P x #(T)® ¢ f HY"®
(AXNX)P

(A X N*)°P x Fin,.

By [Lurl7, Proposition 7.3.2.6], the functor 6" admits a relative right adjoint 6.. By applying 6.6"
to the section of p given by the ®-unit object of #(T), we obtain the section 6.1 of p which we
may view as a diagram 6,1 : (A X N*)? — CAlg(#(T)). We set

Ur = colim 6,1. (3.12)

(AXN>)°p
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Note that the above colimit is sifted, and thus can be computed on the underlying objects in #(T)

by [Lurl’/, Corollary 3.2.3.2]. We will also need a variant of the above construction where we use

the subdiagram Y/ = Y’ (-, 1) instead of Y. This yields the commutative algebra L given by
L7 =colimé,1. (3.13)

A°Px{1}

By construction, we have a morphism of commutative algebras L7 — U7. We refer to L7 and Uy
as the logarithmic and the quasi-logarithmic algebras over 7.

Definition 3.2.3. A smooth affine split torus-embedding, or simply a split torus-embedding, is a
triple (7, 7T°, jr) where T is a smooth affine Z-scheme, 7° a split torus over Z acting on 7 and
jr : T° — T an equivariant dense open immersion. Such a triple is isomorphic to

((AI N O)m X An, (Gm)’n+na ])9

with m, n € N and j the obvious inclusion. A split torus-embedding will be denoted by j: 7° — T
or just 7. If no confusion can arise, we also write T for its base change to S.

Remark 3.2.4. A split torus-embedding 7 is regularly stratified by the orbits of the action of 7°.
The kernel of the action of 7° on an orbit E° of T can be identified with the split torus T7.(E). (See
Notation @) The closure of the T5.(E°)-orbit of the unit section of 7° intersect E° in a single
Z-point. This induces an equivariant isomorphism E° ~ T°/T7.(E®) and, in particular, gives E° the
structure of a split torus. The closure E of the stratum E° in 7 is again a split torus-embedding.

Notation 3.2.5. Let T° be a split torus and j : T° < T a split torus-embedding. We set
GET = j*oETo and UT = j*UTo. (314)

Since j, is a right-lax symmetric monoidal functor, these are commutative algebras in #(7T'). (As
said above, we are writing 7" and 7° for the base change to S of the Z-schemes T and T°.)

We gather a few basic properties of the commutative algebras L7 and U7y in the next statement.

Lemma 3.2.6.

(i) Let T" and T" be two split torus-embeddings, and let T = T’ X T"”. There are canonical
equivalences of commutative algebras L7 ~ L1 R L and Ur ~ U ® Up».
(ii) Let T be a split torus-embedding, and let p : T — S be the structural projection of its base
change to S. The unit morphisms 1 — p..Ly and 1 — p, Uy are equivalences.
(iii) Let T be a split torus-embedding, and let E° C T be a stratum with closure E. There are
equivalences of commutative algebras Lr|p ~ Lt and Ur|g ~ Ug.

Proof. In this proof, we employ several times, without mentioning, the fact that the direct image
functors for #® are colimit-preserving.

Letj:T°—>T,j:T° < T and j” : T"° — T” be the split torus-embeddings considered
in (i). Let e,, e, and e/ be the endomorphisms of 7°, T’ and 7""° given by raising to the power
r € N, and let e,, e, and e/ be their extensions to 7, 7" and T”. There is an isomorphism of
A x N*-diagrams of T-schemes Y7~ ~ YT x5 YT". Since the tensor product commutes with
sifted colimits, we are reduced to showing that the obvious morphism

¢ A BT A" = 8, (A R AT
is an equivalence for r € N*, and for A’ and A” objects in #£(T") and #(T"") obtained by pullback

from #(S). (In fact, the objects A" and A” that we need to consider are direct sums of desus-

pensions of Tate twists of ®-units.) By [AyoO7a, Théoreme 2.3.40], the above morphism can be
91



identified with the image by e, . of the morphism ;. (A") ® j/(A”) — j.(A’ ® A”). That the latter
morphism is an equivalence is easy and standard.

To prove (ii), we may assume that 7 = T° is a split torus. Also, it suffices to treat the case
of the logarithmic algebra. Using (i), we may reduce to the case T = G, which is treated in
[Ayo07b, page 78]. Alternatively, we may notice that the argument in loc. cit. is valid for a general
T. Indeed, p.-L7 is the geometric realisation of the simplicial algebra (p o 6;).1 and we can use
[AyoO7b, Lemme 3.4.1(B) & Corollaire 3.4.12] to conclude.

For (iii), we may assume that T = E X A° so that E is identified with the subscheme E X 0. In
this case, we may use (i) to reduce to the case where 7 = A° and E = Og. Using (i) again, we
may further reduce to the case where T = A'. The result follows then from [[Ayo07b, Proposition
3.4.9(1) & Lemme 3.5.10]. We may also deduce it from (i1), but we leave this to the reader. O

Remark 3.2.77. The commutative algebras L7 and Uy are motivic in the following sense: the initial
morphism of Voevodsky pullback formalisms

MShys(-)® — #(-)°%, (3.15)

provided by Theorem takes the commutative algebras L7 and U7 in MShy;(T') to the com-
mutative algebras L7 and Uz in #(T). Indeed, by Lemma iii) and induction, it is enough to
prove this in the case of a split torus 7°. Using that (3.13) is compatible with finite direct images
(by [Ayo10, Théoreme 3.4]), we reduce to the case of the logarithmic algebras. We are then left to
check that (3:15) commutes with the composite operation ¢.q*, for g : (T°)**! — T° the projection
to the first factor. This is clear since ¢.q" is a direct sum of desuspended Tate twists.

Definition 3.2.8. Let T be a split torus. We denote by ¢ : T — § the structural projection of its
base change to S and by e, : T — T, for r € N*, the endomorphism of raising to the power r.

(1) We denote by (T )yns, or simply #(T )y, if S is understood, the full sub-co-category
of #(T) generated under colimits and desuspension by the image of ¢*. We denote by
oy 2 H (T — F(S) the restriction to #(T),, of the inverse image functor along the unit
section of T, and by ¢"" its right adjoint.

(ii) Similarly, we denote by (T )qun/s, or simply (T )qun if S is understood, the full sub-co-
category of #((T) generated under colimits and desuspension by the image of the functors
er.0q", for r € N*. We denote by ¢, : H(T)qun — H(S) the restriction to #(T )qun of the

inverse image functor along the unit section of T, and by ¢{"" its right adjoint.

The objects of #(T')y, are said to be unipotent, and those of # (T )4y, are said to be quasi-unipotent.
Of course, replacing S by an S-scheme X € Schg, we also have the co-categories #(T"),n/x and
(T )qun/x Of unipotent and quasi-unipotent objects relative to X.

Remark 3.2.9. The notion of quasi-unipotent objects in #(7) introduced above is only reasonable
under the assumption that #® is étale local in the sense of Definition When working with
the Voevodsky pullback formalism MSh,;(—)® a better notion of quasi-unipotency can be found
in [[S21, §3.2]. Since we are mostly interested in the étale local case, we have adopted the more
restrictive but simpler notion above.

Proposition 3.2.10. Let T be a split torus over S. There are equivalences of right-lax symmetric
monoidal functors

¢ (D) =Lr®qg (=)  and ¢ () =Ur®q(-) (3.16)

In particular, we have Ly ~ ¢*(1) and Uy ~ ¢ (1).
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Proof. This is a generalisation of [Ayo14b, Proposition 2.10] and the proof given in loc. cit. extends
to the generality we are considering.

We only treat the quasi-unipotent case. Using the unit sections of the tori Y7 ([n], r), for [n] € A
and r € N*, we see that there is a morphism of commutative algebras € : ¢,,(Ur) — 1. We
use this morphism to define a natural transformation Uy ® g*(=) — ¢3""(-) which, by adjunction,
corresponds to the composition of

Brn(Usr ® §" (=) = 67, (Ur) @ 670 (q'(—) > $un(q'(-)) = id.
To conclude, we will show that for M € #(T)qu, and N € #(S), the induced map
Map (M, Ur ® g*(N)) = Mapy, (M, ¢ (N)) (3.17)

is an equivalence. By the definition of #€(T )qu,, We may assume that M belongs to the image of
e.. o q", for some r € N*. Note that we have equivalences e, .(Ur) ~ Uy and e,., o 7" ~ ¢

fitting in a commutative diagram of natural transformations
Ur®q°(-) ¢ (=)

§ §

e (Ur)® q" (=) — e, .(Ur ® €;q"(=)) — €,.(Ur ® ¢" (=) — e,.4." ().

Thus, the morphism U; ® ¢*(N) — ¢{""(N), inducing the map in (3.17), is equivalent to its image
by e, .. Using adjunction, we are reduced to showing that is an equivalence for M belonging
to the image of the functor e} o e, . o g*. We claim that the image of e} o e, . o ¢" is contained in the
image of ¢*. Indeed, there is an isomorphism 7" X,, 7., T =~ T Xg S’ with

S'=8[x ..., x)/(x] - 1,...,x — 1)

where m is the relative dimension of the split torus 7. Moreover, we have a commutative diagram
with cartesian squares

S’&TXSS’LTLS

]

S—* g7« 7.5

\_//

This allows us to write the following chain of natural equivalences

(3.18)

e;oe..oq" = prj, o h*oq*
~ pr, opr,o f* (3.19)
= q'ofiof,
proving our claim. This said, we are left to show that (3.17) is an equivalence with M = g* M, for
M, € #(S). By adjunction, we are thus left to show that

q.(Ur ® g"(N)) = q.(¢3"(N))
93



*

is an equivalence. Since ¢y, 0g" =~ id, we deduce that the codomain of this morphism is equivalent
to N. On the other hand, the domain is easily seen to be equivalent to ¢g.(U7) ® N. We conclude

using Lemma [3.2.6{ii). m]
Corollary 3.2.11. Let T" — T be a morphism of split tori.

(i) The right adjoint to the inverse image functor H (T )y, — H(T")uy takes Ly to L.
(ii) The right adjoint to the inverse image functor H(T)qun — FH(T")qun takes Uz to Ur.

Proof. This follows immediately from Proposition [3.2.10 m|

Corollary 3.2.12. Let T be a split torus over S and denote by q : T — S the structural projection.
There are equivalences of co-categories

Lr ®q (=) : H(S) = Mod_p, (H(T)w) and Ur @ q' (=) : #(S) — Mody, (F(T)qun)-

Proof. We only treat the quasi-unipotent case. By Proposition[3.2.10} the functor Ur ® ¢*(-) in the
statement is equivalent to the functor ¢;"" taking M € #(S ) to ¢"" (M) viewed as a ¢,""(1)-module.
The latter admits a left adjoint ¢g,,, sending a Ur-module N to ¢;,,(N)®y:, ir) 1. Proposition|3.2.10

also implies that the counit morphism ¢}, o ¢!"" — id is an equivalence. Thus, ¢"" is fully faithful

and it remains to see that its essential image generates the co-category Mody, (#(T)qun) under
colimits. Concretely, we need to show that every Ur-module N can be written as a colimit of Uz-
modules of the form Uy ® g" (M), with M € #(S), and it is enough to do so for N = Ur®e, .q" (L),
with L € #(S) and r > 1. As explained in the proof of Proposition we have Ur ~ e, Ur.
Moreover, using the projection formula, we obtain equivalences

uT ®er,*q*(L) er,*(uT)®er,*q*(L)
er,*(uT ® €f€r,*q*(L))~
Using the equivalences in (3.19), we have eJe, .q*(L) ~ ¢*(L’) for some L’ € #(S). This allows us
to continue the above chain of equivalences as follows

er(Ur®q" (L)) = e,.(Ur ®eq"(L))

= er,*(uT) ® q*(L,)

Ur®q (L).
This finishes the proof of the corollary. O

1R

12

We now come to the definition of the nearby cycle functors.

Definition 3.2.13. Let T be a split torus-embedding admitting a stratum o7 of relative dimension
zero. (This can happen only when T is maximal, i.e., isomorphic to A" for some integer n, and
or will be called the central stratum of 7.) Let f : X — T be a morphism in Schg and form the
commutative diagram with cartesian squares

X, —— X +——X,

N

J i
TO—>T<—O'T.

We define functors Yy, ¥ : #(X;) — #(X,) by the formulae:
Tr(=) =i j(f,(Lr-)® =)  and  Wp(=) =i j.(f,(Ur) ® -).

These functors are called the unipotent and the quasi-unipotent nearby cycle functors.
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Remark 3.2.14. The functors T’ ; and ¥ are right-lax symmetric monoidal. Moreover, when the T'-
scheme X varies, these functors form a specialisation system over (7, j, i) in the sense of [AyoO7b,
Définition 3.1.1]. The proof of this is a straightforward application of the six-functor formalism;
see for instance the proof of [[AyoO7b, Proposition 3.2.9]. Recall also the so-called canonical
specialisation system given by the functors y; = i*j, : #(X,) — #(X,). We have obvious natural
transformations y, — Y, — ¥, defining morphisms of specialisation systems.

Lemma 3.2.15. If f is smooth, we have equivalences 1 ~ T (1) = ¥ (1).
Proof. This follows from Lemma [3.2.6((iii) using the smooth base change theorem. m]

Definition 3.2.16. Assume that S is quasi-excellent. We say that a Voevodsky pullback formalism
over S satisfies purity if for every cartesian square

y sy

[

X ==X
of closed immersions in Schg, which is transversal in the sense of [Ayol4c, Définition 7.2], the
induced morphism s*#'1 — #"'s*1 is an equivalence. (Recall that transversality in the sense of

loc. cit. supposes that X, X’, Y and Y’ are regular, and that the codimension in X’ of an irreducible
component of Y’ is equal to the codimension in X of the irreducible component of Y containing it.)

Proposition 3.2.17. Assume that S is quasi-excellent and that #® satisfies purity. Let T be a
maximal split torus-embedding with central stratum o, and let f : X — T be a morphism in Schg.
We assume that X is regular and that X, = X Xy o7 is a regular subscheme of X of codimension
equal to the codimension of or in T. Then, we have equivalences 1 = (' ;(1) = ¥ ¢(1).

Proof. Without loss of generality, we may assume that S is regular and that X is smooth over §.
(This can be achieved for instance by replacing S with X and restricting # to Schy.) Consider the
closed immersiond : X — W = XX T given by the graph of f, and let g : W — T be the projection
to the second factor. Since g is smooth, we have equivalences 1 = T, (1) ~ ¥,(1) by Lemma
Thus, to conclude, it is enough to prove that d induces equivalences d.(,(1) — Y /(1) and
d;¥,(1) — ¥¢(1). The first equivalence is easier and we focus on establishing the second one.
With the notation as in Definition [3.2.13] we need to prove that the morphism

d,i" j.(Urelw,) = i jud, (Urelw,)
is an equivalence. Inspecting the construction of Uz-, we reduce to showing that
d:rl*]*((er,*l)lw,,) - i*j*d;((er,*l)lwn)

is an equivalence for every r € N*. (Indeed, U7~ belongs to the sub-co-category generated under
colimits, Tate twists and desuspension by the ¢, ,1’s.) Lete, : T — T be the extension of e, to T,
and set X, = X X7 T and W, = W X7 T. (Note that W, = X x T, but the natural morphism
W, — W is given by idy X e,.) We have a commutative diagram of 7-schemes

J

X, X, —— X, ,

Jdr. n Jdr ldr,o'

J i
W,y —— W, —— W, .
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Moreover, using the proper base change theorem applied to the finite morphisms X, — X and
W, — W, we are reduced to showing that

d;  i'j1—ij.d 1 (3.20)
is an equivalence. Replacing X with an open neighbourhood of X,, we may assume that X, is a
regular scheme and that the obvious morphism X, = X, , — X, is a regular closed immersion. (In-
deed, if R is a local regular ring and ay, . . . , a, a regular system of parameters, then R[a%/ T, a,ln/ 1
is again a local regular ring for any O < m < n.) Shrinking X further around X, if necessary,
we may also assume that for every stratum E° of T with closure E, X, X7 E is a regular closed
subscheme of X,. Then, we have transversal squares of closed immersions

X, x; E—— X,

|

Wr Xr E— Wr’

and it is easy to see that purity applied to these squares implies that the morphism (3.20) is an
equivalence as needed. m|

We now come to the main players of this section, namely the monodromic nearby cycle functors.
From now on, unless otherwise stated, we assume that .S is noetherian.

Definition 3.2.18. Let X be a regularly stratified finite type S -scheme, and let C be a stratum of X.
Consider the commutative diagram with cartesian squares

X 2 X' x T5(C) —— Dy (C) —— Nx(C)

[

T(C) —L— Tx(C) +—— o,

where X’ is the connected component of X containing C. (See Construction [3.1.10and Notation
3.1.13]) We define the functors V¢, WY¢ : #(X) — #H(Nx(C)) by the formulae

Tc =T,op" and Yo =¥,0p".
The functors TC and ‘T’C are called the monodromic specialisation functors. The first one is said to

be unipotent and the second one is said to be quasi-unipotent. If we need to stress the role of X,
we write Yy, ¢ and Wy, ¢ instead.

Remark 3.2.19. We will also need a variant of Definition [3.2.18 where we employ the open defor-
mation space Df';(C) instead of Dfx(C). (See Construction (3.1.11]) More precisely, we consider
the commutative diagram with cartesian squares

’

X° L X7 x T2(C) —L DFY(C) «—— N (C) «“— N2(C)

kb

TUC) —L— Tx(C) —— o

and define the functors ?g, ‘T‘g : H(X°) — FH(NZ(C)) by the formulae

YTe=u"oYyop” and VY. =u"oW¥,op”.
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These functors will be also called monodromic specialisation functors. They are related to the
previous ones by the following commutative squares

?C (resp. @C)

H(X) ———— H(Nx(C))
l o (res .@") J’
H(X?) ———— FH(N3(O)
where the vertical arrows are the obvious restriction functors.

Remark 3.2.20. Let X be a regularly stratified finite type S -scheme, and let C be a stratum of X.
Assume that X is connected, and consider the commutative diagram with cartesian squares

X — X x T2(C) —1 DEy(C) —— Nx(C)

[ A

T3(C) —— Tx(C) «—— oc,

which only differs from the one in Definition [3.2.18]at the arrow relating X and X x T5(C): instead
of projecting to X, we use the unit section of the torus T$(C). By Proposition @ we have

equivalences ¢2" =~ Lo ) ® p*(=) and ¢ = Ursc) ® p*(-). It follows that Y¢ and ¢ are also
given by the composition of

H(X) ¢—un> H(X X TY(C))unyx € H(X X TH(C)) RER H(Nx(C)) and

un
!

H(X) — H (X X TY(C))qun/x C H(X x T3(C)) SN H(Nx(O)).
This description of TC and ‘T’c 1S sometimes more convenient.

Proposition 3.2.21. Assume that S is quasi-excellent and that #® satisfies purity. Let X be a
regularly stratified finite type S -scheme and C a stratum of X. There are equivalences 1 ~ Yc(1) ~
Yc() in #H(Nx(C)).

Proof. This is a particular case of Proposition o

We now give three results describing the rough functoriality of the monodromic specialisations
functors. More structured results will be discussed in Subsection

Proposition 3.2.22. Let f : Y — X be a morphism of regularly stratified finite type S -schemes.
Let D C Y be a stratum of Y and let C = f.(D). Assume that f takes the relevant open stratum in
Y to an open stratum in X, and let g : Ny(D) — Nx(C) be the morphism induced by f. Then, there
are natural transformations of right-lax symmetric monoidal functors

g oTc—> Tpof and g o¥e - ¥po [, (3.21)
which are equivalences if f is smooth and D is open in f~(C).

Proof. The existence of the natural transformations follows readily from their constructions, the

functoriality of the logarithmic and the quasi-logarithmic algebras (provided by Corollary [3.2.11),
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and the following commutative diagram

Ty(D) ———— Ty(D) «+—0p

Y’ X TS(D) ——— Dfy(D) +———— Ny(D)

l T5(C) —‘—> Tx(C) <—k
7 e

X’ X T(C) ———— Dfy(C) +———— Ny(C).

Oc

For the last assertion, we remark that the hypotheses on f and D imply that Ty(D) — Tx(C) is
an isomorphism and that Dfy(D) — Dfyx(C) is smooth. This said, the result follows immediately
form the smooth base change theorem. m|

Proposition 3.2.23. Keep the assumptions and notations as in Proposition|3.2.22| Then, there are
natural transformations of right-lax symmetric monoidal functors

Ycof.—>g.0Yp and Wceof. > fio¥p. (3.22)

Moreover, if f 1 Y — X is a closed immersion, D is open and dense in f~'(C), and Ty(D) =~ Tx(C),
these natural transformations are equivalences.

Proof. The natural transformations in the statement are deduced from those in Proposition [3.2.22]
by adjunction. Under the hypotheses of the last assertion, the induced morphism Df ,(Y) — Df(X)
is a closed immersion and the claim follows from the proper base change theorem. O

Remark 3.2.24. The natural transformations in (3.21)) and (3.22)) are compatible with the composi-
tion of morphisms of regularly stratified finite type S -schemes in the obvious way.

Proposition 3.2.25. Let X be a regularly stratified finite type S-scheme, Y C X a regular con-
structible closed subscheme which we endow with the stratification induced from the one of X, and
C a stratum of X contained in Y. Letv : Y — X and w : Ny(C) C Nx(C) be the obvious inclusions.
Then, there are natural transformations of right-lax symmetric monoidal functors

w' o ¥x,c - ;f’y’c oy and w" o ‘?’X,C — l?y’c oV, (3.23)

Proof. We only treat the quasi-unipotent case. Replacing X and Y with their relevant connected
components, we may assume that X and Y are connected. Then Y = D for a stratum D > C in X.
By Lemma [3.1.23] there is a commutative diagram

D+ DX T3(C) —— DI5(C) <~ N5(0)

lidxidXs 4 |
idxu

D—D x T{(C) — D x T2(C) x Ty(D) —— DFY(C) ~— N5(C) (3.24)

X —— X X TYC) Dfy(C) +—— Ny(C).

98



This induces natural transformations as follows:
woWyc = woioj, o(-&Urc)
— "ojo(idXu)o(—R UT;(C)) oV
~ " of o jo(idXu)o (=& U)oV
— "o j o (id xid X 5)* 0 (id X u), © (- 8 Urs(c)) 0 V* (3.25)
= "o j/o(idxidx 5)" o (- 8 U cxrem) © V*
~ "o jl o (= (id X ) Urs cprey) © V'

~ [ojlo(—-® UT%(C)) ov' =Wycovh

In the above discussion, s is the zero section of Tx(D) and we have used Lemma [3.2.6(iii) to obtain
the equivalence (ld X s)*uT%(C)xTX(D) ~ UT%(C). O

Remark 3.2.26. The natural transformations in (3.23) fail to be equivalences in general. However,
it follows from Corollary [3.2.45| below that they induce equivalences after restriction to the zero
section of Ny(C). Here, we just notice that the natural transformation between the third and fourth
lines in (3.25) is actually invertible. Indeed, the exchange morphism ¢* o j, — j” o (id x id X s)*,
associated to the cartesian square

D x T3(C) —— Df5(C)

J/idxidxs lt

D x T3(C) x Tx(D) —— DFR(C),

is an equivalence when evaluated at an object of the form M ® Uy, p), with M € #H (D x T%(C )).

This follows easily from the fact that DfQ(C ) is isomorphic to Df5(C) X Tx(D) and that, modulo
this isomorphism, j* and ¢ are given by j” X id and id X s.

Proposition 3.2.27. Keep the assumptions and notations as in Proposition|3.2.25| Then, there are
natural equivalences of right-lax symmetric monoidal functors

?X’COV*;W*O¥Y’C and \AI}X’COV*;W*O(I\;KC (326)

Proof. We only treat the quasi-unipotent case. We may assume that X is connected. We use the
diagram in (3.24). We have equivalences as follows:

‘AFX,C ov, = ["oj,0(—R UT;(C)) O Vy
=~ w,o0i"o j o(idxu). o (- & Uryc)
— w,o0i" o j’o(idxid X s)* o (id X u), o (— ® Urs(c))
~ w,oi” o j/o@ldxid X 5)* o (= B Ut (c)x14(D))
D
~ w,oi" o’ o(—®&(id X S)*UT%(C)XTX(D))

~  Ww,o0 """ o J;’ o (— X UT%(C)) =W, O \ch.

Moreover, as explained in Remark [3.2.26] the natural transformation between the second and third
lines is an equivalence. This finishes the proof. O

Remark 3.2.28. The natural transformations in (3.23)) and (3.26]) are compatible with composition

in the following sense. Keep the assumptions and notations as in Proposition[3.2.25] Let Z C Y be
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a regular constructible closed subscheme containing C. Denote by v : Z — Y and w’ : Nz(C) —
Ny(C) be the obvious inclusions. Then, we have a commutative diagram

wiow oTyc——w"oTycov ——TycoVv oV

| |

(wow')" o :Y'X,c Tz,c o(voV)*

and a similar one for the quasi-unipotent monodromic specialisation functors. There is also a com-
patibility between the natural transformations in (3.21)) (resp. in (3.22)) and those in (3.23)) (resp.
in (3.26)) which we refrain from spelling out now. The verification of these compatibilities are
tedious but direct consequences of our constructions. Later, in Subsection [3.6) we will construct
oplax 2-functors encoding all sorts of compatibilities between the monodromic specialisation func-
tors and the six-functor formalism. (See Remark [3.6.14])

We can combine the previous three propositions in a single statement as follows.

Theorem 3.2.29. Let X be a regularly stratified finite type S-scheme and C a stratum of X. Let
Y C X be a regular constructible closed subscheme, and denote by v : Y — X the inclusion.

(i) Let D be an open stratum of C NY, and denote by w : Ny(D) — Nx(C) the induced mor-
phism. Then there are natural transformations of right-lax symmetric monoidal functors

w'oTxc— YypoVv and w' oWy c— Wypov'.

(ii) Let Dy,...,D,, be the open strata ofé NY, and let w; : Ny(D;) — Nx(C) be the induced
morphisms. Then, the natural transformations in (i) induce by adjunction equivalences

TX,COV* - Wi,*OTY,Di and lPX,COV* - Wi,*O‘PY,D

Proof. Without loss of generality, we may assume that X and Y are connected. Let Z C X be
the smallest regular constructible closed subscheme containing ¥ and C. (Thus, Z is a connected
component of the intersection of all the irreducible constructible divisors of X that contain Y and
C.) It is enough to prove the theorem separately for the closed immersions Z — X and ¥ — Z.
Said differently, it is enough to treat the following two cases:

(1) Cis contained in Y;
(2) Y is not contained in any constructible irreducible divisor of X that contains C.

We split the proof accordingly.

Case 1. When C is contained in Y, the natural transformations in (i) are constructed in Proposition

[3.2.25]and (ii) is the content of Proposition [3.2.27]

Case 2. Let X’ be the regularly stratified S-scheme having the same underlying S -scheme as X
and whose irreducible constructible divisors are the ones of X containing C. Then C’ = C is the
stratum of X’ containing C and the morphism of regularly stratified S-schemes v : ¥ — X’ takes
the open stratum of Y to the open stratum of X’. Notice that 'I’X c = TX/ ¢ and ‘I’X c = ‘I’X, c-
Then, the natural transformations in (i) are constructed in Proposition [3.2.22]and (ii) is the content
of Proposition [3.2.23] More precisely, to prove (ii), we work locally on X in order to reduce to the

case where C N Y is connected, and then apply Proposition|3.2.23 O
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Proposition 3.2.30. Let X be a regularly stratified finite type S -scheme, and let Cy > C; be strata
of X. Denote by E C Nx(Cy) the largest stratum of Nx(Co) laying over C, ¢ Co. Modulo the
identification Nx(Cy) = Nny(c,(E) provided by Lemma @ there are natural transformations
of right-lax symmetric monoidal functors

Tcl — Y’E o TCO and (f’cl — ‘TJE ) ‘T’Co_ (3.27)

Proof. We only treat the quasi-unipotent case. Replacing X with the relevant connected compo-
nent, we may assume that X is connected. We will use the description of the quasi-unipotent
monodromic specialisation given in Remark [3.2.20] Consider the following commutative diagram

X X Ty(Cy) == Dfx(Co) +—— Nx(Co) —— Nx(Co) X T, (C1)

S

X —— X X T3(C1) —— Dfx(C:) +— Dfxic;,(C1) === Dfnyc(E) (3.28)

o [

Nx(C1) === Nnycy)(E).

(See Lemma [3.1.17]) We denote by
¢+ H(X X Ty(Co)qunyx = H(X), ¢y 2 H(X X Tx(C1))qunx = H(X)
and ¢" : H(Nx(Cp) X T%O(Cl))qun/Nx(Co) — H(Nx(Cp))

the functors given by M +— 1*(M) on relative quasi-unipotent objects, and then denote by ¢°, ¢!
and ¢. their respective right adjoints.

Now, recall that (Iv’cl is given by the composite operation i} o j; o ¢! ~ i*ot* o j; , o ¢}. Inserting
the unit morphism id — j, o j*, we obtain the natural transformation

\?Cl —i'o ]* o ]* ot o jl,* o ¢l (329)

We make the following claim.

Claim (). The image of j* o t* o j; , o ¢! is contained in #(Nx(Cy) X T% (C1))qun/Ny(Co)-
0
Assuming this claim, we can complete the proof as follows. Consider the natural transformations
o * : 1
~ loos’ o]l’*o¢>*
— iaojo’*os*O(ﬁi
H

o . 0 _ W
l() © Jo,« © ¢* - \IJC()'

¢*oj ot oji.od;

By adjunction, we obtain a natural transformation
Jrottoj.o0 ¢i — ¢, 0 \T’CO- (3.30)

Combining this with (3.29) and using that ¥z = i* o j, o ., we obtain the desired natural transfor-
mation. To finish the proof, it remains to justify the claim (x).
It will be convenient to use the splitting Tx(C,) =~ Tx(Cp) X Txc,(C1) and the isomorphism

DIx(C1) X1y, 1) Txic,(C1) = Dfx(Co) X Ty, (C1)
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even though they are not functorial in morphisms of regularly stratified schemes. (One way to see
the latter isomorphism, is to use Remark [3.1.12]) We have a commutative diagram with cartesian
squares

Jo io

X X Ty(Co) Dfx(Co) Nx(Co)

S .

X X T{(Co) X T, (C1) —— DEx(Co) X T} (C1) —— Nx(Cp) X T, (C1)

| [ b

X X T;(Cl) DfX(Cl) DfX|C()(C1)9

where the middle line is obtained from the bottom line by base change along the open immersion
T%,c,(C1) = Txic,(C1). Noticing that ¢(-) = ¢'(-) w Urs,, (cy)» We obtain natural equivalences
0

Jroijoji.ogl = ifoji og,
< ° 0
iy o, 0 (¢*(—) by UT;CO(C.))

. . O
i © jo,« 0 P, (—)® UT;‘CO(CI)
¢, 005 0 jo,. 0 ¢,

1

1

IR

This proves the claim (x) and more. Indeed, it proves that the natural transformation (3.30) was
actually an equivalence. m|

Remark 3.2.31. The natural transformations in (3.27) fail to be equivalences in general. However,
inspecting the proof of Proposition [3.2.30] we obtain the following criterion. Given an object
M e #(X), the morphism

Yo, (M) = P oPe, (M) (tesp. Ve, (M) — T o Te,(M))

is an equivalence if the unit morphism id — j, j* is invertible on the object 7* o j; . o ¢1"" (M) (resp.
t* o ji.. 0 ¢"™(M)). Indeed, as mentioned above, the natural transformation (3.30)) is an equivalence.

Before going further, we prove two lemmas, which are actually valid for an arbitrary base
scheme § (always quasi-compact and quasi-separated). The second one shows the existence of
a good notion of relative quasi-unipotent objects over torsors under split tori.

Lemma 3.2.32. Assume that #® is étale local in the sense of Definition[2.1.7) Let f : Y — X be a
finite surjective morphism in Schg. Then #((X) is generated under colimits by the image of f..

Proof. Denote by f, : C.(Y/X) — X the Cech nerve of f. It is enough to show that for every
M e #(X), the obvious morphism
colim f, \fiM — M (3.31)
[n]eA
is an equivalence. It is enough to check this after applying s', for a family (s,), of locally closed
immersions s, : Z, — X whose images form a partition of X. We may find such a family with

the property that the morphisms Y Xy Z, — Z, are étale up to universal homeomorphisms. Using

the proper base change theorem applied to the f,’s, semi-separatedness (Corollary [2.1.15)) and the
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commutation of the functors s' with colimits, we can reduce to the case where f is finite étale.
Then, the morphism in (3.31)) can be written as

cﬂ%ﬂ@ﬂﬂX»@MkeM
nle

where 6 : Smy — #((X) is the functor provided by Proposition This finishes the proof. O

Lemma 3.2.33. Assume that #® is étale local in the sense of Definition[2.1.7) Let T be a split torus
and let E — X be a T-torsor over X € Schg. There is a unique full sub-co-category #(E)qun/x
with the following property. For any open U C X and any trivialisation e : T X U — E over U, the
functor e* takes H(E)qun/x to H (T X U)qunju while ey takes F(T X U)qunju to H(E)qun/x-

Proof. Unicity is clear. To prove existence, we need to show that the full sub-co-category of #(E)
generated under colimits by objects of the form ey(M), with e as in the statement and M quasi-
unipotent, satisfies the requirement for the inverse image functors. This would follow if we know
that #(T X U)qunju is preserved by functors of the form 7, where a : U — T is a U-point of T
andt, : T xU — T x U is translation by a. Let g : T X U — U be the obvious projection.
We need to show that 7} (e, X id).q"M belongs to H(T X U)qunju, for r € N* and M € #(U). Let
U =UXu71. T,and denote by f : U" — U and a’ : U’ — T the obvious projections. There is a
commutative square in Schg:

TXU —<5TxU

lerxf lerxf

TxU—“5TxU.

Moreover, by Lemma [3.2.32] we may assume that M = f.M’ for some M’ € #(U’). In this case,
denoting by ¢’ : T x U’ — U’ the obvious projection, we have equivalences

t(e, X1d).g"M t(e, X 1d).q" f. M’

~ fi(e, xid),(id X f).q""M’

~ (e, X )q"M’

=~ (e, X g "M

= (e X g™ M

~ (e, x1d).(id X f).q" M’

~ (e, xid).q"f.M'.
Clearly, (e, x 1d).g" f.M’ is quasi-unipotent as needed. O
Remark 3.2.34. The analog of Lemma [3.2.33] for unipotent objects is true for obvious reasons and
without assuming that #® is étale local. Indeed, given a T-torsor p : E — X, we may simply

define #(E),y,x to be the full sub-co-category generated under colimits by the image of the inverse
image functor p* : #(X) — #H(E).

A version of the next result was proven in [[S21, Theorems 4.1.1 & 4.2.1] for MSh,;s(—). Our
argument is easier but relies on étale descent which is not available in the context of loc. cit.
Proposition 3.2.35. Assume that #® is étale local in the sense of Definition Let X be a
regularly stratified finite type S -scheme and C C X a stratum.

(i) For any M € #(X°), the object lAIV’%(M) € #(NY(C)) is quasi-unipotent relative to C. Thus,
there is an induced functor

Vet F(X°) = FHNZ(C)gunyc-
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(ii) Let T be a maximal split torus-embedding with central stratum or. Let f : X — T
be a morphism of stratified S-schemes sending C to or and inducing an isomorphism
Tx(C) = T. Then f determines a section sy . C — N5/(C), and there is an equivalence

55 0 Pe(=) = ¥p(-)le
between right-lax symmetric monoidal functors from #(X°) to #(C).

Moreover, the obvious analogs of (i) and (ii) for the functor Y’ﬁj hold true, even without assuming
that #® is étale local.

Proof. As usual, we only discuss the quasi-unipotent case. Without loss of generality, we may
assume that X is connected and that C is a closed stratum. (The second condition implies that
N} (C) = NE((C).) Both properties (i) and (ii) are local on C, so we may assume that we are given
a morphism f : X — T as in (i1). We will prove (i) and (ii) simultaneously in this situation.
Fix an identification T = Spec(Z[t,...,t,]). There is a diagonal embedding T — Df;(o7)

given by the algebra homomorphism

h |, ,

TN A 4 Zt1, ... t,

ti " 1 — Z[t ]
sending 7; and 7] to #;. One immediately sees that the composition of

Dfx(C) Xptyory T — DIx(C) = X

is an isomorphism. Moreover, the induced map X — Dfx(C) factors through ngf(C). This gives a
commutative diagram with cartesian squares

X° X

}, I“ lv (3.32)

X° X T3(C) —— DEL(C) +—— N2(C).

The section s¢ in the statement is the morphism s”. There is an obvious natural transformation
s//* o l* o J* — l-l* o j/* o S/*. (333)

To prove (1), we need to show that i* o j, takes the objects M ® UT;(C), for M € #((X°), to objects in
FH(NS(C))qunjc- To prove (ii), we need to show that the natural transformation in (3.33)) induces an
equivalence on the same type of objects M ® Ur: ). It is more general to show these two properties
for all the objects in #(X° X T5(C))qun/x-» and this is what we will do.

Recall that th)’((C) — X is a torsor under T3(C). The middle vertical arrow in the diagram
(3:32) induces a trivialisation Df}(C) =~ X x T(C). Thus, the diagram in (3:32) is isomorphic to
the following one

X° C

ly l1 lv' (3.34)

X° X TS(C) 2% X x T3(C) <2 € x T2(C)

with 1, 1" and 1” given by the unit sections. Note that the isomorphism between the diagrams
(3.32) and (3.34) is not the identity on X X T5(C), but the induced isomorphism respects the sub-

oco-category #t(X° X T5(C))qun/x- by Lemma [3.2.33| Thus, we are finally reduced to showing that
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the functor (i’ xid)" o (j* xid). takes #H(X° X T(C))qun/x- to #(C X T3(C))qun/c and that the natural
transformation

lll*o(llxld)*o(]/xld)* N i/*oj;O 1/

is an equivalence on the objects of #H(X° X T3(C))qun/x-- It suffices to do so for the objects of the
form M = e, .1, for M € #(X°) and r € N*. This follows from the equivalence

(@ xid)"(j xid).(M e, 1) ~i"j (M) Re, .1,
which follows easily from the projection formula and the base change theorems. O

Notation 3.2.36. Let X be a regularly stratified finite type S-scheme and C C X a stratum. We
define the functor y¢ : #(X°) — #(C) by the formula yo = i* o j., with j : X° — X and
i:C - X.

Proposition 3.2.37. Assume that #® is étale local in the sense of Definition Let X be a
regularly stratified finite type S -scheme and C C X a stratum. We denote by q : N3(C) — C the
obvious projection. Then, there is a natural equivalence of right-lax symmetric monoidal functors

Xc = q. o ¥e.
Moreover, the same is true for the functor Y2, even without assuming that #® is étale local.

Proof. We only treat the quasi-unipotent case. Consider the commutative diagram with cartesian
squares

X° X T2(C) —— DfY(C) +— N2(C)
| |

There is a natural transformation

gsoi" o j.—1i"0j 0q.=xcoq. (3.35)

By Lemma ii), there is an equivalence q.(M R Ursc)) ~ M, for M € #((X°). Thus, it suffices
to show that the natural transformation in (3.35) induces an equivalence on M ® Urs ). More
generally, we will show that it induces equivalences on all objects of #(X° X T{(C))qun/x-- The
question being local on C, we may assume that there is a morphism f : X — T as in Proposi-
tion ii). In this case, the T(C)-torsor ngf(C) — X admits a trivialisation and the above
commutative diagram is equivalent to

i’ xid

X° X T3(C) 2% X x T3(C) <2 € x T3(C)
J¢ J¢ J¢
X d X ‘ C.

Using Lemma [3.2.33] we are reduced to showing that the natural transformation

g. o (i’ xid)* o (j’ X id), — i o j. 0 q., (3.36)

induces equivalences on all objects of #(X° X T4(C))qun/x-- It is enough to do so for objects of the

form M R e, .1, with M € #((X°). We conclude as in the proof of Proposition 3.2.35 O
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Notation 3.2.38. Given a commutative algebra R in #(S ), we denote by
H(—; R)® : (Schy)® — CAlg(Pr™)

the presentable Voevodsky pullback formalism sending X € Schg to the presentable symmetric
monoidal co-category #(X; R)® = Modg (#(X))®. (See Remark|1.1.21])

Lemma 3.2.39. Let g : Q — S be the structural morphism of a torsor under a split torus. Consider
the functor q. : #(Q) — #(S;q.1) sending M € #H(Q) to q.M considered as a module over the
commutative algebra q.1. Then, this functor restricts to an equivalence of co-categories

6* : %(Q)un/s ;) %(S,C]*l)

Proof. 1tis enough to show that the left adjoint functor g* : #(S; g.1) = H(Q)un;s, which is given
by M — q"M ®, 4.1 1, is fully faithful. To do so, we need to prove that the unit morphism

M — C]*(C]*M ®q*q*l 1)

is invertible, and it is enough to do so when M = N ® p.1, with N € #(S). In this case, the
above morphism is given by M ® q.q*1 — ¢.q" M, which is obviously an equivalence under the
assumption that Q is a torsor under a split torus over §. O

Notation 3.2.40. Let X be a regularly stratified finite type S-scheme and C C X a stratum. We
denote by

Xc 1 H(X®) = FH(C; xcl)
the functor sending M € #(X°) to ycM considered as a module over yc1.

Corollary 3.2.41. Assume that S is quasi-excellent, and that #H® satisfies purity. Let X be a
regularly stratified finite type S -scheme and C C X a stratum. We denote by q : N3 (C) — C the
natural projection. There a commutative square

FX?) — s H NG
ch {%L
H(C; xc1) —— F(C; 9.1)
where the bottom equivalence is induced by an equivalence of commutative algebras yc1 = g.1.

Proof. By Proposition [3.2.35] Tg takes values in #{(N%(C))un/c, and the right vertical arrow in the
square is provided by Lemma[3.2.39] By Propositions[3.2.21]and [3.2.37] there are equivalences of
commutative algebras

xel = ¢T3l = g.1.
Modulo these identifications, Proposition |3.2.37|yields a natural equivalence y¢ =~ g. o TZ O
In the remainder of this subsection, we establish a version of [Ver83|, page 353, (SP5)].

Proposition 3.2.42. Assume that #® is étale local in the sense of Definition Let X be a
regular finite type S-scheme and let Y C X be a regular closed subscheme of codimension one.

Consider the blowup B — X x Al of Y x 0 in X x Al, and lett : Y x A' — B be the inclusion of the
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strict transform of Y X A'. Denote by f : B — A! the obvious projection, and form the following
commutative diagram with cartesian squares

Y+ VY xGp—1o VY xAl Y

= l !

X2 xx G, / l o
I I

Gy — Al Lo

Then, the natural transformation
troWrop' 5> Wp0op'os' >, (3.37)

between functors from #(X) to #(Y), is an equivalence. Moreover, the same is true for the functors
Yy and Y so;, even without assuming that #°® is étale local.

Proof. We only treat the quasi-unipotent case. We need to contemplate a larger diagram than the
one in the statement, namely:

Yl Yy x Gy Y XAl y——
Ls lt,,:sxid t lo lto
XNY s X XX Gy — L B B, E+ 1 N(Y)
| S N 4
. _ ‘ q
XY x xxG, Lo XxA L Xy
| "
G, / Al U

We have denoted by E the exceptional divisor of the blowup b : B — X x A!; it contains the normal
bundle Nx(Y) whose zero section is identified with ¢o(Y). The complement of Nx(Y) in E is given
by ENX =Y, where X is identified with the strict transform of X X o in B. Thus, there is a section
: Y — E of the projection ¢ such that ENNx(Y) = 1o(Y) and E N NG(Y) = 19(Y) U 1o (Y).
The natural transformation in is an equivalence when evaluated on objects supported on
Y, i.e., of the form s.N, for N € (76 (Y ). Indeed, we have a chain of natural equivalences

foWiopos = oW ol 0p
t:_oto_’*o‘{’fotop* ~ S*OS*’

1R

where the first one follows from the compatibility of the nearby cycle functors with proper direct
image. Since #(X) is generated under extension by the images of the functors s, and u., it remains
to see that the natural transformation in is an equivalence when evaluated on objects of the
form u.M, for M € #H(X \Y).

We claim that the natural transformation

g.os"o¥op ou, —»g,ov,ovioso¥,op ou, (3.38)
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is an equivalence. Indeed, using the proper base change theorem and the compatibility of the
nearby cycle functors with proper direct image, we have a chain of natural equivalences

g,os*oW¥sop'ou, =~ s*ob,,o¥;op ou,
~ stoW¥opiou =5 ou,.

(3.39)

On the other hand, the subscheme Df&(Y) C B is an open neighbourhood of N§(Y). (We assume
that X and Y are connected and we endow X with the stratification whose strata are Y and X\ Y.) It
follows that the composite functor v*os*o¥ ;o p*ou, is equivalent to the monodromic specialisation
functor \?y s H(XNY) = F(NY(Y)) as in Remark|3.2.19, Using Proposition we then obtain
a chain of natural equivalences

g,ovi,oviostoWroprou, = q*ov~*o§*o‘Pf<zp*ou* (3.40)
~ q. oYWy =yxy=s" ou.
It is easy to see that, modulo the chains of equivalences in (3.39) and (3.40), the natural transfor-
mation in is the identity of s* o u,. This proves our claim.
For every P € #(N}(Y)), the cofibre of P — v,v*P is supported on ¢y(Y) Ll too(Y). It follows
that g, P — ¢,v.v*P is an equivalence if and only if P — v,v*P is an equivalence. Combining this
observation with the claim we just proved, we deduce the natural equivalence

Fo‘}’fop*ou*;v*ov*OS**O‘I’fOp*ou*. (3.41)

By Proposition [3.2.35(1), the composite functor v* o s* o ¥ o p* o u,, which is equivalent to Yy,
takes values in #O(N5/(Y))qun/v. Using Lemma [3.2.43| below, we thus obtain the following chain of
equivalences

t,oWsop ou, ~ tyos o¥ropou,
(3.41)

Lem.

tyovioviostoWrop*ou,

q*ov*og*o‘l’fop*ou*

Prop. 3.2.37] .
= Xy = 8" ou,.

We leave it to the reader to check that the above composite equivalence coincides with the natural

transformation in (3.37/)) applied to u.. O

Lemma 3.2.43. Let T be a maximal split torus-embedding with central stratum or. Consider the
commutative diagram

T°—5T+——o07
\lp/
q
S.

Then the composite natural transformation
g« = p.ov, > p.or,olov, =" ov, (3.42)
is an equivalence when restricted to H(T°)qun/s-

Proof. We need to show that (3.42)) is an equivalence when evaluated at objects of the form e, .g* M,
for M € #(S). Using the existence of a finite endomorphism e, of T extending e,, we reduce easily
to the case r = 1, i.e., to showing that (3.42)) is an equivalence when evaluated at objects of the
form ¢g*M. Using induction on the relative dimension of T, we may further assume that 7 = A!

and T° = Gy,. This case is easy and standard; for an argument see [Ayo(07b, page 76]. O
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Theorem 3.2.44. Assume that #® is étale local in the sense of Definition[2.1.7} Let X be a regularly
stratified finite type S-scheme, and let C < D be strata of X. Denote by Y = D the closure of D
endowed with the stratification induced from the one of X. Let X' be the regularly stratified finite
type S -scheme having the same underlying S -scheme as X and whose irreducible constructible
divisors are the irreducible constructible divisors of X disjoint from D. Let C’ be the stratum of X’
containing C. Denote by v : Y — X' = X, w : Ny(C) = Nx.(C"), and w : Ny(C) — Nx(C) the
obvious inclusions. Then, there is a natural equivalence w'* o \?X”C/ ~ w* o q’x,c which is part of
a commutative triangle

W/* [0} \I’X/,C’ W>k (¢] lI’X’C

m @ (3.43)

\PY,C oV,

Moreover, the same is true for the functor Y¢, even without assuming that #® is étale local.

Proof. We only consider the quasi-unipotent case. There is a morphism of regularly stratified S -
schemes X — X’ given by the identity on the underlying S -schemes. By Proposition this
gives rise to a natural transformation g* o‘T’X,,C/ — ‘T’X,C where g : Nx(C) — Ny (C’) is the induced
morphism. Applying w* and using that g o w = w’, we deduce the natural transformation

w* oWy o = w' oWy ¢ (3.44)

The commutativity of the triangle in (3.43) is a direct but tedious consequence of the constructions.
Thus, we only discuss the proof that the natural transformation in (3.44)) is an equivalence.

Let E be a stratum of X such that C < E < D, and let X" the be the regularly stratified finite type
S -scheme having the same underlying S -scheme as X and whose irreducible constructible divisors
are the irreducible constructible divisors of X disjoint from E. There are morphisms of regularly
stratified S-schemes X — X’ — X" given by the identity on the underlying S -schemes. Let C”
be the stratum of X" containing C’ and let E’ be the stratum of X’ containing E. Let Z = E and
7' = E’ be the closure of E and E’ in X. It follows readily from Remark that we have a
commutative diagram of natural transformations

\PX”,C”(_)|NZ/(C’)|NZ(C) — \PX’,C’(_)|NZ/(C’)|NZ(C) = \PX’,C’(_)lNy(C)|NZ(C) — lI’X,C(_)lNy(C)|Nz(C)

\PX”,C”(_)lNz(C) TX,C(_)lNZ(C)-

Thus, to treat the case of the triple (X, C, E), it is enough to treat the case of the triples (X, C, D) and
(X’,C’, E"). Thus, using induction on the codimension of D, we see that it is enough to treat the
case where D has codimension one. (Note that the case where D is an open stratum is obvious.)
In the remainder of the proof, we assume that D has codimension one in X. Recall that we have
set Y = D and that C" is the stratum of X’ containing C. Note that C has codimension one in C’ and
C = Y NC’ (possibly after replacmg X with an open neighbourhood of C). We set Y = Dfy(C) and
X = Df ¥ (C"), so that Y=X Xx Y. Assuming that X is connected and cons1der1ng X as stratified by
Y and X \ Y, we have an isomorphism D X(Y ) = Dfx(C) sending ng(Y ) = Y xA! isomorphically
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to Df2(C). Consider the following commutative diagram

Y X TS(C) X G, - X X T$,(C") X G,
7 J
Dfy(C) X Gy == X Gy, —— X X Gy, === Dfy(C') X Gy,
j~ e | j~ (3.45)
DfY(C) =——=7Y x A' —— Dfy(¥) === Dfx(C)
Ny(C) =——=—=Ny(C) —— Nx(C) =——=Nx(O).

Using that i* o j/(N ® Ug,,) = Nlny) forall N € # (17 ), we deduce a natural equivalence
w*o ‘?X/,C' ~i"oj oviojo(—-& UT;,(C/) R Ug, ).

On the other hand, Proposition [3.2.42] implies that the exchange morphism v* o j/ — j/ o V",
associated to the square (%), is an equivalence when evaluated at objects of the form M ® U, for
all M € #((X). (Indeed, recall that Df(Y) is an open neighbourhood of N(Y) in the blowup of
Y X 0in X x A'.) Thus, we have equivalences
w* o (i’xr,c/ ~ ("o ‘];’ ov*o ]; o (— X uT;/(C/) X qu)
~ "oviojlojo(-® UT;,(C') R Ug,)
wioito jloj o(=8Ur, )R Ug,)
= w'o¥xc.
This finishes the proof. O
The following is a version of [Ver83|, page 353, (SP5)].

Corollary 3.2.45. Assume that #H® is étale local in the sense of Definition Let X be a
regularly stratified finite type S -scheme, and let C be a stratum of X. Denote by s : C — X the
obvious inclusion and by 7 : C — Nx(C) the zero section. Then, there is a natural equivalence

Z* e} \AI}C = S*.
Moreover, the same is true for the functor Y, even without assuming that #® is étale local.
Proof. This follows from Theorem [3.2.44] by taking D = C. O

Remark 3.2.46. The situation considered in Corollary seems much more restrictive than the
one considered in [Ver83, page 353, (SP5)]. In fact, the contrary is true: we can use Corollary
[3.2.45| to obtain a generalisation of [Ver83, page 353, (SP5)]. Indeed, with the assumptions and
notations as in Corollary let f : Y — X be any morphism in Schg. There is a Voevodsky
pullback formalism

FH(—xx Y)® : Schy — CAlg(CATY),
and all the constructions discussed in this subsection can be executed in #(— Xx Y)® instead of #¢®.

Moreover, all of the results proven in this subsection continue to holds, with the exception of those
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using purity (i.e., Propositions [3.2.17] and [3.2.21] and Corollary [3.2.41). In particular, we obtain
monodromic specialisation functors

Yico Pro: H(Y) — FH(Y xx Nx(O)).

In this situation, Corollary [3.2.45|implies the following: for every N € #(Y), we have an equiva-
lence W¢ ¢ (N)lyxyc = Nlyxyc, and similarly for T, c.

3.3. Logarithmicity and tameness, I. The dualizable case.

We introduce here the notions of logarithmicity and tameness at the boundary of a regularly
stratified scheme. Throughout the subsection, we fix a quasi-excellent base scheme S and a Vo-
evodsky pullback formalism

F€® : (Schg)® — CAlg(CATY)

which we assume to be strongly presentable in the sense of Definition [[.1.23]and to satisfy purity
in the sense of Definition [3.2.16] Starting from Proposition [3.3.28| we will often assume that #®
is furthermore étale local in the sense of Definition 2.1.71

Lemma 3.3.1. Let C® and D® be symmetric monoidal oo-categories, and let f : C® — D® be a
symmetric monoidal functor admitting a right adjoint g. Let f : Mod,1)(C) — D be the functor
sending a g(1)-module A to the object f(A) ®r,a) 1, and let g be the right adjoint of f. Then, the
following properties hold.
(i) The functor f : Mod,1)(C) — D, restricted the full sub-co-category of Mody1y(C) spanned
by the dualizable objects, is fully faithful.
(ii) If N € Modyy(C) is dualizable, then the unit morphism N — g o f (N) is an equivalence.

Proof. Given two g(1)-modules M and N, with N dualizable, we need to show that the map
Mapygoq, ey (M: N) = Maps, (F(M), f(N))

is an equivalence. Since the functor f * is monoidal, we may replace M with M ®,q) N, and reduce
to the case where N = g(1). Said differently, it is enough to show that the map

Mapyoq., & (M; g(1)) = Map,, (f(M), 1)

is an equivalence. This is clear since the right adjoint of f takes 1 to the object g(1) considered as
a module over itself. O

Notation 3.3.2. Let C® be a symmetric monoidal co-category and M € C a dualizable object. We
denote by (M)® the full monoidal sub-co-category of C® generated by M and its dual.

Proposition 3.3.3. Let X be a regularly stratified finite type S -scheme, and let j : X° — X be the
obvious inclusion. For a dualizable object M € #((X°), the following conditions are equivalent.

(i) The restriction of the right-lax symmetric monoidal functor Té t H(X°)® = H(NL(C))® to
(M)® is monoidal for every stratum C C X.
(ii) The restriction of the right-lax symmetric monoidal functor yc : H(X°)® — #H(C; xc1)® to
(M)® is monoidal for every stratum C C X.
(iii) The j.1-module j.M is dualizable as an object of #(X; j.1).
(iv) There is a dualizable object N in #(X; j.1) such that M ~ j*(N).
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Proof. The equivalence between (i) and (ii) follows immediately from Corollary[3.2.41] The equiv-
alence between (ii1) and (iv) follows readily from Lemma|3.3.1{applied to the symmetric monoidal
functor j*. We will prove the proposition by showing the implications (ii) = (iii) and (iv) = (ii).
We split the proof in two parts.

Part 1. We assume that M satisfies property (ii) and show that the j.1-module j.M is dualizable.
For this, it is enough to check that the obvious morphism

J+M ®;,1 Hom; 1(j.M, j.1) — Hom; 1(j. M, j.M)

is an equivalence. (Here, we write Hom | 1(—, —) for the internal Hom bifunctor in the co-category of
j.1-modules.) Using the adjunction (j*, j.), deduced from the adjunction (j*, j,) as in the statement
of Lemma @ we obtain a natural equivalence Hom; 1(j. M, j.(=)) = j.Hom(M, —). Thus, the
above morphism can be rewritten as follows

]*M ®j*l J*Hom(M» 1) - ]xHom(M, M)
Since M is dualizable, we may rewrite again this morphism as
M@ M > j(Me M),

where MV is the dual of M. By the localisation property, it is enough to show that the above
morphism becomes an equivalence after restriction to each stratum C C X. But, restricting to C
yields the obvious morphism

Xc(M)®ye1 Xc(MY) = xc(M@ M)

which is indeed an equivalence by (i1).

Part 2. Assume that property (iv) is satisfied. By Lemma [3.3.1} the functor j* induces an equiv-
alence of symmetric monoidal co-categories (N)® ~ (M)® with inverse given by E +— j.(E). It
follows that right-lax symmetric monoidal functor y ¢l 1s the composition of

(M)® = (N)® — FH(X: j.1)° = H(C:xcD),

where (¢ : C — X is the obvious inclusion. Since the functor ¢/ is monoidal, the same is true for
the functor y¢|uye. This finishes the proof of the proposition. O

Definition 3.3.4. Let X be a regularly stratified finite type S-scheme. A dualizable object M €
#(X°) is said to be logarithmic at the boundary of X, or simply logarithmic, if it satisfies the
equivalent conditions of Proposition We denote by #t1,o(X°/X)? the full sub-co-category
of #((X°) spanned by the logarithmic dualizable objects. We also denote by #{1,,(X°/X) the full
sub-co-category of #((X°) generated under colimits by #,,(X°/X)®. Objects of Fj,,(X°/X) will
be called logarithmic ind-dualizable.

Remark 3.3.5. Let X be a regularly stratified finite type S-scheme, and let j : X° — X be the
obvious inclusion. If M € #(X) is dualizable, then j*M is logarithmic at the boundary of X.
Indeed, condition (iv) of Proposition [3.3.3]is clearly satisfied: M ® j.1 is a dualizable j.1-module
and j*(M®j.1) ~ j*M. It follows from Lemma[3.3.T| (see also Proposition[3.3.7|below) that j, j*M
is equivalent to M ® j, 1. This furnishes equivalences

xXc(G'M)=Mlc®xcl  and  Te(j"M) = Mg

for every stratum C C X. By Proposition [3.3.16] below, we also have W¢.(j*M) = M|x;c)-
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Remark 3.3.6. If #® is compactly generated, then #j,,(X°/X)® is the full sub-co-category of
H10g(X°/X) spanned by compact objects. (Indeed, the unit object of #(X°) is then compact, which
implies the same for all the dualizable objects of #(X°).) Thus, in this case, it makes sense to write
FHog(X°/X)® instead of FHj,(X°/X)7.

Proposition 3.3.7. Let X be a regularly stratified finite type S -scheme, and let j : X° — X be the
obvious inclusion. Then, there is a fully faithful symmetric monoidal embedding

J 1 Hog(X°/X)® — H(X; ji1)
sending a logarithmic ind-dualizable object M to the j.1-module j.M.
Proof. This follows immediately from Proposition [3.3.3] ]

Proposition 3.3.8. Let X be a regularly stratified finite type S -scheme and C C X a stratum. There
is a symmetric monoidal functor Y. : Hioe(X°/X)® — FH(NZ(C))®.

Proof. This follows immediately from Proposition [3.3.3] m|

Proposition 3.3.9. Let X and Y be regularly stratified finite type S-schemes. Let f : Y — X be a
morphism of stratified S -schemes sending open strata to open strata.
(i) The functor f>* : H(X°) — H(Y°) takes <7€10g(X°/X)(w) to (7€1Og(Y°/Y)(w).
(ii) Let D C Y be a stratum. Set C = f.(D) and denote by g : Ny(D) — Nx(C) the induced
morphism. Then, the natural morphism (see Proposition[3.2.22))

g" o Te(M) = T o f" (M)
is an equivalence for every M € t,,,(X°/X).
Proof. To prove (i), we check that f>* preserves property (iv) of Proposition [3.3.3] Denote by
Jx : X° = X and jy : Y° < Y the obvious inclusions. If M € #(X°) is equivalent to ji N, with N
a dualizable jx .1-module, then f*M is equivalent to j3,(f*N ®;j, .1 jy,«1) and the jy.1-module
S*N ®;j, .1 jy,«11s dualizable, as needed.
The above argument proves also that, for M € #t,,,(X°/X)?, the morphism of jy .1-modules
Fix M ®pjy 1 jydl = jyr.f "M (3.46)

is an equivalence. Let gy : D — C be the obvious morphism. Restricting the morphism to
the stratum D, we deduce that the natural morphism

goXc(M) B vl xpl = xp(f>*M) (3.47)
is an equivalence. Modulo the equivalence of co-categories #(N},(D))un/p = #(D; xpl) provided
by Corollary the morphism in coincides with the morphism in (ii). m|

Proposition 3.3.10. Let X be a regularly stratified finite type S -scheme and let (e; : X; = X)ies
be a Nisnevich cover of X. Endow the X;’s with the stratifications induced from the one on X by
pullback (i.e., a stratum in X; is a connected component of the inverse image of a stratum in X).
Let M € #(X°) be a dualizable object. Then, M is logarithmic at the boundary of X if "M is
logarithmic at the boundary of X; for everyi € I.

Proof. We check that M satisfies property (i) of Proposition [3.3.3] Without loss of generality,
we may assume that / is a singleton, i.e., that we are given an étale morphism e : X' — X

which is a Nisnevich cover. Given a stratum C in X, let C,’s be the connected components of
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e~ !(C). Then the family (C, — C), is a Nisnevich cover Bf C .NThe same is true for the family
(eq : N3, (Cp) = N(C)),. It thus suffices to show that e}, o Y7 ~ Te oe”” is symmetric monoidal
when restricted to (M)® which follows from the analogous property for Y'Oca and (e**M)®. O

Remark 3.3.11. If #? is étale local in the sense of Definition then the conclusion of Propo-
sition [3.3.10] holds more generally for étale covers of X. Indeed, with the notation of the above
proof, the family (e, : N§,(C,) — N3}(C)), is an €tale cover which implies that the functors e, are
jointly conservative (by Lemma [2.1.8]).

Lemma 3.3.12. Let X be a regularly stratified finite type S -scheme, and let j : X° — X be the
obvious inclusion. Let M and M’ be objects in #(X°), and assume that M is logarithmic ind-
dualizable. Then the natural morphism

J«(M) ®j1 ju(M') = j (M M)
is an equivalence.

Proof. We may assume that M is logarithmic dualizable. Let M" be the dual of M, so that j.(M")
is the dual of j.(M) viewed as a j,.1-module. Then, we have natural equivalences

Jo(M) ®;,1 j(M') = Hom; 1(j.(M"), j.(M")) = j.Hom(M", M) = j.(M ®& M").
This proves the lemma. O

Proposition 3.3.13. Let X be a regularly stratified finite type S -scheme, and let Y C X be a regular
constructible locally closed subscheme which we endow with the stratification induced from the
one on X. Denote byi:Y — X, jxy : X° = X and jy : Y° — Y the obvious inclusions.

(i) Let N € #H(X; jx..1) be a dualizable jx .1-module. Then i*(N) is naturally a dualizable
Jv.«1-module. In particular, the functor j}, o i* o jy . takes Hiog(X°/X)™ to Hyoe(Y° | Y)™.

(ii) The natural transformation i* o jx. — jy. o jy o i" o jx. is invertible when restricted to
the sub-co-category #,,(X°/X) C H(X°).

Proof. Part (ii) follows from part (i) using that jy . takes a logarithmic dualizable object to a dual-
izable jy .1-module. Thus, we only need to prove (i).

Since i* is monoidal, we see that i*(/N) is dualizable as a i* jx .1-module. By [Lurl7, Proposition
4.6.4.4], it is enough to prove that i* jx .1 is a commutative jy .1-algebra whose underlying jy .1-
module is dualizable. Using [Ayo07b, Théoreme 3.3.10], applied to the canonical specialisation
system (in the sense of [Ayo0O7b, Exemple 3.1.4]), and that purity holds for #®, we obtain an
equivalence i* jx .1 = jy.j}(i"jx 1) showing that i* jx .1 is a commutative jy.1-algebra. On the
other hand, j}(i* jx .1) is, locally for the Zariski topology on Y°, a finite direct sum of suspended
Tate twists of 1. This implies that the jy.1-module jy. j;(i* jx,.1) is dualizable. O

Proposition 3.3.14. Let X be a regularly stratified finite type S -scheme.
(i) Let C be a stratum of X. Then the functor yc : H(X°) — H(C) takes the sub-oco-category
(7€1Og(X°/X)(w) to the sub-oo-category Wlog(C/f)(w).
(ii) Let Cy = C, be strata of X. The natural transformation xc, = Xg, ¢, °Xc, is an equivalence
when restricted to the sub-co-category #ti,,(X°/X). (We write “XG,.c,” to indicate that C,

is considered as a stratum of Cy.)

Proof. Property (i) follows from Propositionmi). In the situation considered in (ii), we denote

by j:X°—> X, jo:Cy— Copandi: C; — Cthe obvious inclusions. Let M € #,,(X°/X)” and
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set N = j.M. We need to show that N|c, — i* jo,.(Nlc,) is an equivalence. By Proposition [3.3.13]
the jo,.1-module N[z is dualizable. By Lemma i), this implies that N|z — jo .(Nlc,) is an
equivalence. Thus, we have equivalences N|¢, ~ (N |60)|C| ~ (jo.«(Nlc,))le, as needed. |

Proposition |3.3.14{ admits a variant for the functors Te.

Proposition 3.3.15. Let X be a regularly stratified finite type S -scheme and denote by u : X° — X
the obvious inclusion.

(i) Let C be a stratum of X. The functor Y° H(X°) — H(NS(C)) takes the sub-oo-category
(7€1Og(X°/X)(w> to the sub-oco-category Wlog(N (C)/NX(C))(W) Moreover, denotmg by v :
N3Y(C) — Nx(C) the obvious inclusion, the natural transformation TC ou, — Vv, 0 T" isan
equivalence when restricted to the sub-oco-category #,(X°/X). (See Remark@ )

(ii) Let Cy > C, be strata of X. Let EC NX(C0)~be tﬁe largest stratum of Nx(Cy) laying over

C, c Cy. The natural morphism ¢, ou, — Ygo Y, ou, is an equivalence when restricted
to the sub-co-category #,,(X°/X). (See Proposition|3.2.30})

Proof. Without loss of generality, we may assume that X is connected. We claim that the assign-
ment M +— TC(M*M ) defines a symmetric monoidal functor from #{1,,(X°/X)® to the co-category
H (Nx(C),v.1) of v,1-modules. This easily implies the two assertions in (i). Consider the commu-
tative diagram

X° x T3(C)
uxidl \ (3.48)
X x T3(C) —= Dfy(C) —— Ny(C).

By Proposition [3.3.9 applied to the morphism Dfx(C) — X, the dualizable object M ® 1 is log-
arithmic at the boundary of Dfx(C) for every M € #{,,(X°/X)”. Applying Lemma [3.3.12| to the
inclusion j’, we deduce an equivalence

Js(u (M) ® Lz 0) = ju(u (M) B 1) ®;,u, ymn) Jo (s (1) B L))

(Alternatively, this can be obtained by noticing that -2 ) belongs to the sub-co-category generated
under colimits by Tate twists and desuspensions of the unit object.) Applying i*, we obtain the
equivalence

Te(u.M) = i* (M & 1) &1 Teu,d). (3.49)

By Proposition [3.3.13] i*j.(M = 1) and i*j.1 are dualizable v,1-modules. For the same reason,
'I’C(u*l) = 1" j.(u,(1) B Lo ) 18 a colimit of dualizable v,1-modules. But since v Tc(u*l)
by Proposition we conclude that Yc(u,1) =~ v,1. Thus, the equivalence in (3.49) can be
rewritten as follows:

Ye(u.M) =i j(M®&1) ®;:ji1 V1.

Now, given a second logarithmic dualizable object M’ on X°, we have natural equivalences

Ye(u (M ® M) J((M M) BT & v
(l (MIZI)®IJIZ J*(Mlgl))®t *ji1 v.1
(l (M X 1) &+ it ji1 V*l) ®y,1 (l (M, X 1) ®i*jil V*l)
T M) ®,1 Tc(u.M").
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(For the second equivalence, we used the fact that j,(M @M )&r1) = j(MR1)®; j.(M' ®1)
which relies on Lemma|3.3.12]) This proves our claim and part (i) of the proposition. To prove (ii),
we use the criterion found in Remark [3.2.31] The result then follows from Proposition[3.3.13] O

Our next task is to prove a variant of Proposition [3.3.15] for the quasi-unipotent monodromic
specialisation functors and for a larger class of dualizable objects, namely those which are tame at
the boundary (see Definition [3.3.22] below). We first record the following result.

Proposition 3.3.16. Ler X be a regularly stratified finite type S -scheme and denote by u : X° — X
the obvious inclusion. Let C be a stratum of X. Then, the natural transformations 1. — V(. and
Y ou, — Ye ou, are equivalences when restricted to #og(X° / X).

Proof. Without loss of generality, we may assume that X is connected. It is enough to treat the case
of the natural transformation Y¢ o u, — ¥¢ o u,. We use the commutative diagram in (3.48) from
the proof of Proposition Fix an object M € #,,(X°/X)”. By Proposition applied to
the morphism Dfx(C) — X, the dualizable object M ® 1 is logarithmic at the boundary of Dfx(C).
Applying Lemma [3.3.12]to the inclusion j’, we deduce an equivalence

Jo(u(M) R Urs ) = ju(u(M) R 1) ®j, o, ymn) Jx (1) ® Urs ).
Applying i*, we obtain the equivalence
Pe(u.M) =i j,(M & 1) & ;1 Pe(u.1).

Comparing with (3.49), we are left to showing that the morphism f‘fc(u*l) - lAIVJC(M*I) 1s an equiv-
alence. It is enough to show that Y’C(s*l) — ‘T’C(s*l) is an equivalence when s : D — X is the
inclusion of the closure of a stratum D in X. We argue by induction on the codimension of D
in X. If D is open, the result follows from Proposition [3.2.21] If D and C are contained in the
closure Y of a nowhere dense stratum in X, we may use Proposition to replace X by Y
and conclude by induction. Thus, we may assume that D and C are transverse. In this case, we
may apply Proposition to the inclusion s : D — X’, where X’ is the S-scheme X endowed
with the stratification associated to the irreducible constructible divisors of X containing C. Using
Proposition this yields the equivalence Txf’c(s*l) o ‘T’X/,c(s*l). The result then follows by
noticing that x,c = YX,,C and ‘T’X’c = {Ile/’c. O

The following definition is of course motivated by the notion of Kummer étale morphisms in
log geometry: see [Nak97, Definition 2.1.2] and compare [Kat89| Proposition 3.4 & Theorem 3.5]
with Proposition [3.3.19| below.

Definition 3.3.17. A morphism f : Y — X of regularly stratified schemes is said to be Kummer
étale if it is of finite type, if it takes open strata to open strata and if, for every stratum D in Y laying
over a stratum C in X, the following conditions are satisfied:

(i) the induced morphism of schemes D — C is étale;

(i) the induced homomorphism f* : R3(C) — RJ(D) is injective and its cokernel is a finite

group of order invertible on D.

A family of morphisms of regularly stratified schemes (f; : ¥; — X); is said to be a Kummer étale
cover if the f;’s are Kummer étale and jointly surjective.

Remark 3.3.18. Let f : Y — X be a Kummer étale morphism of regularly stratified schemes. Let
D be a stratum of Y and C = f.(D). Then, the induced morphism Ny(_D) — Nx(C) is also Kummer

étale. Indeed, this morphism is locally isomorphic to D x Ty(D) — C X Tx(C).
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Proposition 3.3.19. Let f : Y — X be a Kummer étale morphism between regularly stratified
schemes. Let D be a stratum in Y and set C = f.(D).

(i) For every constructible irreducible divisor E of X containing C, there is a unique irre-
ducible divisor F of Y containing D and contained in f~'(E). Moreover, the homomor-
phism f* : Rx(C) — Ry(D) takes E to a multiple ng - F of F with ng invertible on D. In
particular, there are bases of the free abelian monoids Rx(C) and Ry(D) such that f* is
given by a diagonal matrix whose entries are positive integers invertible on D.

(ii) Etale locally on Y, Zariski locally on X and after replacing Y and X by neighbourhoods of
D and C in which these strata are closed, and we can find commutative squares

y—' . x

l l (3.50)
,

Ty(D) — Tx(C)

such that the vertical arrows send C and D to the central strata and induce the identity
morphisms on Ry(D) and Rx(C). Moreover, the morphism

Y- X XTx(C) Ty(D), (351)
deduced from the above square, is étale.

Proof. The statement is local on X and Y, and around C and D. Thus, we may assume that X and Y
coincide with the smallest constructible neighbourhoods of C and D respectively. If E and E’ are
distinct irreducible constructible divisors in X, then f~!(E) and f~!(E’) cannot share a common
irreducible component. Indeed, if H is a codimension one stratum of Y contained in f~'(E N E’),
then G = f.H has codimension > 2 which contradicts the property that R}(G) and R},(H) have the
same rank. On the other hand, the property that R5(C) and R},(D) have the same rank implies that
the numbers of irreducible constructible divisors in X and Y are the same. This proves part (i).

We now prove (i1). Let E4, ..., E,, be the irreducible constructible divisors of X and Fy,..., F,,
the irreducible constructible divisors of Y. We assume that f*E; = n; - F; for 1 < i < m. Working
locally for the Zariski topology on X and Y, we may assume that the E;’s and the F;’s are defined by
the vanishing of some regular functions, the a;’s and the b;’s respectively. We then have a; = u; - b?"
on Y, with i; invertible. Replacing Y by an étale cover, we may assume that each u; admits an n;-th
root v;. Replacing b; with v; - b;, we may assume that a; = b} on Y. In this case, we define the
vertical arrows of the square in (3.50) by sending t¥ to a; and t’ to b;. (See Notation )

It remains to prove that the morphism in (3.57)) is étale. The existence of a square as in (3.50)
for the stratum D implies the same for any stratum D’ > D. Therefore, it is enough to prove that
the morphism in (3:51) is étale around D. Replacing X with X[N~'] Xr,(c) Ty(D), where N be the
order of the cokernel of the homomorphism f* : R5(C) — Ry(D), we are left to showing that the
morphism f : ¥ — X is étale around D under the stronger assumption that f* : Rx(C) — Ry(D)
is an isomorphism. Since we are working locally, we may lift the morphism D — C to an étale
morphism X’ — X. Replacing Y with an open neighbourhood of D in Y Xx X', we reduce to the case
where the morphism D — C is an isomorphism and f~!(C) = D. Without loss of generality, we
may assume that X = Spec(R) and Y = Spec(P) are affine. We have a regular sequence ay,...,a,
in R generating the ideal / defining C C X. It follows that /P C P is the ideal defining D C Y.
Writing R and P for the completions of R and P at / and /P, we deduce that the morphism R— P

is an isomorphism. Since P is a finite type R-algebra and since R — R and P — P are flat, we
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deduce that P is flat over R (possibly after inverting an element in P which is invertible modulo
IP). Said differently, we may assume that f : ¥ — X is flat. Since R/I ~ P/IP, we see that f is
also unramified at D, and hence f is étale in the neighbourhood of D as needed. O

Corollary 3.3.20. Let X be a regularly stratified scheme.

e for every stratum C C X, choose a family (Uc ;)ie1. of Zariski open subschemes such that
the C N Ug,;’s are nonempty and C C | J;¢;. Uc,i-

e For every startum C C X and every i € Ic, choose a morphism of regularly stratified
schemes Uc,; — Tx(C) inducing the obvious isomorphism Ty, (C N Uc,;) = Tx(C).

e For every startum C C X and every i € I¢, choose a positive integer nc,; invertible on U¢
and set U&‘,i = Uc,i X14(C),nc; Tx(C). (Here, we simply write n : Tx(C) — Tx(C) for the
endomorphism given by raising to the power n.)

e For every startum C C X and every i € I¢, choose an étale cover (V¢ ; j — U/C’l.)jejc‘i.

Then the family (Vc,i j — X)ccex,ieic, jeic; 15 a Kummer étale cover of X. Moreover, every Kummer
étale cover of X can be refined by one obtained by this procedure.

Proof. This is an easy consequence of Proposition|3.3.19 i

Proposition 3.3.21. Let f : Y — X be a morphism of regularly stratified schemes. Let (X; = X)ic;
be a Kummer étale cover of X. Then, there is a Kummer étale cover (Y; — Y); refining the family
(Y xx X; = Y).. In particular, the category of regularly stratified schemes admits a Grothendieck
topology whose covering sieves are those containing a Kummer étale cover. This topology will be
called the Kummer étale topology.

Proof. We may assume that X and Y are connected. First, we treat the case where f sends the open
stratum of Y to the open stratum of X. Using Corollary [3.3.20] it is enough to show that for every
stratum C of X, every morphism of regularly stratified schemes X — Ty(C) inducing the identity
of Rx(C) and every positive integer n invertible on X, we can find a commutative square

Y —Y

|,

Tx(C) —— Tx(C)

such that Y” — Y is Kummer étale and the induced morphism Y" — Y Xr1,).., Tx(C) is surjective.
Let Ey, ..., E, be the irreducible constructible divisors of X containing C and let Fy,..., F, be the
irreducible constructible divisors of Y. Working locally on Y, we may choose a generator b; of the
ideal defining F;. The image of t¥ by the morphism O(Tx(C)) — O(Y) can be written uniquely

asv; - bi"i . -b;‘“, where v; is invertible and the s;;’s are nonnegative integers. Define
Oylwy,...,w,,C1,...,C4l
Y = Spec( . I —
(Wl — Vi, 9Wp_vp9cl _bb”' acq_bq)
and let Y’ — Tx(C) be the morphism corresponding to the assignment t& — w; - cfl”' e c;q‘i for

1 <i < m. Since n is invertible on Y, the morphism Y’ — Y is Kummer étale. Moreover, the
induced morphism Y" — Y Xr,(c)., Tx(C) is finite and dominant, and hence surjective as needed.

To conclude, it remains to treat the case where f is the inclusion ¥ = D < X of the closure
of a stratum D in X. This case follows from the following observation: if X’ — X is a Kummer
étale morphism, then (Y Xy X")..q — Y is also Kummer étale. This can be checked easily using

Proposition [3.3.19] ]
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Definition 3.3.22. Let X be a regularly stratified finite type S-scheme. A dualizable object M €
#(X°) is said to be tame at the boundary of X, or simply tame, if there exists a Kummer étale cover
(fi : Yi = X)ier such that f>"M is logarithmic at the boundary of Y; for all i € . We denote by
Hm(X°/X)7 the full sub-co-category of #(X°) spanned by the tame dualizable objects. We also
denote by #;,,(X°/X) the full sub-co-category of #(X°) generated under colimits by #;,,(X°/X)®.
Objects of #,(X°/X) will be called tame ind-dualizable.

Remark 3.3.23. Clearly, we have an inclusion #,,(X°/X)™ C Hn(X°/X)™. If #® is compactly
generated, then #€,,,(X°/X)? is the full sub-co-category of #,,,(X°/X) spanned by compact objects.
Thus, in this case, it makes sense to write #,,(X°/X)® instead of #,(X°/X)®.

Remark 3.3.24. Assume that #® is étale local in the sense of Definition By Remark[3.3.11]
to decide if a dualizable object M € #(X°/X) is tame, it is enough to use Kummer étale covers of
the form (U ; — X)ccx, el as in Corollary@ Moreover, the condition that M is dualizable in
Definition [3.3.22] becomes superfluous: an object M € #(X°) belongs to H,(X°/X)” if there is a
Kummer étale cover (f; : Y; = X);e; such that fl."’*M € o (Y7 /Y;). Said differently, this condition
implies that M is dualizable. Indeed, since the f;°’s are €tale and jointly surjective, the symmetric
monoidal functors f* commute with internal Homs and are jointly conservative.

Proposition 3.3.25. Let X be a regularly stratified finite type S -scheme. Then the sub-oco-category
FHn(X° /1 X) @ C H(X°) is closed under tensor product.

Proof. This is a direct consequence of the fact that logarithmic dualizable objects are stable under
tensor product and inverse image (by Proposition[3.3.9). ]

Proposition 3.3.26. Let X and Y be regularly stratified finite type S -schemes. Let f : Y — X be
a morphism of stratified S -schemes sending an open stratum to an open stratum. Then the functor
For L H(X°) — H(Y°) takes Hyn(X° | X) @ to Hyy(Y°]Y)@.

Proof. This is a direct consequence of Propositions [3.3.9and [3.3.21] m]

The following two results enable us to reduce some questions concerning quasi-unipotent mon-
odromic specialisation functors and tame dualizable objects to the analogous questions concerning
unipotent monodromic specialisation functors and logarithmic dualizable objects. (In fact, they
hold even without the assumption that #® satisfies purity.)

Proposition 3.3.27. Let f : Y — X be a finite Kummer étale morphism of regularly stratified
finite type S-schemes. Let C be a stratum of X and let D;, for 1 < i < m, be the strata of Y
which are above C. (Said differently, the D;’s are the connected components of f~'(C).) Denote by
gi : Ny(D;) — Nx(C) the induced morphism. Then, the natural transformation

is an equivalence.

Proof. Note that f ~1(C) is a regular closed subscheme of Y. In particular, it is the disjoint union of
the D;’s. The question being local for the Nisnevich topology around C, we can easily reduce to

the situation where X and Y are connected, and f~!(C) consists a a single stratum D of Y. In this
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case, we have a commutative diagram

Y — ¥ X T5(D) —— Dfy(D) «— Ny(D)

U

X —— X X T3(C) —— Dfy(C) +— Ny(C)

where the first two squares are cartesian and the third one is cartesian up to nil-immersions. Since
a : TH(D) — T5(C) is an isogeny, we see that a*UT; (D) = UT;(C). We thus have the chain of
equivalences

Yeofi = ojio(=RUryc)ofi
=~ "o j.o(=Ralryp) o f
~ "o j.o(fXa)o(—&Urymp)
~ g.o0i"o j o(=& Uryp)
= &«©° lfI\;D

where the equivalence between the third and fourth line is a consequence of the proper base change
theorem applied to the finite morphism #. m|

Proposition 3.3.28. Assume that #® is étale local in the sense of Definition Letf:Y — X
be a Kummer étale morphism of regularly stratified finite type S-schemes. Let D be a stratum
inY and C = f.(D). Denote by g : Np(Y) — N¢(X) the induced morphism. Then, the natural
transformation (between functors from #(X°) to #(NJ(D)))

go,*olIloC_)\I’cDofo,*
is an equivalence.

Proof. The problem is local for the étale topology on X and Y. So we may assume that X and Y
are connected, and that there is a cartesian square

Y%X

|

Denote by G the cokernel of the morphism f* : R{(C) — R} (D). The order n of G is invertible on
X. Without loss of generality, we may assume that Oy contains all the n-th roots of unity. In this
case, the group G acts naturally on Y and we have a commutative square

62)
L[YeGYLY

[ lf (3.52)
)

y—X,

where the left vertical arrow is the obvious map given by the identity of ¥ on each connected com-

ponent and the top horizontal arrow is the map given by y : ¥ — Y on the connected component
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corresponding to y € G. This yields commutative squares

L« Dfy(D) ~2 Df (D) L6 Ny(D) —25 Ny/(D)
l(id)y lh and l(ml)y lg (3.53)
Dfy(D) —2— Dfy(C) Ny(D) —— Nx(C).

It follows that there is a commutative diagram of natural transformations

go,* Oq]% Of:ko {i];) o‘f‘(),#< Of*O

i |
o, % o Qo (2) * QTo ~ o *
8" og*o‘PD—>Hy€G'y O‘PD—>H7€G‘“PDO)/

where the left vertical arrow is an equivalence by Proposition[3.3.27] The morphisms f° : Y° — X°
and g° : N}(D) — N5(C) are finite étale Galois covers with Galois group G. Therefore, the square
in (3.52)) and the second square in (3.53) become cartesian after passing to the union of open strata,
and this implies that the natural transformations (1) and (2) are equivalences. It follows that the
natural transformation

g oWeo fr > Wpo frofs

*

is an equivalence, and we conclude using Lemma[3.2.32] o

Corollary 3.3.29. Let f : Y — X be a morphism of regularly stratified finite type S -schemes. Let
D cC Y be a stratum of Y and let C = f.(D). Assume that f takes the relevant open stratum in Y
to an open stratum in X, and let g : Ny(D) — Nx(C) be the morphism induced by f. Then, the
natural morphism

g o We(M) = ¥, 0 f* (M)
is an equivalence for every M € #y(X°/X).
Proof. We may assume that M € #,,,(X°/X)®. The question being local around D, we may assume
that there is a Kummer étale surjective morphism e : X’ — X such that e>*M is logarithmic

at the boundary of X’. By Proposition [3.3.21] we can find a Kummer étale surjective morphism
e’ : Y — Y and a commutative square

Y e—> Y
[
X —<5 X

Without loss of generality, we may assume that there is a unique stratum D’ C Y’ above D. Set
C’ = f/(D’), and consider the commutative square

Ny (D) —— Ny(D)

[
Ny (C") —— Nx(C).
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Then, s’ : Ny/(D") — Ny(D) is a surjective Kummer étale morphism. Thus, it is enough to show
that the morphism
70, % o, % 70 /70, % 70 0, *
5" 0 g” o WLM) — 5" oW}, 0 f7H(M)
is an equivalence. Using Proposition [3.3.28] we have natural equivalences
§%% o go,* o \Pz ~ glo,* ° éf’* ° \Pz and §%* o \POD o fo,* EJOD/ 0 e'%* Ofo’*
~ glo,* O\PZV 0 e%* lIlOD/ Of’o’* 0 e%*,

1

1R

Thus, we are reduced to showing that g’>* o ‘f"’c - {IV’;’) o f’** is an equivalence when restricted to

FHog(X"°/X"). This follows from Propositions ii) and [3.3.16 O

We also need the following lemma.

Lemma 3.3.30. Assume that #® is étale local in the sense of Definition Let X be a regularly
stratified finite type S -scheme and M € #,(X°/X)®. Then, there exist an open covering (U,)ic;
of X and finite Kummer étale morphisms e; : V; — U, such that, for every i € I, MIU; belongs
to the sub-oo-category of #(U;) generated under colimits Dy e; (#10,(V;[V})). Moreover, we can
assume that there exist cartesian squares of regularly stratified schemes

with T; a maximal split torus-embedding, r; a positive integer invertible on U; and p; inducing an
isomorphism Ty, (C) = T; for every stratum C of U; mapping to the closed stratum of T;.

Proof. The question being local on X, we may assume that X has a unique closed stratum C and
admits a morphism of regularly stratified schemes X — Tx(C) inducing the identity of Tx(C). We
may also assume that there is a positive integer r invertible on X and a cartesian square

y— X

L,

Tx(C) — Tx(C)
such that e>*M is logarithmic at the boundary of Y. Consider the simplicial regularly stratified
S-scheme d, : Y, — X given, in each degree, by the normalisation of C,(¥/X). Since #® is étale
local, we have an equivalence
C(r)lliAm d, yd,;"M.
On the other hand, dfl,ﬁd,",’*M =~ ef(e”"M ® (Y, — Y°).1) belongs to e5(#,,(Y°/Y)) since the
morphism Y, — Y is finite étale. The result follows. i

We now extend Proposition [3.3.13(ii) to tame ind-dualizable objects.

Proposition 3.3.31. Assume that #® is étale local in the sense of Definition Let X be a
regularly stratified finite type S -scheme, and let Y C X be a regular constructible locally closed
subscheme which we endow with the stratification induced from the one on X. Denote byi: Y — X,
Jjx : X° = X and jy : Y° — Y the obvious inclusions. Then, the natural transformation

"0 jx« = jy«0Jjyoi ojx.
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is invertible when restricted to the sub-oco-category #Hy,(X°/X) C #H(X°).

Proof. Fix an object M € #(,(X°/X)®. We need to prove that i*jx .M — jy.jyi" jx .M is invert-
ible. This property is local on X. Thus, by Lemma [3.3.30] we may assume that there is a finite
Kummer étale morphism f : X” — X such that M belongs to the full sub-co-category generated
under colimits by f;’(#1,,(X"°/X")). It is then sufficient to show that the natural transformation

. o . P o
"o jx«0f, = jrxojyoi ojx.of,

is invertible when restricted to the sub-co-category #i,(X"°/X") C #(X"°). Let Y’ = (X’ Xx ¥)reqs
and form the commutative diagram

Jy’

Vi Y’ i )'é Jx X’°

| N

ye Jy Y i X Jx x°
whose squares are cartesian up to nil-immersions. We deduce a commutative square of natural
transformations

. o . e o
"0 jx«0 fi —— jy+0jyoi o jx.o0f
g.o0i™"o jX’,* — 8.0 jyl,* o ]’)‘,, ol o jX’,*

where the vertical arrows are equivalences by the proper base change theorem applied to the finite
morphism f. We conclude using Proposition [3.3.13(ii). m]

Theorem 3.3.32. Assume that #® is étale local in the sense of Definition[2.1.7} Let X be a regularly
stratified finite type S -scheme and denote by u : X° — X the obvious inclusion.

(i) Let C be a stratum of X. The functor ‘?"’C o H(X°) — H(NS(C)) takes the sub-oo-
category Hu(X°/X)™ to the sub-oo-category Hm(Ny(C)/Nx(C)'™ and induces a sym-
metric monoidal functor ‘A{V’é P Hm(X°/X)® = Him(NS(C)/Nx(C))®.

(ii) Let C be a stratum of X and let v : N3 (C) — Nx(C) be the obvious inclusion. The natural
transformation Yeou, - v, 0 ‘T"’C is an equivalence when restricted to the sub-co-category

Hm(X°/X). (See Remark|3.2.19,)
(iii) Let CO_Z C, be strata of X. Let Ec NX(C0)~be tAhﬁ largest stratum of Nx(Cy) laying over
C, € Cy. The natural morphism W¢, ou, — YgoW¥¢, ou, is an equivalence when restricted

to the sub-oo-category Hyy(X°/X). (See Proposition|3.2.30))

Proof. To prove the first assertion in (i), we fix an object M € #,,(X°/X)®. By definition, we
can find a Kummer étale surjective morphism f : ¥ — X such that f**M € #,,(Y°/Y)".
Denote by D;, for 1 < i < m, the strata of Y which are contained in f~!(C). Then the fam-

ily (g; : Ny(D;) = Nx(C))i<i<m 1s @ Kummer étale cover. Moreover, by Propositions [3.3.16| and
we have equivalences gf’*‘?g(M) = {Iv’c’Di( o M) ~ f‘f‘z)i( f>*M). Using Propositioi),
we deduce that g;”*‘f"’C(M) belongs to #0e(N}(D;)/Ny(D;))”. This shows that ‘T"’C(M) belongs to
Him(NZ(C)/Nx(C))? as needed.

To prove that the restriction of {Iv"’c to #m(X°/X) is monoidal, we argue in the same way. Given

M, M, € #H,(X°/X), we can find a Kummer étale surjective morphism f : ¥ — X such that

both f>*M, and f**M, are logarithmic at the boundary of Y. Using Propositions [3.3.8] [3.3.1¢|
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and we see that the natural morphism q"é(M ) ® q’g(Mz) - ‘TJZ(M 1 ® M>) becomes an
equivalence after applying g;"", for 1 < i < m. Since the functors g;>"’s are symmetric monoidal
and jointly conservative, the latter morphism is an equivalence as needed.

To prove part (ii), we use Lemma [3.3.30] as in the proof of Proposition [3.3.31] More precisely,
given M € #,,,(X°/X)®, we reduce to the case where M belongs to the full sub-co-category gener-
ated under colimits by f(#1,o(Y°/Y)) where f : Y — X is a finite Kummer étale morphism such
that D = £~'(C) is connected. We are then reduced to showing that the natural transformation

‘T’Cou*offav*o‘?goﬁ:’
is an equivalence when restricted to #,s(Y°/Y). Let u’ : Y° — Y and V' : N}(D) — Ny(D) be

the obvious inclusions, and let g : Ny(D) — Nx(C) be the morphism induced by f. We have a
commutative diagram of natural transformations

. o~ o) ~
Weou,of) ——¥eo fiou, —— g, o¥pou,

J |

o (] o o 4 o
v.oWio f ——v,0g 0¥, ——g.o0v, 0¥

where the arrows (1) and (2) are equivalences by Proposition Thus, we are left to show that
Yo u, = v, or{j;, is an equivalence when restricted to #€,,(Y°/Y), which is granted by Proposition
[3.3.15(i). Finally, to prove part (iii), we use the criterion found in Remark [3.2.31] The result then
follows from Proposition [3.3.31] m|

Remark 3.3.33. Keep the assumptions and notations as in Theorem [3.3.32] The proof of part (i)
gives more precise information on the tameness of ‘I’C(M) for M € #,,(X°/X)®. Indeed, po (M)
becomes logarithmic at the boundary after restriction to a special Kummer étale cover, namely the
one given by the family (Ny(D;) — Nx(C))i<i<m,» Which is associated to a Kummer étale cover
Y — X. In particular, if we only care about logarithmicity and tameness at the boundary of N’ 3 (O),
the object M becomes logarithmic over the Kummer étale cover (N (C) x& D; — Ng((C Ni<i<m-

Indeed, the morphisms of tori Nl;(Dl) — Ng((C ) X& D; are finite étale and surjective.
We will need the following technical lemma.

Lemma 3.3.34. Assume that #® is étale local in the sense of Definition Let X be a regularly
stratified finite type S -scheme and let T be a split torus. Let M € #(X° X T)qun/x> be a dualizable
object satisfying the following form of tameness: there exists a Kummer étale cover (f; : Yi = X)ies
such that (f° Xidy)*M is logarithmic at the boundary of Y; X T for everyi € I. Let g : X°XT — X°
be the obvious projection. Then q.M is dualizable and tame at the boundary of X.

Proof. We split the proof in several small steps.

Step 1. Let g : U — X° be a morphism in Schg and consider the cartesian square

UxT —5XxT

Lok
U—= s xe.
We claim that the exchange morphism g* o g, — ¢. o g" is invertible on #(X° X T)qun/x-. Indeed,

using that this sub-co-category is generated by the images of the functors e, . o g*, forn > 1, we
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reduce immediately to showing that the natural transformation g* o g, o ¢* — ¢. o ¢* o g* is an
equivalence. This is obvious since g. o ¢* is a sum of desuspended Tate twists. Using this claim,
we see that it is enough to prove that g.M is dualizable and logarithmic at the boundary assuming
that (idx- X e,)*M is logarithmic at the boundary of X X T for some integer n > 1 invertible on X.
(Here, we are using Remark [3.3.24 on the dualizability condition in Definition [3.3.22])

Step 2. We assume here that we know how to treat the case T = G,, and we explain how to deduce
the general case by induction.

Choose a decomposition 7 = T'XGy, and let 4 : T — T’ be the obvious projection. Clearly, M is
a dualizable object of #(X° X T’ X Gy )qun/xex7» Which is logarithmic at the boundary of XX T’ X G,.
Thus, applying the case T = Gy, with X X 7" in place of X, we deduce that N = (idx- X h).M is
dualizable and logarithmic at the boundary of X X T’. Moreover, it is clear that N belongs to
H(X® X T")qun/x-- Thus, with ¢’ : X° x T" — T’ the obvious projection, we may use induction to
deduce that g/ N is dualizable and logarithmic at the boundary of X. Since ¢.M =~ g N, this proves
the desired reduction.

Step 3. It remains to treat the case T = G,. Consider the following commutative diagram

q

X° X G — X° x P! -2 x°

N

XxG,—“xxP 2 X

q

We need to show that g. M is dualizable and logarithmic at the boundary of X. For this, it suffices to
show that ¢’ j’ M is a dualizable j.1-module. Equivalently, we will show that, for every j.1-module
A, the obvious morphism

Hom; 1(A, j.1) ®;.1 pLu’j; M — Hom,; 1(A, pluj; M)

is an equivalence. Since p’ is smooth and proper, we have natural equivalences
Hom; 1(A, j.1) ®j1 pud, jiM = p.(p"Hom;1(A, j.1) ®y- 1 . ji M)
=~ p.(Hom;(p"A, j.1) ®j1 u.jI M)

We also have an equivalence Hom; ;(A, piu. j; M) =~ p'Hom1(p"*A, u, j’ M). Therefore, it suffices
to show that the natural morphism

Hom 1 (p*A, j,1) ®;1 1,/ M — Homyy(p"* A, u, ! M) (3.54)
is an equivalence.
Step 4. In this step, we prove that the domain of the morphism in (3.54)) belongs to the essential

image of the fully faithful functor u/. By the construction of the relative tensor product, this
codomain is the geometric realization of a simplicial object

Homj1(p™A, j.1) ® (j.1)*° ® u, jI M.
Since j.1 = p”j,1 and Hom;(p"™A, j.1) ~ p’*Homj*l(A, j.1), and since j/’M is quasi-unipotent

relative to X, it is more general to show that p”*B® u,C belongs to the image of u/, for all B € #(X)
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and C € #(X X Gy)qun/x- To do so, we may assume that C = (idx X e,,).q"*D, with D € #(X). We
then have equivalences

p,*B ® M;(ldx X em)*q/*D

1R

p"B® (idy X'e,).u.q”*D
(idy X e,,).((idx X e,)* p”*B® u.q"*D)
(idx X €,).(p" B u.q"* D),

1

1

with e,, : P! — P! the endomorphism given by raising the coordinated to the power m. Thus, it is
enough to show that the natural morphism

pBou.q”"D — u.q”"(B® D)

is an equivalence. But the cofibre of this morphism is supported on the zero and infinity sections
of P'. It is thus sufficient to show that it becomes an equivalence after applying p’. Using the
projection formula for the proper morphism p’, we are reduced to showing that the morphism

B®q.q"D — q.4"(B®D)

1s an equivalence. This is clear since ¢q,g" = 1dgx) @ 1dgzx)(—1D[-1].

Step 5. We now conclude the proof. We need to show that the morphism (3.54) is an equivalence.
The codomain of this morphism is equivalent to u,Hom;/(¢"*A, j; M) and hence belongs to the
image of u. Using the fourth step, it is thus sufficient to show that the morphism (3.54) is an
equivalence after applying «’*. Said differently, we need to prove that

Hom/((¢"A, j/1) ®;1 j/M — Hom,,,(¢"A, j'M)

is an equivalence. This follows from the hypothesis that ;M is a dualizable j;1-module (since M
is logarithmic at the boundary of X X Gy,). O

Remark 3.3.35. One can easily adapt and simplify the proof of Lemma [3.3.34]to obtain the follow-
ing unipotent/logarithmic variant. Let X be a regularly stratified finite type S -scheme and let T be
a split torus. Let M € #(X° X T ),n/x- be a dualizable object which is moreover logarithmic at the
boundary of X X T. Let g : X° X T — X° be the obvious projection. Then g.M is dualizable and
logarithmic at the boundary of X.

We can now extend Proposition [3.3.13|i) to tame ind-dualizable objects.

Proposition 3.3.36. Assume that #® is étale local in the sense of Definition Let X be a
regularly stratified finite type S -scheme, and let Y C X be a regular constructible locally closed
subscheme which we endow with the stratification induced from the one on X. Denote byi: Y — X,
Jx : X° > X and jy : Y° — Y the obvious inclusions. Then the composite functor jy, oi* o jx .
takes FHun(X° | X) @ to Hn(Y° ] Y)@.

Proof. Without loss of generality, we may assume that X is connected and that ¥ = C is the

closure of a stratum C in X. Then, we have jj o i* o jx . = xc (see Notation 3.2.36). Thus, given
M € #H,(X°/X)”, we need to show that yc(M) € FHon(C/C)®. By Proposition [3.2.37, we have

xcM) = g. o ¥°.(M), where g : N3(C) — C is the obvious projection. On the other hand, by
Proposition 3.2.35 Theorem3.3.32(i) and Remark 3.3.33] W¢.(M) is quasi-unipotent relative to C,
dualizable and tame at the boundary of Ng’((C) in the sense required for applying Lemma [3.3.34

The said lemma implies that g.. o @Z(M ) is dualizable and tame at the boundary of C as needed. O
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3.4. Logarithmicity and tameness, II. The constructible case.

We continue here the discussion around the notions of logarithmicity and tameness started in
Subsection [3.3] Our goal is to extend these notions to (ind-)constructible objects. Throughout the
subsection, we fix a quasi-excellent base scheme S and a Voevodsky pullback formalism

F® : (Schg)® — CAlg(CAT®)

which we assume to be strongly presentable in the sense of Definition [[.1.23]and to satisfy purity
in the sense of Definition [3.2.16]

Definition 3.4.1. Let X be a stratified finite type S -scheme.

(i) An object M € #(X) is said to be constructible if, for every stratum C C X, the object
M| € #(C) is dualizable. We denote by #(.((X)® the full sub-co-category of #((X) spanned
by the constructible objects.

(i1)) We denote by #(X) the full sub-co-category of #(X) generated under colimits by the
object of #.((X)®. Objects in #(X) are said to be ind-constructible.

Remark 3.4.2. Constructible and ind-constructible objects are stable under tensor product and in-
verse image. In particular, we obtain a CAlg(Pr")-valued presheaf

FHe(—)® : (SchZg)P — CAlg(Pr™*).

If #® is compactly generated, then #.(X)® is a compactly generated symmetric monoidal oo-
category and #{.(X)” is its sub-co-category spanned by compact objects. (In this case, we write
#H(X)” instead.)

Definition 3.4.3. Let X be a regularly stratified finite type S-scheme, and let U c X be a con-
structible open subscheme.

(i) Anobject M € #(U) is said to be tamely constructible (resp. logarithmically constructible)
with respect to X if, for every stratum C C U, the object M|c € #(C) is dualizable and
tame (resp. dualizable and logarithmic) at the boundary of C. (We stress that the closure of
C is taken in X.) We denote by #cim(U/X)7 (resp. Hei100(U/X)@) the full sub-co-category
of #((U) spanned by the tamely (resp. logarithmically) constructible objects. When X is
understood and there is no risk of confusion, we sometimes write simply #..(U)® (resp.
He10g(U)™); this is for instance systematically used when U = X.

(i1) We denote by Him(U/X) (resp. Heri0g(U/X)) the full sub-co-category of #(U) gen-
erated under colimits by the objects of H . m(U/X)? (resp. Heriog(U/X)?). Objects
in Heem(U/X) (resp. Heriog(U/X)) are said to be tamely (resp. logarithmically) ind-
constructible. When X is understood and there is no risk of confusion, we sometimes write
Herum(U) (resp. Heiog(U)); this is for instance systematically used when U = X.

Remark 3.4.4. Logarithmically (ind-)constructible and tamely (ind-)constructible objects are stable
under tensor product and inverse image. (This follows from Propositions[3.3.9}[3.3.23|and [3.3.26])
Thus, letting (SchXs )open be the category of constructible open immersions of regularly stratified
finite type S -schemes, we obtain two CAlg(Pr™)-valued presheaves

ge‘:t‘l(’g(_/—)cb and gect-tm(_/_)(g) : (RegZS )ggen - CAlg(Per St).
If #® is compactly generated, then #e.10,(U/X)® and #He.m(U/X)® are compactly generated sym-

metric monoidal oco-categories and i 10o(U/X)” and Ho.im(U/X)® are their sub-co-categories

spanned by compact objects. (In this case, we write Hi10,(U/X)” and #o.im(U/X)” instead.)
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Lemma 3.4.5. Assume that #® is étale local in the sense of Definition[2.1.7] Let X be a regularly
stratified finite type S -scheme, and let jx : X° — X be the obvious inclusion. Then, the functors
jx.1 and jx . take the sub-oco-category #Hm(X°/X)™® (resp. 36’10g(X°/X)(w)) to the sub-oo-category
Hon(X)@ (resp. %Ct_]og(X)(w) ). In fact, in the respective case, the statement holds without the
assumption that #® is étale local.

Proof. The case of jy  is clear. For jx ., we use Propositions[3.3.13(i) and [3.3.36 |

Proposition 3.4.6. Assume that #® is étale local in the sense of Definition Let X be a
regularly stratified finite type S-scheme, U C X a constructible open subscheme and Y C X a
regular constructible locally closed subscheme. We form the cartesian square

4

V%Y

I

U%X.

Assume that U is the complement of a constructible divisors in X and that V is dense in Y. Then,
the exchange morphism i* o j, — j. o i’ is an equivalence when restricted to the sub-oo-category
He.m(U/X). The same conclusion holds for the sub-co-category #ci10,(U/X) without assuming
that #® is étale local.

Proof. We only treat the case of tamely ind-constructible objects. Without loss of generality, we
may assume that X and Y are connected, and that Y is closed in X. It follows from Lemma@]that
the sub-co-category #c..m(U/X) is generated under colimits by objects of the form ¢ .N, where
tc : C = U is the inclusion of a stratum C in U, and N € #,,,(C/C)® is dualizable and tame. (We
stress that C is the closure of C in X .) Thus, it suffices to prove that the natural transformation

"0 j.otc.— j.oi"ouc. (3.55)

is an equivalence when restricted to %tm(C/E). If CNY = 0, the domain and codomain of the
natural transformation in (3.55)) are identically zero, and there is nothing the prove. So we may
assume that C N'Y # 0. The assumptions on U and V imply that the intersection C N Y is not
entirely contained in the complement of U, and in fact C NV is dense in C N Y. More precisely, the
open strata Dy, ..., D,, of C NY are contained in U (and hence also in V), and CNYisthe disjoint
union of the D;’s. Working locally in the neighbourhood of each D;, we may assume that C N Y
is connected, i.e., admits a unique open stratum which we call D. Consider the commutative cube
with cartesian faces




Clearly, we have (¢, = s, oic . whereic : C — C N U is the obvious inclusion. On the other hand,
we have natural equivalences

i"oj.os, = i"0s.0], JioiTos, = jiotoi”

- : and
t* O, OJ*

1
12

t,oj. oi™.

It follows that the natural transformation in (3.55]) can be identified with the natural transformation

o j* olc.. — Z o ol (3.56)
to which we apply the functor z.. Thus, we are reduced to showing that the natural transformation
in (3.56) is an equivalence when restricted to #,,,(C/C). Replacing X and Y with C and D, we are
reduced to the case where C = X° is the open stratum of X. Writing jx : X° - Xand jy : Y° = Y
for the obvious inclusions, we can then identify the natural transformation in (3.53)) with

s gk s
L OJx« = J:0J ©U ©Jx

and we need to show that the latter is an equivalence when restricted to #€,,,(X°/X). This follows
immediately from Proposition [3.3.31] by noticing that jy . — j, o j o jy. is an equivalence. O

Proposition 3.4.7. Assume that #® is étale local in the sense of Definition NLet X be a
regularly stratified finite type S -scheme and let C be a stratum of X. The functor Y¢ takes the
sub-co-category H .y (X)@ to the sub-co-category H.um(Nx(C))@. The analogous statement for
the unipotent monodromic specialisation functors and logarithmically (ind-)constructible objects
holds true even without assuming that #® is étale local.

Proof. We only discuss the tame case. The sub-co-category #..m(X)® is generated under finite
colimits by objects of the form tg .M, where (g : E — X is the inclusion of a stratum and M €
FHom(E/E)®. Thus, we need to show that ‘T’C(LE,*M) belongs to H . ym(Nx(C))?. Set Y = E and let
v : Y — X be the inclusion. The problem being local, we may assume that C N Y is connected. Let
D be the unique open stratum of C N Y and denote by w : Ny(D) — Ny(C) the induced morphism.
By Theorem [3.2.29(ii), there is a natural equivalence

Yxcov. = w,oW¥yp.

Since ¢y = vou withu : E = Y° — Y the obvious inclusion, we are reduced to showing that
‘T’Y, p(u.M) belongs to #H..ym(Ny(D)). By Theorem ii), we have an equivalence ‘T’Y, p(u. M) =~
u*‘f’;’D(M) and, by Theorem (3.3.32(1), we know that lI";’D(M) belongs to #,(N}(D)/Ny(D))”. We
conclude using Lemma (3.4.5 O

For later use, we record the following analog of Lemma[3.3.30]

Lemma 3.4.8. Assume that #® is étale local in the sense of Definition Let X be a regularly
stratified finite type S -scheme and M € H..(X)®. Then, there exist an open covering (U,)ic; of
X and finite Kummer étale morphisms e; : V; — U, such that, for every i € I, M|y, belongs to the
sub-oo-category of #(U;) generated under colimits by e; .(Hc.104(Vi)). Moreover, we can assume
that there exist cartesian squares of regularly stratified schemes as in Lemma

Proof. The object M is a successive extension of finitely many objects of the form ¢¢ .M, where
tc : C — X is the inclusion of a stratum in X and M¢ € #.,(C/C)®. Applying Lemma |3.3.30, we
obtain open covers (Uc ;)i of C and finite Kummer étale morphisms ec; : V¢; = Uc,; such that

(Mc)ly,.; belongs to the sub-co-category generated under colimits by e/ i’*(%log(vg"i))- We may
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assume that the open cover (Uc,;)ics. 1s the restriction of an open cover (U, é‘,i)iEIC of X and that,
for every i € I, the finite Kummer étale morphism e; : V¢ ; — U ; extends to a finite Kummer
étale morphism e; : Vi.; — U, ;. (For this, we may assume that the e;’s satisfy the extra condition
in Lemma ) It is then easy to see that the open cover ([ U /c TC)TEHC - of X and the finite
Kummer étale morphisms e : ([Tc(V(, ,./X))™ — (¢ Ug . satisfy the required property. (Here,
we write W™ for the normalisation of a noetherian scheme W.) O

Theorem 3.4.9. Assume that #® is étale local in the sense of Definition[2.1.7} Let X be a regularly
stratified finite type S -scheme and C a stratum of X. Let Y C X be a regular constructible closed
subscheme and D an open stratum of C NY. Denote byv:Y — Xandw : Ny(D) = Nx(C) the
obvious inclusions. Then, there is a commutative square of co-categories

%ct—tm (X) v—*> %ct—tm(Y)

l@x,c J@

Herm(Nx(C)) 2= H e im(Ny (D))

which is right adjointable provided that C N Y is connected. The analogous statement for the
unipotent monodromic specialisation functors and logarithmically ind-constructible objects holds
true even without assuming that #® is étale local.

Proof. We concentrate on the tame case. Without loss of generality, we may assume that X and
Y are connected. A natural transformation w* o ‘TJX,C - ‘T’K p © v* was constructed in Theorem
i), and we only need to prove that it is an equivalence after restriction to #..(X). Indeed,
the existence of the commutative square in the statement follows then from Proposition [3.4.7] and
its right adjointability follows from Theorem [3.2.29(ii). We split the argument in two parts.

Part 1. The question being local on X, we can use Lemma [3.4.8] to reduce to showing that the
natural transformation w* o ‘T’x,c - ‘T’K p © V' 1s an equivalence on objects of the form e.M where
e : X’ — X is a finite Kummer étale morphism and M € #{.,,(X"). The problem being local for
the Nisnevich topology, we may assume that e~!(D) consists of a single stratum D’. This implies
that e~!(C) consists also of a single stratum C’. Set ¥’ = (X’ Xx Y).q and consider the following
commutative squares

y Y x Ny (D) =L Ny (C")
N
Yy ——X Ny(D) —— Ny (C),

which are cartesian up to nil-immersions. We then have a commutative diagram of natural trans-
formations

~ (*) ~ ~ ~
woW¥ycoe,—woe, oWy o ——flow oWy ¢

l l

‘fIT’Y’Dov* oe*%‘ff’y’l)of* ov’*(—t)>f*’ o‘fIV’Y,’D, o V™
where the horizontal arrows are all equivalences: for the unlabelled arrows, this follows from the
proper base change theorem applied to the closed immersions e and ¢’, and for the (x)-labelled

arrows, this follows from Proposition[3.3.27] This said, we are reduced to showing that the natural
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transformation w’* O‘T’XI, o = qu,’ proV’™ is an equivalence when restricted to #.10,(X"). Replacing
X,Y,Cand D with X', Y’, C" and D’, and using Proposition[3.3.16] we are reduced to showing the
unipotent and logarithmic version of the statement, which we treat in the second part.

Part 2. Here, we prove that the natural transformation w* o ,Tvxvc - TY, p © V' is an equivalence
when restricted to Fjog(X).

Let Z c X be the smallest regular constructible closed subscheme containing Y and C. (Thus, Z
is a connected component of the intersection of all the irreducible constructible divisors of X that
contain Y and C.) It is enough treat separately the closed immersions Z — X and ¥ — Z. Said
differently, it is enough to treat the following two cases:

(1) C is contained in Y;
(2) Y is not contained in any constructible irreducible divisor of X that contains C.

We split the proof accordingly.

Case 1. Here, we assume that C is contained in Y. The natural transformation w* oTX,C - TK cov*
was constructed in the proof of Proposition We need to see that its restriction to Hiiog(X)
is an equivalence.

Inspecting the construction and using Remark [3.2.26] we see that it is enough to show that
the natural transformation from the first line to the second line in (3.23)) is an equivalence when
restricted to #l100(X). This follows from Proposmon“ 3.4.6, Indeed, the complement of X x T5(C)
in Dfx(C) is a constructible divisor and, for all M € #{.105(X), the object M ® °CTX<C> belongs to
the sub-oco-category #e.i00(X X TH(C)/Dfx(C)).

Case 2. Let X’ be the regularly stratified S -scheme having the same underlying S -scheme as X and
whose irreducible constructible divisors are the ones of X containing C. Then C’ = C is the stratum
of X’ containing C and the morphism of regularly stratified S-schemes v : ¥ — X’ takes the open
stratum of Y to the open stratum of X. Notice that ‘I’X c = TX/ ¢. Modulo this identification, our
natural transformation coincides with the natural transformation w* o TX/’C, - TK ¢ o V" provided
by Proposition[3.2.22] It is easy to see that Proposition [3.4.6]applies again to show that this natural
transformation is an equivalence once restricted to FHeiioq(X). O

Remark 3.4.10. The proof of Theorem [3.4.9]can be simplified if the following property holds:
e The object 1 ® Ur- °(C) € H(X x T3(C)) is tamely ind-constructible relative to Dfx(C).

Indeed, the reduction made in Part 1 is then superfluous, and the argument given in Part 2 would
work as well in the quasi-unipotent and tame setting. Note that the above property 1s obvious if S is
a Q-scheme. It is also true if S is an F,-scheme, for a prime p. Indeed, in this case, we can restrict
the diagram Y7 of Construction to the subcategory A X N’*, where N"* is the set of positive
integers coprime to p, without changing the outcome of the colimit in (3.12)). This follows easily
from semi-separatedness, see Corollary 2.1.15] and the fact that the endomorphisme, : T — T,
given by raising to the power p, is a universal homeomorphism over a base of characteristic p.

Corollary 3.4.11. Assume that #® is étale local in the sense of Definition Let X be a

regularly stratified finite type S -scheme and C C X a stratum. We denote by u : X° — X and
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v : N3(C) — Nx(C) the obvious inclusions. Then, there is a commutative square of co-categories

Hooim(X) ———— Fon(X°/X)

l@ l@

Heram(Nx(C)) ~= Hin(NS(C)/Nx(C))

which is right and left adjointable. The analogous statement for the unipotent monodromic spe-
cialisation functors and logarithmically ind-constructible objects holds true even without assuming
that #® is étale local.

Proof. The existence of the commutative square is clear; see Remark [3.2.19] Right adjointability
follows from Proposition[3.3.15(i) and Theorem [3.3.32[ii). It remains to see left adjointability, and
we only discuss this in the tame case. Let M € #,(X°/X). We need to see that {Ivlc(lxth) belongs
to the image of v,. The complement of N3 (C) in Nx(C) can be covered by closed subschemes of
the form Ny(D), with Y C X an irreducible constructible divisor of X and D an open stratum in
CNY. Withs: Y - Xandt: Ny(D) — Nx(C) the obvious inclusions, Theorem yields
equivalences ¢* o ‘T’X’C(u,M) o~ ‘T’Y,D o s*(uy;M) ~ 0 as needed. O

Corollary 3.4.12. Assume that #® is étale local in the sense of Definition Let X be a
regularly stratified finite type S -scheme, U C X a constructible open subscheme, and C a stratum
of X contained in U. Letu : U — X and v : Ny(C) — Nx(C) be the obvious inclusions. Then, we
have a commutative square of co-categories

gect—tm(X) M—*> %ct-tm(U)

ﬁx,c ﬁ

Herm(Nx(C)) ~— Heram(Ny/(C))

Moreover, if U is the complement of a constructible divisor in X, then the above square is right and
left adjointable. The analogous statement for the unipotent monodromic specialisation functors
and logarithmically ind-constructible objects holds true even without assuming that #® is étale
local.

Proof. We only discuss the quasi-unipotent and tame case. The existence of the commutative
square follows immediately from Proposition [3.2.22] Left adjointability follows from Theorem
[3.4.9]as in the proof of Corollary[3.4.T1] (Indeed, the assumption on U implies that the complement
of Ny(C) in Nx(C) is covered by divisors of the form Ny (D), where Y is an irreducible components
of X \ U and D is an open stratum of C N Y.) To prove right adjointability, we need to show that
the natural transformation lT’x(C Jou, = v, o0 ‘T’U(C ) is an equivalence on objects of the form ¢ .M,
with ¢z : E — U the inclusion of a stratum and M € #,(E/E). If C N E = 0, there is nothing
to prove. Otherwise, our assumption on U implies that U N C N E is dense in C N E, i.e., all the
open strata of C N E are contained in U. Applying Theorem ii) with Y = E and D an open
stratum of C N Y, we reduce easily to the case where C is an open stratum of X. The result follows
then immediately from Theorem [3.3.32[(ii) applied to the pairs (X, C) and (U, C). O

Corollary 3.4.13. Assume that #® is étale local in the sense of Definition Let X be a

regularly stratified finite type S -scheme and let C be a stratum of X. The functor P restricts to a
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symmetric monoidal functor
Yo Hem(X)® = Hem(Nx(C))°.

The analogous statement for the unipotent monodromic specialisation functors and logarithmically
ind-constructible objects holds true even without assuming that #® is étale local.

Proof. We need to show that the natural morphism
Pe(M) ® Pe(N) — Pe(M @ N) (3.57)

is an equivalence when M and N belong to #.qn(X)®. The scheme Nx(C) can be covered by the
locally closed subschemes N7(D), where Y C X is a regular closed constructible subscheme of X
and D is an open stratum in C N Y. Thus, it is enough to show that becomes an equivalence
when restricted to the N}(D)’s. Fix such Y ¢ X and D C Y, and denote by v : ¥ — X and
w : Ny(D) — Nx(C) the obvious inclusions. Using Theorem [3.4.9] the image of the morphism in
by the functor w* can be identified with the natural morphism

¥pr(v* M) ® Pp(v'N) — Pp(v*M @ v'N),

and we need to show that this morphism becomes an equivalence when restricted to Nj(D). Re-
placing X, C, M and N with Y, D, v*M and v*N, we are reduced to showing that (3.57) becomes an
equivalence when restricted to the open stratum N5 (C). This follows from Theorem [3.3.32(i). O

Theorem 3.4.14. Assume that #® is étale local in the sense of Definition Letf:Y —> X
be a morphism of regularly stratified finite type S-schemes. Let D C Y be a stratum of Y and
let C = f.(D). Denote by g : Ny(D) — Nx(C) the morphism induced by f. Then, there is a
commutative square of oo-categories

r*
ggct-tm(X) E— gfct—tm(Y)

b
Herm(Nx(C)) —— Hepam(Ny (D))

The analogous statement for the unipotent monodromic specialisation functors and logarithmically
ind-constructible objects holds true even without assuming that #® is étale local.

Proof. We only treat the quasi-unipotent case. We may assume that X and Y are connected. We
can treat separately the case where f is the inclusion of a constructible regular closed subscheme
of X and the case where f takes the open stratum of Y to the open stratum of X. The first case
follows from Theorem [3.4.9] Thus, it remains to treat the second case. Said differently, we may
assume that f takes Y° to X°.

We need to show that the natural transformation g* o Yo - ¥po f* is an equivalence when
restricted to #..m(X). The scheme Ny(D) can be covered by locally closed subschemes of the
form N7.(F), with T C Y an irreducible constructible closed subscheme of Y and F an open stratum
in DN T. Thus, it enough to prove the equivalence after pulling back to such an NZ.(F). LetZcCc X
be the closure of the stratum of X containing the image of the stratum 7°° of Y, and let E be the
stratum of X containing the image of F. We claim that E is an open stratum of C N Z. Indeed,
otherwise, we can find a constructible irreducible divisor H ¢ X such that E ¢ H but C ¢ H and
Z ¢ H. The inverse image of H in Y is a union of constructible irreducible divisors K, ..., K.

Since C and Z are the smallest constructible subsets of X containing the images of D and T, we
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deduce that D ¢ K; and T ¢ K; for every 1 < i < r. This implies that F ¢ K; forevery 1 <i <r,
which contradicts the assumption that £ C H. This said, we have commutative squares

T——Y N7 (F) —— Ny(D)
J lf and lg’ lg
72X NZ(E) —— Nx(O),

inducing a commutative diagram of natural transformations

~ ~ 1) =~
t/*og*O\PC—>t,*0lPDOf*—>lPFOS’*Of*

v @ W * 7 £ ok
grotro¥Ye——g" oWYpos  ——=Wpro f"os".

By Theorem the natural transformations (1) and (2) are equivalences when restricted to
Her.m(X). Therefore, to conclude, it is enough to show that the natural transformation

is an equivalence when restricted to #..m(Z) and aftei pullinNg back to T°. Equivalently, it is

enough to show that the natural transformation g’** o ¥}, — ¥} o f’" is an equivalence when
restricted to #,(Z°/Z), which follows from Corollary [3.3.29 |

Theorem 3.4.15. Assume that #® is étale local in the sense of Definition[2.1.7} Let X be a regularly
stratified finite type S -scheme, and let Cy > C; be strata of X. Denote by E C Nx(Cy) the largest
stratum of Nx(Cy) laying over C; C Co. Modulo the identification Nx(C) =~ Nn,(c,)(E) provided
by Lemma[3.1.17) there is a commutative triangle of co-categories

Te,
#t ct-tm (X ) — H, ct-tm (NX (CO))

~ s
Ye,

%ct—tm(NX(Cl))'

The analogous statement for the unipotent monodromic specialisation functors and logarithmically
ind-constructible objects holds true even without assuming that #® is étale local.

Proof. The structure of the proof is similar to that of Theorem [3.4.9] We concentrate on the tame
case. The natural transformation q’c] - Yo ‘Y’CO is provided by Proposition and we need
to show that it is an equivalence when restricted to #..(X). The problem being local on X, we
may use Lemma to reduce to showing that the natural transformation ‘T’Cl - Ygo ‘T’CO is an
equivalence on objects of the form e.M, where e : X’ — X is a finite Kummer étale morphism
and M € # 105(X’). The problem being local for the Nisnevich topology, we may assume that
¢”!(C)) consists of a single stratum C}. This implies that e'(Cy) consists also of a single stratum
C;. Let E’ C Nx/(C) be the largest stratum laying over C|. Denote by e, : Ny (Cjj)) — Nx(Cp)
and e; : Nx/(C]) — Nx(C)) the obvious morphisms. There is a commutative square of natural
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transformations

Ye

, 0 e e, oW,

L |

WegoWc,0e. ——Wroep.o Per —— e o¥po Ye,

where the horizontal arrows are equivalences by Proposition [3.3.27] This said, we are reduced
to showing that ‘PC/ - ‘PE, o ‘I’C/ is an equivalence when restricted to #.10,(X’). Replacing X,
Y, C and D with X’ Y, C" and D’ and using Proposition [3.3.16] we are reduced to showing the
unipotent and logarithmic version of the statement, i.e., that the natural transformation Yo >
‘I’E o ‘PCO is an equivalence when restricted to #€c.10,(X). This follows from Remark 3 and
Proposition @ Indeed, the complement of X X T5(C;) in Dfx(C)) is a constructible d1V1s0r and
P"(M) =M R Lo °(cy) belongs to Herr0g(X X T (Cl)/DfX(Cl)) for M € e 109(X). O

We end this subsection with a discussion of Verdier duality for tamely constructible objects.

Theorem 3.4.16. Assume that #® is étale local in the sense of Definition Given a regularly
stratified finite type S -scheme X, the functor M — Hom(M, 1) induces an equivalence

Dy : #orm(X)” = (Heram(X)7). (3.58)

Moreover, the following properties are satisfied.
(i) Let f : Y — X of be a morphism of regularly stratified finite type S -schemes. There are
natural equivalences

FDx(M) > Dy(f*M)® f'1 and fDx(M) - Dy(f'M)® f'1 (3.59)

for M € Ho.im(X)™.

(ii) Let X be a regularly stratified finite type S -scheme and let Y C X be a regular, constructible,
locally closed subscheme. Denote by v : Y — X the obvious inclusion. There are natural
equivalences

n(Dy(N)®v'1) > Dx(viN) and v.(Dy(N)® v'1) = Dx(v\N) (3.60)

for N € Heron(Y/Y)?, where Y is the closure of Y in X.
(iii) Let X be a regularly stratified finite type S -scheme and let C C X be a stratum. There is a
natural equivalence

¥ o Dx(M) = Dnyc) © Yo (M) (3.61)
for M € Hey in(X)®.

The analogous statement for logarithmically constructible objects holds true even without assum-
ing that #® is étale local.

Proof. We only consider the tamely constructible case. We split the proof into several steps.
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Step 1. We start by noticing that the functor M — Hom(M, 1) respects tamely constructible ob-
jects, inducing a functor

Dy : Het-m(X)” = (FHeram(X)?)P. (3.62)

To do so, it is enough to show that Hom(u,N, 1) is tamely constructible when u# : C — X is the
inclusion of a stratum Cin X and N € #,,(C/C)” is a dualizable object of #(C) which is tame at
the boundary of C. By [AyoO7a, Proposition 2.3.53], we have equivalences

Hom(uyN, 1) ~ u,Hom(N, u'l) ~ u,(N" ® u'l).

We conclude using Lemma[3.4.5] We also notice that the first equivalence in (3.59) as well as the

second equivalence in (3.60) hold true, even without assuming that M is tamely constructible, by
[AyoO7al, Propositions 2.3.53 & 2.3.55].

Step 2. Here, we prove (iii). Since Yo is right-lax symmetric monoidal, we may consider the
composite morphism

Yo(M) ® Pe(Hom(M, 1)) — Ye(M @ Hom(M, 1)) — P(1) ~ 1. (3.63)
By adjunction, this yields a natural morphism
¥-(Hom(M, 1)) » Hom(¥c(M), 1). (3.64)

We need to prove that the morphism in (3.64)) is an equivalence for M € # ,»(X)™, and we may
assume that M = uyN = v, j)N, where v : Y — X is the inclusion of a regular, constructible closed
subscheme, j : Y° — Y is the obvious inclusion, u = vo jand N € #,,(Y°/Y)@ is dualizable and
tame at the boundary of Y. The problem being local on X, we may assume that C NY is connected,
and we denote by D its open stratum. Let V' : Ny(D) — Nx(C) be the induced morphism. Let
J : NJ(D) — Ny(D) be the obvious inclusion, and set #” = V' o j’. As explained in Step 1, we
have an equivalence Hom(M, 1) = u,N’, with N’ = NV ® u'1. By Proposition and Corollary
[3.4.T1] we have natural equivalences

PeN) = Yo, jiN) = v, ¥p(N) = i ¥5(N)  and
Pe@.N') = Pe. j.N) = V. jTH(N) = FH(N).
Modulo these equivalences, the composite pairing in (3.63)) is given by the composition of
u?‘?’%(N) ® u;‘?g(N') — u?‘?’%(N@N’) =, u?‘ﬁf’}’)(ull) ~uu'l — 1.
This shows that the morphism in (3.64)) can be identified with
Hom(u; ¥3,(N), 1) = u,(Hom(¥5,(N), 1) ® u’'1) — u(¥5(Hom(N, 1)) ® u"'1).

So it remains to see that the morphism Hom(‘?z)(N), 1) —» ¥} (Hom(N,1)) is an equivalence.
Since N is dualizable, this follows from the fact that ¥, is symmetric monoidal on #(;,(Y°/Y), by

Theorem [3.3.32(i).
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Step 3. We now start proving the remaining half of (ii), i.e., the existence of a natural equivalence
v(Dy(N)®v'1) =~ Dy(v,.N) for N € #H .m(Y)®. When v is a closed immersion, we have v, = v, and
the result follows from [[Ayo(O7a, Proposition 2.3.53], as noted in the first step. Thus, it is enough
to treat the case of a constructible open immersion u : U — X. We need to show that

uDy(M) — Dx(u.M) (3.65)

is an equivalence for M € # n(U/X).

In this step, we treat the case where U is the complement of an irreducible constructible divisor
Y c X. Denote by s : ¥ — X is the obvious inclusion. The problem being local on X, we may
assume that the ideal defining Y is principal. Let X’ be the regularly stratified S-scheme having
the same underlying S-scheme as X but whose strata are Y and the connected components of
U =X\Y. Since ‘I’X ¥ = ‘I’X yo, we have, by Step 2, a natural equivalence

¥y © Du(M) = Dys, ) 0 ¥y (M)

for all M € . .im(U/X). Let g : N3, (Y) — Y be the obvious projection. The choice of a generator
of the ideal defining Y in X’ gives a trivialisation of the Gy-torsor N§,(Y), and we fix such a

trivialisation. By Proposition 3.2.37L we have an equivalence g. o ¥§, , ~ s* o u,. By Proposition

3.2.35|and Lemma [3.4.17| below, we also have an equivalence gy o ‘f’;’(,,y ~ 5% o u,(1)[1]. Putting
the above equivalences together, we obtain a chain of natural equivalences

1

Dy(qs ¥, (M)
= CI*DN;’(,(Y)(\P;(', Y(M))

0. V5, y(Dy(M))
s*u.(Dy(M))

Dy(s"u.(M)(D[1])

(3.66)

1

1R

for all M € #H...,n(U/X). By construction, the composite equivalence in (3.66) corresponds to the
composite pairing

s u (M1 @ s*u.(Dy(M)) —— gs'¥3, (M) ® ¢.¥5, ,(Dy(M))

IN

g:(P5, (M) ® ¥3, ,(Dy(M))) +— (5, ,(M) ® ¢°q.¥5, ,(Du(M)))

|

(¥, (M ® Dy(M))) —— ¢,¥5, 1= 1(D[1]@1 - 1.
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Using the commutative square (3.71) in Lemma we see easily that the above composite
pairing coincides with the following one:

s'u(M)(D[1] ® s'u.(Dy(M)) —— ¢.¥3, (M) ® ¢.'¥3, ,(Du(M)(D[1]

l

4.5 (M ® Dy(M)(D[1] ——— q. (¥5, (M) 8 F5, ,(Dy(M))) (D[1]
3. 95 D[] = (D[]l - 1.

Since the equivalence given in Proposition is right-lax monoidal, we can further simplify
the above composition as follows

s u(M)(D[1] ® s*u.(Dy(M))
l (3.67)
s"u.(M ® Dy(M))(D[1] —— s'u 1(D[1] = [(D[1]@1 - 1.
In conclusion, we have shown that the morphism
s"u.(Dy(M)) — Dy (s u.(M)(D[1]) (3.68)

deduced from the composite pairing in is an equivalence.
We are now ready to conclude. We want to show that the morphism u,Dy (M) — Dx(u.M) is an
equivalence. This is the case over U, and it remains to show that

s'uDy(M) — s'Dy(u.M) (3.69)
is an equivalence. Using the natural equivalences (see [AyoO7a, Proposition 2.3.55]):
swy=s'u[-1]1  and  s'Dx(=) = Dy(s"-) ®s'L = Dy(-)(~D[-2],
we can rewrite the morphism in (3.69) as follows:
5" u(Dy(M))[—11 — Dy (s u.(M)(1)[2]). (3.70)
By construction, this morphism corresponds to the composite pairing

s'u(M)Y(D[2] ® s*u,(Dy(M)[-1] — s"u(M)(1)[2] ® s'uy(Dy(M))

l

s'ur(M @ Dy(M))(1)[2] +—— s'(u.(M)(D[2] ® u\(Dy(M)))

lev

s'u1(D[2]

1D[1]e1 - 1.

Using Lemma [3.4.18 below, we see that this composite pairing coincides with the one in (3.67).
Thus, the morphism in (3.70) coincides with the one in (3.68). This proves that the morphism in

(3.69) is an equivalence, as needed.
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Step 4. In this step, we finish the proof that (3.63)) is an equivalence for M € #H .1y (U/X). In Step
3, we treated the case where U is the complement of an irreducible constructible divisor. We treat
the general case by showing that Hom(u.. M, 1) is supported on U, i.e., that

HOHl(I/l*M, l)lX\U =0.

By noetherian induction, we may assume that U is the complement of a closed stratum F C X.
Replacing X with a constructible open neighbourhood of F, we can assume that U = |J, U,,
where the U,’s are the complements of the irreducible constructible divisors Y,’s containing F.
Let u, : U, — X be the obvious inclusion. Then u.M belongs to the smallest stable sub-co-
category of #...m(X) containing the objects u, .(M|y, ). By Step 3, we have

Hom(u,, .(Mly,), DIr = 0,

and this is enough to conclude.
Step 5. To finish the proof, it remains to see that the functor in (3.62)) is an equivalence. (Note

that this would imply the remaining half of (i).) The functor Dy admits an adjoint given by DY .
Moreover the unit and the counit are both given by the natural transformation

M — Dy o Dx(M).

Thus, it is enough to show that this natural transformation is an equivalence, and we may assume
that M = u,N where u : C — X is the inclusion of a stratum C in X and N € H,n(C/C)@ is a
dualizable object of #(C) which is tame at the boundary of C. Applying (ii), we can identify the
resulting morphism with uyN — u,D¢ o Dc(N) which is an equivalence since N is dualizable. O

Lemma 3.4.17. Let X be a finite type S -scheme and T a split torus of relative dimension m. Denote
by p : T X X — X the obvious projection. There is a natural transformation

7 p. = py(=m)[-m]

making the following square commutative

p«(B)® A —— py(B) ® A(-m)[-m]

l } (3.71)

p«(B® p*A) —— py(B® p*A)(—m)[—-m]

forall A € #(X) and B € #H(T X X). Moreover, the natural transformation T is an equivalence
when restricted to F(T X X)qunx.

Proof. Given an integer n € Z, we write “—{n}” instead of “—(n)[n]”. For A € #(X), we have
natural equivalences

pp A=A p1~A® (10 1{-1)*"
and pyp'A=~A®@pl=~A®1A{l}o1)*".
Thus, there is a natural equivalence
p.p" = pyp*{-m}. (3.72)

We define 7 as the composition of

U * * 5
P« = DD P« = pyp  p{—m} — py{—m}.
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We first check that the square in (3.71])) commutes. This follows from the following diagram
p(BY® A ——— p.p*p.(B)® A ———— p;p*p.(B){-m} ® A ———— py(B) ® A{-m}

f ) l

p*(p(B) ® A) ——— pyp*(p.(B) ® A){—m} ~

| |

p«(B® p*(A)) — p.p"p(B® p*(A)) —— pyp" p.(B® p"(A){—m} — py(B® p"(A)){-m}

where the square (%) commutes by the construction of the equivalence in and all the other
squares commute for obvious reasons.

It remains to prove that 7 is an equivalence on # (T X X)qun/x, and it is enough to prove this
on objects of the form e, .e;p*(A) for A € #(X) and r € N*. (As usual, e, is the endomorphism
of T given by raising to the power r.) We have an equivalence e, .e;p*(A) =~ e, .(1) ® p*(A).
Using the commutative square in (3.71)), we are reduced to showing that (e, .1) is an equivalence.
Fixing an isomorphism 7' = (G,,)", we see that 7(e, .1) is the exterior product of m copies of the
corresponding morphism for G,,. Thus, it is enough to treat the case T = G,,. By construction,
7(e, 1) is the composition of

n * * g
per. 1= p.p'p.e;. 1= pyp p.e, J{-1} > pge, 1{-1}. (3.73)

We will compute this composition in two steps.

Step 1. Via the adjunction (e}, e, .), the counit morphism ¢ : p*p.e,. .1 — e, .1 corresponds to the
composite morphism in #(Gy,):

eppe d=101{-1) =51,

where « is the class of the Kummer extension (see [AyoO7bl, Definition 3.6.22]). This means that 6
is given by the composition of

ppe =101 5 e, 101{-1}) 2% ¢, 1. (3.74)

We have natural equivalences

p«e; .1 =1 1{-1} and pie. A[1] = pge, {~1} ~ 1@ 1{-1}.
Modulo these equivalences, p.e, .(k) and pie, .(«)[1] coincide as they are both given by the square
matrix

00
(1 0):1{—1}@1{—2}—>1@1{—1}.

Also, modulo these equivalences, the morphisms p.1 — p.e, .1 and p\1[1] — pie, .1[1] coincide
as they are given by the same square matrix

1 0
(O I’e) 1e1{-1} - 1o 1{-1}.
Indeed, for p.1 — p.e, .1, this follows from [Ayo23, Proposition A.7]. (Here, we are implicitly
using the universality of MSh,;;(—)®, i.e., Theorem ) To treat the case of p|1[1] — pye, . 1[1],

we argue as follows. Let p : P! x X — X be the obvious projection and let e, be the endomorphism
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of P! extending e,. Using the Mayer—Vietoris property for the standard cover of P!, [Ayo23,
Proposition A.7] implies also that p,1 — p.e, .1 is given by the square matrix

1 0
(0 ré) 1o 1(-D[-2] = 1 1(-D[-2].

Using that p, = p,, we deduce the same for the morphism p,1 — pe,.1. The claim for the
morphism p,1[1] — pe, .1[1] follows then by applying the Mayer—Vietoris property to the same
standard cover of P'. Indeed, let A~ and A* be the two open charts of P! intersecting at G,,. Write
p~ and p* for the restrictions of p to these charts, and e, and e for the base change of e, to them.
Using the commutative square

ril —>p!ie;f*1

| ]

pl——Dpe,..1
we deduce that p7'1 — p7er 1is given by r. : 1(—=1)[-2] — 1(—1)[-2] modulo the obvious equiv-
alences p;1 = 1(-1)[-2] and prer, 1~ 1(-1)[-2]. Inspecting the morphism of fibre sequences

pl————plop/ll——— Dl

| l l

per1——pre, 10 pie; 1 ——pe, .1,
the claim concerning the morphism p,1[1] — p,e, .1[1] follows immediately.

Step 2. 1t follows from Step 1 that we have a commutative diagram

0

(Lk)oa

p*p*p*er,*1—~>p*(1@1{_l}) D+€y, *1—> 1@1

o B
(Lk)oa

pep”pser {—1} — py(1 @ H{-1H{-1} —— pye, . 1{~1} — 1o 1{-

\/

o

Using this commutative diagram and the triangular identity 6 o n = id for the adjunction (p*, p.),
we deduce that the composition of (3.73) coincides with the composition of

p*er,*l ~1e 1{_1} = pﬁer,*l{_1}~
In particular, the composition of (3.73) is an equivalence as needed. m|

Lemma 3.4.18. Let X be a finite type S -scheme, j : U — X and open immersion andi: Y — X the
complementary closed immersion. Then, for M and N in #(U), we have a commutative diagram

Fj (M) Qi ji(N)[1] — i'(j.M ® jiN)[1] — i' ji}(M @ N)[1]
i*j. (M) ® i* j(N) ——— i*(j.M ® j,N) ——— i*j,(M ® N).
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Proof. Recall that the natural equivalence i' o j[1] ~ i* o j, is obtained by applying i* to the
following composite equivalence

iyoi o ji[1] = fib{ji — j}[1] = cofib{j, — j.} ~i.0i" o j.
We have a commutative diagram

JL(M) @ iy ji(N) —— (" j.(M) ® &' ju(N)) —— ii* (j(M) ® ji(N)) — iri’ ju(M ® N)

l | l

J«(M) ® ji(N) J«(M)® ji(N) ——— (M ®N)
J«(M) ® j.(N) J+«(M)® j.(N) ——— j.(M®N)

where the first and last columns are fibre sequences. This gives a commutative diagram as follows

Jo(M) ® ii* ju(N)[1] — iy ju(M) @ &' N D] — i (j.(M) ® ju(N)[1] — i1 j)(M ® N)[1]

J |

JsM)® 1,7 j(N) — i,.(i" j.(M) ® i" j(N)) — 1.i"(j. (M) ® j.(N)) — i,.i" j.(M ® N),
which readily implies the statement. O

Remark 3.4.19. Keep the assumptions as in Theorem[3.4.16] If f : ¥ — X is a finite Kummer étale
morphism of regularly stratified finite type S -schemes, then there are natural equivalences

f(Dy(N)® f'1) > Dx(£.N) and f.(Dy(N)® f'1) - Dx(fiN) (3.75)

for N € #H..an(Y)®. Indeed, since f is finite, we have f; = f., and the claim follows from [Ayo07a,
Proposition 2.3.53]. Also, notice that f, preserves tamely constructible objects.

3.5. oo-Categorical preliminaries.

In this subsection, we gather a few general co-categorical results needed for the remainder of
Section [3] These results concern cartesian and cocartesian fibrations, and their local versions.
We refer to [Lur09, §2.4] for the basic definitions and results. In particular, for the notions of
(co)cartesian and locally (co)cartesian edges, see [Lur09, Definitions 2.4.1.1 & 2.4.1.11]. For
the notions of (co)cartesian and locally (co)cartesian fibrations, see [Lur09, Definitions 2.4.2.1 &

2.4.2.6]. A commutative triangle
C————D
N
S

is said to be a morphism of (locally) cartesian fibrations if p and g are (locally) cartesian fibrations,
and if r takes (locally) p-cartesian edges to (locally) g-cartesian edges. Morphisms of (locally)
cocartesian fibrations are defined similarly.

Remark 3.5.1. We will freely use Lurie’s straightening/unstraightening equivalence between

(co)cartesian fibrations and CAT,-valued diagrams; see [Lur09, §3.2]. Given a diagram of
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oo-categories F : S — CAT,, (resp. ' : § — CAT,), we denote by

f?—)S (resp. fﬁ‘”—)S)
s s

the cartesian (resp. cocartesian) fibration classified by & (resp. F’). There is an equivalence of

cartesian fibrations op
f F =~ ( f F Op) ,
S sop

where F°P is the diagram sending s € S to the co-category F(s)°P.

Remark 3.5.2. In Subsection [3.6] we will use locally cocartesian fibrations to model oplax 2-
functors from a given co-category to the (oo, 2)-category of co-categories. Informally, this works
as follows (see also [Lur0O9, Remark 2.4.2.9]). Let p : € — S be a locally cocartesian fibration.
Anedge e : x = yin S induces a functor e!G : Gy — C, between the fibres of p at x and y. Given
an object A € C,, its image e!G(A) is the codomain of the locally cocartesian edge over e with
domain A. Given a second edge e’ : y — z, there is a natural transformation (e’ o e)f - e;@ o e?.
Evaluated at an object A € C,, it gives the unique morphism (¢’ 0e)"'(4) — ¢/ (e (A)) in C, making
commutative the following square

A—%A)

l |

(¢' 0 e)] (A) — e[ (e (A)),

where all the arrows, except possibly the bottom one, are locally p-cocartesian. Given a third edge
e” : z — t, there is a commutative square of natural transformations

e

!

(e oéo e)!e —— (" o e’)f) oe

l |

@) D o) o) D
e/Co(eoe)l ——e’Coel 0ef.

This is easy to see, at least after evaluating at an object A € C,. Indeed, the two natural morphisms
from (¢” o €’ 0 €)" A to € (¢ (¢ (A))) coincide when precomposed with the locally p-cocartesian
edge A — (¢" o€’ o e)fA. In fact, more precisely, the resulting morphism is the composition of the

three locally p-cocartesian edges
A = el (A) = (el (A)) > e/ (e, (e} (A))).
This will be used implicitly in the proof of Theorem[3.6.25]
Our first result is about a general construction of locally (co)cartesian fibrations.

Lemma 3.5.3. Let p : I — C be a locally cocartesian fibration of co-categories. Let Y C X be
a full sub-oo-category and let g : 1/ — C be the restriction of p. Assume that for every A € C, the
obvious inclusion ju . : Yy — X4 admits a left adjoint j,.
(i) The projection q : Y — C is a locally cocartesian fibration and, given a morphism e :
A — B in C, the associated functor e!y : Yo — UYp is the composition of

JAx o Jp
Yy — Xy — X — UYp.
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(ii) Assume furthermore that for every morphism e : A — B in C, the composite functor

X P
€ JB
Xy — X — Yp

factors through the localisation functor j, : Xy — UYa. Then the inclusion Y — X
admits a left adjoint j* : I — U relative to C which is a morphism of locally cocartesian
fibrations.

Proof. To prove (i), we may assume that C = A'. Denote by f : Xy — X the functor associated
to the non-identity edge of A'. Given objects F € U, and F; € 1, we have equivalences

Map,,(Fo, F1) = Mapy(Fo, F1)

Map ., (f(Fo), F'1)
Mapy, (j1.f(Fo), F1).

IR

IR

This proves that I/ — Al is a cocartesian fibration whose associated functor is given by the com-
posite functor jj o f o jo.: Yo — Y.

To prove (ii), we fix an object M € X and let A = g(M). It is enough to show that the obvious
morphism M — j3 M induces an equivalence Map,,(j3 M, N) =~ Map,(M, N) for every N € Y.
Letting B = g(N), it is enough to prove that the map

Map,,(juM, N). — Map,-(M, N),
is an equivalence for every e € Map.(A, B). This map can be identified with
Mapy, (¢ j, M. N) = Map.y, (¢ M. N) = Mapy, (jye!” M.N).

The result follows from the chain of natural equivalences

Y s o x . " x
€ O Jy=]JpO€ O Jax0O Jy=]poe.

To justify the second natural equivalence, we use the assumption that j} o e*!r factors through ;3

and the property that id — j4 . o j, becomes an equivalence after applying j,. O

In general, locally cocartesian fibrations of oco-categories are not preserved by composition.
However, we have the following partial result which we need for Construction [3.6.28]

Proposition 3.5.4. Consider a commutative triangle of co-categories

E—-"— D

N

We assume the following two conditions.

(i) The functors q and r are locally cocartesian fibrations.
(ii) For every pair of composable morphisms
d /
D N Dl DII
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in @ with d locally g-cocartesian and q(d’) a degenerate edge, the associated natural
transformation

d,

/ ’
d
(d’od), '
8Du
is an equivalence.

Then, p is a locally cocartesian fibration. Moreover, an edge in & is locally p-cocartesian if and
only if it is locally r-cocartesian and its image by r is locally g-cocartesian.

Proof. Without loss of generality, we may assume that C = A!. In this case, g is a cocartesian
fibration and we need to prove that p is also a cocartesian fibration. Fix E, € &, and set Dy = r(Ey).
Let d : Dy — D; be a g-cocartesian edge with D; € @, and let e : Ey, — E; be a locally
r-cocartesian edge over d. We claim that e is a p-cocartesian edge.

Let N be any object of &; and set M = r(N). We need to show that the obvious map

—oe: Mapg (E1,N) = Mapg(Eo, N)

is an equivalence. We have a commutative square

Mapyg, (E1, N) —— Mapg(Ey, N)

| l

Map,, (D, M) —% Map,, (Do, M)

where the bottom map is an equivalence. Thus, we may fix a morphism m : D; — M and prove
that the induced map

—oe: Mapg, (El ’ N)m - Mapg(EO, N)mOd
is an equivalence. We can rewrite this map as follows

Mapg,, (m E1, N) = Mapy, ((m o d),Ey, N)

which is induced by (mod),Ey — myod,(Ey) = mE;. Since d is g-cocartesian, this is an equivalence
by assumption and we can conclude. O

The next proposition is also used in Construction [3.6.28]

Proposition 3.5.5. Let C, @D and & be co-categories, and let p : & — Cand q : & — D be
functors. Assume that the following conditions are satisfied.

(i) The functor q is a cartesian fibration and the commutative triangle

8\‘—>/’x@

is a morphism of cartesian fibrations.

(ii) For every D € D, the functor plg, : Ep — C is a cocartesian fibration.
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Then, the functor p is a cocartesian fibration and the commutative triangle

5\7x@

is a morphism of cocartesian fibrations.

Proof. Let E, € & be an object, and set Cy = p(Ej) and Dy = g(Ey). Letc : Cy — C; be a
morphism in C and let e : Ey — E, be a plg, -cocartesian edge in &p,. We claim that e is a
p-cocartesian edge. Let R € & be an object and set P = p(R) and Q = g(R). We need to show that

Map¢(E1, R) — Mapg(Eo, R) Xmap,.(co.r) Mape(Cr, P)

is an equivalence. Since g(Ey) = g(E,) = Dy, we may view this map as as a map of spaces over
Map,, (Do, Q). Thus, fixing a morphism s : Dy — Q, it is enough to show that

Mapg(E1, R)s — Mapg(Eo, R)s Xmap,.(co.r) Mape(Ci, P)

is an equivalence. Let f : R* — R be a g-cartesian edge over s. Then, we can identify the previous
map with the following one

ManDO (Ei,R) — MapgDo (Eo, R') XMap,(co,r) Mape(Cy, P).

Since the functor & — C X D preserves cartesian edges over ), we deduce that p(R’") ~ p(R) =
We can now conclude using that the edge Ey — E| is plg, -cocartesian. O

Notation 3.5.6. For a simplicial set S, we have the category (Sety),s of simplicial sets over S.
Given a map of simplicial sets p : T — §, we have an adjunction

P (Setp);s 2 (Setp)/r @ ps,
where p* is the functor sending a simplicial set X over S to the simplicial set X xXg T over 7.

Remark 3.5.7. Let p : T — S be a map of simplicial sets and let Y € (Set,),r be a simplicial set
over 7. An n-simplex of p.(Y) consists of a pair (a, s), where a : A" — § is an n-simplex of S
and s : T X5, A" — Y Xg , A" 1s a section of the base change of the projection Y — T along a. It
follows immediately from this description that, for a cartesian square of simplicial sets

’

Y

[
s 2.5,

the obvious natural transformation g* o p, — p. o ¢’* is an isomorphism.

Lemma 3.5.8. Let B and C be co-categories, and let p : C — B be a cartesian or a cocartesian
fibration. Then the functors p* and p. preserve categorical fibrations and induce an adjunction of
co-categories
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Moreover, given a commutative square of co-categories

G’LG

lp/ lp
, 4
B —— B,
the induced natural transformations q* o p. — p., o q"* between functors from CAT e to CAT ;g
is an equivalence.

Proof. We only prove the first statement. The second statement follows easily from Remark [3.5.7]
By duality, it is enough to consider the case where p is a Cartesian fibration.

That p* preserves categorical fibrations is clear and does not require the assumption that p is
a cartesian fibration. It remains to see that p. preserves categorical fibrations. Let I/ — C be a
categorical fibration. By [Lur(09, Corollary 2.4.6.5], it is enough to show that p.(l/) — @B is an
inner fibration and has the right lifting property with respect to the inclusion {0} — N({0 & 1}).
(Here, N({0 & 1}) is the nerve of the ordinary category with two isomorphic objects and no non-
identity automorphisms.)

To show that p.(Y) — B is an inner fibration, it is enough to show that

GX@A?-)GX@A"

is a categorical equivalence for 0 < i < n and any functor A" — 3. By base change along this
functor, we reduce to the case where B = A”". In this case, we use [Lur09, Proposition 3.2.2.7(1)],
to find a composable sequence of simplicial sets

p: A" — Al — .. A"

and a quasi-equivalence M(¢) — C in the sense of [Lur(09, Definition 3.2.2.6]. By [Lur09, Propo-
sition 3.2.2.7(2)], it is then enough to show that

M(¢) xpn A = M(9)

is a categorical equivalence. This is clear since this map is a pushout of the A" X A — A" x A",
(See the construction of M(¢) on [Lur09, Page 179].)

Finally, to show that p.(Y/) — @ has the right lifting property with respect to the inclusion
{0} = N({0 & 1}), it is enough to show that

C xg {0} = C x5 N({0 S 1})

is a categorical equivalence. Again, we may assume that B = N({0 < 1}). In this case, C is
equivalent to C; X N({0 & 1}), and the result follows. O

To go further, we need the following remark.

Remark 3.5.9. Recall that a marked simplicial set is a pair (X, E) consisting of a simplicial set X
and a subset of edges E C X; containing all the degenerate ones. A simplicial set X underlies two
obvious marked simplicial sets X" = (X, so(Xo)) and X* = (X, X;). For a simplicial set S, we denote
by (Set})s the category of marked simplicial sets over S¥. This category can be endowed with
the cartesian model structure (see [Lur(9, Proposition 3.1.3.7]) where the fibrant objects are given
by the cartesian fibrations marked by their cartesian edges (see [Lur09, Proposition 3.1.4.1]); if

X — § is a cartesian fibration, we denote by X* the associated fibrant object of (Set}),s.
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Remark 3.5.10. Given a marked simplicial set (T,A) and amap p : T — §, we have an adjunction
pi: (Set});s 2 (Sety)r : pt

where p’, takes a marked simplicial set (X, E) over S to (X Xg T, E Xg, A). The right adjoint A
takes a marked simplicial set (Y, F) over T to the marked simplicial set (p.(Y), F*) admitting the
following description.

e An n-simplex of p.(Y) consists of morphisms A" — § and s : A" Xg T — Y in (Sety),r.
e An edge of p.(Y) consisting of morphisms A! — § and s : A xg T — Y is marked if s
sends (A"); Xg, A into F.

In general, the adjunction (p, p%) is not Quillen with respect to the cartesian model structures.
Nevertheless, we have the following result.

Proposition 3.5.11. Keep the notations as in Remark |3.5.10, and assume that p : T — S is a
cocartesian fibration and that A consists of the p-cocartesian edges. Then the functor

A
Pl (Set)r — (Set})s
preserves the fibrant objects with respect to the cartesian model structures.

Proof. This is analogous to the proof of [Lur09, Proposition 4.1.2.15]. Combining [Lur09, Propo-
sition 3.1.1.6 & Remark 3.1.1.10] with [Lur09, Proposition 3.1.4.1], we see that the fibrant objects
of (Sety),s are precisely those objets admitting the right lifting property with respect to all marked
right anodyne morphisms in (Sety);s. Thus, it is enough to show that p’ takes a marked right
anodyne map in (Sety),s to a trivial cofibration in (Set}),r for the cartesian model structure. The
class of marked right anodyne morphisms is the weakly saturated class of morphisms (in the sense
of [Lur(09, Definition A.1.2.2]) generated by the those listed in [Lur09, Definition 3.1.1.1], and it
is enough to check the required property for them.

The cases (3) and (4) of [Lur09, Definition 3.1.1.1] follow easily from the following observation:
given a marked simplicial set (X, E) with X an co-category, the map (X, E) — (X, EU/{e}) is marked
right anodyne if e is a composition of two edges in E or if e is an equivalence. The cases (1) and
(2) of [Lur09, Definition 3.1.1.1] are treated in the same way by adapting the argument in the proof
of Lemma [3.5.8] We will only discuss the case (2) which is more specific to the situation at hand.
This is the case of the inclusions

(A, E") C (A" E), (3.76)
for n > 1, where E is the set of all degenerate edges together with the final edge A"~ and
E’" = E N (A}),. By base change along the given map A" — §, we reduce to the case where

S = A". In this case, we use [Lur09, Proposition 3.2.2.7(1)], to find a composable sequence of
simplicial sets

¢ : CO S e Cn
and a quasi-equivalence M°P(¢) — T in the sense of [Lur(9, Definition 3.2.2.6]. Let A’ be the set
of edges in M°P(¢) of the form
([1]= [n].[1] = [0] > Cy)).

Given a marked simplicial set (Q, J) over A", we claim that

(M*(¢), A") Xpan (@, J) = (T, A) Xpn (@, J)
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is a cartesian equivalence in (Sety),o. Indeed, by [Lur09, Proposition 3.2.2.7(2)], the underlying
morphism of simplicial sets M°P(¢) Xa» Q — T Xan Q is a categorical equivalence. Thus, writing
also A’ for its image by the quasi-equivalence M°?(¢) — T, we deduce that

(M*(¢), A") Xpr (@, J) = (T, A”) Xpn (@, ])
is a cartesian equivalence in (Set}),o. (Use the characterisation of cartesian equivalences given in

[Lur09, Proposition 3.1.3.3(2)] and the fact that a cartesian fibration is in particular a categorical
fibration, i.e., a fibration for the Joyal model structure.) To prove our claim, it remains to see that

(T,A") Xpn (Q, J) = (T, A) Xpr (Q, J)
is a cartesian equivalence in (Set}),o. This follows from the fact that the set A can be obtained from
A’ by composition with equivalences belonging to the fibres of the cocartesian fibration 7 — S.
Applying this property for (Q, J) the domain and the codomain of the inclusion in (3.76), we are
reduced to showing that the map

(M(¢), A") Xan (A, E') = (MP(¢), A) Xpn (A", E)
is marked right anodyne. To conclude, we use that this map is a pushout of
(Co)' % (A}, E') = (Co)’ X (A", E).
It is worth noting that the analogous pushout property remains true for the inclusion (A")b C (A™),

for 0 <i < n, but fails for the marked left anodyne morphism (Ag, Ej ;) C (A", Ejeq), Where Ejefq 18
the set of degenerate edges together with the initial egde A%, i

Corollary 3.5.12. Let B and C be oo-categories, and let p : C — B be a cocartesian (resp.
cartesian) fibration. Then the functor p. : CATy,e — CATw from Lemma preserves
cartesian (resp. cocartesian) fibrations. Moreover, in the non respective case, given a cartesian
fibration YJ — C, the cartesian fibration p.(l) — B is classified by a functor B — CAT
admitting the following informal description.

(i) It sends an object A € B to the co-category Sect(Y,/Cy) of sections of the cartesian fibra-
tion Yy — Cy.

(ii) It sends a morphism u : B — A in B to a functor u* : Sect(Y,/C4) — Sect(Yp/Cp) which
can be informally described as follows. Fix a section s : Cy — Yy For X € Cp, we
consider the cocartesian edge v : X — w,(X) in C over u, and then the cartesian edge
vis(uy(X)) — s(u,(X)) in Y over v. Then the section u*(s) : Cgp — UYp takes X to v*s(u(X)).

An analogous informal description is also available in the respective case.

Proof. By duality, it suffices to consider the non respective case. The result follows readily from
Proposition [3.5.11] since a fibrant object for the cartesian model structure is precisely a cartesian
fibration marked by its cartesian edges (by [Lur(09, Proposition 3.1.4.1]). O

We end the subsection with a lemma needed for the proof of Theorem

Lemma 3.5.13. Let B and C be co-categories, and let q : 1D — B be a cartesian fibration. Suppose
we are given a morphism of cartesian fibrations

eCxB—"

\ / (3.77)



and denote by F : C — Sect(q) the induced functor. Assume the following:

e the oco-category C admits limits;

e for every vertex b € B, the co-category D, admits all limits indexed by the Kan complexes
By/-jy = Mapg(x,y), with x,y € B, and, for every edge e : b’ — b in B, the induced functor
e* : D, — Dy preserves these limits;

e for every b € B, the functor ¢;, : C — D, admits a right adjoint ¢y .

Then, the functor F admits a right adjoint G : Sect(q) — C sending a section o of q to the object
G(o)= lim ¢y . o(b), (3.78)
b’ —beBW

e:

where B™ is the twisted arrow simplicial co-category associated to B.

Proof. For y € B, we denote by y* : Sect(q) — D, the functor given by o0 — o(y). The
functor y* admits a right adjoint y, sending an object A of X, to the section y.(A) given by
b — lim., ,yeqp,, r"(A). Said differently, y.(A) is the relative right Kan extension of A along
the inclusion {y} ¢ B. (This relies on [Lur09, Corollary 4.3.1.11] and uses the full assumption on
the cartesian fibration ¢g.) Let o and o be two objects of Sect(g). We have an equivalence

Mapge. (07, 0) = limep_peqv Mapy, (07 (b), e (b))

. o (3.79)
~ 1My pepw MaPgeq ) (07, bie* o (D).
By Yoneda, this gives an equivalence in Sect(q):
o= lim blea(b). (3.80)

e:b'—beBW
Now, for D € ©,, the presheaf Mapg, ., (F(=), y.(D)) is representable by ¢, .(D). Since repre-
sentability is preserved by limits, we deduce that the presheaf Mapg,,,(F(-), o) is representable
by the limit in (3.78)) as needed. o

3.6. Monodromic specialisation, II. Functoriality.

It is of the utmost importance for the proof of our second main theorem to keep track of the
coherence properties of the monodromic specialisation functors introduced in Subsection [3.2] at
the oco-categorical level. This will be accomplished in this subsection, which is rather technical.
However, for the rest of the paper, the main take we need from this subsection is the commutative
triangle in which we describe informally in Remark The reader who is willing to
accept the existence of such a commutative triangle, can skip the technical details of this subsec-
tion. We fix a noetherian base scheme S and a strongly presentable Voevodsky pullback formalism

Ft® : (Schg)® — CAlg(CATY).

(See Definition [I.1.23]) Starting from Definition below, we will impose further conditions
on S and #®.

Definition 3.6.1.

(i) Consider the functor &’ : SCHX — Cat sending a stratified scheme X to the poset #; as in
Notation[3.1.29(i). We denote by &, : SCHE — Cat the functor sending a stratified scheme
X to the poset Py , obtained by adjoining a greatest element to % which is preserved by
the functors f, for all morphisms of stratified schemes f : ¥ — X. We set

SCHE™ = % and  SCHZ!" = P
SCHX 150 SCHX



An object of SCHX™ is called a demarcated stratified scheme; it is given by a triple
(X,C_,Cy) consisting of a stratified scheme X and strata C_ > C, of X. A morphism
of demarcated stratified schemes f : (¥, D_, Dy) — (X, C_, Cy) is a morphism of stratified
schemes f : Y — X such that

fo(D-) = C_ = Cy = f(Dy).

We have an obvious fully faithful functor SCHE — SCHZXY™ which we use to identify
SCHX with the complement of SCHZ!™ in SCHZI™. We define similarly the categories
REGZ?IS, SchZﬁf“( o Reng?‘( . and SmEgrfz iy

(i1) Consider the functor #” : SCHX — Cat sending a stratified scheme X to the poset ¥
as in Notation [3.1.29(ii). We denote by #; : SCHE — Cat the functor sending a strati-
fied scheme X to the poset { _ obtained by adjoining a greatest element to %{ which is

preserved by the functors f. for all morphisms of stratified schemes f : ¥ — X. We set

SCHx" = f ®”  and  SCHZU = f P
SCHXZ SCHX

An object of SCHX" is called a trimarcated stratified scheme; it is given by a quadruple
(X,C_, Cy,C,) consisting of a stratified scheme X and strata C_ > Cy > C, of X. A
morphism of trimarcated stratified schemes f : (Y,D_,Dy,D,) — (X,C_,Cy,C,) is a
morphism of stratified schemes f : ¥ — X such that

f*(D—) >C_x CO = f*(DO) z f*(D+) = C+-

We have an obvious fully faithful functor SCHX — SCHZ' which we use to identify SCHE
with the complement of SCHE" in SCHZY!. We define similarly the categories REGZ!

(x)’
tri tri tri
SchX{' ), RegX{' ) and SmX¢' .

By Theorem [3.1.30] there is a functor Df : RegZ{" — Schy sending a trimarcated regularly
stratified S -scheme (X, C_, Cy, C.) to Dfa|c0(C +). Our next task is to construct a lift
(Df, U) : RegXZ§' — Cy (3.81)
of this functor, valued in the co-category Cyz which we now define.

Definition 3.6.2. Let
op
Cyq = ( f CAlg(5‘€(X))) ~ j( CAlg(#(X))®? (3.82)
Xe(Schy )oP XeSchg

be the domain of the cartesian fibration classified by the functor CAIg(#)°? : (Schg)®? — CAT,
sending X € Schy to the opposite of the co-category of commutative algebras in #(X). Thus, an
object of Cyg is a pair (X, Ax) where X € Schy and Ay € CAlg(#(X)). A morphism (f,6) :
(Y, Ay) — (X, Ax) between two such pairs consists of a morphism of §-schemes f: Y — X and a
morphism of commutative algebras 6 : f* Ay — Ay in #H(Y).

Remark 3.6.3. The co-category Cy admits finite limits and the forgetful functor Cz — Schg, given
by (X, Ax) — X, commutes with them. Also, this forgetful functor admits a fully faithful right
adjoint Schy — Cy, given by X +— (X, 1). The functor #€(—)® extends into a functor

FH(—;—)® 1 (Cq)® — CAlg(Pr™™) (3.83)

sending a pair (X, Ax) to the symmetric monoidal co-category #(X; Ax)® = Mod z,(#(X))®.
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Definition 3.6.4. We define the category TEmb of split torus-embeddings as follows. An object
of TEmb is a split torus-embedding in the sense of Definition Recall that a split torus-
embedding is a triple (7,7°, j7) where T is a smooth affine Z-scheme, T° a split torus over Z
acting on 7" and j; : T° < T an equivariant dense open immersion. As usual, such a triple will
be simply denoted by 7. An object 7 of TEmb is regularly stratified by the orbits of the action of
T°. By Remark [3.2.4] an orbit E° of T is a split torus and its closure E is then an object of TEmb.
We can now complete the description of the category TEmb: a morphism 77 — 7 in TEmb is a
morphism of stratified schemes, inducing a morphism of tori from 7’° to a stratum E°, and such
that the morphism 77 — E is T'°-equivariant. When E° = T° we call such a morphism strict. Strict
morphisms form a wide subcategory of TEmb which we denote by TEmb’. We also write STor for
the full subcategory of TEmb (and TEmb’) spanned by split tori.

As usual, given a split torus-embedding 7', we also write 7 for its base change to S. Recall, from
Construction and Notation that there are commutative algebras L7 and Uz in #(T).
We need to make these commutative algebras functorial in morphisms in TEmb. This will be done
in three steps in the following three constructions.

Construction 3.6.5. Since the diagram U7 described in Construction is functorial in the split
torus 7', we have sections

Lstor, UsTor : STor? — CAlg(#) (3.84)

STor?
sending a split torus 7" to the commutative algebras L7 and Uy. Alternatively, one can construct
these sections using Proposition [3.2.10) m Indeed, the functors @5, : H(T)qun — H(S), from Defi-
nition[3.2.8] give rise to a morphism of cocartesian fibrations

f CAlg(#H(T)qun) STor’® x CAIg(#(S))
TeSTor?

\/

STor®P.

By [Lurl7, Proposition 7.3.2.6], the functor @}, has a relative right adjoint ®{"". Composing ®}""
with the unit section of pr;, we obtain the desired section Ugr,. The section Lsto, can be obtained
similarly using the functors ¢} : #H (T )yn — #H(S).

Construction 3.6.6. There is a morphism of cocartesian fibrations

f CAlg(#(T)) f CAIlg(F(T*))
TeTEmb’°P TeTEmb’°P

TEmb'®

given, over a split torus-embedding 7', by the functor j;, where jr : T° — T is the obvious
inclusion. By [Lurl?7, Proposition 7.3.2.6], the functor j* admits a relative right adjoint j.. On the
other hand, the sections L1, and Ugt,, from Constructioninduce sections of ¢’. Composing
them with j,, we obtain sections

it

L, U : TEmb? — CAlg(#t) (3.85)
5y ¥ TEMO"



sending a split torus-embedding 7" to the commutative algebras L7 = jr .L7- and Uy = jr . Ur-.

Construction 3.6.7. We form the diagram of functors and natural transformations

f CAlg(#)
A TEmb®P
o l (3.86)
= ., p
LU
TEmb’°P — TEmb®® =———= TEmb®?

where ¢ is the obvious inclusion, L7 and U’ are the functors deduced from (3.85)), and

L, U : TEmb”? — CAlg(#) (3.87)

TEmb®?

are the left Kan extensions of L and U’ relative to the cocartesian fibration p. Said differently, for
a split torus-embedding 7', we have

L(T) = ch)liI%} e’ L'(T) and U(T) = qglirTI} e U (T (3.88)

where the colimits are over TEmbyz, Xtgm, TEmb’. By Lemma below, L and U are extensions
of L7 and U’ in the usual sense. In particular, the functors .£" and U take a split torus-embedding
T to the commutative algebras L7 = jr,.L7- and Uy = jr, .Uz~ as in Construction [3.6.6

Lemma 3.6.8. The natural transformations L” — L ot and U’ — U o ¢ depicted in the diagram
in (3.80) are equivalences.

Proof. We fix T € TEmb and use the formulae in (3.88)). We have an adjunction
Br : TEmbr; Xtemp TEmb” 2 TEmby, : ¢7

where (7 is the obvious inclusion. The functor Sr sends an object e : T — T’ to the object
e: T — T', where T" C T’ is the closure of the stratum of 7" containing e(7°). The unit map
id = 1y o Bris given, ate : T — T’, by the commutative triangle

y e

L

T
where p : T' — T’ is the quotient map identifying 7’ with the quotient of 7" by the kernel of
the action of 7"° on the stratum of 7’ containing e(7°). It follows from Lemma [3.2.6(iii) that the
obvious morphisms e*p*L%, — e*Ly and e"p*Uz, — e" Uy are equivalences. Thus, we are left
to compute colim F o B(}p for a functor F with domain (TEmb’, ). (We are interested in the case
where F sends e : T — T’ to e*-L or e*Ur-.) The functor F +— F o B’ being left adjoint to the
functor G — G o ¢;", we deduce that F o 8} is the left Kan extension of F along the inclusion ¢ .
It follows that colim F o 8" =~ colim F ~ F(idy). This finishes the proof. m]

Construction 3.6.9. By Theorem [3.1.30] there are functors

Df : RegZi" — RegZ and T : RegZi’ — TEmb
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sending a trimarcated regularly stratified finite type S-scheme (X, C_, Co, C,) to Dfg . (C,) and
Talco(CJ,) respectively. These functors can be extended into functors

Df : RegZ§', — RegZs and T: RegZ{', — TEmb (3.89)
by sending a regularly stratified finite type S -scheme X to itself and to the trivial torus respectively.

By Theorem [3.1.30, we also have a natural transformation

RegXl, —— TEmb

Dfl y l (3.90)
Reg¥y —— SchXg.

Now, the sections £ and U in give rise to functors £, U : TEmb — Cy sending a split
torus-embedding 7' to the pairs (T, L7) and (7', Ur) respectively. Composing with the functor T in
(3.89) and using the natural transformation in (3.90), we obtain two cospans in Fun(RegZ¢' ,, Cy)

(Df, 1) (Df, 1)
l and l
(T, L) —— (T, 1) (T, U) — (T, 1).

Taking fibre products in Cy, we deduce two functors
(Df, L), (Df, U) : RegZ{', — Cy (3.91)

admitting the following description:

(i) they send a regularly stratified finite type S -scheme X to the pair (X, 1);
(i1) they send a trimarcated regularly stratified finite type S -scheme (X, C_, Cy, C.) to the pairs

(Dfa|c0(c+)» Lc_coc,) and (Dfa|c0(c+)» Uc_cyc,)
where L¢ ¢, c, and Uc ¢, ¢, are the inverse images of OCTEO(C+) and UTEO(C+) along the
morphism ng_lco(CJr) — Tg_lco(CJr) = TEO(C+)-
Composing with the functor in (3.83)), we obtain two functors

FH(DE(-); L)%, H(DE(-); U)® : (RegZ§', )™ — CAlg(Pr-™). (3.92)

By construction, restricting these functors to (RegZ)°P yields the obvious functor sending a regu-
larly stratified finite type S -scheme X to #(X)®.

Definition 3.6.10. Consider the cocartesian fibration
f F(Df; U)® — (RegZy' )™ x Fin,
(Reg=Z§' | )op
classified by the second functor in (3.92)). We define a full sub-co-category
NEy® C f #H(DF; 1U)®
(Reg=lf, )op

fibrewise as follows.
(i) Over a regularly stratified finite type S-scheme X, we take for ("=} ®

metric monoidal co-category #(X)®.

)x the whole sym-
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(i) Over a trimarcated regularly stratified finite type S-scheme (X,C_, Cy, C,), we take for
("ZEY)yc coc. the full sub-co-category of H(Dfz ¢, (C1); Uc_cyc,) spanned by those
Uc_ c,.c,-modules M satisfying the following two conditions:

e denoting by u : Ng (Cp) X To (C+) — Dfs Co (C,) the obvious open immersion (see

Lemma[3.1.17)), M belongs to ‘the | image of the fully faithful functor
u, : #(Ng (Co) X Ta)(CJr); UT%()(a)) — H(Dfg 0 (Cy); Uc_coc,)s
o with u as before, u*M is quasi-unipotent relative to Nz (Cy) in the sense of Definition
3.2.8] i.e., its underlying object belongs to #(Nz (Cp) X Ti (C+))qun/N (Co)-

Then, for n > 0, we take for (trl =¥ n))XC Co.c, the inverse image of [Ti<icn(ME *)Xc Co.C, BY
the obvious equivalence é?f(ch_‘CO(CJr) Uc_coc )iy = [Ticica HDOFE 1, (C); Uc_co.c.)-

We define similarly a full sub-co-category
MES® C f H(Df; L)
(Regzlri )op

by demanding that u*M is unipotent relative to Nz (C)p) in the second condition in (ii). We denote

by "=¥® the base change of "= ® along the inclusion (RegZi)P s (RegEtrl )°P, and similarly
in the unipotent case.

Remark 3.6.11. By Corollary [3.2.12] there is an equivalence of co-categories

~qun

(o o
H(Nz (Co) — Modu, ., (#(Nz (Co) X Tz, (C)aunix_ i)
0

taking an object M, in #(Ng (Co)) to the UT% «,)-module M, ® UT% «,)- The second condition in
0 0

(1) 1s then equivalent to demanding that the UT% «c,-module u*M belongs to the essential image

of the fully faithful functor '

“El e

H(Nz (Co)) — H(Nz_(Co) X T (C); U (C+))
Thus ("ZY)x ¢ ¢,.c. is the essential image of the following composition of fully faithful functors
H(Nz_(Co)) = #H(Ng_(Co) X TZ (C.); UT%O(C+)) = H Dz 0,(C1); Uc_cyc,)s

which moreover underly right-lax symmetric monoidal functors. This immediately gives a sym-
metric monoidal equivalence

=,
H(Ne (Co))® = ("E ®)xc_coc.-
Clearly, we also have a similar equivalence for ("Z1®)y ¢ c,.c.-

Notation 3.6.12. Let X be a regularly stratified finite type S-scheme, and let Cy > C; be strata of
X. We denote by

Teye, : H(Nx(C)® = H(N(C)®  and  Weyc 1 H(N(Cp)® — FH(Nx(C))®

the functor given by ?E and ‘T’E with E C Ny(Cy) the largest stratum laying over C; C Co.
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wig ¥ ® (RegZ‘” )P is a locally cocartesian fibration, and

Proposition 3.6.13. The projection
the commutative triangle

trl'—"P ® Fin, X (Regztri*)op

|

(RegZy’, )P
is a morphism of locally cocartesian fibrations. Moreover, the following properties are satisfied.

(i) The base change along the inclusion (RegXy)® — (RegEtrl )°P is the cocartesian fibration
classified by the functor X — #(X)®.

(ii) For a trimarcated regularly stratified finite type S -scheme (X, C_, Cy, C.), there is an equiv-
alence of symmetric monoidal co-categories

(= )x e coc, = H (Nz (Co))®.

iii) For a morphism f : (Y,D_,Dy,D.) — (X,C_, Cy,C,) of trimarcated regularly stratifie

(iii) F hism f : (Y,D_, Dy, D) — (X,C_,Co,C.) of tri d regularly stratified
finite type S -schemes, the induced functor ("=, ®)xc_co.c. = (“E5®)yp pyp, is given by
the composition of

of 0 N(f)*

H(Nz_(Co)® —— HNg (£.Do))® — H(Np_(Do))®. (3.93)

(iv) For a morphism of the form (Y,D_, Dy, D +) — X given by a morphism f : Y — X in
RegXs, the induced functor ("iE‘f )x — (M= Ch yp. Dy.D, IS given by the pullback functor

H(X)® — H (N5 _(Do))®

along the obvious morphism N (Dy) — X.

tr1 T®

The analogous properties for the projection (Rengtrl )°P are also true.

Proof. As usual, we only treat the quasi-unipotent case. Consider the full sub-co-category

D® f H(Df; U)®
(RegZ§ | )op

defined in the same way as "2, ®, but without asking for the second condition in (ii). Said dif-
ferently, given a trimarcated regularly stratified finite type S-scheme (X, C_, Cy, C,), we take for
(®N)xc_c,c. the essential image of the fully faithful functor

u, : #(Ng (Co) X T%O(C+);UT%O(C+)) - H(Dfg 0, (C1); Uc_coc,)-

By Lemma i), the projection ®}® — (Rengf )P 1s a locally cocartesian fibration satisfying
the following properties.

(i") The base change along the inclusion (RegXy )P — (Rengrf )P 1s the cocartesian fibration
classified by the functor X — #(X)®.

(11") For a trimarcated regularly stratified finite type S -scheme (X, C_, Cy, C,), there is an equiv-
alence of symmetric monoidal co-categories

(@, *)xc_coc. = HNg (Co) X TZ (€. uT%O(C+))®-
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(iii") For a morphism f : (Y,D_, Dy, D,) — (X,C_,Cy,C,) of trimarcated regularly stratified
finite type S -schemes, the induced functor (CI)‘f’Q@)X,C_,CO,C+ - ((D‘f’@)Y,D_,DO,m is given by
the composition of

H(Ng_(Co) X T2 (C1); Ure (¢,)®
0 Co

Df(f)*
%(Df@co(cﬂ; uc,,co,a )®

H(Dfp |, (D4): Up_pyn,)*

&

H(Np_(Do) X T3, (D.); Uy, 0,)®

where u and v are the obvious open immersions.
(iv") For a morphism of the form (Y, D_, Dy, D,) — X given by a morphism f : ¥ — X in
RegZXs, the induced functor (CI)\I’®)X — ((Df"@)x D_.Do.D, 18 given by the composition of

HX)® 5 FDIp 1y, (D2): Up_0y0,)* = FHNp (Do) X T (D.): Ury 0,)°

where g : DI |, (D) — X is the obvious morphism.

By construction, there is a commutative triangle

triss¥, ® L v, ®
. ()

N A

(RegZy' ).

In order to show that £ is a locally cocartesian fibration, it is enough to show that, for every object
M € "zY® and every locally ¢-cocartesian edge M — N in ®}'®, the object N belongs also to
“ié\f@. Concretely, we need to show that the functors described in (iii") and (iv") restrict to the
functors described in (iii) and (iv) respectively. The case of (iv’) is clear, so we concentrate on the
case of (iii"). Setting C) = f.(Dy) and denoting by

s:Dfg 0 (C.) = Dfe o (Co)  and '+ N (C)) X T, (C2) = Dfg 1, (C2)
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the obvious inclusions, the functor in (iii") is equivalent to the composition of

H(Ng_ (Co) X T%O(C+); UT%O(C+))®
%(Df67|c0(c+); UC,,CO,C+ )®

H(DIz i, (C1); Uc_cpc.)® (3.94)

u'*

HNe (Co) X TZ, (C); UT%, ))®
0 0
I(N(f)XTo(f))*

H(Np_(Do) X T2 (D.); U= (p,))°.
0 Dy

Clearly, the last functor in (3.94) restricts to the obvious functor
N(f)" : #(Nz (Cp)® — FH (N5 (Dy))®.

On the other hand, N (CY) XT%, (C), viewed as a locally closed subscheme of Dfz | (C.), admits

an open neighbourhood given bf}

Dfz ¢, (C) KTy (C4) T2, (Cy) = Ng (Co) Xg, Dfg (Cy) XTg, (C2) T2, (Cy)
0 0
= Nz (Co) xg, D, (Cp) X TZ, (C4)
0
~ Dfng co(E) X TZ, (C))
0

where E is the largest stratum of Nz (Co) laying over Cj. It follows that the composition of the
first three functors in (3.94) is equivalent the composition of

H (N (Co) X T%O(C(')) X T%é(C+); UT%O(C(’)) X uT"E{)(CQ)@

(upXxid).
H(Dfn, (c)(E) X T%é(C+); U cp ® UT%é(CQ)@ (3.95)

§*

H(Ne_ (Cp) X TZ (Cy); UT%, ))®
0 0

where uy : Ng (Co) X T%O(Ca) - DfNa(CU)(E) and 5" : Nz (C)) — DfNa(CO)(E) are the obvious

inclusions. By the smooth base change theorem and Remark [3.6.11] the composition in (3.95))
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restricts to the composition of
H(Ne_(Co)®
—muT%O )
H(Ng (Cp) X T%O(Cf)); UT%O(C(’)))®
o, (3.96)
H DN c(E); Uy cp)®

§*

H(Ne_(Cp))®

which is, by definition, the functor ‘i’co,c;) = ‘T’E. O

Remark 3.6.14. The locally cocartesian fibration given by Proposition [3.6.13| determines an oplax
2-functor encoding the coherence properties of the monodromic specialisation functors. In partic-
ular, we can recover from it the natural transformations described in Propositions [3.2.23] [3.2.25|
and[3.2.30] For example, in the situation of Proposition [3.2.30] consider the following morphisms
of trimarcated regularly stratified finite type S -schemes

(X,D,Cy,Cy) —» (X,D,Cy,Cy) = (X,D,D,Cy)

where D is the relevant open stratum of X (so that D > Cy > C;). Then, by [Lur09, Remark
2.4.2.9], Proposition [3.6.13] yields a natural transformation

H(DY* s H(N(Cy))®

X ﬁ 7
Y,
H(Nx(C1))®
where E is the largest stratum of Nx(Cy) laying over C;. We claim that this natural transformation,
composed with the obvious restriction functor #(X)® — #(D)®, coincides with the natural trans-

formation provided by Proposition [3.2.30, Indeed, assuming that X = D and using the diagram in
(3.28) from the proof of Proposition [3.2.30] it is easy to see that the natural transformation

¥, ® ¥ ®
(q)* )X,D,D,Cl (CD* )X,D,CO,CI
X l
¥ ®
(@, xpcic

can be identified with the natural transformation

VAN

FH(X X TH(C1); Ursc))® — FH(Nx(Cp) X T%O(Cl)§ UT%O(CI))®

7
[N
l.le,* I

H(Nx(C)
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that is induced by the unit morphism id — j,j*. Our claim follows then by inspecting the proof of
Proposition |3.2.30),

Definition 3.6.15. Using the identifications provided by Proposition [3.6.13[ii), we define a full
sub-co-category ME1® c WET® fibrewise as follows.

(i) Over a regularly stratified finite type S-scheme X, we take for ("2} ®)y the whole sym-
metric monoidal co-category #(X)®.

(11) Over a trimarcated regularly stratified finite type S-scheme (X, C_, Cy, C,), we take for
("E)xc_co.c. the essential image of the fully faithful functor

v, 1 H(NZ (Co)) = H(Ne (Co))
where v : N% (Co) — Ng (Cy) is the obvious embedding. Then, for n >

0, we take for

m_‘f m)xc_coc, the inverse image of [T;<<,("E))xc coc. by the obvious equivalence
trigy ¥ trig¥
( ng (n))X C_,Co,Cy — HlSiSn( H‘:‘* )X9C—3C03C+ .

We define similarly a full sub-co-category "E1® c "ixY-® We denote by "Z¥® the base change
of "=Z}-® along the inclusion (RegZ§)oP (RegEtrl )°P, and similarly in the unipotent case.

Notation 3.6.16. Let X be a regularly stratified finite type S-scheme, and let Cy > C; be strata of
X. We denote by

TOCO,CI : H(NZ(Cp)® = FH(N(C))® and {IV’ZO,Q : H(NY(Cp))® — FH(N5(C)))®
the functor given by TE and ‘T’% with E C Nx(Cy) the largest stratum laying over C; C Co.

rig¥.® _
%

Proposition 3.6.17. The projection
the commutative triangle

(RegZtrl )P is a locally cocartesian fibration, and

trl'“‘P ® Fin, X (Regztri*)op

|

(RethSrf P
is a morphism of locally cocartesian fibrations. Moreover, the following properties are satisfied.

(i) The base change along the inclusion (RegXy)® — (RegEtrl )°P is the cocartesian fibration
classified by the functor X — #(X)®.

(ii) For a trimarcated regularly stratified finite type S -scheme (X, C_, Cy, C.), there is an equiv-
alence of symmetric monoidal oo-categories

(EP) e cue, = HNZ (Co))°.

iii) For a morphism f : (Y,D_,Dy,D,) — (X,C_,Cy, C,) of trimarcated regularly stratifie

(iii) Fe hism f : (Y,D_, Dy, D,) (X,C_,Cy,C,) of tri d larl ified
finite type S -schemes, the induced functor (‘“Elf’®)x,c_,co,c+ (G = ®)YD Do.D, 1S given by
the composition of

of 0 Ne(f)*

FH(NZ (Co))® — FH(NZ (f.D0))® —— FH(NZ (Dy))®.

(iv) For a morphism of the form (Y,D_, Dy, D,) — X given by a morphism f : Y — X in
RegZXys, the induced functor (m"\y Ny = (‘riE\f’®)Y7D7,DO,D+ is given by the pullback functor

H(X)® — (N (Do))®
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along the obvious morphism N% (Dy) — X.
Moreover, there is a morphism of locally cocartesian fibrations

trlv—‘P ® trl—"P ®

~

(RethSrj )P,

which is given, over X € RegXg, by the identity functor of #(X)® and, over (X,C_,Cy,C,) €
RegZtri by the inverse image functor #(Ng (C))® — H (N% (Co))®. Finally, the analogous prop-

tr1 T®

erties for the projection (RegEtrl )P are also true.

Proof. This follows immediately from Proposition [3.6.13| using Lemma [3.5.3(ii). ]

Construction 3.6.18. We will now descend the locally cocartesian fibrations constructed above to
the category (Rengfn*)OP. Denote by

¢ : RegZ‘Srf L Rengrf‘*

the forgetful functor given by X — X on RegXs and by (X,C_, Cy,C,) — (X,C_, Cy) on Rengﬁ.
Clearly, ¢ is a cocartesian fibration classified by the functor sending X € RegZXs to the final category
and (X, C_,Co) € RegZj™ to the ordered set (%, =). Thus, by Lemma 3.5.8, we have an co-

category ¢*("=1"®) and a projection
PP (MEY®) > (RegZg™, ). (3.98)

Using Corollary [3.5.12] and the base change property provided by Lemma [3.5.8] we see that the
functor in (3.98)) is a locally cocartesian fibration. We can describe its fibres as follows:

(i) at X € RegXs, the fibre of (3.98) is #(X)®;
(i) at (X,C_, Co) € RegZi™, the fibre of (3.98) is the co-category of sections of the projection

("2 xeer = (Pey 2)P (3.99)
Now, consider the locally cocartesian fibration
PP (TEY®) X gor gin.o, (Fiest = (RegZg™, )™, (3.100)

where we write (Fin,). for (Rengff )P x Fin,. We can describe its fibres as follows:
(i) at X € RegXg, the fibre of (3.100)) is #(X)®;
(ii") at (X, C_, Cy) € RegZ{™, the fibre of (3.100) is the symmetric monoidal co-category
Sect(("E})x.c_.co/ (Pg, =)P)® (3.101)

whose underlying co-category has objects the sections of (“ié‘P)X,C_’CO — (Pg,, 2)™.
Note that (3.99) is a cocartesian fibration classified the constant functor (%5, >)*® — CAT., point-
ing at # (N (Cp))®. Thus, it makes sense to define the full sub-co-category
Ep® C ¢P(MEL®) X gor gin oy, Filles (3.102)

fibrewise as follows:

(i”) at X € RegXy, we take for (”T ®)x the whole symmetric monoidal co-category #(X)®;
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(i) at (X,C_,Cy) € RegZi™, we take for (=, ®)xc_c, the full sub-co-category of (3.101))
spanned by the cocartesian sections.
Since (@a, >)°P has a final object, (éf’g’)xc , 1s naturally equivalent to #(Ng (Cy))®. It is easy
to see that the inclusion (3.102)) contains all locally cocartesian edges with domain in =, ®. This
implies that
Ey® - (RegZg™, ) (3.103)
is a locally cocartesian fibration. Moreover, by construction, there is an obvious morphism of
locally cocartesian fibrations

¢0p *(v—‘*l" ® trlv—‘{" ®

~

(RegZ{’ )™,

which is a fibrewise equivalence, and hence an equivalence by [Lur09, Corollary 2.4.4.4]. Thus,
we have descended the locally cocartesian fibration of Proposition[3.6.13]to the locally cocartesian
fibration in (3.103)). Finally, note that the above discussion extends mutatis mutandis to the locally
cocartesian fibration of Proposition [3.6.17] yielding a locally cocartesian fibration

Ey® - (RegZg™, ) (3.104)
as well as a morphism of locally cocartesian fibrations

—~‘F®

~

(Regzd™ ),

descending the one in (3.97). Also, we have similar locally cocartesian fibrations in the unipotent
case and, as usual, we drop the “x” from Z."®, etc., to indicate the base change along the obvious
inclusion (Regde)"P — (RegZ )P

From now until the end of the subsection, we will assume that S is quasi-excellent and that #®
satisfies purity in the sense of Definition[3.2.16] Before going further, we need to introduce a slight
variant of the notions of logarithmicity and tameness on some particular regularly stratified finite
type S -schemes.

Definition 3.6.19. Let X be a regularly stratified finite type S -scheme and let C C X be a stratum.
(1) We set
Fiog(NY(C)/ Oy = Hiog(Nx(C)/Nx(C))” N H(N%(C))un/c-
In words, this is the full sub-co-category of #(N3(C)) spanned by the dualizable objects
which are logarithmic at the boundary of Ny(C) and unipotent relative to C. We then define
Hiog(NF(C)/ C)un to be the full sub-co- -category of #((N3(C)) generated under colimits by
Hiog N3(C)/C)T,.
(i1) We let #,(NZ(C)/ C )qwun be the full sub-co-category of #(N}(C)) spanned by those dual-
izable objects M € #H(N3(C)) for which we can find a Kummer étale morphism ¥ — X

whose image contains C and such that M|y o) € Hiog(NJ(D) /D)Z, for every stratum D C Y
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mapping to C. We then define #;,(N%(C)/ C )qun to be the full sub-co-category of #(N3(C))
generated under colimits by #€,,,(N5(C)/ (8}

qun*

The following result elucidates the above definition.

Lemma 3.6.20. Let X be a regularly stratified finite type S -scheme and let C C X be a stratum.

(i) Denote by q : N3(C) — C the obvious projection. The sub-co-category %log(N (C)/C)un
is generated under colimits by the objects of the form q*M with M € #,,(C/ C)@.
(ii) Assume that H® is étale local in the sense of Definition Given an object M in
Him(NY(C)/C)Z,., we can find
e opens subschemes U; C X, for i € I, with the C; = CN\U;’s nonempty and C C J;e; U,
e finite Kummer étale morphisms f; : V; — U, for i € I, with the D; = f7'(C})’s
connected,
such that each Mx;, (€ belongs to the full sub-co-category of #(Ny, (C;)) generated under
colimits by gz*q;‘(%log(D,-/Ei)un), with q; : N;J,i(D,-) — D; and g; : Ny,(D;) = Ny,(C)) the
obvious morphisms.

Proof. Arguing as in Lemma @‘, we can find U;’s and f;’s such that each Mly; (€ belongs to
the full sub-co-category of # (N, (C) generated under colimits by gz*(%log(N‘{,i(Di) /D). This
shows that (ii) follows from (i).

It remains to prove (i). Clearly, an object of the form g*M, with M € #,,(C /C)” is both
logarithmic at the boundary of Nx(C) and unipotent relative to C. Conversely, consider an object
M € FH,,(N5(C)/ C) By Remark , q.M belongs to %log(C/f)w. On the other hand, since
M is unipotent, we have an equivalence M =~ g*q.M ®,,.1 1. This implies that M can be written as
a colimit of objects of the form ¢*¢.M ® (¢*q.1)®", for n > 0, which suffices to conclude. O

Remark 3.6.21. Fixing a trivialisation N, 3 (O) = C x T5(C), which we can do locally, the sub-

co-category Him( X(C)/C)qun coincides with the full sub-co-category of #H(C X T5(C))qun/c Of
dualizable objects satisfying the form of tameness considered in the statement of Lemma [3.3.34]
In particular, letting g : N5(C) — C be the obvious projection, we see that g.M belongs to

FHm(C/C)Z for every M € #i(N§ (€)/C)@

qun*

Definition 3.6.22. Let X be a regularly stratified finite type S-scheme and let C C X be a stra-
tum. Let U C Nx(C) be a constructible open subscheme. We denote by #c.10,(U /C)(w) (resp.

Hem(U/ C)f]u)) the full sub-co-category of #(U) consisting of those objects M satisfying the fol-
lowing condition: for every regular constructible closed subscheme ¥ C X and every open stra-
tum D ¢ C N Y such that N¢ y(D) is contained in U, M|y °(D) belongs to #ti,s (N}, (D)/E)SZ) (resp.
Him(N3(D)/D)gi). When U = Nx(C), we simply write He10gNx ()i’ (resp. Hewan(Nx(C))gin
for this sub-co-category.

Proposition 3.6.23. Assume that #® is étale local in the sense of Definition Let X be a
regularly stratified finite type S -scheme, and let Cy > C; be strata of X. The functor

We,cr : H(N(Co)) = H(Nx(C1)  (resp. Vg, ¢, : H(NY(Co)) = FH(NY(C1))
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takes the sub-oo-category H. tm(NX(CO))qun (resp.  Hm (N3 (Co)/Co)qun) to the sub-oco-category

Hei-m(Nx(C1))qun (resp. Him(NJ(Cr)/ C Dqun)- The analogous statement for the unipotent mon-
odromic specialisation functors and logarithmically ind-constructible objects holds true even with-
out assuming that #® is étale local.

Proof. Let E C Nx(Cy) be the largest stratum of Ny(Cy) laying over C; C Cj so that ‘Y’co,cl = ‘T’E
and ‘T"’C o= ‘T"’ Using Theorem [3.4.9| we reduce to treating the respective case of the statement.
Using Proposmon [3.3.28] we reduce further to treating the unipotent case, i.e., to showing that the
functor ‘I’° H(NG(Cp)) — FH(NZ(C1)) takes Fiog(N3(Co)/ Co)un tO Hiog (N (C 1)/C1)un. Denote by
p : Nx(Cy) — C, the obvious projection and by g : Nx(C) = Ny, (E) — Ng o(Cl) the morphism
deduced from p. By Proposition [3.2.22] we have a commutative square of co-categories

T
H(Co) ——— HNZ (C1)

J{pO’ * lqo, *
:i;o

H(N(Co)) —— H(N3(C))).

By Lemma 3.6.20(i), it is enough to show that (g, takes #iog(Co/Co) t0 Hiog(N2 (C1)/C')un. This
0
follows from the combination of Propositions[3.2.35|i) and [3.3.13(i). O

Definition 3.6.24. We define the full sub-co-category

o ) =¥,® =¥, ® =7,®
B x C 2y (resp. B x C Sy )

fibrewise, over (RegZ L)°P, as follows.

(i) Over a regularly stratified finite type S -scheme X, we take for (”;fn@*)x (and for (:glf*) )
the symmetric monoidal co-category #...m(X)® of tamely ind-constructible objects.
(1) Over a demarcated regularly stratified finite type S-scheme (X,C-,Cy), we take for

EmZIxc.co (resp. (Epn’)x.c_c,) the symmetric monoidal co-category

Hom(Ne (Cgun (re5p. Hin(NZ (Co)/Co)ir)-

We define similarly the full sub-co-category

=T,® =T,®

=T1,® =T1,®
B C (resp. = )

Eloex C Ex
using logarithmic and unipotent objects instead of tame and quasi-unipotent ones. As usual, we

drop the “x” from = :;fﬁ, etc., to indicate the base change along (Reng'm)Op — (Regng“*)Op.

Theorem 3.6.25. Assume that #® is étale local in the sense of Definition
(i) The functors

B — (RegZg™ )™ and — (RegZ§™, )" (3.105)

tm*

are locally cocartesian fibrations, and become cocartesian fibrations after base change
along the obvious inclusions (RegZs ) — (RegZ L) and (RegZG‘m)Op — (RegZ )P
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(ii) The commutative triangle

=¥, ®
—tm, %

\ / (3.106)

(Regzdm )op

is a morphism of locally cocartesian fibrations.

The analogous properties for the unipotent monodromic specialisation functors and logarithmi-
cally ind-constructible objects hold true even without assuming that #® is étale local.

Proof. As usual, we only discuss the tame case. It is enough to prove that the first functor in
is a locally cocartesian fibration which becomes a cartesian fibration over (RegZ{™)°?. The
rest of the statement follows easily using Lemma [3.5.3ii).

We start by showing that the first functor in (3.103)) is a locally cocartesian fibration. To do so,
it is enough to prove that every locally cocartesian edge in Z, ® whose domain belongs to =

=tm, x
is entirely contained in = _tm . Concretely, we need to check that the functors induced between the
fibres of the locally cocartesian fibrations = u* (Rengdm )°P preserves the sub-co-categories in
Definition [3.6.24(i&ii). For a morphism of the form (¥, D_,Dy) — X, there is nothing to check.
Thus, we only need to consider the case of a morphism f : (¥, D_,Dy) — (X,C_,Cp) in Regigm.
The induced functor #(Ng (Cy))® — H (N5 (Dy))® is given by the composition of (3.93)) and the
result follows from Proposition [3.6.23]

It remains to see that the locally cocartesian fibration Eff - (Rengm)"p is in fact a cocartesian
fibration. Thus, given two composable morphisms

(ZE_,E)S (Y,D_,Dy) 5 (X,C_, Cy) (3.107)

in RegZd™ we need to show that the associated natural transformation

H(Ng (Co))® —L #(N5 (Do))®
7 lfg (3.108)
Efog
H(Nz (Eo))®

is an equivalence when restricted to #c..m(Ng (Co))2

qun- We split the proof into several steps.

Step 1. We start by noticing that (3.108)) is an equivalence when Dy = g.(Ey). Indeed, in this case,
the functor &, is the pullback functor along the morphism N(g) : Nz (Ey) — N5 (Dy). It follows
that &5, and &, o &, are given respectively by the following compositions

HNa (Co)° ~2 76Na (£:D0)° Y5 7N, (Ee)®  and
® of 0 ® N(H* ® N(®)* ®
H(Ng (Co)® —L2% F6(Nz (£.D0))° —L5 #(N (Do))® —s (N (Eo))°,

and the natural transformation in (3.108) is the one obtained by applying the natural equivalence

N(f o g)" = N(g)" o N(f)" to the functor ¥¢, 1. p, .
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Step 2. Consider the commutative diagram in Reng‘“:

(Z,E_,Ey)

s

(Y, D_, f.Ey)

(3.109)

(Y,D_, Dy) (X, C_, Cy).

This yields a commutative solid diagram of functors and natural transformations as follows:

H(Ng (Eo))®

‘fg]\ Efog

9 H(Np (fEp)® &

H(Np_(Do))® H(Ne_(Co))®.

&

&r
By Step 1, the natural transformations (2) and (3) are equivalences. Thus, it is enough to show

that the natural transformation (1) is an equivalence when restricted to H. m(Ng (CO))fun. Said
differently, we only need to consider the composable morphisms

(Y, D_, D) 5 (¥, D_, Dy) 5> (X, C_, Co), (3.110)

with Dfj < D, a stratum in Y, and the associated natural transformation

H(Ne (Co))® —Ls #H(No5 (Dp))®
7
id 3.111
> F . (3.111)
FH (NE_ (Dé))®.

Step 3. Consider the commutative diagram in Rengm:

(Y,D_, D)
lidy
(Y.D_,Dp) \ (3.112)
id \
(X,C_, f.Dy) ! (X,C_,Cy).




This yields a commutative solid diagram of functors and natural transformations as follows:

H(Np_(Dy))®

&
dy T fj

H(Np (Do))® &

/ 0 X

H(N_(£.D0))° o H(N_(Co))®.

&y

@)
=

Our goal is to show that the natural transformation (3) is an equivalence when restricted to
Heem(Ng (CO))g’m. By Step 1, we know that the natural transformation (1) is an equivalence.
Thus, it would be enough to show that the natural transformation (2) and the natural trans-
formation corresponding to the outer triangle in (3.112)) are equivalences when restricted to
Heram(NE _( f:“DO))?un and Hm(Ng (CO));?Lln respectively. This means that we need to treat the
following two types of composable morphisms:

(i) (Y,D_, Dy) K (X, C_,Cp) LN (X, C_, Cp), with Cy > C|) > f.Dy;
() (¥,D-, D) — (Y, D-, Dy) L&, C-, f.Do).
Step 4. We now treat case of composable morphisms of type (i) as in Step 3. To do so, we repeat
the argument in Step 2 and to reduce to the case of the composable morphisms
X,C_,C{) — 4 5 (X, C-, CO) 5 (X, C_, Cy),
with Cj = f.Dj. As explained in Remark @ the associated natural transformation

H(Ng (Co))® % 5‘€(N* (&)

7
\ J‘I’c(’),cg (3.113)
lIJCOAC,,

" H(NE (C))®

is the one given by Proposition [3.2.30] That (3.IT3) is an equivalence follows from Theorem
3.4.15]

Step 5. It remains to treat the case of composable morphisms of type (ii) as in Step 3. Said dif-
ferently, we need to show that the natural transformation (3.1T1)) is an equivalence when restricted
to c?fct_tm(Na(Co))?un, under the assumption that Cy = f.Dy. In fact, this is a slightly delicate
part, and we start by explaining the reason. Our assumption implies that f induces a morphism

N(f) : N5 (Dg) — Nz (Cp). Then, the natural transformation (3.111) can be written as follows:

H(Ng (Co))® 5 H(Np; (Do))°
fp s [P (3.114)

0

H(Ng (C'))® 2 (N (DY)®.

Ideally, this natural transformation would be given by Proposition [3.2.22] and we would be able

to conclude using Theorem [3.4.14] Unfortunately, it turns out that the above face is not always
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associated to the morphism N(f) : N5 (Dy) — Ng (Cp). Indeed, the latter can fail to take the
largest stratum of N3 (Do) laying over Dy, to the largest stratum of Ng (Co) laying over Cj.

We will resolve this issue in Step 7. Here, we simply notice that we may assume that C_ = f,D_.
Indeed, the functor

H(Ne (C)® > H(Nzp (CI))°,

associated to the morphism (X, f.D_, Cf)')) - (X,C_, C(())), is given by the pullback functor along
the projection A : Ny (C) — Nz (CY). Moreover, the face (3.114) factors by the face

F(Nz (Co))® —— H(N75 (Co))®

l\PCO ch 7 lq’co,c(')

F(Nz (C)® LA H(N75 (Cp))®,
which is invertible by Proposition [3.2.22]

Step 6. Recall that we are left to show that the face (3.114) is an equivalence when restricted to
Herm(Ng (CO));]'Z’un under the assumptions Cy = f.Dy and C_ = f.D_. Firstly, we notice that it is
enough to show that the face

FENE, (Co® 5 F6N:, (Do))®

F;O% ’ FZ’O"’G (3.115)
FHNZ (C’))® <7€(N° (Dy)®.

becomes an equivalence after restriction to 51€tm(N° (Co)/ Co)[]’z’un A similar reduction was done in

the proof of Theorem @] and the same argument can be easily adapted to the situation at hand.
Secondly, we notice that it is enough to prove that the face

HNZ (Co)® =, N (D))®

Fc()co 7 FODO% (3.116)
FHNZ (C’))® W(N" (Dy)®

becomes an equivalence after restriction to 5‘€1og(N%_ (Cop) /Eo)fn. This follows easily from Proposi-

tion [3.3.28 and Definition

Step 7. Here we finish the proof by showing that the face (3.116)) is an equivalence when restricted
to %k,g(N" (Co)/ Co)fn under the assumptions Cy = f.Dy and C_ = f.D_. Inspecting the proof of

Proposition [3.6.13} one sees that the face

H(Nz (Co)® L5 76(Ng_(Dy))®
IYCO% » lTDO% (3.117)

H(Ne (C'))® L (N5_(Dp))®
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under consideration is given by the obvious natural transformation
g7 ol o ju(=rLr o) = P70 jio (8" (D) B L (¢p)
Do Co

deduced from the commutative diagram of regularly stratified finite type S -schemes

N5 (Do) X T (D) —— Dfp 1, (D) +— Np (D)

l g'xid lg lg”

Nz (Co) X T2 (Cy) —— Dfz i, (Cy) +—— Nz (C).

(See Lemma([3.1.17]) Using the commutative diagram (see Proposition [3.1.26)

Dy x T, (D Df, (D}y) +——————— Np, (D))
Np_(Do) x T (D) D|DO(D)<TN (Dy)

Cox T2 (C)) Dfz, (C}) +—— |—— Ng,(C})
Nz (Co) X T2, (Cp) Dfz |, (C}) +——————— Nz (C}),

we obtain a solid commutative cube of functors and natural transformations

No(f)*

FENE (Co))®

— ‘ (flby)" —

N (Do))°

FH(Cp)® f #(Dy)® ?20,,)6
Y(o?o e ?2,
T, N, (Cp))°? — P | HNS (Dy)°
HINE, (C))° — FENS, (Dy)°

where all the faces are invertible except possibly the front and back ones. Moreover, the front face
is the one given by Proposition 3.2.22| applied to the morphism fl5, : Dy — C, and to the strata

D c D, and C, C C,. This face becomes invertible when restricted to %Ct_log(Co)® by Proposition
[3.3.9(ii). The result follows now readily from Lemma[3.6.20{i). m]

In later subsections, we will only use the second locally cocartesian fibration in (3.105]). We
need to reformulate the part of Theorem [3.6.25| concerning this locally cocartesian fibration in a
more convenient manner. We first note the following.

Corollary 3 6 26. Assume that #® is étale local in the sense of Definition The cocartesian
fibration = _tm (Regde)op is classified by a functor

HH® 1 (RegZ{™™ — CAlg(Pr'*)

admitting the following informal descriprion.
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(i) It takes a demarcated regularly stratified finite type S -scheme (X, C_, Cy) to the symmetric
monoidal co-category

HY(X,C_, Co)® = Him(NZ (Co)/Co),

qun*

(ii) It takes a morphism f : (Y,D_, Dy) — (X, C_, Cy) of demarcated regularly stratified finite
type S -schemes to the following composite functor

o = o G o o e N0 . —
Him(NZ (Co)/Co)qun — Him(Nz (C)/Co)qun — Him(NZ (Do)/ Do)

qun qun qun’®
where C|, = f.D,.

The analogous statement for the unipotent monodromic specialisation functors and logarithmically
ind-constructible objects hold true even without assuming that #® is étale local.

Remark 3.6.27. The functor classifying the cocartesian fibration =% — (RegZi™)* is denoted by
#"-®. Under the assumptions of Corollary we have a natural transformation #*-® — #*-®
which is objectwise a fully faithful embedding. (This relies on Proposition[3.3.16]) We also notice
that we have subfunctors #™™® c #™® and #¥ = ® c #*-® which are objectwise fully faithful.

In particular, given a demarcated regularly stratified S -scheme (X, C_, Cy), we have

HY(X,C_,C)™® = Hm(NZ (Co)/Coli’

qun

and similarly in the unipotent case.

Construction 3.6.28. Assume that #® is étale local in the sense of Definition2.1.7l Consider the
forgetful functor

p : RegZi™ — Reg¥g (3.118)
given by p(X, C_, Cy) = X. Also, denote by
io : RegZs < RegZ{™,  and i : RegZ{™ < RegZ{™, (3.119)

the obvious inclusions. We have a natural transformation iy — iy o p sending an object (X,C_,C,)
to the morphism (X, C_, C,) — X given by the identity of X. We denote by

¢ : (A" x RegZi™ — RegEng‘* (3.120)
the functor classified by this natural transformation. Consider the commutative triangle

r

=¥, ® 1
PP TE A" X (Regzgm)"l’

(RegZg™)°P.

We know that r is a locally cocartesian fibration and the same is obviously true for pr,. Note that
the second condition in Proposition [3.5.4] is also satisfied. Indeed, given composable morphisms
in RegZ§™, of the form
id
(Y,D_, Dy) — vy 5 X,
the associated natural transformation is given by the equivalence (f o g)* =~ g* o f* where g :
N°. (Eo) — Y is the obvious morphism. Thus, Proposition @ implies that pr, o r is a locally
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cocartesian fibration. In fact, it follows from Theorem [3.6.25|that pr, o r is a cocartesian fibration
classified by a functor

HY® : (RegZim)® — CAT,, (3.122)

sending a demarcated regularly stratified finite type S-scheme (X, C_, Cy) to the domain of the
cocartesian fibration

HYX,C_,Co)® = A (3.123)

corresponding to the functor He.q(X)® — #¥ (X, C_, Cy)® given by pullback along the obvious
morphism N% (Cy) — X. Consider the cartesian fibration

_)
<J£ gzdmatf“”@ — RegZi™, (3.124)
€8x

dual to pr, o r. The functors in (3.123) determine a natural transformation from the functor in
(3:122)) to the constant functor pointing at A!. This gives a morphism of cartesian fibrations

e A' X Regzg™
Rengm
\ / (3.125)
pry
RegZd™.

It is easy to see that Proposition [3.5.5] applies to the triangle in (3.125) showing that the obvious
functor

yf e 5 Al (3.126)
Rengm

is a cocartesian fibration and that the commutative triangle

jg H® 5 Al X Regzdm

egydm
- (3.127)
\ pry
A]

is a morphism of cocartesian fibrations. Straightening, this finally yields a commutative triangle

0

* ® Y, ®

p (j[ gect—tm) #H
RegZg RegE?m

\ / (3.128)

RegZ¢™

where the slanted arrows are cartesian fibrations. (Here, p is the forgetful functor in (3.118).) As
usual, we mention that there is an analogous commutative triangle for the unipotent monodromic
specialisation functors.

Remark 3.6.29. We now give an informal description of the triangle in (3.128).
171



(i) Over a demarcated regularly stratified finite type S-scheme (X, C_, Cy), the horizontal ar-

row in the triangle (3.128)) is given by the obvious pullback functor
He X)) = HY(X,C_, C)® = Hin(NZ (Co)/Co)y (3.129)

qun*

(The codomain of this functor is introduced in Definition [3.6.19])

(i) Given a morphism f : (¥,D_, Dy) — (X, C_, Cy) of demarcated regularly stratified finite
type S-schemes, the base change of (3-128) along the associated functor A — RegZ{™ is
classified by the face

gect—tm(Y)® — %T(Yv D—, l)O)®
Tf* AN T (3.130)
gect-tm(X)® BE— %T(X’ C*» C0)®

defined as follows. Let C. = f.D_ and C; = f.D_. Denote by g : N% (Dy) — N% (Co)
the morphism induced by f and by £ : N%, () — N% (C}) the obvious projection. Then
(3.130)) is the composition of the face 7

Hepoim(X)® —— %\P(Xa C, C6)®
N T (3.131)
gect-tm(X)® — %T(X’ C—9 CO)®’

corresponding to idy : (X, C”, Cj) — (X, C_, Cy), and the following two obvious commuta-
tive squares of pullback functors

Herm(Y)® —— #H* (Y, D_, Do)® Herin(X)® — #HY(X, CL, C)®

Tf* Té’* and Th*

Herin(X)® — #HT(X,CL, C)® Herin(X)® — #H(X,C-, Cp)°.

Finally, given an object M € #.m(X), the natural transformation in (3.131) evaluated at
M is given by the natural morphism

Mlc, = V¢, (Mlc,) (3.132)
pulled back along N%_ () — N%O(C(’)).

The commutative triangle in (3.128]), together with its informal description given in (1) and (i), is
basically all what we need to remember from this subsection.

3.7. An exit-path theorem.

We fix a base scheme S and a strongly presentable Voevodsky pullback formalism

F® : (Schg)® — CAlg(Pr™*).

We assume that S is quasi-excellent, and that #® satisfies purity in the sense of Definition [3.2.16
and is étale local in the sense of Definition In this subsection, we show how to reconstruct

the functor #%

from the functor #**® of Corollary|3.6.26, This reconstruction is reminiscent to

ct-tm

an exit-path type phenomenon.
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Construction 3.7.1. As in Construction [3.6.28] consider the forgetful functor
p : RegZ{™ — RegZg (3.133)

given by p(X, C_, Cy) = X. As usual, we denote by p* the base change along the functor p, and by
P its right adjoint. The commutative triangle in (3.128)) can be factored as follows

P (f gf?t—tm) - j[ e
RegZg Reng"’

RegZ¢™ x Fin, RegZ¢™ x Fin,

~

Re gﬁgm .

Using the adjunction (p*, p.), we deduce a commutative diagram

9/
F® 7Y
f ‘ ct-tm P+ ( ®)
RegXs Rengm

| J

RegXs x Fin, p.p" (RegZs X Fin,)

~

RegZs.

®
P+« (f %T) = (Regzs X Fil’l*) Xp*p*(RegZSXFin*) P+ (f K%J\P@) .
Reg}:gm RegZCS'm

In this way, we obtain a commutative triangle

®
j( geﬁ—tm : P+ ({ #t \P)
RegXs Regigm
\ / (3.134)

RegXs.

We set

The slanted arrows in (3.134)) are cartesian fibrations: for the left one, this is by construction and,
for the right one, this follows from Corollary [3.5.12]since the functor p is a cocartesian fibration.

Theorem 3.7.2. The triangle in is a morphism of cartesian fibrations, i.e., the functor ¢’
preserves cartesian edges. For a regularly stratified finite type S -scheme X, the functor

6 : Herm(X) — Sect [j( #H* / @;(), (3.135)
Py

induced by 6’ on the fibres at X, takes M € H.m(X) to the section 8,,(M) given as follows:

(i) it sends (C_, Cy) € P; to Mix: o) € %tm(N%_(Co)/Eo)qun;
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(ii) it sends (C.,Cp) — (C_, Cy) in P} to the composite morphism
Mixz, «cpy = (Mlcplne, ) = (IV’Z(/)(M leo)lne, ) = ‘T’ZO’C{)(M Ine ccollne, s (3.136)
Jfollowed by the cartesian edge over (C”, C()) — (C_, Cy) with codomain M IN% (Co)-

Moreover, the functor 0y is fully faithful with essential image the sub-co-category spanned by those
sections sending an arrow of the form (C’, Cy) — (C_, Cy) to a cartesian edge.

Proof. The description of the functor 6 follows readily from Remark[3.6.29 and the constructions.
The assertion that 6 preserves cartesian edges reduces to the following property: given a morphism
of regularly stratified finite type S-schemes f : Y — X, an object (D_,Dy) € &, with image
(C-,Cy) € Py, and an object M € #.im(X), the natural morphism

N°(f) 8 (M)(C_, Co) = 8, (f*"M)(D-, Dy),

where N°(f) : N% (Dg) — N% (Cp) is the morphism induced by f, is an equivalence. This is
immediate using the description of the sections 8,(M) and 6, (f*M) on the objects of &5 and #j.
It remains to prove the last assertion concerning the fully faithfulness of 8}, and its essential image.
We divide the proof of this into several steps.

Step 1. Fix a regularly stratified finite type S-scheme X. We denote by Secty the codomain of
the functor 6} in (3.135)), and Sect} the full sub-co-category of Secty spanned by those sections
sending an arrow of the form (C’, Cy) — (C_, Cy) to a cartesian edge. Clearly, ¢ factors through
Sect),, and we need to show that it induces an equivalence of co-categories Fe.m(X) =~ Secty. We
denote by ay : Secty — Secty the obvious inclusion, and by Bx : Secty — Sect its right adjoint.

More generally, given a regular constructible locally closed subscheme Z C X, we denote by
Sect; the co-category of sections of the cartesian fibration

g ’
(ﬁ/% )X@)/{ '@Z'

We let Sect, be the full sub-co-category Sect; spanned by those sections sending an arrow of the
form (C”, Cy) — (C_, Cy) to a cartesian edge. We also denote by a : Sect, — Sect; the obvious
inclusion, and by ; : Sect; — Sect; its right adjoint. We have a pair of adjoint functors

i, : Secty 2 Secty : iz ., (3.137)

where 7, is the restriction along the inclusion &, — & and iz, is the relative right Kan extension
along &, — 5. (See [Lur09, Definition 4.3.2.2].) Since

HY — P
P%

is a cartesian fibration, the functor iz . admits a simple description: for a section s defined over .,
the section iz .(s) evaluated at (C_, Cy) € Py is given by

iz, (5)(C-, Co) = lim Yo (SCE-, Eolne ()- (3.138)

(C-,.Co)—(E-.Ep), (E-,E0)eP,

(See the proofs of [Lur09, Corollary 4.3.1.11 & Lemma 4.3.2.13].) The functor i, takes Secty to
Sect,,, and we denote by i/ the induced functor. Thus, we also have a pair of adjoint functors

iy : Secty 2 Secty : iy, (3.139)
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/%

such that az o iy ~ i, oay and i, , o B ~ Bx o iz,. Writing iz : Z C X for the obvious inclusion,
we claim that the following commutative square

%ct—tm(X) —Z> ggct—tm(z/z)
Je;( Je’z (3.140)
Sect), —z Sect,

is right adjointable. We prove this property in the next three steps and, in the fifth step, we use it
to finish the proof.

Step 2. We want to prove that the square in (3.140) is right adjointable. Note that this is evident
when iz is a closed immersion. Indeed, in this case, the formula in (3.139) gives

s(E_, CO)lN%_(Co) it CycCZ,

iz.«(s)(C-, Co) = { 0 if CogZ

where E_ is the open stratum of ZNC_. It follows that i, , takes Sect), to Sect}, so that its is enough
to show that the natural transformation 6 o iz . — iz . o 8, is an equivalence, which is clear. Thus,
it is enough to treat the case of a constructible open immersion iy : U — X and, by induction, we
may assume that U is the complement of a closed stratum F C X.

Fix a section s € Secty,. In this step, we will give a formula for the section iy, ,(s). First, note
that iy .(s)(C-, Cp) ~ s(C_, Cyp) when Cy # F. On the other hand, we have:

iy, (s)(C_, F) = c,lzigoLp Yo, r(s(C-, Co)). (3.141)
Lett: Q = (Px,2)r = Py be the inclusion of the sub-poset of &5 consisting of those elements
of the form (C_, F)). We also have two pairs of adjoint functors

(" : Secty 2 Sectg : ¢, and @g : Secty 2 Sectg : fBo,

Sectg = Sect (j[ WT/Q)
9

and Sect, is the full sub-co-category of Secty spanned by the cartesian sections. Note that the
functor ¢. is the extension by zero on every pair (C-, Cp), with Cy # F. We claim that /7, (s) is the
section rendering the following square of Secty cartesian

where

iy, (8) ———iy,.(5)

l l

LBl iy, «(8) — L7y, (S).

Indeed, the section rendering this square cartesian belongs clearly to Sect), since it coincides with
iy «(s)on (C_, Cyp), when Cy # F, and with Sqot*iy .(s) on (C_, F), for C_ > F. On the other hand,
given 7 € Secty, we have equivalences

Map(t, t.Bqt% iy, «(5))

1R

Map(¢* (1), Bot" iy, «(5))
Map(t*(1), iy, .(5))
Map(t, t.tiy, .(5)),

1

1
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which implies the required property that Map(z, iy..(5)) = Map(t, iy, «(s)). Thus, it remains to de-
scribe Bo. Since Q admits a final object, we have an equivalence of co-categories Secty, =~ FHim(F).
We also denote by Bg : Sectg — #,,(F) the functor obtained from So using this identification.
For strata E > D > C, let pgp : N%(F ) — N%(F ) be the obvious morphism. By Lemma@
given a section r € Sectg, we have

Bo(r) = lim_(po_r)(pp..c)H(C-. F) (3.142)

where the limit is indexed by the twisted arrow category Q. Given an arrow
(D-zC->2F)> (D.zCLxF)

in Q" corresponding to a chain D’ > D_ > C_ > C’ > F, the map r(C_, F) — (pc_c' )'r(C", F)
gives rise to a morphism in #,(F):

(pp_F)(pp_c )'1(C_, F) = (ppr r)(pp ) 1(C, F),
which is the one used in the limit in (3.142).

Step 3. Keep the notations as in Step 2. To prove the right adjointability of the square in (3.140)
at an object M € F..qn(U), we need to prove that So(c"iy, .(6;,(M))) is canonically equivalent to
iy, «(M)|F. Said differently, we need to show that the natural morphism

i (M)l = Tim_ (po_p)u(pp_.c. )", (6, (M)XC-, F) (3.143)

is an equivalence. To do so, we may assume that M = j, M’ where j is the inclusion of a stratum
of U and M’ is tame on the boundary of the closure of the said stratum in X. Replacing X with
the closure of this stratum, we reduce to the case where X is connected and j : X° — U is the
inclusion of the open stratum of X. In this case, M IN% ) 18 zero unless C_ = Cy = X°. Thus, the

formula in (3.141) gives
YoM —cp] if C.=X°,

iU,*(egj(M))(C-,F)z{ 0 if C_#X°

where cr is the codimension of F in X. (Indeed, for the pair (X°, F'), the indexing category for the
limit in (3.147)) is isomorphic to the cr-dimensional cube [1]°F minus its initial vertex, and only
the object corresponding to the final vertex is possibly nonzero, given by ‘T‘OF(M’).) Hence, the
morphism in (3.143) can be rewritten as follows

(i, iME = (pxe ) PR (M1 = cr]. (3.144)

(Indeed, in Q", the object X° > X° > F is initial among all objects of the form X° > C_ > F
and the diagram under consideration is right Kan extended from the sub-poset spanned by these
objects.) Recall that px- r is the obvious projection N3 (F) — F and, by Proposition [3.2.37, we
have an equivalence (pXo,F)*‘T’OF(M’) =~ (iy.«j«M")|r. Finally, we see that the morphism in (3.143))
can be rewritten as follows

(iv,« M) = (v, jM)IF[1 = cF. (3.145)

In the next step, we will prove that this morphism is an equivalence by induction on c.
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Step 4. Clearly, if ¢ = 1, there is nothing to prove. So, we assume that ¢ > 2 and we let Y € X
be a constructible irreducible divisor containing F. Set V = Y \ F and let U, be the smallest
constructible open neighbourhood of Y° in X. We have a commutative diagram

ye v Y F
GO (O (O
x Lo, u-x F

Let N’ € #Hn(Y°/Y) and suppose we are given a morphism y : a,N" — jo ;M’. Arguing as in Step
3, we may rewrite the morphism in (3.143) for M = j; ,a.N’ as follows

(iv.« j11a:N)F = (iy«j1a:N)Ip[1 = k] (3.146)

where ¢} = cp — 1 is the codimension of F in Y. We have a commutative square

o N D , ,
(iv,«J1,10N)p — (i« j1+a.N")|r[1 = c}]

l(z) l@) (3.147)
(i« T M)l —— (i« - M")|F[1 = cF].

By induction, the morphism (1) is an equivalence. We claim that the morphism (2) is also an equiv-
alence when N’ = a'jy,M’ and v is the counit morphism. Indeed, using the natural equivalence
e oy, = e' o iy[1], it 1s enough to prove that

!. . ! . 1. . .
eiyyjraa joM — €iyyjiijoM’
is an equivalence. This morphism can be rewritten as
! . 1.
evwiyuM — e iyu M.

That this morphism is an equivalence follows from Proposition [3.3.31] using Verdier duality for
tamely constructible objects as provided by Theorem [3.4.16]

It remains to see that the morphism (3) in the square (3.147) is an equivalence when N’ =
a' JouM’ and 7 is the counit morphism. To do so, it is enough to show that

BalWiv.(0,(M) = im_ (pp_r)(Pp_c.)'iv, (0, (M)(C-, F) (3.148)
is zero, for M = j;,jo.M’. In this case, M|N% ¢y 18 zero unless Cy = X° or Cy = Y°. Thus, the
formula in (3.14T)) gives 7

fib {P5y (@ o.M xyr) = oy MO 11 = cf] if C_ =X,
iv, (6, (M))(C-, F) = ¥e (@ jo. M1 = c}] if C_=v°,

0 if C_¢{X°,Y°},
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Using this, one deduces that the limit in (3.148)) can be computed, up to desuspension, as the limit
of the following diagram

(pY",F)*{ij?:cy(a*jO,*M,)

|

(Pxe.p)fib (W5 (@ o My = Py (M)} —— (pep)s (Pycy (@ oM s -
This limit is easily seen to be the fibre of the morphism

Py Frer(@ o M) = (pxep) Fyex(M)
which, by Proposition can be identified with the morphism
e v.a jo.M — e'u.M’.

The latter morphism is an equivalence by Proposition [3.3.31} and this concludes the proof of the
right adjointability of the square in (3.140).

Step 5. We now use the right adjointability of the square in (3.140) to prove that the functor
0 © #Herm(X) — Sect’(X) is an equivalence. To prove that 6} is fully faithful, it is enough to show
that the map

Mapgfct-tm(x)(M’ iC *N) — MapSect% (Qg((M)’ Hg((lC, *N))

is an equivalence for every stratum C of X, and all objects M € # . n(X) and N € #H,(C /). By
the right adjointability of the square in (3.140), we have a natural equivalence 6y o ic . =~ i, o .

Using the adjunction (i¢’, i ) and the commutation 2 o 6 = 6. o i, we reduce to showing that

Mapy, /e (icM,N) — MapSect,C(Q'C(i*CM), 6-N)

is an equivalence, which is obvious since ¢. is an equivalence of co-categories.

To prove essential surjectivity for 65, we argue by induction on the number of strata of X. Thus,
if F c X is a closed stratum and U = X \ F its complement, we may assume that the functor
0, @ Hem(U/X) — Secty is an equivalence. Using the right adjointability of the square in
(3.140), we deduce that every object in the image of i, , : Sect; — Secty belongs to the essential
image of 8. Now, if s is a general section in Sect}, we may consider a fibre sequence

t— s — iy, iy(s)

in Secty. Since 6} is a fully faithful exact functor between stable co-categories, we are left to show
that ¢ belongs to its image. But the section ¢ has the property that #(C_, Cy) = O unless Cy = F.
Since it belongs to Secty, we see that it is isomorphic to iy JOF,F) = 04(ir .1(F, F)) as needed.
This finishes the proof. O

Corollary 3.7.3 (Exit-path Theorem). Denote by p : RegEgm — RegXy the functor forgetting the
demarcation. Then, the functor

®
g - j( HE . — p. (3[ %‘P) (3.149)
RegXs Reg}:gm
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is fully faithful and its essential image consists of those pairs (X, s), where X is a regularly stratified
finite type S -scheme and
5Py - j( F*
Px

is a section sending an arrow of the form (C’,Cy) — (C_, Cy) to a cartesian edge.

Proof. This follows immediately form Theorem and [Lur09, Corollary 2.4.4.4]. m]

3.8. Logarithmicity and tameness in the Betti setting.

In this subsection, we apply the theory developed in the previous subsections to the Betti con-
text. Along the way, we relate the notions of logarithmicity and tameness to the unipotence and
quasi-unipotence of the local monodromy along the boundary. As usual when discussing the Betti
context, we fix a commutative ring spectrum A € CAlg. The following is a complex analytic
analog of Definition[3.2.§]

Definition 3.8.1. Let D be a 1-dimensional complex open disc, o € D its center and D* = D \ {o}.
Let n be a nonnegative integer.

(i) We denote by LS((D*)"; A)u, the full sub-co-category of LS((D*)"; A) generated under col-
imits by the constant sheaves of A-modules. An ind-local system over (D*)" is said to be
unipotent if it belongs to LS((D*)"; A)un.

(i) We denote by LS((D*)"; A)qun the full sub-co-category of LS((D*)"; A) generated under
colimits by objects of the form e, M. where e : (D*)" — (D*)" is a finite étale cover and
L 1s the constant sheaf associated to a A-module M. An ind-local system over (D*)" is
said to be quasi-unipotent if it belongs to LS((D*)"; A)qun-

Remark 3.8.2. Recall from Definition that the co-category LS((D*)"; A) is the indization of
the oco-category LS((D*)"; A)“ of local systems on (D*)". However, as explained in the second
half of the proof of Lemma [1.2.12] the functor LS((D*)"; A) — Sh((D*)"; A) is fully faithful, so
that we can also define LS((D*)"; A) as the full sub-co-category of Sh((D*)"; A) generated under
colimits by local systems. In particular, the co-categories introduced in Definition [3.8.1] are also
full sub-oco-categories of Sh((D*)"; A).

Remark 3.8.3. For nonnegative integers m and n, we have an equivalence of co-categories
LS((D*)"; A) =~ LS(D™ x (D*)"; A).

Thus, Definition [3.8.T]admits an obvious extension to D™ X (D*)", i.e., we may speak about unipo-
tent and quasi-unipotent ind-local systems on D™ X (D*)".

Lemma 3.8.4. Let D be a 1-dimensional complex open disc, o € D its center and D* = D \ {o}.
Let n be a nonnegative integer and denote by q : (D*)" — pt the obvious projection. The functor

G" : Mod,, A — LS((D")"; A)
sending a q.A-module M to g*M ®g4,.a A, is fully faithful with essential image LS((D")"; A)yn.
Proof. See the proof of Lemma |3.2.39for a similar argument. O

Lemma 3.8.5. Let D be a 1-dimensional complex open disc, o € D its center and D* = D\{o}. Let
n be a nonnegative integer and consider a local system L € LS((D*)"; A)* on (D*)". The following

conditions are equivalent.
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(i) The local system L is quasi-unipotent.
(ii) There is a surjective finite étale cover e : (D*)" — (D*)" such that e*L is unipotent.

Proof. Assuming (ii), we show that L is quasi-unipotent. Etale descent holds in Sh((D*)*; A) and
implies, by Remark @, that L is equivalent to the geometric realisation of the simplicial object
€, e, L where e, is the Cech nerve of e. Since e is Galois, we see that each én, !ele is equivalent to
a direct sum of copies of e,e'L = e,e*L which is quasi-unipotent by (ii).

Conversely, assume that L is quasi-unipotent. Since L is dualizable, it is compact and hence
belongs to the stable idempotent-complete sub-co-category of LS((D*)"; A)qun generated by objects
of the form e.A .y, where e : (D*)" — (D*)" is finite étale and surjective. Clearly, such an e, A
satisfies (ii). The result follows by noticing that (ii) is preserved under finite limits, finite colimits
and direct summand. ]

Proposition 3.8.6. Let D be a 1-dimensional complex open disc, o € D its center and D* = D\ {o}.
Let n be a nonnegative integer and denote by j : (D*)" — D" the obvious inclusion. Consider a
local system L € LS((D*)"; A)® on (D*)". The following conditions are equivalent.

(i) The j.A-module j.L is dualizable.

(ii) The local system L is unipotent.

Proof. The implication (ii) = (i) is obvious, so we only need to show that (i) implies (ii). Let L
be a local system on (D*)" such that the j.A-module j.L is dualizable. Note that the dual of j.L
is necessary given by j.L", where L" is the dual of L. Leti : pt = 0" — D" be the inclusion
of the centre of D" and let ¢ : (D*)" — pt be the projection to the point. We claim that the
obvious morphism ¢.L — i*j,L is an quivalence. Indeed, let (D,), be a cofinal system of open
discs in D centred at o, and set D}, = D, \ {0}. We have i*j.L ~ colim, L((D})"). Since L is a
local system on (D*)" and since the inclusion (D})" C (D*)" is a homotopy equivalence, we have
L((D*)") = L((D;)"), and we get i*j.L ~ L((D*)") as needed.

Since the functor i* is symmetric monoidal, the i*j,A-module i*j.L is dualizable. Using the
claim we just proved, we deduce that the g.A-module g.L is dualizable. We define a new local
system L’ on (D*)" by

L' = cofib(q"q.L ®q.n A = L).
The local system Ly = g*q.L ®g4.a A is unipotent by Lemma @f} Thus, we are left to show
that L’ is zero. Since g* is fully faithful (again, by Lemma [3.8.4)), the unit morphism id — g.g"
is an equivalence. This implies that the morphism Ly, — L induces an equivalence ¢.Ly ~ ¢q.L.
Thus, we have ¢.L’ ~ 0. As explained above, this is equivalent to the condition that i*j.L" ~ 0.
Since i* is symmetric monoidal, we also get i*j.L'Y = 0 and i*j.(L’ ®, L") = 0. Writing the latter
vanishing as g.(L' ®, L") =~ 0, we see immediately that the coevaluation morphism A — L' ®, L'’
is necessarily zero. This implies that L’ ~ 0 as needed. O

Lemma 3.8.7. Let D be a 1-dimension complex open disc, o € D its center and D* = D \ {o}.
Let n be a nonnegative integer, and denote by 1, . .. ,y, the obvious generators of the fundamental
group m((D*)", x) ~ Z" at some base point x. Let L be a local system on (D*)".

(i) If L is unipotent, then the vy;’s act unipotently on L.
(ii) When A is an ordinary regular ring, the converse is also true: L is unipotent if and only if
the y;’s act unipotently on L,.

Proof. Part (i) follows immediately from the fact that L,, as a A-module with an action by Z", is a

direct summand of a successive extension of A-modules endowed with the trivial action of Z". If A
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is regular, the ordinary sheaves H;(L) are also local systems. Thus, to prove the converse when A is
regular, we may assume that L is an ordinary local system. Since a finite type ordinary A-module
with a unipotent action by Z" is a successive extension of finite type ordinary A-modules with a
trivial action, we reduce to the case of a constant sheaf, which is clear. O

Definition 3.8.8. Let W be a smooth complex variety and W° C W an open subset. We assume that
every point of W admits a neighbourhood U such that the pair (U, U N W°) is isomorphic to a pair
of the form (D", D" x (D*)™) for some integers 0 < m < n. (Said differently, W \ W° is a normal
crossing divisor on W.) A local system L on W° is said to be quasi-unipotent (resp. unipotent)
near the boundary of W if for every U as above the local system L|ynw- 1S quasi-unipotent (resp.
unipotent) in the sense of Definition [3.8.1] (and Remark [3.8.3)).

We now fix a ground field kK endowed with a complex embedding o : k < C. Below, the notions
of logarithmicity and tameness are taken with respect to the Voeveodsky pullback formalism

She(—; A)® @ (Schy)® — CAIlg(CATY).

(See Corollary [1.2.14])

Proposition 3.8.9. Let X be a smoothly stratified k-variety, and let L € LS(X°; A)” be a local
system. Then, L is tame (resp. logarithmic) at the boundary of X if and only if it is quasi-unipotent
(resp. unipotent) near the boundary of X*".

Proof. The equivalence between logarithmicity at the boundary of X and unipotence near the
boundary of X*" is clear using the characterisation (iii) in Proposition [3.3.3]and Proposition [3.8.6
Indeed, with j : X° — X the obvious inclusion, the property that the j.A-module j.L is dualizable
is local on X*" for the analytic topology.

It follows readily from the respective case and Lemma [3.8.5] that if L is tame at the boundary
of X then it is also quasi-unipotent near the boundary of X*". For the converse, assume that L is
quasi-unipotent near the boundary of X*". Without loss of generality, we may assume that X is
connected of dimension n. Since the problem is local for the étale topology on X, we may also
assume that X admits a unique closed stratum C and a morphism of smoothly stratified k-varieties
X — Tx(C) mapping C to the center of Tx(C) and inducing the identity of Rx(C).

Let (U,), be an analytic cover of X*" such that the pairs (U,, U, N X*>*) are isomorphic to
(D", (D*)" x D"™) for some integers 0 < m, < n. For every index a, we fix a finite cover
e, : U, = U,, unramified over U, = U, N X>* and such that e; "L|y: is unipotent. (Here, we
write e, : U)? — U, for the finite étale cover obtained from e, by base change.) We let d,, be the
degree of e,, which we assume to be minimal. Given an index «, there is a unique stratum C,, in X
such that U,NC3" is closed and nonempty in U,. We claim that d, depends only on C,. Since strata
are connected, it is enough to show that d, = dg whenever C, = Cg and U, N Ug N C, # 0. This
follows immediately from the fact that one can find an open V C U,NUpg such that V° = VNX**"is
isomorphism to (D*)"= x D"~ and such that the inclusions V° — U; and V° — U ; are homotopy
equivalences, and hence induce equivalences on the co-categories of local systems. Since X has
finitely many strata, we see that the d,’s are bounded. If d is a common multiple of the d,’s, then
the finite Kummer étale cover

f X =X XTX(C),ed Tx(C) - X
satisfies the following property. For every index «, the morphism X"*"Xxa U, — U, factors through

U!,. This readily implies that f**L is unipotent near the boundary of X’. Using the respective case

of the proposition, we deduce that f*L is logarithmic at the boundary of X" as needed. O
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In the proof of Theorem [3.8.11| below, we will use the following proposition.

Proposition 3.8.10. Let X be a smoothly stratified k-variety, and let Cy > C; be strata of X. Let
L € LS(X°; A) be an ind-local system. Then, the natural morphism

Xcl (L) - Xfo,Cl OXCO(L)
is an equivalence. (We write “x¢, " to indicate that C, is considered as a stratum of Co.)

Proof. This is well-known, at least when A is an ordinary ring. We may assume that L is a local
system. The question is local for the analytic topology on X*". Thus, we can reduce to the analo-
gous question for X = D" and X° = D" x (D*)" for some integers 0 < m < n. As usual, D is a
1-dimensional complex open disc with center o and D* = D \ 0. We fix a base point x contained
in X°. The strata Cy and C, are then of the form D" X (D*)™ X 0™~ and D" X (D)™ x o™™™
for some integers 0 < m; < my < m. Using the base point x and its projections x, and x; to
D" x (D*)™ and D"~ x (D*)™, we have natural identifications

(D" X (DY, x) = Z" = 72" X 2" = 72" X 2T x 2o,

T (D" X (DYY™, xo) = 2™ = Z™ x 2™,

(DX (DFY™, xy) = 2.

The oo-category of local systems on X° is equivalent to the co-category (Mod})BZ" of perfect A-
modules equipped with an action of Z". Similarly for the co-category of local systems on Cy and
C;. Modulo these equivalences, the functor yc, is given by M +— RI(Z"™; M). Similarly, the
functor x¢, ¢, ©xc, 1s given by M +— RI(Z™™™; R[(Z"™; M)). Thus, we are reduced to showing
that the obvious natural transformation

RI(Z"™;, =) — RI(Z™™™'; =) o R[(Z"™; —)
is an equivalence, which is clear. O

Theorem 3.8.11. Let X be a smoothly stratified k-variety, and let L € LS,.,(X°; A) be an ind-local
system of geometric origin. Then L is tame at the boundary of X.

Proof. Without loss of generality, we may assume that X is connected and that L is dualizable. We
argue by induction on the dimension of X; if X has dimension zero, there is nothing to prove. We
split the proof into several steps. In the first three steps, we treat the case where X is a curve. In the
fourth step, we reduce to proving tameness in the neighbourhood of the 1-codimensional strata. In
the fifth step, we conclude.

Step 1. In the first three steps, we consider the case where X is a curve. We may assume that X
has a unique closed stratum, which is a closed point 0 € X. Replacing k with a finite extension
embedded in C, we may assume that o € X is a k-rational point. Since X is a connected smooth
curve, any dense open subvariety of X° is a deleted neighbourhood of o. Thus, replacing X with an
open neighbourhood of 0, we may assume that L belongs to LS’_ (X°; A); see Notation By

geo

Remark[1.6.27] it is then enough to treat the case where A = S is the sphere spectrum.

Step 2. Before treating the case where A = S, we deal with the case where A = Z, which is
classical. In the latter case, we may assume that L is an ordinary local system. Using Lemma
[3.8.7(ii) and Proposition [3.8.9] we only need to check that the action of a loop around o € X*" acts
quasi-unipotently on the fibre of L. The result follows immediately from the Grothendieck local
monodromy theorem (see [SGA 7', Exposé I, Corollaire 3.4] or [11194, Théoréme 2.1.2]) and the

definition of constructible sheaves of geometric origin (see Definition [1.6.1{i)).
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Step 3. Here we explain how to deduce the case where A = S from the case where A = Z,
completing the proof of the theorem in the 1-dimensional case.

Given L € LSy(X°)”, we set L’ = L ®s Z. This is an object of LS,.,(X°; Z)” and, by Step 2,
we know that L’ is tame at the boundary of X. Thus, replacing X by the domain of a Kummer
étale cover, we may assume that L’ is logarithmic at the boundary of X. In this case, we will show
that L is also logarithmic at the boundary of X using the characterisation (ii) in Proposition [3.3.3]
Recall that the unique stratum of X is a closed point denoted by 0. We have a commutative square
of right-lax symmetric monoidal functors

(LY® —5 LS oo (03 40 (8))®

_®Szl l—@sz

(L')® 225 LS 1o (03 x0(2))®

where the bottom horizontal arrow is monoidal and the vertical arrows are monoidal and conser-
vative. This implies that the top horizontal arrow is monoidal as needed.

Step 4. We now consider the higher dimensional case. Recall that we argue by induction on
the dimension of X. Given a stratum C of X, we denote by X the smallest constructible open
neighbourhood of C in X. Let Y1, ..., Y, be the irreducible constructible divisors of X. In this step,
we assume that L is tame at the boundary of X Yes forall 1 <i < n, and we explain how to conclude.

Replacing X with the domain of a Kummer étale cover, we may assume that L is actually loga-
rithmic at the boundaries of the Xy.’s. Clearly, yy-(L) is a local system of geometric origin on Y.
Thus, by the induction hypothesis, we know that yy-(L) is tame at the boundary of ¥;. Locally on
X, we can find a finite Kummer étale cover X" — X such that, forevery 1 <i < n, Y = (X' Xx ¥)req
is connected and yy-(L)ly- is logarithmic at the boundary of Y;. (Assuming that X has a unique
closed stratum which is the intersection of the Y;’s, we can obtain such an X’ by extracting roots of
the equations defining the ¥;’s.) By Proposition[3.3.9| (and Corollary [3.2.41)), we have equivalences

Xy (Llxe) = xv:(Dlye @yye e Xve(A).

This shows that yy.(L|x-) is logarithmic at the boundary of ¥;. Thus, replacing X with X", we may
assume that L is logarithmic at the boundaries of the Xy-’s and that the yy-(L)’s are logarithmic
at the boundaries of the Y;’s. In this case, we can conclude by verifying the condition (ii) of
Proposition [3.3.3] Indeed, let C be a stratum of X. We need to show that the right-lax symmetric
monoidal functor

Yot LSgeo(X%5 A)® = LS4eo(Cs xc(A))®

is monoidal when restricted to (L)®. Let Y € {Y,,...,Y,} be a constructible irreducible divisor
containing C. By Proposition|3.8.10, we have a natural equivalence y¢ =~ yy.c © xy- Where

)?Y,C : LSgeo(Yo;)(Y"(1\))® - Lsgeo(C;XY,C OXY°(A))®

is the right-lax symmetric monoidal functor induced by yy c. Thus, it is enough to show that yy-
is monoidal when restricted to (L)® and that yy ¢ is monoidal when restricted to (yy-(L))®. The
first property follows form the fact that L is logarithmic at the boundary of Xy-. For the second
property, it suffices to show that the right-lax symmetric monoidal functor

LSgeo(Yo; A)® - LSgeo(C;XY, C(A))®
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is monoidal when restricted to the smallest compactly generated symmetric monoidal co-category
of LSge0(Y°; A)® containing yy-(L) and yy-(A). This also follows from the fact that yy-(L) is
logarithmic at the boundary of Y.

Step 5. Here we finish the proof. By Step 4, we may assume that X has a unique closed stratum
given by a smooth irreducible divisor Y € X. Leti : Z — X be the inclusion of smooth connected
curve on X meeting Y transversally at a closed point 0 € Z. Working locally, we may assume that
o is the unique point of intersection between Z and Y. We endow Z with the stratification whose
strata are Z° = Z \ o and o. By the first three steps, we know that L|;- is tame at the boundary
of Z. Replacing X with the domain of a Kummer étale cover, we may assume that L|z is actually
logarithmic at the boundary of X. We will show that L is also logarithmic at the boundary of X
using the characterisation (ii) in Proposition [3.3.3] We have a commutative square of right-lax
symmetric monoidal functors

(L)~ s LS o (Y xr (A))°

I

(Lz+)® =2 LS e0(03 xo(N))®

where the bottom horizontal arrow is monoidal as well as the vertical arrows. Thus, it would be
enough to know that 0" : LSyeo(Y; xy(A)) — LSge0(0; xo(A)) is conservative. This follows from
Lemma|[I.2.9]since o*xy(A) — x,(A) is an equivalence (Z being transversal to Y). O

Definition 3.8.12. Let X be a stratified k-variety. We denote by She.geo(X;A) the full sub-co-
category of Shy.,(X; A) consisting of those sheaves of geometric origin M such that M|c belongs
t0 LSq0(C; A) for every stratum C in X. Said differently, with the notation of Definition @ we
have Sheieeo(X; A) = H(X) if we take for #® the Voevodsky pullback formalism Shge,(—; A)®.
Note that this co-category is compactly generated and Shgeo(X; A)* consists of the those sheaves
of geometric origin whose restriction to each stratum of X is a local system.

Remark 3.8.13. Let X be a stratified k-variety. It also makes sense to specialise Definition [3.4.1]
to the Voevodsky pullback formalism Sh.(—; A)®. However, in order to avoid awkward notation,
it is better to denote the resulting co-category by Sh(X; A) instead of Sh ((X; A). Of course, the
notation “Sh¢(X; A)” can then mean two things:

e the co-category of ind-constructible sheaves on the k-variety underlying X;
e the co-category of those ind-constructible sheaves M on the k-variety underlying X such
that M|¢ 1s an ind-local system for every stratum C in X.

Fortunately, we do not need to worry about this notation clash in the sequel since we will rarely
use Definition [3.4.1{ with #® = Sh(—; A)®.

Theorem 3.8.14. Let X be a smoothly stratified k-variety and U C X a constructible open subva-
riety. Then, every object in Shei.geo(U; A) is tame with respect to X in the sense of Deﬁnition
Said differently, we have Shey.geo(U; A) = Herm(U/X) if we take for #® the Voevodsky pullback
formalism Shgeo(—; A)®.

Proof. This is a direct consequence of Theorem [3.8.11] m|
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When working with sheaves of geometric origin, we can use Theorems [3.8.11] and [3.8.14] to
restate some of the main results obtained in Subsections[3.3|and [3.4] with the tameness assumption
removed. Here are some samples of such statements.

Corollary 3.8.15. Let X be a smoothly stratified k-variety.
(i) Let C be a stratum of X. There are symmetric monoidal functors
We 1 Shergeo(X; A)® = Shergeo(Nx(C); A)®,
We 1 LSpeo(X°5 A)® — LSqeo(NS(C); A)®.

Denoting by u : X° — X and v : N3(C) — Nx(C) the obvious inclusions, these functors
are related by a commutative square

(3.150)

Shct—geo(X; A) M—*> Lsgeo(Xo; A)
B B
Shei geo(Nx(€): A) —— LS,eo(N(C): A),

which is left and right adjointable.
(ii) Let Co_z C, be strata of X. Let E C Nx(Cy) be the largest stratum of Nx(Cy) laying over
Cy C Cy. There is a commutative triangle of symmetric monoidal functors

T,
Shct—geo(X; A)® B Shct—geo(NX(CO); A)®
- 2
Y,
Shct—geo(NX(Cl ); A)®

Proof. Using Theorem [3.8.14] the statements to prove appear as particular cases of Corollaries
3.4.11]and [3.4.13] and Theorem 3.4.15] m|

To go further, we need the following strengthening of Theorems [3.8.11and [3.8.14] (See Defini-
tions[3.6.19 and [3.6.22])

Proposition 3.8.16. Let X be a smoothly stratified k-variety and let C C X be a stratum.

(i) Every ind-local system of geometric origin on N5 (C) is quasi-unipotent relative to C and
tame at the boundary of Nx(C). Said differently, we have

LSeeo(N%(C); A) = #Hin(N3(C)/C)gun

if we take for #® the Voevodsky pullback formalism Shgeo(—; A)®.
(ii) Given a constructible open subvariety U C Nx(C), we have

Shct-geo(U; A) = gect-tm(U/Z)qun-

Proof. It is enough to prove part (i). Let L € LS,,(N3(C); A)* be a local system of geometric
origin. By Theorem [3.8.T1] we know that L is tame at the boundary of Nx(C). Every Kummer
étale cover of Nx(C) can be étale locally refined by a cover of the form (Ny(D,) — Nx(C)),,
where ¥ — X is a Kummer étale morphism whose image contains C and the D, ’s are the strata of
Y mapping to C. Thus, replacing X and C by Y and the D,’s, we may assume that L is logarithmic

at the boundary of N (C).
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Denote by g : N3(C) — C the obvious projection. We claim that the obvious morphism
q°q-(L) g0y A = L (3.151)

is an equivalence. This would finish the proof. Indeed, ¢.(L) is a local system of geometric origin
on C, and hence is tame at the boundary of C by Theorem On the other hand, the ind-local
system g*q.(L) ®y4.n) A belongs to the full sub-co-category of LS,.,(Ny(C); A) generated under
colimits by objects of the form ¢*q.(L) ® (¢*q.A)®", for r € N. Thus, assuming that (3.15T)) is an
equivalence, we conclude that L belongs to #,(N5(C) /E)qun with #® = Shyeo(—; A)®.

It remains to see that is an equivalence. Using Lemma |1.2.12] we may view this as a
morphism in Sh((N§(C))™; A). In particular, we can work locally for the analytic topology on C*".
Thus, given an open embedding D" — C*", with D a 1-dimensional complex open disc, we need
to show that (3.151)) is an equivalence over (T$(C))* x D™ which is isomorphic to (C \ 0)"™ x D",
where n is the dimension of X. Since L is logarithmic at the boundary, the restriction of L to
(C N\ 0)" x D™ is unipotent by Proposition [3.8.6] Thus, it is enough to treat the case where L is
constant, and our claim is obvious in this case. m]

Definition 3.8.17. We denote by
LS;.o(— A)® 1 (SmE™® — CAlg(Pr'™)

geo

the functor #*® from Corollary where we take for #® the Voevodsky pullback formalism
Shgeo(—; A)®. By Proposition this functor takes a demarcated smoothly stratified k-variety
(X, C_, Cy) to the symmetric monoidal co-category LSgeo(N% (Co); A)® of ind-local systems of geo-
metric origin on N% (Cyp).

We can reformulate Corollary for sheaves of geometric origin as follows.

Corollary 3.8.18 (Exit-path Theorem). Denote by p szgm — SmZ; the functor forgetting the
demarcation. Then, the functor

®
9’:35 Shct-gm(—;A)%p*[f Ls;"eo(—;m] (3.152)
Sm3g Smxdm

is fully faithful and its essential image consists of those pairs (X, s), where X is a smoothly stratified
k-variety and

51 Py — j[ LSy (=3 A)
P
is a section sending an arrow of the form (C’,Cy) — (C_, Cy) to a cartesian edge.

Proof. This is a particular case of Corollary O

4. THE MAIN THEOREMS FOR LOCAL SYSTEMS

This section is devoted to extracting from Theorem the promised description of Gyei(k, 0)
as the group of autoequivalences of the functor

LSeeo(—)? & (Smy)® — CAlg(CAT.,).

As explained in the introduction, this can be viewed as a motivic non truncated version of the
Ihara—Matsumoto—Oda Conjecture. Our method relies on the machinery developed in Section [3]

and, in particular, on our exit-path theorem (see Corollary [3.7.3).
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4.1. Stratification, constructibility and cdh descent.

Given a field k endowed with a complex embedding o : k — C, we prove in this subsection
a version of Theorem [2.2.3| where the co-categories of sheaves are replaced with co-categories of
sheaves that are locally constant over the strata of a given stratification; see Corollary @.1.1T|below.
Recall that the cdh topology on quasi-compact quasi-separated schemes is generated by Nisnevich
covers and by pairs of finite presentation morphisms (s : Z — X, p : X’ — X) consisting of a
closed immersion s and a proper morphism p inducing an isomorphism over X \ s(Z); see [SVO00,
Definition 5.7] and [Elm+21, §2.1]. We extend the cdh topology to stratified schemes as follows.

Definition 4.1.1. A family (f; : X; — X); of morphisms of stratified noetherian schemes is said
to be a cdh cover if it is so after forgetting the stratifications. We denote by cdh the topology
generated by the cdh covers on SCHX or similar categories such as SchXg, for a noetherian scheme
S, and RegXs, for a quasi-excellent scheme S of characteristic zero. (See Notation [3.1.7})

Proposition 4.1.2. Let S be a noetherian scheme.
(i) The forgetful functor Bs : Sch¥g — Schg induces an equivalence of co-topoi

Bs.. : Shv¥3) (Schy) — Shv!’) (SchX). (4.1)

Moreover, if S has finite Krull dimension, the co-topoi Shv qn(Schy) and Shv.q,(SchZy) are
hypercomplete, i.e., equivalent to Shv.y (Schg) and Shv)y, (SchZy).

(ii) Assume that S is quasi-excellent of characteristic zero. Then, there is a commutative square
of equivalences of co-topoi

Shv’, (Schs) —= Shv’, (Schs)

{Ls,* {m (4.2)

Shvggn(Regs) ﬁ%> Shv/,;, (RegZs),
where g denotes the obvious inclusions and Bs the forgetful functors.

Proof. To prove (i), we note that the functor S5 admits a right adjoint ag : Schgy — SchXg sending
a finite type S -scheme X to itself together with the trivial stratification (for which the strata are the
connected components). Moreover, the counit morphism Bg o @g — id is invertible. We deduce
from this a pair of adjoint functors

B5 : Shv?y

uh(SchZg) 2 Shviy)

n(Schy) © ar

such that 5 o @y ~ id. We will prove that the unit morphism id — «aj o § is an equivalence.
Since a; and B are colimit-preserving, it is enough to do so after evaluating at objects of the form
Leany(X), for X € SchXg. (As usual, we write y for the Yoneda embedding.) Thus, we are left
to show that the morphism X — asfs(X) induces an equivalence after cdh sheafification. This
is clear since X — asfBs(X) is both a monomorphism and a cdh cover. For the statement about
hypercompletion, it is enough to consider the case of Schg which is treated in [EIm+21], Corollary
2.4.16]. To prove (ii), it is enough to show that ts : Regg — Schg and ¢5 : Regs — SchXg
induce equivalences of co-topoi. This follows from Lemma [4.1.3[ii) below. Indeed, by resolution
of singularities for quasi-excellent schemes [Tem08, Theorem 1.1], every finite type S-scheme
admits cdh covers by regular finite type S -schemes and every stratified finite type S -scheme admits

cdh covers by regularly stratified finite type S -schemes. O
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The following lemma is a version of [Hoy14, Lemma C.3] which is itself a version of [SGA 4/}
Exposé 11, Théoreme 4.1]. It was used in the proof of Proposition4.1.2

Lemma 4.1.3. Let C and 1D be small oco-categories, and let t : 1D — C be a fully faithful embed-
ding. Let T be a Grothendieck topology on C such that every object X € C admits a T-cover of the
form («(Y;) — X); with Y; € ©D. Denote also by T the topology on 1D generated by those families
(Y; = Y)j such that ((Y;) — «(Y)); is a T-cover in C. Then, the following properties are satisfied.

(i) The commutative square

P(D) —— P(C)

N
Shv?"(@) —— Shv"(C)

is right adjointable, i.e., the natural transformation L., o 1, — 1, o L. is an equivalence.
(ii) The functor " : ShV(T/\)(CD) - Shvi’\)(G) is fully faithful. In fact, it is an equivalence of
oo-categories in the hypercomplete case.

Proof. We start by proving (i) in the non-hypercomplete case. We need to show that the functor
L. P(C) = P(D) preserves t-local equivalences (in the sense of [Lur(09, Definition 6.2.2.6]).
Since this functor admits a right adjoint (given by right Kan extension), it suffices to show that it
sends the inclusion of a 7-sieve C C y(X), with X € C, to a t-local equivalence. Since colimits in
P(D) are effective, it suffices to show that, for every morphism a : y(Y) — t.(y(X)) with Y € D,
the inclusion
D, = 1.(C) X (y(X)), a Y(Y) — Y(Y)

is a t-sieve of the object ¥ € . By adjunction, the morphism a corresponds to a morphism
a:uY)— Xin C, and we have D, = 1.(C,) where C, = C Xyx) . y(i(Y)). Since C, is a 7-sieve
of the object «(¥) of C, we can find, by assumption, a 7-cover (¥; — Y); of Y in D, such that
(«(Y;) = «Y)); is a T-cover generating a sub-sieve of C,. It follows that (Y; — Y); generates a
sub-sieve of D,. This shows that D, is a 7-sieve as needed.

To prove (i) in the hypercomplete case, it remains to see that the functor ¢, : Shv. () — Shv.(C)
preserves co-connective morphisms (see [Lur(9, Definition 6.5.1.10 & Page 669]). Since this
functor commutes with limits and colimits, this follows readily from [Lur09, Proposition 5.5.6.28].

To prove that ¢* : ShV(TA)(CD) - ShVE_A)(G) is fully faithful, we check that the unit morphism
id — ¢, o (" is an equivalence. By part (i), we are reduced to proving the same property for the
analogous functors on presheaves, and it suffices to do so after evaluating at representable objects
y(Y), for Y € @. In this case, we need to see that y(Y) — ¢.y(«(Y)) is an equivalence, which follows
from the assumption that ¢ : @ — C is fully faithful. Finally, in the hypercomplete case, the image
of the functor ¢* generates Shv/ (C) under colimits. Indeed, by assumption, for every X € C, we
can find a 7-hypercover of X given in each nonnegative degree by a disjoint union of presheaves
represented by objects in the image of ¢ : @ — C. Combined with the property that ¢* is fully
faithful and colimit-preserving, this implies that ¢* is an equivalence. m|

Proposition 4.1.4. Let S be quasi-compact and quasi-separated scheme, and let
F® : (Schg)® — CAlg(Pr™)

be a presentable Voevodsky pullback formalism. Then, the CAlg(Pr*")-valued presheaf #® is a

cdh sheaf. Moreover, if S has finite valuative dimension, then #® is even a cdh hypersheaf.
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Proof. By [Lurl7, Corollary 3.2.2.5], it is equivalent to prove the analogous statement for the
Pr*-valued presheaf #. Recall that # is a cdh (hyper)sheaf if the right Kan extension of # to
the co-category P(Schg ) factors through the cdh (hyper)sheafification functor. Thus, the second
part of the statement follows from the first one using [Elm+21, Corollary 2.4.16]. It remains to
see that #( is a cdh sheaf. The proof of [Hoyl7, Proposition 6.24], which deals with the case of
MSh,,;s(-), remains valid for a general presentable Voevodsky pullback formalism. Nevertheless,
for the reader’s convenience, we include a proof.

Writing § = lim, S, as a limit of a cofiltered projective system of finite type Z-schemes with
affine transition morphisms, we have Shv gq,(Schg) = colim, Shv.4,(Schg, ) where the colimit is
taken in Pr™. (Indeed, this is true for the co-categories of presheaves, and remains true after cdh
localisation, since every Cech nerve of a cdh cover in Schg is the image of the Cech nerve of
a cdh cover in one of the Schy,’s.) It follows from [VoelO, Theorem 4.5] that the co-category
Shv gn(Schy) is the localisation of #(Schy) with respect to the following morphisms of presheaves.

(i) The inclusion of the empty presheaf ) — y(0).
(ii) The morphism y(U) [ ]y y(X") — y(X) associated to a Nisnevich square in Schg

U’LX’

[l

U—-x
Recall that the square is cartesian, e is €tale, j is an open immersion and the induced
morphism X’ \ U’ — X \ U is an isomorphism.

(iii)) The morphism y(Z) [ [y, y(X") — y(X) associated to an abstract blowup square in Schg

7’ ’—> X’
[
71X

Recall that the square is cartesian, e is proper, i is a closed immersion and the induced
morphism X’ \ Z" — X \ Z is an isomorphism.

Thus, it is enough to check that the right Kan extension of # along the opposite of the Yoneda
embedding y : Schy — %(Schg) tranforms the above morphisms into equivalences. This is clear
for (i) since #€(0) is the final co-category. We only treat the case of (iii) since (ii) is entirely similar.
We need to show that the obvious functor

x (e /
6 W(X) —_— %(Z) Xz %(X)

is an equivalence. This functor admits a right adjoint 6, sending an object (A, B,u : ¢”*(A) = i"”*(B))
to the limit of the diagram

i.(A) e.(B)

! Ik

ie.e*(A) — e,i’i""(B).
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We claim that the unit morphism id — 6.6" is an equivalence. Writing s : Z" — X for the composite
morphisms e o i’ =i o ¢’, we need to show that the square

M —— i,i*(M)

|

e.e’(M) —— s.5 (M)

is cartesian for all M € #(X). Let j: X\ Z — X and j' : X' \ Z' — X’ be the obvious inclusions.
Since the pair (j*, i*) is conservative, it is enough to show that the above square becomes cartesian
after applying j* and i*. This is clear in the case of j* and follows from the proper base change
theorem in the case of i*. It remains to see that " is essentially surjective. But a general object
(A, B, u) as above is part of a triangle where the first and third terms are

0,jj"B,0=i"jj"B)  and  (A,ile"A,e"A =~ i"ie"A).
Both these objects are clearly in the image of 6. This finishes the proof. O

Proposition 4.1.5. Let k be a field and o : k — C a complex embedding. Let A be a commutative
ring spectrum. Denote by 3 : SchX;, — Schy the functor forgetting the stratifications. Then, the
morphism of CAlg(Pr*")-valued presheaves (see Definitions|1.6.1|and|3.8.12))

Shct-geo(_; A)® - Shgeo(_; A)® © ﬂ (43)
exhibits Shgeo(—; A)® o B as the cdh sheafification of Sheqgeo(—; A)®.

Proof. By Proposition Shgeo(—; A)® 0B is a cdh hypersheaf. Thus, denoting by 7 the topology
on SchX; generated by the morphisms of stratified k-varieties of the form idy : (X, ?") — (X, %),
it is sufficient to show that the morphism in (4.3) exhibits She,(—; A)® o 8 as the T-sheafification
of Shei.geo(—; A)®. This follows immediately from the equivalence

colim Shergeo(X, ); A) = Sheeo(X; A),

where the colimit is taken in Pr™* and is indexed by the stratifications of X. (Here, we are using
implicitly [Lurl7, Corollary 3.2.3.2].) O

Remark 4.1.6. Let A be a commutative ring spectrum. Recall that we denote by LinPr} the
co-category of stable A-linear co-categories. (See Remark [2.1.10]) By [Lurl7, Corollaries
3.4.3.6 & 3.4.4.6], the forgetful functor LinPry — Pr™* commutes with limits and colimits. As
a consequence, a LinPr}-valued presheaf is a sheaf if and only if its underlying Pr™*-valued
presheaf is a sheaf. Moreover, the (hyper)sheafification of a LinPr}-valued presheaf coincides
with the (hyper)sheafification of its underlying Pr~*-valued presheaf. The same is true if we
replace LinPr and Pr™* with CAlg(LinPr}) and CAlg(Pr™*). In particular, we see that the mor-
phism of CAlg(LinPr})-valued presheaf (#.3) exhibits the CAlg(LinPr})-valued cdh hypersheaf
Shgeo(—; A)® o as the cdh hypersheafification of the CAlg(LinPr})-valued presheaf Sheg-geo(—3 A)%.

Proposition 4.1.7. Let S be a quasi-excellent scheme of characteristic zero. Let A be a commu-
tative ring spectrum, and let #® : (Schg)® — CAlg(LinPr}) be a A-linear Voevodsky pullback
formalism (in the sense of Definition[2.1.11). Denote by 8 : SchXs — Schg the forgetful functor.
Assume that that the natural transformation #& — #H® o 3 exhibits #® o 8 as the cdh hypersheafi-

fication of the CAlg(LinPrY)-valued presheaf #%. (See Definition )
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(i) The natural transformation #H3|regs;, — H® 0 Blregss exhibits H® o Blregs, as the cdh hy-
pershedfification of the CAlg(LinPry)-valued presheaf #E|regs, -
(ii) There is a commutative square of equivalences of groups:

Auteq(H3) —— Auteq(H3IRegs;)

r lw (4.4)

Auteq(#H®) —— Auteq(H®|reg, )-
(Autoequivalence groups are taken in the oo-category of CAlg(LinPr} )-valued presehaves.)

Proof. Part (i) follows from our assumption on the morphism #2 — #® o 8 using Lemma i)
below. Indeed, we may take for ¢ the co-category CAlg(Prk) of symmetric monoidal k-compactly
generated co-categories, with « a regular cardinal. (See [Lur09, Definitions 5.5.7.1 & 5.5.7.5,
& Notation 5.5.7.7].) We need « large enough so that the hypersheafification of a Pr--valued
presheaf coincides with the hypersheafification of its underlying Pr“-valued presheaf. By [Lur09,
Proposition 5.5.7.6], the inclusion Pr- c Pr" is colimit-preserving for any «, and it remains to
ensure that this inclusion commutes with totalisation. But this property is satisfied for any regular
cardinal k > N;.
We now prove part (ii). By Proposition 4.1.2(ii), there is an equivalence of co-categories

Shv/y, (Schy; CAlg(LinPr})) 5 Shv/, (Regy; CAlg(LinPr}))

sending the CAlg(LinPry)-valued cdh hypersheaf #® to #®|g.,,, and inducing the bottom hori-
zontal equivalence of the square in (4.4)). It remains to see that the vertical maps in this square are
also equivalences. Using Proposition {.1.2(ii) again, we may replace the commutative square in

(.4) by the following one:
Auteq(#HE) ——— Auteq(HE|regs;)

l l 4.5)

Auteq(#H® o f) —— Auteq(#® 0 Blrees; )-

The vertical morphisms in this square are induced by the cdh hypersheafification functors
Len : Psh(SchZg; CAlg(LinPry)) — Shv’y, (SchZy; CAlg(LinPr}))
Legn @ Psh(RegZy; CAlg(LinPr})) — Shv), (RegZy; CAlg(LinPr}))
sending #% and H3|rees; to H® o f and H® o Blregs, respectively. (This uses our assumption and

part (i) of the statement.) Denote by t : #5 — #® o 8 the obvious natural transformation. By
Lemma [4.1.9)below, there are natural equivalences

Auteq(#%) ~ Auteq(r) and Auteq(H|Regss) = Auteq(tregs; ),
and it remains to see that the the obvious maps
Auteq(r) — Auteq(#® o B) and Auteq(flregss) — Auteq(H® o Blregss)

are equivalences. We will only deal with the first map; the case of the second map is entirely
similar. We first note that the map Auteq(r) — Auteq(#® o B) is an epimorphism. Indeed, let
0 be an autoequivalence of #® o B. For X € SchXg, the endofunctor 0y of #(X) preserves the

full sub-co-category #f.(X) since it is generated under colimits by those objects of #(X) which
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are dualizable over every stratum of X. (Use that ij. o 6y ~ ¢ o ij. where ic : C — X is the
inclusion of a stratum C in X.) Thus, 6 extends to an autoequivalence of the natural transformation
t: HE — H® o B as needed. It remains to see that the map Auteq(r) — Auteq(#® o B) is a
monomorphism. For this, we use the cartesian square of spaces

Map(t,t) ——— Map(#® o B, #® o B)

J l

Map(#2, #HE) ——— Map(HE, #H® o B)

ct? ct ct?

and notice that the bottom horizontal map is a monomorphism. (Indeed, #5 — #® o B is object-
wise fully faithful.) O

Lemma 4.1.8. Keep the notations and assumptions as in Lemma Let V be a presentable
oo-category. The following properties are satisfied.

(i) The commutative square

Psh(@; 1) —~— Psh(C; V)

[ |-

Shvi(D; 1) —— Shvi"(C; 1)

is right adjointable.
(ii) The functor ¢* : S (D; V) — Shv\""(C; V) is fully faithful. In fact, it is an equivalence
of co-categories in the hypercomplete case.

Proof. This follows from Lemma[.1.3 using the equivalences
PC)®V ~Psh(C;¥)  and  Shv(C)® ¥ ~ Shv'M(C; 1), (4.6)

and the analogous ones for . Here — ® — stands for the Lurie tensor product of presentable co-
categories [Lurl7, Proposition 4.8.1.15]; the equivalences in (@.6)) follow from [Lur17, Proposition
4.8.1.17]. For (i), one needs to use that the right adjoint functors

L:PC) - P(@D) and ¢ : Shv'"Y(C) — ShvV(D) 4.7

are also left adjoint functors. This is clear for the first one whose right adjoint ¢' : P(D) — P(C)
is given by right Kan extension along . Lemma i) implies that ¢' preserves 7-(hyper)sheaves
inducing a functor ¢' : Shv'Y(@) — Shv\""(€) which is clearly right adjoint to the second functor

in @7). O

Lemma 4.1.9. Let C be an co-category and let C' C C be a reflexive sub-co-category (in the
sense of [Lur09, Remark 5.2.7.9]). Let 1D C CA' be the full sub-oo-category spanned by the edges
Co — C, in C exhibiting C; as a localisation of C relative de C’ (in the sense of [Lur09, Definition
5.2.77.6]). Then, evaluating at 0 € A' yields an equivalence of co-categories D — C.

Proof. The functor is essentially surjective since every object Cy admits a localisation relative to

C’. So, it remains to show that the functor is fully faithful. Given two objects ¢ : Cy — C; and
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d: Dy — Dy in D, we have a cartesian square

Map,,(c,d) —— Map(C,, D)

| |

Map@(Co, Do) —_— MapG(Co, D])

Since D; belongs to C’, and C is the localisation of Cj relatively to C’, the right vertical map of
this square is an equivalence. Thus, its left vertical map is also an equivalence as needed. O

Definition 4.1.10. Let k£ be a field and o : k < C a complex embedding. Adapting Defini-
tion we define nonconnective spectral group prestacks Auteg(Sh?eOISmk), Auteg(Shf;_geo) and
Auteg(Shﬁ_geolsHlEk). For example, the last nonconnective spectral group prestack is the one ob-
tained by applying Construction [I.3.1§]to

e the functor C = Psh(SmZX; CAlg(LinPr(St_))) : CAlg — CAT,, sending A to the co-category
Psh(SmZ;; CAlg(LinPr}))
of CAlg(LinPr})-valued presheaves on Sm¥;, and
e the natural transformation pt — C pointing at the functor
Shergeo(—; A)® : (SmE;)® — CAlg(LinPry),
viewed as a CAlg(LinPr} )-valued presheaf on SmX,, for every A € CAlg.

®

Thus, informally, the group of A-points of Auteq(Sh; 4,
the CAlg(LinPry)-valued presheaf Shegeo(—lsms,; A)®.

Corollary 4.1.11. Let k be a field and o : k — C a complex embedding. There is a commutative
square of equivalences of nonconnective spectral group prestacks

lsmx,) 1s the group of autoequivalences of

® ®

Auﬂ(Shct-geo) — M(Shct—geolsmzk)

lN r (4.8)

Auteq(Sh,)) ——— Auteq(ShZ,,[sm,)-

geo

In particular, we have an equivalence of nonconnective spectral group prestacks

Gmot(k, o) = Auteq(Shf o lsms,): (4.9)
and all the spectral group prestacks in the square in @.8)) are spectral affine groups.

Proof. The existence of a commutative square as in (4.8)) follows from the functoriality of the
construction of the prestacks of autoequivalences given in Definitions[2.2.2|and[4.1.10] Proposition
M.1.7(ii) then implies that all the morphisms in (#.8)) are equivalences. For the second assertion, we
use Theorem 2.2.3 O

4.2. The first main theorem.

We use here the exit-path theorem, i.e., Corollary to prove a version of Theorem [2.2.3|
where the co-categories of sheaves are replaced with co-categories of local systems. This is The-
orem which is formulated using the functors LSg\Peo(—; A)® introduced in Definition 3.8.17l
This is not yet our final objective, which concerns the more basic functors LSge,(—; A)® and which
will be achieved later, in Subsection 4.4l Nevertheless, we consider Theorem [4.2.2] as our first

main theorem for local systems.
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Definition 4.2.1. Let & be a field and o : k — C a complex embedding. We define the nonconnec-
tive spectral group prestack Auteg(LSg\Péf) as in Definition by applying Construction (1.3.18
to
e the functor C = Psh(SmX¢™; CAlg(LinPr?t_))) : CAlg — CAT,, sending a commutative ring
spectrum A to the co-category

Psh(SmZ{™; CAlg(LinPrY))

of CAlg(LinPr})-valued presheaves on SmZ{™, and
e the natural transformation pt — C pointing at the functor

LSY (= A)® : (SmEI™® — CAlg(LinPr),

geo

viewed as a CAlg(LinPr})-valued presheaf on Smng, for every A € CAlg.

¥, ® ¥, ®
S geo o- geo) :

If we want to stress that Auteq(L ) depends on o, we will write Auteq(LS

Theorem 4.2.2 (First main theorem for local systems). Let k be a field and o : k — C a complex
embedding. There is an equivalence of nonconnective spectral group prestacks

Cmot(k, 07) = Auteq(LSY2 ). (4.10)

o-geo

In particular, the right hand side is a spectral affine group.

This subsection is devoted to proving Theorem 4.2.2] Using Corollary i.1.T1] we only need to
exhibit an equivalence of nonconnective spectral group prestacks

Y, ®

Auteq(LS3:¢) > Auteq(Shf,_,.,lsms,)- (4.11)
For later use, we will prove a more general result, namely Theorem below. That the latter

theorem implies Theorem [4.2.2relies on Theorem [3.8.14] We start with the following result. (The
Kummer étale topology on the category REGX of regularly stratified schemes was introduced in

Definition [3.3.17) and Proposition [3.3.21])

Proposition 4.2.3. Let S be a noetherian scheme, and let #® : (Schg)® — CAlg(PrL’ Y be a
strongly presentable Voevodsky pullback formalism (in the sense of Definition [I.1.23)) satisfying
purity (in the sense of Definition . Assume that the CAlg(Pr™*Y)-valued presheaf #® is an
étale hypersheaf. Then, the CAlg(CAT)-valued presheaf #Z'2 is a Kummer étale hypersheaf on

ct-tm
RegXs. (See Definition[3.4.3])

Proof. By [Lurl7, Corollary 3.2.2.5], it is equivalent to prove the analogous statement for the
CAT? -valued presheaf #7, . We first notice that our assumptions on #® imply that #7,  is an
étale hypersheaf. Indeed, let X, — X_; be an étale hypercover in SchXg. We need to show that the
functor

%ct—tm(X—l)w - [h]nl %ct—tm(Xn)w (412)

is an equivalence. For every n > —1, #H . u(X,)” C #(X,) is a full sub-co-category. Thus, us-
ing that #¢ satisfies étale hyperdescent, it remains to see that an object M € #(X_,) belongs to
Herm(X_1) if and only if M|y, € Hcrm(Xo), which is clear.

Every Kummer étale cover (¥; — X); can be refined by a cover of the form (Y] — X! — X);
where (X! — X)), is an étale cover and each Y/ — X! is finite Kummer €tale and surjective. On
the other hand, given a finite morphism Z — X, with Z # 0, every étale cover of Z can be refined
by an étale cover of X. Using these properties, it is easy to see that every Kummer étale hyper-

cover X, — X_; can be refined by the composition of an étale hypercover X, — X_; and a relative
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hypercover Y, — Y, for the topology generated by jointly surjective families of finite Kummer
étale morphisms. Using [DHIO4], [Lurl8, Theorem A.5.3.1] and the previous observation, we are
reduced to showing that #7 . is a hypersheaf for the topology generated by jointly surjective fam-
ilies of finite Kummer étale morphisms. Said differently, we only need to show that #7  admits
hyperdescent for those Kummer étale hypercovers e, : X, — X_; such that all the morphisms
e, : X, — X_; are finite. (More precisely, each X, is a disjoint union of regularly stratified S -
schemes mapping to X_; via finite Kummer étale morphisms followed by closed immersions.) We
again need to show that the functor

%ct—tm(x—l)w - [h]nl <7€ct—tm()(n)w (4 1 3)
nle

is an equivalence. We argue by induction on the number of strata in X_;.

If X_; has only one stratum, then X, — X_; is an étale hypercover and there is nothing left to
prove. Next, we assume that X_; has more than one stratum. We fix a closed stratum Z_; C X_;
and set U_; = X_; \ Z_;. We also set U, = X, Xy , U_; and Z, = (X. Xx_, Z_1)red, and denote by
Jo : Us — X, and i, : Z, — X, the obvious inclusions. Then U, — U_; and Z, — Z_; are Kummer
étale hypercovers where the transition morphisms are all finite. Using [Lur17, Corollary 4.7.4.18],
we see that every object (F,), in the codomain of the functor in (4.13)) is part of a cofibre sequence

(,]n,',];;Fn)n - (Fn)n - (ln,*l:;Fn)n
Using the induction hypothesis, we deduce that (j, j,zF W and (i, .7, F,), belong to the essential
image of the functor in (4.13), and the same is then true for (F,),. (Here, we are implicitly using
that an object of #c.m(U_1)? belongs to #e.m(U-1/X_1)@ if its inverse image along Uy — U_,
belongs to Hem(Uo/Xo)7; see Definitions [3.3.22] and [3.4.3]) Thus, it remains to see that the
functor in (@.13) is fully faithful. Said differently, we need to show that

G — lime, .e,G (4.14)
[n]eA

is an equivalence for every G € #Ho . y(X_1)”. (Note that the limit in (4.14) is computed in #(X_;).)
By Theorem we can write G = Dy (F), for some F € #..m(X_1)”. Moreover, we have
equivalences e, .e;G =~ DX_,(en,!ei,F ) for all n > —1. (This uses Theorem i) and Remark
[3.4.19)) It follows that the morphism in (#.14) is obtained by applying Hom(—, 1) to the morphism

c[ollignen,,eLF — F, (4.15)
nl|e

where the colimit is taken in #m(X_1). Thus, it suffices to show that the morphism in @.15)) is
an equivalence. Let C_; C X_; be a stratum, and form the simplicial scheme C, = (X, Xx_, C_)req-
Denote by ice : Co = X, and ec. : Co — C_; the obvious morphisms. It is enough to show
that (4.15]) becomes an equivalence after applying i!c,— ,- Since #® is strongly presentable, i’C’_1 is
colimit-preserving, and the result of applying i’c’_1 to (@.13) can be rewritten as follows
colimec’n,gelc ni!C LF - i!c ,F. (4.16)
[n]eA ’ ’ ’
The result follows by noticing that C, — C_; is an étale hypercover and by using the natural
equivalences ec.,1e. , = ec.n €, = ec.n4(1) ® —. O

Remark 4.2.4. Let S be a noetherian scheme and let A be a commutative ring spectrum. The
Voevodsky pullback formalism MSh(—; A)® : (Schg)® — CAlg(Pr*) is an étale hypersheaf by
[AGV22, Proposition 3.2.1]. It is also strongly presentable if S has finite Krull dimension and the

virtual A-cohomological dimensions of its residue fields are uniformly bounded. (See Proposition
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1.1.12]) In this case, Proposition is applicable to MSh(—; A)®. Given a field k endowed
with a complex embedding o : k < C, the same is true for the Voevodsky pullback formalism
Shgeo(—; A)® 1 (Schy)P — CAlg(PrL’ ) as Lemma below shows.

Lemma 4.2.5. Let k be a field and o : k — C a complex embedding. Let A be a commutative ring
spectrum. Then, the CAlg(Pr™*Y)-valued presheaf Shgeo(—; A)® is an étale hypersheaf.

Proof. This follows from Proposition and the fact that MSh(—; A)® is an étale hypersheaf. O

It will be convenient to extend the Kummer étale topology to demarcated regularly stratified
schemes (see Definition [3.6.1(1)).

Definition 4.2.6. A family (¢; : (X;,C; -, Ci o) — (X,C_, Cy)); of morphisms of demarcated regu-
larly stratified schemes is said to be a Kummer étale cover if the underlying morphisms ¢; : X; — X
are Kummer étale, the C; _’s are mapped to C_, the C; ’s are mapped to Cy, and the induced family
(Ei,o — Cy); is jointly surjective (and hence a Kummer étale cover).

Remark 4.2.7. The category REGX™ of demarcated regularly stratified schemes admits a
Grothendieck topology whose covering sieves are those containing a Kummer étale cover; we
call it the Kummer étale topology. Indeed, Proposition [3.3.21] implies that for every morphism
f 1 (Y,D_,Dy) — (X,C_,Cp) in REGZ™ such that f,(D_) = C_ and f.(Dy) = Cj, the inverse
image of a sieve generated by a Kummer étale cover of (X, C_, Cy) contains a Kummer étale cover
of (Y,D_, Dy). On the other hand, given a chain of strata C’ > C_ > Cy > C in a regularly
stratified scheme X, the pullback along (X,C’,C)) — (X,C_,Cy) of the sieve generated by a
Kummer étale cover (e; : (X;, C; -, Ci o) = (X, C_, Cp))ies contains the Kummer étale cover

(e;: (Xi, C._,Ci19) = (X, CL, CQ)iet, et

where C; _ is the unique startum of X; over C” such that C; _ > C; _ and C}, , for [ € L;, are the
strata of X; over C( such that C; o = C7 .

Remark 4.2.8. Definition4.2.6/and Remark[4.2.7]admit variants for the Zariski, Nisnevich and étale
topologies. For instance, we say that a family (e; : (X;,C; -, Ci o) — (X,C_,Cy)); is a Nisnevich
cover if the e;’s are étale the C; _’s are mapped to C_, the C; ¢’s are mapped to Cy, and the induced
family (a',o — Cy); is a Nisnevich cover.

Proposition 4.2.9. Let S be a quasi-excellent scheme and let #® : (Schg)? — CAlg(PrL’ ) be
a strongly presentable Voevodsky pullback formalism (in the sense of Definition [I.1.23)) satisfying
purity (in the sense of Definition . Assume that the CAlg(Pr™*Y)-valued presheaf #® is an
étale hypersheaf. Then, the following properties hold true.

(i) The CAlg(CAT )-valued presheaf #7> is a Kummer étale hypersheaf on RegZs. More-

ct-tm

. w,® w,® ] w,® 2 .
over, the morphism # '\ — Hiy, exhibits H ', as the Kummer étale sheafification of

the CAlg(CAT®)-valued presheaf #H*"2 . (See Definition )

ct-log”
(ii) The CAIg(CATY)-valued presheaf #*-™° is a Kummer étale hypersheaf on RegZi™.
Moreover, the morphism H"7® — HY™® exhibits #Y 7 as the Kummer étale sheafi-

fication of the CAlg(CAT®)-valued presheaf #*™®. (See Corollary and Remark
3.6.27})

Proof. By [Lurl7, Corollaries 3.2.2.5 & 3.2.3.2], it is equivalent to prove the analogous statements
for the underlying CAT®! -valued presheaves. The assertion that #> is a Kummer étale hyper-

ct-tm
sheaf was proven in Propositiond.2.3] Lete, : H, — H_; = (X_;,C_, _, C_; o) be a Kummer étale
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hypercover in Rengm. In particular, H, is a simplicial presheaf which is degreewise a coproduct
of representables. For n > 0, we denote by (X, o, Cy.o.-» Cy.a.0), for @ € A, the direct summands
defining H,. We need to show that the functor

%T(X—la C—l,—’ C—],O)w - [lnl]IE% n gg\P(Xn,aa Cn a,— Cn,(z,O)w

€A,

is an equivalence. We can rewrite this functor as

Hin(Nz | (C-1,0)/C-1.0)qun = Erlljfeli 1_[ Hin(Nz,  (Cn0.0)/Cro,0)qun-

acA,

Since [],ea, N%

(Ca.0.0) — N% (C-1.0) 1s an étale hypercover, and since #¢ has étale hyper-
-1,-
descent, we are reduced to showing that a dualizable object M € %(N% (C-1,0)) belongs to
—1,—

. a,—

%tm(N% (C_l,o)/f_l,o)w if and only for every @ € Ay, the restriction of M to N% (Co.a.0)
-1,- 0,a,—

qun
belongs to Him(NZ.  (Co, .0)/Co.a,0)
0,a,—

It remains to prove the assertion concerning the Kummer étale sheafifications of %ftf_log
F"-@. We only discuss the case of %ft_log since the case of # @ is very similar. We fix X € RegZs.
Let H C y(X) be a sieve generated by a Kummer étale cover (X; — X);e;. Let #ci0o(H)® be the
value at H of the right Kan extension of #7, = along the Yoneda embedding of RegXs. Using that
3 m has Kummer étale descent, we see that #..1,o(H)® is the full sub-co-category of #.im(X)”
spanned by those tamely constructible objects that are logarithmically constructible over the X;’s.
Since every tamely constructible object becomes logarithmically constructible over some Kummer

étale cover, we deduce that

This follows immediately from Definition (3.6.19

@
qun*

and

%%{/1(1;)1 %Ct—log(H )w = g'f)ct—tm(X)?U

as needed. (Here, the colimit is over the cofiltered set of Kummer étale covering sieves of X and it
is computed in the co-category CAT®!.) |

Remark 4.2.10. Keep the assumptions as in the statement of Proposition4.2.9] When #® is com-
pactly generated (see Definition , we may view %ﬁ_log Jetm ANd FHY® as CAlg(Pr-*)-
valued presheaves whose associated CAT®! -valued presheaves of co-categories of compact objects
are precisely the ones considered in Proposition 4.2.9] Thus, using [Lur09, Proposition 5.5.7.8],

we can reformulate the properties (i) and (ii) in Proposition [#.2.9]as follows.
(1) The CAlg(PrI(;’ )-valued presheaf #2

ct-tm

is a Kummer étale hypersheaf on RegXs. More-

over, the morphism (3, ~— #3, exhibits #3., as the Kummer étale sheafification of
the CAlg(Pr,;*")-valued presheaf # .

(ii) The CAlg(Pr-*)-valued presheaf #*® is a Kummer étale hypersheaf on RegZ{™. More-
over, the morphism # .2 _ 70%-® exhibits #¥-® as the Kummer étale sheafification of the
CAlg(Pr-*)-valued presheaf #®.

It is unclear if these statements continue to hold when considering the above presheaves as taking
values in CAlg(PrL’ Y. Indeed, the obvious inclusion Pr* — Pr&; * does not commute with limits.

Corollary 4.2.11. Let S be a quasi-excellent scheme and let A be a commutative ring spectrum.
Let #¢® : (Schy)®? — CAlg(LinPr}) be a A-linear Voevodsky pullback formalism. Assume that #®

is compactly generated and satisfies purity. Assume also that the CAlg(LinPr} )-valued presheaf
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H® is an étale hypersheaf. Then, we have natural equivalences of groups:

Auteq(#3 ) = Auteq(#,,)  and  Auteq(#H™"®) — Auteq(#H™®). (4.17)

ct-tm
(Autoequivalence groups are taken in the co-category of CAlg(LinPr})-valued presehaves.)

Proof. The strategy is similar to the one used in the proof of Proposition [4.1.7(ii). We consider the
natural transformations # : #®, — #2 __and? : #"® — F¥®. By Proposition 4.2.9|, Remark

ct-log ct-tm

4.2.10]and Lemma [4.1.9) we have equivalences of groups:

Auteq(r) — Auteq(%ﬁ_log) and Auteq(?) — Auteq(#™®).
Thus, it remains to show that the obvious maps
Auteq(?) — Auteq(#2..) and Auteq(?) — Auteq(#*®)

are equivalences. Using that the natural transformations ¢ and ¢ are given objectwise by fully
faithful embeddings, and arguing as in the proof of Proposition 4.1.7(ii), we are reduced to show-
ing that these maps are epimorphisms. Said differently, given autoequivalences (fx)xeregs, and
(93(,c_,c0)(X,C_,Co)eRegzgm of #2, and #*®, we need to show that they preserve the subfunctors

3 g and F®.

We first consider the case of the autoequivalence (0x)xerees;- Let X be a regularly stratified
finite type S-scheme. It is enough to show that the autoequivalence 6 of H ..yn(C) = Hm(C/C)
preserves the sub-co-category #(10,(C/X), for every stratum C C X. Note that 6¢ preserves the sub-
oco-category #t,(C/X) which is the essential image of #(,,,(X) by the inverse image functor. Keep
denoting by 6 the induced equivalence of #,,(C/X). Let j : C — C be the obvious inclusion.
Since f¢c o j* ~ j* 0B, we deduce that 650 j, ~ j,06c. Now, for a compact object F' € #1,,(C/X)®,
the j.1-module j.F is dualizable. Since € is symmetric monoidal, we deduce that 65j.F =~ j.O0cF
is dualizable over 6.1 =~ j,1. This show that 8- F belongs to #,,(C/X) as needed.

We next consider the case of the autoequivalence (93(,c_,co)(x,a,co)eRegzgm- Let (X,C_,Cy)
be a demarcated regularly stratified finite type S-scheme. Given a compact object M €

z%’log(N% (CO)/EO)ﬁn, we need to show that 93(,c_,c+(M) is also logarithmic at the boundary and
unipotent with respect to Co. (See Definition [3.6.19}) By Lemma [3.6.20, we may assume that
M = p*M, where p : N% (Co) — Cy is the obvious projection and My € #t1,,(Cy/Co)”. Using the

obvious morphisms in RegZ‘.gm
(X.C-,Co) = (X.Co,Co)  and  (Co, Co, Co) = (X, Co, Co),

we reduce to the case X = C and C_ = C. Said differently, we may assume that X is connected
and that C_ = Cp = X°. Our goal is then to show that the autoequivalence 6} y. y. of #H(X°/X)
preserves the sub-co-category #(i,,(X°/X)“. By Proposition this sub-co-category can be
characterised as being the largest one with the following properties (see Notations [3.2.36] and
3.2.40):

e itis contained in #{,,,(X°/X)“ and it is stable under tensor product;

e the restriction of the right-lax symmetric monoidal functor

Xc @ Hom(X°/X) = Mod,y1(Him(C/C))

to this sub-oco-category is monoidal for every stratum C C X.
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Thus, to conclude, it is enough to show that there is an equivalence xc o 0y y. yo =~ 6 - © xc. This
follows from the fact that y- =~ ¢, o q’c where g : N3 (C) — C is the obvious projection. Indeed,
using the morphism (X, X°, C) — (X, X°, X°), we obtain the equivalence ‘T’C 09;(’X0’X0 =~ 93(,xo,c O‘T’C.
Using the morphism (X, X°, C) — (X, C, C), we obtain the equivalence 6’;(’X0,Coq* = q*oeg(’c,c which
gives rise, but adjunction, to the equivalence g, o 0 y. » =~ 0y - - © g.. O

We can now state the main result of this subsection.

Theorem 4.2.12. Let S be a quasi-excellent scheme and let A be a commutative ring spectrum.
Let #® : (Schg)®® — CAlg(LinPr}) be a A-linear Voevodsky pullback formalism. Assume that #®
is compactly generated and satisfies purity. Assume also that the CAlg(LinPr})-valued presheaf
® is an étale hypersheaf. Then, there is a commutative square of equivalences of groups:

Auteq(#g, ,,) —— Auteq(#H™®)

lw r (4.18)

Auteq(#2 ) —— Auteq(#*®).
(Autoequivalence groups are taken in the co-category of CAlg(LinPr})-valued presehaves.)

The vertical equivalences of the square in (4.18) are the ones provided by Corollary .2.T1] We
now construct the horizontal maps of this square.

Construction 4.2.13. We call a morphism f : (Y,D_,Dy) — (X,C_,Cy) in Regzgm inert when
f Y — X is an isomorphism of stratified S-schemes and f.(Dy) = C,. Consider the wide
sub-oco-category

(CATw)ersimentone  regsimnin, © (CATe)Regstmanods - Regztm=in. (4.19)

spanned by the arrows corresponding to commutative diagrams

RegZ{™ x Mod}

o~ 7

RegZd™ x Fin,

such that the functors ¢ : Cyy — Dy, for n > 0, preserve locally cartesian edges laying over
the inert morphisms of RegEgm. (Note that we are not asking the projections from C,, and D,
to RegZi™ to be locally cartesian fibrations. In fact, we are not even asking for the existence of
locally cartesian edges over the inert morphisms of Rengm.) Let p : Regzgm — RegXs be the
forgetful functor as in Construction [3.6.28] The base change functor

x inert
P"  (CATw)Regzs xMods /-~ /Regss xFin, = (CAT”)Regzgmeodi/—/Regig'"xFin*

inert
%

admits a right adjoint p!"" sending a diagram of co-categories

RegZi™ x Mod§ — 11 — RegZi™ x Fin,
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to the diagram
RegZs x Mod§ — p™™(111) — RegZs X Fin,
where p"(111) C (p X idgi,. ). 171 is the full sub-co-category whose fibre at (X, (n)) is spanned by

*

the partial sections
My

P, — RegZdm

sending the arrows in #; of the form (C’,Cy) — (C_,Cy) to locally cartesian edges of 17,,.
Lurie’s unstraightening provides fully faithful functors

PSh(Regzdm; CAlg(LlnPrf\t)) — (CAToo)inert

RegZdMxMod /- /RegZim xFin,
and PSh(Reng ; CA]g(LlHPI‘j{)) - (CATDO)Reng XMod? /- /RegZs xFin.. *

Corollary implies that functor p™" takes the cartesian fibration classified by #¥® to the

cartesian fibration classified by #2 . The same applies with “Y” and “ct-log” instead of “‘¥”” and
inert

“ct-tm”. Thus, the functor p"™" induces maps of groups:
Auteq(#H"®) — Auteq(#g,,)  and  Auteq(H"®) — Auteq(Hg ). (4.20)

In fact, the group Auteq(#*®) acts also on the counit morphism

0" : p’ (j( geg_tm) - H® (4.21)
RegXs RegE?m

viewed as an object of the fibre product of the diagram

(CAToo )Reng XMod3 /- /RegZs xFin,

P’ 4
1 ( .22)
((( ‘AT )inert ) Vo 5 ((jA’|‘ inert

RegZimxMod? /- /RegZd™xFin, RegZi™xMod? /- /RegZd™xFin, ’
The same applies with “Y”” and “ct-log” instead of “¥” and “ct-tm”. (The morphism in (.21 is
precisely the one considered in (3.128)); here we write % instead of 6 because we also need to
consider the unipotent version " of this morphism.) Finally, we obtain commutative diagrams of
maps of groups:

Auteq(#*-®) Auteq(#H™"®)
Auteq(#Y®) —— Auteq(8?) and Auteq(#H"®) ——— Auteq(6") (4.23)
Auteq(#2.,) Auteq(Fg ;)

where the vertical arrows are induced by evaluation at the points 0 € A! and 1 € A! in the fibre

product of the diagram in (4.22]).
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It is easy to see that the slanted arrows in (4.23) make the square in (4.18) commutative. By
Corollary 4.2.11] Theorem would follow if we can show that the map of groups

Auteq(#™"®) — Auteq(%ﬁ_log)
is an equivalence. This is obtained as the conjunction of Propositions 4.2.14] and [4.2.15| below.

Proposition 4.2.14. The morphism Auteq(6") — Auteq(#™®) is an equivalence.

Proof. As explained in Construction 4.2.13] the morphism under consideration admits a section
and hence is an epimorphism. Thus, it suffices to show that its kernel

ker (Auteq(6") — Auteq(#™®)) (4.24)
1s contractible. Set

— _ inert
C= (CATW)RCngXMOdf/—/RengxFin* and D = (CATOO)RegzngMOdi/—/RegzgmXFil’l*’

and view #¢"-® as an object of @ using Lurie’s unstraightening. Then, the kernel in (#.24) can be
identified with the group of autoequivalences of the object

18
(j[ Herop P (j( ?f;‘i-mg) = j( ) f%’*’@] (4.25)
RegXs RegXsg RegX Sm

in the co-category C X, o D, r.=. Since the functor 6" induces an equivalence

/. ® ~ inert T,
6 : f gect—log = P [ # )’
RegXs RegZ‘S‘m

the object in is a final object of C X, o D, .. In particular, it has a contractible space of
autoequivalences as needed. O

Proposition 4.2.15. The morphism Auteq(8*) — Auteq(#®, ) is an equivalence.

ct-log

Proof. We split the proof into several steps.

Step 1. We show here that the map under consideration is an epimorphism. Concretely, we need
to show that every autoequivalence of %ﬁ_log can be lifted to an autoequivalence of 6*. In order to
render the argument more transparent, we prove the following statement: given a second A-linear
Voevodsky pullback formalism #€"®, satisfying the assumptions in Theorem every equiva-
lence of CAlg(LinPr})-valued presheaves 7 : HE o . = HE . can be extended to an equivalence
y : 65, ~ 65,. (Here we write 6}, and 6}, to distinguish between the two 6"’s associated to #® and
#'® respectively.)

To do so, we need to revisit the constructions in Subsection keeping track of the action
of y. This is indeed possible since we can redo these constructions in the logarithmic/unipotent
case without ever leaving the context of logarithmically ind-constructible objects. For the reader’s
convenience, we give some details. We start by noticing that the section -£’ from Construction (3.6.7

factors through

f CAlg#H,,)-
TEmb°P
Thus, we obtain functors
o (DE(=); L)° ¢ (RegZf ) — CAlg(LinPry)

201



as in Construction and an equivalence y : Hcpioo(Df(—); L)® = H ét_log(Df(—); £L)®. We then
define the locally cocartesian fibrations

e (4.26)

as in Definition|3.6.10| by using %i;}log(Df(—); L)? instead of #(Df(-); .L)®. Clearly, we also have
an equivalence

y: trié'Y’,@ ~ trié‘Y‘,/@
gfcl-log, * H

ct-log’

Proposition [3.6.13] holds true for (4.26). We can also adapt Definition [3.6.15] and Proposition
The same applies for Construction [3.6.1§] yielding the logarithmically ind-constructible
version

= (4.27)

of the locally cocartesian fibration (3.104)), and an equivalence

=T, ® —T,® 4 28
= =~ = . .
y ' ‘_‘gfcl-loga* geét—log’* ( )

Then, the full sub-co-categories Eﬁ;g °’3’ . introduced in Definition 3.6.24{can be redefined, for #¢ ® and

F€’®, as full sub-co-categories of (4.27)), just by imposing condition (ii) of the said definition. In
particular, we see that these sub-co-categories are preserved by the equivalence in (4.28)). Finally,
we apply Construction [3.6.28| to obtain a commutative square

6
# ® T, ®
p ( f %ct-log ) H
RegXg Regzgm
~lp*(7) ~ly
or
* R 7’ ", ®
p ( f %ct-log ) f #H
RegXg RegEgm

as needed.

Step 2. Now that we know that the obvious morphism p : Auteq(d*) — Auteq(%ﬁ_log) is an

epimorphism, it remains to see that its kernel ker(p) is contractible. We have an equivalence

Auteq(6") ~ Auteq'(6") x Auteq(#2, op) Auteq(%ﬁ_log)

(4.29)

where Auteq’(6") is the autoequivalence group of §* viewed as an object of

Al
inert
((CAT‘X‘) lil:;zgm XMod?, /- /RegZd™xFin, ) :
(Recall, from Construction 4.2.13| that Auteq(”) was defined to be the autoequivalence group of
6" viewed as an object of the fibre product of (#.22).) Thus, it is equivalent to show that the kernel
ker(o’) of the obvious morphism p’ : Auteq’(8*) — Auteq(c%’ﬁ’_log o p) is contractible.
Inspecting Construction [3.6.28] backward and using that Lurie’s straightening/unstraightening

provides equivalences of co-categories, we successively deduce the following facts.
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(1) The group Auteq’(6") is equivalent to the autoequivalence group of the functor

HT® 5 Al x Regzim (4.30)
RegE?m

viewed as an object of (CAT,) AlXRegZmxMod® /- /Al xRegEdmxFin, - (This is the passage from the
diagram in to the one in .)

(2) Since the cartesian fibration in (3.124)) was defined to be the dual of the fibration pr, o r in
(3.121)), the autoequivalence group of the functor in (4.30) is equivalent to the autoequiva-
lence group of the functor

ri ¢ ELS, > Al x (RegZg™)? 4.31)

=tm, x

VleWCd as an Ob_]eCt Of (CATOO )AI X(Rengm)"PxModi/—/Al x(RegZ‘S‘m)"PXFin* .
(3) The dual version of Proposition [3.5.5] applies to the commutative triangle

O s : Al X (RegZ§™™
(RegZ{"™,

which is a morphism of cocartesian fibrations. Indeed, over a demarcated regularly strat-
ified finite type S-scheme (X, C_, Cy), the fibre of r is the bicartesian fibration exhibiting
the pair of adjoint functors

g Heog(X)® S (?&og(N%_(Co)/Eo)fn DG 4.32)
where ¢ : N% (Co) — X is the obvious projection. It follows that PPERS > Alisa
cartesian fibration, and this gives rise to a commutative triangle

Wl® = f H® d WO® = f 5Z€§—log °p
(RegZgm™)op (RegZg™)op
\ / (4.33)
(RegZ§™)*®

where the slanted arrows are cocartesian fibrations. The fibre of ¢ at (X,C_, Cy) is the
functor ¢. from {#.32). Clearly, the automorphism group of the functor in (4.37)) is equiv-
alent to the automorphism group Auteq(¢) of the functor & considered as an object of the
co-category

Al
((CATOO)(Rengm)"PXModf/—/(Rengm)"PxFin*) : (4.34)
In conclusion, we are reduced to showing that the kernel ker(p”") of the obvious morphism
p” : Auteq(¢) — Auteq(Wy) = Auteq((g,,, © p)

1s contractible.
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Step 3. The functor & in (4.33) is fibrewise right-lax symmetric monoidal. By a relative version of
[AGV?22, Construction 3.4.4 & Remark 3.4.5], it induces a commutative diagram of co-categories

Mod(¢)®

Mod(1/;)® Mod(£})®
CAlg(i9)) x Fin, A CAlg(14}) x Fin,

\/

(Reg=¢m)°p x Fin,.
8¢

Base changing the two vertical arrows in the above diagram along the unit section 1 : (Regi‘,gm)"p -
CAlg(¥)) and its image £(1) (Reng"‘)Op — CAlg(#p) by the functor CAlg(¢), we deduce a
commutative triangle

wy

MOdf(l)(W0)®

o~

(Reg=dm)°P x Fin,

where the slanted arrows are cocartesian fibrations; the second one being classified by the functog
(X, C_,Cp) = Mod, 1 (#Hi0g(X)), with g : N% (Cy) — X the obvious projection. We claim that &
is a fully faithful morphism of cocartesian fibrations. We split the proof of this claim in three parts.

Part 3.1. The fibre of £ at an object (X, C_, Cy) € RegZ{™ is given by the functor
Gs : Hog(NZ (Co)/Co)gy = Mody 1(Hoer10g(X))®.

Letting ¢¢, : Cop — X be the obvious inclusion and gy : N% (Co) = Cy the obvious projection, the
functor ¢g. can be factored as follows:

Hiog(NZ (Co)/ Colin 5 Mody, ,1(#105(Co/Co))® SN Mod,, 1(Her106(X))®.
Lemmas [3.2.39] and [3.6.20i) imply that go_ . is fully faithful and the full faithfulness of ic, . is
clear. This proves that g. is fully faithful.
Thus, to prove our claim, it remains to see that & is a morphism of cocartesian fibrations (use
[Lur09, Proposition 2.4.4.2]). Given a morphism f : (Y, D_, Dy) — (X, C_, Cy) in RegZi™, we need
to show that the natural transformation

FHrog (N2 (C0)/Colun ——+ Mod,1(Her1og(X))

l P J (4.35)

%log(N%7 (DO)/BO)un L} MOqul(%ct—log(Y))

is an equivalence. (Here, we are writing ¢’ : N% (Dy) — Y for the obvious projection.) It suffices

to treat separately the case when f.(D_) = C_ and f.(Dy) = Cy, and the case when Y = X.
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Part 3.2. We first deal with the first case. We have induced morphisms g : Dy — Cy and & :
N% (D) — N% (Co). Letting tp, : Dy — Y be the obvious inclusion and g, : N% (Dg) — Dy the
obvious projection, we can decompose the square under consideration as follows

Hoop (N2 (Co)/Colun —— Mody, .1(Hiog(Co/C0)) —— Moy, 1(Heri0p(X)

lh* y lg* y lf“ (436)

— a5, — Dy, +
Hiop (N, (Do)/D)un ——+ Modyy 1(Fiog(Do/Dy)) ——+ Moy (Hev1og(Y)).

(Here, by abuse of notation, we write f* and g* instead of /(=) ®y:4,1 ¢/ 1 and g*(—) ®g-4, .1 ¢;, ,1.)
In the first square in (4.36), g, . and g; , are equivalences, and the square

_ P _
Hiog(NZ. (C0)/Co)un +—— Mody, .1(Fi04(Co/Co))

lh* ) lg*

— qr —
Hiog(N, (Do)/Do)un +—— Mody; 1(Fiog(Do/ Do)

is obviously commutative. So we are left to check that the second natural transformation in (4.36)
is an equivalence. Let M € Mod,, .1(#1,,(Co/Cp))” be a g, .1-module which is dualizable and

logarithmic at the boundary of C. We need to show that the natural morphism

J o, s M) ® g g0, 1 tpo.+do, X = 1Dy, (8" M ®gegy .1 4 1)

is an equivalence. But this is a morphism between dualizable ¢p,, .q( ,1-modules and, by Propo-
sition [3.3.7] it is enough to prove it becomes an equivalence after pulling back to Dy, which is
obvious. (For a similar argument, see the proof of Proposition[3.3.13])

Part 3.3. 'We finish the proof of the claim we made at the beginning of Step 3 by showing that the
square (4.35)) is commutative when Y = X. In this case, we have a chain D_ > C_ > Cy > D, of
strata in X. The morphism (X, D_, Dy) — (X, C_, Cy) can be factored as follows

(X’ D—7D0) - (X’ C—’ DO) - (X7 C—’CO)'

Thus, it suffices to treat separately the case C_ = D_ and the case Cy = Dy. The case Cy = D is
easy and we leave it to the reader. Thus, replacing X with D_, we may assume that X is connected
and that C_ = D_ = X°. We need to show that the natural transformation

Hiog(NS(Co)/Colun —— Mody 1(Her105(X))

J{TE‘OA,DO Va l_®q*lq;1

Hiog(N(D)/Do)un —— Mod ;1 (Her105(X))
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is an equivalence. (See Notation[3.6.16]) We can factor this natural transformation as the compo-
sition of the following planar diagram

MOdq* 1 (gect—log (X))

_ ’
TLCO’* w

Hoog (NS (C0)/Co)un ———— Mody, .1 (Hi0g(Co/Co)) Mod, 1 (He-10g(X))

o ~ ;DO
Yo Ty Va Do+
q, 7

FHiog (N3 (Do) /Do)un —— Mody; 1(#Hiog(N%, (Dg)/Do)un) —— Mody; 1(Fiog(Do/Do))

\/

40,
where all the non labeled faces are commuting. (Here, we denoted by ¢/ : N3 (Dg) — N% (Dy) and
q - N% (Dy) — D, the obvious projections.) The result then follows from Corollary
0

Step 4. Recall, from Step 2, that it remains to show that the kernel ker(p’’) is contractible, with
p” 1 Auteq(¢é) — Auteq(1¥/) the obvious morphism. Denote by ¢ : Modgq)(#,)® — W the
forgetful functor. By construction, there is an equivalence & ~ ¢o&. In fact, we have a commutative
triangle

Wf@ i) MOdg(])(W0)®

\P’

®
W
which we may view as an object ¢ in the co-category

A2
((CATOO )(RegEgm)OPxModf/—/(RegEg‘“)OP XFin*) . (4. 37)

The object ¢ is the image of ¢ by a partially defined functor from (4.34) to (4.37)), which is given by
the recipe described at the beginning of Step 3. (This functor is at least defined over the full sub-
oo-category of (#.34)) spanned by A'-shaped diagrams whose extremities are cocartesian fibrations
classified by CAlg(LinPr})-valued presheaves on RegZ{™.) This said, we obtain a morphism of
groups Auteq(§) — Auteq(o) admitting a retraction. Thus, it is enough to show that the kernel
ker(p"") of the obvious morphism p””’ : Auteq(d) — Auteq(ng) is contractible. Since

Auteq(6) ~ Auteq(é) X Auteq(Modg()2) Auteq(¢),
we deduce that
ker(p"’) =~ Auteq@ X Auteq(Modg,(10)°) Ker(a)
where a : Auteq(¢) — Auteq(1//;’) is the obvious morphism. On the other hand, by Step 3, the

functor ¢ is a fully faithful morphism of cocartesian fibrations. It follows that the morphism

Auteq(é) — Auteq(Mod)(1£0)®)
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is a monomorphism, i.e., has a contractible kernel. Thus, to show that ker(p"”’) is contractible, it
suffices to show that ker(a) is contractible. We will prove this in the next step.

Step 5. To finish the proof of the proposition, it remains to see that the kernel ker(a) of the obvious
morphism « : Auteq(¢) — Auteq(14);) is contractible. It follows from the commutative version of
[Lurl7, Theorem 4.8.5.11] (see also [Lurl7, Corollary 4.8.5.21]) that ker(a@) is equivalent to the
group Auteq(é(1)) of autoequivalences of the section

E1) @ (RegZg™™® — CAlg(Wh) = f CAlg(Hcr100) © p-
(Regzdmyon
Thus, we may as well prove that Auteq(é(1)) is contractible. Given a demarcated regularly stratified
finite type S-scheme (X, C_, Cy), we have

EM)x.c_cy = Lo beyte 1,

where (c_ is the inclusion of the stratum C_, and similarly for Cy and other strata. (This follows
from Corollary [3.2.41])

Let ¢4 = p.CAlg(#y). By Corollary we have a cocartesian fibration V), — (RegXg)°?
whose fibre at X € RegZ; is given by the co-category Fun(®y ", CAlg(#110¢(X))). The section £(1)
givesrise to asection A : (RegZs)*®® — 1} sending X € Reg¥s to the functor Ay : " — Heioe(X)
given by (Cyp, C_) = Axc,c. Where

AX,CO,C, = LCO,*LZ‘OLC,,*I- (438)
Moreover, the equivalence of co-categories
Sect (CAlg(1£))/(RegZq™)) = Sect (1h/(RegXs)™)

induces an equivalence of groups Auteq(£(1)) ~ Auteq(A).
We will show that the mapping space Map(A, A) is contractible. Recall that

Map(Aa A) = flil’mX Map(f*A)ﬁ AY)

where the limit is indexed by the twisted arrow category of RegZs. Thus, it suffices to show that,
for every morphism f : ¥ — X in RegXy, the mapping space Map(f*Ax, Ay) is contractible. Recall
that the mapping space under consideration is taken in the co-category Fun(%®;”, CAIg(# p10e(Y))).

To prove that Map(f*Ayx, Ay) is contractible, we argue by induction on the number of strata in
Y. If Y is empty, there is nothing to prove. So we may assume that Y has a least one stratum.
Choose a closed stratum F' C Y, and let E C X be the stratum of X containing f(F). LetV =Y\ F
and denote by fy : V — X the restriction of f to V. By the induction hypothesis, we know that
the mapping space Map(f;Ax,Ay) is contractible. Let Q C #} be the complement of the pair
(F,F) and let R C Q be its subset consisting of the pairs (D, F) with D # F. Clearly, we have an
isomorphism of posets P}, ~ Q [], R” yielding a cartesian square of co-categories

Fun(#;, CAlg(#Her10g(Y))) — Fun(Q°P, CAlg(Hr10p(Y)))
Fun((R°P)7, CAlg(#c109(Y))) —— Fun(RP, CAIZ(Hr-105(Y))).
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On the other hand, we have another cartesian square of co-categories

Fun((R°P)%, CAlg(#cr109(Y))) —— Fun(RP, CAlg(#Her-100(Y)))

| -

CAIg(He1op(Y)) CAIg(H105(Y)).

Putting these two cartesian squares together, we obtain a cartesian square of mapping spaces

Mapgyngp Al ) S Axs Ay) = MaPryy oo catg(dte i) (f Axlas Arlo)

l l (4.39)

Map et AxE.E AvEF) = MaPe g0, ) S Ax.EE IM(D FYer Avp,F)-

The commutative algebras Aypr, for D > F, are supported on the stratum F. This is true in
particular for Ay and limp pjer Ayp.r. On the other hand, we have (f*Ax g g)lr = 1. This proves
that the mapping spaces on the bottom line in are both contractible. It follows that the
top horizontal morphism in (#.39)) is an equivalence. Thus, we are reduced to showing that the
mapping space Map(f*Axlq,Aylg) is contractible.

Now, notice that /;, is naturally a subposet of Q and let j : |, — Q be the obvious inclusion.
Denoting by jy the left Kan extension functor along j°°, we have an equivalence of mapping spaces

Map(f*Axly; . Avlg;) = Map(js(f*Axla,). Aylo). (4.40)
Moreover, for (D_, Dy) € Q, we have:
[y f*Axf*(D_)f(D ) if DycV
Axlo =1 T ARAEOLD ! 4.41
S Axloy ooy { freolimp »p ok Ax oo f,y i Do =F. 4D

On the other hand, Aylo belongs to the full sub-co-category K C Fun(QP, CAlg(H.100(Y)))
spanned by those functors B such that Bp_j is supported on f~!(E). Clearly, K is the image of a
localisation endofunctor Ly of Fun(Q°P, CAlg(#.10g(Y))). From this, we deduce an equivalence
of mapping spaces

Map(La js(f“Axln ). Avla) = Map(s(f Axln ). Avlo). (4.42)
Moreover, for (D_, Dy) € Q, we have:
. s f*Axf (D-),f.(Dy) if DO cV
L Axlgr = . 1 ST 0 . 443
(Lot F" Axloy -y { freolimp »p .r te tpAxfoo) i,y i Do=F. (34

Now, it follows from (4.38)) and Proposition [3.3.13[ii), that the diagram D, & tg . Ax 1.(0_).5.(D.)
is constant with value Ax s (p_) £. This proves that
(Lf](jﬁ(f*Axlfl){,))D_,F = frAx D) E-
Thus, we see that (L jy(f*Axl @) can be identified with f*Ax|o. Combining this with the equiva-
lences in (4.40) and (4.42)), we obtain an equivalence:
Map(f*Axlw;. Ayla,) = Map(f*Axla, Aylo).

In this way, we are reduced to showing that Map( f*Ale@rv,Ayl(@»v) 1s contractible. To do so, we
notice that Ay| @, is the image of Ay by the functor

v, : Fun(®;?, CAlg(#He10g(V))) — Fun(P;”, CAlg(Heri0p(Y)))
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induced by the direct image functor v, : Hciiog(V) — FHriog(Y) along the obvious inclusion v :
V — Y. (This relies on Proposition [3.3.13(ii) and the formula for Ay similar to the one in (4.38]).)
Using adjunction, we obtain an equivalence

Map(f*Axlg; . Ayle,) =~ Map(fyAx, Av).

We conclude using the induction hypothesis. O

4.3. Motivic exit-path spaces.

In this subsection we introduce some universal motivic sheaves which play a key role in the
proof of our second main theorem for local systems in Subsection 4.4l These motivic sheaves are
naturally commutative algebras, and can be considered as algebras of functions on motivic exit-
path spaces. For later use, we present the construction in a general context. We fix a base scheme
S and a strongly presentable Voevodsky pullback formalism

F® : (Schg)® — CAlg(Pr™™).

We assume that S is quasi-excellent, and that #® satisfies purity in the sense of Definition [3.2.16
and is étale local in the sense of Definition We start by developing a “cocartesian” version
of Corollary which will be more convenient in this subsection.

Construction 4.3.1. Corollary gives rise to an equivalence
72, > 08 (4.44)

ct-tm

of CAlg(Pr™*")-valued presheaves on RegZs, where 895 is the presheaf taking an object X € RegXs
to the full sub-co-category

—
O(X) C Sect (jf #* / @;() (4.45)
P,
spanned by those sections sending an arrow in &, of the form (C”, Cy) — (C_, Cy) to a cartesian
edge. It follows from [GHN17, Theorem 4.5] that the cartesian fibration freely generated by %}
viewed as a category over itself and marked by the edges (C’,Cy) — (C_,Cy) as above, is the
fiberwise localisation of the cartesian fibration (24 — (#4) at all arrows corresponding to
commutative triangles

(D, Do) (D_, Do)

~

(C-, Co).

It is easy to see that this localisation is equivalent to the subposet @;(’2 C (Px,>) X (Px,=2) X
(Px, <) spanned by triples (C_, Cy,Cy) where C_ > C; > Cy. The localisation functor ((J’X)Al -
@)1(’2 sends an arrow (C_, Cy) — (D_, Dy) to the triple (C_, Dy, Cy). Also, note that the cartesian
fibration @)1(’2 — Py sends a triple (C_, Cy, Cy) to (C_, Cp). This said, we have an equivalence of
co-categories

)= ~ cart 1,2 v
On(X) = Fun | 2, o "), (4.46)
%%

where Funf'(—, —) stands for the sub-co-category of functors over &, respecting cartesian edges.
X

We may informally describe the image of an object M € #.,»n(X) in the codomain of the equiva-

lence in (4.46) as follows: it is the morphism of cartesian fibrations sending a triple (C_, Cy, Cy) to
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the object ‘T’EO(M |C1)|N% - (Here ‘TJEO is the monodromic specialisation functor associated to C

viewed as a stratum in C,.) The aforementioned morphism of cartesian fibrations sends an arrow
of the form (C_, C{, Cy) — (C_, Cy, Cyp), with C; > C| = Cy, to the morphism obtained from

(M|c;)|N°El(c;) - ‘PZ/I (Mic,)

by applying the functor ‘Y"é Co(_)|N% «c,) and using the obvious identifications. (Here ‘T’g c, 1s the
1 _ g

functor introduced in Notation 3.6.16; it is associated to the pair of strata (C7, Cp) in Ci.) Passing
to the dual cocartesian fibrations, we may write the codomain of the equivalence in (#.46) as an
oo-category of morphisms of cocartesian fibrations over #;” as follows:

cocart 2,10 ¥
Fun’o" | (Px )P, H |,
X PP
X

where (})}2(’1 C (Px,>) X (Px,>) X (Pyx, <) is the subposet spanned by triples (C_, C;, Cy) with
C, > C; > Cy. One checks easily that (P5")® — P is the free cocartesian fibration generated
by P, viewed as a category over itself and marked by the edges of the form (C_, C})) — (C_, Cy).
This gives an equivalence of CAlg(Pr-*)-valued presheaves

02 502, (4.47)

where 85% is given, for X € RegZy, by the full sub-co-category

= 70
Ox(X) C Sect ( f <7€‘P/ @XP) (4.48)
P

spanned by those sections sending an arrow of the form (C_,Cj) — (C_, Cy), for a sequence of
strata C_ > C > C in X, to a cocartesian edge. Composing the equivalences in (4.44) and @.47),
we obtain an equivalence of CAlg(Pr-*)-valued presheaves on RegZs:

ge@

ct-tm

JU
508, (4.49)
Thus, we have proven the following “cocartesian” version of Corollary [3.7.3]

Corollary 4.3.2 (Exit-path Theorem). Denote by p : RegZi™ — RegZs the functor forgetting the
demarcation. Then, the functor

®
0 : f HE .. = D ( f 5!(3“") (4.50)
(RegZs)*P (RegZ™)oP

is fully faithful and its essential image consists of those pairs (X, s), where X is a regularly stratified
finite type S -scheme and
s P > F*
P

is a section sending an arrow of the form (C_, C)) — (C_, Cy) to a cocartesian edge.

Remark 4.3.3. We can describe informally the functor §” of Corollary [4.3.2]as follows. Given X €
RegXy and M € #..m(X), the section 6”(M) takes a pair (C_, Cy) in &5 to the object ‘I’EO(M lc)).
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(Here ‘Tf?:o is the monodromic specialisation functor associated to C viewed as a stratum in C_)1It
sends an arrow (C”, C()) — (C_, Cp) in & to the morphism deduced from

(Mlc)le, ey = ¥e (Mler)

by applying {I\}Z‘,,CO and precomposing with a cocartesian edge. (Here ‘T”a is the monodromic
specialisation functor associated to C_ viewed as a stratum in C”_, and ‘T’Zi ¢, 1s associated to the

pair of strata (C_, Cy) of C’ as in Notation|3.6.16])

Construction 4.3.4. We continue denoting by p : Regﬁgm — RegXy the forgetful functor. For
(X, C_,Cp) a demarcated regularly stratified S-scheme, we denote by Qx ¢ ¢, C P the subposet
whose elements are the pairs (C”, Cj) such that C”. > C_ > Cy = C;. (Equivalently, Qx c_c, can be
defined as the overcategory (%#5),c_c,-) Clearly, the assignment (X, C_, Cy) = Qx ¢ ¢, defines a
subfunctor Q of #’ o p. In particular, we have a morphism of cocartesian fibrations

[ [ e
RegEgm RegEgm
x /

Regz{™

Applying Corollary [3.5.12] we deduce a morphism of cocartesian fibrations

ol el ol )
(Regxdm)op ( fRegzgm P’o p) ( fRegzgm 9)

Straightening and restricting to 6)% o p, we obtain a morphism of CAlg(Pr'-*)-valued presheaves
H —~
Oy0p— 03 (4.51)

where Oy is given, for (X,C_,Cy) € Rengm, by the full sub-co-category

op
X.C-.Co

Ox(X,C_,C,) C Sect ( f %‘V/ Q)‘;f’c_,cg] 4.52)
Q9

spanned by those sections sending an arrow of the form (C”, C{) — (C”, C)), with
C.>C_>Cy=C)=Cy,

to a cocartesian edge. The category Qy ¢ ¢, admits a reflexive subcategory Rx ¢ ¢, whose elements
are the pairs (C”, Cy), with C” > C_. It follows that we have an equivalence of co-categories

op
X.C-.Co

O4(X,C_,Co) ~ Sect ( f 5%"1’/ (R;f’c,c()]. (4.53)
R

Using the equivalence in (#.49)), we obtain a morphism of CAlg(Pr'-*)-valued presheaves

L HE L op— (N)'?g. (4.54)
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Informally and modulo the equivalence in (4.53)), for a demarcated regularly stratified finite type
S-scheme (X, C_, Cy) the functor 90;" C_.Co takes an object M € #..m(X) to the section

. op ?6‘}’
st Rye e, fo
QROP
X.C-.Co

given by sy (C”,Cy) = ‘T’ZO (M|cr ). (Here ‘T’a} is the monodromic specialisation functor associated

to Cy viewed as a stratum in C’.) In particular, letting X be the smallest constructible open
neighbourhood of C_ in X, we see that ¢} . takes an object supported in X \ X to 0. Said
differently, QD;,C,,CO factors through the localisation functor #c(X) — Heram(Xc /X) yielding
a functor ¢y - . These functors assemble into a morphism of CAlg(Pr™*)-valued presheaves.
More precisely, let g : RegZElm — (RegXZs)open be the functor given by g(X, C_, Cy) = (Xc_/X) (see
Remark . Then the morphism in (#54) factors through a morphism of CAlg(Pr'-*)-valued
presheaves

)
¢ Heim

0g— 02, (4.55)
The functors ¢y - admit right adjoints ¢xc ¢, . Using [Lurl7, Proposition 7.3.2.6], we obtain
a relative right adjoint functor

f CAlg(@ ) f CAlg(Hon) 0 8
(Regiﬁm)"l’ (Regzg‘“)“f’

~

(RegZgm)°P.

Composing ¢, with the unit section of the left slanted arrow, we obtain a section

ol (RegZ‘.gm)"p - CAlg(#Herom) © &, (4.56)

(RegZdmyop

sending (X,C_,Cy) € Rengm to the commutative algebra ¢xc_ ¢, 1 in Hem(Xe /X). (For a
similar construction, see for example [AGV22, §3.4].)

Definition 4.3.5. We denote the section in (#.36) by B%. For a demarcated regularly stratified
finite type S -scheme (X, C_, Cy), its value ‘Bi(fc,,co € CAlg(#He.m(Xc_/X)) is called the exit-path
algebra from C_ to Cy.

Lemma 4.3.6. Let u : Y < X be a locally closed immersion of regularly stratified finite type S -
schemes, such that the stratification of Y is induced from the stratification of X. Let C' > C_ > Cy
be strata in Y. Consider the commutative square of oco-categories

Hem(Xe /X) —— Heem(Yr [Y)
[sie-a [fiece (4.57)
Ox(X,C-, Co) —— Ox(Y/Y,C",Cy),
where u' : Yoo — Xc_ is the morphism induced by u, Y is the closure of Y in X, and

O (Y/Y,C",Co) C Ox(Y,C",Co)
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is the full sub-co-category spanned by those sections taking (C”,Cy) € Ry ¢, to the full sub-oo-
category #H¥(X,C”,Cy) Cc H¥(Y,C”,Cy).

(i) If u is an open immersion, the square in (4.57)) is left adjointable.

(ii) The square in (4.57)) is right adjointable.

Proof. We split the proof in two parts.

Part 1. Here we prove (i). The left adjoint u] of u;, is given by relative left Kan extension along
the inclusion Ry ¢, = Rx.c .c, € Rx.c_.c,- Thus, for a section

. 0 b4
t: (mX,C’,,Co) P H N
Ry cr cy)™®

the section u{ (¢) is given informally by
H(CZ,Co) I C=C,

0 else.

uy (1)(C”,Cy) = {

(Indeed, the category Ry cr ¢y X@yc_ ¢, (Rx.c_codicr,coyy has an initial object if C” = C” and is empty
if not.) Said differently, 7 (¢) coincides with f on Ry ¢’ ¢, and is zero on its complement. Similarly,
given M € #Ho.m(Y¢ ), the section 903‘(,c_,c0(u§ M) coincides with ‘p;,c'_,co(M ) on Rx ¢ ¢, and is zero
on its complement. This finishes the proof of (i).

Part 2. Here we prove (ii). The right adjoint u{ of u, is given by relative right Kan extension along
the inclusion Ry ¢, € Rxc_¢c,- Notice that the cocartesian fibration

Wy
f H" — (Ryc_c,)”
(Rx,c_,cy)P

is also a cartesian fibration. Thus, we can apply the dual version of [Lur09, Corollary 4.3.1.11]
(and its proof) to compute relative right Kan extensions along the inclusion Ry ¢, € Rx.c_c,-
Explicitly, given a section
t: (Rycrc)” = HY,
((RX,C’_ Co )Op

the section u{ (¢) is given at (C”, Cy) € Rxc_c, by
ul (1)(C”, Co) = lim  (pgc)H(E,Co),

EcCY,E>C",E>C"
where pg e : N%(CO) - N%,/(Co) is the obvious morphism. Thus, given M € #H (Y ), we need
to show that the obvious morphism
¥ o (MDle) = lim (pren). W (Mle) (4.58)
is an equivalence. (Here, to avoid confusion, we added “C”” and “E” to indicate where the various
strata are being considered.) For E > C”, we have a chain of natural equivalences (between
functors restricted to tamely ind-dualizable objects):

o o

= N ; ~
(pE,C’,,)* o TE,CO - (pE,C, )* o lIIE,C'_’,C() TE,C’_’

NO NO
e, 0 pe oW

1

1

o —
C”,Co OXE’CI—/
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where pcr : N%(C’_’) — C” is the obvious projection, and the functors

W2 o A NHC)/C Y qun = Hin(NH(C0)/Co)gun

E.C".Co
and XEcr - %tm(E/E) - %tm(cl_//al_,)

are as in Notations [3.2.36|and [3.6.16] For the above equivalences, we use Proposition and
Theorem [3.3.32(iii). We also use the fact that natural transformation

T%L/,CO o (pC’,’)* - (pE,Cl,,)* o \POE,CQ,CO

is an equivalence when restricted to # (N%(C’_’))qun s (which is enough by Proposition .
This can be checked locally for the Kummer étale topology, and we are reduced to proving that
this natural transformation becomes an equivalence when evaluated at the image of (p¢~)* which
is clear. This said, the morphism (4.58) can be identified with the image of the obvious morphism

*M 4 1. Nl M 4.
M - dim - XEc:(ME) (4.59)

by the functor ‘I’% o and it is enough to show that the latter is an equivalence. To do so, we can
-0

assume that M = (g, .My, where g, : Ey < Y is the obvious inclusion for a stratum Ey > C” of
Y and My € Hwm(Ey/E,). (We stress that E, is the closure of E in X.) In this case, if Ey # C”,
then the domain and codomain of the morphism in (4.59)) are zero. On the other hand, if Ey > C”,
then the diagram E +— ygc(M|g) whose limit is the codomain of the morphism in (4.59) is zero
for Ey # E, and hence is right Kan extended from its subdiagram indexed by those E’s such that
Ey > E. Thus, we can rewrite the morphism in (4.59) as follows:

X5,.cr(Mo) = lim XEcr © XE,£(Mo)-

SyLZL_, LU

It follows from Proposition ???1 that the diagram E — xz o © x5, z(Mo) in the above limit

is constant with values xz ~~My. Since the indexing category has an initial object, it is weakly
0,C_

contractible and the result follows. O

Corollary 4.3.7. Let (X,C_,Cy) be a demarcated regularly stratified finite type S -scheme and let
C’ > C_ be a stratum of X. Then, we have an equivalence of commutative algebras

B oo = B o (4.60)
Proof. Indeed, by Lemma4.3.6(i) and adjunction, we have a natural equivalence
U™ 0 PxC_Cox = PXCCon © Ui
The result follows by applying this to the unit object of Ox(X,C_,Cy). O

Lemma 4.3.8. Let u : Y — X be a closed immersion of regularly stratified finite type S -schemes,
such that the stratification of Y is induced from the stratification of X. Let C_ > Cy be strata in Y.
The commutative square of co-categories
%ct—tm(YC_/Y) — %ct-tm(XC_ /X)
[#ie-co [#ic-a (4.61)
O (¥,C-, Co) — Ou(X,C-,C),

provided by Lemmad.3.6(ii), is right adjointable.
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Proof. For a section
. 0 b4
A (my’c_’co) P - % .
(Ryc_,cy)®P

the section u¢ (s) is given by
s(C.,Cy) ifCCY,

0 else.

ul (s)(CZ, Co) = {

Said differently, u{ (s) coincides with s on Ry ¢, and is zero on its complement. It follows that,
for every section

t: (Rxcc)® — F*, (4.62)
(Rx,c_,cy)®P
we have a natural cofibre sequence

olim (jp) (jp), (1) = t — ulu, (1),
€Pxy

c
D
where jp : (X, D,Cy) — (X,C_, Cy) is the morphism given by the identity of X. By Yoneda and
adjunction, there is also a fibre sequence
o l . . loaran] %
uluy () = 1= Tim (o) (o)1)

for every section ¢ as in (4.62). Hence, by applying u., we obtain a fibre sequence

(1) = (1) = lim (D) (o) (0.

FX\Y

Similarly, writing jp : Xp — Xc_ for the obvious inclusions, we have a fibre sequence

W (M) = u” (M) — Jim u”(jp).(jp) (M)

€Px~y

for every M € #H . im(Xc_). The result now follows from Lemma ii). O
Although the next result is not needed in this subsection, we record it for later use.

Proposition 4.3.9. Let (X, C_, Cy) be a demarcated regularly stratified finite type S -scheme. Then,
forall M € Ho i Xc_/X)T and N € Hoin(Xc_/X), the natural morphism

¢x.c_c,Hom(M, N) — Hom(py - M, ¢xc c,N) (4.63)

is an equivalence. Moreover, denoting by Ox(X,C_,Co)® the full sub-oo-category ofagg(X, C_,Cy)
spanned by those sections valued in dualizable objects, we have a commutative square

Dx,._
Herm X | X)7 ————— Hepm(Xe_ /X)™ P
y f” (4.64)

~ Dx.c_.c ~

Ox(X,C_,Co)” ———— Ox(X,C_,Cy)™
where the horizontal arrows are equivalences. (Here, Dx¢ ¢, = Hom(—; 1) and Dx. = Hom(—;1)
are the obvious duality functors.)

Proof. It follows from Theorem the internal Hom bifunctor on #((X_) preserves the sub-
co-category Heoum(Xc_/X)”. Thus, the natural morphism in (#.63) is well-defined. We split the

proof in two parts.
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Part 1. Here, we show that (4.63)) is an equivalence. We assume that X is connected, and we argue
by noetherian induction on X. Thus, given a closed immersion u : ¥ — X as in Lemma we
may assume that the result is known for Y provided that ¥ does not contain the open stratum X°.
We claim that this implies that (4.63)) is an equivalence when M = u/, M’ with M’ € Ho (Y /Y)7.
Indeed, we have a chain of natural equivalences

Oy o HomW.M',N) = ¢y . uHom(M',u"N)
~ ufgo;C_,COHO_m(M’, w'N)
= uHom(gy. oM’ ¢yc o u'N)
= M(*THO_mw;c_,co M, ”ér‘P;},c_,coN )
~ Hom(ul¢yc M, ¢xc c,N)
=~ Hom(gy. UM, ¢yc o,N)
where:

(1) follows by adjunction from the projection formula — ® u, M’ ~ v/ (u*(—) ® M');

(2) follows from Lemma[4.3.8}

(3) follows from the induction hypothesis;

(4) follows from Lemma[4.3.8]

(5) follows by adjunction from the projection formula — ® u7E ~ uf(u).(-) ® E) if we take
E=9¢yc oM

(6) follows from Lemma[d.3.8]

Thus, we are reduced to the case where M = jzM, with j : X° — X the obvious inclusion and
My € H(X°/X)®. To treat this case, we will apply Lemmal4.3.6, with u = idy and C” = X°. We
will denote by

Jir 2 05X, C—, Co) = Ox(X, X%, Co) = Hm(N3(C0)/Co)qun
the bottom arrow of the square in (4.57)), and by j‘uf and j7 its left and right adjoints. We have a
chain of natural equivalences
oxc c,Hom(jsMo, N) = ¢y o j-Hom(My, j*N)
= J ¥y xe o, Hom(Mo, j°N)
=~ jTHom(¢y y. o, Mos @x x- c, /" N)
= ]‘:-Hom(()p;(,xo,coMO’]‘;‘p;{,Cf,CoN)
= Hom(j/¢y y- c,Mos ¥x c_c,N)
= I_IO_m(SD;(,C,,CojﬂMO’ (p;,Cf,CoN)
where:
(1”) follows by adjunction from the projection formula — ® jsMy = js(j*(—) ® My);
(2’) follows from Lemma[4.3.6}
(3") follows by observing that ¢} y. ., coincides with the symmetric monoidal functor
W, : Han(X°/X) = Him(N3(C0)/Co)qun

and that M, is dualizable;
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(4") follows from Lemma[.3.6}

(5’) follows by adjunction from the projection formula — ® jg F ~ jg’( Jo(=) ® F) if we take
F = (p},XO,COMO;

(6") follows from Lemma[4.3.6

This finishes the proof that (4.63)) is an equivalence.

Part 2. By Theorem [3.4.16] the top functor in (4.64) is an equivalence. It remains to see that
bottom functor in (4.64) is an equivalence. It suffices to show that the natural morphism

E — Dyxc_c,Dxc_c,(E) (4.65)

is an equivalence for every E € (NI;(;(X, C_,Cy)”. By Part 1 and Theorem [3.4.16] this is indeed
the case if E is of the form ¢},C7’CO(M), for M € #H..m(Xc )®. Thus, to conclude, it would be

enough to know that 63{()(, C_,Cy)” is generated under finite limits and colimits by the image of
Px.c_ ¢, restricted to the tamely constructible objects. Unfortunately, we don’t know this in general.
Nevertheless, we can still conclude by noticing that there is an equivalence of co-categories

O(X,C_, Co)” = Oz(Nx(Co), N2 (Cy), Co)®,

thus reducing to the case of the demarcated regularly stratified § -scheme (X', C”, C()) where X’ =
Nx(Cyp), C. = N% (Co) and Cjj = Cy. Given a stratum D C X¢_, let D’ = N%(Co) be the associated

stratum of X7, . Then the functor
¥e, : Hon(D' /D) = Hin (N2, (C)/Colqun
restricts to the identity functor
FHoan(N(C)/Codqun = Han(NS (C)/Chp)un
modulo the obvious indentifications. This enables us to conclude. O
In order to state the key property of the algebras ‘Bi‘j c_.c,» we introduce the following notation.

Notation 4.3.10. Let X be a regularly stratified finite type S-scheme and C C X a stratum. Recall
that we have a symmetric monoidal functor W¢. : #m(X°/X)® — #Hm(NS(C)/C)g,,. We denote by

®
qun*

N s FHpn(N(C)/O)Z,, — Hon(X°/X)® (4.66)

qun

its right adjoint, which is a right-lax symmetric monoidal functor. Given strata C_ > Cj in X, we
write
Nt Hon(NZ (Co)/Co)y = Hon(C-[C)° (4.67)
—,Co -

instead of “rh‘éf) ” to indicate that Cy is considered as a stratum in C_.

Theorem 4.3.11. Let (X,C_, Cy) be a demarcated regularly stratified finite type S-scheme. For
every stratum C' > C_, there is a natural equivalence

te Brcc, = (0 DO 1. (4.68)

(Here, we denote by i : C' — Xc_ the obvious inclusion.)
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Proof. Using Corollary we may replace (X, C_, Cy) with (X, C”, Cy) and assume that C’ =
C_. Said differently, it is enough to show that there is a natural equivalence

e BXe o = (E  D®ic 1. (4.69)

Let Y be the closure of C_in X and u : Y < X the obvious inclusion. Combining Lemmas 4.3.6[(ii)
and[4.3.8] we obtain natural equivalences

7! * ~ ! * ~ * 7!
U °Pxc_.co,» °Pxc_c, = PrC.,Ci=0,+ P U; OPxc_ c, = PYC_.Cox ©Pyc_c, O U -

Applying this to the unit object, we get an equivalence
”’!%ggc,,co ~ ‘Biifc,,co ®u'l.

It remains to see that ‘Bffc ¢, 1s equivalent to rh%" ‘ 1. This follows immediately from the fact C_
T -L0

is the open stratum of Y. Indeed, this implies that Ryc ¢, = {(C_, Cp)} is a singelton so that the

functor ¢y . ., can be identified with ¥y . . m|

Definition 4.3.12. Given a presentable symmetric monoidal co-category C%, we denote by C''*s
C the full sub-co-category generated under colimits by the dualizable objects of C. Note that C* is
also a presentable symmetric monoidal co-category by [AGV?22, Lemma 2.8.2] and the inclusion
functor C'* < (€ is symmetric monoidal and colimit-preserving. In particular, this inclusion
functor admits a right adjoint (-)™ : © — C' which is right-lax symmetric monoidal and which
we call the lissification functor.

Lemma 4.3.13. Assume that every dualizable object of C is a colimit of compact dualizable ob-
jects. (This is for example the case if the unit object of C® is compact.) Let A € CAIg(C) be a
commutative algebra and let A" be its lissification. Then the base change functor

Mod 7iis(C1**) — Mod 7(C) 4.70)

is fully faithful with essential image the sub-co-category of Mod 7 (C) generated under colimits by
A-modules of the form A ® M, with M € C dualizable.

Proof. From our assumption on the dualizable objects of C, it follows that C'** is compactly gen-
erated by its compact dualizable objects. The same holds true for Mod zi(C'**)®. Moreover,
the functor is colimit-preserving, and takes compact and dualizable objects to compact and
dualizable objects. Thus, to show that the map

Mapﬂliss(P, Q) - Mapﬂ(P ®ﬂliss ﬂ, Q ®ﬂliss ﬂ)

is an equivalence for all P,Q € Mod zi(C"*), we may assume that P and Q are compact and
dualizable. We can furthermore assume that P = A" ® M and Q = A" ® N, with M,N € C
dualizable. In this case, the map under consideration can be rewritten as

Map.(M, A" @ N) — Map.(M, A ® N).

Replacing M with M ® N¥, we may assume that N is the unit object of C. Then, the result is
obvious since M belongs to C'** by definition. O

Notation 4.3.14. Let (X, C_, Cy) be a demarcated regularly stratified finite type S -scheme. We let

H¥(X,C_,Co) C Modg, . o, (Herm(Xc)) (4.71)
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be the full sub-co-category generated under colimits by the By ¢,-modules Pxc ¢, ® M such
that M € Ho.m(Xc.) is dualizable. We write By and Fis (Xc) instead of (P )™ and

. X,C_,Cy ct-tm
Hem(Xc ). By Lemma4.3.13| we have an equivalence of co-categories
FH¥(X,C_, Cy) ~ Modyuis (FH (X)) (4.72)
BX,C_,CO ct-tm

if the Voevodsky pullback formalism #® is compactly generated.

Construction 4.3.15. Arguing as in [AGV22, §3.4], we see that the morphism of CAlg(PrL’ -
valued presheaves in (4.55) factors through a morphism

@ - Mody(Herim © 8)° — OF. (4.73)

For a demarcated regularly stratified finite type S-scheme (X, C_, Cp), the functor ¢y . . takes a
‘Bizfyc_’co-module M to the section 5, given by

su(CL, Co) = ¥, (Mlc) @ 1

o (¥
\PCO By Co ler)

for (C.,Cy) € Rxc_c,- (Here ‘T"’CO is the monodromic specialisation functor associated to C

viewed as a stratum in C”_.) On the other hand, there is a natural morphism of CAlg(Pr"*))-valued
presheaves

02 — #¥® (4.74)

induced by the diagonal functor

RegZd" — 9, (X,C_,Cy) > ((X,C-,Co),(C-,Co)).

RegZ‘Sim

Explicitly, on (X, C_, Cy) € RegZi™, the morphism in (#.74)) is given by the functor

®
Oz(X,C_,Co)® ~ Sect [ f F* / R CO] — #H"(X,C_,Cy)®

taking a section s to its value s(C_, Cy) at the final object (C_, Cy) € Rxc ¢,. This said, we may
compose the morphisms in (4.73]) and (4.74) to get the morphism:

Modg (Fieim © 8)° — FH. (4.75)

By construction, on (X, C_, Cp) € RegZi™, the morphism in @.73) is given by the functor
MOdSB?((;C_,CO (%ct—tm(XC,)) - getm(N%_ (CO)/EO)qun

sending a ‘Bffcﬂco—module M to ‘¥’°CO(M lc)) ®ge i 1. We will be mainly interested in the

We, (el
L, st

morphism of CAlg(Pr™*)-valued presheaves on RegZ{™:

¢ HE - FT® (4.76)

obtained by restricting the morphism in to the sub-co-categories introduced in Notation[4.71]

We will see below that ¢ is very close to being an equivalence.
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Theorem 4.3.16. Assume that #® is compactly generated. Let (X,C_, Cy) be a demarcated regu-
larly stratified finite type S -scheme. Then the functor

bxc.c, t H¥(X,C_,Co) = #H¥(X,C_, Cyp) 4.77)

is fully faithful. Moreover, if the inclusion Cy — X admits a retraction in RegZs, then the functor
in (4.77) is Zariski locally essentially surjective in the following sense: given a compact object
A € #HY(X,C_, Cy), there exists a Zariski cover (see Remark[4.2.8)

((Xi, Ci.—, Ci0) = (X, C-, Co))ier
such that AlNoE ;o) Delongs to the essential image of ¢x,c, _c,, for everyi€ I.
Proof. The functor in (4.77)) is symmetric monoidal, commutes with colimits and preserves com-
pact objects. Moreover, its domain is compactly generated by dualizable objects of the form

SBiéjc_,co ® M, with M € #H . .(Xc_ ) dualizable. Thus, to show that this functor is fully faithful, it is
enough to show that the map

Mapyr  (BYc o, ® M. Bc ¢, ® N) = Map(¥¢, (Mle ), ¥, (Ne.)) (4.78)

is an equivalence for M, N € #..m(Xc_) dualizable. Replacing M with M ® NV, we may assume
that N = 1. In this case, the map in can be rewritten as

Map(M, B¢ ¢,) = Map(¥g, (Mlc), 1). (4.79)
Using adjunction, we are then reduced to showing that the map
Map(@y ¢, (M), 1) - Map(¥g, (Mlc), 1) (4.80)
is an equivalence. Denote by
t: (Rxc_c)™ — F*
(Rx,c_,cy)P

the section ¢y . - (M). Since M is dualizable, we can use Remark 3.3.5]to conclude that, for every
chain of strata C”” > C” > C_ in X, the obvious morphism

\II%,_,CO(M|CL)|N%L,(C+) - lI’%,_,’CO(M|C’:)

is an equivalence. Thus, 7 is a cocartesian section. Since the same is true for the unit section, we
deduce that the first mapping space in (4.80) is computed in the sub-co-category of

Sect (fge"P (76\?/ m;)(l,)c,co)

X.C-.Co
spanned by the cocartesian sections. Since Rx ¢ ¢, admits a final object (C_, Cy), the aforemen-
tioned sub-oo-category is equivalent to #¥ (X, C_, Cy). This finishes the proof of the full faithful-
ness of the functor in (4.77).

We now fix a retraction ¢ : X — C, in RegZs and use it to show that the functor in is
Zariski locally essentially surjective. Recall that

HY(X,C_, Co) = Him(NZ (Co)/Co)qun-

By Lemma[3.6.20(ii), we may replace (X, C_, Cy) by the constituents of a Zariski cover and assume

that there exists a finite Kummer étale morphism f” : ¥’ — X such that D) = f"7(C,) and
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= f""(C.) are connected, and such that A = g'g ""Aj, where g’ : N%, (Dy) — N% (Cy) is the
morphlsm induced by f’, ¢’ : N%, (D) — Dj the obvious projection and A} € Fj,5(Dy, /5(’))“’. In
fact, arguing as for Lemma [3.3.30] we may assume that X has a unique closed stratum P C X and
that Y’ = X X7 ,, T where T is a maximal split torus-embedding, X — T a stratified morphism
sending P to the center o7 of T and inducing an isomorphism Ty(P) ~ T, and r € N* a positive
integer invertible on X. Since we have the freedom of choosing the stratified morphism X — T,
we may assume that 7" decomposes as a product of split torus-embeddings 7 = T, X T} X T,y and
that we have a commutative square

Co C. X———C

| | |

O'TZXO'TIXT0—>O'T2XT1XT0—>T2XT1XT0—>T0

such that the vertical arrows induce isomorphisms between the bottom line and the split torus-
embeddings associated to the top line.

We set Y = X X7, ., T1 and denote by f : Y — X the obvious morphism. We set D_ = f~1(C_.)
and Dy = f~!(Cy). Note that Dy ~ Cy and that Y, — Xc_is finite étale. (Indeed, f is obtained
by extracting r-th roots of equations of irreducible constructible divisors that contain C, but do
not contain C_.) We also denote by g : NOE (Dy) — N%_(Co) the morphism induced by f and

q: N% (Dy) — D, the obvious projection. We have a commutative diagram

N2, (D) == N (D) — N2 (Co)

ool

A . Dy Co

’

where the first square is cartesian. This yields an equivalence g, A; = g.q"Ag with Ay = a.AJ.
(Note that Ay € Hyn(Do/Do)”.) Also, by construction, we have a commutative square

El

Letd : Y, ». — Dg be the restriction of d to ~Y9 and f : Yp. — Xc_ the finite étale morphism
induced by f. Consider the dualizable object f.d"Ag € #H.um(Xc_/X)”. We claim that the %?]C,,CO'

module %ifc_,co ® f.d*Ay is mapped to A = g.g"A¢ by ¢xc_¢,. Equivalently, we need to show that
‘T"’CO(( f.d*Ag)lc.) is equivalent to g.g*Ao. By Proposition[3.3.27, we have a natural equivalence

‘T’ZO((f:c?*AO)Ic_) ~ g*q’z)o((g*Ao)b_)-
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Thus, we are left to show that ‘T’ZO((J*AO)I p.) 1s equivalent to g*Ay. This follows immediately from

Remark by noticing that d*A, is the restriction to Yp, of a dualizable object on Yp,, namely
the inverse image of A, by the morphism Y5, — D, induced by the retraction d. O

Corollary 4.3.17. Assume that #® is compactly generated and that S = Spec(k) is the spectrum
of a perfect field k. Then the morphism ¢ in exhibits #Y-® as the Nisnevich sheafification of
the CAlg(Pr-*)-valued presheaf #¥-©.

Proof. Since k is perfect, every demarcated regularly stratified S -scheme (X, C_, Cy) admits a Nis-
nevich cover ((X;, C; -, C; o) — (X, C_, Cy))ies such that the inclusions a',o — X, admit retractions
in RegZg. The result then follows from Remark [4.2.10{(ii) and Theorem[.3.16|by arguing as in the
proof of Proposition #.2.9] m]

For later use, we explicitly state Theorem [4.3.16 and Corollary in the special case of the
Voevodsky pullback formalism Shy,.

Corollary 4.3.18. Let k be a field endowed with a complex embedding o : k — C and let A be a
commutative ring spectrum. Denote by g : szgm — Sm2 the functor given by (X, C_, Cy) — Xc_
and consider the section

(Pe) 2 (SmEE™)™ — CAIg(LSgeo(—:A)) 0 g
(Smgdmyep
sending (X, C_, Cy) to the lissification of the commutative algebra B5'. There is a morphism of
CAlg(Prk’ Y-valued presheaves on Smng:

¢ : Mod gsheeo i (LS geo(—3 A) © g)° — LSY (=3 A)® (4.81)

geo

which is objectwise fully faithful and exhibits its codomain as the Nisnevich sheafification of its
domain.

Proof. This is restating Theorem4.3.16/and Corollary 4.3.17|in the case H® = Shge,(—; A)® taking
advantage of Lemma[4.3.13|and Proposition [3.8.16] m|

Our next task is to establish a comparison result concerning the commutative algebras ‘Bi‘j c..Co
for the two Voevodsky pullback formalisms MSh and Shg,; see Theorem [4.3.20] below. This
comparison result is used in the proof of our second main theorem for local systems in Subsection
[.4] via its consequence which is stated in Theorem #.3.26] We will need a generic tameness result
for motivic sheaves which is of independent interest.

Theorem 4.3.19. Let k be a field of characteristic zero and let A be a commutative ring spectrum.
Let X be a k-variety and let M € MSh(X; A)” be a motivic sheaf on X of finite generation; see
Notation[I.1.11] There exists a smoothly stratified k-variety X' and a proper surjective morphism
X" — X such that X'° — X is a dense open immersion and M|x- is tame at the boundary of X'.

Proof. We split the proof into several steps.

Step 1. We claim the following: given a proper, surjective and generically finite morphism X — X,
if the conclusion of the theorem is satisfied for M|z, then it is also for M.

Indeed, to prove the theorem for M, it suffices to do so for M|y, for any proper morphism X; — X
inducing an isomorphism over a dense open subvariety of X. On the other hand, if M|; satisfies
the conclusion of the statement, then so does M |)~(1 where X 1 — X 1is the strict transform of X—>X
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along X; — X. Thus, using the Raynaud—-Gruson flattening theorem [RG71, Théoreme 5.2.2],
we may assume that X — X is finite flat. Using resolution of singularities in characteristic zero
[Hir64|], we may assume that X is smooth and that X — X is étale on the complement of a normal
crossing divisor D C X. Replacing X by its normalisation if needed, the morphism X — X is then
finite Kummer étale provided that X is endowed with the smooth stratification deduced from D.
Refining further, we may assume that M|;. is tame at the boundary of X. This clearly implies that
M]|x- 1s also tame at the boundary of X, proving our claim.

Next, we claim that the statement is local for the Zariski topology. Indeed, if X = U U V is
an open covering and if U’ — U and V' — V are proper surjective morphisms from smoothly
stratified k-varieties U’ and V' such that M|~ and M|y are tame at the boundary, then any proper
surjective morphism X’ — X from a smoothly stratified k-variety X’ would render M|y~ tame at
the boundary provided that the projections X’ Xy U — U and X’ Xy V — V factor through U’ and
V’. If moreover U — U and V’° — V are dense open immersions, we can arrange for such an
X" — X such that X" — X is also a dense open immersion. This proves our second claim.

Combining the two claims proven above, we deduce that the statement is local for the h topology
on X. (See [Ryd10, Definition 8.1 & Theorem 8.4].)

Step 2. 'We now start the actual proof of the theorem. Without loss of generality, we may assume
that X is integral. By [AyoO7al, Proposition 2.2.27], we may assume that M = f.A, where f : ¥ —
X is a proper morphism from a smooth and connected k-variety Y. We can also assume that f is
dominant, because otherwise the result is easy. Using [ALT19, Theorem 4.7] and Step 1, we may
assume that f : ¥ — X is semi-stable. More precisely, we can assume that X and Y are smooth
and that X admits a strict normal crossing divisor £ C X with the following properties.

(i) F = f~Y(E) is a strict normal crossing divisor and the induced morphism Y \ F — X \ E
is smooth.
(i1) Etale locally at a closed point y € Y with image x € X, there are coordinates sy, ..., s, and
ty,...,t, centered at y and x such that:
e there are integers 0 =ny <n; <---<n, <nsuchthatt;o f =5, 418y
e there is an integer 0 < m’ < m such that the irreducible components of E in the
neighbourhood of x are defined by the equations #;, = 0, for I < i < m’, and the
irreducible components of F in the neighbourhood of y are defined by the equations
s;=0,forl < j<ny;
e form"+1<i<m,wehaven; =n;_; + 1.
We endow X and Y with the smooth stratifications defined by the normal crossing divisors E and
F. We claim that under the above conditions, the motivic local system f’A is logarithmic at the
boundary of X. (Recall that f’A is is dualizable by [R1005].) To prove this, we will establish a
strong version of property (i) of Proposition [3.3.3] Indeed, we will show that for every motivic
sheaf N € MSh(X°; A) and every stratum C of X, the natural morphism

Te(N) ® Te(fFA) > Te(N ® fA)

is an equivalence. Fixing C, we may replace X with X and assume that C is the unique closed
stratum of X. The problem being Zariski local on X, we may also assume that there is a maximal
split torus-embedding 7" with center o7, and a morphism of regularly stratified schemes p : X - T
sending the stratum C to o7 and inducing an isomorphism Tx(C) =~ T. We may also assume that
the morphism of k-varieties p : X — T is smooth. (Here, and in the remainder of the proof, we

view split torus-embeddings as defined over k and we simply write 7 instead of 7}.) Inspecting
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Remark [3.2.19|and replacing X with Df*)’((C) and Y with Y Xy ngf(C), we are reduced to showing
that the natural morphism

*L(N) ® T p(f,, . A) = Lp(N ® f, . A)

is an equivalence for every N € MSh(X,; A). (See Definition [3.2.13]) Since f is proper, there are
natural equivalences 1,0 f;, . = f, .o, by the proper base change theorem [AG V22, Proposition
4.1.1]. Combining this with the projection formula [AGV22, Proposition 4.1.7(1)], we can rewrite
the above morphism as

fo-,*(f;‘rp(N) ® TpOf(A)) - f(r, *TpOf(fy;kN)'
Thus, to conclude, it will be enough to show that the morphism
JoLp(N) @ L pos(A) = Y por(fN) (4.82)

is an equivalence.

Step 3. The problem of showing that (4.82) is an equivalence is local over Y for the étale topology.
Thus, using properties (i) and (ii) from Step 2, we may replace f : ¥ — X by a morphism
of the form idy Xr g : X Xy W — X, where W = Spec(k[si,..., s, 1) is a maximal split torus-
embedding and g : W — T is the morphism given by #; = s,,_ 41 - - - 5. (Here, the regular functions
t, ...ty € O(X) are identified with the coordinates of T so that T = Spec(k[ty, ..., t,]).)

To go further, it will be convenient to set #(—)® = MSh(X X7 —; A)®. This defines a Voevodsky
pullback formalism

F® : (Schy)® — CAlg(Prb).

Since p : X — T is smooth, #® satisfies purity in the sense of Definition [3.2.16, Moreover,
showing that (4.82)) is an equivalence when f is replaced by idx Xr g reduces to showing that the
natural transformation

grTH(N) ® T (1) = Yy (g;N) (4.83)

for all N € #(T°). Here, we are writing “Y*” to denote the unipotent nearby cycle functors for
the Voevodsky pullback formalism #®.
The morphism g can be factored as follows:
W, RN W, R NN W, s Wo=T,
where W, = Spec(k[si, ..., Sy, tie1s. .., tw]) for 0 < 1 < m’. We claim that, for every 1 <[ < m’,
the natural morphism
1) - 1%

* H / F
8o (N) ®g,*,UTZ‘iO..}og,fl(l) | Gp—— 81070811081

o (€ ,N') (4.84)
is an equivalence for all N* € #(W,_, ;). Our claim immediately implies that the natural morphism
8o (N) ®gitry Ty (1) = T (g,N)

is an equivalence for all N € #(T°), but this is sufficient to conclude since Tif (1) ~ 1 by Proposi-

tion 3.2.171
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It remains to prove that the natural morphisms in (4.84)) are equivalences. Fix the integer 1 <
[ < m’ and notice that there is a cartesian square

W—V
lgl lh
Wl—l 810-+081-1 T

where
\%

Spec(k[tla cee ll—lv Sn/_1+1a L] Snl’ tl+la L] tn,71/])
T[Sn1_1+1’ R Snl]/(sn1_|+1 Sy T tl)

Thus, setting #'(—)® = #H(W,_; X7 —)%, we can rewrite the morphism in (4.84)) as follows

1R

Ry X (N') @y gy 7 (1) = 3 (g N'). (4.85)
As above, we are writing “Y”"” to denote the unipotent nearby cycle functors for the Voevodsky
pullback formalism #’®. We warn the reader that #’® does not satisfy purity so that Proposition
does not apply anymore. Nevertheless, we may view (4.85)) as the evaluation at the object
1 € #’(V;) of a morphism

{7 V) @y T () = T (V) @ -)

o *id (m:P—T) € Schy

of specialisation systems from #’|sp,.. tO <7€'|Schgr in the sense of [Ayo07bl, Définition 3.1.1]. The
result then follows from [[AyoO7b, Théoreme 3.3.4]. (Indeed, the evaluation of the above morphism
at 1 € #’(T°) and for m = idy is clearly an equivalence.) ]

Theorem 4.3.20. Let k be a field endowed with a complex embedding o : k — C and let A be
a commutative ring spectrum. Assume that k has finite virtual A-cohomological dimension. The
Betti realisation B* : MSh(—; A)® — Shyeo(—; A)® induces a morphism

B*glsMSh — sBShgeO (486)

between sections of the cocartesian fibration
f CAlg(Shergeo(—3 A)) © g — (SmEF™)™.
(Smzdmyop

Moreover, the morphism in (4.86) induces equivalences on the cdh stalks in the following sense.
Let V be the spectrum of a valuation ring of finite height containing k. Let é_,&, € V be two points
of V, considered as strata, and such that é_ > &y. The triple (V,&_, &) can be considered in an
essentially unique way as a pro-object in Rengm. This said, the morphism

* Shgeo
BVf—l( 1‘\//,[;_}1’5+) - $V;—»§+’ (487)

induced by the morphism in @.80)), is an equivalence in Shgeo(Ve ; A).

Proof. The construction of the morphism in (4.86)) is easy and left to the reader. We only discuss
the second assertion of the statement. We split the proof in two parts. In the first part, we mainly

gather some general facts needed for the proof.
225



Part 1. Let #® : (Schy)® — CAlg(Pr™*) be a strongly presentable Voevodsky pullback formalism
over k. Given a pro-k-variety X = (X,)qes, We define #(X)® by left Kan extension. We do the same
for defining #...n(X)® for a pro-object X = (X,)qe; in SmX;. In particular, considering V as a
pro-object in Sm; and SmX;, we may speak of #(V)® and #H..in(V)®.

Given a locally closed immersion u : V' C V, there is an induced functor u, : #H (V') —
#(V) defined as follows. Write V as the limit lim,¢; V,, of a pro-object (V,).e; in Sch; with affine
transition morphisms. (Such a pro-object is unique up to a unique isomorphism of pro-objects.)
We can find o € I and a closed subvariety V) c V, such that (V Xy, V))eq = V'. For @ € I, let
Uy @V, = (Vo Xy, V))ea = Vo be the obvious inclusion, so that u is the limit of the u,’s. Then,
the functors u, , : #(V)) — #(V,) provide a morphism in Fun((/,,)°®, Prl*!) between (# (Vi)aer,
and (#€(Vy))aer,,- Taking the colimit in Pr", we obtain the desired functor u,.

Note that when u is an open immersion, u, is left adjoint to #* and can be denoted by uy instead.
Similarly, when u is a closed immersion, u, is right adjoint to #* and can be denoted by u..

Now, assume we are given an open immersion j : U — V with closed complementi : Z — V.
We then have a cofibre sequence of endofunctors of #(V):

it —id > i, (4.88)

It can be constructed as the colimit of cofibre sequences j, 4j, — 1d — i, .i, for a € I,,, where
o € [ is fine enough so that U and Z can be defined as V Xy, U, and V %y, Z, for U, C V, and
Z, ¢ V, complementary open and closed subvarieties. By adjunction, we deduce formally from

(4.88)) a fibre sequence
i —id - j,j* (4.89)

where i' is the right adjoint to i, and j, is the right adjoint to j*.

Assuming that # : (Schy)°®® — Pr" factors through Pr-, we can describe explicitly the functors
u' and j, as follows. Given a compact object N in #(V), we can refine o € I and assume that N is
the inverse image of N, € #((V,). Then, we have

u'N = colim (u,(Noly, )y (4.90)
€l

Similarly, given a compact object M € #(U) which is the inverse image of M, € #(U,), we have

]*M = COhm (](y *(M()an))lV (491)

ac /0

(We have set U, = V,, Xy, U, and we are denoting by j, : U, — V, the obvious inclusions.)

Part 2. We now give the proof that the morphism in (4.87) is an equivalence. For a point & > &_
in V, Theorems[I.2.15|and #.3.11] and the formula in (¢.90) yield equivalences

! * MSh ~ R* ! MSh MSh
e By, B, = By By, = By hyhl@u, 1
! S geo geo !
and Ly BV 501®L§,_1.

Thus, we are left to show that the obvious morphlsm
* A MSh Shgeo
B‘f,_m&,&)l - rhé:,g 1 (4.92)
is an equivalence. (Indeed, it follows from the existence of the fibre sequences in (4.89) that the
functors Lé:, for & > &_, are jointly conservative on #(Ve_).) For that, we may assume that &_ = &
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is the generic point of V, which we will denote by 7. It follows immediately from Theorem §.3.19|
that we have equivalences of co-categories:

MShun(7/V: A) = MSh(m; A)  and  MShem(Ny(£0)/€p: Mgun = MSh(NG(£0): A)qun/e,-
Similarly, it follows from Theorem [3.8.1T]and Proposition [3.8.16| that we have
th(ﬂ/V) = Shgeo(n; A) = LSgeo(n; A) and

ggtm(N(\)/(é:O)/Eo; A)qun = Shgeo(NT/(é:O); A)qun/fo = LSgeo(N(\J/(fO); A)
when #® = Shge,(—; A)®. In particular, this shows that we can replace V by V,, and assume

that &, is the closed point of V, which we will denote by 0. More importantly, using the above
equivalences, we are reduced to showing that the commutative square

MSh(; A) —= MSh(NS (0°): A gun/or

JB* lB* (4.93)
5
Shgeo(n; A) — Shgeo(N;)/(O-); A)qun/a’

is right adjointable. (See Notation [4.3.10]) Using Proposition [1.6.6] this square can be identified
with

MSh(7; A) —=— MSh(NE,(07); A)qun/er
l l (4.94)
w5
MSh(i; Br) — MSh(NS (07); B Dqunyo-

The functor {Iv’f, on MSh(n; A) is symmetric monoidal and takes the commutative algebra B,/, to
the commutative algebra B |ne () It follows that the right adjoint of the functor on the bottom line
functor takes a B, |x: -module M to MYS"(M) considered as a B, |,-module by restriction along
the unit morphism Bxl, — MY>"(Bxlx: (). This said, the right adjointability of the square in (#.94)
would follow if we can show that the obvious morphism

A®@MMSh(B) - AMSh(Pe (4) © B) (4.95)

is an equivalence for A = B4, and any B € MSh(N7{,(0); A)qun/o-- In fact, this is true for any

A € MSh(n). To prove this, we notice that, under our assumptions on k, the functor ‘?’f’, :
MSh(; A) — MSh(o; A) belongs to Pr. Indeed, being symmetric monoidal, this functor takes
dualizable objects to dualizable objects. On the other hand, MSh(#; A) is compactly generated by
dualizable objects of the form M ® M(Spec(/))|,, where M € MSh(#n; A) is dualizable and //k is

a finite extension admitting no real ordering. It is clear that ‘T’; takes such a generator to a com-
pact dualizable object. This said, we deduce that the functor M5! is colimit-preserving. Thus, to
prove that the morphism in (#.93)) is an equivalence, we may assume that A is dualizable and use
[Ayol4a, Lemme 2.8] to conclude. |

Corollary 4.3.21. Let k be a field endowed with a complex embedding o : k — C and let A

be a commutative ring spectrum. Assume that k has finite virtual A-cohomological dimension.
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Consider the sections

(B MY and ($3=) : (Smf™)” — CAIZ(LSeo(—; A) 0 8,

(Smxgmyop

and the morphism
(B*gBMSh)liss s (%Shgeo)hss (4.96)

obtained by lissification from the morphism in (#.86). Then, the morphism of CAlg(Pr=*)-valued
presheaves on SmZ,fm:

MOd(B*sBMSh)liss(Lsgeo(—; A) ] g)® - Mod(\BShgco)liss (LSgeo(_; A) o g)® (497)

induces equivalences on the cdh stalks, i.e., after evaluating on triples (V,&_, &) as in Theorem
4.3.20

Proof. If V is the spectrum of a valuation ring of finite height containing k, and if (V,,), is a pro-
object in Sch; with affine transition morphisms and whose limit is V, then for every o € I and
M € Shyeo(V,), we have (M|y)™* = colim,es, (Mly,)"|y. Moreover, the lissification endfunctor of
Shyeo(V; A) is colimit-preserving. Applying this to Ve in place of V and using Theorem

we deduce that the morphism in (4.96) induces an equivalence on (V,£_,&). It follows that the
morphism in induces a fully faithful functor when applied to V. But this induced functor
is also essentially surjective since its domain and codomain are compactly generated by modules
extended from LSg.o(Ve ; A)®. O

We warn the reader that the triples (V, £_, &) in Theorem [4.3.20]and Corollary 4.3.21] are not the
points of a Grothendieck topology on SmZ,fm. In particular, Corollary 4.3.21| does not imply that
the morphism in (4.97) induces an equivalence after sheafification. In order to get such a result, we
need to consider the associated presheaves on SmZ;.

Construction 4.3.22. We define a functor
O: Psh(Regde; CAT,,) — Psh(RegXg; CAT.,) (4.98)

as follows. First, we consider the functor p, given by the composition of

Psh(RegZ{™; CAT,,) ~ CATZ:;&gzgm)op N CAT‘;S/C('“‘QegZS)OP ~ Psh(RegXy; CAT.). (4.99)
(Given an oco-category C, we are denoting by CATf;ffg“ the sub-co-category of CAT,, e spanned by
the cocartesian fibrations and their morphisms; the two equivalences in (4.99) are given by Lurie’s
straightening/unstraightening and the functor p. is provided by Corollary [3.5.12]) The functor p.
takes a CAT-valued presheaf K on RegZi™ to the CAT.-valued presheaf p.K on RegZy sending
a regularly stratified finite type S -scheme X to the co-category of sections

Sect ( f K / @;;’P] .
I
We can then view p. as a functor

Psh(RegZ{™; CAT,,) x (RegZs)® — CAT.,

classifying a cocartesian fibration. A suitable sub-cocartesian fibration of the latter gives rise to

the functor O in (4.98)) sending K as above to the CAT,-valued subpresheaf O(K) c p.(K) given
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on X € RegXg by the full sub-co-category

O(K)(X) C Sect (f Ci{/ ()D}'(Op)
e

spanned by those sections sending an arrow of the form (C_, Cjj)) — (C_, Cy), for a sequence of
strata C_ > Cy > C; in X, to a cocartesian edge. The functor in (4.98) commutes with limits. In
particular, it is symmetric monoidal with respect to the cartesian monoidal structures, and induces
a functor

O : Psh(RegZ§™; CAlg(CAT.,)) — Psh(RegZy; CAlg(CAT..)). (4.100)

In the sequel, we find it convenient to extend O to functors
O : Psh(RegZi™; Pr-*) — Psh(RegZs; Pr®) and (4.101)
O : Psh(RegZ{™; CAlg(Pry; ™)) — Psh(RegEs; CAlg(Prl™)) (4.102)

using the faithful embeddings Pr-*" — CAT,, and CAlg(Pr>*) — CAlg(CAT,,) given by C +— C¥

and C® > C“®, In this way, if K is a Pr-*-valued presheaf on RegX{™, then we have

O(K) = Ind(O(K?)),

L, st
w

and similarly for CAlg(Pr™)-valued presheaves.

Remark 4.3.23. By Corollary we have an equivalence of CAlg(CAT)-valued presheaves
gﬁ@

ct-tm

~ O(FY)® (4.103)

where, on the right hand side of the equivalence, we are applying the functor in (¢.100). When
Ft® is compactly generated, we can apply the functor in (4.102)) instead, and we still have an
equivalence of CAlg(Pr>*")-valued presheaves as in (.103)). This follows easily from the fact that
an object M € H..m(X), with X € RegXg, is compact if and only if M|c is compact for every
stratum C C X.

Lemma 4.3.24. Let K be a CATw-valued presheaf on RegZi™. Let V be the spectrum of a valu-
ation ring of finite height over S, which we consider as a pro-object of RegZs in the obvious way
(i.e., the strata of 'V are its points). Then, O(K)(V) is equivalent to the sub-co-category of

Sect ( f KV, &, &) / @;°P) (4.104)
(&- ,é“o)e@(;’p

spanned by those sections sending an arrow of the form (&{_, &) — (£-, &), for a sequence of strata
& =& = &) inV, to a cocartesian edge.

Proof. Fix a pro-object (V). in RegZs, with affine transition morphisms, such that V = lim,; V,,,

and denote by f, : V — V, the obvious morphisms. For every a € I, we denote by & the image

of fo.. : Py — Py,. Since Py is finite, the map Py — Py is an isomorphism of posets for a small

enough. Given a, we can find B € I, such that the map Py, — Py, factors through 7. The same

is true for @{,ﬁ - @{,{l if we define &7 to be the subposet of (¥, >) X (¥, <) consisting of those

pairs (C_, Cy) with C_ > Cy. (Note that &7 is also the image of &|, — (@",a.) From this, and the
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fact that &}, is finite, we deduce a chain of equivalences

colim Sect (f KV,,C_, Co)/ g)"/Op)
@ (C-.Co)ey” o

~ colim Sect (f W(V(r,fa,*(f—),fa,*(fo))/ @x//opJ
@ (E-d0)e?

(4.105)

[0

@ Sect ( f colim K(Vy, fo (£2), fo n(€0)) / @;"P)
(€ L)e?®
= Sect ( fg),vop K / @",Op)

and, modulo the composite equivalence, O(K)(V) identifies with the full sub-co-category spanned
by those sections sending an arrow of the form (£_, &) — (£_, &) to a cocartesian edge.

For the reader’s convenience, we also give some explanation for justifying the commutation in
the equivalence (%) in (#.105)). Let B be a finite simplicial set. Let (C, — B),e; be an ind-object
in the co-category of cartesian fibrations over B, and let C — B be its colimit. We claim that the
obvious functor

coliIm Sect(C,/B) — Sect(C/B) (4.106)

is an equivalence of co-categories. Indeed, recall that cartesian fibrations, marked with their carte-
sian edges, are the fibrant objects in the category (Set;),z of marked simplicial sets over B, en-
dowed with the cartesian model structure. (See Remark[3.5.9]) It follows from [Lur09, Proposition
3.1.1.6] that the fibrant objects in this model category are stable under filtered colimits. Thus, the
functor in (.106)) is given by the map of simplicial sets

colim Maps,c:) , (B X A%)’, C}) = Mapis.c) , (B x A%)', colim Cf)

A)/B
which can be rewritten as

colim Mapg,, ,(B X A*, C,) = Mapg,,, ,(B X A*, colim C,).

That this is an isomorphism of simplicial sets follows from the assumption that B is finite. O

Construction 4.3.25. Let k be a field endowed with a complex embedding o : k < C and let A
be a commutative ring spectrum. We denote by

O gshueoyis (=3 A)® 1 (SmZ)P — CAlg(Pr;™)
the CAlg(Pr--*)-valued presheaf obtained by applying the functor O in (#.102) to
Mod ggsheo yiss (LS geo(—; A) © ©)° : (SmE{™)® — CAlg(Pry;™).
If &£ has finite virtual A-cohomological dimension, we also denote by
O gpvsnyiss (—; A)® 1 (SmEy)® — CAlg(Prl ™)
the CAlg(Pr--*)-valued presheaf obtained by applying the functor O in (#.102) to

Mod gegmsnyiss (LS geo(—; A) © g)® 1 (SmE{™)P — CAlg(Prl ™).
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The morphisms in #381)) and (#.97) yield a commutative triangle of CAlg(Pr-*")-presheaves

O'(B*sl;MSh)liss (—; A)® e G(sBShgen)liss (—; A)®

\ l (4.107)

Shct—geo(_; A)®
(See Theorem [3.8.14] and Remark [4.3.23])

Theorem 4.3.26. Let k be a field endowed with a complex embedding o : k — C and let A be a
commutative ring spectrum.

(i) Let B : SmX;, — Smy be the forgetful functor. The morphism of CAlg(Pr-*)-valued
presheaves
Shct-geo(_; A)® - Shgeo(_; A)® OIB

exhibits its codomain as the cdh hypersheafification of its domain.
(ii) The morphism of CAlg(Pr=*")-valued presheaves
O(gBShgeo)liss(_; A)® - Sth-gCO(_; A)®

induces an equivalence after cdh hypersheafification.
(iii) If k has finite virtual A-cohomological dimension, the morphism of CAlg(Pr-™")-valued
presheaves

G(B*sBMSh)liss(—; A)® i O(%Shgen)liss(_; A)®
induces an equivalence after cdh hypersheafification.
In particular, under the extra assumption in (iii), all the morphisms in become equivalences
after cdh hypersheafification, and the morphism CAlg(Pr=*)-valued presheaves
O g-gpmshyiss (—; A® — Shgeo(—; A op

exhibits its codomain as the cdh hypersheafification of its domain.

Proof. Part (i) follows from Propositions 4.1.5] and [d.1.7(i). By [AGV22, Propositions 2.8.1 &
2.8.4], it is enough to show that the morphisms of CAlg(Prﬁ; ")-valued presheaves in (ii) and (iii)
induce equivalences on stalks for a conservative family of points for the cdh topology on Sm,.
The result follows then by combining Lemma [4.3.24] with Corollaries 4.3.18 and #.3.21] i

4.4. The second main theorem.
The goal of this subsection is to prove our second main theorem for local systems which is
Theorembelow. We start by introducing the spectral group prestack Auteq(LSZ, ).

geo

Definition 4.4.1. Let k be a field and o : kK — C a complex embedding. We define the nonconnec-

tive spectral group prestack Auteg(LS?eo) as in Definition by applying Construction |1.3.18
to

e the functor C = Psh(Smk;CAlg(LinPrz;)) : CAlg — CAT,, sending a commutative ring
spectrum A to the co-category
Psh(Smy; CAlg(LinPry))

of CAlg(LinPr})-valued presheaves on Smy, and
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e the natural transformation pt — C pointing at the functor
LSgeo(—; A)® 1 (Smy)® — CAlg(LinPry),
viewed as a CAlg(LinPr})-valued presheaf on Smy, for every A € CAlg.

If we want to stress that Auteq(LS2,.) depends on o, we will write Auteq(LS®

geo - geo)

Theorem 4.4.2 (Second main theorem for local systems). Let k be a field and o : k — C a
complex embedding. There is an equivalence of nonconnective spectral group prestacks

Gmot(k, ) = Auteq(LSE ). (4.108)
In particular, the right hand side is a spectral affine group.

Remark 4.4.3. The sought-after equivalence in (4.108)) is given by the composition of

Cmot(k, o) = Auteg(Sh?eo) — uteg(LS?eo) (4.109)

where the equivalence is provided by Theorem and the second map exists because of the
following principle: given X € Smy, an autoequivalence of Shy.,(X; A)® preserves dualizability
and thus restricts to the full sub-co-category LSy, (X; A)® spanned by the ind-dualizable objects.
The proof of Theorem [4.4.2]can be divided into two independent parts.

e The first part consists in showing that the composition of admits a retraction.
e The second part consists in showing that the obvious morphism
Auteq(ShE,,) — Auteq(LS,,) (4.110)
admits a section.
The first part is relatively easy and is the subject of Lemma [{.4.4] below.

Lemma 4.4.4. The natural morphism of nonconnective spectral group prestacks

Gmot(k, o) — uteg(LSgeo)
admits a retraction.

Proof. We will show that Aute (LS?eO) acts on the Betti spectrum B (see Definition a
way extending the natural action of G, (k, o) provided by Theorem (see Definition [1.4.3)).
We split the proof in two small parts. In the first part, we recall a few facts on the Betti spectrum.
In the second part, we give the actual proof. As usual, A will denote a commutative ring spectrum.

Part 1. We denote by I's o the CAlg,-valued presheaf on Sm; sending a smooth k-variety X to
I'(X*; A), 1.e., the cohomology of X*" with coefficients in the commutative ring spectrum A. Note
that we may deﬁne I'g A as QF(BA), where QF is the motivic infinite loop space functor (see
Definition [T . Conversely, it follows from [Ayo23 Theorem 1.16] that B, coincides with the
Weil spectrum F B.a associated to I's o by [[Ayo23| Proposition 1.9]. From this, we deduce an
equivalence of spectral group prestacks

Auteq(B) ~ Auteq(I'y)

where the right hand side is defined as in Notation [I.3.20] i.e., by applying Construction[I.3.1§|to
the functor

Psh(Smy; CAlg ) : CAlg — CAT.,,
sending A € CAlg to the oco-category Psh(Smy; CAlg,), and the natural transformation pt —
Psh(Smy; CAlg ) given at A by I'p 4.
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Part 2. The CAlg,-valued presheaf I'z 4 on Sm; can be obtained from the CAlg(LinPr})-valued
presheaf LS,¢,(—; A)® as follows. Consider the morphism of cocartesian fibrations

&

(Smy)® x CAlg,

I

(Smy)*®

[ cate@sua
€(Smy)°P

given, over X € Smy, by the functor ¢} : CAlg, — CAIg(LSy,(X; A)) taking a commutative A-
algebra to the associated constant sheaf of commutative algebras on X*'. By [Lurl7/, Proposition
7.3.2.6], the functor ¢* admits a relative right adjoint .. Applying the latter on the unit section,
we obtain a CAlg,-valued presheaf on Smy, which is precisely I's . This construction can be
extended to a functor

Psh(Smy; CAlg(LinPr})) — Psh(Smy; CAlg,),

which is moreover natural in A € CAlg. Thus, we obtain a morphism of spectral group prestacks

Auteq(LSg,,) — Auteq(I'p).

Clearly, the above construction can be done with Shye,(—; A)?® instead of LSgeo(—; A)®. Therefore,
we have a commutative diagram of spectral group prestacks

Aute (@)—> uteg(ShgeO)

I

Auteq(LS,,) — Auteq(I'p),

and it is easy to see that the composition of the morphisms (1) and (2) is the equivalence induced
by the motivic infinite loop space functor Q7 as explained in the first part. This finishes the proof
of the lemma. O

To prove Theorem [4.4.2] it remains to see that the map in (4.110) admits a section. We need to
provide a recipe for extending autoequivalences of LS , to autoequivalences of Shgeo To do so,
we will use the following constructions and the accompanymg Proposition [4.4.9]

Construction 4.4.5. Let C be an co-category and 771® a CAlg(Cat,,)-valued presheaf on C. We
assume that the symmetric monoidal co-category 171(X)® is closed for every X € C, and we set to
construct a commutative triangle

(M x NM)° ton me

cop cop

\ / 4.111)

Fin, x C°

whose fibre at X € C is given by the internal Hom bifunctor of 777(X)®. The tensor product
bifunctor can be considered as a morphism of CAlg(Cat,,)-valued presheaves

(M x M)® — M2,
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Applying the functor # : CAlg(Cat,) — CAIg(CAT,,) we deduce a commutative square of mor-
phisms of CAlg(CAT,)-valued presheaves

(M x M)® —E— m®
g |
PN x MY° — pme.

Note that the tensor product on (111) and P (111 x 111) is given by Day convolution [Glal6]. By
[Lurl?7, Proposition 7.3.2.6], we have a relative right adjoint functor

s

PN® PN x 1M)®
cop cop

\ / 4.112)

Fin, x CP.
Denote by
p: f me»® — Fin, x CP
cop

the cocartesian fibration classified by ((n),X) m(X)Zf). Denote by 8% = 8§ X C the

object of CATwpin,xcor Which is constant over C°P and having fibres the cartesian symmetric
monoidal co-category & of spaces. By [Glal6, Definition 2.8], we have a fully faithful inclu-
sion in CATq Fin, xcor:

PAN® = p.p'Sy  (resp. PN XN = p.p*p.p*Sey)
cop cop
with essential image spanned by those functors
mer® — CP x § (resp. f (M x NP® — CP x )
cop op

such that, over ({n), X) € Fin, X C?, they belong to the essential image of

]_[ !})(m(X))—>Fun[ mx)°, H 5]
i=1,..,n i=1,...,n i=1,..,n

and similarly in the respective case. From this, it is easy to see that the obvious natural transfor-
mation pyp*p.p*p.p* — p.p* induces a morphism in CAT . /gin,xcor:

MP® Xpn e | PONXND® - | PON)® (4.113)
©op ©op cop

whose fibre at X € C is the right-lax symmetric monoidal functor
MX)P x PN(X) x NU(X)) - P(NM(X))

given by (A, F(—,—)) — F(A, ). Composing pyp*([@.112) with (4.113), we obtain a morphism in
CAT o /Fin, xcov

(M x P(N))® — P(M)® (4.114)
cop cor
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whose fibre at X € C is the right-lax symmetric monoidal functor
M)* x LX) — PMUX))

given by (A, F(-)) — F(A ® —). Since the 171(X)®’s are closed, the functor in (4.114) restricts to a
commutative triangle as in (4.1TT).

Construction 4.4.6. Let k be a field of characteristic zero and A a commutative ring spectrum.
By [Ayo07a, Définition 2.3.66 & Théoreme 2.3.73], for every smooth k-variety X we have an
equivalence of co-categories

Dy : MSh(X; A)™° = MSh(X; A)”

given by Dx(-) = Hom(—, A). (See Notation [I.1.T1]) Using Construction f.4.5, we see that Dy
underlies a right-lax symmetric monoidal functor which is moreover the fibre at X in a commutative
triangle as follows:

f MSh(—; A)™ P
(Smy)°P

f MSh(—; A)™®
(Smy)ep
(4.115)

Fin, X (Smy)P.
We stress that the left slanted arrow in (.115)) is classified by the functor
MSh(—; A)®°P® : (Smy)*® — CAlg(CAT,,)
sending a morphism of smooth k-varieties f : Y — X to the functor
£ MSh(X; A)™°P® — MSh(Y; A)™°P®

deduced from the usual inverse image functor by applying the involution (-)° of CAlg(CAT,). In
particular, even if we forget the monoidal structures, D is not a morphism of cocartesian fibrations
and thus not an equivalence, although the Dyx’s are. By indization and composition with the colimit
functor, we deduce from (@.115)) the following commutative triangle of co-categories:

f MSh(-; A)®
(Smy )P

D

f Pro(MSh(—; A)®)°P®
(Smy)op
4.116)

Fin, x (Smy)°P
where the slanted arrows are cocartesian fibrations.

Construction 4.4.7. We give here an alternative construction of the functor D in (4.116) which
is more convenient for the proof of Proposition #.4.9] below. This construction is based on the
following observation : for a smooth morphism f : ¥ — X, the functor Dy sends the motivic sheaf

M(Y) to f.A. Since the construction is rather long, we split it in three steps.
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Step 1. As in the proof of Proposition[2.1.2] we consider the ordinary category D whose objects are
pairs ({n), (f; : Y; = Xi)1<i<n), Where n > 0 1s an integer and the f;’s are smooth morphisms between
smooth k-varieties. (In the proof of Proposition[2.1.2] we allowed smooth morphisms between more
general schemes, but otherwise the description given there applies.) We have obvious functors

s:D— (Sm)®™Y  and  r:D — (Smy)*! 4.117)

sending the object ((n), (f; : ¥i = Xi)i<i<n) to (1), (Y 1<i<n) and ({n), (X)1<i<n) respectively. We
also have a natural transformation ¢ : ¢+ — s given at the previously considered object by id,
and the f;’s. Next, we consider the cocartesian fibration p : Z° — (Sm)°»! whose fibre at
((n), (Xi)1<i<n) 1s the cartesian product of the co-categories MSh(X;; A)’s. (See [DG22, Corollary
A.12 & Remark A.13].) Pulling back along s and ¢, we obtain a commutative triangle

® ¢
t

N

D,

where p; and p, are cocartesian fibrations, and ¢* preserves cocartesian edges. Informally, over
the previously considered object ({n), (f; : ¥i = X)i<i<n), ¢* is given by the cartesian product of
the inverse image functors f; : MSh(X;; A) — MSh(Y;; A) and thus admits a right adjoint given by
the product of the functors f; .. By [Lurl7, Proposition 7.3.2.6], the functor ¢* admits a relative

right adjoint ¢.. Writing 1 for the cocartesian section of p, given by the monoidal units, we obtain
a section ¢.1 : D — E? of p,. Equivalently, we have constructed a commutative triangle

[1]

®
s

D h =8

N A

(Smyer 1.

Taking the base change by the diagonal functor d : Fin, x (Smy)®® — (Smy)°™!, we obtain a
commutative triangle

f (Sm )Pt - f MSh(—; A)®
(Smy)°P (Smy)oP

Fin, X (Smy)°P.

(4.118)

By construction, the fibre of y at X € Sm; is the right-lax symmetric monoidal functor yx :
(Smy)°P! — MSh(X; A)® sending a smooth morphism f : ¥ — X to f.A.

Step 2. The functor y in (@.118)) does not preserve cocartesian edges. However, we may use it to
construct a morphism of cocartesian fibrations as follows. For X € Sm;, we set

®(X) = Sect ( f MSh(—; A) / ((Smk)/X)OP). (4.119)
((Smy),x)°P

We can easily turn the assignment X — ®(X) into a CAlg(Pr™*")-valued presheaf ®® using Corol-
lary [3.5.12] There is fully faithful symmetric monoidal embedding &y : MSh(X; A)® — ®(X)®

whose essential image is spanned by the cocartesian sections. This functor admits a right adjoint ey
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given by evaluating at X. It is easy to see that the §y’s assemble into a morphism of CAlg(Pr™*")-

valued presheaves 6 : MSh(—; A)® — ®®. Using [Lurl7, Proposition 7.3.2.6], we obtain a relative
right adjoint functor

f P < f MSh(—; A)®
(Smy)°P \ (Smy,)op

Fin, X (Smy)P.

Applying [GHNI17, Theorem 4.5] to (4.118) and then using Corollary [3.5.12] on direct images
along the cartesian fibration (Sm,fl )P — (Sm}(“)of’, we obtain a morphism of cocartesian fibrations

f (Smq) ! - f o°
(Smy)op (Smy)°P
\ / (4.121)

(Smy)*®

(4.120)

whose fibre at X € Smy is the functor yx : (Smy)®® — ®(X) such that, for Y € Smy, yx(Y) is the
section given by yx(¥Y)(X’) = yx (¥ Xx X"). The functor y is also compatible with the projections
to Fin, and defines a morphism of SMCAT " -valued presheaves

¥ : (Sm_y)PH — ©°, (4.122)

(Here and below, we are denoting by SMCATE™ the sub-co-category of CAT.,rin, spanned by the
symmetric monoidal co-categories and the right-lax symmetric monoidal functors between them.)
One gets back y by composing y with €.

Step 3. Symmetric monoidal structures can be viewed as cartesian fibrations over (Fin.)°® so that
left-lax symmetric monoidal functors can be defined as certain morphisms in CAT/Fin,)r; We
denote by SMCAT™" the sub-co-category of CAT,, JFin.)» Spanned by the symmetric monoidal oco-
categories and the left-lax symmetric monoidal functors between them. Consider the morphism of
SMCAT""_valued presheaves

¥ : (Sm))* — @2, (4.123)

obtained from (#.122) by applying the equivalence (=) : SMCATZE" ~ SMCAT™". For every
X € Smy, the functor yy : Smy — ®(X)°P takes Nisnevich squares to cartesian squares and the
projections A}, — Y, for Y € Smy, to equivalences. Moreover, the symmetric monoidal co-category
O(X)P® is tensored over Mod),. Using left Kan extension and the aforementioned properties, y
induces a morphism of SMCAT*"-valued presheaves

,;/eff . MSheff

s nis (73 ) — O, (4.124)
Note also that the morphism in (.123)) is strictly compatible with the module structures over
(Smy)*. Indeed, given a smooth k-variety U and a smooth morphism f : ¥ — X in Smy, we have
fl1®pl =gl wherep: UXX — Xand g: UXY — X are the obvious morphisms, and the
same holds after base change by any morphism X’ — X in Smy. This translates into an equivalence

Y(U)®yx(Y) ~ yx(U xY) as needed. This said, we deduce that the morphism in (4.124)) is strictly
237



eff

compatible with the module structures over MShy; (k; A)*® which acts on the codomain via the

composite functor

MSh (k: A)Y*® — MShy, (k; A)Y*® = MShys (ki A)* 7.

nis
(Indeed, this is the unique functor commuting with finite limits and colimits and sending the motive

M(U) of a smooth k-variety U to my . A withry : U — Spec(k) the structural projection.) It follows
that the morphism in (@ 124) gives rise to a morphism of SMCAT"-valued presheaves:

MShyis(—; A)*® = MShS(—; A)*® ®yrspetr . yoe MShyis(k; )€ — OP©

where the tensor product is taken in the symmetric monoidal co-category of small idempotent-
complete stable co-categories. By indization, we deduce a morphism of SMCAT“"-valued
presheaves:

¥iis : MShyis(—; A)® — @&, (4.125)
It is easy to see that y;,  takes étale hypercovers in Smy to equivalences. Thus, the morphism in
(#125) factors through a morphism of SMCAT™"-valued presheaves:

v : MSh(—; A)® — ©P?, (4.126)
Restricting to motivic sheaves of finite generation, applying the involution (—)° and taking indiza-
tion, we obtain a morphism of SMCAT&ght—Valued presheaves:
Y : ProMSh(—; A)7)"® — @°,

Passing to the associated cocartesian fibrations and composing with the functor € in (¢.120), we
obtain a commutative triangle

=)

f Pro(MSh(—; A)7)°P-® f MSh(—; A)®
(Smy )P (Smy,)°P

(4.127)

Fin, X (Smy)°P

having the same shape as the commutative triangle in (4.116).

Lemma 4.4.8. Keep the assumptions and notations as in Constructions 4.4.6|and4.4.7} The tri-

angles in {.116) and @.127) are equivalent.

Proof. The functor D in @.115)) is the restriction of the functor

Hom(—, A) : MSh(—; A)P® — MSh(—; A)® (4.128)

(Smy)°P (Smy)op

constructed using the functor Hom in (4.1T1)). There is a commutative triangle

Nl
f (Smg.))*
(Smy )P

lM \ (4.129)

f MSh(—: A)»® 2D f MSh(—; A)®
(Smy)°P (Smy)ep
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which can be constructed by arguing as in Step 1 of Construction More precisely, consider
the cartesian fibrations

E7® - (Smy)P! and ETP® 5 (Smy)°PH

whose fibres at ({(n), (X;)i<i<,) are the cartesian products of the co-categories MSh(X;; A)”’s and
MSh(X;; A)™°P’s respectively. Using Construction4.4.5] we have a morphism D : E7-°P-¢ — Z7-®
in CAT . sm,»u. Pulling back along the functors s and ¢ in (4.1T7), we obtain a commutative
square in CAT . p:

*\0p
—=w,0p,® (9") :m,op,®

— — ¢

Taking relative right adjoints, we obtain a natural transformation

(pyp)°P
E;D‘, op,® ¥t —@,0p,®

=t

lD 7/ lD

E?‘,@ s E;D‘,@
Composing with the unit section of D — Z7"°™®, we deduce a natural transformation D o M — y
filling the triangle in (4.129). This natural transformation is an equivalence: for a smooth morphism

f Y — Xin Smy, viewed as an object in Smy, it is given by the obvious morphism
Dx(M(Y)) = Dx(fiA) = fA

which is indeed an equivalence.
Arguing as in Step 2 of Construction the commutative triangle in (4.129) gives rise to a
commutative triangle of morphisms of cocartesian fibrations in CAT, /sm, )

Nl
f (Sm(_))()p
(Smy)°P

lM \ (4.130)

f MSh(—; A)»® — % O°.
(Smy)ep

(Smy)op

Note that, for X € Sm; and M € MSh(X; A), the section EX(M) takes X’ € (Smy),x to the motivic
sheaf 6x(M)(X’) = Hom(M|y,, A). In particular, the composite functor € o ¢ is the one in (@#.128).
To conclude, it remains to see that in Step 3, the functor ¥’ in (4.126) is uniquely characterized by
being an objectwise colimit-preserving MSh,;s(k; A)“»®-linear extension of . Indeed, this implies
that ¥ coincides with the straightening of § and finishes the proof. O
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Proposition 4.4.9. Let k be a field endowed with a complex embedding o : k — C and let A be a
commutative ring spectrum. Consider the sequence of morphisms in CATsm, v

f Pro(MSh(—; A)®)*® —2, MSh(—; A)®
(Smy)oP

(Smy )°p

lB* (4.131)

(_)liss
f Shgeo(_; A)® —_— f LSgeo(_; A)®’
(Smy)°P (Smy)°P

where D is the functor obtained in Construction 4.4.6\and (-)™ is the relative right adjoint of the
obvious inclusion. Then, the composite functor

B Pro(MSh(—; A)®)*® — LSeeo(—; A)® (4.132)

(Smy)°p (Smy)°oP

admits an action of the group Auteq(LS®, )(A) = Auteq(LS%, (—; A)) which is the identity action

geo geo
on the domain and the tautological action on the codomain.

Proof. We will give a direct construction of the functor S which makes it clear that it admits the
required action of Auteq(LS®, (—; A)). This construction is totally parallel to Construction

geo
Therefore, using Lemma [4.4.8] it will be also clear that the constructed g is equivalent to the

composition in (@.131).

Step 1. We use the notations introduced in Step 1 of Construction Consider the cocartesian
fibration p’ : ZX® — (Smy)°™! whose fibre at ((n), (X;)i<i<x) is the cartesian product of the oo-
categories LSq.(X;; A)’s. Pulling back along s and ¢, we obtain a commutative triangle

where p’ and p; are cocartesian fibrations, and ¢* preserves cocartesian edges. Informally, over
the object ((n), (f; : Y; — X)i<i<n), ¢ 1s given by the cartesian product of the inverse image
functors f : LSge0(Xi; A) — LSge0(Y;; A) and thus admits a right adjoint given by the product
of the functors (f; .(=))™. By [Lurl7, Proposition 7.3.2.6], the functor ¢* admits a relative right
adjoint ¢!, Writing 1 for the cocartesian section of p/ given by the monoidal units, we obtain a

section ¢!%*1 : D — EILS’@’ of p;. Equivalently, we have constructed a commutative triangle

D hliss =1S,®

(Smyer !,
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Taking the base change by the diagonal functor d : Fin, x (Smy)°®® — (Schy)°®!, we obtain a
commutative triangle

liss

f (Snl(—))op’]_l ! f LSgeo(_; A)®
(Smy)°oP (Smy)°P

Fin, x (Smy)°P.

(4.133)

The fibre of y'** at a smooth k-variety X € Smy is the right-lax symmetric monoidal functor
y?(“ : (Smy)P — LS,e0(X; A)®, sending a smooth morphism f : ¥ — X to the lissification
(fuA)'* of the sheaf f,A € Shgeo(X; A). It is clear that Auteq(LSgeo(—; A)®) acts on ¥, and this
action is the identity action on the domain and the tautological action on the codomain. It is also
clear that the functor ¥ in (#.133) can be obtained from the one in (#.118)) by composing with
the last two functors in (.131).

liss

Step 2. The functor y"™* in (4.133)) does not preserve cocartesian edges. However, we may use it
to construct a morphism of cocartesian fibrations as follows. For X € Sm,, we set

OS(X) = Sect ( f LSgeo(—;A)@’/ ((Smk)/x)"l’). (4.134)
((Smy)/x)°P

As in Step 2 of Construction we have a relative right adjoint

f (DLS,® € f LSgeo(_; A)®
(Smy)°P (Smy)°P

(4.135)
Fin, x (Smy)°P
and a morphism of SMCAT"-valued presheaves
Y™ (Sm) Pt — @M, (4.136)

liss

One gets back y"* by composing y"** with €. Also, we note that Auteq(LSgeo(—; A)®) acts on y'*,
and this action is the identity action on the domain and the tautological action on the codomain.
Moreover, we have a right-lax symmetric monoidal functor ®® — ®S® given by (-)"** o B*
relating the diagram in (4.135)) with the one in (#.120) and the morphism in (.136)) with the one
in :

Step 3. As in Step 3 of Construction 4.4.7, we may use the morphism %" in (#136) to produce a
morphism of SMCAT""_valued presheaves

,7//eff, liss . Msheff

nis nis(_;A)® — Q'5oPE, 4.137)
The morphism in (4.136)) is strictly compatible with the module structures over (Smy)*. (This
uses that (-) commutes with tensoring by a dualizable object.) It follows that the morphism in
is strictly compatible with the module structures over MSheT (k; A)*®. Arguing as in Step
3 of Construction this can be used to produce a morphism of SMCAT!"-valued presheaves
Y™ MSh(—; A)® — Q"% (4.138)
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Restricting to motivic sheaves of finite generation, applying the involution (—)° and taking indiza-
tion, we obtain a morphism of SMCAT"-valued presheaves:

;‘};IIliSS . PrO(MSh(—, A)W)Op,@ — (DLS7®-

Passing to the associated cocartesian fibrations and composing with the functor € in (@.135)), we
obtain the commutative triangle

f Pro(MSh(—; A)®)°® f LSgeo(—; A)®
(Smy)op (Smy)°P

(4.139)
Fin, X (Sm;)°P.

Clearly, Auteq(LSco(—; A)®) acts on 3 as required. Moreover, 8 can be recovered from the functor
D in (4.116) by composing with the last two functors in (#.13T). i

To go further, we need a nontrivial property of the algebras PY=" ¢, introduced in Construction

Roughly speaking, we will show that the section PMS" admits a lifting along the functor D
of Construction For simplicity, we will write P instead of BMSh,

Proposition 4.4.10. Let k be a field endowed with a complex embedding o : k — C and let A be
a commutative ring spectrum. Assume that k has finite virtual A-cohomological dimension. There
is a section

Q: (SmI{™)P — CAlg(ProMSh(—; A)*)®) o g (4.140)

(Smgmyer
and an equivalence D(Q) ~ ‘B. Here g : SmZgm — Smy, is given by (X,C_,Cy) — Xc_.
Proof. To simplify notations, we set #® = MSh(—; A)®. We denote by
K® : (Smy)*® — CAlg(Pr-")

the functor given by K(X)® = Pro(MSh(X; A)*)°P®. For X € SmZ;, we define a symmetric
monoidal full sub-co-category K. m(X)® C K (X)® by

g{ct—tm(X) = PrO(MShct—tm(X; A)w)op'

This defines a subfunctor K3, C K®|sms,. Since duality preserves tamely constructible motivic

sheaves by Theorem [3.4.16] we deduce that the functor
D: K® — FH®
(Smy)op (Smy)°P
induces a functor

. ® ®
D: f ‘7{ct—tm - %ct—tm'
(SmXy)op (SmXy)op
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We claim that there is a commutative square

@ ~
KE. . og— (0)4
ct-tm K
Lngm)‘m (Smxgm)op

lD lD (4.141)

o
FHE.  og— (0)
ct-tm Ft

Lngm)OP (Smx{m)op

which is moreover right adjointable. (Here g : SmX{™ — SmZ; is given by (X,C_,Cy) — Xc_.)
Obviously, this would be enough to conclude.

To construct the square in (4.14T]), we argue as in Constructlon“ 4.4.6, For (X,C_,Cy) € Smx{™,
let Ogg(X C_,Cpy)” be the full sub-co-category of Ox(X,C_, Cy) spanned by those sections tak-
ing values in dualizable motivic sheaves (instead of ind-dualizable ones). The functors Oxc.co
“® o g — 0%° which we may
consider as a CAlg(CAT.,)-valued presheaf on A' x SmE{™. Applying Construction to this
presheaf, restricting the resulting functor Hom(—, —) along (—, 1) and finally straightening over A!,
we obtain a face

Herom(Xc )? — Ogg(X C_, Cy)” induce a natural transformation #%’

w,0p,® ¢ ~W,0p,®
f gﬁct—tm °8 ng
(Smzdmyop (Smxdm)op
lD 7 lD (4.142)
® ¢ AW, ®
f %st) tm °8 O;{ .
(Smzdmyop (Smxgmyep

Proposition [4.3.9]implies that the above natural transformation is an equivalence showing that the
square in (4.142)) is actually commutative. This said, the square in (4.141]) is deduced from the one
in (4.142) by indization. In particular, we have

6?{ = Pro(ag})‘)p’@.
For a fixed (X, C_, Cy) € SmE,fm, the commutative square

XC .Co

Kem(Xc ) ——— Ox(X, C_, Co)

J{D X lDX.c o

Pxcco

ct tm(XC ) —_— OW(X C—9 CO)

is right adjointable since its vertical arrows are equivalences by Theorem [3.4.16] and Proposition
4.3.9]. By [Lurl7, Proposition 7.3.2.6], this implies the right adjointability of the square in (.141)
and finishes the proof. O

We now have all the ingredients to finish the proof of Theorem4.4.2

Proof of Theoremd.4.2] By Proposition [I.4.6| and Lemma [{.4.T1] below, it is enough to treat the

case where k is finitely generated over Q. In particular, we may assume that k has finite virtual
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cohomological dimension. Recall that it remains to construct a section to the morphism in (¢.110).
By Propositions 4.4.9|and 4.4.10, the section (B*B)"** of the cocartesian fibration

j(; - CAIg(LSgeo(—; A)) 0 g — (SmE™)*
mX{™)op

is naturally fixed by the action of Auteq(LS%, )(A), i.e., it factors through a section

geo

P’ (SmE™P — CAI(LS eo(—; A))2UALSE)M) 6 o
(Smzdmyep

This shows that there is an action of Auteq(LS%, )(A) on the functor

geo
Modg: gy (LS geo(—; A))® 0 g : (SMES™® — CAlg(LinPrs)

extending the action on the functor LS,.,(—; A)®. (Note that the latter functor, restricted to con-
nected smooth k-varieties, is equivalent to the former, restricted along the functor sending a con-
nected smooth k-variety X to the triple (X, X, X).) Inspecting Construction [4.3.25] we deduce an
action of Auteq(LS?.,)(A) on the functor

geo
O(B*‘l‘s)““(_; A)® : (szk)op N CAlg(PraL), St)

extending the action on LS.,(—; A)®. Hypersheafifying for the cdh topology, and using Theorem
4.3.26| and Proposition |4.1.2, we obtain an action of Auteq(LSg,,)(A) on Shyeo(—; A)® extending
the action on LSye,(—; A)®. This yields the requested section to the morphism in (#.110) on A-
points. O

Lemma 4.4.11. Let k be a field and o : k — C a complex embedding. Let (k,).c; be a filtered
inductive system of subfields of k such that k = \J ,¢; ko- Denote by o, : k, — C the restriction of
O to k,. There exists a canonical equivalence of nonconnective spectral group prestacks

Auteq(LSE .,) — lim Auteq(LS{ o) (4.143)

Moreover, the retractions provided by Lemma {4.4.4| for k and the k,’s intertwine the equivalence
in (@.143)) with the equivalence Guo(k, o) = lim, Groi(ke, 0¢) deduced from Proposition

Proof. We only establish the equivalence in (#.143)). The compatibility with the analogous equiv-
alence for the motivic Galois group provided by Proposition [I.4.6]is easy, and is left to the reader.
We split the proof into three steps.

Step 1. Let ky C k be a subfield of k, and let o : ky — C be the restriction of o to ky. Let X, be a
smooth ko-variety and let X = X, ®, k be its base change to k. Then, LS o¢o(Xo; A) is a full sub-
oco-category of LS g.o(X; A) for any commutative ring spectrum A. (Indeed, the two co-categories
are contained in Sh(X7"™; A) = Sh(X"*";A) by Lemma [1.2.12]) In fact, LS, geo(XO,A) can
be characterised inside LSC, seo(X; A)? as follows. A local system of geometric origin L on X is a
local system of geometric origin on X if and only if there exists a stratification #, of X, by smooth
locally closed subvarieties such that, for every #y-stratum C, C X, there is a smooth and projective
morphism fy : ¥y — Cy in Smy, such that L belongs to the smallest idempotent complete stable
sub-co-category of LS, 4.,(X; A) generated by f.A. (Of course, f : ¥ — X is the base change of f;
along the extension k/kq.) Denoting by (k/ky)* : Sm;, — Smy the base change functor, it follows
from this observation that any autoequivalence of the functor

LSsgeo(—; A)® o (k/ko)" : (Smy,)*® — CAlg(LinPry (4.144)
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preserves the subfunctor LS geo(—; A)® C LS ge0(—; A)® o (k/ko)*. (Indeed, any autoequivalence
of (4.144) has to commute with the functor f, . when f; is smooth and projective.)

Step 2. Without loss of generality, we may assume that / is an ordinary category. Denote by Sm;
the ordinary category whose objects are pairs (o, X,) where @ € I and X, is a smooth k,-variety.

More precisely,
Sm, = f Smkw.
ael*®

We endow Sm; with the coarsest topology 7 such that (8,Xg) — (a,X,) is a cover whenever
X5 ~ X, ®, kg. Consider the CAlg(LinPr})-valued presheaf F® in Sm; given by

g(a, on)® = Lsda—geo(Xa; A)®

Let € : Sm; — Smy be the functor given by (@, X,) — X &, k. There is an obvious morphism of
CAlg(LinPr})-valued presheaves

F® > LSy geo(—3A)® 0 € (4.145)

given, on (a,X,) € Smy, by the inclusion LS, 4eo(Xy; A)® C LSy geo(Xo @, k; A)®. It is easy to
see that (4.143)) exhibits LS, geo(—; A)® 0 € as the 7-sheafification of F®. This gives a morphism of
groups

Auteq(F®) — Auteq(LSygeo(—; A)® 0 €). (4.146)
On the other hand, by Step 1, any autoequivalence of LS, go(—; A)® o € has to respect the sub-
presheaf #®. This gives a morphism groups

Auteq(LS;.geo(—; A)® 0 €) > Auteq(F%) (4.147)

in the other direction. It is easy to see that (4.146) and (@.147) are inverse to each other. (For
instance, one can adapt the argument used in the proof of Proposition for showing that the
vertical arrows in (4.4)) were equivalences.)

Step 3. Notice that #.(Sm;) — P(Smy) is an equivalence of co-topoi. This implies that the obvious
morphism of groups

AUteq(LSU—geo(_; A)® © 6) - AUteq(LSU—geo(_; A)®)
is an equivalence. Thus, to finish the proof, it remains to identify Auteq(F®) with the right hand
side in (4.143). To do so, we write I as the filtered colimit of the categories 1/, for @ € I. Letting
Sm, = Smy; X, (I,/)°P and denoting by F2 the restriction of 7€ to Sm,, we obtain an equivalence
of groups
Auteq(F®) = lim Auteq(F>). (4.148)

Denoting by €, : Sm, — Smy, the functor given by (a’, X,) = X, &, ko, We have an obvious
morphism of CAlg(LinPr})-valued presheaves
gf - LS(rQ-geo(_; A)® C €&y (4149)

given, on (a’, X,/) € Sm,, by the inclusion LS, , 4eo(Xy; A)® C LSy, geo(Xor &, ko3 A)®. Arguing
as in Step 2, with 1,,; in place of /, we deduce equivalences of groups

AUteq(I}f) = Auteq(LSO'n-geo(_; A)® © 6&) = Auteq(LSo'n-geo(_; A)®)

We conclude by combining this with the equivalence in (4.148). o
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Notation 4.4.12. We denote by Sm;" C Smy the full subcategory consisting of those k-varieties
whose base change to an algebraic closure of k is a disjoint union of Artin neighbourhoods (see

Definition [I.5.7).

Remark 4.4.13. Let k be a field and o : k < C a complex embedding. By Lemma the
inclusion Sm{" ¢ Smy, induces an equlvalence of Zariski topoi

P (Sm) = P1 (Smy) = P (Smy).
Thus, for any presentable co-category {/, we have an equivalence
Shv,,.(Smy; V) — Shv,, (Smi"; ()

given by the restriction to Sm{". On the other hand, given A € CAlg, the CAlg(Pr-*)yoq, -valued
presheaf LS,¢,(—; A)® is a Zariski sheaf on Smy. (This follows from Lemma ) Therefore, we
have an equivalence of nonconnective spectral group prestacks

Auteq(LSE.,,,) — Auteq(LSZ..,lsm). (4.150)

Moreover, the restriction of the right hand side in (4.150) to CAlg, admits the following pleasant
description. Given a commutative Z-algebra A € CAlg,, Auteq(LS2. eeolsme)(A) is the group of
autoequivalences of the functor

D(LS-geo(—3 Z)")® ®ptoqe Mody : (Sm;™) — LinPry.
This follows immediately from Theorem [I.6.36]and Proposition[I.6.38] In particular, using Theo-
rem 4.4.2, we obtain an equivalence of nonconnective spectral group Z-prestacks
Gmorlk, o)z > Auteq(LS. geolsm)z (4.151)
where the right hand side depends only on the functor
Sergeo(—1Z)%® 1 (SMEMP — CAlg(LinPr2)
taking values in the 2-category of ordinary Z-linear symmetric monoidal categories.

Definition 4.4.14. Let k be a field and o : k — C a complex embedding. The (noncommutative)
Picard prestack Auteg(LS;ff) is the functor sending an ordinary commutative ring A € CAlg”
to the Picard groupoid of autoequivalences of the functor LSeo(—; A)™® from (Smy)® to the 2-
category CAlg(LlnPrord) of ordinary A-linear symmetric monoidal categories. We define similarly
the Picard prestack Auteq(LS ®|Smm) If we want to stress that this depends on the complex em-

geo
bedding o, we will write Auteq(LS;-%, ) and Auteq(LS}: geo|Sm;“) instead.

o-geo

Corollary 4.4.15. Let k be a field and o : k — C a complex embedding. There are equivalences
of classical Picard prestacks

Gk, o) > Auteq(LSZ2,) = Auteq(LSZS,,[sym).
In particular, the Picard prestacks introduced in Definition d.4.14] are affine group schemes.

Proof. We deduce an equivalence

gmot(k o) - M(Lso— geolszn)
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from the equivalence in (4.151) in the same way we deduced Corollary from Theorem [2.2.3}
instead of using Nori’s theorem (i.e., Theorem [1.6.32)) we use Beilinson’s theorem (i.e., Theorem
. Thus, it remains to see that restriction to Sm,‘;rt induces an equivalence

0,8 Q

Auteq(LS75,,) = Auteq(LS2, lsm)-

For this, we use that the CAlg(LinPry“)-valued presheaf LSgeo(—; A)”® is a sheaf for the Zariski
topology, for any A € CAlg®. |

By base change to positive characteristic rings, one obtains the following particular case of

Corollary f.4.15]

Corollary 4.4.16. Let k be a field of characteristic zero, k/k an algebraic closure of k and A a
torsion ordinary connected ring. Consider the functor &(—; A) : (Smy)® — CAToq sending a k-

variety X in Smy, to the ordinary category of étale locally constant sheaves of A-modules on X Q k.
Then, there is an equivalence of Picard groupoids

G k/k) = AUteQpq, m,; CAIgLinPi)) (E(=5A)®).

In particular, the right hand side is discrete.

Proof. This follows from Corollary 4.4.15]in the same way Corollary [2.2.8|follows from Corollary
27 O

Remark 4.4.17. Corollary 4.4.T6] gives a version of the first equivalence stated in Theorem 8] for the
functor &(—; A) restricted to Sm,. To deduce from Corollary 4.4.16/an equivalence as in Theorem

without restricting to Smy, it suffices to show that g(—; A), viewed as a presheaf on Schy, admits
cdh descent. This is true and follows from Proposition4.1.4

4.5. A motivic version of Belyi’s theorem.

In this last subsection, we prove a motivic version of Belyi’s theorem [Bel79] which we obtain as
an application of Theorem[4.4.2] However, it should be said that the full strength of Theorem4.4.2]
is not necessary for this application. Indeed, we only need that the action of the motivic Galois
group G5 (k, o) on the functor LS3;$ is faithful which is a consequence of the easy Lemmam
We also mention that our motivic version of Belyi’s theorem is closely related to a recent result
of Petrov [Pet24, Theorem 1.2]. However, while Petrov’s result concerns the semi-simplification
of Galois representations appearing in the cohomology of algebraic varieties, our result is more

precise and applies to these Galois representations before semi-simplification.

Construction 4.5.1. Let k be a field and o : k — C a complex embedding. Let X be a geo-
metrically connected smooth k-variety and x € X (k) a k-point. The symmetric monoidal category
LSge0(X; Q)™ ® is ind-Tannakian (i.e., equivalent to the indization of a Tannakian category) and
neutralised by the fibre functor

8t LSgeo(X; Q)™ — Mod(;®.

We denote by ¢, . the right adjoint of this fibre functor. (These are underived versions of functors
considered in Construction ) The motivic Galois group G¢l (k, o)g acts regularly on ¢* and
its right adjoint ¢, . in the following sense. Given an ordinary commutative Q-algebra A € CAlgfé,
the group G (k, o)(A) acts on the functor

¢, : Moda(LSgeo(X; @) = LSe0(X; A)*® — Mod, ®
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and its right adjoint, and these actions are functorial in A in the obvious way. (Indeed, using that
LS,eo(—; A)” has descent for the Zariski topology, it suffices to prove this when X is an Artin neigh-
bourhood; in this case, we can use Theorem [I.6.36|and Proposition [I.6.38|to conclude.) It follows
from this that the motivic Galois group Gl (k, o)q acts regularly on the Hopf algebra F (X, x)q =
I'(X; C.(¢. .Q)) and therefore on the affine group scheme 77X, x)g = Spec(F (X, x)g). (Derived
versions of these objects where considered previously in Construction [I.5.1] and Notation [1.5.3])
More generally, given two rational k-points xo, x; € X(k), the motivic Galois group G (k, 0)q
acts regularly on the affine scheme

N%CO(X’ X0, X1 )Q = SpeC(F(X’ ¢x0,*Q ® ¢X1,*Q)),

of paths from x, to x;, compatibly with the natural actions of 7" (X, xo)q and 75°°(X, x|)g, and
compatibly with composition of paths. Said differently, there is a regular action of G¢. (k, o)g on
the fundamental groupoid I1(X/k) defined as follows:

o the objects of I1(X/k) are the k-points of X;

e the affine scheme ,I1, (X/k) of paths from x, to x; is given by 7}"(X, xo, x1)q;

e the composition , I1,, (X/k) X \,I1,,(X/k) — . Il,,(X/k) is induced by the composition of

F(X’ ¢xo,*Q ® ¢xz,*Q) E— F(X’ ¢x0,*Q ® ¢x1, *Q ® ¢xz,*Q)
(X5 ¢x,.-Q ® ¢y,..Q) ®(X; ¢1,..Q ® ¢, . Q).
Note that G¢!_ (k, 0)g acts trivially on the objects of I1(X/k).

Remark 4.5.2. Keep the assumptions as in Construction [4.5.1] There is a map
1 (X™, xo, x1) — W%EO(X, X0, x1)(Q), (4.152)

where (X", X0, x1) is the discrete set of homotopy classes of paths from x, to x; in the topological
space X*". The maps in (4.152)) are compatible with composition. In particular, when xo = x1, these
are group homomorphisms. Moreover, the image of the morphisms in (4.152)) are Zariski dense in
(X, xo, x1)g. This is well-known when xy = x;: the group 77°°(X, x¢)g being a quotient of the
pro-algebraic completion ﬂall]g(X, Xo)g of the topological fundamental group m; (X", x¢). In general,
we use that 7 (X™, xo, x1) (resp. 77" (X, Xo, X1)g) is a torsor under (X, xo) (resp. 7} (X, x0)q)
which is trivialised by any path from xj to x; in X*".

Remark 4.5.3. Let k be the algebraic closure of k in C. There is a more complete variant of
Construction producing a fundamental groupoid IT(X/k) whose objects are the k-points of X.
The motivic Galois group G9 (k, o)q acts also on the groupoid TI(X /k) permuting its objects via
the natural action of Q(%/ k) on X (%). Below, we avoid discussing this variant by assuming that & is
algebraically closed.

Lemma4.5.4. Let k be a field and o : k — C a complex embedding. Assume that k is algebraically
closed. Then, G\ (k,0)q acts faithfully on the fundamental groupoids TI(X/k), when X varies
among the connected smooth k-varieties which are Artin neighbourhoods.

Proof. Denote by Grpd,, the ordinary category of groupoids enriched in affine Q-schemes. Thus,
an object G of Grpd,, consists of the following data:

e a set ob(G) of objects;
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e for x,y € ob(G), an affine Q-scheme Isog(x, y);
e for x,y,z € ob(G), a composition morphism Isog(x,y) X Isos(y, z) — Iso(x, 2).

Of course, composition is assumed to be associative, and we ask for the existence of identity
sections and inverses for all morphisms. (These conditions can be imposed on the level of points
with values in ordinary commutative Q-algebras.) We denote by Grpd?Q the full subcategory of
Grpd,, spanned by the connected groupoids, i.e., those G such that Isog(x, y) is nonempty for any
x,y € ob(G). By Construction we have a functor

II: Sm) — Grpd?, (4.153)

where Smg C Smy is the full subcategory spanned by the connected k-varieties, and the motivic
Galois group G (k,0)q acts on I1. Our goal is to show that this action if faithful, even after
restricting the functor IT to the full subcategory Smi“’0 C Smg spanned by Artin neighbourhoods.
To do so, we need to consider the 2-category Tann& whose objects are pairs (7, P) consisting

of a Tannakian category 7 ® and a nonempty set P of fibre functors x* : 7® — Modé@. (We denote
by x, y, etc., the elements of P, and write x*, y*, etc., for the corresponding fibre functors.) A
I-morphism (F, f) : (7%, P) — (I, P’) in Tann@ consists of

eamapf:P— P

e a symmetric monoidal functor F : 7® — J'%;

e for x € P, a natural isomorphism f(x)* o F ~ x* compatible with the monoidal structures.

There is a natural notion of 2-isomorphisms in Tanné, but the groupoids of 1-morphisms between
two objects in Tann(’é are discrete, i.e., given two 1-morphisms from (7%, P) to (7'®, P’), there is
at most one 2-isomorphism relating them. By the classical Tannakian formalism (see for example
[Del+82, Chapter II]), there is an equivalence of 2-categories

7 : (Tann})® — Grpdg (4.154)

taking a pair (7, P) to the groupoid n(J, P) whose objects are the elements of P and such that
80,7 ) (%, ¥) = Is0®(x*, y*) for x,y € P. (The Q-scheme Iso®(x*, y*) can be defined as

Spec(Homg (1, x.Q ® y.Q))

where x, and y, are the right adjoints of x* and y*, which exist after indization.)
By Construction .5.1] the functor IT in (4.153)) is obtained by composing the functor

(LSgeo(—; @™, Hom(Spec(k), —)) : Smy — (Tannf) (4.155)

with the equivalence in (#.154). Moreover, the action of G9 (k,0)q on the functor IT in (@ 133)
is obtained, using the equivalence in (#.154)), from the regular action of G (k,)q on the functor
LSgeo(—; Q) *®. Thus, it is enough to show that the action of G% (k, 0")g on (@133 is faithful,

even after restricting to szn’o. Let Tanng be the 2-category of Tannakian categories. We have
a forgetful functor Talnn(g2 — Tanng given by (7, P) — J. It induces a commutative triangle of

classical Picard prestacks

Giron (ks ) —— Auteq (LS5 g, Hom(Spec(k), -))

geo

T |

0,®

Auteg (Lsgéo |szn’ 0 ),
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where the slanted arrow is an equivalence by Corollary 4.4.15] This proves that the horizontal
arrow in the above triangle is injective on points, as needed. m|

Proposition 4.5.5. Let k be a field and o : k — C a complex embedding. Assume that k is
algebraically closed. Then, Gt (k,o)q acts faithfully on the affine group schemes n5""(U, 0)q,
when U varies among all open neighbourhoods of o in Al.

Proof. Lemma implies that G% ,(k,0")q acts faithfully on the Q-schemes 7" (X, xo, X1)q,
when X varies among all smooth connected affine k-varieties of dimension > 1, and xg, x; € X(k)
are k-points. But, if X is such a k-variety, we can find a smooth closed curve C C X, passing
through x; and x;, and such that the induced map 7T1(Can Xg, X1) — 7r1(X , X0, X1) 1S surjective.
More precisely, given a projective compactification X < X such that D = X \ X is a strict normal
crossing divisor, we may take C = C~\ D with C = H,N---N Hy the intersection of d = dim(X) — 1
very ample smooth divisors such that D U H; U --- U Hd is normal crossing. This follows from
a Lefschetz hyperplane section theorem for the fundamental group as in [GMS88|, Part II, Chap-
ter 5, §5.1]. (In fact, [Del81, Lemme 1.4] is sufficient.) Using Remark @.5.2] we then deduce
that nleO(C, X0, X1)g — 7 (X, X0, X1)g is dominant, and hence faithfully flat. It follows from this
that &, (k, o) acts faithfully on the Q-schemes 7{"(C, xo, x1)g, when C varies among all smooth
connected affine k-curves, and xy, x; € C(k) are k-points.

Now, if C is a smooth affine k-curve and xy, x; € C(k), then for any open neighbourhood C’
of {xg, x1} in C, the morphism 7;"°(C”, xo, x1)g — 7} (C, X0, X1)q is faithfully flat. (This follows
form the surjectivity of 71;(C"*", xo, x;) — 7 (C™, X, x;) using Remark 4.5.2]) We can find such a
neighbourhood C’ admitting a finite étale morphism e : C’ — U, where U is an open neighbour-
hood of 0 in A! and such that e(xy) = e(x;) = o. But then, we have a morphism of Q-schemes

5(C, X0, X1)g = 15 (U O)Q which is a clopen immersion. (More prec1sely, 7 (U, 0)g acts on
the finite set e~'(0) and 771 °(C’, xo, X1)g 1dentifies with the subscheme of 711 (U, 0)g whose points
are the elements sending x to x;.) This said, we see that O(n]™(C, xo, x1)g) is a subquotient of
O (U, 0)q), which enables us to conclude. o

To go further, we need a variant of Construction for tangential points. (Compare with
[Del89, §§15.3—15.12].) For simplicity, we only consider the case of curves.

Construction 4.5.6. Let k be a field and o : k < C a complex embedding. Let C be a geomet-
rically connected smooth k-curve and C its normal compactification. Given a boundary k-point
x € C(k) \ C(k) and a nonzero tangent vector v € Tz . \ {0} there is a fibre functor

#1, =V 0B} 1 LSyeo(C; Q)™ - Mod®. (4.156)
(Note that Tz , \ {0} is precisely the set of k-points of N%(x).) We can use these fibre functors

to embed the fundamental groupoid II(C/k) into a larger one which we denote by ﬁ(C /k). The
objects of the latter are of two kinds:

e the k-points of C, called the interior points, _

e the pairs (x, v), called the tangential points, where x € C(k) \ C(k) and v € Tz , \ {0}.
Given an interior point xy and a tangential point (x;, v;), the Q-scheme , II,, ,,,(C/k) is given by

71X, X0, (x1,v1))g = Spec(T(C; ¢y, +Q ® ¢y, Q)).
Similarly, given tangential points (xo, vo) and (x;, v;), the Q-scheme (y, v, I, v (C/k) 1s given by

73 (X, (%0, Vo), (x1,vi))g = Spec(I'(C; Py o, - Q ® by, 1y, Q).
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The motivic Galois group G (k,0)q acts on the functors (@.156). (See for instance Theorem

) It follows that anlot(k, 0)g acts on the groupoids ﬁ(C /k) and this action is functorial for
dominant morphisms of k-curves.

Given a k-point a € Al(k), the tangent space T, , identifies canonically with k. Given u € k*,
we write i, to denote the tangential point (a, u). The following is our motivic version of Beyli’s
theorem [Bel79].

Theorem 4.5.7 (Motivic Belyi theorem). Let k be a field and o : k — C a complex embedding.
Assume that k is an algebraic extension of Q. Then, the motivic Galois group G\ (k,o)q acts

faithfully on the affine group scheme ni;™"(P' \ {0, 1, oo}, To)g-

Proof. We first reduce to the case where k is algebraically closed. Let k/k be an algebraic closure
and let o : kK — C be a complex embedding extending 0. By Lemma , we have a short exact
sequence of affine group schemes

{1} = Guotlk, g = Cmotlk, g — Glk/k) — {1}

The profinite group of connected components of 77 (P! \ {0, 1, oo}, To)g is the étale fundamental
group n?t(P% \ {0, 1, oo}, fo) and the action of Gy (k, 0)g on the latter factors through the natural

action of ¢ (k/k). By Belyi’s theorem [Sza09, Theorem 4.7.7], the action of ¢ (k/k) on the profinite
set n?t(Pé\ {0, 1, oo}, fo) is faithful. It follows that the kernel of the action of Gn(k, 07)g on the affine

Q-scheme 7;*°(P' \ {0, 1, oo}, fO)Q is contained in G (k, 7)g. This proves the desired reduction.
We now assume that k = Q is the field of algebraic numbers, and we denote by ¢ : Q — Cthe
obvious inclusion. By Proposition , Gmot(Q, t)g acts faithfully on the affine group schemes

n7°°(U, 0)g, when U varies among the open neighbourhoods of o € AL. Using Belyi’s construction

as presented in the proof of [Sza09, Theorem 4.7.6], we can find a dense open U’ C U \ {o} and
a finite étale morphism U’ — P}Q \ {0, 1, oo} whose unique extension U — P}@ sends o to 0. In

particular, there is an induced morphism
Ny (0) = N, (0),

and we may fix a tangent vector v € Ty, \ {0} which is mapped to 1 by this morphism. Then, we
have a faithfully flat morphism of affine group schemes 7{"*(U’,¥,)g — 7}~ (U, 0)g as well as a

clopen immersion of affine group schemes 75°(U’, ¥,)g — #i{""(P' \ {0, 1, oo}, fO)Q. This clearly
implies that Gno(Q, t)g acts faithfully on the affine group scheme 75 (P! \ {0, 1, oo}, fO)Q. o
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