THE SIX-FUNCTOR FORMALISM FOR RIGID ANALYTIC MOTIVES
JOSEPH AYOUB, MARTIN GALLAUER, AND ALBERTO VEZZANI

AsstrACT. We offer a systematic study of rigid analytic motives over general rigid analytic spaces,
and we develop their six-functor formalism. A key ingredient is an extended proper base change
theorem that we are able to justify by reducing to the case of algebraic motives. In fact, more
generally, we develop a powerful technique for reducing questions about rigid analytic motives
to questions about algebraic motives, which is likely to be useful in other contexts as well. We
pay special attention to establishing our results without noetherianity assumptions on rigid analytic
spaces. This is indeed possible using Raynaud’s approach to rigid analytic geometry.
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INTRODUCTION

In this paper, we study rigid analytic motives over general rigid analytic spaces and we develop a
six-functor formalism for them. We have tried to free our treatment from unnecessary hypotheses,
and many of our main results hold in great generality, with the notable exception of Theorems
[3.3.3(2) and [3.8.1] where we impose étale descent. (This is necessary for the former but might
be superfluous for the latter.) In this introduction, we restrict to étale rigid analytic motives with
rational coefficients, for which our results are the most completeﬂ

The six-functor formalism.

Rigid analytic motives were introduced in [Ayol5] as a natural extension of the notion of a
motive associated to a scheme. Given a rigid analytic space S, we denote by RigDA,(S; Q) the
oo-category of étale rigid analytic motives over S with rational coefficients. By construction, it is
naturally equipped with the structure of a symmetric monoidal co-category (see Definition [2.1.15)).

Given a morphism of rigid analytic spaces f : T — S, the functoriality of the construction
yields an adjunction

/7 RigDA,(S;Q) 2 RigDA,(T;Q) : f.. (0.1)
When f is locally of finite type, we construct in this paper another adjunction (see Definition[d.3.4)
fi : RigDA(T; Q) 2 RigDA(S: Q) : f', (0.2)

1.e., we define the “exceptional direct image” and the “exceptional inverse image” functors associ-
ated to f. Our main goal in this paper is to show the following result.

Scholium. The functors f*, f., f, f', ® and Hom satisfy the usual properties of a six-functor
formalism. These include:

n fact, everything we say here holds more generally with coefficients in an arbitrary ring when the class of rigid
analytic spaces is accordingly restricted. For instance, if one is only considering rigid analytic spaces over Q,, of finite
étale cohomological dimension, the results discussed in the introduction are valid with Z[p~']-coefficients.
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e the compatibility with composition of morphisms (see Proposition [2.1.21] and Corollary
7.3.18);

e the localization formula (see Proposition[2.2.3(2));

o the base change theorems (see Proposition 2.2.1(3) for the smooth base change, Theo-
rem[2.7 1) for the quasi-compact base change, Theorem for the extended proper base
change, and Proposition for the exchange between the “ordinary inverse image”
and the “exceptional direct image” functors);

e the canonical equivalences fi ~ f., when f is proper (see Exampled.3.6)), and the equiva-
lence ' ~ f *(d)[Zd],E] when f smooth of pure relative dimension d (see Theorem ;

e the compatibility with tensor product, the projection formula and duality (see Proposition

2.1.21} and Corollaries 4. 1.8 4.5.3|and 4.5.4).

Of course, our six-functor formalism matches the one developed by Huber [Hub96] for the étale
cohomology of adic spaces. (Similar formalisms for étale cohomology were also developed by
Berkovich [Ber93] and de Jong—van der Put [dJvdP96].)

A partial six-functor formalism for rigid analytic motives was obtained in [Ayol5, §1.4] at a
minimal cost as an application of the theory developed in [AyoO7a, Chapitre 1]. Given a non-
Archimedean field K and a classical affinoid K-algebra A, the assignment sending a finite type
A-scheme X to the co-category RigDA, (X*"; Q) gives rise to a stable homotopical functor in the
sense of [AyoO7a, Définition 1.4.1]. (Here X*" is the analytification of X.) Applying [Ayo07a,
Scholie 1.4.2], we have in particular an adjunction as in (0.2) under the assumption that f is
algebraizable, i.e., that f is the analytification of a morphism between finite type A-schemes, for
some unspecified classical affinoid K-algebra A. Clearly, it is unnatural and unsatisfactory to
restrict to algebraizable morphisms, and it is our objective in this paper to remove this restriction.
The key ingredient for doing so is Theorem [4.1.4] which we may consider as an extended proper
base change theorem for commuting direct images along proper morphisms and extension by zero
along open immersions. It is worth noting that in the algebraic setting, the extended proper base
change theorem is essentially a reformulation of the usual one, but this is far from true in the
rigid analytic setting. In fact, the usual proper base change theorem in rigid analytic geometry is a
particular case of the so-called quasi-compact base change theorem (see Theorem which is
an easier property.

The extended proper base change theorem is already known if one restricts to projective mor-
phisms in which case it can be deduced from the partial six-functor formalism developed in [[Ayol5,
§1.4]. However, in the rigid analytic setting, it is not possible to deduce the general case of proper
morphisms from the special case of projective morphisms. Indeed, the classical argument used in
[SGAIV 3, Exposé XII] for reducing the proper case to the projective case relies on Chow’s lemma
for which there is no analogue in rigid analytic geometry. (For instance, there are proper rigid an-
alytic tori which are not algebraizable [FvdP04, §6.6].) Therefore, a new approach was necessary
for proving Theorem {.1.4]in general.

Rigid motives as modules in algebraic motives.

2Strictly speaking, Theorem only gives that f* is equivalent to the twist of f* by the Thom space associated
to Qr. However, in the case of RigDA (—;Q), Thom spaces are globally given by Tate twists. Indeed, arguing as in
[AyoT4a, Remarque 11.3], this would follow from the property that the mapping space Mapgigpa., (s:0)(Q, Q) = Q™
is coconnective. The latter property can be established using Theorem3.8.T]and [[Ayo14a, Proposition 11.1]. We leave
the details for the interested reader.
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Our approach is based on another contact point with algebraic geometry: instead of using the
analytification functor from schemes to rigid analytic spaces, we go backward and associate to a
rigid analytic space X the pro-scheme consisting of the special fibers of the different formal models
of X. We now sketch the main idea of our construction, which is detailed in Section [3.4]

Let S be a formal scheme. We may associate to it the co-category of formal motives FDA«(S; Q)
which is canonically equivalent to the co-category of (algebraic) motives DA (S,; Q) over the
special fiber 8, (see Theorem [3.1.10). The “generic fiber” functor induces a functor

& : DA4(S,; Q) = FDA4(S; Q) — RigDA(8"; Q)

where 8" is the rigid analytic space associated to 8. It is immediate to see that &5 is monoidal and
has a right adjoint ys sending the unit object of RigDA(8"¢; Q) to a commutative algebra object
xsQ of DA(S,; Q). Moreover, the functor ys admits a factorization

RigDA (8% Q) 5 DA«(So:x5Q) > DAL(S,; Q)

where DA« (S,; ysQ) denotes the co-category of ysQ-modules in DA(S; Q) and where ff is the
forgetful functor. Also, the functor ys admits a left adjoint

&5 : DA4(S,:xsQ) — RigDA, (8" Q)

M — &(M) Qs xsQ Q.

Now, if § is a quasi-compact and quasi-separated rigid analytic space, we may consider the
cofiltered category MdI(S) of formal models of S (see Notation [[.1.9). The above construction
yields a functor

Es e Sce%r(rsl) DA (8+; xsQ) — RigDA(S; Q).

One of our main results is the following (see Theorem [3.3.3]and Remark [3.3.5).

Theorem. Restrict to rigid analytic spaces which are quasi-compact, quasi-separated and having
finite Krull dimension. The natural transformation gexhibits the functor S +— RigDA(S;Q) as
the étale sheafification of the functor S +— colimgepmais) DA«(S,; xsQ) viewed as a presheaf valued
in presentable co-categories.

We use the above description of the co-categories RigDA (S ; Q) to deduce the extended proper
base change theorem in rigid analytic geometry (i.e., Theorem [4.1.4) from its algebraic analogue.
In fact, it turns out that we only need a formal consequence of this description which happens to be
also a key ingredient in its proof, namely Theorem [3.6.1] (see also Theorem #.1.3). Once Theorem
M.T.4)is proven, it is easy to construct the adjunction (0.2).

We also point out that the commutative algebras ysQ admit a concrete description. For precise
statements, see Theorem [3.8.1)and Remark[3.8.2] Moreover, the special case of the above theorem
where we take for § = Spf(k[[x]])"¢, with k a field of characteristic zero, is tightly connected to
the main result of [Ayo15| Chapitre 1]. This will be explained in Remark [3.8.3]

Further results and applications.

Besides the six-functor formalism, the paper contains several foundational results on motives of
rigid analytic spaces which are of independent interest. In particular, we study the descent property
of the co-categories RigDA (S ; Q) for the étate topology; see Theorem [2.3.4]

Another notable result is Theorem which, roughly speaking, asserts that RigDA (—; Q)

transforms limits of certain rigid analytic pro-spaces into colimits of presentable co-categories. A
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similar property is also true for DA« (—; Q) but the proof in the rigid analytic setting is much more
involved and relies on approximation techniques as those used in the proof of [Vez19, Proposition
4.5]. We also like to mention that this continuity property for RigDA (—; Q) plays a crucial role
(along with many of the results described above) in the recent paper [LBV21] where a new relative
cohomology theory for rigid analytic varieties over a positive characteristic perfectoid space P is
defined and studied. Interestingly, this relative cohomology theory takes values in solid quasi-
coherent sheaves over the relative Fargues—Fontaine curve associated to P.

Acknowledgments. We thank Tony Yue Yu for asking if there was a good duality theory for the
motives of smooth and proper rigid analytic spaces. Answering this question was one of our moti-
vations for this work. We thank Kazuhiro Fujiwara and Fumiharu Kato for clarifying some points
in their book “Foundations of Rigid Geometry, I”’. We also thank Denis Nardin and Marco Robalo
for helpful discussions about Proposition [2.8.4] and the referees for their constructive comments
and recommendations.

Notation and conventions.

co-Categories. We use the language of co-categories following Lurie’s books [Lur09]] and [Lurl’/].
The reader familiar with the content of these books will have no problem understanding our nota-
tion pertaining to higher category theory and higher algebra which are often very close to those in
loc. cit. Nevertheless, we list below some of these notational conventions which we use frequently.

As usual, we employ the device of Grothendieck universes, and we denote by Cat,, the oo-
category of small oco-categories and CAT,, the oco-category of locally small, but possibly large
co-categories. We denote by CATE (resp. CATR) the wide sub-co-category of CAT., spanned
by functors which are left (resp. right) adjoints. Similarly, we denote by Pr" (resp. Pr®) the co-
category of presentable co-categories and left adjoint (resp. right adjoint) functors. We denote
by Pr- c Pr* (resp. Pr® c Pr®) the sub-co-category of compactly generated co-categories and
compact-preserving functors (resp. functors commuting with filtered colimits).

1-Categories are typically referred to as just “categories” and viewed as oco-categories via the
nerve construction. For emphasis, we sometimes call them “ordinary categories”. We denote by &
the co-category of small spaces, by Sp the co-category of small spectra and by Spso C Sp its full
sub-co-category of connective spectra.

Given an co-category €, we denote by Map,(x, y) the mapping space between two objects x and
y in €. Given another co-category D, we denote by Fun(C, D) the co-category of functors from C
to D. If € is small, we denote by P(C) = Fun(C, 8) the co-category of presheaves on € and by
y : € = P(C) the Yoneda embedding.

Monoidal structures. By “monoidal oco-category” we always mean ‘“‘symmetric monoidal oo-
category”, i.e., a coCartesian fibration €® — Fin, such that the induced functor (p}); : Cpy —
[Ti<i<. €y 1s an equivalence for all n > 0. (Recall that Fin, is the category of finite pointed sets,
(ny ={1,...,n} U {x}and p’ : (n) — (1) is the unique map such that (p’)"!(1) = {i}.) If C®is a
monoidal co-category, we denote by CAlg(C) the co-category of commutative algebras in C. If
A € CAlg(€), we denote by Mod,4(C) the co-category of A-modules. Using Lurie’s straightening
construction, a monoidal category can be considered as an object of CAlg(CAT), i.e., as a

commutative algebra in CATY..
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The co-categories Pr™ and Pr underly monoidal co-categories Pr'™® and Pr=®. A monoidal co-
category is said to be presentable (resp. compactly generated) if it belongs to CAlg(Pr") (resp.
CAlg(Pr-)).

Sites and topoi. If C is an oco-category endowed with a topology 7, we denote by (C,7) the
corresponding site. We denote by Shv.(€) c P(€) the full sub-co-category of 7-sheaves and
by Shv2(€) c Shv.(@) its full sub-co-category of 7-hypersheaves. We use L. to denote the 7-
sheafification functor as well as the 7-hypersheafification functor. (The context will make it clear
which of the two we mean.) Morphisms of sites (C, 7) — (€', 7’) are underlain by functors in the
opposite direction ¢’ — C. In particular, a cofiltered inverse system of sites (C,, 7,), is underlain
by a filtered direct system of co-categories, and we write lim,(C,, 7,) for the site (colim,C,, 7)
where 7 is the topology generated by the 7,,’s in the obvious way.

In the cases of most interest to us, the sites are underlain by ordinary categories. In these cases,
we follow the classical terminology and say that a morphism of sites is an equivalence of sites if it
induces an equivalence on the associated ordinary topoi. (This will be repeated each time, to avoid
any possible confusion.)

Formal and rigid analytic geometries. We use Raynaud’s approach to rigid analytic geometry
[Ray74] which is systematically developed in the books of Abbes [Abb10] and Fujiwara—Kato
[EK18]. In fact, we mainly use [FK18]] where rigid analytic spaces are introduced without noethe-
rianness assumptions.

We denote formal schemes by calligraphic letters X, Y, etc., and rigid analytic spaces by roman
letters X, Y, etc. Formal schemes are always assumed adic of finite ideal type in the sense of [FK18,
Chapter I, Definitions 1.1.14 & 1.1.16]. Morphisms of formal schemes are always assumed adic
in the sense of [FK18, Chapter I, Definition 1.3.1]. Given a formal scheme X, we denote by X(rie
its associated rigid analytic space which we call the Raynaud generic fiber (or simply the generic
fiber) of X. Recall that X" is simply X considered in the localisation of the category of formal
schemes with respect to admissible blowups. A general rigid analytic space is locally isomorphic
to the generic fiber of a formal scheme. As we show in Corollary the category of stably
uniform adic spaces (see [BV18]]) embeds fully faithfully in the category of rigid analytic spaces.

Given a rigid analytic space X, we denote by |X| the associated topological space (see Notation
[[.T.TI). This is constructed in [FK18|, Chapter II, §3.1] where it is called the Zariski-Riemann
space of X. The space |X| is endowed with a sheaf of rings Oy, called the structure sheaf, and a
subsheaf of rings O} C Oy, called the integral structure sheaf. (In [FK18| Chapter II, §3.2], the
integral structure sheaf is denoted by O'™, but we prefer to follow Huber’s notation in [Hub96].)

Motives (algebraic, formal and rigid analytic). We fix a commutative ring spectrum A, i.e., an
object of CAlg(Sp) which we assume to be connective for simplicity.

Given a scheme S, we denote by SH,(S; A) the Morel-Voevodsky co-category of 7-motives on
S with coeflicients in A (see, for example, [Jar00]). Here v € {nis, ét} is either the Nisnevich
or the étale topology. When 7 is the Nisnevich topology, we sometimes omit the subscript “nis”
and speak simply of motives over S. If A is the Eilenberg—Mac Lane spectrum associated to a
commutative dg-ring (also denoted by A), we usually write DA,(S; A) instead of SH,(S; A).

Given a formal scheme S, we denote by FSH,(S; A) the co-category of formal 7-motives on &

with coefficients in A (see Definition [3.1.1)). Similarly, given a rigid analytic space S, we denote
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by RigSH._(S; A) the co-category of rigid analytic T-motives on S with coefficients in A (see Def-
inition . Here again, 7 € {nis, ét} is either the Nisnevich or the étale topology, and when 7
is the Nisnevich topology we sometimes omit the subscript “nis”. If A is the Eilenberg—Mac Lane
spectrum associated to a commutative dg-ring (also denoted by A), we usually write FDA(S; A)
and RigDA (S; A) instead of FSH,(8; A) and RigSH_(S; A).

We also consider the unstable (aka., effective) and/or hypercomplete variants of these motivic
co-categories, which we refer to using superscripts “eff” and/or “A”. For example, SH/ (S ; A) is the
Morel-Voevodsky co-category of hypercomplete 7-motives and SHE™"(S; A) is its effective ver-
sion. If a statement is equally valid for the T-stable and the effective motivic co-categories, we use
the superscript “(eff)”. For example, the sentence “the co-category RigDA" (S ; A) is presentable”
means that both co-categories RigDAiﬁ(S ; A) and RigDA _(§; A) are presentable. We use the su-
perscripts “(A)”, “(eff, A)” in a similar way. For example, the sentence “S + SHT"(S; A) is a
Pr*-valued 7-(hyper)sheaf”” means that we have two 7-sheaves, namely SHiﬁ(—; A) and SH.(—; A),
and two 7-hypersheaves, namely SH™ " (—; A) and SH”(—; A).

1. FORMAL AND RIGID ANALYTIC GEOMETRY

In this section, we gather a few results in rigid analytic geometry which we need later in the
paper. We use Raynaud’s approach [Ray74] which can be summarised roughly as follows: the
category of rigid analytic spaces is the localisation of the category of formal schemes with respect
to admissible blowups. This is correct up to imposing the right conditions on formal schemes
and slightly enlarging the localised category to allow gluing along open immersions. Raynaud’s
approach has been systematically developed by Abbes [Abbl0] and Fujiwara—Kato [FK18]]. We
will mainly follow the book [FK18] where rigid analytic spaces are introduced without noethe-
rianness assumptions. Indeed, one of the aims of the paper is to show that there are reasonable
oo-categories of rigid analytic motives over general rigid analytic spaces. We warn the readers that
many results in [FK18]] require noetherianness assumptions, especially when it comes to the study
of quasi-coherent sheaves. However, the theory of quasi-coherent sheaves is largely irrelevant for
what we do in this paper.

The reader who is only interested in motives of classical rigid analytic varieties in the sense of
Tate and who is accustomed with Raynaud’s notion of formal models, may skip this section and
refer back to it when needed.

1.1. Recollections.

Unless otherwise stated, adic rings are always assumed to be complete of finite ideal type in
the sense of [FK18, Chapter I, Definitions 1.1.3 & 1.1.6]. (This is also the convention of [Abb10,
Définition 1.8.4] and [Hub93, Section 1].) Thus, an adic ring A is a complete linearly topologized
ring whose topology is /-adic for some ideal I C A of finite type. Morphisms between adic rings are
always assumed to be adic in the sense of [EK18, Chapter I, Definition 1.1.15]. Thus, a morphism
of adic rings A — B is a ring homomorphism such that /B is an ideal of definition of B for one
(and hence every) ideal of definition 7 of A.

A useful basic fact when dealing with adic rings is the existence of /-adic completions in the
sense of [FK 18l Chapter 0, Definition 7.2.6].

Lemma l.l.k Let A be aring, I C A a finitely generated ideal and M an A-module. The Hausdorff
completion M = lim,o M/I"M of the A-module M endowed with the I-adic topology is itself an

I-adic topological A-module. More precisely, for m > 0 we have:
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e I"M is closed in M and coincides with I"M = lim,e 1" M/I"" M, which is the Hausdorff
completion of I'" M
e M/I"M — M/I"M is an isomorphism.

Proof. This follows from [Bou98|, Chapter III, §2 n° 11, Proposition 14 & Corollary 1] when M
is finitely generated. See [FK18, Chapter 0, Corollary 7.2.9 & Propositions 7.2.15 & 7.2.16] for
general M. |

Notation 1.1.2. If A is an adic ring and T = (T}); is a family of indeterminates, we denote by A(T')
the algebra of restricted power series in 7' with coefficients in A, i.e., the /-adic completion of A[T]
for an ideal of definition / C A. Unless otherwise stated, given an ideal J C A(T), we denote by
A(T)/J the I-adically complete quotient, i.e., the quotient of A(T') by the closure of the ideal J.

Unless otherwise stated, formal schemes are always assumed to be adic of finite ideal type in
the sense of [FK18, Chapter I, Definitions 1.1.14 & 1.1.16]. Thus, a formal scheme X = (|X], Oy)
is a ringed space with is locally isomorphic to Spf(A), where A is an adic ring (of finite ideal type,
as always). Morphisms of formal schemes are assumed to be adic, i.e., are locally of the form
Spf(B) — Spf(A), with A — B an adic morphism.

Let X be a formal scheme. An ideal J € Oy is said to be an ideal of definition if locally it is of
the form /Ogpf4) where A is an adic ring and I C A an ideal of definition. In this case, the ringed
space (|X], Oy/J) is an ordinary scheme which we simply denote by X/J. By [FKI18, Chapter
I, Corollary 3.7.12], every quasi-compact and quasi-separated formal scheme admits an ideal of
definition which we may assume to be finitely generated.

Definition 1.1.3. Let A be an adic ring. We say that A is of principal ideal type if it admits an
ideal of definition which is principal (i.e., generated by a nonzero divisor). We will say that A is of
monogenic ideal type if it admits an ideal of definition which is monogenic (i.e., generated by one
element). Similarly, we say that a formal scheme is of principal ideal type (resp. of monogenic
ideal type) if it admits an ideal of definition which is principal (resp. monogenic). There are
also obvious local versions of these notions where we only require that an ideal of definition of a
specific type exists locally.

Remark 1.1.4. Let A be an adic ring of monogenic ideal type and € A a generator of an ideal of
definition of A. Then A is of principal ideal type if and only if A is n-torsion-free.

Notation 1.1.5. We denote by FSch the category of formal schemes and by FSch®® its full sub-
category spanned by quasi-compact and quasi-separated formal schemes (in the sense of [FK18|,
Chapter I, Definitions 1.6.1 & 1.6.5]). Note that the category Sch (resp. Sch%®) of schemes (resp.
of quasi-compact and quasi-separated schemes) can be identified with the full subcategory of FSch
(resp. FSch®®) spanned by those formal schemes for which (0) is an ideal of definition.

Notation 1.1.6. The inclusion of the category of reduced schemes into FSch admits a right adjoint
which we denote by X — X,. It commutes with gluing along open immersions and satisfies
Xy = (X/J)eqa Wwhenever X admits an ideal of definition J € Oy. The scheme X, is called the
special fiber of X.

The following notions agree with the ones introduced in [EK18, Chapter I, Definitions 4.2.2 &
434 &4.7.1 & 4.8.12 &5.3.10 & 5.3.16].

Definition 1.1.7. Let f : Y — X be a morphism of formal schemes.
8



(1) We say that f is a closed immersion (resp. finite, proper) if locally on X there is an ideal
of definition J C Oy such that the induced morphism of schemes Y/J — X/J is a closed
immersion (resp. finite, proper).

(2) We say that f is an open immersion (resp. adically flat, étale, smooth) if locally on X there
is an ideal of definition J c Oy such that the induced morphism of schemes Y/J* — X/J"
is an open immersion (resp. flat, étale, smooth) for every n € N.

Let X be a formal scheme. An ideal J C Oy is said to be admissible if, locally on X, it is
finitely generated and contains an ideal of definition. An admissible blowup of X is the blowup
of an admissible ideal. For more details, see [FK18, Chapter II, §1.1]. We recall here that the
composition X" — X of two admissible blowups X” — X’ and X’ — X is itself an admissible
blowup if X is quasi-compact and quasi-separated. (This is [FK18|, Chapter II, Proposition 1.1.10].)
We denote by B(X) the category of admissible blowups and morphisms of formal X-schemes. If X
is quasi-compact and quasi-separated, then B(X) is cofiltered (by [FK18|, Chapter II, Proposition
1.3.1]) and if U — X is a quasi-compact open immersion, then the obvious functor B(X) — B(U)
is surjective (by [EK18, Chapter II, Proposition 1.1.9]).

Notation 1.1.8. (See [FK18|, Chapter II, §2]) We denote by RigSpc?®® the 1-categorical localisation
of the category FSch%®® with respect to admissible blowups. More concretely, there is a functor
(-)"e : FSch®® — RigSpc®® which is a bijection on objects and, given two quasi-compact and
quasi-separated formal schemes X and Y, we have

Homgigsperess (Y%, X™) = colim  Homgsenses (Y, X). (1.1)

Y —YeB(H)

The objects of RigSpc®® are the quasi-compact and quasi-separated rigid analytic spaces (accord-
ing to [FK18| Chapter II, Definitions 2.1.1 & 2.1.2]). If X is a quasi-compact and quasi-separated
formal scheme, X"¢ is called the Raynaud generic fiber (or simply the generic fiber) of X. For this
reason, we sometimes write “X,” instead of “X"€”. A map in RigSpc®® is an open immersion if it
is isomorphic to the generic fiber of an open immersion in FSch®®. General rigid analytic spaces
are obtained by gluing along open immersions from objects in RigSpc®® as in [FK18| Chapter II,
§2.2.(c)]. The resulting category is denoted by RigSpc and its objects are the rigid analytic spaces.
There is also a generic fiber functor (-)"¢ : FSch — RigSpc extending the one on quasi-compact
and quasi-separated formal schemes.

Notation 1.1.9. Let X be a rigid analytic space. A formal model for X is a formal scheme X
endowed with an isomorphism X ~ X" (see [FK18|, Chapter II, Definition 2.1.7]). Formal models
of X form a category which we denote by Mdl(X). When X is quasi-compact and quasi-separated,
MdI(X) is cofiltered by [EK18, Chapter II, Proposition 2.1.10]. Similarly, given a morphism f :
Y — X of rigid analytic spaces, we have a category MdI(f) of formal models of f whose objects
are morphisms of formal schemes ¢ : Y — X together with an isomorphism f ~ ¢"¢ in RigSpCAl.
When X and Y are quasi-compact and quasi-separated, the category MdI(f) is cofiltered.

Remark 1.1.10. If X is a formal scheme and J is an ideal of definition of X, then the admissi-
ble blowup of J is locally of principal ideal type (in the sense of Definition [I.1.3). Therefore,
every quasi-compact and quasi-separated rigid analytic space X admits formal models which are
locally of principal ideal type and these form a cofinal subcategory of MdI(X) which we denote by
Mdl'(X).
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Notation 1.1.11. Let X be a quasi-compact and quasi-separated rigid analytic space. We define a
locally ringed space (|X], O%) by

oy
(X1.0%) = _lim_(1X], 0.

If Xy is a formal model of X and J C Oy, is an ideal of definition, then JO7, is an invertible ideal
in Oy. We set Ox = |J,50(JO3)™. Then Oy is a sheaf of rings which does not depend on J and
which contains Oy. By gluing along open immersions, the assignment X — (|X|, Ox, O}) can be
extended to any rigid analytic space X. For more details, we refer the reader to [EK18, Chapter II,
§3]. We say that |X]| is the topological space associated to X, that Oy is the structure sheaf of X,
and that Oy is the integral structure sheaf of X.

Remark 1.1.12. Let X be a rigid analytic space. The topological space |X| is valuative, in the sense
of [FK18, Chapter 0, Definition 2.3.1], and spectral if X is quasi-compact and quasi-separated. The
Krull dimension (or simply the dimension) of X is defined to be the Krull dimension of |X], i.e.,
the supremum of the lengths of chains of irreducible closed subsets of |X]|.

Notation 1.1.13. Let X be a rigid analytic space and x € |X| a point. By [FKI18, Chapter II,
Proposition 3.2.6], the local ring Oy  is a prevaluative ring. (Here we use the terminology of
[Abb10, Définition 1.9.1].) More precisely, there is a nonzero divisor a € Oy , with the following
properties:

every finitely generated ideal of Oy , containing a power of a is principal;

O;},x[a_l] = Ox.

My = [ pen a”O;;x where nty , is the maximal ideal of Oy ,;

O;’x /m, is a valuation ring of the residue field Ox /m,. We denote by I', its value group
(denoted multiplicatively).

We let k" (x) be the a-adic completion of O},x, k(x) its fraction field and k(x) the residue field of
k*(x). We also let k°(x) C k(x) be the subring of power bounded elements. Then x°(x) is the unique
height 1 valuation ring containing «*(x). Moreover, k(x) is a non-Archimedean complete field for

the norm induced by «°(x).

Definition 1.1.14. Let f : Y — X be a morphism of rigid analytic spaces.
(1) We say that f is a closed immersion (resp. finite, proper) if, locally on X, f admits a formal
model which is a closed immersion (resp. finite, proper).
(2) We say that f is a locally closed immersion if it can be written as the composition of a
closed immersion Y — U followed by an open immersion U — X.
(3) We say that f is étale (resp. smooth) with good reduction if, locally on X, f admits a formal
model which is étale (resp. smooth).

We next discuss the analytification functor following [FK18, Chapter II, §9.1].

Construction 1.1.15. Let A be an adic ring, I C A an ideal of definition, U = Spec(A) \ Spec(A/I)
and S = Spf(A)"e. There exists an analytification functor

(=)™ : Sch'™/U — RigSpc/S,
where Sch™/U is the category of U-schemes locally of finite type. This functor is uniquely deter-
mined by the following two properties.

(1) It is compatible with gluing along open immersions.
10



(2) For a separated finite type U-scheme X with an open immersion X — X into a proper
A-scheme, and complement ¥ = X \ X, we have

X = (?)“g < ()i (1.2)

where, for an A-scheme W, W= colim, W®,4 A/I" is the I-adic completion of W.

In the second property, one may replace Y with the closure in X of X x4 U \ X. That (I.2) is
independent of the choice of the compactification, follows from [EK18), Chapter II, Propositions

9.1.5 & 9.1.91f

1.2. Relation with adic spaces.

Recall from [Hub96, page 37] that a Tate ring is a topological ring A admitting a topologically
nilpotent unit and an open subring Ay C A which is adic. (Here, by convention, Tate rings are
assumed complete.) The ring Ay is called a ring of definition. If 7 € A is a topologically nilpotent
unit contained in Ay, then the topology of Ay is m-adic, i.e., the n"A, form a fundamental system
of open neighbourhoods of 0. A morphism of Tate rings f : A — B is a continuous morphism of
rings for which there exists rings of definitions Ay C A and By C B with f(A) C B.

Notation 1.2.1. Given a Tate ring A, we denote by A° C A the subring of power bounded elements
and A°° C A° the ideal of topologically nilpotent elements. We say that A is uniform if A° is
bounded (which is equivalent to ask that A° is a ring of definition).

A Tate affinoid ring A is a pair (A*,A*) where A" is a Tate ring and A is an integrally closed
open subring of A* contained in (A*)°.

Construction 1.2.2.

(1) Let A be an adic ring of principal ideal type and m € A a generator of an ideal of definition.
We associate to A a Tate affinoid ring A% = (A%, A™) where A™ = A[n~'] and A™ is the
integral closure of A in A[x~!].

(2) The functor A — A%, from adic rings of principal ideal type to Tate affinoid rings, admits a
ind-right adjoint. The latter associates to a Tate affinoid ring R = (R*, R") the ind-adic ring
Ry, consisting of those rings of definition of R* contained in R*.

Remark 1.2.3. When the Tate affinoid ring R is uniform, then the associated ind-adic ring Ry is
isomorphic to an adic ring. In fact, we have R, = R*.

Lemma 1.2.4. The functor R — Ry, from the category of Tate affinoid rings to the category of
ind-adic rings of principal ideal type, is fully faithful.

Proof. Indeed, let R and R’ be two Tate affinoid rings and f : R, — Ra a morphism of ind-adic
rings. There exists rings of definition Ry C R* and R, C R’* contained in R* and R"" such that
f restricts to a morphism of adic rings f, : Ry — Rj,. Then f; induces a morphism of Tate rings
f* 1 R* = R'™*. Since fj is the restriction of f, for every ring of definition R; C R* containing Ry
and contained in R, there exists a ring of definition R] C R’* contained in R"" and a morphism
fi : Ry — R/ extending fy. This shows that f* maps R* into R"* as needed. O

3Proposition 9.1.9 of loc. cit. is stated under the assumption that A is topologically universally rigid-noetherian, but
this assumption is unnecessary.
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Given a Tate affinoid ring A = (A*,A"), we denote by Spa(A) = (ISpa(A)l, Ospaca)s nga( ) the
preadic space associated to A as in [Hub96, pages 38-39]. In general, O* C O are presheaves of
rings on the topological space |Spa(A)| which might fail to be sheaves.

Proposition 1.2.5.

(1) Let A be an adic ring of principal ideal type. There is a homeomorphism |Spf(A)"8| ~
ISpa(A%)| modulo which O;“pf( n (resp.  Ospgayie) is isomorphic to the sheafification of
nga( A (resp. Ogpaan))- |

(2) Let R be an affinoid ring. There exists a homeomorphism |Spa(R)| = lim |[Spf(Ry)"¢| modulo

+

. . L . .
which Of Spi(R, e (resp. Oimsptr,yie) is isomorphic to the sheafification of OSpa(R) (resp.

OSpa(R))°

Proof. A point x € |Spf(A)"¢| determines a morphism of adic rings A — «*(x), and hence a
continuous valuation v, : A — I', U {0} landing in I'] U {0}. (Here I'{ c I" denotes the submonoid
defined by the inequality < 1.) Since the image of 7 in «*(x) is nonzero, v, extends uniquely to a
continuous valuation v, : A® — T, U {0}. Moreover, v, maps A% into I'7 U {0} since AT is integral
over A. Therefore, v, belongs to Spa(A"). It is easy to see that x +— v, is a bijection, which is
continuous and open. More precisely, given elements ay, . . . , a, in A generating an admissible ideal
of A, the open subset |Spf(A(Z—(l), cee, Z—g))rigl C |Spf(A)"¢| is mapped bijectively to the rational subset
|Spa(A”(Z—(‘), e, Z—;))l C |Spa(A?)|. This also shows that Osprayie 18 the sheafification of Ogpy(as).-
Assertion (2) can be deduced from assertion (1) and the fact that the counit map (Rh)h — R
identifies the Tate affinoid ring R with the colimit of the ind-Tate affinoid ring (R;)*. O

Definition 1.2.6. A uniform adic space is a triple X = (|X], Oy, OF), consisting of a topological
space |X| and sheaves of rings O} C Oy, which is locally isomorphic to Spa(A), where A is a
stably uniform Tate affinoid ring in the sense of [BV 18] pages 30-31]. (This is reasonable since by
[BV18, Theorem 7] every stably uniform Tate affinoid ring is sheafy.)

Corollary 1.2.7. Let Adic be the category of uniform adic spaces. Then there exists a fully faithful
embedding Adic — RigSpc which is compatible with gluing along open immersions and which
sends Spa(R) to Spf(R*)"e.

Proof. 1t suffices to treat the affinoid case; the general case follows then by gluing along open
immersions. Given two stably uniform Tate affinoid rings A and B, the fact that A is sheafy implies
that there is a bijection Hom(A, B) ~ Hom(Spa(B), Spa(A)). It follows from Remark [1.2.3] that
there is a functor Spa(A) — Spf(A™)"¢, from affinoid uniform adic spaces to rigid analytic spaces,
and it remains to show that the map

Hom(A*, BY) — Hom(Spf(B")"¢, Spf(A™)"?),

with A and B as above, is a bijection. An element of the right-hand side can be represented by a
morphism Y — Spf(A*), where Y — Spf(B*) is an admissible blowup. We may assume that Oy is
n-torsion-free, with 7 a generator of an ideal of definition in B*. We claim that O(Y) = B* which
implies that Y — Spf(A™) factors uniquely through Spf(B*), finishing the proof.

Let (Y;); be an affine open covering of Y and set Y;; = Y; N'Y;. Let B; and B;; be the Tate
affinoid rings associated to the adic rings O(Y;) and O(Y;;) respectively. Then (Spa(B;)); is an
open covering of Spa(B), and Spa(B;;) = Spa(B;) N Spa(B;). Since B is sheafy, we deduce that
B* is the equaliser of the usual pair of arrows []; B = [I;; Bj;. Since Oy is n-torsion-free, we
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have inclusions O(Y;) € B and O(Y;;) C B;’] This proves that O(Y), which is the equaliser of
[T, 0(Y:) 3 T1;; 0(Y;)), is contained in B* as needed. O

1.3. Etale and smooth morphisms.

In Definition |1.1.14] we introduced the classes of étale and smooth morphisms with good re-
duction. These classes are too small, and we need to enlarge them to get the correct notions of
étaleness and smoothness in rigid analytic geometry. First, we introduce a notation.

Notation 1.3.1. Let A be an adic ring and J C A an ideal. We denote by J**' the ideal of A consisting
of those elements a € A for which there exists an ideal of definition I C A such that al ¢ J. The
ideal J% is called the saturation of J.

We say that J is saturated if J = J**. The saturation of an ideal is a saturated ideal.

Remark 1.3.2. If A is an adic ring of principal ideal type and J C A a saturated ideal, then J is
closed and A/J is also of principal ideal type. Moreover, for a closed ideal J C A, the quotient A/J
is of principal ideal type if and only if J is saturated.

Our definition of étaleness uses the Jacobian matrix. Compare with [Fuj95, Definition 1.3.1].

Definition 1.3.3.

(1) Let A be an adic ring and B an adic A-algebra. We say that B is rig-étale over A if
there exists a presentation B =~ A(ty,...,t,)/J and elements fi,...,f, € J such that
(fi, -, fu)™ = J* and the determinant of the Jacobian matrix det(df;/0t;) generates an
open ideal in B.

(2) A morphism Y — X of formal schemes is said to be rig-étale if, locally for the rig topology
on X and Y (see Definition below), it is isomorphic to Spf(B) — Spf(A) with B
rig-étale over A. (When X and Y are quasi-compact, this simply means that after replacing
X and Y by admissible blowups, the resulting morphism is locally isomorphic to Spf(B) —
Spf(A) with B rig-étale over A.)

(3) A morphism of rigid analytic spaces ¥ — X is said to be étale if, locally on X and Y, it
admits formal models which are rig-étale.

Remark 1.3.4. If the rigid analytic space X is assumed to be universally noetherian (in the sense
of [FK18, Chapter II, Definition 2.2.23]), then a morphism f : ¥ — X is étale if and only if it is
flat and neat (i.e., Q; = 0). This follows from [Hub96, Propositions 1.7.1 and 1.7.5] together with
[EK18, Chapter II, Theorem A.5.2]. See also [Fuj95, Proposition 5.1.6] which is proven under
more restrictive assumptions.

Remark 1.3.5. Let A be an adic ring and B a rig-étale adic A-algebra given by A(ty,...,t,)/J with
J containing fi, ..., f, as in Definition[[.3.3] Consider the adic A-algebras

B = Aty ... t)(fis-- s ) and B = Alty, ... )/ (fis- -, f)P

We have surjective maps B — B — B” inducing isomorphisms Spf(B”)"¢ =~ Spf(B)'¢ =~
Spf(B’)rig. Moreover, B’ and B” are rig-étale over A. The case of B” is clear. For B’, we need to
prove the following statement. Let C be an adic ring and ¢ € C an element. Then ¢ generates an
open ideal in C if and only if it generates an open ideal in C/(0)**. Indeed, let  be an ideal of defi-
nition and assume that I C (c) + (0)**". We need to show that a power of I is contained in (c). Since
I is finitely generated, we may find elements vy, ..., v,, in (0)* such that I C (¢) + (vq,...,v,). Let

r be an integer such that v;I” = 0 for all 1 < i < m. Then clearly I"*! C c¢I” C (c¢) as needed.
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Lemma 1.3.6. Let A be an adic ring of monogenic ideal type and m € A a generator of an ideal of
definition of A. Let B be a rig-étale A-algebra. Then there exists an integer N € N such that for
every n-torsion-free adic A-algebra C, the map Homy(B, C) — Hom, /,,N(B/HN ,C/7N) is injective.

Proof. The proof of [Fuj95, Proposition 2.1.1] can be easily adapted to the situation considered in
the statement. For the reader’s convenience we recall the argument.

For m € N, we set A,, = A/a", B,, = B/n™ and C,, = C/n™. Since B is rig-étale over A,
there exists an integer ¢ such that Q;Bm 1, 1s annihilated by 7 independently of m. (Indeed, if B
is given as in Definition [[.3.3] it suffices to take ¢ so that 7 belongs to the ideal generated by
det(0f;/0t)).) Now let f, f' : B — C be two morphisms of A-algebras inducing the same morphism
fm + By — C,, for some m > ¢ + 1. We will show that f,,,; = f’_,, which suffices to conclude
using induction.

We may consider f>, and f; as deformations of f,,. The difference between these deformations
is classified by an element € € Hom(C,, ®p Q}?m 14,0 a"C/x*"C). Since r is a nonzero divisor of C

m

and Q}gm 14, annihilated by 7, the image of any C-linear morphism C,, ®g,, Qlla,,, m, = 7"C/ n*"C is
contained in 72"~C/n*"C. In particular, the map

Hom(C,, ®p, Qj 4 ,7"C/x*"C) — Hom(C,, ®p, Qp , ,7"C/x"*'C)

is identically zero. Since the image of € by this map classifies the difference between f,,.; and
' 1> We get the equality f,.1 = f . O

m+1°

Proposition 1.3.7. Let A be an adic ring of monogenic ideal type and m € A a generator of an
ideal of definition of A. Lett = (ty,...,t,) be a system of coordinates and f = (fi,..., f,) an
n-tuple in A(t). Let J C A(t) be an ideal such that (f) C J C (f)* and set B = A(t)/J. Assume
that det(0f;/0t;) generates an open ideal in B, so that B is a rig-étale adic A-algebra. Then, there
exists a positive integer N such that for every n-torsion-free adic A-algebra C and every integer
e > N, the map

Homy (B, C) — im {Hom, 2 (B/n*, C/*) — Homy e (B/x, C/n°)] (1.3)

is bijective. Moreover, the integer N depends continuously on f, i.e., we may find one which works
for every n-tuple " = (f{,..., f,) in A(t) which is n-adically sufficiently close to f.

Proof. For N sufficiently large, the injectivity of follows from Lemma The fact that
there is an N which works for all f” close enough to f follows from the proof of Lemma
(Indeed, the N depends only on the ideal generated by det(df;/dt;).)

For the surjectivity of (I.3)), it is enough to solve the following problem: given an n-tuple ¢y =
(co.1,- - -»Co,)in C such that the components of f(c() belong to n*C, find an n-tuple ¢ = (cy, ..., c,)
in C such that f(c) = 0 and the components of ¢ — ¢, belong to 7°C. (Indeed, since C is m-torsion-
free an n-tuple c such that f(c) = 0 determines an A-morphism B — C.)

This problem can be solved using the Newton method as in the first step of the proof of [Ayol5,
Lemme 1.1.52]. In fact, one can also remark that the argument in loc. cit. is valid more generally
for non-Archimedean Banach rings, i.e., complete normed rings with a non-Archimedean norm.
In particular, it applies with “A”, “C” and “R” in loc. cit. replaced with A[zx~'], B[z~!] and C[x']
endowed with the natural norms for which A/(0)*, B/(0)*" and C = C/(0)*" are the unit balls.
(More precisely, for a € A[n™!], we set |la|| = ¢™® where v(a) is the largest integer such that
a € 7"9(A/(0)y), and similarly for B and C.) Since 7 is a nonzero divisor of C, a solution

¢ = (c1,...,cy) in (C[x'])" of the system of equations f = 0, close enough to c,, determines a
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solution in C". We may take for N an integer which is larger than In(2M?) with M as in [Ayo15),
page 46]ﬂ It is clear that N depends m-adically continuously on f. O

Proposition 1.3.8. Let A be an adic ring of monogenic ideal type and n € A a generator of an ideal
of definition of A. Let B be a rig-étale adic A-algebra admitting a presentation B = A{t)/(f)™,
witht = (t1,...,t,) a system of coordinates and f = (fi,..., f,) an n-tuple in A{t) such that
det(0f;/0t;) generates an open ideal in B. Then there exists an integer N such that the following
holds. For every n-tuple ' = (f{,...,fl) in A(t) such that f’ — f belongs (7" A(t))", the adic
A-algebra B' = A{t)/(f')*™ is isomorphic to B. Moreover, there is an isomorphism B ~ B’ induced
by n-tuple g = (g1, ..., &) in A(t) such that g — t belongs to (tA(t))".

Proof. This follows by applying Proposition to the rig-étale adic A-algebras B and B'. m|

Notation 1.3.9. Let A be an adic ring. We denote by &, the category of rig-étale A-algebras and
&/, its full subcategory spanned by those adic A-algebras whose zero ideal is saturated. (Thus,
every object B € £, admits a presentation B =~ A(t)/(f)** witht = (¢;,...,t,) and f = (f1,..., f)
such that det(df;/0t;) generates an open ideal in B.) The inclusion &, — &€, admits a left adjoint
given by B — B/(0)*. Given a morphism of adic rings A; — A, there is are induced functors
€a, — €4, and 8;1 — 8;12 given by B — A, @A, Band B+ (A, @Al B)/(0)* respectively.

Corollary 1.3.10. Let (A,), be a filtered inductive system of adic rings of monogenic ideal type
with colimit A (in the category of adic rings). Then the obvious functor

colim&) — &) (1.4)

a

is an equivalence of categories.

Proof. Let R be the colimit of (A,), taken in the category of discrete rings. We may assume
that there is a smallest index o and we fix 7 € A, generating an ideal of definition of A,. Then
A = lim,qy R/7"R, and there is a map of rings R — A with kernel J = (), 7"R and with dense
image RCA. We split the proof into two steps.

Step 1. First, we prove that (1.4)) is essentially surjective. By Proposition an object B € &,
admits a presentatlon of the form B =A{/( f)qat where 1 = (71,...,1,) is a system of coordinates
and f = (f1,-. f,,) an n-tuple in RI[f] such that g g = det(d f /8t ) generates an open ideal in B.
Using Remark we can find an integer N and an element h € A{r) such that 7 hg belongs
to the closure of the ideal (]7) C E[t] in A(¢). In particular, we may write

n
N —hg = Za,-ﬁ + A
i=1

withv € A(r) and @y, ..., a, € R[¢]. Write i = hy + hlﬂN“ with h € R[] and h; € A(t). Replacing
h by ho and v by v+ hl, we may assume that h belongs to RI). It follows from Lemma-that the
expressmn b —hg Yiaifi e RI1] belongs to 7 “R[t] Said differently, we may also assume that
v € R[f]. We now choose alift f = (f1,..., fn) off to an n-tuple in R[7] and set g = det(df;/0t)).

“Here and below, the page references to [[Ayol5] correspond to the published version.
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We also choose lifts 4, a;,...,a, € R[t] of 7{,51, ..., a,. Since the elements of J are divisible by
any power of 7, we may also find a lift v € R[#] of v such that

¥ —hg = Za,-fi+wrN+l.
i=1

For « sufficiently big, the previous equality can be lifted to an equality
7TN - h(xga = Z a(x,ifa/,i + vaﬂN+1
i=1
in A,[7] with the property that g, = det(df,/0t;). Since 1 — v, is invertible in A,(?), it follows
that B, = A.{t)/(f,)™ is arig-étale A,-algebra. Clearly, the functor (1.4)) sends B, to B.

Step 2. We now prove that (1.4) is fully faithful. We fix two objects B,, C, € &), . For an index a,

we set B, = (BOED?AUAQ) /(0)*" and define C, similarly. We also set B = (B(,@AOA) /(0)**" and define
C similarly. We want to show that

colimHomy (B,, C,) — Homu(B, C)

is a bijection. (This is enough since we are free to change the smallest index 0. We also used that
the colimit in (L.4) is filtered in order to describe the hom-set in the domain.) The above map can
be rewritten as
colimHomy, (B,, C,) — Homy, (B,, C).
a

Since C and the C,’s are n-torsion-free, we may replace B, by any rig-€tale A,-algebra B] such
that B, ~ B/ /(0)*". By Remark|1.3.5] we may choose B, topologically finitely presented. We now
apply Proposition there exists an integer N such that the maps

Hom, (B,,C,) — im {Hoon/,er(B’O/ﬂZN, CQ/HZN) — Homy, /v (B'O/ﬂN, Ca/ﬂN)}

are bijections and similarly for C (instead of C,). Since filtered colimits commute with taking
images, we are left to show that

colim Homy, /(B /¢, Co/7®) = Homy, ze (B, /¢, C/7°)

is a bijection for any positive integer e. This is clear since B/ /n° is a finitely presented A,/n*-
algebra and C/n is the colimit of the filtered system (C, /7). |

For later use, we record the following two results.

Lemma 1.3.11. Let e : X’ — X be an étale morphism of rigid analytic spaces, and let s : X — X’
be a section of e. Then s is an open immersion.

Proof. The question is local on X and around s(X). Thus, we may assume that X = Spf(A)"e
with A an adic ring of principal ideal type, that X’ = Spf(A’)"¢ with A’ a rig-étale adic A-algebra,
and that s is induced by a morphism of A-algebras 7 : A” — A. Fix a generator 7 of an ideal of
definition of A. By Proposition we may assume that A’ = A{(t)/(f)** with t = (t1,...,1,)
a system of coordinates and f = (fi,..., f,) an n-tuple in A[¢] such that det(df;/dt;) generates an
open ideal in A’. Consider the A-algebra C = A[f]/(f). Then, C[n™'] is étale over A[x~'] and h
induces a morphism of A[x~!]-algebras C[n~!] — A[x~!]. From standard properties of ordinary

étale algebras, we deduce that Spec(A[n~']) — Spec(C[n~!]) is a clopen immersion. Passing
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to the analytification over A in the sense of Construction [I.T.T5] we deduce a clopen immersion
Spf(A)ie — Spec(C[x~'])*. But the latter factors as follows:

SpE(A)™® = Spf(A")™® — Spec(C[x™')™,
where the second map is an open immersion. This finishes the proof. O

Proposition 1.3.12. Let i : Z — X be a closed immersion of rigid analytic spaces. Let X' be an
étale rigid analytic X-space and s : Z — X' a partial section. Then, locally on X, s extends to a
section § : U — X' defined on an open neighbourhood U of Z. Moreover; § is an open immersion.

Proof. The question being local on X, we may assume that X = Spf(A)"¢ with A an adic ring of
principal ideal type, and Z = Spf(B)"¢ with B a quotient of A by a closed ideal I ¢ A. We may
also assume that X’ = Spf(A’)"¢ with A’ a rig-étale A-algebra, and that the section s is induced by
a morphism of A-adic rings h : A” — B. Let m € A be a generator of an ideal of definition. Without
loss of generality, we may assume that B and A’ are n-torsion-free.

For N € N and J C I a finitely generated ideal, consider the adic A-algebra C;y = A(J/n")
given as the -adic completion of the sub-A-algebra A[J/7x"] C A[x~!] generated by fractions a/7"
with a € J. Then B is the filtered colimit in the category of adic rings of the C; 5’s when N and
J vary. Applying Corollary [I.3.10] to this inductive system, we can find J and N such that the
image of Homy(A’, C; y) — Homu(A’, B) contains 4. This means that the section s extends to an
X-morphism Spf(C, )¢ — Spf(A’). Since Spf(C, y)" is an open subspace of X, this proves the
existence of § as in the proposition. That § is an open immersion follows from Lemma[[.3.11] O

Definition 1.3.13.

(1) Let A be an adic ring and B an adic A-algebra. We say that B is rig-smooth over A if, locally
on B, there exists a rig-étale morphism of adic A-algebras A(ty,...,t,) — B.

(2) A morphism Y — X of formal schemes is said to be rig-smooth if, locally for the rig
topology on X and Y (see Definition below), it is isomorphic to Spf(B) — Spf(A)
with B rig-smooth over A.

(3) A morphism of rigid analytic spaces ¥ — X is said to be smooth if, locally on X and Y, it
admits a formal model which is rig-smooth.

Remark 1.3.14. By [Hub96, Corollary 1.6.10 & Proposition 1.7.1], we see that, via the embedding
of Corollary a map of uniform adic spaces is smooth (resp. étale) if and only if the associated
map of rigid analytic spaces is.

The next proposition is similar to [EIk73| page 582, Théoréme 7], but we do not assume the adic
ring A to be noetherian.

Proposition 1.3.15. Let A be an adic ring of monogenic ideal type and n € A a generator of an
ideal of definition of A. Let B be a rig-étale (resp. rig-smooth) adic A-algebra, and assume that
B is n-torsion-free. Then, locally on B, there exists a finitely generated n-torsion-free A-algebra P
such that P[n~'] is étale (resp. smooth) over A[n~'] and its m-adic completion P = lim, ey P/7" is
isomorphic to B.

Proof. According to [Elk73) pages 588-589], the proof of [Elk73, page 582, Théoréme 7] can be
adapted to cover the above statement. Alternatively, one can use Proposition (1.3.8|as follows. By
this proposition, we may assume that the adic A-algebra B is of the form

B :A<tl7"'9tma sla---9sn>/(fla'--afn)sat’
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with fi,..., f, € Alt1,..., 1w, 1,..., 5,1, and such that det(df;/ds;) generates an open ideal in B.
(The rig-étale case corresponds to m = (.) Consider the A-algebra

P, :A[tb'--’tm’sb---7Sl’l]/(.f]7---7f;’l)sat

whose m-adic completion is B. Let e € P’ be the image of det(df;/ds;) in P’. By assumption, a
power of r is a multiple of e in the m-adic completion of P’. Thus, there are elements b, ¢ € B and
an integer N such that 7¥ = e - b + cn¥*!. The A-algebra P = P’[(1 — c)™!] satisfies the properties
required in the statement. m|

The following is a variant of Proposition [I.3.12] for smooth morphisms. It will play a crucial
role in the proof of the localization property for rigid analytic motives (see Proposition[2.2.3).

Proposition 1.3.16. Let Z — X be a closed immersion of rigid analytic spaces. Let X' be a
smooth rigid analytic X-space and s : Z — X' a partial section. Then, locally on X, we may find
an open neighbourhood U C X of Z, an open neighbourhood U’ C X’ of s(Z) and an isomorphism
U’ = BY), for some integer m > 0, modulo which s : Z — U’ is the zero section over Z.

Proof. The problem being local on X and around s(Z), we may assume that X’ is étale over BY
and, by change of coordinates, that the composition

Z5X — B
is the zero section over Z. Applying Proposition [1.3.12] to the étale morphism X" — BY and the
closed immersion Z — BY given by the zero section over Z, we find locally an open neighbourhood
U’ C X’ of s(Z) such that U’ — BY is also an open immersion. Letting U be the inverse image
of U’ by the zero section X — BY and replacing U’ by U’ Xx U, we may assume that U’ is an
open neighbourhood of the zero section of BY,. Since the zero section of B}, admits a system of

fundamental neighbourhoods which are m-dimensional relative balls, we may also assume that U’
is isomorphic to B, as needed. O

We end this subsection with the following result.

Proposition 1.3.17. Let f : Y — X be a smooth morphism of rigid analytic spaces. Then the
induced map |f| : |Y| — |X] is open.

Proof. 1t is enough to show that f(|Y]) is open in |X|. The question is local on X and Y. By
Proposition we may assume that X = Spf(A)"¢, with A an adic ring of principal ideal type,
and Y = Spf(B)"¢, with B = P the r-adic completion of a finitely presented A-algebra P such
that P[n~'] is smooth over A[n~']. (As usual, 7 is a generator of an ideal of definition of A. Also,
note that finite presentation in Proposition [[.3.15] can be assumed if we don’t insist on 7-torsion-
freeness.) By the Raynaud—Gruson platification theorem [RG71, Theorem 5.2.2], and working
locally over X, we may further assume that P is flat over A. By [Gro66, Chapitre IV, Théoreme
2.4.6], the morphism Spec(P) — Spec(A) is then open, and we denote by U C Spec(A) its image.
Let (a;); be a family in A generating the ideal defining the complement of U in Spec(A). Let A; be
the m-adic completion of A[ai‘]] and B; the r-adic completion of P; = P ®, A,. Set X; = Spf(A;)"
and Y; = Spf(B;)"¢. By construction, (¥;); is an open covering of Y and it is enough to show that
f(Y;)is open in X. We will show more precisely that f(Y;) = X, i.e., that Y; — X; is surjective.
Replacing X and Y by X; and Y;, we are reduced to showing that f : ¥ — X is surjective, for
X = Spf(A)e and Y = Spf(B)e ~ Spf(P)"¢ as above, assuming furthermore that the A-algebra P
is faithfully flat. To do so, it will be enough to show the following assertion. If X’ — Spf(A) is
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an admissible blowup and Y’ = (X’ ®,4 B)/(0)*", the induced map Y/ — X’_is surjective. (Indeed,
by [EK18, Chapter III, Proposition 3.1.5], the obvious map |Y| — [Y/]| is surjective.) Since P is
flat over A, the formal scheme X’ Xgy4) Spf(B) is already saturated and we have an isomorphism
Y /m ~ X'/m ®4 P. In particular, we see that the map Y'/m — X'/« is faithfully flat, and hence
surjective as needed. O

1.4. Topologies.

Open covers define the Zariski topologies on schemes and formal schemes, and the analytic
topology on rigid analytic spaces. In this subsection, we introduce various finer Grothendieck
topologies which we use when discussing motives. On schemes, we mainly consider the étale and
Nisnevich topologies. These topologies extend naturally to formal schemes: a family (Y; — X);
consisting of étale morphisms is an étale (resp. a Nisnevich) cover if (Y;, — X,); is an étale (resp.
a Nisnevich) cover.

Notation 1.4.1. Given a scheme S, we denote by Et/S the category of étale S-schemes. Similarly,
given a formal scheme §, we denote by Et/S the category of étale formal S-schemes.

Lemma 1.4.2. Let 8 be a formal scheme. The functor X — X, induces an équivalence of cate-
gories Et/S — Et/8,, respecting the étale and Nisnevich topologies.

Proof. This follows immediately from [Gro67, Chapitre IV, Théoreme 18.1.2]. O

Notation 1.4.3. Given a rigid analytic space S, we denote by Et/S the category of étale rigid
analytic S-spaces (in the sense of Definition . We denote by Et¥/S the full subcategory of
Et/S spanned by those étale rigid analytic S -spaces with good reduction (in the sense of Definition

[L.I.14).
Definition 1.4.4. Let (Y; — X); be a family of étale morphisms of rigid analytic spaces. We say
that this family is a Nisnevich cover if, locally on X and after refinement, it admits a formal model

(Y; — X); which is a Nisnevich cover. Nisnevich covers generate a topology on rigid analytic
spaces which we call the Nisnevich topology.

Definition 1.4.5. Let (f; : ¥; — X),; be a family of étale morphisms of rigid analytic spaces. We
say that this family is an étale cover if it is jointly surjective, i.e., |X| = |, fi(Y:]). Etale covers
generate the étale topology on rigid analytic spaces.

Remark 1.4.6. By means of Proposition[I.2.5]and Remark [I.3.14] we see that the above definition
of étale covers agrees with the one for uniform adic spaces in [Hub96, Section 2.1]. Also, note
that if X is quasi-compact, then every étale cover of X can be refined by a finite subfamily. This

follows from Proposition

Notation 1.4.77. The étale topology is generally denoted by “ét” and the Nisnevich topology is de-
noted by “nis”. Also, the Zariski topology is generally denoted by “zar” and the analytic topology
is denoted by “an”.

Remark 1.4.8. If S is a scheme and 7 € {nis, ét}, we call (Et/ S, 7) the small 7-site of S, and similarly
for a formal scheme. If § is a rigid analytic space, we call (Et¢'/S, nis) the small Nisnevich site of
S and (Et/S, ét) the small étale site of S.

The big smooth sites introduced below are used for constructing the categories of motives.

Notation 1.4.9.
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(1) If § is a scheme, we denote by Sch/S the overcategory of S-schemes and Sm/S its full
subcategory consisting of smooth objects. For 7 € {nis, ét}, we call (Sm/S, 1) the big
smooth site of S'.

(2) If § is a formal scheme, we denote by FSch/§ the overcategory of formal S-schemes
and FSm/S its full subcategory consisting of smooth objects. For 7 € {nis, ét}, we call
(FSm/S, 7) the big smooth site of S.

(3) If S is a rigid analytic space, we denote by RigSpc/S the overcategory of rigid analytic
S-spaces and RigSm/S its full subcategory consisting of smooth objects (in the sense of
Definition[I.3.13)). For 7 € {nis, ét}, we call (RigSm/S, 7) the big smooth site of S

We next discuss the class of rig topologies on formal schemes.

Definition 1.4.10. Let (Y; — X), be a family of morphisms of formal schemes. We say that this
family is a rig cover if the induced family (Y;* — X*i¢); is an open cover. The topology generated
by rig covers is called the rig topology and it is denoted by “rig”.

Remark 1.4.11. Let X be a quasi-compact and quasi-separated formal scheme. Then every rig
cover of X can be refined by the composition of an admissible blowup X’ — X and a Zariski cover
of X".

By “equivalence of sites” we mean a continuous functor inducing an equivalence between the
associated ordinary topoi.

Lemma 1.4.12. Consider full subcategories V C FSch (resp. V C FSch/8 for a formal scheme §)
and V C RigSpc (resp. V C RigSpc/S with S = 8"¢) such that:

e Vs stable by admissible blowups and quasi-compact open formal subschemes;
e V contains X" for every X € V, and every object of V is locally of this form.

Then the functor ()" : V — V defines an equivalence of sites (V, an) > (V,rig). In particular, we
have an equivalence of sites (RigSpc, an) > (FSch, rig) (resp. (RigSpc/S, an) > (FSch/8, rig)).

Proof. The statement would have been a particular case of [Hub96, Corollary A.4], except that
we don’t know a priori that the continuous functor ()¢ defines a morphism of sites and that
we do not assume that our categories have finite limits. (In fact, we are particularly interested
in the case where V is the category of rig-smooth formal S-schemes, which does not admit finite
limits.) Instead of trying to modify the proof of [Hub96, Corollary A.4], we present an independent
argument. We only treat the absolute case since the relative case is similar.

By [SGAIV1] Exposé III, Théoréme 4.1], we may assume that V ¢ FSch®® and that V is the full
subcategory of RigSpc°®® spanned by objects of the form X" for X € V. The rig topology on V is
not subcanonical (except for very special choices of V). We denote by V' the full subcategory of
the category of sheaves of sets on (V, rig) spanned by sheafifications of representable presheaves.
The obvious functor @ : V — V', sending a formal scheme X to the sheaf associated of the
presheaf represented by X, induces an equivalence of sites (V',rig) =~ (V, rig), where the topology
of (V’, rig) is the one induced from the canonical topology on the topos of sheaves on (V, rig). (This
is a well-known fact which follows, for example, from [SGAIV 1, Exposé IV, Corollaire 1.2.1]; see
also [[AyoO7b, Corollaire 4.4.52].) To prove the lemma, we remark that there is an equivalence of
categories V' =~ V which identifies the rig topology on V' with the analytic topology on V. Indeed,
for an admissible blowup Y — Y in 'V, the diagonal map Y — Y’ Xy Y’ is a rig cover, which
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implies that Y’ — aYy is an isomorphism. Using that the Zariski topology is subcanonical on V,
we deduce that
Homy (aY,aX) = colim Homy(Y’, X)
- Y'—-YeB(H) -

for any X, Y € V. The result follows then by comparison with (L.T). m|

Corollary 1.4.13. Let 7 € {nis, ét} be one of the topologies introduced above on rigid analytic
spaces. Consider full subcategories V C FSch (resp. V c FSch/S8 for a formal scheme S) and
V C RigSpc (resp. V C RigSpc/S with S = 8"#) satisfying the following conditions.

o [f T = nis, then V is stable by admissible blowups and every étale morphism whose target

is in'V lies entirely in V.

o [fT = ét, then every rig-étale morphism whose target is in V lies entirely in V.

e V contains X" for every X € V), and every object of V is locally of this form.
Then there exists a unique topology rig-t on V such that the functor (=)¢ : V — V defines an equiv-
alence of sites (V, 1) > (V,rig-71). In particular, we have an equivalence of sites (RigSpc, 7) >
(FSch, rig-7) (resp. (RigSpc/S, 1) — (FSch/$, rig-7)).
Remark 1.4.14. Corollary [[.4.13] gives us two more topologies on formal schemes: the rig-
Nisnevich topology (denoted by “rignis”) and the rig-étale topology (denoted by “rigét”). These
topologies can be described more directly by their corresponding notions of covers. A fam-
ily (Y; — X); of morphisms of formal schemes is a rig-Nisnevich cover if the induced family
(Y'® — X"¢); is a Nisnevich cover. In particular, if X is a quasi-compact and quasi-separated
formal scheme, then every rig-Nisnevich cover of X can be refined by the composition of an
admissible blowup X’ — X and a Nisnevich cover of X’. Proposition below gives an
analogous result for rig-étale covers.

Remark 1.4.15. Summarizing, we have a diagram of morphisms of sites:

(FSch, ét) «+—— (FSch, rigét) +——— (RigSpc, ét)

| l l

(FSch, nis) +—— (FSch, rignis) «+—— (RigSpc, nis)

| | l

(FSch, zar) «—— (FSch, rig) +——— (RigSpc, an).

Definition 1.4.16.

(1) Let A be an adic ring and B an adic A-algebra. We say that B is finite rig-étale if B is finite
over A and étale over Spec(A) \ Spec(A/I) for an ideal of definition 7 of A.

(2) A morphism of formal schemes Y — X is said to be finite rig-étale if it is affine and, locally
over X, isomorphic to Spf(B) — Spf(A) with B a finite rig-étale adic A-algebra.

(3) A morphism of formal schemes Y — X is said to be a finite rig-€étale covering if it is finite
rig-étale and the induced morphism [Y"¢| — |X"¢| is surjective.

Lemma 1.4.17. Let A be an adic ring and B a finite adic A-algebra. Then Spf(B) — Spf(A) is a
finite rig-étale covering if and only if
Spec(B) \ Spec(B/IB) — Spec(A) \ Spec(A/I) (1.5)

is a finite étale covering, when I is an ideal of definition of A.
21



Proof. The morphism (I.3) is finite étale if and only if Spf(B) — Spf(A) is finite rig-étale. So
we need to show that is surjective if and only if |Spf(B)"¢| — |Spf(A)"¢| is surjective. This
follows easily from the description of |[Spf(A)"¢| in terms of valuation rings of residue fields of
points of Spec(A) \ Spec(A/I) and [Bou98, Chapter VI, §8, n° 6, Proposition 6]. |

Remark 1.4.18. Using the embedding of Corollary it follows from Lemma|[l.4.17|that a map
of uniform adic spaces is finite étale (as in [Hub96, Example 1.6.6.(ii)]) if and only if it has a finite
rig-étale formal model.

Proposition 1.4.19. Let X be a quasi-compact and quasi-separated formal scheme. Then every rig-
étale cover of X can be refined by the composition of an admissible blowup X' — X, a Nisnevich
cover (Y — X);, and finite rig-étale coverings 2. — ..

Proof. Let (U; — X),c; be a rig-étale cover. We may assume that J is finite (see Remark
and that X’ = Spf(A) is affine with A an adic ring of principal ideal type. We fix a generator 7 € A
of an ideal of definition of A. By Proposition[I.3.15] we may refine the rig-étale cover and assume
that each U; is the adic completion of a finite presentation A-scheme U; which is étale over Alr 1.
(Note that finite presentation in Proposition [[.3.15]can be assumed if we don’t insist on 7-torsion-
freeness.) By the Raynaud—Gruson platification theorem [RG71, Theorem 5.2.2], there exists an
admissible blowup X" — X = Spec(A) such that the strict transform U’ — X’ of U; — X is flat for
every j. In particular, the morphism U’ — X" is also quasi-finite.

Let U’ and X’ be the adic completions of U’ and X’. By construction, we have X'me ~ Xrie and

ujig ~ U;ig. Thus, (U; — X'); is also a rig-étale cover. Since O and the Oy;’s are -torsion-free,
we deduce that the family (u;. — X'); is jointly surjective. Equivalently, the family of quasi-
finite morphisms (U’/m — X’/m); is jointly surjective. Using standard properties of the Nisnevich
topology, we can find a family of €tale morphisms (¥; — X’); such that:

(1) (Y//m — X’/r); is a Nisnevich cover of X' /m;

(2) for every index i there is a index j and a clopen immersion Z! — U’ Xx Y] such that

Z! — Y] is finite and Z//mr — Y /m is surjective.

In addition to being finite, the morphism Z7 — Y is flat and étale over Y/ [7~']. Since Z|m—Y!|n
is surjective, we may replace Y by an open neighbourhood of Y/m and assume that Z! — Y is
also surjective. In particular, we see that Z! 1] - Y! [7~!]is a finite étale covering. If Y! and 2
denote the adic completions of Y, and Z;, Lemma implies that the morphisms 2] — Y’ are
finite rig-étale coverings. Moreover, the family (Y. — X’); is a Nisnevich cover by point (1) above.
Finally, the family (2 — X); refines the initial rig-étale cover as needed. O

Corollary 1.4.20. Let (S,), be a cofiltered inverse system of quasi-compact and quasi-separated
formal schemes with affine transition maps, and let § = lim, 8, be the limit of this system. We set
So =8 and S = 8. Then, there is an equivalence of sites (Et/S, ét) = lim,(Et/S ,, ét).

Proof. Without loss of generality, we may assume that the indexing category of the inverse system
(84). admits a final object 0. We may replace S, by the blowup of a finitely generated ideal of
definition and each &, by its strict transform, and assume that the 8,’s are locally of principal ideal
type. The question being local for the Zariski topology on §,, we may assume that the formal
schemes 8,’s are affine of principal ideal type. We set A, = O(8,) and A = O(S), and we employ
Notation [[.3.9] Using Corollary [I.4.13] it is enough to show that the morphism of sites

(&), rigét) — lim(E), , rigét)
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is an equivalence. Corollary gives an equivalence on the underlying categories and it re-
mains to show that the topologies match. For this, we need to show that every rig-étale cover in
€/, can be refined by the image of a rig-étale cover in €}, for @ small enough. This follows readily

from Proposition [I.4.19] m]

Remark 1.4.21. Keeping the notation of Corollary[1.4.20] we similarly have an equivalence of sites
(Etgr/ S, nis) =~ lima(Etgr /S o, nis). This is easier to prove: one reduces to the analogous statement
for the small Nisnevich sites of formal schemes, and then further to the analogous statement for
the small Nisnevich sites of ordinary schemes using Lemma[1.4.2]

We end this subsection with a short discussion of points in the rigid analytic setting.

Definition 1.4.22. A rigid point s is a rigid analytic space of the form Spf(V)" where V is an adic
valuation ring of principal ideal type; compare with [EK18, Chapter II, Definition 8.2.1]. We also
write s for the unique closed point of |s|. Using Notation we then have V = «*(s). Also,
k(s) is the fraction field of V, k(s) is the residue field of V and «°(s) is the localisation of V at its
height 1 prime ideal. A morphism of rigid points s’ — s is a morphism of rigid analytic spaces
sending the closed point of |s’| to the closed point of |s|. Said differently, the induced morphism
Kk (s) = «*(s") is local.

Remark 1.4.23. A morphism of rigid points s — s is said to be algebraic if the complete field
k(s) contains a dense separable extension of k(s). Algebraic rigid points over s are all obtained by
the following recipe. Start with a separable extension L/«(s) and choose a valuation ring V C L
such that V N k(s) = «*(s). (By [Bou98, Chapter VI, §8, n° 6, Proposition 6 & Corollary 1] such
valuation rings exist, and they are conjugate under the automorphism group of the extension L/k(s)
if the latter is Galois.) Then define a rigid point s by taking «*(s) to be the adic completion of V
(considered as a «*(s)-algebra). By [BGR84, Proposition 3.4.1/6], if L is a separable closure of
k(s), then k() is algebraically closed (and not only separably closed).

Definition 1.4.24. Let s be a rigid point.

(1) We say that s is nis-geometric if the valuation ring «*(s) is Henselian.
(2) We say that s is ét-geometric (or, simply, geometric) if the field k() is algebraically closed.

Remark 1.4.25. Let S be a rigid analytic space.

(1) A point s € S determines a rigid point, which we denote again by s, given by Spf(x*(s))"e.
Moreover, we have an obvious morphism of rigid analytic spaces s — S sending the closed
point of [s| to s € [S].

(2) A morphism of rigid analytic spaces s — S from a rigid point s is called a rigid point of S.
It factors uniquely as s — s — S, where s € |§] is the image of the closed point of [s|. By
abuse of language, we say that “s is the image of s — S or that “s is over s”. We say that
arigid point s — S of § is algebraic if the morphism of rigid points s — s is algebraic.

(See Remark[1.4.23])
Lemma 1.4.26. Let S be a formal scheme and set S = 8§"e.

(1) Given a point s € S, there is a canonical isomorphism

Spf(x" ~ lim Uu,
p (K (S)) Spf(k*(s))->U—>8
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where the limit is over factorizations of Spf(k*(s)) — 8 with U affine and such that U"¢ is
an open neighbourhood of s in S.
(2) Given an algebraic rigid point’'s — S, there is a canonical isomorphism

Spf(k™(5)) =~ lim Uu,

Spf(x*(5))-»U—-S

where the limit is over factorizations of Spf(«*(s)) — & with U affine and rig-étale over S.

Proof. Assertion (1) follows immediately from [EFK18, Chapter II, Proposition 3.2.6] and the def-
inition of x*(s); see Notation To prove assertion (2), we may assume that & = Spf(A) is
affine and prove that the A-algebra x*(s) is a filtered colimit of rig-étale adic A-algebras in the
category of adic rings. Let s € § be the image of s. Using assertion (1), we may write

k*(s) = colimA,,

in the category of adic rings, where A, are adic A-algebras such that the Spf(A,)"¢ are open neigh-
bourhoods of s in S = Spf(A)"e. Applying Corollary to the inductive system (A,),, we see
that every rig-étale ™ (s)-algebra whose zero ideal is saturated is a filtered colimit in the category
of adic rings of rig-étale adic A-algebras. Thus, it is enough to show that «* (i) is a filtered colimit
of adic rig-étale «*(s)-algebras. This follows immediately from Remark and the following
fact. If L/«k(s) is a finite separable extension and R C L is a sub-«*(s)-algebra of finite type with
fraction field L, then R is a rig-étale x*(s)-algebra. (We leave it to the reader to find a presentation
of R as in Definition[1.3.3(1).) O

Construction 1.4.27. Let T € {nis, ét}. Let S be a rigid analytic space and let s € S be a point. We
may construct an algebraic 7-geometric rigid point s — S over s as follows.

(1) (The case T = nis) Let x(5)/«(s) be a separable extension and denote by k*(s) the Henseli-
sation of «*(s) at the point Spec(k(s)) — Spec(x*(s)). Then k*(s) is again a valuation ring.
(This follows from [Bou98|, Chapter VI, §8, n° 6, Proposition 6].) We denote by «*(s) the
adic completion of k*(s) and set 5 = Spf(k*(5))"¢. We have an obvious map 5 — S, which
factors through s — §. The map s — § is a nis-geometric rigid point of S.

(2) (The case T = ét) Let «(s) be a separably closed algebraic extension of «(s). (We do not
require this extension to be separable.) Let k*(s) C k(s) be a valuation ring which extends
k*(s) C k(s). We denote by «*(5) the adic completion of k*(s) and set’ s = Spf(x*(5))"2. (As
mentioned above, by [BGR84, Proposition 3.4.1/6], the fraction field «(s) of «*(s) is always
algebraically closed.) We have an obvious map s — S which factors through s — §. The
map s — S is an étale geometric rigid point of §.

In the situation of (1) (resp. (2)), given a presheaf F on Ete'/S (resp. Et/S) with values in an
oo-category admitting filtered colimits, we set:
F5 = colimF(U),
s—=U-S
where the colimit is over the étale neighbourhoods with good reduction (resp. étale neighbour-
hoods) of s in S. The object J5 is called the stalk of J at .

Remark 1.4.28. The functors F — 5 introduced in Construction|1.4.27|admit a more basic version
for the analytic topology, given by F — F = colimycx F(U), where the colimit is over the open
neighbourhoods of sin S.

Proposition 1.4.29. Let S be a rigid analytic space.
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(1) The site (Et¥'/S , nis) admits a conservative family of points given by F +— Fs, where’s — §
run over the nis-geometric rigid points as in Construction[l.4.27(1).

(2) The site (Et/S,ét) admits a conservative family of points given by F +— F5, where's — §
run over the geometric rigid points as in Construction[.4.27(2).

Proof. We only treat the second part. By a standard argument, one reduces to prove the following
two assertions.

(1) Every étale cover of a geometric rigid point s splits.
(2) A family (Y; — X),; in Et/S is an étale cover if, for every geometric rigid point s — S and
every S-morphism s — X, there exists i and an X-morphism s — Y.

The first assertion follows from Proposition [1.4.19] (and Corollary [I.4.13)). The second assertion
follows from Definition mi

Corollary 1.4.30. Let S be a rigid analytic space and U C S a nonempty open subspace. Assume
that U and S are quasi-compact. Then, every étale cover of U can be refined by the base change
of an étale cover of S.

Proof. Fix an étale cover (U; — U); of U with U; quasi-compact and quasi-separated. Given an
algebraic geometric rigid point s — S, we consider u = s Xg U. This is a quasi-compact open rigid
analytic subspace of 5. Thus, u is either empty or u — U is an algebraic geometric rigid point of
U. In both cases, the morphism u — U factors through U; for some i. Using Corollary and
Lemma|[1.4.26] there exists an étale neighbourhood V5 — S of s such that V5 X U factors through
U;. This shows that the base change of the étale cover (V3 — S )5 refines (U; — U); as needed. O

2. RIGID ANALYTIC MOTIVES

In this section, we recall the construction of rigid analytic motives following [Ayol5] and
prove some of their basic properties. In particular, we prove in Subsection [2.3] that the functor
RigSH_(—; A), sending a rigid analytic space S to the co-category of rigid analytic motives over S,
is a -sheaf with values in Pr". An important result obtained in this section is Theorem as-
serting that this sheaf transforms certain limits of rigid analytic spaces into colimits of presentable
oo-categories. This result plays an important role at several places in the paper, notably for con-
structing direct images with compact support in Subsection 4.3| In Subsection [2.8] we use this
result for computing the stalks of RigSH_(—; A).

2.1. The construction.

From now on, we fix a connective commutative ring spectrum A € CAlg(Spso) and denote by
Mod, the co-category of A-modules. Connectivity of A is assumed here for convenience. It implies
that Mod, admits a #-structure whose heart is the ordinary category of moA-modules. Examples of
A include localisations of the sphere spectrum at various primes and Eilenberg—Mac Lane spectra
of ordinary rings such as Z, Z/n, Q, etc.

Notation 2.1.1. Given an oco-category C, we denote by P(C) the co-category of presheaves on C
with values in the co-category & of Kan complexes. If € is endowed with a Grothendieck topology
7, we denote by Shv!""(€) the full sub-co-category of P(C) spanned by the 7-(hyper)sheaves. Thus,
Shv,(C) is the co-topos associated to the site (C,7) as in [Lur09, Definition 6.2.2.6] and Shv’(€) is

its hypercompletion in the sense of [Lur(09, §6.5.2].
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Notation 2.1.2. Given an oco-category C, we denote by PSh(C; A) the co-category of presheaves of
A-modules on C, i.e., contravariant functors from € to Mod,. If € is endowed with a Grothendieck
topology 7, we denote by Shv"(C; A) the full sub-co-category of PSh(C; A) spanned by the 7-
(hyper)sheaves. (For the precise meaning, see Definition [2.3.1| below.) We denote by

L. : PSh(C; A) — ShviV(C; A) 2.1

the left adjoint to the obvious inclusion. This functor is called 7-(hyper)sheafification. We also
denote by
()" : Shv(€; A) = Shv(C; A) (2.2)

the left adjoint to the obvious inclusion. This functor is called hypercompletion.

Remark 2.1.3. The co-category Shv™(C; A) is stable and admits a t-structure whose truncation
functors are denoted by 7-,, and 7-,, and whose heart is the category of ordinary sheaves of myA-
modules on the homotopy category of C. An object F € Shv"(C; A) is said to be m-connective
(resp. n-coconnective) if the natural map 75,F — JF (resp. F — 7.,F) is an equivalence. As usual,
when m = 0 (resp. n = 0) we say that J is connective (resp. coconnective).

We record the following lemma which we will use at several occasions. (Similar results can be
found in [Hoy 14, Lemma C.3] and [PYO06, Proposition 2.22].)

Lemma 2.1.4. Consider two sites (C, 1) and (C’,7"), where C and C' are ordinary categories, and
let F : C — €' be a functor. Assume the following conditions.

(1) The topologies T and T’ are induced by pretopologies Cov, and Cov,. in the sense of
[SGAIV1, Exposé II, Définition 1.3].

(2) For X € C, F takes a family in Cov.(X) to a family in Cov..(F(X)). Moreover, ifa : U — X
is an arrow which is a member of a family belonging to Cov(X) and b : V — X a second
arrow in C, we have F(U Xx V) = F(U) Xpx) F(V).

Then, the inverse image functors on presheaves induce by sheafification the following functors:
F*: Shv'V(€) — Shvi(@)  and  F*:Shvi"(C;A) — Shv'(C’; A). (2.3)
Assume now, in addition, the following conditions.
(3) For X € C, any family in Cov(F (X)) can be refined by the image by F of a family in
Cov.(X).
(4) Every object Y € C" admits a t’-hypercover by objects lying in the essential image of F
and, in the nonhypercomplete case, this hypercover can be chosen to be truncated.

(5) The functor F induces a fully faithful embedding F* : Shv.(C)<y — Shv.(C")<y between
the associated ordinary topoi.

Then the functors (2.3) are equivalences of co-categories.

Proof. The case of (hyper)sheaves of A-modules follows from the case of (hyper)sheaves of Kan
complexes using, for example, Remark [2.3.3(2) below. Consider the functors
o
—> ,
PC) <—F*!— PC)

F

where F* is given by left Kan extension along F, F' by right Kan extension along F and F, by
composition with F. Recall that F, is right adjoint to F* and F' is right adjoint to F,. We will

prove the following assertions.
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(A) Under the assumptions (1) and (2), F* takes t-local equivalences to 7’-local equiva-
lences (in both the hypercomplete and nonhypercomplete cases). Equivalently, F, takes
7’-(hyper)sheaves to 7-(hyper)sheaves.

(B) Under the assumptions (1) and (3), F. takes 7’-local equivalences to 7-local equiva-
lences (in both the hypercomplete and nonhypercomplete cases). Equivalently, F' takes
7-(hyper)sheaves to 7’-(hyper)sheaves.

Assertion (A) is clear. Indeed, the assumptions (1) and (2), imply that F* takes 7-(hyper)covers to
7’-(hyper)covers. The argument for (B) is standard (see [PY06, Lemmas 2.13, 2.14, 2.18, 2.19)),
but we give a proof for convenience. We first treat the nonhypercomplete case. In this case,
the class of 7’-local equivalences is the smallest strongly saturated class (in the sense of [LurQ9,
Definition 5.5.4.5]) containing the inclusions of 7’-covering sieves R — y(Y), for Y € €’. Since
F. is colimit-preserving, we only need to show that F.(R) — F.(y(Y)) is a t-local equivalence. By
the universality of colimits [LurQ9, Proposition 6.1.3.10], it is enough to show that for every X € C
and every morphism u : y(X) — F.(y(Y)) in P(C), the monomorphism

P = y(X) Xy, F.yry Fo(R) = y(X)

is a T-covering sieve. The morphism u corresponds by adjunction to a morphism v : F(X) — Y
in €', and it is easy to see that P — y(X) is the inclusion of the sieve of X consisting of those
morphisms X" — X in C such that F(X") — F(X) belongs to y(F (X)) X, y R, which is a 7’-covering
sieve of F(X). Assumption (3) implies that P is a 7-covering sieve of X as needed. Next, we
explain how to deduce (B) in the hypercomplete case from the nonhypercomplete case. Let f be
a 7’-local equivalence in P(C’). Then, for every n € N, 7,(f) is a truncated 7’-local equivalence,
and F.7.,(f) = 7<,F.(f) 1s a truncated 7-local equivalence by (B) in the nonhypercomplete case.
Since, in the hypercomplete case, 7-local equivalences are detected on the truncations, the result
follows.

It is now easy to conclude. Assertion (A) implies the existence of the first functor in (2.3).
To prove that this functor is fully faithful, we verify that the unit morphism id — F.F* is an
equivalence. (We stress that F* denotes the first functor in (2.3)) and F, is the direct image functor
on (hyper)sheaves.) Assertion (B) implies that F, has a right adjoint, which is the restriction of F*
to (hyper)sheaves. In particular, F, is colimit-preserving, and it is enough to check that the unit
morphism id — F,F* is an equivalence on objects of the form L,y(X), for X € €. Now L,y(X)
is O-truncated and the same is true for F*L.y(X) =~ L,y(F(X)). Since F. preserves O-truncated
objects (being exact), it follows that the unit morphism L.y(X) — F.F*L;y(X) identifies with the
unit of the adjunction (F*, F,) on the ordinary topoi associated to (C, 1) and (€', 7"). Thus we can
now conclude using the assumption (5).

Finally, to finish the proof, it remains to see that Shv..(C") can be generated under colimits by
the image of the functor F* in (2.3)). This follows immediately from the assumption (4). m]

Below and elsewhere in this paper, “monoidal” always means “symmetric monoidal”.

Remark 2.1.5. Recall that Mod, underlies a monoidal co-category Mod?. Applying [Lur09, Propo-
sition 3.1.2.1] to the coCartesian fibration Modf’; — Fin,, we deduce that

Fun(C®, ModY) Xpyn(eer, Fin,) Fin. — Fin,

defines a monoidal co-category PSh(C; A)® whose underlying co-category is PSh(C; A). By [Lurl7,
Proposition 2.2.1.9], ShV(T/\)(G ; A) underlies a unique monoidal co-category Shv(T’\)(G ; A)® such that

(2.1)) lifts to a monoidal functor.
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Remark 2.1.6. There is a monoidal functor A ® — : 8 — Mod? sending a Kan complex to
the associated free A-module. (More precisely, this is the composition of the infinite suspension
functor £ : 8¢ — Sp® with the change of algebra functor A ® — : Sp® — Mod} provided by
[Lurl?, Theorem 4.5.3.1].) It induces monoidal functors

P(C)* - PSh(C;A)®  and  ShviV(€)* — ShviM(C; A)®.
Composing with the Yoneda functors y : € — P(C) and L, oy : € — Shv™)(C), we get functors
A(=): € —=PSh(C;A) and  A.(-):C — Shv'h(C; A).

If € has finite direct products, the above functors lift to monoidal functors from C* to PSh(C; A)®
and ShV(TA)(G; A)®. In particular, the monoidal structure on PSh(C; A) described in Remark
coincides with the one given by Day convolution according to [Lurl7/, Corollary 4.8.1.12 & Re-
mark 4.8.1.13].

Definition 2.1.7.

(1) We denote by Pr" (resp. Pr®) the co-category of presentable co-categories and left adjoint
(resp. right adjoint) functors; see [Lur0O9, Definition 5.5.3.1]. There is an equivalence
PR =~ (PP (see [Lur09, Corollary 5.5.3.4]), and both Pr* and Pr® are sub-oco-categories
of CAT.,, the co-category of (possibly large) co-categories. The co-category Pr" underlies
a monoidal co-category Pr>® by [LurI7, Proposition 4.8.1.15].

(2) We also denote by Pr- the co-category of compactly generated co-categories and left ad-
joint compact-preserving functors. It is opposite to PrX, the co-category of compactly gen-
erated co-categories and right adjoint functors which commute with filtered colimits. See
[Lur09, Definition 5.5.7.1, & Notations 5.5.7.5 & 5.5.7.7]. By [Lurl7/, Lemma 5.3.2.11],
Pr" underlies a monoidal co-category Pr-® and the inclusion Pr” — Pr* lifts to a monoidal
functor Pr-® — Pr®,

(3) A monoidal co-category M® is said to be presentable (resp. compactly generated) if the
underlying co-category M is presentable (resp. compactly generated) and the endofunctor
A ® — is a left adjoint functor for all A € M (resp. is a left adjoint compact-preserving
functor for all compact A € M). This is equivalent to say that M® belongs to CAlg(Pr")
(resp. CAlg(Pr-)).

Remark 2.1.8. The oco-categories PSh(C; A) and Shv!"(€; A) are presentable (by [Lur09, Proposi-
tion 5.5.3.6 & Remark 5.5.1.6]) and they are respectively generated under colimits by the objects
A(X) and A,(X), for X € C. In fact, the objects A(X) are compact, so that PSh(C; A) is compactly
generated. More is true: the monoidal co-categories PSh(C; A)® and Shvi’\)(e ; A)® are presentable,
and, if € has finite direct products, PSh(C; A)® is even compactly generated.

To define the co-category of rigid analytic motives over a rigid analytic space S, we consider the
case where (C, 1) is the big smooth site (RigSm/S, 7) with T € {nis, ét}. (See Notation 3).)
Before proceeding to the definition, we make a remark concerning these sites.

Remark 2.1.9. The category RigSm/S is not small, and some care is needed when speaking
about presheaves and 7-(hyper)sheaves on it. In fact, the only problem that one needs to keep
in mind is that the co-category PSh(RigSm/S; A) is not locally small. However, this problem
disappears when passing to the sub-co-category Shv™(RigSm/S;A). Indeed, it is easy to see
that this co-category is equivalent to Shv\"”((RigSm/S)<?; A), where a is an infinite cardinal and

(RigSm/S)=* c RigSm/S is the full subcategory spanned by those rigid analytic S-spaces that
28



can be covered by < @ opens which are quasi-compact and quasi-separated. (This uses Lemma
) Clearly, (RigSm/S)<“ is essentially small and thus ShV(TA)(RigSm/ S; A) is a presentable co-
category. The same remark applies to other sites such as (Et/ S, 1), etc. Below, whenever we need
to speak about general presheaves on RigSm/S, Et/S, etc., we implicitly fix an infinite cardinal
and replace these categories by (RigSm/S )<, (Et/S)<e, etc.

We will use the following notation.

Notation 2.1.10.

(1) Let X be a formal scheme. We denote by A’ the relative n-dimensional affine space given
by Spf(Ox(t1,...,t,)). By abuse of notation, we also write “X X A"’ instead of “Al”
although FSch has no direct products (nor a final object).

(2) Let X be a rigid analytic space. If X admits a formal model X, we set B}, = (Ag‘c)rig. This
is independent of the choice of X and, in general, we may define B, by gluing along open
immersions. The rigid analytic X-space B is called the relative n-dimensional ball. By
abuse of notation, we also write “X X B"” instead of “BY,” although RigSpc has no direct
products (nor a final object).

(3) If X is a rigid analytic space, we denote by U} C B the open rigid analytic subspace of
B4, which is locally given by Spf(Ox(z,7')) c Spf(Ox(r)). The rigid analytic X-space U},
is called the relative unit circle ]

We fix a rigid analytic space S and 7 € {nis, ét}.

Definition 2.1.11. Let RigSH™"V(S;A) be the full sub-co-category of Shv!"(RigSm/S;A)
spanned by those objects which are local with respect to the collection of maps of the form
A (B ;) — A (X), for X € RigSm/S§, and their desuspensions. Let

Lgi : Shv”(RigSm/S; A) — RigSH™V(S; A) (2.4)

be the left adjoint to the obvious inclusion. This is called the B'-localisation functor. We also set
Lgi . = LgioL, with L, the 7-(hyper)sheafification functor, see (2.1)). The functor Ly . is called the
(B!, 7)-localisation functor. Given a smooth rigid analytic S -space X, we set MeT(X) = Lgi(A-(X)).
This is the effective motive of X.

Remark 2.1.12. The defining condition for a 7-(hyper)sheaf of A-modules J to belong to the sub-
co-category RigSH™ ™ (S; A) is equivalent to the condition that F is B'-invariant in the following
sense: for every X € RigSm/S, the map of A-modules F(X) — ?(]B}() is an equivalence. Since F
is a 7-(hyper)sheaf, it is enough to ask this condition for X varying in a subcategory € c RigSm/S
such that every object of RigSm/S admits a 7-hypercover by objects in C which is moreover
truncated in the non-hypercomplete case.

Remark 2.1.13. The oco-category RigSHiff’ W(S; A) is stable and, by [LurI7, Proposition 2.2.1.9],
it underlies a unique monoidal co-category RigSH" V(S ; A)® such that Lg: lifts to a monoidal
functor. Moreover, this monoidal co-category is presentable, i.e., belongs to CAlg(Pr"), since we
localise with respect to a small set of morphisms.

Remark 2.1.14. There is another site that one can use for constructing RigSHiﬁ’(A)(S ; \), at least
when S admits a formal model § (e.g., S quasi-compact and quasi-separated). Indeed, by Corollary
1.4.13| the site (RigSm/S; 1) is equivalent to the site (FRigSm/8; rig-7) where FRigSm/8 denotes

’In [Ayo15]], the relative unit circle is denoted by 0B §( and, in other places in the literature, it is denoted by T}(.
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the full subcategory of FSch/8 whose objects are the rig-smooth formal §-schemes. (See Definition

1.3.13|and Remark|1.4.14). Using Lemma 2.1.4] we deduce an equivalence of co-categories
Shvy, (FRigSm/8; A) ~ Shv?"(RigSm/S; A)

and RigSH™ V(S ; A) is equivalent to the sub-co-category of Shvgg_T(FRigSm/ 8; A) spanned by

those objects which are local with respect to the collection of maps Arig_T(A&) — Ayig(X), with

X € FRigSm/8, and their desuspensions.

Definition 2.1.15. Let T (or simply T if S is clear from the context) be the image by Lg: of the
cofiber of the split inclusion A (S) — AT(U;) induced by the unit section. With the notation of
[Rob15| Definition 2.6], we set

RigSH!"V(S; A)® = RigSH™ (S ; A)®[T']. (2.5)

More precisely, there is a morphism X7 : RigSH™ ™ (§; A)® — RigSH™(S; A)® in CAlg(Pr"),
sending Ty to a ®-invertible object, and which is initial for this property. We denote by Q7 :
RigSH(S;A) — RigSH" (S A) the right adjoint to . Given a smooth rigid analytic S -
space X, we set M(X) = E%"Meﬁ(X). This is the motive of X.

Definition 2.1.16. Objects of RigSH"(S; A) are called rigid analytic motives over S. We will
denote by A (or Ay if we need to be more precise) the monoidal unit of RigSHgA)(S ; \). For any
n € N, we denote by A(n) the image of T?”[—n] by X%, and by A(—n) the ®-inverse of A(n). For
n € Z, we denote by M +— M(n) the Tate twist given by tensoring with A(n).

Remark 2.1.17. The object Ty is symmetric in the sense of [Robl15, Definition 2.16]. (See, for
example, [Jar00, Lemma 3.13] whose proof extends immediately to the rigid analytic setting.)
By [Robl5 Corollary 2.22], it follows that the co-category RigSH(TA)(S ; A) underlying (2.5)) is
equivalent to the colimit in Pr™ of the N-diagram whose transition maps are given by tensoring
with Ts. Also, by [Rob13, Corollary 2.23], the monoidal co-category (2.3) is stable.

Remark 2.1.18. When A is the Eilenberg—Mac Lane spectrum associated to an ordinary ring, also
denoted by A, the co-category RigSH(fﬁ’ M(S; A) is more commonly denoted by RigDA(fﬁ’ NS A).
Also, when 7 is the Nisnevich topology, we sometimes drop the subscript “nis”.

Remark 2.1.19. There is a more traditional description of the co-category RigSH®™"(S'; A) using
the language of model categories. This is the approach taken in [[Ayol5, §1.4.2].

Assume that A is given as a symmetric S '-spectrum, and denote by Moda(A) the simplicial
category of A-modules which we endow with the model structure described in [HSS00, Corollary
5.4.2]. Note that the co-category Mod, is equivalent to the simplicial nerve of the full subcategory
of Mod,(A) consisting of cofibrant-fibrant objects. Let PShx(RigSm/S; A) be the simplicial cate-
gory whose objects are the presheaves on RigSm/S with values in Mod, (A), which we endow with
its projective global model structure. The projective (B!, 7)-local structure on PShy(RigSm/S; A),
also known as the motivic model structure, is obtained from the latter via the Bousfield localization
with respect to the union of the following classes of maps:

(1) morphisms of presheaves inducing isomorphisms on the 7-sheaves associated to their ho-
motopy presheaves;
(2) morphisms of the form A(Bj)[n] — A(X)[n] induced by the canonical projection, for

X € RigSm/S and n € Z.
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The co-category RigSH™"(S ; A) is equivalent to the simplicial nerve of the full simplicial subcat-
egory of PShy(RigSm/S; A) consisting of motivically cofibrant-fibrant objects. This follows from
[Lur09, Propositions 4.2.4.4 & A.3.7.8].

To obtain the T-stable version, we form the category Spt (PSha(RigSm/S; A)) of T-spectra of
presheaves of A-modules on RigSm/S. (Here T is any cofibrant replacement of A(U;)/A(S ).)
The (B!, 7)-local model structure induces the stable (B!, 7)-local model structure on T-spectra,
which is also known as the motivic model structure. The co-category RigSH’(S; A) is equivalent
to the simplicial nerve of the full simplicial subcategory of Spt;(PSha(RigSm/S; A)) consisting of
motivically cofibrant-fibrant objects. This follows from [Rob15, Theorem 2.26].

The above discussion can be adapted to the non-hypercomplete case. One only needs to re-
place the class of maps in (1) above by a smaller one, namely the class of maps of the form
hocolimy,;jex A(Y,) — A(Y_;) where Y, is a truncated 7-hypercover of Y_; € RigSm/S. In both
cases, the weak equivalences of the (stable) (B!, 7)-local model structure are called the (stable)
(B!, 7)-local equivalences.

Lemma 2.1.20. The monoidal oo-category RigSHf’ﬁ’A)(S ; N)® is presentable and its underlying
co-category is generated under colimits, and up to desuspension and negative Tate twists when
applicable, by the motives M®M(X) with X € RigSm/S quasi-compact and quasi-separated.

Proof. That the monoidal co-category of the statement is presentable was mentioned above. The
claim about the generators follows from Remark [2.1.8]in the effective case. In the T-stable case,
we then use the universal property of ®-inversion given by [Rob15, Proposition 2.9]. O

Proposition 2.1.21. The assignment S +— RigSHfff’ N(S 3 A)® extends naturally into a functor
RigSH®" " (—; A)® : RigSpc® — CAlg(Pr"). (2.6)

Proof. We refer to [Robl4, §9.1] for the construction of an analogous functor in the algebraic
setting. O

Notation 2.1.22. Let f : Y — X be a morphism of rigid analytic spaces. The image of f by (2.6)
is the inverse image functor
£ RigSH™ M (X; A) — RigSH" " (Y; A)

which has the structure of a monoidal functor. Its right adjoint f; is the direct image functor. It has
the structure of a right-lax monoidal functor. (See Lemma [3.4.1| below.)

2.2. Previously available functoriality.

We gather here part of what is known about the functor § — RigSH(fE’ M(S; A) introduced
in Subsection 2.1} The results that we discuss here were obtained in [Ayol5, §1.4] under the
assumption that S is of finite type over a non-Archimedean field. However, the proofs apply also
to the general case with very little modification.

Proposition 2.2.1. Let f : Y — X be a smooth morphism of rigid analytic spaces.
(1) The functor f*, as in Notation[2.1.22] admits a left adjoint
fi : RigSH ™ "(Y; A) — RigSH ™" (X; A)

sending the motive of a smooth rigid analytic Y-space V to the motive of V considered as

a smooth rigid analytic X-space in the obvious way.
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(2) (Smooth projection formula) The canonical map
fil(f M®N) > M® fiN

is an equivalence for all M € RigSHfff’ M(X;A) and N € RigSH(fff’ N(Y;A).
(3) (Smooth base change) Let g : X' — X be a morphism of rigid analytic spaces and form a
Cartesian square

’

y £ .y

]
X X
The natural transformations fﬂ’ og" — g'o fyand f* o g, — g, o [, between functors

from RigSH™"(Y; A) to RigSH™ " (X"; A) and back, are equivalences.

Proof. The functor f* : RigSm/X — RigSm/Y admits a left adjoint f; sending a smooth rigid
analytic Y-space V to V considered as a smooth rigid analytic X-space. The adjunction (f, f*)
induces an adjunction between categories of motives. This is discussed in [Ayol5, Théoremes
1.4.13 & 1.4.16] using the language of model categories. For the second assertion, we refer to the
proof of [[AyoO7b, Proposition 4.5.31]. For the third assertion, we refer to the proof of [Ayol5,
Lemme 1.4.32]. Both proofs are formal and extend readily to the context we are considering. O

Corollary 2.2.2. Let j : U — X be an open immersion of rigid analytic spaces. Then the functors
Jis jo : RigSHE™ V(U3 A) - RigSHE™ M (X; A)

are fully faithful.

Proof. This follows from Proposition[2.2.1(3) with f and g equal to j. m|

Proposition 2.2.3. Leti : Z — X be a closed immersion of rigid analytic spaces (as in Definition

1.1.14) and j : U — X the complementary open immersion (i.e., such that |U| = |X| \ |Z]).
(1) The functor i, : RigSH®™ " (Z; A) — RigSH®™ " (X; A) is fully faithful.
(2) (Localization) The counit of the adjunction (jy, j*) and the unit of the adjunction (i*,1i.)
form a cofiber sequence
Jejt —id - i 2.7
of endofunctors of RigSH(TeE’ "(X; A). In particular, the pair (i*, j*) is conservative.
(3) (Closed projection formula) The canonical map

M®i.N - i,(i' M N) (2.8)

is an equivalence for all M € RigSH*™ " (X; A) and N € RigSH*""(Z; A).
(4) (Closed base change) Let g : X' — X be a morphism of rigid analytic spaces and form a
Cartesian square

Z’LZ

L]

x —f.x
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The natural transformation g* o i, — i’ o g’*, between functors from RigSH(Teff’ M(Z: A) to
RigSH(Teﬁ’A)(X’; N), is an equivalence. If moreover g is smooth, then the natural transfor-
mation gy o i, = i, o g, from RigSH""(Z’; A) to RigSH™ " (X; A), is an equivalence.

Proof. Assertion (2) implies all the others. Indeed, applying i* to the cofiber sequence (2.7) and
using that i*j; ~ O (which follows from Proposition [2.2.1(3)), we deduce that ii.i* — i* is an
equivalence. Assertion (1) follows then from Lemma [2.2.5] below. We may check that (2.8) is
an equivalence after applying i* and j*. Assertion (3) follows then by using that j*i, ~ 0 (by
Proposition [2.2.1(2)) and i*i, =~ id (by assertion (1)). Similarly, to prove assertion (4) we use that
the pairs (i%, j*) and (i, j’*) are conservative (with j/ : U’ — X’ the base change of j), and the
equivalences j*i, ~ 0, j”i, ~ 0, i"i, ~ id and i"*i, ~ id, and smooth base change as in Proposition
[2.2.13) for the second natural transformation.

We now discuss the proof of assertion (2). When X is of finite type over a non-Archimedean
field, assertion (2) can be found in [Ayo15| §1.4.3]. (See [Ayol5, Théoreme 1.4.20] for the effective
case and the proof of [[Ayol5, Corollaire 1.4.28] for the T-stable case.) We claim that the proofs of
loc. cit. extend to general rigid analytic spaces.

The key step is to show that [AyolS, Théoreme 1.4.20] is still valid for general rigid analytic
spaces, i.e., that assertion (2) holds true in the effective case. This is the statement that for any &
in RigSH:™ " (X; A), the square

T —7

l l (2.9)

0 ——i.i"'F

is coCartesian in RigSH!™"V(X; A). Using Lemma [2.1.20| and Lemma below, we may as-
sume that J = Lgi ,A(X’) with X’ € RigSm/X. (See Definition [2.1.11}) Using Lemma
below, we have an equivalence

i,i'Lgt A = Lt i.A (X))

where X, = X’ Xx Z and 1y the topology on RigSpc generated by one family, namely the empty
family considered as a cover of the empty rigid analytic space. Thus, it is enough to show that
Lg: . transforms the square

Agy (X)) —— Ay (X))

|

00— i Ay (X))

into a coCartesian one. Using the analogues of [Ayo0O7b, Corollaire 4.5.40 & Lemme 4.5.41], we
reduce to show that [Ayol5, Proposition 1.4.21] is valid for general rigid analytic spaces. More
precisely, given a partial section s : Z — X’ defined over Z, we need to show that the morphism
Ty s ® A — {*} ® A is a (B!, 7)-equivalence (i.e., becomes an equivalence after applying Lgi ;).
Here Ty, 1s the presheaf of sets on RigSm/X given by

Ty (P) _ HOIIlX(P, X/) ><l—lomz(PxXZ,X’) {*} if P Xx YA 0,
XL\ )= {x} if PxxZ=0.
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Arguing as in the first and second steps of the proof of [Ayol5, Proposition 1.4.21] one proves
that the problem is local on X and around s(Z) for the analytic topology. (In loc. cit., we only
consider hypersheaves, but the reader can easily check that hypercompletion is not used in this
reduction.) Using Proposition [1.3.16] it is thus enough to treat the case X’ = BY and s the zero
section restricted to Z. In this case, we may use an explicit homotopy to conclude as in the third
step of the proof of [Ayo(07b, Proposition 4.5.42].

Now that assertion (2) is proven in the effective case, we explain how it extends to the T-stable
case. Since assertion (2) in the effective case implies assertion (3) in the effective case, the functor

i, - RigSH™ "(Z; A) - RigSH™ "™ (X; A)

commutes with tensoring with T, i.e., there is an equivalence of functors Ty ® i.(—) ~ i.(T; ® —-).

(See Definition [2.1.15]) Using Remark [2.1.17]and the fact that i, belongs to Pr™ (by Lemmal[2.2.3]

below), we deduce that i, commutes with X7, i.e., there is an equivalence X7 o i, = i, o 7.

Therefore, applying X7 to the coCartesian squares (2.9), we deduce that
JifM —— M

|

0 ——ii'M

is coCartesian for any M in the image of £7(-) up to a twist. Using Lemma [2.1.20] and Lemma
2.2.5, we deduce that the above square is coCartesian for any M € RigSH" (X; A). O

Lemma 2.2.4. Leti: Z — X be a closed immersion of rigid analytic spaces. The functor
i, : Shv, (RigSm/Z; A) — Shv, (RigSm/X; A) (2.10)
commutes with t-(hyper)shedfification and the (B!, T)-localisation functor.

Proof. This is a generalisation of [Ayol5, Lemma 1.4.18]. For the proof of loc. cit. to extend to
our context, we need to show the following property. Given a smooth rigid analytic X-space X’
such that X7, = X’ Xy Z is nonempty, every 7-cover of X’, can be refined by the inverse image of a
7-cover of X’. To prove this, we may assume that X’ = X. The question is local on X. Thus, we
may assume that X = Spf(A)"¢, with A an adic ring of principal ideal type, and Z = Spf(B)"¢ with
B a quotient of A by a saturated closed ideal /. Let  be a generator of an ideal of definition of A.
Then B is the filtered colimit in the category of adic rings of C;y = A(J/n") where N € N and
J C I is a finitely generated ideal. Set Y; y = Spf(C}, e

By Corollary[I.4.20]and Remark[I.4.21] every t-cover (V; — Z); can be refined by the restriction
to Z of a T-cover (U; — Y, y); for well chosen J and N. We get a T-cover of X with the required
property by adding to the family (U; — X); the open inclusion X \ Z — X. i

Lemma 2.2.5. Leti: Z — X be a closed immersion of rigid analytic spaces.
(1) The functor i, : RigSH*""(Z; A) — RigSH*" " (X; A) commutes with colimits. Thus, it
admits a right adjoint which we denote by i'.
(2) The image of the functor i* : RigSH*™"(X;A) — RigSH*""(Z; A) generates the co-
category RigSH™"(Z; A) by colimits.

Proof. In the effective case, assertion (1) follows from Lemma [2.2.4] Indeed, for a rigid analytic

space S, the colimit of a diagram in RigSH®™" (S ; A) is computed by applying Lz . to the colimit

of the same diagram in Shv, (RigSm/S; A). So, it is enough to show that (2.10) commutes with
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colimits, which is obvious. The passage from the effective case to the T-stable case follows from
Remark and the commutation Ty ® i.(-) =~ i,(T, ® —). (This relies on assertion (2) of
Proposition [2.2.3] but only in the effective case, so there is no vicious circle.)

We now prove assertion (2). By Lemma it is enough to show that the motive M©® (V) of
a smooth rigid analytic Z-space V is a colimit of objects in the image of i*. The problem is local
on X and V, so we may assume that X = Spf(A)"¢, Z = Spf(B)"¢ and V = Spf(F)"¢ where A is an
adic ring of principal ideal type, B a quotient of A by a saturated closed ideal and F € 8;9<S> with
s = (81,...,5,) a system of coordinates. (For the definition of the category 8;}<S>, see Notation
1.3.9)) Writing B as the colimit of C; y as in the proof of Lemma we may apply Corollary

1.3.10[to find E € glc,ms)’ for some J and N, such that E@CJ’N B/(0)*™ ~ F. Thus, U = Spf(E)"

is a smooth rigid analytic X-space such U xx Z ~ V, and we have i"M®D(U) =~ M®D(V) as
needed. O

One of the aims of this paper is to define the full six-functor formalism for rigid analytic motives.
We have seen above that the functors f*, f., fi, ® and Hom can be defined with little effort. We

now state what was known so far concerning the exceptional functors f; and f* following [Ayo13),
§1.4.4] (see also [BV21, Theorem 2.9]).

Remark 2.2.6. Let A be an adic ring, I C A an ideal of definition, and U = Spec(A) \ Spec(A/I).
Recall from Construction[I.1.15]that there exists an analytification functor
(=)™ : Sch!™/U — RigSpc/U™ (2.11)

from the category Sch'/U, of U-schemes which are locally of finite type, to the category of rigid
analytic U*"-spaces. (Note that U™ = Spf(A)"&.) This functor preserves étale and smooth mor-
phisms, closed immersions and complementary open immersions, as well as proper morphisms.

The following result follows immediately from Propositions [2.2.1] and [2.2.3] and the construc-
tion.

Proposition 2.2.7. Keep the notation as in Remark[2.2.6] The contravariant functor
X > RigSHV(X™ A),  f o f

from Sch'™ /U to Pr" is a stable homotopical functor in the sense that it satisfies the co-categorical
versions of the properties (1)—(6) listed in [AyoO7al §1.4.1].

Remark 2.2.8. The co-categorical versions of the properties (1)—(6) listed in [[AyoO7a, §1.4.1] can
be checked after passing to the homotopy categories. Thus, we may as well reformulate Proposition
by saying that the functor from Sch'™/U to the 2-category of triangulated categories, sending
X to the homotopy category associated to RigSH'""(X*"; A), is a stable homotopical functor in the
sense of [Ayo0O7al, Définition 1.4.1].

Proposition [2.2.7] gives access to the results developed in [[Ayo07a, [Ayo07b, Chapitres 1-3]
yielding a limited six-functor formalism for rigid analytic motives. We will not list explicitly all
the properties that form this formalism since a full six-functor formalism will be obtained later in
Section |4} We content ourselves with the following preliminary statement which we actually need
in establishing the full six-functor formalism for rigid analytic motives.

Corollary 2.2.9. Keep the notation as in Remark [2.2.6] Given a morphism f : Y — X between
quasi-projective U-schemes, there is an adjunction

fi" - RigSHY(Y™; A) 2 RigSHY (X*"; A) : £
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Moreover, the following properties are satisfied.

(1) The assignments f + [ and f 2 are compatible with composition.ﬂ
(2) Given a Cartesian square of quasi-projective U-schemes

y .y

I, b

x —5.x

there is an equivalence g*"* o f" ~ f/*" o g"*"*,

(3) There is a natural transformation f™ — fi" which is an equivalence if f is projective.

(4) If f is smooth, there are equivalences ™' ~ Th(Q o f* " and " ~ ﬁ‘“‘OTh_l(Q ) where
Th(Qy) and Th™(Q ¢) are the Thom equivalences associated to Q) as in [|AyoO7a, §1.5.3].

Proof. This follows from Proposition and [AyoO7al Scholie 1.4.2]. m|

Remark 2.2.10. Thom equivalences can be defined for any Ox-module M which is locally free of
finite rank on a rigid analytic space X. Indeed, M determines a vector bundle p : M — X whose
fiber at a point x € X is given by Spec(k(x)[M,])*". We set Th(M) = pys, and Th™' M) = ' p,
where s : X — M is the zero section. If M is free of rank m, then Th(M) =~ (-)(m)[2m] and
Th™' (M) =~ (=)(=m)[-2m]. That said, we may write “Th(€sn)” instead of “Th(€2;)” in Corollary
[2.2.9(4). (If h is a smooth morphism of rigid analytic spaces, there is an associated O-module €,
which is locally free of finite rank. It can be defined locally as the cokernel of the Jacobian matrix.)

Definition 2.2.11.

(1) If § is a rigid analytic space, we denote by P the relative n-dimensional projective space
over §. If § = Spf(A)"e, for an adic ring A, then P = (P’;pf( A))ﬁg, and for general S, P is
defined by gluing. If A and U are as in Remark [2.2.6] we also have P7,., = (P})".

(2) Let f : Y — X be a morphism of rigid analytic spaces. We say that f is locally projective
if, locally on X, f can be factored as a closed immersion followed by a projection of the

form P}, — X.
For later use, we also record the following statement.

Proposition 2.2.12. Let f : Y — X be a locally projective morphism of rigid analytic spaces.
(1) (Projective projection formula) The canonical map M ® f.N — f.(f*M ® N) is an equiva-
lence for all M € RigSH"(X; A) and N € RigSH"(Y; A).
(2) (Projective extended base change) Let g : X’ — X be a morphism of rigid analytic spaces
and form a Cartesian square

Y’LY

lf, J’f
, 8
X — X
®Here, we only claim the compatibility with composition up to non-coherent homotopies. A more structured version

of this will be obtained later in a more general situation; see Theoremm
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The natural transformation g* o f. — f| o g"*, between functors from RigSH(TA)(Y s A) to
RigSH(TA)(X’; N), is an equivalence. If moreover g is smooth, then the natural transforma-
tion gy o f| = f. o g, from RigSH™M(Y’; A) to RigSHY(X; A), is an equivalence.

Proof. If f = fi o f>, then the assertions for f follow from their analogues for f; and f,. Also, the
assertions can be checked locally on X. Thus, it is enough to treat the case of a closed immersion
i : Z — X and the case of p : P}, — X. The case of a closed immersion follows from Proposition
For p : P}, — X, we use Corollary which provides us with a canonical equivalence
P = pr=pyo Th‘l(Qp). The result follows then from Propositionm |

We now go back to the notation introduced in Remark 2.2.6l Given a U-scheme X which is
locally of finite type, the analytification functor (2.1T]) induces a premorphism of sites

An : (RigSm/X*,7) — (Sm/X, 7). (2.12)

(Indeed, the analytification of an étale cover is an étale cover, and the analytification of a Nisnevich
cover can be refined by an open cover; see [Ayol5, Théoreme 1.2.39] whose proof can be adapted
to our context.) By the functoriality of the construction of the co-categories of motives, (2.12)
induces a functor

An® : SHETM(X; A) — RigSHE™ M (X™; A). (2.13)
In [Ayo15]], this functor is denoted by Rig".
Proposition 2.2.13. The functors (2.13)) are part of a morphism of CAlg(Pr")-valued presheaves
SHE™ V(=3 A)® — RigSHE™ V()™ A)® (2.14)

on Sch™/U. In particular, the functors An* are monoidal and commute with the inverse image
functors. Moreover, if f is a smooth morphism in Sch™ /U, the natural transformation

fi" o An" — An o f;
is an equivalence.
Proof. One argues as in [Rob14, §9.1] for the first assertion. The second assertion is clear. O

Proposition 2.2.14. Let f : Y — X be a proper morphism in Sch™/U. Then, the natural transfor-
mation

An* Oﬁk —>f*anOAIl*,
between functors from SHEA)(Y ;A\ to RigSH(TA)(Xa“; A), is invertible.

Proof. We split the proof into two steps.

Step 1. Here we assume that f is projective. It is enough to prove the claim when f is a closed
immersion and when f is the projection P§, — X. In the first case, one uses Proposition @ and
its algebraic analogue. In the second case, one uses Corollary and its algebraic analogue to
reduce to show that f;" o An" =~ An" o f; which holds by Proposition|2.2.13
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Step 2. Here we deal with the general case. We may assume that X is quasi-compact and quasi-
separated. Using Proposition [2.2.13] we reduce easily to show that

An’o f. o j; = f"o "o An’
is an equivalence for every open immersion j : V — Y, with V affine. By the refined version

of Chow’s lemma given in [Con0O7, Corollary 2.6], there is a blowup e : Y’ — Y, with centre
disjoint from V, such that f" : Y* — X is projective. Let j : V — Y’ be the obvious inclusion. by

Proposition 2) and its algebraic version, we have equivalences e, o jg ~ jyand el"o j;a“ ~ jg“.
Thus, it is enough to prove the proposition for f’ = f o e. Since this morphism is projective, we
may conclude by the first step. O

Remark 2.2.15. The method used in the second step of the proof of Proposition [2.2.14] will be
used again in the second part of the proof of Proposition below to deduce the proper base
change theorem for SH"(—; A) from its special case for projective morphisms which is covered
by [Ayo0O7a, Corollaire 1.7.18]. (For a slightly different method using the usual version of Chow’s
lemma but requiring the schemes to be noetherian, see the proof of [CD19, Proposition 2.3.11(2)].)
Similarly, this method can be used to generalise Proposition[2.2.12]to the case where f is locally the
analytification of a proper morphism of schemes. However, our aim is to prove a more substantial
generalisation of that proposition which cannot be reached using this method. This will be achieved
in Theorem 4. 1.4 below.

2.3. Descent.

In this subsection, we prove that the functor § +— RigSH(fff’ NS A), f — f*, whose existence
is claimed in Proposition [2.1.21] admits (hyper)descent for the topology 7. This can be considered
as a folklore theorem, but we reproduce the proof here for completeness. For a comparable result
in the algebraic setting, see [Hoy17, Proposition 4.8].

For later use, we recall the precise definition of a (hyper)sheaf valued in a general co-category.
(Compare with [Drel8), Definition 2.1].)

Definition 2.3.1. Let (C, 7) be a site and let V be an co-category admitting all limits. A functor
F : C® — 7V is called a 7-(hyper)sheaf (or is said to satisfy 7-(hyper)descent) if its right Kan
extension F : P(C)® — V, along the Yoneda embedding, factors through the opposite of the
localisation functor L, : P(C) — Shvi/\)(e). This is equivalent to the condition that F induces an
equivalence

F(X_)) - lim F(X,) (2.15)

for every effective r-hypercover X,. (An effective r-hypercover X, is an augmented simplicial
object of P(C) such that L.(X.) is an effective hypercovering of the co-topos Shvi"(€),. x ,, in
the sense of [Lur09, Definition 6.5.3.2].) We denote by ShV(TA)(G; V) the full sub-oco-category of
PSh(C; V) = Fun(C°, V) spanned by 7-(hyper)sheaves. When V is the co-category 8 of spaces, we
get back the co-topos ShviV(@).

We gather a few facts about (hyper)sheaves with values in general co-categories. We refer the
reader to [Drel8, §2] for proofs and more details.

Remark 2.3.2. Keep the notation as in Definition [2.3.1

(1) In the hypercomplete case, every t-hypercover is effective. Therefore, for F' to be a 7-
hypersheaf, the equivalence (2.15) needs to hold for every r-hypercover, but see Remark

[2.3.3(3) below.
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(2) In the non-hypercomplete case, for F to be a 7-sheaf, it is enough that the equivalence
(2.15) holds for X, the Cech nerve associated to a 7-cover in C. It then holds for any
truncated 7-hypercover. See [Lur09, Definition 6.2.2.6 & Lemma 6.5.3.9].

Remark 2.3.3. Keep the notation as in Definition 2.3.1]

(1) Let ¢ : V — V" be a limit-preserving functor between oco-categories admitting all limits.
Then the induced functor ® : PSh(C;V) — PSh(C;V’) preserves 7-(hyper)sheaves. If
moreover ¢ detects limits, then @ detects 7-(hyper)sheaves.

(2) Assume that V is presentable. Then the co-category Shv!(C; V) is an accessible left-exact
localization of PSh(C; V). In particular, it is also presentable. We denote by

L. : PSh(C; V) — Shv\V(C; V)

the 7-(hyper)sheafification functor defined as the left adjoint to the obvious inclusion. (This
was introduced in Notation for V = Mod,.) With respect to the monoidal structure
on Pr" of [Lurl7, §4.8.1], we have Shvi”(C; V) =~ Shvi")(C) ® V; see [Drel8, Proposition
2.4(1)] whose proof is also valid in the non-hypercomplete case.

(3) If (€, 1) is a Verdier site (in the sense of [DHI04, Definition 9.1]) satisfying the assumptions
(1-3) of [DHIO4, §10], the condition of F being a 7-(hyper)sheaf can be expressed without
recourse to its right Kan extension F. More precisely, F is a 7-(hyper)sheaf if F transforms
representable coproducts in € into products in V and if for every internal 7-hypercover X,
(in the sense of [DHIO4, Definition 10.1]) which is effective, F' induces an equivalence

F(X_)) = lim F(X,).
[n]eA

(As explained in Remark [2.3.2] in the hypercomplete case, effectivity is an empty condition
and, in the non-hypercomplete case, we may replace it with the condition that X, is trun-
cated or better with the condition that X, is the Cech nerve of a basal morphism Xy — X4
which is a 7-cover.) This is proven in [Drel8, Proposition 2.7] in the hypercomplete case
and is clear in the non-hypercomplete case. It applies to the sites we consider in this paper,
such as the big smooth sites of Notation [[.4.9]

The main result of this subsection is the following.
Theorem 2.3.4. Let 7 € {nis, ét} be a topology on rigid analytic spaces. The contravariant functor
S - RigSH" V(S A),  fo f*
defines a t-(hyper)sheaf on RigSpc valued in Pr".

Remark 2.3.5. The forgetful functor CAlg(Pr*) — Pr* being limit-preserving and conservative
(by [Lurl7, Corollary 3.2.2.5 & Lemma 3.2.2.6]), Theorem [2.3.4]and Remark [2.3.3|(1) imply that
RigSH®™"(—; A)® is also a 7-(hyper)sheaf valued in CAlg(Pr").

Before we can give the proof of Theorem we need a digression about general (hy-
per)sheaves on general sites. Let € be a small co-category and X an object of €. Composition with
the obvious projection jx : €,x — € induces a functor j3 : P(C) — P(C,x) which preserves limits
and colimits. We denote by jx, the left adjoint of j} and jy . its right adjoint. A topology 7 on €
induces a topology on €,y which we also denote by 7. It is easy to see that j} and jx . preserve

7-(hyper)sheaves. (For jy ., note that modulo the equivalence P(C/x) = P(C),yx), the functor jy .
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takes a presheaf F on C/x to the presheaf U — Map?(e)/y(x)(y(U ) X y(X), F).) We get in this way an
adjunction

R (N — (N) L

Jx : ShviV(€) 2 Shv ™ (Cx) : jx.«
where jj, commutes with all limits and colimits. In particular, j} admits a left adjoint (on the level

of (hyper)sheaves) which we denote by ji ,. Itis related to jx : by an equivalence j§ oL =~ L;o(jx):.
The following lemma is well-known. We include a proof for completeness.

Lemma 2.3.6. Let (C,7) be a site and X € C. The functor jy | factors through an equivalence
€x . Sth_/\)(e/x) l) ShV.(r/\)(e)/LTy(x).

Proof. The functor jj, , : Shvi"(€,x) — Shv{"(€) sends the final object L,y(idx) of Shvi{"’(Cy) to
L;y(X). This gives the functor ex. By construction, we have a commutative square

Pe/X) S - PC)jyx)

lLr &

ShviV(€/X) —— Shv?"(C),Lyu0)-

By [Lur09, Corollary 5.1.6.12], €, is an equivalence. Note that L, is essentially surjective on
objects. Indeed, given a morphism of 7-(hyper)sheaves F — L.y(X), there is an equivalence
F = L.(F Xy yx) y(X)) since L, is exact and idempotent. To finish the proof, it will suffice to show
that ey is fully faithful. Let fy be a right adjoint to ex and £} a right adjoint to .. We know that the
unit id — f} o€/, is an equivalence, and we need to prove that the unitid — fxoey is an equivalence.
By [Lur09, Proposition 5.2.5.1], fx sends a map F' — L.y(X) to the fiber product jy F' X1 ycx) {*}
and fy sends a map F” — y(X) to the fiber product j3 F” X;: y(x) {*}. Since (hyper)sheafification is
exact, we deduce that the natural transformation L, o fi, — fy o L’ is an equivalence. Using the
commutative square

L, ——fxoexoL,

’ ’ -~ ’ ’
L.ofjoe, ——fyoLl oe},

if follows that the natural transformation L, — fx o ex o L; is an equivalence, which is enough to
conclude since L, is essentially surjective. O

We denote by Top" the co-category of co-topoi and exact left adjoint functors, as defined in
[Lur09, Definition 6.3.1.5].

Proposition 2.3.7. Let (C, 1) be a site. The functor ShvV(€,._)) : @ — Top", taking an object X
of € to the co-topos Shv'V(C x) and a morphism f in @ to the functor 1} is a T-(hyper)sheaf.

Proof. Every co-topos X determines a Top“-valued sheaf on itself: by [Lur09, Proposition 6.3.5.14],
the functor y : X° — Top", sending X € X to Xy, preserves limits. Take X = Shv\"(€). Since
L, : P(C) — X preserves colimits, we deduce that y o L, : P(C)®® — Top" preserves limits. It
follows that the functor y o L, is a right Kan extension of y o L, oy : @ — Top". Since y o L,
clearly factors through Shv"V(@), the functor y o L, oy is a 7-(hyper)sheaf. Now, by Lemma[2.3.6

the functor y o L. oy is equivalent to the one sending X € € to Shv'™(C ). O
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Corollary 2.3.8. Let (C,7) be a site and V a presentable co-category. The functor ShviV(C 13 V)
@ — Pr", taking an object X of C to the co-category Shv'(C,x; V) and a morphism f in C to the
functor j}, is a T-(hyper)sheaf.

Proof. By Proposition the result holds when 'V is the co-category of spaces S, and we want to
reduce to this case. We denote by X(—; V) : €°® — Pr" the functor sending X € € to ShV(TA)(C‘,’ x: V).
By Remark , we have an equivalence of functors X(—;8) ® V — X(—;V), where the tensor
product is taken in Pr" (see [Lurl7, §4.8.1]). Moreover, for any f : Y — X in C, the functor
j; 1 X(X;8) = X(Y;8) commutes with all limits. It follows from Lemma below that there is
an equivalence of functors

X(—;8) ® V =~ Fun'™(V°, X(-; 8)).

Thus, it is enough to show that Fun'™(VP X(—;8)) : CP? — CAT, is a 7-(hyper)sheaf. This
follows from Proposition since the endofunctor Fun"™(V°, —) of CAT., preserves limits. O

Lemma 2.3.9. Let Pr'R be the wide sub-co-category of Pr™ where morphisms are the limit-
preserving left adjoints. Let D be a presentable co-category. Then the functor D ® — : Pr'® —
CAT.,, obtained by restriction from the tensor product of Pr-, is equivalent to the functor

Fun'™(D; -) : Pr'® — CAT.,,

lim(_ —) ¢ Fun(—, -) indicates the full sub-co-category of limit-preserving functors.

where Fun
Proof. The endofunctor D ® — of Pr" induces an endofunctor of Pr® given by the composition of
PR S (Prh)P 2‘%——) (PP S PrR,

By [Lurl?7, Proposition 4.8.1.17], this coincides with the endofunctor Fun'™(D°, —) of PrR. It
follows that the endofunctor D ® — of Pr" is given by the composition of

Fun'™(D°P -)
—_—

Pt S (PrR)oP I

It remains to show that the composition of

PrR 5 pr 5 (prRyer BT pRyor % pl , CATL

is also given by Fun'™(D, —). On objects, this is clear. On morphisms, this is also true by the
following observation: if F : & — &’ is in Pr'R with right adjoint G, then Fun"™ (D, F) is left
adjoint to Fun"™(D, G). To address higher coherences, we employ the formalism of Cartesian
fibrations.

Let S be a simplicial set and p : M — S a coCartesian fibration classified by amap [ : § — Pr'®,
Then p is also a Cartesian fibration which is classified by a map r : § — (Pr®)° equivalent to the
composition of

s 5 Pt S (PR,
Moreover, p-Cartesian and p-coCartesian edges of M are preserved by small limits in the following
sense. Leta : s — s’ beanedgein S, e : K —» M;and ¢ : K® — M, limit diagrams, and
f : e — ¢ an edge in Fun(K*, M) over a. If f(k) is p-coCartesian (resp. p-Cartesian) for
every k € K, then the same is true for f(co), where co € K” is the cone point. This is simply a
reformulation of the fact that / (resp. r) takes an edge of S to a limit-preserving functor. Consider
the simplicial set N = MP" X 0w S whose n-simplices correspond to pairs consisting of an n-

simplex [n] — S and an S-morphism [n] X DP — M. Let N” c N be the largest simplicial
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subset whose vertices correspond to limit-preserving functors D — M, for some s € S. Let
q:N — Sandqg : N — S be the obvious projections. By [Lur09, Proposition 2.4.2.3(2) &
Proposition 3.1.2.1], g is again a coCartesian fibration, classified by Fun(D?, -)o [ : S — CAT.,
and a Cartesian fibration classified by Fun(D?, —)or : § — (CAT). Since p-coCartesian (resp.
p-Cartesian) edges are preserved by small limits, it follows readily that a g-coCartesian (resp. g-
Cartesian) edge whose domain (resp. target) belongs to N’ lies entirely in N’. This shows that ¢’ is
a coCartesian fibration, classified by /" = Fun“m(D"p, —)ol:8 — CAT,, and a Cartesian fibration
classified by 7’ = Fun"™(D®, —) o r : § — (CAT). It follows that I’ factors through CATL , r’
factors through CATR | and I’ coincides with the composition of

I

8% — (CATR)? = CATL.
Unravelling the definitions, this gives what we want. O
Proof of Theorem It suffices to prove that for every rigid analytic space S, the functor
RigSH*™ " (—; A) : (Et/S)® — Pr",

is a 7-(hyper)sheaf. (When 7 = nis, one can restrict further to (Et2'/S)°P, but this does not change
the argument.) This functor transforms coproducts in Et/S into products in Pr. Thus, it suffices to
show that it admits descent with respect to internal hypercovers of (Et/S,7), which are truncated
in the non-hypercomplete case.

For U € Et/ S, we have (RigSm/S)/U ~ RigSm/U. Corollaryimplies that the functor

ShvV(RigSm/—; A) : (Et/S)® — Pr"

is a 7-(hyper)sheaf. Let U, be an internal hypercover of (Et/S, T) which we assume to be truncated
in the non-hypercomplete case. For all n > -1, RigSHiff’W(Un; A) is a full sub-co-category of
Shvi™(RigSm/U,; A). Since limits in CAT., preserve fully faithful embeddings, we deduce that
lim,jcp RigSHE™ W(U,,; A) can be naturally identified with the sub-co-category of

ShviV(RigSm/U_; A) =~ lim ShviV(RigSm/U,; A)
nje

spanned by the objects F € Shv™)(RigSm/U_; A) such that f*J belongs to RigSH:™ ™ (Uy; A),
with f : Uy — U_,. Thus, to prove that RigSH™"(—; A) has descent for the 7-hypercover U,,
we need to check the following property: if J is a 7-(hyper)sheaf on RigSm/S such that f*F
is B'-invariant, then so is F. This follows immediately from the equivalence Hom(B! o SF) =
S"Hom(B b_] ,J) and the fact that f* is conservative.

We now explain how to deduce the T-stable case from the effective case. We temporarily denote
by RigSH(fff”\)(—; A)* (resp. RigSH(fﬁ’ M(=; A),) the presheaf (resp. copresheaf) given informally
by U — RigSH(fff’A)(—;A) and f — f* (resp. f — f.). Recall from Remarkthat the
presheaf RigSH(TA)(—;A)* can be defined as the colimit in PSh(Et/S; Pr") of the N-diagram of
presheaves:

RigSH™ V(—; A)* —— RigSH™ M (—; A)" —s .-
It follows from [Lur09, Corollary 5.5.3.4 &Theorem 5.5.3.18] that the copresheaf RigSH(TA)(U TN,
can be computed as the limit in Fun(Et/S, CAT.,) of the N°’-diagram of copresheaves

Hom(T.—) Hom(T,-)
- —— RigSHI™ V(=; A), —— RigSHE™ (= A)..

42



Given that the natural transformation f*Hom(T,—) — Hom(T,-) o f* is an equivalence for
f étale, we deduce that the presheaf RigSH'"(—;A)* can also be computed as the limit in
PSh(Et/S ; CAT.,) of the N°-diagram of presheaves

Hom(T,-) Hom(T,-)
c— 0 RigSHE™ V(= A)* —— RigSH™ V(—; A)".

Since RigSHiﬁ’(A)(—; A)* was proven to be a 7-(hyper)sheaf, this finishes the proof. m|

2.4. Compact generation.

In this subsection, we formulate conditions (in terms of A, S and 7) insuring that the co-category
RigSH(Teﬁ’ M(S; A) of rigid analytic motives over S is compactly generated. Similar results in the
algebraic setting were developed in [Ayo07b, §4.5.5] and [Ayol4a, pages 29-30].

Remark 2.4.1. Let X be an co-topos. An abelian group object of X, endowed with the structure
of a myA-module is called a discrete sheaf of myA-modules on X. The n-th cohomology group of
X with coefficients in a discrete sheaf of 7o A-modules F is defined in [Lur09, Definition 7.2.2.14]
and will be denoted by H"(X; F).

Recall the following notions. (Compare with [Lur09, Definition 7.2.2.18].)

Definition 2.4.2. Let X be an co-topos.

(1) The A-cohomological dimension of an object X € X is the smallest d € N U {—o0, co} such
that for every discrete sheaf of myA-modules F on X x, the cohomology groups H*(X,x; J)
vanish for n > d. The global A-cohomological dimension of X is the A-cohomological
dimension of a final object of X.

(2) The local A-cohomological dimension of X is the smallest d € NLI{—o0, co} such that every
object X € X admits a cover (¥; — X), such that Y; is of A-cohomological dimension < d
for all i. (Recall that (Y; — X); is a cover if [[; ¥; — X is an effective epimorphism in the
sense of [Lur(09, §6.2.3].)

Remark 2.4.3. Keep the notation as in Definition A discrete sheaf of moA-modules F on X x
is a hypersheaf, i.e., belongs to (X,x)" =~ (X"),x». Thus, there are isomorphisms

HY(X 3 ) = HI(X s ) = H(O) 05 D).

In particular, the A-cohomological dimension of an object X is equal to the A-cohomological
dimension of its hypercompletion X" considered as an object of X or X”. Similarly, the global
(resp. local) A-cohomological dimensions of X and X* coincide.

Remark 2.4.4. We define the local (resp. global) A-cohomological dimension of a site (C, 7) to
be the local (resp. global) A-cohomological dimension of the topos Shv.(C) (or, equivalently,
Shv’(€)). Similarly, we define the A-cohomological dimension of an object X of a site (C,7) to
be the A-cohomological dimension of the image of X in Shv.(C) (or, equivalently, Shv’(C)). By
Lemma [2.3.6] this coincides with the global A-cohomological dimension of the site (C/x, 7).

We gather some well-known consequences of the finiteness of the local A-cohomological di-
mension in the following statement. (See Remark [2.1.3])

Lemma 2.4.5. Let (C, 1) be a site of finite local A-cohomological dimension.
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(1) Postnikov towers in Shv(C; A) converge, i.e., the obvious map
F - limr,F
neN

is an equivalence for every t-hypersheaf of A-modules I on C.

(2) If F is a connective t-hypersheaf of A-modules on C and X € C is of A-cohomological
dimension < d, then the A-module F(X) is (—d)-connective.

(3) Assume that C is an ordinary category admitting fiber products and that every object of C
is quasi-compact in the sense of [SGAIV2, Exposé VI, Définitions 1.1]. If X € C is of finite
A-cohomological dimension, then the functor Shv(C; A) — Mody, F — F(X) commutes
with arbitrary colimits. In particular, A.(X) is a compact object of Shv’(C; A).

Proof. We may replace (C, ) with any site that gives rise to the same hypercomplete topos. Thus,
we may assume that every object of C has A-cohomological dimension < d. Property (2), for
every object X € C, follows from [AyoO7b, Proposition 4.5.58] when (C, 7) is an ordinary site and
A the unit spectrum. However, the proof of loc. cit. can be adapted without difficulty to our setting.
That proof gives also property (1). (Note that (1) can be deduced from (2), but usually these two
properties are proven together.) Since J +— J(X) is an exact functor between stable co-categories,
it preserves pushouts. By [Lur(09, Proposition 4.4.2.7], to prove property (3) it is enough to show
that this functor commutes with filtered colimits. This follows from property (2) as in the proof
of [Ayo07bl, Corollaire 4.5.61]. (The extra conditions on C are used via [SGAIV2, Exposé VI,
Corollaire 5.3] and can be substantially weakened.)

For a modern and more general treatment of this type of question, we refer the reader to [CM21,
§2]. In particular, property (1) follows from [[CM21, Proposition 2.10] (see also [CM21, Example
2.11]). Property (3) can be deduced from [CM21), Proposition 2.23]. Finally, we mention [LurQ9,
Proposition 7.2.1.10], which is obviously related to property (1). O

Corollary 2.4.6. Let (C, 1) be a site, and assume the following conditions:

(1) A is eventually coconnective (i.e., its homotopy groups m;/\ vanish for i big enough);

(2) (C,7) has finite local A-cohomological dimension and C is an ordinary category with fiber
products;

(3) there exists a full subcategory Cy C C stable under fiber products, spanned by quasi-
compact objects of finite A-cohomological dimension, and such that every object of C ad-
mits a T-cover by objects of C.

Then every t-sheaf of A-modules on C is a T-hypersheaf, i.e., we have Shv’(C; A) = Shv.(C; A).

Proof. By Lemma we may replace C with Cy and assume that every object of C is quasi-
compact, quasi-separated and of finite A-cohomological dimension. For X € C, the 7-sheaf
A(X) is hypercomplete since A is eventually coconnective. Thus, it is enough to show that
T-hypersheaves are stable under colimits in Shv.(C; A). The result then follows from [CM21,
Proposition 2.23] but we can also deduce it formally from Lemma [2.4.5] as follows. Indeed, let
p : K — Shv’(€; A) be a diagram of 7-hypersheaves of A-modules. The colimit of p in Shv.(C; A)
is the T-sheafification of the colimit of p in PSh(C; A). So it is enough to show that the colimit of
p in PSh(C; A) is already a 7-hypersheaf. This follows immediately from Lemma [2.4.5(3). m|

We now give some estimates for the local and global A-cohomological dimensions of the various

small sites associated to a rigid analytic space.
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Lemma 2.4.7. Let X be a rigid analytic space of Krull dimension < d. The local A-cohomological
dimension of (Et®"/X,nis) is < d. If X is quasi-compact and quasi-separated, the same is true for
the global A-cohomological dimension.

Proof. Since every object of Et&'/X can be covered by quasi-compact and quasi-separated rigid
analytic spaces of Krull dimension < d, it is enough to prove the assertion concerning the global
A-cohomological dimension. In particular, we may assume that X is quasi-compact and quasi-
separated. The site (Et&/X, nis) is then equivalent to the limit of the Nisnevich sites (Bt/X,, nis),
for X € Mdl'(X) (see Remark [I.1.10). It follows from [SGAIVZ2, Exposé VII, Théoreme 5.7] that
the global A-cohomological dimension of the site (Et2'/X, nis) is smaller than the supremum of the
global A-cohomological dimensions of the sites (Et/X,, nis), for X € Mdl’'(X). But if X is a formal
model of X belonging to Mdl'(X), the closed map |X| — |X,| is surjective. Thus, the dimension of
X, is smaller than the dimension of X, and we conclude using [CM21, Theorem 3.17]. O

Definition 2.4.8. Let G be a profinite group. The A-cohomological dimension of G is the smallest
d € N U {co} such that, for every myA-module M endowed with a continuous action of G, the
cohomology groups H'(G; M) vanish for i > d. The virtual A-cohomological dimension of G is
the infimum of the A-cohomological dimensions of the finite-index subgroups of G. If G admits a
finite-index torsion-free subgroup H, then the virtual A-cohomological dimension of G is equal to
the A-cohomological dimension of H. (See [Ser94, Chapitre I, §3.3, Proposition 14’].)

Let & be a field with absolute Galois group Gy. The (virtual) A-cohomological dimension of k is
defined to be the (virtual) A-cohomological dimension of Gy.

Remark 2.4.9. Let k be a field. The following are classical facts about Galois cohomology.

(1) If the A-cohomological dimension of k is different from its virtual A-cohomological di-
mension, then k admits a real embedding and 2 is not invertible in myA.

(2) If k has (virtual) A-cohomological dimension < d and K/k is an extension of transcendence
degree < e, then K has (virtual) A-cohomological dimension < d + e.

(3) Number fields have virtual A-cohomological dimension < 3, and finite fields have A-
cohomological dimension < 2.

Property (1) follows from [Ser94, Chapitre II, §4.1, Proposition 10’]. Property (2) follows from
[Ser94, Chapitre II, §4.2, Proposition 11]. Property (3) follows from [Ser94, Chapitre II, §4.4,
Proposition 13].

Definition 2.4.10. Let X be a scheme or a rigid analytic space. We denote by pved,(X) € N LI
{—00, 0o} the supremum of the virtual A-cohomological dimensions of the fields «(x) for x € |X].
This number is called the punctual virtual A-cohomological dimension of X.

Lemma 2.4.11. Let X be a rigid analytic space of Krull dimension < d and of punctual virtual
A-cohomological dimension < e. Then, the local A-cohomological dimension of the site (Et/X, ét)
is < d + e. The same is true for the global A-cohomological dimension if X is quasi-compact
and quasi-separated, and if the A-cohomological dimension of the residue field of every point of X
coincides with the virtual one.

Proof. Replacing X by a suitable étale cover (e.g., by X[, V=1] — X and X[3, V1] = X), we
may assume that the A-cohomological dimension of the residue field of each point of X coincides
with the virtual one. We may also assume that X is quasi-compact and quasi-separated. Under
these conditions, we will show that the global A-cohomological dimension of (Et/X, ét)is<d+e,

which suffices to conclude.
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Denote by 7 : (Et/ X, ét) — (Etgr /X, nis) the obvious morphism of sites. Given an étale sheaf F of
moA-modules on Et/X , we denote by Rxr,.J its (derived) direct image. Using Lemma we are
reduced to showing that Rz, is (—e)-connective. We check this on stalks at Nisnevich geometric
rigid points of X as in Construction Let s € S be a point and t — § a Nisnevich geometric
rigid point over s. Thus, r = Spf(«*(¢)) with «*(¢) the adic completion of the Henselisation of «*(s)
at a morphism Spec(x(f)) — Spec(k*(s)) associated to a separable finite extension k(z)/k(s). It
follows from Corollary [I.4.20]that (Rxr.F), is equivalent to R[«(#; (r — S)*F). Thus, it is sufficient
to show that the global A-cohomological dimension of (Et/z, ét) is smaller than e. Since k*(f) is
Henselian, every étale cover of ¢ can be refined by one of the form Spf(V)" — ¢ where V is
the normalisation of «*(¢) in a finite separable extension of «(¢). Thus, the global cohomology of
(Bt/t, ét) coincides with the Galois cohomology of k(7). Since the field «(¢) is the completion of an
algebraic extension of k(s), we deduce that its A-cohomological dimension is < e as needed. m]

The following is a corollary of the proof of Lemma[2.4.T1]

Corollary 2.4.12. Let X be a rigid analytic space, and let F be a discrete sheaf of Q-vector spaces
on (Et/X, €t). Then the natural map H;, (X;F) — H; (X;F) is an isomorphism.

Proof. Arguing as in the proof of Lemma[2.4.T1] the result follows from the vanishing of the higher
Galois cohomology groups with rational coefficients. O

Corollary 2.4.13. Let X be a rigid analytic space of Krull dimension < d. If A is a Q-algebra,
then the local A-cohomological dimension of the site (Et/X, ét) is < d. If X is quasi-compact and
quasi-separated, the same is true for the global A-cohomological dimension.

Definition 2.4.14. Let S be a scheme or a rigid analytic space.

(1) We say that S is (A, ét)-admissible if there exists an open covering (S;); of S such that
each S, has finite Krull dimension and finite punctual virtual A-cohomological dimension.
For convenience, we also say that S is (A, nis)-admissible when § is locally of finite Krull
dimension.

(2) If 2 is not invertible in myA, we say that S is (A, ét)-good if O(S) contains a primitive n-th
root of unity for some n > 3. For convenience, we agree that S is always (A, 7)-good if 2
is invertible in oA or if 7 is the Nisnevich topology.

Remark 2.4.15. If S is (A, ét)-good, then the A-cohomological dimension of the residue field of
each of its points coincides with the virtual one. This follows from Remark[2.4.9]

Lemma 2.4.16. Let Y — X be a morphism of rigid analytic spaces which is locally of finite type,
and let y € Y be a point with image x € X. If the (virtual) A-cohomological dimension of k(x) is
finite, then so is the (virtual) A-cohomological dimension of k(y).

Proof. We use the fact that «(y)/k(x) is topologically of finite type, i.e., that «(y) is the completion
of a finite type extension of k(x). It follows that the absolute Galois group of «(y) can be identified
with a closed subgroup of the absolute Galois group of a finite type extension of «(y). We then
conclude using Remark [2.4.9(2). Alternatively, one can deduce the result from [Hub96, Lemma
2.84]. O

Corollary 2.4.17. Let T € {nis,ét}. Let f : T — S be a morphism of rigid analytic spaces which is
locally of finite type. If S is (A, T)-admissible, then so is T.

Proof. This follows immediately from Lemma [2.4.16] ]
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Lemma 2.4.18. Let T € {nis, ét} and let S be a (A, 7)-admissible rigid analytic space.

(1) (Case T = nis) Every Nisnevich sheaf of A-modules on Et'/S is a Nisnevich hypersheaf.
i.e., we have
Shv/. (Et¥"/S; A) = Shv,i(EE/S; A).
The same statement is true with “Etgr/S ” replaced with “Et/S ” or “RigSm/S ”.
(2) (Case T = ét) Assume that A is eventually coconnective. Then every étale sheaf of A-

modules on Et/S is an étale hypershedf, i.e., we have
Shv{,(Et/S; A) = Shvg(Et/S; A).
The same statement is true with “Et/S ” replaced with “RigSm/S ”.

Proof. If T is a t-sheaf of A-modules on RigSm/S whose restriction to Et/X (or Et¢'/X if appli-
cable) is a T-hypersheaf for every quasi-compact and quasi-separated X € RigSm/S, then JF is a
7-hypersheaf. (Indeed, if this holds, the morphism ¥ — F” induces equivalences F(X) ~ F"(X)
for every X € RigSm*® /S, so it is itself an equivalence.) Therefore, using Corollary itis
enough to treat the cases of the small sites of S, with S quasi-compact and quasi-separated. The
case of (Et/S , €t) follows then from Corollary and Lemma The case of (Etgr /S, nis)
needs a special treatment. For this, we remark that if (X, ), is a cofiltered inverse system of quasi-
compact and quasi-separated schemes of dimension < d (with d independent of «), then the proof
of [CM21, Theorem 3.17] can be adapted to show that the site lim(,(Et/X(,, nis) is locally of homo-
topy dimension < d, which implies that the associated topos is hypercomplete by [Lur09, Corollary
7.2.1.12]. Applying this to the inverse system (8, )semar(s) gives the result. |

Proposition 2.4.19. Let T € {nis, ét} and let S be a (A, 1)-admissible rigid analytic space. When t
is the étale topology, assume that A is eventually coconnective. Then, we have

RigSH™-"(S; A) = RigSH*"(S; A).
Proof. This follows immediately from Lemma[2.4.1§] m|

Proposition 2.4.20. Let 7 € {nis, ét} and let S be a rigid analytic space.

(1) The oo-category Shv.(RigSm/S'; A) is compactly generated if T is the Nisnevich topology
or if A is eventually coconnective. A set of compact generators is given, up to desuspension,
by the A.(X) for X € RigSm/S quasi-compact, quasi-separated and (A, 7)-good.

(2) The oco-category Shv’(RigSm/S; A) is compactly generated if S is (A, 7)-admissible. A
set of compact generators is given, up to desuspension, by the A.(X) for X € RigSm/S
quasi-compact, quasi-separated and (A, T)-good.

The above statements are also true with “RigSm/S ” replaced with “Et/ S and “Et& /S when
applicable (i.e., when 7 is the Nisnevich topology).

Proof. In each situation, we only need to show that A;(X) is a compact object assuming that X is
quasi-compact and quasi-separated. The problem being local on X, we may actually assume that
X = Spf(A)" for an adic ring A of principal ideal type. Saying that A.(X) is compact is equivalent
to saying that the functor  — JF(X) commutes with filtered colimits. This can be checked by first
restricting to the small site of X. Therefore, we may replace S by X and assume that S = Spf(A)"e
for an adic ring A. Moreover, it is enough to show the versions of the above statements for Et/S,
when 7 = ét, and for Et2'/S, when 7 = nis. (Here we implicitly rely on Corollary ) We split

the proof into two steps. (The reduction to S = Spf(A)" is only needed in the second step.)
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Step 1. Here we prove the second statement. We concentrate on the étale topology; the case of
the Nisnevich topology is similar. Thus, we need to show that A4(X) is a compact object of
ShVéAt(Et/S :A) when X € Et/S is quasi-compact, quasi-separated and (A, ét)-good. This follows
from combining Lemmas[2.4.5|and 2.4.11] and using Remark [2.4.15]

Step 2. Here we prove the first statement. Let 7 € A be a generator of an ideal of definition.
We may write A as the colimit of a cofiltered inductive system (A,), where each A, is an adic
Z[[r]]-algebra which is topologically of finite type. Set S, = Spf(A,)"¢. Since the inclusion func-
tor Pr- — Pr™ commutes with filtered colimits by [Lur09, Proposition 5.5.7.6], it is enough by
Lemma below to show the first statement for each S ,. Said differently, we may assume that
S is of finite type over Spf(Z[[x]])"¢, and hence (A, )-admissible. Since A is eventually cocon-
nective when 7 = ét, Lemma implies that ShVét(Et/ S; A) is equivalent to ShVé\t(Et/ S;A)and
similarly for the small Nisnevich site. We may now use the first step to conclude. O

Lemma 2.4.21. Let (8,), be a cofiltered inverse system of quasi-compact and quasi-separated
formal schemes with affine transition maps, and let 8 = lim, 8, be the limit of this system. We set
S, =88 and S = 8"¢. Then there is an equivalence

colim Shv (Et/S ,; A) =~ Shvg(Et/S; A) (2.16)

in Pr, where the colimit is also taken in Pr*. A similar result is also true for the small Nisnevich
sites.

Proof. We only discuss the étale case. We have an equivalence of co-categories
colim PSh(Et/S ,; A) ~ PSh(colim Et/S ,; A) (2.17)

where the first colimit is taken in Pr". (This is clear for P(-) instead of PSh(—; A) by the universal
property of co-categories of presheaves, and we deduce the formula for PSh(—; A) using the equiv-
alence PSh(—; A) ~ P(-)®Mod,.) Using Remark the fact that every cover in lim, (Et/S,, ét)
is the image of a cover in (Et/S,, ét) for some «, and the universal property of localisation given
by [Lur(09, Proposition 5.5.4.20], we deduce from an equivalence of co-categories

colim Shv(Et/S ,; A) = Shvg(colim Et/S ,; A) (2.18)
where the first colimit is taken in Pr. On the other hand, by Corollary (1.4.20, we have an equiv-
i

alence of sites (Et/S,ét) =~ lim,(Et/S,,ét). Applying Lemma we get an equivalence of
oco-categories

Shvg (colim Et/Sa; A) =~ ShVét(Et/S TN (2.19)
We conclude by combining (2.18)) and (2.19). m|

Proposition 2.4.22. Let T € {nis, ét} and let S be a rigid analytic space.
(1) The oo-category RigSH(fﬁ)(S ; \) is compactly generated if T is the Nisnevich topology or if
A is eventually coconnective. A set of compact generators is given, up to desuspension and
negative Tate twists when applicable, by the MCD(X) for X € RigSm/S quasi-compact,
quasi-separated and (A, T)-good.
(2) The co-category RigSHfff)’ NS; A) is compactly generated if S is (A, T)-admissible. A set of
compact generators is given, up to desuspension and negative Tate twists when applicable,

by the M®M(X) for X € RigSm/S quasi-compact, quasi-separated and (A, 7)-good.
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Moreover, under the stated assumptions, the monoidal oo-category RigSH(fﬁ’A)(S ; N)® belongs
to CAlg(Pr-) and, if f : T — S is a quasi-compact and quasi-separated morphism of rigid
analytic spaces with T assumed (A, T)-admissible in the hypercomplete case, the functor f* :
RigSH(fﬁ’ NS A) — RigSH(fﬁ’ (T A) is compact-preserving, i.e., belongs to Pr-.

Proof. Using Lemma we are left to show that the objects M©®P(X) are compact, for X
as in the statement. In the effective case, this would follow from [Lur09, Corollary 5.5.7.3]
and Proposition if we knew that RigSijf’(A)(S ;A) is stable under filtered colimits in
Shv™(RigSm/S; A). But this is indeed the case by Proposition and Remark [2.1.12
The T-stable case follows from the effective case using Remark and [Lur09, Proposition
5.5.7.6]. O

Remark 2.4.23. A similar statement with a similar proof is also true for the oo-category
SHE™"(S; A) of algebraic motives over a scheme S, generalising [Ayo14a, Proposition 3.19].

2.5. Continuity, I. A preliminary result.

The goal of this subsection and the next one is to prove the continuity property for the functor
RigSH"(—; A) which, roughly speaking, asserts that this functor transforms limits of certain
cofiltered inverse systems of rigid analytic spaces into filtered colimits of presentable co-categories.
The precise statement is given in Theorem below. (Note that we do not claim that S is the
limit of (S,), in the categorical sense.) Later, in Subsection 2.8 we will generalise Theorem [2.5.1]
to include more general inverse systems and a weaker notion of limits; see Theorem [2.8.15| below.

We let T € {nis, ét} be a topology on rigid analytic spaces.

Theorem 2.5.1. Let (8,), be a cofiltered inverse system of quasi-compact and quasi-separated
formal schemes with affine transition maps, and let § = lim, 8, be the limit of this system. We set
S, =8 and S = 8"e. We assume one of the following two alternatives.

(1) We work in the non-hypercomplete case.

(2) We work in the hypercomplete case, and S and the S ,’s are (A, T)-admissible. When 7 is

the étale topology, we assume furthermore that A is eventually coconnective or that the
numbers pved, (S ) are bounded independently of a. (See Definition )

Then the obvious functor

colim RigSH*™ V(S ,; A) — RigSH™"(S; A), (2.20)

where the colimit is taken in Pr", is an equivalence.

Remark 2.5.2. Keep the notations and hypotheses as in Theorem [2.5.1] Using [Lurl7, Corollary
3.2.3.2], we can upgrade (2.20)) into an equivalence

colim RigSH® (S ,; A)® ~ RigSH™(S; A)® (2.21)

in CAlg(PrL), where the colimit is also taken in CAlg(PrL).

Remark 2.5.3. The two alternatives considered in the statement of Theorem [2.5.T]have a nontrivial
intersection given as follows.

(2’) We work in the hypercomplete case and we assume that the S,’s and § are (A, 7)-
admissible. When 7 is the étale topology, we assume furthermore that A is eventually

coconnective.
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Indeed, by Proposition we have in this case RigSH(TeE)’A(S aN) = RigSH(fﬁ)(Sa; A), and
similarly for S in place of the S,’s. Said differently, the alternative (1) covers the alternative (2)
except when A is not eventually coconnective, in which case we need a strong assumption on the
punctual virtual A-cohomological dimensions of the S,’s.

Remark 2.5.4. Theorem[2.5.1]in the non-hypercomplete case is a motivic version of Lemma[2.4.21]
The conclusion of this lemma holds also in the hypercomplete case under the alternative (2) as
shown in corollary [2.5.10| below.

The proof of Theorem [2.5.1] spans the entire subsection and the next one. In fact, we will obtain
this theorem as a combination of two other results, namely Propositions [2.5.8] and 2.5.12] which

are both interesting in their own right. The proof of Proposition [2.5.12] will be given in Subsection
2.6l

Notation 2.5.5. Let (S ,), be a cofiltered inverse system of quasi-compact and quasi-separated rigid
analytic spaces. We define the co-category RigSH(fff’ M((S o)ai A), of rigid analytic motives over
the rigid analytic pro-space (S )., in the usual way from the limit site lim,(RigSm/S,, 7), that is,
from the ordinary category

RigSm/(S ), = colim RigSm/S,

endowed with the limit topology 7. More precisely, one repeats Definitions [2.1.11]and [2.1.15| with
“RigSm/S” replaced with “RigSm/(S,),”. We denote also by

M®D : RigSm/(S )0 — RigSHE™ (S )03 A)
the obvious functor.

Remark 2.5.6. Let Pro(RigSpc) be the category of rigid analytic pro-spaces and consider the over-
category Pro(RigSpc)/(S o). of (S o)e-0bjects. There is a fully faithful embedding

RigSm/(S ;). — Pro(RigSpc)/(S o)a

and we will identify RigSm/(S,), with its essential image by this functor. Thus, we may think of
an object of RigSm/(S ), as a pro-object (X, )a<a,> Where X, is a smooth rigid analytic S ,,-space
and, for @ < g, Xo = X4y Xs,, So- I (Sa)o is asin Theorem@ given such a pro-object (X,)a<ay>
we denote by X the rigid analytic S-space defined as follows. Assume first that there is a formal
model X,, of X,, over 8,,. Let (X,;)a<q, be the formal pro-scheme given by X,, = X, X3,, Sa- We
set X = X"¢ where X = lim,<,, X,. This is independent of the choice of X,,, and the formation of X
is compatible with gluing rigid analytic S ,,-spaces along open immersions. Thus, the construction
of X can be extended to the general case where we do not assume the existence of a formal model
for X,,-

Lemma 2.5.7. Let (S,), and S be as in Theorem and assume that S is (A, 7)-admissible.
Then, the co-category Shv(RigSm/(S ,)a; A) is compactly generated, up to desuspension, by the
Ar((Xy)a<ay) With X, quasi-compact, quasi-separated and (A, T)-good.

Proof. This can be shown by adapting the proof of Proposition [2.4.20(2). The key point is to
show that lim,,,(Et/X,, 7) has finite local and global A-cohomological dimensions. By Corollary

1.4.20| this limit site is equivalent to (Et/X, 7). Thus, we may use Lemma[2.4.11[to conclude. O
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Proposition 2.5.8. Let (S,), and S be as in Theorem[2.5.1|and assume one of the alternatives (1)
or (2) of that theorem. Then the obvious functor

colim RigSH™ (S ,; A) — RigSH™YV((S ,)a: A), (2.22)

where the colimit is taken in Pr", is an equivalence.

Proof. We first work under the alternative (1), i.e., in the non-hypercomplete case. Here, the result
is quite straightforward. Arguing as in the proof of Lemma [2.4.21] we get an equivalence of co-
categories

colim Shv,(RigSm/S ,; A) =~ Shv.(RigSm/(S ,)e; A), (2.23)

where the colimit is taken in Pr“. Using the universal property of localisation given by [Lur09,
Proposition 5.5.4.20], we deduce from (2.23) that (2.22) is an equivalence in the effective case. We
then deduce the T-stable case using Remark 2.1.17]and commutation of colimits with colimits.

Next, we work under the alternative (2). Arguing as before, we see that it is enough to prove the
hypercomplete analogue of the equivalence (2.23)), i.e., it is enough to show that

colim Shv(RigSm/S ,; A) — Shv2(RigSm/(S ,)a; A), (2.24)

is an equivalence. It follows from Lemma that the functor (2.24) belongs to Pr- and that it
takes a set of compact generators to a set of compact generators. Thus, it remains to show that this
functor is fully faithful on compact objects. Explicitly, we need to show the following assertion.
Given two compact objects M and N in Shv(RigSm/S ,,; A), for some index a, the natural map

colim Map(f;,<,, M, fo<q,N) — Map(f, M, £, N) (2.25)
a<q( - -

is an equivalence. Here fo<q, 1 S0 = So, and fo, 1 (So)e — S, are the obvious morphisms.

Let I be the indexing category of the inverse system (S ,),. We denote by S:I— RigSpc the
diagram of rigid analytic spaces defining the pro-object (S )., 1.€., sending « to S ,. We define the
site (RigSm/ S, 7) in the usual way, 1.e., by adapting the beginning of [Ayo(07bl §4.5.1]. We have a
premorphism of sites (in the sense of [Ayo07b, Définition 4.4.46])

0 ¢ (RigSm/(S »)a, 7) — (RigSm/S, 1) (2.26)

induced by the functor RigSm/§ — RigSm/(S ;). given by (8, X) — (X Xs, S o)e<p- The inverse
image functor p* is given, informally, by p*(X) = colimg ((S,)e — Sp)*Kps, where K; is the
restriction of X to RigSm/S 4. The inclusion RigSm/S ,, € RigSm/S induces a functor

ShvV(RigSm/S ,,: A) — Shv{V(RigSm/S; A). (2.27)

We may assume that M = A (X,,) with X,,, € RigSm/S,, quasi-compact, quasi-separated and
(A, 7)-good. We let R be the image of N by the functor (2.27)). Arguing as in the proof of [Ayol4al,
Proposition 3.20], the assertion that (2.25)) is an equivalence would follow if we show that the

functor
o : PSh(RigSm%% /§; A) — PSh(RigSm¥® /(8§ ,)q: A)

takes R to a presheaf p*(R) whose restriction to Etacas /(Xa<ay)o 18 @ T-hypersheaf. This follows

from Lemma [2.5.9]below. (Compare with [Ayol4a, Lemme 3.21].) m|
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Lemma 2.5.9. Let X : I — FSch be a diagram of quasi-compact and quasi-separated formal
schemes, with I a cofiltered category, and with affine transition morphisms. Let (X,)o be the
associated pro-object and X its limit. Set X = X', X, = X and X = X"e. Assume that the
alternative (2) in Theorem [2.5.1]is satisfied with “(X,),” and “X” instead of “(S,).” and “S”.
Assume also that the X,,’s are (A, T)-good. Then the functor

0* : PSh(Et®®/X; A) — PSh(Et®/(X,)a; A)
takes t-hypersheaves to T-hypersheaves.

Proof. We split the proof into three steps. Below X is a 7-hypersheaf of A-modules on Ete% /X.

Step 1. We first deal with the case where A is eventually coconnective. The proof in this case is
similar to that of [Ayol4a, Lemme 3.21]. First, one considers the case where X is discrete, i.e.,
is the Eilenberg—Mac Lane spectrum associated to an ordinary sheaf of myA-modules. This case
follows from [SGAIV2, Exposé VII, Théoreme 5.7]. By induction, one can then treat the case
where K is bounded (i.e., where the discrete sheaves m;()X) vanish for |i| big enough). Finally,
we deduce the general case from the bounded case as follows. A general X can be written as a
colimit of objects of the form A.(ag, U), for U € Btacas /X,,. Since A is eventually coconnective,
A.(ap, U) is bounded. The result for X follows then from the bounded case and Lemma [2.4.5]3)
which implies that colimits in PSh(EtquS /(Xa)as A) preserve t-hypersheaves. (Here, we use that
the site (th"qS /(Xa)ae, T) has finite local A-cohomological dimension as explained in the proof of

Lemma[2.5.7])

Step 2. We next consider the case of the Nisnevich topology. The site (Et®%/(X,),, nis) is equiv-
alent to (Et®®/X, nis). Thus, by Lemma 1), every Nisnevich sheaf on Et®®/(X,), is a
Nisnevich hypersheaf. Thus, to check that p*X is a Nisnevich hypersheaf, it is enough to prove
that p*X has the Mayer—Vietoris property for the image in Et4°®/(X,), of a Nisnevich square in
Etaes /X, for some . This is easily checked using exactness of filtered colimits on Mod, and the
formula p*X = colimg ((X,), — X3)*Kp. The details are left to the reader.

Step 3. We now treat the case of the étale topology assuming that the numbers pved, (X,) are
bounded independently of @. In fact, since the X,’s are (A, ét)-good, there is a common bound e
for the A-cohomological dimensions of the residue fields of all the X,,’s.

Denote by 7 the morphism of sites of the form (Et/ (-),ét) — (Et/ (—), nis) and by =, the induced
functor on co-categories of hypersheaves of A-modules. Also, denote by

phe o Shy2 (Bte® /X A) — Shv/A (Bt /(X,)a: A)

nis nis

the inverse image functor on Nisnevich hypersheaves. By the second step, p}.. coincides with p*
on Nisnevich hypersheaves of A-modules.

By Lemma[2.4.5|3), the property that p*X is an étale hypersheaf is stable by colimits in XK. Since
X =~ colim,7s_,K, we may assume that X is bounded from above, and even connective. By Lemma
[2.4.5(1), we have an equivalence K =~ lim, 7.,X yielding an equivalence 7, X = lim, 7,7,%K. The
proof of Lemma shows that 7,7, K — m.7,X induces an isomorphism on homotopy
Nisnevich sheaves in degrees < n — e, and the same is true for p}. 7.7, 1 X — p. m.7., K. Since
X and X,’s have finite Krull dimensions, we deduce that the morphisms

limm,7.,X - n,7.,K and lim 05T T<, K = PnisTaT<n K
n n
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induce isomorphisms on homotopy Nisnevich sheaves in degrees < m — e, for any integer m. It
follows that the natural map

P K = pr limm, 7., X — limpy, .7, K (2.28)

n n
induces isomorphisms on homotopy Nisnevich sheaves. Since both sides are Nisnevich hyper-
sheaves, we deduce that (2.28)) is an equivalence. Thus, we are left to show that p*. 7,7, X is

an étale hypersheaf for every n. This follows from the first step since 7,X is naturally an étale
hypersheaf of 7., A-modules. O

Lemma [2.5.9] has the following consequence which we state for completeness.

Corollary 2.5.10. Let (S,), and S be as in Theorem[2.5.1) and assume one of the alternatives (1)
or (2) of that theorem. Then the obvious functor

colim ShviV(Et/S ,; A) — ShviV(Et/S; A), (2.29)

where the colimit is taken in P, is an equivalence.

Proof. The non-hypercomplete case is already stated in Lemma [2.4.21] The hypercomplete case
follows from Lemma [2.5.9] by arguing as in the proof of [[Ayol4al Proposition 3.20]. O

The proof of Proposition[2.5.8] adapted to the algebraic setting gives the following generalisation
of [Ayol4a, Proposition 3.20] and [Hoy 14, Proposition C.12(4)].

Proposition 2.5.11. Let (S ,), be a cofiltered inverse system of quasi-compact and quasi-separated
schemes with affine transition maps, and let S = lim, S, be the limit of this system. We assume
one of the following two alternatives.

(1) We work in the non-hypercomplete case.

(2) We work in the hypercomplete case, and S and the S ,’s are (A, T)-admissible. When 7 is
the étale topology, we assume furthermore that A is eventually coconnective or that the
numbers pved, (S ) are bounded independently of a.

Then the obvious functor

colim SH™ (S ,; A) — SHET V(S A),

where the colimit is taken in Pr", is an equivalence.
Proof. Indeed, in the algebraic setting, Sm%%*/§ is equivalent to colim, Sm*®/S . O
Theorem follows by combining Proposition [2.5.8| and the next result.

Proposition 2.5.12. Let (8,), be a cofiltered inverse system of quasi-compact and quasi-separated
formal schemes with affine transition maps, and let 8 = lim, 8, be the limit of this system. We set
S, =8,% and S = 8"¢. Then the obvious functor

RigSH™ " ((S ,)o: A) — RigSH™ M (S A) (2.30)
is an equivalence.

The proof of Proposition [2.5.12]is given in the next subsection.
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2.6. Continuity, II. Approximation up to homotopy.

The goal of this section is to prove Proposition [2.5.12] The proof is similar to that of [Vez19,
Proposition 4.5], but some new ingredients are necessary to deal with the generality considered in
this paper. We start with some reductions.

Lemma 2.6.1. It is enough to prove Proposition in the effective, non-hypercomplete case
and for T the Nisnevich topology. Said differently, it is enough to show that the obvious functor

RigSH (S )0 A) — RigSH (S: A) (2.31)

nis nis
is an equivalence.

Proof. The T-stable case follows from the effective case using Remark [2.1.17)and commutation of
colimits with colimits. Assume that (2.31) is an equivalence, and let’s show that
RigSH™ M((S,)0: A) — RigSH™ V(S ; A) (2.32)

is also an equivalence for 7 € {nis, ét}. There are three cases to consider:

(1) the Nisnevich topology in the hypercomplete case;

(2) the étale topology in the non-hypercomplete case;

(3) the étale topology in the hypercomplete case.
In each case, we will prove that the source and the target of (2.32) are obtained from the source
and the target of (2.31)) by localisation with respect to a set of morphisms and its image by the
equivalence (2.3T]), which suffices to conclude. These sets consist respectively, up to desuspension,
of maps of the form colimy,jex M (U, 0)e<a,) = MT((U_1.0)a<a_,) Where (Ue. o)a<a. iS:

(1) a hypercover in the limit site limasa_l(]é‘[gr JU_1 4, nis);

2) a Cech nerve associated to a cover in the limit site lim,<, (Et/ U_i 4, €0);

(3) a hypercover in the limit site lim,, | (Et/ U_y. a, 61).
Localising the source of by one of these sets yield the source of by construction. We
now show that localising the target of (2.31) by the image of one of these sets yield the target of
(2.32)). This relies on the following two facts.

(a) Given an object (¥, )o<s in RigSm/(S,), and defining Y as in Remark [2.5.6, we have an

equivalence of sites
(Bt/ ¥, 7) = Him(Et/ Y, 7)

and similarly for “Et¢" instead of “Et” when applicable.
(b) Every X € RigSm/S is locally for the analytic topology in the essential image RigSm’/S
of the functor RigSm/(S,), — RigSm/S. In particular, we have an equivalence of sites

(RigSm/S, 1) ~ (RigSm’/S, 1)
which is subject to Lemma Thus, the co-category RigSH™V(S; A) can be defined
using the site (RigSm’/S, 7).
Property (a) follows from Corollary [I.4.20|and Remark [1.4.21] To prove (b), we may assume that
the inverse system (8,), is affine, induced by an inductive system of adic rings (A,), with colimit
A, and that X = Spf(B)"¢ with B a rig-étale adic A{t)-algebra with t = (¢,,...,t,) a system of
coordinates. Then the result follows from Corollary [I.3.10] m]

Lemma 2.6.2. It is enough to prove that (2.31)) is an equivalence assuming that the formal schemes

8, are affine of principal ideal type.
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Proof. Without loss of generality, we may assume that there is a final object o in the indexing
category of the inverse system (8,),. Replacing 8, by the blowup of an ideal of definition, and
the 8,’s by their strict transforms, we may assume that the §,’s are locally of principal ideal type
for every @. The presheaf RigSHf’g(—; A) has descent for the analytic topology by Theorem
Combining this with Proposition [2.5.8] and [Lurl7, Proposition 4.7.4.19], we see that the problem
is local on §,, which finishes the proof. (Note that the condition for applying [Lurl7, Proposition
4.7.4.19] is indeed satisfied by the base change theorem for open immersions, a special case of the

base change theorem for smooth morphisms; see Proposition [2.2.1]) m]
We now introduce a notation that we keep using until the end of the proof of Proposition[2.5.12]

Notation 2.6.3. Let (S,), be a cofiltered inverse system of affine formal schemes, and let & =
lim, 8,. Denote by &/, the smallest closed formal subscheme of §, containing the image of
8§ = 8,. (Said differently, O(8),) is the quotient of O(S,) by the kernel of O(§,) — O(8) which is a
closed ideal.) Then, we have a cofiltered inverse system of affine formal schemes (8/,), and a mor-
phism (8), = (8,). of inverse systems given by closed immersions and inducing an isomorphism
lim, 8/, ~ lim, 8, on the limit.

Although, in general, the pro-objects (8),), and (8,), are not isomorphic, we have the following.

Lemma 2.6.4. Let (S,), be a cofiltered inverse system of affine formal schemes. Let S, and S, be
the rigid analytic spaces associated to S, and 8.,. Then, the obvious functor

RigSH ((S )03 A) — RigSHT (/)43 A) (2.33)

nis

is an equivalence.

Proof. It will be more convenient to use Proposition [2.5.8and prove that
colim RigSHE! (S ,; A) — colim RigSHI (S’ A) (2.34)

is an equivalence in Prt. Weset U, = S, \ S », and denote by j, : U, — S, the obvious inclusion.
For each a, RigSH (S ,; A) — RigSHEI(S”; A) is a localisation functor with respect to the class
of maps of the form 0 — j, yM where M € RigSHfi(Ua; A). This follows from the localisation
theorem for rigid analytic motives; see Proposition [2.2.3] Moreover, by Lemma [2.1.20, we may
assume that M is, up to desuspension, of the form M (X) with X € RigSm/U, quasi-compact and
quasi-separated.

It follows from the universal property of localisation (given by [Lur(Q9, Proposition 5.5.4.20])
that (2.34) is also a localisation functor with respect to the images of the maps 0 — j, yM, with M
as above. Thus, it is enough to show that, for X € RigSm/U, quasi-compact and quasi-separated,
there exists § < a such that X Xg, Sz = 0. This follows from the fact that X lies over a quasi-
compact open subset V C U, and that, for 8 < a small enough, we have Sg X5, V = 0 by, for
example, [FK18, Chapter 0, Proposition 2.2.10]. O

Notation 2.6.5. Let FSchy p, be the category of affine formal schemes of principal ideal type, and
Pro(FSchy ;) the category of pro-objects in FSchy .. We have an idempotent endofunctor of
Pro(FSchyt ) given by (8,), = (8,,)o. We define a new category Pro’(FSchy ), having the same
objects as Pro(FSchys ;) and where morphisms are given by

Hompro gsenyg, o) (Tp)p> (Sado) = HOomproeseh,; .0 ((Tp)p, (S5,)a)
= HomPrO(FSChaf.pr)((‘Ié)ﬁ’ (Sar)a)-



The obvious functor Pro(FSchys ;) — Pro’(FSchys )P, given by the identity on objects, is a
localisation functor and its right adjoint is given on objects by (S,), > (8),)q-

Corollary 2.6.6. The functor
RigSH"

nis

((=)"8; A) : Pro(FSchy ) — Pr"
extends uniquely to Pro’(FSchyg, p)°P.

Proof. Indeed, Pro(FSchy, ,r)®® — Pro’(FSchys )P is a localisation functor and RigSHflﬁ((—)“g; A)
transforms the morphisms (8/,), — (8,), into equivalences by Lemma Thus, the result
follows from [Lur09, Proposition 5.2.7.12]. O
Remark 2.6.7. In the remainder of this subsection, we use the construction of RigSH!(S; A) as a
localisation of the co-category of presheaves of A-modules on FRigSm/S$ as explained in Remark
In fact, we will rather use the full subcategory of the latter, denoted by FRigSm,; /S,
spanned by formal S-schemes which are affine and of principal ideal type. (If S is of principal
ideal type and 7 a generator of an ideal of definition, then the second condition is equivalent to
having a n-torsion-free structure sheaf.) We are free to do so since the obvious inclusion induces an
equivalence of sites (FRigSm/8, rignis) ~ (FRigSm,; /8, rignis). We will also need the analogous

fact for RigSH"

of A-modules on

af, pr
((S @)a; A): It can be constructed as a localisation of the co-category of presheaves

FRigSm,; ../ (8a)e = colimFRigSm, pr/S(l.

The above category will be endowed with the limit rig-Nisnevich topology so that the resulting site
is equivalent to the one used in Notation [2.5.5|(with 7 = nis). Moreover, (2.31)) is induced from the
obvious functor

FRigSm,; . /(Sa)e — FRigSm

by the naturality of the construction of categories of motives.

Remark 2.6.8. (See Remark [2.5.6]) Given a cofiltered inverse system of affine formal schemes
of principal ideal type (8,),, we denote by Pro(FSchys ;x)/(8,), the overcategory of (3,),-objects.
There is a fully faithful embedding

FRigSm, or /(8a)a — Pro(FSchys, pr)/(80)a (2.35)

and we will identify FRigSmaf’pr/(Sa)a with its essential image by this functor. Thus, we may
think of an object of FRigSm,; or /(84)« as a pro-object (Xy)q<q,» Where X, is a rig-smooth formal
Sap-scheme and, for @ < @, X, = X, X84y So/(0)*™. We set 8 = lim, 8,, and for an object (X)a<a,
as before, we set X' = lim,<,, X.

/&

af, pr

We now introduce a new category of formal pro-schemes over (8,), where, roughly speaking,
the endofunctor introduced in Notation [2.6.5| becomes an equivalence. We will also consider the
oo-category of motives associated to this new category of formal pro-schemes, and use it to divide
the sought after equivalence into two which are easier to establish.

Notation 2.6.9. Keep the assumptions as in Remark We denote by FRigSmy; . /(8,), the full

subcategory of Pro’(FSchy pr)/(84). spanned by the objects which belong to the image of (2.35).
More concretely, we have a functor

FRigSm,; ., /(S4)e — FRigSmy;  /(84)a (2.36)

56

af, pr



which is the identity on objects and such that, in the target, the set of morphisms from (Y,).<s, to
(Xg)a<a, 18 the set of morphisms from (Y/,)a<g, t0 (X},)a<ay OVEr (84)q-

Remark 2.6.10. Let FRigEtaﬂ or/S be the full subcategory of FRigSm
formal S-schemes. Similarly, let

FRigEtys or/(80)a = colim FRigEt,s /8.,

/8 spanned by rig-étale

af, pr

considered as a full subcategory of FRigSm, pr/ (84)a, and let FngEtaf pr/ (84)q be its essential
image by the functor (2.36). The obvious functors

FRigEtyt, pr/(So)e — FRigEt) . /(8a)o — FRigEL, /S

are equivalences of categories. Indeed, it is so for their composition by Corollary [I.3.10] and the
second functor is faithful. This allows us to define the rig-Nisnevich topology on FngEta1f or [(Sa)as

and more generally on FngSmaf’pr/ (84)e by replacing (8,), with a general object of the latter
category.

Proposition 2.6.11. Let (3,), be a cofiltered inverse system of affine formal schemes of principal
ideal type. The functor (Xo)a<a, = M (Xo)a<a,) extends naturally to a functor

M"(-) : FRigSmi; ,/(Sa)o — RigSHGL((S0)as A).
(As usual, we set S, = S"%.)
Proof. By Corollary [2.6.6] there is a functor

RigSH{{ ((—)"; A) : (FRigSmy; . /(84)a)® — Pr*.

For every (X,)q<a, in FRigSm);  /(8,)q, With structure morphism f : (Xp)a<e, — (Sa)a» the

af, pr .
associated inverse image functor f* admits a left adjoint f;. Moreover, the motive Meff((xi;g)asao)
is equivalent to f; f*A. Hence, the result follows by applying Lemma below. O

Lemma 2.6.12. Let C be an oo-category and F : C® — CAT,, a functor. Given a morphism
f:Y - XinC, we denote by f* : F(X) — F(Y) the induced functor. Assume that C admits a

final object % and that for every object X € C, the functor rry, associated to ny : X — *, admits a
left adjoint mx y. Then, there is a functor € — Fun(JF(x), F(x)) sending X € C to the endofunctor
nx, 47y and a morphism f .Y — X to the composition of

* w s * % * * * g *
Tyylty = Ty f Ty = Ty [ AXTOx 47 = Ty g7y x4y = Tx 47Txs
where 1 is the unit of the adjunction (nx y, wy) and ¢ is the counit of the adjunction (nyy, 7ry,).

Proof. Let p : M — C be the Cartesian fibration associated to the functor J by Lurie’s unstraight-
ening construction [Lur09, §3.2]. Since % is a final object of C, we have a natural transformation
F(*)est = F, where F(xk). : CP — CAT,, is the constant functor with value F(x). This natural
transformation induces a morphism of Cartesian fibrations

FHr)xCe—L M

\/



The fiber of G over an object X € C is the functor 7}, : F(*) — F(X), which admits a left adjoint
by assumption. By [Lurl7, Proposition 7.3.2.6], the functor G admits a left adjoint F relative to C,
in the sense of [Lurl7/, Definition 7.3.2.2]. Thus, we have a commutative triangle

?(*)X@(—M

RN

and a natural transformation id — G o F over C which is a unit map. Moreover, the fiber of F over
an object X € C is the functor mry 4 : F(X) — F(x).

Composing the endofunctor F o G of F(x) x C with the projection to F(x) yields a functor
F(x) x € — F(*) and, by adjunction, a functor € — Fun(F(x), F(x)). We leave it to the reader to
check that the latter satisfies the informal description given in the statement. O

Remark 2.6.13. Let (S,), be a cofiltered inverse system of affine formal schemes of principal ideal
type and § = lim, 8,. We set S, = 8,% and § = 8",
(1) There is a commutative diagram

FRigSmy ./ (84)e — FRigSm;; o/ (8a)e — FRigSm,; /8

. M/eff(_) Meff((_)rig)
MefT((-))

RigSH T ((S ,)a; A) —— RigSH®I (S ; A).

nis nis

This is not completely obvious. One needs to check that Lemma[2.6.12] applied to the con-
travariant functor RigSHfl?;(( )i¢; A) defined on FRigSm*/(8,), and FRigSm*/$ gives
back the functor M°T((-)"¢). To do so, one reduces to a similar question, but for the con-
travariant functor RigSm/(—)"¢, which can be easily handled.

(2) It follows from the commutative triangle inside the diagram in (1) that M’ admits descent
for the rig-Nisnevich topology, i.e., it takes a truncated hypercover for the rig-Nisnevich
topology to a colimit diagram. (See Remark [2.6.10])

(3) By the universal properties of presheaf categories and localisation, the commutative dia-

gram in (1) gives rise to a commutative diagram in Pr*:

RigSH (S 0)a; A) —— RigSHLET((S o)as A)

T | T

RigSH ((S ,)o: A) —— RigSH (5, A)

nis

where ngSHl'ﬁf((S o)os ) 1s defined from the site (FngSmaf or /(S4)a,rignis) in the usual
way, i.e., by adapting Definition 2.1.T1] Thus, to finish the proof of Proposition [2.5.12] it
suffices to show Proposition [2.6.14] below.

Proposition 2.6.14. Let (3,). be a cofiltered inverse system of affine formal schemes of principal
ideal type and 8 = lim, 8,. We set S, = 8, and S = 8"¢. Then the obvious functor

RigSH"((S ,)0: A) — RigSH (S5 A) (2.37)

nis

is an equivalence.
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Notation 2.6.15. From now on, we fix a cofiltered inverse system (8, ), of affine formal schemes
of principal ideal type, and we let 8 = lim, S,. We define (8,), as in Notation and we set
So =858, =8,%and S = 8"e. We set A, = O(S,), A, = O(8/,) and A = O(8). We identify A/,
with a subring of A and set A, = |, A], which is a dense subring of A. We also assume that there
is an element 7, which “belongs” to all the A,’s and generates an ideal of definition in each A,.
(This is not a restrictive assumption since it is clearly satisfied when the indexing category of (S,),
admits a final object.) Given (X )e<q, in FRigSm,; o/ (84)a» We use similar notations: B, = O(X,),
B, = 0(X}), B=0(X)and B, = J,< Bl which is a dense subring of B.

Remark 2.6.16. The co-category RigSH;‘f((S ooy \) 18 compactly generated, up to desuspension,
by M'eﬂf((x(,)(,g,o) where (X, )q<a, belongs to FRigSm;f, or /(84)e- (This can be proven by adapting
the proof of Proposition The key point is that the small rig-Nisnevich site of (X, )e<q, 18
equivalent to the small Nisnevich site of X; see Remark [2.6.10]) Using Proposition [2.4.22] we
deduce that the functor (2.37) belongs to Pr-. This functor also sends a set of compact generators
to a set of compact generators. Indeed, by Proposition [[.3.8] a set of compact generators for
RigSHfl?;(S ; A) is given, up to desuspension, by motives of smooth rigid S -affinoids X = Spf(B)"¢

with B of the form
B:A<S1""’Sm,tl""’tn>/(Pl""’Pn)Sat

with P; € Al [s1,...,8m t,...,t,] such that det(0P;/dt;) generates an open ideal in B. Clearly,
Spf(B) is in the image of FRigSm, . /(Sa)e — FRigSmy /8. In particular, to prove that the
functor (2.6.14)) is an equivalence, it remains to show that it is fully faithful.

Before continuing with the proof, we recall the following two statements from [Vez19].

Proposition 2.6.17. Let R be an adic ring of principal ideal type and n € R a generator of an
ideal of definition. Let s = (S1,...,8y) and t = (t1,...,t,) be two systems of coordinates and
let P = (Py,...,P,) be an n-tuple of polynomials in R[s,t] with no constant term, i.e., such that
Pls=0,i=0 = (0,...,0). Assume also that det(OP;/0t;)|s=0,1=0 generates an open ideal in R. Then,
there exists a unique n-tuple F = (F\, ..., F,) of formal power series in (R[x~')[[s]] such that
P(s, F(s)) = 0. Moreover, for N large enough, the F;’s belong to the subring R[[n™"s]].

Proof. This is a slight generalisation of [Vez19, Proposition A.1] and one can easily check that the
proof of loc. cit. still works in the present context. More precisely, instead of a Banach K-algebra,
with K a complete non-Archimedean field, as in loc. cit., we consider the Banach ring R[n™']
endowed with the norm described in the proof of Proposition (Note that det(0P;/0t;)|s=0, =0
generates an open ideal in R if and only if it is invertible in R[7™"'].) O

The previous statement has the following generalisation. (See [Vez19, Proposition A.2].)

Corollary 2.6.18. Let R be an adic ring of principal ideal type and m € R a generator of an
ideal of definition. Let s = (sy,...,8y,) and t = (t1,...,t,) be two systems of coordinates, let a =
(a,...,ay)and b = (by,...,b,) be two tuples of elements in R, and let P = (P4, ..., P,) be an n-
tuple of polynomials in R[s, t] such that Pls—, —p = (0, ...,0). Assume also that det(OP;/0t;)|s=a,1=b
generates an open ideal in R. Then, there exists a unique n-tuple F = (Fy, ..., F,) of formal power
series in (R[x~'1)[[s — a]] such that P(s, F(s)) = 0. Moreover, for N large enough, the F;’s belong
to the subring R[[n™V (s — a)]].

We introduce some further notations.
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Notation 2.6.19. We fix two n-torsion-free rig-smooth adic A,,-algebras B,, and C,,. For @ <
@y, we set B, = A, §Aao By /()™ Co = Ay®y,, Cay/(0)*, X = Spf(B,) and Y, = Spf(C,).
Similarly, we set B = A§AWO B,,/(0)*, C = A@AW Co,/(0)™, X = Spf(B) and Y = Spf(C). We
also denote by B/, B, and X/, as in Notation [2.6.15] and we define similarly C,,, C., and Y,,.
Moreover, we assume that
By, = Agy(s, 1)/ (P)™

with s = (s1,...,5,) and t = (#,...,1,) two systems of coordinates, and P = (Py,...,P,) an
n-tuple of polynomials in A, [s, ] such that det(0P;/0t;) generates an open ideal of A, .

Lemma 2.6.20. Given a morphism of formal schemes f : Y — X, there exists an A'-homotopy
H : Ay = Spf(C(1)) » X

from f = Hoiytoamap f = H o i such that f : Y — X descends to a unique map Y/, — X, for
a < ay small enough.

Proof. Indeed, suppose that f corresponds to a morphism of adic A-algebras B — C given by s; —
ci,for1 <i<m,and¢; — dj, for 1 < j < n, where the ¢ = (cy,...,c,) and d = (d,, ..., d,) are
tuples of elements of C satisfying P(c,d) = 0. Let F = (Fy,..., F,) be the n-tuple of power series
in C[7~"[[s — ¢]] associated by Corollary to the n-tuple of polynomials P = (Py,...,P,)
(considered with coefficients in C via the map A,, — C) and their common zero (c,d). By the
same corollary, for ¢ = (¢4, ..., ¢,) an m-tuple of elements in A close enough to ¢, the expressions
Fi(c + (¢ —c) - 1) are well-defined elements of C(7), and the assignment

s c+(@—-¢)1, tH F(lc+(E-c¢)-1)

gives rise to a map of A-algebras B — C(7), and hence to a morphism H : A; — X of formal
schemes. By construction, Hoiy = f, and it remains to show that f = Hoi; descends to a morphism
Y., — X, for a well-chosen m-tuple ¢. (The uniqueness is clear since C/, — C is injective.) This
is the case when the ¢;’s belong to the dense subring C/, = | J,<,, C,, of C. Indeed, refining a,, we
may assume that the ¢;’s belong to C;, . Consider the map ‘é;o — 8gy X A" = Spf(A,(s)) induced
by & We have a rig-étale morphism X,, — S,, X A™ and the morphism f : Y — X gives rise to a
section o~ of the rig-étale projection X, Xs, a9 — . Then f descends to a morphism Y/, — X,
if and only if the section o~ descends to a section of the rig-étale projection (X, X8y XAM, & Y)—Y..

That this is true follows from Corollary [1.3.10} m]
Corollary 2.6.21. Keep the notation as above. Fix a system of coordinates u = (uy,...,u,) for
A", Given a finite collection fi, ..., fy in Homg(Y X A", X) we can find a collection H,, ..., Hy in

Homg(Y x A" x A, X) and some index a < a such that:

(1) Forall 1 <k < N, we have f; = H; o iy and the map fi, = Hy o i\ descends to a unique map
Y, x A" — X, over 3,

(2) If fxodie = fr odic for some 1 < k,k' < N and some (i,e) € {1,...,r} X {0, 1} then
Hy o di,e =Hp o di,e-

(3) If for some 1 < k < N and some y < ag the map f; o d,; € Homg(Y x A™™!, X) comes from
Homg (Y, x A", X, ), then the homotopy Hy o d,; € Homg(Y x A" x A", X) is constant,
i.e., factors through the projection on Yy x A™™!.

Proof. Suppose that f; corresponds to a morphism of adic A-algebras B — C(u) given by (s, ) —

(ck,dy) where ¢, = (¢x1s. .., Crm) and dy = (dyq, . .., di,) are tuples of elements of C(u) satisfying
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P(ck,dy) = 0. By Lemma [2.6.20] there are n-tuples of formal power series Fy = (Fyi, ..., Fi,)
associated to the f;’s such that

(s,0) = (ck +(Ck— ) 7, Ficp + (Cr — i) - 7))

defines a morphism H; : Y x B" x B! — X satisfying condition (1), for some « < ay, when the &;’s
are close enough to the ¢;;’s and belong to the dense subring C7 (1) = |Jy<q, Cofu) of C{u).

It remains to explain how to choose the ¢;’s so that the conditions (2) and (3) above are also
satisfied. To do so, we apply [Vez19, Proposition A.5] to the ¢;’s. (This result of [Vez19] is stated
for Banach algebras over a non-Archimedean field and a sequence of complete subalgebras, but
holds more generally for Banach rings and a filtered family of complete subrings; and we apply it
here to C[#~'] and the family C . [7~'], for @ < ay.) Thus we may find elements &; € C’ (u), which
are arbitrary close to the ¢y;’s, and satisfying the following properties:

(2') If ckly=e = cp'ly=c for some 1 < k, k' < N and some (i,€) € {1,...,r} X {0, 1} then Cily=c =

Ek’lu,:e-
(3’) If for some 1 < k < N and some y < g, ckly,=1 belongs to C;(uz, .o, Uy, then &y =1 =
Ck|ul:1~
With these ¢;’s, it is easy to see that conditions (2) and (3) are satisfied. Indeed, suppose that
fiodie = fv odie for some i € {1,...,r} and € € {0,1}. This means that c|,= = cply,= and
dily=e = di|u=c; we denote by ¢ and d their respective common values. This implies that both
Fily=e and Fyl,-. are two n-tuples of formal power series F with coefficients in C{u, ..., u,)
converging around ¢ and such that P(s, F(s)) = 0 and F(¢) = d. By the uniqueness of such power
series stated in Corollary we conclude that they coincide. Moreover, by property (2’), we
have ¢l = Crlu,=c; We denote by ¢ the common value. It follows that

Fi(ck + (@ = ) * Dly=e = F€+ (=) - 7) = F(cw + @ — ) - Dlg,=c

and thus Hy od;. = Hy od; . proving property (2). Property (3) follows immediately from property
(3’) and the definition of Hj. O

Proof of Proposition|2.6.14] We split the argument into two steps.

Step 1. Consider the A!-localisation functor L1 on the co-categories of presheaves of A-modules
PSh(FRigSm;; or /(8)a; N) and PSh(FRigSm,, /8; A).

For a presheaf F of A-modules, L,i(J) is given by the colimit of the simplicial presheaf
Hom(A®, F) where A" refers to the r-th algebraic simplex and

Hom(A", F)(=) = F((=)Xuo, ..., u)/(uo + - - + u, — 1)).
Indeed, the map F — colim Hom(A®, ¥) is an A'-equivalence by [MV99, §2.3, Corollary 3.8]. On
the other hand, using [MV99, §2.3, Proposition 3.4] and the fact that the endofunctor Hom(A!, -)
preserves colimits, we have equivalences
colim Hom(A®, F) =~ colim Hom(A® x A!, F) ~ Hom(A', colim Hom(A®, F))

showing that colim Hom(A*®, F) is A'-local.
With (X)a<ay a0d (Y4 )a<a, as in Notation [2.6.19] we claim that the natural map

(Lar Al(Xa)azar)) (Yadazay) = Lar AX) (9) (2.38)

is an equivalence. By the commutation of colimits with tensor products, it is enough to prove this

when A is the sphere spectrum. (Here we use the explicit model for the A'-localisation recalled
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above.) Similarly, since tensoring with the Eilenberg—Mac Lane spectrum of Z is conservative
on connective spectra, we reduce to prove this when A is the (Eilenberg—Mac Lane spectrum
associated to the) ring Z. In this case, we may use another model for the A'!-localisation functor
L,1, namely the one taking J to the normalised complex associated to the cubical presheaf of
complexes of abelian groups Hom(A*, J) where, as above, Hom(A", )(-) = F((—)}u1, ..., u.)).
(This is proven by adapting the method used for the simplicial presheatf Hom(A®, J). See also
[Ayo14b, Théoreme 2.23] for a closely related result.) Thus, we are reduced to showing that the
morphism of cubical abelian groups

(Hom(A*, Z((Xa)azap)) (Jaazar) = (Hom(A*, Z(2))) (¥) (2.39)

induces an isomorphism on the associated normalised complexes. This follows from Corollary
by arguing as in [VezI9] Proposition 4.2]. Note that, since Z((Xs)a<a,) is considered as a
presheaf on FRigSm;f, or /(8a)a- the elements of the left-hand side of (2.39)) are linear combinations
of (84)o-morphisms of formal pro-schemes from (Y,, X A")y<q t0 (Xo)a<ay-

Step 2. Let ¢ : (FRigSm,; or /8, rignis) — (FRigSm;f’ pr/ (84)a, rignis) be the premorphism of sites
that gives rise to the adjunction

Frnor - RISHIT((S0)as A) 2 RigSHI(S3 A) © G -
Our goal is to show that ¢} is an equivalence, and by Remark [2.6.16]it remains to see that ¢, is
fully faithful. We will prove that the unit morphism id — @yt @5 15 an equivalence. In order to
do so, we note that the functor

¢. : PSh(FRigSm, ,,/S; A) — PSh(ERigSml; /(S2)ai A)

af, pr
preserves (A!, rignis)-local equivalences. Preservation of rignis-local equivalences follows imme-
diately from Remark Preservation of A'-local equivalences is an easy consequence of the
fact that A! is an interval. (This is used to construct an explicit A'-homotopy between the identity
of ¢.A((=) x A!) and the endomorphism induced by the zero section.) As a consequence, we are
left to show that the morphism F — ¢,¢*JF is an (A, rignis)-local equivalence for all presheaves of
A-modules F on FRigSm;f, o /(84)e- Since ¢* and ¢, commute with colimits, and since (A!, rignis)-
local equivalences are preserved by colimits, we may assume that ' = A((X,)a<a,) With (Xo)a<a,
as in Notation In this case, the morphism F — ¢,¢*F can be rewritten as follows:

A((Xadazay) = ¢:AX). (2.40)

We claim that this morphism is an A'-local equivalence. Indeed, if we apply Ly to (2.40) and if
we evaluate at an object (Ya)a<a, Of FRigSmy;  /(8,)a, We get precisely the map (2.38) which we
know to be an equivalence. O

2.7. Quasi-compact base change.

We prove here the so-called quasi-compact base change theorem for rigid analytic motives. This
will be obtained as an application of the continuity property for RigSH(fff’ M(=; A) proved in The-
orem [2.5.1] Our quasi-compact base change theorem can be compared with [Hub96, Proposition

4.4.1] and [[dJvdP96, Theorems 5.3.1].
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Theorem 2.7.1 (Quasi-compact base change). Consider a Cartesian square of rigid analytic
spaces

) G

i

x —fux
with f quasi-compact and quasi-separated. Let T € {nis, ét}, and assume one of the following two
alternatives.

(1) We work in the non-hypercomplete case. When 7 is the étale topology, we assume further-
more that A\ is eventually coconnective.
(2) We work in the hypercomplete case, and X, X', Y and Y’ are (A, 1)-admissible. When T is
the étale topology, we assume furthermore one of the following conditions:
e A is eventually coconnective;
e locally on X and X', one can find formal models X and X' such that X' is a limit of
a cofiltered inverse system of finite type formal X-schemes (X,), with affine transition
morphisms and such that the numbers pved, (X,*) are bounded independently of a.
(For example, this holds if g is locally of finite type.)

Then, the commutative square

RigSH™V(X; A) —— RigSH ™" (Y; A)

RigSH™V(X"; A) —— RigSH™ V(Y"; A)
is right adjointable, i.e., the natural transformation g* o f, — f! o g'* is an equivalence.

Proof. Using Proposition[2.2.1(3), the problem is local on X and X’. In particular, we may assume
that X and X’ are quasi-compact and quasi-separated. This implies the same for ¥ and Y’. We split
the proof into two parts. In the first part, we assume that g is of finite type and, in the second part,
we explain how to remove this assumption.

Part 1. Here we assume that g is of finite type. Since the problem is local on X and X’, we may
assume that g factors as a closed immersion followed by a smooth morphism. Using the base
change theorem for smooth morphisms of Proposition 2.2.1] we reduce to the case where g is a
closed immersion. Thus, we may assume that X = Spf(A)"¢ and X’ = Spf(A’)"¢ where A is an
adic ring of principal ideal type and A" a quotient of A by a closed saturated ideal I C A. [f r € A
generates an ideal of definition, then A’ is the filtered colimit in the category of adic rings of the
A-algebras A; y = A(J/n") where N € N and J C [ is a finitely generated ideal.

Set X = Spf(A) and X' = Spf(A”"). Choose a formal model Y of Y which is a formal X-scheme
and set Y’ =Y xy X’. Let K be the indexing category of the filtered inductive system (A n), v,
and write “@” instead of “J, N” for the objects of K. We denote by o € K the initial object
(corresponding to N = 0 and J = (0)). Set X, = Spf(A,), Yo = Y Xx X, Xo = Xof and Y, = e

63




For @ — B in K, we have Cartesian squares of rigid analytic spaces

Spo
Yo — Y,

T
8pa

Xﬁ—>Xa

where the horizontal arrows are open immersions. (Note that f, = f.) We deduce commutative
squares of co-categories

RigSH™ V(X,; A) — RigSHC™"(Y,; A)
lg;(, lgg; (2.41)
-
RigSHE™ " (X; A) —— RigSHE™ Y (¥;; A).

In fact, we have a functor K — Fun(A!,Pr") sending & € K to f and @ — f3 to the commutative

square (2.41). Moreover, since the squares (2.41) are right adjointable by Proposition 3), this
functor factors through the sub-co-category

Fun®*‘(A', Prs) = Fun(A', Pry) N Fun®*(A', CAT.,),

where Fun®*4(A!, CAT.,) is the oo-category introduced in [Lurl’7, Definition 4.7.4.16].

Consider a colimit diagram K~ — Fun(A!, Pr%) extending the one described above. Since all the
co-categories we are considering are stable, Lemma [2.7.2] below implies that this diagram factors
also through the sub-co-category Fun**4(A!, Pr"). Evaluating the functor K> — Fun(A!,Pr") at
the edge 0 — oo, where co € K is the cone point, we obtain a commutative square in Pr-

RigSHC™ V(X,; A) ——2 s RigSHC™V(¥,; A)

lcolimn &ho J{colim(, 8o

colim, f;

colim RigSH®™ " (X,; A) —% colim RigSH™ (Y, A)
which is right adjointable. By Theorem [2.5.1] this square is equivalent to the one in the statement.

Part 2. ' We now assume that g is not necessarily of finite type. We may assume that g is induced by
a morphism Spf(A’) — Spf(A) of affine formal schemes. Set XX = Spf(A) and X’ = Spf(A’). Let Y
be a quasi-compact and quasi-separated formal X-scheme such that ¥ = Y and let Y’ = Y xy X’
so that Y2 = Y’. Write A’ as a filtered colimit A" = colim, A, of finitely generated adic A-algebras
A,. Setalso X, = Spf(A,), Yo = Y xx Xy, Xo = Xof and Y, = Y2 If 7 is the étale topology
and A is not eventually coconnective, we may assume that the numbers pvcd, (X, ) are bounded
independently of a.

As in the first part of the proof, we have a diagram K — Fun(A!, Pr%) sending @ — §3 to squares
of the form (2.41). Since the morphisms gz, : Xz — X, are of finite type, these squares are right
adjointable as shown in the first part of the proof. The result follows again by considering a colimit
diagram K~ — Fun(A', Prh), and using Lemma and Theorem O

64



The following lemma, which was used in the proof of Theorem is well-known. We in-
clude a proof for completeness. (Recall that we are using the notation Fun®? following [Lurl7,
Definition 4.7.4.16].)

Lemma 2.7.2. Let K be a simplicial set. Let C: K" - Fun(A!, Pr™) be a colimit diagram and let
C be its restriction to K. Assume the following conditions:

(1) C factors through Fun®*9(A!, Pr*) = Fun(A', Pr") N Fun®AY(A!, CAT,,);

(2) for every s € K, the right adjoint to the functor f; : Cy(s) — C;(s), associated to s by C, is

colimit-preserving.

(Note that the second condition is satisfied if f is compact-preserving, and the co-categories Cy(s)
and Ci(s) are stable and compactly generated.) Then, C also factors through Fun®29(A!, Prh).
Moreover, the resulting map K> — Fun®9(A', PrY) is a colimit diagram.

Proof. Using the equivalence Prt ~ (Pr®)°, we deduce a limit diagram
€ : (K°®)? = Fun(A", Pr®).

We denote by € the restriction of €’ to K°. Applying € and €’ to an edge e : s — in K, we get
the following commutative squares of co-categories

Cols) — €,(s) Cols) 2 €,(s)
o) : l l and  @(e): T T
fr 8t
Co(t) — C1(®») Co(t) +— Cy(1),

where the functors in the second square are the right adjoints to the functors in the first square. By
condition (2) the functors g; admit right adjoints. Moreover, the first square C(e) is right adjointable

if and only if the square C’(e) is right adjointable. We can then reformulate the problem as follows:
if €’ factors through

Fun®**(A"?, Pr®) = Fun(A"?, Pr®) N Fun®*‘(A"?, CAT.,),

then the same holds true for € and the resulting map is a limit diagram. Since limits in Pr}
are computed in CAT,, (by [LurQ9, Theorem 5.5.3.18]), this follows from [Lurl7/, Corollary
4.7.4.18(2)]. O

Remark 2.7.3. Keep the notations and assumptions of Theorem [2.7.1] The commutative square
Shv(X; A) —L— Shvi(Y; A)
ShvV(X’; A) —— SV (Y’; A)

is also right adjointable. This is proven by the same method: instead of using Theorem [2.5.1] we
use the much easier Corollary[2.5.10] There is also an unstable version of this result, asserting that

ShvV(X) —— Shv?(1)

ShviV(x") — Shv(¥")
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is right adjointable under some assumptions. This holds for instance when 7 is the Nisnevich
topology, and X, X’, Y and Y’ locally of finite Krull dimension. When 7 is the étale topology,
we have a weaker result: under the same assumption on the Krull dimensions, the base change
morphism g* o f, — f/ o g’* is an isomorphism when evaluated at truncated étale sheaves and, in
particular, at étale sheaves of sets. A proof of this can be obtained by adapting the proof of Theorem
Indeed, Corollary is still true for the co-categories of n-truncated S-valued sheaves
Shv,(—)<,. (In this case, there is no distinction between sheaves and hypersheaves.) Similarly,
if h : T — S is a quasi-compact morphism between rigid analytic spaces locally of finite Krull
dimension, the associated functor /" : ShVT(Et/ Sy — ShVT(Et/T)Sn belongs to Prb.

2.8. Stalks.

In this subsection, we determine under some mild hypotheses the stalks of RigSH(Teﬁ’ M= A),
which is a 7-(hyper)sheaf by Theorem [2.3.4 We then use this to generalise Theorem 2.5.1] We
start with a general fact on presheaves with values in a compactly generated co-category.

Proposition 2.8.1. Ler (C, 1) be a site having enough points and let V be a compactly generated
co-category. For a morphism [ : F — G in PSh(C; V), the following conditions are equivalent:

(1) L.(f) : L{(F) = L(9) is an equivalence in Shv’(C;V);

(2) f,:F — G, is an equivalence in V for all x in a conservative family of points of (C, 7).

Proof. By [Drel8, Proposition 2.5], condition (1) holds if and only if, for all compact objects
A €V, the maps of presheaves of spaces

Mapy (A, f) : Mapy(A, F) — Mapy (A, 9G)

induce equivalences after T-hypersheafification. This is the case if and only if for every x as in (2),
the induced maps on stalks

Mapy (A, f)x : Mapy(A, ), = Mapy(A, 9),.

are equivalences. Since the A’s are compact and stalks are computed by filtered colimits, the above
maps are equivalent to

Mapy (A, f;) : Mapy(A, F) = Mapy(A, G,).

Since V is compactly generated and A varies among all compact objects, our condition is equivalent
to asking that the maps f, : . — G, are equivalences as needed. O

Later we use Proposition with V = Pr-. This is indeed possible by Proposition below,
whose proof relies on two technical lemmas. The first one is a variant of the characterisation of
presentability given in [Lur0Q9, Theorem 5.5.1.1(6)] which is certainly well-known. We provide an
argument because we couldn’t find a reference.

Lemma 2.8.2. Let C be a locally small co-category admitting small colimits. Assume that there
exists a regular cardinal k and a set S C C of k-compact objects such that C coincides with
its smallest full sub-oco-category containing S and stable under colimits. Then C is k-compactly
generated (in the sense of [Lur09, Definition 5.5.7.1]).

Proof. The difference with [LurQ9, Theorem 5.5.1.1(6)] is that we do not assume that every object
of € is a colimit of a diagram with values in the full sub-co-category spanned by S .
Let € C C be the smallest sub-co-category of € containing S and stable under «-small colimits.

The co-category € can be constructed from S by transfinite induction as follows. Let £, be the full
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sub-oco-category of € spanned by S and, for an ordinal v > 0, let £, be the full sub-co-category of C
spanned by colimits of k-small diagrams in (J,., €,. Then € = |,, &,. This shows that ¢ is essen-
tially small and that every object of € is k-compact (by [Lur09, Corollary 5.3.4.15]). By [Lur(9,
Proposition 5.3.5.11], the inclusion & — C extends uniquely to a functor ¢ : Ind, () — € pre-
serving k-filtered colimits, and this functor is fully faithful. In fact, by [Lur09, Proposition 5.3.6.2
and Example 5.3.6.8], Ind,(€) admits small colimits and the functor ¢ is colimit-preserving. Using
that the essential image of ¢ contains S, we deduce that ¢ is an equivalence of co-categories. Since
Ind, (&) is presentable by [LurQ9, Theorem 5.5.1.1], this finishes the proof. (Note that Ind, (&) is
k-accessible by definition, see [Lur(Q9, Definition 5.4.2.1].) m]

Lemma 2.8.3. Let C and D be co-categories such that C is compactly generated and D admits
small colimits. Assume that there is a functor G : D — C with the following properties:

(1) it admits a left adjoint;
(2) it is conservative;
(3) it commutes with filtered colimits.

Then D is compactly generated. Moreover, if F is a left adjoint to G, then F takes a set of compact
generators of C to a set of compact generators of D.

Proof. Since G commutes with filtered colimits, the functor F takes a compact object of C to
a compact object of D. Let €, be the full sub-co-category of € spanned by compact objects,
and let D’ c D be the smallest sub-co-category containing F(Cy) and stable under colimits. By
Lemma D’ is compactly generated since Cj is essentially small. Thus, it suffices to show
that the inclusion functor U : D" — D is an equivalence. By [Lur09, Corollary 5.5.2.9 & Remark
5.5.2.10], the functor U admits a right adjoint V and it is enough to show that V is conservative.
This follows from the hypothesis that G is conservative. Indeed, we have G ~ G’ o V where G’
is right adjoint to the functor F’ : ¢ — D’ induced by F (which exists by [LurQ9, Corollary
5.5.2.9). O

Proposition 2.8.4. The co-category Pt is compactly generated.

Proof. This is probably well-known, but we couldn’t find a reference. We include a proof here for
completeness. Denote by Cat™ %™ the sub-co-category of Cat,, whose objects are the idempotent
complete small co-categories admitting finite colimits and whose morphisms are the right exact
functors. By [Lurl7, Lemma 5.3.2.9(1)], the functor € — Ind,(C) induces an equivalence of co-
categories between Cat™®™ and Pr-. Thus, it is enough to show that Cat™ ™ is compactly
generated. Since Pr” admits small colimits by [Lur09, Proposition 5.5.7.6], the same is true for
Cat™ 9™ which is moreover obviously locally small.

We will show that Cat™ %™ is compactly generated by applying Lemma to the inclusion
functor Cat'™®™ _ Cat,,. First, note that Cat,, is compactly generated. Indeed, Cat,, is the co-
category associated to the combinatorial simplicial model category Set; of marked simplicial sets
where the cofibrations are generated by monomorphisms with compact domain and codomain, and
where fibrant objects are stable by filtered colimits. (See [Lur09, Propositions 3.1.3.7 & 3.1.4.1, &
Theorem 3.1.5.1].) We now check that the inclusion functor Cat™ 4™ — Cat,, satisfies properties
(1)—=(3) of Lemma [2.8.3] Property (1) follows from [Lur09, Corollary 5.3.6.10]. Property (2) is
obvious: an inverse of a right exact equivalence of co-categories is right exact. For property (3),

we need to show the following: given a filtered diagram in Cat™'%™ its colimit computed in
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Cat,, admits finite colimits and is idempotent complete. The first property follows from [LurQ9,
Proposition 5.5.7.11]. The second property follows from [Lur09, Corollary 4.4.5.21] i

We record the following lemma for later use.

Lemma 2.8.5. Let (C,7) be a site and let F : C°° — CAT,, be a presheaf on C. Set & = limeo F.
(If C admits a final object *, then & ~ F(x).) Given an object X € C, we denote by A — Ay the
obvious functor € — F(X).

(1) Assume that F is a T-(hyper)sheaf. Then, for A, B € &, the presheaf on C, given informally
by X +— Mapg ) (Ax, Bx), is a T-(hyper)sheaf.

(2) Assume that J is a T-hypersheaf and that the limit diagram (C”)® — CAT,, extending I
factors through Pr=. Assume also that (C,7) admits a conservative family of points (x;);.
Then, the family of functors (¢ — F.);, where the stalks F,. are computed in Pr-, is
conservative.

Proof. We denote by M : (CAT«)s1, — 8 the copresheaf corepresented by A — A'. The
functor M commutes with limits and admits the following informal description. It sends an oco-
category Q together with a functor ¢ : A — Q to the mapping space Map,(¢(0), g(1)). This is
indeed a consequence of [DS11), Proposition 1.2].

To give a precise construction of the presheaf described informally in (1), we consider € as an
object of (CAT.,)gy1, using the functor e : JA! — € mapping 0 to A and 1 to B. By the definition
of &, the presheaf J lifts to a (CAT.,)e,-valued presheaf F”. The functor e gives rise to a functor

(CAT)e) — (CATw)gar/

and we denote by J” the (CAT)sa!,-valued presheaf obtained from J” by composing with this
functor. By construction, F” is a lift of F admitting the following informal description. It sends
an object X € € to the co-category F(X) together with the functor A! — F(X) mapping O to
Ax and 1 to By. The presheaf X — Mapgy,(Ax, Bx) in (1) is then defined to be M o F”. That
said, the conclusion of assertion (1) is now clear. Indeed, the projection (CAT.)gs1;, — CAT
preserves and detects limits by [Lur0Q9, Proposition 1.2.13.8] and, as mentioned above, the functor
M is limit-preserving. Thus, the conclusion follows from Remark [2.3.3((1).

Given a point x of (C, 1), we denote by A — A, the functor &€ — F,. To prove the second
assertion, we fix a morphism f : A — B in € inducing equivalences A,, ~ B, for all i. We need to
prove that f is an equivalence. Since € is compactly generated, it is enough to show that f induces
an equivalence Map,(C,A) — Map,(C, B) for every compact object C € £. The compositions
with the fx’s, for X € C, induce a morphism of presheaves

(X > Mapy(Cx, Ax)) — (X = Mapy .y, (Cx, By), (2.42)

whose construction we leave to the reader. By assertion (1), this is actually a morphism of 7-
hypersheaves. Thus, to conclude, it is enough to show that the morphism (2.42)) induces equiva-
lences on stalks at x; for every i. Since C is compact, the stalk at x; of this morphism is given by
the map Map; (Cy,Ax) — Mapg, (Cy;, By;) which is indeed an equivalence since Ay, ~ B.;. m]

By Theorem the Prt-valued presheaf RigSH(Teff)’A(—; A) has 7-hyperdescent. Therefore,
it is particularly useful to determine its stalks. The next theorem shows that, under some mild

7Corollary 4.4.5.21 can be found in the electronic version of [LurQ9] on the author’s webpage, but not in the
published version.
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hypotheses, these stalks can also be understood as oco-categories of rigid analytic motives over
rigid points (in the sense of Definition |1.4.22).

Theorem 2.8.6. Let S be a rigid analytic space and let’ s — S be an algebraic rigid point of S.
(See Remark|l.4.25]) Let T € {nis, ét}, and assume one of the following two alternatives.
(1) We work in the non-hypercomplete case.

(2) We work in the hypercomplete case and S is (A, T)-admissible.

Then there is an equivalence of co-categories
RigSH*™ "V (—; A); ~ RigSH™ " (5; A),

where the left-hand side is the stalk of RigSngﬂr’ A)(—; A) at s, i.e., the colimit, taken in Prt, of the
diagram (5 — U — §) — RigSH™"(U; A) with U € Et/S.

Proof. We need to show that the obvious functor

colim RigSH*™"(U; A) — RigSH*™ " (5; A)

s—>U-S

is an equivalence. The question being local on S around the image of s, we may assume that S is
quasi-compact and quasi-separated. In particular, S admits a formal model 8. The functor

(Spf(K*(3) = U — 8) = (5 = U™ — ),

with U affine and rig-étale over 8, is cofinal. Moreover, by Lemma [1.4.26, we have a canonical
isomorphism of formal schemes
Spf(k*(s)) =~ lim U.
P (5) Spf(x* () > U—S
The result follows now from Theorem Indeed, if S is (A, 7)-admissible then so are s and
every étale rigid analytic S-space U. (For s, use that the absolute Galois group of «(s) is a closed
subgroup of the absolute Galois group of k(s); for U, use Corollary[2.4.17]) Moreover, by the proof
of Lemma [2.4.16] we have the inequality pved, (U) < pved,(S), and, since S is quasi-compact,
the (A, 7)-admissibility of S implies that pved, (S) is finite. |

Remark 2.8.7. Theorem|2.8.6|applies in the case of a rigid point s — S associated to a point s € |S]|.
In this case, the stalk RigSHfff’ T)(—; A), has a simpler description: it is the colimit, taken in Prt,
of the diagram U +— RigSH(fﬁ’ M(U; A), where U runs over the open neighbourhoods U c § of s.
Indeed, every étale neighbourhood s — 7" — § of sin S can be refined by an open neighbourhood.
(This follows from Corollary and Lemma|[1.4.26(1).) Similarly, if 5 — S is a nis-geometric
rigid point as in Construction[I.4.27(1), we may restrict in the description of the stalk in Theorem
[2.8.6]to those étale neighbourhoods U admitting good reduction.

Corollary 2.8.8. Let S be a rigid analytic space. Assume one of the following two alternatives.

(1) We work in the non-hypercomplete case, and S is locally of finite Krull dimension. When ©
is the étale topology, we assume furthermore that A is eventually coconnective
(2) We work in the hypercomplete case, and S is (A, 7)-admissible.
Then, the functors
RigSH ™" (S; A) — RigSH*™"(s; A),

for s € S, are jointly conservative.
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Proof. Let Op/S denote the category of open subspaces of S endowed with the analytic topology.
By Theorem @I, RigSHieﬁ”\)(—; A) is a hypersheaf on Op/S. (In the non-hypercomplete case,
we use [CM21, Theorem 3.12] and [Lur(09, Corollary 7.2.1.12] which insure that a sheat on Op/S$
is automatically a hypersheaf.) Moreover, by Proposition this presheaf takes values in Pr-.
The result follows now from Lemma and Theorem m]

Remark 2.8.9. The algebraic analogue of Corollary [2.8.§]is also true: given a scheme S and as-
suming one of the alternatives of this corollary, the functors SHieff’ A)(S T A) > SH(T"’E’ N(s; A), for
s € |S], are jointly conservative. This can be deduced from Proposition [2.2.3| by arguing as in the
proof of [Hoy18, Corollary 14].

Our next goal is to upgrade Theorem [2.5.1]to a motivic analogue of [Hub96, Proposition 2.4.4];
see Theorem [2.8.15] below. We first introduce, following [Hub96, Definition 2.4.2 & Remark
2.4.5], a notion of weak limit in the category of rigid analytic spaces.

Definition 2.8.10. Let (S,), be a cofiltered inverse system of rigid analytic spaces, with quasi-
compact and quasi-separated transition maps. Let S be a rigid analytic space endowed with a map
of pro-objects (fy)e : S = (S4)a, 1.€., with an element (f,), € lim, Hom(S, S,). We say that § is
a weak limit of (S ,), and write S ~ lim, S, if the following two conditions are satisfied:

(1) the map |S| — lim, |S,| is a homeomorphism;

(2) for every s € |§| with images s, € |S [, the morphism

colimk*(s,) — k*(s),
04
where the colimit is taken in the category of adic rings, is an isomorphism.

Example 2.8.11. Let (8,), be a cofiltered inverse system of formal schemes with affine transition
maps and let 8 = lim, 8, be its limit. Set S = 8"¢ and S, = 8. Then S is a weak limit of (S,),.
Indeed, condition (1) follows from commutation of limits with limits, see Notation The
point is that any admissible blowup of & can be obtained as the strict transform of 8 with respect
to an admissible blowup of an 8, for some «. Condition (2) follows from Lemma [1.4.26(1).

Example 2.8.12. Let X be a rigid analytic space and Z C X a closed subspace. Let (U,), be an
inverse system of open neighbourhoods of Z in X such that, locally at every point of Z, this inverse
system is cofinal in the system of all neighbourhoods of Z in X. (When X is quasi-compact, this is
equivalent to saying that (U, ), is cofinal in the system of all neighbourhoods of Z in X.) Then, Z
is a weak limit of (U,),. Indeed, condition (2) is obvious and, for condition (1), we need to show
that |Z| = N, |U,|- This follows easily from the fact that |X| is a valuative topological space (in the
sense of [EK18l Chapter 0, Definition 2.3.1]) and that |Z| C |X] is stable by generisation.

The following lemma can be compared with [Hub96, Remark 2.4.3(i)]. See also the proof of
[Sch12l Proposition 7.16].

Lemma 2.8.13. Keep the notation as in Definition 2.8.10\ and consider the following variants of
conditions (1) and (2):

(1') the f,’s are quasi-compact and quasi-separated, and the map |S| — lim, |S .| is a bijection;
(2') for every s € |S| with images s, € |S .|, the induced morphism of fields

colim «(s,) — «(s)

has dense image.
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Then, conditions (2) and (2') are equivalent. Moreover, if condition (2) is satisfied, then conditions
(1) and (1’) are equivalent.

Proof. We identify k*(s,) with a subring of () and «(s,) with a subfield of «x(s). We may assume
that there is an element 7 € «*(s) which belongs to all the x*(s,)’s and generates an ideal of
definition in each one of them. If (2) is satisfied, then «*(s) is the m-adic completion of | J, «*(s,),
which implies that [ J, «(s,) is dense in k(s). Conversely, if (2') is satisfied, then «*(s) is the
Hausdorff completion of «*(s)NJ, k(s,). Then condition (2) follows from the following equalities
7'kt (s) N U, k(sq) = U, 'k* (s,) which are easily checked using the valuation on «(s).

Clearly, (1) implies (1”). We next assume that (2) is satisfied, and show that (1”) implies (1).
Using that the f,’s and the transition morphisms of the inverse system (S ,), are quasi-compact and
quasi-separated, we may reduce to the case where S and all the S, ’s are quasi-compact and quasi-
separated. By [Sta20, Lemma 09XU], it is then enough to show that the bijection |S| =~ lim, |S ]
detects generisations. Given s € |§| with images s, € |S,|, the generisations of s are the points of
Spf(«*(s)) while the generisations of (s,), are the points of lim, Spf(k*(s,)). Thus, condition (2)
implies that f induces a bijection between the generisations of s and those of (s,),. O

The following can be compared with [Hub96, Remark 2.4.3(ii)] and [Sch12| Proposition 7.16].

Lemma 2.8.14. Let (S,), be a cofiltered inverse system of rigid analytic spaces, with quasi-
compact and quasi-separated transition maps, and admitting a weak limit S. Let X be a rigid
analytic S ,,-space for some index . Then X XS g S is a weak limit of (X X Sag S @)e<ay-

Proof. We reduce easily to the case where S, the §,’s and X are quasi-compact and quasi-
separated. We will check that condition (1) of Lemma [2.8.13] and condition (2) of Definition
are satisfied by the maps X x5, § — X X5, S, for @ < ap. A point of [X X, S|
corresponds to a point s € |S| and a point of |X Xg, 5| mapping to the closed point of |s|. Using
a similar description for the points of the |X XS S.|’s, condition (1’) and (2) follow from the
following assertion: given s € |S| with images s, € |S,[, X X Sug S is a weak limit of (X XS 8)a<ap-
To prove this assertion, choose a formal model X — §,, of X — §,, and use Example and
the isomorphism of formal schemes X XS0 Spf(k*(s)) = limy<a, X XS0y Spf(«*(sqa)). O

Theorem 2.8.15. Let (S,), be a cofiltered inverse system of rigid analytic spaces, with quasi-
compact and quasi-separated transition maps, and admitting a weak limit S. Let T € {nis, ét}, and
assume one of the following two alternatives.

(1) We work in the non-hypercomplete case, and S and the S,’s are locally of finite Krull
dimension. When 7 is the étale topology, we assume furthermore that A is eventually
coconnective.

(2) We work in the hypercomplete case, and S and the S ,’s are (A, T)-admissible (see Defi-
nition 2.4.14). When t is the étale topology, we assume furthermore that A is eventually
coconnective or that, for every s € |S| with images s, € |S .|, the A-cohomological dimen-
sions of the residue fields k(s,) are bounded independently of a.

Then, the obvious functor

colim RigSH*" V(S ,; A) — RigSH™"(S; A), (2.43)

where the colimit is taken in Pt", is an equivalence.
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Proof. Let U,,« — S,, be a hypercover of S,, in the analytic topology with U,, , a disjoint
union of a family (U, . i)ie;, of Open subspaces of S,,. Set Uy n.i = Ugyon.i XS g Sqeand U, =
Ui XS g S . We have hypercovers U, . — S, and U, — § with U, , = [1;;, Uq,n,; and similarly
for U,. By [Lurl7, Proposition 4.7.4.19], there is an equivalence of co-categories

colim lim H RigSH™"V(U, ., s A) = lim | | colim RigSH*™" (U, ,.;; A). (2.44)

eA nleA
¢ [n] iel, [n] iel,

The right adjointability of the squares that is needed for [Lurl’/, Proposition 4.7.4.19] holds by
the base change theorem for open immersions, which is a special case of Proposition [2.2.1(3).
The presheaf RigSH(Teff’ M(—; A) admits descent for the hypercovers U, — S and U, , — S, by
Theorem [2.3.4] (In the non-hypercomplete case, we use the assumption that S and the S,’s have
locally finite Krull dimension so that descent implies hyperdescent by [CM21, Theorem 3.12] and
[Lur09, Corollary 7.2.1.12].) Therefore, the equivalence (2.44) shows that it is enough to prove
the theorem for the inverse systems (U, ;. i)a<a,- 10 particular, we may assume that the S,’s are
quasi-compact and quasi-separated.

Denote by Op%®/S the category of quasi-compact and quasi-separated open subspaces of S,
and similarly for other rigid analytic spaces. Given that Op%*®/S = colim, Op**®/S ,, there exists
a Pr--valued presheaf R on Op®%/S given by

R(U) = colim RigSH™"V(U,; A)
azqq

for any U,, € Op*®*/S,, suchthat U = U,, Xs,,S - (As usual, we set U, = Uq, Xs, Sa.) Moreover,
we have a morphism of Pr-valued presheaves

¢ : R — RigSH "M (—; A)

on Op¥®/§. Since S belongs to Op?°*/S , it suffices to show that ¢ is an equivalence of presheaves.
We will achieve this by showing the following two properties:

(1) R and RigSH®™"(—; A) are hypersheaves on Op%“® /S for the analytic topology;
(2) ¢ induces an equivalence on stalks for the analytic topology at every point s € |S|.

This suffices indeed by Propositions |2.8.1|and |2.8.4|, since the presheaves R and RigSHgeIny (= A)
on Op®®/S take values in Pr- by Proposition 2.4.22[

First, we prove (1). That RigSH(fff’ M(=; A) is a hypersheaf on Op®®/S was mentioned above.
To handle the case of R, we use again [CM21, Theorem 3.12] and [Lur09, Corollary 7.2.1.12]
which insure that a sheaf on Op%%/S is automatically a hypersheaf. Thus, it is enough to show
that R admits descent for truncated hypercovers U, in Op%¥*/S. We may assume that U_; = §.
Every such hypercover, is the inverse image of a truncated hypercover U,, « with U,, -1 = S,,. We
may then use the equivalence (2.44) to conclude.

Next, we prove (2). Fix s € |S| with images s, € |S,|. Since every quasi-compact and quasi-
separated open neighbourhood of s is the inverse image of a quasi-compact and quasi-separated
open neighbourhood of s, for @ small enough, the functor ¢; can be rewritten as follows:

colim RigSH*™ " (—; A),, — RigSH ™" (—; A);,.

Using Theorem [2.8.6] (and Remark [2.8.7)), this functor is equivalent to
colim RigSH*™ " (s,; A) — RigSH™ " (s; A).

By Theorem [2.5.1] the latter is an equivalence. i
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2.9. (Semi-)separatedness.

In this subsection, we discuss two basic properties of the functor RigSH®™ " (-

semi-separatedness and separatedness.

; A), namely

Definition 2.9.1. Let e : X’ — X be a morphism of rigid analytic spaces.

(1) We say that e is radicial if |e| : |X’| — |X| is injective and, for every x’ € |X’| with image
x € |X], the residue field x(x") contains a dense purely inseparable extension of k(x).

(2) We say that e is a universal homeomorphism if it is quasi-compact, quasi-separated, sur-
jective and radicial. (See Remark [2.9.2] below.)

Remark 2.9.2.

(1) Radicial morphisms and universal homeomorphisms are stable under base change.

(2) If e : X’ — X is a universal homeomorphism, then |e| : [X’| — |X]| is a quasi-compact
and quasi-separated bijection which detects generisation. By [Sta20, Lemma 09XU], this
implies that |e| : |[X’| — |X]| is a homeomorphism of topological spaces. Moreover, by (1),
this property is preserved by base change, which explains our terminology.

(3) A morphism of schemes e : X" — X is called a universal homeomorphism if every base
change of e induces a homeomorphism on the underlying topological spaces. By [Gro67,
Chapitre 1V, Corollaire 18.12.13], this is equivalent to saying that e is entire, surjective and
radicial.

Lemma 2.9.3. Let ¢ : X’ — X be a universal homeomorphism of rigid analytic spaces. The in-
duced morphism e : (Et/X’,7) — (Et/X, T) is an equivalence of sites, i.e., induces an equivalence
between the associated ordinary topoi, for T € {an,nis, ét}. In particular, we have an equivalence
of co-categories Shvi" (Et/X"; A) ~ Shv'(Et/X; A).

Proof. The second assertion follows from the first one using Lemma To prove the first
assertion, we need to show that the unit id — e.e* and counit e*e, — 1id are equivalences on 7-
sheaves of sets (i.e., on discrete 7-sheaves). For x € |X|, we have a morphism of sites (Bt/x,7) —
(Et/X, 7), and we denote by x* the associated inverse image functor. Then, the functors x*, for
x € |X], are jointly conservative on T-sheaves of sets. The same discussion is equally valid for points
of X’. Thus, we are left to show that the natural transformations x* — x*e.e” and x*e*e, — x’*
are equivalences on 7-sheaves of sets for all x € |X| and x" € |X’|. Assuming that x is the image
of x’, these natural transformations are equivalent to x* — e, .e;x* and ele, .x™* — x™*, where
ey : X' — x is the obvious morphism. This follows from Remark and the fact that the
morphism x" — X’ Xy x identifies x” with (X’ Xx x).q. Thus, we are reduced to prove the lemma
for rigid points. Since k(x’) contains a dense purely inseparable extension of «(x), the functor
Et/x — Et/x’ is an equivalence of categories which respects the analytic, Nisnevich and étale
topologies. O

Remark 2.9.4. Lemma[2.9.3]admits a variant for universal homeomorphisms of schemes which is
well-known, see [SGAIV2, Exposé VIII, Théoreme 1.1].

73


https://stacks.math.columbia.edu/tag/09XU

Corollary 2.9.5. Let e : S' — S be a universal homeomorphism of rigid analytic spaces. Then,
for T € {nis, ét}, we have a coCartesian square in Pr™

RigSH"(5; A) —— RigSH"(S"; A)

nis

| |

RigSHC™V(S; A) —— RigSH™ V(S "; A).
Said differently, RigSHfif)(S ’: A) — RigSH™ " (S"; A) is a localisation functor with respect to the
image by e* of morphisms of the form colimpaaM®®(U,) — MCD(U_,), and their desuspensions
and negative Tate twists when applicable, with U, a T-hypercover in RigSm/S which we assume
to be truncated in the non-hypercomplete case.

Proof. Using Remark 2.1.17] one reduces easily to the effective case. From the construction,
one sees immediately that RigSHflg(S A > RigSHiﬁ’(A)(S ’; A) is the localisation functor with
respect to morphisms of the form o/ — a,"G’ where:

e o, : (RigSm/S’,7) — (Et/ BY,, 7) is the premorphism of sites given by the obvious functor;

e 7 — G’ is a morphism in ShvniS(Et/]B”,;A) inducing an equivalence in ShViA)(Et/B",; A).
For example, 3’ — G’ could be colimy,jea Apis(U,) — Ayis(U”,) with U, a 7-hypercover in
(Et/B,,t) which is truncated in the non-hypercomplete case. The result follows now from the
commutative square

Shv,is(Et/B": A) —— Shvy (Bt/B; A)

* 1%
(an/ J/(l’n

Shv,i(RigSm/S; A) <, Shv,;(RigSm/S’; A)

and Lemma [2.9.3] which insures that the upper horizontal arrow is an equivalence of co-categories
respecting 7-local equivalences (in both the hypercomplete and non-hypercomplete cases). m|

Theorem 2.9.6 (Semi-separatedness). Let T € {nis, ét}. Let e : X' — X be a universal homeomor-
phism of rigid analytic spaces. Assume that X has locally finite Krull dimension. Assume also that
every prime number is invertible in either Ox or my/A. Then the functor

¢* : RigSHV(X; A) — RigSH"(X"; A)
is an equivalence of co-categories.

Proof. By Corollary [2.9.5] we may assume that 7 is the Nisnevich topology. Since X and X’ are
locally of finite Krull dimension, we are automatically working in the non-hypercomplete case
by Proposition 2.4.19] We need to show that the unit id — e,e* and the counit e*e, — id are
equivalences. By Corollary[2.8.8] it is enough to show that the natural transformations x* — x"e,.e*
and x*e*e, — x’* are equivalences for all points x € |X| and x” € |X’|. (Here, we denote by x the
morphism of rigid analytic spaces x — X associated to the point x € |X|, and similarly for x’.)
Assuming that x is the image of x’, these natural transformations are equivalent to x* — e, .e;x"
and ele, .x”" — x’*, where e, : X’ — x is the obvious morphism. This follows from Theorem@
and the fact that the morphism x" — X’ Xy x identifies x” with (X’ Xy x).eq. Thus, we are reduced to
prove the result for the morphism e, : X’ — x of rigid points. Moreover, we can write x’ ~ lim, x,

with (x,), the cofiltered inverse system of rigid analytic x-points such that «(x,) is a finite purely
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inseparable extension of x(x) contained in x(x’). Using Theorem [2.8.15] we reduce to show that e*
is an equivalence for a morphism of rigid points e : x* — x such that x(x")/k(x) is a finite purely
inseparable extension.

Arguing as in [Ayol4a, Sous-lemme 1.4], we see that e*e, =~ id. Thus, we only need to check
that id — e.e* is an equivalence. Since ¢* and e, commute with colimits (by Proposition [2.4.22),
it is enough to show that id — e.e” is an equivalence when applied to a set of compact generators.
Such a set is given, up to desuspension and negative Tate twists, by objects of the form fyA with
f : Spf(A)ie — x where A a rig-smooth k*(x)-adic algebra. Set A’ = A§K+(X)K+(X'), and let
e’ : Spf(A’)"¢ — Spf(A)“e and f’ : Spf(A’)"¢ — x’ be the obvious morphisms. Using Propositions
m and mb, we have equivalences e.e* f; ~ e, fﬁ’e’* ~ fyele’*. Thus, to finish the proof, we
(Spf(A)ie; A). Recall that there

only need to show that A — e/e’*A is an equivalence in RigSH
is a morphism of Pr--valued presheaves

An” : SHy(—; A) — RigSH,; (5™ A)
on Sch™/U, with U = Spec(A[n~!]) where 7 € k*(x) a generator of an ideal of definition. Calling
e” : Spec(A’[n7']) — Spec(A[n~']) the obvious morphism, we have, by Proposition [2.2.14} equiv-
alences An“e’e¢”* ~ e.¢’*An”. Thus, it is enough to show that A — e’¢”*A is an equivalence in
SH,.i;(Spec(A[n~']); A). This follows from Theorem below. O

nis

Theorem 2.9.7. Let v € {nis,ét}. Let e : X' — X be a universal homeomorphism of schemes.
Assume that every prime number is invertible in either Ox or nyA. Then the functor

e : SHV(X; A) — SHM(X'; A)
is an equivalence of co-categories.

Proof. Using the algebraic analogue of Corollary [2.9.5] we may assume that 7 is the Nisnevich
topology and we may work in the non-hypercomplete case. Then, the statement is [EK20, Theorem
2.1.1]. Alternatively, we may remark that the proof of [Ayol4a, Théoréme 3.9] can be extended
easily to the case of SH,,;;(—; A). We explain this below.

The problem is local on X, so we may assume that X is affine. By [Sta20, Lemma OEUJ], X’
is the limit of a cofiltered inverse system of finitely presented X-schemes (X)),, with X, — X
universal homeomorphisms. Using Proposition 2.5.T1] we thus reduce to the case where e is
assumed to be of finite presentation. In this case, writing X as the limit of a cofiltered inverse
system (X,), consisting of Z-schemes which are essentially of finite type, the scheme X’ is the
limit of (X, Xx,, Xa)a<a, for a finite universal homeomorphism X;, — X,,. Using Proposition
[2.5.11] again and base change for finite morphisms, we reduce to the case where X is of finite type
over Z. In conclusion, we may assume that X has finite Krull dimension and that X" — X is finite.

Arguing as in the beginning of the proof of Theorem [2.9.6] and using Remark [2.8.9] instead
of Corollary [2.8.8] and base change for finite morphisms instead of Theorem [2.7.1] we reduce to
the case where X is the spectrum of a field K, and X’ the spectrum of a finite purely inseparable
extension K’'/K. If K has characteristic zero, then K = K’ and there is nothing left to prove. So, we
may assume that K has positive characteristic p. We then write Spec(K) as the limit of a cofiltered
inverse system of finite type F,-schemes (X,), and Spec(K”) as the limit of (X, XX, Xo)a<a, for
a finite universal homeomorphism X, — X,,. Thus, as before, we are finally reduced to treat the
case where X and X’ are of finite type over F,. This case follows from [Ayol4a, Théoréeme 1.2].
Indeed, the condition (SS,) of loc. cit. is satisfied for SHy,;s(—; A), when p is invertible in myA, as

shown in [Ayol4a, Annexe C]. In fact, in loc. cit., this is stated explicitly in [Ayol4a, Théoreme
75


https://stacks.math.columbia.edu/tag/0EUJ

C.1] for DA/ (—; A), but the proofs apply also to SH,;(—; A). Indeed, the main point is to show that
elevation to the power p" on the multiplicative group G, induces an autoequivalence of M(G,) in
SH(F,; A); see [Ayol4a, Lemme C.4]. This follows from the fact that elevation to the power m on
G, induces the endomorphism of A(1) given by multiplication by the element m, = Y, ((=1)"")
in Kg/IW(Pp); see [Morl2, Lemma 3.14]. That this element is invertible in the endomorphism ring
of A(1) when m = p" is proven in [EK20, Lemma 2.2.8]. O

Remark 2.9.8. In the statement of Theorem [2.9.6] we made the assumption that the rigid analytic
space X has locally finite Krull dimension, whereas the analogous assumption was not necessary
for Theorem This is because we do not know if the analogue of [Sta20, Lemma OEUJ] holds
for rigid analytic spaces. This is indeed the only obstacle for removing the assumption on the Krull
dimension in Theorem [2.9.6] Said differently, semi-separatedness for rigid analytic motives holds
for a universal homeomorphism e : X’ — X when, locally on X, this morphism can be obtained as
a weak limit of a cofiltered inverse system of universal homeomorphisms (e, : X — X,), where
the X,,’s have finite Krull dimension.

Proposition 2.9.9 (Separatedness). Let f : Y — X be a morphism of rigid analytic spaces. Assume
that X is (A, ét)-admissible, and that for every point x € |X|, there is a point y € |Y| mapping to x
and such that k(y) contains a dense algebraic extension of k(x). Then the functor

£ RigSHS™ " (X; A) — RigSHS™"(Y; A)

t

s conservative.

Proof. Using Corollary [2.8.8] we reduce to the case of rigid points. More precisely, we need to
prove that a morphism f : y — x of rigid points, with «(y) containing a dense algebraic extension
of k(x), induces a conservative functor

f*: RigSHE™ " (x; A) — RigSHS™ " (y; A).

To do so, we may obviously replace y by any rigid x-point y' admitting an x-morphism y’ — y.
Since the completion of a separable closure of «(x) is algebraically closed, we may take for y" a
rigid x-point x as in Construction 2): k(x) is the completion of a separable closure k(x) of
k(x) and «*(x) is the completion of a valuation ring k*(x) C k(x) extending «*(x). In this case,
we have x ~ lim, x, where (x,), is the inverse system of rigid x-points such that x(x,) is a finite
subextension of k(x)/«(x). By Theorem we have an equivalence:

RigSHS™ "(—; A)r =~ RigSHS™ "(x; A)

ct

where the left-hand side is the stalk of RigSHgﬁ)’ "(=; A) at the point X of the site (Et/ x, ét). Since
this point is conservative, we deduce from Lemma[2.8.5(2) that the functor

RigSH™"(x; A) — RigSHE™ " (%; A)
is conservative, as needed. |

Corollary 2.9.10. Let X be a (A, ét)-admissible rigid analytic space, and let f : Y — X be a
locally of finite type surjective morphism. Then the functor

f*: RigSHE™ (X5 A) — RigSHE™ (Y3 A)

s conservative.
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Proof. For every point x € |X|, we may find a point y € |Y| mapping to x and such that x(y)/k(x) is a
finite extension. (This follows from [EK18, Chapter II, Proposition 8.2.6] by a standard argument.)
Thus, the result is a particular case of Proposition[2.9.9 m]

Corollary 2.9.11. Let e : X' — X be a universal homeomorphism of rigid analytic spaces, and
assume that X is (A, ét)-admissible. Then, the functor

¢ : RigSHE™ " (X; A) — RigSHE™ " (X'; A)
is an equivalence of co-categories.

Proof. The morphism (X");eq — (X’ Xx X')req 18 @ closed immersion and a universal homeomor-
phism, hence it is an isomorphism. Arguing as in [Ayol4a, Sous-lemme 1.4], we deduce that
e*e. ~id. Since e* is conservative by Proposition [2.9.9] the result follows. O

Remark 2.9.12. Of course, the T-stable case of Corollary [2.9.11]is already covered by Theorem
[2.9.6Junder weaker assumptions. The content of this corollary is that semi-separatedness holds also
for effective étale motives. It is worth noting that the algebraic analogue of this result is unknown.

Remark 2.9.13. Corollary [2.9.11] can be used to improve on the main result of [Vez17]. In-
deed, given a rigid variety B over a non-Archimedean field K, Corollary [2.9.11] implies that
RigDAfo’ (A)(B; Q) is equivalent to the co-category RigDA;frfc’)égt)(BPerf; Q) introduced in [Vez17, Def-
inition 3.5]. Thus, assuming that B is normal, [Vez1’/, Theorem 4.1] can be stated more naturally

as an equivalence of co-categories
RigDA™"W(B; Q) ~ RigDM:™ " (B; Q).

ét ét
In fact, this equivalence can be obtained more directly by arguing as in the proof of loc. cit., without
mentioning the co-category RigDA™ "V (BPer; Q). We leave the details to the interested reader.

Frobét
2.10. Rigidity.

Here, we discuss the rigidity property for rigid analytic motives. Rigidity is the property that
the co-category of torsion étale motives over a base is equivalent to the co-category of torsion étale
sheaves on the small étale site of the same base. Rigidity for rigid analytic motives was obtained in
[BV21l, Theorem 2.1] for RigDAQt(S ; \), with S of finite type over a non-Archimedean field and A
an ordinary torsion ring. Rigidity in the algebraic setting was obtained in [Ayol4a, Théoreme 4.1]
for DAéAt(—; A), with A an ordinary torsion ring, and in [Bac21al, Theorem 6.6] for SHQI(—; A), with
A the sphere spectrum. In the recent preprint [Bac21bl], Bachmann proved rigidity for effective
motives and removed all finiteness assumptions on the base scheme. We shall revisit these results
in this subsection, mainly following [Bac21al Bac21bl].

Notation 2.10.1. Let C be a stable presentable co-category and £ a prime number. An object A of
C is said to be ¢-nilpotent if the zero object of C is a colimit of the N-diagram

AL A A
An object A of C is said to be £-complete if the zero object of € is a limit of the N°P-diagram

A A S A
We denote by Cp.piy C € and Cp.¢, C C the sub-co-categories spanned by ¢-nilpotent and £-complete
objects respectively. Given an object A of C, we denote by A/{" the cofiber of the map

¢"-id 1 A — A.
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Since multiplication by £*" is zero on A/£", it is both £-nilpotent and £-complete.

We gather a few facts concerning the notions of £-nilpotent and £-complete objects in the follow-
ing remark. We refer the reader to [Lurl8) Part II, Chapter 7] where these notions are developed in
greater generality. See also [Bac21al §2.1].

Remark 2.10.2. Let C be a stable presentable co-category and £ a prime number. We denote by
C[¢™!] the full sub-co-category of C spanned by those objects for which multiplication by ¢ is an
equivalence.

(1) The co-category C,.p,y is stable, presentable and generated under colimits by the objects of
the form A/¢", for A € €. The inclusion functor C,,; — € commutes with colimits and
finite limits. If C is compactly generated, then so it is Cpy;.

(2) The oco-category C,.p is the localisation of € with respect to the maps 0 — A, for A €
C[¢~']. We denote by (—)Q : € — Cpp the left adjoint to the inclusion functor. This is
called the £-completion functor.

(3) The ¢-completion functor induces an equivalence of co-categories

(—)? : Crnit = Gf-cpl-
In particular, we see that C.p is stable, presentable and generated under colimits by the
objects of the form A/¢", for A € C. If € is compactly generated, then so is Cr.cpi.
(4) If C underlies a presentable symmetric monoidal co-category C%, then there is an essentially
unique morphism C® — G?Cpl in CAlg(Pr™) whose underlying functor is (=)} : C = Crepl.
(5) Suppose that € is given as a colimit in Pr" of an inductive system (C,), of stable pre-
sentable co-categories. Then C[£~!] is also the colimit of the inductive system (C,[£7']),
in Pr". (This uses the fact that a colimit in Pr can be computed as a limit in Pr®.) In par-
ticular, C[£~!] is generated under colimits by the images of the functors C,[¢~'] — C[£7'].
It follows from (2) and the universal property of localisations (see [LurQ9, Proposition
5.5.4.20]) that C,. is the colimit in Pr" of the inductive system (Cq, rcp)o- Using (3), we
deduce that G, is also the colimit in Pr™ of the inductive system (Co. £-nil)a-

Theorem 2.10.3 (Rigidity). Let S be a rigid analytic space and € a prime number which is invert-
ible in’k(s) for every s € |S|. Assume one of the following two alternatives.

(1) We work in the non-hypercomplete case and A is eventually coconnective.
(2) We work in the hypercomplete case.

Then the obvious functor
ShviV(Bt/S; A).cpr — RigSHE™ V(S5 A)r.epi (2.45)
is an equivalence of co-categories. (The same is true with “€-nil” instead of “€-cpl”.)
We also have the algebraic analogue of Theorem [2.10.3] which can be stated as follows.
Theorem 2.10.4. Let S be a scheme and € a prime number which is invertible on S. Assume one

of the following two alternatives.

(1) We work in the non-hypercomplete case and A is eventually coconnective.
(2) We work in the hypercomplete case.

Then the obvious functor

ShviV(Et/S 5 A)r.epr = SHE™ V(S5 A)pcpy (2.46)
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is an equivalence of oo-categories. (The same is true with “€-nil” instead of “€-cpl”.)

Proof. We first consider the alternative (1). We may assume that S is affine and given as the limit of
a cofiltered inverse system (S, ),, of affine schemes of finite type over Z. By the algebraic analogue
of Lemma and Proposition [2.5.11} it is enough to prove the conclusion for the §,’s. Thus,
me may assume that S is of finite type over Z and hence (A, ét)-admissible. By the algebraic
analogue of Lemma [2.4.18|(2) and Proposition [3.2.2] below, we are then automatically working in
the hypercomplete case. This means that we only need to consider the alternative (2). In that case,
the result is essentially [Bac21a, Theorem 6.6] improved in [Bac21b, Theorem 3.1]. O

Remark 2.10.5. Arguing as above, we only need to prove Theorem [2.10.3| under the second alter-
native. Indeed, by Lemma|2.4.21|and Theorem [2.5.1| we may assume that S is (A, ét)-admissible.
In this case, there is no distinction between the hypercomplete and the non-hypercomplete cases

by Lemma[2.4.18|(2) and Proposition [2.4.19]

Our proof of Theorem [2.10.3|follows the arguments in [Bac21a, Bac21b]] and relies on some of
the key steps in loc. cit. We start with a reduction to the (A, ét)-admissible case.

Lemma 2.10.6. 7o prove Theorem [2.10.3] we may work in the hypercomplete case and assume
that S is (A, ét)-admissible.

Proof. We said already that it is enough to work under the second alternative. Assume that The-
orem [2.10.3] is known in the hypercomplete case when the base is (A, ét)-admissible. To prove
the theorem in general, we argue as in the proof of [Bac21b, Theorem 3.1]. We may assume that
S = 8" where § is an affine formal scheme given as the limit of an affine formal pro-scheme (8,),
such that the 8,’s are of finite type over Z[£~'][[n]]. We set S, = 8,°; these are (A, ét)-admissible
rigid analytic spaces. By Lemma[2.4.21] Theorem [2.5.T]and Remark [2.10.2(5), we have a commu-
tative square

COhmaShVnis(S as A)f—cpl —_— ShVnis(S > A)(-Cpl

l l

colim, RigSH (S 45 A)pcpi —— RigSHET (S5 A)pr

where the horizontal arrows are equivalences of co-categories. It follows that in the analogous
commutative square

colim, Shv (S o3 A)p-cpp —— Shv4(S; A)repl

) |

colim, RigSHS™ (S 45 A)popi —— RigSHS™ (S 3 A)rcps

the horizontal arrows are localisation functors, whereas, by assumption, the left vertical arrow is
an equivalence. This shows that

Shv(S; A)rept — RigSHE™ (S5 A)repi (2.47)
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is a localisation functor. To finish the proof, it remains to see that is conservative. Given a
geometric rigid point s — S, we have a commutative square

Shv(S's A)pcpt — RIgSHS" (S A)gcpy
ShVé\t(E; A)f—cpl — RigSHg:ﬂC)’ A(E; A)t’—cpl,

and the bottom arrow is an equivalence, again by assumption, since s is (A, ét)-admissible. This
proves that the functor (—)s : Shv(S; A)r.cpr — (Mody)scp factors through (2.47). We conclude

using Propositions [1.4.29]and [2.8.1] m|

We now introduce some notations.

Notation 2.10.7. Let S be a rigid analytic space. The ¢-completion of the constant étale sheaf
A € Shv{"(Et/S; A) will be denoted simply by A,. This is the unit object of Shv{ (Et/S; A)r.cpi
endowed with its natural monoidal structure. We denote by
i+ ShvV(Et/S; A) — RigSH: V(S5 A)
the obvious functor, and by ¢ . its right adjoint. Similarly, we denote by
ty o - SAVO(EL/S 5 Ay — RigSHS V(S5 A)pep
the functor induced by ¢ on {-completed objects, and by ¢ ;. its right adjoint. We denote by

2y, - RigSHE V(S A)pep — RigSHL (S5 A)repy

et et

the functor induced by X7 on {-completed objects, and by €7, its right adjoint. (See Definition
2.1.15)) The functor (2.45) is given by «5 , in the effective case and by X7, o 5 , in the T-stable
case. These notations apply also when § is a scheme.

Recall that U}, is the relative unit sphere over the rigid analytic space S. (See Notation[2.1.10(3).)

Lemma 2.10.8. Let S be a rigid analytic space and € a prime number which is invertible in k(s)
for every s € |S|. There is a ®-invertible object Ag(1) in Shv(S; N).cpl together with a morphism

oA — A(D[1] (2.48)

in Shvg(Et/U; i N)ecpl endowed with a trivialisation (i.e., a homotopy to the null morphism) over
the unit section 1g C Ué. Moreover, the induced morphism o : T) — tg [(Ae(D[1]) is an equiva-

lence in RigSHZ{f’A(S s N cpl-

Proof. We may construct A,(1) and o : A, = A,(1)[1] locally on S provided that the construction
is compatible with base change. Assume that S = Spf(A)"¢ with A an adic ring. Let I C A be an
ideal of definition and set U = Spec(A) \ Spec(A/I). We denote by A,(1) € Shvfé\t(Et/ U; A)pcpl the
®-invertible object obtained from the one introduced in [Bac2la, Definition 3.9] by extension of
scalars to A. Also, let o : Ay = A/(1)[1] be the morphism in Shvg(Et/A}] \ Oy A)rcpt Obtained
from the one introduced in [Bac21al, Definition 3.13] by extension of scalars to A. As explained
in the beginning of [Bac21a, §6], a trivialisation of o above 15 gives rise to a morphism T} —
L?J, A(D[1] in SHZ?’ NU; A)epi- As explained in the beginning of the proof of [Bac21b, Theorem
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3.1], this morphism is an equivalence (see also [Bac21a, Theorem 6.5] in the T-stable case). The
lemma follows now from the existence of a commutative square of stable presentable co-categories

Shvj(Et/U; A) —— SHS (U3 A)
Shv(Et/S; A) —— RigSHS""(S; A)
where the vertical arrows are induced by the analytification functor. O

Corollary 2.10.9. Let S be a rigid analytic space and € a prime number which is invertible in k(s)
for every s € |S|. Then the obvious functor

2y, RigSHS " (S A)r.ept — RigSHE" (S5 A)rcpl

et et

is an equivalence of co-categories. (The same is true with “€-nil” instead of “€-cpl”.)

Proof. Indeed, by Remarks 2.1.17|and 2.10.2(5), RigSH4 (S ; A);.pi is the colimit in Pr* of the N-
diagram whose transition maps are given by tensoring with T} in RigSHZf“ "S53 A)rcpt- The result
follows since T} is ®-invertible by Lemma[2.10.8 O

Lemma 2.10.10. Let S be a (A, ét)-admissible rigid analytic space and € a prime number which
is invertible in'k(s) for every s € |S|. Then the obvious functor

Shvi (Et/S; A)pep — RigSHE™ (S5 A)rcpy (2.49)
is fully faithful. (The same is true with “€-nil” instead of “€-cpl”.)
Proof. By Corollary[2.10.9] we only need to treat the effective case. The functor
(s : PSh(Et/S; A) — PSh(RigSm/S; A)

is fully faithful and its right adjoint commutes with étale hypersheafification. It follows that the
induced functor on étale hypersheaves

¢; : ShvA(Et/S; A) — Shv4(RigSm/S; A)
is also fully faithful, and the same is true for the induced functor on £-complete objects
ty ¢ ShVA(EL/S; Ay — Shv4(RigSm/S; A)pcpi.

We claim that the functor ¢ , takes values in the sub-co-category RigSHZ?’ "(S'; A)rcpi spanned by
B!-local objects; this would finish the proof. Indeed, let  be an {-complete étale hypersheaf of A-
modules on Et/S . Saying that g JFis B'-local is equivalent to saying that for every X € RigSm/S,
themapI'(X; Flx) —» T(BL; F |B;() is an equivalence. (Here, we denote by J|x the £-complete inverse
image of J along the morphism X — S, and similarly for J|z:.) Since X is (A, ét)-admissible, the
claim follows from Lemma [2.10.T1|(1) below (see also [Hub9%, Example 0.1.1(2)]). O

Lemma 2.10.11. Let X be a (A, ét)-admissible rigid analytic space and € a prime number which
is invertible in k(x) for every x € |X|. Let p : B} — X be the obvious projection and let F be an

{-complete étale hypersheaf on Et/X. Then the map F — p.p*F is an equivalence.
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Proof. It is enough to prove the results on the stalks for all geometric algebraic rigid points x — X.
Using Remark we reduce to show the following. Given a geometric rigid point s = Spf(V)"e
and an {-complete étale hypersheaf of A-modules J on Et/s, the map F(s) - B F 1) is an
equivalence. Using Lemmas [2.4.5 and 2.4.11] we reduce to the case where J is bounded. By an
easy induction, we reduce to the case where J is discrete, and we may then assume that J is an
ordinary étale sheaf of Z/¢"-modules. The site (Et/ s, ét) is equivalent to (FRigEt/ Spf(V), rigét)
and, since s is geometric, it is also equivalent to (Et/ Spec(V’), ét), where V' = V/+/(n) with 7 a
generator of an ideal of definition of V. Thus, we may consider F as an ordinary étale sheaf on
FRigEt/Spf(V) and on Et/Spec(V’). We then have equivalences:

RTa(By; Flg1) = Rl vigar(Ays Flap) = REa(Ays i U(Z/0") @z Tl ) (2.50)

Here i denotes the closed immersion Spec(V’) — Spec(V) and its base changes, and j denotes the
open complement of i and its base changes. The second equivalence in (2.50) follows from [Hub96),
Corollary 3.5.16]. (More precisely, we reduce to the case where J is of the form #/Z/¢" with
i’ : Spec(V"”) — Spec(V’) a closed immersion, and we remark that [Hub96, Corollary 3.5.16] is
still valid if we replace the closed point of Spec(V) by a closed subscheme contained in Spec(V’).)
Using the smooth base change theorem in étale cohomology [SGAIV3, Exposé XVI, Théoreme
1.1] and the fact that the fraction field of V is algebraically closed, we deduce that i*j.Z/{" ~
Z/€" on A%,/. Thus, the last term in (2.50)) is equivalent to Rl"ét(A%,,; F Al /) which, by homotopy
invariance of étale cohomology [SGAIV3|, Exposé XV, Corollaire 2.2], is equivalent to F(V’) =~
F(s). This proves that F(s) is indeed equivalent to RT(B!; F 1) as needed. O

Proof of Theorem[2.10.3] Using Lemmas [2.10.6] and 2.10.10] it remains to see that the functor
(2.49) is essentially surjective (still under the assumption that S is (A, ét)-admissible). Moreover,
it is enough to do so in the T-stable case, by Corollary [2.10.9] We follow the argument used in the
proof of [BV21, Theorem 2.1].

The question being local on S, we may assume that S = Spf(A)"€ with A an adic ring of principal
ideal type. Let r € A be a generator of an ideal of definition and set U = Spec(A[x~']). It is enough
to show that the image of the functor (2.49)), in the T-stable case, contains a set of generators of
RigSH,(S; A)¢.cpi- Such a set of generators is given, up to shift and Tate twists, by M(V)/{" where
n € N and V = Spf(B)"¢ with B a rig-étale adic A-algebra satisfying the conclusion of Proposition
m} Thus, there exists a smooth affine U-scheme X and an open immersion v : V — X*". Since
we are allowed to replace V by the components of an analytic hypercover, we may assume that
Qy,y 1s free. Fix a projective compactification j : X — P over U and denote by f : X — U and
p : P — U the structural morphisms. Thus, we have a commutative diagram

v

v an I an
V—X*"— P

\ J/ fan
g pan

S.

The motive M(V) is equivalent to gyA = fﬂr““vﬁA. Using Corollary @, we see that M(V) is
equivalent, up to shift and Tate twist, to f"vyA =~ pi" j;"vﬁA ~ p,vyA.
Using Lemmas[2.10.8and [2.10.10] the image of the functor (2.49), in the T-stable case, is closed

under shift and Tate twists. Therefore, it remains to see that the latter image contains pi"vyA/¢".
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Clearly, vyA/¢" belongs to the image of
5O tpu g Shv (Et/P™; A)rep — RigSHL(P™; A)rcpr-

(9]

Thus, it is enough to show that the natural transformation X7, o i , 0 pi" — pi" 0 T, 0 (3, , 18 an
equivalence. (The first p2" is the direct image functor on étale hypersheaves, and the second p2" is
the direct image functor on rigid analytic motives.) Using Corollary [2.10.9] it is enough to show
that the natural transformation ¢ , o pi" — pi" o (. , is an equivalence. Given an {-complete étale

hypersheaf F on Et/P*, the evaluation of ts PE"F — pitpnd on a smooth rigid analytic S -space
Y is given by

[(Y;g"pi"F) = T(Y x5 P*, g"F) =T(Y; p.g"F)
where p’ and g’ are as in the Cartesian square

gl
Y xg P -5 pan

L

y—5% 5.

The result follows now from the quasi-compact base change theorem, see Remark O

3. RIGID ANALYTIC MOTIVES AS MODULES IN FORMAL MOTIVES

This section contains one of the key results of the paper which, roughly speaking, gives a de-
scription of the functor RigSH(TM(—; A) in terms of the functor SH(TA)(—; A). This can be consid-
ered as a vast generalisation of [Ayol5, Scholie 1.3.26]. In fact, we prefer to work with the functor
FSH!"Y(—; A), sending a formal scheme to the co-category of formal motives, instead of the functor
SH™(—; A), but this is a merely aesthetic difference, by Theorem For a precise form of the
description alluded to, we refer the reader to Theorems [3.3.3|and [3.8.1]

We start by recalling the definition and the basic properties of the co-category FSHE™ " (8; A)
of formal motives over a formal scheme S.

3.1. Formal and algebraic motives.

Recall that we denote by FSch the category of formal schemes and that, given a formal scheme
S, we denote by FSm/$ the category of smooth formal S-schemes. (Notations [1.1.5|and [1.4.9])
The oco-category of formal motives over a formal scheme is constructed as in Definitions [2.1.TT]

and
We fix a formal scheme 8 and 7 € {nis, ét}.

Definition 3.1.1. Let FSHiH’(A) (8; A) be the full sub-co-category of ShV(TA)(FSm/ 8; A) spanned by
those objects which are local with respect to the collection of maps of the form AT(Aéc) - A (X),
for X € FSm/8, and their desuspensions. Let

L, : Shv(FSm/8; A) — FSHE™V(§; A) (3.1)
be the left adjoint to the obvious inclusion. This is called the A!-localisation functor. Given a

smooth formal 8-scheme X, we set M°T(X) = L,1(A.(X)). This is the effective motive of X.

Remark 3.1.2. By [Lurl7, Proposition 2.2.1.9], FSHiﬁ’ W(S; A) underlies a unique monoidal oo-
category FSHﬁff’ (M(8; A)® such that L, lifts to a monoidal functor. Moreover, this monoidal co-

category is presentable, i.e., belongs to CAlg(Pr").
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Definition 3.1.3. Let Ts (or simply T if S is clear from the context) be the image by L,: of the
cofiber of the split inclusion A,(8) — AT(Aé \ 0Os) induced by the unit section. With the notation
of [Rob15, Definition 2.6], we set

FSH"(8; A)® = FSHE™M(S; A)®[Tg']. (3.2)

More precisely, there is a morphism XT : FSHiff’(’\)(S;A)® — FSHW(S; A)® in CAlg(Pr"),
sending Ts to a ®-invertible object, and which is initial for this property. We denote by Q7 :
FSHV(8; A) — FSH™V(8; A) the right adjoint to . Given a smooth formal 8-scheme X, we
set M(X) = ZSMT(X). This is the motive of X.

Definition 3.1.4. Objects of FSH(S; A) are called formal motives over 8. We will denote by A
(or Ag if we need to be more precise) the monoidal unit of FSH(TA)(S; A). For any n € N, we denote
by A(n) the image of T?”[—n] by X%, and by A(—n) the ®-inverse of A(n). For n € Z, we denote
by M +— M(n) the Tate twist given by tensoring with A(n).

Remark 3.1.5.

(1) Remark applies also in the case of formal motives: the co-category FSH™(8; A)
underlying (3.2) is equivalent to the colimit in Pr" of the N-diagram whose transition maps
are given by tensoring with Ts in FSHE™V(§; A).

(2) When A is the Eilenberg—Mac Lane spectrum associated to an ordinary ring, also denoted
by A, the category FSH®™")(8; A) is more commonly denoted by FDA™"(8; A). Also,
when 7 is the Nisnevich topology, we sometimes drop the subscript “nis”.

(3) Just as in Remark there is a more traditional description of the oco-category
FSH ™" (8; A) using the language of model categories. This is the approach taken in
[Ayol5, §1.4.2].

(4) If S is an ordinary scheme considered as a formal scheme in the obvious way, i.e., such that
the zero ideal is an ideal of definition, then the co-category FSH™ " (S; A) is the usual co-
category SHE™"(S; A) of algebraic motives over S. More generally, by Theorem
below, the co-categories introduced in Definitions [3.1.T| and [3.1.3| are always equivalent to
oco-categories of algebraic motives.

Lemma 3.1.6. The monoidal co-category FSH™"(8; A)® is presentable and its underlying co-
category is generated under colimits, and up to desuspension and negative Tate twists when appli-
cable, by the motives M (X) with X € FSm/§ quasi-compact and quasi-separated.

Proof. See the proof of Lemma [2.1.20] m|
Proposition 3.1.7. The assignment $ > FSH™"(8; A)® extends naturally into a functor
FSHE™ " (—; A)® : FSch® — CAlg(Pr"). (3.3)

Proof. We refer to [Robl4, §9.1] for the construction of an analogous functor in the algebraic
setting. O

Notation 3.1.8. Let f : Y — X be a morphism of formal schemes. The image of f by (3.3) is the
inverse image functor

f* i FSHER V(X A) — FSHET M (Y; A)
which has the structure of a monoidal functor. Its right adjoint f; is the direct image functor. It has

the structure of a right-lax monoidal functor. (See Lemma [3.4.1| below.)
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Notation 3.1.9. Recall that we denote by X, the special fiber of a formal scheme X. (See Notation
[I.1.6]) The functor X + X, induces a functor (=), : FSm/8 — Sm/8, which is continuous for
the topology 7. By the functoriality of the construction of co-categories of motives, we deduce an
adjunction

o : FSH™V(8; A) 2 SHE MV (S,: A) : 0. (3.4)
In fact, modulo the identification of Remark [3.1.5(4), o* is simply the inverse image functor asso-
ciated to the morphism of formal schemes X, — X.

Theorem 3.1.10. The functors o* and o in (3.4)) are equivalences of co-categories.

Proof. This is [Ayol5], Corollaires 1.4.24 & 1.4.29] under the assumption that § is of finite type
over Spf(k°), with k° a complete valuation ring of height < 1. However, this assumption is not used
in the proofs of these results. O

Remark 3.1.11. Let f : Y — X be a morphism of formal schemes. Modulo the equivalences of
Theorem [3.1.10] the operations f* and f, coincide with the operations f; and f.. associated to the
morphism of schemes f, : Y, — X,. When f, is locally of finite type, we denote by f; and f*
the operations on formal motives corresponding to the operations f,., and f on algebraic motives
modulo the equivalences of Theorem [3.1.10] (in the T-stable case). Similarly, if f, is smooth, we
denote by f; the operation corresponding to f5. 4.

Notation 3.1.12. Recall that we denote by X"¢ the generic fiber of a formal scheme X. (See
Notation [1.1.8]) The functor X + X"¢ induces a functor (=)"¢ : FSm/8 — RigSm/§"¢ which is
continuous for the topology 7. By the functoriality of the construction of co-categories of motives,
we deduce an adjunction

& FSHETM(8; A) 2 RigSHE™ V(81 A) : ys. (3.5)
Composing with the equivalences of Theorem [3.1.10] we get also an equivalent adjunction
s SHE V(8,3 A) 2 RigSHET V(8" A) : ys. (3.6)

These adjunctions will play an important role in this section.

Proposition 3.1.13. The functors &s, for 8 € FSch, are part of a morphism of CAlg(Pr™)-valued
presheaves .

£ FSHE™ Y (—; A)® — RigSHE™V((—)8; A)® (3.7)
on FSch. In particular, the functors & are monoidal and commute with the inverse image functors.
Moreover, if f : T — 8 is a smooth morphism in FSch, the natural transformation

fﬁrigofwﬁfs o fi
is an equivalence.
Proof. One argues as in [Robl14, §9.1] for the first assertion. The second assertion is clear. m|

In the rest of this subsection we use the above constructions to produce a convenient conservative
family of functors for the co-category RigSH(Teff’ M(S;A), for S arigid analytic space. This family
is rather big: it is indexed by formal models of smooth rigid analytic S -spaces. For a better result,
we refer the reader to Corollary below. We start by recording the following general fact.

Proposition 3.1.14. Let (F; : C; — D), be a small family of functors in Pr™ having the same target

D. Let G; be the right adjoint of F;. Then the following conditions are equivalent:
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(1) the family (G; : D — C))ic; is conservative;
(2) D is generated under colimits by objects of the form F;(A), with A € C;.

Proof. Assume first that (2) is satisfied. Let f : X — Y be a map in D such that G;(f) is an
equivalence for every i. We want to show that f is an equivalence. To do so, consider the full sub-
co-category Dy C D spanned by objects E such that Map,(E, X) — Map,(E, Y) is an equivalence.
Clearly, D, is stable under arbitrary colimits and contains the images of the F;’s. By (2), it follows
that Dy = D, and thus f is an equivalence by the Yoneda lemma.

We now assume that (1) is satisfied. Denote by D’ c D the smallest full sub-co-category
containing the images of the F;’s and stable under arbitrary colimits. We need to show that D" = D.
We claim that the co-category D’ is presentable. Indeed, as the F;’s are colimit-preserving and the
C;’s are presentable, D’ is the smallest sub-co-category of D stable under colimits and containing
a certain small set of objects (namely the union of images of sets of generators for the C;’s).
These objects are «x-compact for k large enough. Thus, our claim follows from Lemma [2.8.2]
Using [Lur(09, Corollary 5.5.2.9], we may thus consider the right adjoint p to the inclusion functor
D’ — D. Fix an object X € D. We will show that p(X) — X is an equivalence, which will
finish the proof. Since the G;’s form a conservative family, it is enough to show that the maps
Gi(p(X)) = G{X) are equivalences. By the Yoneda lemma, it is enough to show that the maps

Mape (A, Gi(p(X))) = Mape, (A, Gi(X))
are equivalences for all A € C;. By adjunction, these maps are equivalent to
Map,,(Fi(A), p(X)) — Mapy,(Fi(A), X),
which are equivalences since the F;(A)’s belong to D’. O

Proposition 3.1.15. Let S be a rigid analytic space. For every U € RigSm¥¥/S, denote by
v : U — S the structural morphism and choose a formal model U of U. Then, the functors

xu o fy : RigSHE" V(S5 A) - FSHE™ M (U; A),
for U € RigSm*® /S, form a conservative family. In fact, the same is true if we restrict to those

U’s admitting affine formal models of principal ideal type.

Proof. The functor yy o f; has a left adjoint f; 4 o0& sending the monoidal unit of FSHSCE’ MU; A)
to MM (). We conclude by Lemma [2.1.20{and Proposition [3.1.14 |
3.2. Descent, continuity and stalks, I. The case of formal motives.

In this subsection, we gather a few basic properties of the functor 8 > FSH™"(8; A), f - f*,
from Proposition We fix a topology 7 € {nis, ét}.

Proposition 3.2.1. The contravariant functor
8 > FSHEM (S A), [ f°
defines a T-(hyper)sheaf on FSch with values in Pr".

Proof. The proof is similar to that of Theorem [2.3.4] It suffices to prove that for every formal
scheme 8, the functor

FSHC™ M (—; A) : (Et/8)P — Prt,
is a 7-(hyper)sheaf. One reduces, by an essentially formal argument, to show that the functor

Shv(FSm/—; A) : (Et/8)® — Pr"
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is a 7-(hyper)sheaf, and this follows from Corollary 2.3.8] The formal argument alluded to can be
found in the proof of Theorem [2.3.4] and we will not repeat it here. O

A formal scheme 8§ is said to be (A, 7)-admissible (resp. (A, 7)-good) if the scheme S, is (A, 7)-
admissible (resp. (A, 7)-good) in the sense of Definition [2.4.14]

Proposition 3.2.2. Let 7 € {nis, ét} and let S be a (A, T)-admissible formal scheme. When T is the
étale topology, assume that A is eventually coconnective. Then, we have

FSH™"(8; A) = FSHM(S; A).
Proof. This is proven in the same way as Proposition [2.4.19 O

Proposition 3.2.3. Let S be a formal scheme.

(1) The co-category FSH®M(8; A) is compactly generated if T is the Nisnevich topology or if
A is eventually coconnective. A set of compact generators is given, up to desuspension
and negative Tate twists when applicable, by the MM (X) for X € FSm/8 quasi-compact,
quasi-separated and (A, 1)-good.

(2) The co-category FSH™"(8; A) is compactly generated if 8 is (A, 7)-admissible. A set of
compact generators is given, up to desuspension and negative Tate twists when applicable,
by the MM (X) for X € FSm/$ quasi-compact, quasi-separated and (A, T)-good.

Moreover, under the stated assumptions, the monoidal co-category FSH®™"(8; A)® belongs to
CAlg(Prt) and, if f : T — 8 is a quasi-compact and quasi-separated morphism of formal schemes
with T assumed (A, T)-admissible in the hypercomplete case, the functor f* : F SH(Teﬁ’ N8 A) —
FSH(fff’ (T A) is compact-preserving, i.e., belongs to Prb.

Proof. This is proven in the same way as Proposition [2.4.22] m|

Given a formal scheme §, we write “pvcd, (8)” instead of “pved,(S,)”; see Definition [2.4.10
Our next statement is an analogue of Theorem [2.5.1] for formal motives.

Proposition 3.2.4. Let (S,), be a cofiltered inverse system of quasi-compact and quasi-separated
formal schemes with affine transition maps, and let § = lim, 8, be the limit of this system. We
assume one of the following two alternatives.

(1) We work in the non-hypercomplete case.

(2) We work in the hypercomplete case, and S and the 8,’s are (A, T)-admissible. When 7 is
the étale topology, we assume furthermore that A\ is eventually coconnective or that the
numbers pved, (8,) are bounded independently of .

Then the obvious functor

colim FSHE™M(8,,; A) — FSH™Y(S; A),

where the colimit is taken in Pt", is an equivalence.
Proof. This follows immediately from Proposition [2.5.1T]and Theorem [3.1.10] m]

We will use Proposition to compute the stalks of FSH®™ " (—; A) for the topology rig-t on

FSch. (See Corollary [1.4.13]). We first describe a conservative family of points for this topology.
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Remark 3.2.5. Let 8 be a formal scheme. A rigid point of § is a morphism s : Spf(V) — & where V
is an adic valuation ring of principal ideal type. We sometimes also denote by s the formal scheme
Spf(V). The assignment (Spf(V) — 8) — (Spf(V)"¢ — 8"2) is an equivalence of groupoids
between rigid points of § and those of 8. (See Remark ) We will say that a rigid point
s : Spf(V) — 8§ is algebraic (resp. 7-geometric) if the associated rigid point of 8" is algebraic
(resp. T-geometric). See Remarks [[.4.23|and [[.4.25] and Definition [1.4.24]

Proposition 3.2.6. Let S be a formal scheme. We denote by FRigEt/ S the category of rig-étale
formal S-schemes. Then, the site (FRigEt/ 8, 1ig-T) admits a conservative family of points indexed
by t-geometric algebraic rigid points s = Spf(V) — 8. To such a rigid point s, the associated
topos-theoretic point is given by

F F, = colim FU)

Spf(V)-U—-8

where the colimit is over rig-étale neighbourhoods U of s. Moreover, one may restrict to those

rigid points of 8¢ as in Construction
Proof. This follows from Corollary [I.4.13] and Proposition [1.4.29] ]

Proposition 3.2.7. Let S be a formal scheme and let s — & be an algebraic rigid point of S.
Assume one of the following two alternatives.

(1) We work in the non-hypercomplete case.

(2) We work in the hypercomplete case, and 8 and 8"¢ are (A, 1)-admissible. When 1 is the
étale topology, we assume furthermore that A is eventually coconnective or that the num-
bers pved, (8), for admissible blowups 8" — 8, are bounded independently of &'.

Then there is an equivalence of co-categories
FSHE™ M (—; A), ~ FSH™V(s; A)

where the left-hand side is the stalk of FSH(TCE’ MN(=;A) at s, i.e., the colimit, taken in Pr", of the
diagram (s — U — 8) - FSH®™ " (U; A) with U € FRigEt/8.

Proof. This follows from Proposition Indeed, the condition that 8"¢ is (A, 7)-admissible
implies that s is (A, 7)-admissible. Moreover, if the numbers pvcd, (8’) are bounded independently
of 8§ for admissible blowups 8’ — 8, then the same is true for the numbers pved, (U) for the
saturated rig-étale neighbourhoods s — U — 8. O

3.3. Statement of the main result.
Let 8 be a formal scheme. By Proposition [3.1.13 we have a monoidal functor

£ - FSHE™ M (8; A)® — RigSHE™ M (81¢; A)®.

From Corollary [33{_72] below, we deduce that ysA underlies a commutative algebra in the monoidal
co-category FSH®""(8; A)®, which we also denote by ysA. Moreover, the functor ys admits a
factorization ~

RigSHC™ V(8" A) 25 FSHE™V(S; yA) 5 FSHE™M(8; A),

where FSHSeff’ N(8; yA) is the oo-category of ysA-modules in FSH(TCH’ M(8; A)® and fF is the forget-
ful functor. The functor ys admits a left adjoint

& : FSH™V(8; yA) — RigSHE™ " (8"2; A)
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that sends a ysA-module M to £s(M) ®¢,, a A. It will be important for us to know that the functors
&s, for § € FSch, are part of a morphism

£ FSH™ (=5 xA)® — RigSH™ V()" A)°

in the oo-category PSh(FSch; CAlg(Pr"™)) of presheaves on FSch valued in CAlg(Pr™). The con-
struction of §® will be carried in Subsection [3.4{ below. Before stating the main result of this
section, we introduce the following assumptlons

Assumption 3.3.1. We assume (at least) one of the following four alternatives:

(i) 7 is the Nisnevich topology;
(i1) meA is a Q-algebra;
(iii)) we work in the non-hypercomplete case, A is eventually coconnective and every prime
number which is not invertible in oA is invertible on every formal scheme we consider;
(iv) we work in the hypercomplete case, every formal scheme we consider is (A, 7)-admissible
and its generic fiber is also (A, 7)-admissible, and every prime number which is not invert-
ible in myA is invertible on every formal scheme we consider.

Moreover, under one of the alternatives (iii) or (iv), when we write “FSch”, we actually mean the
full subcategory of formal schemes satisfying the properties in (iii) or (iv) respectively.

Assumption 3.3.2. We assume that 7 is the étale topology and that one of the two alternatives (iii)
or (iv) above is satisfied.
Theorem 3.3.3.

(1) We work under Assumption Given a formal scheme S, the functor

& : FSHY(S; yA) — RigSHY(8¢; A)
is fully faithful.
(2) We work under Assumption The morphism of CAlg(Pr™)-valued presheaves
£ FSHY (= xA)® — RigSHY ((-)"¢; A)®
exhibits RigSHgt\)((—)rig; N)® as the rig-étale sheaf associated to FSH;?) (= xN)%.
Remark 3.3.4. Our proof of Theorem [3.3.3] relies crucially on T-stability. Therefore, we do not

expect this theorem to hold for the effective co-categories of motives.

Remark 3.3.5. One can reformulate Theorem [3.3.3[2) as an equivalence between functors defined
on rigid analytic spaces. Indeed, by Corollary[I.4.13] we have an equivalence of sites

(RigSpc®, ét) — (FSch®®, rigét).
Moreover, the left Kan extension of the CAlg(Pr™)-valued presheaf FSHétA)(—; x\)?® along the func-
tor (—)" : FSch®® — RigSpc®® is easily seen to be given by
S+ colim FSHY(8; yA)®. (3.8)

SeMI(S)
(See Notation [1.1.9) Thus, Theorem [3.3.3] HZ) implies that the morphism of CAlg(Pr")-valued
presheaves given by

colim FSH{"(8; yA)® — RigSH."(S; A)®
SeMdI(S)

exhibits RigSHfétA)(—; A)® as the étale sheafification of the CAlg(Pr™)-valued presheaf (3.8).
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3.4. Construction of E‘X’

We denote by Fin, the category of finite pointed sets. Up to isomorphism, the objects of Fin, are
the pointed sets (n) = {1,...,n} U {x}, forn € N. For 1 < i < n, we denote by p’ : (n) — (1) the
unique map such that (o’)~'(1) = {i}. Recall that a symmetric monoidal co-category is a coCartesian
fibration C® — Fin, such that the induced functor (p’!')i : Cy = [li<i<n Cqy 1s an equivalence for
all n > 0. We usually write “C,,” instead of “Gf@” to denote the fiber of €® — Fin, at (n).
The co-category €y, is called the underlying co-category of C® and is denoted by C. Recall also
that a monoidal functor is a morphism of coCartesian fibrations between symmetric monoidal co-
categories, i.e., a functor over Fin, which preserves coCartesian edges.

We remind the reader that “monoidal” always means “symmetric monoidal” in this paper. We
denote by CAlg(CAT,,) the co-category of (possibly large) monoidal co-categories and monoidal
functors between them. The following lemma is well-known.

Lemma 3.4.1. Let F® : C® — D® be a monoidal functor between monoidal oo-categories. Then
the following conditions are equivalent.

(1) The underlying functor F admits a right adjoint G : D — C;
(2) The functor F® admits a right adjoint G® making the following triangle commutative

ee < D®
~

Fin.

with p and q the defining coCartesian fibrations.
Moreover, if these conditions are satisfied, we have the following two extra properties.

(a) The natural transformations
p—opoG®°cF®=p and qg=qoF®oG® > g,

induced by the unit and the counit of the adjunction (F®,G®), are the identity natural
transformations of p and q.

(b) The functor G® is a right-lax monoidal functor (i.e., preserves coCartesian edges over the
arrows p' = (n) — (1) for 1 < i < n) and its underlying functor Gy, is equivalent to G.

Proof. This is contained in [Lurl?/, Propositions 7.3.2.5 & 7.3.2.6, & Corollary 7.3.2.7]. We also
remark that property (a) is automatic. In fact, more generally, every invertible natural transforma-
tion of p is the identity, and similarly for g. O

Corollary 3.4.2. Let F® : C® — D® be a monoidal functor between monoidal co-categories, and
assume that F admits a right adjoint G. Then the induced functor

CAlg(F) : CAlg(C) — CAlg(D)
admits also a right adjoint, which is given by CAlg(G).

Proof. Let p : €® — Fin, and g : D® — Fin, be the defining coCartesian fibrations. Recall that

CAlg(C) is the full sub-co-category of Sect(p) = Fun(Fin.., C®) Xgun(Fin.. Fin.) 1drin, Spanned by those

sections of p sending the arrows p’ : (n) — (1), for 1 < i < n, to coCartesian edges, and similarly
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for CAlg(D). It follows that F® and G® induce functors CAlg(F) and CAlg(G), and that the unit
and counit of the adjunction (F®, G®) define natural transformations

id — CAlg(G) o CAlg(F) and CAlg(F) o CAlg(G) — id
satisfying the usual identities up to homotopy. O
We now start our construction of E@’. By Proposition we have a morphism
£ FSHE™ V(= A)® — RigSH™ V((-)"; A)®

in the co-category Fun(FSch®, CAlg(CAT,)). The formation of co-categories of commutative al-
gebras gives a functor CAlg(-) : CAlg(CAT,) — CAT.. Applying this functor to £° yields a
morphism

CAlg(¢) : CAIg(FSHE™V(—; A)) — CAlg(RigSH ™V ((-)"¢; A))

in the co-category Fun(FSch®?, CAT,,). Applying Lurie’s unstraightening construction [Lur(09,
§3.2] to this morphism, we get a commutative triangle

F
0

FSch®

[x]
[1]

1

where py and p; are coCartesian fibrations classified by
CAIg(FSHE™"M(—;A))  and  CAIg(RigSHS™ " ((—)"™; A)),

and F is the functor induced by CAlg(¢). By Corollary the fibers of F admit right adjoints.
More precisely, for § € FSch, the functor Fg = CAlg(és) admits a right adjoint, which is given by
CAlg(ys). (Note that y¢ is a right-lax monoidal functor.) Applying [LurI7, Proposition 7.3.2.6],
we deduce that F' admits a right adjoint G making the following triangle

G
0

FSch®

[x]
[1]

1

commutative and such that, for every § € FSch, the functor Gy is equivalent to CAlg(ys).

We now consider the co-categories Sect(py) and Sect(p;) of sections of py and p;. The functor
G induces a functor G’ : Sect(p;) — Sect(py). We have an obvious object 1 € Sect(p;), such that
15 € CAlg(RigSH®™"(8"2; A)) is the initial algebra for every 8 € FSch. We set:

A =G'(1).

By construction, A is a section of the coCartesian fibration p, such that Ag is equivalent to ysA
considered as an object of CAlg(FSH(fff’ M(8; A)). For a morphism f : T — 8 of formal schemes,
the induced morphism Ag — Ag in E; corresponds to a morphism f*As — Ag. This is the
morphism induced by the natural transformation f* o ys — y7 o f"* which one obtains by
adjunction from the equivalence ff&* o & =~ & o f*. The following fact, which we record for

later use, follows easily from this description.
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Lemma 3.4.3. Let f : T — & be a morphism of formal schemes. For f to be sent to a py-
coCartesian edge by A, it suffices that the commutative square

FSHE™V(S; A) —— RigSHC™ (87; A)
] -
FSHE™ (T; A) — RigSHC™ V) (Te; A)
is right adjointable. This happens when f is smooth.

Proof. Only the last assertion requires a proof. If f is smooth, then there is a commutative square

FSHE™V(T; A) —1» RigSHE™ (T7ie; A)

! |

FSHC™(8; A) —=— RigSHE™ "(S"; A)

by Proposition [3.1.13| The natural transformation f* o ys — yg o f¢* deduced from the square
of the statement via the adjunctions (§s, xs) and (§7, x7) coincides with the natural equivalence
deduced from the above square via the adjunctions (s o fy, f* o xs) and ( f;‘g o0&y, xyro fig*). O

Before going further, we need a small digression about algebras and modules in general
monoidal oco-categories. Let C® be a monoidal co-category and p : C® — Fin, the defining
coCartesian fibration. By [Lurl7, §3.3.3], we may associate to C® a functor

f : Mod(C)® — Fin, x CAlg(C) 3.9
such that, for each commutative algebra A of €%, the induced functor
fA : ModA(€)® = Mod(€)® XCAlg(©) {A} — Fin, (310)

makes Mod,(C)® into an co-operad. This is the co-operad of A-modules, which is a monoidal co-
category whenever € admits enough colimits, and these colimits are compatible with the monoidal
structure. We recall below the construction of the simplicial set Mod(C)® which is a particular case
of [Lurl7, Construction 3.3.3.1].

Construction 3.4.4. Recall that a map y : (m) — (n) is said to be inert (resp. semi-inert) if the
induced map vy~ '({1,...,n}) — {1,...,n} is a bijection (resp. an injection). The map 7 is said to
be null if its image is the base-point of (n). Let K c Fun(A', Fin,) be the full subcategory spanned
by the semi-inert maps. We have two obvious functors e, e; : K — Fin, induced by the inclusions
{0}, {1} c Al. Given {m) € Fin,, a morphism ¢ in the fiber e(‘)l((m)) of ey at (m) is said to be inert if
the map e;(6), which belongs to Fin., is inert.

We define a simplicial set Mod(C)® as follows. Giving a map A" — Mod(C)® is equivalent to
giving a map A" — Fin,, and a functor A" Xg;,, ., K — C® making the triangle

A" Xin, .oy K —— C®
\ j{p
e1oprg

Fin,

commutative and such that the following condition is satisfied. For every vertex {i} C A", the

induced functor {i} Xgi,, ., K — €% takes an inert map to a p-coCartesian morphism.
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There is a full inclusion Fin, X Fin, — K, sending a pair of objects to the null morphism between
them, which is a section to (e, ¢;). This induces the functor (3.9). That the functor defines
an oo-operad is a particular case of [Lurl7, Theorem 3.3.3.9]. According to [Lurl7, Theorem
4.5.3.1], the functor (3.9) is a coCartersian fibration when C admits geometric realisations which
are moreover compatible with the monoidal structure. In this case, the functor (3.10) is also a
coCartesian fibration and thus the co-operad Mod,(C)® is a monoidal co-category. (This is also
stated explicitly in [Lurl7/, Theorems 4.5.2.1].)

Remark 3.4.5. It follows from Construction 3.4.4]that Mod(—)® defines a functor from CAlg(CAT.,)
to CAT,, endowed with a natural transformation f : Mod(-)® — Fin, X CAlg(-). In fact, Con-
struction [3.4.4] shows more: Mod(-)® and f naturally extend to a larger co-category of monoidal
co-categories where the morphisms are given by right-lax monoidal functors.

Now, we go back to the situation we are interested in. We start again with our morphism &% in
Fun(FSch®, CAlg(CAT.)). Applying the functors Mod(—)® and CAlg(-), we obtain a commuta-
tive square in Fun(FSch®, CAT.,):

Mod(&)®

Mod(FSHE™ M (—; A))® Mod(RigSHE™ V((-)1; A))®

i |

Fin, x CAIg(FSH™ V(—; A)) — 2, Fin. x CAlg(RigSH™ " ((-); A)).

Applying Lurie’s unstraightening construction [Lur09, §3.2], we get a commutative diagram

H®

IN® ®
My DY
QOJ th
. —_ F . _
Fin, X &, Fin, X &,

Fin, x FSch®P.

The functors pg, p1, 9o, 41, Po © qo and p; o g, are coCartesian fibrations. Indeed, for py and py,
this is by construction. For the remaining functors, this follows from the Lemma below and
[Lur09, Proposition 2.4.2.3(3)].

Lemma 3.4.6. Let C be an oo-category and E® : C© — CAlg(CAT.) a functor. Consider the
commutative triangle

M® —— S Fin, xD

N,

obtained by applying Lurie’s unstraightening construction [Lur09, §3.2] to the morphism
Mod(&(-))® — Fin, x CAlg(&(-))
in Fun(C, CAT,). We assume the following conditions:

e for every X € G, the co-category E(X) admits geometric realisations and these are compat-

ible with the monoidal structure;
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e for every morphism f : X — Y, the induced functor E(f) commutes with geometric reali-
sations.

Then r is a coCartesian fibration.

Proof. By [Lurl7, Theorem 4.5.3.1], the morphism ry : M?} — Fin, x Dy is a coCartesian fibration
for every X € €. Using [Lur09, Proposition 2.4.2.11], we deduce that r is a locally coCartesian
fibration. By [Lur(09, Proposition 2.4.2.8], it remains to check that locally r-coCartesian mor-
phisms are stable under composition. Consider a commutative triangle in Fin, X D that we depict
informally as

(y02f02,%02)

({no), Xo, Ro) ((n2), X2, R>)

(Vm %ﬁz#ﬂz)

(n1), X1, Ry).

Here X;, for 0 < i < 2, are objects of € and f;; : X; — X, for 0 < i < j < 2, are morphisms

of €, each R; is a commutative algebra in €(X;) and each ¢;; : E(f;;)(R;) — R, is a morphism of
commutative algebras in £(X;), and the y;;’s are maps in Fin,. From this triangle, we deduce a
triangle of co-categories

(y02f02.%02)1

Modg, (E(X0))iny) Modg, (E(X2))(ny)

(Yom Wz)!

Modg, (E(X1)) )

and we need to show that this triangle commutes up to equivalence. Using that the £(f;;)’s commute
with the tensor product of modules, one reduces easily to the case where no = n; = n, = 1 and y;;
are the identity maps. We are then left to check that

ES1)(E(f01)(=) B sk R1) ®e(fimr)) Rz = E(f02)(=) Be(fin) ko) R2>

which follows again from the fact that the £(f;;)’s commute with the tensor product of modules. O

Recall that we have constructed a section A : FSch®® — E, together with a morphism FA — 1.
Using Lemma [3.4.6) and [Lur09, Proposition 2.4.2.3(2)], we get coCartesian fibrations
Q) = ME Xz, 154 (A' X FSch®) — A x Fin, X FSch®,
®; = MY Xz, 15r4a-1 (A% X FSch®) — A? x Fin, x FSch®,
and a morphism ®;, — ®; x> A®Y induced by H®. Let us pause and describe informally what
we have constructed. For 8§ € FSch, the coCartesian fibration (®y)s — A! x Fin, is classified by

the monoidal functor — ®, yA : FSH®™V(8; A)® — FSH™ " (8; yA)®. Similarly, the coCartesian
fibration (®;)s — A? x Fin, is classified by the commutative triangle

—®AEYA

RigSH ™ V(8 A)® RigSH™ " (8"2; £y A)°

\ l_&w

RigSH®" ") (81ig; A)®,
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Finally, applying Lurie’s straightening construction [Lur09, §3.2], we get the following commuta-
tive diagram in the co-category Fun(FSch®, CAlg(CAT.,)):

®AX

FSHC™ V) (—; A)® — 0 FSHE™V(—; yA)®

k@ l@
_ —®s AN
RigSHE™ V) (—; A)° — %, RigSHE™ V(—; £¢A)® — s RigSHE™ " (—; A)®.

The morphism &% is then defined as the composition of

—_ . — A
£ FSHCTV(—; yA)® R RigSH™ "V (—; £yA)® i RigSH™ "V (—; A)®.

3.5. Descent, continuity and stalks, I1. The case of y A-modules.
We gather here a few basic properties of the functor FSH®™")(—; yA)® and the natural transfor-
mation E® constructed in Subsection
Proposition 3.5.1. The contravariant functor
8 FSHET VS xA),  f e f°
defines a T-(hyper)sheaf on FSch with values in Pr".

Proof. Fix an internal hypercover U, in the site (FSch, 1), with U, — U_, étale for every n € N,
and which we assume to be truncated in the non-hypercomplete case. We need to show that

FSHE™(U,; yA) : A, = A® — CAT,,
is a limit diagram. To do so, we use the fact that FSH®™"(1(,; A) is a limit diagram (by Proposition
[3.2.1)) and exhibit a natural transformation

FSHE™ M (U,; yA) — FSHE™M(U,; A) (3.11)
satisfying the hypotheses of [Lurl7/, Corollary 5.2.2.37]. To do so, we start with the obvious natural

transformation |
= ® yA : FSH™ V(= A) > FSHE™ V(= yA),

that we restrict to Et/ U_;, and consider the morphism of coCartesian fibrations

S

F

DN
Et/U_,

associated to this natural transformation by Lurie’s unstraightening construction [Lur09, §3.2].
Fiberwise, F' admits right adjoints. By [Lurl7, Proposition 7.3.2.6], we deduce that F' admits a
right adjoint G : § — J making the triangle

F




commutative and which is fiberwise given by the forgetful functor. We claim that G is in fact a
morphism of coCartesian fibrations, i.e., takes a g-coCartesian edge to a p-coCartesian edge, and
thus determines a natural transformation

FSHE™ M (—; yA) — FSH™V(—; A) (3.12)
on Et/U_, given objectwise by the forgetful functor. To prove this, we need to check that the square

—-QA YA
_—

FSHE™M(V; A) FSHE™M(V; yA)

FSHS.EH’ /\)(,\7,; A) M FSH.(reff’ /\)(V/;XA)
is right adjointable for every map e : V — V’ in Et/U_;. This follows from Lemma which
implies that e*yyA — yv A is an equivalence. That said, we define (3.11)) to be the restriction of

(3.12). That the hypotheses of [Lurl7, Lemma 5.2.2.37] are satisfied is clear:

e hypothesis (1) of loc. cit. follows from Proposition [3.2.T},

e hypothesis (2) of loc. cit. follows from [Lurl’/, Corollary 4.2.3.2];

e hypothesis (3) of loc. cit. is clear since the co-categories FSH™"(U,,; A) are presentable;
e hypothesis (4) of loc. cit., and more generally the right adjointability of the squares

FSHE™ V(V; yA) —— FSHCTV(V'; yA)

| l

FSH.(I.Eﬂ:’ /\)('\7, A) e—*> FSHS-BIT, /\)(’\7/’ A),

fore:V — Vin Et/ U_y, is clear by construction.
This completes the proof. m|

Lemma 3.5.2. The natural transformation
£ FSH™ V(= yA)® — RigSHE™V((-)"8; A)®

is a morphism in Fun(FSch®, CAlg(Pr")). Moreover; in the following two cases, if we restrict this
natural transformation to the subcategory V C FSch, we get a morphism in Fun(V°?, CAlg(Pr-)).

(1) We work in the non-hypercomplete case and, if T is the étale topology, we assume that A is
eventually coconnective. In this case, we may take V to be the wide subcategory of FSch
consisting of quasi-compact morphisms.

(2) We work in the hypercomplete case. In this case, 'V is the subcategory whose objects are
those formal schemes $ such that 8"¢ is (A, T)-admissible and whose morphisms are the
quasi-compact and quasi-separated ones.

Proof. By [Lurl’/, Theorem 3.4.4.2], FSngﬁ" "(8; yA)® is a presentable monoidal co-category for
every 8 € FSch. Moreover, the image of — ®; YA : FSH(fﬁ’ M8 A) — FSH(fﬁ”\)(S; XA\) generates
FSH ™" (8; yA) by colimits. This follows from Proposition since the right adjoint to — ®,
XA 1is conservative by [Lurl7/, Corollary 4.2.3.2]. By [Lurl7/, Corollary 3.4.4.6], this right adjoint
also preserves all colimits, which implies that — ®, YA preserves compact objects. In particular,
we see that F SH(fff’ N(S; XA) is compactly generated when FSH(TCH’ A>(8; A) is. Thus, the second

part of the statement follows easily from Propositions[2.4.22]and [3.2.3] o
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Our next goal is to prove the continuity property for FSH™ V) (—; yA).

Theorem 3.5.3. Let (8,), be a cofiltered inverse system of quasi-compact and quasi-separated
formal schemes with affine transition maps, and let S = lim, 8, be the limit of this system. We
assume one of the following two alternatives.

(1) We work in the non-hypercomplete case. When 1 is the étale topology, we assume further-
more that A\ is eventually coconnective. .

(2) We work in the hypercomplete case, and 8 and 8"¢ as well as the 8,’s and the 83%’s are
(A, 7)-admissible. When 7 is the étale topology, we assume furthermore that A is eventually
coconnective or that the numbers pved, (8,) and pved, (8y°) are bounded independently of
a.

Then the obvious functor
colim FSHE™ M (8 ,,; yA) — FSHETV(S; yA), (3.13)

where the colimit is taken in Pr-, is an equivalence.

Remark 3.5.4. Compared to the analogous statements for rigid analytic and formal motives (see
Theorem [2.5.1] and Proposition [3.2.4), we have to assume, in the non-hypercomplete case, that A
is eventually coconnective when 7 is the étale topology. This is due to Lemma[3.5.7|below, that we
were only able to prove under this extra assumption which insures the compact generation of the
oo-categories of yA-modules in formal motives.

We will obtain Theorem [3.5.3] as a consequence of Theorem [2.5.1] and Proposition [3.2.4] To do
so, we need some oco-categorical facts. We start with the following result, which is well-known but
for which we couldn’t find a reference.

Lemma 3.5.5. Let C® be a monoidal co-category admitting colimits which are compatible with the
monoidal structure. Then, the forgetful functor ff : Mod(C) — € commutes with filtered colimits.

Proof. By [Lurl7, Theorem 4.5.3.1], we have a coCartesian fibration Mod(C) — CAlg(C). By
[Lurl7, Corollary 3.4.4.6(2)], for every A € CAlg(C), the co-category Mod,(C) admits colimits
and the forgetful functor ff4 : Mod,(€) — € is colimit-preserving. Also, the base change functor
Mod,(€C) — Modg(C), associated to a morphism A — B in CAlg(C), is colimit-preserving since
it admits a right adjoint. Moreover, by [Lurl7, Corollaries 3.2.3.2 & 3.2.3.3], the oco-category
CAlg(C) admits colimits and the forgetful functor CAlg(C) — € preserves the filtered ones. Using
[Lur09, Proposition 4.3.1.5(2) & Corollary 4.3.1.11], we deduce that Mod(C) admits colimits and
that they are computed as follows. Let p : K — Mod(C) be a diagram and let g : K — CAlg(C) be
the diagram obtained by composing with the forgetful functor. Let A, € CAlg(C) be a colimit of
g and let p’ : K — Mod,_(C) be a diagram endowed with a morphism p — p’ in Mod(C)X given
by coCartesian edges. (See the beginning of the proof of [Lur09, Corollary 4.3.1.11].) Then, the
colimit of p is equivalent to the colimit of p’ computed in Mod,_(C).

Now assume that K is a filtered partially ordered set, and let L be the subset of K X K consisting
of those pairs (i, j) with i < j. We endow L with the induced order. Consider the commutative
square

K —2— Mod(C)

l,

L -2 cAlg©@),
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where the vertical left arrow is the diagonal map given by i — (i, i) and g is the diagram obtained
by composing g with the map L — K given by (i, j) — j. Let p : L — Mod(C) be the relative left
Kan extension (in the sense of [LurQ9, Definition 4.3.2.2]). Setting A; = q(i) and M; = p(i), we
have informally p(i, j) = A; ®4, M;. The diagrams p and p have the same colimits, so it is enough
to show that ff(colim p) =~ colim ff o p. Now, a colimit over L can be computed as a double colimit
colim =~ colim colim.
(i,j))eL ieK JeKiy
Moreover, since the diagram i = colimjcg, p(i, —) lands in Mody_ (€), its colimit commutes with
ff4., as mentioned above. Thus, it is enough to prove the statement for the diagrams p(i,-) : K;; —
Mod(C). Said differently, we may assume that p takes an edge of K to a coCartesian edge of the
coCartesian fibration Mod(C) — CAlg(C).
We may assume that K has an initial object 0 € K. We have a natural transformation between
the following two functors Mod, (C) — C.

(1) The first one sends M € Mod,,(C) to the colimit in € of the diagram i — ff4,(A; ®4, M).
(2) The second one sends M € Mod,, (C) to ff4_(Aw ®4, M).

We want to show that this natural transformation is an equivalence. (Together with the description
of colimits in Mod(C) given at the beginning, this would complete the proof.) To do so, we remark
that the two functors above are colimit-preserving. Using [Lurl7, Proposition 4.7.3.14], we reduce
to show that this natural transformation is an equivalence on A,-modules of the form A, ® M, with
M € C. In this case, we have to show that the morphism

CQ]}I{III ff(A; @ M) — ff(A, @ M)
1€
is an equivalence. This is clear since CAlg(C) — € commutes with filtered colimits. O

Before stating the next co-categorical result, we introduce some notation. Let € be an co-category
and €% : € — CAlg(Pr") a functor. Consider the commutative triangle

Fin,. x D

M® .
X A

Fin, x C

obtained by applying Lurie’s unstraightening construction [Lur(Q9, §3.2] to the functor sending
X € C to the commutative triangle

Mod(E(X))® Fin, x CAlg(E(X))

~

Fin..

By Lemma [3.4.6] and [Lur09, Proposition 2.4.2.3(3)], the maps p, ¢ and r are all coCartesian
fibrations. Assume that we are given a section A of the coCartesian fibration p : D — C, and
consider Mi’ = M® Xp 4 €. The obvious functor Mf — Fin, X € is a coCartesian fibration. By
Lurie’s straightening construction [Lur09, §3.2], it determines a functor

Mod4(€)® : € — CAlg(Prb).

For proving Theorem [3.5.3] we will use the following general result.
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Lemma 3.5.6. Assume that C is filtered and set E® = colime E%. (Here and below, the colimit is
taken in CAlg(PrL). ) Let A : C — CAIg(€) ée the composition of the section A with the obvious
functor D — CAlg(€), and set A, = colim A. Then there is an equivalence

cogm Mod,(€)® ~ Mod,_(€.)°. (3.14)

Proof. By [Lurl7, Corollary 3.2.3.2], the forgetful functor CAlg(Pr") — Pr" detects filtered col-
imits. Therefore, it is enough to prove that

colim Mod4(€) — Mod,_(E)

is an equivalence, where the colimit is taken in Pr. By [Lurl7, Corollary 4.5.1.6], the co-category
Mody)(€(c)) is equivalent to the co-category LMod s (E(c)) of left-A(c)-modules, for every ¢ €
G, and similarly for Mod,_(€). In fact, [Lurl7, Corollary 4.5.1.6] shows also that the functor
Mod,(€) : @ — Pr" is equivalent to the functor LMod,(€) : € — Pr“ which is constructed
similarly as above. More explicitly, one applies Lurie’s unstraightening construction [Lur(09, §3.2]
to the functor sending ¢ € C to the functor LMod(E(c)) — Alg(&(c)) (see [Lurl7, Definition
4.2.1.13 & Example 4.2.1.18]) to get a morphism of coCartesian fibrations

M — D

Then, the functor LMod,(€) is obtained by applying Lurie’s straightening construction [Lur(9,
§3.2] to the coCartesian fibration M/, = M’ Xq» 4 € — C. That said, we are left to show that

cogm LMod,(€) —» LMod,_(€w) (3.15)

is an equivalence, where the colimit is taken in Pr". Using the functor ® : Prt — pMYd of
[Lurl?, Construction 4.8.3.24 & Notation 4.8.5.10] and the forgetful functor ft : PrMd  Prt, we
may rewrite (3.15) as

colim f o ©(E, 4) — ff 0 B(Ewv, Acc). (3.16)

We give below an informal description of the objects we have just introduced and refer the reader
to loc. cit. for the precise definitions:

e Pr’€ is the co-category whose objects are pairs (X®, R) consisting of a presentable monoidal
oo-category X® and an associative algebra R € Alg(X);
o PrM* ~ LMod(Pr") is the co-category whose objects are pairs (X, Y) consisting of a
presentable monoidal co-category X® and an X®-module Y in Pr™®;
e O sends (X®,R) to (X®, Modg(X)) and ff sends (X®,Y) to Y;
e (&, A) denotes the functor ¢ — Pr's given informally by ¢ — (E(c), A(c)).
By Lemma[3.5.5] the functor ff commutes with filtered colimits. Using [Lurl7, Theorem 4.8.5.11]
and [Lur(09, Proposition 4.4.2.9], we deduce that ® commutes also with filtered colimits. Since
colime (€, A) =~ (€, Aw), this proves that (3.16)) is an equivalence. m|

Using Proposition [3.2.4, Lemma and the construction of the functor FSH™"(—; yA), we

see that Theorem [3.5.3]is a consequence of the following lemma.
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Lemma 3.5.7. With the notation and assumptions of Theorem|[3.5.3] we have an equivalence
colim £ x5, A = xsA
in FSH®™"(8; A), where f, : § — 8, is the obvious map.

Proof. Under the assumptions of Theorem [3.5.3] Theorem [2.5.1] and Proposition [3.2.4] provide us
with equivalences in Pr

colim RigSH™ "V (812; A) ~ RigSH®™ " (8"e; A) (3.17)
and colim FSH®™M(8,; A) ~ FSHE™(S; A), (3.18)

where the colimits are also taken in Pr-. (See Propositions [2.4.22 and [3.2.3]) In particular, the
co-category FSH(fﬂ”\)(S; A) 1s compactly generated and it suffices to show that a compact object
M in this co-category induces an equivalence

MapFSngrf,m(&A)(M, coym foxs,A) = MapFSH(Terf,A)(S;A)(M,XSA). (3.19)

For B < @, we denote by fz, : 85 — 8, the transition map in the inverse system (8,),. Since M is
compact, there exists an index p and a compact object M, € FSH*™ (8 ,; A) such that M ~ M,
We have canonical equivalences:

o ) . .
Mapgggenn s, o) (M, co(ll1m foxs,N) = co}llm Mapgggenn s, o) (M, fo Xs,M)
~ cglslpm C’(‘gilam Mapggyen s, 0y (FgoMps Jga X5.M)

~  colim Mapygyer.») S5 A) (fapMps X5,\)

B<p
9 colim Map it grie. ([ rig’*f M,, \)
B<p RigSH!" V(855 M) Vg S8,

(2) rig, *
=~ Mapg;quer.m e o) (fp &8, Mp, A)
= MaPFSng“? N(S; A)(M JXsN)

where

(1) follows from the assumption that M is compact,
(2) follows from the fact that the colimit in (3.18)) is taken in Pr:,
(3) follows from the cofinality of the diagonal map 8 — (8 < ),
(4) follows from the adjunction (£s,, xs,) and the commutation &, ];}kp = f;)g’ *fs/,,
(5) follows from the fact that the colimit in (3.17)) is taken in Pr:,
(6) follows from the commutation f,® "¢s, =~ & f; and the adjunction (£, xs).
It is easy to see that the composition of the above equivalences coincide with the map (3.19). O

Remark 3.5.8. Lemma admits a useful extension as follows. Keep the notation and as-
sumptions of Theorem Let I be the indexing category of the inverse system (S,), and
let @ — N, be a section of the coCartesian fibration associated to the functor I — CAT.,
a > RigSH®™ M(85%; A). Let N € RigSH®™"(8"2; A) be the colimit of the f3* “N,’s. Then there
is an equivalence

colim £ s, Ny — xsN

in FSH™ " (8; A). This is shown using exactly the same reasoning as in the proof of Lemmam
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We finish this subsection with a computation of the stalks of FSH®™ " (—; yA) for the topology
rig-t on FSch.

Theorem 3.5.9. Let S be a formal scheme and let s — § be an algebraic rigid point of 8. Assume
one of the following two alternatives.

(1) We work in the non-hypercomplete case and, if T is the étale topology, we assume that A is
eventually coconnective.

(2) We work in the hypercomplete case, and 8 and 8"¢ are (A, 1)-admissible. When 1 is the
étale topology, we assume furthermore that A is eventually coconnective or that the num-
bers pved, (8), for admissible blowups 8" — 8, are bounded independently of &'.

Then there is an equivalence of co-categories
FSH™ M (—; yA), = FSHE™ V(s yA)

where the left-hand side is the stalk of F SH(TCH’ N(=;¥A) at s, i.e., the colimit, taken in Pr", of the
diagram (s — U — 8) = FSH™V(U; yA) with U € FRigEt/8.

Proof. This follows from Theorem Indeed, the condition that 8" is (A, 7)-admissible implies
that s is (A, 7)-admissible. Moreover, if the numbers pved, (8’) are bounded independently of &’
for admissible blowups 8" — §, then the same is true for the numbers pved, (U) for the saturated
rig-étale neighbourhoods s — U — 8. m]

3.6. Proof of the main result, I. Fully faithfulness.

Our goal in this subsection is to prove the first part of Theorem [3.3.3] concerning the fully faith-
fulness of the functor 2‘:5 (The second part of this theorem will be proved in the next subsection.)
A key ingredient is a projection formula for the functor ys as in the following statement. This pro-
jection formula is also a key ingredient in the proof of the extended proper base change theorem
for rigid analytic motives, see Theorem [4.1.4] below.

Theorem 3.6.1. We work under Assumption Let 8 be a formal scheme and set S = 8",
Then, for M € RigSH™(S; A) and N € FSH(S; A), the obvious map

Xs(M)®N — xs(M ® &(N)) (3.20)
is an equivalence.
We first prove the following reduction.

Lemma 3.6.2. 7o prove Theorem it is enough to consider the alternatives (i), (ii) and (iv)
of Assumptions 3.3.1] Moreover, when working under the alternative (iv), we may assume the
following extra conditions:

(1) 7 is the étale topology;

(2) A is the Eilenberg—Mac Lane spectrum associated to the ring Z/€, with € a prime number
invertible on 8;

(3) M and N are compact objects.

Proof. We split the proof into two parts.
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Part 1. Here we show that the conclusion of Theorem [3.6.1]holds under (iii) if it holds under (iv).

We work under the alternative (iii). The problem is local on 8. Thus, we may assume that S is
affine, given as a limit of a cofiltered inverse system (8,), of affine formal schemes such that the
8,’s and their generic fibers S, = SZg are (A, 7)-admissible. By Theorem and Proposition
[3.2.4] we have equivalences

colim RigSH_ (S ,; A) ~ RigSH_(S;A) and colimFSH,(S,;A) = FSH.(S; A)

in Pr", and the colimits are taken in Pr“. Using that the tensor product of Pr commutes with
filtered colimits, we deduce an equivalence

colim (RigSH._ (S ,; A) ® FSH.(8,; A)) ~ RigSH_(S; A) ® FSH.(S; A).

Since the functors &, and ys, belong to Pr™ and are in adjunction, and since & is the colimit of
the &s,’s, we deduce that y; is the colimit of the ys,’s. (Here we use Propositions [2.4.22 and [3.2.3]
to view & and the &, ’s as functors in Pr- with colimit-preserving right adjoints.) Considering
xs(—) ® (—) and ys(— ® &s(—)) as functors from RigSH_(S; A) ® FSH,(S; A) to FSH.(S; A), and
similarly with “S,” instead of “S8”, it follows that the natural transformation ys(—) ® (=) — ys(—®
&s(—)) 1s the colimit of the natural transformations ys, (=) ® (=) — xs,(— ® &,(—)). This reduces
us to treat the case where 8 and S are (A, 7)-admissible. But in this case, we have

RigSH_(S; A) ~ RigSH/(S; A) and FSH.(8; A) ~ FSH(S; A)
by Propositions [2.4.19]and [3.2.2] Therefore, this case is covered by the alternative (iv).

Part 2. Here we assume that the conclusion of Theorem [3.6.1]holds under (i) and (ii), and we show
that we may assume conditions (1), (2) and (3) when proving Theorem [3.6.Tjunder (iv).

Assume the alternative (iv). If 7 is the Nisnevich topology, then there is nothing to prove since
Theorem [3.6.1] holds under (i). Thus, we may assume that 7 is the étale topology. By Propositions
2.4.22| and [3.2.3] the co-categories RigSHZ(S; A) and FSH(S; A) are compactly generated, and
the functor ys commutes with colimits (since its left adjoint is compact-preserving). This will be
used freely in the discussion below.

Let Mp = M ® Q and Ng = N ® Q be the rationalisations of M and N, and let M, and N,
be the fibers of M — Mg and N — Ng. Since Theorem [3.6.1] holds under the alternative (ii),
we deduce that the morphism (3.20) becomes an equivalence if we replace M by Mg or N by Ng.
Thus, it remains to show that the morphism (3.20)) becomes an equivalence if we replace M and N
by M, and Ni,,. Now, M, is a coproduct of £-nilpotent objects, where £ varies among the prime
numbers which are not invertible in myA, and similarly for N,,,. Moreover, every ¢-nilpotent object
is a colimit of compact {-nilpotent objects. Thus, it is enough to show that the morphism is
an equivalence when M and N are {-nilpotent compact objects.

By Theorems [2.10.3] [2.10.4]and [3.1.10} we have equivalences of co-categories
ShVQ(Et/ S5 A) il = RigSHQt(S 3 AN)enit and ShVQt(Et/ 83 A) it = FSHéA (83 A)uni-

t

We denote by M, and N, the objects of ShVé\t(Et/ S5 A and Shvgt(Et/ 8; A)¢nit corresponding to
M and N by these equivalences. It is enough to show that

Xs(Mp) & No — xs(Mo ®x Es(No)) (3.2
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is an equivalence. (Here &5 is the inverse image functor associated to the morphism of sites
(Bt/S,ét) — (Et/S, ét) given by (—)"¢, and ys is its right adjoint.) Since M, and N, are com-
pact, they are eventually connective. It follows from Lemmas [2.4.3] and [2.4.11] (and the analogue
of the latter for schemes) that we have equivalences

Xs(Mp) ®\ Ny = lifn)(s(Mo ®p T<r\) ®r N
Xs(Mo ®) Es(Np)) = lifn)(s((Mo ®p T<rA) ®p Es(Np)).

Thus, it is enough to show that (3.21)) becomes an equivalence if we replace My by My ®, 7<,A.
The latter, being a compact object of Shvgt(Et/ S; 7<), is eventually connective and coconnective.
Thus, if we momentarily renounce on having M, compact, which we do, we may assume that M,
is eventually connective and coconnective. By an easy induction, we may even assume that M,
is in the heart of ShVéAt(Et/S ; A) and that ¢ acts by 0 on M, i.e., M, is an ordinary étale sheaf of
mo/A /€-modules.

Furthermore, we may take Ny = A¢(U)/¢, with U an étale formal S-scheme, since the objects of
this form and their desuspensions generate Shv/(Et/8; A) under colimits. In this case, we have

Xs(Mo) ®y No = xs(My) ®z Zg(W)/
=~ xs(My) ®z¢ (Za(W) /€ ® Ze,(W)/€[1]),

Xs(Mo ®z Es(Za(W)/0))

Xs(Mo ®z¢ Es(Ze(W) /€ © Zet(U)/L(11])).

This shows that we may assume that A = Z/{ as claimed. It remains to replace M, by a compact
étale sheaf of Z/¢-modules to finish the proof. O

1R

Xs(Mo ®4 &£s(No))

12

To prove Theorem[3.6.1] we need some preliminaries. We start by introducing a new co-category
of motives. Let 8§ be a formal scheme and fix a topology 7 € {nis, ét}.

Definition 3.6.3. We define the co-category FSH™"(S; A) by repeating Definitions and
while replacing FSm/8 with the category FRigSm/§ of rig-smooth formal S-schemes (see

Definition[I.3.13]and Remark [I.4.14).

Remark 3.6.4. There are functors relating FSH(Teff’ & (8; A) to other co-categories of motives con-
sidered before. Below, we set as usual § = 8"e.

(1) The inclusion functor ¢t : FSm/8 — FRigSm/8 induces an adjunction
¢ FSHETY(8; A) 2 FSHETM(S; A) : s,

The functor ¢s . is induced by the restriction functor along s, and the functor ¢ is fully
faithful and underlies a monoidal functor.
(2) The functor ()" : FRigSm/8 — RigSm/S induces an adjunction

& FSH™Y(8; A) 2 RigSHE™ (S A) : ¥s.

By Remark [2.1.14, &; is a localisation functor, and y; is fully faithful and identifies the
co-category RigSH(fﬁ’ M(S'; A) with the full sub-co-category of FSH™Y(S; A) spanned by
those objects admitting rig-7-(hyper)descent.

Clearly, we have natural equivalences s =~ &5 o ¢g and ys = (g . © Xs.

We record the following lemma for later use.
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Lemma 3.6.5. The functor (g . underlies a monoidal functor

(g, FSHE™V(8; A)® — FSHE™ (8 A)® (3.22)
which belongs to CAlg(Pr").
Proof. The functor

ts.. : PSh(FRigSm/8; A) — PSh(FSm/8; A) (3.23)

underlies a monoidal functor Lg* and admits a right adjoint. (Recall that the tensor product on
presheaves is given objectwise, see Remarks [2.1.5] and 2.1.6]) Moreover, it commutes with the
7-(hyper)sheafification functor. Indeed, restricting to the small sites (Et/X, ), for X in FSm/S$
(resp. FRigSm/S8), detects 7-(hyper)sheaves and 7-local equivalences in the hypercomplete and
non-hypercomplete cases. It follows that the functor (3.23) induces a left adjoint functor

ts.. : Shv?”)(FRigSm/§; A) — Shv"(FSm/8; A) (3.24)

underlying a monoidal functor. Moreover, for X a smooth formal S§-scheme, we have an equiva-
lence ts .(A(X)) =~ A(X). Using [LurQ9, Proposition 5.5.4.20], it follows that (3.24]) preserves
A'-local equivalences inducing a left adjoint functor

ts. : FSHE-V(8; A) — FSHE™V(S; A) (3.25)
underlying a monoidal functor. This functor sends Ts to Ts, and induces a left adjoint functor
ts.. : FSH™M(8; A) — FSH™(S; A) (3.26)

underlying a monoidal functor. From the above discussion, we see that the functors (3.23) and
(3.26)) are right adjoint to the functors ¢§ in Remark [3.6.4(1), finishing the proof. m]

Remark 3.6.6. There is also an obvious functorial dependence of FSH(TBH’ A)(S; A) on the formal
scheme 8. A morphism of formal schemes f : T — & induces an inverse image functor

f*: FSHE™Y(8; A) - FSHE™V(T; A)
which is a left adjoint and underlies a monoidal functor. Moreover, we have natural equivalences
frog=gof and  froég=Erof.

When f is rig-smooth, f* admits a left adjoint f; and there is a natural equivalence Es ofy =~ f;igogq.
If f is smooth, we also have a natural equivalence (g o f; ~ fy o 1.

We now state the main technical result needed for proving Theorem [3.6.1]

Proposition 3.6.7. Let 8 be a formal scheme and set S = 8"¢. Let M and N be objects of
RigSH(TA)(S s \) and FSH(TA)(S;A) respectively. We work under one the alternatives (i), (ii) or
(iv) of Assumption [3.3.1) and, when working under (iv), we assume the conditions (1), (2) and (3)
of Lemma Then, the obvious morphism

Xs(M) ® t5(N) — xs(M & Es(N)) (3.27)
is an equivalence in FSH(S; A).

We first explain how Theorem [3.6.1] follows from Proposition
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Proof of Theorem By Lemma [3.6.2) we may work under one the alternatives (i), (ii) or (iv)
of Assumption [3.3.1} and assume the conditions (1), (2) and (3) of Lemma when working
under (iv). Then, we have a chain of equivalences

XsM BN ¥ 15.(7s(M)) ® 15, ((5(N))
Y 1. (T (M) ® L5(N))
D 5. (Ts(M ® £5(N)))
Y xs(M® &(N))

where

(1) follows from the equivalence xs =~ s . o x5 and the fully faithfulness of ¢,
(2) follows from Lemma [3.6.5]

(3) follows from Proposition[3.6.7]
(4) follows from the equivalence ys =~ ts . o Xs.

It is easy to see that the composition of the above equivalences coincides with the natural morphism
Xs(M)®N — xs(M ® &s(N)). O

Proof of Proposition The morphism (3.27) is given by the following composition

— . O _ = "
Xs(M)® G(N) = s (0s(M) @ G5(N)
@ _ = =,
= xs(€sxs(M) ® Estg(N))
() —
= Xs(M®&s(N)
where the equivalence (2) follows from the fact that & is monoidal, and the equivalence (3) fol-
lows from the fact that yg is fully faithful and the equivalence s ~ &5 o tg. Thus, to prove the
proposition, it remains to show that the morphism (1) is an equivalence. This would follows if the
object E = ys(M) ® 15(N) belongs to the image of the functor y5. Recall that the latter identifies
RigSH!"V(S; A) with the full sub-co-category of FSHY(8; A) spanned by those objects admitting
rig-t-(hyper)descent. Thus, we need to show that E is local with respect to morphisms of the form

c[(z]leign MU,) - MU_,), (3.28)
and their desuspensions and negative Tate twists, where U, is a rig-r-hypercover which we assume
to be truncated in the non-hypercomplete case. (Here U_; is a rig-smooth formal S-scheme and
WU,, for n € N, are rig-étale over U_;.) Since M and N are general objects of RigSH(S; A) and
FSH(8; A), it is enough to show that E is local with respect to (3.28) without worrying about
desuspensions and negative Tate twists. By a standard argument, the case of a rig-r-hypercover U
follows if we can treat the cases of a rig-7-hypercover U’ refining U and its base change to each of
the U,,’s. Using the description of rig-r-covers given in Remark and Proposition we
may thus assume that U, satisfies the following, according to the cases 7 = nis and 7 = ét.

(nis) The morphism of formal simplicial schemes U, — U_; (here e > 0) factors through an
admissible blowup U_; — U-; and the resulting morphism U, — U-; is a Nisnevich

hypercover of U_; which is truncated in the non-hypercomplete case.
105



(ét) The morphism of formal simplicial schemes U, — U_; (here ® > 0) factors through an
admissible blowup u. 1 — U_; and the resulting morphism U, — u factors as

(TN TR T
where (1) is a Nisnevich hypercover of u_ 1 which is truncated in the non-hypercomplete
case and (2) is a relative hypercover for the topology generated by finite rig-étale coverings
(in the sense of Definition [1.4.16(3)) which is also truncated in the non-hypercomplete
case.

We denote by “rigfét” the topology on formal schemes generated by finite rig-étale coverings.
Since E admits Nisnevich (hyper)descent by construction, we see that the result would follow if
we can prove the following two properties (where we denote by M : FRigSm/S$ — FSHY'(S; A)
the “associated motive” functor as in Definitions[2.1.15|and [3.1.3)):
(A) E is local with respect to morphisms M(V) — M(U), where V — U is an admissible
blowup;
(B) if 7 is the étale topology, then E is local with respect to morphisms of the form

C[o]lign MV,) - M(V_)), (3.29)

where V, is a hypercover for the topology rigfét, which we assume to be truncated in the
non-hypercomplete case.

We split the rest of the proof into several parts. In the first part, we prove property (A). In the
second part, we establish a preliminary fact for proving property (B). In the remaining parts, we
prove property (B) assuming one of the alternatives (ii) or (iv) in Assumption

Part 1. Here we prove property (A). We start by introducing some notations. We denote by f :
U — & the structural morphism and by e : V — U the admissible blowup, and we set g = f o e.
Since M(U) = fyA and M(V) = gyA (see Remark [3.6.6), it is enough to show that the obvious
morphism

MastiH(T/\)(u; A)(A’ f*E) - Mastiﬂ(T/\)(v; A)(A’ g*E)
is an equivalence. This map can be identified with

Mapgggoag a)(As =S E) = Mapgggoy, o) (A5 tv,.8"E)

which is induced by a morphism ¢ ,f*E — e.ty..g*E in FSH"Y(U; A), and it is enough to show
that the latter is an equivalence. We have a chain of equivalences

W fE = i (es(M) ® G(N))

1

Y (s (M) ® (g fL(N))
xu(fe (M) ® f*(N)

where (1) follows from Lemma 3.6.5]and (2) follows from the natural equivalences

@

f*o/?SZ/\_/ Ofrig’*’ LU*O)?U:X"lh f*OLgﬁLaOf* and Lu,*otaﬁid-
The same applies with “V” and “g” instead of “U” and “f”’. Thus, we are left to show that the
morphism

Xu(fiE (M) ® f1(N) — e.(xv(g™e (M) ® g"(N))
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is an equivalence. Since e, is a projective morphism, we may use Theorem and the pro-
jective projection formula for algebraic motives (see [AyoO7a, Théoreme 2.3.40] and Proposition
[2.2.12(1) in the rigid analytic setting) to rewrite the above morphism as

Xu(fE (M) ® f1(N) = e.(xv(g™ (M) ® f*(N).
The result follows now from the commutation e, o yy ~ yy o €22 and the fact that e"¢ ; Vrig — (i
is an isomorphism (which implies that ¢ o gie* ~ frie.*)

Part 2. Until the end of the proof, T will be the étale topology. In this part, we formulate a property
which implies property (B) for a fixed hypercover V,; see property (B’) below.

Forn > —1, we denote by g, : V, — Sand e, : V, —» V_; the obvious morphisms. As in the
first part, we need to prove that

Mapgggooy . a)(As v, 82 E) — [lnl]r& Mapgggo, . a)(As 10, +84,E)
is an equivalence. As explained in the first part, we have an equivalence

w, <8 E = xv, (G (M) ® 8, (N),

and it is enough to prove that
X0, (85T (M) @ g7y (N) = lim e, (v, (1 (M) © g,(N))

is an equivalence in FSHQ)(\?_I ; A). Since e, , 1s a finite morphism, we may use Theorem [3.1.10
and the projective projection formula for algebraic motives to rewrite the above morphism as
xv., (@5 (M) g (N) — lim (en (v, (hE*(M))) ® gil(N))
= lim [y (€55 (D) ® 8°,(V)

= Jim (yv. (€5 @2 (M) @ g7 (V).

Since g"™*(M) belongs to ngSH(’\)(Vrlg A), it admits (hyper)descent with respect to Vo2, Using
that yv_, is a right adjoint functor, we deduce that the morphism
(M) = lim ., (5.6 (g5 (M),

rig, *

Xxv_, (g5

is an equivalence. Thus, we see that property (B) follows from the following property:
(B') Set A® = yvy_ (¢itel® *(g”g "(M))) and B = g* (N). Then, the obvious morphism
(hm A" Y® B — hm(A” ® B) (3.30)

[n]eA
is an equivalence in FSHétA)(V_l i A).

Part 3. Here we prove property (B) assuming that myA is a Q-algebra.

For a formal scheme X, the site (FRigEt/X, rigfét) has zero global and local A-cohomological
dimensions. Indeed, let F be an ordinary rigfét-sheaf of Q-vector spaces on FRigEt/X. For every
finite rig-étale covering X"’ — X’ in FRigEt/ X, there is a normalised transfer map F(X"") — F(X’)
which is a section to the restriction map. (This map can be constructed rigfét-locally on X’, and
thus we may assume that X" is isomorphic to a finite coproduct of copies of X’.) Using these
normalised transfer maps, one can show that the Cech cohomology of X with values in F vanishes

in degrees > 1. More precisely, given a finite rig-étale cover X’ — X, one can build, using the
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normalised transfer maps, a contracting homotopy from F(X,), where X/ is the Cech nerve of
X’ — X, to the constant simplicial complex F(X). We leave the easy details to the reader. By
Corollary it follows that every rigfét-sheaf of A-modules on FRigEt/X is automatically a
rigfét-(hyper)sheaf. (Indeed, although A is not assumed to be eventually coconnective, the con-
dition that myA is a Q-algebra implies that there exists a morphism of commutative ring spectra
Q — A, and thus we may replace A by Q in order to apply Corollary [2.4.6])

By the above discussion, it is enough to check property (B) when V, is the Cech nerve associated
to a finite rig-étale covering ey : Vo — V_;. Moreover, we may assume that the formal V_;-
scheme V, admits an action of a finite group G which is simply transitive on the geometric fibers
of € : V¥ — V™. The Cech nerve V. can be refined by the following rigfét-hypercover

+VoxGXG=VyxG=2Vy—V_,. (3.31)

Since the latter has the same form when base-changed to each V,, we are left to prove property
(B) with (3.31) instead of V,. As explained in the second part, it suffices to prove property (B’) for
(3.37). In this case, the cosimplicial object A® defines an action of G on Al € FSHfétA)(V_l;A), and
we may rewrite (3.30)) as

A 9B - (A ® B)°.
That this is an equivalence follows from the fact that taking the “G-invariant subobject” in a Q-
linear oco-category is equivalent to taking the image of the projector |G|™! 3 2eG &

Part 4. Here we prove property (B) under the alternative (iv) and assuming conditions (1), (2) and

(3) of Lemma[3.6.2]
By Theorems [2.10.3] [2.10.4]and [3.1.10} we have equivalences of co-categories

Shvm(Et/DCrlg Z/€) ~ RigSH4(X"¢; Z/ () and Shvet(Et/f)C Z/¢) ~ FSHL(X;Z/0)

for every formal S-scheme X. Let M, € Shvgt(Et/ Xrie; Z/€) and N, € Shvét(Et/ X;Z/¢) be the étale

hypersheaves corresponding to M and N by these equivalences. Set A3 = yv_, (¢2%e2® (g™ " (My)))
and By = g*,(Ny). We need to prove that

(hm Ap) ® By — hm(A” ® By) (3.32)

is an equivalence in ShVéA[(Et/ V_1;Z/€). We will do this by proving that (3.32) induces an equiv-
alence at every geometric point v — V_; . Since M, and N, are compact, A5 and Aj ® By are
eventually connective and coconnective as cosimplicial objects, i.e., uniformly in the cosimplicial
degree. Since the homotopy limit of a cosimplicial object in complexes of Z/f-modules can be
computed using the total complex of the associated double complex, this implies that

(hm Ap)y = hm(A ) and (hm (A ® B)), =~ hm((A ), ® B)).

Thus, the fiber of (3.32)) at v can be identified with the map
(hm(A ) ® (Bo)y — hm((A v ® (Bo)y).

That the latter is an equivalence follows from the fact that (By), is a perfect complex of Z/¢-
modules (which is a consequence of the assumption that N is compact). O

The method used for proving Theorem [3.6.1] can be also used to prove the following result.
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Proposition 3.6.8. We work under Assumption Let 8 be a formal scheme and set S = 8",
The functor ys : RigSHSA)(S T A) > FSH(TA) (8; A) preserves colimits.

Proof. This is clear under the alternatives (iii) and (iv) which imply that & belongs to Pr- by
Propositions [2.4.22]and [3.2.3] Thus, it is enough to consider the alternatives (i) and (ii).

By Lemma [3.6.5] the functor ts . preserves colimits. Since ys = ts . © Ys, it is enough to show
that the functor yg preserves colimits. The latter is fully faithful with essential image the full-
subcategory of FSH'(8; A) spanned by those objects admitting rig-7-(hyper)descent. Thus, it is
enough to show that the property of admitting rig-7-(hyper)descent is preserved under colimits.

LetE : I — FS_H(TA)(S; A) be a diagram with colimit E(co) and such that E(«) admits rig-7-
(hyper)descent for every @ € I. We need to show that E(co) admits rig-7-(hyper)descent. As in the
proof of Proposition we reduce to show the following two properties:

(A) E(o0) is local with respect to morphisms M(V) — M(U), where V — U is an admissible
blowup;
(B) if 7 is the étale topology, then E(c0) is local with respect to morphisms of the form

c[o]lign MV,) = M(V_)),

where V, is a hypercover for the topology rigfét, which we assume to be truncated in the
non-hypercomplete case.

We split the rest of the proof into two parts.

Part 1. Here we prove property (A). We start by introducing some notations. We denote by f :
U — & the structural morphism and by e : V — U the admissible blowup, and we set g = f o e.
We need to show that the obvious morphism

Mapﬁ(r/\)(u;/\)(/\a f*E(OO)) - Mapmw(v; A)(A» g*E(OO))

is an equivalence. As in the first part of the proof of Proposition it is enough to show that

g« f " E(e0) = ey, g E(e0)
is an equivalence. Since the objects E(a) admit rig-7-(hyper)descent, for @ € I, we deduce that the
morphisms

e E(@) - ey g E(@)
are equivalences. Since the functors f*, g%, . and ty . preserve colimits (see Lemma @]),
it suffices to show that the functor e, : FSH™(V;A) — FSHY"(U; A) preserves colimits. By
Theorem [3.1.10} it is equivalent to show that the functor e, . : SH(TA)(VU;A) - SH(TA)(UU;A)

preserves colimits. This follows from the fact that e, is projective which implies that e, ., ~ e,
admits a right adjoint e’ ; see [Ayo074, Théoreme 1.7.17].

Part 2. Here we prove property (B). In particular, we work under the alternative (ii) and assume
that 7 is the étale topology.

Forn > -1, we denote by g, : V, — S and e, : V, — V_; the obvious morphisms. As in the
second part of the proof of Proposition we need to show that

01,28 E() = lim .1y, E(e0)
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is an equivalence. Since the objects E(a) admit rigét-(hyper)descent, for @ € I, we deduce that the
morphisms

.84 E@) = lim e, .1v,,.8,E(@)

are equivalences. For n > -1, the functors g, ty, . and e, . commute with colimits. (For the
second one, we use Lemma@] and, for the third one, we use that e, - is finite which implies that
en.o« = €y, admits a right adjoint e,’w; see [AyoO7a, Théoreme 1.7.17].) Therefore, it is enough
to show that the obvious morphism

colim lim e, .ty, .g,E(a) — lim colime, .y, .g,E(a) (3.33)
ael  [n]eA [n]leA ac€l

is an equivalence. Now, as explained in the third part of the proof of Proposition we may

assume from the beginning that V, is of the form (3.31). In this case, the morphism (3.33)) can be
rewritten as follows:

colim (eo,.tv,, 85 E(@))% — (colim ey, v, . g5 E(@)°.
(o4 (04

That this is an equivalence follows from the fact that taking the “G-invariant subobject” in a Q-
linear oco-category is equivalent to taking the image of the projector |G|™! 3 2eG &- O

With Theorem [3.6.1] and Proposition [3.6.8| at hand, we can prove the first assertion in Theorem
333

Proof of Theorem[3.3.3(1). We need to show that the unit map id — s o & is an equivalence.
Clearly, &5 preserves colimits and the same is true for ys by Proposition combined with

[Lurl7) Corollary 3.4.4.6(2)]. It is thus enough to show that M — ys&sM is an equivalence for M
varying in a set of objects generating FSH'"V(8; yA) under colimits. Thus, we may assume that M
is a free ysA-module, i.e., that M =~ ys(A) ® N for some N € FSH(TA)(S; A). In this case, the unit
map coincides with the obvious map ys(A) @ N — ys&s(N) which is an equivalence by Theorem

Bed m
3.7. Proof of the main result, I1. Sheafification.

Our goal in this subsection is to prove the second part of Theorem [3.3.3] Using [Lur09, Corol-
laries 3.2.2.5 & 3.2.3.2], this is equivalent to proving the following statement.
Theorem 3.7.1. We work under Assumption The morphism of Pr--valued presheaves

& : FSH (= xA) — RigSH, ()™ A)

exhibits RigSHg\)((—)rig; A) as the rig-étale sheaf associated to FSHg\)(—; xN).
Remark 3.7.2. In the hypercomplete case, Theorem combined with Theorem shows
that the étale sheafification of FSHJ,(—; yA) is already an étale hypersheaf.

Remark 3.7.3. Let § be a formal scheme.

(1) Recall that a sieve H C § is a sub-presheaf of § considered as a presheaf on FSch. A formal
H-scheme is a formal §-scheme such that the structural morphism T — § factors through
H. We say that H is generated by a family (§; — 8); if H is equal to the union of the images
of the morphisms 8, — 8 considered as morphisms of presheaves on FSch. Equivalently,

H is the smallest sieve of S such that the 8;’s are formal H-schemes.
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(2) We say that a sieve H C 8 is a rig-étale sieve if the inclusion H C 8§ becomes an iso-
morphism after rig-étale sheafification. Equivalently, H contains the sieve generated by a
rig-étale cover of 8. (Of course, this also makes sense for any other topology.)

We will need the following definition.

Definition 3.7.4. Let 8 be a formal scheme.

(1) A formal S-scheme U is said to be nearly smooth (resp. étale) if, locally on U, it is of
finite type and there exists a finite morphism U" — U from a smooth (resp. étale) formal
§-scheme U’ inducing an isomorphism U ~ U"e on generic fibers.

(2) Let H c S be a sieve. A formal S-scheme U is said to be H-potentially nearly smooth
(resp. étale) if U xg T is nearly smooth (resp. étale) over T for every formal H-scheme 7.
If H is generated by a family (5; — 8);, it is enough to ask that U Xg &; is nearly smooth
(resp. étale) over §; for every i.

(3) A formal S-scheme U is said to be potentially nearly smooth (resp. étale) if it is H-
potentially nearly smooth (resp. étale) for some rig-étale sieve H C 8.

As usual, we say that a morphism of formal schemes T — & is (H-potentially, potentially) nearly
smooth if the formal S-scheme 7 is so.

Remark 3.7.5. It follows immediately from the definition that the class of nearly smooth (resp.
étale) morphisms is stable under base change and composition. Similarly, the class of potentially
nearly smooth (resp. étale) morphisms is stable under base change. It follows from Proposition
below that the class of potentially nearly étale morphisms is also stable under composition if
we restrict to quasi-compact and quasi-separated formal schemes. However, this is not the case for
the class of potentially nearly smooth morphisms.

We gather a few properties concerning the notion of (potentially) nearly étale morphisms in the
following proposition.

Proposition 3.7.6.

(1) A nearly étale morphism of formal schemes is rig-étale.

(2) Let f : T — & be a potentially nearly étale morphism of formal schemes. Then, there exists
a rig-étale cover g : T' — T such that f o g is rig—étaleﬂ

(3) A quasi-compact and quasi-separated rig-étale morphism of formal schemes is potentially
nearly étale.

Proof. Assertion (1) is clear. Indeed, the notion of rig-étaleness is local for the rig topology (see
Definition [I.3.3[2)) and a finite morphism U’ — U as in Definition [3.7.4{(1) is a rig cover.

We now prove (2). By assumption, there is a rig-étale cover e : 8’ — 8 such that f” : T’ =
T xg & — & is nearly étale. By (1), we know that f” is rig-étale. If follows thate o f' : 77 — S is
also rig-étale. Now, remark that g : 7° — 7, which is a base change of e, is a rig-étale cover. This
proves the second assertion.

It remains to prove (3). Let f : T — & be a quasi-compact and quasi-separated rig-étale mor-
phism. Our goal is to show that f is potentially nearly étale. The problem is local on § for the
rig-étale topology and, since f is quasi-compact and quasi-separated, it is local for the Zariski
topology on T. Thus, we may assume that § = Spf(A), with A an adic ring of principal ideal type,

81t is plausible that f itself is rig-étale, but we didn’t strive to prove this since we do not need it.
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and T = Spf(B), with B a rig-étale adic A-algebra such that the zero ideal of B is saturated. We fix
a generator € A of an ideal of definition.

We will show that every algebraic geometric rigid point s : Spf(V) — § admits a rig-étale
neighbourhood U, such that T xg U, is nearly étale over U. This suffices to conclude.

Fix s as above. Consider the rig-étale V-algebra W = V'®, B/(0)*'. Arguing as in the proof of
Proposition|[I.4.19] we see that Spf(W) is the completion of a quasi-finite affine flat V-scheme, nec-
essarily of finite presentation by [FK 18, Chapter 0, Corollary 9.2.8]. From Zariski’s main theorem
[Gro66, Chapitre IV, Théoreme 8.12.6], we deduce that Spf(W) is an open formal subscheme of
Spf(W’) where W’ is a finite flat V-algebra. Moreover since V[7~!] is an algebraically closed field
it follows that W’[n~!] is a finite direct product of copies of V[n~!']. Replacing § with a rig-étale
neighbourhood of s and J with an open covering, we may assume that W is the completion of a
localisation of W', i.e., there exists # € W’ which is invertible in W’/[n~!] and such that W is the
completion of W’[u"!].

Using that W’[n~!] is a direct product of copies of V[n~!], we may find a morphism of V-algebras

VId/((t—a)---(t—a)) = W,

inducing an isomorphism after inverting rr, where the a;’s belong to V and such that two distinct
a;’s differ additively by an invertible element of V[7~']. We may extend this morphism into a
presentation

V<t’ A PRI Sm)/((t - Cl]) e (t - ar)anNsl - P], o ,ﬂNSm - l)m)sat = W’ (334)

where N € N is large enough and the P;’s are polynomials in V[f]. The left-hand side of the
isomorphism (3.34) gives a presentation of the rig-étale V-algebra W’ as in Definition[I.3.3] Using
Proposition [I.3.8]and Lemma [1.4.26] we may assume that the g;’s and the coefficients of the P;’s
belong to the image of the map

colim O(U) -V, (3.35)

Spf(V)-U—-8
where the colimit is over affine rig-étale neighbourhoods of s in 8. Similarly, we may assume that
u € W’ is the image of a polynomial Q € A[t, sy, ..., 5,,] with coefficients in the image of (3.33).
Thus, we may find a rig-étale neighbourhood U, = Spf(A,) of s and lifts a;’s, P i’s and 0 to A, of
the a;’s, P;’s and Q. We then set

Cl = At Sty su)/(t =) - (t =), 75y = Py, ... ,1s, — P

and C.=C»)/(v-Q—-1).

Refining U,, we may assume that two @;’s differ by an invertible element of A [n~']. This insures
that C; is a rig-€tale A;-algebra. By construction, we have an isomorphism

V@, C./(0)™ = W ~ V&, B/(0)*™".
Using Corollary|1.3.10, we may refine U, and assume that
C. =~ A.®4 B/(0)™.

Therefore, to conclude, it is enough to see that Spf(C?) is nearly étale over Spf(A,) for U, suffi-
ciently small. After refining U, if necessary, we may assume that the classes of the P;’s in the ring
AJt]/((t —a) -+ (t — @), divided by 7, are algebraic over this ring. (Indeed, the P;’s satisfy the
analogous property.) In this case, the claim is clear since the normalisation of C’ in C[x~'] is then

a finite direct product of copies of the normalisation of A, in A,[77']. O
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Proposition 3.7.7. Let T — & be a quasi-compact and quasi-separated potentially nearly étale
morphism of formal schemes. Let 'V be a potentially nearly smooth formal T-scheme. Then V is
also potentially nearly smooth as a formal S-scheme.

Proof. The problem is local on § for the rig-étale topology. Thus, we may assume that § and T
are quasi-compact and quasi-separated, and that the morphism T — & is nearly étale. The problem
is also local on J. Thus, we may assume that there is a finite morphism J; — 7 from an étale
formal 8-scheme T inducing an isomorphism on generic fibers. It is clearly enough to show that
the formal S-scheme T X5 V is potentially nearly smooth over 8. Thus, we may replace T with
Ty and V with T} X5V, and assume that 7 — & is étale. Let 77 — T be a rig-étale cover such
that V X4 7" is nearly smooth over 7. By Lemma below, there is a rig-étale cover 8" — &
and and a morphism of formal T-schemes T Xg & — J’. We claim that the formal 8’-scheme
V xg &' is nearly smooth. Indeed, we have an isomorphism V Xg & =~ 'V X (T Xg &8") and the formal
T Xg & -scheme V X7 (T Xg &) is nearly smooth since it is a base change of the formal J’-scheme
V X J’. The structural morphism of the formal 8’-scheme V Xg &’ is thus the composition of two
nearly smooth morphisms
VXU‘((IXS S,) — T Xs S - 8.

This finishes the proof since nearly smooth morphisms are preserved under composition. O

Lemma 3.7.8. Let T — 8 be a quasi-compact and quasi-separated étale morphism of formal
schemes, and let ' — T be a rig-étale cover. Then there exists a rig-étale cover 8’ — & and a
morphism of T-schemes T Xg & — T’.

Proof. This is proven in the same manner as Corollary [1.4.30] Given an algebraic geometric rigid
point s — &, we consider t = s Xg J. This is a quasi-compact and quasi-separated étale formal
s-scheme. Thus t is a disjoint union of quasi-compact open formal subschemes of s. In particular,
the morphism t — T factors through J’. We then use Corollary and Lemma to
conclude. O

Definition 3.7.9. Let 8 be a formal scheme.

(1) Let K c & be a sieve. A rig-étale sieve H C 8 is said to be K-potentially nearly étale
if it can be generated by a family (S§; — §); consisting of rig-étale morphisms which are
K-potentially nearly étale.

(2) A rig-étale sieve H C 8 is said to be potentially nearly étale if it is K-potentially nearly
étale for some rig-étale sieve K C 8.

Corollary 3.7.10. Let S be a quasi-compact and quasi-separated formal scheme. Let H C S be a
rig-étale sieve. Then, we may refine H by a rig-étale sieve which is potentially nearly étale.

Proof. After refinement, we may assume that H is generated by a rig-étale cover (8; — 8);c; where
I is finite and every §; is a quasi-compact and quasi-separated rig-étale formal S-scheme. By
Proposition [3.7.6(3), each §; is K;-potentially nearly étale over 8 for some rig-étale sieve K; C 8.
It follows that H is K-potentially nearly étale, with K = N;K; which is a rig-étale sieve since I is
finite. |

Notation 3.7.11.
(1) Given a presheaf of sets H on FSch, we denote by FSHéf)(H ; X\) the object of Pr" obtained

by evaluating on H the right Kan extension of FSH(étA)(—; XA\) along the Yoneda embedding

FSch™ — P(FSch)®. We define similarly RigSH{"(H"¢; A).
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(2) Let & be a formal scheme and H C § a rig-étale sieve. We denote by
&y FSH(H; yA) — RigSHY(8"; A) (3.36)

the functor obtained by evaluating on H the right Kan extension of Eand then composing
with the equivalence RigSH."(H"¢; A) ~ RigSH"(8"%; A) provided by Theorem

Notation 3.7.12. Let 8 be a formal scheme and H C & a rig-étale sieve. We denote by
RigSH{"(8"¢; A5, C RigSH{"(8"; A)

the full sub-co-category generated under colimits, desuspensions and negative Tate twists by mo-
tives of the form M(U"¢) where U is a formal 8-scheme which is H-potentially nearly smooth.

Proposition 3.7.13. We work under Assumption Let § be a quasi-compact and quasi-
separated formal scheme and let H C S be a rig-étale sieve.
(1) The functor (3.36) is fully faithful and its essential image contains RigSHg\) (8"¢; A) -
(2) Assume that the sieve H is K-potentially nearly étale for a rig-étale sieve K C 8. Then the
essential image of (3.30) is contained in RigSHg\)(Srig; N)ky.-

Proof. Up to equivalences, the functor EH is given by
‘}1_1:1}1{ FSHgt\)(‘I,)(A) - ‘}1_1:[}1 RigSHg\)(rJ'ng’ A),

where the limit is over the category of formal H-schemes. Since limits in CAT,, preserve fully
faithful embeddings, Theorem 1), proved in Subsection implies that the functor & is
fully faithful. Moreover, an object M € RigSHfé?)(Srig; A) belongs to the essential image of EH if
and only if, for every e : T — 8 factoring through H, ¢"®*M belongs to the essential image of
£7. This shows the first assertion. Indeed, if U is a formal 8-scheme which is H-potentially nearly
smooth and e : T — § as before, then e"&*M(U™) ~ M((U xs T)"2) is a colimit of objects of the
form M(V"i¢) ~ £&M(V) where V is a smooth formal T-scheme admitting a finite morphism to an
open formal subscheme of U Xs T which induces an isomorphism on generic fibers. (Recall that
such V’s exist locally on the nearly smooth formal T-scheme U xg T.)

To prove the second assertion, we assume that H is generated by a rig-étale cover (8; — 8§); such
that the formal S-schemes §; are rig-étale and K-potentially nearly étale. We want to show that the
essential image of EH is contained in RigSHg\)(Srig; A)ky. Let M be in the essential image of EH.
Let T = []; S; and form the Cech nerve T.. Denote by e, : T, — 8 the obvious morphism. Then

colim erigﬁe,rfg’*M > M
[nleA ™
is an equivalence. (Indeed, by the projection formula, the simplicial object eﬁeﬁig’ *M is equivalent
to M(T2%) ® M and T5® — §'¢ is a truncated étale hypercover of $€.) Since ¢i®*M belongs to
the essential image of Egn, it is enough to show that the essential image of e;i,gﬁ o Eqn is contained in
RigSHfétA)(Srig ; A)ky. This would follow if we can prove that for every smooth formal J,-scheme

V the formal S-scheme V is K-potentially nearly smooth. This is a direct consequence of the
definitions (and also a special case of Proposition [3.7.7). o

Recall that Lie¢ denotes the rig-étale sheafification functor. In particular, LrigétFSHétA)(—; XN) is

the rig-étale sheaf associated to the Pr-valued presheaf F SH;?)(—; xN).
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Proposition 3.7.14. We work under Assumption Let § be a quasi-compact and quasi-
separated formal scheme. Then the functor

Luiga FSHY(8; xA) — RigSHY (8" A) (3.37)

is fully faithful with essential image the full sub-co-category generated under colimits, desuspen-
sions and negative Tate twists by motives of the form M(U"¢) where U is a formal S-scheme which
is potentially nearly smooth. In fact, we can restrict to those U’s which are smooth over a quasi-
compact and quasi-separated rig-étale formal S-scheme.

Proof. We split the proof into three steps.

Step 1. Let Lrli ot be the endofunctor on presheaves over FSch described informally as follows.
Given a formal scheme & and a presheaf J with values in an co-category admitting limits and

colimits, we have

L oe(F)(S) = colim F(H)
HcS

where J is the right Kan extension along the Yoneda embedding and the colimit is over the rig-étale
sieves H C 8. For a precise construction of such an endofunctor, we refer the reader to [Lur(9,
Construction 6.2.2.9 & Remark 6.2.2.12]ﬂ (In loc. cit., this is done for presheaves with values in
8, but the construction makes sense for more general presheaves.)

Let 8 be a quasi-compact and quasi-separated formal scheme. Let Sv(8) be the set of rig-étale
sieves of 8 ordered by containment and let Sv’(8) be the subset of Sv(8) x Sv(8), endowed with
the induced order, consisting of those pairs (H, K) such that H is K-potentially nearly étale. We
have two projections Sv'(8) — Sv(8) which are cofinal by Corollary and [LCur(09, Theorem
4.1.3.1]. By Proposition[3.7.13] every pair (H, K) € Sv'(8) gives rise to a sequence of fully faithful
embeddings

RigSHY(8"; A) gy — FSHLY(H; xA) — RigSH."(8"; A)xy — FSHY(K; xA),
in which we identified FSHE?)(H ; XA) with its essential image under EH, and similarly for K instead
of H. Passing to the colimit over Sv'(8) and using the cofinality of the two projections Sv'(§) —
Sv(8), we obtain an equivalence in Prt:

L}, FSHL(8; xA) =~ colim RigSH"(8"%; A) .

Since the sub-co-categories RigSHfétA)(Srig ; A)uy are generated under colimits by a set of compact
generators of RigSHg)(Srig; A), it follows immediately that the induced functor

&} 1 L, FSHU(S; xA) — RigSH. (8™ A)

is fully faithful with essential image the full sub-co-category generated under colimits, desuspen-
sions and negative Tate twists by motives of the form M(U"¢) where U is a formal §-scheme which
is potentially nearly smooth.

9This can be found in the electronic version of [Lur09] on the author’s webpage, but not in the published version.
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Step 2. Here, we prove that Lllj. . étFSHfétA)(—; xN), restricted to FSch®®, is already a rig-étale sheaf.
This will prove the statement except for the last sentence.

We argue as in the proof of Proposition Let H C & be a rig-étale sieve generated by a
finite family (5; — &); such that the §;’s are quasi-compact and rig-étale over 5. We consider the
functor _

&l LYo FSHy (H; xA) — RigSH{(8™: A)
defined as in Notation [3.7.11(2). This is a fully faithful functor with essential image the sub-co-
category spanned by those M € RigSHétA)(Srig ; A) such that e"#*M belongs to the essential image

of :f}l for every e : T — § factoring through H. Our goal is to show that Es] and E;I have the same
essential image.
Let T = []; §; and form the Cech nerve T, associated to T — 8. Let e, : T, — S be the obvious
morphism. Let M be in the essential image of E}, We have an equivalence
colim "€ * M — M.
[njea B

:’gﬁe,ﬂig’*M belongs to the essential image of £/. Using the

description of the essential image of EI; given above, it suffices to show that e;igﬁ takes the essential

Therefore, it is enough to show that e

image of E(} to the essential image of Esl This follows from the description of the essential images

of Esl and 5} given above, and the fact that a potentially nearly smooth formal T,-scheme is also

potentially nearly smooth as a formal S-scheme which follows from Propositions 3) and
BZ7

Step 3. It remains to show the last assertion in the statement, concerning the generators under col-
imits of the essential image of (3.37). Let C be the sub-co-category of RigSHg\)(Srig; A) generated
under colimits, desuspension and negative Tate twists by M(V'2), with V smooth over a rig-étale
formal 8-scheme. We want to show that C coincides with the essential image of (3.37). By the
previous steps, it is enough to show that M(U"¢) € € for every potentially nearly smooth formal
S-scheme U. Let T — & be a rig-étale cover such that U Xg 7 is nearly smooth over J. Let T, be
the Cech nerve associated to T — 8. Since

M(U™) ~ 0[011i£n M((U x5 T,)"),

it is enough to show that M((U xg T,,)"%¢) € C for every n € N. The problem is local on U xg T,.
Since the latter is nearly smooth, we are reduced to show that M(V"¢) € € if V is a formal T,-
scheme admitting a finite morphism V' — 'V inducing an isomorphism V"€ ~ V"¢ and such that
V' is smooth over T,,. This is clear since M(V"¢) € € by construction. O

Corollary 3.7.15. Let (8,), be a cofiltered inverse system of quasi-compact and quasi-separated
formal schemes with affine transition morphisms, and let § = lim, 8,. Assume one of the following
conditions.

(1) We work under the alternative (iii) of Assumption[3.3.1]
(2) We work under the alternative (iv) of Assumption[3.3.1, We assume furthermore that A is
eventually coconnective or that the numbers pved, (8,°) are bounded independently of a.

Then, we have an equivalence in Pr-:
coiirn LiigstF'SHg (S0 YA) = Lijee FSHe (S5 Y A).
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Proof. This follows from Theorem Proposition and the following assertion. Given
a rig-étale formal S-scheme T and a smooth formal T-scheme V, we can find, locally for the rig
topology on T and 'V, an index «y, a rig-étale formal §,,-scheme T,,, a smooth formal T,,-scheme
Vo, and isomorphisms of formal 8-schemes

T/(0)*™ ~ lim T,/(0)* and V/(0)*™ ~ lim V,/(0)*.
a<ag a<ag

(As usual, for @ < @y, we set T, = T, X8uy 8, and similarly for V,.) To prove this assertion,
we may assume that the S, = Spf(A,)’s are affine, that T = Spf(B) with B adic rig-étale over
A = colim, A, and admitting a presentation as in Definition[1.3.3] and V = Spf(C) with C an adic
B-algebra étale over B(ty,...,t,). Then, the result follows easily from Corollary [I.3.10] O

Remark 3.7.16. Recall that our goal in this subsection is to prove Theorem[3.7.1] This is equivalent
to the statement that the morphism of rig-étale Pr--valued sheaves

Luigei © Liiga FSHY (= YA) — RigSHL((-)"8; A) (3.38)

is an equivalence under Assumption [3.3.2] Clearly, it is enough to do so after restricting (3.38)
to affine formal schemes. Every affine formal scheme is the limit of a cofiltered inverse system of
(A, ét)-admissible affine formal schemes with (A, ét)-admissible generic fiber. Thus, when working
under the alternative (iii) of Assumption [3.3.1] Theorem [2.5.1] and Corollary allow us to
restrict (3.38) further to the subcategory of (A, ét)-admissible affine formal schemes with (A, ét)-
admissible generic fiber. By Propositions 2.4.19] and [3.2.2] we are then automatically working
under the alternative (iv) of Assumption Said differently, to prove Theorem we may
work from this point onwards under the alternative (iv) of Assumption[3.3.1] In particular, since we
only consider formal schemes with finite dimensional generic fibers, (3.38) is a morphism of rig-
Nisnevich hypersheaves. (See the proof of Lemma[2.4.18]) As a consequence, it is enough to show
that (3.38)) induces equivalences on the stalks for the rig-Nisnevich topology. Using Theorem[2.8.6]
and the analogous statement for LrigétFSH(A)(—; XxA\) which follows in the same way from Corollary

ét

[3.7.15] we are left to show the following statement.

Proposition 3.7.17. Let s be a rigid point and set s = Spf(k*(s)). Assume the following conditions:

(1) every prime number is invertible either in k*(s) or in my/\;
(2) when working in the non-hypercomplete case, A is eventually coconnective.

Then, RigSHétA)(s; N) is generated under colimits, desuspension and negative Tate twists by motives
of the form M(U"¢) with U smooth over a rig-étale formal s-scheme (or, equivalently, by the motives
M(U) with U smooth with good reduction over an étale rigid analytic s-space).

Proof. This is a generalisation of [Ayo15], Theorem 2.5.34], and we will adapt the proof of loc. cit.
to our situation. Let C(s) be the sub-co-category of RigSHfétA)(s; A) generated under colimits, desus-
pension and negative Tate twists by motives of the form M(U"¢), with U smooth over a rig-étale
formal s-scheme. Note that C(s) is equally generated by motives of the form M(U), with U smooth
with good reduction over an étale rigid analytic s-space. Our goal is to show that C(s) is equal to

RigSHfétA) (s; A). We divide the proof into several steps.

Step 1. Here we show that it is enough to prove the proposition under the following assumptions:

o moA is a Q-algebra;
e «(s) is algebraically closed and «*(s) has finite height.
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In particular, s is (A, ét)-admissible and we will be working in the hypercomplete case.

Indeed, we can find a cofiltered inverse system of rigid points (s,), with s ~ lim, s, such that
the valuation rings «*(s,) have finite ranks and the fields «(s,) have finite virtual A-cohomological
dimensions. We set s, = Spf(«x*(s,)) so that s = lim, s,. Our goal is to prove that C(s) =
RigSH(étA)(s; A) and, by Lemma 2.1.20, it is enough to show that M(V"¢) € C(s) for V a rig-smooth
formal s-scheme. Moreover, we may assume that V = Spf(A) where A is an adic «*(s)-algebra
which is rig-étale over «*(s){t;,- - ,t,). Thus, using Corollary there is an index « and a
rig-smooth formal s,-scheme V,, such that V"¢ = V,# x s. Since C(s) contains the image of C(s,)
by the inverse image functor along s — s,, we see that it is enough to show that M(V5%) € C(s,).
Thus, we may replace s by s, and assume that s is (A, ét)-admissible. In particular, by Proposition
[2.4.19] the non-hypercomplete case is then covered by the hypercomplete case. Also, the oco-
category RigSH/ (s; A) is compactly generated by Proposition

Next, we explain how to reduce to the case where myA is a Q-algebra. Let M € RigSHJ (s; A)
and consider the cofiber sequence M — Mg — M, where My = M ® Q is the rationalisation of
M. The motive M, is a direct coproduct of £-nilpotent motives M, for € non invertible in myA. By
Theorem [2.10.3] we have an equivalence of co-categories

Shv4 (Et/s; A)pmi ~ RigSHS (55 A)pnin.

This implies that M, belongs to the sub-co-category of RigSHY,(s; A) generated under colimits by
motives of the form M(U), where U is an étale rigid analytic s-space. This show that M\, belongs
to C(s), and we are left to show that Mg belongs to C(s). To do so, we may replace A with Ag and
assume that moA is a Q-algebra.

It remains to explain how to reduce to the case where «(s) is algebraically closed. Let «* () be the
adic completion of a valuation ring extending «*(s) inside a separable closure of k(s), and let k()
be the fraction field of x*(5). This defines a geometric algebraic point s over s as in Construction
[1.4.272). We have 5 ~ lim, s, where (5,), is the cofiltered inverse system of rigid points such
that k(s,)/«(s) is a finite separable extension contained in «(s). Using Theorem and arguing
as above, we have an equivalence in Pr’:

C(s) = colim C(s,). (3.39)

Denote by e : s — s,e, : 5§ = s, and r, : s, — s the obvious morphisms. Consider a
compact motive M € RigSH (s; A) and assume that we know that e*M € C(s). Since e*M is
compact, the equivalence (3.39) implies that there exists @y and a compact object N € C(s,,) such
that e*M = e, N. In particular, the two compact objects r;, M and N of RigSH{(5,,: A) become
equivalent when pulled back to 5. By Theorem [2.5.1] they actually become equivalent when pulled
back to s,, for @ < @, sufficiently small. This shows that r;, M belongs to C(s,). We now conclude
as in the second step of the proof of Proposition using the Cech nerve associated to 5, — s,
we reduce to show that, forn > 1,

ntimes n—1 times
—— ——
M® M(Ea Xs oot Xs Ea) = (ra,ﬁrZM) ® M(Ea Xs oo+ X Ea)a

belongs to C(s) which is clear.

Step 2. In the remainder of the proof, we work under the two assumptions introduced in the first
step. We set K = k(s), V = «*(s) and we fix 7 € V a generator of an ideal of definition. We set

n = Spec(K) and use a subscript “57” to denote the fiber at 77 of a V-scheme. By Lemma [2.1.20] the
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oco-category RigSHY (s; A) is generated under colimits by the motives M(Y), for ¥ € RigSm%/s,
and their desuspensions and negative Tate twists. We will show that M(Y) € C(s) by induction
on the relative dimension d of |Y| over |s|. The case of relative dimension zero is clear because Y
is then étale over s. In general, the problem is local on Y. Thus, by Proposition [[.3.15] we may
assume that Y is the m-adic completion P of a V-scheme P of finite presentation and generically
smooth. Replacing P with the Zariski closure of P,, we may also assume that P is flat over V.

Step 3. (This is analogous to the second step in the proof of [Ayol5, Théoreme 2.5.34].) In this
step, we will prove the following prehmlnary assertion. Let E C P be a closed subscheme, gener-
ically of codimension > 1, and let Z = E" considered as a closed rigid analytic subspace of Y.
Then the relative motive M(Y/Y \ Z), defined as the cofiber of M(Y \ Z) — M(Y), belongs to C(s).
The proof of this uses the induction on the relative dimension of |Y| over |s|, and we will argue by
a second induction on the dimension of E,. The base case for the second induction is when E, is
empty: the relative motive is then zero and the claim is obvious. Let E” C E be the closure of the
singularity locus of E, and Z’ = E'™e. Since «(s) is algebraically closed and hence perfect, E; has
codimension > 1 in E,. By the second induction, we may assume that M(Y/Y \ Z’) belongs to
C(s). We are thus left to show that M(Y \Z’/ Y \ Z) belongs to C(s). The rigid analytic space Y \ Z’
is not necessarily quasi-compact, but we may write it as a filtered union of quasi-compact opens
Y, = (IIBQ)rig where P, are open subschemes of admissible blowups of P, not meeting the closure
of E,’I Thus, we are left to show that M(Y, /Y, \ Z,) belongs to C(s) with Z, the generic fiber of
the formal completion of E, = E Xp P,. Replacing Y with Y, and E with E,, we are thus reduced
to showing that M(Y/Y \ Z) belongs C(s) under the assumption that E, is smooth.

As usual, we may also assume that P is affine, and that E is flat over V. Now, assume we
are given a finite type morphism e : P — P and a closed subscheme E C P with the following
properties:

o ¢, isétale, EC e (E)and E, = e . (Ep);
e the induced morphism E > Eis proper and an isomorphism E ~ E, on generic fibers.

Then, letting Y and Z be the generic fibers of the r-adic completions of P and E, we have, by
étale excision, an isomorphism M(Y/ Y~ Z) ~ M(Y/Y \ Z). Using this principle twice, we may
assume that P is isomorphic to E X A€, for some ¢ > 1, and that E C P is the zero section. In this
case, the relative motive M(Y/Y \ Z) is isomorphic to M(Z)(c)[2c], and we may conclude using
the induction on the relative dimension of Y.

Step 4. (This is analogous to the third step in the proof of [[Ayol5), Théoréme 2.5.34].) In this step,
we show that we may assume P to be “poly-stable”. By means of [Ber99, Lemma 9.2], applied
to some compactification of P, we may find a proper surjective morphism e : Q — P with the
following properties:

e there is a finite group G acting on the P-scheme Q, a dense open subscheme L C P, with
inverse image M = ¢ '(L) dense in Q,, and such that M — M/G is a finite étale Galois
cover with group G and M/G — L is a universal homeomorphism;

e the projection Q — Spec(V) factors as a composition of

Ja f
0=04— Qs1—... > 01 — Qp = Spec(V)
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and, for every 1 < i < d, the morphism f; decomposes, étale locally on the source and the

target, as

Spec(B) ﬂ Spec(Alu, v]/(uv — a)) — Spec(A) (3.40)
with A a flat V-algebra of finite type, u and v two indeterminates, and a € A invertible in
Aln 1.

In particular, we see that the f;’s have relative dimension 1 and that the (f;),’s are smooth.

Let E C P be the closure of P, \ Lin P and F' C Q the closure of O, \ M in Q. By the
second step, it is enough to prove that M(Pie \ E'i2) belongs to C(s). By Lemma below,
M(P"e \ E") is a direct summand of M(Q" \ F'¢) and it is enough to see that the latter is in
C(s). Using the second step again, we see that it is enough to show that M(@ig) belongs to C(s).
Thus, replacing P with Q and Y with Qrig, we may assume that the projection P — Spec(V) can be
factored as a composition

P=P, P, .. 5P L Py = Spec(V) (3.41)
with f; given, étale locally on the source and the target, by (3.40).

Step 5. We now conclude the proof. We argue by induction on the number of integers i € {1,...,d}
such that f; is not smooth. If all the f;’s are smooth, then the formal scheme P is smooth over Spf(V)
and M(Y) € C(s) by construction. Now suppose that at least one of the f;’s is not smooth. Arguing
as in [Ayol35, page 332]]10] we may assume that f; : P; — P, is not smooth. The problem is local
for the étale topology on Y. (More precisely, if Y, — Y is a truncated étale hypercover then it is
enough to prove that M(Y,,) € C(s) for n > 0.) Therefore, we may assume that a factorization as in
(3.40) exists globally for f;, i.e., that f; is a composition of

P=P; ™% Poifuv)/(uv —a) = Pyy
for some a € O(P,4_;) which is invertible in O((P4-1),). Arguing by étale excision as in [Ayol5,
page 333], we conclude that it suffices to treat the case where P = P;_i[u,v]/(uv — a).

We set R = P,_;. By the induction on the relative dimension of |Y| — |s|, we know that M(k\ﬁg)
belongs to C(s). Consider the blowup e : W — R[u] of the ideal (a,u). Since a is invertible on
R, e, is an isomorphism and W' ~ R x B'. Moreover, W admits a Zariski cover given by
P = R[u,v]/(uv — a) and P' = R[u,w]/(aw — u) ~ R[w] intersecting at P” = R[u,v,v']/(uv — a) ~
R[v,v~!]. Thus, we have a cofiber sequence

MR x U") > M(P"¢) ® M(R™ x B') > M(R" x B")
showing that M(Y) is isomorphic to M(R"¢) @ M(R"€)(1)[1]. This finishes the proof. O

Lemma 3.7.18. Let S be a rigid analytic space, f : Y — X a morphism of smooth rigid analytic
S-spaces and G a finite group acting on the rigid analytic X-space Y. Assume that Y — Y/G is a
finite étale cover and that Y/G — X is a universal homeomorphism. Assume also that the order of
G is invertible in mo/A and that every prime number is invertible either in O(X) or in mo/. Then, in
the co-category RigSHg\) (S; A), the morphism M(Y) — M(X) induced by f exhibits M(X) as the
image of the projector |G|™! 2.ecG 8 acting on M(Y).

10We remind the reader that the page references to [[Ayol5]] correspond to the published version.
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Proof. Letny : X — S and nry : ¥ — § be the structural morphisms. Since M(X) = 7y 37} A, there
is an equivalence of copresheaves

MapRigSHéf)(S;A)(M(X)’ —) = MapRigSHétA)(S;A)(A’ 7,7y (=),

and similarly for Y instead of X. Thus, by Yoneda’s lemma, it is enough to show that, for every
M e RigSHg\)(S ; A), the obvious morphism 7y .y M — ry ., M exhibits x .7, M as the image
of the projector |G| 2.eeG & acting on my .y, M. Set X' = Y/G and let my, : X’ — § be the
structural morphism. By étale descent, the image of the projector |G| 2.eeG 8 acting on my .ty M
is equivalent to 7y .7y, M. Thus, we need to show that the natural transformation ry .y — mx/ .7y,
is an equivalence. This follows from the fact that the unit morphism id — e.e” is an equivalence,
which is a consequence of Theorem[2.9.7] m]

Now that we have completed the proof of Theorem[3.7.1] we record the following generalisation
of Proposition [3.7.17]

Corollary 3.7.19. Let S be a rigid analytic space. Assume the following conditions:

(1) every prime number is invertible either in every k*(s) for s € |S| or in myA\;
(2) when working in the non-hypercomplete case, A is eventually coconnective.

Then RigSHéf)(S ; \) is generated under colimits, desuspension and negative Tate twists by the
motives M(U) with U smooth with good reduction over an étale rigid analytic S -space.

Proof. The problem is local on S. Thus, we may assume that S = Spf(A)"¢ with A an adic ring.
We may write A as the colimit in the category of adic rings of a filtered direct system (A,), such
that the 8, = Spf(A,) and the S, = Spf(AQ)rig are (A, ét)-admissible. Arguing as in the first step
of the proof of Proposition[3.7.17] we see that it is enough to prove the corollary for each S ,. Said
differently, we may assume that & = Spf(A) and S are (A, ét)-admissible. By Theorem [3.7.1} we
have an equivalence

Liiga FSH(8; xA) ~ RigSH (S A).
We may now conclude using Proposition m|

Corollary 3.7.20. Let S be a rigid analytic space and assume the conditions (1) and (2) of Corol-
lary For every U € Et®/S, denote by fy : U — S the structural morphism and choose a
formal model U of U. Then, the functors

xuo f5: RigSHU(S; A) — FSHU (U A),

for U € Et/S | form a conservative family. In fact, the same is true if we restrict to those U’s
admitting affine formal models of principal ideal type.

Proof. This follows immediately from Proposition [3.1.14]and Corollary m]
We end the subsection with the following statement.

Theorem 3.7.21. We assume that 7 is the étale topology and work under one of the alternatives
(ii), (iii) and (iv) of Assumption Let s be a geometric rigid point and set s = Spf(«*(s)). Then

£ FSHY(s5; yA) — RigSHY(s; A)

is an equivalence of co-categories.
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Proof. When working under (iii) or (iv), this is a direct consequence of Theorem [3.3.3(2) and
the fact that every rig-étale cover of s splits. In the generality considered in the statement, we
argue as follows. The functor ES is fully faithful by Theorem 1). Since this functor preserves
colimits, it remains to see that its image generates RigSHfétA (s; A) under colimits. This follows
from Proposition and the fact that an étale rigid analytic s-space is a coproduct of open
subspaces. O

3.8. Complement.

Theorem [3.3.3] is especially useful if we have a handle on the commutative algebras ysA, for
8 € FSch. Our goal in this subsection is to obtain a purely algebro-geometric description of these
commutative algebras, i.e., one that does not involve rigid analytic geometry. In order to do so, we
need to assume that 7 is the étale topology; the case of the Nisnevich topology seems to require
techniques of resolution of singularities which are stronger than what is available.

Given a formal scheme 8, we will implicitly identify the co-categories SH™"(8,; A) and
FSH ™" (8; A) by means of Theorem In particular, ysA will be considered as a com-
mutative algebra in SH(Teff’ "(84; A). Our goal is to prove Theorem below. The proof will
occupy most of the subsection, and it is inspired by the proof of [Ayol5, Théoreme 1.3.38].

Theorem 3.8.1. Let B be a scheme, B, C B a closed subscheme locally of finite presentation up to
nilimmersion, and B, C B its open complement. Consider the functor

xz : SHY(B,; A) — SH(B,; A)

given by yp = i* o j,, wherei: B, — Band j: B, — B are the obvious immersions. Assume that
every prime number is invertible either in o\ or in O(B). Assume one of the following alternatives.

(1) We work in the non-hypercomplete case and A is eventually coconnective;
(2) We work in the hypercomplete case and B is (A, ét)-admissible.

Let B be the formal completion of B at B,. (Note that B, = Er up to nilimmersion.) Then, there is
an equivalence x g\ = yz/\ of commutative algebras in SHfétA)(Bg; A).

Remark 3.8.2. One has a good handle on the motive yzA in many situations. For example, if B
is regular and B, is a principal regular divisor in B, then ygA =~ A & A(-1)[-1]. This follows
from absolute purity; see Corollary [3.8.32] below. More generally, absolute purity can be used to
give a precise description of ysA when B, is a normal crossing divisor of a regular scheme B. In
general, assuming that B is quasi-excellent, one can access ygA using techniques of resolution of
singularities to reduce to the case where B is regular and B, is a normal crossing divisor. In fact,
these techniques will also be used in the proof of Theorem [3.8.1]

Remark 3.8.3. Let k be a field of characteristic zero having finite virtual A-cohomological dimen-
sion. In the non-hypercomplete case, assume that A is eventually coconnective. Let K be the
discretely valued field k((7r)) and R C K its valuation ring. For n € N*, we denote by K, = K[r!/"]
the finite extension of K obtained by adjoining an n-th root of unity, and R, C K, its valuation ring.
Also, we let K, be the completion of | o< K, and R, C K its valuation ring. Using Theorem
[3.8.1] (and Remark [3.8.2), we obtain canonical equivalences of commutative algebras

/\/R,,A = (qn, *A
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where ¢, : T,, — Spec(k) is the structural projection of the 1-dimensional torus 7, ~ G, given by
Spec(k[x!'/", 7=1/"]). It follows formally that we have an equivalence of co-categories

SHY(k, xx,A) ~ uSHY(T,; A),

where uSHfétA)(Tn; A) is the full sub-co-category of SHétA)(T,,; A) generated under colimits by the
image of the functor g, . Letting n go to co, we obtain an equivalence of co-categories

SH." (k, xr.A) = uSH{ (Tw; A), (3.42)

where T, is the pro-torus given by the spectrum of |J,q K[!/, 77'/"] and uSHY (T3 A) is de-
fined similarly as for the 7,’s. Now, assume furthermore that k is algebraically closed. Then
the valued field K., is also algebraically closed. Combining the equivalence (3.42]) with Theorem
[3.7.21] we obtain an equivalence of co-categories

uSH"(Tw; A) ~ RigSH{"(K.o; A). (3.43)

Moreover, one can check that this equivalence is given by the composition of

uSH(To; A) € SHY (T3 A) = SHY (K3 A) A, ngSH(,tA)(Km; A).
In fact, by Galois descent, one can show that the equivalence (3.43) is also true without assuming
that k is algebraically closed. We obtain in this way a weak version of [[Ayol5, Scholie 1.3.26(1)]

(for the étale topology and after replacing K with K,,). See also [Ayol5, Théoreme 2.5.75] for a
similar statement for motives with transfers.

Our first task is to construct a morphism of commutative algebras ysA — yzA which we will
eventually prove to be an equivalence. In order to do so, we need a digression on the notion of
rigid analytic schemes, generalising [Ayol5, Définition 1.4.1].

Definition 3.8.4. A rigid analytic scheme S is a triple (SU,S”\, ts) consisting of a rigid analytic
space S, called the generic fiber of S, a formal scheme S, called the completion of §, and an
open immersion (g : Stie 5 § 7- (We think of S as obtained from §,, and S by gluing along §rig.)
Given a rigid analytic scheme S, we set S, = S, and call it the special fiber of S. A morphism
of rigid analytic schemes f : T — S is a palr of morphisms (f,,, f) where f, : T, — S, isa

morphism of rigid analytic spaces and f T >Sisa morphism of formal schemes, and such that

ls © f,, fy o tr. The morphism f is said to be étale (resp. smooth) if both f, and f are €tale (resp.
smooth).

Notation 3.8.5. We denote by RigSch the category of rigid analytic schemes. Given a rigid analytic
scheme S, we denote by RigSch/S the overcategory of rigid analytic S-schemes and Et/S (resp.
RigSm/S§) its full subcategory consisting of étale (resp. smooth) objects.

Remark 3.8.6.
(1) We have a fully faithful embedding RigSpc — RigSch sending a rigid analytic space S to
the triple (S, 0,0 — §). We will identify RigSpc with its essential image in RigSch.
(2) We have a fully faithful embedding FSch — RigSch sending a formal scheme § to the
triple (8"¢, 8, idgs:). We will identify FSpc with its essential image in RigSch.

Remark 3.8.7. A morphism j of rigid analytic schemes is said to be a closed (resp. an open)

immersion if both j, and j are closed (resp. open) immersions. Given a closed immersion Z — §
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of rigid analytic schemes the complement S \ Z is defined to be the rigid analytic scheme given
by the triple (S, \ Z S \ Z ts<z) where (g7 is obtained by restriction and corestriction from ¢g.
We have an obVious open immersion S \Z — §.

We warn the reader about the following notation clash: given a closed immersion of formal
schemes Z — §, then “S \ Z” can mean two different things. It can mean the open formal sub-
scheme of 8 supported on the open subset |S| \ |Z| of |§]. It can also mean the rigid analytic scheme
obtained as the complement of Z in 8§ considered as rigid analytic schemes. Each time there is
a risk of confusion, we will specify if the complementation is taken in the category of formal
schemes or the category of rigid analytic schemes.

Next, we generalise Construction[I.T.15]

Construction 3.8.8. Let B be a scheme, B, C B a closed subscheme locally of finite presentation
up to nilimmersion, and B, C B its open complement. There exists an analytification functor

(=)™ : Sch"/B — RigSch/B (3.44)

which is uniquely determined by the following two properties.

(1) It is compatible with gluing along open immersions. _
(2) For a separated finite type B-scheme X with an open immersion X — X into a proper
B-scheme, and complement ¥ = X \ X, we have

X" =X\ (Y) (3.45)
where, for a B-scheme W, W is the formal completion of W at W, = W X B,,.
We stress that in (3.45)) the complement is taken in the category of rigid analytic schemes.

Remark 3.8.9. Keep the notation of Construction [3.8.8] The functor (3.44) commutes with finite
limits, and preserves étale and smooth morphisms, closed immersions and complementary open
immersions, as well as proper morphisms. For X € Sch'™/B, we have a canonical isomorphism
(X*),; = (X;)™ so there is no ambiguity in writing “X;"”. The formal completions of X and X*"
are canonically isomorphic, i.e., X ~ X, and we have isomorphisms (X*"), ~ X, =~ (X,)* up to
nilimmersions.

Definition 3.8.10. Let (f; : S; — S); be a family of étale morphisms of rigid analytic schemes.
We say that this family is an étale (resp. Nisnevich) cover if both families (f;, : S;, — S,); and
( f ; — S); are étale (resp. Nisnevich) covers. The topology generated by étale (resp. leneV1Ch)
covers is called the étale (resp. Nisnevich) topology and is denoted by “ét” (resp. “nis”

Notation 3.8.11. Let X be a rigid analytic scheme. We denote by B, the relative n-dimensional
ball given by the triple (]B"”, A”)?, idgs X ty). Similarly, we denote by U} c B} the relative unit circle

given by the triple (U! . A;? \ Oz, idi1 X 1x).
Definition 3.8.12. Given a rigid analytic scheme S, we define the monoidal co-category of rigid

analytic motives RigSH(fﬁ’ M(S; A)® from the smooth étale site (RigSm/S, 7) using the interval B;
and the motive of U} pointed by the unit section, just as in Definitions[2.1.11|and 2.1.15]

Remark 3.8.13. Many of the results that we have established for co-categories of motives over rigid
analytic spaces hold true for co-categories of motives over rigid analytic schemes, and often the

proof we gave can be read in the context of rigid analytic schemes. This is the case for instance
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for Proposition [2.2.1] Moreover, Proposition [2.2.3] holds true for rigid analytic schemes, except
that the proof of the localisation property requires some extra arguments. These extra arguments
can be found in the proof of [[Ayol5| Proposition 1.4.21]. Proposition[2.2.7]also extends: with the
notation of Construction [3.8.8] the contravariant functor

X > RigSHV(X™ A),  f o f

from Sch'™/B to Pr" is a stable homotopical functor in the sense that it satisfies the co-categorical
versions of the properties (1)—(6) listed in [AyoO7a, §1.4.1].

Keep the notation as in Construction [3.8.8] Given a B-scheme X which is locally of finite type,
the analytification functor (3.44) induces a premorphism of sites

Any : (RigSm/X*", 1) — (Sm/X, 7). (3.46)
By the functoriality of the construction of the co-categories of motives, (3.46) induces a functor
An} : SH™N(X; A) — RigSH™ "V (X™; A). (3.47)

(This generalises the functor (Z.13).) Given a morphism f : ¥ — X in Sch™/B, there is an
equivalence f*™* o Any =~ Anj o f*. In fact, the generalisation of Proposition[2.2.13[holds true: we
have a morphism of CAlg(Pr")-valued presheaves

SHE™ M (—; A)® — RigSHE™ M ((-)™; A)® (3.48)
on Sch™/B. Also, note that if Z is a B,-scheme which is locally of finite type, then Anj is an
equivalence of co-categories.

Notation 3.8.14. Let B be a scheme, B, C B a closed subscheme locally of finite presentation, and
B, C B its open complement.
(1) Given a B-scheme X, we set X, = X Xp B, and X,, = X X3 B,,, and we define the functor

xx o SHETV(X: A) — SHE V(X5 A) (3.49)

as in the statement of Theorem [3.8.1] More precisely, we denote by i : X, — X and
J : X, — X the obvious inclusions, and set yx = i* o j,.
(2) Given arigid analytic B-scheme X, we define the functor
xx : RigSH™ (X, : A) — SHET V(X5 A) (3.50)
similarly. More precisely, we denote by i : X, — X and j : X;, — X the obvious inclusions,

and set yx = i* o J..

Remark 3.8.15. In the T-stable case, the collection of functors {yx}x, for X € Sch/B, is part of a
specialisation system in the sense of [Ayo07b, Définition 3.1.1]. In fact, this specialisation system
is considered in [AyoO7b, Exemple 3.1.4] where it is called the canonical specialisation system.
Similarly, the collection of functors {y xm= o An}"} x, for X € Sch/B, is part of a specialisation system;
see [Ayol5, Proposition 1.4.41]. There are natural transformations

Px - Xx — Xxm O An;k(n, (3.51)
given by the composition of
Xx=io0j.~Any oi'oj, = i"™*oAnyo j. > "™ oo An;‘(” ~ yxm O An;‘(q,

which are part of a morphism of specialisation systems; see [Ayol5, Lemme 1.4.42].
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Remark 3.8.16. The natural transformation py is independent of B in the following way. Let
B’ € Sch™/B and X e Sch'™/B’. Then we have two natural transformations “yy — yxm © An} ”
one associated with X considered as a B-scheme and one associated with X considered as a B’
scheme. We claim that these two natural transformations are equivalent. To explain how, we write
momentarily Y (x;pm, An}’}ﬂ /B> €tC., to stress the dependency on the scheme B. There is a canonical
isomorphism

(X/B'Y" = (X/B)" X /pyn B,
and hence an open immersion of rigid analytic B-schemes ¢ : (X/B")*™ — (X/B)™ inducing an
isomorphism on special fibers. Moreover, we have natural equivalences

X(x/Bym = X (x/By O Ly and An}n g =0 An}rl /B

Modulo these equivalences, the two natural transformations “yy — yxa © An}n” give the same
natural transformation yx — x(xpyn © ¢, © An;}” /B

Lemma 3.8.17. Let X be a rigid analytic B-scheme. The functor (3.30) is equivalent to the com-
position of

RigSHE" Y (X,; A) = RigSHE™ V(X8 A) 5 SHE™ V(X ; A),
where x is the functor introduced in Notation[3.1.12]

e 1

Proof. For the sake of clarity, we will momentarily write X5 instead of “y5” for the functor
introduced in Notation [3.T.T2]and use “y” to denote the functor introduced in Notation B.8.142)
with X considered as a rigid analytic B-scheme via the fully faithful embedding FSch — RigSch.

We have an equivalence yx = x5 o ty, which follows from the fact that (tx), is the identification
Z, ~ X,,. Thus, to prove the lemma, it is enough to show that the two functors

Xgo Xt RigSHETV(G: A) — SHET V(X A)

are equivalent. (Note that 5(\,7 = X\rig; here we use “5(\,7” because we want to think about X as a
rigid analytic scheme via the fully faithful embedding of Remark [3.8.6(2).) In order to do that, we
remark that the base change functor RigSm/X — Sm/X, factors as follows

RigSm/X 9, FSm/X —5 S, Sm/X,.

We deduce immediately from the construction of the co-categories of motives that the inverse
image functor i* : RigSH™ " (X; A) — SH(CE’ "(X,; A) is the composition of

RigSH ™ V(X; A) FSH(CH NXA) SH<eﬂ (X, A)

where o is the equivalence of Theorem and (—)* is the functor that takes the motive of a
rigid analytic X-scheme to the motive of its formal completion. The formal completion functor =)
is right adjoint to the obvious inclusion inc : FSm/X — RigSch/X\ . It follows that (/—\)* 1s right
adjoint to the functor

nc* : FSHE™ MV (X; A) — RigSH™ V(X A).
This means that we have an equivalence (:)* ~ inc,. In conclusion, we see that x5 is equivalent to
the composition of

inc,

RigSH™V(X,; A) 25 RigSH™V(X; A) =5 FSHCE™V(X; A) T SHEM V(X : A).
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Since j* o inc” is clearly equivalent to the functor &5 from Notation [3.1.12] the result follows. O

Corollary 3.8.18. The functor xz obtained by taking X = B in Notation |3.8.14(2 ) coincides with
the functor yz obtained by taking 8 = B in Notation|3.1.12

From Corollary [3.8.18] we see that Theorem [3.8.1] follows from the following statement.

Theorem 3.8.19. Let B be a scheme, B, C B a closed subscheme locally of finite presentation up
to nilimmersion, and B, C B its open complement. Assume that every prime number is invertible
either in moA or in O(B). Assume one of the following alternatives.

(1) We work in the non-hypercomplete case and A is eventually coconnective;
(2) We work in the hypercomplete case and B is (A, ét)-admissible.

Then, for every X € Sch'™/B, the natural transformation px : yx — xxm © Anﬁ(", between functors
from SHE,)?)(X,]; A) to SH;?)(XU; N), is an equivalence.
We start by proving a reduction.

Lemma 3.8.20. To prove Theorem we may assume that A is eventually coconnective and
that B is essentially of finite type over Spec(Z). In particular, there is no need to distinguish the
non-hypercomplete and the hypercomplete cases.

Proof. We first explain how to reduce to the case where A is eventually coconnective. For this, we
only need to consider the alternative (2). It follows from Propositions [2.4.22] and [3.2.3| that py is
a natural transformation between colimit-preserving functors between compactly generated cate-
gories. Thus, it is enough to prove that yxM — )(XanAn}}WM is an equivalence for M € SH, (X;;; A)
compact. Arguing as in the second part of the proof of Lemma[3.6.2] we reduce to the following
two cases:

e moA is a Q-algebra;

e M is {-nilpotent for a prime £ invertible on B.
In the first case, we may replace A by Q and assume that A is eventually coconnective as claimed.
In the second case, let M, € ShvéAt(Et/X,]; NA), be the object corresponding to M by the equivalence

ShVQt(Et/ X Nt = SHL (X5 A) poni

provided by Theorem [2.10.4] Using also Theorem [2.10.3] we reduce to show that yxM, —
annAn;(UMo is an equivalence. (Here the functors yy, yx= and An}}” are defined on étale hyper-
sheaves of A-modules by the same formulas as their motivic versions.) Using Lemma [2.4.5] one
obtains equivalences

XxMo =~ lim yx(My ®p T<,\) and XXanAn}}nMO ~ lim XXanAn;”(MO ®A T<N).

(Indeed, as M, is compact, the inverse system (M, ®, 7<,A), consists of eventually coconnective
étale sheaves and is eventually constant on homotopy sheaves.) This shows that we may replace
M and A by M ®, 7,A and 7, A, and assume that A is eventually coconnective as claimed.

We now assume that A is eventually coconnective and explain how to reduce to the case where
B is essentially of finite type over Spec(Z). By Propositions [2.4.19)and [3.2.2] the alternative (2) is
covered by the alternative (1). By Remark [3.8.16 we only need to consider the case X = B. The
problem is local on B, so we may assume that B is affine given as a limit of a cofiltered inverse
system (B,), of affine schemes which are essentially of finite type over Z. We may also assume

that there are closed subschemes B, , C B, such that, for every S < a, B  is the inverse image of
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B, -, and B, is the limit of the inverse system (B, ),. Set B, , = By \ B, » so that B,, is the limit
of the inverse system (B, ). Leti, : By » — B, and j, : B, , — B, be the obvious immersions,
and let f, : B — B, and f3, : B3 — B, be the obvious morphisms.

We need to show that ygM — x5 An}nM is an equivalence for all M € SHg(B,; A). Since the
three functors yp, 3 and An}}'7 commute with colimits, we may assume that M is compact. By
Proposition [2.5.T1] we have an equivalence

SH«(B; A) ~ colim SHg(B,; A)
in Pr™, and similarly for B, and B,. Since M € SHg(B,; A) is assumed compact, we may find

an index ap, a compact object M,, € SH¢(B,, ,; A) and an equivalence f;;o’nMO[0 ~ M. We set
My = foq,.,M. With this, we have an equivalence

J«M = colim f j, .M,.
a<aq

(It 1s not totally obvious how to construct such an equivalence. One needs to argue as in the proof
of Lemma [3.5.7] see also Remark [3.5.8]) Applying i*, we deduce an equivalence

XM = colim f yp, M,. (3.52)
a<ao
Similarly, by Remark [3.5.8]and using Corollary [3.8.18] we have an equivalence
X3 An’;”M ~ colim f}™"yz Any M. (3.53)
asao (43 @,

Therefore, it is enough to show that y5z M, — XE,AH*BQ,UMQ is an equivalence. In particular, we
may assume that B is quasi-excellent and (A, ét)-admissible. In this case, since A is eventually
coconnective, we are automatically working in the hypercomplete case by Propositions[2.4.19]and
[3.2.2] This finishes the proof. m|

Our next task is to prove the following weak version of Theorem [3.8.19] (which we are able to
justify even when 7 is the Nisnevich topology).

Proposition 3.8.21. Ler B be a quasi-excellent (A, 7)-admissible scheme, B, C B a closed sub-
scheme, and B, C B its open complement. If T is the étale topology, assume that every prime num-
ber is invertible either in moA or in O(B). Then, there is a natural transformation yz o Anz'7 - X5

between functors from SH. (By;A) to SH’ (B,,; A), which is a section to the natural transformation
PB, i.e., such that the composition of

X5 Anzn - B LN X7 © Angn
is the identity.
To prove Proposition [3.8.21| we need a digression. (Compare with [Ayol5, page 112]@)

Construction 3.8.22. Let & be a formal scheme. We denote by FRigSm /8 the full subcategory of
FSch/§ spanned by rig-smooth formal $-schemes which are affine. Consider the functor

Ds : FRigSm,;/8§ — Sch (3.54)

sending an affine formal scheme Spf(A) over § to the scheme Spec(A). Consider also the two
related functors s, and Ds , between the same categories, sending an affine formal scheme

"'We remind the reader that the page references to [[Ayol5]] correspond to the published version.
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Spf(A) over & to the schemes Spf(A), and Spec(A) \ Spf(A), respectively. We consider Dg, Dg_
and Ds ,, as diagrams of schemes and define the smooth -sites

(Sm/Dg,7), (Sm/Dg,,7) and (Sm/Ds,, 1)

as in [AyoO7b, §4.5.1]. To fix the notation, let us recall that an object of Sm/Dg is a pair (U, V)
consisting of an object U € FRigSm,,/8 and a smooth O(U)-scheme V. The topology 7 on Sm/Dg
is generated by families of the form ((idy, ¢;) : (U, V;) — (U, V)); where the family (e;); is a cover
for the topology 7.

The oco-category SH(fﬁ’ N(Dg; A) is constructed from the site (Sm/Ds, 7), using the interval A'
and the motive of A! \ 0 pointed by the unit section, as in Definitions [2.1.11|and [2.1.15| (or Def-
inition [3.1.1) and [3.1.3)), and similarly for ©s , and Dg ,. (For a construction using the language
of model categories, see [Ayo07b, §4.5.2].) We note here that A' (resp. A' \ 0) is considered
as a presheaf of sets on Sm/Dg, sending (U, V) to O(V) (resp. O*(V)). This presheaf is not rep-
resentable unless § is affine, but the Cartesian product with this presheaf preserves representable
presheaves. (For instance, we have A! x (U, V) = (U, A%,).) We have morphisms of diagrams of
schemesi: Ds , — Dsand j: Ds, — Ds, and we define the functor

Xos : SHE V(D5 5 A) —» SHE™ V(D5 3 A) (3.55)

to be the composite i* o j,.
Similarly, consider the functor

D" : FRigSm,;/8 — RigSch (3.56)
sending an affine formal scheme Spf(A) over § to Spf(A) considered as a rigid analytic scheme.
Consider also the related functor Dgf‘q between the same categories, sending an affine formal

scheme Spf(A) over § to the rigid analytic space Spf(A)e. We consider D§" and Dg‘f‘" as diagrams
of rigid analytic schemes and define the smooth 7-sites (RigSm/®%",7) and (RigSm/ :Da?n,T)

as in [AyoO7b, §4.5.1]. The oo-category RigSH(f’ﬁ’A)(Dan;A) is constructed from the site
(RigSm/D, 1), using the interval B' and the motive of U! pointed by the unit section, as in
Deﬁnij[ions 2.1.11] and m and similarly for D" . We have morphisms of diagrams of rigid
analytic schemes i*" : D , — D" and j*" : TDg"‘n — D%, and we define the functor
xou : RigSHE™ V(DY A) —» SHE™ V(D 5 A) (3.57)
to be the composite i*™* o {2". The analytification functor induces functors
Anj, : SH™M(Dg; A) — RigSH ™ V(DF A) - and

Any, : SHE™ V(D 5 A) — RigSHE™ V(DY < A).

8,1’

We may then define a natural transformation
Pos  Xps = Xow © Ang, (3.58)
as in Remark [3.8.1

Remark 3.8.23. The functor (3.56) factors through the subcategory FSch c RigSch and defines
a diagram of formal schemes that we denote by Dg"r. As in Construction we can define
an co-category FSH®™ (Dr; A) of formal motives over DL using the smooth site (FSm/D, 7).
Moreover, we have an equivalence of co-categories

O'* . FSH(Teff, /\)(Dfor;A) ;) SHE—GH,A)(QS’U;A)
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as in Theorem [3.1.10|

Lemma 3.8.24. The functor xvw coincides with the composition of

RigSHE™ V(DY : A) =, FSHE™ V(D% A) L5 SHEV(Ds 1 A)
where X ofor is the restriction along the functor (—)"¢ : FSm/ ggor — RigSm/ Dg{ln sending a pair
(U, V) to (U, V"8).
Proof. This is diagrammatic version of Lemma [3.8.17] which is proven in the same way. O

Remark 3.8.25. There are five diagonal functors emanating from FRigSm, /8 and taking values in
the categories Sm/®s, Sm/Ds -, Sm/Ds ;;, RigSm/D§" and RigSm/Sg‘jn. These functors will be
denoted respectively by diag, diag,, diag,, diag" and diag,". They send an affine formal scheme
U = Spf(A) over § to the pairs (U, Spec(A)), (U, U,), (U, Spec(A) \ U,), (U, U) and (U, U"e)
respectively. We now concentrate on the case of diag, but what we are going to say can be adapted
to the remaining four diagonal functors. The functor diag induces an adjunction

diag” : PSh(FRigSm,/8; A) 2 PSh(Sm/Ds; A) : diag,
where diag, is the restriction functor. As in Remark [2.1.19, we denote by Ts (instead of Ts) the
cofiber of the split inclusion of A(S) — A(Aé \ 0g) (without 7-(hyper)sheafification), and similarly
for Tp,. (Here § and Aé \ Os are considered as presheaves of sets on FRigSm,;/8 which are not

necessarily representable.) Noting that diag, (T»,) =~ Ts, we may extend the above adjunction to
T-spectra:

diag” : Spt;(PSh(FRigSm,;/8; A)) 2 Spt;(PSh(Sm/®Ds; A)) : diag,.
Here, by abuse of notation, we write Spt,(PSh(—; A)) for the co-category associated to the simpli-

cial category Spt,;(PSha(—; A)) endowed with its levelwise global model structure; compare with
Remark 2.1.19] We have the following equivalences

san

diag, , ~ diag, o i, ~ diag}" o i, diag, , ~diag, oi. and diag]’, ~ diag]" o {i".
. * . L : an, * * : * . an, *
Moreover, there are natural equivalences Ang_ o diag” =~ diag™" and An%,v o diag, ~ diag,

inducing natural transformations
diag, — diag}" o Ang, and diag, , — diag)", o Ang . (3.59)

Lemma 3.8.26. Below, we consider diag, , and diag,", as ordinary functors on ordinary categories
of presheaves of sets. Given a rigid analytic space W over 8"¢, we denote also by W the presheaf
of sets on FRigSm,; /8 given by W(X) = Homgse (X1, W).
(1) Let (U, V) be an object of Sm/Ds ,, which we identify with the presheaf of sets it represents.
Denote by V* the analytification of V with respect to the adic ring O(W). Then, there is a
morphism of presheaves of sets

diag, ,(U,V) - V¥ (3.60)
which induces an isomorphism after sheafification for the rig topology.
(2) Let (U, V) be an object of RigSm/ Dg‘jn which we identify with the presheaf of sets it repre-
sents. Then, there is a morphism of presheaves of sets

diag?",(U, V) - V (3.61)

m,

which induces an isomorphism after sheafification for the rig topology.
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Proof. We only prove the first part, which is slightly more interesting. Set A = O(U) and let
J = Spf(B) be a rig-smooth affine formal S-scheme. A section of diagn,*(u, V) on T is a pair
(f, g) consisting of a morphism of formal S-schemes f : 7 — U and a morphism of schemes
g : Spec(B)\ T, — V over Spec(A) \ U,. This gives rise to a section of the (Spec(B) \ T,)-scheme
V Xspec(a) Spec(B) and, by analytification over T, to a morphism J"8 — V" xgi, T, This defines
the morphism of presheaves (3.60). It remains to see that this morphism induces an equivalence on
stalks for the rig topology. To do so, we evaluate (3.60) on a rig point t = Spf(R) over 8, with R an
adic valuation ring with fraction field K. We may replace § with t and assume that V is a smooth
K-scheme. The question being local, we may assume that V is compactifiable over R and fix an
open immersion V — V into a proper R-scheme V. In this case, the evaluation of (3.60) on t is the
obvious map between

(1) the set of K-points x : Spec(K) — V;
(2) the set of R-points x : Spf(R) — V such that there exists an admissible blowup V5V

with the property that the lift ¥" : Spf(R) — % of x factors through the complement of the
special fiber of the Zariski closure of V,’7 \ Vin V’. (See Construction|1.1.15])

To give a morphism of formal R-schemes ¥ : Spf(R) — V is equivalent to giving a morphism of
R-schemes x : Spec(R) — V, and the condition in (2) corresponds to the condition that X sends
Spec(K) to V. Hence, the set described in (2) can be identified with

(2’) the set of R-points x : Spec(R) — v sending Spec(K) to V.
That the obvious map between (1) and (2') is a bijection is clear. (Note that the existence of

this map follows from the valuative criterion of properness but, once the existence of this map is
granted, it is clearly a bijection.) O

Recall that the weak equivalences of the stable (B!, 7)-local model structure are called the stable
(B!, 7)-local equivalences; see Remark [2.1.19] Similarly, we have the notions of stable (A!, 7)-
local equivalences and stable (A, rig-7)-local equivalences. For later use, we record the following
result.

Lemma 3.8.27.
(1) The functor

diag, , : Sptz(PSh(Sm/®s ,; A)) — Spt,(PSh(FRigSm,;/8; A))

takes a stable (A', 1)-local equivalence to a stable (A!,rig-7)-local equivalence.
(2) The functor

diag,", : Spt;(PSh(RigSm/ Da"‘n; A)) — Spt;(PSh(FRigSm,;/8; A))
takes a stable (B', 1)-local equivalence to a stable (A!, rig-t)-local equivalence.

Proof. We only treat the first part; the second part is proven in the same way. The functor diag, .
commutes with colimits. Thus, by [Lur09, Proposition 5.5.4.20], it is enough to show that diag, .
transforms the following types of morphisms
(1) colimy;ea AU, V,) = A(U, V_;), where V, is a T-hypercover,
(2) AU, V) > AU A,
(3) a morphism of T-spectra F' — F’ such that F,, — F) is an equivalence for n large enough,
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into (A!, rig-7)-local equivalences, for (1) and (2), and into stable (A!, rig-)-local equivalences,
for (3). The case of (3) is obvious, so we only need to discuss morphisms of type (1) and (2).

In (1) and (2) above, U is an affine formal scheme which is rig-smooth over §. We set U =
Spec(O(W)), U, = U, and U,, = U \ U,. Then V and the V,’s, for n > —1, are smooth U,-
schemes. By Lemma 1), diag, , takes morphisms of type (1) and (2) to morphisms which
are rig-locally equivalent to

(I") colimyjea A(V;") — A(V)),

(2) A(V*™) = A((AY™,
where we use the notation introduced in aforementioned lemma. By Remark it is enough
to show that (1’) and (2’) are (B!, 7)-equivalences in PSh(RigSm/8"¢; A) which is obvious. O

We now state the main technical result needed for proving Proposition [3.8.21] (Compare with
[Ayol35, Théoreme 1.3.37].)

Proposition 3.8.28. Let B be a quasi-excellent (A, T)-admissible scheme, B, C B a closed sub-
scheme locally of finite presentation, and B, C B its open complement. If 7 is the étale topology,
assume that every prime number is invertible either in nyA or in O(B).

(1) Consider the commutative diagram of diagrams of schemes

i i
Bg,— Vg +— Vg,

FLF

- B,.

Then, the composite functor
diag, ,oi" oj. o, : SH,(B,; A) — SptT(PSh(FRigSmaf/E; A)) (3.62)

takes values in RigSHf(Erig; A) considered as the full sub-oo-category of the target of
(3-62) spanned by those objects which are stably (A!, rig-7)-local.
(2) Consider the commutative diagram of diagrams of rigid analytic schemes

iaﬂ jan

o o DT
Bt B" B

Then, the composite functor

diag™, o ™" o {" o u¥™" : RigSH/(B"¢; A) — Spt,(PSh(FRigSm,/B; A)) (3.63)

takes values in RigSHf(Erig;A) considered as the full sub-oco-category of the target of
(3.63) spanned by those objects which are stably (A, rig-t)-local. Moreover, the induced
endofunctor of RigSH/ (B"¢; A) is equivalent to the identity functor.

Proof. We start with part (2) which is easier. Let diag™ : FRigSmaf/E — FSm/ D%ﬂ’r be the

diagonal functor sending an affine formal scheme U to the pair (U, U), and let diag™ be constructed

as in Remark [3.8.25] We have an equivalence diag"™ o o, =~ diag ., where o, is restriction along
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the functor (=), : FSm/ D%ﬂ” — Sm/®3 .. By Lemma 3.8.24/and Theorem 3.1.10} the composite

functor (3.63)) is equivalent to the composite functor

diag™ o Xt 0 U RigSH/ (B"; A) — Spt,(PSh(FRigSm,,/B; A)). (3.64)

Now, y g is restriction along the functor (—)"¢ : FSm/ D%’r — RigSm/ D%:ig and 1, is restriction
B
along along the functor RigSm/ . RigSm/B"¢ sending a pair (U, V) to V"&. It follows that

the composite functor (3.64) is restriction along the functor (—)*¢ : FRigSm,;/B — RigSm/B.
The claim now follows from Remark 2.1.14]

We now concentrate on part (1). We fix an object M € SHZ(B,; A). Our goal is to show that
diag,, ,i"j.1; M belongs to the full sub-co-category

RigSH/ (B"¢; A)  Spt;(PSh(FRigSm,;/B: A)). (3.65)

The proof of this is similar to the proof of Proposition[3.6.7)and, instead of repeating large portions
of that proof we will refer to it when possible. It follows from Propositions [2.4.22] and [3.2.3] that
the sub-co-category (3.63)) is closed under colimits and that the functors diag, ,, ", {. and u; are
colimit-preserving. Thus, we may assume that M is compact. We split the proof into several steps.

Step 1. Arguing as in the second part of the proof of Lemma [3.6.2] we may assume one of the
following alternatives:

(1) 7 1s the Nisnevich topology;

(2) moA is a Q-algebra;

(3) 7 is the étale topology and M is {-nilpotent for a prime ¢ invertible on B.
Moreover, we claim that under the alternative (3), we may assume that A is eventually cocon-
nective. To prove this, let M, € ShVé\t(Et/Bn;A)[_nﬂ be the object corresponding to M by the
equivalence

Shvi(Et/Bys A)enin = SHA(Bys A)rni

provided by Theore Then, as a T-spectrum, M is given at level m by v, Mo(m)[m], where
L*B” is as in Notation W (See [Ayol4a, Corollary 4.9] in the case where A is an Eilenberg—Mac
Lane spectrum; the general case can be treated similarly.) Similarly, as a T-spectrum, i*j.1, M is
given at level m by Lg%i*i*u,’;Mo(m)[m]. Using this and Lemma@ one deduces an equivalence

diag,, ,i"f.u, M =~ limdiag, ,i"j.1, (M ®x 7<,A).

Since the sub-co-category (3.63) is stable under limits, we deduce that it is enough to prove the
result for M ®, 7<,A . This proves our claim.

In conclusion, when 7 is the étale topology, we may assume that A is eventually coconnective.
(Indeed, if myA is a Q-algebra, there is a morphism Q — A and we may replace A by Q.)

Step 2. From now on, we set £ = diag;i*i*u,’;M and, for m € N, we denote by E,, the m-th
level of the T-spectrum E. In this step, we show that E admits levelwise hyperdescent for the
rig-Nisnevich topology. Arguing as in the beginning of the proof of Proposition we need
to show that E,, has descent for every rig-Nisnevich hypercover U, in FRigSm,;/ B admitting a
morphism of augmented simplicial formal schemes U, — U, such that:

e U, is a Nisnevich hypercover;

° ﬁ_l — U_; is an admissible blowup;
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e U, — U, is an isomorphism for n > 0.

In particular, we see that u is affine except possibly when n = —1. Forn > -1, we set U,
Spec(O(U,)) and, for n > 0, we set U = U,. Since U 1 — U_; is an admissible blowup, it is the
formal completion of a unlque blowup e : U_, — U_, with center supported onU_;, C U_,. For
n>-l,wesetU,, =W, U, s = u,w, Uy,=U,\U,,and Un g = = U, \ U,.,. We denote by
u,:U, > Bandu, : (7,, — B the obvious morphisms.

Since M can be shifted and twisted, it suffices to prove that the map

Map(A(U_-;), Ey) — [li]nl Map(A(U,), Eo)

is an equivalence, where the mapping spaces are taken in PSh(FRigSm,; /B; \). Looking at the
definition of E,, we see that this map is equivalent to

MaPSHQ(U_],(,;A)(A’XU_l”:,,,M) — [h]ren MapSHA(U . A)(A )(Unu M) (3:66)

= }’}]gMapSHA(UW oA X, u M)
Forn >0, weletv, : ﬁn - U. 1 be the obvious morphism. Since B is quasi-excellent, the v,’s are
regular morphisms. By Lemma [3.8.29|below, the morphism

XT, ” M — Vo oXT. 1”—1 M
is an equivalence. Therefore, the left—hand side in (3.60)) is equivalent to

lim Mapg A, v, oM

i v APSH? (T, AV, X U )-
Since l7., o 1s a Nisnevich hypercover, the latter is equivalent to Mapgyn g, .M X uZ, ,M).
Thus, we are left to show that the morphism

* %
XuuZy M —ep xy uZy M

is an equivalence. This follows from the projective base change theorem and the fact that e, is an
isomorphism.

Step 3. In this step and the next one, we assume that 7 is the étale topology and we prove that E
admits levelwise hyperdescent for the rig-étale topology. By the second step, we already know that
E admits levelwise hyperdescent for the rig-Nisnevich topology. Thus, arguing as in the beginning
of the proof of Proposition [3.6.7] it remains to show that E has levelwise descent for the topology
rigfét.

In this step, we deal with the case where myA is a Q-algebra. As explained in the third part of
the proof of Proposition we only need to show that E has levelwise descent for a rigfét-
hypercover of the form

= VoXxGxG=VyxG—=tVy—V_y. (3.67)

where V_; is an affine rig-smooth formal B-scheme and Vo — V_; is a finite rig-étale covering
admitting an action of a finite group G which is simply transitive on the geometric fibers of Vgg -
Vrlg For n € {-1,0}, we set V,, = Spec(O(V,)), Voo = Vyr and V,, , = V, \ V,, .. We also denote
byv_:V.; = B,vy:Vy— Bande : V) — V_; the obvious morphisms. For later use, we note
thate, : Vo, — V_; , is a finite étale cover admitting an action of G which is simply transitive on

geometric fibers.
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Since M can be shifted and twisted, it suffices to prove that the map
Map(A(V_), Eo) = Map(A(Vy), Eo)”

is an equivalence, where the mapping spaces are taken in PSh(FRigSm,;/ B: A). Looking at the
definition of E(, we see that this map is equivalent to

* * G
MapSHg(V_LO-;A)(A’XV-lV—l,nM) - MaPSHg(vo,(,;A)(AaXVoVO,nM) .
Thus, it is enough to show that

* G G
XV—lv—l,r]M - (eO',*/\/Voka),nM) = (XV—leﬂ,*v*—l,qM)

is an equivalence. (The equivalence above follows from the proper base change theorem and the
fact that e is finite.) Taking the “G-invariant subobject” in a Q-linear co-category is equivalent to
taking the image of the projector |G|™! 3 ¢eG &> and hence it commutes with the functor yy_,. Thus,
it is enough to show that Vil,nMO - (e,,,*e;“]vil’nMo)G is an equivalence, which follows from étale

descent in SHZ(V_ ,;; A).

Step 4. Here we complete the proof that £ admits levelwise hyperdescent for the rig-étale topology.
By the first and the third steps, we may assume that M is {-nilpotent and that A is eventually
coconnective. Let My € Shvjy(Et/B,; A).i be the object corresponding to M by the equivalence

Shv4 (Et/By; A)pnit = SHA(By A)ponit

provided by Theorem [2.10.4 As in the third step, it suffices to show descent for the rigfét-
hypercover (3.67) and it is enough to prove that

XVflvil,nM - (XVfleﬂ,*vil,nM)G
is an equivalence. Using Theorem [2.10.4] we may as well prove that

* * G
Xvaviy Mo = (even vy ,Mo)

is an equivalence. Since A is eventually coconnective and M, is compact, we deduce that the étale
sheaf M, is also eventually coconnective. Taking the “G-invariant subobject” commutes with direct
images and, if we restrict to eventually coconnective étale sheaves, it also commute with inverse
images. (The latter assertion can be proven using an explicit model for the G-invariant functor; see
the fourth part of the proof of Proposition [3.6.7] for a similar argument.) Thus, as in the previous
step, it is enough to show that Vil,,,Mo - (en,*e;vjl’nMo)G is an equivalence, which follows from

étale descent in Shv(Et/V_, ,; A).

Step 5. In this last step, we check that E is levelwise A'-invariant and an Q-spectrum. Since M
can be shifted, it is enough to show that the maps

Map(A(W), E,,) — Map(A(AL), E,,),
. (3.68)
Map(A(W), E,,) — fib{Map(A(AL, \ Oy), Eyir1) — Map(A(W), E,py))

are equivalences for every U € FRigSm,;/B.
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Set U = Spec(O(W)), U, = U, and U,, = U \ U,.. Let V be an affine smooth formal U-scheme,
and set V = Spec(O(V)), Vo = V,and V,, = VN V,. Denoteby u : U —» Band g : V — U the
obvious morphisms. Then we have equivalences

Map(A(W), E,,) = MaPSHQ(UU; pAEm), xyu, M),

Map(A(V), E,.) = MaPSHA(v A)(A( m), XVg*M*M)
MapSHﬁ(VU-; A)(A(_m), g(rXU”qM)a
MapSHﬁ(UO-; A)(A(_m)’ go', *g:-XUl/l;k]M).

The equivalence (1) follows from Lemma [3.8.29| below and the fact that g is regular. The equiva-
lence (2) follows by adjunction. Letting p : A;, — U, and ¢ : A}, \ Oy, — U, be the obvious
projections, we deduce that the maps (3.68)) are equlvalent to the followmg ones:

MaPSHQ(U(r;A)(A(_m)aXUu;M) - MaPSHQ(U(,;A)(A(_m), P*p*XUM:,M)’
MapSHTA(UF;A)(A(—m),)(Uu;‘;M) - MapSHNUU;A)(A(—m — 1), fib{1* : q*q*)(qu]M —>)(Uu;;M})

which are clearly equivalences as needed. O

The following lemma was used in the proof of Proposition [3.8.28] We prove it in a greater
generality than needed because of its potential usefulness.

Lemma 3.8.29 (Regular base change). Consider a Cartesian square of schemes

Y’LY

Ll

x 4. x

with X locally noetherian, g regular, and f quasi-compact and quasi-separated. Assume one of the
following alternatives:

(1) we work in the non-hypercomplete case and, when 1 is the étale topology, we assume
furthermore that A is eventually coconnective;
(2) we work in the hypercomplete case, and the schemes X, X', Y and Y’ are (A, T)-admissible.

Then, the natural transformation g* o f. — f! o g*, between functors from SH(TCH’ (Y A) to
SHE™Y(X"; A), is an equivalence.

Proof. This is a generalisation of [Ayol5, Corollary 1.A.4] and, as in loc. cit., its proof consists
in reducing to the smooth base change theorem using Popescu’s theorem on regular algebras and
Proposition @} However, here we need an extra argument to reduce to the case where A is
eventually coconnective so that Proposition 2.5.11] applies. The problem being local on X, X’
and Y, we may assume that X, X’, Y and Y’ are affine. (This uses the hypothesis that f is quasi-
compact and quasi-separated.) By Proposition the co-category SH™"(X; A) is compactly
generated, and similarly for X’, Y and Y’. By the same proposition, the functors f,. and f; are
colimit-preserving, and thus belong to Pr". (The same is obviously true for g* and g’*.)

We first prove the lemma under the alternative (1). By [Pop86l, Theorem 1.8], the X-scheme X’

is a limit of a cofiltered inverse system (X,), of smooth affine X-schemes. For each «, consider a
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Cartesian square

[+ |
8a

X — X

By the smooth base change theorem, we have commutative squares in Pr-

SHEM (Y A) <2 SHEM(Y; A)

Js. |

SHE™(X;; A) +—— SHED(X; A)

Taking the colimit in Pr" of these squares yields a commutative square expressing that g* o £, is
equivalent to f! o g’* as needed. (This is actually not obvious; one needs to argue as in the proof of
Theorem We leave the details to the reader.)

Next, we prove the lemma under the alternative (2). Using Proposition[3.2.2] we may conclude
using the lemma under the alternative (1) if 7 is the Nisnevich topology or if A is eventually
coconnective and, more generally, if A is an algebra over an eventually coconnective commutative
ring spectrum. In particular, we may assume that 7 is the étale topology, and the result holds if
moA is a Q-algebra. Arguing as in the second part of the proof of Lemma[3.6.2] it remains to prove
that g* .M — f.g"*M is an equivalence when M € SHSE)’A(Y 3 A\)¢nil, for some prime ¢ invertible
on X. Moreover, we may assume that M is compact. By Theorem [2.10.4] it is enough to show
that g* .My — f!g""M, is an equivalence for M, € Shvg(Et/ Y; A)pni- Using Lemma one
deduces equivalences

g fiMy = limg"f.(My ®r 7<,A)  and  f/g" My =1lim f/g" (Mo ®; 7<,A).

Thus, we may replace M and A with M ®, 7,A and 7.,A. We are then automatically working
under the alternative (1), and the result follows. O

Proof of Proposition[3.8.21] We have a commutative square of natural transformations

a

. * : 2% : *
diag, , oy diag, , o i oj, o,

lﬁ’ lﬁ (3.69)

diag)’, o ™" o Any ——diag, , o ™" o™ ouy"" o Anj, .
The natural transformation « is obtained from j, — i, o i* o j, by applying diag,, and similarly for
the natural transformation @’. The natural transformation 3 is deduced from (3.58)) (with 8§ = B).
Finally, the natural transformation 3’ is deduced from the second natural transformation in (3.59)
(with 8 = B) and the equivalence 1,"" o Anp =~ Ang_ o1,

.

an, *
7

We claim that the natural transformation 3 o « is given by stable (A, rig-7)-local equivalences.
We will prove this by showing that o’ is an equivalence and that 8’ is given by stable (A!, rig-7)-
local equivalences. We then use this to finish the proof of the proposition. We split the remainder

of the proof into three steps accordingly.
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Step 1. Here we prove that @’ is an equivalence. In fact, even the natural transformation

*

diag,’, — diag, , o """ o f{" = diag, , o X

is an equivalence. Indeed, by Lemma [3.8.24] and Theorem [3.1.10] we have an equivalence
diag,. , o yom =~ diag™ o y .
, x b

(See the beginning of the proof of Proposition [3.8.28]) Thus, we need to show that the natural
transformation
diag,’, — diag™ o Xt

is an equivalence. This follows from the equality diag," = (-)"e o diag™ and the fact that y .y is
B

restriction along the functor (-)"¢ : FSm/ Dg}r — FSm/ D%I‘n.

Step 2. Here we prove that 8’ is given by stable (A!, rig-7)-local equivalences. Since all the func-
tors composing the source and the target of 8’ are colimit-preserving and since stable (A, rig-7)-
local equivalences are preserved by colimits, it is enough to show that

By : diag, auM — diagy" 1) Any M

is a stable (A, rig-7)-local equivalence when M is of the form Ly . ¢Sus7A(X) for n € N and
X € Sm/B,. (Here, Ly . is the stable (A', 7)-localisation functor and Susy is the left adjoint
sending a T-spectrum to its m-th level.) We have an equivalence

u, M~ 1, sty " SusTA(X)
where, on the right-hand side, u, Spt;(PSh(Sm/B,;; A)) — Spt;(PSh(Sm/Dz ; A)) is the inverse
image functor on T -spectra of presheaves of A-modules. Using Lemma 1), we deduce a
stable (A, rig-7)-local equivalence
diag, ,u;Sus7A(X) — diag, ., M.
Similarly, we have Any M = Lz , (Sus7A(X™). Arguing as before and using Lemma [3.8.27) WZ)
we deduce a stable (A, rig-t)-local equivalence

dlag77 . ,7“ *SusTAX™) — dlagn 3 n AnB M.
The result follows now by remarking that the obvious morphism

diag, .1, Sus7A(X) — diag,” 1" "Susy A(X™)

is an isomorphism.

Step 3. We are now ready to finish the proof of the proposition. By Proposition [3.8.28(1), the
functor diag,, , o i" o j, o u; takes values in the co-subcategory spanned by stably (A, rig-t)-local
objects. Therefore, a factors through the functor L 4, .  © diag, , o 1, and the composition of

. % @ . o . * B . 3 * 3 * *
Lat rigr s 0 diag, , o, 5 diag, , oi" oj. 0w, — diag, , 0 i o o1, o Aan
is given by stable (A!, rig-7)-local equivalences (by the first and second steps). Since the source and
the target of this composition take values in the co-subcategory spanned by stably (A, rig-7)-local
objects (by Proposition [3.8.28|(2) for the target), this composition is in fact a natural equivalence.
Thus, we have shown that 8 admits a section. Applying the restriction functor

r, : Spt;(PSh(FRigSm,;/B; A)) — Spt,(PSh(FSm,/B; A))
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to B, we deduce a natural transformation

an, *

r.(B) : v, odiag, ,oi"oj. 0w, — 1, odiag, , o™ of" o

o Any

admitting a section. We claim that this natural transformation is equivalent to pg : x5 — xz©° An*Bn.
We only explain how to identify r, o diag, , o " o j, o u; with yp; the identification of r, o diag,, , o
"™ * o {2" o up™ " with yz is similar and easier.

Denote by D%m the diagram of schemes obtained by restricting the functor D to the subcategory

FSm,¢/ BcC FRigSm,;/ B. Define @%ma and D%mn similarly and denote by

™ D%m — D%m and ™o

— DI
, o B,n B

the obvious inclusions. We also consider the diagonal functor diag)" : FSm/B — Sm/ D%mo
sending a formal scheme U to the pair (U, U, ). With these notations, we have an equivalence ’

sm, *

sSM, % sSM
i of, o

r.odiag, , ot" of. 0w, =diag)", o
Now, remark that the diagram of schemes E%m takes values in regular B-schemes. By Lemma
[3.8.29] we deduce an equivalence

S *

o

oyp = u(sTm,* oi* o ]* ~ ST * oiim o u;m,*'

We conclude by remarking that diag]", o 5" is equivalent to the identity functor. m]

We are now almost ready to finish the proof of Theorem [3.8.19] but we still need two results
which are of independent interest. The following is a version of [[AyoO7a, Proposition 2.2.27(2)]
with integral coefficients.

Proposition 3.8.30. Let B be a (A, ét)-admissible scheme, B, C B a closed subscheme, and B, C B
its open complement. Assume one of the following alternatives:

e B is quasi-compact and quasi-excellent of characteristic zero;
e B s of finite type over a quasi-compact and quasi-excellent scheme of dimension < 1.

Assume that every prime number is invertible either in mo/A or in O(B). Then, the co-category
SHY,(B,; A) is compactly generated, up to desuspension and Tate twists, by motives of the form
o<\, where [ : X — B is a proper morphism with X regular and such that X, is a normal
crossing divisor.

Proof. By [[ITem08, Theorem 1.1] and [dJ97, Theorem 5.13], given a finite type B-scheme X with
X, integral and dense in X, we may find a proper morphism e : X’ — X such that:

(1) X’ is regular and X/ is a strict normal crossing divisor of X’;

(2) X, is integral and dense in X', and X" — X is dominant and generically finite;

(3) there exists a finite group G acting on the X-scheme X’ and a dense open U C X, with
inverse image U’ C X7, such that the morphism U" — U factors as a finite étale Galois
cover U’ — U’/G with group G and a universal homeomorphism U’ /G — U.

Now, let T (resp. J”) be the smallest full sub-co-category of SHZ(B,; A) closed under colimits,
desuspension and Tate twists, and containing the motives of the form f;, A, where f : X — Bisa
proper morphism (resp. a proper morphism with X regular and X, a normal crossing divisor). By
[AyoO7a, Lemme 2.2.23], we have T = SHQt(Bn; A), and it is enough to show that T c J’. Said
differently, we need to show that f, .A € J’ for any proper morphism f : X — B. We argue by

induction on the dimension of X,,.
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Given a dense open immersion j : U — X,,, we have an equivalence
(b €T) & (fih€T) (3.70)

by the induction hypothesis and the localisation property. Thus, given a proper morphism e; :

X; — X such that e;'(U) is dense in X, , and ;' (U) = U, we may replace X with X;. Applying
this to the normalisation of X, we reduce to the case where X is integral and X,, dense in X.

Now, let e : X’ — X, G, U and U’ be as in (1)—(3) above. Set f* = f o e, and denote by

J U — X,and j : U — X the obvious inclusions. Then f; ,A € J’ by definition and

7. JiA € T by the equivalence (3.70), for X’ instead of X, which is also valid under the induction

hypothesis since X] has the same dimension as X,,. Moreover, by the equivalence (3.70), we only
need to show that f, . jiA € J’. Since T” is closed under colimits, it is enough to show that

fr],*j!A = coéim f;;,*.]:A

where f; . jiA is endowed with the G-action induced from the action of G on X". Letu : U" —» U
and v : U'/G — U be the obvious morphisms. Since e is proper, we have f, . iA = f, ...
Since f, . and j, commute with colimits, we have

co}}im ot = fo j,(cogm u,\).

Thus, we are left to show that A — colimg u.A is an equivalence. By étale descent, we have
v,.A = colimg u,A and by Theorem [2.9.7| we have A ~ v, A. This finishes the proof. i

The following is a generalisation of [Ayol4a, Théoreme 7.4].

Proposition 3.8.31. Let S be a regular (A, ét)-admissible scheme and assume that every prime
number is invertible either in mo\ or in O(S). Let

T

[ ]

)
be a transversal square of closed immersions in the sense of [Ayol4a, Définition 7.2]. Then, the
morphism s”t'A — t''s* A is an equivalence in SHL(T'; N).
Proof. More generally, given a A-module M € Mod,, we will prove that s”*#M — t"'s*M is an
equivalence. Since the functors s*, t', s’* and ¢'* are colimit-preserving, we may assume that M
is compact. When A is the Eilenberg—Mac Lane spectrum associated to an ordinary ring, this
is [Ayol4a, Théoreme 7.4]. It follows that the proposition is known if myA is a Q-algebra or,
said differently, if we replace M by Mg = M ® Q. Thus, we are left to treat the case where M
is {-nilpotent for a prime ¢ invertible on S. We may apply Theorem [2.10.4] and work with the
co-categories of étale sheaves Shv(Et/(-); A),q instead of SHZ (—; A). We have equivalences

'M~limt'‘(M ®t,A) and  'M ~lim?'(M @ 1<, A).
Since § is (A, ét)-admissible and M is compact, Lemma implies that the inverse system
(t'(M ®4 T<,N)), in ShVé\t(Et/ T; A) is eventually constant on homotopy sheaves. It follows that

s"E'M ~1im 5”1 (M @ T<,\).
r
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Thus, it is enough to prove that the maps
S (M @ T, A) = 5" (M ®p T A)

are equivalences. Said differently, we may assume that A is eventually coconnective. By an easy
induction, we reduce to the case where A is the Eilenberg—Mac Lane spectrum associated to Z/¢.
(See the proof of Lemma[3.6.2]) In this case, the result is proven in [Ayol4a, Proposition 7.8] as a
consequence of Gabber’s absolute purity [ILO14, Exposé X VI, Théoreme 3.1.1]. O

Corollary 3.8.32. Let B be a (A, ét)-admissible scheme, B, C B a closed subscheme, and B, C B
its open complement. Below, we use Notation

(1) Assume that B is regular and that B, is a regular subscheme of codimension c defined
as the vanishing locus of a global regular sequence ay,...,a. € O(B). Then, we have
equivalences

iI'A =~ A(=c)[-2c] and XA =A@ A(—c)[-2c + 1]

in SH, (B3 A).

t
(2) Assume that B is regular and that B, is a strict normal crossing divisor. Let D C B, be an

irreducible component and D° the intersection of D with the regular locus of (By)iweq. Let
u:D°— Dandv: D — B, be the obvious inclusions. The morphism

VixsA — uuvygA
is an equivalence in SHQ(D; A).
Proof. For the first assertion, we consider the commutative diagram with Cartesian squares

J

B, B B,
ASN 05—y AG B,
where a is the section of A}, — B induced by the c-tuple (ay,...,a.) and iy is the zero section.

By Proposition we have equivalences i' A ~ aj;i(’)A and ypA =~ a;xs: A, which enable us to
conclude.

We now pass to the second assertion. Since the problem is local over B, we may assume that
(By)rea 18 defined by an equation of the form a; - --a. = 0, where a4, ..., a. is a regular sequence.
Consider the commutative diagram with Cartesian squares

]‘ .
——~B+—B,

Bl
" E

A 1

c
B B

B

U

where E is defined by the equation ¢, - - - . = 0, with (¢4, ..., t.) a system of coordinates on A, and

U=Aj\E ForlcC{l,...,c}nonempty, we let D; C B, and H; C E be the closed subschemes
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defined by the equations [];; @; = 0 and [],; t; = O respectively. We have transversal squares

D];B

[, |

Hy —— AS,

By Proposition 3.8.31] we deduce equivalences aji)'A =~ i}A. Since i'A and i"' A can be built from
the i}A’s and the 7/’ A’s using the same recipe, we deduce that the obvious map ai'A — i'Aisan
equivalence. It follows that

azx N — xpA
is also an equivalence. We may assume that D = D,. We set H = H; and define H° as in the
statement. We also letVv' : H — E and v’ : H° — H be the obvious inclusions. By [Ayo07b,
Théoreme 3.3.11], the obvious map

/% VAL A4
VX a A = WV xac A
is an equivalence. We have a commutative diagram

ayV xas A ——— V'asxac A ———— VA

I |

LI A £ a4 Kk 3k

~ 1k
Ay "™ v xpe A —— w " viagxae A —— u v Y pA.

k7 IRk Kk %k

So, we are left to show that the morphism aju,u” v xac A — w.u*viagya:A is an equivalence.
For this, we remark that u’*v’*XAcBA ~ A® A(-1)[-1]in SHéAt(H"; A), and that this morphism is
equivalent to

ayu (A& A(-D[-1]) > u.(A & A=D[-1]).

Thus, it remains to show that b*z*A — z'A is an equivalence, withz : D\D° — D,7 : H\NH° — H
and b : D\ D° — H \ H° the obvious morphisms. This is proven in the same way we proved
above that @i A — i'A was an equivalence. O

We are finally ready to conclude.

Proof of Theorem[3.8.19, By Lemma [3.8.20] we may assume that B is essentially of finite type
over Spec(Z) and work in the hypercomplete case. Since the source and target of pyx consist of
colimit-preserving functors, it is enough to prove that yxM — XXanAn}}”M is an equivalence when
M belongs to set of compact generators of SH (X,; A). By Proposition [3.8.30, we may assume
that M = f, .,A where f : Y — X is a proper morphism such that Y is regular and Y, is a normal
crossing divisor. By the proper base change theorem, we have equivalences

Xx[n N = fo XY A and annAn;(U Jo N = [, *)(yanAn;nA ~ fo yymA.

Thus, replacing X with Y, we may assume that X is regular and X, a strict normal crossing divisor
and, in this case, we only need to show that yyA — yx=A is an equivalence. By Proposition
[3.8.21] this morphism admits a section, and thus yx=A is the image of a projector p of yxA. We
need to prove that p is the identity, and it is enough to show this after restriction to each irreducible
component of X,,. Using Corollary [3.8.322), it is enough to do so after restricting to the regular

locus of X,.. Said differently, we may assume that X, is a regular divisor.
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From now on, we assume that X is regular and that X, is a regular divisor defined by the zero
locus of a € O(X). We denote by p the projector of yy provided by Proposition[3.8.21] Our goal is
to show that p acts on yxA =~ A @ A(—1)[—1] by the identity, and it is enough to show that p is an
equivalence. First, note that we have a commutative square

A —— yxA

| b

A — yxA

since p is an algebra endomorphism of y xA. (Indeed, the section constructed in Proposition [3.8.21]
respects the natural right-lax monoidal structures.) Thus, with respect to the decomposition yxA =
A @ A(-1)[-1], p is given by a triangular matrix

=0 o)

We will show that ¢ is the identity of A(—1)[—1]. To do so, we consider the morphism A — A(1)[1]
in SHZ(X,; A) corresponding to a € O*(X,), i.e., induced by the section a : X, — A}(W \ Oy, .
Applying yx and then p : yx — xx yields a commutative square

[

A AED[-1]— A(D[I]® A

l[é ) 9 1(5 )

A A-D[-1]—= A(D)[1] ® A.

This forces g to be the identity, as needed. m]

4. THE SIX-FUNCTOR FORMALISM FOR RIGID ANALYTIC MOTIVES

In this section, we develop the six-functor formalism for rigid analytic motives, getting rid of
the quasi-projectivity assumption imposed in [[AyolS, §1.4]. The key step in doing so is to prove
an extended proper base change theorem for rigid analytic motives; see Theorem §.1.4]below. An
important particularity in the rigid analytic setting is the existence of canonical compactifications
(aka., Huber compactifications). We will not make use of these compactifications in defining the
exceptional direct image functors, but see Theorem 4.3.20 below.

4.1. Extended proper base change theorem.

Our goal in this subsection is to prove a general extended proper base change theorem for rigid
analytic motives; see Theorem below. This will be achieved by reducing to the usual proper
base change theorem for algebraic motives. A compatibility property for the functors ys, for
8 € FSch, and the operations f;, for f smooth, plays a key role in this reduction; it is given in
Theorem [.1.3| below which we deduce quite easily from Theorem [3.6.1] (which was a key step
in proving Theorem [3.3.3). We start by a well-known generalisation of some facts contained in

[AyoO7a, Scholie 1.4.1].
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Proposition 4.1.1. Consider a Cartesian square in FSch

’

Y ——y
I
X —=X
with f proper.
(1) The commutative square

FSH(X; A) —— FSHY(Y; A)

FSH(X; A) —— FSHY(Y'; A)

is right adjointable, i.e., the natural transformation g* o f, — f. o g'* is an equivalence.
(2) If g is smooth, the commutative square

FSHY(X'; A) —— FSHY(Y'; A)

lgﬁ Jg,;
FSH(X; A) —— FSHY(Y; A)

is right adjointable, i.e., the natural transformation gy o f, — f. o gi’1 is an equivalence.

Proof. By Theorem [3.1.10}, we reduce to show the statement for a Cartesian square in Sch

’

y 2.y

ol
X =X
with f proper. When f is projective, this is covered by [Ayo0O7al Scholie 1.4.1]; see also [Ayol4a),
Proposition 3.5]. The passage from the projective to the proper case is a well-known procedure,
that we revisit here because we don’t know a reference in the generality we are considering. (Un-
der noetherianness assumptions, an argument can be found in the proof of [CD19, Proposition
2.3.11(2)].)
The question is local on X, so we may assume that X is quasi-compact and quasi-separated.
Using a covering of Y by finitely many affine open subschemes, assertion (1) (resp. assertion (2))
follows if we can prove that the natural transformation

gofiovy— floghow  (resp.ggo fiovy = fiog o))

is an equivalence for every open immersion v : V — Y with base change v/ : V' — Y’. Letting
g” : V' — V be the base change of g’, this natural transformation can be rewritten as follows:

g o(fov) = (flov)og”  (tesp. ggo(f o vy — (fi o) o g)).

By the refined version of Chow’s lemma given in [[ConQ7, Corollary 2.6], we may find a blowup
e : Z — Y, with centre disjoint from V, such that 4 = foeis a projective morphism. Letw : V — Z

be the open immersion such thatv = eow. SetZ' = Z Xy Y andlete’ : Z/ - Y, W' : Z/ - X’
144



and w’ : V' — Z’ be the base change of e, & and w along g. Using [Ayo0O7a, Scholie 1.4.1], we
have natural equivalences vy ~ e, o wy and v& ~ el o Wali' Thus, we may rewrite the above natural
transformation as follows:

g o (howy) = (W, owp)og™ — (resp. gy o (b owy) — (howy)ogy).
Thus, we may replace f and f” by h and /', thereby reducing the general case to the case of a

projective morphism. O
Lemma 4.1.2. Let f : Y — X be a proper morphism of formal schemes. Then, the functor

f. : FSHY(Y; A) — FSH™(X; A)
is colimit-preserving and thus admits a right adjoint.

Proof. By Theorem [3.1.10] we reduce to show the statement for a proper morphism of schemes
f Y — X. When f is projective, this follows from [AyoO7a, Théoreme 1.7.17]. In general, we
may assume that X is quasi-compact and quasi-separated, and reduce to show that f; o vy is colimit-
preserving for every open immersion v : V — Y with V affine. Then, we use the refined version of
Chow’s lemma given in [ConQ7, Corollary 2.6], to find a blowup Y’ — Y with centre disjoint from
V and such that Y* — X is projective. We conclude using the equivalence f, o vy ~ f] o v& where
f Y - XandV' : V — Y are the obvious morphisms. O

Our main task in this subsection is to prove a variant of Proposition @.1.1] for rigid analytic
motives. (A version of Proposition 4.1.T[(a) holds true in the rigid analytic setting even without
assuming that f is proper but under some mild technical assumptions; see Theorem [2.7.1] We will
explain below how to remove these technical assumptions when f is assumed to be proper.) A key
ingredient is provided by the following theorem.

Theorem 4.1.3. We work under Assumption Let f : T — 8 be a smooth morphism of formal
schemes. The commutative square

FSHY(T; A) — RigSH(T7; A)
e
FSH(8; A) —= RigSHV(8%; A)
is right adjointable, i.e., the induced natural transformation f; o x5 — xs © f;ig is an equivalence.

Proof. We split the proof into two steps. In the first one, we consider the case where f is an open
immersion and, in the second one, we treat the general case.

Step 1. Here we treat the case of an open immersion j : U — 8. For M € RigSH™(8"¢; A), we
have a commutative diagram

. @ . ~ 1i
Xs(M) ® jyh — xs(M ® &5 jyh) —— xs(M ® j,*A)
. *JI ~ . rig, * @ Tig rig, *
JtFXsM ——— jsxu JU M ——— x5 j,° "M,
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where all the arrows, except the labeled ones, are equivalences for obvious reasons. By Theorem
the morphism (1) is also an equivalence, and hence the same is true for the morphism (2).
Thus, the natural transformation jy o yyt — xs o j;lg becomes an equivalence when applied to the

functor j7&*. Since the latter is essentially surjective, the result follows.

Step 2. Here we treat the general case. Clearly, the problem is local on 8. We claim that it is also
local on 7. Indeed, let (i; : J; — 7T); be an open covering of J. The co-category RigSH(A)(‘J"rig' AN)
is generated under colimits by the images of the functors ung Clearly, the functors f; and f are
colimit-preserving. By Proposition [3.6.8] the same is true for x7 and ys. Thus, it is enough to
prove that the natural transformations fj o y5 o ul.j — Xs © fﬁ o ”i,n are equivalences. Using the

first step, this natural transformation is equivalent to (f o u;)s o y7. = xs o (f o ui)glg which brings
us to prove the theorem for the morphisms f o u;. This proves our claim.

The problem being local on T and 8, we may assume that there is a closed immersion i : T — Ag.
We may also assume that there is an €tale neighbourhood of T in Ag which is isomorphic to an
étale neighbourhood of the zero section T — AZ (where m is the codimension of the immersion ).
Thus, letting p : Ag — 8 be the obvious projection, we have natural equivalences

pioi, =~ fim)[2m]  and p;‘g ot~ ﬁig(m)[Zm].

Moreover, the following diagram is commutative

pﬁ o l>,< OX‘T —} pﬂ OXAH o l*g —)XS [e] p;lg o lilg

| ;

fi 0 xg(m)[2m] Xs © fy 2(m)[2m].

This shows that it suffices to treat the case of the projection p : Ag — 3.
Let j : Ay — Pg be an open immersion into the relative projective space of dimension n and let

q : Pg — 8 be the obvious projection. The morphism py o Xan = Xs © p;ig is equivalent to the
composition of
Gy o JsoXay = G o Xz © JyF = X504, 0 "
and the first morphism is an equivalence by the first step. Thus, we are left to treat the case of
q : P§ — 8. By [Ayo074, Théoreme 1.7.17] and Corollary[2.2.9} we have equivalences
gy = g o Th(€,) and q;g ~ g™ o Th(Q i),

and the following square

qy © xpy — ¢ © Th(€) o xz

Xs © qy* —— xs © q:* 0 Th(Qyee)
is commutative. This finishes the proof. O

Here is the main result of this subsection.
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Theorem 4.1.4 (Extended proper base change). Consider a Cartesian square in RigSpc

’

vy £y

I, I

X —=Xx
with f proper.

(1) The commutative square

RigSH(X; A) —— RigSH(Y; A)

RigSH"(X'; A) —/— RigSH(Y"; A)

is right adjointable, i.e., the natural transformation g* o f, — f. o g’* is an equivalence.
(2) If g is smooth, the commutative square

RigSHV(X'; A) —L— RigSH(Y; A)

; :

RigSH(X; A) —— FSHY(Y; A)
is right adjointable, i.e., the natural transformation g o f, — f. o ga is an equivalence.

Proof. The question is local on X and X’. Thus, we may assume that X and X’ are quasi-compact
and quasi-separated. We split the proof into three steps. The first two steps concern part (2): in the
first step we show that it is enough to treat the case where g has good reduction, and in the second
step we prove part (2) while working in the non-hypercomplete case and assuming that 7 is the
Nisnevich topology. Finally, in the third step, we use what we learned in the second step to prove
the theorem in complete generality.

Step 1. Here, we assume that part (2) is known when g has good reduction and we explain how to
deduce it in general. The problem being local on X’, we may assume that our Cartesian square is
the composition of two Cartesian squares

Y’LYILY

N

X —Cux, x

where e is étale and /4 is smooth with good reduction. (For instance, we may assume that /4 is the
projection of a relative ball.) By assumption, part (2) is known for the right square, so it remains
to prove it for the left square. Said differently, we may assume that g is étale. Using Lemma

M.1.5 below, we reduce further to the case where g is finite étale. In this case, there is a natural
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equivalence gy ~ g, constructed as follows. Consider the Cartesian square

’ , Ph ’
X' Xy X' — X

| F

x 5 X,
and the diagonal embedding A : X — X’ Xx X’ which is a clopen immersion. Since g is locally
projective, we may use Proposition [2.2.12(2) which implies that the natural transformation

84°PI, — 8« °PIy
is an equivalence. Applying this equivalence to the functor Ay =~ A,, we get the equivalence
84 = g.. Similarly, we have an equivalence ga ~ g'. Moreover, modulo these equivalences, the
natural transformation gy o f, — f. o g; coincides with the obvious equivalence g, o f/ =~ f, o g’.
This proves the claimed reduction.

Step 2. We now prove part (2) of the statement under Assumption so that we can use The-
orem (More precisely, we will assume that all the formal models used below satisfy this
assumption.) In the third step we explain how to get rid of this assumption.

The problem being local on X and X’, we may also assume that f is the generic fiber of a proper
morphism ]7: Y — X in FSch and that g is the generic fiber of a smooth morphism g : X’ — X
of formal schemes (since g can be assumed to have good reduction, by the first step). We form a
Cartesian square

>

y £y

Il
X —— X.
For every quasi-compact and quasi-separated smooth rigid analytic X-space L, with structural mor-

phism p; : L — X, choose a formal model £ which is a finite type formal X-scheme. By Proposi-
tion[3.1.15] when L varies, the functors

Xc o p; : RigSH™M (X; A) —» FSHY(L; A)
form a conservative family. Therefore, it is enough to show that the natural transformation
Xeoprogiofi > xeoppofiog,
is an equivalence for each p; : L — X and £ as above. Letting f;, f/, g, and g, be the base change

of the morphisms f, f’, g and g’ along p; : L — X, and using Proposition 2.2.1] we reduce to
show that the natural transformation

Xe©o8Lyo flw > Xeo fr08)y
is an equivalence. Thus, replacing X with L and X with £, we may concentrate on the natural
transformation
Xx©84ofl = xxofiog
Using Theorem [4.1.3] we can rewrite this natural transformation as follows:
Zofloxy > fogoxy

We now conclude using Proposition 4.1.1]2).
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Step 3. In this step, we will prove the theorem in complete generality. By Theorem and
the second step, the theorem is known for the co-categories RigSH,;.(—; A), i.e., when 7 is the
Nisnevich topology and we work in the non-hypercomplete case. This will be our starting point.
(Of course, by the second step, the theorem is known more generally, e.g., when 7 is the Nisnevich
topology and we work in the hypercomplete case, but this will not be used below.)

For a rigid analytic space S, the functor Ly : RigSH,_ (S; A) — RigSH"’(S; A) is a localisation
functor with respect to the set I consisting of maps of the form colimy,;jea M(T,,) = M(T-;), and
their desuspensions and negative Tate twists, where T, is a T-hypercover which is assumed to be
truncated in the non-hypercomplete case. We claim that the functor

f+ : RigSH

(Y;A) — RigSH.. (X; A)

nis nis
takes Hy-equivalences to JHx-equivalences, and that the same is true for f/. Assuming this claim,
one has equivalences Ly o f, ~ f. o Ly, and similarly for f/. Since the functors Ly and Ly, are

essentially surjective on objects, it suffices to prove that the natural transformations
gofioLy = flog"oLy and gyo f/ oLy —)f*og"ioLY,

are equivalences. Thus, using our claim and the obvious analogous commutations for g*, gy, g
and ga, the above natural transformations are equivalent to

Lyog'ofi—Lyoflog” and Lyogof —Lyof og,

and the result follows.

It remains to prove our claim, and it is enough to consider the case of f (which is a general proper
morphism). Using a covering of Y by finitely many affine open subspaces, we see that it suffices to
show that f, o v4 takes Hy-equivalences to Hy-equivalences for every open immersionv : V — Y
such that V admits a locally closed immersion into a relative projective space P ~ P} over X. (For
what we mean by a locally closed immersion, see Definition [I.1.14] For the existence of a cover
by open subspaces with the required property, see the proof of Proposition 4.2.2(2) below.) Let
U c P be an open subspace containing V as a closed subset. Set Q = Y xx P, W = V xx U,
W, =V Xxx Pand W, = Y Xx U. Thus, Q is a proper rigid analytic X-space, and W, W; and W,
are open subspaces of Q containing Y, via the diagonal embedding ¥ — Q, as a closed subset. We
have a commutative diagram of immersions with Cartesian squares

Using Proposition [2.2.3[4), we obtain equivalences e; yot, ~ t, . and ey y o £, = t, .. Applying this
to w4 and w, 4, we obtain equivalences

Wi Ol X WpOl, Wy y0l,. 4.1
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Now, consider the commutative diagram with a Cartesian square

v—aw 50
AN
V——Y.
By the second step, we deduce equivalences of functors from RigSH . .(V; A) to RigSH

VE = VgO0qL ot = quOW g0t ~g,0Wyotl,.

nis nis(Y; A)
Thus, it will be enough to show that the functor f, o g. o wy o 1, takes Hy-equivalences to Hy-
equivalences. Next, consider the commutative diagram with Cartesian squares

VoW, 250

|l

V—sU—5P

By the second step, we we deduce equivalences of functors from RigSH_..(V; A) to RigSH_..(Y; A):

ugos, ~ugoh oty ~h,owyyotry, ~h,owyot,.

nis nis

Since p o h = f o g with p : P — X the structural projection of the relative projective space P, we
are left to show that p, o uy o s, takes Hy-equivalences to Hx-equivalences. This is actually true
for each of the functors p,, uy and s,. For the first one, we use the equivalence p, ~ p; o Th_l(Qp)
provided by Corollary @} For the second one, this is clear, and for the third one, this follows
from Lemma[2.2.4 o

The following lemma was used in the first step of the proof of Theorem 4.1.4]

Lemma 4.1.5. Let f : T — S be an étale morphism of rigid analytic spaces. Then, locally on S
and T, we may find a commutative triangle

T%T'

Nl

S
where j is an open immersion and f’ is a finite étale morphism.

Proof. This is a well-known fact. In the generality we are considering here, it can be proven by
adapting the argument used in proving Proposition [3.7.6(3). More precisely, it is enough to show
that a rig-étale morphism of formal schemes f : T — § is locally, for the rig topology on & and 7,
the composition of an open immersion and a finite rig-étale morphism. We argue locally around a
rigid point s : Spf(V) — 8 corresponding to s € |8"¢|. As in the proof of Proposition 3), we
may assume that the formal scheme s xXg T/(0)* is the formal spectrum of the m-adic completion
of an algebra of the form

V{t, 51, .. Sm) (R sy = Py, 7 s — Pr)™[O7] 4.2)

where R € V[t] is a monic polynomial which is separable over V[n~'], and Q € V[t,s1,..., syl
(The polynomial R is the analogue of the polynomial (t — a;)---(t — a,) in (3.34). Here, since
V[n~!] is not algebraically closed, our polynomial R will not split in general.) The remainder of

the argument is identical to the one used in the proof of Proposition [3.7.6(3). m|
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The following is a corollary of the proof of Theorem 4.1.4]
Corollary 4.1.6. Let f : Y — X be a proper morphism of rigid analytic spaces. Then, the functor
f. : RigSHM(Y; A) — RigSHM(X; A)
is colimit-preserving and thus admits a right adjoint.
Proof. This is true for the functor
S« : RigSH_, (Y; A) — RigSH_,.(X; A)

by Proposition [2.4.22(1). The result in general follows from the fact that this functor takes J{y-
equivalences to Hy-equivalences as shown in the third step of the proof of Theorem [4.1.4] m|

nis

We end this subsection by establishing the projection formula for direct images along proper
morphisms.
Proposition 4.1.7.
(1) Let f : Y — X be a proper morphism of formal schemes. For M € FSH™(X; A) and
N € FSH™M(Y; A), the morphism
MQ® f.N — f.(fMQ®N)
is an equivalence.
(2) Let f : Y — X be a proper morphism of rigid analytic spaces. For M € RigSH"V(X; A)
and N € RigSHS/\)(Y ; \), the morphism
M® f.N - f.(ffM®N)
is an equivalence.
Proof. We only prove the second part. The proof of the first part is similar: in the argument below,
use Proposition [4.1.1|and Lemma[.1.2]instead of Theorem[4.1.4] and Corollary {.1.6|
The functor f. is colimit-preserving by Corollary Hence, it is enough to prove the result

when M varies in a set of generators under colimits for the co-category RigSHiA)(X ; A). Thus, we
may assume that M = gyA where g : X’ — X is a smooth morphism. We form the Cartesian square

’

vy S,y

[ ]
X —5 X
By Proposition[2.2.1(2), we have natural equivalences
M@(-)=~gyog(-) and  (f'M)®(-) =gy 08" (-).
Modulo these equivalences, the morphism of the statement is the composition of
818 fiN — g4 f.8"N — f.g,8"N.
The result follows now from Theorem 4. 1.4 O

Recall that an object in a monoidal co-category C® is strongly dualisable if it is so as an object
of the homotopy category of € endowed with the induced monoidal structure. The following is a
well-known consequence of the projection formula for proper direct images.

Corollary 4.1.8.
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(1) Let  :YY — X be a smooth and proper morphism of formal schemes. Then fy\ is strongly
dualisable in the monoidal co-category FSHY(X; A)® and its dual is f.A.

(2) Let f : Y — X be a smooth and proper morphism of rigid analytic spaces. Then f;\ is
strongly dualisable in the monoidal co-category RigSH"(X; A)® and its dual is f,A.

Proof. We only treat the case of rigid analytic motives. We need to show that there is an equiva-
lence between the endofunctors Hom(f4A, —) and (f.A) ® —. We have natural equivalences

Hom(fiA,-) = £.f' () = f(A® FM) S f(A)e M

where (1) is deduced by adjunction from the smooth projection formula LA ® — = f; o f*(—) (see
Proposition [2.2.1(2)) and (2) is deduced from Proposition 4.1.7(2). m|

4.2. Weak compactifications.

In this subsection, we discuss the notion of a weak compactification of a rigid analytic S -space.
For us, it will be enough to know that weak compactifications exist locally. We will also briefly
discuss Huber’s compactifications.

Definition 4.2.1. Let f : Y — X be a morphism of rigid analytic spaces. A weak compactification
of f is a commutative triangle

Yy —w

x lh (4.3)

X

of rigid analytic spaces, where i is a locally closed immersion and 4 a proper morphism. (See
Definition [[.1.14]) By abuse of language, we say that & is a weak compactification of f or that
W is a weak compactification of Y. We define the category of weak compactifications of f to be
the full subcategory of (RigSpc/X), spanned by the weak compactifications of f. We say that
f is weakly compactifiable if it admits a weak compactification. (Clearly, for f to be weakly
compactifiable, it is necessary that f is separated and locally of finite type.)

Proposition 4.2.2. Let f : Y — X be a morphism of rigid analytic spaces.

(1) The category of weak compactifications of f has fiber products and equalizers. In particu-
lar, when f : Y — X is weakly compactifiable, this category is cofiltered.
(2) Assume that f is locally of finite type. Then, locally on'Y, f is weakly compactifiable.

Proof. The first part follows from standard properties of proper morphisms and locally closed
immersions. For the second part, since the question is local on Y, we may assume that f factors
through an open subspace U C X and that Y — U is the generic fiber of a finite type morphism
Y — U between affine formal schemes. In this case, we may factor f as the composition of
ySBYSPY S X
where s is a closed immersion, u the obvious open immersion and p the obvious projection. O
We will need a short digression concerning the notion of relative interior.

Definition 4.2.3. Let f : X — W be a morphism between rigid analytic spaces. Let V C W be an
open subspace. We say that X maps into the interior of V relatively to W and write f(X) €y V if

the closure of f(|X[) in |W| is contained in |V/|.
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Remark 4.2.4. Often we use Definition 4.2.3] when f is a locally closed immersion. In this case,
we write simply “X €y V” instead of “f(X) ey V.

Below, we use freely the fact that the underlying topological space of a rigid analytic space is
valuative in the sense of [FK 18} Chapter 0, Definition 2.3.1].

Lemma 4.2.5. Let f : X — W be a morphism between quasi-compact and quasi-separated rigid

analytic spaces. A point of |W| belongs to f(1X|) if and only if its maximal generisation belongs to
f(X]). Moreover, we have the equalities:

fxn= () m= () ™ (4.4)

fXewV fXewV
Proof. The first assertion follows from [FK18, Chapter 0, Theorem 2.2.26] and the fact that f(|X])
is stable under generisation. It follows that f(|X]) is also stable under generisation, which implies
that f(|X]) is the intersection of its open neighbourhoods. (Indeed, if w € |W| does not belong to

F(IX]), we have {w} N f(IX]) = 0.) This gives the first equality in (4.4). The second equality follows
from [FK 18, Chapter 0, Proposition 2.3.7]. O

Lemma 4.2.6. Let f : X — W be a morphism between quasi-compact and quasi-separated rigid
analytic spaces. Let V. .C W be an open subspace such that f(X) €y V. There exists an open
subspace V' C W such that f(X) €y V' and V' €y V.

Proof. By Lemma.2.5] we have
FxXD= () Vicv.
fXewV’

By [EK18, Chapter 0, Corollary 2.2.12], there exists a quasi-compact open subspace V' ¢ W with
f(X) €y V'’ such that |V’| C |V| as needed. O

We now discuss Huber’s compactifications. We will freely use results and notations from Sub-
section[I.2l We start with a definition.

Definition 4.2.7.

(1) A Tate ring A is said to be universally uniform if every finitely generated Tate A-algebra is
uniform. (Recall that a finitely generated Tate A-algebra is a quotient of A{t) = Ao(t)[7']
where t = (1, ...,1,) 1s a system of coordinates, Ay C A a ring of definition and 7 € A a
topologically nilpotent unit contained in Ay.) In particular, a universally uniform Tate ring
is also stably uniform in the sense of [BV18, pages 30-31]. A Tate affinoid ring R is said
to be universally uniform if R* is universally uniform.

(2) A universally uniform adic space is a uniform adic space (as in Definition [I.2.6)) which is
locally isomorphic to Spa(A), where A is a universally uniform Tate affinoid ring.

Notation 4.2.8.

(1) Let S be a universally uniform adic space. We denote by Adic/S the category of uniform
adic S-spaces. We denote by Adic™/S (resp. Adic*"/S) the full subcategory of Adic/S
spanned by those adic S-spaces which are locally of finite type (resp. which are separated
of finite type).

(2) Let S be a rigid analytic space. We denote by RigSpc'/S (resp. RigSpc*'/S) the full
subcategory of RigSpc/S spanned by those rigid analytic S -spaces which are locally of

finite type (resp. which are separated of finite type).
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(3) Let S be a universally uniform adic space. By Corollary[1.2.7, S determines a rigid analytic
space which we denote also by S, and we have equivalences of categories Adic™/§ =~
RigSpc'™/S and Adic*™/S ~ RigSpc™/S.

Notation 4.2.9. Let A be a Tate affinoid ring and B a Tate affinoid A-algebra. We define a new Tate
affinoid A-algebra B, = (B, BY) by setting B; = B* and letting B] to be the integral closure of the
subring A" + B*° C B.

The following theorem is due to Huber.

Theorem 4.2.10. Let S be a quasi-compact and quasi-separated universally uniform adic space.
There is a functor Adic*/S — Fun(A', Adic/S) sending a separated adic S -space of finite type X
to an open immersion jx : X — X over S satisfying the following properties.

(1) Every point of |X¢| is a specialisation of a point of |X|. Moreover, for every x € |X| and
every valuation ring V C k*(x) containing «*(s’) for a specialisation s’ € |S| of the image
of x in |S|, there exists a unique point x' € |X°| which is a specialisation of x and such that
Kr(xX)y=V.

(2) The morphism Ox. — jx .Ox is an isomorphism.

(3) (Compatibility with base change) If S’ — S is an open immersion, then the morphism

jxXSS’IXXSS,%XCXSS’

coincides with jx : X' — X'© where X' is the adic S’-space X X5 S’.
(4) If S = Spa(A) and X = Spa(B), then X¢ = Spa(B.).

Proof. This is essentially contained in [Hub96, Theorem 5.1.5]. In loc. cit., it is assumed that adic
spaces satisfy one of the conditions in [Hub96, (1.1.1)], but this is only needed to insure universal
sheafyness. Here, we use instead universal uniformness and [BV 18, Theorem 7]. |

In the next proposition, we denote a uniform adic space and the associated rigid analytic space
by the same symbol. (This is an abuse of notation justified by Corollary [I.2.7])

Proposition 4.2.11. Let S be a quasi-compact and quasi-separated universally uniform adic space,
and let X be a separated adic S -space of finite type. Let i : X — W be a weak compactification of
X over S. Then, X® is naturally a weak limit of the rigid analytic pro-space (V)xe, v in the sense

of Definition|2.8.10

Proof. By the universal property of Huber’s compactifications (see [Hub96, Theorem 5.1.5]), the
locally closed immersion i extends to a morphism i’ : X¢ — W. Since i’(]X¢|) is contained in the
closure of |X| in |W]|, there is a natural map

XC - (V)X@an (45)

and we need to prove that it exhibits X¢ as a weak limit of (V)x¢,v.
We first check that the map

(X = lim [V] (4.6)

is a bijection. Injectivity is clear since each locally closed immersion X — V, with X ey V,
induces an injection |X¢| — |V¢| and the map |X°| — |V| factors this injection. For surjectivity,
we use Lemma which implies that every point v € limyxe, v |V| is a specialisation of a point

x € |X|. Thus, we have k(v) = «(x) and «*(s) C k*(v) C k*(x). By Theorem4.2.10(1), the valuation
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ring k*(v) C k(x) determines a point of |X°| which is necessarily sent to v by (4.5)) since W — S is
separated.

It remains to see that for every point x of |X¢| with image v in limyxe, v |V| the map k(v) — «(x)
has dense image. In fact, we have «(v) =~ «(x). To prove this, we may assume that x belongs to |X|,
since the residue field of x is equal to the residue field of its maximal generisation and similarly for
v. The claimed result is then clear since X — (V)x¢, v is given by locally closed immersions. O

4.3. The exceptional functors, I. Construction.

In this subsection, we define the exceptional functors f; and f' associated with a morphism f
of rigid analytic spaces which is locally of finite type, and establish some of their basic properties.
We start with the easy case of a locally closed immersion.

Lemma 4.3.1. Leti : Z — X be a locally closed immersion of rigid analytic spaces. Let U C X
be an open neighbourhood of Z in which Z is closed. Denote by s : Z — U and j : U — X the
obvious immersions. Then, the composite functor

jio s, : RigSHM(Z; A) — RigSHV(X; A)
is independent of the choice of U and we denote it by i,.

Proof. Let U’ C U be an open neighbourhood of Z. Let s’ : Z — U’ and u : U — U be the
obvious immersions. We need to show that uy o 57, = s,. To do so, we use the Cartesian square

Z _ Z
U ——U
and Proposition [2.2.3(4). m]

Lemma 4.3.2. Lets: Y — Xandt : Z — Y be locally closed immersions of rigid analytic spaces.
There is an equivalence (s o t), ~ s, o t, of functors from RigSH(TA)(Z; A) to RigSHgA)(X T A).

Proof. Indeed, let U C X be an open neighbourhood of Y in which Y is closed, and let V c U
be an open neighbourhood of Z in which Z is closed. Set W = ¥ N V. Consider the commutative
diagram with a Cartesian square

Z——W——Y
V— U—X.
Using Proposition [2.2.3(4), we have natural equivalences
ugoc,owgoe, xuyovgod,oe, =(uov)o(doe),

as needed. O
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Proposition 4.3.3. Consider a Cartesian square of rigid analytic spaces

y A
[
Z—.x
where i is a locally closed immersion.
(1) There is a natural equivalence f* o iy ~ i o f™* between functors from RigSHSA)(Z; N) to
RigSHM(Y; A).
(2) Assume that f is a proper morphism. There is a natural equivalence f, o i = i\ o f] between
functors from RigSH™(T'; A) to RigSHV(X; A).

Proof. Part (1) follows from Proposition[2.2.3[4) and part (2) follows from Theorem 4.1.4] O
We next discuss the case of weakly compactifiable morphisms.

Definition 4.3.4. Let f : ¥ — X be a weakly compactifiable morphism of rigid analytic spaces.
Choose a weak compactification

Yy W

N

fi : RigSH"(Y; A) — RigSHV(X; A)

by setting f; = h, o i,. It follows from Corollary that the functor f, is colimit-preserving; we
denote by f" its right adjoint. The functors f; and f* are called the exceptional direct and inverse
image functors.

Lemma 4.3.5. Keep the notations as in Definition|d.3.4] The functor f, is independent of the choice
of the weak compactification of f.

=

X
of f and define the functor

Proof. Let i’ : Y — W’ be a second weak compactification of f and denote by ' : W' — X
the structural projection. Without loss of generality, we may assume that W’ is finer than W. Let
U c W be an open neighbourhood of Y in which Y is closed, and let U” € W’ be the inverse image
of U. We then have a commutative diagram with a Cartesian square

e U= W %
Y \ ‘g’ lé’> X
' U % w "
We need to compare h, o jy o s, with i o jé o s’. We have natural transformations
h*ojﬁos*:h*ojﬁog;os;eh*og*ojaos;:h;ojaos;
where the middle one is an equivalence by Theorem i

Example 4.3.6. Using Lemma[4.3.5|and a well-chosen weak compactification, we obtain the fol-

lowing particular cases.
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(1) If j : U — X is an open immersion, then j, = j; and j' =~ j.
(2) If f: Y — X is proper, then f; ~ f,.

Remark 4.3.7. At this point we have constructed, for each weakly compactifiable morphism f :
Y — X of rigid analytic spaces, a functor f; : RigSH(TA)(Y (A > RigSH(TA)(X ;A). Due to the
choice of a weak compactification involved in the construction, it is not clear why f — f; would
be functorial in any sense. The main goal of the remainder of this subsection is to prove that in fact
itis, as long as we restrict to morphisms between weakly compactifiable rigid analytic spaces over
a fixed base. (Note that morphisms between such spaces are automatically weakly compactifiable,
so that our construction applies.)

Notation 4.3.8. Let S be a rigid analytic space.

(1) We denote by RigSpc™“/S < RigSpc/S the full subcategory of weakly compactifiable rigid
analytic S -spaces. Recall that, by definition, RigSpc*©/S is contained in RigSpc'/S (see
Notation 2)) and that every object in RigSpc'™/S is locally isomorphic to an object
of RigSpc™°/S by Proposition [4.2.2]

(2) We denote by RigSpcPP/S c RigSpc/S the full subcategory of proper rigid analytic S -
spaces.

(3) We denote by WComp/S the category whose objects are pairs (X, W) where X is a rigid
analytic S-space and W a weak compactification of X. There are functors

by : WComp/S — RigSpc™“/S and wg : WComp/S — RigSpc”?/S
sending a pair (X, W) to X and W respectively.
Proposition 4.3.9. Let S be a rigid analytic space. There is a functor
RigSH"(-; A), : RigSpc™©/S — Pr" 4.7)
sending an object X to the oco-category RigSHiA)(X ; \) and a morphism f to the functor f,.

We fix a rigid analytic space S. The functor (4.7) will be constructed below and the fact that
it extends the functors in Definition {.3.4]is proven in Lemma [4.3.14] We start by constructing a
similar functor defined on WComp/S .

Notation 4.3.10. Given an object (X, W) in WComp/S , we denote by RigSHSA)((X, W); A), the full
sub-oco-category of RigSH(W; A) spanned by the essential image of the fully faithful embedding

iy : RigSHY(X; A) — RigSH" (W; A), 4.8)
where i : X — W is the given locally closed immersion.
Proposition 4.3.11. Let (f,h) : (X', W) — (X, W) be a morphism in WComp/S.
(1) The functor
h. : RigSHY(W’; A) — RigSH™ (W; A)
takes RigSH" (X', W'); A), into RigSH" (X, W); A),, and induces a functor

(f, ), : RigSHM (X', W'); A), — RigSH((X, W); A),. (4.9)
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(2) There is a commutative square

RigSH{"(X"; A) — RigSH" (X", W"); A),

lf! l(f,h)z

RigSH"(X; A) —— RigSH{"((X, W); A),

where the horizontal arrows are equivalences.
(3) If f is an isomorphism, then (f, h), is an equivalence of co-categories.

Proof. Consider the commutative diagram with a Cartesian square

i

SN

X sV w

Nl b

X ——W.
By Lemma@ we have i} = v, o u). Thus, the essential image of i} is contained in the essential
image of v,. On the other hand, by Proposition @2), we have h, o v, ~ i, o h/. Thus, h, takes
the essential image of v, into the essential image of i,, which proves the first statement.

Next, we verify the second statement. Note that V is a weak compactification of X’ over X.
Thus, by Lemma [4.3.5] we have fi =~ &/ o u,. Using Proposition[4.3.3(2) again, we obtain natural
equivalences

hofi2ioh,ou ~h,oviou ~h,oi,.
This gives the commutative square in the second statement. Finally, the third statement follows
from the second one using Lemma4.3.5] o

Notation 4.3.12. We will denote by

RigSH"(—; A)" : RigSpc® — Pr- (4.10)
the functor from Proposition [2.1.21] (in the T-stable case and after forgetting the monoidal struc-
ture) and by

RigSH"Y(—; A), : RigSpc — Pr® 4.11)

the functor deduced from (#.10) using the equivalence (Pr")®® ~ Pr®. By Corollary the
restriction of (@.I1) to RigSpcP™/S yields a Pr--valued functor. In particular, we have a functor

RigSH" (wg (-); A), : WComp/S — Pr-. (4.12)
To go further, we need the following well-known general lemma.

Lemma 4.3.13. Let B be a simplicial set and let C : B — CAT,, be a diagram of co-categories.
Assume that, for each vertex x € By, we are given a full sub-oco-category C'(x) C C(x). Assume also
that, for every edge e € By, the functor C(ey) — C(ey) takes C'(ey) into C'(ey). Then, there exists a
diagram C’ : B — CAT,, and a natural transformation €’ — € such that for every edge e € B,
C’(e) is equivalent to the functor induced from C(e) on the sub-oco-categories C'(ey) and C'(ey).

Proof. By Lurie’s unstraightening [Lur0Q9, §3.2], one reduces to prove an analogous statement for

coCartesian fibrations which is easy and left to the reader. O
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By Proposition[4.3.T1[(1), we may apply Lemma.3.13|to the functor (4.12)) and the full sub-co-
categories introduced in Notation This yields a functor

RigSHV((-, -); A), : WComp/S — Pr". (4.13)

(The fact that this functor lands in Pr", and not just in CAT.., follows from Corollary together
with Proposition 4.3.11(2).) By left Kan extension along the functor dg, we obtain from (4.13) a
functor

RigSH"(~; A), : RigSpc™©/S — Pr". (4.14)

The following lemma shows that this left Kan extension behaves as we want it to.

Lemma 4.3.14. The obvious natural transformation
RigSHY"((—, -); A)y — RigSH{"(=; A), o dg (4.15)

is an equivalence. In particular, the functor (4.14)) sends a morphism f : Y — X in RigSpc™“/S to

the functor f, of Definition

Proof. Given an object X € RigSpc™°/S, there is an equivalence in Pr':

RigSHM(X;A) = colim  RigSHV (Y, W); A), 4.16
gSHOGA) = | colim  RigSH/ (Y, W); A), (4.16)
where the category (WComp/S),x consists of pairs (¥, W) with Y a rigid analytic X-space and W
a compactification of Y over S. Fix a weak compactification P of X over S. There is an obvious
forgetful functor
@ : (WComp/S),ix.) = (WComp/S)x

admitting a right adjoint S given by (¥, W) — (Y, W Xg P). Moreover, it follows from Proposition
4.3.11)3), that the counit of the adjunction @ o 8 — id induces an equivalence between the functor

RigSHV((-, -); A), : (WComp/S),x — Pr-

and its composition with the endofunctor « o 8 of (WComp/S),x. Since g is right adjoint to a,
composition with § is equivalent to left Kan extension along @. This implies that the colimit in

(4.16) is equivalent to

colim  RigSH{"((¥, W): A), = RigSHY (X, P); A),
(XL W)e(WComp/S)/cx.p) gSH(( ) A gSH (X, P); A),

since (X, P) is the final object of (WComp/S)xp). This proves the lemma. O

Corollary 4.3.15. Let X be a weakly compactifiable rigid analytic S -space, and let Op/X be the
category of open subspaces of X. Then, the functors

RigSHV(-; A), : Op/X — Pr* and RigSH""(—; A)* : (Op/X)*® — P} 4.17)
are exchanged by the equivalence (Pr™)® ~ PrR,

Proof. Let P be a weak compactification of X. Then, for every open subspace U C X, P is also a
weak compactification of U. Thus, we have a functor Op/X — WComp/S given by U — (U, P).
Therefore, by Lemma [{.3.14] the first functor in (4.17) is equivalent to the functor given by U
RigSH(TA)((U, P); A),. It is immediate from the construction of (4.13) that this functor is equivalent
to the one sending an open immersion # : U — X to the essential image of the fully faithful

embedding uy. This proves the corollary. O
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Remark 4.3.16. Using the equivalence (Pr)® ~ Pr®, the functor (@.7) gives rise to a functor
RigSH™M(—; A)' : (RigSpc™°/S)? — Pr® (4.18)

sending a morphism f to the functor f".

Proposition 4.3.17. The functor #18) is a Pri-valued sheaf for the analytic topology.

Proof. Tt is enough to show that, for every X € RigSpc™“/S, the restriction of (#.18]) to Op/X is a
sheaf for the analytic topology. This follows from Corollary 4.3.15 and Theorem [2.3.4] (Indeed,
the inclusion functors Pr- — CAT,, and Pr® — CAT., are limit-preserving by [Lur09, Proposition
5.5.3.13 & Theorem 5.5.3.18].) O

Corollary 4.3.18. There is a unique extension of {@.7) into a functor
RigSH"Y(—; A), : RigSpc'"/S — Pr* (4.19)
such that the following condition is satisfied. The functor
RigSH"V(—; A)' : (RigSpc"/§)°P — PrR, (4.20)

obtained from @19) using the equivalence (Pr*)® ~ Pr%, is a Pri-valued sheaf for the analytic
topology.

Proof. This follows from Proposition using Lemma Indeed, a Pr®-valued r-sheaf on
a site (C, 7) is equivalent to a limit-preserving functor on Shv,(C)°?; see Definition m O

Remark 4.3.19. At this point, it is unclear that the co-category RigSH(TA)(X ; \), 1s equivalent to
the co-category RigSH\"”(X;A) for a general object X € RigSpc™/S. This will be proven in
Subsection 4.4}, see Corollary 4.4.23] below. When X is weakly compactifiable, this is already
stated in Proposition[4.3.9]

We end this subsection with the following result relating our approach to the one in [Hub96,
§5.2].

Theorem 4.3.20. Let X and Y be quasi-compact and quasi-separated uniform adic spaces, and let
f:Y = X be a weakly compactifiable morphism of rigid analytic spaces. Let f¢ : Y* — X be the
projection of Huber’s compactification of Y over X, and j : Y — Y° the obvious inclusion. Assume
one of the following two alternatives.

(1) We work in the non-hypercomplete case, and X is locally of finite Krull dimension. When t
is the étale topology, we assume furthermore that A is eventually coconnective.
(2) We work in the hypercomplete case, and X is (A, T)-admissible (see Definition[2.4.14).

Then, the functor f, of Definition[4.3.4| coincides with the composite functor f o jy.
Proof. Fix a weak compactification W of Y over X, and leth : W — X andi: Y — W be the given

morphisms. The morphism i extends to a morphism i’ : Y — W. We have f{ ~ h,oi,. Thus, we
only need to show that there is an equivalence i} o j; ~ i,. The Cartesian square

Yy—Y°

||

Y— W
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and Proposition [4.3.3(1) give an equivalence i o iy ~ j; = j. Thus, it is enough to show that the
morphism

iy—>i;0i,*0i1

is an equivalence. By Proposition 4.2.11] Y° is the weak limit of the rigid analytic pro-space
(V)yeyv. It follows from Theorem that there is an equivalence of co-categories

colim RigSH(V; A) — RigSHV(Y; A).

YeyV
Arguing as in the proof of Lemma (see also Remark [3.5.8)), we deduce an equivalence

colimry,ory, =i oi”

YeyV
where, for an open subspace U ¢ W, ry : U — W denotes the obvious inclusion. Therefore, it is
enough to prove that

l.y—>I"V7*OI”;F/Oi[

is an equivalence for every V. C W such that ¥ €y V. Letting Q be the open subspace of W with
underlying topological space |Q| = |W| \ |Y], we have W = V U Q. So it suffices to prove that

ryoh —ryory,or,oi and ro Ol = rgory.oryoi

are equivalences. For the first one, we use that rj,ory,, = id. For the second one, we use Proposition
1) and the fact that Y Xy Q = 0, which imply that the source and the target of the natural
transformation are the zero functor. O

Remark 4.3.21. Theorem §.3.20] can be extended to separable morphisms of finite type which
are not assumed to be weakly compactifiable. Indeed, one can construct a variant of the functor
using Huber’s compactifications (instead of weak compactifications) and show that this new
functor coincides with (4.7) on RigSpc™“/S and gives rise to a sheaf for the analytic topology via
the equivalence (Pr)®® ~ Pr®. We will not pursue this further in this paper, and leave it to the
interested reader.

4.4. The exceptional functors, II. Exchange.

The goal of this subsection is to prove Theorem {.4.2] below and derive a few consequences.
This theorem can be seen as a strengthening of Corollary 4.3.18] and gives a way to encapsulate
the coherence properties of the exchange equivalences between the ordinary inverse (resp. direct)
image functors and the exceptional direct (resp. inverse) image functors. It should be mentioned
that Theorem [4.4.2] is not the best possible statement one could hope for. For a better statement,
we refer to Theorem [4.4.3T|below whose proof relies unfortunately on unproven claims in [GR17]
concerning (oo, 2)-categories. However, Theorem (4.4.2}is probably good enough in practice.

Notation 4.4.1. Given a simplicial set B and a diagram C : B — CAT,, we denote by fB ¢—B
a coCartesian fibration classified by C. When B is an ordinary category and € takes values in the
sub-co-category of CAT., spanned by ordinary categories, we take for fB C the ordinary category

given by the Grothendieck construction. In particular, objects of fB C are represented by pairs (b, ¢)
where b € B and ¢ € C(b).
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Theorem 4.4.2. There are functors

RigSH" (—; A); - f
R

1

RigSpc'™ — Pr-
aSpcP

o 4.21)

RigSpclf‘) — PR

RigSpc?

RigSHV(—; A)! (
L

which are exchanged by the equivalence (Pr)® =~ Pr® and which admit the following informal
description.

e These functors send an object (S, X), with S a rigid analytic space and X an object of
RigSpc'™/S, to the co-category RigSH™M(X; A).
e These functors send an arrow (g, f) : (S,Y) — (T, X), consisting of morphisms g : T — S
and f : T X Y — X, to the functors f, o g"* and g’ o f' respectively, with g’ : T xg Y — Y
the base change of g.
Moreover; the functors in (&.21) satisfy the following properties.
(1) The ordinary functors
RigSHV(-;A)* : RigSpc® — Pr-
RigSHV(-; A), : RigSpc® — Pr®
(as in Notation are obtained from the functors in @.21)) by composition with the
diagonal functor RigSpc® — fRigSpCOp RigSpc'™, given by S — (S, 5).
(2) For a rigid analytic space S, the functors
RigSH"(—; A), : RigSpc'"/s — Pr*
RigSH"W(—; A)' : RigSpc"/s — Pr®
(as in Corollary are obtained from the functors in (@A.21) by restriction to

(4.22)

(4.23)

RigSpc'/s.
To construct the functors in (.21)), we start with the functor
RigSH™ (—; A)™* : f (RigSpcP™P)® — Prt (4.24)
RigSpcP

admitting the following informal description.
e It sends a pair (S, X), with S a rigid analytic space and X an object of RigSpc™ /S, to the
co-category RigSH™ (X; A).
e It sends an arrow (g, f) : (S,X) — (T,Y), consisting of morphisms g : T — § and
f:Y = T Xs X, to the functor f* o g"* with g’ : T Xg X — X the base change of g.
Said differently, (#.24) is the composition of

RigSHV (—; A)*
— Pt

f (RigSpcP™P)? — RigSpc®
RigSpc

where the first functor is given by (S, X) — X. We will apply to the functor (4.24)) the following
general construction.

Construction 4.4.3. Let B be a simplicial set, p : € — B a coCartesian fibration and D : £ —

CAT,, a functor. We assume the following condition.
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(x) For every commutative square

XLY

[, |
f/

X —Y

in &, such that g and g’ are p-coCartesian, and p(f) and p(f’) are identity morphisms, the
associated square

DX) —— DY)

L

DX')— DY)

is right adjointable.

Let p’ : & — Bbe acoCartesian fibration which is opposite to &, i.e., if p is classified by a diagram
C: B — CAT., then p’ is classified by the diagram C® : B — CAT,, obtained by composing C
with the autoequivalence (—)°? of CAT.,. In particular, for b € B, the fiber &, of p” at b is equivalent
to the opposite of the fiber £, of p at b. Similarly, given a p-coCartesian edge A — B in &, there is
an associated p’-coCartesian edge A’ — B’ in &’ such that A’ and B’ are the images of A and B by
the equivalences between the fibers of p and the opposite of the fibers of p’.

Then, there exists a diagram D’ : & — CAT,, which admits the following informal description.

(1) For b € B, the functor ®’[g; : €, — CAT lands in CATR and it is deduced from the
functor Dle, : €, — CATY, using the equivalences &), ~ (&,) and CATS, =~ (CATL, ).

(2) Given a p-coCartesian edge A — B in € with corresponding p’-coCartesian edge A" — B/,
the associated functor D(A) — D(B) is equivalent to the functor D'(A") — D'(B’).

The diagram ®’ is constructed as follows. Consider the coCartesian fibration g : ¥ — & classified
by ©. By [Lur(Q9, Proposition 2.4.2.3(3)], po g : ¥ — B is a coCartesian fibration and ¢ sends a
p o g-coCartesian edge to a p-coCartesian edge. Applying straightening to p o g and p, we obtain a
morphism ¢ : 9t — C in Fun(B, CAT.,) between the diagrams %t : B — CAT,, and C : B —» CAT,
classifying p o g and g respectively. Note that for b € B, the functor ¢(b) : N(b) — C(b) is
equivalent to the functor ¢, : F, — €&, induced on the fibers of p o ¢ and p. Hence, ¢(b) is a
coCartesian fibration. Condition (%) is equivalent to the following one.

(x") For every b € B, the coCartesian fibration ¢(b) : 9t(b) — C(b) is also a Cartesian fibration
and, for every edge by — b, in B, the associated commutative square

N(by) — N(by)

llb(bo) ld’(bl)

C(bg) — C(by)

is such that the functor 9t(by) — J(b;) takes a ¢(bjy)-Cartesian edge to a ¢(b;)-Cartesian
edge.

Passing to the opposite co-categories, condition (*’) says that the natural transformation ¢ :

9P — C°P sends a vertex b € B to a coCartesian fibration and an edge of B to a functor preserving
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coCartesian edges. Applying unstraightening to ¢°P, we obtain a commutative triangle

where p’ and p’ o ¢’ are the coCartesian fibrations classified by C°P and 9t°°. We may assume that
¢’ is a fibration for the coCartesian model structure on (Set}), s (see [Lur09, Proposition 3.1.3.7])
which insures that ¢’ is an inner fibration (by using [Lur0O9, Remark 3.1.3.4]). In this case, ¢’
is also a coCartesian fibration. To prove this, we argue as in the proof of Lemma [3.4.6, More
precisely, by [Lur09, Proposition 2.4.2.11], we know that ¢’ is a locally coCartesian fibration
and, by [LurQ09, Proposition 2.4.2.8], it remains to check that locally g¢’-coCartesian edges can be
composed. This follows from the characterisation of locally g’-coCartesian edges given in [LurQ9,
Proposition 2.4.2.11] and condition (x”). That said, the announced diagram ®’ : &’ — CAT. is
the one obtained from ¢’ by straightening and composing with the autoequivalence (—)°? of CAT,,.

Remark 4.4.4. Continuing with the notation and assumptions of Construction lets: B— &
be a coCartesian section. This corresponds, by straightening, to a natural transformation from the
constant diagram {*} : B — CAT, to C. Passing to opposite functors and unstraightening, we
obtain another coCartesian section s* : B — &’. It follows from the construction that the two
composites

BSeSCAT, and B e S CAT.
are the same.

Lemma 4.4.5. The condition (x) in Construction is satisfied for p the coCartesian fibration
fRigSpCoP (RigSpcP™P)°P — RigSpc®, given by (S,X) — S, and D the functor (4.24) composed with

the inclusion Pr" — CATL.
Proof. A commutative square as in condition (%) corresponds to a square of the form

8. %) —=L 5 (5. y)

& idx’)l l(g, idy)
L Gdr.f) ,
(1,X") —— (1.Y),

where g : T — S is a morphism of rigid analytic spaces, f : ¥ — X a morphism in RigSpc™/S,
and f’ : Y — X’ the base change of f along g. Letting ¢’ : X’ — X and g” : Y’ — Y be the base
changes of g, the functor (4.24) takes the above square to the commutative square of co-categories

RigSH(X; A) —— RigSH"(Y; A)

J/g/* Jg//*
7z

RigSH(X’; A) —— RigSH(Y; A).

The morphism f, being a morphism of proper rigid analytic S -spaces, is proper. Thus, the right
adjointability of the above square follows from Theorem 4.1.4(1). m]
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By Lemma[4.4.5] we may use Construction 4.4.3|to obtain a functor
RigSHV(—; A): : f RigSpcP™® — Prt. (4.25)
RigSpcP

More precisely, the composition of (#23) with Pr" — CAT., is the functor ©’ when we take for
D the composition of (#.24)) with Pr" — CAT,,; that the resulting functor ®’ lands in Pr™ follows
from Corollary 4.1.6] The functor (4.25)) admits the following informal description.

e It sends a pair (S, X), with S a rigid analytic space and X an object of RigSpc”?/S, to the
co-category RigSH™ (X; A).

e It sends an arrow (g, f) : (S,Y) — (T, X), consisting of morphisms g : T — S and
f: T Xs Y — X, to the functor f, o g with g’ : T Xy Y — Y the base change of g.

Integrating the functors wg from Notation 4.3.8] we obtain a functor

w: f WComp — f RigSpcP™P. (4.26)
RigSpcP RigSpc?

Composing with (4.23)), we obtain a functor

RigSH (w(-); A): : f WComp — Prt. (4.27)

RigSpcP
Notation 4.4.6. Given (S, (X, W)) € fRigSqu, WComp, we denote by RigSH!"V((X, W); A); the full
sub-oco-category of RigSHiA)(W; A); introduced in Notation 4.3.10;, i.e., the essential image of the
fully faithful embedding (4.8).
The next statement is a strengthening of Proposition [4.3.TT|(1).

Proposition 4.4.7. Given an arrow (g,(f,h)) : (S,(Y,Q)) — (T,(X,P)) in fR
associated functor

igSpeoP WComp, the

RigSH"(0; A); — RigSH{"(P; A): (4.28)
takes RigSHV((Y, Q); A); into RigSHV((X, P); A); and induces a functor
RigSH{" (Y, 0); A); — RigSH" (X, P); A);. (4.29)
Proof. Using Propositiond.3.T1(1), we only need to treat the case of a morphism of the form
(8,1d,1d) : (5, (Y, Q)) = (T, T X5 ¥, T X5 Q).
In this case, we need to show that the functor
g : RigSHM(Q; A) — RigSH(T x5 O; A),

with g’ : T Xg QO — Q the base change of g, sends the essential image of i,, withi : ¥ — Q the
given immersion, to the essential image of i}, with i’ : T'Xg ¥ — T X Q the base change of i. This

follows immediately from Proposition 4.3.3(1). ]
Combining Proposition 4.4.7| with Lemma [{.3.13] we deduce a functor
RigSH™ ((—, -); A); f WComp — Prt, (4.30)
RigSpc®P
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and this functor restricts to (4.13) on WComp/S for every rigid analytic space S. Integrating the
functors dg from Notation |4.3.8 we obtain a functor

b: f WComp — f RigSpc™* (4.31)
RigSpc® RigSpc®P

given by (S, (X, W)) — (S,X). By left Kan extension along the functor (4.31]), we obtain from
(#.30) a functor

RigSHV(—; A)} : f RigSpc™© — Pr". (4.32)

RigSpc?
We gather a few properties satisfied by this functor in the following lemma.
Lemma 4.4.8.

(1) The obvious natural transformation
RigSH{"((—, -); A); — RigSH"(—; A); o 0

is an equivalence.
(2) Composing (4.32)) with the diagonal functor

RigSpc” — RigSpc™*
RigSpcP
yields the ordinary functor RigSH"”(—; A)* : RigSpc® — Pr",
(3) For a rigid analytic space S, the restriction of (4.32)) to RigSpc™°/S is equivalent to the
functor RigSH(TA)(—; A); : RigSpc™©/S — Pr" of Proposition

Proof. The third assertion follows from [LurQ9, Proposition 4.3.3.10]. Using this and Lemma
M.3.14] we deduce the first assertion. For the second assertion we argue as follows. By the first
assertion, it suffices to describe the composition of (4.30) with the diagonal functor

RigSpc” — f WComp
RigSpcP
given by S - (S, (S, S)). In this composition, we may replace (.30) by without changing
the result. In other words, our functor is the composition of
RigSH{" (= A):

RigSpc®® 4 RigSpcP*®® —— Pr
RigSpc®P

L

where A is the diagonal functor given by S +— (S5, S5). Since A is a coCartesian section, the result
follows from Remark 4.4.41 ]

For later use, we also record the following fact.

Lemma 4.4.9. Let S be a rigid analytic space, and let X € RigSpc*“°/S. Then, the composition of
(4.32) with the functor
(RigSpc/S)*? — RigSpc™*,
RigSpc®
givenby T — (T,T X5 X), is equivalent to the functor

RigSHV (- x5 X; A)* : (RigSpc/S)® — Pr-.
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Proof. We first reduce to the case where the rigid analytic S-space X is proper. To do so, we fix a
weak compactification W of X, and consider the functors

Ax : (RigSpc/S)? — f RigSpc™ and Ay : (RigSpc/S)? — RigSpc™*
RigSpc®P RigSpcP
givenby T — (T, T xs X) and T — (T,T xs W) respectively. The given immersioni : X — W
induces a natural transformation i : Ay — Ay. Applying (4.32), we obtain a natural transformation

i, : RigSHY(—; A)} o Ay — RigSH" (—; A); o Ay.

On T € RigSpc/S, the natural transformation i, is given by the fully faithful embedding (7" X i),. It
follows that RigSH (~; A)} o Ay can be obtained from RigSH"V(—; A)} o Ay by applying Lemma
4.3.13| to the essential images of the functors (T Xg i),, for T € RigSpc/S. Using Proposition
4.3.3(1), we see that it is enough to prove that RigSHV(—; A)! o Ay is given by RigSH\"V(- X
W; A)*. Said differently, we may assume that X is proper over S.

We now prove the lemma assuming that X is proper over S. (The argument is the same as the
one used for the proof of Lemma [4.4.§(2).) By Lemma #.4.8|1), it is enough to prove the same
conclusion for the composition of with the functor

Al : (RigSpe/S)?P — f WComp,
R

igSpcP

givenby T (T, (T x5 X, T Xs X)). In this composition, we may replace (4.30) by without
changing the result. Since A} is a coCartesian section, the result follows from Remark4.4.4, O
By Lemmas [4.4.8|and 4.4.9] the functor (4.32) admits the following informal description.

e It sends an object (S, X), with S a rigid analytic space and X an object of RigSpc™“/S, to
the co-category RigSH™(X; A).

e It sends an arrow (S, Y) — (7, X), consisting of morphisms g : 7 — S and f : TXsY — X,
to the functor f; o g”* with g’ : T Xy Y — Y the base change of g.

Finally, we define the functor
RigSH" (—; A); - f RigSpc'™ — Pr- (4.33)
RigSpcP
to be the left Kan extension of (4.32) along the fully faithful inclusion

L f RigSpc™® — RigSpc™. (4.34)
RigSpc? RigSpc?

Note that the functor (4.33) is an extension of (4.32) in the usual sense, i.e., the restriction of (4.33)
along ¢ is indeed the functor (4.32)).

Proposition 4.4.10. For a rigid analytic space S, the restriction of [@#33)) to RigSpc™

alent to the functor

/S is equiv-

RigSH"(—; A), : RigSpc'™/S — Pr*
of Corollary

Proof. By [Lur09, Proposition 4.3.3.10], it is enough to show that the functor RigSH"”(—; A), in
Corollary is a left Kan extension of the same-named functor in Proposition4.3.9] Using the
equivalence (Pr)® ~ Pr®, it is equivalent to show that the functor RigSH"Y(—; A)" in Corollary

4.3.18]is the right Kan extension of the same-named functor in Remark [4.3.16] Since the former
167



was defined as the unique Pr®-valued sheaf for the analytic topology extending the latter, the result
follows from Lemma [4.4. 1T below. o

Lemma 4.4.11. Let (C', ') be a site with C’ an ordinary category admitting finite limits. Let C C ¢’
be a full subcategory closed under finite limits and let T be the induced topology on C. Assume that
the morphism of sites (C',7") — (C, 1) induces an equivalence between the associated ordinary
topoi. (Equivalently, every object of C" admits a cover by objects in C.) Let ‘D be an co-category
admitting limits and let F : C°° — D be a D-valued t-sheaf on C. Then, the right Kan extension
F’ : C°° — D of F along the inclusion C°° — C'°P is a v’-sheaf. More precisely, F' is the image of
F by the equivalence of co-categories Shv,(C; D) — Shv.(C’; D).

Proof. By Lemma [2.1.4, we have an equivalence of oco-topoi Shv.(C’) =~ Shv.(C). Since
Shv.(C; D) can be identified with the oco-category of limit-preserving functors from Shv.(C)
to D, and similarly for €’, we deduce an equivalence of co-categories Shv..(C’; D) ~ Shv.(C; D).
This equivalence is given by the restriction functor. Since the restriction of F’ to € is equivalent to
F, we only need to prove that F” is a 7’-sheaf. For d € D, denote by y(d) : D — § the copresheaf
corepresented by d. The functors y(d), for d € D, form a conservative family of limit-preserving
functors. Thus, it is enough to show that y(d)(F’) is a 7’-sheaf for every d € D. Since y(d)(F’) is
the right Kan extension of y(d)(F'), we are reduced to prove the lemma with D the co-category of
spaces S.

Recall that we need to show that F’ is a sheaf. Since D = 8, we have at our disposal the
sheafification functors, and these commute with restriction along the inclusion € — €. Let F” be
the 7’-sheaf associated to F’. Since F’|e ~ F is already a 7-sheaf, it follows that F* — F”" induces
an equivalence after restriction to C. By the universal property of the right Kan extension, there
must be a map F”" — F’ such that F/ — F” — F’ is homotopic to the identity of F’. Thus, F’ is a
retract of the 7/-sheaf F”’. This proves that F’ is also a 7’-sheaf (and that F” ~ F"’). O

op
Q= ( f RigSpcm)
RigSpcP

admits a natural topology, called the analytic topology and denoted by “an”. It is induced by a
pretopology Cov,, in the sense of [SGAIV 1, Exposé II, Définition 1.3], which is given as follows.
For (S, X) € Q, a family ((S;, X;) — (5, X)), belongs to Cov,,(S, X) if (§; — §); is an open cover
of S and the morphisms S; Xg X — X; are isomorphisms.

Remark 4.4.12. The category

Proposition 4.4.13. The functor (4.33) is a sheaf for the analytic topology on Q.

Proof. Fix an object (S_;,X) in Q and let S, be a truncated hypercover of S_; in the analytic
topology. We assume that the S ,,’s are coproducts of open subspaces of S_;. For n € N, we set
X, = S, Xs_, X and similarly for every rigid analytic S _;-space. We need to show that

RigSH,"((S -1, X); A)} — lim RigSH; (S 1, X,); A); (4.35)

is an equivalence. By Lemma4.4.11] the functor
RigSHV (S, xs_, = A), : Op/X — Pr*

is the left Kan extension of its restriction to the subcategory Op™“/X c Op/X spanned by those

open subspaces of X which are weakly compactifiable over S_;. Using Proposition 4.4.10, we
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deduce that
RigSH(TA)((S e X)) Ny =~ cglin} RigSH(TA)((S ws Un)i Ny
T UeOp¥e/X :

where the colimit is taken in Pr". Thus, we are reduced to showing that

colim RigSH™W((S_;, U); A); — lim colim RigSH"((S ., U,); A); (4.36)
UeOp™©/X ’ [n]eA UeOp™©/X ’
is an equivalence. We want to apply [Lurl’/, Proposition 4.7.4.19] for commuting the limit with
the colimit in the right-hand side of (4.36). For this, we need to show that for every [n'] — [n] in
A and every inclusion U — U’ in Op"/X, the associated square

RigSHY((S ,, U,); A); —— RigSH((S ., UL); A);

| |

RigSH" (S, Uy ); A); — RigSHV((S v, Uy,); A);

is right adjointable. Let g : §,, — S, be the morphism induced by [#’] — [nr],andletg’ : U, — U,
and g” : U/, — U, be the morphisms obtained by base change. Let u : U — U’ be the obvious
inclusion, and let u, : U, — U, and u,y : U, — U], be the morphisms obtained by base change.
Then, using Lemma #.4.8] and looking back at the construction of (¢.30), we see that the above
square is equivalent to

Uy, g

RigSH\"(U,; A) —=— RigSH"(U}; A)
lg,* lgu*
RigSH" (U, ; A) —= RigSH(U",: A)

which is clearly right adjointable. Thus, [Lurl7, Proposition 4.7.4.19] applies, and we are left to
showing that

RigSH;"((S1, U); A); — lim RigSH; (S, U,); A); (4.37)
nle

is an equivalence for every U € Op"“/X. Said differently, we may assume that X is weakly
compactifiable. In this case, we may use Lemma[4.4.9]to rewrite (4.33) as follows:

RigSH" (X; A)* — [hlni RigSHV(X,; A)* (4.38)
which is indeed an equivalence by Theorem [2.3.4] o
At this stage, Theorem is proven, except for the assertion that the functors in (4.21)) take

an object (S, X) to RigSHV(X; A). We do know this when X weakly compactifiable over S. In
order to establish this in general, we will need a few more results about the functors in (4.23)). We
first introduce a notation which is useful in discussing these results.

Notation 4.4.14. The functors in (4.23)) depend on S. To highlight this dependency, we use “!g”
in subscript and superscript instead of “!”. More explicitly, we denote by RigSH"(~; A),, and
RigSH(TA)(—; A)*s these functors. Also, given a morphism f : ¥ — X in RigSpclft /S, we sometimes
denote by f,, and f* the images of f by these functors.
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Lemma 4.4.15. Let S be a rigid analytic space and f : Y — X a morphism in RigSpc"/S. Let
g: 8" — S be amorphism of rigid analytic spaces, and consider the Cartesian square

Y’g—”>Y

[t

X’LX

where [’ is the base change of f by g. Consider the commutative square

RigSHV(X'; A)' — RigSH(X; A)"

lfﬂsl J/f!s

RigSHV(Y"; A)s' — RigSHY(Y; A)S,

where g’ is obtained by applying the second functor in (4.21)) to the arrow (g,idy) : (§',X’) —
(S, X) and similarly for g''. This square is left adjointable if f or g is an open immersion.

Proof. We may consider the commutative square in the statement as a morphism (f*’, ') in
Fun(A!, CAT,,) between the functors g/ and g7, and our goal is to show that this morphism belongs
to the sub-co-category FunLAd(Al, CAT.,) introduced in [Lurl’/, Definition 4.7.4.16]. By [Lurl?7,
Corollary 4.7.4.18], it would be enough to show that the morphism (f's’, ) is the limit of an
inverse system of morphisms in Fun“A%(A!, CAT.,). By Proposition[4.4.10} the morphism (f's', £'s)
is the limit of morphisms in Fun(A', CAT,.) given by the following commutative squares

RigSH"V(S’ x5 U; A)'s" —— RigSH(U; A)'s

l |

RigSHV (S’ x5 V; A)'s" —— RigSH" (V; A)'s,

where U € X and V C Y Xy U are open subspaces which are weakly compactifiable over S.
Moreover, the transition maps in this inverse system are given by commutative squares of the same
type. Therefore, it is enough the show that these squares are left adjointable, and thus we may
assume that X and Y are weakly compactifiable over S. In this case, we may use the explicit
construction in Definition 4.3.4]and Theorem {.1.4(2) to conclude. i

Lemma 4.4.16. Let S be a rigid analytic space and j : S" — S an open immersion. Let Y €
RigSpc'™/S such that the structure morphism Y — S factors through S’. Then, there exists an
equivalence of co-categories

RigSH"(Y; A)" ~ RigSH" (Y; A)' (4.39)

such that the following condition is satisfied. For every morphism f : Y — X in RigSpc™/S, the
functor f* is equivalent, modulo (39), to the composition of

il

RigSH™M (X; A)*s EAN RigSH™M (X"; A)'s' , RigSH™ (Y; A)'s',
where X' =S'Xs X, and j : X’ = X and f' : Y — X' are the obvious morphisms.
Proof. The image of the arrow (j,id) : (S,Y) — (S’, Y) by the first functor in (¢.21)) is a functor

RigSHV(Y; A) — RigSH™M(Y; A)'s’ (4.40)
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such that, for every f : ¥ — X as in the statement, the square

RigSH(X; A)'s —— RigSHV(Y; A)'s

lj'* l@»
RigSH(X"; A)s' 12 RigSHY (Y; A)'>

is commutative by Lemma [4.4.15] Thus, to finish the proof, it is enough to show that (4.40) is an
equivalence of co-categories. By Proposition the question is local on Y. (Indeed, we may
as well prove that the right adjoint of (4.40) is an equivalence of co-categories.) Thus, we may
assume that Y is weakly compactifiable over S. In this case, we may use the explicit construction
in Definition 4.3.4]to conclude. m

Lemma 4.4.17. Let S be a rigid analytic space and let j : U — X an open immersion in
RigSpc'™/S. Then the functor

7% : RigSHY(X; A) — RigSH™(U; A)'s

belongs to Pr and hence admits a right adjoint, which we denote by js..

Proof. Indeed, by Proposition 4.4.10, j* is a limit in CAT,, of functors of the form
RigSH"(V; A) — RigSH™(U N V; A)'s

for open subspaces V C X which are compactifiable over S. By [LurQ9, Proposition 5.5.3.13], it is
thus enough to prove that j*s is in Pr" when j is an open immersion between weakly compactifiable
rigid analytic S -spaces. In this case, we know that j* is equivalent to j*, and the result follows. O

Lemma 4.4.18. Let S be a rigid analytic space, and consider a Cartesian square in RigSpc'™/S
V——Y
-
U——X,

with u an open immersion (resp. a closed immersion). Then, the commutative square

RigSH(X; A)'s = RigSHY(U; A)'s

o

vis

RigSHV(Y; A)'s —— RigSH"(V; A)*s,
is right adjointable (resp. left adjointable).

Proof. We only consider the case of open immersions; the case of closed immersions is similar.
Using Propositiond.4.10} [Lurl7, Corollary 4.7.4.18] and arguing as in the proof of Lemma4.4.15]
we reduce to show the lemma when X and Y are weakly compactifiable over S. In this case, the
commutative square of the statement coincides with the one deduced by adjunction from

RigSH"(V; A) —— RigSHV(Y; A)

; !

RigSH"(U; A) —— RigSH"(X; A).
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The right adjointability of this square is clear: it follows from the construction of the exceptional
direct image functors given in Definition 4.3.4]and Proposition 3). O

Construction 4.4.19. Let S be arigid analytic space and leti : Z — X be a locally closed immersion
in RigSpc'"/S. We define a functor

i, : RigSH™(Z; A));, — RigSHV(X; A),;

as follows. Choose an open subspace U C X containing Z as a closed subspace, and let s : Z —» U
and j : U — X be the obvious immersions. Define i-; to be the composite functor j, o s,.

Lemma 4.4.20. Keep the notations of Construction The functor is is independent of the
choice of the open neighbourhood U.

Proof. Let U’ C U be an open neighbourhood of Z contained in U. Let s’ : Z - U’ andu : U' —
U be the obvious immersions. We need to show that us o 5]~ s,. We have a Cartesian square

Z=Z
U —5U

which induces an equivalence 5’5 = s' o u, by Lemmal4.4.18] From this equivalence, we deduce
a natural transformation si, — us o s| . This natural transformation is an equivalence. Indeed, it
is enough to check this after applying 'S and v's, with v : U \ Z — U the obvious inclusion, and
this is easily seen to be true using Lemma [{.4.18| again. m|

Lemma 4.4.21. Let S be a rigid analytic space and i : Z — X a locally closed immersion in
RigSpc'™/S. Let g : S — S be a morphism of rigid analytic spaces, and consider the Cartesian
square

Z’g—”>Z

X 55 x

where i’ is the base change of i by g. Then, there is a commutative square of co-categories

RigSHV(Z'; A)'s' — RigSH"(Z; A)’

. .
ll’.’sl J/ZI]S

RigSHV(X'; A)'s — RigSH(X; A)"

(In the above square, g, is obtained by applying the second functor in (4.21)) to the arrow (g,idx) :
S, X") — (S, X) and similarly for g'’.)

Proof. When i is an open immersion, this follows from Lemma[@.4.15] Thus, we may assume that

i is a closed immersion, and we need to prove the analogous statement for the functors #,; and i{s,.

Arguing as in the proof of Lemma.4.15] we reduce to the case where X is weakly compactifiable.

In this case, the functors i, and i;s, coincide with i, and i, and the result follows. O
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Theorem 4.4.22. Let S be a rigid analytic space and let T € RigSpc™/S. There is a commutative

triangle

(RigSpc"™/T)°P (RigSpc'™/S)°P

RigSH (—; A)'T RigSH (=; A)'s
PrR,
where the horizontal arrow is the forgetful functor. For X € RigSpc™/T, the induced equivalence
of co-categories
RigSH""(X; A)'" = RigSHV(X; A)* (4.41)

is obtained as follows. Consider the commutative diagram with a Cartesian square

X2 T x 25 x
T—2 5.

Then, the equivalence (4.41)) is the composition of

RigSH" (X; A)'" —5 RigSH(T x5 X; A)'7 — ngSH(A)(X A)s. (4.42)

(Here, we denote by (pry). the image by the functor ngSHiA)(—;A);k of the arrow (g,1drx,x) :
(S,X) = (T.T x5 X).)

Proof. By Proposition #.4.10]and Lemma #.4.T8] the composite functors (4.42) are part of a mor-
phism of PrR-valued sheaves on RigSpc'™/T

RigSHV(—; A)'7 — RigSH" (= A)*[giyspeit/7-
Thus, it is enough to prove that the composite functor (4.42)) is an equivalence under the following
assumptions:

e X is weakly compactifiable over S;
e X — T factors by an open subspace 7’ C T which is weakly compactifiable over S.

The morphism dx : X — T Xg X is the composition of the open immersion j: T’ Xs X — T Xg X
and the morphism ¢’ : X — T’ Xs X. We deduce that the composition of (4.42) is equivalent to
the composition of

RigSHV(X; A)'" —5 RigSHY(T” x5 X; A)"

ijr

RigSH(T xs X; A)'r 22

— RigSH™ (X; A)'s
By Lemma 4.4.16] the functor j'7 is equivalent to the composition of

RigSH™M (T x5 X; A)"” LR RigSH™M(T” xs X; A)'7 ~ RigSH" (T x5 X; A)'".
It follows that the functor j, is equivalent to the composition of

RigSH(T” x5 X; A)" = RigSH(T” x5 X; A)' 2> RigSHY(T x5 X; A)".
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Thus, modulo the equivalence RigSH"”(X; A)'" ~ RigSH"(X; A)'"’, the composition of [#.42) is
equivalent to the composition of

(6%)2, (Prle )«
RigSH(X; A)'" ——2 RigSHY(T" x5 X; A)™ — RigSHY(X; A)'S

where pry, = pry o j. Therefore, it is enough to prove the theorem with T replaced by 7. Said
differently, we may assume that X and 7 are weakly compactifiable over S. In this case, the
diagram (4.42)) can be identified with

* (pry)«
RigSH(X; A)* 22 RigSHY(T x5 X; A)* — RigSHY(X; A)"

whose composition is clearly an equivalence. O

Corollary 4.4.23. For every rigid analytic space S and every X € RigSpc'™

lence of co-categories

/S, there is an equiva-

RigSHV(X; A)* = RigSH(X; A)'s. (4.43)
Moreover, these equivalences satisfy the following properties.

(1) Given a Cartesian square of rigid analytic spaces

X’LX

| lf

S’LS

with f locally of finite type, there is a commutative square of co-categories

RigSHV(X’; A)* —=— RigSH"(X; A)*

RigSHV(X"; A)'s —=— RigSH?(X; A)*.

(2) Given a rigid analytic space S and an open immersion j : X' — X in RigSpc'™/S, we have
a commutative square

RigSH(X; A)* —— RigSH(X'; A)*

RigSHY(X; A)'s ——— RigSH?(X'; A)'.

Proof. The equivalence (4.43)) is the equivalence (4.41)) when X = T. Property (1) follows easily
from the construction of the equivalence (4.43) and Lemma [4.4.21] Property (2) follows from
Theorem 4.4.22] combined with Corollary 4.3.15] O

Theorem[.4.22]shows that the exceptional functors are independent of the base, i.e., the functors
fi, and f*s are independent of S up to equivalence. Note also that, by Proposition and
Corollary [4.3.18] these functors extend the ones of Definition #.3.4] This justifies the following

definition.
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Definition 4.4.24. Let f : Y — X be a morphism of rigid analytic spaces which is locally of finite
type. The functors in adjunction
fi : RigSH™ (Y; A) 2 RigSHW(X; A) : f*

are defined to be the images of the arrow (idy, f) : (X, Y) — (X, X) by the functors in (4.21) modulo
the equivalence RigSHY(Y; A) ~ RigSH”(Y; A)'* given by Corollary 4.4.23| The functors f, and
f* are called the exceptional direct and inverse image functors.

Remark 4.4.25. Given two morphisms f : ¥ — X and g : Z — Y which are locally of finite type,
we have equivalences f, o g, ~ (f o g); and g' o f' ~ (f o g)". (This follows from the construction
and the equivalences fi, o g1, = (f o g),, and g o f'¥ ~ (f o g)'x.) Therefore, one expects to have
functors, from the wide subcategory of RigSpc spanned by locally of finite type morphisms, to Pr"
and (Pr®)°?, sending a morphism f to the functors f, and f'. Our method does not give readily such
a functor, but techniques from [GR17, Part IIT] might do. (See Theorem4.4.31T)and Remark [4.4.32]
below.)

Proposition 4.4.26. Consider a Cartesian square of rigid analytic spaces

Y’L)Y

e

X’LX

with f locally of finite type. Then, there is a commutative square of co-categories
RigSHY(Y; A) —5— RigSH(Y; A)
| |
RigSH(X; A) —*— RigSH(X’; A).
Proof. Applying the first functor in (4.27]) to the commutative square
XY) — X", Y

N

X, X) — (X", X'),

we get a commutative square of co-categories

RigSHY(Y; A) —5s RigSH(Y; A)'x
lﬁx lf&,
RigSH (X; A)* —— RigSH(X’; A)™'.
The result follows then from Corollary #.4.23] o
Proposition 4.4.27. The composition of the first functor in (4.21) with the obvious inclusion

f RigSpcP® — RigSpc™™
RigSpc®P RigSpcP
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is equivalent to the functor @.25). In particular, if f © Y — X is a proper morphism of rigid
analytic spaces, there is an equivalence f, ~ f..

Proof. This is a direct consequence of the construction. O

Corollary 4.4.28. Let f : Y — X be a morphism of rigid analytic spaces. Assume that f admits a
factorization f = p o jwhere j is an open immersion and p is a proper morphism. Then, there is
an equivalence f, = p, o jy.

Proof. This follows from Corollary 4.4.23(2), Remark and Proposition 4.4.27 O

Theorem 4.4.29 (Ambidexterity). Let f : Y — X be a smooth morphism between rigid analytic
spaces. There are equivalences f, ~ f; o Th_l(Qf) and f' ~ Th(Q;) o f*.

Proof. We first construct a natural transformation a : fy — fioTh(). Consider the commutative

diagram with a Cartesian square
Y
N
N m
Yy Y ——=Y
PIJ lf
f

Yy —X.

By Proposition [4.4.26] we have an equivalence p;, o p; = f* o fi. Using the adjunctions (f}, f*)
and (p»,4, p5), we deduce a natural transformation fy o p;; — fi o p, 3. Applying the latter to A,
and using the equivalences p; 0o Ay, ~id and p; 4 o Ay, = Th(Q), we get ay.

We next show that af is an equivalence. It is easy to see that as is compatible with composition,
1.e., that the analogue of [[Ayo(O7a, Proposition 1.7.3] is satisfied. Moreover, if j is an open immer-
sion, «; 1s the equivalence jy ~ j,. Thus, to show that @ is invertible, we may argue locally on Y
for the analytic topology. Thus, we may assume that Y is weakly compactifiable over X. Choose
a weak compactification i : ¥ — W and let g : W — X be the structural morphism. To prove that
ay 1s invertible, it is enough to show that the natural transformation f; o p; 1 — f, o py 4 is invert-
ible. Unwinding the definitions, we see that it is enough to prove that the natural transformation
fiog, — f. o qy associated to the Cartesian square

Yy W—L0 W

O
Y —f> X
is an equivalence. This is indeed true by Theorem [4.1.4{(2). m|

There is another way to encapsulate much of the six-functor formalism using (oo, 2)-categories
of correspondences (aka., spans). This gives an alternative approach to the constructions of this
subsection which is more elegant and more powerful. The technology needed to carry out this
approach is developed in [GR17, Part III] but relies, unfortunately, on yet unproven hypotheses in
the theory of (o0, 2)-categories; see [GR17, Chapter 10, §0.4]. It is for this reason that we decided
to develop a more self-contained approach. However, for the reader who is willing to accept the
unproven hypotheses in loc. cit., we briefly explain how this is supposed to work. For a similar

discussion in the context of equivariant motives, see [Hoy17, §6.2].
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Remark 4.4.30. Given an oco-category C with finite limits, there is an associated (oo, 2)-category
Corr(€C) having the same objects as C, and where 1-morphisms between X and Y are given by

spans
A
VAR
X Y,

i.e., maps (f,g) : Z — X X Y. Given a second span (f’,g’) : Z’ — X x Y, a 2-morphism (f’, g’) =
(f,g) is a morphism h : Z' — Z such that g’ = gh and f’ = fh. If P;, P, and P5 are properties of
morphisms in €, we denote by Corr(@)?i p, the subcategory obtained by imposing Py, P> and P3 on
the morphisms f, g and & above. For details, on the (oo, 2)-category Corr(C), we refer the reader
to [GR17, Chapter 7, §1.2]. Below, we will be interested in the (co, 2)-category Corr(RigSpc)” ]rlo .
where 2-morphisms are given by proper maps, and right legs of spans are requested to be weakly

compactifiable while no condition is imposed on left legs.

Theorem 4.4.31. There is a 2-functor
RigSH"(—; A) : (Corr(RigSpc)?™)**P — Pr- (4.44)

all, we
. f id id f
sending a span of the form X <Y — Y to f* and a span of the form'Y «— Y — X to f. (Above,
Pr* is considered as an (co,2)-category in the natural way, i.e., where 2-morphisms are given by
natural transformations.)

29 6 29 <6

Proof. We denote by “prop” (resp. “iso”, “open”, “closed”, “imm”) the class of proper morphisms
(resp. isomorphisms, open immersions, closed immersions, locally closed immersions) in RigSpc.
By [GR17, Chapter 7, Theorem 3.2.2] and Theorem [4.1.4{(1), there exists a unique 2-functor

RigSH"(—; A) : (Corr(RigSpc)™™ )P — CAT,, (4.45)

all, prop

extending the functor RigSH(TA)(—; A)* : RigSpc® — Prt. Also, by the same theorem of loc. cit.,
there exists a unique 2-functor

RigSH""(—; A) : (Corr(RigSpc)s? . . )*P — CAT,, (4.46)

all, open

extending the same functor. In particular, these two extensions coincide on (RigSpc#)°P. By
[GR17, Chapter 7, Theorem 5.2.4] and Proposition [2.2.3] we may glue uniquely (#.46) with the
restriction of (@43)) to (Corr(RigSpc)™° . )*°P and get a 2-functor

all, closed

RigSH"(—; A) : (Corr(RigSpc)s?. )P — CAT,, (4.47)

all, imm

By a second application of [GR17, Chapter 7, Theorem 5.2.4] and using Proposition4.3.3] we can
glue uniquely (4.45)) and to get the 2-functor (#.44) in the statement. o

Remark 4.4.32. We denote by “Ift” the class of morphisms which are locally of finite type. It is
conceivable that the 2-functor (4.44) can be extended to a 2-functor

RigSHSA)(—;A) : (Corr(RigSpc)Eﬂ??fir)Z-op — Prt (4.48)
sending a span of the form X L vy Ly to f* and a span of the form Y Ly ER X to the functor f,

of Definition 4.4.24] We do not pursue this here.
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4.5. Projection formula.
In this subsection, we explain how to incorporate the projection formula for the exceptional
direct image functors into the functor RigSH(TA)(—; A); of Theorem

Theorem 4.5.1. The functor RigSHEA)(—; A)y from Theorem admits a structure of a module
over the composite functor

. . RigSH,"”(—; A)°®
f RigSpc'™ — RigSpc®
RigSpc®P

CAlg(Pr"), (4.49)

considered as a commutative algebra in the co-category of functors from fRigspc“P RigSpc'™ ro Pr-.
(The first functor in (4.49) is the one given by (S, X) v S.) Said differently, there is a functor

RigSH™ (—; A)? : f RigSpc'™ — Mod(Pr") (4.50)

RigSpc®?

which is a lifting of the functor RigSH(TA)(—; A)} and which is part of a commutative square

RigSH;" (= A)?

fRigSpcop RigSpc!™ Mod(Pr*)

l RigSH (- A)® l

RigSpc®? CAlg(Pr").

Proof. We only sketch the argument, leaving some details to the reader. The proof consists in
revisiting the construction of the functor RigSH"(~; A)7 of Theorem exhibiting step by
step a natural module structure over a suitable variant of the algebra (4.49). We start by remarking
that the functor (4.24) lifts to a functor

RigSHM (—; A)®® : f (RigSpcP™P)°P — CAlg(Pr")
RigSpc®?
admitting a natural transformation from the composite functor

f (RigSpcP™P)? — RigSpc®
RigSpc

(The first functor in the composition above is given by (S, X) — §.) Retaining merely the induced
module structure on (4.24)), we obtain a commutative square

RigSH" (—; A)®
B TN CAlg(PY).

RigSHY" (—; A)®*

Jsgspern RIESPET )P Mod(Pr")

l RigSH\"(~; A)® l

RigSpc®® CAlg(Pr").

With K as in Construction [3.4.4] we set K; = (1) Xgin,,., K. We may view the upper horizontal
arrow in the previous square as a functor

RigSHY(—; A)®" : ( f
R

Informally, this functor takes a pair of objects ((S,X),r : (1) — (m)) to the tensor product in

Pr® of copies of RigSH(TA)(S ; \), one for each i € {1,...,m} different from r(1), and a copy
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of RigSH(TA)(X; A), only when r(1) € {1,...,m}. Moreover, an arrow of the form ((idy, idyx), s :
(m) — (n)) is sent to a functor induced by the tensor product on RigSH(TA)(S ;A\), and the tensor
product of an object of RigSH!""(S ; A) with an object of RigSH"(X; A), i.e., the functor

RigSH"V(S; A) ® RigSH"(X; A) — RigSH"V(X; A),
given by (M, N) — f*(M)®N where f : X — § is the structural morphism. Using this description,
it follows from Theorem4.1.4(1) and Proposition[4.1.7|that the condition () in Construction4.4.3|
is satisfied for the functor (.51)). (What plays the role of the simplicial set “.S™ in that construction
is the category RigSpc® x K;.) Applying Construction |4.4.3] we obtain a functor

RigSH" (—; A)? : ( f (RigSpcpmp)) x K; — Prt. (4.52)
R

igSpcP

This functor is easily seen to correspond to a Mod(Pr")-valued functor RigSH(TA)(—; A)® which is
a lift of (4.25) and which is part of a commutative square

RigSH™ (—; A)®
(RigSpcP®?) — 2 T v rodeprty

l RigSH!" (—; A)® l

RigSpc®® CAlg(Pr").

fRigSpc"p

Given (S, (X, W)) € fRig WComp, the sub-oco-category

Spc?

RigSH"((X, W); A); C RigSH"(W; A);

(see Notations |4.3.10| and |4.4.6[) is stable by tensoring with any object of RigSH(TA)(W; A); and, in
particular, by the inverse image of any object of RigSH"(S; A)*. (This is an immediate conse-
quence of Proposition [2.2.1)2).) Applying Lemma4.3.13]to the restriction of the functor (4.52)) to
the category fRigSpcop WComp, we obtain a functor

RigSH™ (—; A)? : f WComp — Mod(Pr") (4.53)
RigSpc®P

which is a lift of (4.30) and which is part of a commutative square as above. The remainder of

the construction follows closely the construction of the functor RigSH(TA)(—; A)} of Theorem

Namely, we take a left Kan extension of (4.53)) along the functor (4.31]), and then a second left Kan

extension along the fully faithful embedding (4.34). That the resulting functor

RigSH™ (—; A)? : f RigSpc'™ — Mod(Prt) (4.54)

RigSpc?
is a lift of (4.32)) follows from [Lur09, Proposition 4.3.3.10] and [Lur17, Corollary 3.4.4.6(2)]. O

Proposition 4.5.2. Let S be a rigid analytic space and X € RigSpc'™

lence of RigSH"(S ; A)®-modules

/S. There exists an equiva-

RigSH!"V((S, X); A)? ~ RigSHV(X; A)® (4.55)

which is a lift of the equivalence of co-categories provided by Corollary
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Proof. We want to show that the inverse of the equivalence (4.43) can be naturally lifted to a
morphism of RigSH"(S ; A)®-modules. This equivalence is given by the composition of

(pry)* X ?
RigSH((S, X); A); 225 RigSHO((X, X x5 X): A)F 225 RigSHY (X, X); A):
where:

e pr, : XXg X — X is the projection to the second factor and dx : X — X Xg X is the diagonal
embedding;
e (0x)’ is the left adjoint of the functor (dx)- as in Construction {4.4.19

The existence of (6x)’ follows from Proposition which insures that the functor i, fori a
closed immersion of rigid analytic X-spaces, admits a left adjoint. The functor (pr,)* admits a
natural lift to a morphism of RigSH(TA)(S : A)®-modules. So, we are left to prove the same for (5y)’.
More generally, it is enough to prove the following assertions (with 7" a rigid analytic space).

(1) If j : V — Y is an open immersion in RigSpc"™/T, the functor

J' - RigSH((T, Y); A); — RigSHY (T, V); A);

lifts to a morphism of RigSH"(Y; A)®-modules.
(2) If i : Z — Y is a closed immersion in RigSpc'™/T, the functor

i’ : RigSH (T, Y); A); — RigSH (T, 2); A);

lifts to a morphism of RigSH!""(Y; A)®-modules.

For the first assertion, starting with the morphism of RigSHSA)(Y ; A)®-modules j,, we need to show
that the morphism

j'(A)® B — j'(A® B) (4.56)
is an equivalence for A € RigSHY (T, Y); A); and B € RigSH”(Y;A). This can be checked
locally on Y, and thus we may assume that Y is weakly compactifiable over 7. In this case, the
morphism can be identified with the equivalence j*(A) ® j*(B) =~ j*(A ® B). Similarly, for
the second assertion, starting with the morphism of RigSH(TA)(Y ; A)®-modules i), we need to show
that the morphism

i"(A®B) > i'(A)® B 4.57)
is an equivalence for A € RigSH(TA)((T, Y);A); and B € RigSHS’\)(Y ; A). This can checked locally

on Y, and thus we may assume that Y is weakly compactifiable. In this case, the morphism 4.57)
can be identified with the equivalence i"*(A ® B) =~ i*(A) ® i*(B). O

Corollary 4.5.3 (Projection formula). Let f : Y — X be a morphism of rigid analytic spaces which
is locally of finite type. Then, the functor

£ : RigSHY(Y; A) — RigSHV(X; A),

as in Definition admits a lift to a morphism of RigSH™ (X; A)®-modules. In particular,
there is an equivalence

M® fiN = fi(f*M ® N)
for every M € RigSHV(X; A) and N € RigSHV(Y; A).

Proof. This is an immediate consequence of Theorem 4.5.1]and Proposition 4.5.2] o
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Corollary 4.54. Let f : Y — X be a morphism of rigid analytic spaces which is locally of finite
type. Then there are equivalences

fHom(M, M) ~ Hom(f*M, f'M’) and Hom(f;N, M) =~ f,Hom(N, f'M)
for M, M’ € RigSH"(X; A) and N € RigSHV(Y; A).
Proof. These are obtained by adjunction from the equivalences
M®-)o fi~fio(ffM®-) and (-® fiN)~ fio(-=®N)o f*
which are provided by Corollary 4.5.3] O

4.6. Compatibility with the analytification functor.

In this last subsection, we prove the compatibility of the exceptional functors with the analyti-
fication functor (2.13). We first start with the algebraic analogue of Theorem (Below, for a
scheme S, we denote by Sch'™/S the category of locally of finite type S -schemes.)

Theorem 4.6.1. There are functors

SHM(—;A); f Sch'™ — Pr*
Sen? on (4.58)

SHM(-; A) - ( f Schlf‘) — Pr®
Sch®P

which are exchanged by the equivalence (Pr*)® =~ Pr® and which admit the following informal
description.

e These functors send an object (S, X), with S a scheme and X an object of Sch/S, to the
co-category SH(X; A).
e These functors send an arrow (g, f) : (S,Y) — (T, X), consisting of morphisms g : T — S
and f : T X5 Y — X, to the functors f, 0 g"* and g. o f* respectively, withg : T Xg Y — Y
the base change of g.
Moreover, the functors in (4.58) satisfy the following properties.

(1) The ordinary functors
SHY(—;A)* : Sch® — Pr*

4.59
SH™(—;A), : Sch® — Pr® (439

are obtained from the functors in @.58) by composition with the functor Sch® —
fsm"l’ Sch™, given by § - (S, 5).
(2) For a scheme S, consider the functors

SHY(—;A), : Sch'/s — Pr*

4.60
SH®(—;A)' @ Sch™/S — Pr® (40

obtained from the functors in (4.58)) by restriction to Sch'™/S. For a morphism f : Y — X
in Sch'™/S, denote by f, and f' the images of f by these functors respectively. If f is proper

there is an equivalence f, ~ f, and if f is smooth there is an equivalence f' ~ Th(Qy) o f*.
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(3) The functor SH(TA) (= A) can be lifted to a functor

SH" (- AP : f Sch™ — Mod(Pr")

Sch®P
which is part of a commutative square

(N (_.
[ Sehtt 2y o deprt
sepor S ———— Mod(Pr)

l SHYV(— A)° l

Sch®? — " CAlg(Pr").

Proof. This is the algebraic analogue of the combination of Theorems [4.4.2]and [4.5.1] The proof
in the algebraic setting is totally similar to the proof in the rigid analytic setting. However, we
spend some lines discussing the construction of the functors in (4.58) in order to introduce some
notation which will be useful for the proof of Theorem 4.6.3| below.

Given a scheme S, we denote by Sch” /S the category of proper S-schemes. We also denote
by Sch?/S the category of compactifiable S-schemes, i.e., those S-schemes admitting an open
immersion into a proper S -scheme. We have an inclusion Sch®/S < Sch*"'/S which is an equality
when § is quasi-compact and quasi-separated by Nagata’s compactification theorem (see [Con0O7,
Theorem 4.1]). We denote by Comp/S the category whose objects are pairs (X, X) where X is an
S-scheme and X is a compactification of X over S. We have a functor dg : Comp/S — Sch?/S,
given by (X, X) - X.

The construction of the functors in (.58)) starts with the functor

SHV(—; A" (SchP™P)°P — Pr- (4.61)
SchP
obtained from SH"Y(—; A)* by composition with the functor fSCh(,p(Schp“’p)Op — Sch, given by
(S,X) — X. The condition (%) in Construction 4.4.3] is satisfied for by the proper base
change theorem (see Proposition[4.1.1(1)). Using this construction, we obtain a functor

SHM (—; A): - f SchP™ — Pt (4.62)

SchP
sending an arrow (g, f) : (S, Y) — (T, X), consisting of morphisms g : 7 — Sand f : TXs Y — X,
to the composite functor f,og’* : SH(Y; A) — SH™(X; A), with g’ : TxsY — Y the base change
of g. Let S be a scheme. For (X, X) in Comp/S , we denote by SH"((X, X); A)! the essential image
of the fully faithful embedding

vy : SHY(X; A) —» SHY(X; A)

where v : X — X is the given open immersion. By Proposition 2), the analogue of Proposi-
tion holds true for the functor (4.62)). Thus, we may apply Lemma[4.3.13|to obtain a functor

SHY((=,-); A); : f Comp — Pr*. (4.63)
SchP
By left Kan extension along the functor d : fSC}lop Comp — Lchop Sch®, we deduce from (4.63) the
functor
SHY(—; A); f Sch®? — Pr*. (4.64)

Sch°P
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The analogue of Lemma is also valid here. Finally, the first functor in (4.38) is obtained by
left Kan extension along | ., Sch® — fSch‘)p Sch'™ from (#.64). m]

Remark 4.6.2. Theorem[.6.1]holds true with the same proof for any stable homotopical functor in
the sense of [Ayo074, Définition 1.4.1]. More precisely, given a functor H* : Sch®® — Prt, [ f
satisfying the co-categorical versions of the properties (1)—(6) listed in [AyoO7/al §1.4.1], there are
functors

H-); - f Sch'™ — prt
SchP

op
H)! ( f Schm) — PR
SchP

satisfying the properties (1) and (2) of Theorem 4.6.I] Moreover, if H admits a lift to a functor
H® : Sch®® — CAlg(Pr") such that the projection formula holds, then property (3) of Theorem
4.6.1]is also satisfied.

Theorem 4.6.3. Let A be an adic ring. Set S = Spf(A)"¢ and U = Spec(A) \ Spec(A/I) where
I C A is an ideal of definition. There is a commutative cube of co-categories

(4.65)

="

Ift : Ift
f(schlf‘/U)np Sch f(Rigspclf‘/S)op RigSpe
~ ~~
SHY (= AP RigSH" (—; A)?
~
Mod(Pr") Mod(Pr")
(Sch!™/U7yer O (RigSpe!ft/s)»
S\H,”(—;m® }gsm“(—;m@
~
CAlg(Pr™) CAlg(Pr™).
In particular, there is a natural transformation
An* : SHM(—; A); — RigSHY ((—)™; A); (4.66)

between functors from f(&:hlﬂ Uy Sch™ to P which extends the morphism of Pr--valued presheaves

An” underlying (2.14) in Proposition|2.2.13

Proof. For simplicity, we only construct the natural transformation (4.66)). It will be clear from the
construction how to lift this natural transformation into a commutative square which is part of a
commutative cube as in the statement.

We use the notation introduced in the proof of Theorem By construction, the functor

SHY(—; A); - f Sch'™ — Pr-

(Sch'ft/U)op

is a left Kan extension along the functor

b : f Comp — Sch'™,
(Sch'/y)yop (Sch't/yyop
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given by (S, (X, X)) - (S, X), of the functor
SHM (-, -); A); - f Comp — Pr-
(Sch'ft/Uyop

obtained from (4.63)) by restriction. (Here, we are combining the two left Kan extensions from the
proof of Theorem {4.6.1]) By the universal property of left Kan extensions, it is thus enough to
construct a natural transformation

An* : SHV((—,-); A)} — RigSHV((-)™; A); o v/
L .
between functors from f(smlﬁ . Comp to Pr-. Now, consider the functors
W : f Comp — Sch”® and w’: f Comp — Sch'™
(Sch!®t/Uyop (Sch!®t/Uryop (Sch!®t/Uyop (Sch'ft/Uyer

given by (S, (X, X)) — (S, X). The obvious natural transformation v :  — w’ induces a natural
transformation

Vi - RigSHY((-)™; A); o o — RigSHV ((-)™; A)} o 0’
which is objectwise a fully faithful embedding. Thus, we may obtain RigSH\""((-)™; A); o d from

RigSH™ ((-)™; A); o w’ by applying Lemma [4.3.13]| to the essential images of the fully faithful
embeddings

vi" : RigSHY(X™; A) — RigSH(X™; A)

for the objects (S, (X, X)). Since SHSA)((—, —); A)] is constructed from SHSA)(—; A): ow in the same
way, we are left to construct a natural transformation

SHY(—; A): o w — RigSH™((-)™; A); o w’.

The functor w’ factors through f(sm'ft [ SchP™®_ Thus, by Proposition [4.4.27, it is enough to
construct a natural transformation

SHV(=; A); — RigSH((-)™; A);

between functors from SchP™P to Pr". Equivalently, we need to construct a functor

f SchP — Prl,
(Sch'ft/U)oPxAl

which restricts to SHV(—; A)? over {0} c A! and to RigSH""((—)™; A)* over {1} ¢ A'. For this,
we apply Construction 4.4.3|to the composite functor

(Sch'™/U)ep

f (SchP™P)P — Al x (Sch'™/U)P — Prt
(Sch'ft/U)yopxAl

where the first functor is given by ((S, €), X) — (€, X) and the second one classifies the natural
transformation An* : SH"Y(—; A) — RigSH"”((—)™; A) underlying (2.14)) in Proposition [2.2.13
That condition (%) in Construction4.4.3]is satisfied, follows from Propositions[2.2.14and4.1.1((1),

and Theorem [4.1.4(1). o
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[Ayo07a]
[Ayo07b]
[Ayol4a]
[Ayo14b]

[Ayol5]
[Bac21a]

[Bac21b]
[Ber93]
[Ber99]

[BGR84]

[Bou98]
[BV18]
[BV21]
[CD19]
[CM21]
[Con07]
[DHI04]

[dJ97]
[dJvdP96]

[Drel8]
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[EK20]
[EIk73]
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adic rings, [7]
finite rig-étale over, [21]
monogenic ideal type, [§]
morphism, [7]
principal ideal type, [§]
rig-étale over, [13]
rig-smooth over, [I7]
saturated ideal, [T13|
adic spaces
uniform, [12]
universally uniform, [I53]
affine space, 29]
ambidexterity,

analytification functor, [I0]

ball, [29]

canonical specialisation system, [[23]
co-categories, [3]
compactly generated, 28]
monoidal presentable, @
presentable, [5] [2§]
closed base change, [33]
closed projection formula, [32]
cohomological dimension
in an co-topos, A3
local, 43|
of a field, [43]
of a group, @3]
of a site, 3]
virtual, [45]
{-complete, [7§|

continuity, @9} [71}, P7]
duality, [I5T]

exceptional functors, [156]
extended proper base change, [[47]

formal motives, 84]
formal schemes, [6]
(A, 7)-admissible, [87]
(A, 1)-good ,
étale morphism, [J]
adically flat morphism, 9]
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admissible blowup, 9]
closed immersion, [9]

finite morphism, 9]

finite rig-étale cover, [21]
finite rig-étale morphism, [21]
generic fiber, [6]

ideal of definition, [§]
monogenic ideal type, [§]
nearly étale, [IT1]

nearly smooth, [TTT]

open immersion, 9]
potentially nearly étale, [TT1]
potentially nearly smooth, [ITT]
principal ideal type, [§]
proper morphism, [9)

rig cover, [20]

rig-étale cover, [21]

rig-étale morphism, [13]
rig-Nisnevich cover, [21]
rig-smooth morphism, [I7]
rigid points, [8§]

smooth morphism, [9)

hypercompletion, [26]
hypercovering
effective, 3|

(hyper)sheaves, [3§]
localization, [32]
monoidal, [3]

{-nilpotent, [78§]

projection formula, [TOT}, [T80]

projective extended base change, [37]
projective projection formula, 36|
projective space, [36]

proper base change, [144]
proper projection formula, [[5T]

quasi-compact base change, [63]

regular base change, [I36]
rigid analytic motives, [30]
rigid analytic schemes, 123



rigid analytic spaces, [6] [9]

(A, 7)-admissible, 46|

(A, 1)-good, 46|

étale cover, [19]

étale morphism, [T3]

étale morphism with good reduction, [T0]
closed immersion, [I0]

finite morphism, [I0]

formal model, 9]

locally closed immersion, @

locally projective morphism, [36]
Nisnevich cover, 19

pro-objects, [50]

proper morphism, [T0]

radicial morphism, [73]

rigid points, see also rigid points
smooth morphism, [17]

smooth morphism with good reduction, [I0]
universal homeomorphism,

weak compactification of a morphism, [152]
weak limit, [70]

rigid points, 23]

ét-geometric, 23|

algebraic morphism, 23]

nis-geometric, 23]

of formal schemes, [8§|

rigidity, [7§]

schemes

(A, 7)-admissible, 46|

(A, 7)-good, [46]

formal, see also formal schemes
semi-separatedness, [74]
separatedness, [76|

sieves, [110]

generated, [T10]
potentially nearly étale, [ T3]

rig-étale, [TT1]
site, [6]
equivalence, [6]
limit, g
morphism, [6]
smooth base change, [144]

spaces, [3]
spectra, [3]

stalk, 24]

Tate affinoid ring, [T T]
universally uniform, [153]

Tate ring, [T1]
universally uniform, [153]

Tate twist, [30} [84]

Thom equivalences, [36]

unit circle, 29|
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