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The history of the Lee metric/ why do we care about it

o Introduced in 1958 by Lee for non-binary
codes

o Some good non-linear binary codes can be
represented as linear codes in the Lee metric
over Z /47,

o Introduced to code-based cryptography

o First Lee-metric signature scheme
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What is a ring-linear code?

CC IF;‘ is a code if C is a linear subspace

Generator matrix in systematic form

(1 A)

dimension k = log, (| C [) number of generators
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What is a ring-linear code?

C C (Z/p°Z)" is a code if C is a Z/p*Z-submodule

c= (Z/psZ)ko % (Z/psflz)kl N, (Z/pZ)kS*l

Generator matrix in systematic form

Idy, A2 - Ais Al s+
0 pldp, - DpA DA s 11
0 0 S psflIdksfl psflAS’erl
o subtype (k?o, ey k’s_l), 1) type k = Zf;(} %kz — logps ( C |)’
o rank K =370k, 0 0<k<K<nandif k= K free code
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The Lee metric

~

Hamming metric
oz € (Z/p°L)" :
o z,y € (Z/p°Z)" :
o CC(z/p°L)":

wtg(z) =|{i € {1,...,n} | z; # 0} |
di(z,y) =[{i € {1,...,n} | zi #yi} |[= wtu(z — y)
du(C) = min{wty(z) | 0 # z € C}

e [ Jolo] | o]
Example
o x=(1,2,3,0,0,2) € (Z/4Z)° wtp(x) =4
o €=((1,2,3),(2,0,0) C (z/42)® du(C) =1
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The Lee metric

Lee metric
o x€Z/p’Z=A0,...,p° —1} — wtr(z) = min{z, |p° — z|}

0

(e}
—_
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The Lee metric

~

Lee metric

oze{-2],...,[2]}

wtr

— wtr(z) = |x]

wiy,

x € F;
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The Lee metric

s D
Lee metric
oze{-5%l....5} — wtr(z) = [z
wtr whp,
.L S ]%7 z € Fr

[T - AT
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The Lee metric

~

Lee metric

o we{-l5) 5]
oz € (Z/p°Z)"

o x,y € (Z/p°L)"

o C C (Z/p°Z)"™ linear code

Ll

Wtz (z) = ol
wtr(z) = > 0 whr(z:)

dr(z,y) = wtr(z —y)

dr(C) = min{wtr(z) | z € C,z # 0}

Example
o z=(1,2,3,0,0,2) € (Z/47)°
o €=((1,2,3),(2,0,0) C (z/42)®

WtH(:IJ)=4 WtL($):6
di(C) = 1 do(C) = 2

~

A — Maximal Lee weight M = L%J
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What is a ring-linear code?

Filtration
For C C (Z/p°Z)", define for all : € {0,...,s — 1}:

Ci=Cn(p) Cp' (Z/p'2)" = (2/p"'2)"
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What is a ring-linear code?

Filtration
For C C (Z/p°Z)", define for all : € {0,...,s — 1}:

Ci=Cn(p) Cp' (Z/p'2)" = (2/p"'2)"

o new maximal Lee weight in C; is M; = |_p52_i |p

0Cs-1CCs2C---CC1CCo=C
= dr(C) <dp(C1) <+ < dr(Cs—2) < dr(Cs—1)

i
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What is a ring-linear code?

Filtration
For C C (Z/p°Z)", define for all : € {0,...,s — 1}:

C;i=Cnip) Cp'(Z/p°Z)" = (Z/p"'Z)"

= o new maximal Lee weight in C; is M; = |
@ 6 Co1 CCaCri CCCC=C

p52—z Jpz

— dr(C) £dr(C1) <+ <dp(Cs—2) < dr(Cs—1)

Cs—1={2G |z € ps_lz/pSZkO X p’ ZZ/[)‘&ZM X - X Z/pSZkS*l}

ps_l* Idg,
o Cs_1 socle of C p° %K 0  pldy,

o |Cs—1| — pk0+1\‘1+~-+k’571 :pK

— Cs—1 C Fy of dimension K * 0 s ptT M dg,

px

psfl*
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What do we know?

Quite an old metric, but how much do we know?
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What do we know?

Quite an old metric, but how much do we know?

F, and Hamming metric:

o If n — oo random codes attain the
Gilbert-Varshamov bound w.h.p.

o If ¢ — oo random codes attain the
Singleton bound w.h.p.

o Many bounds: Hamming, Plotkin, LP,
Elias-Bassalygo, Griesmer, Johnson

o Characterizations and constructions
for optimal codes
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What do we know?

Quite an old metric, but how much do we know?

F, and Hamming metric: 7/p°Z and Lee metric:

o If n = oo random codes attain the o If n = oo do we know the dr, of a
Gilbert-Varshamov bound w.h.p. random code?

o If ¢ — oo random codes attain the o If p — oo do we know the dr, of a
Singleton bound w.h.p. random code?

o Many bounds: Hamming, Plotkin, LP, o Which bounds are known?
Elias-Bassalygo, Griesmer, Johnson

o Characterizations and constructions o Do we have characterizations and
for optimal codes constructions for optimal codes?
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Sphere covering and packing bounds
An(g,n,d): largest size of code C C Fy of minimum distance d = 2t + 1

Sphere covering/ Gilbert-Varshamov bound Sphere packing/ Hamming bound
A (g n,d) 2 (prgta=o An(g,m,d) < (g

optimal codes are dense for n — oo optimal codes: perfect codes
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Lee-metric sphere covering and packing bounds

Ar(p®,n,d): largest size of code C C (Z/p°Z)" of minimum Lee distance d = 2t + 1

Sphere covering/ Gilbert-Varshamov bound Sphere packing/ Hamming bound
AL’ d) 2 Gk AL(p®n.d) < 5t

optimal codes are dense for n — co optimal codes: perfect code

@ E. Byrne, A.-L. Horlemann, K. Khathuria, V.W. “Density of free modules over finite chain rings.”Linear Algebra
and its Applications, 2022
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Golomb-Welch conjecture

CcC

(Z/p°Z)"™ with minimum Lee distance d = 2t + 1 is perfect

— for every x € (Z/p°Z)"™ there exists a unique ¢ € C with dr(z,c) <t

.

Golomb-Welch conjecture

o weak version
There exists no perfect code C C (Z/p°Z)" for n > 3 with minimum Lee distance
5<d<p’.

o strong version
There exists no perfect code C C Z™ for n > 3 with minimum L1 distance 5 < d.

ﬁ S. Golomb, L. Welch. “Perfect codes in the Lee metric and the packing of polyominoes.”SIAM Journal on Applied

Mathematics, 1970
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Golomb-Welch conjecture

CcC

(Z/p°Z)"™ with minimum Lee distance d = 2t + 1 is perfect

— for every x € (Z/p°Z)"™ there exists a unique ¢ € C with dr(z,c) <t

.

Golomb-Welch conjecture

o weak version
There exists no perfect code C C (Z/p°Z)" for n > 3 with minimum Lee distance
5<d<p’.

o strong version
There exists no perfect code C C Z™ for n > 3 with minimum L1 distance 5 < d.

ﬁ S. Golomb, L. Welch. “Perfect codes in the Lee metric and the packing of polyominoes.”SIAM Journal on Applied

Mathematics, 1970

50 years later - How much do we know?
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Golomb-Welch conjecture

CcC

(Z/p°Z)"™ with minimum Lee distance d = 2t + 1 is perfect

— for every x € (Z/p°Z)"™ there exists a unique ¢ € C with dr(z,c) <t

\.

Golomb-Welch conjecture

o weak version
There exists no perfect code C C (Z/p°Z)" for n > 3 with minimum Lee distance
5<d<p’.

o strong version
There exists no perfect code C C Z™ for n > 3 with minimum L1 distance 5 < d.

ﬁ S. Golomb, L. Welch. “Perfect codes in the Lee metric and the packing of polyominoes.”SIAM Journal on Applied

Mathematics, 1970

50 years later - How much do we know?

o true for n < (t+2)%/2.1,t > 285 o true for n > 6,t > g — %\/5—

D=
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What do we know?

Quite an old metric, but how much do we know?

F, and Hamming metric: Z/p°Z and Lee metric:
o If n — oo random codes attain the o If n — oo random codes attain the
Gilbert-Varshamov bound w.h.p. Gilbert-Varshamov bound w.h.p.
o If ¢ — oo random codes attain the o If p — oo do we know the dr, of a
Singleton bound w.h.p. random code?
o Many bounds: Hamming, Plotkin, LP, o Hamming, others?

Elias-Bassalygo, Griesmer, Johnson

o Characterizations and constructions o perfect codes, others?
for optimal codes
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The Singleton bound

o Hammlng metric: Slngleton 1964 ﬁ R. Singleton. “Maximum distance g-nary codes.”,
N Optlmal codes: Maximum Distance Separable (MDS) ﬁ IEEE Transactions on Information Theory, 1964.
B. Segre. “Curve razionali normali e k-archi negli
o
MDS dense for q— spazi finiti.”, Annali di Matematica Pura ed
o MDS sparse for n — co Applicata, 1955.
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The Singleton bound

o Hammlng metric: Slngleton 1964 ﬁ R. Singleton. “Maximum distance g-nary codes.”,
N Optlmal codes: Maximum Distance Separable (MDS) ﬁ IEEE Transactions on Information Theory, 1964.
B. Segre. “Curve razionali normali e k-archi negli
o
MDS dense for q— spazi finiti.”, Annali di Matematica Pura ed
o MDS sparse for n — co Applicata, 1955.

E. M. Gabidulin. “Theory of codes with

maximum rank distance.”, Problemy peredachi
X . . informatsii, 1985
o Rank metric: Gabidulin 1985

A. Neri, A.-L. Horlemann, T. Randrianarisoa, J.

— Optlmal codes: Maximum Rank Distance (MRD) Rosenthal. “On the genericity of maximum rank
) distance and Gabidulin codes.”, Designs, Codes
o Fgm-linear MRD dense for m,q — oo and Cryptography, 2018.
o Fg4-linear MRD sparse for ¢ — oo ﬁ A. Gruica, A. Ravagnani. “Common complements

of linear subspaces and the sparseness of MRD
codes.”, STAM Journal on Applied Algebra and
Geometry, 2022.
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The Singleton bound

o Hammlng metric: Slngleton 1964 ﬁ R. Singleton. “Maximum distance g-nary codes.”,
N Optlmal codes: Maximum Distance Separable (MDS) ﬁ IEEE Transactions on Information Theory, 1964.
B. Segre. “Curve razionali normali e k-archi negli
o
MDS dense for q— spazi finiti.”, Annali di Matematica Pura ed
o MDS sparse for n — oo Applicata, 1955.

E. M. Gabidulin. “Theory of codes with

maximum rank distance.”, Problemy peredachi
informatsii, 1985

o Rank metric: Gabidulin 1985

A. Neri, A.-L. Horlemann, T. Randrianarisoa, J.

— Optlmal codes: Maximum Rank Distance (MRD) Rosenthal. “On the genericity of maximum rank
) distance and Gabidulin codes.”, Designs, Codes
o Fgm-linear MRD dense for m,q — oo and Cryptography, 2018.
o Fg4-linear MRD sparse for ¢ — oo ﬁ A. Gruica, A. Ravagnani. “Common complements

of linear subspaces and the sparseness of MRD
codes.”, STAM Journal on Applied Algebra and
Geometry, 2022.

o0 Lee metric: Shiromoto 2000 ﬁ K. Shiromoto “Singleton bounds for codes over
. . L finite rings.”, Journal of Algebraic
— Optimal codes and their densities? Combinatorics, 2000
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The Singleton bound

Singleton bound

For C C Fy linear code of minimum Hamming distance dg (C) has dimension:

kSTL—dH(C)-i-].
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The Singleton bound

Singleton bound

For C C Fy linear code of minimum Hamming distance dg (C) has dimension:

kSTL—dH(C)-i-].

o Puncture in dg(C) — 1 positions
— mnew code | C' |=|C |

~ C'cC ]P‘Z_(dH(C)_l)

xIx]x] ] |z
x[x [x] ] Ly
———

du(C)
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The Singleton bound

Lee-metric Singleton bound
For C C (Z/p°Z)™ linear code of minimum Lee distance dr,(C) has type:

k<n_{MJ

M

o Puncture in L%J positions ’ X { X { X { N | €L
— new code | C' |=| C | x[x[x] ] |y
n_Ldl(C)—lJ
— ¢’ C(2/p°Z) M -
dr(C)

@ K. Shiromoto “Singleton bounds for codes over finite rings.”, Journal of Algebraic Combinatorics, 2000
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Optimal codes

Lee-metric Singleton bound Example
C length n, type k, M = |2-] : C=1{((1,2)) C (Z/5Z)*
_ 3—-1
pen- 2O =2- |5
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Optimal codes

Lee-metric Singleton bound Example
C length n, type k, M = |2 | : C=((1,2)) C (z/5Z)*
3—-1
a0 - |23
This is the only linear non-trivial optimal code! ]

@ E. Byrne, V.W. “Bounds in the Lee metric and optimal codes.”, Finite Fields and Their Applications, 2022
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Optimal codes

Lee-metric Singleton bound Example
C length n, type k, M = |2 | : C=((1,2)) C (z/5Z)*
3—-1
a0 - |23
This is the only linear non-trivial optimal code! ]

ﬁ E. Byrne, V.W. “Bounds in the Lee metric and optimal codes.”, Finite Fields and Their Applications, 2022

— Need new techniques!
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Other Singleton bounds

Maximum Distance with respect to Rank (MDR)
For C C (Z/p°Z)™ linear code with rank K:

dg(C)<n—K+1 (ESn—-k+1)

ﬁ S. Dougherty, K. Shiromoto. “MDR codes over Z;.”, IEEE TIT, 2000
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Other Singleton bounds

Maximum Distance with respect to Rank (MDR)
For C C (Z/p°Z)™ linear code with rank K:

dg(C)<n—K+1 (ESn—-k+1)

ﬁ S. Dougherty, K. Shiromoto. “MDR codes over Z;.”, IEEE TIT, 2000

du(C) <du(Cs—1) <n—K+1 Cs—1 C F, dimension K

optimal codes: dense for p — oo, sparse for n — oo
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Other Singleton bounds

Maximum Distance with respect to Rank (MDR)
For C C (Z/p°Z)™ linear code with rank K:

dg(C)<n—-K+1 (En—k+1)

ﬁ S. Dougherty, K. Shiromoto. “MDR codes over Z;.”, IEEE TIT, 2000

du(C) <du(Cs—1) <n—K+1 Cs—1 C F, dimension K

optimal codes: dense for p — oo, sparse for n — oo
— can do the same to get dp.(C) < M(n— K + 1)
o for 1 < k < n integer Alderson-Huntemann: dr(C) < M(n — k)
— full characterization and only few optimal codes exist

— always sparse for n or p — co

@ T. Alderson, S. Huntemann. “On maximum Lee distance codes.”, Journal of Discrete Mathematics, 2013

Violetta Weger — Open Problems in the Lee Metric 13/28



Generalized Hamming weights

ﬁ J. Bariffi, V.W. “Better bounds on the minimal Lee distance.”, 2023

Support and weight of code
z e Fy suppg () = {i € {1,...,n} | z: # 0} — wtr () = [suppy ()]
CCFy suppy(C)={i e {1,...,n} |Fxz €C: 2; # 0} — wta(C) = [suppg (C)]
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z e Fy suppg () = {i € {1,...,n} | z: # 0} — wtr () = [suppy ()]
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Generalized Hamming weights

ﬁ J. Bariffi, V.W. “Better bounds on the minimal Lee distance.”, 2023

x ey
CCFy

Support and weight of code
SuppH(m) = {7’ € {1,,7’L} | T # 0}
suppy(C)={i e {1,...,n} |Fxz €C: 2; # 0}

— wtg () = [suppgy ()|
— wta(C) = [suppg (C)]

Generalized weights
C C Fy of dimension k. For all r € {1,...,k}:

d(C) = min{wtg (D) | D C C of dimension r}

Example

C C 3 generated by <
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Generalized Hamming weights

@ J. Bariffi, V.W. “Better bounds on the minimal Lee distance.”, 2023

Support and weight of code
z e Fy suppg () = {i € {1,...,n} | z: # 0} — wtr () = [suppy ()]
CCFy suppy(C)={i e {1,...,n} |Fxz €C: 2; # 0} — wta(C) = [suppg (C)]

Generalized weights
C C Fy of dimension k. For all r € {1,...,k}:

d(C) = min{wtg (D) | D C C of dimension r}

Properties
o du(C) = dy(C) o dy(C) < dyf(C) forr < k o d%(C) = wtu(C)
— dp(C) =dy(C) < dy(C) < --- < df(C) = wtm(C) — Singleton Bound: dg(C) < n—k+1

k-1
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Generalization to Lee metric

(o] Z/4Z ﬁ S. Dougherty, M. Gupta, K. Shiromoto. “On Generalized weights for codes over finite rings.”, 2002
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Generalization to Lee metric

(o] Z/4Z ﬁ S. Dougherty, M. Gupta, K. Shiromoto. “On Generalized weights for codes over finite rings.”, 2002

Generalized Lee weights
CC(Z/p°Z)" of rank K. Forall r € {1,...,K}:

d7(C) = min{wtL (D) | D C C of rank 7}
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Generalization to Lee metric

@) Z/4Z @ S. Dougherty, M. Gupta, K. Shiromoto. “On Generalized weights for codes over finite rings.”, 2002

Generalized Lee weights
CC(Z/p°Z)" of rank K. Forall r € {1,...,K}:

d7(C) = min{wtL (D) | D C C of rank 7}

o Lee support suppy (¢) = (Wtr(z1), ..., wtr(zn)) =5, [ s[= D si

wtz(C) =| V .cc suppp(c) |

o join L " “
Jjoin Lee suppor _ Zizl max{wtz(c) | ¢ € C}

— Resulting Bound do(C) < [E]p* '(n— K +1)
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Generalization to Lee metric

) Z/4Z @ S. Dougherty, M. Gupta, K. Shiromoto. “On Generalized weights for codes over finite rings.”, 2002

Generalized Lee weights
CC(Z/p°Z)" of rank K. Forallr € {1,...,K}:

[Vcry few optimal codcs]

d7,(C) = min{wt. (D) | D C C of rank r}

o Lee support suppy, () = (Wtr(z1), ..., wtr(za)) =5, | s|= D s

wtL(C) =| \,ce suppy(©) |

o ioin L "
join Lee suppor _ Z?:l max{wtz(c:) | ¢ € C}

— Resulting Bound dp(C) < [B]p* ' (n— K +1)
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Filtration bound

Filtration _
For C C (Z/p°Z)", define for all i € {0,...,s —1}: Ci=Cn{p")
maximal Lee weight in C; is M; = |2 5271 | P
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Filtration bound

Filtration _
For C C (Z/p°Z)", define for all i € {0,...,s —1}: Ci=Cn{p")
maximal Lee weight in C; is M; = |2 5271 | P

e Csc1CCs2C---CC1CC=C

New Lee-metric Singleton bound
C C(Z/p°Z)", subtype (ko,..., ko), £: max prime power £ # o, s in G, appears n times:

dr(C) <p* "7+ (n— K —n) LpTJps_“”
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Examples

1 0 0 2
Gi=(0 1 0 6
0 0 1 4

2/9Z, di({(G1)) =3
o Shiromoto: drp <5
o Join: dp, <6

o Filtration: dp, < 3
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Examples

100 2 1 10 4 20 9
Gi=[0o 1 0 6 Gg:( . )

R 0 3 9 18 9
2/9Z, di({(G1)) =3 Z/2TZ, dr({G2)) =9

o Shiromoto: dr, <5 o Shiromoto: dr < 40

o Join: dr. <6 o Join: dr < 36

o Filtration: dp <3 o Filtration: dp <9
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Examples

1 0 0 2
O R I (R R
0 0 1 4
2/9Z, di({(G1)) =3 7/277, di({G2)) =9 7/125Z, di({Gs)) =5
o Shiromoto: dr, <5 o Shiromoto: dr < 40 o Shiromoto: dr < 249
o Join: dp, <6 o Join: dr, < 36 o Join: dr <200
o Filtration: dp <3 o Filtration: dp <9

o Filtration: dp, <5
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Examples

1 0 0 2
o A Y D R
0 0 1 4
2/9Z, di({(G1)) =3 7/277, di({G2)) =9 7/125Z, di({Gs)) =5
o Shiromoto: dr, <5 o Shiromoto: dr < 40 o Shiromoto: dr < 249
o Join: dp, <6 o Join: dr, < 36 o Join: dr <200
o Filtration: dp <3 o Filtration: dp <9

o Filtration: dp, <5
Are the optimal codes dense?

100

)
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Examples

1002 1 10 4 20 9

Gr={0 106 G2:(039189)
00 1 4

Z/9Z, dr({G1)) =3

o Shiromoto: drp <5

Z/27Z, dr((G2)) =9

o Shiromoto: dr < 40
o Join: dp, <6 o Join: dr, < 36

o Filtration: dp <3 o Filtration: dp <9

Are the optimal codes dense?

ng(l 0 25 50 75

01 2 3

Z/125Z, di({(G3)) =5
o Shiromoto: dp < 249
o Join: dr <200

o Filtration: dp, <5

NO

4

100

)
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Examples

1 0 0 2
o S S (R
0 0 1 4
2/9Z, di({(G1)) =3 7/277, di({G2)) =9 7/125Z, di({Gs)) =5
o Shiromoto: dr, <5 o Shiromoto: dr < 40 o Shiromoto: dr < 249
o Join: dp, <6 o Join: dr, < 36 o Join: dr <200
o Filtration: dp, < 3 o Filtration: dp, <9 o Filtration: dp, <5
Are the optimal codes dense? NO

100

Open Problem

Find a tighter Lee-metric Singleton bound, for which optimal codes are dense

)
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What do we know?

Quite an old metric, but how much do we know?

F, and Hamming metric:

If n — oo random codes attain the
Gilbert-Varshamov bound w.h.p.

If ¢ — oo random codes attain the
Singleton bound w.h.p.

Many bounds: Hamming, Plotkin, LP,
Elias-Bassalygo, Griesmer, Johnson

Characterizations and constructions
for optimal codes

Z/p°Z and Lee metric:

If n — oo random codes attain the
Gilbert-Varshamov bound w.h.p.

If p — oo we still do not know the dp
of a random code

Hamming, others?

perfect, others?

Violetta Weger — Open Problems in the Lee Metric

17/28



What do we know?

Quite an old metric, but how much do we know?

F, and Hamming metric:

If n — oo random codes attain the
Gilbert-Varshamov bound w.h.p.

If ¢ — oo random codes attain the
Singleton bound w.h.p.

Many bounds: Hamming, Plotkin, LP,
Elias-Bassalygo, Griesmer, Johnson

Characterizations and constructions
for optimal codes

Z/p°Z and Lee metric:

If n — oo random codes attain the
Gilbert-Varshamov bound w.h.p.

If p — oo we still do not know the dp
of a random code

Hamming, others?

perfect, others?
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Plotkin bound

Plotkin bound

C C Fy has minimum Hamming distance

€l a—-1

<
WO = =1

o Weight of non-zero codeword is at least dg (C):

(‘C‘—ldH <ZW1}H

ceC

o average weight of code

o additive weight
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Plotkin bound

Plotkin bound

C C Fy has minimum Hamming distance

€l a—-1

<
WO = =1

o Weight of non-zero codeword is at least dg (C):
(‘C‘—ld}[ <ZW1}H
ceC

o average weight of code

o additive weight
W () = nwvts (F,) = nd L
q

optimal codes: constant Hamming weight codes — ¢-fold duplicates of simplex code
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Lee-metric Plotkin bound

Plotkin bound
C C (Z/p°Z)" has minimum Lee distance

IC| 1
d < Dy =nDp——.
HOS e =Py
o average Lee weight in Z/p°Z : )
571 .
Dy — 1’—4175 if p#£2

2572 ifp=2

@ R. Graham, A. Wyner. “An upper bound on the minimum distance for a g-ary code.”, Information and Control, 1968
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Lee-metric Plotkin bound

Plotkin bound
C C (Z/p°Z)" has minimum Lee distance

C 1
o average Lee weight in Z/p°Z : )
571 .
Dy — b— ifp#2

2572 ifp=2

@ R. Graham, A. Wyner. “An upper bound on the minimum distance for a g-ary code.”, Information and Control, 1968

Plotkin bound
C C (Z/p°Z)" has minimum Lee distance

1

dL(C) < (n — ko + 1)DL1—.

—S

@ J. Chiang, J. Wolf. “On channels and codes for the Lee metric.”, Information and Control, 1971
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Lee-metric Plotkin bound

Plotkin bound
C C (Z/p°Z)" has minimum Lee distance

IC| 1
d < Dy, =nDp——.
HOS e =Py
o average Lee weight in Z/p°Z : 2y
D, = 1’47 if p#2

2272 ifp=2

@ R. Graham, A. Wyner. “An upper bound on the minimum distance for a g-ary code.”, Information and Control, 1968

Plotkin bound
C C (Z/p°Z)" has minimum Lee distance
1
< — _—
dL(C) < (TL ko + 1)DL 1—p

[using di(C) < dL(<c>)J

@ J. Chiang, J. Wolf. “On channels and codes for the Lee metric.”, Information and Control, 1971
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Improvements

Support subtype
C has support subtype (no,...,ns):

ni(C) = [{j € {1,....n} | (m;(C)) = (")}

for m; projection on jth coordinate
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Improvements

Support subtype
C has support subtype (no,...,ns):

ni(C) = [{j € {1,....n} | (m;(C)) = (")}

for m; projection on jth coordinate

Example
C C Z/87° generated by

G =

[N

3 5
2 4
0 4
0 0
3,2,0

~ O N O
= O O N

has subtype (1, 1,2) and support subtype (3,2,0,0

Violetta Weger — Open Problems in the Lee Metric 20/28



Improvements

Support subtype
C has support subtype (no,...,ns):

ni(C) = [{j € {1,....n} | (m;(C)) = (")}

for m; projection on jth coordinate

Example
C C Z/87° generated by
1 3
0 2
G= 0 O
0O 0 0 4 4

= ks Ot
[\]
[«

has subtype (1, 1, 2) and support subtype (3,2,0,0)
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Improvements

Support subtype
C has support subtype (no,...,ns):

ni(C) = [{j € {1,....n} | (m;(C)) = (")}

for m; projection on jth coordinate

Example
C C Z/87° generated by

G =

[N

3 5
2 4
0 4
0 0
3,2,0

~ kO N O
Ao O N

has subtype (1, 1,2) and support subtype (3,2,0,0

Violetta Weger — Open Problems in the Lee Metric 20/28



Improvements

p25—1 i 9 25, s—1 924 . 4 s
ﬂL(C) S nDL —n 471)52 i p 7é N RL(C) _ (p72n Zi:o p nz) / D
2° ifp=2 25=2p

ifp#2
ifp=2

Plotkin bound
C C (Z/p°Z)" has minimum Lee distance

- s—1 1)/4 if 2
{dL 1J “n-K for A= p_l(p+ )4 ifp#
A 2° iftp=2

@ E. Byrne, V.W. “Bounds in the Lee metric and optimal codes.”, Finite Fields and Their Applications, 2022

optimal codes: ¢-folds of smallest constant Lee weight codes

o characterization and construction by Wood for s =1 or p =2
o else K < 2: finished construction

@ J. Wood. “The structure of linear codes of constant weight.”, Transactions of the American Mathematical Society,

2002
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What do we know?

Quite an old metric, but how much do we know?

F, and Hamming metric: Z/p°Z and Lee metric:

o If n — oo random codes attain the o If n — oo random codes attain the
Gilbert-Varshamov bound w.h.p. Gilbert-Varshamov bound w.h.p.

o If ¢ =+ oo random codes attain the o If p = oo we still do not know the dj,
Singleton bound w.h.p. of a random code

o Many bounds: Hamming, Plotkin, LP, o Hamming, Plotkin
Elias-Bassalygo, Griesmer, Johnson

o Characterizations and constructions o perfect codes, constant Lee weight,
for optimal codes others?
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What do we know?

Quite an old metric, but how much do we know?

F, and Hamming metric: Z/p°Z and Lee metric:

o If n — oo random codes attain the o If n — oo random codes attain the
Gilbert-Varshamov bound w.h.p. Gilbert-Varshamov bound w.h.p.

o If ¢ =+ oo random codes attain the o If p = oo we still do not know the dj,
Singleton bound w.h.p. of a random code

o Many bounds: Hamming, Plotkin, LP, o Hamming, Plotkin
Elias-Bassalygo, Griesmer, Johnson

o Characterizations and constructions o perfect codes, constant Lee weight,
for optimal codes others?
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MacWilliams identities and LLP bound

Weight enumerator We (i) = [{c € C | wtr(c) =i}

Dual code CL={$€F3|<LL‘,C>:OfOI‘ allcEC}z(H)

MacWilliams identity

Wei () = ﬁ Z?:o Ko(i)We(i)

@ F. J. MacWilliams. “A theorem on the distribution of weights in a systematic code.”, Bell System Technical Journal,
1963.
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LP bound

Linear Programming (LP) bound
Maximize Z::O A; under the linear constraints

o A():].
o Aj=0forl<i<d
o A; >0

o > Ke(i)A; > 0 for all £

For A; = We (i) — upper bound on max. |C| ="  A;
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Krawtchouk Coefficient

Krawtchouk coefficient: arbitrary y with wtg(y) = ¢

Character: ¢ pth root of unity

K@= >  x@y)

z:wtpy (z)=1

x(z,y) = =D

Ko(i) = Z CTF((IJJ))

z:wty (z)=1
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Krawtchouk Coefficient

Krawtchouk coefficient: arbitrary y with wtg(y) = ¢

Character: ¢ pth root of unity

K(i) =

X(ZE, Z/) =

> x(zy)

z:wtpy (z)=1

CTr(@»y))

Z CTr((z7y>)

zwtpy (z)=1

n—4
i— 8

) H Z CTr(mLyh
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Krawtchouk Coefficient

Krawtchouk coefficient: arbitrary y with wtg(y) = ¢

Character: ¢ pth root of unity

K@= >  x@y)

z:wtpy (z)=1

x(z,y) = =D

Ke(’L) _ Z CTT((%W)

zwtpy (z)=1

CmEEE S IEe
s=0

> =1

a=0

i Ty
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Krawtchouk Coefficient

Krawtchouk coefficient: arbitrary y with wtg(y) = ¢

Character: ¢ pth root of unity

K@= >  x@y)

z:wtpy (z)=1

x(z,y) = =D

Kg(’L) _ Z CTT((%W)

zwtpy (z)=1

(0 (n—-t), . Tr(asvs
» [ T[] () T

|
> (=1

a7#0

i xy
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Krawtchouk Coefficient

Krawtchouk coefficient: arbitrary y with wtg(y) = ¢ K(i)= >  x(@v)

z:wtpy (z)=1

Character: ¢ pth root of unity x(z,y) = ¢Tr@v)

= —— Ko(i) = ¢Trw))
v [0 [ o] 0] Z()
g s D 1 ] (i) SRR 1 3
s=0 i

D =g-1

a7#0
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Krawtchouk Coefficient

Krawtchouk coefficient: arbitrary y with wtg(y) = ¢ Ko(i) = ., t;w) iX(% y)
TWUH =

Character: ¢ pth root of unity x(z,y) = ¢Tr@v)

Ko(i) — Tr((z,y)
v [ o W= 2 ¢

z:wty (z)=1

b Lo _Z<§><?_5>(_1)5(q—1)"‘31"“*S
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Lee-Metric MacWilliams identity

o Lee-metric MacWilliams identity does not exist @ K. Shiromoto. “A basic exact sequence for the
Lee and Euclidean weights of linear codes over

Zy”, Linear Algebra Appl, 1999.
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Lee-Metric MacWilliams identity

o Lee-metric MacWilliams identity does not exist @ K. Shiromoto. “A basic exact sequence for the
Lee and Euclidean weights of linear codes over
o but it does! Zy”, Linear Algebra Appl, 1999.
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Lee-Metric MacWilliams identity

o Lee-metric MacWilliams identity does not exist ﬁ K. Shiromoto. “A basic exact sequence for the
Lee and Euclidean weights of linear codes over

o but it does! Zp”, Linear Algebra Appl, 1999.

o Hamming metric Partition Fy into P; = {z | wtu (z) = i}

o Lee metric Partition Z/p°Z" into P; = {z | wtr(z) =i}
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Lee-Metric MacWilliams identity

o Lee-metric MacWilliams identity does not exist @ K. Shiromoto. “A basic exact sequence for the
Lee and Euclidean weights of linear codes over
o but it does! Zp”, Linear Algebra Appl, 1999.
o Hamming metric Partition Fy into P; = {z | wtu (z) = i}
o Lee metric Partition Z/p°Z™ into P, = {z | = has Lee type p}
Lee Type

x € Z/p°Z™ has Lee type p = (io,...,inm) if g = |{j | z; = ££}|

Ei]\io ip; = wtr ()

Example
x = (0,1,4,8) € Z/9Z* has Lee type (1,2,0,0,1) and 1-0+2-1+1-4=6 = wtz(z)
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Lee-Metric MacWilliams identity

Type enumerator We(p) = |{c € C | c of Lee type p}|

Krawtchouk coefficient: arbitrary y € P, K,(m) = ZzeP,r x(z,v)
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Lee-Metric MacWilliams identity

Type enumerator

Krawtchouk coefficient: arbitrary y € P,

Po P1 PM

———  ——

vy [ o | & | M|
%

T | 0 | +1 || iM‘

—_———— ——

tio ti ting

We(p) = |{c € C | c of Lee type p}|

= Zzepﬂ_ X(‘Tv y)
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Lee-Metric MacWilliams identity

Type enumerator

Krawtchouk coefficient: arbitrary y € P,

Po P1 PM

———  ——

vy [ o | & | M|
%

T | 0 | +1 \| iM‘

—_———— ——

tio ti ting

We(p) = |{c € C | c of Lee type p}|

k-1 I

=0 (tio,-- ”LM)Z tij=pj

M
—ij ZJ tij
(ti07-~ th)H +¢)

j=0

Violetta Weger — Open Problems in the Lee Metric

26,28



Lee-Metric MacWilliams identity

Type enumerator We(p) = |{c € C | c of Lee type p}|
Krawtchouk coefficient: arbitrary y € P, Ky(m) =3¢ p. X(,y)
Set of all types D={pe{0,....n}" | X pi=n}

Lee-Metric MacWilliams identity

Wer () = o 32 cp Ko(m)We ()

Violetta Weger — Open Problems in the Lee Metric 26/28



Lee-Metric MacWilliams identity

Type enumerator We(p) = |{c € C | c of Lee type p}|
Krawtchouk coefficient: arbitrary y € P, K,(m) = Zze P, x(z,y)
Set of all types D={pe{0,....n}" | X pi=n}

Lee-Metric MacWilliams identity

Wer () = o 32 cp Ko(m)We ()

ﬁ F. J. MacWilliams, N. J. A. Sloane, and J.-M. Goethals. “The MacWilliams identities for non- linear codes.”, Bell System
Technical Journal, 1972.
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Lee-Metric MacWilliams identity

Type enumerator We(p) = |{c € C | c of Lee type p}|
Krawtchouk coefficient: arbitrary y € P, K,(m) = Zze P, x(z,y)
Set of all types D={pe{0,....n}" | X pi=n}

Lee-Metric MacWilliams identity

Wer () = o 32 cp Ko(m)We ()

ﬁ F. J. MacWilliams, N. J. A. Sloane, and J.-M. Goethals. “The MacWilliams identities for non- linear codes.”, Bell System
Technical Journal, 1972.

too many variables for the program to run — no efficiently computable LP bound
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Other bounds

o Elias-Bassalygo bound

— and improvements

o Griesmer bound

— only over Z/4Z

o Johnson bound

[
[

[

T. Lepisto. “A modification of the Elias-bound

and nonexistence theorems for perfect codes in
the Lee-metric.”, Information and Control, 1981

J. Astola. “An Elias-type bound for Lee codes

over large alphabets and its application to
perfect codes.”, IEEE TIT, 1982.

A. Ashikhmin. “On generalized Hamming weights

for Galois ring linear codes.”, Designs, Codes and
Cryptography, 1998.

I. Tal. “List Decoding of Lee Metric Codes.”,
PhD thesis, 2003.
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Questions?

Summary
o Many Lee-metric bounds only exist over Z/4Z
o Many bounds obtained by classic arguments

— Need new techniques to generalize and get tighter bounds
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Questions?

Summary
o Many Lee-metric bounds only exist over Z/4Z
o Many bounds obtained by classic arguments

— Need new techniques to generalize and get tighter bounds

Thank you!
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Generalized Filtration Weight

Idkl *
C = (Gsys) 0 pldk, p*
Gsys = . . .
maxo: ko #0 . i :
0 0 p°Idr, p7x
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Generalized Filtration Weight

Idkl *
C = (Gsys) Gy = ? pldg, | p.*
maxo: ke #0 : - :
0 0 p°ldg, p*
i \
Co Go = (p°ldx  p°As)
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Generalized Filtration Weight

C = <Gsys>

ko #0

maxo :
0

Co

£ : max prime power in p° A,

Idkl *

0 pIdk2 px

Gsys = . .
0 0 p°Idk, p7x

0

Go = (p”IdK p"AJ)

n’: max number of p® in one row
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Generalized Filtration Weight

Idkl *
C = <Gsys> 0 pldg, px
Gsys = . . .
maxo: ks #0 . . :
0 0 p°ldg, p7x
1 A
Co Go = (p°ldx  p°As)
£ : max prime power in p A, n': max number of p° in one row
1. If¢ =0 — dr(Co) <p? 4+ (n— K)M,
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Generalized Filtration Weight

C = <Gsys>

maxo: ke #0

!

Co

£ : max prime power in p° A,

Idkl *
0 pIde px
Gsys - . .
0 0 p°Idr, p7x

0

Go = (p°ldx  p°As)

n': max number of p° in one row

L.Ifl=0 — dr(Co) < p° + (n— K)M,
2. Ifl=s — dr(Co) <p”+(n— K —n')M,
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Generalized Filtration Weight

C = <Gsys>

maxo: ke #0
1
Co

£ : max prime power in p° A,

1. If{=0 —
2. If b= —
3. Ifl#o,l#s —

Idkl *
0 pIde px
0 0 pld, p7x

0

Gy = (p°ldx  p°As)
n': max number of p° in one row
dr(Co) <p” + (n— K)M,
dr(Ce) <p”+(n— K —n')M,

g0 to Cs—¢4: multiply with p°~

£
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Generalized Filtration Weight

Co Gy = (p°ldx  p°As)

! )

05,44,0 G571+0 = (pS—ZJrUIdK psjé{,roAS—Z-&-o')
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Generalized Filtration Weight

Co G, = (p°Id A, (0p°0 p' - p" x--ox)
(p7ldx p7A;) e
K n/ n— —n

i i \

s—L+o s—L+o s—Ltto N P
Cs—t4o Gstio= (P ldx  p "7 A iio) (Op 0 U 2 )
K n’ n—K-—n'
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Generalized Filtration Weight

Co G, = (p°Id A, (0p°0 p' - p" x--ox)
(p7ldx p7A;) e
K n/ n— —n

i i \

s—L+o s—L+o s—Ltto N e
Cs—t4o Gstio= (P ldx  p "7 A iio) (Op 0 u 2 )
K n’ n—K-—n'

New Lee-metric Singleton bound:
C C(Z/p°Z)", subtype (ko, ..., k), max prime power £ # o, s, appears n’ times:

de(C) <p*™ 7 4 (n — K —n') [ P Jp
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Support and Weights of Codes: Lee Metric

Support and weight of code:

x € (Z/p°Z)" : supp ()

T i # 0} — wty(z) = [suppy (z)|
cc (Z/psZ)" . suppg (C) €

C:x; # 0} — wtu (C) = |suppy (C)|
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Support and Weights of Codes: Lee Metric

Support and weight of code:

pe @D sppg(e) = (wir(m), . wia(ea) CN' = wisr(z) = lsuppy ()
cc(z/p°n)”: suppg (C) = V¢ suppy (c) — wt (C) = [suppy (C)]
s,t € N™: o size |s|=>"" s o join sVt = (max{si,t1},..., max{sn,tn})
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Support and Weights of Codes: Lee Metric

Support and weight of code:

z € (Z/p°Z)" - suppy, (z) = (wtr(z1), ..., wtr(zn)) — wtr(z) = |supp (z)]
cC(z/pZ)": supp,(C) =V ¢ supp,(c) — wtz(C) = [supp, (C)]
s,t € N™: o size |s|=>"" s o join sVt = (max{si,t1},..., max{sn,tn})

Generalized Lee weights:
C C(Z/p°Z)" of rank K. For allr € {1,...,K}:

d7,(C) = min{wt. (D) | D C C of rank r}
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Generalized Lee Weights

Generalized Lee weights:
C C(Z/p°Z)" of rank K. For all r € {1,...,K}:

d7(C) = min{wtL(D) | D C C of rank 7}
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Generalized Lee Weights

~

Generalized Lee weights:
CC(Z/p°Z)" of rank K. Forall r € {1,...,K}:

d7(C) = min{wtL(D) | D C C of rank 7}

Example:
dr(C) =
1 0 3 2 dL(C)
C C (Z/9Z)* generated by [0 1 2 0 ()
00 3 3 )_12
WtL(C)=16
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Generalized Lee Weights

Generalized Lee weights:
CC(Z/p°Z)" of rank K. For allr € {1,...,K}:

d7(C) = min{wtL(D) | D C C of rank 7}

Properties:

o dr(C) < di(C) o d(C) <d;(C) forr < K o d¥(C) < wtr(C)
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Generalized Lee Weights

Generalized Lee weights:
CC(Z/p°Z)" of rank K. Forallr € {1,...,K}:

d7,(C) = min{wtr (D) | D C C of rank r}

P|ns—1

socle: C;_1 =C N (p*~ ') of maximal Lee weight M,_; = |§]p

Properties:
All subcodes attaining the rth generalized Lee weights are in the socle: d7,(C) = d% (C)Ms—1
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Generalized Lee Weights

Generalized Lee weights:
CC(Z/p°Z)" of rank K. For allr € {1,...,K}:

d7(C) = min{wtL (D) | D C C of rank 7}

socle: Cs_1 =C N (p* ') of maximal Lee weight M,y = |§|p*~!

New Lee-metric Singleton bound:

dr(C) £ Ms_1(n— K +1)

Better than previous dr(C) < M(n— K + 1)

Violetta Weger — Open Problems in the Lee Metric 28/28



Generalized Lee Weights

Generalized Lee weights:
CC(Z/p°Z)" of rank K. For allr € {1,...,K}:

d7(C) = min{wtL (D) | D C C of rank 7}

socle: Cs_1 =C N (p* ') of maximal Lee weight M,y = |§|p*~!

New Lee-metric Singleton bound:

dL(C) S Ms_l(n - K + 1)

Better than previous dr(C) < M(n— K + 1)
only codes with p = 3 can attain it

Need different approach
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Lee Column Weight

Example:
C C F4 generated by

1 0 0
G=(0 1 0

0 0 1

1
1
0

)
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Lee Column Weight

Example:
¢ C I generated by Gi= (0 0 1 ) —dy(C) =1 = colwt(G1)
10 0 1 (0 0 1 0 ) .
G=10 1 0 1 Go = o1 0 1)~ d#(C) = 3 = colwt(G2)
0.0 1.0 G — d(C) =4 = colwt(G)
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Lee Column Weight

Example:
C C F3 generated by Gi=(0 0 1 0)—dy(C) =1 = colwt(G1)
G:G 00 1) =y 0, 2>%d2(6):3:colwt(Gg)
0010 G — d3(C) =4 = colwt(G)
Lee column weight:
A= |af - ai —  colwtr (A) = |(maxsuppy (ai), ..., maxsuppy (an))|
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Lee Column Weight

Lee column weight:

A: a;r ... a’r—:

—

colwtr, (A) = |(max suppy (a1),

..., maxsuppy (an))]
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Lee Column Weight

Lee column weight:

A=|af - af —  colwtz (A) = |(maxsuppy (ai), ..., maxsuppy (an))|
1 0 3 2
Example: G=(0 1 2 0 —  colwtr(G) =1(1,1,3,3)| =8
0 0 3 3
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Lee Column Weight

Lee column weight:

A=|af - af —  colwtz (A) = |(maxsuppy (ai), ..., maxsuppy (an))|
1 0 3 2
Example: G=(0 1 2 0 —  colwtr(G) =1(1,1,3,3)| =8
0 0 3 3

Lee column weight:
C C(Z/p°Z)": colwt(C) = min{colwt(G) | (G) = C}
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Lee Column Weight

Lee column weight:

A=|af - af —  colwtz (A) = |(maxsuppy (ai), ..., maxsuppy (an))|
1 0 3 2
Example: G=(0 1 2 0 —  colwtr(G) =1(1,1,3,3)| =8
0 0 3 3

Lee column weight:
C C(Z/p°Z)": colwt(C) = min{colwt(G) | (G) = C}

Highly depends on the choice of generator matrix
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Lee Column Weight

Generalized Lee column weights:
C C(Z/p°Z)" of rank K. Forallr € {1,...,K}:

d7(C) = min{colwt (D) | D C C of rank r}
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Lee Column Weight

Generalized Lee column weights:
C C(Z/p°Z)" of rank K. Forallr € {1,...,K}:

d7(C) = min{colwt (D) | D C C of rank r}

Properties:

o dr(C) =dx(C) o d(C) <d;(C) forr < K o d¥(C) = colwtr(C)
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Lee Column Weight

support subtype of a code is (no,...,ns—1), where

ni = {j € {1,....n} [ {e;) = ()}

— Remainder support subtype (uo, ..., ts—1) is support subtype in Cp_k,...n
s—1 s—1
colwtz (C)m < Zpiki + Z i M,
i=0 i=0

where M; = L%in

Singleton bound:
C C (Z/p°Z)" with subtype (ko,...,ks—1), o largest with k, # 0, support subtype in
redundant part (fn—r, ..., tn),

dr(C) < Zplkz + _7ZKM¢M1' - (Z (Z kj) ngpl + (ko — 1)p°>

Much better than previous bound dr(C) < M(n — K + 1)
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Torsion Codes

Torsion codes: R ) )
CC(z/p°2)": forie{l,...;s}: Ci=C modp' C (Z/pZZ)n
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Torsion Codes

Torsion codes: R ) )
CC(z/p°2)": forie{l,...;s}: Ci=C modp' C (Z/pZZ)n

p>TC CCsi = C N {p° %) with rank(p®°C)) = ko + - - - + ki1 < rank(Cs_;) = K
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Torsion Codes

Torsion codes:

CC(z/p°’Z)": forie€{l,...,s}: Ci=C modp C(Z/p'z)"

psfiéi CCs_;=CnN (psfi) with rank(psfiéi) =ko+- -+ ki—1 <rank(Cs—;) = K

Idy,
0 pIdkl

piflkiil
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Torsion Codes

Torsion codes: - ) )
CC(Z/p°2)": forie{l,...;s}: Ci=C modp' C (Z/pzZ)n

ps_iéi CCs_i=CnN (ps_i) with rank(ps_iéi) =ko+ -+ ki—1 <rank(Cs—;) = K

psjiIdko ) p )
0 p° Idk, P

s—1i - Gsfi = ; s—1 s—1
¢ 0 p° ki P x
0 psflldk571 psfl*
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Torsion Codes

Torsion codes:
cCC(z/p°Z)":

forie{1,...,s}:

Ci=C mod p' C (Z/piZ)n

ps_iéz‘ CCs—s=Cn <ps_i> with rank(ps_iéi) =ko+---

Tdg,
0

pldy,

piflkiil

+ ki—1 <rank(Cs—;) = K

px

i—1
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Torsion Codes

Torsion codes: R ) )
CC(z/p°2)": forie{l,...;s}: Ci=C modp' C (Z/pZZ)n

p>TC CCsi = C N {p° %) with rank(p®°C)) = ko + - - - + ki1 < rank(Cs_;) = K

dr(C) <dr(Cs—;) < dL(psfiC]) < upper bound
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Fixing the subtype

Generalized Lee weights: ~ ~ }
C C(Z/p°Z)" of subtype (ko, ..., ks—1). For all (ko,...,ks—1) with k; < k;

d(Lkho"””;s_l)(C) = min{wtz (D) | D C C of subtype (ko, ..., ks 1)}
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Fixing the subtype

Generalized Lee weights: ~ _ _
C C(Z/p°Z)" of subtype (ko,...,ks—1). For all (ko,...,ks—1) with k; < k;

dFoF=0 () = min{wt, (D) | D C C of subtype (Ko, ..., ke1)}

D)
(koy .., ks—1) (koy ..., ks—1—1) (ko,--- ,0)
(ko—1,... ks—1) | (ko—1,...,ks—1 —1) (ko —1,...,0)
U (ko — 5., ks—1) (ko —4,...,ks—1 — 1) -
0,...,ks—1) (0,...,ks—1—1) - -
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Fixing the subtype

Generalized Lee weights: ~ ~ ~
C C(Z/p°Z)" of subtype (ko, ..., ks—1). For all (ko,...,ks—1) with k; < k;

"o Fe=1) () = min{wtL (D) | D C C of subtype (o, ..., ke1)}

all our bounds go to the socle or the subcode of subtype (0,...,0,k;,0,...,0) — already
considered
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Alderson-Huntemann

Alderson-Hunteman:
C C (Z/p°Z)" of integer type 1 < k < n:

dr(C) < (n—K)M

ﬁ T. Alderson, S. Huntemann. “On maximum Lee distance codes.”, Discrete Math, 2013
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Alderson-Huntemann

Alderson-Hunteman:
C C (Z/p°Z)" of integer type 1 < k < n:

dr(C) < (n—K)M

ﬁ T. Alderson, S. Huntemann. “On maximum Lee distance codes.”, Discrete Math, 2013

only optimal codes:
o podd: p°=5,k+1<n<k+3orp’e€{7,9},n=k+1
o p=2:free,s=2,k+1<n<k+2ors=3,n=k+lork+1=K¢€c{nn+1}

— sparse

ﬁ E. Byrne, V.W. “Bounds in the Lee metric and optimal codes.”, Finite Fields and Their Applications, 2022
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