*

*
*  EuroTechPostdoc? Programme TI.ITI TU/e

* 4 * Excellence in Science and Technology

On the search for the right support:
Better bounds for the Lee metric

Violetta Weger

Joint work with Jessica Bariffi

Fqlb
International Conference on Finite
Fields and Their Applications 2023

June 23, 2023



The history of the Lee metric/ why do we care about it

e Introduced in 1958 by Lee for non-binary
codes

e Some good non-linear binary codes can be
represented as linear codes in the Lee metric
over Z /A7

e Introduced to code-based cryptography

e First Lee-metric signature scheme
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What is a ring-linear code?

C C JFg is a code if C is a linear subspace

Generator matrix in systematic form

(1 A)

dimension k = log, (| C [) number of generators
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What is a ring-linear code?

C C (Z/p°Z)" is a code if C is a Z/p*Z-submodule

c= (Z/psZ)ko % (Z/psflz)kl N, (Z/pZ)kS*l

Generator matrix in systematic form

Idg, A2 - Ais Al s+
0 pldg, - DpA DA s 11
0 0 e psilIdks,l p571A5,5+1
° subtype (ko,...,k’s_l), ° type k:Zf;(} %kz :logpS ( C |)’
o rank K =" ki, e 0< k<K <nandif k= K free code
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The Lee metric

The Hamming metric

® z € (Z/p°L)" : wta(z) =| {i € {1,...,n} | z:i #0} |
e x,yc (Z/p°L)" : du(z,y) = {i € {1,...,n} | & # vi} |= wtu(z — )
e CC(Z/p'Z)": dr(C) = min{wtg(z) |0 £z € C}

e (1,2,3,0,0,2) € (Z/47)°: wt(z) = 4,
e ((1,2,3),(2,0,0)) C (Z/4Z)? : du(C) =1,
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The Lee metric

e rcZ/p°Z: wtr(z) = min{z, | p° —z |}
® z,y€(Z/p°L)" wtr(z) =)0 wtr(zi), di(e,y) = wtr(z —y)
o CC(Z/p°Z)": dr(C) = min{wtr(z) |0 # z € C}

e (1,2,3,0,0,2) € (Z/4AZ)°: wt(z) = 4, wtr () =6
e ((1,2,3),(2,0,0)) C (Z/4Z)> du(C) =1, dr(C) =2
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The Lee metric

e rcZ/p°Z: wtr(z) = min{z, | p° —z |}
® z,y€(Z/p°L)" wtr(z) =)0 wtr(zi), di(e,y) = wtr(z —y)
o CC(Z/p°Z)": dr(C) = min{wtr(z) |0 # z € C}

e (1,2,3,0,0,2) € (Z/4AZ)°: wt(z) = 4, wtr () =6
e ((1,2,3),(2,0,0)) C (Z/4Z)> du(C) =1, dr(C) =2

One of the main tasks: Bound minimum distance
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The Singleton Bound

. . . . R. Singleton. “Maximum distance g-nary codes.”,
® Hamming metric: Singleton 1964 (Komamiya 1953) ﬁ

IEEE Transactions on Information Theory, 1964.

— Optimal codes: MDS dense for ¢ — oo ﬁ

B. Segre. “Curve razionali normali e k-archi negli

N Assuming MDS conjecture: sparse for n — oo spazi finiti.”, Annali di Matematica Pura ed
Applicata, 1955.
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The Singleton Bound

® Hamming metric: Singleton 1964 (Komamiya 1953)
— Optimal codes: MDS dense for ¢ — oo

— Assuming MDS conjecture: sparse for n — oo

® Rank metric: Gabidulin 1985
— Fgm-linear optimal codes: MRD dense for m,q — oo

— Fg-linear optimal codes: MRD sparse for ¢ — oo

[
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The Singleton Bound

. . . . R. Singleton. “Maximum distance g-nary codes.”,
® Hamming metric: Singleton 1964 (Komamiya 1953) ﬁ

IEEE Transactions on Information Theory, 1964.

1

Optimal codes: MDS dense for ¢ — oo

B. Segre. “Curve razionali normali e k-archi negli

spazi finiti.”, Annali di Matematica Pura ed
Applicata, 1955.

1

Assuming MDS conjecture: sparse for n — oo

E. M. Gabidulin. “Theory of codes with

maximum rank distance.”, Problemy peredachi
informatsii, 1985

® Rank metric: Gabidulin 1985

Fgm-linear optimal codes: MRD dense for m,q — oo

A. Neri, A.-L. Horlemann, T. Randrianarisoa, J.
Rosenthal. “On the genericity of maximum rank
distance and Gabidulin codes.”, Designs, Codes
and Cryptography, 2018.

+

i

Fg4-linear optimal codes: MRD sparse for ¢ — oo

A. Gruica, A. Ravagnani. “Common complements

=) =) & =)

of linear subspaces and the sparseness of MRD
codes.”, STAM Journal on Applied Algebra and
Geometry, 2022.

® Lee metric: Shiromoto 2000 ﬁ K. Shiromoto “Singleton bounds for codes over
. . . finite rings.”, Journal of Algebraic
— Optimal codes and their densities? Combinatorics, 2000
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The Singleton Bound

Hamming-metric Singleton Bound

For C C (Z/pZ)" linear code of type k:

k<n—dgC)+1

e Puncture in dg(C) — 1 positions [xIx[x] | | @
— new code | C' |=| C | x[x[x] ] |y
el C (Z/psZ)n—(dH(C)—l) —_

du(C)
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The Singleton Bound

Hamming-metric Singleton Bound

For C C (Z/pZ)" linear code of type k:

k<n—dgC)+1

e Puncture in dg(C) — 1 positions [x[xIx] | @
— new code | C' |=| C | x[x[x] ] |y
— ' C (z/psz)~ O~ ——

du(C) — 1
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The Singleton Bound

Lee-metric Singleton Bound

For C C (Z/p°Z)" linear code of type k, for M = L%SJ:

dr(C) — IJ
<p-_ |2 -
kE<n { i
e Puncture in | 2281 positions x| x[x x
M
— mnew code | C" |=| C | X[x[x] ] |y
| d©-1
S ecapy o

ﬁ K. Shiromoto “Singleton bounds for codes over finite rings.”, Journal of Algebraic Combinatorics, 2000
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The Singleton Bound

Lee-metric Singleton Bound

For C C (Z/p°Z)" linear code of type k, for M = L%SJ:

dr(C) — IJ
<p-_ |2 -
k<n { i
e Puncture in | 2281 positions x| x[x x
M
— mnew code | C" |=| C | X[x[x] ] |y
n— dp©)—1 N——
oy dy(C) - M

ﬁ K. Shiromoto “Singleton bounds for codes over finite rings.”, Journal of Algebraic Combinatorics, 2000

Violetta Weger — Better bounds for the Lee metric 5/14



Optimal Codes

Lee-metric Singleton Bound

€ =((1,2) C (z/52)°

NGy 1:2_LEJ

M 2
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Optimal Codes

Lee-metric Singleton Bound

C length n, type k, M = |2 | : ¢ =1((1,2)) C (z/52)*
dr(C) —1 L [3-1
[ This is the only linear non-trivial optimal code! ]

@ E. Byrne, V. Weger. “Bounds in the Lee metric and optimal codes.”, Finite Fields and Their Applications, 2022

Need better Lee-metric Singleton Bound!

— Need new technique
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Generalized Hamming Weights

Support and Weight of Code

zEFy: suppy (z) = {i € {1,...,n} | @ # 0} 5 Wi (z) = [suppy (2)]
CCly: suppy(C) ={i € {1,...,n} | Tz €C : z; # 0} — wtg(C) = |suppg (C)|
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Generalized Hamming Weights

Support and Weight of Code

zEFy: suppy (z) = {i € {1,...,n} | @ # 0} 5 Wi (z) = [suppy (2)]
CCly: suppy(C) ={i € {1,...,n} | Tz €C : z; # 0} — wtg(C) = |suppg (C)|

Generalized Weights

C C Fy of dimension k. For all r € {1,...,k}:

d (C) = min{wt (D) | D C C of dimension r}
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Generalized Hamming Weights

Support and Weight of Code

zEFy: suppy (z) = {i € {1,...,n} | @ # 0} 5 Wi (z) = [suppy (2)]
CCly: suppy(C) ={i € {1,...,n} | Tz €C : z; # 0} — wtg(C) = |suppg (C)|

Generalized Weights

C C Fy of dimension k. For all r € {1,...,k}:

d (C) = min{wt (D) | D C C of dimension r}

1 0 0 1 dy(C) =1
Example: C C F5 generated by 8 (1) (; (1) d% ) =
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Generalized Hamming Weights

Generalized Weights

C C Fy of dimension k. For all r € {1,...,k}:

d (C) = min{wt (D) | D C C of dimension r}

Properties

e dy(C) =dy(C) o dj;(C) < dyf'(C) forr < k o d%(C) = wtu(C)

—dp(C) =dy(C) < dH(C) < --- < d¥(C) = wtu(C)

k—1

— Singleton Bound: du(C) < wty(C) —(k—1)<n—-k+1
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Generalizations to Lee Metric

® over Z/4Z ﬁ S. Dougherty, M. Gupta, K. Shiromoto. “On Generalized weights for codes over finite rings.”, 2002
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Generalizations to Lee Metric

® over Z/4Z ﬁ S. Dougherty, M. Gupta, K. Shiromoto. “On Generalized weights for codes over finite rings.”, 2002

Generalized Lee Weights

C C(Z/p°Z)" of rank K. For allr € {1,...,K}:

d7,(C) = min{wt. (D) | D C C of rank r}
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Generalizations to Lee Metric

® over Z/4Z ﬁ S. Dougherty, M. Gupta, K. Shiromoto. “On Generalized weights for codes over finite rings.”, 2002

Generalized Lee Weights

C C(Z/p°Z)" of rank K. For allr € {1,...,K}:

d7,(C) = min{wt. (D) | D C C of rank r}

® using the join Lee support suppy (¢) = (wtz(z1),. ., wiz(za)) = s, [ 5 |= 3 s

wtL(C) =| V e suppr(€) |= 307, max{wtr(c:) | c € C}
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Generalizations to Lee Metric

® over Z/4Z @ S. Dougherty, M. Gupta, K. Shiromoto. “On Generalized weights for codes over finite rings.”, 2002

Generalized Lee Weights

CC(Z/p°Z)" of rank K. Forallr € {1,...,K}:

d7,(C) = min{wt. (D) | D C C of rank r}

® using the join Lee support suppy (z) = (Wtz (1), ..., whr(wn)) = s, [ s ]= 3 s
wtL(C) =| V e suppL(c) |= 321, max{wtr(ci) | c € C}

s—1
— Resulting Singleton Bound dr(C) < |8]p* " (n—-K+1)
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Generalizations to Lee Metric

® over Z/4Z @ S. Dougherty, M. Gupta, K. Shiromoto. “On Generalized weights for codes over finite rings.”, 2002

Generalized Lee Weights

CC(Z/p°Z)" of rank K. Forallr € {1,...,K}:

d7,(C) = min{wt. (D) | D C C of rank r}

® using the join Lee support suppy (z) = (Wtz (1), ..., whr(wn)) = s, [ s ]= 3 s
wtL(C) =| V e suppL(c) |= 321, max{wtr(ci) | c € C}

s—1
— Resulting Singleton Bound dr(C) < |8]p* " (n—-K+1)

— better than previous bound dr(C) < % J(n— K +1)
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Generalizations to Lee Metric

® over Z/4Z @ S. Dougherty, M. Gupta, K. Shiromoto. “On Generalized weights for codes over finite rings.”, 2002

Generalized Lee Weights

CC(Z/p°Z)" of rank K. Forallr € {1,...,K}:

d7,(C) = min{wt. (D) | D C C of rank r}

e using the join Lee support

— Resulting Singleton Bound
— better than previous bound

— Problem

suppy (z) = (wtr(@1), ..., wto(zn)) =s, | s|= D s
wtL(C) =[ V cesupp,(c) |= 32 max{wtr(ci) | c € C}
dr(C) < [5]p* " (n— K +1)

de(C) < |5 ](n—K+1)

can only be attained for p = 3
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Generalizations to Lee Metric

® over Z/4Z ﬁ S. Dougherty, M. Gupta, K. Shiromoto. “On Generalized weights for codes over finite rings.”, 2002

Generalized Lee Weights

C C(Z/p°Z)" of rank K. For allr € {1,...,K}:

d7,(C) = min{wt. (D) | D C C of rank r}

® using the column colwtr(a] ---a, ) = |(maxsupp; (a1),..., maxsupp; (an))|
Lee weight

wtr(C) = min{colwtr (G) | (G) = C}

Violetta Weger — Better bounds for the Lee metric 9/14



Generalizations to Lee Metric

® over Z/4Z @ S. Dougherty, M. Gupta, K. Shiromoto. “On Generalized weights for codes over finite rings.”, 2002

Generalized Lee Weights

CC(Z/p°Z)" of rank K. Forallr € {1,...,K}:

d7,(C) = min{wt. (D) | D C C of rank r}

® using the column colwtr (a] ---a, ) = |(maxsupp; (a1),..., maxsupp; (a,))]
Lee weight

wtr(C) = min{colwtr (G) | (G) = C}

s—1 s—1 o—1 i .
— Resulting bound di(C) < igoplki + ;}“iMi -2 (J‘Zo kj) L§]p" = (ko = 1)p

=0

Violetta Weger — Better bounds for the Lee metric 9/14



Generalizations to Lee Metric

® over Z/4Z @ S. Dougherty, M. Gupta, K. Shiromoto. “On Generalized weights for codes over finite rings.”, 2002

Generalized Lee Weights

CC(Z/p°Z)" of rank K. Forallr € {1,...,K}:
d7,(C) = min{wt. (D) | D C C of rank r}

® using the column colwtr (a] ---a, ) = |(maxsupp; (a1),..., maxsupp; (a,))]
Lee weight

wtr(C) = min{colwtr (G) | (G) = C}

s—1 s—1 o—1 i .
@) < k4 S pa - T (Z kj) 210 = (ko — 1y
i=0 i—=0 =0

— Resulting bound =

% Problem still sparse

Hard to control subcodes of smaller ranks
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Generalized Filtration Weight

For C C (Z/p°Z)", define for all i € {0,...,s — 1}:

i

Ip

PPt

maximal Lee weight in C; is M; = |
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Generalized Filtration Weight

For C C (Z/p°Z)", define for all i € {0,...,s —1}:

maximal Lee weight in C; is M; = |2 5271 Ip*
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Generalized Filtration Weight

Filtration

For C C (Z/p°Z)", define for all i € {0,...,s — 1}: C; =Cn(p")

pS—t

—p

(3

maximal Lee weight in C; is M; = |

Generalized Lee Weights

CC(Z/p°Z)". Forallr € {1,...,s}: d7(C) =dr(Cr-1)
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Generalized Filtration Weight

Filtration

For C C (Z/p°Z)", define for all i € {0,...,s — 1}: C; =Cn(p")

maximal Lee weight in C; is M; = LPSQ—ﬂJ P

Generalized Lee Weights

CC(Z/p°Z)". Forallr € {1,...,s}: d7(C) =dr(Cr-1)

Properties

e dr(C) =d;(C) e d(C)<d;(C) forr<s e d7(C)<p '+ (n—K)M,_1
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Generalized Filtration Weight

easy

using information from G

how far down should we go?

hard
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Generalized Filtration Weight

easy

< stop at C, using information from G

how far down should we go?

hard
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Generalized Filtration Weight

easy

< stop at C, using information from G

Q < stop at Cs—1

how far down should we go?

hard
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Generalized Filtration Weight

easy

<— stop at C»

Q ‘ < stop at Cs—1

hard

using information from G
how far down should we go?

— Singleton bound with
several conditions
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Generalized Filtration Weight

easy
<+ stop at Cy using information from G
how far down should we go?
hard — Singleton bound with
ar Q < stop at Cs—1 several conditions

New Lee-Metric Singleton Bound

C C (z/p°Z)", subtype (ko, ..., ko), £: max prime power £ # o, s in G, appears n’ times:

l—o

aL(C) < p' 7 + (0 — K — )| Bt
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Examples

G

Il
PN
o O =
o = O
o O
=~ O N
~__

Z/9Z, dp({(G1)) =3

e Shiromoto: dr, <5
Join: dp, <3

Column weight: dr, <5
Filtration: dr, <3
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Examples

G

Il
PN
o O =
o = O
o O
=~ O N
~__

Z/9Z, dp({(G1)) =3

e Shiromoto: dr, <5
Join: dp, <3

Column weight: dr, <5
Filtration: dr, <3

G2

(1 10 4 2 9
“\o 3 9 18 9

/277, dy((G2)) =9

Shiromoto: dp < 40
Join: dy, < 36

Column weight: dr, < 38
Filtration: dr, <9
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Examples

G

Il
PN
o O =
o = O
o O
=~ O N
~__

Z/9Z, dp({(G1)) =3

e Shiromoto: dr, <5
Join: dp, <3

Column weight: dr, <5
Filtration: dr, <3

G2

(1 10 4 2 9
“\o 3 9 18 9

/277, dy((G2)) =9

Shiromoto: dp < 40
Join: dy, < 36

Column weight: dr, < 38
Filtration: dr, <9

G.— (1 0 25 50 75 100
5= 1o 1

2 3 4 5

ZJ125Z, dr({(G3)) =5

Shiromoto: dr < 249
Join: dr <200

Column weight: dp, < 247
Filtration: dr, <5
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Density

Are the optimal codes dense?
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Density
Are the optimal codes dense?

p— 00

— Cisafreecode: 0 =0,¢=0

— Recover Shiromoto:
de(C) <14 (n—K)|[ 5|

— Optimal codes are sparse

a E. Byrne, A.-L. Horlemann, K. Khathuria, V. Weger “Density of free modules over finite chain rings.”, Linear
Algebra and its Applications, 2022.
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Density

Are the optimal codes dense?

p— 00 n — 0o
— Cis afree code: 0 =0,=0 — Only way to not get sparse:
— Recover Shiromoto: n'=n-—K:

d(C) <1+ (n—K)[Z | - Pwholerowispezzﬂ%g
— Optimal codes are sparse — Optimal codes are sparse

@ E. Byrne, A.-L. Horlemann, K. Khathuria, V. Weger “Density of free modules over finite chain rings.”, Linear
Algebra and its Applications, 2022.

Violetta Weger — Better bounds for the Lee metric 13/14



Density

Are the optimal codes dense?

p— 00 n — 0o
— Cis afree code: 0 =0,=0 — Only way to not get sparse:
— Recover Shiromoto: n'=n-—K:

d(C) <1+ (n—K)[Z | — Pwholerowispezzﬂ%g
— Optimal codes are sparse — Optimal codes are sparse

But for s — oco: not sparse!

density (”;1

K(n—K)
)

a E. Byrne, A.-L. Horlemann, K. Khathuria, V. Weger “Density of free modules over finite chain rings.”, Linear
Algebra and its Applications, 2022.
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Questions?

Open Question

e several definitions of generalized Lee weights e MLD codes construction

e new (tighter) Lee-metric Singleton bounds e technique for Lee-metric
bounds with dense

e new Singleton bound for which MLD codes ;
optimal codes

are not sparse for s — oo
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Questions?

Open Question

e several definitions of generalized Lee weights e MLD codes construction

e new (tighter) Lee-metric Singleton bounds e technique for Lee-metric
bounds with dense

e new Singleton bound for which MLD codes ;
optimal codes

are not sparse for s — oo

Thank youl!
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Generalized Filtration Weight

Idkl *
C = (Gsys) 0 pldk, p*
Gsys = . . .
maxo: ko #0 . i :
0 0 p°Idr, p7x
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Generalized Filtration Weight

Idkl *
C = (Gsys) Gy = ? pldg, | p.*
maxo: ke #0 : - :
0 0 p°ldg, p*
i \
Co Go = (p°ldx  p°As)
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Generalized Filtration Weight

C = <Gsys>

ko #0

maxo :
0

Co

£ : max prime power in p° A,

Idkl *

0 pIdk2 px

Gsys = . .
0 0 p°Idk, p7x

0

Go = (p”IdK p"AJ)

n’: max number of p® in one row

Violetta Weger — Better bounds for the Lee metric

14/14



Generalized Filtration Weight

Idkl *
C = <Gsys> 0 pldg, px
Gsys = . . .
maxo: ks #0 . . :
0 0 p°ldg, p7x
1 A
Co Go = (p°ldx  p°As)
£ : max prime power in p A, n': max number of p° in one row
1. If¢ =0 — dr(Co) <p? 4+ (n— K)M,
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Generalized Filtration Weight

C = <Gsys>

maxo: ke #0

!

Co

£ : max prime power in p° A,

Idkl *
0 pIde px
Gsys - . .
0 0 p°Idr, p7x

0

Go = (p°ldx  p°As)

n': max number of p° in one row

1. Ifl=0
2. Ifl=s
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Generalized Filtration Weight

C = <Gsys>

maxo: ke #0
1
Co

£ : max prime power in p° A,

1. If{=0 —
2. If b= —
3. Ifl#o,l#s —

Idkl *
0 pIde px
0 0 pld, p7x

0

Gy = (p°ldx  p°As)
n': max number of p° in one row
dr(Co) <p” + (n— K)M,
dr(Ce) <p”+(n— K —n')M,

g0 to Cs—¢4: multiply with p°~

£
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Generalized Filtration Weight

Ca GU = (pGIdK pgAa)

\ 1

Cs—€+<7 Gs—l-i»a = (ps_z+oIdK ps_e-'»aAsz#»o')

Violetta Weger — Better bounds for the Lee metric 14/14



Generalized Filtration Weight

Ca Ga = (pGIdK pgAg) (Opo() PP *oe ek )
~—

1 3 \

s—L+o
Cs—tto G tio = (pS*”"IdK ps*”"As,Ha) (Op 00---0 *---%)
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Generalized Filtration Weight

Ca Ga = (pGIdK pgAg) (Opo() PP *oe ek )
~—

1 3 \

s—L+o
Cs—tto G tio = (pS*”"IdK ps’”"As,Ha) (Op 00---0 *---%)

New Lee-Metric Singleton Bound

C C (z/p°Z)", subtype (ko,...,ks), max prime power £ # o, s, appears n' times:

dr(C) <p* "7+ (n— K —n) LpTJpS_“”

Violetta Weger — Better bounds for the Lee metric 14/14



Support and Weights of Codes: Lee Metric

Support and Weight of Code

e € (Z/p°Z)" : suppy(z) ={i € {1,...,n} | z; #0} C{1,...,n} — wtp (z) = [suppy (z)]
C(z/p°Z)": suppy(C)={ie{l,...,n} |z eC:z; #0} — wtua (C) = |suppy (C)|

Violetta Weger — Better bounds for the Lee metric 14/14



Support and Weights of Codes: Lee Metric

Support and Weight of Code

w € (Z/p°Z)" = suppy(x) = (Wta(z1),..., Wty (zn)) C N" — wtp (z) = |suppy (z)|
C(@/p’z)":  suppy(C) =V e suppyl(c) — wtr (C) = |suppy (C)]
s,t € N": o size[s|=) " s ® join s V¢ = (max{si,t1},...,max{sn,tn})

Violetta Weger — Better bounds for the Lee metric 14/14



Support and Weights of Codes: Lee Metric

Support and Weight of Code

w e (Z/p°2)" : suppy () = (wtr(z1), ..., wtr(@n)) = wtr(z) = [supp, (2)|
c (z/p°Z)" : suppy (€) = V¢ supp () — witr(C) = [supp.(C)]
s,t € N": o size[s|=) " s ® join sVt = (max{si,t1},...,max{sn,tn})

Generalized Lee Weights

CC(Z/p°Z)" of rank K. Forallr € {1,...,K}:

d7(C) = min{wtz (D) | D C C of rank r}

Violetta Weger — Better bounds for the Lee metric 14/14



Generalized Lee Weights

Generalized Lee Weights

CC(Z/p°Z)" of rank K. Forallr € {1,...,K}:

d7(C) = min{wtL (D) | D C C of rank 7}

Violetta Weger — Better bounds for the Lee metric 14/14



Generalized Lee Weights

Generalized Lee Weights

CC(Z/p°Z)" of rank K. For allr € {1,...,K}:

d7(C) = min{wtr (D) | D C C of rank 7}

\. J

dr(C) =2
1 _
1 0 3 2 dQL(C) =6
C C (Z/9Z)" generated by (0 1 2 0) dz(C) =9
0 0 3 3 d3(C) =12
WtL(C) =16

Violetta Weger — Better bounds for the Lee metric 14/14



Generalized Lee Weights

Generalized Lee Weights

CC(Z/p°Z)" of rank K. For allr € {1,...,K}:

d7(C) = min{wtL (D) | D C C of rank 7}

Properties

e d.(C)<d}(C) e d;(C)<d;f(C) forr < K e d¥(C) <wtr(0)

Violetta Weger — Better bounds for the Lee metric 14/14



Generalized Lee Weights

seneralized Lee Weights

C C(Z/p°Z)" of rank K. For all r € {1,..., K} :

d7,(C) = min{wt. (D) | D C C of rank r}

P|s—1

socle: C;_1 =C N (p*~ ') of maximal Lee weight M, = |§]p

Properties

All subcodes attaining the rth generalized Lee weights are in the socle: d7,(C) = d% (C)Ms—1

Violetta Weger — Better bounds for the Lee metric 14/14



Generalized Lee Weights

Generalized Lee Weights

CC(Z/p°Z)" of rank K. For all r € {1,...,K}:

d7,(C) = min{wt. (D) | D C C of rank r}

socle: Cs_1 = C N (p* ') of maximal Lee weight M, = |§|p*~!

New Lee-Metric Singleton Bound

dr(C) < My_1(n— K +1)

Better than previous dr.(C) < M(n — K +1)

Violetta Weger — Better bounds for the Lee metric 14/14



Generalized Lee Weights

Generalized Lee Weights

CC(Z/p°Z)" of rank K. For all r € {1,...,K}:

d7,(C) = min{wt. (D) | D C C of rank r}

socle: Cs_1 = C N (p* ') of maximal Lee weight M, = |§|p*~!

New Lee-Metric Singleton Bound

dr(C) < My_1(n— K +1)

Better than previous dr.(C) < M(n — K +1)
only codes with p = 3 can attain it

Need different approach

Violetta Weger — Better bounds for the Lee metric 14/14



Lee Column Weight

C C FF# generated by Glz(o 0 1 0)—>d}I(C):1
100 1 _ (00 10 2 (0) =
G:(O 10 1) @=\o 1 0 1) 7T WO=3

00 1 0 G—d}(C)=14

Violetta Weger — Better bounds for the Lee metric 14/14



Lee Column Weight

C C F4 generated by Gi=(0 0 1 0)—=dy(C)=1 = colwt(Gy)
100 1 {00 10 o
G=|0 1 0 1 G2 = 01 0 1 — df(C) = 3 = colwt(G2)
00 10 G — d%(C) =4 = colwt(G)

Violetta Weger — Better bounds for the Lee metric 14/14



Lee Column Weight

C C F3 generated by

Gi=(0 0 1 0)—=dy(C)=1 =colwt(G1)
1 00 1 _(0 0 10 2 oy _a _
a-{o 1 0 1 Gy = 01 0 1 — d7;(C) = 3 = colwt(G2)
00 1 0 G — d%(C) =4 = colwt(Q)

Lee Column Weight

—

colwtr,(A) = |(max suppy, (a1), ..., maxsuppy (an))|

Violetta Weger — Better bounds for the Lee metric
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Lee Column Weight

A=laf - a,) —  colwtr(A) = |(maxsuppy, (ai), ..., maxsuppy (an))|

Violetta Weger — Better bounds for the Lee metric 14/14



Lee Column Weight

A=la] - a, —  colwtr(A) = |(maxsuppy, (ai), ..., maxsuppy (an))|

1 0 3 2
Example: G = (0 1 2 O) —  colwt (G)=(1,1,3,3)| =8
0 0 3 3
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Lee Column Weight

A=laf - a,) —  colwtr(A) = |(maxsuppy, (ai), ..., maxsuppy (an))|
1 0 3 2
Example: G=(0 1 2 0 —  colwt (G)=(1,1,3,3)| =8
00 3 3

Lee Column Weight

C C(Z/p°Z)": colwtr(C) = min{colwt(G) | (G) = C}

Violetta Weger — Better bounds for the Lee metric 14/14



Lee Column Weight

A=la] - a, —  colwtr(A) = |(maxsuppy, (ai), ..., maxsuppy (an))|
1 0 3 2
Example: G=(0 1 2 0 —  colwt (G)=(1,1,3,3)| =8
00 3 3

Lee Column Weight

C C(Z/p°Z)": colwtr(C) = min{colwt(G) | (G) = C}

Highly depends on the choice of generator matrix

Violetta Weger — Better bounds for the Lee metric 14/14



Lee Column Weight

Generalized Lee Column Weights

CC(Z/p°Z)" of rank K. Forallr € {1,...,K}:

d7,(C) = min{colwt (D) | D C C of rank r}

Violetta Weger — Better bounds for the Lee metric 14/14



Lee Column Weight

Generalized Lee Column Weights

CC(Z/p°Z)" of rank K. Forallr € {1,...,K}:

d7,(C) = min{colwt (D) | D C C of rank r}

Properties

e d.(C)=di(C) e d7(C)<d;(C) forr < K e d¥(C) = colwtr(C)

Violetta Weger — Better bounds for the Lee metric 14/14



Lee Column Weight

support subtype of a code is (no,...,ns—1), where

ni={j € {1,....n} [ {e;) = ()}

— Remainder support subtype (uo, ..., ts—1) is support subtype in Cph_k,...n

s—1 s—1
colwtz (C)m < Zpiki + Z i M,
i=0 i=0

-1

where M; = LPSQ Ip

Singleton Bound

C C (Z/p°Z)" with subtype (ko,...,ks—1), o largest with k, # 0, support subtype in
redundant part (pn—rx, ..., tn),

dr(C) < X_:Piki + Z pwiM; — (i: ( kj) ngpl + (ko — 1)190)
i=0 =0

i=n—K i=0

i

Much better than previous bound dr(C) < M(n — K + 1)

Violetta Weger — Better bounds for the Lee metric 14/14



