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Abstract. In this paper we prove a renewal-type limit theorem. Given « € (0, 1)\Q and
R > 0, let g, be the first denominator of the convergents of o which exceeds R. The main
result in the paper is that the ratio g, /R has a limiting distribution as R tends to infinity.
The existence of the limiting distribution uses mixing of a special flow over the natural
extension of the Gauss map.

1. Introduction
1.1. Main result. For a € (0, 1)\Q, denote the continued fraction expansion of @ by

1
0o=——=/Jai,az,...,a,, ...]
ar+ —T

where a, € N, are the entries of the continued fraction and {p,/gn}nen, are the
convergents of «, i.e. p,/qn = a1, az, . . ., a,] with (p,, g,) = 1.
We prove the following theorem.
THEOREM 1.1. Given R > 0, introduce
ng =min{n € N| g, > R}.
Also fix N > 0. Then the ratio g, ,/R and the entries a,,—i for 0 <k < N have a joint

limiting distribution, as R tends to infinity, with respect to the Gauss measure [L] given by
the density dp1/doa = (In 2(1 + a)) L

Theorem 1.1 means that for each N >0 there exists a probability measure Py on
(1, 00) x Nﬁ such that, foralla, b > 1, ¢, e N;,0<k <N,

dnr

<b,anpr=cr,0<k< N}’”—"‘l Py((a, b) x {co} x -+ x {en—1}).

(1)
In Theorem 1.1, instead of w1, one can consider any absolutely continuous measure, but
we do not dwell on this.

,ul{oz:a<
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1.2.  Applications. Theorem 1.1 is useful in many applications. As an example, we
refer to the following two papers. In [1], the authors consider the problem of the
limiting behavior of large Frobenius numbers, initially investigated by Arnold [8]. If
a=(ay,...,ay) is an n-tuple of positive integers which are coprime, the Frobenius
number F(a) is the smallest F' such that any integer r > F' can be written in the form
t= Z?:l xjaj where x; are non-negative integers. Let Qy be the ensemble of all coprime
n-tuples with entries less than N with uniform probability distribution. In the case n = 3,
the existence of the limiting distribution of (1/N 3/2YF(a) as N tends to infinity is proved
using a discrete version of Theorem 1.1.
In [7], the following trigonometric sums are considered:

N Z e2m(mx+x) ’ (x, @) € (0, 1) x (0, ),
n=0

where (0, 1) x (0, 1) is endowed with uniform probability distribution. The authors prove
that such trigonometric sums (and, more generally, the Birkhoff sums of a function with
a singularity of type 1/x over a rotation) have a non-trivial joint limiting distribution in x
and « as N tends to infinity. Also in this case the proof of the existence of the limiting
distribution is based on the existence of the limiting distribution in Theorem 1.1.

1.3.  Outline. The main idea of the proof of Theorem 1.1 is to reformulate the problem
in terms of a certain special flow over the natural extension of the Gauss map and to exploit
mixing of the flow to prove the existence of the limiting distribution. The definitions of the
natural extension of the Gauss map and of special flows are recalled in §2. The reduction
to a special flow is shown in §3 and the existence of the limiting distribution is proved in
§4. The same special flow was also considered in [3] and the proof that the special flow is
mixing is recalled in §5.

2. Definitions
2.1. Gauss map. Let & be the Gauss map, i.e. the transformation on (0, 1) given
by « — ¥ («) = {1/a}, where {-} denotes the fractional part. The Gauss measure p; is
invariant under ¢. The sequence {a,},cn, can be seen as a symbolic coding for the
orbit {4"a},en, since a, = [(¥" ' («))~'] where [-] denotes the integer part. A point
a € (0, D\Q will often be identified with the infinite sequence {a,},en, in N+N+.

For convenience, we will use also the following notation:

1
lao; ar, ..., an, .. .]=a0+ ———, laoiai,...,apl=a0 + ———
a) + — ap +

2.2.  Natural extension of the Gauss map. The natural extension 4 of the Gauss map ¢
acts on infinite bi-sided sequences {a; },c7 € N+Z as the two-sided shift, i.e. ¥{a,},c7 =
{a,}nez where a, =ay1). The map ¢ admits the following geometric interpretation.
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Consider the domain D(Ef) = (0, D\Q x (0, D\Q. Let us identify the sequence {a,}7,
with the point & = (&¢~, &™) € D(¥), which is given by

at=la,ar,...,a,,...]: & =lao,d—1,...,d—p,...]. 2)

Then 9(&) = B where B = (8~, B) and

A R 1 1 A 1 1

kit {F} T T P Tanve Tata
Clearly, denoting by 7 the projection (&) = & or equivalently 7 ({a, },ez) = {(an}neN s
we have 794 = ¥x. The sequence {ay},cz is the symbolic coding of & € D(? ) under g
in the sense that a,, = [(n?”’l&)’]].

The map & admits a natural invariant probability measure @y on D(%A ) which is given
by the density
1

-
m, o )_ln2(1+a—a+)2'

Remark 2.1. The Gauss measure (] can be recovered as /3, i.e. for each measurable
set A C (0, 1), we have p1(A) = ua(r 1 A).

Given any & = {a, },ec7 € D(9), & and &+ will always denote the two components of
& € D(¥) which are given explicitly in terms of the a, by (2).

Let g, = g, (&) = g (@™), n € N, be the sequence of denominators of the convergents
of @*. Also, given R > 0, ng(&) and gy, (@) are set equal to the analogous quantities
defined for @ = & .

Remark 2.2. By construction, the functions g, (for any n e Ny), ng and g,, (for any
R > 0) on D(¥) are constant on fibers 7 '« & € (0, 1)\Q.

2.3. Cylinders. Forbp e Ni,k=1,...,n,denote by C([by, ..., b,]) the cylinder

C(b1, ..., bal) =f{a ={an}nen, € (0, D\Q:ax = b, 1 <k <n}.

We will denote by ‘5,,4‘ the set of all cylinders of length n, i.e. the set of all C([by, . . ., b,])
with by e Ny for 1 <k <n. Moreover, if Ce ‘Kn*', we will denote by @ the set
=€ c D@).

More generally, given by e Ny, k=0, 1, ..., £n, let

Cbns -, b0 br, « .., by]) = @ = {an)nez, € D(D) s ax = by, —n <k <n}

and let %, be the set of all bi-sided cylinders of length n, i.e. the set, as by € Ny for
—n <k <mn,ofall C([b_,, ..., bo; by, ..., byl).

Remark 2.3. From the expression of the Gauss density and Remark 2.1, we get that
12(C([n]) = 1 (C([nD) = pi(1/( + 1), 1/n) = O(1/n?).
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2.4. Special flows. Consider a probability space (D, %, uz) and an invertible map
F : D — D which preserves . Let ¢ : D — R be a strictly positive function such that
f p @(a) duy < 0o. The phase space Do of the special flow is the subset of D x R given by

Do ={(x,y)l xeD:0=<y <o)}

and can be depicted as the set of points below the graph of the roof function ¢. Consider
the normalized measure @3 which is the restriction to D¢ of the product measure
(fD o(a) d/Lz)_luz X A, where A denotes the Lebesgue measure on R.

The special flow {®;};cr built over F with the help of the roof function ¢ is a
one-parameter group of p3-measure-preserving transformations of D¢y whose action is
generated by the following two relations:

{d>t<x,y)=<x,y+r) ifO<y+1<o@); &

Dy (x, 0) = (F(x), 0).
Under the action of the flow, a point of (x, y) € Dg moves with unit velocity along the
vertical line up to the point (x, ¢ (x)), then jumps instantly to the point (F (x), 0), according
to the base transformation. Afterwards it continues its motion along the vertical line until
the next jump and so on (see e.g. [2]). Abusing the notation, we will often identify any set
C C DwithC x {0} C D x {0} C Do.
We will denote by

r—1
Sop. FY@) =0 S:(p. F)(x) = S,(@)(x) := Y @(F'(x), xeD.reN",
i=0

the rth non-renormalized Birkhoff sum of ¢ along the trajectory of x under F.
Let# > 0. Given x € D denote by r(x, t) the integer uniquely defined by

r(x, t) :=min{r € N| S,(¢)(x) > t}. @

Then r(x,t) — 1 gives the number of discrete iterations of F' which the point (x, 0)
undergoes before time 7. According to this notation, the flow &, defined by (3) acts as

@ (x, 0) = (FT™D7N ), 1 — Spen—1(9)(X)). Q)

For t < 0, the action of the flow is defined as the inverse map.

3. Reduction to a special flow
Let us first define the special flow that we are going to consider.

3.1.  Roof function. Consider the following positive real-valued function on D(@):

0(@) = ln(al + %) = —In(¥%a)". (6)

ao + a_1+--

The reason for this definition will be clear after Lemma 3.1. It is easy to see, from
Remark 2.3, that the function ¢ is integrable with respect to .
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Remark 3.1. Let C€%,, n>1, be any cylinder. Then there exists § = §(C) > 0 and
M = M(C) > 0 such that infgce (&) > § and supgzce@(@) < M. It follows by noting
that (&) > In(1 + (1/(ag + 1))), and (@) < In(a; + 1).

Let us consider the special flow {®;};cr built over 4 under the function @ and let
u3 = ( f od /,Lz)_luz X A be the &,-invariant probability measure. Let us recall that
{®,};cR is said to be mixing if, for all Borel subsets A, B of D¢, we have

Jlim p3 (@, (A) N B) = n3(A)u3(B).

PROPOSITION 3.1. The flow {®;}; € R is mixing.

Proposition 3.1 was proved in [3]. We recall the proof in §5.

3.2. Denominators growth and Birkhoff sums. Let us show that Ing, can be
approximated by Birkhoff sums of ¢. Indeed, put

Jn (@) =1ngn(&) — Sp(@)(&). (7

LEMMA 3.1. There exists a function f on D(Eé ) such that f, converges to f uniformly in
& and exponentially fast in n, i.e.

In g, (&) = Su(@)(@) + f(@) + € (@), sup lex(@)|=0@2™"). ®)
&eD@)

Proof. Letqo=1,g—1 =0and r, = g,/qn—1 forn € N4, so that g, = [[;_, rx. From the
well-known relation gx1 = ax+1gx + gk—1 which holds for £ > 0 (see e.g. [S]), we get by
recursion that, for k > 1,

1
rk+1=ak+1+r—=[ak+1;ak,~-~,t11] &)
k

and hence

n
logqnzzm[ak; k1, - .., ail- (10)
k=1

Since (?k&)_ = [ak, ak—1, . . .], from the definition (6) of ¢ we get
1 n

Su(@)@ =) In > Inlag ax-1. .. ] (11)

= @ o

Thus, from (7) and (9),

l —ln [ak-l-l;aks"'sal]
(Gk+1q)~ lak+1s ak, . ..]

(fir1 = f)(@ =In g — (@*@) =Inrepg — In

In order to estimate the last term, consider Bx = [ax, ak—1, - . .] and let {px m/qk m}m be
the convergents of B, so that in particular pi i /qk k = [ak, . . ., a1]. Recalling the well-
known formula (see [5])

Pk,m 1
Bk ———| =<

Gk,m (Gk,m)?

12)
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and using the fact that for all sequences of denominators of convergents gy ,, > 2("~1/2
[5, Theorem 12] and the fact that [ax+1; ak, . . .] > 1, we get

i e a, - al <|in <] N (Pk.k/qk.k) —ﬁk> <ol — PeE| <k (13
[ak+1; ax, . . -] lak+1; ag, .. ] Gk k
Hence, (13) shows that we can well define
o
@ =" (fir1 — fO@ (14)
k=0
and (8) clearly follows from the geometric bound of the series, with €, = 237" O
LEMMA 3.2. Ifay, az € C(la—y, ..., ao; ai, ..., ay)), then
[f(a) — fla)l <C27", (15)
where C > 0 is an absolute constant.
Proof. First, by Lemma 3.1, we have, for some C;| > 0,
[f(@) — f@) <Ci27" + | ful@r) — fu(@2)l. (16)

Let us estimate the second term of the right-hand side. Let & = {a},} ez, &2 = {a), }mez,
where by assumption a;, = a,;, = a,, for —n <m <n. From (11),

n lak; ak—1, ..., a—p, d a o
1) ) 1) £ —l’l—l’ —}’l—2
Su(9)(@1) — Su(p)(@2) = Zl el .an
[ak’ ak 1’ AR a*}’ly a_n_ly a_n_27 .. ']
Arguing as in Lemma 3.1, fork =1, . . ., n, consider
4 / i 1
ﬁkz [akfla ag—2, « - ., Q—p, a_n_]7 .. '] and ﬂk: [akfla ag—2, « - ., Q—p, a_n_]9 .. ']

and denote by {pkn/qkn}n and {p},/q; ,}n their respective convergents.  Since
Phoin/Bhsesn = Phgin! Gh g from (12) and g, = 20717 we get

pk k+n pk k+n 1 1

1B — B < B + |81 - <22k,

— 2 2
D fn 45 Cym) (@ k4n)

Hence, as in (13), for some C, > 0,

n

| la: ....ap,a’, |, ...]
>

= lag; ....a—n,a’,_4,...

n n
<D 2B -l 2 <2
k=1

k=1

Hence, by (7), noting that we also have g, (&T) =qn (61;r ), this implies that | f;, (@) —
Jfu(@2)| < C227" and gives the desired estimate of (16). O
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3.3. Comparing renewal times. Given & and R > 0, we want to choose T as a function
of R so that we can compare ng (&) and (&, T), where r(@, T) — 1 is the discrete number
of iterations undergone by ®; (&, 0) for t < T, see (4). Let us recall that n g (&) is uniquely
determined by

Ing,,@a)-1 <InR <lIng,,@s)-

By (7), the previous inequality can be rewritten as
Snr@)—1(@) (@) + frp@)—1(@) <IN R < S, 6)(@) (@) + frp@)(@). (18)

To avoid the dependence of the time on &, let us localize to a set of € C D(Sé ) and denote
fe=supgce f(&). Assume that for all & € € we have | f (&) — fel < €/2 (such sets will
be constructed in the Proof of Theorem 1.1).

Let us first show that on large measure sets the growth of n g is guaranteed by the growth
of R.

LEMMA 3.3. For each measurable C C D(?é) and € > 0 there exits a measurable € C @
such that 1 (C\C') < eur(C) and mingc @ ng (&) tends to infinity uniformly as R tends to
infinity.

Similarly, given € > 0 there exits a measurable C. C (0, 1) such that j11((0, 1)\C¢) <€
and miny e e, ng(a) tends to infinity uniformly as R tends to infinity.

Proof. By the Lévy—Khinchin theorem, for pj-a.e. o € (0, 1), there exists an absolute
constant / > 0 such that lim,—, - (In g, /n) =I. By Remarks 2.1 and 2.2, the same holds
for ur-ae. @€ D(%A). By Egorov’s theorem, we can find for each € > 0 a measurable
subset C; C € with u2(C\Cy) < (€/2)2(C) on which the convergence is uniform, so
that for some 7, (Ing,)/n <2l for each n >n. Moreover, there exists C, C C with
w2(C\C2) < (e/2)2(C) such that, on C,, the functions (Ingy,)/n forn=1, ..., n are
uniformly bounded. Hence, setting ¢’ = C; N Gy, u2(C\C') < euz(C) and there exists a
constant ¢ = ¢(C, €) > 0 such that for all @ € €’ and all n € N we have In g, < cn. Since
by definition g,,,(4) > R, this implies that minge e/ ng(@) > (¢) ' In gy, @) = (©) 7' In R,
from which the lemma follows. The proof of the second part proceeds in exactly the same
way. O

LEMMA 3.4. Assume that C € 6, and for all & € C we have | f(@) — fe| < €/2. There
exists Ry = Ro(C) > 0 such that, whenever R > Ry, if we set T =T(R,C) =InR — fe
and consider

U=Ue:={é4€C:ng@) #r@, T)),

we have ur(U) < Teur(C).

Hence, outside of a subset of C of arbitrarily small proportion and for large R, the
function T = T (R, ©) is such that ng(-) =r(-, T).

Proof. Let T =T (R, €) =1In R — fe. By definition, we have

Sr@m-1@)(@) <T=InR — fe< Sa7)(0)(@). (19)
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Let ¢’ C C be given by Lemma 3.3. Let us show, by comparing (19) to (18), that, as long
as R > R for some R defined below, we have

UNne cU.uU_NnE (20)
where U4, C D(? ) are defined as

Ue={a:T <San@@=<T+e}, U={a:T—e<Sar)-1(0)(@&@ =T}
(21)
To show the inclusion (20), assume that @ € €/, but & ¢ U, U U_,. Then, by (21) and (19),
we have
Sram-1@) (@) =T —¢€, S,ar(e)@ >T +e. (22)

Choose ng > 1 so that by Lemma 3.1, foralln > nog — 1, | f;, — f| <€/2. By Lemma 3.3
we can choose Ry so that, if R > Ry, then ng(a) > ng for all @ € €. This, together
with the assumptions on C, implies that, since & € €', | f; (&) — fe| < € fori =ng(@), i =
ng(@) — 1. Hence, (18) gives

Snr@) (@) (@) >InR — f,.4) (@ >T —e,
Snr@-1(@)@) <InR — f,@a)-1(@ <T +e,
which, compared with (22), since S, (¢)(@) is increasing in n, implies that
r(@,T)—1<ng(@) and ng(@)—1<r@a,T).

Since both ng(@) and r(a, T) are integers, these inequalities imply ng (@) =r(a, T), i.e.
a ¢ U, proving (20) as desired.

Recalling the definition (5) of the special flow action, we can rewrite the sets U+, as

Ue=1{a:0=<T — S,4,7-1(®) (@) <€} ={(@, 0): Dr(a, 0) € Dg},
Uoe =1{a:0@ @070 —e < T = S,6.1)-1(9) @) < 9@ @7 a))
= {(@, 0): @7(@, 0) € Dy},

where Dg, = D({é) x [0, €) and Dy ={(a@, y) : p(@) — € <y < @(@)}.

We want to use mixing of {®,};cr to estimate the measures of the last two sets. In

order to do this, we need to ‘thicken’ them as follows. Choose 0 < § < € such that, by
Remark 3.1, § < mingce ¢(&) and consider the following two subsets of Dg:

Ue ={(8.2):0<z7 <8 ®r(& 2) € D3} = Dy N d_7 D",

Let us show that if & € U, N €, then, for each 0 < z < §, we have (&, z) € Uius- Indeed,
by choice of 4§,
D@, 2) = Pri:(&, 00 =G @714, T = S,6.1)-1(9)(@)
NN R R if S5 a)>T+z
G EDG, T + 2= 8,5.7)-1(0) (@) r@n@©) >
. andr(a, T)=r(a, T +2), 23)

ifS,am(@@ <T+z

gé’—“,T—i—,—Srf o
@ a z 1(@)(@)) {andrzr(&, T+z)>r@T).
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Since r > r(a, T) and S,(¢) is increasing in r and by definition of U, both T + z —
Sr—1(@) =T 48 = S,@.1)-1(®)(@) < € + 8, and hence (@, 2) € U? ;.

Reasoning in a similar way, let us also show that, if & € U_ N C, then for each
0<z<$4, we have (a, ) € Uié U Ug. Indeed, from (23), in the first case T + z —
Sr@.1)-1@)(@) < (@@ D=1(&) and since & € U_, also T + z — Sra.1)—1(9) (@) >
T —S,@am-1(@)(@) > (p({é’(&j)_l)(&) —¢€,50 (&, z) € U%,; in the second case, since
r—1>r(@,T), we have S, _1(¢)(@) > Sy@4,7)(9)(@) >T and hence 0<T +z —
Sr—1(@)(@) <z < 8,50 (&, 2) € Up.

Let @g = €' x [0, 8). Hence, recalling also (20), we have proved that

UNEC)Yx[0,8) C(UeUU-)NEC)x[0,8) cCnW VUL, )

= C5 N d_r(Dgc U D5G).
Considering the measures of the above sets and using mixing (Proposition 3.1), one can
find T such that, as soon as T > T, we have

pa(UNENSs = pu3(UNE x[0,8))

< u3(Cy N O_7(Dg" U D))

< 202(€)813(Dg" U D) < 212(€)3(3e), 24)
where the last inequality follows from the fact that 3 (Df) <eand gives u(UNE) <
6€12(C"). Enlarging Ry if necessary so that In Ry — fe > To, if R > R then also T > Ty

and (24) holds. Hence uz(U) < ua(U\C') + 6€u2(C) < Teu2(€), concluding the proof
of the lemma. O

4. Existence of the limiting distribution

Proof of Theorem 1.1. Assume b >a > 1 and ¢, € Ny, 0 <k < N. We want to estimate
the expression (1). Recalling Remark 2.2, as soon as ng(«) > N we can rewrite the
condition @, (@)—k = ¢k, 0 <k < N, in an equivalent way as

GR@O-lg e Cy wheredt =a, Cyn =9V 'Cllen—1.cn—2....co),  (25)
since, if (25) holds, (¢} ez = §"*@~Ng = ¢~ N-Dgne@-lg ¢ Cen—t ..., col), so

ap =cy—x for 1 < j < N and a;. = Gpp(a)—N+j Dy definition of 4 hence Apg(a)—N+j =

cy—k for 1 < j < N gives the desired set of equalities fork = N — /.
Given two functions gi, go on D(¥), g1 < g2, let us denote by Dg(g1, g2) the
following subsets:

Do (g1, 82) ={(@, y) € Do : (&) — g2(@) <y < @(@) — g1(@)}.

Notice that for some values of g1 (&), g2(&), the corresponding set of y can be empty. Also,
let p(x, y) = x be the projection to the base of the special flow.

Remark 4.1. 1f g} < g1 and g} > g2, then Do (g1, g2) C Do (g}, &5)-
We will show that the limiting distribution (1) exists and is given by

Py((a, b) x {co} x - -+ x {ey—1}) = p3(Da(Ina, Inb) N p~'Cy). (26)
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Take € > 0. For each n € N, the cylinders {C: C € 4} constitute a countable partition of
D(%). Choose n so large that, by Lemma 3.2, we have |f (&) — f(a2)| < €/2 for all
a, ap € C. Let

&) (@
A@:{&GG:C{<M

<b @14 ¢ cN}.

By the second part of Lemma 3.3, there exists Ry > 0 such that if R > R; we have
nr(a) > N for any « outside a set of wj-measure less than €. Hence, by (25) (and
Remarks 2.1 and 2.2), we have

‘M1<a:a<@ <b, anR(a)_k:ck,0§k<N> — Z u2(Ae)| < 2e. 27

Ce%,

Let us first reduce to a finite sum. Consider the finite subset 4" of cylinders C =
Clla-n, ... ..., ay)) suchthata; < mfor —n <i <n. Since, if C € €,\E,", there exists
—n <i <n and k > m such that a; = k, we have, using Remark 2.3 and invariance of u,,

n [} o 0 1 1
Yo o m@=< Y Y m@ ) <@+ 1)y o<k—2) = 0<—>. (28)
Ce6,\6" i=—nk=m k=m m

Hence, choosing m large enough, we can make (28) less than €. To each € € 4" we can
apply Lemma 3.4 and, hence, for R > maxecgm Ro(C) (where Ry(C) and Ue are as in
Lemma 3.4) we get, from (27),

q
’m(a ra< "RT(“) <b, app)—k =ck, 0k < N) - Z u2(Aewue)

Ceer
<2+| Y m(Ad+ Y mlAewe)| <3e+7e Y pa(€) <10,
Ce6,\ 6" Cesm Cee"

where the second but last inequality follows from the observation that Ae C €, (28) and
Lemma 3.4.

To conclude the proof and to get (26), it is enough to prove that, for each C € €, as
long as R is sufficiently large, we have, for some C > 0,

n2(Ae\ue)
p2(C\Ue)
Fix € € )" and consider on C the function 7' =T(R) =In R — fe (recall that fe=

supe f) and let U = U@ be given by Lemma 3.4. Since by Lemma 3.4, for R > R(C), on
C\U we have ng(@) =r(a, T), applying (8) of Lemma 3.1 we get

— u3(Do(Ina, Inb) N p~'Cy)| < Ce. (29)

{& eC\U:a< @ < b} ={aeC\U:lna <Ing,47)(@) —InR <Inb}
={aeC\U:Ina<S8,471(@)(@) —T +€g @) <Inb},

where we denote €p (@) = €,,4)(@) — fe+ f(@). Let us show that |eg e| <2e
uniformly on C\U. Indeed, by construction of C, |f(&) — fe| <¢€; moreover, since
by (19) and Remark 3.1, In R — fe < S,4.1)(9)(@) < M(C)r(&, T), on C\U we have
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nr(@)=r(a, T)>(In R — fe@)/M(C). So enlarging Ro(C) we can ensure that, for each
@ € C\U and R > Ry, ng(&) is so large that, by Lemma 3.1, also |€, ,4)(@)] < €.

Let us denote by (®;(x, y))? the vertical component y" of ®,(x, y) = (x’, ¥'). Using
the definition of the flow action (5) and the equality ng (&) = r (&, T), we can rewrite

Sra.) (@)@ — T = p@"*D715) — (07(&, 0))". (30)

Note that ¢"&@-14 = p(®7 (@, 0)) and that condition (25) can be expressed as
p(®7 (@, 0)) € Cy. The quantity (30) represents geometrically the vertical distance of
@7 (@, 0) from the roof function.

Hence, recalling the definitions of the sets Do (g1, g2) and Cy given at the beginning
of the proof, using also Remark 4.1 combined with |eg @| < 2¢, we have shown that

Ae\w C C\U x {0}N®_7(Do(na —2¢, Inb +2¢) N p~'Cy);
Ae\w D C\U x {0} N ®_7(Do(na +2¢,Inb —2¢) N p~'Cy).

Let us ‘thicken’ the sets in order to apply mixing of {®;},cR as in the proof of Lemma 3.4.
If we choose 0 < § < min{mingce ¢(&), €} (well defined by Remark 3.1), for each & €
Aew and 0 <z <4, reasoning as in the proof of Lemma 3.4 (see e.g. (23)), we get
(@,2) € ®_7(Dop(Ina —2¢ — §,Inb +2¢) N p~'Cy U D3). Hence, using also Remark
4.1, combined with § <€,

Su2(Aey) < u3(C\U x [0,8) N d_7(Do(lna — 3¢, Inb + 2¢) N p~'Cy U DY)).

Note that ,ug(DfD) < €. Enlarging Ry, so thatif R > R then also T (R) is sufficiently large,
we can use mixing (see Proposition 3.1) to get

Sur(Aew) < 8ua(C\U)(3(Do(Ina — 3¢, Inb + 2¢) N p~'Cy) + 2€). 31)

In order to get the opposite inequality, one can show, reasoning again as in the proof of
Lemma 3.4, that if (&, z) € C\U x [0, §) is such that

(&, 2) € ®_7(Dgp(Ina+2¢,Inb -2 —8) N p~'Cy\DS),
we have that & € A@ /. This means, also using again Remark 4.1, that
C\U x [0,8) N®_r(De(Ina +2¢,Inb—3e)N p~lCy\D%) C Ay x [0, 8).

Again applying mixing, again enlarging Ry if necessary, for R > Ry, and using the fact
that for any measurable D C D¢ we have w3 (D\Dg,) > u3(D) — €, we get

Sur(Aew) = 8ua(C\U)(u3(Do(Ina + 2¢,Inb — 3€) N p~' Cy) — 2e). (32)
Since, moreover, by the Fubini theorem
lu3(Do(na£er, InbFe) N p~'Cn) — p3(Do(lna, Inb) N p~'Cy)| < 2e1,
combining (31) and (32) we get (29) and hence conclude the proof of the existence of the

limiting distribution. O

5. Mixing of the special flow
In what follows we briefly outline the proof of Proposition 3.1 given in [3].
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Proof of Proposition 3.1. Given a point (&, yo) € Do, let us construct the local stable
and unstable leaves through it, denoted by I‘l(gg (&g, yo) and I‘l((':c) (Qo, yo) respectively (as a
general reference, see e.g. [6]).

Since the roof function ¢ (&) depends only on (g&)_, it is easy to construct the local

unstable leaf, which is given by a piece of a ‘horizontal’ segment:
[loc @0, 0) C{@, )18 =&y, y = o). (33)
The local stable leaf through (&g, yo) is given locally by the following curve parametrized
bya™:
. . . 1+a-&f
) (@o, yo) C {(my) 6t =4y, y=yo+ln1+&—_f3r} (34)

In order to see it, one can construct it as follows. Let us denote (¢&;, y;) = ®;(&o, o).
Consider a small ‘vertical’ segment at (&;, y;), i.e.
Tf ={@ y):at =&, 1a" — a7 <5,
where §; is chosen sufficiently small so that, for some § > 0,
() Ccf@ y):at=ag. |y —yol <8,0<y—8<y< () — 8}.

Then, if (@, y) € CID_,(F(’St), by definition of a special flow, since r(&, t) =r(Qg, t) =
r(t) by construction, we have y — S, (;)—1(¢)(&) = y; — t = Yo — Sru)—1(9)(@0). Denote
a(“)L = {a,?}keN . and p,/qy its convergents. Let

1
& + @rw-1/Pr-1)

1
&+ (gr-1/Priy-1)’
and p) /g, and p)/q) be their respective convergents. Note that p) = p) = p, for
1 <n <r(t) since they satisfy the same recursive equations pg4+1 = dg+1pr + px—1 for
2 <k + 1 <r(r) with initial data po =0, p; = 1. Hence, g’ = Pr(z)—l/q;(,)_l and B =
p,(t)_l/q;’(l)_l. Using (10), (11) and (35), one gets

B = [a? +a, ag, e a?(t)—l] =
(35)

/e _1,0 A— 0 0 _
B":=la; +a ,az,...,ar([)_l]—

. A q// »
Y =0+ Sri)-1(@)@) — Sry—1(#)(@0) = yo + In qi")
r(t)—1

L+& (prop-1/qr0—1)

1+ &0— (Pr(t)—l/‘]r(t)—l)'

As t, and hence r(¢), tend to infinity, p,)—1/¢r)—1 converge to ozar and we get (34).
The global unstable and stable leaves can be obtained as

I @, yo) = @i G- y-r). T (@0, yo) = J @ TG y0)-
t t

=y +In (36)

To prove mixing, it is enough to show that the stable and unstable foliations form a non-
integrable pair. From their non-integrability, it follows from the general theory (see [6])
that the Pinsker partition is trivial and hence that {®;},cr is a K-flow and, in particular, is
mixing.

Consider a sufficiently small neighborhood % (g, yo) C D¢ of (xg, yo). It is enough
to show that, for a positive measure set of (&, y) € Z (dp, yo), (&, y) can be connected
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to (@, yo) through segments of local stable and unstable leaves, in particular it is enough
to show that there exists (&;, y;) € % (do, o), i = 1, 2, such that (&1, y1) € I (0, yo),
(@2, y2) e T (dy, y1) and (&, y) € T® (da, y2).

Using explicitly equations (33) and (34), one can check that these points exist as soon
as we can find y; and &, such that ((&; , &(')"), 1) € % (dgp, yo) and

1+ &7 ag 1+a-at
YI—yO—FIHW, y=)’1+lnm, 37

since in this case we can take (&1, y1) = (@, &7), y1) and (&2, y2) = ((&, &™), ).
Equations (37) can be solved if
at y ay
——e T
1+a-at 1 +a,a,

X, (38)

The points (&, y) for which there is an equality in (38) lie on a surface in D¢ and hence
have measure zero. This concludes the proof of the non-integrability. O

6. Concluding remarks

Let T be an ergodic automorphism of the measure space (M, .#,pn) and f €
LI(M L M), f fdx > 0. The following problem is a generalization of a classical
renewal problem in probability theory. Take R > 0 and consider the first ng such that

f)+ f(Tx)+---+ f(T"®x) > R.

What will be the limiting distribution of f(x) + f(Tx) +---+ f(T"Rx) — R as R tends
to infinity? The answer can be given in terms of a special flow which is similar to the one
considered above. Interesting aspects of this problem appear when [ | f| dx = co.

Results concerning the limiting distribution when considering the Gauss map and the
sum of the entries of the continued fraction expansion can be found in [4].
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