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Abstract

The work concerns the a posteriori error estimation for the pri-
mal and the dual mixed finite element methods applied to the diffu-
sion problem. The problem is considered in a general setting, with
inhomogeneous mixed Dirichlet/Neumann boundary conditions. The
new, functional-type a posteriori error estimators are proposed that
exhibit the ability both to indicate the local error distribution and to
provide guaranteed upper bounds for the discretization errors in the
primal and the dual (flux) variables. The latter property is a direct
consequence of the absence in the estimators of any mesh-dependent
constants; the only constants present in the estimates stem from the
Friedrichs and the trace inequalities and, thus, are global and depen-
dent solely on the domain geometry and the bounds of the diffusion
matrix. The estimators are computationally cheap and require only
the projections of piecewise constant functions onto the spaces of the
lowest-order Raviart-Thomas or of the continuous piecewise linear el-
ements. It is shown how these projections can be easily realized with
a simple local averaging.

1 Introduction

Mixed finite element methods are frequently used for solving the problems
of computational mechanics, especially in the cases when one needs accurate
and conserving approximations for the fluxes and stresses. These variables
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are of primary importance in many problems of heat conduction, mass diffu-
sion, electrostatics, elasticity and flow in porous media, which causes the per-
manently growing interest in the development and application of the mixed
methods. Recently, the tight link between the mixed and the finite volume
methods have been emphasized in [1], [21], [23]; for distorted polygonal and
polyhedral meshes a new variant of mixed finite element approximation has
been presented in [13].

The fundamental analysis of the mixed formulations and the a priori es-
timates for the mixed finite element methods can be found in the books [6],
[20] and [12]. However, for the practical applications, the a posteriori error
estimates seem to be even more important, as they should provide both the
guidelines for an adaptive improvement of the approximation and the stop-
ping criterion for the computational process. Although this ultimate goal
of the a posteriori error estimation was not always achieved, many different
estimators were presented for the mixed finite elements. The residual-based
estimates are developed in [2], [4], [7], [1], [11] for the diffusion-type equa-
tion and extended in [9] and [14] to the equations of linear elasticity. The
superconvergence-based (averaging-type) error estimators are proposed in
[5] and [8] to control the La-error of the flux variable. Further, the estima-
tors based on the solution of local problems are presented in [2], [11] and [14],
and the hierarchical estimator can be found in [22]. Finally, a comparison of
these four types of error estimators for mixed finite element discretizations
by Raviart-Thomas elements is presented in [22].

In this paper, we apply a posteriori error estimator of another type, the
so-called functional-type estimator (see [16], [17], [18], [19]), to the approx-
imations obtained by the primal and dual mixed finite element methods.
While the proposed estimator can be easily used for the indication of local
error distribution, its main distinctive feature and the strength is the ab-
sence of any discretization-dependent constants; the only constants present
in the estimator stem from the Friedrichs and the trace inequalities, they
depend solely on the domain geometry and the known bounds of the diffu-
sion matrix and can be readily evaluated just once before the beginning of
the computation. That is why the estimator provides a guaranteed upper
bound for the error and can be utilized as a stopping criterion in the adaptive
approximation.

It should be noted that in this work we restrict ourselves to the consid-
eration of a classical diffusion problem. However, the suggested method can
be applied to other boundary-value problems where the form of functional-
type error estimates is known. The rest of the paper is organized as follows.
In Section 2, we introduce the notation and discuss the primal and dual



mixed formulations for the diffusion problem with inhomogeneous mixed
Dirichlet/Neumann boundary conditions. Although both formulations have
been addressed in many different works, a thorough derivation for the case
of non-homogeneous mixed boundary conditions does not seem to be a com-
monplace and is presented here for the sake of completeness. In Section
3, the a posteriori error estimator for the primal mixed method is derived,
whilst Section 4 is devoted to the a posteriori estimation for the dual mixed
finite element method based on the Raviart-Thomas space.

2 Notation and basic relations

We consider the diffusion problem

divAVu+ f=0 inQ, (1)
u=1uy on 02, (2)
AVu-n=F on 02, (3)

where Q is a bounded domain in R? (d = 2,3) with Lipschitz continuous
boundary 92 that consists of two non-intersecting parts 912 and 92 and
n is the outward normal to 9Q2. We assume that meas (0,§2) # 0.

Further, by letters u, v, w we denote the functions associated with the
solution to the problem (the primal variable), by letters p, q, y, n the vector-
valued functions associated with the solution flux (the dual variable) AVu
(this is, in fact, the anti-flux because of the absence of the minus-sign, but
we will still call it “flux” for the sake of brevity). Also, we assume that A
is a symmetric matrix with the components from L., (£2) that satisfies the
following condition with some positive constants ¢; and co:

ale? < A@)E-€<clé?  VEERY forae x€Q, (4)

where || = (£ - €)Y/? and the dot denotes the scalar product of vectors in
R?.
Concerning the problem data we suppose that

ug € HY(Q), f € Ly(Q), F € Ly(:9).

The following functional spaces will be frequently used throughout the pa-
per:

HYQ), Vo:={veV | v=0 on 09}, Q:= Lo(Q;R?),
LZ(Q)7 Q\ = H(Q,le), @Jr = {y € @ ’ y'n‘a2Q € LZ(QQQ)}

< <
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Here the letters “V” correspond to the spaces for the primal variable w,
“Q” to the spaces for the dual variable p, the spaces without “hats” will
be used for the primal mixed method, while the spaces with “hats” for the
dual mixed one.

Further, by || - || and || - ||s,o we denote the Lo-norm on 2 and on 922
respectively, by ||-||1 the H'-norm on  and by ||-||qiy the norm in H(£2;div)

. 1/2
(1 llaiw == (- 1> + div - |[2)/2); we also define || q |:= (f, Aq- qdz)"/

_ 1/2
and || q [l:= (o A" a- qdx) 2 for all qcq.
In the a posteriori estimates we will also use the functional

D(Vu.y) = |

1 1 1
<_Aw Vot tAtly .y - v -y) dr =1 | AVo—y |2
0 \2 2 2

(5)
that is defined for all v € V and y € Q.
It is well known (see, e.g., [10], [6]) that the generalized solution of
problem (1)—(3) can be viewed as a saddle point of the Lagrangian

L(v,q) :=/Q<W-q— %Alq-q> dr —1(v),

where

l(v):/fvdx—i— Fuds.
Q 0202

The saddle point (u, p) is sought on the pair of sets (Vo+ug) X @ and satisfies
the conditions

/(A_lp—Vu)-qdm:O Vq € Q, (6)
Q
/p-dex—l(w)zO YVwe V. (7)
Q

In this formulation, the condition p = AVu is satisfied in the Ls-sense and
(7) shows that the relations divp+ f = 0in Q and p-n = F on 0,{) are
satisfied in a weak sense.

The Lagrangian L generates two functionals

1
J(©) = swp L(v,q) = 5 | Vo [ ~I(v)
qeqQ

and

y 1
r@) == lalf ~tw) + | Vuo-ads.
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It is well known (see [10]) that

inf J(v) =:inf P =supP* := sup I"(q). (8)
veWo+uo qeQ;

Here

Q={qaeqQ | /Qq-dex:l(w) Yw e Vp}.

By standard arguments, one can prove that the unique saddle point (u,p)
exists and satisfies the relation

L(u,p) =inf P = sup P*. (9)

If @y C Q and Vyp, C Vp are certain subspaces constructed by finite element
approximation, then a discrete analog of (6)—(7) is the primal mized finite
element method (see [20]): Find (up,pp) € (Von + uo) X Qp, such that

/Q (A™'pp — V) -apdz =0 Va € Qp, (10)

/ pr - Vwpdx —l(wy) =0 Ywp € Vi, . (11)
Q

Another mixed formulation arises if we rewrite the Lagrangian L in a some-
what different form. First, we introduce the functional g : (Vo+up)xQ — R
by the relation

g(v,q) := /Q(Vv -q+v(divq)) dz. (12)

We have
1 .
L) = =5 1l = [ v(diva)de —1(0) +g(0.a).
Introduce the set

Qr ={qeQ | g(w,q) = aQFwds Yw e Vo}.
2

Note that for q € @ r we have

g(v,q) = g(w+uo,q) = g(w,q) +g(uo,q) = /B QFwderg(uo,q) Yw e V.
2

Therefore, if the variable q is taken not from @ but from the narrower set
Qr, then the Lagrangian can be written as

—~ 1 .
LWQ:—WMM—/Wmmw—/ﬂM—/ Fugds + g(u, q)
2 Q Q 90
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We observe that the Lagrangian L is defined on a wider set of primal func-
tions: here v € V. L
The problem of finding (u,p) € V x Qp such that

L(@,q) < L(@,p) < L(3,p) Yae€Qp,VoeV (13)

is known as the dual mixed formulation of problem (1)—(3) (see, e.g., [6]).
From (13) the following necessary conditions can be derived:

/Q (A5 -q + (div)a) do = g(uo,q) ¥d € Oy, (14)
/(divf) + f)ode=0 VYoeV. (15)
Q

Note that the condition divp + f = 0 is satisfied in a “strong” (i.e. in Lg)
sense, the Neumann type boundary condition (3) is viewed as the essential
boundary condition, and the relation p = AVu and the Dirichlet type
boundary condition (2) are satisfied in a weak sense.

The Lagrangian L also generates two functionals

J(®) := sup L(3,q) and I*(q):= inf L(3,q).
achr veV
The two corresponding variational problems are inf J (v) and sup I* Q).
veV achr
They are called Problems P and 73*, respectively. Note that the functional J
(unlike J) has no simple explicit form. However, we can prove the solvability
of Problem P by the following Lemma.

Lemma 2.1 For any v € V oand F € Lo(0292) there exists p¥ € @F such
that

divp’4+v=0 in Q, (16)
I'p” < Ca ([0l + [ Fllo,e) - (17)

Proof. We know that the boundary-value problem

divAVu’'+0v=0 inQ, (18)
u’=0 ono 2, (19)
AVuy’-n=F on 02 (20)



possesses the unique solution u¥ € Vj, and the energy estimate
I V' |< Co (0] + ([ Flla.02)
holds. Let p¥ := AVu”. Obviously, p¥ € @p and, since
19" 2= [ A7(AVW) - (VW) de =] Vu .
we find that (17) holds. By (18) we also observe the validity of (16).

__ With the help of Lemma 2.1 we can easily prove the coercivity of J on
V. Indeed,

/\A -~ o~ 1 A~
J(0) = L(v,ap") = —5042 I p¥ 1% +ao]?

1A + gluo, ap®) — / Fuods.
020

Here |g(uo, ap”)| < af|p”laiv [[uol[1 and
v (12 v (12 : V12 1 v |12 ~12
Ip”[l@y = [IP*[° + [|divp”[” < p I * IIF +112]

1 _ _
< EC‘% (1l + 1E .0 + 19 -

Therefore 1
J(@) > —504205H@H2 +al|o)* + ©(|[o]]) + O,

where O(]|v]|) contains the terms linear with respect to ||| and ©g does not
depend on 7. Take a = 1/C3. Then

-~ 1 R R
J(0) > WHUHQ +O(||7]) + ©9g — +o0 as ||v]] — .
Q

It is not difficult to prove that the functional J is convex and lower
semicontinuous. Therefore, Problem P has a solution .

Remark. Lemma 2.1 implies the inf-sup condition

] fQ(bdiqum—l—faqu-nds
inf  sup 2

sesiaion 220 allaw (10T + 413,00
2 2

>y > 0. (21)



Consider now the functional T*. T*(q) = —2 a2 +g(uo,q) —faQQ Fugds,

if divg+ f =0 in L2(Q), and f*(a) = —oo in all other cases. Since q € Qp,
we have

/ Vw-qdzx = —/(diva)wdﬂv—i—/ Fwds Ywely.

Q Q 30

Recalling that divq = —f in Ly(€2), we find that the dual functional for
such a case has the form

1~ .
1A+ [ (Vao-d- fu)de— [ Fuds
Q 220

~ IS
— [ Vuo-dde = 5@ 1R ~lw).
Q
and here q must satisfy the relation

/Vw-adx:l(w) YVw e V.
Q

In other cases, the functional T (@) = —oo. This, in fact, means that Prob-
lems P* and P* Coinci/gie and are reduced to maximization of I* on the set
Q; (i.e. supP* = sup P*).

Again, we have E(ﬂ, p) = infP = sup ﬁ*, but sup P = supP* = inf P
(see (9)). Thus, we infer that inf P = inf P.

The latter equality implies that the minimizer u € Vi + ug of Problem
P is also the minimizer of the functional J on V. Analogously, if p € @ is
the maximizer of Problem P*, then

/Vw-pdx:/fwdx—i—/ Fwds Ywel.
Q Q 022

From here we immediately see that divp + f =0 a.e. in {2 and, hence,

/(Vw-p+(divp)w)dm:/ Fwds Yw eV,
Q 50

that is p € @ . Thus, we conclude that p is also the maximizer of Problem
P*.

The reverse statement that the solutions of 737 P* are also the solutions
of P, P* is not difficult to prove as well. Hence, both mixed formulations
have the same solution (u,p) that is the generalized solution of problem

(1)-(3).



If ‘7h - 17, QOh - @0 and @Fh - @p are certain finite element subspaces,
then a discrete analog of (14)—(15) is the dual mized finite element method
(see, e.g., [6]):  Find (up,pn) € Vi, X Qpp such that

/Q (A7'By, - G, + (divadn)an) de = g(uo,dn) Yan € Qon (22)
/ (divn+ f)inde =0 YoneTh.  (23)
Q

Now, our aim is to obtain computable upper bounds for the quantities

I V(uw—=un) ||, | P—pnll«, P — Pnlldiv -

3 A posteriori estimates for the primal mixed for-
mulation

First, we recall the relation (see, e.g., [17])
Ip—al?+I V-2 I’=2(J() - I"(a)), (24)
where q € Q; and v € Vy + ug.

Lemma 3.1

J0) =@ < 1+ A0y 5 (145 ) Iy -alt. (29

where the functional D was defined in (5), v is an arbitrary function from
Vo +uo, q is an arbitrary function from Qp, y is an arbitrary function from
Q and B is any positive number.

Proof. We have
* 1 2 1 2
J() =I"(a) = 5 | Vo [I° ~i(v) + 5 X +i(uo) ~ | Vo radz
1 1
:/ <—AVU-VU+—A_1y-y—VU-y> dw—i—/V(v—uo)-qu
o \2 2 Q
1 1
o —o)+ 5 lalE -5 Iy IE+ [ Voot - a)ds
Q
= D(V 1 _ 2 Afl X Afl .
Doy +5ly—ali- [ Ay-y+ | A7y-q

1 _
+/Q Vu(y-a)dz = D(Vu,y)+3 [l y—a I1? +/Q(A ly—Vo)-(q—y)dz.



Since

1/2 1/2
/771'772dx§</A771'771d95> </A1n2-n2dx> )
Q Q QO

we obtain
/Q(Aly —V)-la—y)de < (/Q AAly—Vou) - (A7ly — Vv)) 2

1/2
- ( [a@-v @-v) dx) — 2D(Vo.y)"2 L -y
< BD(Vu,y) + % la—yI?

with an arbitrary positive number 3, which immediately implies the estimate
(25).

|
Lemma 3.2 Lety € @+. Then the following estimate holds true:
inf la=y B<C (Jdivy + S+ ly n—Flga), (20
where C' is the constant in the inequality
[wl? + [[wlf,e < C? I Vw I? - Yw e V. (27)
Proof. One can write
1 1
inf = q—y|?= inf = 2 28
it s la-yli= it Sl (29)

where @l ={neq | fQ Vw-ndx = fQ fwdw—i—f%ﬂ Fwds Yw € Vo} with
the notation fzf—kdivy andﬁ:F—y-n. B B

Note that under the assumptions made we have f € Ly(f2) and F €
Ly(322). The problem on the right-hand side of (28) can be transformed by
virtue of the duality relations (see (8)), namely

1

1 ~
2% — _ inf {= 2 2
S Im 12 == inf (0 Vw | ~lw).  (29)

. 1
inf 5 || n 7= — sup {~
neQ; neq,;
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where I(w) = Jo fwdx + faQQ Fuwds.

Further, we use the inequality (27), where the constant C' depends only
on the geometry of 2 and 922 and on the bounds of the matrix A (see (4)).
In fact, the constant can be presented as a combination of the constants
from Friedrichs’ and the trace inequalities (see [19] for the discussion on
these constants and on the ways of their evaluation).
Since

w) < I flllwll+ 1 Flalwlloo < (lwll + [wl3,e) (LI + 1 F113,0)"
< OV | (FIP+ 1F13,0)",

we find that
. 1 2 7 . 1 2 TH2 L o2 \1/2
Jnf {51V I =T} 2 inf (5 1V PP =C | Vu ll (FP+IFI,0) ")
1 - ~
> —502(\|f\|2 +1FI3,0) -

Therefore,

o1 o C% s 012
inf 2l IP< S (FI7 + 1F 1)
neQ:

which yields estimate (26).
|

Combining formula (24) and the results of Lemmas 3.1 and 3.2 we arrive
at the following estimate:

Ip—alZ+1Viu-2)l’<2(1+B)D(Vv,y)

+ (1 + %) C? (Ildivy + f1* + lly - = Fll3,0) » (30)

where y € @+, q € @Q; and v € Vy + ug are arbitrary functions and /3 is any
positive number. Thus, we have the general estimate for the error in the
primal variable:

I V(u—v) I*< 2(1+ B)D(Vo,y)

i <1 ; %) C* (ldivy + fIP +lly -0 - Fl3,0) - (31)

It is worth noticing that for any “approximate solution” v € Vj + ug the
estimate is exact in the sense that there is a function y € Q* (namely,

11



y = AVu) such that the inequality becomes the equality (the last two
terms will then be zero and 8 can be taken arbitrarily small).

Since uy, € Vo +ug, we can substitute it into (31) instead of v and obtain
an upper bound for || V(u — up) ||%; however, the “free function” y € QT
remains still to be chosen. There are several possibilities to find a good
approximation of the exact lux AVu in @+, i.e. a candidate for the role of
y in (31). The cheapest way is to use the function p;, € @, available from
the solution of the primal mixed problem and to construct the projection
operator Dy, : Qp — @*, so that Dppp, could be inserted into (31) in place
of y. This projection as well as other methods for finding y € @+ will be
discussed below.

Now, we derive the estimate for the error in the dual variable. If p;, were
in @, we could directly apply (30) to obtain an upper bound for || p—py, |-
However, this is not the case, as the function pj, satisfies the relation

/ Pr - Vwy de = l(wy) Ywy € Vo C Wy
0

which defines a set of vector-valued functions wider than @);. This difficulty
is circumvented as follows.
Let y € Q" and q € Q;, then

I'p=pnll<llp—al-+la-yl+Ily-pnl-
<V2(J() = I"(@)*+ la=y - + Iy —prll- - (32)

By Lemma 3.1 (after minimizing the right-hand side of (25) with respect to
the positive scalar parameter ()

V2(J(v) = I*(@))"? < V2DY2(Vu,y)+ [ a -y ||s - (33)
Thus,
I p—pn < V2DY2(Vo,y) +2la—y [« + |y —pn [I+

and, taking the infimum of the right-hand side over all q € Q; and using
Lemma 3.2, one obtains

I'p— b [l< V2ZDV2(Vo,3)+ |y — pa |-
. 1/2
+20 (Jdivy + fI2 + Iy -n— Fl30)"* . (34)

Here v is an arbitrary function from V;; + ug and y is an arbitrary function
from Q*. We note that, if y = AVu and v = u, then the right-hand side

12



of (34) coincides with the left-hand side, i.e. estimate (34) is exact in the
sense that one can always find the “free variables” in such a way that the
inequality becomes the equality.

A directly computable upper bound of || p — py, ﬂ* is given by (34),
if we set v = uy, and y = Dppp,, where Dy, : @Q, — QT is the projection
operator mentioned above. It is clear that, for obtaining computable bounds
of the errors in both the primal and the dual variables, we need to build the
projection of pj, onto the space @+. This can be easily done, for instance,
by a simple averaging, as we are about to see.

Projection from Q) onto Q
If py, is a piecewise-constant vector field on a simplicial mesh 7}, we can
readily project it onto the subspace of @Jr that is formed by the Raviart-
Thomas elements of the lowest order RT (see [15], [6]). Below, we consider
the two-dimensional case for the sake of simplicity, but the extension to
the three-dimensional case is straightforward. We also assume that the
domain €2 has a polygonal boundary, and the latter is exactly matched by
the triangulation 7p.
Let T; and T} be two neighbouring simplexes with the common edge E;;.
If qp is a piecewise constant vector-valued function that has the values q;
and q; on T; and Tj respectively, we set on FEj;; the value of the normal
component of the “averaged flux” as follows:
~ 1
Qij 1y = 5(ai +qj) -0y,
where n;; is the unit normal to the edge E;; oriented from T; to T} if i > j.
Another option is
Qii - ni = | Tilai + |Tjlqy s
v T3] + T3] i
where |T;| and |T}| are the areas of T; and T;. We repeat this procedure for
all internal edges of 7.
If B9 € 0192, then we set Q;o - Njo = Qo - . If E;g € 0282, then

~ 1
0 ng=—— [ Fds.
QzO n’lO ’EZO’/E'ZO S

Here |Ejo| is the length of the edge Fj.

Thus, all normal components q;; - n;; on internal and external edges are
defined. By prolongation inside all T}, ¢ = 1, N, with the help of RT-
approximation we obtain the function

dn =Dran € QT

13



Now, we are ready to show the a posteriori estimates for the errors in the
primal and the dual variables for the primal mixed finite element method.

Theorem 3.1 Let (u,p) € (Vo+ugp) X Q be the exact solution of the primal
mized problem (6)-(7) and (un,pn) € (Von + uo) X Qp the solution of the
discrete primal mized problem (10)—-(11).

Then, the following a posteriori estimates hold true:

I V(u—=up) I < || AVup, — Dypa |l
+ C(|div(Drpp) + fII* + [|(Drpr) - 1 — F|3,0)"? (35)
< || AVu, — Dpps ||« + || Drpr — Pr I«
. 1
+ 2C (ldiv (Dpn) + fIP> + |(Drpr) -1 — F|3,0) "/ 136)

I'p—pnll

where Dy, : Qn — @+ is the projection (averaging) operator introduced above
and C' is the constant from Lemma 3.2.

Proof. The first estimate immediately follows from (31), if we set there
v = up, y = Dppp, use definition (5) of the functional D and, then, minimize
the right-hand side of (31) with respect to the scalar parameter §3.
Estimate (36) is the direct consequence of (34).
|

Remarks.

1) The first term in estimates (35), (36), being computed elementwise, can
serve as a local error indicator (see also [18], [19]).

2) A better estimate for | V(u—up,) || can be obtained by the minimization of
the right-hand side of (31) with respect to 5 > 0 andy € @*. With respect
to y one has to minimize over some finite-dimensional subspace @Z C @+,
for instance, the Raviart-Thomas space RTy. The detailed discussion on
the minimization of the functional of form (31) can be found in [18].

4 A posteriori estimates for the dual mixed for-
mulation

An a posteriori estimate for the flux p;, readily follows from (34), if we set
y =pn€Q":

~ ~ PN ~ 1/2
D~ B 1< V2DY3(Vo,By) +2C (|ldiv by + FI* + [Ba - n — Fl3,0) " |

(37)
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where v is an arbitrary function from V + wyg.
Suppose that €2 is a polygonal domain whose boundary is exactly resolved
by the triangulation 7. If py, is constructed by means of RTg-elements, then

/ (divpp + flwpde =0 Yuw, €V, C V, (38)
Q

where the subspace V), contains piecewise constant functions. Therefore, on
each element T;

. 1
divph:——/ fdx. (39)
Tl Jr,
Let us define by [f] the function that belongs to ‘7h and whose values on T;
coincide with the mean values of f on T;. Then, we have divp, = —[f] on
every T;.

Now, we observe that estimate (37) is valid for any approximate flux p,
from @+. If p;, were in the narrower set Q\F (as it is supposed to be in
the discrete dual mixed method (22)—(23)), the last norm in (37) would be
identically zero. It cannot, however, be expected, when py, is constructed in
the space RT, unless the function F' is a constant on 0»{2.

The problem of taking into account the essential boundary condition for
the flux variable (p -n = F on 05Q2) in the dual mixed method is not easy
and, usually, leads to a non-conforming approximation py (see, e.g., [3] for
the use of Lagrange multiplier technique in this case). Since our estimate
(37) still works for such approximations of the flux, we propose a simple
modification of the discrete dual method (22)-(23), particularly suited for
the lowest-order Raviart-Thomas approximation.

Namely, instead of requiring py, € @ F, we impose a weaker condition

1 /
= — Fds 40
B |Eyl Jg, 40)

on every edge F;y € 02). The space of test functions @Oh C @0 will obvi-
ously consist of the RTg-approximations qj such that g - n = 0 on each
edge E;g € o).

If now we denote by [F] the piecewise constant function defined on the
set of edges forming 052 and whose value on every edge E;y € 35€) is equal
to the mean value of F' on that edge, we can write that p, - n = [F] for all
FEig € 0502.

As a result, we obtain from (37)

Pn-n

1/2

Il p =B ll-< V2D"*(Vo,B1) +2C (Ilf = [f1I* + |IF = [Flll3,0) " - (41)
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The question that now arises is how to choose in (41) the function v €
Vo + ug. The simplest way is to use the function uy € YA/h available from
the solution of the discrete dual mixed problem and to construct a suitable
projection operator Py, : YA/h — Vb 4+ ug. Again, the projection can be easily
accomplished with a simple averaging.

Projection from ‘7/1 onto Vj + ug

In order to find v € V; + ug, it is sufficient to find w € Vj in the
representation v = w + ug (the function wg is given). Using the computed
piecewise-constant function uy, we define wy, € Vj as follows.

We set

Ng
; 7| 'ah‘TS(k)
wh(wr) = = — uo(z) (42)
2,

for any internal node x; and when x € J5€). Here ngk), s =1, N, are the
elements containing the vertex xj, and we have assumed that the function
ug has a sufficient regularity, so that its point values are defined.

If the node xy € 9,192, we simply set wy(xy) = 0.

Thus, using the nodal values of wy and the piecewise-linear continuous
finite element approximation on the mesh 7, we define the function

wp, + ug = Prup, € Vo + ug -

Hence, from (41) one obtains

I D =B < VZD2(V(Pyiin), Br) +2C (I f — [F11> + IF — [Fl|3,0) "> .
(43)

which, together with the obvious relation
[div (P — pu)ll = | = f — divpall = [If = [f]I (44)
leads to the upper bound for ||p — Pr||aiv:

Theorem 4.1 Let (u,p) € V x @f be the exact solution of the dual mized
problem (14)-(15) and (Un,Pr) € Vi X Qpp the solution of the discrete dual
mized problem (22)—(23) with Qpy being the Raviart-Thomas space RTy
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equipped with the conditions (40).
Then, the following estimate holds true:

1P = Prllaiv <[l AV(Prun) — pr I+ +2C + D|If = [flIl + 2C[[F = [F]|la,0 -

(45)
where Py, = Vi, — Vo + ug is the projection (averaging) operator introduced
above, C' is the constant from Lemma 3.2, and [f] and [F] are the averaged

functions (see the right-hand sides of (39) and (40)).

Remarks.

1) The first and the second terms in (45), being computed elementwise, can
be used as local indicators for the Lo-error and the error in the equation
divp + f = 0, respectively.

2) A possibly sharper estimate may be obtained, if one has the conforming
finite element Galerkin solution to original problem (1)—(3) and inserts it in
(45) instead of Ppup,.

3) Yet better estimate may be obtained by the minimization of the right-
hand side of (41) with respect to v. Here, we can restrict ourselves to the
minimization of the functional D(Vv,py) over the set Vpp, + g, i.e. to the
finite-dimensional problem

1 ~
min </ (zAVwy, - Vwp, + (AVug — pp) - Vwp) dx) . (46)
wpE€Von [¢) 2

Under the assumption on a proper regularity of wug, this problem is trans-
formed as follows

wp EVoh

1
min </ (§Ath -Vwy, — fowp) dx — Fowy, ds) , (47)
Q

0202
where fy = div (AVug)+[f] and Fy = [F]—AVug-n. In the particular case
ug = 0, the best choice of wy, is to take it as the Galerkin approximation of
original problem (1)—(3) with averaged right-hand sides [f] and [F]].

Although the primal variable @ is sought in the space Lo(€2) within the
framework of the dual mixed method, the exact solution u of problem (1)—
(3) belongs to the space Vo +ug C H'(£2). That is why it does not seem to
be non-natural to measure the error of the primal variable approximation
in the energy norm || V- || also in the dual mixed approach. In fact, with
estimate (31) we can assess the squared norm of the error of the averaged
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solution Pjuy, using the computed flux approximation py,:
I V(u = Pyiin) [I°< 2(1 + 8) D(V (Pyiin), Br)
1
+ (14 5) S - I 417 = [FIBe) ()

where 8 > 0 is an arbitrary number that can be used to minimize the right-
hand side of (48) and to obtain the estimate for the norm of the error.

A sharper estimate may be obtained, if one spends some time on the
minimization of the right-hand side of (31) with respect to the dual variable
y over some finite-dimensional subspace of @*.

Remark.

If one has the solutions of both the primal and the dual mixed problems, the
flux approximation py, can be substituted into (31) to immediately yield the
error estimate for the primal variable (which is the most important in the
primal mixed method), while the approximation u; can be used in (41) to
bring the error estimate for the dual variable (which is the most important
in the dual mixed method).
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