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Abstract

A thorough formalization of Norbert A’Campo’s unusual construction of the real numbers —
which defines real numbers using generalizations of endomorphisms on Z and does not rely
on fractions — is presented. We start with the derivation of a method for obtaining models
of suitable theories out of models of fragments of Zermelo-Fraenkel Set Theory and thereafter
elaborate A’Campo’s work by applying this method to the theories of natural, integer and real
numbers. This process involves the definition and verification of welldefinedness of various
relations, functions and constants, as well as proofs of the axioms of the respective theories
within Set Theory. Eventually, a nonstandard model of R based on the previous construction
is examined, yielding an intelligible characterization of real numbers in said model and, as a

consequence, illustrating certain concepts of analysis in an unprecedented way.
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1 Introduction

While practicing mathematics, especially analysis, the concept of the real numbers — a set
of objects forming a totally ordered, Dedekind-complete field usually denoted by R — plays
a very important role. Unlike in @, desirable numbers such as 7 and v/2 exist in R, making
the real numbers the foundation of modern calculus and analysis. Since their applications are
countless, a rigorous definition — as well as the existence of models — of the real numbers

are of interest to many mathematicians and in particular logicians.

An eligible basis for the formal construction of number systems is Zermelo-Fraenkel Set The-
ory (ZF), where numbers can be defined as sets, and the set of those numbers is again an
object in this theory, i.e., a set. In the construction of the reals one usually starts with the
natural numbers, then builds pairs of natural numbers to obtain integers and thereafter pairs
of integers functioning as fractions. Here, Set Theory provides the tools for building pairs of

numbers by allowing the definition of sets that are ordered pairs of given sets.

The crucial point in the axiomatization of R is its completeness, for which Richard Dedekind
has proposed the idea of Dedekind cuts and that real numbers can be interpreted as such.
There are other possibilities for obtaining completeness, such as viewing real numbers as

equivalence classes of Cauchy sequences or nested intervals.

In this thesis we will concentrate on a less known construction which is due to Norbert
A’Campo in “A natural construction for the real numbers” [A’C03]. The initial steps of
defining the natural numbers and integers as pairs of natural numbers are as usual; what
makes this construction special is that rational numbers are not needed to establish the re-
als. Instead, real numbers are defined as equivalence classes of special functions from Z to Z
called slopes. One can picture such slopes as functions that are “almost” linear. Their name
originates from the idea that a function represents the real number given by the limit of its

overall slope.

Abraham Robinson points out the interestingness of nonstandard models of R in “Non-
standard Analysis” [Rob96]. The existence of infinitely big numbers, i.e. numbers greater
than all “standard” numbers, implies, by the existence of multiplicative inverses of nonzero
numbers, that there are infinitesimal real numbers, numbers smaller than all “standard”
positive real numbers that are still greater than zero. Considering specific nonstandard
objects, such as numbers, sequences or functions, as “extensions” of corresponding standard
objects, many definitions and with them also proofs in analysis can be simplified compared

to the well known proofs we are used to.

Outline

The aim of this thesis is to present the complete construction of a model of the real numbers
given a model of Zermelo-Fraenkel Set Theory. We will first of all explicate how and under

which circumstances models of arbitrary theories can be derived from models of (a certain
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fragment of) Zermelo-Fraenkel Set Theory. This provides insight into what exactly needs
to be proven in ZF in order to being able to deduce the existence of a model of the desired

theory (which in our case consists of the axioms of R) from the existence of a model of ZF.

Thereafter we will, following A’Campo’s construction as soon as the integers have been
defined properly, step by step define the sets of numbers themselves, as well as addition,
multiplication and order relations on w, Z and R, always proving their existence and, when-
ever it is needed, functionality. Moreover we will show for each defined number system
that a slightly changed version of all according axioms — a version of which its provabil-
ity in ZF will by then have turned out to be essential for the existence of a model of said
number system — is indeed provable in ZF. Since in [A’C03] certain proofs are undetailed

or completely left out, A’Campo’s work will sometimes be altered or extended with own ideas.

In the last chapter, a nonstandard model of A’Campo’s construction of the reals will be
investigated by adding infinitely big and, as a result thereof, infinitely small numbers to
the standard ones. We will see some interesting properties and characterizations of slopes
representing such numbers and how they allow us to visualize certain concepts of analysis,

such as convergence or continuity.

Notation

The notation underlying this thesis, as well as the definitions of concepts of logic such as
proofs, models, completeness, etc., will be as in Lorenz Halbeisen’s “Gddel’s Theorems &
Zermelo’s Axioms” [Hall4]. All proofs will be mathematical, i.e. we will not give formal
proofs of formulae out of a theory, but show that the formulae in question hold in every
model of the respective theory. Although one should keep in mind that objects in models
are not to be identified with their corresponding terms in the formal language, we will not
use separate symbols for the respective cases; it should be clear from the context which one
is meant. By [Hall4l pp. 52-53], the two kinds of proofs are equivalent and, remarkably, the

proof of this equivalence which is given there does not involve the Axiom of Choice.

During the construction of the real numbers within Set Theory, we are going to show many
statements to follow from the axioms of Set Theory. When solely writing a formula as the
claim of a proposition or the like, we are actually claiming that the formula follows from Set

Theory and some additionally introduced definitions.



2 Axioms

In this chapter we list all non-logical axioms that are needed for our construction of a model
of the reals. There is a fundamental difference between the role played by the axioms of Set
Theory and the role of all other axioms, i.e. those of Peano Arithmetic, the integers, and the
real numbers. The axioms of Set Theory (which are formulated in are the base
of the construction, they make up the theory in which all other axioms will be shown. In
we present a method for deriving a model of an arbitrary theory from a model of
Set Theory in order to know what “showing that the axioms hold” even means, before stating

the axioms of the natural, integer and real numbers in Sections [2.3] [2.4) and 2.5 respectively.

But first, we will shortly recall the definitions of terms, formulae, models etc. out of [Hall4],

since they will be of great importance for the rest of this chapter.

Definition 2.1. Let .£ be an arbitrary signature. An Z-term is a string of symbols

resulting from applying the following rules finitely many times.
(T1) All variables are .Z-terms.
(T2) All constant symbols out of £ are Z-terms.

(T3) If 14, ...,7, are L-terms and F is an n-ary function symbol out of .Z, then Fry...7,

is an .Z-term.

The rules (T1)-(T3) are called the term building rules.
Similarly, an .Z-formula is is a string of symbols resulting from applying the following rules

finitely many times.
(F1) If 7, and 75 are .Z-terms, then 71 = 75 is an £Z-formula.

(F2) If 7y,..., 7, are Z-terms and R is an n-ary relation symbol out of .Z, then Rry ... 7,

is an Z-formula.
(F3) If p is an Z-formula, then - is an .Z-formula.
(F4) If p; and @9 are ZL-formulae, then (p1 Apa), (p1 V) and (91 — @2) are L-formulae.
(F5) If ¢ is an Z-formula and v is a variable, then Vv and Jrp are Z-formulae.

(F1)-(F5) are called formula building rules, and formulae built using only (F1) or (F2)

are atomic formulae.

Remark 2.2. For the definition of Z-structures, .Z-interpretations and models, some con-
cepts of naive Set Theory such as a naive membership relation and naive cartesian products
have to be assumed. Notice that these notions have to be distinguished from the symbols of
ZFC which will be introduced in while the latter are really nothing more than
symbols, the former are ideas, translations of these symbols into conceptions of the “real
world”. However we will use the same symbols for both meanings, since otherwise we would

have to introduce very complicated symbols and language.
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Definition 2.3. An Z-structure M consists of a naive set A (the domain of M) and
a mapping which assigns an element ¢™ € A to each constant symbol ¢ € £, a subset
RM C A" to each n-ary relation symbol R € .Z, and a (naive) function F™ from A" to A
to each n-ary function symbol F € Z. The elements of A are called objects.

An Z-interpretation I is a pair (M, j), where M is an .Z-structure and j is an assignment,

a mapping which assigns to each variable an element of the domain A of M. The assignment
a

jv for an assignment j, an object a € A and a variable v coincides with j, except that to v

a a
it assigns a. Furthermore, Iv := (M, jv ).

For an interpretation I = (M, j) we then define I(v) := j(v) for a variable v, I(c) := M for
a constant symbol ¢ € £ and [(Fry...7,) := FM(I(ry),...,I(,)) for an n-ary function
symbol F € £ and .Z-terms 11, ...,7,. Like this, I(7) is a well-defined object of A for all
Z-terms 7. For £-formulae ¢, we define I = ¢, in words “p holds in I” or “p is true in

I”, inductively as follows:

I =71 =71 <= I(m1) is the same object as I(72)
1= Rm...7 <= (I(11),...,1(7n)) belongs to RM
IE-p=<=>not I E=¢
IE o1 A(V)pa <= TE ¢ and (or) ] = oo
IE ¢ — oy <= if 1= then T ¢
I = Jvp(Vre) <= it exists (for all) a € A: Iv E o,

where 71, ..., 7, are Z-terms, R € £ is an n-ary relation symbol, ¢, p1, @2 are .Z-formulae
and v is a variable. For an .Z-theory T, a set of Z-formulae, an Z-structure M is now called

a model of T, in symbols M |= T, if for every assignment j and every formula ¢ € T,

(M, 5) |=

holds.

2.1 Axioms of ZF(C)

The following are the axioms belonging to Zermelo-Fraenkel Set Theory (ZF), the base of
our construction. In the order in which they appear below, they are called the Axiom of
Empty Set (0), Extensionality (1), Pairing (2), Union (3), Infinity (4), Separation (5), Power
Set (6), Replacement (7), and Foundation (8); the Axiom of Choice will be stated later.

ZFy: JaVz(z ¢ x)
ZF: YaVyVz((z €x <> z € y) > 2 =)
ZFy: VaVy3du(u = {z,y})

ZFs: YaxJu(u =Jz)
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ZFy: Fx(D e x AVy € z(y U {y} € z))

ZF5: Va¥pdy (y ={z € z: p(z,p)}), for any formula ¢ in which z,p occur freely with an
n-tuple of parameters p.

ZFg: VaIy(y = P (x))

ZF7: Vavp(Vz € a3lw(p(z,w,p)) — Fyvz € 23w € y(p(z,w,p))), for any formula ¢ in

which z,w, p occur freely with an n-tuple of parameters p.
ZFs: Vz(z £ 0 — Jz € z(z Nz =0))

Most of these axioms are already stated in abbreviated form; xz ¢ y is a shorter form of
writing —(x € y). The terms {z,y} and |Jx are making use of the binary function {-,-} and

the unary function - respectively, which first have to be defined in a way such that
Vu(u = {z,y} < Vz(zcu+ (z=2Vz=y))) and

Vu(u = UJ; & Vz(z €u+ Jw € z(z € w))).
However, these abbreviations are not causing any trouble.

Remark 2.4. New relation, function and constant symbols can be defined in an .Z-theory

T, stipulating

(1) Rvy...v, <= @gr(v1,...,v,), for a new n-ary relation symbol R and any .Z-formula

g for which free(pr) = {v1,...,vn}.

(ii)) Foy...v, = y <= @p(v1,...,0p,Yy), for a new n-ary function symbol F' and any
Z-formula pp for which free(pr) = {v1,...,v,,y} and for which T F Voq,...,v,
Ay(er(vy,...,v,)) holds.

(iii) ¢ = y <= ¢(y), for a new constant symbol ¢ and any Z-formula . for which
free(¢.) = {y} and for which T F 3ly(p.(y)) holds.

It is described precisely in [Hall4l, Chapter 7] what sentences need to be added to T (yielding
T*) and how formulae ¥* containing the new symbols can be transformed into .Z-formulae
1 such that T* F 1 <> ¢* holds and T" F ¢* implies T F ).

We call a formula ¢ suitable to define a relation, function or constant symbol if it

satisfies the corresponding conditions stated above.

implies that the definition of new non-logical symbols by extending the language
%y and the theory ZF does not actually change the consequences that can be drawn from
the axioms of ZF; each model M of ZF can easily be turned into a model M* (with the
same domain as M) of ZF*, the union of ZF with the formulae defining the new symbols
[Hall4l Chapter 7]. However, such definitions are a huge benefit for the readability of the
formulae, which is why we use abbreviations as in “Combinatorial Set Theory: with a gentle

introduction to forcing” by Lorenz Halbeisen [Hallll.
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One can easily see that according to [Definition 2.1} the axioms ZF, — ZFg are .£-formulae,
where £ contains “€” and all the newly added non-logical symbols. Notice that ZF5 and

ZF7 are actually axiom schemes, i.e. they yield an axiom for every formula ¢ satisfying the

stated conditions.

There is one remaining axiom belonging to Set Theory, the Axiom of Choice (AC). For being

able to state it, the definition of what a function is, is necessary.

Definition 2.5. A function f from A to B, in symbols f : A — B, where A and B are
sets, is a subset of A x B such that for every x € A there is exactly one y € B such that
(z,y) € f.
Instead of (x,y) € f we will often write f(z) = y, since this is, according to a
suitable way to define a function.
For (x,y) € f we call y the image of z under f and z the preimage of y under f. For
A C A, we set

JIA = {y € B: Ju e A(f(z) = y)}

as the image of A’ under f and the set of all functions f : A — B will be denoted by 4 B.

Remark 2.6. Notice that we have in particular relied on the existence of a set A x B, given
two existing sets A and B. Due to ZF5 it is possible in Set Theory to define the ordered pair
(x,y) = {{z},{z,y}} given two sets x and y, where (xo,yo) = (x1,y1) if and only if g =
and yo = y; [Hallll p. 47]. The set A x B can now be defined as

AxB:={te Z2(#(AUB)): Jr,y(t = (x,y) N\e € ANy € B)},

i.e. as the set of all tuples (x,y) with x € A and y € B. Here we have needed ZF, for
ordered pairs, ZF3 for the union of A and B, ZFg for the power set of AU B, and of course
the Axiom of Separation, ZFs.

What we now defined to be a function would usually be called the graph of a function, but

there is no problem with identifying the two. The Axiom of Choice now reads as follows.
AC:VF (V¢ F —3fe 7 UTF (Vz € Z (f(z) € 1))

For the construction of the reals, only the axioms ZFy-ZFg will be needed. In particular, it
is independent of the Axiom of Choice, which is quite appeasing when having in mind the
seemingly paradoxical consequences both accepting and denying it brings with it (see [Hallll
Chapter 6] and [Hallll pp. 331-333]).

2.2 Deriving Models from Models of ZF

In ZF, given the required axioms, we have seen that the existence of functions from and to ex-
isting sets, the power set of an existing set, etc., follows. By viewing functions, relations and
constants as well as the domains of the respective theories as sets, we want to derive models

of other theories from a model of Set Theory. We therefore have to face the following problem.
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In any model of Peano Arithmetic for example, the domain consists exclusively of natu-
ral numbers. Thus, a formula beginning with a universal quantifier is actually making a
statement about all natural numbers. But when interpreting this formula in a model of Set
Theory, it will suddenly be a statement about all sets, of which only some will be defined
to be natural numbers. To make it stay an assertion about all natural numbers, one has to

slightly adapt the axioms before “proving” them in ZF.

It is the goal of this section to show how the non-logical axioms of any theory have to be
changed and why proving their adapted versions in ZF suffices to know that a model of said
theory exists, provided a model of ZF.

Definition 2.7. Let T be an .#-theory and let £, be the language of Set Theory after
having added helpful symbols through definitions as described in whereas ZF*
is the .Zp-theory obtained by adding these definitions to ZF. Define

gZFT = gZ*F U g U {B}
Lo = Lo UL UL U (B},

where B is a constant symbol not contained in %), or .Z, and £ contains bold copies of

the symbols of .Z, with the difference that in £ they are all constant symbols.

Definition 2.8. We say that a set ® of Zzp -formulae defining the newly added constant
symbols out of ZU{B} (see[Remark 2.4)) is an insertion of . into ZF if for ZFy := ZF* U®

we have

(i) ZFt = R C B", for all constant symbols R € %, where R is an n-ary relation symbol
of Z.

(ii) ZFr F F: B™ — B is a function, for all constant symbols F € £, where F' is an n-ary
function symbol of .Z.

(ili) ZFt F ¢ € B, for all constant symbols ¢ € £, where ¢ is a constant symbol of Z.

Remark 2.9. Notice that if we don’t want to assume all of Set Theory, at least the axioms
ZF,— ZF3 and ZF5 and ZF¢ are needed to obtain an insertion of a theory into ZF. Without
ZFq, it would be impossible to prove the existence of any set and hence, no formula could
ever be suitable to define a constant symbol. But the constant symbol B inevitably needs to
be defined, which is why we must include ZF in the base axioms. Similarly, the uniqueness
of sets, which is also essential for defining constant symbols, cannot be shown without ZF;.
As soon as the language of the theory in consideration includes relation symbols, ZFy is
required to formulate what set theoretic relations are; and as we have seen earlier, the axioms
ZF5,7ZF3,ZF5 and ZFg are necessary to formulate whether or not a set is a set theoretic
function. Since ZFT must be able to prove that bold versions of relation or function symbols

are set theoretic relations or functions respectively, these axioms should be assumed, as well.
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Definition 2.10. Consider an .Z-formula ¢. From left to right we replace Vv and Jv by

Vv € B and Jv € B, respectively, for any variable v, where

Vv € B(y) :=Vv(v € B — ) and
e B():=w(ve BAY),

for any formula 1. We call the £z .-formula ¢ we obtain in this way the ZF-transformation

of .

Proposition 2.11. For an insertion ® of £ into ZF consider the set U of Lzp.. -formulae

consisting of
(i) Yr(vi,...,0n) = (v1,...,0,) € R, if R is an n-ary relation symbol of L.

(i) Yr(vi,. . 0n,y) = (V1,.. ., U0, y) €E FV ((v1,...,0,) & B" ANy =10), if F is an n-ary
function symbol of L.

(111) ¥e(y) := e =y, if ¢ is a constant symbol of L.

A formula ¥ of U is suitable for defining a new relation, function or constant symbol, if the
symbol in & corresponding to the bold symbol of &£ occurring in 1 is a relation, function or

constant symbol, respectively.
Proof.
Relation symbols: Since free(y)g) = {v1,...,v,}, this is clear.

Function symbols: It gets a little more interesting for function symbols. Again, the free

variables of ¢ are as they should be, but additionally we have to show that

ZF1 Yoy, . o ly(WE(vr,y .oy on, ) (1)
holds. We know that

ZF1 Yy, .o o0 ((v1, .o on) € B® = Jly((v1, ..., 00, y) € F)) (2)
ZF1 FYuy, .o v ({vg, .o on) € BY = Aly((v, ..., 0n) € B" Ay =0))
ZF1r FYuy, .. v ({v1, ..o, on) € BV {vy,...,0,) € B™),

where is a consequence of the fact that ® is an insertion of .% into ZF and therefore
F is a function from B"™ to B; the other two are clear. Together, they yield , which

is what needed to be shown.

Constant symbols: This is easier again. The only free variable in ¢ = y is y, and of course

there is also exactly one y that can be equal to ¢, namely c.
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Definition 2.12. For an insertion ® of . into ZF consider the set ¥* of £7p -formulae

defining the symbols out of .Z as follows.
(i) Rvy...v, <= (v1,...,0,) €E R
(i) Fvi...vop =y <= (v1,...,0n,y) € FV ((v1,...,0,) € B" ANy =10)

(iii) c=y:<=c=y

These definitions are allowed due to what we just proved in [Proposition 2.11] Let

ZFL = ZFTU¥* =ZF* Ud U ¥~
We call an insertion ® of . into ZF an embedding of T into ZF if
VA D

for all ZF-transformations @ of non-logical axioms ¢ € T.

Theorem 2.13. Let T be an arbitrary £ -theory and let ® be an insertion of £ into ZF. If
ZF has a model and ® is an embedding of T into ZF, then T has a model.

Proof. If ZF has a model, ZF7, automatically also has a model [Hall4l Chapter 7]. So let V
be a model of ZF%, and let V be its domain. We write a €V b for objects a,b in V if the
tuple (a,b) belongs to €V. Our goal is to construct a model M of T. For this purpose we
denote by B the collection of all objects b in V for which b €V BV holds. B is the domain of

our model. Now, a mapping needs to be defined in order to create an .Z-structure.
e RM := RV, for n-ary relation symbols R of .Z.
o FM(by,...,b,) := FV(by,...,by), for n-ary function symbols F' of .Z.

o M:= ¢V, for constant symbols ¢ of .Z.

Claim. This mapping indeed defines an #Z-structure.

Proof of Claim. We want to show that RM is a set of n-tuples of elements of B, FM is a

function from n-tuples of B to B and ¢M is an element of BB.

RM: We have
V EVYzy, .., 20 (Rey .. 2y < (21,...,2n) € R) (T*)
VEYZ, .o, (21, .. 2n) € R — (21,...,2,) € B") (ZF1)
V EVzy, .2, (21, .. 2,) € BT = (21 € BA--- Ax, € B)). (ZF™)

To the right of each formula we have named the subset of formulae of ZF7. responsible

for the corresponding statement. Together this implies

ViEVe,...,xn(Rry...2p > (k1 € BA--- Az, € B)). (3)
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Now let j be an arbitrary assignment which assigns objects of V to variables and

consider V; = (V, j), the corresponding £z -interpretation. implies that

V; =EVey,...,zp (R21...2 = (x1 € BA--- Ay, € B)),

which in turn implies that for all objects a, ..., a, of V, the following holds.
a1 an
Vfl " ERxy...xp = (k1 € BA---Ax, €B)
ai Qn

<= if V71" = Ry,

ai an
»»»»»

then V;Tl = (rp1 € BA--- ANz € B)

<= if (a1,...,a,) isin RY then a; €V BY and ... and a,, €V BY.

Hence, we know that if a tuple of objects (ay,...,a,) of V belongs to RV, then the
objects ai,...,a, all belong to B. Therefore, (a1, ...,a,) is also a tuple of objects of
B. The fact that this holds for all objects a1, ..., a, of V now makes RM := RV a valid

definition for RM.

FM: For function symbols, the proof is similar.

V):Vxl,...,xn,y(y:F(xl,...,xn)<—> ((:El,...,xn,y) eF

V(e wa) ¢ B Ay =0))) ()
VEVYr,...,zn,y(z1 €BA---ANxy € B) = (x1,...,2,) € B") (ZF™)
VEVYZ,... 20y ({21,...,20,y) € F =y € B) (ZF1)

From this it follows that

VEVYL,...,2ny((t1 € BA--ANxy € BYAy = F(x1,...,2,)
—y € B). (4)

Consider the #zp.-interpretation V; as above for an arbitrary assignment j. From

we now know that for all objects ay,...,a,,b of V
ar  an b
Vit Ve (m € BA-ANap € B)Ay = F(a1,...,20)
—y€B
Q Gn é
~=-if V' V= (z1 € BA--Awy € B)ANy = F(x1,...,20)
ai  an b
oy
then V; EFyeB

~— ifa; €V BY and ... and a, €V BY
and b is the same object as FY (a1,...,a,)

then b eV BY.

10
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Thus, for arbitrary objects ay, ..., a, of B, the object FV(ay,...,a,) is also an object
of B. This shows that FM(by,...,b,) := FV(by,...,b,) defines a function from B" to
B.

c: What remains for finishing the proof of our claim is to show that ¢V is an object of IB.

V being a model of ZF7. implies the following.

VEWY=cey=c) (¥*)

V =Vy(c € B) (ZF)
Thus,

ViEVy(ly=c—yeB). (5)

Now for any assignment j and any object b of V, the interpretation V; satisfies

b
y —
Vi Ey=c—yeB
b b
<=~ if V! Fy=cthen V/ FyeB

<= if b is the same object as ¢" then b €V BV.

We can deduce that ¢V is indeed an object of B, completing the proof of the claim.

M, the domain B together with the mapping stated above is therefore an Z-structure. We

want to show that this structure is a model of T.

For this purpose, let o be an arbitrary formula contained in T. We need to prove that for

any assignment j, the Z-interpretation M; = (M, j) satisfies

Mj |: ®o-

So if j is an assignment which assigns objects of B to variables, we denote by V; the Z7x, -
interpretation (V,j) corresponding to the same assignment j which assigns objects b of V
satisfying b €V BV to variables. Let us call these assignments which assign objects of B to

variables “B-assignments”. Now we can deduce the following.

M;(7) is the same object as V() (6)

for every .Z-term 7 and every B-assignment j. This can be verified by running through the

term building rules quickly.

M;(v) = j(v) = V;(v) for all variables v.

M, (c) = M = ¢V = V,(c) for all constant symbols ¢ of .Z.

M;(F71...7) = FM(M;(m1),...,M;(1n)) = FY(Vi(11),...,Vj(1n)) = V;(F11...70)

for all functions symbols F' of .Z and Z-terms 71, ..., T,.

11



2 Axioms

We know that ZF7 F g since @ is, by assumption, an embedding of T into ZF.
Claim. V; = @ if and only if M; = g, for all B-assignments j.

If the claim is true, it follows that M; = ¢q since V |= ZF7 implies V; |= ¢p for all possible

B-assignments j.

Proof of Claim. We prove this for arbitrary #Z-formulae ¢ by running through the formula

building rules. The statement then follows for ¢y € T immediately.

Atomic formulae, i.e. formulae built by using (F1)) or (F2)), don’t contain quantifiers, hence
if ¢ is an atomic formula, ¥ and 1Z are equal. We will therefore show V; = ¢ <= M, |= ¢

for atomic Z-formulae.
(F1) For .Z-terms 71 and 7o and a B-assignment j we have
Vj ): T = T2
~==V(71) is the same object as V(72)

<<@>>- M, (1) is the same object as M, (72)

‘<<:>>Mj ':7'1 = To.

(F2) For an n-ary relation symbol R out of &, £-terms 7, ..., 7, and a B-assignment j we

have

Vj |: RTl...Tn
e <Vj(7’1),...,Vj(Tn)> S RV
<= (V;(11),..., V(7)) € RM
-<<Q>>- <1\/Ij(7’1)7 . 7NI]*(TTL» S RM

<<:>>—Mj ): RTl...Tn.

([E3)&([F4) By the [definitions] of I = b, I |= 91 Athg, T |= h1 V oy and I |= py — oy for

interpretations I and Z-formulae v, 1,9, it is clear that if
Vi === M; ¢
holds and the analogous is true for ¥; and 2, then also

Vb My
Vi 1 Ay <= M 1 At
Vb= V by <= M |= 41 V1)
Vi b =y <= M = = ¥y

12



2.2 Deriving Models from Models of ZF

must be true.

(F5) Now we arrive at the crucial point, (F5) is the formula building rule concerning quan-
tifiers. What we want to show is that if an Z-formula 1) satisfies

ViEy <=M =v¢
for any B-assignment 7, then

V; b= V(v € B — 1) <= M; = Vu() and
N——

—

=vu(y)
V,E3v(veBA V) <= M; = ()
—_——

——

=3v(v)

follows (for every B-assignment j and every variable v). So for the universal quantifier

consider

V, EVu(v € B — )
<= for all objects a of V, Vj% EveB— ¥
~— for all objects a of V, if Vj% = v € B then Vj% = 1;
~<—= for all objects a of V, if a belongs to B, then V? = {/;
~— for all objects a of B, Vj% = 1;
~= for all objects a of B, M]% =
== M; | Vv (¥).

We proceed similarly for the existential quantifier.

Vb= 3w(v e BAY)
~—= there is an object a of V such that Vj% EveBA 1Z
~— there is an object a of V such that Vj% Ev e B and Vj% = {/;
~== there is an object a of V such that a belongs to B and Vj% = {/}v
~—= there is an object a of B such that Vj% = o

a

<% there is an object a of B such that MJ; E

~= M; = Iv(y).

This proves our claim and simultaneously, the theorem. 0

13



2 Axioms

This theorem is the foundation of the rest of this thesis. It assures us of the fact that the
following procedure is enough to prove the existence of a model of the #Z-theory T. The
theory from which we start is ZF*, the extension of ZF containing the definitions of useful
symbols, together with its language 2. Notice that instead of with ZF*, one could also
start with a subset of ZF* containing at least the axioms ZFy — ZF3 and ZF5 and ZFg. For
convenience however, we mostly won’t distinguish these cases and work with ZF* as our base

theory.
Algorithm 2.14.
1. Add a new constant symbol B to £, and define it according to

2. Add new constant symbols which are bold copies of the symbols of .Z to the resulting
language and also define them according to The now resulting language is
called .z, the corresponding theory is ZFr.

3. Show that

e ZFr + R C B", for n-ary relation symbols R of .Z.
e ZFr + F : B™ — B is a function, for n-ary function symbols F' of .Z.

e ZF1 F ¢ € B, for constant symbols ¢ of .Z.

4. Add the symbols of .Z to Z7zr, and call the resulting language £7p. .

5. Define the new symbols (according to [Remark 2.4)) as follows.

e Ruy...v, <= (v1,...,0,) € R, for relation symbols R of .Z.

o Fup...vp =y = {v1,...,05,y) € FV ({v1,...,v,) ¢ B* Ay =10), for function
symbols F' of Z.

e ¢ =y <= c =y, for constant symbols ¢ of Z.
6. Show that ZF% F ¢ for all ZF-transformations ¢ of non-logical axioms of T.

Now that we know what needs to be shown to obtain models of arbitrary theories from a
model of Set Theory, we concentrate on those theories we are interested in for constructing
a model of the real numbers. The rest of this chapter consists of three lists of non-logical
axioms, that will each be examined in the following two chapters by applying the above

algorithm.

2.3 Peano Axioms

To begin with our construction, we will show that a model of the natural numbers can be
derived from any model of ZF, meaning that we want to show with the axioms of ZF the
existence of a set on which an element called 0, addition, multiplication and a successor
function can be defined such that all Peano Axioms hold. There are seven of them, two to
determine the usage of the successor function, two for addition and two for multiplication.
The last one, which is rather an axiom scheme than a single axiom, is called the Axiom
Scheme of Induction and basically states that if ¢(x) holds for z = 0, and that if it holds

14



2.4 Axioms of Z

for any natural number z then it also holds for the successor of z, then it must hold for all

natural numbers.

PAli

PA,

PAs:
PA,:
PA5:
PAg:

PA7:

2.4

—Jz(s(x) = 0)
s Vavy(s(z) =s(y) = x =vy)
Vae(zx +0=ux)

VaVy(xz +s(y) = s(z +y))

VaVy(z -s(y) = (z - y) + )

(¢(0) AVz(p(z) = ¢(s(z)))) — Va(p(z)) for any formula ¢ in which z occurs freely.

Axioms of Z

Compared to the axioms of ZF(C) and PA, the axiomatization of the integers is more de-

scriptive. It basically states that Z is an ordered ring with neutral elements 0 and 1.

e (Z,+) is an abelian group:

Ay Va,y,2((r+y) +2=2+ (y + 2))
TAg: Va(z+0=0+ 2z =2)

IAs: Vo,y(z +y =y +x)

TA4: Va3y(x +y =0)

e (Z,-) is an abelian monoid:

IMy: Va,y,2((z-y) - z2=x-(y-2))
IMy: Va(z-1=1-z=2)
IMs: Va,y(z-y =y - x)

e The distributive property holds:

IDy: Va,y, 2(z - (y + 2) = (x-y) + (- 2))

e < is a total order:

I01: Vz—(z < x)
I02: Vz,y,2(x <yANy <z —>x < 2)
I03: Vz,y(zx <yVy<zVz=y)

e Addition and multiplication are monotone:

The

I04: Vo y,2(x <y —z+2<y+2)
I05: Vz,y(x < yANO< z—=2-2<y-2)

integer numbers will be defined as ordered pairs of natural numbers, hence the fact that

all these axioms hold in our setting will have to be shown using corresponding properties

of the natural numbers. Although it may not be obvious at first sight, commutativity,

associativity and distributivity are all consequences of the Peano Axioms.

15
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2.5 Axioms of R

The real numbers are characterized through being a Dedekind complete, totally ordered field,

i.e. the underlying axioms are the following:

e (R,+) is an abelian group:

RA1;: Vo, y,2((z+y) +z2 =2+ (y + 2))
RAg: Ve(x +0=0+z =)

RA3: Vo,y(zx +y=y+x)

RA4: Vady(x +y =0)

e (R\{0},-) is an abelian group:

RM;: Vo, y,2((z-y) -z =2 (y - 2))
RMy: Vz(z-1=1-2=ux)

RMs: Va,y(z-y=y-x)

RMy: Vo # 03y(z -y =1)

e The distributive property holds:

RDy: Va,y, 2(z - (y+2) = () + (2 2))

e < is a total order:

RO;: Vo—(z < x)
ROy: Vo, y,2(x <yAy <z —x<2)
ROs: Vo,y(z <yVy<zVz=y)

e Addition and multiplication are monotone:
RO4: Va,y,z(z <y —zx+2<y—+2)
ROs: Va,y,z(e <yAN0<z—o2-2<y-2)

e R is Dedekind complete:

RC;: Every nonempty subset of R having an upper bound also has a least upper bound.

Although we will have to prove the ZF-transformations of these axioms in order to derive
models of the natural, integer and real numbers from a model of Set Theory as described in
we do not state the transformations here; the axioms are transformed very

easily.

Notice that RC; is an axiom that already uses the concept of subsets, i.e. it must be
formulated in the language of Set Theory. So in some sense, it already is ZF-transformed,
even though it is not the transformation of another formula. It is indeed the case that the
axiomatization of the real numbers requires either a theory of higher order or it must be

embedded into ZF, which is what we are going to do.

16



3 Construction of Number Systems

In this chapter we will, starting with the definition of the set of natural numbers, step by
step add new symbols to our language for every function, relation or constant appearing
in the axioms stated in by adding formulae to the theory as described in
Following it is necessary to show for each newly introduced bold

symbol that it describes a relation, function or constant in the set theoretic sense, upon
which the corresponding non-bold relation, function and constant symbols can be defined.
Proceeding chronologically, the truth of the desired ZF-transformed axioms concerning that
number system will then be shown, before afterwards defining the next number system with
its corresponding functions, relations and constants. During this process, we will try to avoid

the usage of as many axioms of Set Theory as possible.

Until being able to define the set of real numbers within ZF, there is a lot of work that needs
to be done, i.e. not only axioms have to be shown, but all relations, functions and constants
need to be defined and their welldefinedness has to be proven. Furthermore, proving certain
axioms of the real numbers needs quite some preparation and is generally a lot more extensive
than proving the axioms of the natural or integer numbers. For this reason, the verification
of the axioms of the real numbers will be treated in the separate

3.1 Natural Numbers (w)

In [Hallll pp. 50-51], the set of natural numbers, w, is defined to be the smallest nonempty
limit ordinal. It is shown there, as well, that the following are some of its properties:

(i) Dew
(ii) w is inductive, that is, if € w, then 2 U {z} € w.
(iii) w does not have a proper subset which contains () and is inductive.

We adopt this definition of w, where w is serving as the constant symbol B from
[2:14} however we will define addition and multiplication differently to avoid using the Axiom
of Replacement, ZF7. So far we have needed the axioms ZFy-ZF5 [Hallll, pp. 44-51].

To obtain a model of PA, we start by defining the constant symbol OV in such a way that
0N ¢ w follows. The superscript ™ has been added to the symbols since the languages of
both the integers and the reals also contain the symbol “0”. Similarly we will later add "%

and “®” to the symbols when we are working with the integers and reals, respectively.
Definition 3.1.
o :=¢.

0N € w is nothing else than the statement of property of w and thus, we are allowed to

define 0N as follows.

Definition 3.2.



3 Construction of Number Systems

We continue with the definition of the successor function. The aim is to define a set for which
it is provable from ZF that it is a function from w to w, and, as already becomes clear in the

definition of w, we interpret x U {x} as the successor of x.

Definition 3.3.

st = {(z,y) Ewxw: y=aU{z}}

Remark 3.4. Notice that we have in particular made use of ZFg now by relying on the

existence of w X w.

Proposition 3.5.
Ve € wily € w((z,y) € sV,

i.e. sN:w — wis a function.

Proof.

3: As we already know from property of w, for any z € w, the set U {z} is again

contained in w. Therefore there exists a tuple (z,z U {z}) € s™.

I: Let (z,y) and {x,3') be two elements of sN. Then, by the definition of s™ we know

that y = z U {z} and 3y’ = z U {z}. By extensionality, y and y’ must be identical.

This justifies the following definition.

Definition 3.6.

sN(z) =y = (x,y) € .

Proposition 3.7. PTAZ, :P’Z[Q and ISA; hold, that is,
(i) =3z € w(sN(z) = 0F)
(i) Va,y € w(s™ (z) = sN(y) =z =y)

(iii) (p(0N) AVz € w(p(z) = o(sN(2)))) = Vo € w(p(x)) for any formula ¢ in which

occurs freely.
Proof.

(i) Suppose there exists x € w such that s™N(z) = ON. Then, § = 0N = sN(z) = 2 U {z}.
But since x € x U {z} and x ¢ 0, this is a contradiction to the Axiom of Extensionality

and therefore no such x can exist.

(ii) Let x # y be such that sN(z) = s (y). This means that zU {z} = yU{y} and hence we
know that z € xU{z} = yU{y}. If x # y, then x must be an element of y. Analogously
it follows that y € z. Since w is an ordinal, x and y are ordinals as well by [Hallll
Theorem 3.12 (b)], and thus by [Hallll Theorem 3.12 (a)], © € y and y € z exclude

each other, yielding a contradiction. Therefore, s™(x) = s™(y) implies that = = y.
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3.1 Natural Numbers (w)

(iii) Suppose ¢ is a formula such that  occurs freely in ¢ and
p(0N) AV € wp(z) = (5" (2)) (7)
holds. Then, assuming
Jz € w(—p(z)) (8)

to be true, we can define o’ := {x € w: p(z)}. Now we have 0N € &’ and Vz(z € ' —

sN(z) € w’) by (7) and w’ C w by (B).
We have found an inductive set w’ containing 0N = () which is strictly smaller than w,

yielding a contradiction to property of w.
O

From now on, the symbol s™ will be replaced by s and we write 0 instead of ON. Still,
our construction is independent of ZF7, the Axiom of Replacement, ZFg, the Axiom of
Foundation, and AC, the Axiom of Choice.

Corollary 3.8.
Vo € w(x =0V Iz’ € w(z =s(a))).

Proof. This is a simple consequence of PA;. If we set x = 0, obviously 0 =0V 3z’ € w(0 =
s(z’)) is true. And if we know that z = 0V 32’ € w(z = s(a’)), then of course s(x) is the

successor of x, which implies that s(z) =0V 32’ € w(s(z) = s(z’)) is true as well. O

We can also define addition on w, which we will do in a way making PA3 and PA, automat-

ically true and, as already mentioned, not using ZF7 in contrast to [Hallll, p. 56].

Definition 3.9.

+N ::U{f € Z((wxw)xw): oyn(f)}, where

pyn(f) :=Vr € w[{{2,0) , ) € f] (9)
AV2VyVz[((z,y)  2) € f ATy (y =s(y))

=y (y=s@) Nz=s(') A ((2,9),2) € f)] (10)

A2V z[{({x,0),2) € f — z = z]. (11)

@4n(f) can be divided into three parts. @[) ensures that PA3 holds, is responsible for
PA4, and as we will see just below, is needed to show that +~ is a function.

Proposition 3.10.
Vz,y € wilz € w ({({z,y),2) € +M).

Proof.

3: We are proving this using the Axiom of Induction for the formula
03(y) :==3f € P((w x w) x w)Ve € wz € w(pan(f) A {(z,y),2) € f).
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3 Construction of Number Systems

First, we consider the case y = 0. Let fo = {{{x0,0),z0) : o € w}. Then, ((z,0),z) €
fo for all z € w and, since PA; holds, part of pyn(fo) is also true. The set fy
only has elements of the form ({x,0),z), which assures the uniqueness required
for o~ (fo) to be entirely true. Therefore, v ~(fo) holds and so does ¢3(0).

Now we assume ¢3(y) to be true. We therefore have f such that ¢ w(f) holds and
Vo € w3z({((z,y),2) € f). Define

[ri=ru{lles) ,s(2)) - ((2,9),2) € 1

Again, ¢ ~(f’) holds: We have f C f’ and Va € w ({(z,0),z) € f), so we also have
Vo € w(({x,0),z) € f’). The elements of f'\f are of the form ((z,s(y)),s(z)), where
({x,y),z) already is in f and therefore also in f’, making part of o w(f’) true
for all the “new” elements of f’. Together with o~ (f) we also know it is true for the
“old” elements, and therefore it holds for the entire set f’. The fact that we only added
elements of the form ((x,s(y)),s(z)) to f makes sure that there has not been added
anything of the form ({(z,0), z), since 0 is not the successor of any natural number. We
therefore know that the last part, (I, of ¢ x(f’) holds as well.

Hence, Vz € w3z € w({{(z,s(y)),z) € f' is true. This means that p3(s(y)) is true as
well, implying that ¢3(y) holds for every y € w by PA~.

We now know that for every pair (z,y) € w x w there are f and z such that ¢ n~(f)
holds and ({z,y),z) € f, which implies that for every pair (z,y) € w X w there is a z
for which ((z,y),z) € +N.

I: Suppose there are x,%, 29,21 € w such that both ((x,y),20) € +~ and ((z,y),2) €
+N. We can prove that zp = z; using the Axiom of Induction, PA7, applied to the

formula

o1(y) ==V, 20, 21 € w(({{z,y) , 20) € +N A ((z,y), 21) € 1) = 29 = 21).

((z,y),20) € +N and ((z,y),21) € +™ means there exist fo and f; with ¢ (fo) and
@4w(f1) such that ((z,y),z0) € fo and ((z,y),21) € f1.

Let y = 0. Part (9) of ¢ n(fo) implies ((z,0),z) € fo and together with ((z,0),z) €
fo, we know by that £ = zp. The same argument works for z1, yielding zg = 0 = 2;.
We have shown that ¢;(0) holds.

Now, assuming ¢i(y) holds, we show that ¢(s(y)) holds as well. For this purpose,

suppose that ((z,s(y)),z0) € fo and ((x,s(y)),z1) € f1. Part of pyn(fo) im-
plies the existence of a z{ such that zp = s(z{) and ((z,y),2,) € fo. Therefore we

have ((z,y),25) € +~. In the same way we also get a z} such that z; = s(z}) and
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3.1 Natural Numbers (w)

{(z,y),2}) € +N. By our assumption, 2} and 2] must be identical, meaning that

s(zf) = s(z1), L.e. 20 = #1.

This completes our proof.

Definition 3.11.
4Ny = 2= ((z,9),2) € +N.

Proposition 3.12. P/’E, and P/’AE hold:
(i) Vr € w(z +N 0 = x)
(ii) Yz,y € w(x +Ns(y) = s(x +N y)).

Proof.

(i) fo, as defined in the proof of [Proposition 3.10] contains ((x,0),z) for all # € w. This
already proves that Vr € w (z +N 0 = x).

(ii) = +Ns(y) = z implies the existence of f 3 ((z,s(y)),z) such that ¢ ~(f) holds. This
(z,

means there exists z’ such that z = s(z’) and ((z,y),2’) € f, and as a consequence,

x+Ny = 2. So now we have s(z +N y) = 8(2') = z = 2 +N s(y) for all z and y in w.

O

The following corollary shows further properties of the addition on w; they will later be

needed during the construction of the integers.
Corollary 3.13.
(i) Vo € w(0 +N 2 = z)

(ii) Y, y,z € w((z +N y) +N z = 2 +5 (y +N 2))

(iii) Vz € w(s(0) +¥ z = s(z) = z +N 5(0))

(iv) Vo,y € w(xz +Ny =y +N z)

(v) Yo,y € w(s(z) +N y = s(z +V y))

(vi) Va,y,z € w(x +Ny =2 +N 2z — y = 2)
Proof. All of these statements, except , will be proven by induction.

(i) Let = 0. Then,
0+N0 "2 0.

Assuming 0 +% 2 = 2, we have
0+Ns(2) 250 +N 2) % s(a).
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3 Construction of Number Systems

(ii) We will prove this by induction on z. Let z = 0. Then,
(@ +N ) +N 0 "2 g Ny MRS 5 g N () 4N ),
Assuming (z +% y) +N 2 = 2 +7 (y +V 2), we have

(@ +N ) +Vs(2) B s((@ +N ) +N 2) = sz 4N (y 7 2))

R N sy N 2) R N (y 1N 5(2)).

(iii) This is proven by induction on z. Let = 0. Then,

s(0) +N 0 22 5(0) & 0+ 5(0).

Assuming s(0) +% 2 = s(z) = 2 +N 5(0), we have

s(0) +N s(z) 2" 5(s(0) +N z) *= 5(s(2))

25 5(s(x) +N 0) 2 s(z) +N s(0).

(iv) Let = 0. Then,
O+]Nyypésy+m0.

Assuming z +N y = y +N z, we have

s(z) Ny & (@ 1N 5(0) +N y € 2 N (5(0) +V )

a2 50) Y @ y) +s5(0)

@

ass.

= (y +N 2) +8 5(0)

i)
=y 4N s(z).

y+5 (2 +75(0))

(v) Here, we don’t need induction.

proves it already.

(vi) Again, we use induction on z. Let z = 0. Then,
N ~ _ ()
0+ " y=0+4+" 2 Y =z.
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3.1 Natural Numbers (w)

Assuming x +N Y= A — y = z, we have
(
s(z) +N y =s(z) +" 2 s(z +Ny) = s(z +N 2)

ngNy:er]Nz%y:z.

O

legitimates omitting the brackets in terms of the form (z + y) 4+ z or, what we have now

shown to be the same, = + (y + z). From now on we will also simply write + instead of +&.

We continue with the definition of multiplication on w, which is very similar to the definition
of addition.

Definition 3.14.

N ::U{f € P((wxw)xw): px(f)}, where

p.x(f) =Vr € w[((x,0),0) € f] (12)
AVaVyVz[((2, ) 2) € f ATy (y =s(y))

= W (y=s@W)ANz=2+2A{z,y),7) € f)] (13)

A2V z[((x,0),2) € f — 2 =10] (14)

Proposition 3.15.
Vr,y € wlz € w({{z,y),2) € M.
Proof.

3: To show the existence of such a z we will prove by induction that

p3(y) :==3f € Z((w x w) x w)Va € wIz € w(on(f) A {{z,y),2) € f)
holds for all y.
Let first y = 0. We define fy := {({(2,0),0) : = € w}. By definition, ((x,0),0) € fo

for all z € w, and like in the proof of [Proposition 3.10, the second part of ¢.n, ,

is automatically true since 0 is not the successor of any element of w. The uniqueness

part of ¢.v again is a direct consequence of the definition of fy. So, ¢3(0) is true.

Now assume @3(y) holds. We then have f such that ¢.(f) holds, as well as Vx €
w3z € w({{z,y),2z) € f). Define

fr=ru{lles) .z +x) s ((w,),2) € [}

Since {(x,0),0) € f for all z € w, we know that ({x,0),0) is also in f’ for all z € w.
The elements of f'\f are of the form ({z,s(y)),z + ), where ((z,y),2) is in f. Thus
the “new” elements of f’ fulfill part of p.n(f') and the “old” ones already fulfill
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3 Construction of Number Systems

it because @.~(f) holds. Since we didn’t add any elements of the form ({x,0),z2) to
f when constructing f’ because by PAj, 0 is no successor, we know that part of
e (") still holds, too.

We have found f’ such that Vo € w3z € w({{(z,s(y)),z) € ') and ¢.~(f'), meaning
that ¢3(s(y)) holds. So now, ¢3(y) is true for all y € w and we therefore have that for

every pair (z,y) € w X w there is f such that (p.n(f) A {(z,y),2) € f), implying the

existence of a z for each pair (z,y) € w x w such that {(x,y),z) € -N.

I: Suppose that there are z,vy, 29, 21 € w such that ({(z,y),z) € -N and {(z,y),2) € -N.

We want to show that zg = z1, which we will do using induction applied to the formula
o1(y) ==V, 20, 21 € w({x,y), 20) € DA Uz, y),21) € N = 29 = 21).

That ({(z,y),2) € -N and ((z,y), 21) € -¥ hold means there are fy and f; which fulfill
px(fo), o (f1), ((2,y), 20) € fo and {(z,y),21) € f1.

Let y = 0. Then, ({x,0),0) € fo, since p.x(fo) holds and ({x,0), 20) € fo. The unique-
ness part of o.w(fy) implies that zp = 0 and using the same argument for z;, we get

that zg = 0 = 21, proving that ¢;(0) holds.

Now suppose that ¢;(y) holds and let once again ((z,s(y)), z0) € fo and {((z,s(y)),21) €
fi. Then, p.n(fo) implies that there is z{, such that zo = z{+x and {(z,y),2{) € fo. On
the other hand we get 2] in the same way which satisfies z; = 2{+z and ((z,y),2]) € fi1.

The truth of ¢ (y) now tells us that z{ = 27, which implies that zp = z{+x = z{+x = 2;.
O

Definition 3.16.

Proposition 3.17.

(i) Yz € w(z N0 =0)

(ii) Yo,y € w(z Ns(y) = (z N y) + ),
meaning that lgAJg, and IEA:; hold.

Proof.

(i) fo, as defined in the proof of [Proposition 3.15| contains ((x,0),0) for all x € w. This is
already enough to know that 2 N 0 =0 for all = € w.

(i) = -N s(y) = z implies that there is f > ((x,s(y)),2) such that ¢.n(f) is true. Since
s(y) is a successor, there must be 2z’ such that z = 2’ + z and ((z,y),2’) € f. Thus,

- Ny =2 and therefore x Ns(y) =2 =2+ 2= (- Ny) + 2 forall 2,y € w. O
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3.1 Natural Numbers (w)

Again, we are interested in some more properties of the multiplication on w, which will turn

out to be useful in the construction of the integers.
Corollary 3.18.

(i) Vo € w(0 Nz =0)

(ii) Vo € w(x Ns(0) =z =s(0) N z)

(iii) Yo,y,z € w((xz +y) N 2) = (z N 2) + (y N 2))

N

(iv) Ve,y € w(x Ny =y -Nz)

(v) Ya,y,z € w(z N (y+2) = (z Ny) + (=N 2))
(vi) Vz,y, 2 € w((x Ny) Nz =2 N(yNyz))

Proof. Like in the proof of all of these statements can be proven directly
or by induction, where the order in which they should be proven is — due to dependency

between each other — the one in which they are stated above. O

Again for readability’s sake, we replace -N by -.

We have now defined the natural numbers w, with an element 0N, a successor function,
addition and multiplication, and have shown that in this setting, all Peano Axioms hold. In
other words, we have shown that the formulae defining these symbols form an embedding
of PA into ZF and therefore, the existence of a model of PA follows from the existence of
a model of ZFy — ZFg4 by Also we have seen some important properties like
commutativity of addition and multiplication and distributivity. To define an order relation
on the integers needed for the axioms 101-10y, it will be useful to have a relation defining

an order on w, which is the reason for the next definition.
Definition 3.19.
<Ny cwxw: zecwr+z=y)}
<Ny = (z,y) e<V
<M ={{w,y) ewxw: (z,y) e<N Az £y}

<Ny = (z,y) e<N.

Remark 3.20. Obviously, SIN and <™ both are subsets of w x w, justifying the definitions
of <N and <N,
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3 Construction of Number Systems

Proposition 3.21.

(i) Vo € w(x <N z)

(ii) Yo,y € w(x <Nyny <Nz —z=y)
(i1i) Vz,y,z € w(x <Nyny <Nz — 2 <N 2)
(iv) Va,y € w(z <Ny vy <Nuz)
Proof.

(i) Since z + 0 = z, we have x <N z.

(ii) If <Ny and y <N z, then there are 2,2, such that z + 2y = y and y + 2, = x.
Therefore we have that © + zg + 21 = (4+0), which yields that zg 4+ 23 = 0 by
Now both zy and z; have to be 0, since otherwise, one would be a successor,
making their sum a successor, which is a contradiction to PA;. So now, x + 0 = y and

therefore x = y.

(iii) If there are zg and z; such that x + zp = y and y + 21 = z, then © + z9 + 21 = 2. This

already implies z <V z.

(iv) This can be proven by induction on z. First, consider the case x = 0. Then, z+y =y
and so <N y. We now assume 2 <N y vy <N 2 and want to prove the statement for
s(x) as well. We discuss the two possibilities separately.

x <Ny We have z € w such that 2 + z = y and again distinguish two cases:
z=0: x40 =y implies x = y, which then implies that y + s(0) = s(z). It follows
that y < s(z).
z # 0: In this case, z is the successor of some 2z’ € w. Hence x + s(z’) = y, which

yields s(x) + 2’ = y, meaning that s(z) <N y.

y <N z: This is the easier case. There exists a natural number z such that y + z = z.
Thus, y + s(z) = s(z) and therefore y <N s(z).

Proposition 3.22.

(i) Vz € w(~(z <N x))

(ii) Vo, y,z € w(x <N yAy <Nz — 2 <N 2)
(iii) Vz,y cw(x <N yvy <Nazvz=y)
Proof.

(i) Since z =z, (z,x) ¢<N by definition.

(ii) = <N YNy <™~ implies that there are zy and z; such that = + zg = yand y+ 21 = 2,
hence x + 29 + 21 = z. Furthermore, x # y and y # z. Now it follows that zg # 0 # 21
and consequently z = x 4 2o + 21 # x. Thus, 2 <N z and = # z, yielding <V 2.
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3.1 Natural Numbers (w)

(iii) In [Proposition 3.21 (iv) we have already proven that x <N y or y <™ 2 must hold.

Let’s now assume neither z < y nor y <N z are true. If z <N y but 2 «~ y, 2 and
y must be identical. The same follows in the case where y <N z but y £ z, which

proves the proposition.

From now on we will write < and < instead of <N and <N,
The following is an interesting property of the newly defined order relation. It nicely points
out the connection between our definition of w and the membership relation of Set Theory.

Lemma 3.23.
Vo, y € w(x <y >z €y).

Proof. For the first implication, “—”, we use induction on z for the formula
Ve,y cw(lx+z=y =z €y),

but we start with the case z = s(0) instead of z = 0, since x < y <= 3z # 0(z + z = y).
So let z = $(0). Then, x + z = x 4 s(0) = s(z). By the definition of s, we have indeed that
x € s(x).

Now assume that Vo,y € w(z+ 2z = y — = € y) is given. In particular if for arbitrary

x,y € w we have z + z = ¢/, then « € 3. So if now = + s(z) = y, this implies that

y=sx+2)=s(y) =y U{y} 2y > a.

For the other direction, “<”, we use induction on y for the formula
Veew(xey—a<y).

Let y = 0 = (. Then of course, x ¢ y for every z and so z € 0 — x < 0 holds for every = € w.
So assume x € y — x < y holds for every z € w. Now, = € s(y) means x € y U {y} which
implies

r=yVvVxrecy.

If © = y, then = 4+ s(0) = s(y), hence z < s(y). If x € y, by our assumption we have
x < y. Surely y +s(0) = s(y), implying y < s(y) and by the transitivity of <, we know that

y <s(y) O
Corollary 3.24.

(i) Yxo,x1,90,y1 € w(wo <yoAx1 <y1 — zo+ 21 < yo+ Y1)

(i) Ve,y,z€w(z+z<y+z—z<y)

(iii) Yo,y,z Cw(x <2 A0N <y w2y < z-y)
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3 Construction of Number Systems

Proof.

(i) If 29 < yo and z1 < g1, this implies that there are zy and z; such that g + 29 = yo
and x1 + 21 = y1, where zg # 0. Therefore, xg + x1 + 20 + 21 = Yo + Y1, meaning that
zo + 21 < yo + y1. Additionally we know that zg + 21 # 0, hence zg + z1 < yo + y1-

(ii) If x + z < y + z it follows that there is w # 0 such that z + z + w = y + 2. Therefore,

by [Corollary 3.13 (vi)|,  + w = y, immediately implying = < y.

(iii) That x < z holds, implies the existence of w # 0 such that x +w = z and since w # 0,
we know there is w’ such that w = s(w’). Hence, x + s(w’) = z and furthermore, since

y # 0, there exists 3 for which s(y') = y. Together, this yields

2oy = (z+s())-s)
= (z-s(y)) + (s(w’) - s(y"))
= (z-y) + (s(w') - ) +s(w).

Clearly, (s(w’) -y') 4+ s(w’) is different from 0 and thus, z - y < z - y follows.

3.2 Integers (Z)

Now we are done defining the natural numbers. Our next step is the construction of the
integers, which will later lead us to the construction of the reals. We will view integers as
representatives of equivalence classes of ordered pairs of natural numbers, where the pair
(x,y) stands for the integer “x — y”. For this, it is necessary to have an equivalence relation
on w X w such that the pairs (xg,x1) and (yo,y1) are equivalent iff “xq —x1 = yo —y1”, i.e.,

in terms of natural numbers and their as yet defined functions, g + y1 = yo + x1.

Definition 3.25.

~2 = (o, 21) 5 (Yo, y1)) € (W X W) X (WX w): o+ y1 =yo+ 21}

x~ty = (x,y) e~t

Proposition 3.26. ~% is an equivalence relation.

Proof. Let xg, z1, Y0, Y1, 20, 21 be arbitrary elements of w. We have to show reflexivity,

symmetry and transitivity of ~Z.
reflexivity: We know that ((zq, 1), (0, z1)) €~%, since obviously zg + z; = 7 + 1.

symmetry: If ((xg,z1), (y0,y1)) €~%, this means that z¢ + y1 = yo + z1. Then of course,
Yo + o1 = To + Y1, which ensures that ((yo, 1), (zo, 1)) €~Z as well.

transitivity: Suppose (xo, 1) ~% (yo,%1) and (yo,vy1) ~% (20,21). Then we have ¢ + y; =
Yo + 21 and yo + 21 = 20 + y1, yielding

(Io + y1) + (yo + Zl) = (yo +I1) + (Z() + yl).
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3.2 Integers (Z)

After applying |Corollary 3.13 (ii)| and several times, we get

(o + 21) + (yo +y1) = (20 + 1) + (yo +y1)-

Finally, with |[Corollary 3.13 (vi)| we obtain the desired result

ZTo + 21 = 20 + @1,
implying that (zg, 1) ~% (20, 21), as well.
O

Before defining Z, we show another helpful proposition which gives us a unique representative
of each equivalence class of ~Z.

Proposition 3.27.
Va,y € wiln € w ((z,y) ~* (n,0) V (z,y) ~* (0,n)),

or, informally speaking, every integer can be written as “n” or “—n” with a unique natural
number n.

Proof.
d: There are two cases to consider:

x < y: By definition of <, there exists a z € w such that 4+ z = y(= 0+y). Therefore,
(z,y) ~*(0,2).

y < x: Similarly to before, there exists a z € w such that y + z = x, or, equivalently,
x40 =z +y. Hence, (z,y) ~% (z,0).

By [Proposition 3.21 (iv)} these are the only possible cases and hence we have proven
the statement for all choices of x, .

I: Here, we have to consider four cases:
(n,0) ~% (m,0): n+0=m+ 0 implies n = m.
(0,n) ~% (0,m): 0+ m = 0+ n implies m = n.

(n,0) ~%(0,m): n+m = 0+ 0 implies n = m = 0, since otherwise one of them would
be a successor, and then their sum would also be a successor, which contradicts

PA;.

(0,n) ~% (m,0): 040 =m + n implies m = n = 0 in the same way as before.
O

At this point we are ready to define Z, playing the role of the symbol B from
for the integers.
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3 Construction of Number Systems

Definition 3.28.

Z:={(z,y) Ewxw: z=0Vy=0}

24 =y:=ycZnrnz~Ly.

Like for w, we need addition and multiplication for the integers, as well as an order relation.
They are all defined through their corresponding functions and relations on w. Additionally,
we will define the additive inverse of the elements of Z. But we start with the definition of

the constant symbols.

Definition 3.29.

Clearly, 0% and 1% are elements of Z, allowing us to define the following.

Definition 3.30.

Our goal is to show that (Z,+%,-%) is a ring where 0Z and 1% are the neutral elements with

respect to addition and multiplication, respectively.

Definition 3.31.

+% = {({{zo, 1), (Yo, 1)), (20, 21)) € (L X L) X Z::
(20, 21) = [{(x0 + Yo, 71 +y1>]Z}o

Proposition 3.32.
Yo,y € Z3z € Z({(x,y) , z) € +72).

Proof. This basically follows from [Proposition 3.27 Clearly, (xo + yo, 1 + y1) is an element

of w X w, which, by |Proposition 3.27] has a unique representation in what we have defined
to be Z. O

Definition 3.33.
z+ly =z = (x,y),2) € +Z.

With this definition, we can add integers, i.e. tuples of natural numbers of which at least one
is a 0, to each other. Since being able to add tuples of natural numbers without first having

to determine their representatives in 7 is desirable, the following is a favourable proposition.

Proposition 3.34. For natural numbers xg,x1,y0,y1 € w we have
[(z0, 1)) +7 [{yo, y1)]* = [0 + yo, 21 + y1)]”.
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Proof. Let ag, a1, by, b1 € w be natural numbers such that

(ao, a1) = [(wo,z1)]”

(bo,b1) = [(yo, y1)]”.

This implies

a+r1 =20+ m (15)
bo +y1 = yo + b1, (16)
which yields
[(zo, 21)]% +* [(yo, y1)]* ar) +% (bo, by)

= {ao
[(ao + by, ay + b))%
[<a0 +bo+ 21 +y1, a1 + b1+ 71+ 1))

; [(960 +ay+yo+bi,a1 + by + a2 +y1>}Z
= [(wo + yo, 1 + y1>]Z-

Proposition 3.35. m,m andm hold, i.e.
(i) Vz,y,z € Z((x +2 y) +% 2z = 2 +Z (y +Z 2))
(ii) Yo € Z(x +7 0% = 0% +% = 1)
(iii) Vz,y € Z(z +%2y =y +% z).
Proof. Consider x = {xg,21),y = (Yo,y1),2 = (20, 21)-
(i) We can deduce this property of +% from properties of +N(+) we have already proven.

(z+%y) +” 2 = ((xo, 21) +7 (Yo, 1)) +* (20, 21)
[

= [(xo +yo, 21 + y1>]Z +Z (20,21)
B0 (( (20 + yo) + 20, (21 + 1) + 21)]”
(2o + (Yo + 20), 21 + (y1 + 21))]”

=...=z+%(y+%2).

(ii) We have
z +20% = (29, 21) +2(0,0) = [(xg + 0,21 + 0)]% = (zg,21) = =
On the other hand,
0% +% 2 = (0,0) +* (zo, 21) = [(0 + 20,0 + 21)]” = (w0, 1) = 2.
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3 Construction of Number Systems

(iii) And by proceeding in the same way we get

x+%y = (zo,21) +” (Yo, y1)
= [(wo + yo, 1 + y1>]Z
= [{yo + 0, y1 + 21)]”
=...=y +2 .

O

The next operation we define on Z is the inverse with respect to addition. It is needed to

show that (Z,+%) is an abelian group.
Definition 3.36.

=7 = {({@0,1) , (Yo, y1)) € Z X Z: wo = y1 Ay = o).
Proposition 3.37.
vV € Z3ly € Z({z,y) € —%).

Proof. If © = (xg,21) € Z, then y := (x1,x0) is in Z as well, since the only requirement
for an ordered pair of natural numbers to be in Z is to have at least one entry equal to 0,
which is certainly still the case if we just flip the entries of an ordered pair with a O-entry.
Also, y, as we defined it, satisfies g = y; and 1 = yg. Uniqueness follows directly from the
definition of —%. O

Definition 3.38.

Z

Ly =y = (2,y) € =~

x—Zy:z:<:>a:+Z—Zy=z.

Just like with the addition on w, [Proposition 3.35 (i)|justifies omitting the brackets in terms
of the form (z +%y) +Z z and o +% (y+% 2). Accordingly, this also works if one or both addi-

tions are replaced by subtractions (—%), since the latter are just abbreviations for particular

additions.

Proposition 3.39.
Vo € Z(—%2+% = o % x = 0%).

Proof. Let x = (g, x1).

—Zy % 1 = (21, 20) +Z (20, 21)
= [<I1 + xg, X0 + $1>]Z
= [(xo + 21,20 + 171>]Z = 0Z7
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since (xg + 1,20 + 1) and 0% are ~Z-equivalent by

($0+$1)+0=0+($0+$1).

The other identity follows from the commutativity of +Z shown in [Proposition 3.35 (iii)l [

Corollary 3.40. As a direct consequence of this,
IfAZEVxEZHyEZ(x—i—Zy:O)

follows.
Corollary 3.41.
(i) Vo € Z(-% -7 x = x)
(ii) Yo,y € Z(—2(x +Z y) = —Zx -Zy)
Proof. Consider x = (xg,21) and y = (yo,y1).
(i) The proof is very simple:

T T, _ T Ty

1'0,1'1> = -2 <$1,£L’0> = <ZL’0,Z’1> =x.
(ii) This also follows from the definition of addition and the additive inverse.

~L(x+%y) = —%[(zo + Yo, 71 + y1)]
= [(z1 + y1, T + yo)]*
= [(w1,20)]” +* [(y1, y0)]”

— Ly 4T 2y

O

Now that we have finished proving that (Z,+%) is an abelian group, we can introduce

multiplication on Z.

Definition 3.42.

Fi= {(((xo, 1), (Yo, 1)) » (20, 21)) € (Z X Z) X T :
(20, 21) = [{(xo - yo) + (21 - 41), (w0 - 1) + (w1 - y0))]“}-

Proposition 3.43.
Yo,y € Z3z € Z({{x,y),2) € -2).

Proof. Like in [Proposition 3.32] this is an immediate consequence of [Proposition 3.27] since

((o - yo) + (z1-y1), (xo - Y1) + (21 - yo)) is indeed a tuple of natural numbers, which has one
and only one representation in Z. O
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Definition 3.44.
Z

Zy=z= ((1,y),2) €
Proposition 3.45. IM; — IM; and ID; hold, that is
(i) Vo,y,z € Z((x P y) # 2 =2 % (y 7 2))
(ii) Vo € Z(x -2 12 =12 .2 3 = 1)
(iii) Vx,y € Zi(z 2y =y -2 x)
(iv) Va,y,z € Z(x L (y+% 2) = (x - L y) +Z (z £ 2)).

Proof. Consider © = (xo, 1), y = (Yo,y1) and z = (20, 21)-

(i) Like in the proof of [Proposition 3.35| this follows from properties of +N(+) and -N(.)

shown in [Corollary 3.13| and [Corollary 3.18] such as associativity of both 4+ and -, as

well as distributivity of - over +.

(ii) We have

z-Z1% = (xg,21) -7 (s(0),0)
= [{(z0 -5(0)) + (21 - 0), (2o - 0) + (21 -5(0)))]”

= (x9, 1) = .

1Z Z

Analogously, x = x is shown.

(iii) From the commutativity of +(4) and -N(-) we can deduce

= (z0,71) z (o, y1)
= [{(zo - y0) + (@1 - 1), (w0 - y1) + (w1 - 0))]*
[

Yo - o) + (Y1 - 1), (Yo - 1) + (01 '%))]Z

(
(

=

<y07y1> (wo, 1)

y -~

(iv) This is another property of the integers that follows from the analogous property of the

natural numbers, [Corollary 3.18 (v)|

Z(y+7 2) = (zo, 1) -“ [{yo + 20,41 + 21)]”

= [(zo - (o + 20) + 21 - (Y1 + 21),
zo - (y1 4+ 21) + 1 - (yo + 20))]”

= [{(zo - yo) + (z0 - 20) + (w1 - y1) + (21 - 21),
(o - y1) + (w0 - 21) + (1 - o) + (1 - Zo)>]Z

= [((zo - yo) + (w1 - y1), (zo - y1) + (21 -yo)>]Z
+7 [((20 - 20) + (w1 - 21), (0 - 21) + (1 - 20))]”

= (z-2y)+% (x -~ 2).
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O

From this point, +% will be replaced by + and —% by —. There should not occur any
confusion between +N and 4%, since it will always be clear whether the two numbers being

added are elements of w or of Z. Furthermore, we will from now on write -, 0,1 instead of
2 0%,1% and occasionally omit the symbol - and brackets around products.

Definition 3.46.

<% .= {{(zo, 1), o, 1)) EZXTZ: xo+1y1 <yo+x1}
<l y = (z,y) e<?
xSZyK:):C<Zy\/x:y.
Proposition 3.47.
(i) Vx € Z—(x <% z)
(ii) Vo, y,2 € Z(x <Ly Ay <Z z = x < 2)
(iii) Vz,y € Zi(x <Z yVy <ZazVvz=y)
(iv) Vo € Z3y,z € Z(y <% x ANz <Z 2)

The formulae — correspond to f()vl — fé/g, whereas is an interesting additional
property of <%.

Proof. Let x = (wo,71),y = (Yo,¥1) and z = (20, 21)-

(i) From [Proposition 3.22 (i)| we know that

xo + 21 £ 2o + 71

—z ¢Z .
(i)

x<Zy/\y<Zz<:>(xo+y1<y1+xo)/\(y0+zl<zo+y1)

B}
=20 (w0 +y1) + (Yo + 21) < (y1 +z0) + (20 +¥1)

= (ro + 21) + (Yo +y1) < (20 +21) + (Yo + 1)

13.24 (72
I0+Zl <zp+x1 =z <? 2.

(iii) This is a consequence of the corresponding property of < (<). For z,y € Z we have
that o +y1 € w and yo + 1 € w. Thus, by [Proposition 3.22 (iii)|

(xo+y1 <yo+z1)V(yo+a1 <xo+y1)V(xo+y1 =y + 1)

=<y —y<Zg = a~ly(=r=y)

= (@ <"y Vy<"a)V(@=y).
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3 Construction of Number Systems

(iv) For & = (xg,21) we can always consider

y = [(zo,5(21))]%, 2 == [{s(w0), 21)]%.

Then,

Yo + 1 < s(yo + z1)
=yo+s(z1) =z0+

:>y<Zx.

And in the same way, x <% z follows.
O

When comparing integers, we will use < and < instead of <% and <Z from now on, which
again won’t make any trouble for the same reason as before. Furthermore, it will occasionally

be more convenient to write y > x,y > x for z < y and = < y, respectively.

There are two axioms remaining to be shown until we can derive a model of the integers from
a model of ZF according to monotonicity of addition and multiplication.
Proposition 3.48.

(i) Ve,y,z€Z(x <y —>zxz+2z<y+z)
(i) Ve,y,z € Z(x <yN0<z—z-2<y-z),
meaning thatIfC\)z andf(\)ig, hold.

Proof. Consider x = (xg,21), ¥ = (Yo,y1) and z = (29, 21).

(i) @ <y implies xo + y1 < yo + x1. Therefore we have by |Corollary 3.24 (i)|

To+yr+z20+21 <Y+ T1+ 20+ 21
= [(wo + 20,21 + Zl)}Z < [{yo + z0, 11 +Zl>]Z

—rt+z<y+z.

(ii) Again we have 2o + y1 < yo + 1. And, since 0 < z = (29, 21), we know that z1 < 2
and therefore z; = 0. So consider

rot+y1 < yo+ 1
5:24(120)) (xo+y1) 20 < (yo+x1) - 20
220 (wo + 1) - 20+ (21 +30) 21 < (o + 21) - 20+ (31 +@0) - 21
< (w020 4+ T121) + (Woz1 + y120) < (Yozo + y121) + (w021 + T120)
T 2<Y-2.
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3.3 Real Numbers (R)

We have now shown all characteristic properties of Z; a model of the integers therefore
exists by given a model of ZF. Now, the next step towards our primary goal of
constructing the system of real numbers can be approached. Unlike in the usual construction,
we won’t need fractions and later Cauchy sequences or Dedekind cuts but will obtain the reals
as equivalence classes of special functions from Z to Z. In[Definition 2.5 we have already seen
what functions are; now we need to develop the concept of finiteness via bijective functions

and only then specific functions we will later call “slopes” can be established.

3.3.1 Finite Sets

Definition 3.49. A function f : A — B is called bijective if for every y € B there is
exactly one x € A such that (x,y) € f. To indicate that f is a bijective function from A to
B we will write f: A <—» B.

Definition 3.50. For a bijective function f : A <» B, the inverse of [ is defined as

fhi={{y,2) e Bx A: (x,9) € f}.

Corollary 3.51. The inverse of a bijective function from A to B is a bijective function from
B to A.

Proof. Consider a bijective function f : A <» B. Since it is a function we know that for every
x € A there is exactly one y € B such that (z,y) € f, and since it is bijective, there is exactly
one z € A for every y € B such that the same is true. As this property is “symmetric” with

respect to A and B, switching the roles of A and B leaves the property unchanged. O

Definition 3.52. The composition g o f of two functions f: A - B and g : B — C'is
defined by

gof={(z,2): Fy(z,y) € f A (y,2) € 9)}.

Proposition 3.53. The composition g o f of two functions f: A — B and g: B — C is a
function from A to C.

Proof. Consider f: A — B and g : B — C. We want to show that for each = € A there is
exactly one z € C' such that (z,z) € go f. For € A there is exactly one y € B such that
(xz,y) € f. And for this y € B, there is exactly one z € C such that (y,z) € g. So for each
x € A there remains exactly one z such that there is a y € B such that both (z,y) € f and
(y,z) € g, which is the requirement for (x, z) being in go f. Therefore, go f is a function. O

Proposition 3.54. The composition of two bijective functions is again a bijective function.

Proof. Consider f: A<» B and g : B <—» C. We aim to prove that for each z € C there
is exactly one x € A such that (z,z) € go f. Since g is by assumption bijective, there is
exactly one y € B for each z € C such that (y, z) € g. For this y, there is by the bijectivity
of f again exactly one x € A for which (z,y) € f. So, like before, we can deduce that there
is exactly one x € A for each z € C such that there is a y € B such that both (z,y) € f and
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3 Construction of Number Systems

(y,z) € g. In other words, there is exactly one x € A for each z € C such that (x,z) € go f.
Hence, g o f is bijective. O

Example 3.55. The following are bijective functions from Z to Z:
(i) —*
(ii) +4 :={{z,x 4+ a) : © € Z}, for any a € Z.

Proof.

(i) The fact that —Z is a function has been proven in [Proposition 3.37, whereas its bijec-

tivity becomes evident in the exact same way.

(ii) Again, +, being a function is an immediate consequence of [Proposition 3.32} Now to

the bijectivity of +,. Let y = (yo, 1) and a = (ag, a1) for natural numbers yo, y1, ag, a;.
Then, if we choose x = (xg,z1) := [(yo + a1, y1 + ao)]?, we have that

(z,2 +a) = (z,[{yo + a1 + ao, y1 + ao + a1>]z>
= <$7 [<y07y1>]Z>

= <.13,y>,

hence, (z,y) € 4, holds. So we already have the existence of a preimage for every

y € Z. The uniqueness of this preimage is a consequence of [Corollary 3.13 (vi)l If
ta(®) = +a(a') =y, then

(o + ag, 1 + ay) ~7 (xo + ao, ] + ar) .

Thus, xg + ag + &} + a1 = z) + ag + =1 + a1, and hence z ~% z’ which implies x = 2.
O
Proposition 3.56. Let f: A— B,g: B— C,h:C — D be functions. Then,
(hog)of=holgof).

Proof. (hog)o f is the set consisting of tuples (z,w) € A x D such that there are y € B and
z € C for which

(z,y) € f and (y,w) € (hog)
< (z,y) € f and (y,2) € g and (z,w) € h.

These are exactly the tuples for which there exists z € C' such that
(x,2) € (go f) and (z,w) € h,
i.e. the elements of h o (go f). Therefore, o is associative. O
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3.3 Real Numbers (R)

Definition 3.57. Let f: A — B be a function. For any subset A’ C A, the restriction of
f to A’ is defined by
f |A/:= fn (A/ X B)

Proposition 3.58. The restriction of a bijective function f : A — B to A’ C A is a bijective
function from A’ to f[A'].

Proof. Since f : A —» B is a function, it is clear by definition that f |4: A" — f[A'] is
a function, too. By the bijectivity of f, for every y € B there exists exactly one z € A
such that (z,y) € f. Since f[A’] is defined as the set of images of elements of A’ under f,
the existence of an x € A’ for each y € f[A’] such that (x,y) € f |4 is clear, whereas its

uniqueness follows from its uniqueness in f. O

Definition 3.59. A set A is called finite if there exists n € w and a bijective function

f+ A <» n. We then say that A has n elements. If A is not finite, we say that A is infinite.
Proposition 3.60. Fvery subset of an element of w is finite.

Proof. To prove this, we use induction on n € w. Let n = 0. Since 0 = ) has no subsets,
every subset of 0 is finite.

Now assume that every subset of n is finite. If y is a subset of s(n) = n U {n}, we can write
y as

y=xzUd,

where z = yNn and 2’ = y\z. We then have x C n and either 2’ = @) or 2/ = {n}. By
assumption, there exists k € w such that there is a bijective function f : z < k. If 2’ = (),
we are already finished since y = x and therefore with f we have a bijective function from y
to k € w. On the other hand, if ' = {n}, define

g:=fuU{(nk)}.
g is a bijective function from y to s(k) € w and therefore, y is finite. O
Corollary 3.61. FEvery subset of a finite set is finite.

Proof. Let A be a finite set. Therefore, there exist a natural number n € w and a bijective

function f : A <» n € w. Now consider an arbitrary subset A’ C A. The restriction

flas A" f[A]

is bijective by [Proposition 3.58] Also, f[A’] C n is a subset of an element of w, from which

we have a bijective function g to a natural number k£ € w by [Proposition 3.60l Composing

g o [ yields, by [Proposition 3.54] a bijective function from A’ to k € w, implying that A’ is
finite. O
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3 Construction of Number Systems

Proposition 3.62. The union of two finite sets is finite.

Proof. Let A and B be two finite sets, i.e. there are two bijective functions

fiA—>»necw

g:B<—»meuw.
We show the finiteness of A U B by induction on m. First, let m = 0. Then,

B=g'0]=0
= AUB=AUD= A,

which is finite by assumption. Now, assume that the union of A with B’, for B’ an arbitrary
set such that there is a bijection ¢’ : B’ <% m, is finite and let B be a finite set such that

there exists a bijection g : B < s(m). Since m C s(m), we can define
B':=g7'[m] € B =g '[s(m)]
and thus we have a bijective function
g =glp:B < m.
By our assumption, A U B’ is finite, giving us a bijection
h':AUB <k e w.

We want to find a bijection from AU B to a natural number k. There are two possible cases.
Either, g~!(m) € A. In this case, AUB = AU B’ and we are finished (k = k’). The other
case, g~ 1(m) ¢ A, is less trivial. Since AUB = (AU B’) U {g~!(m)}, setting

h=h"U{(g7 (m),k)},

yields a bijective function from A U B to s(k') =: k. Hence, AU B is finite. O
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3.3 Real Numbers (R)

Proposition 3.63. Let f: A — B be a function. If A is finite, then f[A] is finite, too.

Proof. The set A being finite implies the existence of a bijective function
g:A—»necuw.

Again, we can prove this by induction on n, the number of elements in A. If n = 0, then

9
— flA] =0,

which is obviously finite. So, assume that for any set A’ which has n elements, f/[A’] is finite
for every function f': A" — B’. Consider a set A with s(n) elements. Then, since n C s(n),

we can define
A'=g7 ] C A= g7 [s(n)].
Since now A = A’ U{g~*(n)}, we have that

FlAl = fIATU fl{g™ (m)}).

And since f[A’] is finite by assumption, it follows from [Proposition 3.62| that f[A] is also
finite. O

Lemma 3.64. If two sets A, B C Z are finite, then the set
A®B:={a+b: ac€c ANbeE B}

is finite, as well.

Proof. Once again this will be proven by induction on n, the number of elements in A. If
n=0, A® B = (), and we are finished. So assume that A’ @ B is finite if A’ has n elements.

As we have done before, we can decompose a set A of s(n) elements into
A= A/ U {(Lo}
where A’ has n elements. Thus,

A®B={a+b: a€c ANbE B}
={a+b: (a€ A'Va=ag)ANbe B}
= (A" ® B) U +4,[B].

We have already seen that +,, is a function from Z to Z. Restricting it to B C Z yields, by
[Proposition 3.63] that +,,[B] is finite, A’ @ B is finite by assumption, and therefore, A & B
is, as their union, finite by [Proposition 3.62] [
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3 Construction of Number Systems

We have reached the point at which the concept of “slopes” can be introduced, later leading

us to the definition of the real numbers. The ideas in the rest of this chapter and in most of

are adopted from [A’C03].

3.3.2 Slopes

Definition 3.65. A slope is a function A : Z — Z for which the set
Dy={NMz+y)— A=) - Ay): x,y € Z}

is finite. The set of all slopes will be denoted by S.

One can imagine a slope as a function that is “almost” linear, in the sense that if for a
function A the set D) contains only 0, (hence is finite), then A is linear. If Dy has more or
other elements than 0 but is still finite, it can be shown that A has some properties that are

generalizations of properties of linear functions. We will see some of these properties later,

in [Section 4.2
Definition 3.66.

Dy, = {Nx) —p(z) : z €7}
~R= L\ p) €S xS Dy, is finite}

AR = O\ ) e~
Proposition 3.67. ~® is an equivalence relation.

Proof. We show reflexivity, symmetry and transitivity of ~&.

reflexivity: Dy x = {A(z) — A(z) : « € Z} = {0} by [Proposition 3.39} The function

f Dy {0V} =s(0) cw
defined by f = {(0%,0%)} is bijective. Hence, A ~% X,
symmetry: Assume A ~® y. This means there is n € w and a bijective function
f:Dyu={Nx)—pz): z€Z} —»n.

Define
g 1= {{u(z) = \(@), \(@) - p(a)) : @ € Z}.

Now, g is a bijective function from D, x to D) ,, since it is just a subset of -2,

Therefore we can consider the function fog: D, x» <» n, which by [Proposition 3.54]is

bijective. Hence, u ~® X, too.

transitivity: Suppose A ~® 1 and p ~® v. This means that both Dy, and D, , are finite.
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3.3 Real Numbers (R)

Now notice that

Dy, ={\a)—-v(z): z€Z}
={(Mz) — p(@)) + (plz) —v(z)) - © € Z}

€D>\,[J, ED/_L,I/

CDxu®D

8%

which is finite by Hence, by [Corollary 3.61} D, , is finite as a subset of

a finite set.

We have now reached the point at which we are able to define the real numbers.

Definition 3.68.

R:={zc2S): INecSAcaAVucSucau~"N}
NB=z:e=zcRANE

We call [\]® the equivalence class of ).

M) 4 ()

Figure 1: Two slopes, A and ju, where Dy = {2} and A\ ~® p.
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4 The Axioms of R

Now that we have a set we call the “real numbers”, we want to check whether it actually be-
haves as we expect it to. For this purpose we need to make sure that the ZF-transformations

of the axioms of R really hold. The axioms can be divided into three parts:
e the field axioms
e the axioms concerning the order relation
e the axiom of Dedekind completeness.

Before we approach this objective, it is useful to define the constant symbols.

Definition 4.1.

Proposition 4.2. 05 and 15 are slopes.

Proof. What we have to show is that both Dgs and D;s are finite.

Dos = {0°(z +y) — 0%(z) = 0%(y) : @,y € Z}
={0—-0-0: z,y € Z}
= {0}

is clearly finite. For 1, consider

Dys = {1%(x +y) —1%(2) = 1%(y) : 2,y € Z}
={z+y—z—vy: x,y €}
={0: z,yeZ}
- (0},

which is still finite. Hence, 0% and 1° are slopes. O

This allows us to define 0% and 1® as the equivalence classes with respect to ~® of 05 and

1°, respectively.
Definition 4.3.

0% = 057 = [{(2,0) & € )"
1 = (158 = [{{o,) : @ € Z)]°

By the definition of equivalence classes of slopes, 0% and 1% are both elements of R, allowing

us to define 0% and 1R as follows.
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4 The Axioms of R

Definition 4.4.

4.1 The Field Axioms

In order to verify that the axioms of R hold in our construction, it is essential to define
addition, multiplication and an order relation. All of them inevitably have to be defined
via corresponding operations or relations on slopes, which is the reason for the following

definition.

Definition 4.5. The sum of two slopes A and p is defined as the function
M5 = {{z, Mx) + p(z)) : z € Z}.
Definition 4.6.
+B={((z,y),2) € RxR) x R: Y\ € a¥u € y¥v € 2(v ~B XA 4+5 )}

Proposition 4.7. The sum of two slopes is still a slope.

Proof. We have

Dyys, ={A+ @ +y) — A+ w)(x) — A +° p)(y) : =,y € Z}
={Mz+y) +u@+y) = AMz) —pl@) = ANy) —py) : z,y € Z}

={(Mz +y) = AMx) = A¥)) + (p(@ +y) — p(@) — py)) : =,y € Z}
€D, €D,

CDyo D/_L'
Again, we have that D, s, is a subset of a finite set, since Dy and D,, are finite. This yields
that Dys,, is finite and hence, A +5 1 is a slope. O
We are from now on writing + instead of +°.

Proposition 4.8. If \, N, u, i’ are slopes with A ~® X and p ~® 1/, then
A ~BN
Proof. Suppose A ~® X and p ~® 1/ and consider
Dy = {A+ m)(@) = (X + ) (@) : @ € Z)

= {M@) + (@) = (N (2) + 1/ (2) : = € Z}
={(A) = XN(2) + (p(@) - p'(2)) - = € Z}

GD)H)\/ ED‘L,“/

c D/\,N ® Du,u“
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4.1 The Field Axioms

Hence, with the same arguments as above, A 4+ pu ~® X + 1/ O

Propositions and verify that +® as we defined it is a function from R x R to R, i.e.
for each pair of real numbers z,y € R there exists a real number z, the equivalence class of
the sum of two arbitrary slopes in x and y, such that {(z,y),z) € +%, and this real number

z is unique. Hence we can now use the following notation.

Definition 4.9.
4Ry =z :1— {z,y),2) € + R

Proposition 4.10. P:Xl — P:X;; hold, i.e.
(i) Vz,y,2,€ R((z +R y) +R 2 = 2 +8 (y +8 2))
(ii) Vz € R(z +B 0R = 0R +R 7 = 2)

(i) Vz,y € R(z +R y = y +F z).

Proof. Consider arbitrary slopes A € z,u € y,v € 2.
(i)

At p)]® 4+ 2

A p) + v

(7, (A(@) + () +v(@) « @ € ZYT
F ({2, A(2) + (u(a) + v(@))) : @ € ZYR
— =R (y+R2).

—~

(z+By)+R 2 =]
=
= [

—_

[¥

4R 0% = A+ {(z,0) : z € Z}F
= [{{z, A(z) + 0) : = € Z}*

EE {0+ A@))} s v ez = .. L

B (a2 @)) s ez =

(iii)

z+B y=[A+ “]]R
— {{w. A@) + (@) : @ € ZY?
I () + M)+ @ € YR

:...:y.'.IR‘x.
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4 The Axioms of R

Like in Z, we need an inverse with respect to addition in R, as well.

Definition 4.11. For a slope A € S we define
SXi={(z,-\x)): 2 €7}

as the additive inverse of \.

Proposition 4.12. The additive inverse of a slope is still a slope.

Proof.
D sy ={= Az +y) = —Ax) = =*Ay) : w,y € Z}
={-Az+y) - (=A@) = (AW) : z,y € Z}
= _[D)\L
which is the image under —% of a finite set, and therefore finite. O

Proposition 4.13. If two slopes A\, i are equivalent, then so are their additive inverses.

Proof.
D_sy _s, = {—S)\(a:) — —Su(x) cx €7}
= —[Dxul-
With the same reasoning as before, =S\ ~® —S; follows from \ ~% . 0O

Definition 4.14.
—RB—fz,y) e RxR: VA eavVueyp~T—N)}

With Propositions and it follows that —® is a function from R to R and we can
immediately define

B =y: = (z,y) e =B

x—Rx:z:@x+—Ry:z.

Proposition 4.15.

Ry tz=0-Rr=0R

Proof. Let A € x. Then,

={{z,-°XNz) + A(z)) : z € Z}
{{z,—A(z) + A(z)) : v €Z}
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4.1 The Field Axioms

Corollary 4.16. As a simple consequence of |Proposition 4.15, we have

mEV:EGREIyEIR(x—Fy:OR).

The properties of +® we wanted have been shown now and we can proceed with further

definitions, writing — instead of —° and +, — instead of +&, —&,

Definition 4.17. We define the product of two slopes A, u as the function
NS = \op
Definition 4.18.
Ro={{(z,y),2) € RxR) xR: VA€ aVu e yVr € z2(v ~R X5 p)}.

Proposition 4.19. The product of two slopes is a slope.

Proof. For x,y € Z define

M('T + y) - /.L(J,‘) - M(y) =iTz,y € Du
M) + p(y) — Mp(x)) = A(p
Aray + (@) + 1Y) = AMray) — Mp(@) + 1

Yy

Then we have that

Dys,={(AC )z +y) — A @)= NS p)y): z,y € Z}
= {Au(z +y) — Ap(@)) = Ap(y)) « =,y € Z}
= {A(rey + p(@) + 1(y) — (Mp(@) + 1Y) — s24) v,y € Z}
= {tey + ANu(@) + p(y)) + Ar2y) — M) + 1Y) — s2,4) © 2,y € Z}
={tey +AMray)+ Szy : T,y €L}
—~ ——— N~
€Dy EXN[D,] €D,

CDy® )‘[DH] @ D,.

With [Proposition 3.63} [Lemma 3.64| and [Corollary 3.61} we get that D,.s,, is finite and hence,
XS uis a slope. O

Proposition 4.20. If \, X, u, i/ are slopes with X\ ~® X and pn ~® 1!, then
A S L R )\I S /14/-
Proof. For x € 7. define

wlx) — p'(x) =1y € Dy,
A/ () = N (! (x
A(rg + 4/ (@) = Are) — AW/ (2

~

) =!8z € D)\’,\/
) =:1, € D).

~
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4 The Axioms of R

Then we have

Dyspynsw =N u(@) - XN Sy (x): x ez}
= {Ara + /() = N (W'(2)) : @ € Z}
= {A(ra + 4'(2)) = AW (%)) = s2) : © € Z}
= {\tm’/+ w + \Sf/ rx€Z}
€Dy exlD, /] EDxw

C Dyx®A[D, ] @ Dy oy

This implies that, as we desired,

A'S,U'N]R )\/ _S‘u/.

O

We now know that the set -® is a function from R x R to R and hence we introduce the

corresponding notation. Propositions and correspond to Lemma 1 of [A’C03].

Definition 4.21.

xRy =z= ((x,y),2) € &

Proposition 4.22.
(i) Ya,y,z € R((z R y) Rz =2 K (y R 2))
(ii) Vo € Rz B 1R = 1R B g = ),
meaning that both ﬁle and §\1\7[/2 hold.

Proof. Let A€ z,p €y and v € z.

(i) We have already seen in [Proposition 3.56| that the composition of functions is associa-

tive. This transfers to -® as follows.

(ii) By the definition of 1% it is clear that Ao 1° = X, as well as 15 o A = \. This already

proves the statement.

Proposition 4.23. ﬁﬁl holds, i.e.
Va,y,z €R(@ R (y+2) = (@ R y) + (2 B 2)).
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Proof. Let A€ x,p € y,v € z.

Dis(us oy (v 25 (s = ENE(E) +0(2)) — (p(@)) + Aw(@) : @ € Z}
= {Au(z) +v(z)) — AMp(z)) — AMrv(x)) + = € Z}
C Dy,

which is finite. Thus,
XS (45 v) ~B (NS ) +5 (M-S w).

This directly translates to

oy +Rz) =2 B +S R
=2 (o )®
=[(AF )+ (AR
:...:(x.Ry)yR(x.Rz).

For (R, +,-®) to be a field we still need commutativity of -® and the existence of a multi-
plicative inverse. Before proving that the remaining field axioms hold as well, we will show
some interesting properties of the real numbers, which will later be of use while showing the

rest of the axioms.

4.2 Well Adjusted Slopes

Definition 4.24. A function f : Z — Z is called odd, if

holds for all x € Z.

Definition 4.25. Let us introduce some notation. For k € Z define

Zey ={z€Z: x<k}
Zep ={z€Z: x<k}
Zey:={x€Z: x>k}
Zsyp:={x€Z: x>k}

Every odd function f is already determined by its restriction f |z.,, since f(0) = 0 follows

from the definition of oddity. Analogously, the equivalence class of a slope depends only on

the slope’s restriction to Zsq, as the following proposition shows.
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4 The Axioms of R

Proposition 4.26. For a slope A\ € S, the function

0 ife=0
A(x) == § A(z) if ¢ € Zo
—A=(2)) ifreZo

is an odd slope which is equivalent to A.

Proof. First we show that X is a slope.

D5 ={Az+y) - ANz) = A\y): 2,y € Z}
={Az+y)— A=) —Ay): 2,y € Zog}
U{A@ +y) = Mx) = A(y) : 2,y € Z<o}
U{A@+y) = Az) = AY) : 7 € Zso,y € Zico}
C D U—[DAU{0}U{Az +y) — Az) —A(y) : = € Zno,y € Zico} -

=:A

(
(

Now consider the set A. If y = 0, then A(z + y) — A(z) — A(y) = 0. Otherwise, there are two
possible cases:

O<z4+yorz+y<O0.

In the first case we have

Az +1) = Mz) = Ay) = Mz +y) — Mz) + A(—y)
=—(M(z+y)—y) — Mz +y) — M-v))
—[Dx].

In the other case, if 4y = 0 we have x = —y and the result is 0 again, whereas if x +y < 0,

Az +y) = Mz) = Ay) = =Mz —y) — A@) + A(-y)
=M=z —y)+z) = AM-z—y) — Az)
€ D,.
Hence,
ACD,U —[D)\] U {0}

and therefore D5 is finite, making \a slope as well.
To see that A ~& X, consider

D, x = {Mz) = \Nz): €7}
={\z)—=0:2=0}U{\(z) - Aa): z € Zso}
U{A(z) + A(—=x) : = € Zico}.
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If we set
A0) — A(x) — M(—=x) =:r, € Dy,

this yields

D, 5 C{AM0)}U{0} U{A(0) =1yt rp € Di}
= {A0),0} U +x(0) [~ [DA]]-

It follows that D, 5 is finite and thereby,

Figure 2: A slope X together with X, which is odd and equivalent to A.

Remark 4.27. In the previous proof it becomes clear that for any slope A we always have
D5 € DU —[Dy] U {0}.
If X\ is an odd function, the finiteness of the set
DY =Mz +y) = AMx) = Ay) : =,y € Zso}
therefore already implies that A € S.
Definition 4.28. An odd slope A € S is called well adjusted if
—1< Az +y) = Ma) —Ay) < 1
holds for all z,y € Z.
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4 The Axioms of R

Remark 4.29. If ) is a well adjusted slope, one can always write
Az +y) = A@) + Ay) + 7,

where —1 <r < 1.

The main goal of this section is to show that every slope is equivalent to a well adjusted
slope. For this reason we define some functions on Z and #(Z) that will be needed to prove
this.

Proposition 4.30. Every nonempty finite subset ) # A C Z has an element x,, for which
Vo € A(x < xyp)

holds. Furthermore, this element is unique.

Proof. We show this by induction on n, the number of elements of A. Let n = s(0). Then,
A has exactly one element x, and for this z we have of course that z < z, since x = z. So
if we define z,,, := x, we have that x < x,, holds for every element out of A. Clearly, x,, is
unique since it is the only element in A.

Now assume that every set with n elements has such a unique maximal element. We can

decompose a set A with s(n) elements into two sets as we have already done earlier, for

example in the proof of [Proposition 3.63] and get

A=A U {ao},

where A’ is a set of n elements. By our assumption, A’ has a unique maximal element we
will call /.. From our construction of A’ we know that ag ¢ A’, implying that =/, # ao.
With [Proposition 3.47 (iii)| we can conclude that either

/ !
Ty, < ag Oor apg < T,,.

In the first case, we choose ,, := ag, otherwise z,, := . If x,, = ap, we have by the
transitivity of < that
Vo € Alx < x4,)

holds. On the other hand if x,,, = z/,,, then by assumption all elements of A’ are already less
than or equal to ,,, and since we defined z,, to be x},, ag is less than x,,, too. Again, the
statement follows.

Uniqueness of this maximal element is the result of the following argument. If there were two
elements with this property, let’s call them x,,, and x,,,, then we would have z,,, < ., as

well as Ty, < Ty, 1€
(Tmg = Tmy V Tmg < Tmng) A (T = Ting V Ty < Ting )s
which is equivalent to
Tmg = Tmy V (Tmg < Ty A Ty < Ting)-
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4.2  Well Adjusted Slopes

But the latter yields a contradiction since by transitivity, z,,, < Zm, would follow. Hence,
Tmg = Ty - O
Definition 4.31. For nonempty finite sets A C Z we define

max(A) =z <=z c ANVyc Aly <x)

min(d) =z <=z € AANVy € A(y > z).

max(A) and min(A) will be called the maximum of A and minimum of A, respectively.

By [Proposition 4.30) max is a function from the nonempty finite subsets of Z to Z and in

the same way one can show that min is so, as well.

Definition 4.32. For z,y € Z define
2] = y 4= y = max({, —z})

as the absolute value of z.

The absolute value is certainly a function from Z to Z since the set {x,—x} is clearly

nonempty and finite.

Remark 4.33. One can easily show that the absolute value has the following properties
(i) Vz(lz] =0 <> 2 =0)
(i) Va,y € Z(|x - y| = |=[ - [y])

(iii) Vz,y € Z(Jx + y| < |z|+ |y|) (Triangle inequality).

Remark 4.34. We can make use of the Peano Axiom of Induction when working on any of
the sets introduced in since there exist bijective functions from each of them
to w. For example, one can define a function from Z<;, to w similarly to how we defined
addition and multiplication on w. We set f(k) := 0 and for z < k demand that f(z) = x
implies that f(z+ 1) = 2/, where 2’ is the predecessor of 2. Then, proofs by induction need
to start with showing the formula holds for &, and after that, one has to prove that if the

formula holds for z, then it also holds for z — 1.

Definition 4.35. We define the optimal euclidean division as
s={((z,9), 2) € (Z x (Z\{0})) X Z: 2z — |y| < 2yz <2z + |y[},

where 2 is an abbreviation for (s(s(0)),0). In the sequel we will sometimes use the commonly

known symbols 1,2,3,... as abbreviations for the according integer numbers.

Proposition 4.36. For each pair of integers x € Z,y € Z\{0} there exists a unique z € Z
such that the inequalities
2 — |y| < 2yz < 22 + |y|

are satisfied.
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4 The Axioms of R

Proof. The usual euclidean division, which is a well known consequence of the axioms of Z,

gives us unique q,r € 7 for each pair of integers x,y, with y # 0 such that
z=¢q-y—+r, where 0 <r < |y|.
Now consider 0 < y, that is |y| = y. The inequalities then read
20 —y < 2yz < 2x +y.

We claim that for z = ¢ or z = ¢+ 1 from the euclidean division, they are satisfied. Distin-
guishing the two cases
0<2r<y (I and y < 2r < 2y (II)

we have

20 —y=2(qy+r)—y= (29— 1)y +2r

6
< (2q-1y+y=2qy<2qy+2r+y=2z+y

in the first case and
(1)
20—y = (2¢—Dy+2r < 2¢g—Dy+2y=(2¢q+ 1)y
(I1)
<2(q+1Dy=2qy+2y <2qy+y+2r=2z0+y

in the second case. Analogously, the existence of a z satisfying these inequalities can be
shown for the case where y < 0. For the uniqueness of this z, notice that the values of 2yzg
and 2yz; have a difference of at least 2y as soon as zy # z;. But there are only 2|y| integers
lying between 2z — |y| and 2z + |y| (including 2z — |y| and excluding 2z + |y|). Thus, only
one of the numbers zy and z; can satisfy both inequalities. This yields that the optimal
euclidean division is indeed a function from Z x (Z\{0}) to Z. O

Definition 4.37. For two integers x € Z,y € Z\{0} the notation z : y = z can now be
introduced as

xiy =z 2z — |yl <2yz <2z + |yl

The optimal euclidean division will be very important when constructing well adjusted slopes
out of slopes. It is more or less what is usually called division with rounding. In the sequel,
properties of this division will be shown that are needed for the proof of the

emmal which states that every slope has an equivalent well adjusted slope, and for other

important proofs later in the thesis.

Corollary 4.38. For any integers x,y € Z, with y # 0, we have

2-y-(z:y)— =2 <yl
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4.2  Well Adjusted Slopes

Proof. In the proof of |Proposition 4.36] we have seen that if we write x = qy + r with

0 <r < |y|, the value of x : y turns out to be either g or ¢+ 1if 0 < y and gor g—1if y < 0.
We consider those three cases separately:

2 :y = ¢: This happens only when 2r < |y| is true. Hence, we can write
2-ly-(@:y) —x[=2-lyg— (g +7r)[=2-|r| = |2r] < [y].
x:y =q+ 1: In this case, y is positive and y < 2r < 2y holds. We have
2-ly-(wry)—al=2-lyg+y—(ay+r)=2-ly—r[ =2y —2r| < Jyl.
x:y = q— 1: Here, y has to be negative and —y < 2r < —2y.
2-ly-(z:y)—a[=2-lyg—y—(qy+7r)=2-]-y—rl=|=-2y—2r| < y|.
Thus, we have proven the inequality. O
Corollary 4.39. For any a,b € Z we have
(ay+b):y=a+b:y.

Proof. From the definition of the optimal euclidean division we have that

2b— |yl < 2y(b:y) <20+ [yl. (17)
It follows immediately that

2(ay +b) — [y| = 2ay +2b — |y|

< 20+ 290 9) = 29fa+ (b:9)

(17)
Q 2ay + 2b + |y| = 2(ay + ) + |y|.

Corollary 4.40. For x € Z.,y € Z~y,

(z:y)+(-2:y) € {-1,0},

and otherwise if y € Zi<,
(x:y)+ (—x:y) €{0,1}.

Proof. The optimal euclidean quotients z; and z_ are defined to satisfy

2z — [y| < 2yzy <2z + |yl
=2z — |y| <2yz_ < =2z + |y|.
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By adding these inequalities we obtain by [Proposition 3.48 (i)|

—2[yl < 2y(z4 +2-) < 2Jyl.
Now if y € Z~, “dividing” by 2y (i.e. applying the monotony of -%) yields
—1<(z4+2-) <1,

while for y € Z ¢ it gives us
1> (24 4+2-)>—1.

Lemma 4.41 (Lemma 2 of [A’C03|). Lety € Zso and a,b,c € Z. If —y <a—-b—c <y,
then
—1<a:3y—b:3y—c:3y <1

Proof. First we consider

2:3y-la:3y—b:3y—c:3yl=2-[3y-(a:3y)+3y-(=b:3y) +3y-(—c:3y)|
=2-13y-(a:3y)—a+a+3y-(-b:3y)+b—-1>
+3y-(—c:3y)+c—
<2-3y-(a:3y)—al+2-3y-(=b:3y) +b|
+2-By-(—c:3b)+c|+2-la—b—]

B33
< 3y+3y+3y+2-jla—b—cf <1ly.

Now since both 6y and |a : 3y — b : 3y — ¢ : 3y| are non-negative integer numbers, |a : 3y — b :

3y — ¢ : 3y| can only be 0 or 1, otherwise it would contradict the inequality stated above. [

Remark 4.42. In contrast to the proof in [A’C03|] we have multiplied the inequalities by 6y
in order to avoid using fractions; otherwise we would have needed to develop the entire theory
of rational numbers within Set Theory in addition to the natural, integer and real numbers.
It is however one of the main aspects making this construction especially beautiful that
one can directly pass on to the real numbers from the integers without having to introduce

fractions.

The analogous procedure will be used in following proofs, without changing the general ideas

of A’Campo’s proofs.
Lemma 4.43 (Lemma 3 of [A’C03]). Let x,y € Zso and c € Z. Then,
ey —ci (@ @ry) —c: (- () <1
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Proof. Consider

2ay(aty) | (@-y)—c: (z-(x+y) —c: (y (z+y))|
=2 \( +y)- ( (c:wy)—0+0)
g (alo+y)- (—c: @@ +y) +c—0)
+x- (yr+y c¢: (ylz+y) +c—0))
<2z +y)-ley - (c: my)—0|+2y [z(x+y) - (—c:(2(z+y)) +¢
+2z-y(@+y) - (—c: (w@+y)) +c+2-|(x+y)e—yc—ac

=0

1)
< (+yry +yr(z+y) +ay(z +y) = 3zy(xr +y).

Again, |c: (z-y) —c: (- (z+y)) —c: (y- (x+y))| can only take the values 0 or 1. O

At this point we are able to prove the main result of this section: for every slope there
is an equivalent slope which is well adjusted. In the following lemma, a construction of
a well adjusted slope out of an arbitrary slope is presented. The basic idea underlying the

construction is to take advantage of the fact that slopes are generalizations of linear functions.

Consider a linear function f : Z — Z. By definition, it certainly satisfies f(az) = a - f(x)
for all integers a,x € Z. Defining a new function f’ through f'(z) = f(az) : a will therefore
yield f/(x) = f(x) for all x € Z, hence f' = f. Now for slopes A that are not linear,
N (z) = Maz) : a will not necessarily turn out to be equal to A(z), but the following lemma

shows that their difference is bounded and, if a is chosen big enough, X\’ is well adjusted.

Lemma 4.44 (Concentration Lemma, Lemma 4 of [A’C03]). Let A € S be a slope and
s € Zg such that
—s S Az +y) = Az) = Ay) <5

for all x,y € 7. Then, )T’, the odd function corresponding to
N(z) == \(3sz) : 3s

is a well adjusted slope which is equivalent to .

Proof. First we show that D)/ is contained in {—1,0,1}. By our assumption we have that
—s5 < A(3sz +3sy) — A(3sz) — A(3sy) < s
With [Lemma 4.41] it follows that

—1<ABs(z+y)):3s—A(3sx) : 3s — A(3sy) : 3s < 1
= 1< N(@+y) - XN(@)-N(y) <1

for all z,y € Z. It therefore follows from |[Remark 4.27| that for )T’, too,
1< Nz +y) = N(@) = N(y) <1
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4 The Axioms of R

holds and since by definition N s odd, it is well adjusted.

Next we prove the equivalence of A and N. Without loss of generality we can assume that A

is odd, otherwise we take X which by |Proposition 4.26| is equivalent to A. By induction on

t € Z~g, we can prove that
—s(t—1) < A(tx) —tA(z) < s(t —1). (18)
First let ¢ = 1. Since A is odd, A(0) = 0 and hence,
0<A0)—0-Az)<0
holds. If we now assume these inequalities hold for ¢t € Z~(, we have that

—st=—s(t —1) — s < A(tz) — tA(z) + (A(tz + z) — A(tz) — A\(z))
=A(t+1)z) — (t+1DA(z)
<s(t—1)+ s = st,

and thus, is proven. Setting ¢ = 3s, this yields
—5-35< —5(3s—1) < A(3sz) — 3sA\(x) <s(3s—1) < s-3s. (19)

By [Corollary 4.39|it is clear that (z-y) : y = « for all z,y € Z with y # 0. Also, it follows

quite easily that xg : y < x7 : z for g < z1 and y # 0. Therefore, we have

—s < N(x) = Mz) < s,

by applying “: 3s” to each side of , proving that A ~® )\ and since we have seen in
[Proposition 4.26| that X ~E X, we deduce A\ ~& \. O

This is a very interesting result, since it tells us that every real number can be represented
by a function from Z to Z which is — although not necessarily linear — very close to being

linear.

Example 4.45. Consider the slope A(z) :=xz+k with k € Z, k #0. (If k =0, A is already
linear and hence well adjusted.) Clearly,

Mz +y) = AMz) — Ay) = —k

for all z,y € Z and hence we can use s := |k| to construct a well adjusted slope equivalent
to A\. For x € Z, X is given by

N(z)=A3sz):3s=3-|k|-z—Fk): (3-|k|).
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Thus we have

6||z —2k — 3|k| < 6|k|-N () < 6k|z —2k + 3|K|
—_——— \T/
<0 >

= N (z) = .

Since this is already odd, N o=\ , and therefore a linear function in the usual sense is our

well adjusted slope equivalent to A.

Ax) 4 N () o

Figure 3: The well adjusted slope N which is equivalent to .

To become more familiar with well adjusted slopes and slopes in general, we will point out

some of their properties.
Definition 4.46. For a slope A € S define
dy := max(|[D,]|) = max({|x| : © € Dy}).

Remark 4.47. If ) is an odd slope with d) < 1, then A is well adjusted, and if dy = 0, then
A is linear.
Proposition 4.48. For \,u € S,

(’L) d)\:tu <dy + dM

(ii) dx., < p(dy) +2d,.
Proof.

(i) Consider

Dusx={(pxN(@+y) — (pEN(2) = (pEN)(y) : =,y € Z}
= {u@+y) — @) — pwy) =AMz +y) — M) = Ay)) : =,y € Z}
C D, ® +[Dy].
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4 The Axioms of R

Thus, du:t)\ <d)+ d/J'
(ii) Here we proceed similarly. Consider
pA (@) + A(y)) — w(A(2)) — p(A

wA(z +y) — AMz) — A(y)) — p(Mz +y)) + p(A(z) + Ay
Mz +y) — M) — AMy) =:tay € Di.

(y) = Tey € Dy
(y)

) =iz €D,

Then we have

Dux=A{p-Mz+y)—p-ANz) —p-Ay): z,y € Z}

= {p(A(x +y)) — p(A@)) — p(A\Y)) : z,y € Z}
={u\ (@ +y)) = u\@) + Ay)) + 12y : 2,y € Z}
={u\@+y) = Az) = AY)) + 10y — Szy: T,y €L}

= {Wlte,y) + roy — Suy: T,y € L}
C u[Dy]® D, ® —[D,].

This proves that d,,.x < p(dy) + 2d,.

Proposition 4.49. For every slope A\ and x € Z, with n > 0; or A odd and n # 0,
[A(nz) —nA(x)| < (In] = 1) - dx

holds.
Proof. We prove this by induction on |n| € Zsq. Let |n| = 1, that isn =1 or n = —1. Then,

if A odd |

[Az) —1- )] = [0] A(=z) + A(z)],

and |0] < 0-dy of course. Assuming n is positive and |A(nz) —nA(x)| < (|n] —1) - da, we get

IM(n+1)z) — (n+ 1)A(z)|
= |AM(n+ Dzx) — A(nx) — AMx) + Mnz) + A(z) — (n + D)A(x)]
<|AM(n+ 1)z) — A(nzx) — A(z)|+ | A\ (nx) — nA(z)] +| A\ (z) — A(z)|
<dx <(In|=1)-dx
< |n|-dx.

And for negative n and A odd,
A((n = 1)x) = (n = DA(z)| < [n| - dx

follows analogously. O
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Proposition 4.50. Let A € S be a slope. Then,
(i) for anyn € Z, |X(n+ 1) — A(n)| < |A(1)| + da.

If additionally dy < A(m) holds for some m € Zq, the following holds.
(i) For anyn € Z, A(n) < A(n+m).

(i1i) For any n € Zsqg, —dx + (n:m) < A(n).

(iv) For anyv € Z, the set \™1(v) := {x € Z : X\(x) = v} has m or fewer elements. That is,
there exists a bijection from the set A=1(v) to an element m* € w for which m > (m*,0)
holds.

(v) For any v € Z there exists n € Z such that |[v — A(n)| < |A(1)| + da.
Proof.

(i) The reverse triangle inequality (|z|—|y| < |z —y]), which is a consequence of the triangle

inequality stated in [Remark 4.33 (iii)|, induces that

A+ 1) = Am)] — AMD] < A+ 1) = M)~ AD)]| < da,

implying
[A(n +1) = A(n)| < [A1)[ +da.

(ii) First we observe that
—dx < An+m) = An) = A(m). (20)

Together with dy < A(m) this yields
A(n) = —dx + A(n) +dy < —=dx + A(n) + A(m) < An+m).

(ili) Thanks to euclidean division we can always write n = am + b with 0 < b < m.
Statement will now be shown by induction on a. In the case a = 0, we have that
0 < n < m. Therefore, the optimal euclidean quotient n : m is either 0 or 1. Hence,
showing A(n) > —dy + 1 is sufficient for knowing A(n) > —dy + (n : m). So suppose the
opposite, i.e. that A(n) < —d,.

By [Proposition 4.49| we now have that

Akn) < k-A(n) + (k —1) - dy
<l (—dy) + (k= 1) dy
= —dx (21)

holds for any k € Z~(. Similarly, again for k € Z~¢, we have

A(Em) > k- A(m) — (k — 1) - dy
>k-(dy+1)—(k—1) dx
=k +d. (22)
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Since both m,n € Z~¢, these two inequalities together imply

122) (21)
0<n+dy < AMnm) < —dy <0,

yielding a contradiction. Hence, the assumption A(n) < —d) must have been false,
showing A(n) > —dx + (n : m) in the case a = 0.
Assuming that A(n) > —dy + (n : m) holds if n = am + b, 0 < b < m, we now show

that it also holds if a is increased by one.

A(n) = A(e+1)m+0b) = A((am +b) + m)

IVIE

Alam +b)+1

ass

> —dx+ ((am +b) :m) +1
:_d,\+(((a+1)m+b):m)Z—d,\+(nim)-

This proves the inequality for every n € Zg.

(iv) We divide Z into m sets as follows.

~—

Ly, ={x€Z: IyecZz=ym+k)}.

It is a consequence of the existence of the euclidean division that Z is the union of all
Zj m with 0 < k < m. Furthermore, there can be at most one element x € Zj, ,, for
which A(z) = v, since if there were more, say xg = yom + k and z1 = yym + k where
without loss of generality yo < y1, this would imply (with induction on the difference

d :=y1 — yo between yo and y;)
(i) (@ ()
Azo) = AMyom + k) g AM(yo +1)m + k) g Q Myim + k) = Ax).

Thus, we can now write

{reZ: )\(x):v}:U{Zk’m: 0<k<m}n{zeZ: Az)=rv}
ZU{Zk,mﬂ{ﬂfGZZ Mz)=v}: 0<k<m},

which is, by induction on m, a finite set containing at most m elements.

Using , one can show by induction that A(zm) > z for any z € Z~( and moreover,
A(—zm) < A(0) — z for any z € Z~¢. Therefore, we can surely find 2o, z; € Z for which

A(z0) < v < A(z1)
holds. Now we can prove the statement by induction on the difference between zy and
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z1. For let d := zg — z first be equal to 1. Then,

[A(z1) —v] = A(z1) — v < A(z1) — A(20)

<A

=|A(z1) = AM(z1 + 1) (1)] + dy.

So now, assume that for a distance d, we can always find a z between zy and z; where
the value of A(z) is near v. For d + 1, it follows that the distance between zy + 1 and

z1 is d. There are now three possible cases.

A(z0 + 1) = v: In this case we are already finished.

A(zp + 1) < v: Here we can reduce the problem to the one where the distance was d,
since we have
Azo +1) < v < A(z1).

v < A(zo + 1): In this case it is even easier. We are in the problem with distance 1,
since we have found
Azo0) < v < A(zo +1).

4.3 The Field Axioms Revisited

In we have already seen that most of the field axioms hold in our model of R.
But it is only now that we are sufficiently prepared to show the remaining ones.

Proposition 4.51. ﬁ/[/?, holds. That is,

Ve, y € R(z By =y Ba).

Proof. We will show that for two slopes A\, u € S,
Ao ~B X

holds. From this, commutativity of -® follows automatically. Without loss of generality,
assume \ and p are well adjusted, i.e. dy <1 and d, < 1. Thus, A- x(0) =0 = - A(0). For
n € Z\{0} we have by [Proposition 4.49|




4 The Axioms of R

where

rol < [n| - dx < [n]

Isol < lu(n)]-dx < |u(n)| < [nf-dy + [n|[p(V)] = [n] - (dy + |p(1)])
<fnf-(L+|pM))

1| < Inl - dy <|nf

ls1] < [AMn)] - dy < [A(n)] < [n] - dx + [n||A1)] = |n| - (dx +[A(1)])
< |nf- (L4 [A@))).

Hence we can write

Inl[A - p(n) = p- An)| = |n - (A~ p(n)) —n- (- A(n))]
= |u(n) - A(n) + so + 10 — (A(n) - p(n) + 51+ 71)]
= [so + 10 — 81— 11| < |so| + [ro| + [s1] + [r1]
< In|(4 + p(1) + X(1)).
Now,
- ) = - An)] < 44 p(1) + A1)

follows for all n € Z, including 0, hence the set Dy., ,.» has finitely many elements. The
equivalence of X\ - u and p - A follows, and with it the commutativity of our multiplication on
R. O

Proposition 4.52.
Ve € R\{0®}Ty e R(z By =y Bz =1%),

which means that 1/%_1{/1/4 s true.

Proof. Let A € x be a well adjusted slope. We are now going to construct a slope that is a

-S_right inverse of . Since z is nonzero, A\[Z] must be an infinite set and hence there exists

m € Zso with 1 < |A\(m)|. As a consequence of [Proposition 4.50 (v)| we know that for each
v € Z there is n, € Z for which

[v = A(ny)| < AD)] + 1.
Since there are only finitely many values A(n,) could possibly take, we know that the set

Py(v):={z €Z: |v—Ax)| <|\1)|+ 1},

being the union of finitely many sets of the form A\~!(n*) which by [Proposition 4.50 (iv)|are

all finite, is itself a finite set. Therefore, we are allowed to define the following function from
Z, to 7.

w(v) := min(Py(v)).
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We now want to show that p is a slope. Consider

Az +y) — pl@) — py) = [A
< A(zaty) + AM—2z — 2)[ + 1

Zoty — 2o — Zy)|

= [ M2aty) = M2z + 2)| + 1
< [AM(Zaty) — Alza) — Alzy)] + 2
él(x v) =@ —yl+3- (MO +1) +2

=3-[AW)] +5,

where 2,y € Z, 2,1y € Px\(x +y),2, € Px(z) and 2z, € P\(y). This is a finite number,
implying that A[D,] is finite. Again, since X takes each value only finitely many times, this
induces that also D, is finite and hence, u € S. It remains to show that A - pu ~® 1°. By the
definition of Py(x), we have

(A~ p(@) — ] = [Au(x)) — x| = [A(min(Px(z))) — x| < [AD)| + 1.
This implies that D)., 1s is finite, showing X - p ~® 15, Setting y := [u|®, this yields

Fy=[n-pf =[5 =1%

We have now shown that in our construction of R, all field axioms hold.

Remark 4.53. The multiplicative inverse, whose existence for all real numbers x # 0% we
have just shown above, is unique. This is a consequence of the field axioms and makes the

following a definition of a function from R\{0®} to itself.

Definition 4.54.

U= {(z,y) € (R\{0R}) x (R\{OR}) : & Ry =17}

=y ie= (v,y) €7t

We say that y is the multiplicative inverse of x and sometimes will also write % instead

of z=1

4.4 The Order Relation

Now we can advance to the axioms of order, P{(\)Jl — RA/O5 For this purpose we continue with

the definition of an order relation on R.

Definition 4.55. For two slopes A, i we define

Gt = {1(@) = A@) : @ € Zng A pu(x) = M) < 0}

A<= G, is finite and D), is infinite.
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4 The Axioms of R

M) ()

Figure 4: Two slopes, A and u, with g <5 A.

Proposition 4.56. Let A\, N, u, 1/ € S be such that X\ ~® X and p ~® 1/ Then,
AN<S =N <.
Proof. Assuming that A < p, we know that G, is finite, whereas D) , is infinite. So,
consider
Gy ={W(x) = N(z): 2 € Zso A (z) — N (x) <0}
With

pi(@) — ' (x) = 175 € Dy
Az) = N(x) =: 5, € Dy x

we can rewrite the condition:

W (@) = N(x) < 0= p/(z) — p(x) + plx) = Az) + A(z) = N(2) <0
— —rp+px) = Az)+5, <0

— p(z) — Az) <71p — Sp-

Moreover, since Dy y and D, are both finite, D, ,» & —[Dy ] is a finite nonempty set

and therefore has a maximal element we will call m. We now know that

Gy ={W(x) = N(x): 2 € Zso Ap(x) — ANx) <71y — S5}
C{u'(xz) = N(z): x € Zso A p(x) — Nz) < m}.
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4.4 The Order Relation

If m <0, then u(z) — A(x) < m implies that p(z) — A(x) < 0. Hence,

Gy C{ () = N(z): € Zso A p(x) — MNz) <0}
= {1/ (@) = p(@) + p(x) — M) + Az) = V(@) :
x € Zso A p(z) — A(z) <0}
C {1u(x) ~ A() : @ € Zsg A () — A(®) < 0} & —[Dyu] & Dy
= GA,M D _[Dwﬂ] @ Dy v,

which is finite and thus, Gy, is finite.
On the other hand if m < 0 doesn’t hold, i.e. 0 < m, with the same reasoning as above we
get that

Gy € (1) = Ma) : @ € Zisg A a(x) — A(z) < m} & —[Dyyu] & Dyx
= () = A@) : 7 € Zso A () — A(w) <0}
U{u(x) = M=) : @ € Zso Ap(z) — MNz) € M}) & —[D,,0] & Dy
C (GapUM) ® —[Dy ] ® D x,

where M is the set containing the numbers 0,1, ...,m, i.e.
M={zx€Z>y: x <m}.

It is clear that M is finite, hence G, U M is finite and thereby G/, is finite, as well.

The second thing we need to show is that Dy, is infinite. This will be proven by contra-

diction. Suppose Dy, is finite. Then,

Day = {\@) — () : = € Z}
— (A@) = X (@) +N(2) — 1/ (@) + (@) — pla) : @ € Z}
—— — —_——

€Dy, x €—[Dy ]

C Daxx ® —[Dyr] © Dyr

This is of course finite, contradicting our assumption that Dy , is infinite. Therefore, Dy

cannot be finite, implying that it is infinite and thus,
)\/ <S M/

holds. The other implication follows in the exact same way. O

Since we now know that the < relation is independent of the choice of a representative in

an equivalence class of slopes, it makes sense to transfer its definition to R.
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4 The Axioms of R

Definition 4.57. For z,y € R define
z<®y = V\ecavuecy < p).

Lemma 4.58 (Order Lemma). Let x,y € R and A € x,u € y be odd slopes representing
them. Then,
<Py <= InecZoo(u(n) — \Nn) > dy+d,).

Proof. A and p being odd implies that p — A is odd and we know from [Proposition 4.48|that

dx—, < dx +d,. Now for the first direction, assume that there doesn’t exist n € Zq for
which p(n) — A(n) > dy + d,,. Hence, either G, , is infinite, in which case z £® y would

follow, or G, is finite. In that case, we observe the following.

{1(2) — A@) : © € Zoo} = {(x) — \(x) : & € Zog A u(x) — A(z) < 0}
U{u(z) = Mz) : @ € Zso A p(z) — Mz) > 0}
=GhrU{p(x)—Az): 2 €Zsog N0 < p(x) — AMz) < dx+du}
CGrpU{L,2,.. dy+d,}.

So {u(x) — A(z) : € Z} is still finite. But this implies that also D), » is finite, since

Dy = {ulw) = Mz) : = € Z}
— {ul@) = \(2) : @ € Zoo} U {u(e) = A@) : @ € Zio}
— {ule) — A(2) : @ € Zog} U0} U {~(n—N)(~2): —a € Lo}
= {ul@) — A@) : @ € Zoo} U0} U—[{(n— (@) : @ € Zso)]

Therefore, x «® y follows in the second case as well and thus by contraposition, the first
direction is proven.

Now for the other direction, assume there is n € Z for which p(n) —A(n) > dx+d,. Then,

with [Proposition 4.50 (iii)| applied to the slope u — A, we get that

—(dx+dy) + (k:n) < (p—=A)(k)

for all k € Z-o. Hence from a certain point on, (u — A\)(k) will always be positive and

consequently G ,, is finite. From [Proposition 4.50 (ii)| we can deduce that p(z) — A(z) can

get arbitrarily small and therefore, D, » is infinite, implying z <Ry O
Remark 4.59. The statement of the also holds for any number greater than
dx+d,.

Proposition 4.60. The ZF-transformed order axioms Rb/l — livOg are true:
(i) Vr € R—~(z <® x)
(ii) Vo,y, 2 € Rz <Ry Ay <Bz 5oz <R 2)

(iii) Yo,y € R(x <R yvy <Ravz=y).
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4.4 The Order Relation

Proof. For real numbers z,y,z let A € x,u € y,v € z be well adjusted slopes.

(i) Consider the set

Dy={\z) —Ax): z€Z}
= {0}.
It is clearly finite and therefore not infinite, which implies that A £° X and accordingly,
z £% .

Remark 4.61. The condition that Dy, must be infinite for A <5 u to hold induces

that A and p are not ~®-equivalent slopes.

(i) With the r <® yand y <® 2 implies that there are n,m € Z~( such

that
w(n) — A(n) > 2 and v(m) — pu(m) > 2.

Moreover, d,—» and d,_, are both less than or equal to 2 by [Proposition 4.48 (i)l

Therefore,

v(inm) — A(nm) = v(nm) — u(nm) + p(nm) — X(nm)

= (v = p)(nm) + (p — A)(mn)
o]

T, (= )(m) 47+ m e (= A)(n) + s
>(n+m)-3+7r+s,
where || < (n—1)-2 and |s| < (m — 1) - 2. This means
v(nm) — A(nm) > n+m+4.
Hence we are done since with the z <R 2z follows.
(iii) If D, is finite, we have that A ~® y and thus x = y. So assume D,, , is infinite, i.e.

{u(2) — Ma) : © € Z)

is infinite. Since both A and p are odd, p — A is odd as well and therefore there must
exist n € Z¢ for which
1(n) = ()| > 2.

If |u(n) — A(n)| = u(n) — A(n) > 2, it follows from the that z <® y. The
other possibility, |pu(n) —A(n)| = —(u(n) — A(n)) = A(n) — p(n) > 2 analogously implies
y <® x, proving the statement.

Corollary 4.62. If A and p are two well adjusted slopes such that X\ ~® i, then
Dy, €{-2,-1,0,1,2}.

71



4 The Axioms of R

Proof. Suppose |A(zo) — pu(zo)| > 2 for some zg € Z. This z¢ must be different from 0 since
both A and p are odd and hence A(0) = p(0) = 0. So now, either xg € Zsg or g € Z<o.

But we only need to consider the first case, since again by the oddity of A and p,
[A(wo) — p(zo)| = | = AM(=20) + p(—x0)| = [M—20) — p(—0)l.

Without loss of generality we have that A(zg) — p(xg) > 2 with z¢ € Z~( and thus, by the
p < A. But since A ~® y, this contradicts [Proposition 4.60 (i)} O

Proposition 4.63. RAO/4 and ﬁv05 hold. Le.
(i) Vr,y,z € Rz <By = (2 + 2 <By+2))
(i) Vo,y,2 € Rz <By AOR <B 2 — (2 B2 <By B2y,

Proof. Let A € o, i € y,v € z be well adjusted slopes. If z <® g, we have A < p, i.e. there
is mg € Zsg such that u(mg) — A(mg) > 2, which is equivalent to

A(mo) < p(mo) = 3.

(i) For n € Z+( we therefore have

)\(nmo)@n “Amo)+n—1
<n-(u(mo) =3)+n—1

=n-ulmg) —2n—1
088
< p(nmo)+n—-1-2n—-1

= p(nmg) —n — 2. (23)

This implies
A(nmo) + v(nmg) < p(nmg) + v(nmg) —n — 2,

which, after setting n = 3, yields
p(3mo) +v(3mo) — (A(Bmo) +v(3mp)) > 5 >4 > dxgy + dpgr.

Hence, A + v <% p + v and therefore « + z <® y 4 2.

(ii) If additionally 0% <® 2, there exists kg € Z~( such that v(ko) > 2, implying
v(nkg) >n-v(ks) —(n—1)>3n—n+1=2n+1>2n

for n € Z~o. We want to make use of the thus our aim is to find an

element xqg of Z~q for which
[z
vep(zo) —v-Azo) > A1) +p(l)+4 > dya+duy
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4.5 Dedekind Completeness

holds. This will then imply v - A <° v -y and with it,

We have

v - M(mokon) = v(A(nkomo)) v(p(nkomg) — nko —2 —ry)
< v(p(nkomo)) — v(nko) —v(2+ry) +2
—_—
>2n >—1

<wv-p(nkomg) — 2n + 3,

where 7 is some non-negative integer and therefore by [Proposition 4.50 (iii)|v(2+74) >
—1 holds. This implies

v - u(nkomo) — v - AM(nkomg) > 2n — 3 > 2n.

Since A(1) + (1) 4+ 4 is a fixed value it becomes clear that there is certainly ng € Zsg
such that 2ng > A(1) + p(1) + 4 and in consequence,

v - Mnokomo) — v - p(nokomo) > 2no > A(1) + (1) +4,

which was to be proven.

4.5 Dedekind Completeness

The only axiom remaining is the least-upper-bound property characteristic for the reals.
Without it, we could just as well be dealing with the rational numbers since they satisfy all
the other axioms as well. For this purpose it is of course essential to define what a least

upper bound is.

Definition 4.64. Let A be a subset of w,Z or R. An upper bound of A is a natural,

integer or real number m for which
Vo € A(z < m),
where for z,y € R we define
xﬁRyM:)a:@Ry\/x:y

and from now on write < and < instead of <® and <®. m/ is said to be the least upper

bound of A if for all upper bounds m of A

holds.

73



4 The Axioms of R

Remark 4.65. A subset of R can have several upper bounds, however never more than one

least upper bound.

Proposition 4.66. Every nonempty subset A of Z which has an upper bound also has a

mazimum, which simultaneously is its least upper bound.

Proof. We can prove this by induction. Since A is nonempty, we are given an element x € A
and m € Z an upper bound of A. Consider d := m — z. Certainly, d € Z>o and we can
use induction on d. If d = 0, this means that x = m and hence we have already found an
element of A satisfying y < x for all y € A, which makes z the maximum of A.

Assuming that for any given difference d we find that A has a maximum, we want to show it
for d+ 1, also. We differentiate between two cases. If m — 1 is still an upper bound of A, we
can reduce this to the case of d and find the maximum of A. Otherwise we know that there ex-

istsy € Asuchthat y <mbuty € m—1,i.e. y > m. Thus, m =y € Ais the maximum of A.

Now of course the maximum m of any subset of Z is automatically its least upper bound

since it satisfies x < m for all x € A and any m* < m obviously doesn’t. O

Proposition 4.67. FEvery nonempty subset of R which has an upper bound also has a least

upper bound. Or in other words, RCy holds.

Proof. Let D be an arbitrary nonempty subset of R with an upper bound m. Let 4 € m be

a well adjusted slope and consider
A:={6eS: ¢ is well adjusted and 3d € D(J € d)}.

Since m is an upper bound of D, § < 1V § ~® 1 holds for every § € A. Therefore, ju £ 6
which implies that §(n) — u(n) < 2 for all n € Z¢,d € A, or equivalently,

5(n) < p(n) + 2.

That is, u(n) + 2 is an upper bound of {§(n) : 6 € A}. By [Proposition 4.66, the set

{6(n) : § € A} has a maximum, making the odd extension of

o(n) :=max({d(n) : 6 € A})

a valid definition of a function from Z to Z. Our aim is to show that o represents a real
number, i.e. o is a slope, and that the real number containing ¢ is the least upper bound of
D.

For each z € Z we denote by A, the set of all slopes §, in A for which

0,(z) = o(2)

holds. Notice that A, is nonempty for every z € Z. Consider p, k € Z~q and q := pk. Now

for arbitrary elements §, € A, and d, € Ay we know that J, and 6, are well adjusted slopes,
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4.5 Dedekind Completeness

hence we have

2k - 04(q) : k = 0q(p)| = 2|k - (34(q) : k) — k- 04(p)]

E38
< 2‘5q(Q) —k- 5q(p)| +k

=2|04(pk) — k- 04(p)| + k
Tz

< 3k — 2 < 4k, hence
104(q) : k =44 (p)| < 1.
Furthermore, d4(p) < d,(p) by the definition of d,. Together this implies
dq(q) : k < dq(p) +1 < 6p(p) + 1. (24)
Besides that, we have

k-0,(p) < 0p(kp) +k—1<0d4(q) +k—1,

from which we deduce

(k-0p(p) —0q(q)) k< (k—1): k<1
T2 5,(p) + (—0,(q) : k) < 1
= 0p(p) + (—04(q) : k) +34(q) : k —d4(q) : k <1
g,
= 0p(p) — dq(q) 1 k < 2. (25)
Inequalities and together imply
16p(p) — dq(q) = k| < 2. (26)

Since §, € A, and 6, € A, were arbitrary, holds for all elements of A, and A, respec-
tively. Now consider z,y € Z~¢ and define ¢ := max({é(zy(z+y)) : 6 € A}) = o(zy(z+vy)).
Choosing different values among z,y and = + y for p and k and applying we get

lo(z) —c: (y(z +y))| <2
lo(y) —c: (z(z +y))| <2
lo(z+y) —c:ay] < 2.
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4 The Axioms of R

Now, finally, the time has come to make use of

lo(z+y) —o(x) —o(y)| =lo(z+y) —c:ay+c:ay
—o(x)te:(y(x+y) —c:(ylx+y))
—o(y)+e:(z(z+y)) —c: (z(r+y))

24242+ ciay—c: (y(xz+y)) —c: (z(z +1v))

£
<7

Thus, D, is finite with d, < 7, implying that o, as desired, is indeed a slope. It remains
to show that the real number s := [o]® is the least upper bound of D. First of all, s is an
upper bound of D because for any d € D, let 6 € A be a well adjusted slope representing d.
Furthermore,

0(z) < o(x)

holds for every @ € Z~¢ and thus, ¢ <% § can’t be satisfied, yielding d < s.

Now consider s’ < s. Then there is x € Z~ for which
o(z) —o'(z) > 8.
Since for every 4, € A, we have that §,(r) = o(z), we now know that o’ <% §, and hence,
s < [6.)® € D.

This implies that any real number less than s is not an upper bound of D and thus, s is its

least upper bound. O

Remark 4.68. In A’Campo’s proof, A is defined to be a set of well adjusted representatives
of the elements of D. But since we wanted to avoid choosing representatives of these real
numbers, we included all well adjusted slopes contained in elements of D in A. As we have
seen, the proof still works and additionally, we didn’t make use of the Axiom of Choice.
However, there is a constructive way to “choose” a unique slope as the odd function corre-
sponding to p(z) := max({\(x) : A € r}) for € Z( out of any real number r, inspired by

the proof we have just seen.

From this, the [Archimedean Property]|follows as a corollary. However, it is nice to know that

it can also be shown independently. But for being able to even state it, we need to introduce

what natural numbers are within R.

Definition 4.69. We define

wr:={x €R: IN€xdn € ZxoVz € Z(A\(z) =n-2)}
Zyp:={zecR: INcaxanecZVz € Z(\Nz)=n-z)}

to be the sets of natural numbers in R and integer numbers in R, respectively.

76



4.5 Dedekind Completeness

One can easily check that all properties we have shown for w and Z also hold within wr and
Zy by identifying n with the equivalence class of the slope A defined by A(z) = (n,0) - z or
A(z) = n -z for an element n of w or Z respectively.

Definition 4.70. We define 7 := [A\|®, where \(z) = k - x for all z € Z and

. n ifnecZ
(n,0) ifn € w.

Proposition 4.71 (Archimedean Property). Let x € R be a real number greater than O®

and x < y. Then there exists a number n € wy such that

y<n R,
Proof. Let A\ €  and p € y be well adjusted slopes. Since both z and y are greater than 0%,
there must be zg € Zsq such that A(zp) > 1. Then,

N——"
>2

and hence, A\(2z9) > 2. Now define k := 1 +max({11(220),0}) and let kX be the slope defined
by
EX(x) =k - A(x).

As a consequence of [Proposition 4.48] di) < k holds and thus,

EX(220) > k-3 =k + 2k > p(220) + 2k > p(220) + k + 1

implies, by the that 1 < kA. We now notice that kA = x-\, where x(z) = k-x

represents an element of wg. It turns out we have found a natural number, n := [k, for
which

y<n Ry
holds. O

We have now completely shown that the set R constructed as the set of equivalence classes of
slopes, together with addition (+%), multiplication (-®) and the order relation (<®) satisfies
all the desired axioms and therefore yields a model of the real numbers. An interesting
observation to make is that during the entire process of defining sets and proving properties
we only made use of the axioms ZFy-ZFg (ZF_g). In particular, the construction does not
depend on the Axiom of Choice.

Another important thing to remark is that the existence of this model of the reals is only
granted if we assume the existence of a model of ZFy_g. But as we have seen in
Peano Arithmetic can be formalized within this theory and therefore, by Godel’s Second
Incompleteness Theorem, it cannot prove its own consistency. Hence, by his Completeness
Theorem, we do not know whether or not there is a model of ZFy_g and with it, a model

based on A’Campo’s construction.
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5 Nonstandard Models

After having constructed a model of R based on a model of Set Theory, assuming there is one,
the question arises what the model of the reals looks like when considering a nonstandard
model of Set Theory. For example by the Lowenheim-Skolem Theorem we know that ZF
has a countable model and since each real number is an object in this model, the existence
of a countable model of R follows. Other approaches to obtain nonstandard models of
R are considering the ultrapower of a standard model or, what will be done below, using
the Compactness Theorem. There are various reasons for which one can be interested in
nonstandard models of the reals, one of which is nonstandard analysis. It was discovered by
Abraham Robinson that many proofs in analysis can be strongly simplified with the help of
nonstandard models of the real numbers [Rob96]. In this chapter we illustrate a nonstandard
model of R based on a nonstandard model of Set Theory inducing a nonstandard model of
w. The picture of nonstandard real numbers which is obtained when considering them as

equivalence classes of slopes remains very concrete.

5.1 Introduction

For the rest of the chapter, we assume consistency of ZF and and although it is an abuse
of notation, denote by w,Z, R the corresponding objects in the domain of a model of ZFy_g
in which the set w together with the relevant operations and relations is isomorphic to
the standard model of PA defined in [Hall4l pp. 67-70]. We call the elements of w,Z, R
standard natural, integer and real numbers respectively and denote the model itself
by V. Moreover, addition, subtraction, multiplication and order relation will be denoted by
+, —, -, < respectively, regardless of the set on which they are defined. .Z is defined to be
the the language one obtains after adding all usual operation and relation symbols and those
we have introduced in this thesis so far to Zzr = {€}; by ¥ we mean the collection of all
axioms of ZF(_g together with the formulae needed to define the symbols other than €, and
U denotes the set of all sentences that hold in V.

Definition 5.1. We define .Z* := % U {c} for a constant symbol ¢ which isn’t already

contained in .. Consider

T :=TU{cewlU{n<ec: ¢(n)}, where

w(n) = “n is an Z-term of the form s...s(0) with a finite chain of s”.

Theorem 5.2. V" has a model.

Proof. Remember that we are assuming that ZF is consistent and with it is U. Every finite
subset of U is consistent, since it contains only finitely many sentences of ¥ \W and for any
finite set of natural numbers we can always find an element of w greater than all of them.
Hence by the Compactness Theorem, T s consistent, too. By the Completeness Theorem,
T has a model. O
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Let V* be a model of U . From now on, we denote by w*, Z*, R*, ¢ the corresponding objects
in the domain of V*. We call w*,Z* and R* the nonstandard natural, integer and real

numbers, respectively.
Remark 5.3.

(i) Notice that every sentence which is true in V is automatically true in V*, as well. In

particular, all properties of number systems, slopes, and sets in general that we have

shown in the previous chapters, such as the [Concentration Lemmal still hold in V*.

(ii) For the construction of the real numbers out of the natural numbers, we have only
needed the axioms ZFg— ZFg. But in the proof of we have made use
of the Compactness Theorem, which, according to [Hallll pp. 131-134], follows from
the Axiom of Choice and is even equivalent to a choice principle which is only slightly
weaker than AC. Also, the Ultrafilter Theorem, which is needed for the other main

possibility to obtain nonstandard models, is equivalent to the Compactness Theorem.

Definition 5.4. According to [Rob96, p. 49], every object a in the domain of V has a
corresponding object a* in the domain of V* with the same Z-properties (properties that

can be described using .#-sentences). a* will be called the nonstandard or V*-version of a.

Like this, we can interpret the sets w,Z,R as “subsets” of w*,Z* R*. They are not ac-
tual subsets because there are no objects in V* containing just the nonstandard versions of
natural numbers of V for example. Being the nonstandard version of an object of V is not

something that can be described with Z*-formulae.

We refer to elements of nonstandard number systems that are also contained in their corre-

sponding standard version as standard*, otherwise they will be called nonstandard®.

Similarly, the set of slopes 8* in V* contains S, where the latter again is called the set of
standard™ slopes. Notice that even though we call them standard*, they are functions from

Z* to Z*, which is the reason we don’t call them standard.
Let us now point out some properties of these sets.

Proposition 5.5. There exists an integer number in Z* which is greater (smaller) than all

standard® integer numbers, i.e. Z* has nonstandard* elements.

Proof. By the definition of V*, both ¢ € w and n <N ¢ are true for every standard* natural
number n. Consider (c,0). It is an element of Z* and by the definition of the order relation
on the integers,

(n,0) <% (c,0)

holds for every standard* natural number n, hence (c,0) is greater than all standard* non-
negative integers. That the negative standard® integers are smaller as well follows from
the non-negativity of ¢. For a number smaller than all standard* integers, consider (0, c)

analogously. O
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We denote the integer (c,0) by ¢ as well from now on. It should be clear from the context

whether the natural or the integer version is meant.

Proposition 5.6. In R* there exist real numbers greater than all standard* real numbers,
as well as real numbers that are greater than O® but smaller than any positive standard* real

number.

Proof. Consider ¢ € R*. For a standard* real number r» we can always find a standard*
integer number 7 greater than r. To show this we consider a well adjusted slope A € r and
define n := A(1) + 2. Then, v(z) = n -z defines a linear and hence well adjusted slope v

which is contained in n. Furthermore,
v(l) = A1) =3>2>d, +d,,
implying A <€ v and therefore r < 7.

n is a standard™ integer since we have not used c for its definition. Therefore,
n+2)-z<cax
holds for all positive z, in particular for z = 1, which implies that 7 <® ¢ and thus, » <® C.

Let’s now turn our attention to the second part of the proposition. For a positive standard*
real number r there is always a standard* natural number m such that % <R . This
inequality is equivalent to % <R m and hence we obtain m as we just saw in the proof of the
1 _R 1
C

first part of the statement. Analogously, ~ is equivalent to m <R ¢, which is indeed

true for every standard* natural number m. Clearly, 0% <® %, completing our proof. O

Remark 5.7. —¢ is a nonstandard* real number being smaller than all standard* ones; —%

is greater than all negative standard* real numbers but still smaller than 0.

Definition 5.8. We can distinguish two types of nonstandard* real numbers. Those being
greater or smaller than all standard* real numbers will be called infinite while we call the
other ones finite. Furthermore, we will call those lying between —r and r for all standard*
real numbers r except O® infinitesimal or infinitely close to 0®. Slopes in equivalence
classes of finite, infinite or infinitesimal real numbers will also be called finite, infinite or

infinitesimal slopes, respectively.

While there are no infinitesimal numbers in w* or Z*, we can still distinguish between finite
and infinite natural and integer numbers analogously.

Remark 5.9.

(i) Finiteness of numbers as we just defined it above is not to confuse with finiteness of
sets defined in [Definition 3.59 Since ¢ € w*, we consider a set with ¢ elements as finite
although we call ¢ (or €) an infinite number. The infiniteness of ¢ is not a property that

can be defined with sentences of .Z or even £*.
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5 Nonstandard Models

(ii) The multiplicative inverse of an infinite number is always infinitesimal; and vice versa.

This follows immediately from the fact that for positive z and r,
x <r for r standard* <= % < % for r standard*

and that multiplicative inverses of standard* numbers are still standard*.

5.2 Slopes in Nonstandard Models

The primary idea of nonstandard analysis is to consider standard sequences and functions etc.
and define properties such as convergence, continuity or differentiability via their nonstandard
version. The nonstandard version of a sequence of real numbers s : w — R is a function

*

s* 1w — R*. Since elements of w* are standard® if and only if they are finite, s* can be

viewed as an extension of s.

holds for all finite natural numbers n. The analogous statement also holds for slopes, i.e. for
functions from the integers to themselves instead of from the natural numbers to the reals.
In this section, properties of nonstandard slopes will be pointed out, yielding some very nice
visual interpretations for what standard* and nonstandard® real numbers look like in our
model V*.

Remark 5.10. Slopes in V* are defined as functions A : Z* — Z* such that Dy = {\(z +
y) — Az) — AM(y) : =,y € Z*} is finite, i.e. that there is a natural number n € w* such that
a bijection f : Dy <» n exists. This natural number can in particular be a nonstandard*

natural number, i.e. an infinite natural number.

In the sequel we will sometimes use the phrase “A takes the value y at the index x” when
talking about slopes A\. With the words “value” and “index” we want to emphasize whether

an integer serves as image or as preimage under A of another integer.

Proposition 5.11. A function X\ : Z* — Z* for which A(a) = 0 for all infinite integers a is

equivalent to the zero slope Os(m) = 0, independent of the values taken at finite indices.

Proof. We know from that n € c for every standard* natural number n. Thus,
c is a finite set which contains all the standard® natural numbers. As an easy consequence
thereof we have the existence of a finite set of integers containing all standard*® integers. We
denote this set by Z. Now,

Dyos = {\Mz) —05(2) : 2 € Z"}
={\z)-0: z€Z"}
={\x): x€ Z}U{\(x): z € (Z*\Z)}
g
= A[Z]u{0}.

which is a finite set since Z is finite. Hence, )\ is a slope with A ~® 0.
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A(z)

finite integers . infinite integers

Figure 5: A slope A\ ~® 0% taking arbitrary values at its finite indices.

Remark 5.12. This result implies that whether or not a function from Z* to Z* is a slope,
and if so, which equivalence class with respect to ~® it belongs to, is sufficiently determined

by its values taken at infinite indices. To any slope pu, a function A taking arbitrary values

at its finite indices as described in [Proposition 5.11] can be added, yielding a slope which is

equivalent to p but only coinciding with it at its infinite indices.

Definition 5.13. It turns out that finite numbers can be uniquely decomposed into a
standard® part and an infinitesimal part, that is, it is the sum of a standard* and an in-
finitesimal real number. We denote the standard* part of « by St(z) and the infinitesimal
part of = by Inf(z). Moreover we call the set of numbers sharing their standard* part « the
monad of z. [Rob96, p. 51]

Proposition 5.14. Ife is a well adjusted infinitesimal slope, then there is an infinite integer

number ag such that €(ag) is finite.

Proof. We show this for positive infinitesimal slopes; the proof is analogous for negative

slopes and trivial for 0. Consider the Z-sentence

anrERH!nEwR<OR<7‘<1R—>njlk§r<%).

It is a consequence of the axioms of R and hence, it holds in V as well as in V*. Choosing [¢]®
for r when interpreting ¢ in V*, we denote the natural number whose existence is guaranteed
through o by n.. We know that n. must be infinite, since otherwise [¢]® would be greater

than or equal to ﬁ with n + 1® standard*, contradicting its infinitesimality.

We will now analyse the number 7%7 or rather the slopes contained in it. Surely, the slope

Ve defined by ve(x) = n. - z is an element of n; and n. is an infinite element of Z*. In the
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5 Nonstandard Models

proof of [Proposition 4.52| we have seen that if we define

e (v) := min(P,_(v)) for v € Z, where
Pofv) = o € Z: |o—va(@)] < [na(1)] + 11,

then p. € % To estimate p’(n.), where pl is the well adjusted slope equivalent to p. given

by the |Concentration Lemmal let s be the minimal number in Z-( such that

—s S pe(@+y) — pe(z) —pe(y) < s
for all z,y € Z. Then, p.(ne) is given by u.(3sn.) : 3s, whereas 1-(3sn.) in turn is given by

te(3sne) = min (P,_(3sn.))
= min ({3s — 1,3s,3s + 1})
=3s—1.

The optimal euclidean quotient (3s — 1) : 3s is defined to be the number k for which
35 —2<6sk < 9s— 2,
i.e. k=1 and thereby, u’(n.) = 1. Now since [¢]} < n%, we have that
e <% L,

implying that e(n.) cannot exceed 3. Also, it can’t get below —2, since this would contradict
the positivity of e. Thus, we have shown that at ag := n., which is an infinite number, ¢

takes a finite value. O

Next we want to show that the converse of |[Proposition 5.14] is also true, from which will

follow that well adjusted slopes are infinitesimal iff they take a finite value at some infinite

index.

Proposition 5.15. If A is a well adjusted positive slope which is not infinitesimal, then \(a)

is infinite for all infinite indices a.

Proof. We distinguish the cases r = [A\]® > 1® and r < 1%,
r > 1% implies that A > 15 and hence, for infinite integers a we have A(a) > 15(a)—2 = a—2,

which is infinite.

The case r < 1® is more interesting. Again we can squeeze r between two standard* real

numbers of the form 7% and %PR, where 7 is a finite positive integer greater than 1. (If
A nx

it was infinite, this would imply that r is infinitesimal, which we assume to be false.) We are

now going to show that well adjusted slopes representing real numbers of the form % with

a finite natural number n # 0 always take infinite values at infinite indices. From this, it

follows immediately that A(a) also must be infinite for all infinite a by the
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5.2 Slopes in Nonstandard Models

So consider an arbitrary finite natural number n # 0 and let a € Z* be infinite. The slope

v(z) = n -z is contained in 7, and therefore the slope p defined by

w(v) := min(P,(v)) for v € Z, where
P,w)y:={z€Z: |v—v(x) <|v(1)|+1}.

is an element of =. By the definition of y, we have that
W(i(@)) —al = |n- p(@) —a Sn+1.

Since n is finite, we know that the difference between a and n - p(a) is finite, which is only

possible if u(a) is infinite. However, u is not necessarily well adjusted, which is why we need

to consider the slope u' given by the [Concentration Lemma) which is well adjusted and still

contained in %
For this purpose, we want to examine the number s for which

—s<pl@+y) —ple) —ply) <s

holds, where u' is then defined through p'(x) = p(3sz) : 3s. In the proof of [Proposition 4.52|

it becomes clear that

(@ +y) — (@) — p(y)) <3+ [v(1)]+5
= n-|u(@+y)—p@) —puy) <3n+5

220 u(x +y) — ple) — uly)| < 3n+5.

Since n is a finite number, this implies that s is finite, as well. Now from the proof of the

[Concentration Lemmal we know that |u/(z) — p(x)| < s, which implies that for infinite a,

1 (a) is still infinite since its difference from p(a), which itself has already been shown to be

infinite, is finite. O

Corollary 5.16. A well adjusted slope € is infinitesimal if and only if there is an infinite

integer number ag for which £(ag) is finite.

Remark 5.17. It is comparatively easy to see that a well adjusted slope is infinite iff it
takes an infinite value at some finite nonzero index. We can squeeze a well adjusted infinite
slope a between two infinite linear slopes representing integers. These take infinite values at
all indices except 0 and hence, so does . Also, a well adjusted slope taking infinite values
at finite indices must necessarily be infinite, since every finite real number can be squeezed

between two finite natural numbers which also only take finite values at finite indices.

These results permit a characterization of nonstandard well adjusted slopes as follows.
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5 Nonstandard Models

Theorem 5.18. A well adjusted slope X\ is
o infinite, if and only if A(ko) is infinite for some finite ky.
o infinitesimal, if and only if M ag) is finite for some infinite ag.
e finite and non-infinitesimal, if and only if A(x) is finite iff x is finite.

In the sequel we will see that considering only the values taken at finite indices also allows a

nice characterization of nonstandard well adjusted slopes.

Proposition 5.19. If X is a well adjusted, positive slope which is not infinitesimal, then
A ko) > 2 for some finite integer ky.

Proof. As in the proof of [Proposition 5.15, we distinguish the cases r = [\J® > 1% and
r < 1R,

If » > 1%, the proof is easy. The slope 13(90) = z is well adjusted and contained in 1.

Therefore, 1°(4) = 4 and since 7 is not less that 1%, we know from the that

A(4) > 2. Setting ko := 4 proves the statement.

Now consider the case 7 < 1®. The statement can now be proven very similar to
As in the proof of [Proposition 5.15| we can squeeze a positive, non-infinitesimal real

number r = [A\]® < 1% between two standard* numbers of the form % and ﬁ%lﬁ, where ny
is a finite positive integer greater than 1. Now consider the slope vy given by vy (x) = ny - z.

Here n), is certainly a finite element of Z*. Define

px(v) == min(P,, (v)) for v € Z, where
P, (v):={z€Z: |v—uvx(z)| <|va(1)] + 1}.

1 represents the standard* number % With the|C0ncentration Lemma+ we can again define

w1\ as we already did in the proof of [Proposition 5.14] This time we estimate )\ (2n,) =

ux(6sny) : 3s, with s defined accordingly.

px(6sny) = min(P,, (6sny))
= min({6s — 1,6s,6s + 1})
=6s— 1.

This gives us
pA(2ny) = (6s —1):3s =2>12>d,,

with ) € % Now by |Proposition 4.50 (ii)|7 ph(6ny) > 4, which, with the

implies that

A(6ny) > 2.
And since n) is a finite integer, the proof is complete if we define kg := 6n. O

Corollary 5.20. If ¢ is a well adjusted infinitesimal slope, then (k) € {—1,0,1} for all
finite integers k.
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5.2 Slopes in Nonstandard Models

Proof. For k = 0 this is trivial since we assume ¢ to be well adjusted. So consider a finite
integer k # 0 such that |e(k)| > 1 and hence, by the oddity of ¢, either (k) > 1 or e(—k) > 1.
Without loss of generality, assume that (k) > 1 for a positive finite k € Z*. As we have seen
in [Proposition 5.14] there is an infinite number a such that (a) is finite. But by [Proposition]

ela) > -1+ (a: k).

(a : k) must be an infinite number, since otherwise a = (a : k) - k + r with |r| < k would be
finite as a composition of finite numbers. Therefore, —1 + (a : k) and hence £(a) is infinite

as well, yielding a contradiction. O

With this knowledge, we are able to determine whether a well adjusted slope A is infinitesimal
or not, and whether it is infinite or not, by taking into account only the values taken at finite

indices.

Theorem 5.21. A well adjusted slope X\ is
e infinite, if and only if there is a finite integer ko such that (ko) is infinite.
e infinitesimal, if and only if |\(k)| <1 for all finite integers k.

e finite and non-infinitesimal, if and only if A(k) is finite for all finite integers k, but
there is a finite integer ko such that |A(ko)| > 1.

Remark 5.22. One could imagine that can be formulated even stronger, i.e.
that (k) = 0 for all finite k if € is infinitesimal; however this is not true. Consider the slope

1 ifx>0
AMz)=<0 ifz=0
-1 ifx<O.
It is obviously odd and for all possible choices of x and y, A(z +y) — Mx) — A(y) will always

take its value in {—1,0,1}. Thus, A is well adjusted and equivalent to 0, making it an

infinitesimal slope, although it is not constantly 0 on its finite indices.
What proves true though is the following.

Proposition 5.23. Every infinitesimal slope € € S* is equivalent to a well adjusted slope &'
for which €'(k) = 0 holds for every finite integer k.

Proof. Assume without loss of generality that ¢ is well adjusted. Otherwise we can construct

a well adjusted slope equivalent to € with the |[Concentration Lemmaland continue with it as

our new . By [Corollary 5.20) |¢(k)] < 1 for all finite k. We can apply the
to € with s = 1, which yields

if k is finite.
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e(x)

finite integers infinite integers

Figure 6: An infinitesimal slope ¢ taking nonzero values only at infinite indices.

This result is very interesting, since it allows us to picture nonstandard* real numbers nicely.

As already mentioned earlier, all finite numbers have a unique standard* part and a unique

infinitesimal part. Now that we have the information of [Proposition 5.23| this implies that

two arbitrary numbers with the same standard® part can be represented by slopes which

coincide on the finite indices and only differ on the infinite ones.

A(z) 4 (A —¢e)(x) .o

oo a 2a T

e

finite integers infinite integers

Figure 7: Two slopes representing different real numbers sharing their standard* part.

Corollary 5.24. A real number is infinitesimal if and only if it contains a well adjusted

slope € for which (k) = 0 holds for all finite integers k.

Proof. Consider an infinitesimal real number e. [Proposition 5.23| implies that e contains a
well adjusted slope ¢ which is 0 on all finite indices. What remains to be shown is the other
direction. So consider a well adjusted slope ¢ with (k) = 0 for all finite k. If & was not
infinitesimal, there would be a finite integer number & with |e(k)| > 2 by [Proposition 5.19]

yielding a contradiction. Hence ¢ is infinitesimal, completing our proof. O
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Corollary 5.25.
St(zo) = St(l’l)

if and only if there are well adjusted slopes Ay € x¢ and A\ € x1 such that
Ao(k) = Ai (k)

for all finite integers k.

Proof. xg and x; having the same standard* part is equivalent to their difference d := x1 —x¢
being infinitesimal. Furthermore, by d is infinitesimal iff it contains a well
adjusted slope 6 with §(k) = 0 for all finite k, which in turn is equivalent to the existence of
well adjusted slopes Ag and Ay coinciding on their finite indices. To prove the last equivalence,

consider a well adjusted slope g € zg and § € d as described above. Define

Ao(x) := po(6z) : 6
A1(x) := (o + 0)(6z) : 6.

Since both 9 and 6 are well adjusted, Ao and \; are also well adjusted; furthermore \g ~®
o € o and A € x1 hold. We have

A1(k) = (o + 0)(6k) : 6 = (po(6k) + 0(6k)) : 6 = po(6k) : 6 = Ao (k)
——

=0

for all finite integers k, and therefore we have found well adjusted slopes \g € xg, A1 € x1
which coincide on their finite indices.
(x) — Xo(z) is

For the other direction, consider Ap, A\; as described above. Clearly, e(x) := A\
g(6x) : 6 is well

a slope contained in d = x; — 2 and e(k) = 0 for all finite k. Now d(z) :=

adjusted, equivalent to e, and still
O(k) =¢€(6k):6=0:6=0

for finite integers k. O

Remark 5.26. With the results obtained by now, we have a nice picture of the standard*
part of a real number in z € R*. The standard* part of x represented by a well adjusted
slope A € z € R* is fully determined by the values taken at finite indices by
If these values are infinite, A represents an infinite number by and therefore x
has no standard* part [Rob96, p. 51].

Hence, ignoring every part of the slope A involving infinite integers and viewing it as a func-
tion from “Z” to “Z” yields either nothing, in which case the real number x represented by
the slope has no standard* part, or a well adjusted slope of V representing the standard real
number y € R for which y* = St(x) holds.
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Notice the contrast to the result obtained at the beginning of this section, where it was shown

that if a slope is not assumed to be well adjusted, the values taken at finite indices do not

determine the nature of the slope at all (see [Remark 5.12]).

e(x)
0% (z) | 15(x)
—e(2) | (15 = &) ()
L] L]
2a . . .
L] L]
. .
L] L]
.o o
. o
. o
a . . o
e o
.o o
e o
.
.
.
.
L]
. e o o 0 o
L] e o o ('1 e o o 2a T
L] e o o o e o o
finite integers infinite integers o o o o o

Figure 8: Several well adjusted slopes with or without standard* parts. When only consider-
ing the lower left square of the graph, no more than two slopes can be distinguished. « has
no standard* part at all, while —¢,0°,¢ and 1° — ¢,15,15 + ¢ share their standard* part,
respectively.

5.3 Consequences in Analysis
Convergence

[Rob96, Theorem 3.3.7] states that a standard sequence {s,} of real numbers converges to

s € R if and only if their V*-versions, {s}} and s*, satisfy

for all infinite indices a. Interpreting it in our model, we can translate this theorem as follows.
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Theorem 5.27. A standard sequence {sp} of real numbers converges to s € R if and only
if its V*-version, {s’}, satisfies
(Conv.) For every slope o* € s* | where s* is the V*-version of s, and for every infinite

natural number a there is a slope o € s} such that o), coincides with o* on its finite

indices.
Proof.

—>: Let {s,} be a standard sequence of real numbers converging to s and let a be an
infinite natural number. We have just pointed out that then, by [Rob96, Theorem
3.3.7], St(s*) = s* holds. Hence,

* ok
S, =8 +e

for some infinitesimal real number e. By |Proposition 5.23] there is an infinitesimal

slope € € e such that (k) = 0 for all finite integers k. If now o* € s*, this means that
oy =0 "+e€s,.

We have therefore found a slope o, € s} which coincides with o* on its finite indices.

<=: Consider a standard sequence of real numbers {s,} and a standard real number s.
Suppose that for every slope o € s* and every infinite natural number a there is a
slope o) € s’ such that ¢} and o coincide on their finite indices. Now consider an

arbitrary infinite natural number a¢ and define the slope

e(k) = 0 for all finite integers k. Therefore, ¢ must be infinitesimal by [Corollary 5.24

This implies that

and since ag was arbitrary, this holds for all infinite natural numbers a. Thus the

sequence {s,} converges to s.

Continuity

In [Rob96L Theorem 3.4.5] it is shown that a standard function f : (s,t) — R, where (s,t)
denotes the set of all x € R for which s < z <t holds for standard real numbers s and ¢, is

continuous at a standard point xg € (s,t) if and only if

St(f*(x)) = f*(St(x))

holds for every x with St(z) = zf. The condition can thus be rewritten as
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Again, we translate this into a condition on the slopes representing relevant numbers.

Theorem 5.28. A standard function f : (s,t) — R is continuous in xg € (s,t) if and only
if its V*-version f*: (s*,t*) — R* satisfies

(Cont.) For every x € (s*,t*) it is true that if there are slopes X\ € x and Ao € xf such
that A and Mg coincide on their finite indices, then there also are slopes u € f*(x) and

to € f*(xf) that coincide on their finite indices.

Proof. Suppose f : (s,t) — R is a standard function continuous in zg € (s,t). This is, by
[Rob96l Theorem 3.4.5], equivalent to the implication

“St(x) = af implies St(f*(x)) = St(f*(zg)) for all x € (s*,t*).”

For x and z to have the same standard* part is equivalent to the existence of slopes A and
Ao as demanded in (Cont.) and analogously, St(f*(x)) = St(f*(«{)) holds if and only if p

and o as demanded in (Cont.) exist. Hence, the theorem follows. O

A function f : (s,t) — R is called continuous if it is continuous in all points zg € (s,1).
Informally speaking, one could phrase this as follows. A function f : (s,t) — R is continuous
if and only if cutting off the infinitely indexed part of a nonstandard slope first and then
applying f is equivalent to applying f* on it and then cutting off the infinitely indexed part.
Of course, functions on real numbers are not functions on slopes and thus applying f or f*
on a slope is not something we would be able to do; however it does not chance the picture
too much compared to what the actual procedure would be: Cutting off the infinite parts of
all slopes in an equivalence class and applying f to the set of their remainders, or applying

f* on the set of initial slopes and after that cutting all of them.
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6 Conclusions

Model Theory

The first main result of this thesis is [Theorem 2.131 A set of formulae ® is said to be an
insertion of the theory T into ZF if it defines bold versions of the relation, function and
constant symbols of the language .Z of T as set theoretic relations, functions and constants,
respectively, as well as another constant symbol B serving as the “domain” of T. Consider
the set ¥* of formulae defining the symbols of .Z, stipulating

(i) Rvy...vs <= (v1,...,0,) € R for relation symbols R of .Z.

(ii) Fop...vp =y <= (v1,...,0n,y) € FV ((v1,...,0,) ¢ B* Ay = () for function
symbols F' of Z.

(ili) ¢ =y <= ¢ =y for constant symbols ¢ of Z.

If Set Theory together with these definitions is able to prove the ZF-transformations of
the non-logical axioms of T, then ® is called an embedding of T into ZF. (In the ZF-
transformation of an Z-formula ¢, all strings of symbols of the form Jv and Vv are replaced
by Jv € B and Vv € B respectively, for any variable v.) now states that if a
set of formulae ® is an embedding of the theory T into ZF and ZF has a model, then T has
a model as well. This rather intuitive seeming result can be applied to arbitrary first order

theories.

Formalization of A’Campo’s Construction

In this thesis, embeddings of Peano Arithmetic as well as the theories of the integer and
real numbers were elaborated, leading us the the next important result we have obtained: If
ZFy_g, i.e. the subset of ZF containing the axioms ZFy — ZFg has a model, then there are
models of the natural, integer and real numbers. However, it cannot be known whether or

not ZFy_g, has a model, due to Godel’s Completeness and Incompleteness Theorems.

The main challenge was the embedding of the real numbers into ZF; they were defined as
equivalence classes of slopes, which in turn are defined as functions A : Z — 7 satisfying

—s<XMz+y)—AMz)—Ay) <s

for all z,y € Z and a fixed natural number s. If s < 1 and A is an odd function, then the
slope A is called well adjusted. Following Norbert A’Campo’s “A natural construction for

the real numbers” [A’C03|, various properties of well adjusted slopes and slopes in general

were shown in this thesis, one of which is the |Concentration Lemma) which states that for

every slope there is an equivalent well adjusted slope. Other properties of slopes — or more
specifically, equivalence classes of slopes — include all axioms of the real numbers. Generally,
A’Campo’s ideas have been formalized and occasionally changed in order to not using the

theory of rational numbers or axioms other than those of ZFq_g.
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Slopes in Nonstandard Models

Given the existence of a model of ZF, nonstandard models can be constructed as well. Mak-
ing use of the Axiom of Choice by applying the Compactness Theorem, we have defined a
nonstandard model V* of Set Theory, inducing nonstandard models of the natural, integer
and real numbers. A first important remark is that nonstandard versions of standard slopes
can be viewed as extensions of the latter, in the sense that in V*, where numbers greater
than all standard numbers exist, infinitely big numbers are added to the domain and possibly
to the image of the slope while leaving it unchanged on its finite part. Several interesting

results concerning slopes in nonstandard models have been elaborated. As a consequence of

[Proposition 5.11] we have that the equivalence class of a slope depends only on the values
it takes at infinite indices. On the other hand, characterizes well adjusted

slopes relying only on the values they take at finite indices: If infinite values are taken,

the slope is infinite, if the values are all between —1 and 1, it is infinitesimal, and if the
values are finite but their absolute values exceed 1 at some point, the slope is finite and non-
infinitesimal. Led by this idea, it has been shown in that two nonstandard
real numbers with the same standard* part must always contain well adjusted slopes which
coincide on their finite indices. This suggests that when considering well adjusted slopes,
the values taken at finite indices already determine the standard® part of a slope, whereas
the values taken at infinite indices are needed only to identify its nonstandard® part. This,

in turn, yields nice visualizations of convergence of sequences and continuity of real functions.
Other tasks that could be approached in the future include a further examination of infinites-

imal slopes. It would certainly be interesting to know how they behave during addition and

multiplication, or what role they play in the differentiation of functions, etc.
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