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Abstract

This thesis is structured as follows. Chapter 1 is an introductory chapter

to certain aspects of Communication Theory, specially to wireless communi-

cations, which might not be known to mathematicians.

Chapter 2 consists of two parts. First, in section 2.1, we will give some

results and introduce some notions from Graph Theory and see how networks

can be modeled using graphs. In section 2.2 we briefly discuss some aspects

from general network coding and will then pay special attention to linear net-

works and see, that the condition of linearity is not restrictive for certain

purposes.

We continue with chapter 3, where we present material from general Field

and Galois Theory. Sections 3.1 and 3.3 provide very general results, but

also include special cases, such as finite field extensions, Abelian and cyclic

Galois extensions. Section 3.2 deals with algebraic number fields. We recall

some very important results and concepts for algebraic number fields of arbi-

trary degree. Of special interest might be subsections 3.2.2 and 3.2.3, where

we restrict ourselves to the integral elements of the field. Finally, in subsec-

tions 3.2.5 and 3.2.6 we will treat the special cases of quadratic number fields,

which are number field extensions of degree two, and cyclotomic fields.

In chapter 4 we introduce division algebras. We will start by introducing

some general concepts before we provide a specified theory. In section 4.2

quaternion algebras are discussed, giving some general results and analyzing

criteria for a general quaternion algebra to be a division algebra. This will also

be done for cyclic algebras in the subsequent section 4.3. Finally, we generalize

some of the theory given in section 3.2 by introducing orders in algebras.

In chapter 5 we then go back to Multiple-Input Multiple-Output (MIMO)

channels and codes. In section 5.1 a MIMO network is described in mathemat-

ical terms and the channel is characterized by its parameters. The results will

mostly be of a general nature. In section 5.2 we then come to the main object,

the space-time codes, which are firstly introduced the usual way. We then

give design criteria for the codes to achieve certain performance properties.

We close that chapter with section 5.3, where we give explicit constructions of

space-time codes over specific algebraic structures, namely algebraic number

fields, quaternion division algebras and cyclic division algebras.

Chapter 6, is the last of this thesis. There, space-time codes over linear

MIMO networks are constructed. In section 6.1, based on the graph model of

the network used, we redefine the parameters and characteristics of a MIMO

vii



channel in terms of Graph Theory. This leads to a design criterion for a code

to be full-rate and full-diversity. In section 6.2 we describe the construction

of space-time codes over linear networks, which fulfill that particular design

criterion. Of special interest will be the construction of a space-time code

coming from finite field extensions.

The thesis is closed with a short conclusion, where we roughly recap the

main results obtained.
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Chapter 1

Introduction to the Wireless

Industry

1.1 Basics from Wireless Communications

Wireless communications goes back to 1895, when Guglielmo Marconi suc-

cessfully transmitted the letter ’S’ over a distance of 3 km. This achievement

became the starting shot for an industry that began to grow and became cru-

cial in everyday life. The most prominent feature of a wireless channel: its

randomness.

Wireless communication is nowadays used for data transmission in com-

puters and laptops, as well as for mobile communications, satellite commu-

nications, radio broadcasting and so on. Although wired channels are more

stable, the mobility of the user has become an important need in everyday

life, so that wireless systems became a central part of industrial research. The

extensive use and dependence on wireless channels requires reliability in the

channel, so that existing problems such as fading need to be efficiently dealt

with.

Device portability requires the use of batteries, which due to their life limita-

tion results in a challenge for finding algorithms to use the available power in

an efficient way. One must also manage to deal with interference from other

users and other devices sending electromagnetic waves. Not to forget that the

devices should be kept as small as possible.

There is a large number of challenges, and most of them can be analyzed
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CHAPTER 1. INTRODUCTION TO THE WIRELESS INDUSTRY

using mathematical methods. In this thesis, we will make use of Coding The-

ory and abstract algebra to construct specific codes that increase the efficiency

of wireless communication devices using multiple antennas.

To start at the beginning, we first introduce a communication channel,

which for our purposes can be simplified to the following:

Input transducer Transmitter

Channel

ReceiverOutput transducer

Noise

The input message is transformed by the input transducer into an electro-

magnetic wave, which is then modified by the transmitter for efficient transmis-

sion. On the other side of the channel, the receiver reverses the modification

done by the transmitter and the channel, and the output transducer converts

the received electromagnetic wave into the original form of the message.

We are interested in the channel, which can be wired or, in our case, wire-

less. Electromagnetic waves with different amplitudes and frequencies travel

through the channel, which leads to the first term characterizing the channel,

the one of bandwidth, that is the difference between the lower and upper bound

of the frequency range allowed, and is an important parameter when referring

to reliable communication.

From the diagram above we see that the signals transmitted through the chan-

nel suffer from random environmental noise. This leads to a further character-

istic quantity measured at the receiver, the signal-to-noise ratio, abbreviated

SNR and defined as the ratio of the signal power to noise power.

To understand what happens with the signal while being transmitted, we

briefly introduce some effects caused by the environment.

1.1.1 Channel Propagation and Fading

The first thing to point out is that if we send the same signal twice over a

wireless channel without necessarily having a line of sight between the trans-

mitter and receiver, the two waves will take different paths along the channel

to reach their destination.

2



1.1. BASICS FROM WIRELESS COMMUNICATIONS

The fact that the signal can take various paths to reach the receiver causes

that different versions of the signal are obtained, with different phases and

power strength according the the effects they suffered on the way. The sig-

nal is, among other things, reflected by nearby standing buildings or walls,

diffracted by irregular surfaces and so on, as illustrated in the following figure:

Figure 1.1: Possible paths in a wireless channel. [Jaf05]

A line of sight (LOS ), if existent, usually gives the strongest signal. This

signal may vary in strength and phase due to mobility, but in comparison with

other possible random modifications, the variations are more predictable and

thus easier to handle.

Reflection happens when the transmitted wave impacts on objects which are

large in comparison with the wavelength. The signal is then partially absorbed

when bouncing off the surface, and reaches the receiver after traversing a much

longer way than in the case of LOS. This causes that the signal arrives with a

different power strength and phase.

If on the other hand the wave hits many objects smaller than the wavelength

we speak of scattering. The wave is then dispersed and many copies spread in

different directions.

Finally, if the signal meets a surface with irregularities on it, such as sharp

edges, it is when diffraction occurs.

As mobile systems are usually used in urban areas, often a line of sight

does not exist. The signals are reflected by nearby objects and thus reach the

receiver through long paths. While on the way, the signals interfere with each

other, causing effects of fading due to the difference in the phase of the waves

in interaction, and overcoming the deleterious effects of this phenomenon has

3



CHAPTER 1. INTRODUCTION TO THE WIRELESS INDUSTRY

become a major challenge in wireless communications.

The variation of the channel strength in time and frequency can roughly

be divided in large-scale fading, a phenomenon occurring as a function of the

distance to be covered by the signal and effects caused by large buildings and

hills, and small-scale fading, more relevant in communication systems, due to

interference between several versions of the transmitted signal, time shifted

when arriving at the receiver.

As the effects influencing the signal are random, the channel needs to be

modeled using statistical methods. The commonly used statistical channel

model when there is no guaranteed LOS is the Rayleigh fading channel model,

i.e. the assumption is made that the signals traveling through the channel will

fade following the Rayleigh-distribution.

1.1.2 Diversity Methods

Different diversity methods exist to deal with the problems of fading and en-

vironmental effects without consuming extra transmit power or bandwidth.

The idea is to send multiple replicas of the signal which fade independently.

The arriving signals can then be combined at the receiver, or one can just use

the best signal available.

There are different diversity methods that can be used to make wireless com-

munications more robust and stable:

• Frequency diversity uses different carrier frequencies, so that each replica

of the signal experiences independent fades. This method can be applied

when the bandwidth of the channel is small compared with the band-

width of the signal. However, this method is not bandwidth efficient,

and the receiver needs to tune for different carrier frequencies.

• Temporal diversity refers to the use of different time slots for transmis-

sion. Copies of the signal are provided through a combination of time

interleaving strategies and channel coding.

In some scenarios, when the time difference between the slots is high,

there is a huge delay in the receiver before the decoding process can be

started. Temporal diversity is also bandwidth deficient because of the

redundancy imposed.

4



1.2. MULTIPLE ANTENNA SYSTEMS – MIMO

• Spatial diversity or antenna diversity does not suffer from bandwidth

deficiency. The use of multiple antennas can occur at the receiver and/or

the transmitter, but there is a spatial demand to be met by the distance

available between the antennas: In order to have the signals suffer from

independent fades, the distance between the antennas has to be at least

half the wavelength. Spatial diversity is a good method for combating

multipath fading.

The effectiveness of any of the named diversity schemes lies in providing

independent samples of the transmitted signal, which ensures that the proba-

bility of multiple relevant parts of the signal undergoing deep fades is small.

1.2 Multiple Antenna Systems – MIMO

Multiple-Input Multiple-Output (MIMO) systems use multiple antennas in

both transmitter and receiver to improve performance. The channel then car-

ries multiple signals to be transmitted.

For the following explanations, fix a time slot. Consider a system with m

transmit antennas and n receive antennas, as shown in the following picture:

Figure 1.2: MIMO Communication System. [electronicdesigns.com]

Let hij denote the connection from transmit antenna j to receive antenna

i and construct the following channel matrix representing the system above:

5



CHAPTER 1. INTRODUCTION TO THE WIRELESS INDUSTRY

H =


h11 h12 · · · h1m

h21 h22 · · · h2m

...
...

. . .
...

hn1 hn2 · · · hnm

 .
A system like this can be used to transmit µ ≤ min{m,n} streams.

Let x be the transmitted vector and η a noise vector at the receiver. Then the

received vector y can be expressed as

y = Hx+ η.

If we observe the model over several time slots, treating time as discrete,

the channel matrix does not vary and the above equation still holds, only with

x, y and η being matrices representing the transmission of various signals over

time, instead of column vectors.

The noise samples influencing transmission cannot be predicted and thus need

to be modeled statistically. This is usually done by assuming non-additive

white Gaussian noise, thus the components of η are circularly symmetrical

complex Gaussian variables with mean 0. For more details on the statistical

terms, the reader may consult [TV05, p. 29].

So why use multiple antennas for wireless communications? Their use

helps to

1. Increase the diversity of the system; and

2. Increase the number of transmitted symbols.

The use of multiple antennas at the receiver requires no special coding and

is hence very easy to implement. The antennas receive different faded signals

and by using appropriate methods, the SNR can be increased to clarify the

signal. The idea is that if one of the signals suffers from deep fade, it is very

unlikely that the other signals do also.

To understand the benefits of multiple transmit antennas, we may propose

an analogy to fluid mechanics. Imagine several pipes used to transfer water to

a reservoir. The more pipes we use, the greater the amount of water arriving

at the reservoir per time unit. Consider the case of two pipes.

If both pipes carry the same data, the information arriving at the receiver is

6



1.3. INTRODUCTION TO SPACE-TIME CODES

the same as if we would have only one pipe, and we do not have any through-

put advantage. However, we get a diversity advantage.

In the case where there is no correlation between the data carried by the two

pipes, there is no diversity, but we have a higher throughput as in the first

case.

So split a bit stream into different pieces and send each stream simultaneously

over different antennas. The receiver can recover the original stream by com-

bining the received pieces. This technique is called spatial multiplexing and

increases the transmission rate with the number of antennas.

The upper bound on the amount of information that can be transmitted,

keeping the probability of error arbitrarily low, is called capacity. It were

Shanon and Hartley who gave an upper bound on the capacity of a channel in

the presence of noise. Let B be the bandwidth of the channel and ξ the signal-

to-noise ratio. Then, with µ as before the number of streams, it holds [SS09,

p. 5]

C = µB log2(1 + ξ).

Several techniques for increasing the channel capacity at no further band-

width or power consumption exist when using multiple antennas, for instance

spatial multiplexing gain, where several signal streams are sent separately over

multiple transmit antennas, thus benefiting from several spatial dimensions.

1.3 Introduction to Space-Time Codes

In MIMO wireless systems, one needs to increase the reliability of data trans-

mission. Having transmit diversity does not require any knowledge of the

channel at the transmitter, but it does require a suitable design of the trans-

mitted signal. Space-time codes are a powerful technique used for this matter

and are based on coding across space by using multiple antennas, and time,

using the channel multiple times consecutively for the transmission of the same

information.

Basically, space-time codes can be divided in two major categories, space-

time trellis codes and space-time block codes. Historically seen, Tarokh et al.

invented the first space-time code in [TSC98], based on trellis codes. However,

it was noticed that block codes are easier to implement and the first example of

a space-time block code was then proposed, the Alamouti code, constructed by

7



CHAPTER 1. INTRODUCTION TO THE WIRELESS INDUSTRY

the engineer Siavash Alamouti in [Ala98]. It was constructed for a 2×2-MIMO

system, i.e. a system with two transmit and receive antennas, respectively.

Example 1.3.1 (Alamouti Code). Fix n = 2 the number of transmit anten-

nas. Let s1 and s2 be the symbols to be sent. Denote by si the complex

conjugate of the symbols. At time t = 1, the selected symbols s1 and s2 are

sent, each from one of the antennas. At time t = 2, the symbols −s2 and

s1 are transmitted from antenna one and two, respectively. Thus we get the

codeword

X =

[
s1 −s2

s2 s1

]
Note that with this construction, different symbols are sent over both multiple

antennas and time slots. It turns out, as we shall see later, that the Alamouti

code is a full-diversity code.

In the next chapters, mathematical objects needed for the construction

of space-time codes will be introduced. In order to find good codes, we will

need to describe a MIMO channel using an algebraic and graph theoretical

approach.

Having introduced the necessary tools and definitions, we will set up design

criteria for the constructed space-time codes to have a good performance. Fi-

nally, we will give some explicit constructions of space-time codes over various

algebraic structures, such as algebraic number fields and division algebras.

8



Chapter 2

Graphs, Networks and Codes

This chapter is dedicated to give the reader a quick introduction in Graph

Theory as well as Network Coding Theory. We will state some basic results,

from which the proofs will often be omitted, but a reference will be given.

2.1 Graph Theory

A communication network can be modeled as a finite, directed graph. Many

results in Communication Theory can hence be proved using tools from Graph

Theory. In this section, we will introduce some notions of Graph Theory and

state some important results.

2.1.1 Introduction

Definition 2.1.1. A graph G = (V,E) consists of a pair of sets E, V such that

E ⊆ [V ]2. The elements of E are called edges, those of V are called vertices.

We write e = xy for the edge {x, y} connecting x and y.

We can imagine a graph as a set of (numbered) points connected through

arbitrarily curved lines, as illustrated in the following picture:

Figure 2.1: An example of a graph. [Die10]

9



CHAPTER 2. GRAPHS, NETWORKS AND CODES

The order |G| of a graph G is defined as the cardinality of the vertex set

V (G) of G, and if |G| ∈ {0, 1}, then G is said to be trivial.

For each vertex v ∈ V we define its degree d(v) as the number of edges at v,

and we write δ(v) := min{d(v) | v ∈ V }.
The cardinality of the edge set E(G) of G is written ||G||.

Definition 2.1.2. Let G = (V,E) be a graph.

(a) Two vertices x, y ∈ V are adjacent if xy ∈ E.

(b) Two edges e 6= f in E are adjacent if they have an end in common.

(c) A graph G = (V,E) is called complete if all its vertices are pairwise

adjacent.

We say that two edges are independent if they have no vertex in common.

The next definition involves sets of independent edges.

Definition 2.1.3. A set M of independent edges in a graph G = (V,E)

is called a matching. A maximum matching is a matching with the largest

possible number of edges.

Remark. A maximum matching is in general not unique.

Definition 2.1.4. Let G = (V,E) and G′ = (V ′, E′) be two graphs. Then G′

is a subgraph of G if V ′ ⊆ V , E′ ⊆ E.

In this case, G is called a supergraph of G′.

Definition 2.1.5. Let G be a graph.

(a) A nonempty subgraph P = (V,E) of G is called a path in G if the sets

V and E are of the form V = {x1, x2, . . . , xk}, E = {x1x2, . . . , xk−1xk}
for xi all distinct, and we denote P by x1x2 . . . xk.

(b) A nonempty graph G is called connected if any two vertices are linked

by a path in G.

(c) If P = x0 . . . xk is a path, k ≥ 3, then x0x1 . . . xk−1xkx0 is called a cycle.

A graph with no cycles is called acyclic.

We now come to an important definition. We will write G[U ] for the graph

on U ⊆ V whose edges are the edges of G with both ends in U . Then G[V \U ]

is the graph obtained by deleting all vertices in U and their incident edges.

10



2.1. GRAPH THEORY

Definition 2.1.6. Let G = (V,E) be a graph.

(a) G is called k-connected if |G| > k and G[V \X] is connected for every

set X ⊆ V with |X| < k.

The greatest integer k such that G is k-connected is called the connec-

tivity κ(G) of G.

(b) G is called `-edge-connected if |G| > 1 and (V,E\F ) is connected for

every set F ⊆ E with ||F || < `.

The greatest integer ` such that G is `-edge-connected is the edge-

connectivity λ(G) of G.

Remark. We can rephrase this definition. Whenever a graph remains con-

nected when removing fewer than k vertices respectively fewer than ` edges

from it, it is k-connected respectively `-edge-connected.

G is disconnected if and only if κ(G) = 0, in which case λ(G) = 0.

The definition of edge-connectivity is of particular interest, as we shall see

later. We now state a result which bounds that term.

Proposition 2.1.7. [Die10, p. 12, Proposition 1.4.2] Let G be a non-trivial

graph. Then κ(G) ≤ λ(G) ≤ δ(G).

We now come to one of the fundamental theorems in Graph Theory. Two

paths are called edge independent if they have no edge in common. If A,B ⊆ V
are two sets of vertices of a graph G = (V,E), we call a path beginning in A

and ending in B an A–B path.

Theorem 2.1.8 (Menger). [Die10, p. 66, Theorem 3.3.1] Let G = (V,E) be

a graph and A,B ⊆ V . Then the minimum number of edges whose removal

separates A from B in G is equal to the maximum number of edge-independent

A–B paths in G.

2.1.2 Bipartite Graphs

For our purposes later on, a certain type of graph, called bipartite graph is of

special interest. We begin with the definition of such a graph.

Definition 2.1.9. A graph G = (V,E) is called bipartite if V admits a parti-

tion into two classes {A,B}, such that each edge has an end in A and one in

B.

We say that a bipartite graph is complete if every two vertices from the two

partitions are adjacent.

11



CHAPTER 2. GRAPHS, NETWORKS AND CODES

Proposition 2.1.10. [Die10, p. 18, Proposition 1.6.1] A graph is bipartite

if and only if it contains no cycle of odd length.

Figure 2.2: An example of a bipartite graph. [Die10]

Let G = (V,E) be a bipartite graph with bipartition {A,B}. We will write

a, a′, a′′, . . . for vertices in A and b, b′, b′′, . . . for vertices in B.

We are interested in maximal matchings in such a graph. Start with an arbi-

trary matching M of G and let P be a path starting at an unmatched vertex of

A and then containing alternatively edges from E\M and M . Such a path is

called alternating with respect to M , and if such a path ends in an unmatched

vertex of B, it is called augmenting.

It turns out that if we start with an arbitrary matching and keep applying

augmenting paths until no further improvement is possible, we end up with

a maximum matching. From the algorithmic point of view we thus have a

concrete problem to solve.

We still can’t say how big such a set can be. This next important theorem

tells us what the cardinality of a maximum matching is. Let U ⊆ V be a

vertex cover, that is a set of vertices such that every edge of G is incident with

at least one vertex in U .

Theorem 2.1.11 (König). The cardinality of a maximum matching in G is

equal to the cardinality of a minimal vertex covering of its edges.

Proof. Let M be a maximum matching of G. For every edge in M choose one

of its ends by the following criterion: If some alternating path ends in the end

in B, we choose this end. Otherwise we choose the end in A. This way, we

have chosen a set U of |M | vertices and we shall show, that U is a vertex cover

of minimal cardinality.

(i) Minimal cardinality: Any vertex cover of E must cover M , so there can’t

be a cover consisting of less than M vertices.

12
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(ii) Vertex cover: We need to show that if ab ∈ E, then a ∈ U or b ∈ U . If

ab ∈ M then this is clearly satisfied. So let ab /∈ M . By maximality of

M , either a belongs to an edge ab′ ∈M or b belongs to an edge a′b ∈M .

If a′b ∈ M and a is unmatched, then ab is an alternating path ending

at b and so we have already chosen b for our set U . So let ab′ ∈ M and

a /∈ U . Then b′ ∈ U and there is an alternating path P which ends in

b′. But then either P ′ = Pb (if b ∈ P ) or P ′ = Pb′ab is alternating and

ends in b. By the maximality of M , b can’t be unmatched and so b ∈ U .

2.1.3 Flows in Networks

A graph G = (V,E) is called directed if its edges have a direction associated

to them. We will write G = (V, ~E) for a directed graph with oriented edges

~e ∈ ~E := {(x, y) | x, y ∈ V,∃ e = xy ∈ E}.

Remark. A directed graph is acyclic if it contains no directed cycles, i.e. there

is no path starting and ending at the same vertex of the graph.

Two special vertices in a directed graph should be distinguished from the

rest. We call a vertex s ∈ V the source if it has only outgoing edges. On the

opposite, we call t ∈ V the sink if it has only incoming edges.

Definition 2.1.12. Let G = (V, ~E) be a directed graph and let s, t ∈ V be

the source and sink node respectively.

(a) A map c : ~E → N is called a capacity function on G and maps each edge

to how much traffic it can carry.

(b) A quadruple N := (G, s, t, c) with c a capacity function is called a net-

work.

Having a network N , we want to be able to model how the edges of the

network carry some sort of flow, which can be electricity, data, etc. We dif-

ferentiate (x, y) and (y, x) for the possible directions of an edge ~e = xy. We

start by introducing some notation.

Let X,Y ⊆ V and g : ~E → H be a function to some Abelian group H. We

write ~E(X,Y ) := {xy ∈ ~E | x ∈ X, y ∈ Y, x 6= y} and define

g(X,Y ) :=
∑

~e∈ ~E(X,Y )

g(~e).

13
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We write g(x, Y ) for X = {x}.

Definition 2.1.13. A function f : ~E → R on a network N is called a flow if

it satisfies the following three conditions:

(i) f(x, y) = −f(y, x) for all edges ~e = xy ∈ ~E with x 6= y.

(ii) f(x, V ) = 0 for all x ∈ V \{s, t}.

(iii) f(~e) ≤ c(~e) for all ~e ∈ ~E.

Remark. Note that condition (ii) is known in electrodynamics as Kirchhoff’s

law. The total amount of flow can only change at the source or sink node but

for all other nodes in the network, the amount of flow entering the node equals

the amount of flow leaving the node.

Definition 2.1.14. Let f be a flow on a network N and let S ⊆ V be such

that s ∈ S and t ∈ S := V \S. The pair (S, S) is called a cut in N with

capacity c(S, S).

Remark. The capacity of a cut (S, S) is the number of edges in the graph with

one of its ends in S and the other end in S.

Proposition 2.1.15. [Die10, p. 148, Proposition 6.2.1] For every cut (S, S)

in N it is

f(S, S) = f(s, V ).

This proposition states that the value f(S, S) is independent of the cut.

We will call |f | := f(S, S) ≤ c(S, S) the total value of the flow f . The following

theorem, known as max-flow min-cut theorem, states that it always exists a

flow achieving this upper bound.

Theorem 2.1.16. [Die10, p. 149, Theorem 6.2.2] In every network, the

maximum total value of a flow equals the minimum capacity of a cut.

Remark. From this theorem, the edge-connectivity version of Menger’s Theo-

rem can be derived.

2.2 Network Coding

A communication network is a network, where the underlying graph is finite

and acyclic, and we allow multiple edges between two nodes. In the network,

every edge represents a single channel able to transmit one data unit per time
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unit. The capacity of the direct transmission between two nodes is then de-

termined by the multiplicity of the channels between those nodes.

In existing networks, data is transmitted through the independent channels

from the source to the sink passing intermediate nodes, at which the informa-

tion is stored and a copy is forwarded.

In network coding, we allow the intermediate nodes to encode the received

information by performing certain operations before forwarding data. For

instance in linear network coding, nodes perform linear operations on the re-

ceived packets. The successful reception of the original information does not

depend on receiving specific packets, but only on receiving enough indepen-

dent packets in order to be able to decode.

In this section, we will introduce the notion of network coding and state

that by allowing only linear operations at the intermediate nodes, we don’t

impose a restriction but rather achieve the optimum information rate.

2.2.1 General Network Coding

Let N be an acyclic communication network with source node s and sink node

t. For every node v of the network, let In(v) and Out(v) be the set of incoming

and outgoing edges respectively. Let K be a field and x ∈ Kω a row vector

representing a message consisting of ω data units.

Since the message x is generated by the source node, we think of | In(s)| = ω

imaginary channels terminating at s. The message is sent by transmitting a

symbol over every element of Out(s).

Any non-source node hence does not necessarily receive enough information to

recover the original message x, so it just combines the received packets from

all incoming channels and maps to a packet for each outgoing channel. When

the packets combined at a node do not have the same size, the shorter ones

are just padded with trailing 0s. The mappings for every channel specify a

network code.

Definition 2.2.1. Let F be a finite field and ω ∈ N>0. An ω-dimensional

F-valued network code on a communication network N consists of a local

encoding mapping k̃e : F| In(v)| → F and a global encoding mapping f̃e : Fω → F
for each channel e in the network, such that
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(i) For every node v and every channel e ∈ Out(v), f̃e(x) is uniquely deter-

mined by (f̃d(x), d ∈ In(v)) and k̃e is the mapping (f̃d(x), d ∈ In(v)) 7→
f̃e(x).

(ii) The mappings f̃e for the ω imaginary channels e are the projections from

Fω to the ω different coordinates.

Example 2.2.2. Let x = (b1, b2) ∈ F2
2, so that in this case it is ω = | In(s)| = 2

and we denote the imaginary channels by OS and OS′. Consider the following

network. We want to find the global and local encoding mappings.

Figure 2.3: The butterfly network. [YLCZ06]

f̃e(x) = b1 for e = OS, ST, TW, TY

f̃e(x) = b2 for e = OS′, SU, UW,UZ

f̃e(x) = b1 ⊕ b2 for e = WX,XY,XZ

k̃ST (b1, b2) = k̃TW (b1) = k̃TY (b1) = b1

k̃SU (b1, b2) = k̃UW (b2) = k̃UZ(b2) = b2

k̃WX(b1, b2) = k̃XY (b1 ⊕ b2) = k̃XZ(b1 ⊕ b2) = b1 ⊕ b2

Note that if the coding/decoding scheme is known, node Y can decode b2

from the received packets b1 and b1 ⊕ b2 and node Z can decode b1 from the

received packets b2 and b1 ⊕ b2 and thus the original message.

We observe that in this example two bits are sent from the source to two

destination nodes in unit time, which without network coding would not be

possible. The information rate, in contrast to the information content, can be

increased by using certain coding schemes.
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2.2.2 Linear Network Coding

Let v be an arbitrary intermediate node in a communication network and

assume each received packet consists of L data units. A packet can be thought

as a vector of L/s symbols, where we interpret a symbol as s consecutive

elements, often bits and hence as an element of F2s . In linear network coding,

outgoing packets then are linear combinations of the received packets, where

addition and multiplication are performed over F2s .

Let us define a linear network code in a general setting, i.e. for an arbitrary

finite field.

Definition 2.2.3. Let F be a finite field, ω ∈ N>0. An ω-dimensional F-valued

linear network code on a communication network consists of a scalar kd,e for

every adjacent pair (d, e) of channels in the network and an ω-dimensional

column vector fe for every channel e, called the global encoding kernel of the

channel e, such that

(i) For e ∈ Out(v) we have fe =
∑

d∈In(v)

kd,efd.

(ii) For the ω imaginary channels e ∈ In(s), the vectors fe form the natural

basis of Fω.

Encoding To illustrate the mechanism of encoding, let us assume the spe-

cific setup where a packet consists of L elements of a finite field Fq and is a

vector of L/s symbols, as explained above.

Let M1, . . . ,Mn be the original packets generated by the source. Let g =

(g1, . . . , gn) ∈ Fnqs be the encoding vector and X =
∑n

i=1 giM
i the encoded

data, called information vector. Note that addition is performed so that if M i
k

is the k’th symbol of M i, then the k’th symbol Xk of X is Xk =
∑n

i=1 giM
i
k.

Let gi be the encoding vector of the i’th packet and Xi be the i’th infor-

mation vector. Consider a node in the network which has received the set

(g1, X1), . . . , (gm, Xm). The node generates a new encoded packet (g′, X ′)

from the received information by picking a vector h = (h1, . . . , hm) and com-

puting

X ′ =
m∑
j=i

hjX
j , g′j =

m∑
j=1

hjg
j
i .

Decoding Consider a node which has received the set (g1, X1), . . . , (gm, Xm).

To decode we just need to solve the linear system of equations {Xj =
∑n

i=1 g
j
iM

i}
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for the unknown original packets M1, . . . ,Mn. A necessary condition to re-

cover the original data is to have m ≥ n. However, this condition is not

sufficient, as we can’t assure linear independence.

2.2.3 Linear Codes achieve the Max-Flow Bound

Consider a communication network. Allowing operations at the intermediate

nodes before forwarding data might influence the information rate received by

each node.

Let the maximum flow from s to t (or more general to a non-source node

v) be denoted by mf(v) and note that if mf(t) < ω, where ω is the size of the

message, we are not able to decode.

By theorem 2.1.16, the information rate received by v cannot exceed mf(v)

(and equivalently for a non-source node or a collection of non-source nodes).

We want to show that linear network coding achieves this upper bound. For

that, consider the following definition.

Definition 2.2.4. Let fe be the global encoding kernels in an ω-dimensional

F-valued linear network code, and write Vv = 〈{fe | e ∈ In(v)}〉, where 〈·〉
denotes the linear span. Then we say that the linear network code is a linear

multicast if dim(Vv) = ω for every non-source node v with mf(v) ≥ ω.

Remark. If the source s transmits a message consisting of ω data units, a non-

source node v, in particular a sink node, can decode the message if and only

if dim(Vv) = ω, which is only achieved if mf(v) ≥ ω.

We want to find a sufficient condition for a linear multicast to achieve the

upper bound.

Definition 2.2.5. Let F be a finite field and ω ∈ N>0. We say that an ω-

dimensional F-valued linear network code is generic, if:

Let {e1, . . . , em}, m ≤ ω, be an arbitrary set of channels where the notation

is ej ∈ Out(vj). Then fe1 , . . . , fem are linearly independent if

〈{fd | d ∈ In(vj)}〉 6⊂ 〈{fek | k 6= j}〉 for 1 ≤ j ≤ m.

Example 2.2.6. Consider a network as in figure 2.3 and specify the following

generic linear multicast ν by

ν(ST ) = ν(TW ) = ν(TY ) =

(
1

0

)
, ν(SU) = ν(UW ) = ν(UZ) =

(
0

1

)
,
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ν(WX) = ν(XY ) = ν(XZ) =

(
1

1

)
.

Note that with this linear multicast, the data sent through each channel

is just the product of (b1 b2) with the respective linear multicast.

Theorem 2.2.7. [LYC03, p. 373, Theorem 3.3] With a generic linear mul-

ticast on a communication network, the max-flow bound is achieved for all

nodes.
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Chapter 3

Field Extensions and Galois

Theory

This chapter is dedicated to an exhaustive study of field extensions and Ga-

lois Theory. In particular, we are interested in extensions of finite fields and

will also extensively study algebraic number fields. These objects will play an

important role in the construction of alphabets in later chapters.

Let K be a field and ϕ : Z → K the unique homomorphism. The charac-

teristic of a field K will be denoted by

χ(K) =

0 if ker(ϕ) = {0},

p if ker(ϕ) = (p) for a prime p.

A field K is perfect if χ(K) = 0 or if χ(K) = p > 0 and α 7→ αp is an

injective homomorphism of Fp or equivalently, every element is a p’th power.

For each prime p we denote the finite field of p elements by Fp = Z/pZ =

{0, 1, . . . , p− 1}. Note that χ(Fp) = p and that every such field is perfect.

3.1 Field Extensions

Definition 3.1.1. Let K be an arbitrary field. A field extension of K is a

field L which contains K as a subfield, and we write L/K to denote a field

extension.

The degree of the extension is defined as [L : K] := dimK L where L is viewed

as a K-vector space. If [L : K] = n < ∞ we speak of a finite extension and

more specifically, if n = 2, 3, 4, . . . we speak of a quadratic, cubic, quartic, . . .
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extension.

Let L/K be a field extension and D ⊆ L a set of elements. We can obtain

a new field K(D) by adjoining those elements to K. This field is then the

smallest field containing K and D, and when D = {α1, . . . , αn}, we write

K(D) = K(α1, . . . , αn). In this case, we say that K(α1, . . . , αn) is finitely

generated over K.

Definition 3.1.2. Let L/K be a field extension. An element α ∈ L is called a

primitive element of L over K if L = K(α). A field extension of K that admits

a primitive element over K is called simple.

Example 3.1.3. Let K = Q and D1 = {
√

5} ⊂ R, D2 = {
√
−5} ⊂ C.

Q(D1) = {a+ b
√

5 | a, b ∈ Q} ⊂ R Q(D2) = {a+ b
√
−5 | a, b ∈ Q} ⊂ C

and both are simple quadratic extensions of Q. Moreover, it is C = R(
√
−1),

so C is a simple quadratic extension of R.

Theorem 3.1.4. [Art98, p. 631, Hauptsatz 4.1] Let K be a field with χ(K) =

0. Then for every finite field extension L of K there exists a primitive element

α, i.e. L = K(α).

Lemma 3.1.5. Let L/K be a field extension.

(a) If χ(K) 6= 2 and [L : K] = 2, then there exists an α ∈ L such that

L = K(α) and α2 ∈ K.

(b) If [L : K] = n <∞, it is |L| = |K|n.

Proof.

(a) Since [L : K] = 2 and {1, β} are linearly independent over K for any

β ∈ L\K, we have that {1, β} is a basis of L over K and hence L = K(β).

So there exist b, c ∈ K such that β2 = −bβ − c which is hence a solution

for the quadratic equation x2 + bx + c. As χ(K) 6= 2 we can divide by

2 and have (β + 1
2b)

2 = b2 − 4c ∈ K and K(β) = K(β + 1
2b), so set

α = β + 1
2b to get L = K(α) and α2 ∈ K.

(b) As vector spaces, it is L ∼= (K)n and the result follows.

Proposition 3.1.6. [Art98, p. 569, Hauptsatz 3.4] Let K ⊆ L ⊆M be fields.

Then

[M : K] = [M : L][L : K].
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In particular, if the field extensions are all finite and [M : K] is prime, then

either M = L or L = K.

3.1.1 Algebraic and Transcendental Extensions

Algebraic field extensions are a very important class of extensions, and most of

the results we state in further sections will assume extensions to be algebraic.

We will see, among other results, that a finite extension is always an algebraic

extension. In particular, and this is of special interest, finite extensions of Q
and of any finite field are algebraic.

Definition 3.1.7. Let L/K be a field extension.

(a) An element α ∈ L is called algebraic over K if it exists a non-zero polyno-

mial f ∈ K[x] such that f(α) = 0. Otherwise, α is called transcendental

over K.

(b) L/K is an algebraic field extension if every element of L is algebraic over

K. L/K is called transcendental if there is at least one element of L
transcendental over K.

The definition of a transcendental extension is given for completeness, but

will not be further used.

Proposition 3.1.8. Let L/K be a field extension.

(a) [Rom06, p. 53, Theorem 2.5.1] L is a finite extension if and only if it

is finitely generated by algebraic elements.

(b) [Rom06, p. 55, Theorem 2.6.1] A finite extension is algebraic.

Proposition 3.1.9. Let L/K be a field extension. The set A of elements in

L algebraic over K is a field.

Proof. Let α, β ∈ A. By proposition 3.1.8, the field K(α, β) is algebraic over

K, as it is finitely generated by algebraic elements, hence K(α, β) ⊆ A and so

α± β, α−1, β−1 and αβ all lie in A.

Remark. The field A as in proposition 3.1.9 is called the algebraic closure of

K in L.

Proposition 3.1.10. Let K ⊆ L ⊆M be fields.

(a) [Bas84, p. 52, Proposition 2.1.14] If M is algebraic over L and L is

algebraic over K, then M is algebraic over K.
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(b) [Bas84, p. 56, Problem 11] If K is perfect and L is algebraic over K,

then L is perfect.

Let L/K be a field extension and consider the homomorphism ϕ : K[x]→
L, f(x) 7→ f(α). α is then algebraic over K if ker(ϕ) 6= 0 and transcendental

if ϕ is injective. Assuming α is algebraic over K and since K[x] is a principal

ideal domain, we have that ker(ϕ) = {f ∈ K[x] | f(α) = 0} is a non-zero ideal

and can be generated by a single element π(x). This polynomial can be chosen

to be monic and is then of smallest degree admitting α as a root, called the

minimal polynomial pmin(α,K) of α over K.

The minimal polynomial of an element will be a central concept in further

results.

Proposition 3.1.11. Let L/K be a field extension. Let α ∈ L be algebraic

over K and π(x) = pmin(α,K) its minimal polynomial over K.

(a) [Rom06, p. 33, Theorem 1.5.1] π(x) is the only monic, irreducible poly-

nomial in K[x] admitting α as a zero, and for any f ∈ K[x] such that

f(α) = 0, it holds that π(x) | f(x).

(b) [Art98, p. 566, Satz 2.7] Let deg π(x) = n. Then [K(α) : K] = n and(
αi
)

0≤i≤n−1
is a basis of K(α) as a K-vector space.

(c) [Rom06, p. 49, Theorem 2.4.1, 2)] K(α) ∼= K[x]/(π(x)).

We will see how this construction works when extending finite fields.

Part (b) of this proposition gives a necessary condition for two algebraic ele-

ments α and β over K to generate isomorphic fields. Their minimal polyno-

mials need to be of the same degree. However, this condition is not sufficient.

Definition 3.1.12. Let L/K be a field extension and let α, β be algebraic

over K. We say that α and β are conjugates if they have the same minimal

polynomial π(x) over K.

Proposition 3.1.13. [Art98, p. 567, Satz 2.9] Let α ∈ L, β ∈ L′ be algebraic

elements of two extension fields of K. If α and β are conjugates, there is

exactly one isomorphism σ : K(α)
∼−→ K(β) which acts as the identity on K

and maps α on β.

3.1.2 Algebraic Closures

We now come to an important concept regarding field extensions: the algebraic

closure of a field.
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Definition 3.1.14. Let L/K be an algebraic field extension. K is algebraically

closed if any non-constant polynomial f ∈ K[x] has a root in K.

Proposition 3.1.15. Every algebraically closed field is infinite and perfect.

Proof. Assume that a field K is algebraically closed and finite. We construct

the following polynomial

f(x) = 1 +
∏
a∈K

(x− a).

It is f(a) = 1 for all a ∈ K, so f admits no root in K, which hence cannot be

algebraically closed.

Now let K be algebraically closed. If χ(K) = 0 then K is perfect, so assume

χ(K) = p > 0 and note that for every a ∈ K, the polynomial xp − a has to

admit a zero in K. It follows that every a ∈ K has a p’th root of unity, so K
is perfect.

Definition 3.1.16. Let K be a field. An algebraic closure of K, denoted by

K, is an algebraically closed algebraic extension of K.

Theorem 3.1.17. (Steinitz) [Bas84, p. 61, Theorem 2.2.14] Every field ad-

mits an algebraic closure, which is unique up to isomorphism over that field.

Due to this result, we usually speak of the algebraic closure of a field.

3.1.3 Splitting Fields, Normality and Separability

Let L/K be a field extension and f ∈ K[x] a polynomial. If f(x) can be

factored into linear factors f(x) = c(x − α1) · · · (x − αn) where αi ∈ L for

i = 1, . . . , n we say that f(x) splits in L. Obviously, not every polynomial

over an arbitrary field splits in any extension.

Definition 3.1.18. Let K be a field and f ∈ K[x] a monic polynomial of

degree n ≥ 1. A splitting field for f(x) over K is a field extension L of K such

that

(i) f(x) splits in L.

(ii) If f(x) =
∏n
i=1 (x− αi) then L is the smallest field extension of K con-

taining {α1, . . . , αn}, i.e. L = K(α1, . . . , αn).

Theorem 3.1.19. [Rom06, p. 63, Theorem 2.9.1] Let K be a field and f ∈
K[x].
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(a) In the algebraic closure K of K, there is a unique splitting field for f(x).

(b) If K ⊆ S1 ⊆ L1 and K ⊆ S2 ⊆ L2, where L1/K and L2/K are algebraic

and S1, S2 are the splitting fields for f(x) in L1 and L2 respectively,

then any embedding σ : L1 ↪→ L2 over K maps S1 onto S2.

(c) Any two splitting fields for f(x) are isomorphic over K.

We now want to generalize splitting fields by two notions: normality and

separability.

Definition 3.1.20. A field extension L/K is normal if every irreducible poly-

nomial over K which has a root in L, splits in L.

Proposition 3.1.21. [Bas84, p. 66, Proposition 2.3.2] Let K ⊆ L ⊆ M be

fields. If M is normal over K, then it is also normal over L.

Proposition 3.1.22. [Ste04, p. 111, Theorem 9.9] A field extension L/K is

normal and finite if and only if L is a splitting field for a polynomial over K.

We now complement the notion of normality by restricting the multiplicity

of the roots of a polynomial.

Definition 3.1.23. Let L/K be a field extension.

(a) An irreducible polynomial over a K is separable if it has only simple

roots in its splitting field.

(b) An element of L is separable if it is algebraic over K and its minimal

polynomial is separable over K. The extension L is a separable extension

of K if every element of L is separable over K.

(c) The set of elements of L separable over K is called the separable closure

of K in L.

Proposition 3.1.24. [Rom06, p. 73, Theorem 3.1.1 (b)] Every irreducible

polynomial over a field of characteristic 0 or a finite field is separable.

Proposition 3.1.25. Let K ⊆ L ⊆M be fields.

(a) [Bas84, p. 81, Proposition 2.5.4] If K is perfect, every algebraic exten-

sion of K is separable over K. Conversely, if K is separable over K, then

K is perfect.

(b) [Bas84, p. 83, Proposition 2.5.8] M is separable over K if and only if it

is separable over L and L is separable over K.
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3.1.4 Extensions of Finite Fields

We now concern ourselves with extensions of finite fields Fp for a prime p. Let

L be a field containing finitely many elements and such that Fp ⊆ L. It is L
a finite dimensional vector space over Fp, so [L : Fp] = r <∞ for some r. By

proposition 3.1.5 part (b) it follows that L ∼= (Fp)r, which has pr elements. We

thus get that the cardinality of a finite field is always a prime power, which as

a convention will be denoted by q = pr.

The construction of a field extension of a finite field Fp follows from propo-

sition 3.1.11. We get a finite field of order q = pr by adjoining a root α

of an irreducible monic polynomial f ∈ Fp[x] of degree r to Fp, so that

Fpr = Fq ∼= Fp[x]/(f(x)). The elements {1, α, . . . , αr−1} form a basis of Fq
over Fp.

Example 3.1.26. Let p = 2 and let f(x) = x2 + x + 1 ∈ F2[x]. This

polynomial is monic and has no root in F2, so is irreducible there. Then

F4
∼= F2[x]/(f(x)) = {0, 1, α, α+ 1} where α is a root of f(x).

The following result is a statement about the existence and uniqueness of

a field of q elements.

Theorem 3.1.27. [Art98, p. 583, Satz 6.4 (a),(b)] Let p be a prime and

q = pr for some r ≥ 1. Then there exists a field of order q which is unique up

to isomorphism.

Proposition 3.1.28. The multiplicative group F∗q of a finite field is cyclic of

order q − 1.

Proof. By the fundamental theorem of Abelian groups and since F∗q is finite,

it is F∗q ∼= Zd1 ⊕ · · · ⊕ Zdk for a k ∈ N and d1 | · · · | dk.
It is d1 · · · dk = q − 1. Also, any α ∈ F∗q is a root of the polynomial xdk − 1,

as dk is a multiple of all other di, 1 ≤ i ≤ k − 1. Moreover, the polynomial

above has at most dk zeros. But
∣∣F∗q∣∣ = q − 1, so that k = 1 and the result

follows.

3.1.5 Norm and Trace of Elements in Field Extensions

Let L/K be a field extension. For each α ∈ L consider the induced homomor-

phism ϕα : L→ L where ϕα(β) = αβ ∀ β ∈ L.

If we choose a basis of L as a K-vector space, ϕα can be represented by a

matrix.
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Example 3.1.29. Let K = R and L = C. It is [C : R] = 2 and a basis of C
as R-vector space is given by B = {1,

√
−1}. Let α = a+ b

√
−1 ∈ C. In order

to construct the matrix for ϕα it is enough to look what happens to the basis

elements when multiplying them with α.

1 · α = a+ b
√
−1

√
−1 · α = −b+ a

√
−1

So ϕα is described by the matrix

[
a b

−b a

]
.

Definition 3.1.30. Let L/K be a field extension. For each α ∈ L let ϕα be

the homomorphism induced by α as described above, represented by a matrix

Mα with respect to a basis of L as K-vector space.

(a) The trace TrL/K(α) of α with respect to L over K is defined as the trace

of the matrix Mα.

(b) The norm NmL/K(α) of α with respect to L over K is defined as the

determinant of the matrix Mα.

Let L = K(α) be a finite extension of a field K with χ(L) = 0. The

minimal polynomial π(x) = pmin(α,K) = xd + ad−1x
d−1 + · · · + a0 ∈ K[x] of

α over K is of degree d = [K(α) : K]. Let M be an algebraically closed field,

such that L ⊆ M. We know that there exist d pairwise distinct embeddings

σ1, . . . , σd : L→M such that σi|K is the identity on K for i = 1, . . . , d.

These embeddings can be used to describe the norm and trace of an element.

Proposition 3.1.31. [Hab10, p. 1, Vorlesung#2, Lemma 1.1] Let K ⊆ L ⊆
M be fields such that the extensions are finite, σ1, . . . , σd, π(x) be as above and

α ∈ L.

(a) TrL/K(α) =
d∑
i=1

σi(α) = −ad−1[L : K(α)].

(b) NmL/K(α) =
d∏
i=1

σi(α) = (−1)da
[L:K(α)]
0 .

3.2 Algebraic Number Fields

In Algebraic Number Theory one is particularly interested in the field of ra-

tional numbers Q and its field extensions. We start with the main results
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of Algebraic Number Theory for arbitrary number fields and will then have

a closer look to special cases of number fields, the quadratic and cyclotomic

number fields.

Definition 3.2.1. A finite extension K of the field of rational numbers Q
is called an algebraic number field. The elements of K are called algebraic

numbers.

We will speak of the degree of a number field meaning the degree of the

extension over Q.

Remark. The characteristic of a number field is always equal to 0. There is

an equivalent notion for characteristic p > 0, the finite extensions of Fp(x).

3.2.1 Discriminant

The discriminant of a number field is a very important invariant which contains

much information about the number field. Also, it is a useful tool for many

results. We first introduce the definition of the discriminant of a tuple for a

finite field extension of an arbitrary field.

Definition 3.2.2. Let L/K be a separable field extension of degree d < ∞.

The discriminant of a tuple α = (α1, . . . , αd) ∈ Ld is defined as

∆L/K(α) := det


TrL/K(α1α1) · · · TrL/K(α1αd)

...
. . .

...

TrL/K(αdα1) · · · TrL/K(αdαd)

 ∈ L.

We have seen that the trace of an element can be computed using the

different embeddings σ1, . . . , σd acting as the identity on K. We can hence use

them to compute the discriminant.

Lemma 3.2.3. [Hab10, p. 1, Vorlesung#3, Lemma 1.7] Let α = (α1, . . . , αd) ∈
Ld.

(a) It is

∆L/K(α) = det


σ1(α1) · · · σ1(αd)

...
. . .

...

σd(α1) · · · σd(αd)


2

.
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(b) Let β = (β1, . . . , βd) and βi =
∑d

j=1 γijαj where γij ∈ K. Let

C =


γ11 · · · γ1d

...
. . .

...

γd1 · · · γdd


be the transfer matrix. Then

∆L/K(β) = det(C)2∆L/K(α).

Proposition 3.2.4. [Hab10, p. 2, Vorlesung#3, Lemma 1.8] Let {α1, . . . , αd} ⊆
L be a K-basis of L. Then ∆L/K(α1, . . . , αd) 6= 0.

3.2.2 Ring of Integers

Let K be a field and let R be a subring of K. We can form the integral

closure RK of R in K by taking the elements of K which are a root of a

monic polynomial f ∈ R[x]. It is not a priori clear, but it can be shown

(see [Hab10, p. 3, Vorlesung#2, Proposition 1.4]) that RK is a subring of K.

We now define and explore properties of this ring in the context of an algebraic

number field.

Definition 3.2.5. Let K be a number field. The ring ZK is called the ring of

integers in K and the elements are called integral elements of K.

Proposition 3.2.6. [Hab10, p. 4, Vorlesung#2, Lemma 1.4] Let K be a

number field and α ∈ K with minimal polynomial π ∈ Q[x]. Then α ∈ ZK if

and only if π ∈ Z[x].

From proposition 3.2.6, we can conclude the following result.

Corollary 3.2.7. Let K be a number field and α ∈ ZK. Then TrK/Q(α) and

NmK/Q(α) are in Z.

We now want to define the discriminant of a number field. In order to do

so, we first need the following result:

Proposition 3.2.8. [Hab10, p. 4, Vorlesung#3, Korollar 1.11] Let K be a

number field of degree d.

(a) ZK is a Noetherian ring.

(b) Any ideal a 6= 0 of ZK is a free Z-module of rank d.
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(c) The quotient field of ZK is K.

Part (b) of this proposition has two important consequences. First of all,

any ideal a of ZK has the same rank as ZK, so that ZK/a is a finite ring.

Secondly, there exist α1, . . . , αd ∈ ZK such that {α1, . . . , αd} is a Z-basis of

ZK. Such a basis is called an integral basis of ZK.

Definition 3.2.9. Let K be a number field of degree d and {α1, . . . , αd} an

integral basis of ZK. The discriminant of K is defined as

∆K := ∆K/Q(α1, . . . , αd).

Remark. With this definition it is immediately clear why the discriminant is a

well-defined invariant of a number field. For {α1, . . . , αd} and {β1, . . . , βd} two

different integral bases of ZK, the corresponding transfer matrix is invertible

over Z with entries in Z and hence its squared determinant is 1. By lemma 3.2.3

part (b), the discriminant is equal in both bases.

3.2.3 The Ring Structure of ZK and its Ideals

Any element in Z can be uniquely factored into a product of primes. In general,

the factorization in ZK into irreducible elements is not unique. For example

with K = Q(
√
−5), the ring of integers is ZK = Z[

√
−5] and we can factor

21 = 3 · 7 = (1 + 2
√
−5) · (1− 2

√
−5), all irreducible elements in ZK.

However, we would like to have some sort of uniqueness, so that instead of

factoring elements, we will factor ideals of ZK. To be able to deal with ideals,

we define two operations.

Definition 3.2.10. Let a and b be two ideals in a ring R.

(a) ab := {
∑n

i=1 aibi | ai ∈ a, bi ∈ b for i = 1, . . . , n and n = 1, 2, . . .}.

(b) b | a :⇔ there exists an ideal c ⊆ R such that a = bc.

Definition 3.2.11. LetR be an integral domain. ThenR is called a Dedekind

domain if it satisfies

(i) R is Noetherian.

(ii) R is integrally closed.

(iii) Every non-zero prime ideal in R is maximal.
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Proposition 3.2.12. [Mol99, p. 131, Theorem 3.12] Let K be a number field.

Then ZK is a Dedekind domain.

This result has important consequences, since Ideal Theory in Dedekind

domains is very special. For instance, it holds that ”to contain is to divide”,

as stated in the following proposition.

Proposition 3.2.13. [Mar77, p. 59, Corollary 3] Let a and b be two ideals

in a Dedekind domain. Then a | b⇔ a ⊇ b.

We have seen that if a is an ideal in ZK, then ZK/a is a finite ring. We

hence can define the norm of a as N(a) := |ZK/a|.

Lemma 3.2.14. Let a and b be two non-zero ideals in ZK.

(a) [Hab10, p. 2, Vorlesung#5, Lemma 2.1 (a)] N(a) ∈ a.

(b) [Hab10, p. 2, Vorlesung#5, Lemma 2.1 (b)] If N(a) is prime, then a is

a prime ideal.

(c) [Mol99, p. 151, Exercise 3.44] N(ab) = N(a)N(b).

We come to the main result regarding ideals in the ring of integers of a

number field, which states that having an ideal, we always find a unique prime

ideal factorization of it.

Theorem 3.2.15. [Mol99, p. 134, Theorem 3.19] Let a 6= {0} be an ideal.

Then a can be written as a product of prime ideals, uniquely up to permutation,

that is if

a = p1 · · · pk = q1 · · · ql

then k = l and after rearranging terms it is pi = qi for i = 1, . . . , k.

Corollary 3.2.16. [Mar77, p. 62, Theorem 18] A Dedekind domain is a

unique factorization domain if and only if it is a principal ideal domain.

From now on, we will write 0 instead of {0} for the zero ideal.

Having two ideals in ZK, we can add and multiply them as in any ring. The

operations are clearly associative and commutative and together they fulfill

the distributivity law. Also, we have that 0 is a neutral element with respect

to addition and ZK with respect to multiplication. So we are very close to

having a group with each of the operations. However, there are no inverse

elements.
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Definition 3.2.17. Let R be a Dedekind domain.

(a) A fractional ideal of R is a finitely generated R-submodule of the field

of fractions of R.

(b) If m is a fractional ideal, we define m−1 := {α ∈ Quot(R) | αm ⊆ R},
which is itself again a fractional ideal.

(c) A fractional ideal m is called invertible if mm−1 = R.

(d) A fractional ideal of the form αR for α ∈ Quot(R)∗ is called a principal

fractional ideal.

Note that in a Dedekind domain, every non-zero ideal is invertible. How-

ever, this is not true for an arbitrary, not necessarily integrally closed ring.

We write JR for the set of all non-zero fractional ideals and PR for the set of

all non-zero principal fractional ideals of R. Note that any non-zero ideal of

R is a fractional ideal.

Proposition 3.2.18. [Mol99, p. 154, Lemma 3.56] JR is a multiplicative

Abelian group, where multiplication for m, n ∈ JR is defined as

mn :=

{ r∑
i=1

mini

∣∣∣∣ mi ∈ m, ni ∈ n, i = 1, . . . , r

}
.

The group is freely generated by the non-zero prime ideals of R.

We have seen that any ideal in ZK can be written as a product of prime

ideals. Let a ⊆ ZK be non-zero. By proposition 3.2.13 and lemma 3.2.14 part

(a), it holds that a | N(a)ZK. Write N(a) = pe11 · · · penn , where p1, . . . , pn are

pairwise distinct primes. Then we see that any prime divisor of a is a prime

divisor of piZK for some i.

Remark. If all prime divisors of pZK are known for all primes p, then all ideals

of ZK are known.

This remark is our motivation for the following results. Let p ⊆ ZK be a

non-zero prime ideal. It is N(p) ∈ p and hence p ∩ Z is non-trivial and even

a non-zero prime ideal of Z, so is of the form pZ for a uniquely determined

prime p. Let pZK = pe11 · · · penn be the unique prime factorization of pZK with

pairwise distinct prime ideals pi and ei ≥ 1 for each i. It is p | pZK and so

p = pi for one of the i.

Definition 3.2.19. Assume the setup as described above.
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(a) The exponent ei of p in the factorization of pZK is the ramification index

e(p) of p, and p is said to be ramified in ZK if e(p) > 1.

(b) Since ZK/p is a field extension of Fp, it is N(p) = pf , f ≥ 1. The

exponent f is called the inertia degree f(p) of p.

Lemma 3.2.20. [Mol99, p. 198, Theorem 4.14] Let K be a number field of

degree d and p ⊆ ZK a non-zero prime ideal. Let pZK = pe11 · · · penn be the

prime factorization of pZK. Then

d∑
i=1

e(pi)f(pi) = d.

Proposition 3.2.21. [Hab10, p. 2, Vorlesung#7, Proposition 2.8] Let K be

a number field with discriminant ∆K and let α ∈ ZK be primitive. Let p be an

arbitrary prime. Then p is ramified in K exactly when p | ∆K.

From this result and proposition 3.2.4 we can conclude the following corol-

lary.

Corollary 3.2.22. Let K be a number field. Then there are at most finitely

many primes which are ramified in K.

We want to state a result which allows us to determine the ramification

indices and inertia degrees of pZK for almost every prime p.

Definition 3.2.23. Let K be a number field. If there is α ∈ ZK such that

ZK = Z[α] we say that ZK is monogenic.

In general, we can’t assume that ZK is monogenic. However, if α ∈ ZK is

a primitive element of K, i.e. K = Q(α), then [ZK : Z[α]] <∞.

Fix a prime p and let f ∈ Z[x]. We denote its reduction modulo p by f ∈ Fp[x].

Theorem 3.2.24. [Hab10, p. 3, Vorlesung#6, Satz 2] Let K be a number

field and α ∈ ZK primitive with minimal polynomial π(x) = pmin(α,K) ∈ Z[x].

Let p be prime such that p - [ZK : Z[α]].

Factor π(x) = π1
e1(x) · · ·πnen(x), where ei ≥ 1 and πi(x) are monic, irre-

ducible, pairwise coprime polynomials in Fp[x] for each i. If πi ∈ Z[x] is

monic and reduces to πi(x), then for 1 ≤ i ≤ n,

pi = pZK + πi(α)ZK
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are pairwise different non-zero prime ideals of ZK. Moreover, it is

pZK = pe11 · · · p
en
n

and f(pi) = deg πi = deg πi.

Remark. For each number field, this method excludes only a few primes. The

great advantage of monogenic number fields is that this theorem can be applied

to each prime.

3.2.4 Ideal Class Group and Unit Group

Until now, we have seen two invariants of a number field: its degree and its

discriminant. Using some results from the previous sections, we will get a

very nice invariant of a number field, the ideal class group. First, Let d be

the degree of the number field K and let σ1, . . . , σd : K→ C be the d different

embeddings, sorted such that σi(K) ⊆ R for i = 1, . . . , r and σi(K) 6⊆ R
for i = r + 1, . . . , d. Note that a complex embedding and its conjugate are

different, so that with s = (d−r)/2 we can renumber the complex embeddings

to get σr+1 = σr+s, . . . , σr+s = σr+2s. The pair (r, s) is called the signature

of K.

Definition 3.2.25. Let R be a Dedekind domain. The quotient ClR :=

JR/PR is called the ideal class group of R.

When K is a number field, we will write ClK instead of ClZK .

Remark. We have seen that ZK is not always a principal ideal domain (PID).

The ideal class group ClK gives us a nice object to measure how far ZK is

from being a PID, as ClK is trivial if and only if every fractional ideal is a

principal fractional ideal, which is exactly then the case, when ZK is indeed a

PID. Moreover, this is equivalent with ZK being a unique factorization domain

(UFD).

Example 3.2.26. Let Q(
√
−5). We have seen that ZK = Z[

√
−5] is not a

PID. Indeed, we find that ClK ∼= Z/2Z.

The ideal class group of an arbitrary Dedekind domain can be infinite. For

number fields, we have a different situation. This next result is one of the

main results regarding this invariant of a number field.

Theorem 3.2.27. [Mol99, p. 155, Theorem 3.60] Let K be a number field.

Then ClK is finite.
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We call |ClK| the class number of ZK, the number of ideal classes in ZK.

This next result is useful when computing ClK.

Proposition 3.2.28. [Hab10, p. 6, Vorlesung#8, Proposition 3.4] Let K be

a number field of degree d = r + 2s, where (r, s) is the signature of K. Let

a 6= 0 be an ideal of ZK. Then there is a ∈ a\{0} with

|Nm(a)| ≤ CKN(a)

where

CK =
d!

dd

(
4

π

)s
|∆K|1/2.

Remark. From the computational point of view, this bound only allows expo-

nential time algorithms to compute the ideal class group. However, assuming

the Generalized Riemann Hypothesis, Eric Bach found a better bound, poly-

nomially in log |∆K|. It was Johannes Buchmann that provided the fastest

algorithm known today for arbitrary number fields, which runs subexponen-

tially in time.

We now want to determine the unit group Z∗K. Let K be a number field of

signature (r, s) and degree d = r + 2s.

Theorem 3.2.29. [Mar77, p. 142, Theorem 38] Let K be a number field with

signature (r, s). Then there exists an integer ω ≥ 1 such that

Z∗K ∼= Z/ωZ× Zr+s−1.

In particular, Z∗K is finitely generated.

Lemma 3.2.30. [Hab10, p. 1, Vorlesung#10, Korollar 3.10] The only num-

ber fields whose unit group is finite are Q and Q(
√
m) for a squarefree integer

m < 0.

3.2.5 Quadratic Number Fields

The simplest number fields are the quadratic extensions of Q, the quadratic

number fields. They are of the form Q(
√
m), where m 6= 0, 1 is a squarefree

integer. Depending on the sign of m, we speak of real quadratic fields if m > 0

and of imaginary quadratic fields otherwise.

Ring of Integers and Discriminant Let m 6= 0, 1 be squarefree. The

minimal polynomial of a generator of the ring of integers ZQ(
√
m) is
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π(x) =

x2 −m if m ≡ 2, 3 mod 4,

x2 − x− m−1
4 otherwise,

which is irreducible in Q[x]. Then Q(
√
m) = Q[x]/(π(x)) and its ring of

integers is given as

ZK =

Z[
√
m] if m ≡ 2, 3 mod 4,

Z[1+
√
m

2 ] otherwise.

With this observation, we have that depending on the quadratic number

field, either {1,
√
m} or {1, 1+

√
m

2 } is a Z-basis of ZK. So we can easily compute

the discriminant of K, which then is

∆K =

4m if m ≡ 2, 3 mod 4,

m otherwise.

Prime Ideals We have seen that in order to know all prime ideals of a num-

ber field, it suffices to know the factorization of pZK for each prime p. In a

quadratic number field, this problem turns out to be very easy to handle by

applying theorem 3.2.24.

Let K be a quadratic number field generated by
√
m with minimal polynomial

π(x). Let p > 2 be prime and ∆K ∈ Fp the reduced discriminant of K, which

is also the discriminant of π ∈ Fp[x]. π(x) is exactly then irreducible when it

has no root in Fp, so with this observation and applying theorem 3.2.24, we

find that

π(x) =


irreducible if ∆K is not a square,

π1π2 both irred. and coprime if ∆K is a square,

π2 if ∆K ≡ 0 mod p.

pZK =


prime ideal if ∆K is not a square,

p1p2 both prime ideals if ∆K is a square,

p2 for a prime ideal p if ∆K ≡ 0 mod p,

where ∆K is in F∗p. The case p = 2 needs to be covered separately, since

for m ≡ 1 mod 4 we need to differentiate the cases where (1−m)/4 is even or

odd. So
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2ZK =


prime ideal if m ≡ 5 mod 8,

p1p2 both prime ideals if m ≡ 1 mod 8,

p2 for a prime ideal p if m ≡ 2, 3 mod 4.

PID’s and Units The ideal class group, as we have seen, is an invariant of

a number field. In particular, we can decide whether ZK is a PID or not by

looking at its ideal class group. Unfortunately, and this is hard to prove, this

is very rarely the case, as we will see in the following result, which was first

conjectured by Gauss and proved in the last century independently by Baker,

Heegner and Stark. If m < 0 is squarefree and K = Q(
√
m), then ClK = {1}

exactly then, when m ∈ {−1,−2,−3,−7,−11,−19,−43,−67,−163}.

In the case for real quadratic number fields, Gauss conjectured that there

are infinitely many squarefree m such that the ideal class group of Q(
√
m) is

trivial. The problem is still unsolved.

The unit group for real quadratic fields has a very easy structure. The

signature (r, s) of such a field is (2, 0), so by theorem 3.2.29 it is Z∗K ∼= Z/ωZ×Z
and since K has a real embedding, it is (Z∗K)tors = {±1} and ω = 2. So there

exists η ∈ K such that Z∗K = {±ηk | k ∈ Z}.
For instance, it is Z∗Q(

√
2)

= {±(1 +
√

2)k | k ∈ Z} and Z∗Q(
√

67)
= {±(48842 +

5967
√

67)k | k ∈ Z}.

3.2.6 Cyclotomic Fields

We now introduce a very important class of number fields. They are con-

structed by adjoining a p’th root of unity ζ := ζp = e2πi/p ∈ C to Q for a

prime p. It is ζp = 1, so ζ is algebraic and K = Q(ζ) indeed a number field,

called the p’th cyclotomic field.

Ring of Integers and Discriminant Let Φp(x) := xp−1+xp−2+· · ·+x+1,

the p’th cyclotomic polynomial. It is Φp(ζ) = 0 and the polynomial is monic,

irreducible and with coefficients in Z. So it is the minimal polynomial of ζ,

which implies that [K : Q] = p− 1.

The ring of integers for a cyclotomic field is very easy. Indeed, a cyclotomic
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field is always monogenic, and it is for p ≥ 2 prime and K = Q(ζ):

ZK = Z[ζ].

A Z-basis for ZK is {1, ζ, . . . , ζp−2}. We can compute the discriminant,

which then is given by

∆K = ±pp−2.

Prime Ideals Again, it is enough to know the factorization of qZK for each

prime q. If K is the p’th cyclotomic field and with λ := 1 − ζ, we can factor

pZK = (λZK)p−1.

For a prime q 6= p, Let µ be minimal such that qµ ≡ 1 mod p. Then we

can factor qZK as

qZK = q1 · · · qn

for distinct prime ideals q1, . . . , qn, where n = p−1
µ and f(qi) = µ.

3.3 Galois Theory

We have seen that one of the important objects in the study of algebraic field

extensions is the root of a monic, irreducible polynomial. In Galois Theory, we

are interested in properties of all roots of a polynomial and what symmetries

exist between them. The cases of quadratic, cubic and quartic polynomials are

well studied, and explicit formulas exist to find the roots by radicals, that is to

find formulas using only addition, subtraction, multiplication, division and ex-

traction of roots. However, when having higher degree polynomial equations,

they cannot always be solved by radicals, which raises the question, when do

such solutions exist. Galois, not being the first one, tried to find solvability

conditions and was able to formulate the conditions in a nice way.

The analysis of such problems lead to a connection between Group and Field

Theory, and we shall introduce this modern version of Galois Theory.

Having a field extension L/K, where L ⊆ C, we call an automorphism σ

of L a K-automorphism of L if it fixes K. The first result is already a very

important one and basic for the whole theory.

Proposition 3.3.1. Let L/K be a field extension. The set Γ(L/K) of all

K-automorphisms of L forms a group under composition of maps.
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Proof. Let σ, τ be two K-automorphisms of L and k ∈ K arbitrary. It is στ

an automorphism, and since στ(k) = σ(k) = k even στ ∈ Γ(L/K). Also, it is

k = σ−1σ(k) = σ−1(k), so σ−1 ∈ Γ(L/K). Clearly, idL ∈ Γ(L/K) acts as the

neutral element. Finally, since composition of maps is associative, it follows

that Γ(L/K) is a group.

Definition 3.3.2. The group Γ(L/K) is called the Galois group of the field

extension L/K.

Example 3.3.3. Let L = Q(
√
m) a quadratic number field and K = Q. The

K-automorphisms of L are σ1 = idL and σ2:
√
m 7→ −

√
m. It is σ2

2 = σ1, so

Γ(L/K) is cyclic of order 2.

3.3.1 Galois Correspondence

Let L/K be a field extension and let F be the set of all intermediate fields

between K and L. Similarly, let G be the set of subgroups H ⊆ Γ(L/K) and

define ΦH := {α ∈ L | σ(α) = α ∀ σ ∈ H}.

Lemma 3.3.4. Let L/K be a field extension and H ⊆ Γ(L/K) a subgroup of

the Galois group. Then ΦH is a subfield of L, called the fixed field of K, and

K ⊆ ΦH.

Proof. Let α, β ∈ ΦH and σ ∈ H. it is σ(α+ β) = σ(α) + σ(β) = α+ β ∈ ΦH

and σ(αβ) = αβ ∈ ΦH. Let α ∈ L be the multiplicative inverse of α. Then

1 = σ(1) = σ(αα) = σ(α)σ(α) = ασ(α), thus σ(α) = α and hence α ∈ ΦH.

So ΦH is a subfield of L. Moreover, it is σ(k) = k ∀ k ∈ K, so K ⊆ ΦH.

We hence can define the following two maps:

µ : F → G, F 7→ Γ(L/F)

ν : G → F , H 7→ ΦH

Both maps are inclusion reversing. On one hand, let F and F′ be ele-

ments of F such that F ⊆ F′. The elements of F are clearly fixed by the

F′-automorphisms of L, so that µ(F′) ⊆ µ(F). On the other hand, Let H and

H′ be in G such that H ⊆ H′. Then ν(H′) ⊆ ν(H).

It can easily be seen that if F ∈ F and H ∈ G, then F ⊆ ν(µ(F)) and

H ⊆ µ(ν(H)). The question to be solved is what are the conditions for µ and
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ν to be mutual inverses and hence for setting up a bijection between F and

G. We state the fundamental theorem of Galois Theory.

Theorem 3.3.5. [Ste04, p. 133, Theorem 12.1] Let L/K be a normal and

finite, separable extension inside C.

(a) The order of Γ(L/K) is [L : K].

(b) The maps µ and ν are mutual inverses and set up a one-to-one order-

reversing correspondence between F and G.

(c) If F is an intermediate field, then [L : F] = |µ(F)| and [F : K] =

|Γ(L/K)|/|µ(F)|.

(d) F ∈ F is a normal extension of K if and only if µ(F) is a normal subgroup

of Γ(L/K).

(e) If F ∈ F is a normal extension of K, then Γ(F/K) ∼= Γ(L/K)/µ(F).

3.3.2 Galois Extensions

We have introduced the notion of a normal and separable extension and of

course, those properties can occur independently of each other.

Definition 3.3.6. Let L/K be a field extension. We say that L is Galois over

K or that L is a Galois extension of K if L is normal and separable over K.

We can now state a series of results concerning Galois extensions of fields.

Proposition 3.3.7. Let K ⊆ L ⊆M be fields.

(a) [Bas84, p. 116, Proposition 3.3.1] If M is Galois over K, then it is

Galois over L.

(b) [Bas84, p. 117, Proposition 3.3.5] L is Galois and finite over K if and

only if it is the splitting field over K for a separable polynomial in K[x].

(c) [Bas84, p. 119, Proposition 3.3.9 (i)] If M is Galois over K, then L is

Galois over K if and only if Γ(M/L) is normal in Γ(M/K).

Theorem 3.3.8. [Bas84, p. 118, Theorem 3.3.8] Let L/K be a field extension.

Then L is Galois over K if and only if L is algebraic over K and K = ΦΓ(L/K).
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3.3.3 Abelian and Cyclic Extensions

Galois extensions can be characterized by their Galois group. We focus on the

following two examples of Galois extensions:

Definition 3.3.9. A Galois extension L of a field K is called Abelian respec-

tively cyclic if its Galois group Γ(L/K) is itself Abelian respectively cyclic.

Remark. It is known that infinite Galois extensions have non-denumerable

Galois groups. Consequently, Galois extensions with cyclic Galois groups are

finite extensions.

Proposition 3.3.10. [Rom06, p. 165, Theorem 6.6.1 3)] Let K ⊆ L ⊆M be

fields. If M is Abelian respectively cyclic over K, then M is Abelian respectively

cyclic over L and L is Abelian respectively cyclic over K.

Proposition 3.3.11. [Bas84, p. 171, Proposition 3.9.2] Let L/K be a cyclic

extension and consider the mapping F 7→ [F : K] from the set of intermediate

fields between K and L to the set of positive divisors of [L : K]. This mapping

is a bijection.

We now state a well known theorem, often referred to as Hilbert’s Satz 90,

for cyclic Galois extensions.

Theorem 3.3.12. (Hilbert) [Bas84, p. 171, Theorem 3.9.3] Let L/K be a

cyclic extension and σ a generator of Γ(L/K).

(a) If α ∈ L∗ and NmL/K(α) = 1, then there exists β ∈ L∗ such that α =

β/σ(β).

(b) If α ∈ L and TrL/K(α) = 0, then there exists β ∈ L∗ such that α =

β − σ(β).

3.3.4 Solvability by Radicals

From the historical point of view, Galois Theory arose from trying to deter-

mine whether a polynomial equation of arbitrary degree is solvable by radicals.

We have introduced a modern version of Galois Theory and stated a corre-

spondence between intermediate fields of a field extension and their Galois

groups. We now want to use this correspondence to derive a condition for a

polynomial equation to be solvable by radicals.
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Definition 3.3.13. A group H is solvable if it has a finite series of subgroups

1 = H0 ⊆ H1 ⊆ · · · ⊆ Hn ⊆ H

such that

(i) Hi is a normal subgroup of Hi+1 for i = 0, 1, . . . , n− 1.

(ii) Hi+1 /Hi is a cyclic extension for i = 0, 1, . . . , n− 1.

Theorem 3.3.14. [Rom06, p. 270, Theorem 13.1.2]

(a) Any Abelian group is solvable.

(b) Any finite group of odd order is solvable.

(c) If H′ ⊆ H is a subgroup of a solvable group H, then H′ is solvable.

(d) If H is solvable and H′ is a normal subgroup of H, then H /H′ is solvable.

(e) If H′ is a normal solvable subgroup of H and H /H′ is solvable, then H

is solvable.

(f) If H1, . . . ,Hn are solvable, so is
n⊗
i=1

Hi.

(g) The symmetric group Sn is not solvable if and only if n ≥ 5.

Remark. Part (b) of this theorem is far from being trivial and its proof goes

back to 1963, when Walter Feit and John G. Thompson published a paper

called ”Solvability of groups of odd order”.

Definition 3.3.15. An extension L/K is radical if L = K(α1, . . . , αn) and for

each i = 1, . . . , n there exists a positive integer ei such that αeii ∈ K(α1, . . . , αi−1).

With this two definitions, we are able to state the solvability conditions of

a polynomial.

Definition 3.3.16. Let f ∈ K[x] and F be its splitting field. We say that

f(x) is solvable by radicals, if there exists a field L such that F ⊆ L and L/K
is a radical extension.

We call Γ(F/K) the Galois group of f(x).

Theorem 3.3.17. [Ste04, p. 155, Theorem 15.3] Let K ⊆ L ⊆ M be fields

such that M/K is a radical extension. Then Γ(L/K) is solvable.
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Theorem 3.3.18. [Ste04, p. 158, Theorem 15.9] Let f ∈ K[x]. Then f(x)

is solvable by radicals if the Galois group of f(x) over K is solvable.

Example 3.3.19. Let p be prime and f ∈ Q[x] be irreducible of degree p,

such that f(x) has exactly p − 2 zeros in R. Then the Galois group of f(x)

over Q is the symmetric group Sp. By theorem 3.3.14 part (g), f(x) = 0 is

only solvable by radicals over Q for p ∈ {2, 3}.
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Chapter 4

Division Algebras

Division algebras have been proposed for space-time code constructions for

MIMO networks, as their structure ensure that the codewords fulfill certain

needed criteria. We will now introduce the notion of algebras and general divi-

sion algebras and will give a special focus to quaternion division algebras and

cyclic division algebras. Also, we will generalize some theory from previous

chapters and introduce orders in algebras.

4.1 Arbitrary Algebras

Let K be an arbitrary field. An algebra over K, or K-algebra, is a set A
together with addition and multiplication, such that

(i) A is a finite dimensional K-vector space,

(ii) A is a ring,

(iii) For any λ ∈ K and a, b ∈ A it is (λa)b = a(λb) = λ(ab).

In other words, an algebra over a field is a vector space together with a

K-bilinear product. An algebra is unital if it contains an identity element 1

with respect to multiplication (i.e. a right and left identity with respect to

multiplication).

The definition of an algebra does not imply associativity, so when this

property is needed we say that an algebra is associative and speak of a nonas-

sociative algebra, if it is not necessarily associative.
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From now on, we will assume the ideals of an algebra to be two-sided unless

otherwise stated.

We have the customary isomorphism theorems: Let A be an algebra.

(a) If a1, a2 are ideals of A such that a2 ⊆ a1, then

(A/a2)/(a1/a2) ∼= A/a1.

(b) If a is an ideal of A and B is a subalgebra of A, then a∩B is an ideal of

B and

(a + B)/a ∼= B/(a ∩ B).

4.1.1 Some Basic Concepts

In the following, let K be an arbitrary field and A a possibly nonassociative

K-algebra, unless otherwise stated.

Definition 4.1.1. Let A be a K-algebra.

(a) The associator of A is the multilinear map A×A×A → A, (a, b, c) 7→
[a, b, c] := (ab)c− a(bc).

(b) The nucleus of A is the set N (A) = {a ∈ A | [a,A,A] = [A, a,A] =

[A,A, a] = 0}.

The nucleus is thus a (possibly zero) associative subalgebra of A and con-

tains all elements of A which associate with any two elements in A.

Remark. If A is an algebra and K′ is a subfield of A, then A is K′-associative

if K′ ⊆ N (A).

Definition 4.1.2. Let A be a K-algebra with nucleus N (A). The center of

A is the set C(A) = {a ∈ N (A) | ab = ba ∀ b ∈ A}.
The K-algebra A is called central if C(A) = K.

We now consider the elements of A that arise from one-sided multiplication

in A. For each a ∈ A we can look at the elements ab coming from left mul-

tiplication by a respectively the elements ba coming from right multiplication

by a for all b ∈ A. Let R(A) be the set of all right multiplications and L(A)

the set of all left multiplications of A. Clearly, both sets are subspaces, but

in general not subalgebras of A.

Definition 4.1.3. The multiplication algebra of A is the associative algebra

M(A) as the algebra generated by R(A) and L(A).
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We now introduce an important class of algebras. The notion of an al-

ternative algebra generalizes the associativity property and gives access to a

wide class of algebras.

Definition 4.1.4. Let K be a field and A a K-algebra. We say that A is

alternative if for all a, b ∈ A and [·, ·, ·] the associator, it holds

[a, a, b] = [b, a, a] = 0.

Lemma 4.1.5 (Artin). [Sch66, p. 29, Theorem 3.1] The subalgebra generated

by two elements of an alternative algebra is associative.

For our purposes, the construction of codes, we still need to introduce a

further important class of algebras.

Definition 4.1.6. A K-algebra A is a division algebra if A 6= 0 and for every

a, b ∈ A with a 6= 0, the equations ax = b and ya = b have a unique solution

x, y ∈ A.

Remark. An associative K-algebra A 6= 0 is a division algebra if and only if it

has a non-zero multiplicative identity element 1 and every element 0 6= a ∈ A
has a multiplicative inverse element.

A finite dimensional K-algebra is a division algebra if and only if it contains

no zero-divisors. Moreover, a commutative division algebra is a field.

4.1.2 Simple Algebras

We now pay special attention to a certain family of algebras, the simple alge-

bras. We will state a very well known theorem due to Wedderburn.

Definition 4.1.7. An algebra A 6= 0 is called simple if 0 and A are the only

two-sided ideals of A.

Lemma 4.1.8. The center C(A) of a simple algebra A is either zero or a field.

Proof. Assume the center is not zero. By the definition of the center, commu-

tativity and closure is already implied, so the only thing to show is that every

0 6= c ∈ C(A) has an inverse in C(A). So let c ∈ C(A) ⊆ A be non-zero. Then

Ac is a non-zero two-sided ideal in A (as c lies in the center) and hence equal

to A. So c has a unique inverse c−1 in A and thus in C(A), as for any a ∈ A
it is

cac−1 = acc−1 = a = cc−1a
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and left multiplication with c−1 yields ac−1 = c−1a.

Definition 4.1.9. A module is Artinian if every set of submodules contains

a minimal element. An algebra A is called Artinian if it is Artinian as an

A-module, in which case its submodules are exactly its left ideals.

With these definitions we are ready to state the following important result,

known as Wedderburn’s Theorem.

Theorem 4.1.10. [Lor08, p. 155, Wedderburn’s Theorem] An Artinian alge-

bra A is simple if and only if it is isomorphic to Matn(D) for a division algebra

D, where Matn(D) is the matrix algebra consisting of all n× n matrices with

entries in D.

The number n and the isomorphism class of D are then uniquely determined.

Lemma 4.1.11. [Lor08, p. 156, F9] Let D1 and D2 be division algebras, such

that Matr(D1) ∼= Mats(D2). Then D1
∼= D2 and r = s.

By Wedderburn’s Theorem, simple Artinian algebras can just be studied

via division algebras. Indeed, the theorem motivates the following definition:

Definition 4.1.12. Two simple Artinian algebrasA and B are similar, A ∼ B,

if there exists a division algebra D and natural numbers r, s such that

A ∼= Matr(D), B ∼= Mats(D).

4.1.3 From Old to New Algebras

We briefly want to show possible ways to build new algebras from given ones.

Direct Sum Construction. Let B and C be two ideals of an algebra A,

such that B ∩ C = 0 and A = B + C as vector spaces. We call the algebra A
the direct sum A = B ⊕ C of the algebras B and C.
Note that the vector space structure of the algebras involved ensure that if

a = b+ c, then b ∈ B and c ∈ C are uniquely determined. Addition and multi-

plication by scalars are performed componentwise, but also multiplication in

A, as for b1, b2 ∈ B and c1, c2 ∈ C it is (b1 + c1)(b2 + c2) = b1b2 + c1c2, since

b1c2 and b2c1 are both in B and C, hence in B ∩ C = 0.
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More generally, let K be a field, B and C two K-algebras. Let b, b1, b2 ∈ B,

c, c1, c2 ∈ C and α ∈ K. We define the following operations

(b1, c1) + (b2, c2) = (b1 + b2, c1 + c2)

α(b, c) = (αb, αc)

(b1, c1)(b2, c2) = (b1b2, c1c2)

The set B′ of all pairs (b, 0) with b ∈ B is isomorphic to B and the set C′ of all

pairs (0, c) with c ∈ C is isomorphic to C. We define the algebra A = B′ ⊕ C′.
Then B′ and C′ are both ideals of A and by the isomorphies B′ ∼= B, C ∼= C′,
we may write A = B ⊕ C.

Keeping the componentwise multiplication, we can extend this construc-

tion to an arbitrarily long direct sum of algebras Bi.

Tensor Product Construction Let K be a field, A and B two K-algebras.

We can form the Kronecker product A ⊗K B as the tensor product over K of

the vector spaces A and B. The elements are sums
∑
a⊗K b with a ∈ A and

b ∈ B, and we drop the subscript K. For elements a1, a2 ∈ A and b1, b2 ∈ B,

we define a multiplication by distributivity and

(a1 ⊗ b1)(a2 ⊗ b2) = (a1a2)⊗ (b1b2).

If A is unital, the elements of the form 1⊗ b with b ∈ B form a subalgebra

of A⊗B isomorphic to B and similarly, if B is unital, the elements a⊗ 1 with

a ∈ A form a subalgebra isomorphic to A.

Moreover, if dimKA and dimK B are finite (as vector spaces), then dimKA⊗
B = dimKA · dimK B.

The case where A is a field extension L of K is particularly easy. We

write BL := L ⊗ B. By the properties of the tensor product over the field

K, the case where B is finite dimensional gives an easy representation of the

elements of BL as sums
∑
αi ⊗ bi =

∑
αibi for αi ∈ L uniquely determined

and {b1, . . . , bn} ⊆ B a basis of B over K.

Proposition 4.1.13. (Jacobson) [Sch66, p. 16, Theorem 2.1] Let A be a sim-

ple K-algebra such that its center C(A) is a field (compare with lemma 4.1.8).

Then AL is simple for any field extension L of K.
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Cayley-Dickson Construction Let A be an algebra. An involution of A
is a linear operator a 7→ â on A such that for each a, b ∈ A, it is âb̂ = âb and̂̂a = a.

Let K be a field, A a unital K-algebra of dimension n such that it has

an involution a 7→ â. In the following, let ai be in A and let B consist of

all ordered pairs (a1, a2), where we define addition and multiplication with

scalars componentwise. Multiplication is defined for some µ 6= 0 in K by

(a1, a2)(a3, a4) = (a1a3 + µa4â2, â1a4 + a3a2).

Then 1 = (1, 0) is an identity element for B, the set A′ = {(a, 0) | a ∈ A} is a

subalgebra of B isomorphic to A, j = (0, 1) ∈ B is such that j2 = µ1 and the

vector space direct sum B = A′ + jA′ is a K-algebra of dimension 2n.

Remark. [Sch66, p. 46] B is alternative if and only if A is associative.

Example 4.1.14. Let K = R. Let µ = −1 and i = (0, 1), so that i2 = (−1, 0).

We hence get the complex numbers as C = R⊕ iR.

This procedure can be applied to K = C to get the Hamilton quaternions

H = C⊕ jC. Repeating this process with H results in the octonion algebra O.

In fact, these are the only alternative algebras over R.

4.2 Quaternion Division Algebras

The Cayley-Dickson construction gives a method to obtain new algebras as

doubles and we want to explore this method in more detail. Let K be a

field and L/K a separable field extension of degree two, such that there is a

non-trivial σ ∈ Γ(L/K). Let µ ∈ K∗. Then for α, α′, β, β′ ∈ L, define the

multiplication

(α, β)(α′, β′) = (αα′ + µβ′σ(β), σ(α)β′ + α′β).

With this multiplication, the vector space L × L is a non-commutative, as-

sociative, unital algebra with identity element (1, 0) and involution (α, β) 7→
(σ(α),−β). Let j = (0, 1), so j2 = (µ, 0). We call the algebra L ⊕ jL the

Cayley-Dickson double of L and denote it by Cay(L, µ). We will now use this

construction to introduce the quaternion algebras.
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4.2.1 Quaternion Algebras

Let K be a field such that χ(K) 6= 2 and let λ, µ ∈ K not necessarily distinct.

Definition 4.2.1. We define the quaternion algebra (λ, µ)K to be the set of

all expressions of the form α + βi+ γj + δk, where α, β, γ, δ ∈ K and i2 = λ,

j2 = µ, ij = −ji = k.

It is {1, i, j, k} a basis for (λ, µ)K as a four-dimensional vector space over

K.

The connection with the Cayley-Dickson double introduced above is the fol-

lowing: If L = K(
√
λ) = K(i), it is

Cay(L, µ) ∼= (λ, µ)K. (4.1)

Example 4.2.2. The Hamilton quaternions are H = (−1,−1)R ∼= Cay(C,−1).

Later we want to use algebras to construct codes, so we introduce a useful

representation of elements of a given quaternion algebra through matrices.

Let a = a0 + a1i+ a2j + a3ij be a general quaternion. We can write a in the

basis {1, j} as a = α0 + jα1, where α0 = a0 + a1i, α1 = a2 − a3i.

Multiplication with a from the left on the basis elements results in

• (α0 + jα1) · 1 = α0 + jα1.

• (α0 + jα1) · j = α0j + jα1j = (a0j + a1ij) + (a2j
2 − a3jij) = (a0j −

a1ji) + µ(a2 + a3i) = µα1 + jα0.

Hence we get a matrix A representing left multiplication by a = α0 + jα1

in the basis {1, j} as

A =

[
α0 µα1

α1 α0

]
=

[
a0 + a1i µ(a2 + a3i)

a2 − a3i a0 − a1i

]
.

Definition 4.2.3. Let a ∈ A. The reduced trace of a is a + a. The reduced

norm of a is aa.

Remark. We will define those terms in a more general setting later.

We are interested in division algebras. For example H is a division algebra,

i.e. contains only invertible elements excluding 0. In general, there are two

possibilities for quaternion algebras: [Lew06, p. 43]

51



CHAPTER 4. DIVISION ALGEBRAS

(i) (λ, µ)K is a division algebra.

(ii) (λ, µ)K ∼= Mat2(K), the set of 2× 2 matrices with entries in K.

The quantity that tells which of the two cases applies to a given quaternion

algebra is the norm of an element. Let a = a0 + a1i+ a2j+ a3k ∈ (λ, µ)K and

let a = a0 − a1i− a2j − a3k be its conjugate. We define the norm of a as

Nm(a) := aa = a2
0 − λa2

1 − µa2
2 + λµa2

3.

Remark. The norm can be interpreted as a quadratic form over the vector

space (λ, µ)K.

Proposition 4.2.4. The quaternion algebra (λ, µ)K is a division algebra if

and only if Nm(a) = 0 implies a = 0.

Proof. It is enough to show that a ∈ (λ, µ)K is invertible ⇔ Nm(a) 6= 0. With

this shown, the lemma follows immediately.

First note that Nm(·) is multiplicative, so that if a ∈ (λ, µ)K is invertible,

we have Nm(a) Nm(a−1) = Nm(aa−1) = Nm(1) = 1 and so Nm(a) 6= 0.

Conversely let Nm(a) 6= 0 for some a ∈ (λ, µ)K. Then
(

1
Nm(a)a

)
a = 1 and so

a is invertible.

Example 4.2.5.

(i) H = (−1,−1)R is a division algebra, as for 0 6= h = h0 +h1i+h2j+h3k ∈
H it is Nm(h) = hh = h2

0 + h2
1 + h2

2 + h2
3 > 0.

(ii) Let 0 6= a = a0+a1i+a0j+a1k ∈ (λ, 1)K for λ ∈ K∗. Then Nm(a) = aa =

0, so that (λ, 1)K is not a division algebra and thus (λ, 1)K ∼= Mat2(K).

The isomorphism can explicitly be given by mapping

i 7→

[√
λ 0

0 −
√
λ

]
, j 7→

[
0 1

1 0

]

so that a = a0 + a1i+ a2j + a3k is then identified with the matrix

A =

[
a0 + a1

√
λ a2 + a3

√
λ

a2 − a3

√
λ a0 − a1

√
λ.

]
.

Note that det(A) = a2
0−a2

1λ−a2
2 +a2

3λ corresponds to the reduced norm

of a and Tr(A) = 2a0 to the reduced trace of a.
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Proposition 4.2.6. [Lam04, p. 57, Theorem 2.5] Two quaternion algebras

(λ, µ)K and (λ′, µ′)K are isomorphic as algebras if and only if their norms

Nm respectively Nm′, viewed as quadratic forms, are isometric, i.e. there ex-

ists an invertible K-linear map ϕ : (λ, µ)K → (λ′, µ′)K such that Nm(a) =

Nm′(ϕ(a)) ∀ a ∈ (λ, µ)K.

We now want to state a theorem which gives two characterizations of

quaternion algebras.

Theorem 4.2.7. Let A 6= K be a simple, finite dimensional K-algebra with

center K.

(a) [Lam04, p. 74, Theorem 5.1] If dimKA ≤ 4, then A is isomorphic to a

quaternion algebra over K.

(b) [Lam04, p. 74, Theorem 5.2] If A is equipped with an involution a 7→ â,

such that a+ â ∈ K and aâ ∈ K for all a ∈ A, then A is isomorphic to

a quaternion algebra over K.

4.2.2 Nonassociative Quaternion Division Algebras

Let K be a field such that χ(K) 6= 2. Let L be a quadratic field extension of K
with non-trivial σ ∈ Γ(L/K) and let µ ∈ L\K. Let α, α′, β, β′ ∈ L and define

the multiplication

(α, β)(α′, β′) := (αα′ + µβ′σ(β), σ(α)β′ + α′β).

Note that this is the same multiplication as defined above for the Cayley-

Dickson double, with the exception that µ is not allowed to be taken from K.

The algebra arising from this multiplication is again denoted by Cay(L, µ) and

has the unit element (1, 0). The exclusion of µ from K has as a consequence,

that the multiplication is not associative anymore.

We call Cay(L, µ) a nonassociative quaternion algebra over K.

Let L = K(
√
λ) = K(i) and µ ∈ L\K. Let j = (0, 1) ∈ Cay(L, µ). Then

{1, i, j, k} such that i2 = λ, j2 = µ and ij = −ji = k is a K-basis of Cay(L, µ).

Theorem 4.2.8. [PU11, p. 5, Theorem 4.2] The nonassociative quaternion

algebra Cay(L, µ) has nucleus L and is a division algebra over K.
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4.3 Cyclic Division Algebras

In this section we introduce a new family of division algebras. Cyclic divi-

sion algebras are very useful when constructing space-time codes and are a

very important class of algebras used in wireless communications. We now

give a mathematical introduction to cyclic division algebras and show how to

explicitly construct them.

Definition 4.3.1. Let L/K be a Galois extension of degree n such that Γ(L/K)

is cyclic, generated by some element σ. Choose γ ∈ K∗ and construct the

following algebra, called a cyclic algebra, as the following direct sum:

A = (L/K, σ, γ) = L⊕ eL⊕ · · · ⊕ en−1L

where en = γ and λe = eσ(λ) for λ ∈ L.

A cyclic algebra which is also a division algebra is a cyclic division algebra.

The definition of A as a direct sum gives the required vector space struc-

ture, so an element a ∈ A can be written as a = a0 + ea1 + · · · + en−1an−1,

where ai ∈ L. The condition λe = eσ(λ) is needed to compute multiplication

from the left and hence gives the algebra its ring structure.

Proposition 4.3.2. [Rei75, p. 260, Theorem 30.4] Let A = (L/K, σ, γ) be a

cyclic algebra of dimension n and let δ ∈ K∗. We have the following K-algebra

isomorphisms:

(a) (L/K, σ, γ) ∼= (L/K, σs, γs) for each s ∈ Z such that gcd(n, s) = 1.

(b) (L/K, σ, 1) ∼= Matn(K).

(c) (L/K, σ, γ) ∼= (L/K, σ, δ) if and only if δ = NmL/K(α)·γ for some α ∈ L∗.

The representation of a ∈ A in the basis {1, e, . . . , en−1} is useful, as left

multiplication by a can be represented by a matrix A ∈ Matn(L), where n is

the dimension of A. Using the relations given in the definition of the cyclic

algebra, straightforward computations yield that the matrix corresponding to

left multiplication by a is

A =



a0 γσ(an−1) γσ2(an−2) · · · γσn−1(a1)

a1 σ(a0) γσ2(an−1) · · · γσn−1(a2)
...

...
...

...

an−2 σ(an−3) σ2(an−4) · · · γσn−1(an−1)

an−1 σ(an−2) σ2(an−3) · · · σn−1(a0)


.
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Example 4.3.3. Let n = 3, then e3 = γ and we have a basis {1, e, e2}. Let

a = a0 + ea1 + e2a2 and b = b0 + eb1 + e2b2 be in A.

ab = (a0 + ea1 + e2a2)(b0 + eb1 + e2b2)

= a0b0 + a0eb1 + a0e
2b2 + ea1b0 + ea1eb1 + ea1e

2b2 + e2a2b0 + e2a2eb1

+ e2a2e
2b2

= (a0b0 + γσ(a2)b1 + γσ2(a1)b2) + e(a1b0 + σ(a0)b1 + γσ2(a2)b2)

+ e2(a2b0 + σ(a1)b1 + σ2(a0)b2).

So the matrix A representing left multiplication by a is given as

A =

a0 γσ(a2) γσ2(a1)

a1 σ(a0) γσ2(a2)

a2 σ(a1) σ2(a0)

 .
Recall that the norm of an element of a field extension L of K can be com-

puted as the product of all embeddings of L applied to that particular element,

as stated in proposition 3.1.31. This quantity actually gives a criterion for a

cyclic algebra to be a division algebra.

Proposition 4.3.4. [Alb39, p. 184, Theorem 12] Let L/K be a cyclic ex-

tension of degree n such that Γ(L/K) = 〈σ〉. If for 0 6= γ ∈ K it holds that

γn/p is not a norm of some element of L for any prime divisor p of n, then

A = (L/K, σ, γ) is a cyclic division algebra.

4.4 Orders

We have introduced the notion of the ring of integers of an algebraic number

field and have stated some results concerning ideals in such objects. Having

introduced general algebras, we now can generalize that theory to the case of

orders in algebras over a field.

In the following let R be a Dedekind domain and K = Quot(R). Let V

be a K-vector space. It would be enough to let R be a Noetherian, integrally

closed domain but for our aims the stricter assumption is not restrictive.

Definition 4.4.1. A full R-lattice in V is a finitely generated R-submodule
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M in V such that K · M = V , where

K · M =

{∑
αimi | αi ∈ K,mi ∈M and the sum is finite

}
.

Definition 4.4.2. AnR-order in A is a subring O of A with the same identity

as A and such that O is a full R-lattice in A.

An R-order O in A is maximal, if it’s not properly contained in any other

R-order in A.

Lemma 4.4.3. [Rei75, p. 110, Theorem 8.7] If O is a maximal R-order in

A, then Matn(O) is a maximal R-order in Matn(A) for each n. Moreover,

Matn(R) is a maximal R-order in Matn(K).

Example 4.4.4. Let a ∈ A be integral over R. Then R[a] is an R-order in

the K-algebra K[a].

We want to be as general as possible, thus we need to consider one-sided

operations. This motivates the following differentiation:

Definition 4.4.5. Let M be a full R-lattice in A.

(a) Ol(M) = {a ∈ A | aM⊂M} is called the left order of M.

(b) Or(M) = {a ∈ A | Ma ⊂M} is called the right order of M.

Remark. [Mag08, p. 4, Remark 1.11] The left and right order of a fullR-lattice

M are indeed R-orders in A, thus every K-algebra A contains R-orders.

Lemma 4.4.6. [Rei75, p. 110, Theorem 8.6] Every element of an R-order

O is integral over R and for every a ∈ O it is pmin(a,K) ∈ R[x].

Example 4.4.7. Let C = (L/K, σ, γ) be a cyclic division algebra with basis

{1, e, . . . , en−1}. The OK-module

Onat = OL ⊕ eOL ⊕ · · · ⊕ en−1OL

is an OK-order, called the natural order, in C.

4.4.1 Reduced Norm and Reduced Trace

We have defined the norm and trace of elements in field extensions. We now

want to review those terms in a more general setting.

Let K be a field and A be a simple K-algebra of dimension n < ∞ with
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center K. Let a ∈ A and let χ(a, x) be the characteristic polynomial of a,

defined to be the characteristic polynomial of the matrix representing the K-

endomorphism given by left multiplication by a on A. Then χ(a, x) is of the

form

χ(a, x) = xn − TrA/K(a)xn−1 + · · ·+ (−1)n NmA/K(a) ∈ K[x]

and we call Tr the trace map, Nm the norm map.

Lemma 4.4.8. [Rei75, p. 113] Let a, b ∈ A and γ ∈ K.

(a) Tr(ab) = Tr(ba), Tr(a+ b) = Tr(a) + Tr(b), Tr(γa) = γ Tr(a).

(b) Nm(ab) = Nm(a) Nm(b), Nm(γa) = γn Nm(a).

We require A to be simple, central and finite-dimensional over K. Having

these properties, it is possible to introduce more useful maps as defined above.

Let the dimension of A be a square n2, L be a field extension of K and

h : A → Matn(L) the usual L-representation of A, as used above. We extend h

to an L-algebra homomorphism hL : A⊗L→ Matn(L). By proposition 4.1.13

we know that A⊗ L is simple.

It turns out that such an L-representation of A exists if and only if L is a

splitting field of A, that is if A⊗ L ∼= Matn(L) as L-algebras [Lor08, p. 175].

Definition 4.4.9. Let A be a central simple K-algebra of dimension n2 and

let hL : A → Matn(L) be any L-representation of A.

(a) The reduced trace of a is Tr0(a) = TrhL(a).

(b) The reduced norm of a is Nm0(a) = dethL(a).

(c) The reduced characteristic polynomial is the characteristic polynomial

χ0(a, x) ∈ K[x] of hL(a) and is of the form

χ0(a, x) = xn − Tr0(a)xn−1 + · · ·+ (−1)n Nm0(a).

Remark. The properties stated in lemma 4.4.8 also hold for the reduced terms.

Proposition 4.4.10. [Rei75, p. 113, Theorem 9.3] For each a ∈ A, the

reduced polynomial χ0(a, x) ∈ K[x] is independent of the choice of the splitting

field L of A.
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Example 4.4.11. Let A be a quaternion algebra. We have seen that a general

quaternion a ∈ A can be written in the basis {1, j} as a = α0 + jα1 just by

taking L = K(i). The matrix representing left multiplication by a is then

A =

[
α0 −α1

α1 α0

]
.

The reduced characteristic polynomial of a is given as the characteristic poly-

nomial of A, so

χ0(a, x) = det

[
α0 − x −α1

α1 α0 − x

]
= x2 − (α0 + α0)x+ (α0α0 + α1α1) ∈ K[x]

and thus Tr0(a) = α0 + α0, Nm0(a) = α0α0 + α1α1.

There is a linkage between the usual notions of norm, trace and character-

istic polynomial corresponding to the K-endomorphism κ 7→ aκ and the newly

introduced reduced terms.

Lemma 4.4.12. [Lor08, p. 176, F23] Let A be as above of dimension n2 and

let a ∈ A. Then

(a) χ(a, x) = χ0(a, x)n.

(b) Tr(a) = nTr0(a).

(c) Nm(a) = Nm0(a)n.

Remark. We know that for a finite-dimensional K-algebra A, an element a ∈ A
is invertible if and only if Nm(a) 6= 0. Let A be a simple, central, finite-

dimensional K-algebra. Then a ∈ A is invertible if and only if Nm0(a) 6= 0.

Also, the reduced trace is nondegenerate, i.e. if for a ∈ A it holds that

Tr0(ab) = 0 for all b ∈ A, then b = 0.

4.4.2 Discriminant

When dealing with algebraic number fields, the easiest non-trivial invariant

(excluding the degree of the extension) is its discriminant. We will now gen-

eralize that notion.

Let R be a Dedekind domain, K = Quot(R) and let A be a K-algebra.

Let O be an R-order in A.
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We have seen that for any a ∈ O, it is χ0(a, x) ∈ R[x], Nm0(a) ∈ R and

Tr0(a) ∈ R. This implies that integral elements have integral reduced norms

and reduced traces.

Definition 4.4.13. Let A be of dimension n and let {b1, . . . , bn} ⊆ O be

non-zero and linearly independent over K, for instance a free basis of O if

available. The discriminant of O is the R-ideal

∆O =

〈
det


Tr0(b1b1) · · · Tr0(b1bn)

...
. . .

...

Tr0(bnb1) · · · Tr0(bnbn)


〉
.

Remark. The reduced trace is nondegenerate, so ∆O is a non-zero ideal of O.

In the case where R is an Euclidean domain, for instance R = Z[i], we will

refer to the discriminant of an R-order O as an element of R instead of an

ideal, unique up to multiplication with units, and is then computed as

∆O = det(Tr0(bibj))

where {b1, . . . , bn} is an R-basis of O.

Proposition 4.4.14. [Rei75, p. 218, Theorem 25.3] The discriminant of a

maximal R-order is independent of the choice of the maximal order.

In some situations it will turn out that the natural order is already maxi-

mal. When this is the case, the following result is useful:

Proposition 4.4.15. [HLRV09, p. 8, Lemma 2.9] Let L/K be a quadratic

field extension and let γ ∈ K be an algebraic integer, such that C = (L/K, σ, γ)

is a cyclic division algebra. Then, the discriminant of the natural order Onat

over OK defined in example 4.4.7 is

∆Onat = ∆n
L/Kγ

n(n−1)

where ∆L/K is the OK-discriminant of OL.

Later on, we will be particularly interested in the special case where K =

Q(i). For that situation, we briefly give a useful result:

Lemma 4.4.16. Let K = Q(i) with ring of integers OK = Z[i].

(a) [HLRV09, p. 7, Corollary 2.7] Let C = (L/K, σ, γ) be a cyclic division

algebra and O ⊆ C an OK-order. Let ∆O/OK be the discriminant of O as
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a OK-order. The measure of the fundamental parallelotope of O equals

m(O) = |∆O/OK |.

(b) [HLRV09, p. 11, Corollary 3.3] If O is the order of a central division

algebra of degree n over K, then

m(O) ≥ 10n(n−1)/2.
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Chapter 5

MIMO Channels and

Space-Time Codes

In the introductory chapter 1 we provided an overview of certain aspects of

wireless communications, in particular of MIMO systems, and briefly displayed

some of the challenges that wireless networks have to overcome. Also, we ex-

plained the advantages that space-time codes provide when used in MIMO

wireless communications.

Before we use the theory provided in the mathematical chapters previous to

this one to explicitly construct space-time codes, we first need to give a math-

ematical description of a MIMO channel and propose design criteria for our

codes to fulfill some desired performance properties, which also need to be

specified.

Our main goal is to design codes with the introduced mathematical tools

and we thus will not pay attention to either error correcting properties of the

codes nor statistical analysis of the wireless channel.

Throughout this chapter, we assume Rayleigh fading channels.

5.1 The MIMO Channel

Consider a MIMO channel with nt transmit and nr receive antennas. We have

seen that if we fix t time slots, such a system can be modeled as

Y = HX +N (5.1)
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where X is a nt × t matrix called the codeword, Y is a nr × t received signal

matrix, H is the nr × nt channel matrix with entries hij and N the nr × t
noise matrix with entries ηij .

The coefficient hij is the path gain from transmit antenna i to receive antenna

j. In the following, we will present some of the parameters that characterize

a MIMO channel.

5.1.1 Capacity of a MIMO Channel

One of the most important parameter of a channel is its capacity. It is defined

as the upper bound on the transmission rate, such that the probability of error

is arbitrarily small. To introduce the capacity of a MIMO channel, we mainly

follow [Jaf05].

Assume that the system is such that the entries hij and noise samples ηij

are independent from each other and such that the ηij are complex Gaussian

random variables with mean 0 and variance σ/2.

The performance of the channel is measured by the ratio of the signal

power and noise power. For a fixed transmission power, this signal-to-noise-

ratio ξ is a good quantity to compare two systems. If we denote the average

power of the transmitted symbols xij by E, the average signal-to-noise-ratio

is ξ0 = ntE/σ.

Since only the ratio of E and σ is important for performance, not the separate

values themselves, we can normalize this expression for instance by using an

average power of one, in which case we get the following expression for the

channel model:

Y =

√
ξ0

nt
HX +N . (5.2)

We now assume that a receiver has access to the received data and has

knowledge about the channel, i.e. knows the channel matrix H. This frame-

work is known as coherent transmission. The non-coherent case is not needed

here and will thus not be covered, as it has a whole theory of his own.

Deterministic MIMO Channel

Assume that the channel matrix H is deterministic and known to the receiver.

Let X be the matrix whose entries are the sent symbols, and let CX be its

covariance matrix.

Let the maximal power P available for transmission be such that Tr(CX) ≤ P .
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This constraint for the normalized model given in (5.2) translates to Tr(CX) ≤
nt and we use this model from now on.

Lemma 5.1.1. [Jaf05, p. 35] The capacity in bit/(sHz) of the normalized

model is

C = max
Tr(CX)≤nt

log2

(
det

[
Inr +

ξ0

nt
H∗CXH

])
where H∗ denotes the Hermitian conjugate of H and Inr is the nr×nr identity

matrix.

Remark. [Jaf05, p. 35] The unit of the capacity is given in (bits per second)/Hz

to represent that for a bandwidth B measured in Hz, reliable communication

is only possible for a rate up to CB bit/s.

As the channel is usually not known to the transmitter, further assump-

tions about power distribution among transmit antennas can be made, result-

ing in specific best covariance matrices for the computation of the capacity.

Let H be of rank k and let λi, i = 1, . . . , k be the non-zero eigenvalues of

H∗H.

Lemma 5.1.2. [Jan04, p. 23] If the channel is unknown to the transmitter, an

equal power distribution among transmit antennas is assumed and the capacity

of the channel is then given as

C =

k∑
i=1

log2

(
1 +

ξ0

σ
λi

)
.

Random MIMO Channel

The assumption of H being fixed corresponds to a specific realization of the

channel. We now let the channel H be random, so that its capacity is a ran-

dom variable as well.

Let χk be a random variable with chi-square distribution and 2k degrees

of freedom.

Lemma 5.1.3. [FG98, p. 317, Case (D)] Let the channel H be based on the

Rayleigh fading model and let nt ≥ nr. The capacity then is lower bounded by

C >

nt∑
i=nt−nr+1

log2

(
1 +

ξ0

σ
χk

)
.
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Remark. [Jaf05, p. 37] If nt = nr, we denote the lower bound by Cnt . This

lower bound increases for large nt at least linearly in nt and thus when nt = nr,

the capacity of the MIMO channel increases at least linearly in nt.

In general, the capacity of the channel increases at least linearly in min{nt, nr}.

Outage Capacity

A further capacity concept, very important when dealing with random chan-

nels, is the outage capacity. Let C denote the true capacity of the system,

which is a random variable. The outage capacity Cout is a value that is smaller

than the capacity C with a certain outage probability Pout and such that if we

fix Pout, it is

Pout = P[C < Cout].

The outage capacity is thus the capacity guaranteed with a certain level

of reliability, i.e. it is possible to transmit Cout bits per channel use with a

probability of 1− Pout.

5.1.2 Rate and Diversity

We now come to two further parameters of a MIMO channel that are in inter-

action, giving rise to different schemes used in wireless communications. Let X

be the set of matrices from which or codewords X are taken, without further

specifications. Let nt = nr and assume encoding in blocks of length n. Under

those assumptions, the code X transmits at a rate of

R =
1

n
log|S|(|X|)

symbols per channel use, where S is the symbol set. For instance |S| = 2 in

the case of bits.

A common situation is to choose S to be a finite subset of Z[i]\{0} of size q.

We have seen that the capacity of a channel increases with the signal-to-

noise ratio ξ. As the transmission rate relates to the capacity of the channel,

there is reason to hope that the rate might also increase with ξ. This motivates

the following definition:

Definition 5.1.4. The normalized rate or multiplexing gain µ is defined by

the equation

R = µ log(ξ).
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Lemma 5.1.5. [ZT03, p. 1076, Theorem 2] For a MIMO channel with nt

transmit antennas, nr receive antennas and such that the block length satisfies

n ≥ nt + nr − 1, the maximum achievable multiplexing gain is

µ = min{nt, nr}.

By using a MIMO system, we can achieve diversity gain and (spatial) mul-

tiplexing gain. As explained in [ZT03], both types of gain are being used, re-

sulting in diversity-based and multiplexing-based schemes, and both are good

performance measures for a channel. However, concentrating on maximizing

one of the types of gain does not necessarily maximize, and can even reduce

the other type.

This leads to the tradeoff, known as Diversity-Multiplexing Tradeoff (DMT)

between how much of each type of gain we can extract when trying to simul-

taneously obtain both. We define this tradeoff via the diversity gain δ(µ) for

fixed µ.

Definition 5.1.6.

(a) The diversity order of a channel is defined as the number of independent

fading branches, i.e. the number of independent paths that the input

symbols travel to reach the receiver.

(b) The diversity gain δ(µ) corresponding to transmission at normalized rate

µ is defined by

−δ(µ) = lim
ξ→∞

log(Pe)

log(ξ)

where Pe denotes the probability of error.

There is much work going on and already been done in constructing codes

achieving the optimal DMT. Of special interest is the following proposition,

which gives a result for n ≥ nt + nr − 1:

Proposition 5.1.7. [Jaf05, p. 24, Theorem 1.6.1] Given a MIMO channel

with nt transmit antennas, nr receive antennas and block length n ≥ nt+nr−
1, and given a multiplexing gain µ = i ∈ Z, i = 0, 1, . . . ,min{nt, nr}, the

maximum diversity gain is

δ(i) = (nr − i)(nt − i).

Remark. [EKP+04, p. 2] For n < nt + nr − 1, there are only available upper

and lower bounds on the maximum possible δ(µ).
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The optimal tradeoff curve is given by the set {(i, (nt − i)(nr − i)) | i =

0, 1, . . . ,min{nt, nr}} [Jaf05, p. 24, Theorem 1.6.1] (see figure 5.1 below).

Figure 5.1: Optimal trade-off bounds in the case of nt = nr = 4. [EKP+04]

5.2 Space-Time Codes Design

So far we have described the structure of a MIMO communication system and

defined its parameters.

We now want to state some definitions on the main object for communication,

the codes used.

In general, a code is a mapping from an input alphabet to the transmitted

symbols. In our particular case, assume a MIMO system as in (5.1). The

matrices X in the model are the codewords, and the set of symbols from which

the entries of X are taken is the alphabet. Often, as we do from now on, one

assumes that transmission occurs in blocks of length n, and we fix an equal

number n of antennas at both ends, so that the matrices in (5.1) are n × n
square matrices.

Definition 5.2.1. Let C ⊆ C∗, a finite subset of the non-zero complex num-

bers, be the input alphabet.

A space-time code is an injective map X : Cn → Matn(C).

For now, we assume that the input alphabet C is given and concentrate on

finding performance criteria for the codes.
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5.2.1 Space-Time Codes over a Rayleigh Fading Channel

When designing codes in general, one of the most important properties they

must have is to keep the probability of error reasonably small. For a fixed

signal-to-noise ratio ξ, in order to keep the pairwise error probability low,

that is the probability of transmitting x and decoding y 6= x, it turns out

that the performance of a space-time code is determined by two parameters:

diversity gain and coding gain.

The diversity gain is min
c 6=c′∈Cn

rank(X(c)−X(c′)). When this minimum provides

still full-rank matrices, the coding gain is then proportional to det((X(c) −
X(c′))(X(c) − X(c))∗), where again the exponent ∗ denotes the Hermitian

conjugate of the matrix.

Motivated by this results, we now give two performance criteria that need to

be my by our space-time codes, worked out in [TSC98]:

(C1) Rank-Criterion: rank(X(c)−X(c′)) = n for any c, c′ ∈ Cn with c 6= c′.

(C2) Determinant-Criterion: δmin(C) = inf
c,c′∈Cn

c6=c′

| det(X(c) −X(c′))| should be

as large as possible.

Remark.

(i) If (C1) is fulfilled, the code is a full-diversity code.

(ii) As we will see later in more detail, criterion (C1) is the reason why

division algebras are so popular for the construction of space-time codes.

(iii) When δmin(C) is at least bounded away from 0, we say that the code has

the non-vanishing determinant (NVD) property. From now on we say

that a code with the NVD property fulfills (C2).

(iv) Note that when (C2) is fulfilled, it implies that (C1) is true. Thus

criterion (C2) comes into play only if (C1) is really achieved.

Of course this is not the only criteria there are for a code to perform well.

The optimal DMT can for instance be used as a criterion to be met. As shown

in [EKP+04], all codes coming from cyclic division algebras with the NVD

property are already DMT -optimal, so cyclic division algebras seem to be an

interesting tool for constructing space-time codes.

When constructing those codes over cyclic division algebras, one often restricts

the codes to orders in the algebra used. Of special interest are maximal orders.

From this setting arises a further criterion, taken from [HLRV09]:
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(C3) Density-Criterion: When constructing space-time codes over orders in

cyclic division algebras, the density of the code should be maximized.

This is equivalent to minimizing the discriminant ∆O of the order O
used, as this gives the smallest possible fundamental parallelotope.

Remark. Saying that a code is more dense than another is to say that more

codewords can be packed within a same space. A denser code provides a better

error performance.

5.3 Explicit Space-Time Code Constructions

We are now ready to give explicit constructions of space-time codes achieving

certain desired properties. From here on, we assume a MIMO channel with

nt = nr = n transmit and receive antennas and encoding of block length n.

We will present space-time code constructions coming from various algebraic

structures, such as algebraic number fields, quaternion division algebras and

cyclic division algebras. We will explicitly construct good codes and analyze in

each of the constructions, which kind of optimality has been achieved. To be

able to compare the constructions proposed in this section, we will construct

the Golden Code as an example in each of the cases covered.

Our main motivation for the coming sections is the following theorem:

Theorem 5.3.1. [SRS03, p. 5, Proposition 1] Let D be a division algebra

and F be a field. If f : D → Matn(F) is a ring homomorphism and E ⊆ f(D)

is any finite subset, the difference of any two elements in E has full rank.

From this theorem it follows that all the codes constructed below will au-

tomatically fulfill (C1) and are thus full-diversity codes.

5.3.1 Codes from Algebraic Number Fields

We begin with an arbitrary algebraic number field K = Q(α) of degree n. The

input alphabet can momentarily be K∗, so that by definition, a space-time

code is an injective map X : (K∗)n → Matn(C).

Let π(x) = pmin(α,Q) = a0 + a1x + · · · + xn be the minimal polynomial

of α over Q and define the following matrix, known as companion matrix of
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π(x) in Matn(Q):

Aπ(x) =



0 0 · · · 0 −a0

1 0 · · · 0 −a1

0 1 · · · 0 −a2

...
...

. . .
...

...

0 0 · · · 1 −an−1


.

Lemma 5.3.2. [SRS03, p. 6] The mapping K→ Matn(Q) defined by

n−1∑
i=0

qiα
i 7−→

n−1∑
i=0

qiA
i
π(x)

where qi ∈ Q for i = 1, . . . , n− 1, is an embedding of K into Matn(Q).

In the case where the minimal polynomial of α is of the particular form

π(x) = xn − γ for some γ ∈ Q∗ we can look at the matrix representing left

multiplication with q = q0 + q1α + · · · + qn−1α
n−1, qi ∈ Q, which takes the

form

Aq =



q0 γqn−1 γqn−2 · · · γq2 γq1

q1 q0 γqn−1 · · · γq3 γq2

q2 q1 q0 · · · γq4 γq3

q3 q2 q1 · · · γq5 γq4

. . . . . . . . .
. . . . . . . . .

qn−1 qn−2 qn−3 · · · q1 q0


. (5.3)

Lemma 5.3.3. [SRS03, p. 7, Proposition 3] Let K = Q(α) be an algebraic

number field of degree n such that the minimal polynomial of α over Q is of

the form π(x) = xn − γ for some γ ∈ Q∗. Then we have

{Aq | q0, . . . , qn−1 ∈ Q} ∼= Q( n
√
γ).

Example 5.3.4. Let n = 2 and γ 6= 0, 1 be a squarefree integer. Then

K = Q(
√
γ) is a quadratic number field and we have seen that if γ ≡ 2, 3

mod 4, the minimal polynomial of the generator of the ring of integers ZK

takes the form π(x) = x2 − γ. It is then Q(
√
γ) ∼= Q[x]/(π(x)). Let M be the

set of all matrices of the form Aα =

[
a γb

b a

]
for α = a+ b

√
γ, where a, b ∈ Q.
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From lemma 5.3.3, we have the isomorphism

Q(
√
γ) ∼= {Aα ∈M | a, b ∈ Q}.

Good results have been found when looking at finite extensions of Q(i)

instead of Q. We will illustrate the general construction on the best known

example, the Golden Code, constructed in [BRV05].

Example 5.3.5 (Golden Code). We begin by choosing K = Q(i) as the base

field. As we did before, we assume a n×n-MIMO system, more concretely we

let nt = nr = n = 2, so that we look for a quadratic extension of Q(i). We

consider L = Q(i,
√

5). It is 5 ≡ 1 mod 4, so that if we define θ := 1+
√

5
2 , the

ring of integers of L has relative integral basis {1, θ} over Z[i] and is given as

OL = Z[i, θ].

As a quadratic extension of K, the Galois group Γ(L/K) is cyclic of order

two, generated by σ :
√

5 7→ −
√

5. We consider the cyclic algebra

G = (Q(i,
√

5)/Q(i), σ, γ)

where by proposition 4.3.4 we choose γ ∈ Q(i) such that γ 6= Nm(β) for any

β ∈ L to ensure that G is a division algebra. From now on we refer to this

algebra as the Golden algebra.

For a, b, c, d ∈ Z[i], a codeword from G is then of the form

X =

[
a+ bθ c+ dθ

γ(c+ dσ(θ)) a+ bσ(θ)

]

where we have transposed the matrix in comparison to (5.3) for convenience.

In principle we could stop here. However, codes have been constructed

this way and even though they satisfied (C1), in practice they did not perform

well. This codes can be optimized from the technical point of view, as done

in [BRV05]. In order to be energy-efficient the constructed code needs to be

shaped. The problem is that the matrix[
1 θ

1 σ(θ)

]

70



5.3. EXPLICIT SPACE-TIME CODE CONSTRUCTIONS

which generates a Z[i]-lattice is not unital and hence there is an energy shaping

loss. We thus need to modify the lattice without losing any of the algebraic

properties. This can be done by taking the lattice Λ generated by the matrix

M =

[
α αθ

σ(α) σ(α)σ(θ)

]

for a suitable α ∈ OL. The discriminant of Q(
√

5) is ∆Q(
√

5) = 5, and so the

determinant of this lattice Λ can be computed as

det(Λ) = ∆Q(
√

5)|Nm(α)|2 = 5|Nm(α)|2.

To get the lattice Z[i]2, it is necessary that det(Λ) is a square integer, so

we look for an α ∈ OL such that |Nm(α)|2 = 5. We factor the ideal 5OL,

which gives

5OL = (1 + i− iθ)2(1− i+ iθ)2.

We choose α = 1 + i − iθ, and 1√
5
M is now an unitary matrix. Let a be

the ideal in OL with basis {α, αθ}. The Golden Code G(a) consists now of

elements of the form

X =
1√
5

[
α(a+ bθ) α(c+ dθ)

γσ(α)(c+ dσ(θ)) σ(α)(a+ bσ(θ))

]
.

with a, b, c, d ∈ Z[i]. The entries of the codewords are restricted to a, so G(a)

is an order in G.

Remark. To have an equal distribution of energy among transmit antennas,

we restrict |γ|2 = 1. By [BRV05, p. 1435, Proposition 1], γ = i is not the

norm of any β ∈ L and also |i|2 = 1. With this choice, we have that

det(X) = det

(
1√
5

[
α 0

0 σ(α)

][
a+ bθ c+ dθ

i(c+ dσ(θ)) a+ bσ(θ)

])
=

1

5
ασ(α)[(a+ bθ)(a+ bσ(θ))− i(c+ dθ)(c+ dσ(θ))]

=
2 + i

5
[a2 + ab− b2 − i(c2 + cd− d2)].

Now a, b, c, d ∈ Z[i], so that |a2 + ab− b2 − i(c2 + cd− d2)|2 ≥ 1. We get the
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minimum on the determinant as

δmin(G(a)) := min
06=X∈G(a)

| det(X)|2 =
1

5
,

thus the minimum determinant of any codeword is bounded away from 0, as

required in (C2), so the code fulfills the NVD property and is DMT-optimal,

as it was built from a cyclic division algebra.

Note that restricting the elements to the ring of integers OL ensures that

the modulus of the determinant of the difference of any two matrices will be

in Z[i], hence bounded below in absolute value by 1.

5.3.2 Codes from Quaternion Algebras

A further interesting algebraic structure for the construction of space-time

codes are quaternion algebras. We have explicitly seen how those algebras are

constructed and will now use them to construct good codes. We give a first

example with the help of the Alamouti Code proposed in [Ala98], which was

the first space-time block code for 2 transmit and receive antennas.

Example 5.3.6 (Alamouti Code). Let K = R and H = (−1,−1)R be Hamil-

ton’s quaternions, whose elements can be written in the form a = a0 + a1i +

a2j + a3ij. The Alamouti Code C(H) is the set

C(H) =

{[
α+ βi γ + δi

−(γ − δi) α− βi

] ∣∣∣∣∣ α, β, γ, δ ∈ R

}
.

The choice of K = R is very restrictive and not very interesting. In the

following, we will construct quaternionic codes over algebraic number fields.

When constructing a quaternion algebra from a quadratic field exten-

sion L/K, the property of the algebra Cay(L, µ) being associative depends

on whether µ is taken from K or L\K. In the following, we will consider both

cases, as the two have been used for space-time code constructions. Also, we

restrict ourselves to n = 2.

Let K be a field and Cay(L, µ) ∼= (λ, µ)K be a division quaternion alge-

bra, which by proposition 4.2.4 is the case if for any a ∈ (λ, µ)K it holds that

Nm(a) = 0 ⇒ a = 0. More details on how to choose λ and µ to obtain a
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division algebra can be found in [UM11, p. 5], but knowledge on discrete val-

uations is needed.

Let α = a0 + a1i+ a2j + a3ij = α0 + jα1 ∈ (λ, µ)K, where α0 = a0 + a1i,

α1 = a2 − a3i. We have seen that a can be represented by a matrix Aα of the

form

Aα =

[
α0 µα1

α1 α0

]
Let K be a number field and OK its ring of integers. From the matri-

ces representing elements in (λ, µ)K, we obtain, again after transposition, the

infinite codebook

C(OK) =

{[
α+ β

√
λ γ + δ

√
λ

µ(γ − δ
√
λ) α− β

√
λ

] ∣∣∣∣∣ α, β, γ, δ ∈ OK

}
.

For the same reasons as before, the choice |µ|2 = 1 ensures a balanced en-

ergy repartition at the transmitter. Again we define the minimum determinant

of C(OK) as

δmin(C(OK)) := min
06=X∈C(OK)

|det(X)|2

and want this to be nonzero. For this, we differentiate the cases of an associa-

tive or nonassociative quaternion algebra.

NVD-Codes from Associative Quaternion Division Algebras

Let K = Q or K = Q(
√
−γ) where γ 6= 0, 1 is a positive squarefree integer,

and let L/K be a field extension such that L is a maximal subfield of the

quaternion algebra (λ, µ)K, where µ ∈ OK. Denote by OL the ring of integers

of L. With this setup, we have the following result:

Proposition 5.3.7. [UM11, p. 5, Theorem 7.3] Let (λ, µ)K be a quaternion

division algebra with maximal subfield L. Then the quaternionic code C(OL)

constructed from (λ, µ)K by restricting the entries of the codewords to OL sat-

isfies the NVD property.

Example 5.3.8 (Golden Code). We have seen that the cyclic division algebra

from which the Golden Code is constructed is G = (Q(i,
√

5)/Q(i), σ, i), where

σ :
√

5 7→ −
√

5. This cyclic division algebra is isomorphic to Cay(Q(i,
√

5), i).

For θ = 1+
√

5
2 it is Q(i,

√
5) ∼= Q(i, θ), thus by (4.1) on page 51 we have

G ∼= Cay(Q(i,
√

5), i) ∼= (5, i)Q(i).
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The Golden Code can hence be seen as a quaternionic code and by propo-

sition 5.3.7 with K = Q(i) and L = Q(i,
√

5), restricting the entries of the

codewords to OL = Z[i, θ] provides the NVD property.

NVD-Codes from Nonassociative Quaternion Division Algebras

Let K be a number field and L = K(
√
γ) for some nonzero and squarefree

γ ∈ OK. Take µ ∈ L\K, so that (λ, µ)K is a nonassociative quaternion division

algebra.

Proposition 5.3.9. [PU11, p. 9, Proposition 7.3] Let C(OL) be the quater-

nionic code obtained from Cay(L, µ) by restricting the elements to OL. Then

there exists a constant c > 0 such that

δmin(C(OL)) ∈ 1

c
OL ∩ R+.

If L is quadratic imaginary, there exists an integer d > 0 such that

δmin(C(OL)) ≥ 1

d

and the code satisfies the NVD property. Otherwise, δmin can get arbitrarily

small.

Remark. The constants c and d depend on µ. Write µ = µ1/µ2 with µ1 and

µ2 6= 0 both in OL. The fraction must not be unique, and in the first case

it is c = 1/|µ2|2. For the second case, we choose µ1 and µ2 so that the pair

(µ1, µ2) is minimal and again it turns out that d = 1/|µ2|2.

Example 5.3.10 (Nonassociative Golden Code).

Consider G′ = Cay(Q(i,
√

5), i+
√

5
i−
√

5
). G′ is a nonassociative quaternion division

algebra over Q(i) and it holds that | i+
√

5
i−
√

5
|2 = 1. We construct the infinite

codebook

G′ =

{[
a+ bθ c+ dθ

i+
√

5
i−
√

5
(c+ dσ(θ)) a+ bσ(θ)

] ∣∣∣∣∣ a, b, c, d ∈ Q(i)

}
.

For the same reasons as before, when we first constructed the Golden Code,

we want the matrix [
1 θ

1 σ(θ)

]
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to be unitary. Thus we restrict the entries in the codebook to the ideal a ⊆ OL

generated by α = 1 + i − iθ. The nonassociative Golden Code G′(a) consists

of the codewords

X =
1√
5

[
α(a+ bθ) α(c+ dθ)

1+
√

5
i−
√

5
σ(α)(c+ dσ(θ)) σ(α)σ(a+ bσ(θ))

]

where a, b, c, d ∈ Z[i]. By restricting the entries of the codewords X to a ⊆ OL,

we ensure that the NVD property is achieved, according to proposition 5.3.9.

5.3.3 Codes from Cyclic Division Algebras

General division algebras are an interesting tool for constructing space-time

codes in wireless communications. Due to theorem 5.3.1, using division alge-

bras ensures that (C1) is automatically fulfilled. The following result, already

mentioned before, demonstrates why cyclic division algebras are of particular

interest among all types of division algebras:

Proposition 5.3.11. [EKP+04, p. 5, Theorem 2] A square space-time code

constructed from a cyclic division algebra and which achieves the NVD property

is DMT-optimal for any number of antennas.

It turns out that when restricting the code defined over a cyclic division

algebra to an order inside the algebra, the NVD property is achieved, as we

will state later. Having this kind of optimality, we can focus on finding codes

that minimize the discriminant of the maximal order we define them over,

hence trying to optimize (C3).

Let C = (L/K, σ, γ) be a cyclic division algebra of degree n, so by proposi-

tion 4.3.4, γn/p ∈ K is not a norm of of some element of L for all prime divisors

p of n. As already discussed, with e = γn an embedding of C into Matn(L) in

the basis {1, e, . . . , en−1} is given by mapping α = a0 + ea1 + · · · + en−1an−1

to

Aα =



a0 γσ(an−1) γσ2(an−2) · · · γσn−1(a1)

a1 σ(a0) γσ2(an−1) · · · γσn−1(a2)
...

...
...

...

an−2 σ(an−3) σ2(an−4) · · · γσn−1(an−1)

an−1 σ(an−2) σ2(an−3) · · · σn−1(a0)


.

This matrices corresponding to left multiplication by the elements of the
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cyclic division algebra give rise to the infinite codebook C and any finite subset

of C will be a full-diversity space-time block code.

Example 5.3.12 (Alamouti Code). The Alamouti Code constructed above

as a quaternionic code from Hamilton’s quaternions can also be seen as a code

for n = 2 coming from the cyclic algebra (C/R, σ,−1), where σ stands for

complex conjugation.

Still it is desirable to construct codes satisfying the NVD property. In order

to do so we propose some kind of restriction to the entries of the codeword

matrices inside C. In the previous constructions, this has already been done,

but now we want to state the general result on how to do this efficiently.

Let C = (L/K, σ, γ) be a cyclic division algebra of degree n where for technical

reasons γ ∈ OL is chosen such that |γ|2 = 1. Let a ⊆ OL be an ideal. Let Aα be

the matrix representing left multiplication by α = a0+ea1+· · ·+en−1an−1 ∈ C.
We redefine the infinite codebook as

C(a) = {Aα | a0, . . . , an−1 ∈ a}.

Proposition 5.3.13. [Hen04, p. 16, Proposition 6] Let K = Q(i) and let

C = (L/K, σ, γ) be a cyclic division algebra of degree n with γ ∈ OL and

|γ|2 = 1. Let a ⊆ OL be any ideal. Then the space-time block code C(a)

satisfies δmin(C(a)) > 0 and thus has the NVD property.

Remark. More concretely, in [ORBV06, p. 3891, Corollary 3,4] it is shown that

for C(a) defined as above, it is

δmin(C(a)) ≥ N(a)

with equality if a is a principal ideal, where N(a) denotes the norm of a.

When constructing codes over cyclic division algebras and restricting the

entries of the codewords to some ideal of the ring of integers, we ensure that the

code will fulfill conditions (C1) and (C2) and are in addition DMT-optimal.

As we are working over cyclic division algebras, we want to find dense codes

by trying to optimize (C3). We illustrate how to do this again with the help

of the Golden Code.

Example 5.3.14 (Golden Code). The Golden Code turns out not to be op-

timal in this case. As remarked in [HL06], the natural order of the Golden

algebra G with γ = i is already maximal, thus by proposition 4.4.14 it is suf-

ficient to compute directly this particular discriminant.
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In this case, it is K = Q(i) with ring of integers OK = Z[i] and L = Q(i,
√

5)

with ring of integers OL = Z[i, θ], where θ = 1+
√

5
2 . We need to compute the

discriminant of a maximal order O of the Golden algebra G = (L/K, σ, i) =

L ⊕ eL, e2 = i. A OK-basis of O is given by {1, e, θ, eθ}, and we map these

elements to matrices, thus

1 7→ b1 =

[
1 0

0 1

]
, θ 7→ b3 =

[
θ 0

0 σ(θ)

]
,

e 7→ b2 =

[
0 i

1 0

]
, eθ 7→ b4 =

[
0 iσ(θ)

θ 0

]
.

This way, we can build the matrix containing the reduced traces Tr0(bibj)

for 1 ≤ i, j ≤ 4, following definition 4.4.13, just directly from the traces of

different products of the matrices we got. The discriminant of O is then given

by

∆O = det


2 0 1 0

0 2i 0 i

1 0 3 0

0 i 0 −2i

 = 25.

This quantity equals the measure of the fundamental parallelotope of the

order. However, due to lemma 4.4.16 we have that the lower bound in this

case would be m(O) = 10, and this lower bound is not achieved, so the Golden

Code is not optimal in that sense.

We now want to give an example, closely related to the Golden Code, that

achieves the lower bound on the discriminant.

Example 5.3.15 (Golden+ Code). Let G = (L/K, σ, i) be the Golden algebra

used to construct the Golden Code. It is e2 = i and so Q(i, e) ⊆ G is a

subfield isomorphic to Q(ζ), ζ = (1 + i)/
√

2, the eighth cyclotomic field. We

choose e′ =
√

5 and define the cyclic division algebra (Q(ζ)/Q(i), σ′, γ′), where

σ : ζ 7→ −ζ and γ′ = (e′)2 = 5. This new algebra is isomorphic to G and we

would get the same results as in the case of the Golden Code.

In [HLRV09], the authors propose to take γ′ = 2 + i, a prime divisor of 5

and define G′ = (Q(ζ)/Q(i), σ′, 2 + i) as the cyclic division algebra of interest.

They then prove the following result:

Proposition 5.3.16. [HLRV09, p. 12, Proposition 3.5] The maximal orders

of G′ achieve the lower bound proposed in lemma 4.4.16, part (b).
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Having to compare the codes that arise from G and G′, we see that the

latter provides a 2.5 times more dense code than the Golden Code and is

thus more optimal in the sense that it meets (C3) better. However, there

are also some drawbacks coming from the engineering area. The parameter

γ = i used in the Golden Code has the property that |i|2 = 1 and therefore

ensures an equal energy distribution among antennas. This property is not

met by γ′ = 2+i, resulting in a power imbalance at the antennas. The authors

of [HLRV09] solve this problem by proving the following theorem:

Theorem 5.3.17. [HLRV09, p. 12, Theorem 3.6] Let λ =
√

2 + i. Then

G+ = (Q(λ)/Q(i), σ, i), where σ : λ 7→ −λ, is a division algebra isomorphic

to G′. Moreover, the maximal orders of G+ achieve the lower bound from

lemma 4.4.16, part (b).

Using this algebra, we still get a 2.5 times denser code than the Golden

Code, but do not have the drawback of a too large parameter γ. The code G+

constructed from G+ is known as the Golden+ Code.
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Chapter 6

Space-Time Coding over

Linear Networks

In the last few years, a lot of attention and intensive study has been paid to

network coding. The benefits arising from this technique when used in practi-

cal networking systems caused a huge excitement among experts researching

in the field of communications. As multiple-antenna systems are a quite recent

development in wireless communications, there is some research going on in

how to use network coding with MIMO communication systems.

A MIMO channel can be modeled as a graph. The parameters, such as rate

and diversity can then be translated to graph theoretical objects, and certain

results can be proven using Graph Theory.

In this chapter, we propose the construction of codes defined over arbitrary

fields by designing structured input alphabets, closely following [VCX12]. The

idea behind the constructions is to design full-rate and full-diversity codes

(FRD codes), as in classical space-time coding. Before we do so, we need to

give a verifiable criterion for a code to be FRD. We will explicitly see how to

construct such codes using field extensions, in particular of finite fields.

6.1 MIMO Channels over Linear Networks

We begin by describing a MIMO channel in terms of Graph Theory. Through-

out this chapter we use the notation introduced in chapter 2.

A MIMO system with nt transmit and nr receive antennas, based on its ma-

tricial representation, can be modeled as a complete bipartite graph, whose
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partitions consist of nt respectively nr vertices. We denote such a graph by

Gnt,nr and assume unit-capacity. For the whole chapter we assume an under-

lying linear network, which by theorem 2.2.7 is not a restrictive condition.

Proposition 6.1.1. [VCX12, p. 2, Proposition 2] Let G = Gm,n be a complete

bipartite graph with unit-capacity. Let M be a maximum matching of G. The

maximum flow mf(G) ∈ N of the graph is

mf(G) = |M | = min{m,n}.

Remark. For a MIMO channel with nt transmit and nr receive antennas, the

number mf(Gnt,nr) = min{nt, nr} is the maximum MIMO multiplexing gain

achievable introduced in the previous chapter.

With the notion of the multiplexing gain of a MIMO system we are only

missing the translation of the diversity gain of the system in order to have the

DMT tradeoff introduced before.

Proposition 6.1.2. Let G = Gm,n be a unit-capacity, complete bipartite graph

and define Gi := G(m−i),(n−i).

(a) [VCX12, p. 2, Proposition 1] The diversity order D(G) of the linear

network modeled by G is

D(G) = λ(G).

(b) [VCX12, p. 2, Definition 5] The maximum diversity gain of G for a

fixed multiplexing gain µ = i, where i = 0, 1, . . . ,min{m,n}, is

δ(i) = λ(Gi).

Remark. We have defined the DMT tradeoff in terms of the diversity gain

of the system in question. Now, this proposition translates that notion to

graph theoretical objects. The DMT tradeoff of a MIMO system with an

underlying linear network is thus equivalent to the edge-connectivity of the

graph modeling the network.

6.2 Space-Time Codes from Structured Alphabets

In the previous chapter we constructed space-time codes the classical way,

coming from the usual definition of a space-time code and giving design cri-

80



6.2. SPACE-TIME CODES FROM STRUCTURED ALPHABETS

teria for good performance. In the following we will propose the construction

of input alphabets, deriving codes from them by mapping the elements of the

fields used to matrices. Throughout this chapter, we assume a coherent trans-

mission framework.

Assume an n×n MIMO channel over a linear network, and let K be either

the rationals Q, the reals R, the complex numbers C or an arbitrary finite

field Fq. Let AnK be the affine n-space over K and A ∼= AnK a commutative

K-algebra of dimension n.

Let A ⊆ K be a set of uncoded symbols. We construct a coded alphabet

C ⊆ AnK via the following mapping:

f : A× · · · × A −→ C

a = (a1, . . . , an) 7−→ c = f(a)

Definition 6.2.1. Let X : A × · · · × A → Matn(A) be an injective (ring-)

homomorphism. A space-time code codebook is a subset

X = {X(c) ∈ Matn(A) | c ∈ C} ⊆ Matn(A)

and the code is called linear, if X is K-linear.

We still need to define the criteria for the code to be full-rate and full-

diversity. Let k be the number of transmitted information symbols and kC

the number of transmitted coded symbols.

Definition 6.2.2.

(a) The information rate of a space-time code is defined as

Ri :=
k

n
.

(b) The rate per codeword of a space-time code is defined as

RC :=
k

kC
.

With these definitions, we can derive a condition for a space-time code to

be FRD.
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Definition 6.2.3. A space-time code over a MIMO channel modeled by a

graph G is said to be

(a) Full-rate if Ri = mf(G) = n, i.e. if the number of transmitted informa-

tion symbols equals n2.

(b) Full-diversity if the number of transmitted symbols per codeword equals

D(G) = n2, the number of independent paths of the MIMO channel.

Proposition 6.2.4. [VCX12, p. 4, Proposition 3] For a FRD space-time code

it holds RC = 1.

Having this result, we can state a criterion for a space-time code to be

FRD, derived in [VCX12, p. 4, Condition 3]:

(C4) A space-time code is FRD if each nonzero codeword matrix contains n2

information symbols and is full-rank.

The general construction goes as follows. Let K be a field and A ⊆ K a set

of uncoded symbols. Consider a degree n field extension L of K and let C ⊆ AnK
be the coded alphabet contained in the affine n-space over K. Now choose an

algebra M over L of degree n, which can be commutative or associative, but

must not. The space-time codebook can now be constructed from C using the

left representation of the elements of M.

We illustrate this construction by giving two examples.

Remark. Note that (C4) can be achieved by choosing A to be a division alge-

bra, as we have done in the previous chapter.

Example 6.2.5 (Golden Code). [VCX12, p. 5] Let K = Q(i) and A =

{±1,±i} ⊆ Z[i]. We assume n = 2 and let L be a cyclic, quadratic field

extension of K. For the algebra over L, we choose γ ∈ K∗ such that propo-

sition 4.3.4 is fulfilled and thus get M = (L/K, σ, γ), where Γ(L/K) = 〈σ〉.
From the monomorphism X : L× L 7→ Mat2(L) we obtain the codebook

X =

{[
a0 γσ(a1)

a1 σ(a0)

] ∣∣∣∣∣ a0, a1 ∈ C

}
.

where C is constructed from A as shown in the following diagram

AK - Q(i) - A = {±1,±i}
↓ ↓ ↓
A2
K - Q(i, θ) - C = {a0 + a1θ | a0, a1 ∈ A}
↓ ↓ ↓
A4
K - (L/K, σ, γ) - X
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Note that by choosing θ = 1+
√

5
2 and γ = i and after rescaling the codebook

to have unitary codewords we get the Golden Code, as by construction the

entries of the codewords are already restricted to Z[i].

Also note that we end up with a cyclic division algebra as the basis for the

codebook, ensuring that (C4) is fulfilled and thus we have a FRD code.

This example has already heavily been analyzed in this thesis. We now

want to give a second example where we begin with a finite field as the ground

field, a common setup in communications over networks.

Example 6.2.6. [VCX12, p. 5] Let K = F4 and A = {0, 1, α, α + 1}, where

α2 + α + 1 = 0. Let θ satisfy the relation θ2 = θ + α. Then L = K(θ)

is a quadratic field extension of K, L = F16. Further, we take ω such that

ω2 = ω + θ3, obtaining M = L(ω) = F256.

A basis of M over L is given by {1, ω}, and we get the monomorphism X :

L× L→ Mat2(L) which results in the codebook

X =

{[
a1 + a2θ θ3(a3 + a4θ)

a3 + a4θ a1 + a3 + θ(a2 + a4)

] ∣∣∣∣∣ a1, a2, a3, a4 ∈ C

}
.

The diagram for this particular situation is given by

AK - F4 - A = {0, 1, α, α+ 1}
↓ ↓ ↓
A2
K - F16 - C = {a0 + a1θ | a0, a1 ∈ A}
↓ ↓ ↓
A4
K - F256 - X ∼= C2

The codebook is constructed from a finite field, hence a division algebra.

Condition (C4) is fulfilled, giving us a FRD code.
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Conclusion

Multiple-antenna communication systems have been proposed for wireless ap-

plications, as they provide a larger reliability for secure communications. The

use of multiple antennas requires a statistical modeling and evaluation of the

channel and much work has already been done in this matter.

The possibilities that MIMO systems offer can be exploited by using the right

codes, and space-time codes which code across space and time have been de-

veloped to achieve good performance.

In classical space-time coding, the fields used for code constructions are

over the complex numbers. Design criteria are then proposed for good per-

formance, adapted to the suggested setup. The use of division algebras for

the construction of space-time codes ensures that the code has the full-rank

property. Specially the use of cyclic division algebras is beneficial, as codes

arising from them which fulfill the NVD property are DMT-optimal as well.

Further, restricting the codes to low-discriminant orders inside the algebra

ensures that the NVD property is met, and also results in denser codes, which

provide a better error performance.

However, the constructions proposed by designing input alphabets give an

additional liberty in the choice of the field. This leads to new design criteria,

which can be proposed for MIMO channels using network coding. Codes are

then constructed with the ambition of using all the degrees of freedom that

such a linear network offers, resulting in good codes on the one hand, and the

advantages of using network coding for speed and network reliability on the

other.

A still open problem and big challenge when working with this setup is how

to translate the usual conditions and criteria, defined in the classical config-

uration for fields over the complex numbers, to work for finite fields as well.

Also, it is not always clear how to choose the elements of the code in order to

85



CHAPTER 6. SPACE-TIME CODING OVER LINEAR NETWORKS

have an optimal code. The examples proposed in the last section of chapter 6

clearly give valid codes, but there is no claim for optimality whatsoever.
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