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1 Commutative Algebra

In this section we will collect some facts and techniques that we will use later.

1.1 Localization, Dimension, Cohen-Macaulay rings

Let R be a commutative ring, with unit, and let M be an R-module.

1.1.1 Localization

Definition 1.1 We denote Spec(R) the set of all prime ideals of R.

Definition 1.2 A subset S C R is called multiplicative, if 1 € S and if for all
elements a,b € S the product a - b is also in S.
Given such a multiplicative set S C R, we define a relation on S x R by:

(s,z) ~g (t,y) < Ju € S : utr = usy.

The set S X R/ ~g is denoted by S~'R; it is a ring. The class of (s,z) € S X R

s denoted by L By replacing R by M we get similarly S~*M which is an S™'R-
s

module.

The ring S~'R and the module S™*M are called the localizations of R and M
with respect to S.

Lemma 1.1 There is a canonical homomorphism of rings

HSZR — SilR
X

Z’HT,

and a canonical homomorphism of R-modules
ng:M — ST'M
m

m = —.
1

Moreover
Ker(ng) ={meM|JuesS:u-m=0}.

Proof: The map 7g is a homomorphism, since

a-x+0b- a-x b-
] y_ 1 + 1y:a~n5(:c)+b~775(y)

ns(a-z+b-y)=
for a,b € R and z,y € R or M. Clearly, m € Ker(ng) if and only if
(1,m) ~g (1,0).

By definition, this is equivalent to the existence of v € S such that w-m =0. 0O



Remark 1.1 For a homomorphism h : M — N of R-modules and a multiplicative
set S C R there is an induced homomorphism

Sh:S'M — SN
m h(m)
H

S S

of ST'R-modules, which makes the following diagram commutative:

M N

h
| |
1

sy St g1y,

This defines a functor { R — modules} — {S™'R — modules} (see Definition 1.14).
In particular we have S™*ho S7'h' = S~ (ho k'), and S~'0 = 0.

Lemma 1.2 For an exact sequence of R-modules
MY NS L
and a multiplicative set S C R, the induced sequence of S~ R-modules

S~th
e

S SN 59 g1p

1s also exact.

Proof: Clearly S™'go S7'h = 0. Let 2 € Ker(S™'g). This means that @ = 0.
So, there exists an element v € S such that g(un) = ug(n) = 0. It follows, that
un € Ker(g) = Im(h). So there must be an element m € M such that h(m) = un.

It follows that
m

S~

):h(m):%:%

us us us
This proves that 2 € Im(S™'h). O

Remark 1.2 The previous lemma says that localization s an exact functor, i.e. it
takes a short exact sequence to a short exact sequence.

Example 1.1 Consider p € Spec(R), a prime ideal. Then R\ p is a multiplicative
set and

(B\p)'R={FaeR be(R\p)}

is called the localization of R at p; it is denoted by R,. This is a local ring, with
mazimal ideal

psz{%MEp,bER\p}.

The R,-module
M, = (R\p)~'M

s also called the localization of M at p.



1.1.2 The Krull dimension

Definition 1.3 The support of an R-module M is the subset of the spectrum of
the ring R, defined as follows:

Supp(M) := {p € Spec(R) | M, # 0}.
To stress the dependence on R, we sometimes write Suppg(M) for this subset.
Example 1.2 For R considered as an R-module, we have Supp(R) = Spec(R).

Lemma 1.3 For an exact sequence of R-modules
0MBLNSL o0,

it holds that Supp(N) = Supp(M) U Supp(L).

Proof: For every prime p € Spec(R) we have an exact sequence
0— M, N, % L, -0

by Lemma 1.2. Therefore, N, = 0if and only if M, = 0 and L, = 0. So p € Supp(NV)
if and only if p € Supp(M) or p € Supp(L). O

Definition 1.4 For a subset U C R we denote by Z(U) the set:
Z(U) :={p € Spec(R)|U C p}.
Remark 1.3 If I C R is an ideal, there is a canonical bijection

Z(I) = Spec(R/I)
p = p/l

Definition 1.5 Let P C M be any subset. We define the annihilator of P to be
the ideal:
Am(P)={re R|Yme€ P:r-m=0}.

Proposition 1.1
(1) Supp(M) C Z(Ann(M)).
(2) If M is finitely generated, then Supp(M) = Z(Ann(M)).

Proof: Consider p € Supp(M). This means, that M, # 0. So there must be an
element m € M such that 7 is not in the same class as % Thus for every u € R\ p
we have um # 0. This means, that Ann(M) N R\ p = () which is equivalent to say
that Ann(M) C p. This proves that p € Z(Ann(M)) and hence:

Supp(M) C Z(Ann(M)).



Now assume that M is finitely generated and suppose that M, = 0 for a p €
Spec(R) (i.e., p € Supp(M)). We will show that p € Z(Ann(M)) which will finish

the proof. Let my,ms, ..., m, be a generating set for M. As
my  mg - m; 0
11 1
in M,, there must be elements wuy, ug, ..., u, € R\ p such that m; - u; = mgy - ug =
...=m, -u, = 0. But then, the product « = u; - us - ... - u, is in the annihilator of
M and as p is prime we also have u ¢ p. This implies, that Ann(M) ¢ p and hence
p & Z(Ann(M)). O

Definition 1.6 The Krull dimension dimg(M) of an R-module M is defined as:
dimg(M) := sup{l € N | Ipg, p1,...,p € Supp(M) :po Tp1 S ... C p}.
The Krull dimension dimg(R) of the ring R is denoted by dim(R).

Example 1.3 If k is a field, dim(k[xy, ..., 2,]) = n. The proof is difficult and will
not be given here. It can be found for example in [6, Theorem 13.1].

Lemma 1.4 For an ideal I C R with IM = 0, so that M can be considered as an
R/I-module, we have:

Proof: First we show, that dimg(M) < dimpg/(M). Note, that I C p for all
p € Suppp(M). Indeed, if there is an element a € I\ p, we have that aM, = 0
since IM = 0. But, as { is invertible in R, we also have aM, = M,. This shows
that M, = 0 and p cannot be in Suppy(M). Because of this, given a chain of prime
ideals pg € p1 € ... € pyin Suppy(M), we can construct a chain of the same length
in Suppg,;(M) by taking the ideals po/I C p1/I S ... Cpi/1.

On the other hand dimp(M) > dimp/;(M). Indeed, a chain of prime ideals
90 S @ & ... S q in Suppp, (M) induces a chain of the same length in Supp (M)
given by the inverse images of the ¢;’s under the canonical projection ~: R — R/I.

This proves the lemma. g

1.1.3 Transcendence degree

Definition 1.7 Let k be a field and let A be a k-algebra. We say that a family
a,...,a, € A is algebraically independent over k if there is no polynomial f in
the ring k[xy,...x,] \ {0} such that f(ai,...,a,) = 0. Otherwise we say that the
family s algebraically dependent.

Definition 1.8 Let [ D k be a field extension. We define the transcendence degree
trdeg, (1) of | over k to be the mazimal cardinality of an algebraically independent
family in | over k:

trdeg, (1) := sup{n € N| J ay,...,a, €1 algebraically independent over k}.



If A is an integral domain we denote by Frac(A) its field of fractions.
Proposition 1.2 Let k be a field and let A be a finitely generated k-algebra. Then
d1m<A) = SuppESpec(A) trdegk(FraC(A/p))

In the formula above, one can restrict to minimal prime ideals of A. In particular,
if A is an integral domain, then

dim(A) = trdeg (Frac(A)).

Proof: The proof is difficult and will be omitted. It can be found for example in [6,
p. 290, Theorem A]. O

1.1.4 Depth of a module

Definition 1.9 An element x € R\ {0} is called a zero divisor on the R-module
M if there is an element y € M \ {0}, such that:

r-y=0.

Definition 1.10 A sequence of elements x1, ..., x, € R s called a regular sequence
for M if

(1) Yie{l,....r}, z; is not a zero divisor on M/(xy,...,x;_1)M, and
(2) M% (Il’7IT>M

Remark 1.4 If M # 0, then the empty sequence is a regular sequence for M. If
M =0, there are no reqular sequences for M.

Definition 1.11 Let I C R be an ideal. The supremum of the length of reqular
sequences x1,...,x, € I for M is called the depth of M with respect to I:

depth; (M) :=sup{r € N | 3y, ..., 2, € [ a reqular sequence for M}.

(The length of the empty sequence is 0; if M = 0, then depth;(M) = —o0.)
If R is a local ring with mazimal ideal m, we write depth(M) for depth,,(M).

Lemma 1.5 For an ideal I C R and a second ideal J with JM = 0, we have:

Proof: Indeed, the morphism R — R/J takes a regular sequence in [ for M (as an
R-module) to a regular sequence in I(R/J) for M (as a R/J-module). Conversely,
given a regular sequence in I(R/J) for M (as an R/J-module), arbitrary lifts in /
provide a regular sequence for M (as an R-module). O

Lemma 1.6 For a local ring R with mazimal ideal m and a finitely generated R-
module M # 0 we have:
depth(M) < dimpg(M)



Proof: We argue by induction on the Krull dimension of M.

First assume that dimg(M) = 0. Since R is local, this means, that Supp(M) =
{m}. By Proposition 1.1, m is the unique prime ideal that contains Ann(M).
Therefore, we have /Ann(M) = m. In other words, for every a € m there is an
integer N € N such that a € Ann(M). But this means, that there are no non zero
divisors in m for M. Hence, depth(M) = 0.

Consider now the case dimg(M) > 0. Suppose, there is a maximal regular
sequence (ag, ay,...a,) of length » + 1 in m. Then (a4, ...a,) is a maximal regular
sequence of length rin M for M /(ag)M. On the other hand, we have by the principal
ideal theorem of Krull that dimg(M/(ag)M) = dimg(M) — 1. Using induction we
thus get

dimp(M) — 1 = dimg(M/(ag)M) > depth(M/(ag) M) = depth(M) — 1.
This finishes the proof. O

Definition 1.12 Let R be a local ring and M an R-module. Then M 1is said to be
Cohen-Macaulay if
depth(M) = dimg(M).

Lemma 1.7 Let R be a local ring and J C R an ideal such that JM = 0. Then
M is Cohen-Macaulay as an R-module if and only if M is Cohen-Macaulay as an
R/ J-module.

Proof: This is a direct consequence of Lemmas 1.4 and 1.5. O

Definition 1.13 For a ring R, a prime ideal p C R and an R-module M, we say
that M is Cohen-Macaulay at p, if M, is Cohen-Macaulay as an R,-module.
1.1.5 The ext functor

Definition 1.14 Let R and R’ be commutative rings and M an R-module. An
asstgnment

F: (M5 N)~ (F(M) 2 F(N)),

which assigns to each R-module M an R'-module F(M) and to each homomorphism
of R-modules h : M — N a homomorphism of R'-modules F(h) : F(M) — F(N),
is called an R-linear functor from the category of R-modules to the category of R’-
modules if the following properties hold:

(1) F(idn) = idpry for each R-module M.

(2) F(hol)=F(h)oF(l) ifh: N — P andl: M — N are homomorphisms of
R-modules.

(3) F(h+1)=F(h)+ F() if h,l: M — N are homomorphisms of R-modules.



(4) There ezxists a homomorphism of rings f : R — R’ such that F(ah) =
fla)F(h) for each a € R and each homomorphism of R-modules h : M — N.

Example 1.4 The assignment Hompg(M, ) is an R-linear functor from the cate-
gory of R-modules to itself. It assigns to each R-module N the R-module Homg(M, N)
and to each homomorphism h : N — N' the homomorphism Hompg(M, h) defined
as follows:

Hompg(M,h) : Homz(M,N) — Hompg(M,N')
[ — hol

The functor Hompg(M, e) is left exact. This means that for an exact sequence of
R-modules
0— N %N N,

the sequence

HomR(]V[,g)

0 — Homp(M, N') """ Homp (i, Ny TomE"

Hompg(M, N")

18 also exact.

Definition 1.15 By a complex of R-modules we mean a sequence of R-modules and
homomorphisms of R-modules

n—1 n n+1 n+2
LA Nt Ly N L N2 L,

such that, for all n € Z, we have Im(g") C Ker(g"); this is equivalent to saying,
that g" o "1 = 0. Such a complex will be denoted by (N°*,g®).

A homomorphism of complezes h® : (N®,g°) — (M?*,1°) is a family (h")nez of
homomorphisms h™ : N™ — M™ such that for all n € Z the diagram

gn—l gn
..*>an1 Nn Nn+1*>...
ihn—l lhn ihn+1
lnfl n
..HMnfl Mn MnJrl*)...

commutes.

Definition 1.16 An R-module I is said to be injective if for each injection i : N —
M of R-modules and each homomorphism h : N — I, there exists a homomorphism

l: M — I such that h=101.

Remark 1.5 By the Lemma of Eckmann-Schopf [6, Corollary AS.9], we know that
for each R-module M there is an injective homomorphism M — I into an injective

R-module I.



Definition 1.17 An injective resolution (1°,d*) of an R-module M is a complex
of R-modules I®, such that I' = 0 when i < 0, together with a homomorphism
b: M < I° such that the sequence

b do dt d2 d3
0->MS>I"S S rspsS

18 exact.

Remark 1.6 By a recursive use of the Lemma of Eckmann-Schipf, every R-module
has an injective resolution.

Definition 1.18 For a complex of R-modules (N°®,d*) and an integer n € 7, the
n-th cohomology of (N®,d®) is defined by

H"((N*®,d*)) = H"(N) := Ker(d")/Tm(d" ).
Definition 1.19 For n € Z, the n-th derived functor of Hompg, denoted Extl, is
defined as follows. Let M and N be R-modules. Choose an injective resolution
(I°,d*) of N. Then
Exti(M, N) := H"(Hompg(M, I*)).

By construction, Exty(M, N) =0 for n <0.
If there is no risk of confusion, we write Ext" instead of Ext's.

Remark 1.7 It can be shown that Ext"(M,N) is independent, up to a canoical
isomorphism, of the choice of an injective resolution of N. See [6, Corollary A3.14]
for a proof.
Definition 1.20 A short exact sequence of complexes
0= (N d*) & (N d*) 25 (N"*,d") = 0

consists of morphisms of complexes g* and h® such that for every i € Z,

0— N5 NI N7
s a short exact sequence.

Lemma 1.8 Keep the notation as in the previous definition. Then, there are nat-
ural homomorphisms H'(N") — H'™(N') for i € Z yielding a long exact sequence

...— H'(N') = H'(N) = H'(N") — H*T(N') — ...

Proof: See |6, Proposition A3.15]. O

10



Definition 1.21 An injective resolution of an exact sequence of R-modules
0N —>N—=>N"—=0
s an exact sequence of complexes of R-modules
0— (I'"*,d*) — (I°,d*) — (I"*,d"*) = 0

together with a commutative diagram

0 N’ N N" 0

Lo

0 I/O IO [//0 0

such that (I'*), (I*) and (I"*) are injective resolutions of N', N and N" respectively.

Remark 1.8 It can be shown, using the Lemma of Eckmann-Schépf, that every
exact sequence of R-modules has an exact sequence of injective resolutions.

Proposition 1.3 Let M be an R-module and let
0N —-N-—=N"—=0
be an exact sequence of R-modules. Then there is a long exact sequence of R-modules
0 — Hom(M, N') — Hom(M, N) — Hom(M, N")
— BExt' (M, N') — Ext' (M, N) = Ext'(M, N") — Ext*(M,N') — ...
... = Ext'(M, N') — Ext'(M, N) — Ext'(M,N") — Ext"""(M,N') — ...
Proof: Choose an injective resolution of the exact sequence in the statement:
0— (I'"*,d*) — (I°,d*) — (I",d") — 0.
This gives an exact sequence of complexes
0 — Hom(M, I'*) — Hom(M, I*) — Hom (M, I"*) — 0.
The long exact sequence we want is then obtained by applying Lemma 1.8. a

Proposition 1.4 For two finitely generated R-modules M and N, it holds that
either Ann(M) + Ann(N) = R or

depthAnn(M)(N) = min{?‘ c N | EXtT(M, N) 7£ O)}

Proof: See [6, prop. 18.4]. O

11



1.2 Graded rings, homogeneous ideals, saturation of an ideal
1.2.1 Graded rings

Definitions 1.1 Let R be a ring and I a commutative monoid. A I'-grading on R

15 a decomposition
R-@n
i€l
where R; are additive abelian subgroups such that R;- R; C Ry ; for each (i,7) € T2
A T'-graded ring is a ring endowed with o I'-grading.

Given a I'-graded ring R, a I'-graded R-module M is an R-module M with a
decomposition (called a T-grading)

M:@Mi

el

where M; are additive abelian subgroups such that R;-M; C M,y ; for each (i,7) € T'2.

o The elements of R; and M; are called homogeneous elements of degree i. The
set of homogeneous elements in R and M are denoted by R™°™ and MHTom.

We have R =, .p R; and Mo =, M.
o [For an element r of R or M, there is a unique decomposition r = Y . . 7;
where the r; are homogeneous of degree © and zero except for finitely many of

them. The r;’s are called the homogeneous components of r.

e An ideal I C R 1is called homogeneous if it admits a system of homogenous
generators. This is equivalent to saying that I = @, . R; N 1.

Remark 1.9 We are mainly interested in N-graded rings and modules. Since N is
an ordered monoid, we also have a natural order on the grading. When I' = N, we
stmply say graded instead of N-graded.

Definitions 1.2 Let R be an N-graded ring. We denote:

e R, = ®ieN+ R; the graded ideal generated by the elements of strictly positive
degrees.

e Sph(R) the set of homogenous prime ideals in R which do not contain R.;
this is a subset of Spec(R).

Example 1.5 The ring of polynomials k[xo, . .., %] has a natural N-grading given
by the total degree of monomaials.

12



1.2.2 Saturated ideals

Definition 1.22 Let k be a ring and R = k[, ..., T,). Let I C R be a homoge-
neous tdeal. Then the saturation of I is defined by

I ={rcR|Vic{l,...,m},IneN:a™ € I}.
The ideal I is called saturated if I = I,

[Sat

Lemma 1.9 Let I be a homogenous ideal. Then, 15 also a homogeneous ideal.

Proof: This is clear. a
Lemma 1.10 Let I be a homogenous ideal. Then

[ =(I:RY):=|JU:R}) = | J{r e R|R}r C I}.
neN neN
Proof: For r € (I : RY) there is an n € N, such that R?r C I. In particular
x'r € I, and this means that r is in the saturation of I.
On the other hand, let » € R such that for all i € {1,...,m} there exists n; € N
with «ir € I. If n is greater than all the n;’s, we have z}'r € I. It follows, that
R7'™r C I. This proves the lemma. O

Example 1.6 The ideal (x,y) C klz,y] is not saturated. Its saturation is equal to
klx,y]. More generally, the saturation of R, is equal to R.

Example 1.7 For an ideal I C R, IR, 1s not saturated. Indeed, I is contained in
(]R+)Sat_

Lemma 1.11 A homogenous prime ideal p C R which does not contain Ry is
saturated.

Proof: Let r € p®@. Thus, for every i € {1,...,m} there is an integer n; € N such
that z'r € p. Since p is prime, this means that either r € p or x; € p for all i.
Since p does not contain R, , the second alternative is excluded. So r must be in p.

O

Example 1.8 Let k be a field. The ideal (x) C klz,y] is saturated since it is a
prime ideal not containing y.

Lemma 1.12 Let J be a graded ideal of R. Then J is saturated if and only if
Homg(R/R,,R/J) = 0.

Proof: Let f: R/R, — R/J be a homomorphism and let f(14+R,) = a+J. Then,
for 0 < i < m, we have 0 = f(x;(1+ Ry)) = 2;f(1 + Ry) = z;a + J. This means
that z;a € J. As J is saturated, a € J and f is the zero map.

Conversely, assume that Homg(R/R,, R/J) = 0. Let a € R and assume that
xla € J. We want to show that @ € J. By induction on n we may assume that
n = 1. Then we have a map f: R/R, — R/J given by f(u+ Ry) = ua+ J. As
this map must be zero, we see that a € J. a

13



Lemma 1.13 Let fi,...,f, € R = k[zo,..., 2] be a reqular sequence consisting

of homogenous polynomial. Assume that r < m. Then (f1,..., ;) is a saturated
ideal.
Proof: As r < m, there must be an element | € R, such that (fi,..., f., ) is a

regular sequence. This is equivalent to saying, that the class of [ is a nonzero divisor

in R/(fi,...,fr). Take now an element a € (f1,..., f.)°®. There is an n € N such
that Ra C (f1,..., f;). In particular,

"a € (fi,...,[fr)

This means that the class of ["a is zero in R/(f1,..., f;). But this is only possible
if the class of a is zero since the class of [ is a non zero divisor. This shows that a
isin (f1,..., fr) as needed. O

1.2.3 Hilbert polynomial
Let k be a field. We set R = k[zy, ..., x,,] with its natural grading.

Proposition 1.5 Let M be a finitely generated graded R-module. There exists a
unique polynomial Py (t) € Q[t] such that Py(d) = dimg(My) for d big enough.
Pr(2) is called the Hilbert Polynomial of M.

Proof: We show the existence of Pj; by induction on m. For m = —1, the module
M is a finite dimensional graded k-vectorspace. Therefore, we have dimg(My) = 0
for d big enough.

Suppose now that m > 0 and that the claim is true for m — 1. We define the
submodules N* for s € N to be the kernel of the multiplication by z;,. We then
have a chain of graded submodules

0=N'CcN'c...cN°*cC...,

which is stationary, since M is a noetherian module. This means, that for s big
enough N*/N*! = 0. Now, for s > 1, N°/N*"! is a finitely generated graded
k[xo, ..., Zmy|-module on which z,, acts as zero. Therefore, it may be considered as
a finitely generated graded k[xo,...,x,]/(zm) = klxo, ..., Tpm_1]-module. By the
induction hypothesis, there are polynomials Pys/ys-1 such that

dimy (N;/N;7) = Pyesjys—1(d)

for d big enough. Consider now N := (J, .y IV?, the so called z,,-torsion submodule
of M. From the previous discussion, we see that

dimy(Ng) = > dimg(Nj/N;™1) =) Py jyer(d),

s>1 s>1

where the second equality holds for d big enough. This shows, that the theorem is
true for N.

14



Next, we consider the short exact sequence
0—-N—-M-— M/N —0.

We clearly have dimy(My) = dimg(Ny) + dimg(My/N4). Therefore, it is enough to
prove the claim for the R-module M/N. By construction, the multiplication by x,,
is injective on M /N and shifts the grading by one. We form the exact sequence:

0— M/N 2 M/N[+1] = K — 0,

where M /N[+1] has the same underlying module as M /N but with a shifted grad-
ing: (M/N[+1])a-1 = (M/N)4. Also, K is a finitely generated k[zo,...,Z]-
module on which x,, acts as zero. Hence, it can be considered as a k[xg, ..., Tp_1]-
module and the induction hypothesis gives a polynomial Pk (z) € Q|z], such that
dimy(K,4) = Pk(d) for d big enough. Using the above exact sequence we get:

dlmk(Md/Nd) — dimk(Md—l/Nd—l) = PK(d — 1)
for d big enough. We conclude using the lemma below. O

Lemma 1.14 Let f : N — Q be a function. Assume that there exists a polynomial
Q € Q[t] such that f(d) — f(d—1) = Q(d — 1) for d big enough. Then, there exists
a polynomial P € Q[t] such that f(d) = P(d) for d big enough.

Proof: Let n be the degree of () and at” its leading monomial. Define a function
g:N— Q by

a - m—+1
old) = f(d) -~
Then g(d) — g(d — 1) is given by
a.dn—i—l G‘(d—l)n'H
Jd) = g = fd =1+ —
= Qd) — TLL—H(dn—H (d (nlL 1>d”+ (n;1)dn_1 ey
= Q(d)—nil((n‘;l)dn_ (n;—l)dn_l—}—...—(—l)n—H)

= Q(d)—a-dunL((”;l)dn—l_...+<_1)n+1>

Hence there is a polynomial R € Q[t] of degree n — 1 such that g(d) —g(d—1) =
R(d) for d big enough. We now use induction on the degree of @) to deduce that
there is a polynomial S € Q[t] such that g(d) = S(d) for d big enough. We can now

o _tn+1
takeP—S—l—“nH. O

The following proposition was implicitely used in the proof of Proposition 1.5.

Proposition 1.6 Let
0O—-N—->M-—=L—0

be a short exact sequence of graded finitely generated R-modules. Then, we have the
equality Pyy = Py + Pp.
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Proof: This is clear. O
Lemma 1.15 Let [ C R be a graded ideal. For d big enough we have (I°%)y = I,.

Proof: The inclusion “D” is clear. For the other inclusion, let fi,..., f. € I°% be a
set of homogeneous generators of degree dy,...,d,. For every j € {1,...,r} there
exists an integer e; € N such that pf; € I for every homogenous polynomial p € R
of degree greater than e;.

Let n be an integer greater than max{d; + ey,...,d, + e.}. Every g € (I°%),
can be written as a sum g = > 7, ¢;f; where deg(q;) = n — d; > e;. Therefore
ijj €l,and g € [,. O

Corollary 1.1 P; = Pjsar and Pgjr = Pgyrsat.
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2 Curves in projective space, some notions from al-
gebraic geometry

In this section, we fix once and for all an algebraically closed field k.

2.1 The projective space and the Zariski topology
2.1.1 The projective space

Definition 2.1 Consider the n + 1-dimensional vectorspace k™. We define an
equivalence relation ~ on k"™ \ {0} by P ~ Q if and only if there is an element
r € k\ {0} such that P =rQ. The set

P o= (K"\{0})/ ~

is the n-dimensional projective space. The class in P" of a point Q = (To, ..., x,) €
k"N {0} is denoted by Q = [xg : ... : ).

Remark 2.1 There is a injective map from k™ to P™:

19 k™ — P
(1, T2y yxy) = [Lixy iy .oxy)

This map reaches all the points in P" except those with xo = 0. For the latter we
have another injective map:

joi]Pm_l — pr
[ko:xy o .ixpq] = [0:zo:my:.. . Tp ]

Therefore, we have a bijection between the set k™ U P! and the projective space
P*. By induction, one gets also a bijection between P™ and k™ U ... Uk UKP.

2.1.2 Zariski closed subsets

Remark 2.2 For a homogenous polynomial in n + 1 variables p € klxg, ..., ],
the condition that p(x,...,x,) = 0 for (zg,...,x,) € K"\ {0} depends only on
its class [z @ ... : x| in P

Definition 2.2 Consider a set of homogenous polynomials in n + 1 variables S C
klxo,...,z,). It defines a subset V(S) in P":

V(S) :={Q e P" | p(Q) =0Vpe S}
These subsets are the Zariski closed subsets of P".

Definition 2.3 For a homogenous ideal I C K[z, ..., z,], we define 1™ to be the
set of homogenous elements of I.

17



Definition 2.4 For a homogenous ideal I C k[xo, ..., x,], we define:
V(1) = {Q € P" | (@) = 0 ¥p € [Hom} = (1Hom)

Lemma 2.1 Letpy,...,p, be homogenous generators of a homogenous ideal I. Then,
we have:

V(pi, .., pr) = V().

Proof: For Q € V(py,...,p.) we have p;(Q) = 0 for all i € {1,...,r}. Therefore,
g-pi(Q) = 0 for all g € k[xo,...,z,]"°™ and the same is true for homogeneous
linear combinations of the p;’s. Therefore Q € V(I).

On the other hand, for Q € V(I), all polynomials of I vanish at Q. In
particular, p;(Q) =0 for all i € {1,...,r}. Hence, @ € V(p1,...,p). O

Proposition 2.1 For two homogenous ideals I,J C k[, ..., x,], it holds that
a) V(I UV(J) = V(I N J) = V(L]);
b) V(I) N V(J) = V(I +J);
¢) I cJ=V(J)cC V),
d) V(I) = V(VI) = V(I*").
Proof:

c) Consider a point P € V(J). For all f € J#" we have that f(P) = 0. Since
I C J this is also true for all f € I#°™  This means that P is also a point in
V(I).

a) We have seen, that I C J = V(J) C V(I), and we know that I-J C INJ C [

and [ -J Cc InJ C J. Tt follows that V(I) C V(I nJ) C V(I -J) and
V(J)c V(I NJ)CV(I-J). Hence, V(I)UV(J) CV(INJ)cC V(I -J).
On the other hand, let P € V(I -.J) and suppose that P & V(J). This means,
that we have at least one element f € JH°™ such that f(P) # 0. Consider
now an element g € 79", The product f - ¢ isin I -.J and therefore we have
that f - g(P) = f(P)-g(P) = 0. It follows, that g(P) = 0 and therefore
Pev().

b) Since I C (I +J) and J C (I 4+ J) we know by ¢), that V(I) D V(I + J) and
V(J) D V(I + J). Tt follows that V(I) N V(J) > V(I + J).

For the other inclusion, we consider a point P € V(I)NV(J) and a polynomial
f+gel+ J. We have:

(f +9)(P)=f(P)+g(P)=0+0=0.

It follows that P is also an element of V(I + J).

18



d) Again the inclusions V(I) D V(v/I) follow from c), since I C v/I. On the
other hand, let P € V(I) and f € v/I. There is an integer n € N such
that f* € I. Therefore f"(P) = (f(P))™ = 0. This implies that f(P) = 0.
Therefore, we have P € V(v/1).

We now turn to the equality V(I) = V(I5*). The inclusion V(I) D V(I5*)
is given by c) since I C I°%. For the other inclusion, consider P € V(I) and
f € I°%. By the definition of the saturation of an ideal there exists an [; € N

for all variables z; with i € {0,...,n} such that z¥ . f € I. Tt follows that

(In the formula above, the p;’s are the coordinates of the point P.) Since
P € k™1 \ {0}, at least one of the p;’s is not equal to zero. This shows that
f(P) = 0. Therefore, we have P € V(I°%).

O

Corollary 2.1 The Zariski closed subsets of P™ define a topology on P™ called the
Zariski topology.

Definition 2.5 For a subset Z C P" we define:
(Z) = ({f € (k[xo,...,z.))"™ | f(P) =0, VP € Z}).

Remark 2.3 By construction, 1(Z) is a homogeneous ideal. The homogenous part
of degree d is equal to {f € (k[zo,...,zu])a | f(P) =0, VP € Z}. Therefore, we
have

1(Z) = E@{f € (k[zo,...,za))a| f(P) =0, VP € Z}.

deN

Lemma 2.2 For a subset Z C P", I(Z) is a radical and saturated ideal.

Proof: Consider a homogenous polynomial f € k[xzo,...,z,| with f* € I(Z) for
some integer n € N. This means, that f*(P) = (f(P))" = 0 for all P € Z. It
follows, that f(P) = 0 for all P € Z. Hence f € I(Z).

Now consider a homogenous polynomial f € k[zo,...,x,] for which there exist
integers I; € N such that z% - f € I(Z) for each i € {0,...,n}. This means, that
(zhi - £Y(P) =plif(P)=0forall P=[py:...:p,] €Z. Since at least one of the

pi’s is non zero, we have f(P) = 0. Hence f € [(Z). O

Proposition 2.2 For a subset Z C P™ and for a homogenous ideal J C k[xq, . .., x,]
it holds that

a) VI(2)) = Z (where Z is the Zariski closure of Z) and
b) IV () = (V5.

Proof:
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a) For a point Q € Z it holds that f(Q) = 0 for all f € I(Z) since this is the
property of the elements of I(Z). This shows that Z C V(I(Z)). As V(I(2))
is Zariski closed, we also get that Z C V(I(Z)).

Conversely, let @ € V(I(Z)). To show that Q € Z it is enough to show that
Q € T for every Zariski closed subset T'= V([) containing Z. But Z C V(I)
implies that I C I(Z). Hence, f(Q) = 0 for every f € I and thus Q € T

b) When V(J) = 0, we have V.J = k[zq, ..., x,] or v/ J = k[zo, ..., 2]+ by [7, p.
11, Exercise 2.2]. Therefore, in this case we have I(V(J)) = k[xo, ..., z,] and
(V)5 = K[z, ..., 2.

We now assume that V(J) # (. By [7, p. 11, Exercise 2.3], we have I(V(J)) =
V/J. Moreover, I(V(J)) is saturated being the intersection of saturated ideals.
It follows that (v/J)%* = +/J. This finishes the proof.

O

Corollary 2.2 For two homogenous ideals I and J in k[xy,...,x,] we have the
following equivalence:

V() cV(J) e Jc (VI)5*

Proof: If J C (V)% we have V((~/1)%"*) c V(J). But V((vT)%*) = V(I) by
Proposition 2.1. This gives the implication “<".

For the reverse implication, we remark that V(I) C V(J) implies that I(V(J)) C
I(V(I)). By Proposition 2.2, we get (v/.J)°* C (v/1)5. This gives the result since
J C (V)% O

Corollary 2.3 There is a bijection:

{Z CP"| Z Zariski closed } = {I C kl[xo,...,2,]| I saturated radical ideal}
Z — 1(2).

Definition 2.6 A Zariski closed subset Z C P" is called irreducible if there aren’t
two Zariski closed subsets

0# 2,2, C Z
such that Z7 = Z1 U Z,.

Proposition 2.3 A Zariski closed subset Z C P™ is irreducible if and only if 1(Z)
is a prime ideal in klxo, ..., x,|. This gives another bijection:

{Z CP" | Z Zariski closed and irreducible} — Sph(k|xo, ..., z,])
Z — 1(2).
Proof: Let Z C P" be an irreducible Zariski closed subset. Consider two homoge-

nous polynomials a,b € k[zo,...,x,] such that a -b € I(Z). For each P € Z we
have:
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But this means that either a(P) = 0 or b(P) = 0. This divides Z in two closed
subsets Z; := V(a) N Z and Zy := V(b) N Z and every P € Z has to be in one of
them. Since Z is irreducible, we must have Z = Z; or Z = Z,. Therefore, a or b
has to be in I(Z). This proves that I(Z) is a prime ideal.

For the other implication consider a closed subset Z C P" such that p = [(Z) is
prime. Suppose that there are two closet subsets Z;, Zy C P" with Z;UZy = Z. So
there must be two homogenous ideals Jy, Jo C klxy,...,z,] such that V(J;) = Z;
and V(Jy) = Zy. So V(p) = V(J; N J2). By Corollary 2.2, it follows that J; N Jy C
(\/ﬁ)s‘” = p. We now want to show, that either J; or .J5 is contained in p. Suppose
that J; ¢ p and consider an element a € J; \ p. Let b be an element of J;. Then
a-bisin J; N Jy and hence it is in p. Since p is prime and a & p, b must be in p.
Because this is true for all b € J; we have Jy C p. O

Definition 2.7 Let Z C P" be a closed subset. A subset T C Z is called an
irreducible component of Z if T' is irreducible and mazimal for this property. Here
the mazimality means that there is no irreducible subset T' contained in Z and
strictly containing T.

Proposition 2.4 Fvery closed subset Z C P" has finitely many irreducible compo-
nents. Moreover, if Z1,...,Z, are the irreducible components of Z, it holds that:

i=1

Proof: Let I C klxo,...,x,] be a homogenous ideal such that Z = V(I). There
exist finitely many minimal prime ideals ¢, ..., q, in k[zo,...,z,|/I by [2, p. 102,
Corollary 3|. Let py,...,p, be their inverse images in k[zo, ..., z,]. Those are the
minimal prime ideals containing I. Moreover, we have /I = p; N ... N p, by 2,
p. 63, Corollary 1]|. Also, the prime ideals py,...,p, are graded. We now conclude
using Proposition 2.1. O

2.1.3 Dimension of Zariski closed subsets

Definition 2.8 For a Zariski closed subset Z in P", we define its dimension as the
maximal length of a chain of irreducible subsets:

dim(Z) :=sup{n e N |32, C ... C Z, C Z, Z; irreducible Vi € {0,...,n}}.
Example 2.1 P" has dimension n.
Remark 2.4 A closed subset Z C P" of dimension 0 is a finite set of points.

Lemma 2.3 If Z C P" s a Zariski closed subset and Z,...,Z, its irreducible
components, then we have:

dim(Z) = max;—__, dim(Z;).
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Proof: It is clear, that dim(Z) > max;—; __, dim(Z;). Suppose that n is the dimen-
sion of Z. There is a chain of inclusions of irreducible closed subsets

ToC...C T,

But then, 7j is contained in one of the Z;’s, say Z;,. It follows that the above
chain is also a chain of irreducible closed subsets of Z;,. This proves that dim(Z) <
dlm(ZlO) S max;—1..r dlm(ZJ O

.....

Definition 2.9 We say that a Zariski closed subset Z C P™ has pure dimension d
if all its irreducible components are of dimension d.

Definition 2.10 For a Zariski closed subset Z C P", we set

k[Z] := k[xg, ..., 2z, /1(Z).
This ring is called the k-algebra associated to Z.
Proposition 2.5 Let Z C P" be a Zariski closed subset. Then

dim(Z) = dim(k[Z]) — 1.
If Z is also irreducible, then

dim(Z) = dim(k[Z]) — 1 = trdeg,,(Frac(k[Z])) — 1.

Proof: The proof is omitted. See |7, Exercise 2.6]. O

Definition 2.11 A Zariski closed subset C' C P™ of pure dimension 1 is called a
curve.

Definition 2.12 A curve C C P" is called a complete intersection, if 1(C) =
(fi,.- .y fae1) for some homogenous polynomials fi,. .., fn_1 € k[0, ..., xy].

Remark 2.5 If C is a curve in P?, then I(C) is a principal graded ideal, i.e., there
exists a homogenous polynomial f € k[xg, x1, x2] such that 1(C) = (f). In particular,
every curve in P? is a complete intersection.

Note that if n > 3, there are curves in P" that are not complete intersections.

2.2 Curves in P": Cohen-Macaulay and saturation

In this section, we set R = k[xy,...,z,]. To ease notation, given a curve C' in P",
we will denote by I the homogenous ideal I(C') associated to C.

Definition 2.13 A curve C' C P" is called Cohen-Macaulay if k[C] := R/l is
Cohen-Macaulay at the mazimal ideal k[C].

Proposition 2.6 Let C' and D be two Cohen-Macaulay curves in P". Then the
curve C'U D 1s Cohen-Macaulay if and only if the ideal 1o + 1p 1s saturated.
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Proof: The graded ring associated to C' U D is R/Io N 1p. By Proposition 2.5, its
Krull dimension is equal to 2. By Proposition 1.4, the depth of R/Io N1p (at R;)
is

min{r € N | ExtR(R/R+, R/Ic N1p) # 0}.

As the ideal IcNIp is saturated, the vanishing of Homg(R/Ry, R/1oNIp) is granted
by Lemma 1.12. Hence R/Ic N 1p is Cohen-Macaulay if and only if

Exth(R/Ry, R/Ic N1Ip) = 0.
There is an exact sequence
0— R/lcNlp — R/Ic ® R/1Ip — R/(Ic +1p) — 0,

Where the first application maps r + Ic N 1Ip to (r + I, + Ip) and the second
(r+1Ic,s+1p) tor —s—+ (Ic +Ip). By Proposition 1.3, this gives a long exact
sequence whose first terms are:

0 — Hom(R/R., R/1cNlp) — Hom(R/R., R/1c&R/1p) — Hom(R/R., R/1c+1p)

— Ext'(R/Ry, R/1cNlp) — Ext'(R/Ry, R/Ic® R/1p) — Ext'(R/Ry, R/Ic+1p).

As R/l¢ and R/Ip are Cohen-Macaulay rings of Krull dimension 2, their depth as
R-modules is 2. Therefore, the depth of R/Ic @ R/Ip is also 2 and we have

Hompg(R/R.,R/1c ® R/1p) = Extp(R/Ry, R/1c ® R/1p) = 0.
This gives the isomorphism
Hom(R/Ry, R/lc +1p) = Ext' (R/Ry, R/1c N1p).

By Lemma 1.12, Hom(R/Ry, R/Ic + 1p) is zero if and only if I + I is saturated.
This finishes the proof of the proposition. O

2.3 Intersection of hypersurfaces in P"
In this section, we set R = k[xg, ..., x,).

Lemma 2.4 Let C be a field of characteristic 0. Let Q) € C[t] be a polynomial of
degree d > 1 and leading coefficient a € C'\0. Let ¢ € C'\{0}. Then the polynomial
Q(t) — Q(t — ¢) is of degree d — 1 and has leading coefficient acd.

Proof: Let b be such that Q(¢) — (a -t + b - t971) has degree less than or equal to
d—2,and set Q(t) = a-t¢+b-t" and P = Q(t) — Q(t). Then P(t) — P(t — ¢) has
degree at most d — 3. Therefore, it suffices to show that Q(t) — Q(t — ¢) has degree
d — 1 and leading coefficient acd. A simple computation gives:

Q) —Qt—c) = a-t"+b-t"" —a-(t—c) —b-(t — )

d d—1
o d d—1 d 14d—1 iyd—1—1
= a-t“+b-t —a-E () t —b- E ( ) t
1

=0 =0
= acd-t7V ..
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Lemma 2.5 Let fi,...,f. € R be a reqular sequence consisting of homogeneous
polynomials. Consider the graded R-module R/(fi,..., f.). Then, its Hilbert poly-
nomial Pryy,...1.) has degree n — 1 and leading coefficient

deg(f1) - ... - deg(fy)

(n—r)! '

77777

Moreover, the equality
dim((R/(f1,---. fr))a) = Prj(frasi) (d)
holds for d > deg(f1) + ...+ deg(f,).

Proof: We argue by induction on r. For r = 0, we are considering the ring R. Its
Hilbert polynomial is

<t+n) (t+1)-...-(t+n)

n n!

This is a polynomial of degree n, with leading coefficient %
Now we suppose that the thesis is true for »r — 1. Consider the following exact
sequence:

O_>(R/(f17"'7fr—l))'fT%R/(fla--'vfr—l)_>R/(f17-"7f7‘) — 0
As f, is a non zero divisor of R/(f1,..., fr_1), this gives the relation

Prifrrf) () = Prirgoon)(t) = Pryh,. g (t — deg(f))-

By Lemma 2.4 and the induction hypothesis, we deduce that Pgy, . 5)(t) has
degree n — r and leading coefficient

deg(f1) ... - deg(fr1)

deg(f) - (n—r+1)

(n—r+1)!
deg(f1) - ... - deg(fr)
(n—r)! '

Moreover, by induction, the equality
dim((R/(fla e 7fr71))d> = PR/(f1 ~~~~~ frfl)(d>
holds for d > deg(f1) + ...+ deg(f.—1). It follows that the equality

dim(((R/(fh ce frfl)) ) f?”)d) = PR/(fl 77777 fr71)<d - deg(fr))

holds for d > deg(f1) + ...+ deg(f,). This gives that the equality

dim((R/(f1,-- -, fr))a) = Pri(fr,)(d)

holds for d > deg(f1) + ...+ deg(f,). O
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Lemma 2.6 Let P,..., P, € P* be m distinct points. Then, the Hilbert polyno-
mial Prjipn..nip,) 0f the R-module R/I(Py) N ... NI(P,,) is constant and equals
m.

Proof: We will do this by induction on the number of points. First assume that
m = 1. Without loss of generality, we may assume that P, = [1: 2y :...:x,] (ie,
the first coordinate of P; is non zero). In this case, I(P) = (x1—a1 2o, - . . , Ty — A To)
and there is an isomorphism

R/I(Pl) = k[l’o}, T; —r a;X.

This shows that Pr/ip) = 1.
Now, we assume that the claim is true for some m > 1 and we show that it is
still true for m + 1. Using the short exact sequence:

0= R/I(P)N...NI(Ppst) — R/AP)N...0I(P) & R/I(Ppit)
— R/AP)N...NLEn) +1(Pysy)) = 0,

it is enough to show that the Hilbert polynomial of the module
N=R/(I(P)N...NI(P,)+1(Pni1))

is zero. But N is a non trivial graded quotient of R/I(P,,41) since I(P) N ... N
I(P,) ¢ I(Py,11) (which is equivalent to Py, 11 € {Pi,..., P,}). Assuming that the
first coordinate of P, 41 is non zero, we have an isomorphism R/I(Pn11) = k[xo]
(see the case m = 1). Hence, N is a non trivial graded quotient of k[zo] and must
be of the form k[zo]/(z§) for some s € N. As

klzo)/(x) 2 k & kxo ® kaj & ... & kaf ',

the Hilbert polynomial of NV is indeed zero. O
Proposition 2.7 Let f1,..., [, € R be a regular sequence consisting of homoge-
neous polynomials. Then, V(fi,..., fn) is a finite set and we have

IV(fi, - fa)l < deg(fi) .- deg(fn).
If moreover, the ideal (f1,..., fn) is radical, then we have

‘V(fla .- afn)| = deg(fl) el deg(fn)'

Proof: As fi,..., f, € R is a regular sequence, the set V(fi,..., f,) has dimension
0 and hence consists of finitely many points, say P, ..., P,. Using Corollary 2.2,

it follows that
VL, f)=1(P) N N LR,

Using Lemmas 2.5 and 2.6, we get that

77777

with equality when (f1,..., f,) is radical. O
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2.4 Curves in P?: Bézout theorem

Definition 2.14 Let C and D be two curves in P? without a common irreducible
component. We say that C' and D intersect without multiplicities if the ideal Io+1p
s radical.

Recall from Remark 2.5 that curves in P? are defined by a single equation, i.e.,
Ic = (f) and Ip = (g). Therefore, one has Io +Ip = (f, g).
The previous definition is motivated by the following two examples.

Example 2.2 Consider the curves C and D defined by the equations zx — y> = 0
and y = 0. Said differently, we have C = V(xz —y?*) and D = V(y). Setting z = 1,
and taking points with real coordinates, we get the following picture:

showing that the intersection point has multiplicity one. On the other hand, we have
lo+1p = (zz =y, y) = (22,9)
which s a radical ideal.

Example 2.3 Consider the curves E and F defined by the equations zy — 2> = 0
and y = 0. Said differently, we have E = V(zy — 2?) and E = V(y). Setting z = 1,
and taking points with real coordinates, we get the following picture:

showing that the intersection point has multiplicity two. On the other hand, we have
IE + IF = (yZ - any) = ($2,y)
which s not a radical ideal.

Proposition 2.8 Let C and D be two curves in P? without a common irreducible
component. Assume that 1o = (f) and Ip = (g). Then, |C' N D| < deg(f) - deg(g).
If moreover, C' and D intersect without multiplicities, then

|C'N D] = deg(f) - deg(g).

Proof: Note that C' N D = V(f,g). Hence, the proposition is a particular case of
Proposition 2.7. O
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2.5 Curves in P?

2.5.1 Big intersection

Definition 2.15 Let C and D be two curves in P? and assume that C and D are
complete intersections with 1o = (f1, f2) and Ip = (f3, f1). We say C and D have
big intersection if the following conditions are satisfied:

(1) C and D have no common irreducible components,

(2) there is ig € {1,2,3,4} such that f;, is in the ideal generated by the f;’s for
Jj€{1,2,3,4}\ {io}.

Lemma 2.7 Let C' and D be two curves in P3 with Ic = (f1, fo) and Ip = (f3, f1)-
Assume that fy € (fi1, fa, f3) (so that C' and D have big intersection). Then

|C' N D| < deg(f1) - deg(f2) - deg(fs)

with equality if 1o + Ip 1s radical.

Proof: Note that 1o + Ip = (f1, fo, f3). This is then a special case of Proposition
2.7 O

Proposition 2.9 Keep the notation as in Definition 2.15 and assume that C' and
D have big intersection. Then, the ideal 1o + Ip is saturated and the curve C'U D
is Cohen-Macaulay.

Proof: By Proposition 2.6, I + Ip is saturated if and only if C' U D is Cohen-
Macaulay. Therefore, it suffices to show that I + Ip is saturated.

Without loss of generality, we may assume that f; is contained in (f, f2, f3).
Then Ie+1p = (f1, fo, f3) and f1, fa, f3 is a regular sequence in R := k[xq, ©1, 29, 3]
since C'N D consists of finitely many points. Now (f1, f2, f3) is saturated by Lemma
1.13. O

2.5.2 Cohen-Macaulay implies big intersection

Here we investigate when the condition that C'U D is Cohen-Macaulay implies that
C and D have big intersection. Our main result is the following partial converse to
Proposition 2.9.

Proposition 2.10 Let C' and D be two curves in P?, such that Ic = (f1, f2) and
Ip = (fs, f1). Let d; = deg(f;) fori € {1,2,3,4}. Assume that f1, fa, f3 is a regular
sequence and that dy > dy + dy 4+ d3. Then the following conditions are equivalent:

a) C and D have big intersection;

b) f4 € <f17f27f3);
¢) C'UD is Cohen-Macaulay;
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d) Ic +1p is saturated.

Proof: Note that C' and D do not have any common irreducible component. Indeed,
CND CV(fi,f2, f3) which consists of finitely many points as fi, fo, f3 is a regular
sequence.

By Proposition 2.6, we have ¢) < d). By Proposition 2.9, we know that a) =
¢). Also, we clearly have b) = a). Therefore, to finish the proof, it remains to check
that d) = b).

From now on, we assume that Io + Ip = (f1, fo, f3, f4) is saturated. Our goal
is to prove that fy € (f1, fa, f3). Let J = (f1, fa, f3); this is a saturated ideal by
Lemma 1.13. Also, let Z = V(J); it consists of finitely many points. We split the
proof in three steps.

Step 1: Fix an element [ € R; such that [(Q) # 0 for all Q € Z. It follows that
V(f1, fo, f3,1) = 0. Using Proposition 2.2, we get \/(f1, f2, f3,1)°* = R and hence
(f1, f2, f3,1)°® = R. By Lemma 1.15, it follows that (f1, f2, f3,1)q = Rq for d big
enough. This shows that the map

- (R)N)g1 — (R)J)g
r o— [T,

is surjective for d big enough. On the other hand, by Lemma 2.5, dim(Ry/Jy) =
d1dsds for d > dy + dy + d3. This proves that the above map is actually an isomor-
phism for d big enough.

Step 2: Given b € R, we denote by b its class in R/J. In this step, we consider
the localized ring R/J[I "

—

. This is a Z-graded ring. Its homogeneous elements of

degree d are of the form = where b € R, 4 and r € N. It follows from Step 1 that

=

4| o

the map
a: (R)J)a— (RIIT )

is an isomorphism for d big enough. Indeed, for d big enough, every element of
(R/J)y4q is a multiple of 7.

We claim that the map R/J — R/J[Z_l] is injective. To show this, let IV be its
kernel. This is a graded R-submodule of R/.J such that N; = 0 for d big enough.
Assume by contradiction that N # 0. Then, there exists e € N such that N, # 0
and N1 = 0. But then, every element s € N, defines a map R/R; — N sending
1+ R, to s. By Lemma 1.12, this contradicts the property that J is saturated.

As g4 is injective for all d and because the dimension of (R/.J)y is the same for
d > di + dy + d3, we deduce that 4 is an isomorphism for d > dy + ds + ds.

Step 3: We are now ready to end the proof. Recall that our goal is to show that
fa € J assuming that (f1, fo, f3, f1) is saturated.

As dy > dy + ds + d3, one can find by the previous step an element h € Ry,

such that o

- Ja

Pa—1(h) = 7
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Equivalently, we have h -1 = f; in R/.J. This proves that

(f1, fo, f3,1) - B C (f1, f2, f3, f4).

As (f1, f2, f3,1)% = R, we deduce that RT" C (f1, fa, f3,1) for m big enough. This
gives that

R™-h C (f1, fos f3, fa).

As (f1, f2, f3, fa) is assumed to be saturated, we actually get that h € (f1, fo, f3, fa)-
Therefore, there exists g € R such that h = gf,. But, by degree considerations this
cannot happen unless A = 0. This implies that f, = 0 and thus fy € (f1, fa, f3). O
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3 The theorems of Hilbert-Burch and Buchsbaum-
Eisenbud

3.1 Free minimal resolutions

Proposition 3.1 For an R-module M there is an exact sequence
s E T RS SRS M0 (1)

of R-modules such that F; is free for all i € N. If R is noetherian and M 1is finitely
generated, then it 1s possible to choose the F;’s to be of finite rank.

Furthermore, if R is a graded ring, then it is possible to choose the F;’s to be
graded free modules.

Proof: We treat the case where M is a finitely generated graded R-module as this
is the case we need later. We construct a graded free resolution as follows. For M,
we choose homogeneous generators mq, ..., m, of degrees aq,...,a, € Z. Define Iy
to be @ | R[—a;], where R[—a,;] is the same as R considered as an R-module, but
whit a shifted grading: (R[—a;]), = R,—,,. Denote by e; the generator 1 € R[—a;]
for 1 < j < n. By construction, e; has degree a;. We consider the map

©o - FO = @?le[_ai] — M

e; — m,;.

This a graded surjective homomorphism of R-modules.

Suppose now ¢ > 0, and that F; and ¢; are constructed for 0 < j < i — 1.
We set M; := Ker(p;_1). As R is noetherian and F;_; is free of finite rank, M
is a finitely generated graded R-module. Let gq,...,gx be generators of M; of
homogenous degree ci,...,c; € Z. Let F; = ®"_ R[—c,] and denote by h, the
generator 1 € R[—c¢| for 1 < s < k. Again we define the morphism:

@i Fy = ®_ | R[—c,] = M;
fs = my.

This finishes the induction step. By construction it holds that Im(p;_1) = Ker(y;_1).
Therefore, we indeed have an exact sequence. a

Definition 3.1 An exact sequence as in Proposition 3.1 is called a free resolution

of M.
Definition 3.2 Let M be a finitely generated R-module. A family (m;)ier in M is
a minimal system of generators of M if M =",  R-m; but M # %, R-m; for

all j € 1.

Proposition 3.2 Let R be a N-graded noetherian ring and M a finitely generated
graded R-module. A family of homogeneous elements (m;)1<i<, generates M if and
only if the family (m; + Ry M )1<i<, generates the R/R.-module M /R, M.
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Proof: If (m;)1<;<, generates M, then clearly (m;+ R, M ),<;<, generated M /R M.

Conversely, suppose that (m; + R+ M )<<, generates M /R, M and consider the
submodule N C M generated by the family (m;)i1<;<,. As the m;’s are homoge-
neous, NV is a graded submodule of M and so is the quotient P := M/N. We need
to show that P = 0.

We argue by contradiction assuming that P # 0. As P is finitely generated
and R is N-graded, there is an integer s € Z such that P, # 0 and P, = 0 for all
t < s — 1. But then, the projection map P — P/R, P induces an isomorphism
P, ~ (P/R,P);. This is impossible as P/R. P ~ 0. Indeed, one has an exact
sequence

N/RyN - M/RyM — P/R,P — 0

and the left morphism is surjective as M/R, M is generated by the (m; + Ry M)’s
which are the images of the (m; + Ry N)’s. O

Corollary 3.1 Let R be an N-graded noetherian ring such that R/Ry is a field.
Let M be a finitely generated graded R-module. Then the cardinality of a minimal
system of homogeneous generators is independent of the choice of the family. In
fact, this cardinality is equal to the dimension of the R/ R -vector space M /Ry M.

Proof: By the previous proposition, (m;);c; is a minimal system of homogeneous
generators of M if and only if (m; + Ry M);c; is a minimal system of generators of
the R/ R -vector space M /R, M. The last condition means that (m; + R M )cs is
a basis of M/R, M. O

Lemma 3.1 Let R be a noetherian N-graded ring with R/R, a field. Let M be
a finitely generated graded R-module and h : M — N a homomorphism of graded
R-modules. Then the following conditions are equivalent.

1. For every minimal system of homogeneous generators (m;)icr of M, (h(m;))ier
is a minimal system of homogeneous generators of Im(h).

2. There exists a minimal system of homogeneous generators (m;);er of M such
that (h(m;))ier is a minimal system of homogeneous generators of Im(h).

3. dim(M/R M) = dim(h(M)/R h(M)), where M/R M and h(M)/R,h(M)
are viewed as R/ R -vector spaces.

4. The homomorphism of R/R. -vector spaces:

h:M/R,M — h(M)/R,h(M)
m+ Ry M — h(m)+ R,h(M)

1$ an isomorphism.

5. Ker(h) C Ry M.
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Proof: The implication 1) = 2) is trivial and the implication 2) = 3) follows
from Corollary 3.1. Now, assume that 3) holds and let (m;)i<i<, be a minimal
system of generators of M. By Corollary 3.1, we have r = dim(M /R, M). Clearly
(h(m;))1<i<, generates h(M). Applying Corollary 3.1 again, we see that a minimal
generating sub-family of (h(m;))1<i<, has cardinality r and hence (h(m;))i1<i<, is
itself a minimal system of generators of h(M). This proves that 3) = 1).

The morphism A is surjective by construction. Therefore h is an isomorphism if
and only if dim(M /Ry M) = dim(h(M)/Rh(M)). This proves that 3) < 4).

It remains to show that 4) < 5). First, assume we that 4) holds. To prove
5), we argue by contradiction, i.e., we assume that Ker(h) ¢ R, M. Choose m €
R, M\Ker(h). Then h(m) = h(m)+Ryh(M) = 0+R,h(M) =0 € h(M)/R, h(M).
This means that h is not injective, contradiction 4).

Finally, assume that 5) holds. Tt suffices to prove that h is injective. Let m € M
with h(m) = 0 in h(M)/R,h(M). This means that h(m) € R,yh(M). Therefore,
we can find homogeneous elements mq,...,m, € M and xy,...,z, € R, such that

h(m) = x1h(mq) + ... + x.h(m,) = h(zymy + ... + z.m,.).

It follows that m — >, z;m; € Ker(h). The assumption Ker(h) C R, M implies
now that m—>"._ x;m; € R M. As the z;’s are in R, we deduce that m € R, M.
This shows that /m = 0 in M/R, M and that h is injective. This finishes the proof
as h is surjective by construction. O

Definition 3.3 Let R be an N-graded noetherian ring with R/R, a field. Let M
be a finitely generated graded R-module. A homomorphism of graded R-modules
h: M — N is called minimal if one (and hence all) of the conditions in Lemma 3.1
15 fulfilled.

Proposition 3.3 Let R be a noetherian N-graded ring with R/R., a field. Let M
be a graded finitely generated R-module. Then M has a free resolution

o F T RS SRR3R B M0
such that F; has finite rank and p; is a minimal homomorphism for all i € N.

Proof: Let r = dim(M /R, M) as an R/R-vector space. Let (m;)1<i<, be a minimal
system of homogeneous generators of M. The map

QOOIFQZREBT — M

r

(ala"'va’l‘) = Zazmz

i=1

defines a surjective minimal morphism of graded R-modules. Suppose now that F;
and ; are defined for 0 < ¢ < n, i.e., that we have an exact sequence of minimal
morphisms form free graded R-modules of finite rank

.2 SR8 F38M-o.
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Since F), is finitely generated and R is noetherian, N := Ker(y,) is a finitely
generated graded R-module. Let (n;)i1<;,<s be a minimal system of homogeneous
generators of N. We consider the surjective morphism of graded R-modules

Fo1=R®» - N

S

(a1,...,as) Zai-mi.

i=1

If we compose this morphism with the inclusion N < F},, we get a minimal mor-
phism ¢, 41 : F,,41 — F, such that Im(p,.1) = Ker(p,). This complete the induc-
tion step and the proof of the proposition. O

Definition 3.4 Let R be a noetherian N-graded ring with R/R, a field. Let M be
a finitely generated graded R-module. An exact sequence as in Proposition 3.3 is
called @ minimal free resolution of M.

Theorem 3.1 Let R be a noetherian N-graded ring with R/R, a field. Let f :
M'" — M be a morphism of finitely generated graded R-modules and let F, — M’
and Fy — M be free resolutions of finite rank. Then, there exists a morphism of
complexes g, - F. — F, such that the following diagram is commutative

Lp’ ’ / / /
/ n+1 ;7 Pn P2 ;7 Pl 7 Po ’
Fn+1 Fn T Fl FO M 0
J/g'rHrl lgn \Lgl lgo lf
Pn+1 Pn 2 ®1 %o
Fopp 2L R, Ly .y M 0.

Moreover, if f has a section and Fy — M is a minimal free resolution, then neces-
sarily the g,’s are surjective for all n € N,

Proof: We construct go as follows. Let €],...,¢e. be a homogeneous basis of the
R-module Fj. As ¢ is surjective, we may find elements fi,..., f, € Fy such that
oo(fi) = flepe))) for all 1 <4 < r. We define gy : Fj — Fy by go(D>_,_, a; - €}) =
Yoy a;i- fi It is clear that ¢y o go = f o ¢,

Now, assume that g, is constructed. We construct g, as before. We fix a
homogeneous basis €}, ..., e, of F, ;. The elements g,(¢},(e;)) belongs to Ker(y,_1)
beCATSe @10 Gu © Pl = Gu 161 0 ¢ = 0. As Im(@n41) = Ker(gn-1), me may
find elements fi,..., f, € F,41 such that ¢,1(f;) = gn(¥,(e})) for all 1 < i < r.
We define gn41 1 F .y — Fuy1 by gnp1(Qoi @i~ €)) = >, a; - fi. It is clear that
©rt1© Gnt1 = Gn © ¢}, This finishes the construction of the g,’s.

Now, assume that f is has a section and that F, — M is a minimal free res-
olution. We need to show that the g,’s are surjective. In fact, we will prove a
stronger statement: we will prove by induction on n € N that ¢, : F, — F,
is surjective and that g, : Ker(¢!) — Ker(p,) has a section. Assume that the
result is known for n > 0 and let us prove it for n + 1. By hypothesis, the surjec-
tion F, .1 — Ker(p,) is minimal. Let eq,...,e, be a homogeneous basis of F,

such that ¢, 1(e1), ..., pnr1(e-) is a minimal system of homogeneous generators of
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Ker(y,). Fix a section s : Ker(y,) — Ker(¢/,) and choose homogeneous elements
el,...,e, € F) . such that ¢, (e]) = s(¢nt1(e;)) for 1 < i < r. Hence, we have
Oni1(e;) = gonH(gnH( 1)). Therefore, e; — gn11(€;) € Ker(¢ny1). By Lemma 3.1,
we deduce that e; — g,11(€;) € Ry Fp1. This proves that (g,11(e;) + Ry Frt1)1<i<r
is a basis of F,,;1/RF,1 and hence (gn11(e;))1<i<r generated F,, ;. This proves
that g,.1 is surjective.

It remains to show that g, : Ker(¢) ;) — Ker(¢,41) admits a section. Let
N C Ker(¢]) be the kernel of g1 : Ker(y!,) — Ker(p,). Using the section
s : Ker(p,) — Ker(¢!,) fixed above, one obtains an isomorphism

Ker(¢!) ~ N & Ker(p,).

Let H C F],, be the submodule generated by e€,...,e.. As argued above, H is
free of rank r and the map g, induces an isomorphism H ~ F} . Let GCF, .,

be the kernel of g,;;. We then have a direct sum decomposition F) , = G ® H
By construction, the map ¢}, : F ; — Ker(y},) takes G to N and H to Ker(p,).

This gives a decomposition
Ker(p;,,1) ~ Ker(G — N) & Ker(gni1 : For1 — Ker(py,))

and modulo this decomposition g,1 : Ker(y¢), ;) = Ker(y,41) is the projection to
the second factor. O

Corollary 3.2 Let R be a noetherian N-graded ring with R/R, a field. Let M be
a finitely generated graded R-module and let F. — M and Fy — M be two minimal
free resolutions of M. Then, there is an isomorphism of resolutions go : F. — F,.

Proof: We apply Theorem 3.1 to the identity of M. This gives two surjections
F, — F, and F, — F]. This shows that F,, and F] have the same rank for every
n € N and that the above surjections are in fact isomorphisms. O

Definition 3.5 Let R be a noetherian N-graded ring with R/Ry a field. Let M
be a finitely generated graded R-module. We define the projective dimension of
M to be the supremum of the set {n € N; F, # 0} for a free minimal resolution
Fy — M. Thanks to Corollary 3.2, this is independent of the choice of the minimal
free resolution. The projective dimension of M is denoted by pdim(M). It is an
element of NU {oo}.

Proposition 3.4 If k is a field, then every finitely generated graded module over

klxyi, ...,z has projective dimension < n and in particular has a finite free reso-
lution.
Proof: See |6, Corollary 19.7] a

Recall from Definition 1.11 the depth of an R-module M with respect to an ideal
1.
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Proposition 3.5 (The Auslander-Buchsbaum formula) Let R be a noethe-
rian N-graded ring with R/R. a field. Let M be an non-zero finitely generated
graded R-module of finite projective dimension. Then it holds:

pdim (M) + depth(M) = depth(R)
where the depth is taken with respect to the mazimal ideal R, .

Proof: See |6, Theorem 19.9]. O

3.2 Determinantial ideals

Definition 3.6 Given an m X n matriz

ay; - Aip
gp:

Am1 - Omn

over a ring R, we define the determinantial ideal Iy (y) as the ideal generated by
determinants of the k X k submatrices of ¢. These determinants are called the
k-minors of p:

I (@) := (k-minors of ¢).

The main goal of this section is to prove Theorem 3.2 that gives a lower bound
on the codimension of a determinantial ideal. To do this, we need some preliminary
results.

Remark 3.1 Keep the notation as in Definition 3.6. For a prime ideal p C R,
we denote by p(p) the m x n matriz with coefficients in the field Frac(R/p) whose

entries are
CLZ‘J’ -+ ]J
-7

The matriz ¢ determines a morphism of R-modules ¢ : R" — R™. Similarly, ¢(p)
determines a morphism of Frac(R/p)-vectorspaces p(p) : Frac(R/p)" — Frac(R/p)™.
In particular, we may speak of the rank of p(p).

Lemma 3.2 For an m x n matriz ¢ over a ring R il holds:

Ii(p) = ﬂ p.

rank(p(p)) <k—1

In words, \/I(p) is the intersection of the prime ideals p C R such that the matriz
©(p) has rank at most k — 1.

Proof: It is well known that the radical of an ideal I is the intersection of all prime
ideals containing I. In particular, we have:

Vii(p) = ﬂ p.

I (p)Cp
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Therefore, it is enough to show that I (¢) C p if and only if ¢(p) has rank at most
k—1.
Fix a prime ideal p C R. Clearly, I;(y)-Frac(R/p) = Ix(¢(p)) and, as Frac(R/p)
is a field,
[ Frac(R/p) if rank(p(p)) >k,
Ti(p(p)) = { 0 if rank(e(p)) <k -—1.

Now, if Ix(¢) C p, then

Ie((p)) = Li(p) - Frac(R/p) C p - Frac(R/p) = 0.

This shows that Ir(¢(p)) = 0. Thus we have rank(p(p)) < k — 1 as needed.
Conversely, if rank(p(p)) < k—1, then I(¢)-Frac(R/p) = Ix(¢(p)) = 0. This shows
that I(y) is contained in the kernel of the ring homomorphism R — Frac(R/p)
which is equal to p. This gives I(¢) C p as needed. O

Remark 3.2 Let R be a ring and let ¢ = (a;j)1<i<m,1<j<n be an m X n matriz.

Assume that ayy is invertible, i.e., ay1 € R*. Then ¢(e1) = ay1e1 + ...+ amiem can

be completed to a basis of R™. More precisely, (¢(e1),es,...,en) is a basis of R™.
Now, the morphism ¢ : R" — R™ induces a morphism of R-modules

@:R"/R-ey — R"/R - ¢(e1).

Clearly, R"/R - e; ~ R" and, by the previous discussion, R™/R - ¢(e;) ~ R™ 1.
Using these identifications, we obtain a morphism of R-modules R"~' — R™ ! that
we still denote by . Thus, ¢ is an (m — 1) X (n — 1) matriz.

Lemma 3.3 Keep the notation and assumption as in Remark 3.2. Then we have

VI(e) = VI (9).

Proof: By Lemma 3.2, it is enough to show that for all prime ideals p C R we have
rank(p(p)) < k — 1 if and only if rank(@(p)) < k — 2. More precisely, we will show
that

rank(p(p)) = rank(p(p)) — 1.

As @¢(p) = o(p) it is enough to show that for an m x n matrix 5 = (b;;) over a field
k with b;; # 0, we have

rank () = rank(g3) — 1.

But, by construction, we have

Im(5) ~ Im(3)/k - 5(e1).
Hence dim(Im(f)) = dim(Im(3)) — 1 which gives the equality on ranks. O

Definition 3.7 The codimension of a prime ideal p C R is defined to be the di-
mension of the local ring R,. For a general ideal I C R, the codimension of I is
defined to be the minimum of the codimensions of the prime ideals containing I. We
write codim(1I) for the codimension of 1. Sometimes, the codimension of an ideal is
also called its height.
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Remark 3.3 Let R be a ring and let [ C R be an ideal. As a prime ideal contains
I if and only if it contains VI, we get:

codim(vT) = codim(1).

Lemma 3.4 Let R be a local ring with maximal ideal m, and let I C m be an ideal
of R such that VI =m (this is equivalent to saying that m is the unique prime ideal
containing I ).

Let T be an indeterminate over R. Let I' C m - R[T] be an ideal of R[T] such
that I' + (T) = I - R[T|+ (T). Then mR[T] is a minimal prime ideal containing I'.

Proof: We have R[T|/(I' + (T)) ~ R/I and m/I is a minimal prime ideal of R/I.
It follows that mR[T| + (T) is a minimal prime ideal containing I" + (7).
Consider a prime ideal n C R[T] between I” and mR[T], i.e., such that

I' CnC mR[T).

We will show that the Krull dimension of R[T]/nis 1. As R[T|/mR[T]| ~ (R/m)[T]
has also Krull dimension 1 and as both rings R[T]/n and (R/m)[T] are intergral
domains, this will proves that n = mR[T] showing that mR[T] is indeed a minimal
prime ideal containing I’

Consider the ideal (T') in R[T]/n. Tt is equal to (n+ (7)) /n which is contained in
(mR[T]+(T))/n. This inclusion makes (mR[T]+ (7"))/n into a minimal prime ideal
containing (n+(7))/n. Indeed, by the previous dicussion we know that mR[T]+ (T")
is a minimal prime ideal containing I’ 4+ (7") which itself is contained in n + (7).

Now, thanks to the principal ideal theorem of Krull we conclude:

codim((mR[T] + (T))/n) = 1.

Since (mR[T] + (T"))/n) can not be zero. On the other hand (mR[T] + (T))/n is a
maximal ideal in R[T|/n. This follows from the isomorphisms:

(R[T/n)/(mR[T] + (T))/n) = R[T]/(mR[T] + (T)) ~ R/m
and the fact that R/m is a field. We thus obtained a maximal chain of inclusions
of prime ideals (0) C (mR[T]+ (T))/n of the ring R[T]/n. This proves that R[T]|/n
O

has Krull dimension 1.

We are now ready to prove the main result of this section.

Theorem 3.2 Let R be a ring and let  be an m x n matriz with coefficients in R.
Then, we have:

codim(Ix(¢)) < (m—k+1)(n —k+1).

More precisely, for every minimal prime ideal Ix(p) C p, we have codim(p) <
(m—Fk+1)(n—k+1).
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Proof: We argue by induction on k. When k = 1, the inequality codim(/;(¢)) < m-n
is a consequence of Krull’s principal ideal theorem. From now on, we assume that
k > 2 and that the claim is known for £ — 1.

We fix a minimal prime ideal p containing I;(¢). To prove that codim(p) < (m—
k+1)(n—k+1), we may replace R, p and ¢ by Ry, pR, and the matrix ¢, obtained
by replacing the entries of ¢ by their images in R,. Thus, we may assume that R
is a local ring with maximal ideal m such that m = /I;(¢) (i.e., m is a minimal
prime ideal containing I;(y)). If one of the entries of ¢ is not in m, this entry is
invertible in R,. By Lemma 3.3, we then get codim(/x(p,)) = codim(Z;_1(%,)) and
the induction hypothesis on k yields the desired conclusion.

By the previous discussion, we may thus assume that all the entries of ¢ belong
to m. Let T" be a indeterminate over R and consider a new m X n matrix:

T 0 - 0
(P:Qp‘i‘ . . .

Remark that I (¢) is an ideal of R[T.

e In a first step we claim that I(¢’) C mR[T]. Indeed, as the cofficients of ¢
belong to m, the image of ¢’ in R[T]/mR[T] ~ R/m[T] is the matrix

As k > 2, all the k-minors of this matrix are zero. This shows that the image
of I;(¢') in R[T]/mR[T] is zero and hence that I(¢') C mR[T] as claimed.

e In a second step, we claim that Ix(¢’) + (T') = Ix(¢)R[T] + (T). Indeed, the
image of ¢’ in R[T]|/(T) ~ R is equal to . This shows that the image of
I(¢') in R[T]/(T) ~ R is equal to I;(p). This gives the desired equality.

We may now use Lemma 3.4 to deduce that mR[T] is a minimal prime ideal contain-
ing I.(¢'). Moreover, by construction, the first entry of ', namely a;; + T, does not
belong to mR[T]. Therefore, this coefficient becomes invertible in R[T|wgz. Using
Lemma 3.3 and induction again, we thus obtain that

codimpry(mR[T]) < (m —k+1)(n —k+1).

To finish the proof it remains to see that codimpgjr(mR[T]) = codimpg(m). This
is a well known fact; it can be proved by remarking that for a maximal chain of
prime ideals po C -+ C p, = m in R, we get a maximal chain of prime ideals in
R[T]mR[T] by taking pOR[T]mR[T] c--C an[T]mR[T] = mR[T]mR[T]~ U
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3.3 The Hilbert-Burch Theorem

In order to motivate the Hilbert-Burch Theorem, we first establish a property of
Cohen-Macaulay rings.

Lemma 3.5 Let R = k[xo,...,z,] andlet I C R be a graded ideal of codimension 2.
If the ring R/I is Cohen Macaulay, then the R-module R/I has projective dimension
2.

Proof: Since the codimension of I C R is 2 and the dimension of R is n + 1,
we deduce that the dimension of R/I is n — 1. As R/I is Cohen-Macaulay, its
depth with respect to R, /I is equal to its dimension. By Lemma 1.5, this gives
depthp, (R/I) = n — 1. We now apply the formula of Auslander-Buchsbaum (see
Proposition 3.5) to obtain:

pdim(R/I) = depthp, (R) — depthy (R/I)
n+1—(n-—1)
= 2.

O

Corollary 3.3 With the notations and hypothesis of Lemma 3.5, there exists an
exact sequence of graded R-modules

0B 3FR3RSR/II—0

where Fy and Fy are free of finite rank.

Proof: Take a minimal free resolution of R/I: is should start by the surjection
R — R/I and it has length 2 by Lemma 3.5. O

Exact sequences as in Corollary 3.3 are the subject of the Hilbert-Burch Theo-
rem.

Theorem 3.3 Let R be an integral domain and {0} # I C R an ideal. For an
exact complex

0-FR3FR 3RS R/II—O,

where Fy and Fy are free R-modules it holds that:
1. rank(Fy) = rank(Fy) + 1.
2. Let n = rank(Fy). There exists a € R\ {0} such that

I'=a-1,(p2).
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Proof: The proof of the first statement is easy. Take an element 0 # u € [ and
consider the ring R[u~']. Assume, that F» = R" and F; = R™. As localisation is
an exact functor (see Lemma 1.2), we get an exact sequence of R[u~']-modules:

0— Ru™]" B Ru" 2 Ru™'] = R/I[u"'] = 0.

Now, as u € R acts by the zero map on R/I, we deduce that R/I[u~'] ~ 0. There-
fore, the previous exact sequence becomes a short exact sequence of free R[u~!]-
modules:

0— Rlu™'" B Ru" & Ru'] — 0.

As the rank is additive in short exact sequences, we get that m =n + 1.

We will not give a complete proof of the second statement (which is the main
part of the Hilbert-Burch Theorem). Instead, we will outline some of the main
ideas; for a complete proof see |6, Theorem 20.15].

From now on, we assume that F», = R" and F; = R""! endowed with their
canonical basis. We define a morphism of R-modules:

@1 . Rn+1 — R

by the line matrix (my, —ms, ms, ..., (=1)"my,11) where the m;’s are the n-minors
of py. More precisely, m; is the determinant of the sub-matrix of the (n + 1) x n
matrix ¢ obtained by removing the ¢-th horizontal line. Clearly, the image of ¢,
is the determinantial ideal I,,(¢2).

We claim that @1 0y = 0. If

11 T Q1n
Y2 : : ;
Ap4+1,1 *°° QAn4ln

this amounts to checking that

n+1
Z(—l)imiam = 0

i=1

for all 1 < 7 < mn. This can be proved easily by considering the square matrix
ai,; a1 T Q1n

Qp+15 Ont11 c° OGpiln

and computing its determinant, which is zero, using an expansion with respect to
the first line.
Therefore, the composition of the two consecutive maps in the sequence

OHR’”&R”JFI&)R*)R/ITL(@Q)*)O
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is always zero. In fact, as proved in |6, Theorem 20.15]|, this is an exact sequence.
Moreover, there are unique maps R — R and R/I,(p2) — R/I making the following
diagram

®2

0—= R 2> gt 2 R R/ (p3) — 0

L

1 R R/[ 0

©2

0 Rn Rn—l—l

commutative. This gives an element a € R\ {0} such that

I'=TIm(p1) = a-Im(f1) = a- In(p2).

This finishes our sketch of the proof of the Hilbert-Burch Theorem. O

Corollary 3.4 Let R = k|xy,...,x,]| and let [ C R be a graded ideal of codimension
2. If the ring R/I is Cohen-Macaulay, then there exists an (n + 1) X n matriz ¢
with coefficients in R such that I = I,,(p).

Proof: By Corollary 3.3, we have an exact sequence of graded R-modules
0-FR3R3RSR/II—0

where F5 and F} are free of finite rank. By the first statement in Theorem 3.3, we
may assume that F, = R™ and Fy = R i.e., s is an (n+ 1) x n matrix. By the
second statement in Theorem 3.3 there exists a € R\ {0} such that I = a - I,,(p2).

To conclude, we will show that a is invertible; this implies that I = I,,(p2).
We argue by contradiction: assume that a is not invertible and let p be a minimal
prime ideal containing a. Then p contains a - I,,(ps) = I. But, by Krull’s principal
ideal theorem, codim(p) < 1. This shows that codim(/) < 1 contradicting the
assumption that codim([) = 2. O

3.4 Multilinear algebra
3.4.1 Exterior powers

In this subsection, we fix a ring R. Given two R-modules M and N we denote by
M ®pg N their tensor product. We also denote by M®" the tensor product of n
copies of M, i.e.,

M®"=M@gp- - QrM

J

Vv
n times

Recall that the map

n times

—_—
Mx---xM — M®
(my,....,mp) = M ...0m,
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is the universal R-multilinear map, i.e., for any R-multilinear map ¢ : M x---xM —
N, there exists a unique R-linear map ¢ : M®"* — N making the following triangle

MX- X M—2=N

| <~

MeEn

commutative.

Definition 3.8 Let M and N be R-modules. An R-multilinear map

o:Mx---xM-—N
————

n times

is called alternating if p(my,...,m,) = 0 whenever m; = m; for some i # j.

Remark 3.4 If 2 is invertible in R, the condition of being alternating can be re-
placed by the condition of being antisymmetric which means that

(M, ... My, My, my) = —@(My, .o My, My Ty)
foralll <i<j<n.

Definition 3.9 Let M be an R-module. The exterior n-th power of M denoted by
N" M is the quotient of M®" by the R-submodule generated by tensors of the form
my ® - -+ @ my, such that m; = m; for some i # j.

The image of a tensor my @ ... Q@ m, by the quotient map M — N" M is
denoted by my N\ --- Am,,.

Lemma 3.6 The morphism

n times

——
Mx...xM — AN'"M
(Mmy,...,my) — myA...A\my,

1s the universal alternating R-multilinear map. More precisely, for any alternating
R-multilinear map o : M X --- x M — N, there exists a unique R-linear map
@ : N"M — N making the following triangle

MxX- X M—2=N

| <

N M
commutative.

Proof: This follows directly from the construction and the universal property of the
tensor product. O
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Proposition 3.6 Let mq,...,m, € M and o € S,, a permutation. Then, it holds:
M) A .. A Mgy =sgn(o) -my A ... Amy,

where sgn : &, — {£1} is the signature homomorphism.

Proof: See [1, chapter II1.7]. O

Lemma 3.7 Let (mg)sep be a generating family of the R-module M. If B has a
total order, then the elements

mg, N ... ANmg, with By < By < ... < By

generate \" M.

Proof: See [1, chapter II1.7]. O

Theorem 3.4 If M is a free R-module of rank n, then /\kM s a free R-module
of rank (Z) More precisely, if mq, ..., m, form a basis of M, then the elements

mil/\.../\mil, wzthzl<<u

form a basis of /\k M.

Proof: See [1, chapter II1.7]. O
Corollary 3.5 If M is a free R-module of rank n, then \" M ~ R.

Lemma 3.8 Let M and N be R-modules and let 6 : M — N be a morphism of
R-modules. Then there is a unique morphism of R-modules

No:A\NM— AN
such that N" 0(my A ... Amy) =60(my) A... A6(my,).

Remark 3.5 Let M be a free R-module of rank n and let ¢ : M — M be an
endomorphism of M. Then N\" ¢ is an endomorphism of N\" M. As \"M ~ R,
every endomorphism of \" M is given by a multiplication by an element of R.
The corresponding element for \" o is the determinant det(y). Thus, we have the
formula

e(mi) A ... Ap(my,) =det(p) -my A ... Amy,.
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3.4.2 Pfaffians and Pfaffian ideals

We fix a ring R that we assume, for simplicity, to be of characteristic zero. This
implies that for an R-module M, A" M can be identified with the image of the map
53 ce, 0 acting on M.

Lemma 3.9 Let M be an R-module and let NM = @, \" M. Then \ M has
a natural structure of an associative (non commutative) graded R-algebra. The
multiplication s given by the wedge product:

(I AN AT ) AN AY) =TI A AT AL A A Y
Moreover, the R-submodule P, - A>™ M is a commutative subalgebra of \ M.

Definition 3.10 A square matriz ¢ = (a;j)1<i, j<n with entries in R is called anti-
symmetric (or skew symmetric) if aj; = —a;; for all 1 < i, j < n. Note that this
implies that a; = 0 for all 1 < i < n.

Lemma 3.10 Denote by A, (R) the R-module of antisymmetric n x n matrices with
coefficients in R. There exists an isomorphism of R-modules

AR S AR

v = $.

If e1,...,en denotes the canonical basis of R", then ¢ = 3 i<, ij - €; N e; for

¢ = (aij)1<i, j<n-

Definition 3.11 Let ¢ = (a;j)1<i j<n be an antisymmetric square matriz with en-
tries in R and assume that n = 2m is even. Consider the element ¢ € /\2 R"
associated to ¢ by Lemma 3.10. Then @™, the m-th power of ¢ in the algebra
A\ R, belongs to \" R™ which is a free R-module of rank 1. We define an element
pf(p) € R by the condition

1 .
— P =pf(e)-e1 A... Ney.
m!

The element pf(p) is called the Pfaffian of ¢.

Proposition 3.7 Let ¢ be an antisymetric n x n matriz with entries in R. The
determinant of @ has the following propreties:

1. If n is odd, then det(A) = 0.
2. If n is even, then det(A) = pf(A)%
Proof: If AT is the transpose of A, we have:
det(A) = det(A") = det(—A) = (—1)" det(A)

where the second equality follows from the fact that A is antisymmetric. This proves
the first statement. The second statement is proved in [5, Lemma 2.3]. O
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Definition 3.12 Let ¢ be an antisymmetric n X n matriz with entries in R. We
define the Pfaffian ideal Jy(p) as the ideal generated by the Pfaffians of the k X k
antisymmetric submatrices of ¢ for k even. Note antisymmetric k X k submatrices
are obtained by retaining the i-th lines and columns for v varying in a subset of
{1,...,n} of cardinality k.

Theorem 3.5 Let ¢ be an antisymmetric n X n matriz with entries in R. Then we
have:

1. () C Jam(9) C v/ Lom().
2. Iom—1() C Jom(p).

Proof: See [5, Corollary 2.6] for the full proof. Note that the inclusion Jo,,(p) C
/ Iom(p) follows from Proposition 3.7. Indeed, by definition Jy,(¢) is generated
by Pfaffians of antisymmetric 2m x 2m submatrices of ¢. By Proposition 3.7, the
square of such Pfaffian is a 2m-minor of ¢ and thus belongs to I5,,(¢). This shows

that the generators of Jo,,(¢) belong to /Iom (). O

Corollary 3.6 Let ¢ be an antisymmetric n X n matriz with entries in R. Then
codim(Ja () < (0 —2m + 1)

More precisely, for every minimal prime ideal Jo,, (@) C p, we have codim(p) <
(n—2m+1)2.

Proof: By Theorem 3.5 a prime ideal contains Jo,,(¢) if and only if it contains
Iom(p). Therefore, if p is a minimal prime ideal containing Ja,(¢) it is also a
minimal prime ideal containing I5,,(¢). We may now use Theorem 3.2 to conclude.

([

3.5 The Buchsbaum-Eisenbud Theorem

3.5.1 Ext, Tor and minimal resolutions

We gather in this subsection some results that we will need later.

Remark 3.6 Let R be a ring and let M be an R-module. Recall that the n-th derived
functor of Homg(M, —), denoted by Exth (M, —), is defined as follows. Given an
R-module N, we choose an injective resolution I* of N and we set:

Ext?.(M, N) = H"(Hompg(M, I*)).

There is an alternative definition of the groups Exty(M, N) that we will need later.
Indeed, instead of using an injective resolution of N, one can use a projective (or a
free) resolution P, of M and set

Ext?.(M, N) = H"(Homg(P., N)).
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Remark 3.7 Let R be a ring and let M be an R-module. The functor M ®pr —
is right eract, i.e., for an exact sequence of R-modules N' — N — N" — 0 the
sequence

M@r N - Mr N —+M@rN" —0

s also exact. The n-th derived functor of M ®r — is denoted by Torf(M, —). It
is defined as follows. Given an R-module N, we choose a projective (or a free)
resolution Qs of N and set

Tor® (M, N) = H,(M ®g Q,).
Alternatively, one can use a projective resolution P, of M and set

Tor® (M, N) = H,(P, @ N).
Lemma 3.11 Let A, B,C be R-modules. There is a canonical morphism

HOIHR(A, B) KR C — HOIHR(147 B KR C)

Moreover if A is a free R-module of finite rank, then above morphism is an isomor-
phism.

Proof: The canonical morphism of the statement is given by

HOHIR<A,B) ®RC — HOIHR(A,B®R0>
(p:A—>B)®e = ¢Re:A— BrC

where ¢ ® e sends m to ¢(m) ® e.
If A = R", this morphism is an isomorphism. This can be checked by the
following calculation. On the one hand, we have:
HOIH(R”, B) Xnr C ~B" Xpr C ~ (B Xpr C)n
On the other hand, we have:

Hom(R”,B ®R C) = (B ®R C)n

It can be checked easily that modulo these identifications, the morphism of the
statement is the identity. a

Corollary 3.7 Let M be an R-module admitting a free resolution P, whose terms
have finite rank. Then, for any R-module N, there is an isomorphism of complexes

HOIDR(P., N) ~ HOIDR(P., R) QRr N.

Proof: We apply Lemma 3.11 to each term. O
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Lemma 3.12 Let k be a field and R = k[zy, ..., x,]. Then, there is a free resolution
of R/R, given by:

n 2
0+ AR"—...» AR"=R'>R— R/R, 0.

If e1,... ey, is the canonical basis of R, the differential N7 R — A\° R™ in this
resolution s given by

S
en NN = Y (D) T, e AL AE AL N,
t=1

where the symbol €;, means that we removed e;, from the wedge product.
Proof: This is the well known Koszul complex. See [6]. O

Lemma 3.13 Let k be a field and R = k[xy,...,x,]|. Then, we have:

Exti(R/R+,R):{ (})B/R+ ZZ if?

Proof: For 0 < s < n, consider the ideal I, = (x1,...,z,). Clearly, I, = 0 and
I, = R,. To prove the lemma, we will prove that

0 if i#s,

EXti(R/fsaR):{ R/I, if i=3s

by induction on s.
For s = 0 there is nothing to prove. Assuming that the result is true for s, we
will show it for s + 1. Consider the short exact sequence:

0— R/I, ™% R/I, — R/I,4; — 0.
It induces a long exact sequence of Ext groups:
.= Exto(R/I,41, R) — BExth(R/I,, R) — Exth(R/I,, R)

— Exti N (R/ L1, R) — Extd Y (R/I,R) — ...

Using the induction hypothesis, we see easily that Extiy(R/I,.1, R) is zero for i ¢
{s,s + 1}. Moreover, using that Exty(R/Is, R) ~ R/Is, we obtain the following
exact sequence:

0 = Bxt(R/ L1, R) = R/I, =Y R/I, — Ext (R/ L1, R) — 0.

As multiplication by x,; is injective on R/I; and its cokernel is R/I,, this finishes
the proof. O
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Corollary 3.8 Let k be a field and let R = k[xq,...,x,]. Let Fy be a free graded
resolution of the R-module R/R, of length n and having finite rank in each de-
gree. For example, one can take the resolution in Lemma 3.12. Then the complex
Hompg(F,, R)[n| is also a free resolution of R/R..

Proof: Recall from Remark 3.6 that
Ext/(R/R,,R) = H' (Hompg(F,, R)).

Using Lemma 3.13, we thus get

H'(Homp(Fs, 7)) _{ R/R, if i=n.
Hence the complex Hompg(F,, R)[n|, which is conentrated in degrees {—n, ..., 0},
has no cohomology except in degree 0 and this cohomology is isomorphic to R/R..
This proves that Hompg(F,, R)[n] is a resolution of R/R,. O

Theorem 3.6 Let k be a field and R = k|xy, ..., x,]. For any R-module M, there
s an isomorphism of k-vectorspaces:

Exth(R/Ry, M) ~ Tor (R/R., M).

Proof: Fix a free resolution F, as in Corollary 3.8 and denote by F. the complex
Hompg(F,, R)[n|. By Corollary 3.7, we have an isomorphism

Hompg(F,, M) ~ Homg(F,, R) @g M ~ F, ®@r M[—n].
Passing to cohomology, we get
Hi(HomR(F., M)) >~ Hlin(F., QR M)

The left hand side is Ext%(R/R,, M). As F! is a free resolution of R/R,, the right
hand side is Tor? (R/R,, M). O

Lemma 3.14 Let R be a noetherian N-graded ring with R/ R «a field. Let M be a
finitely generated graded R-module and consider a minimal free graded resolution:

o B, R, T SR B FRB Mo
Then, the following formula holds:
rankg(F;) = dimpg/p, Tor[ (R/R., M).
Proof: By definition, for all ¢ € N, the morphism ¢; is minimal. This means (see
Lemma 3.1) that ker(y;) C R, F;. Equivalently, the image of ¢;41 : Fiyq — F; is

contained in R, F;. It follows that

R/Ry @R piy1: R/RL ®r Fi1 — R/Ry Qg F;
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is the zero map. We thus have shown that the complex R/R, ®r F, has zero
differentials and hence

Tor®(R/Ry, M) = H(R/R, ®r F,) = R/R, ®g F; ~ F;/R,F;.

The claim follows as the rank of F; is equal to the dimension of the R/ R -vectorspace
F./R,F,. O

Later we will only use the following.

Theorem 3.7 Let k be a field and let R = k[zy,...,z,|. Let M be a finitely
generated graded R-module and consider a minimal free graded resolution:

= E, B E, TS S R A RA M.
Then, the following formula holds:
rankp(F;) = dimp g, Ext} "(R/Ry, M).

Proof: By Theorem 3.6, Ext}y “(R/R,, M) ~ Torf(R/R., M). We then use Lemma
3.14 to obtain the result. 0

3.5.2 Gorenstein rings

Definition 3.13 Let R be a noetherian N-graded ring with R/R, a field. We say
that R s Gorenstein if

1. R is Cohen-Macaulay, i.c., Exth(R/R,, R) =0 for 0 <i < dim(R) — 1,
2. the R/R -vectorspace Ext%m(R)(R/R+, R) has dimension 1.

Example 3.1 Ifdim(R) =0, R is always Cohen-Macaulay and it is Gorenstein if
Homp(R/Ri,R) ={a € R| Ry -a =0} has dimension 1 over R/R,.

Proposition 3.8 Let k be a field and let R = k[xy,...,x,]. Let I C R be a graded
ideal of codimension c. If the graded ring R/I is Cohen-Macaulay, then the R-
module R/I admits a minimal free resolution of length c:

0—-F5F " . R 3 R-R/I-0.
Moreover, R/I is Gorenstein if and only if F, has rank 1.

Proof: As I has codimension ¢, the Krull dimension of R/I is n —c. As R/I
is Cohen-Macaulay, we have depth(R/I) = dim(R/I) = n — ¢. The formula of
Auslander-Buchsbaum gives

pdim(R/I) = depth(R)— depth(R/I)

n—(n—c

= C.
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This shows that a minimal free resolution of R/I has length c.
Assuming that R/I Cohen-Macaulay, it is Gorenstein if and only if the k-
vectorspace
Ext%/f(R/RJr, R/I) ~ Exty, “(R/Ry,R/I)

has dimension 1. But, thanks to Theorem 3.7, the dimension of Ext}, “(R/R, R/I)
is equal to the rank of F.. This proves our claim. O

The Eisenbud-Buchsbaum Theorem concerns exact sequences as in Proposition
3.8 for ¢ = 3.

Theorem 3.8 (Eisenbud-Buchsbaum) Let k be a field of characteristic zero and
let R = k[xy,...,2z,]. Let I C R be a graded ideal of codimension 3 such that R/I
1s Gorenstein and consider a minimal free resolution of the form:

0-RERBRARSR/ITI—O
which exists by Proposition 3.8. Then, the following properties hold:
1. rank(F)) = rank(Fy) = 2m + 1.

2. There are basis of Iy and Fy for which ¢o can be given by an antisymmetric
matriz.

3. [ = ng(@g)

As we did for the Hilbert-Burch Theorem, we will give a sketch of the proof
of the Eisenbud-Buchsbaum Theorem. However, in order to do so, we need some
preliminaries on algebra structures on resolutions which we gather in the next sub-
section.

3.5.3 Algebra structures on free resolutions

Definition 3.14 Let S, and T, be complexes of R-modules. Then, Sq Qr Ty is
naturally a double compleze:

1d®d; 42 1d®d; 42 I1d®d; 41
dit1®Id d;®Id d;—1®Id
=511 @ T ——= 5 QT —= 51 @ Tjp —— -
Id®d;11 Id®d;11 Id®d;j11
dj+1®1d d;®1d di—1®1d
S5 ® T ‘ Si @ T 5’1,1®Tj’*>...
Id®d; Id®d; 1d®d;
di+1®Id d;®Id di—1®Id
i1 QT ——5,T; 1 — 5111 ——---

Id®dj,1 Id®dj71 Id®dj,1
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where every square commutes and the composite of consecutive vertical and hori-
zontal maps is zero.

The compleze (S ®@r T)e is defined to be the simple complex associated to this
double complex. More precisely,

(S@rT).= P SieT;

i+j=n

The differential (S @g 1), — (S @r T)n—1 restricted to the direct factor S; @ S; is
given by d; @ Id + (—=1)'Id ® d;.

Lemma 3.15 Let S,, T, and U, be complexres of R-modules. Then there is an
isomorphism of complexes

(S@rT)RrU)e ~ (S®@r(T®rU)).
which s direct sum of the isomorphisms
(i ®@r Tj) @r Uy = S; @r (Tj @r Ug).

As usual, we abuse notation and denote by (S @r T Qg U)e these two complexes.
Lemma 3.16 Let S, and T, be complexes of R-modules. There is an isomorphism
7:(S@rT)e = (T ®@rS)e

which s the direct sum of the isomorphisms
(=1)97: 8, @rTj ~T; ®r S;.

Definition 3.15 Let S, be a complex of R modules. An algebra structure on S, is
a morphism of complexes of R-modules

m: (S ®rS)e — S,

which we call multiplication as usual. We say that the multiplication m s associa-
tive if the following square

(S®rS®rS)e 222 (S @5 S).

taom| im

commutes. We say that the multiplication m is commutative if the following triangle

(S®rS)e B (S®rS)e

NS

S

commutes.
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Remark 3.8 Concretely, an algebra structure on S, is a family of R-bilinear maps

SiXSj — Si+j
(z,y) = 2.y

where x -y = m;y;(x ® y). The condition that m is a morphism of complezes is
equivalent to the Leibniz rule:

divj(wy) = di(2) -y + (=1)'z - d;(y).

The associativity of m is equivalent to the familiar identity (x -y) -z =x - (y - 2).
The commutativity of m is equivalent to the identity x -y = (—1)7y - z.

Proposition 3.9 Let R be a ring and I C R an ideal such that R/I admits a free
resolution Fy of the form:

o 0 BB RB3RA RS RIS,
Then Fy admits an associative and commutative algebra structure.

Proof: The group &, = {1,7} acts on the complex (F' ®g F'), and we define the
complex (S*F), to be the cokernel of Id — 7 : (F ®p F)e — (F ®r F),. This is
called the second symmetric power of F.

By construction, we have a surjective morphism of complexes

T (F®RgF)y — (SzF).
making the following triangle

(F Qg F)e u (F®gF)e

T A

(S2F),

commutative. Moreover, 7 is universal for this properties, i.e., given a morphism of
complexes p : (F Qg F)s — G, such that po 7 = p, there exists a unique morphism
of complexes p : (S*F), — G, such that p = po .

Now, the morphism of complexes F, — R/I[0] induces a morphism

p: (F®grF)e — R/I®r R/I.

As R/I ®r R/I ~ R/I, 7 € G, acts by the identity on R/I ®r R/I. Thus,
we have p o7 = p. By the previous discussion, there exists a unique morphism
p:(S°F)e — R/I ®p R/I such that p = po .

By the universal properties of free resolutions, there exists a morphism of com-
plexes m : (S®F), — F, making the following square

(S°F)s —">R/I ®p R/I
)
F, R/I
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commutes. We define the multiplication m : (F ®g F)e — F, as the composite
m o m. By construction, m is commutative.

To finish the proof, we will use that our resolution has length 3 to check that
associativity is automatic. As usual, we denote by x - y instead of m(z ® y). We
also denote by d the differential in the complex F, (instead of ¢,).

To check associativity, consider three elements x € Fj, y € F; and z € Fj. If
one of the elements is in Fy ~ R, we may use the property that the multiplication
is R-bilinear to conclude. For example, of j = 0, then

(€-y)-z=(yz)-2=ylz-2)=z-(y2) =z (y-2).

Thus, we may assume that ¢, 7, & > 1. But then, because F,, = 0 for m > 4, we
only need to consider the case 1 = j =k = 1.

Now, we assume that x, y, z € F}. As d : F3 — F3 is injective, to prove that
(x-y)-z=ux-(y-2), it suffices to check that

d((z-y)-z) =d(z-(y-2)).
We compute as follows using the Leibniz rule:
d((z-y)-z) = dx-y) z+(x-y)-d(z)
(d(z) -y —x-d(y) -2+ (z-y)-d(z)
= (d(x)-y)-z—(z-d(y)) -2+ (z-y) - d(2)

d(z-(y-2)) = d)-(y-2)—z-dy-=)

(@) (y-2) —x-(dy) -z —y-d(2))

() (y-2) =z (dy) - 2) + - (y-d(z)).

Since dx,dy and dz are elements of Fy = R and the associativity was established

when one of the elements is in Fj, we deduce that the last expressions in the previous
calculations are equals. O

=

U

3.5.4 Proof of the Eisenbud-Buchsbaum Theorem

We now present a sketch of the proof of Theorem 3.8. We start by fixing some
notation. Let k be a field and let R = k[zy,...,x,]. Let I C R be a graded ideal of
codimension 3 and assume that R/I is Gorenstein. By Proposition 3.8, we have a
free minimal resolution F, of R/I of the form:

0-REFRBRAR-R/TI—O.

We use Proposition 3.9 to endow the complex F, with an associative and commu-
tative algebra structure. In particular, we have a pairing

<','>I F1XF2 — R
(z,y) = z-y
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which induced maps p; : Fi — F) and po : Fy — F given by
pr(x)=(r,—): Fr» = R

and
p2(y) = (= y) : Fr = R
We first check the following.

Lemma 3.17 The following diagram.:

R%FQWR%R

l—ld J{—m lpl
sOV Vv Vv

R 1 Flv P2 FQ\/ ¥3 R

18 commutative.

Proof: We first check that the middle square commutes. Let y € F, and let’s show
that the linear form py(p2(y))+¢3 (p2(y)) is zero. We do this after evaluating on z €

Fy. By definition, [p1(02(9))](2) = (a(y), 2) and [p5(p2(9)))(2) = [p2(y)](p2(2)) =
(pa(z),y). Writing d instead of ¢, for the differential in F,, we are left to show that

d(y)-z+d(z) -y =0.

To prove this, we remark that y -z = 0 because it belongs to F; ~ 0. By the Leibniz
rule, we thus get

0=d(y-2)=dy)-z+y-d(z) =dy) -z +d(2) -y

as needed.

Next, we check that the left square commutes. Let a € R and let’s show that the
linear form ¢y (a)—p2(ps3(a)) is zero. We do this after evaluating on = € Fy. To avoid
confusion, we denote by a3 € Fj the element a € R considered as element of degree
3in F. By definition, [ (a)](x) = a - pi(x) and [pa(ps(as)))(z) = (, ¢s(as)).
Writing d for ¢, and @3, we are left to show that

d(z) - as —x - d(as) = 0.

To do this, remark that x - a3 = 0 as it belongs to £y ~ 0. By the Leibniz rule, we
thus get
0=d(z-a3) =d(z) a3 —x-d(a3)

as needed.

Finally, we check that the right square commutes. Let x € F; and let’s show
that ¢1(x) — @y (p1(x)) is zero. By definition, we have @Y (p1(x)) = (x, p3(1)). Thus,
we are left to check that

d(x)+z-d(13) =0.

As before, x - 13 = 0 for degree reasons and by the Leibniz rule, we have

as needed. O
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Corollary 3.9 The morphisms p1 : F1 — F) and py : Fy — FY are isomorphisms.

Proof: As claimed in the proof of [5, Theorem 1.5], F,/[3] is a free resolution of R/1I.
This is in fact equivalent to the property that

Z. 0 if i#3,
EXtR(R/]’R):{ R/I if ii?)

which follows from the property that R/ is Gorenstein.

Moreover, F,’[3] must be a minimal resolution of R/I. Indeed, otherwise, we
would have that rank(Fy) > rank(F;) and rank(F}’) > rank(Fb) which is im-
possible. Now, by Lemma 3.17, we have a morphism of minimal free resolutions
F, — F[3]. This morphism is necessarily invertible by Theorem 3.1. In particular,

p1 and py are isomorphisms. O
We now fix a basis ug,...,u, of Fi. Let u,...,u’ be the dual basis of F}Y and

set v; = p, ' (uy). By construction, vy, ..., v, is a basis of F; such that u; - vj = 0;

(e F5=R).

Lemma 3.18 In the basis vy, ...,v, and uy, ..., u,, the matriz of ps is antisym-

metric.

Proof: Let (aij)1<i j<n be the matrix of o so that

n

Pa(v:) =Y aji -y,

J=1

Now, let’s write d instead of ¢, the differential of the complex F,. For all 1 <1, j <
n, v; - vj is zero because it belongs to F; ~ 0. By the Leibniz rule, we get
0 = d(Ul : ’Uj)
= d(v;) - vj + v; - d(v;)
= EZ:1 axi(uy - vj) + EZ:1 ay;(v; - ug)

= CLjZ' + CL,L'j.

This shows that a;; = —a;; for all 1 <17,5 <n. O

Proof: (of Theorem 3.8)
At this stage, the minimal resolution of R/I can be written as follows

0REBRABRARSR/II—=O

where o is an antisymmetric matrix and o3 = ¢y .

We first show that n is odd. For this, let a € I\ {0} and let’s apply —[a"!] to
this sequence (as in the proof of Theorem 3.3). We get a short exact sequence of
free R[a~']-modules

0— Rla™'] = Rla™Y]" — R[a'|" = R[a'] = 0.
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This shows that the rank ¢o[a™!] is n — 1. But, it is well known that the rank of an
antisymmetric matrix is always even. This shows that n — 1 is even and hence n is
odd. Let m be the integer such that n = 2m + 1.

Now, following [5], we consider the morphism ¢, : R*™*! — R uniquely deter-
mined by the property that

1 -
%v/\(go) =@1(v) - er AL A eamin

where ¢, € \® R2™1 is the element associated to the antisymmetric matrix oy by
Lemma 3.10 and (¢2)™ € A*™ R*™*! its m-th power.

As claimed in [5], the image of ¢, is the Pfaffian ideal Jy,,(¢2). In fact, one has
a resolution

0— R ﬁ R2m+1 ﬁ R2m+1 ﬁ R — R/JZm(()OQ) — 0.

In [5] it is also shown that there is a commutative diagram

%

0—R e R2m+1 2 R2m+1 i) R— R/JQm(SOQ) —0

, N

00— R4> R2m+1 4> R2m+1 R/] 0.

As in the proof of Theorem 3.3, this implies that I = a - Ja,(¢2).

To conclude, it thus enough to prove that a must be invertible. We argue
by contradiction: assume that a is not invertible and let p be a minimal prime
ideal containing a. Then p contains a - Jo,,(¢2) = I. But, by Krull’s principal
ideal theorem, codim(p) < 1. This shows that codim(/) < 1 contradicting the
assumption that codim(7) = 3. O

3.6 Application: union of complete intersections of codimen-
sion two

In this section, we give an application of the Eisenbud-Buchsbaum Theorem follow-
ing the paper [8] of Ragusa and Zappala.

We will work in the projective space P" over an algebraically closed field k of
characteristic zero. The coordinate ring is R := k[zo,...,x,]. Let X; and X, be
two complete intersections in P of codimension 2. This means, that there are
homogeneous polynomials fi, f2, g1, g2 € R such that X; = V(f;,¢1) and X, =

V(fa,92). Weset Iy := (f1,g1) and I := (f2, g2)-

Assumptions: We assume that g, has minimal degree among the polynomials
f1, f2, g1 and go. We also assume that X; and X5 have no common irreducible
component. Thus, changing if necessary the generators of I, we may assume that
V(f1, f2,91) has codimension 3.

We will be interested in the subvariety X; U Xy = V(I; N I5).
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Theorem 3.9 Assume that X1 U Xy s Cohen-Macaulay, i.e., the N-graded ring
R/I, N Iy is Cohen-Macaulay.

Then, there exists an antisymmetric (2m~+1)x (2m~+1) matriz A with coefficients
in R such that the following properties hold:

1. The polynomials f1, g1, fo belong to the Pfaffian ideal Jo,,(A). More precisely,
for 1 < i < 2m+ 1, let p; = (=1)'pf(A;) where A; is the submatriz of A
obtained by erasing the i-th line and i-th column. Then, we may find ho-

mogeneous polynomials o, ..., Qoma1, Bi,-- -, Bomat, and Y1, .., Yome1 Such
that:

2m~+1
= ap,

i=1

2m+1
fa= Z Bipi,

i=1

2m+1

g1 = Z YiPi-
i=1

2. The polynomial go 1s the pfaffian of the antisymmetric (2m +4) x (2m + 4)
matrix A given by:

0 0 0 a1 ... O2mi1
0 0 0 Bi .. Bomi
A 0 0 0 Yoo Yomtl
B —Q —b1 M
. . A

—O02m+1 —52m+1 —V2m+1

The theorem will be obtained by applying the Fisenbud-Buchsbaum Theorem to
a well choosen graded ideal G C R of codimension 3 such that R/G is Gorenstein.
We first construct the ideal G.

Consider the ideal
J=1L+1 = (fi, f2, 91, g2)-
This is the ideal defining X; N X5. Consider also the ideal

N = (f1>f2,91)-

By assumption V(N) is a complete intersection of codimension 3. In particular, the
graded ring R/N is Cohen-Macaulay of dimension n — 2. Clearly, N C J.

Lemma 3.19 The graded R-module J/N is cyclic. More precisely, it is generated
by go + N.
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Let G be the kernel of the morphism

R — J/N
a — agy+ N

so that R/G ~ J/N. By construction, the ideal G is given by
G={a€R|a gs €N}

Therefore, we have N C G. We have the following result.

Proposition 3.10 The graded ring R/G is Gorenstein of dimension n — 2.

Proof: Since N C G, we have dim(R/G) < dim(R/N) = n — 2. Therefore, it is
enough to prove that

0 if i<n-—2
R/R, if i=n-—2.

Indeed, by Proposition 1.4, this will implies that depth(R/G) = n — 2, which by
Lemma 1.6, yields that dim(R/G) > n — 2.

Since R/G ~ J/N, it is enough to calculate Exti(R/R,, J/N).

To do this, we first calculate Ext%(R/Ry, N). As N has codimension 3 and
R/N is Gorenstein, Lemma 3.20 gives:

ExﬁgR/R+rR/G)::{

; 0 if 0<i<n-—2,
Extp(R/ R H) :{ R/R. if i=n-1

Next we determine Ext’(R/R,,.J). For this, we use the short exact sequence
O—->INly—=0L®I,—J—0.
This gives the long exact sequence of Ext groups:
L Extihy(R/Ry L@ 1) — Exty(R/Ry, J) — Extii (R/R, LN L) — . ...

Now recall that R/I; N I was assumed to be Cohen-Macaulay. As I; N I has
codimension 2, Lemma 3.20 gives:

Extd ' (R/Ry, [LNL)=0 if 0<i<n-—2.

Similarly, as R/I; and R/, are Cohen-Macaulay, we get

Ext(R/Ry, I, @ I,) = Exth(R/R, 1) @ Extly(R/Ry, L) =0 if 0<i<n-—1.
Putting these two informations together, we obtain that

Exth(R/Ry,J) =0 if 0<i<n-—2.
To finish the proof, we now consider the short exact sequence:
0—-N—J—J/N—=DO.
This gives a long exact sequence of Ext groups
.. = Exth(R/R,y,J) = Exth(R/Ry, J/N) — Extd (R/Ry,N) — ...

The above computation yields that Ext%(R/R,,J/N) =0 for 0 <i < n — 3 and
Ext"?(R/R.,J/N) ~ R/R, as needed. 0
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Lemma 3.20 Let H C R = k[xg,...,x,) be a graded ideal of codimension ¢ > 2
such that R/H is Cohen-Macaulay. Then

Exth(R/Ry,H)=0 if 0<i<n-—c+1.
If moreover, R/H is Gorenstein, then we also have
Ext™“**(R/R,,H) ~ R/R,.
Proof: Using the short exact sequence
0—-H—R—R/H—O0
we get a long exact sequence of Ext groups
.= Exto'(R/Ry,R/H) — Exty(R/Ry, H) — Exthy(R/Ry, R) — ...

As R/H is Cohen-Macaulay of dimension n—c+1, we have Ext’; '(R/R,, R/N) =0
for i <n—c+1. If moreover R/H is Gorenstein, then Ext)y'(R/R,, R/N) ~ R/R,
for i = n — ¢ + 2. In both cases, we have Ext%(R/R,, R) = 0 for i < n. This gives
the result. O

Proof:(of Theorem 3.9)

Thanks to Proposition 3.10, we may apply Theorem 3.8 to the ideal G. This
gives an antisymmetric (2m + 1) X (2m + 1) matrix A such that G = J,,,,(A). This
proves the first part of Theorem 3.9. The second part of Theorem 3.9 is proved in
[9]. 0
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