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My research interests are in elliptic and parabolic PDEs. In the last four years, I have been mainly
working on free boundary problems, integro-differential equations, and reaction-diffusion problems.

One of my main contributions is the understanding of free boundaries in different obstacle-type prob-
lems [FB1, FB2, FB3]. In these works we extend previous important results from [CSS08, ACS08] to
a much more general context. The main novelty in our works is that we do not use any monotonicity
formulas in order to establish the regularity of free boundaries, while the previous known methods relied
strongly on such type of formulas.

In the next three sections I will describe in more detail my main works, as well as my future plans of
research. At the end of each of these sections a list of my corresponding publications will be given.

1 Free boundaries

Many problems in physics, industry, finance, biology, and other areas can be described by PDEs that
exhibit apriori unknown (free) interfaces or boundaries. This type of models combine the difficulty of
the analysis of the nonlinear PDEs with the difficulty in locating the separating interface between the
phases.

The obstacle problem is the most classic and motivating example in the study of free boundary
problems. The solution u can be thought as the equilibrium position of an elastic membrane whose
boundary is held fixed, and which is constrained to lie above a given obstacle. In mathematical terms,
the problem is given by

min
{
−Lu, u− ϕ

}
= 0 in Rn, (1)

where L is an elliptic operator (in the simplest case, L would be the Laplacian ∆).
In Probability, the obstacle problem (1) and its parabolic version{

min
{
ut − Lu, u− ϕ

}
= 0 in Rn × (0, T ),

u(0) = ϕ in Rn, (2)

arise when modeling optimal stopping times for stochastic processes. When the underlying stochastic
process is the Brownian motion, then L is the Laplacian ∆. However, when the underlying process is a
pure-jump Lévy process, then L is an integro-differential operator of the form

Lu(x) =

∫
Rn

(
u(x+ z)− u(x)−∇u(x) · z χB1(z)

)
µ(dz), (3)

where µ is the Lévy measure (or jump measure). An important motivation for studying such problems
comes from Mathematical Finance [Mer76, CT04], where this type of obstacle problems are used in option
pricing models. In that context, the obstacle ϕ is a payoff function, T is the expiration date of the option,
and the (unknown) set {u = ϕ} is called the exercise region.

Assuming that the underlying Lévy process is stable (i.e., scale invariant) and rotationally symmetric,
then −L is a multiple of the fractional Laplacian

(−∆)su(x) = cn,s p.v.

∫
Rn

(
u(x)− u(x+ z)

) dz

|z|n+2s
, s ∈ (0, 1),
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that is, µ(dz) = c|z|−n−2sdy in (3). This is typically the first and most canonical example of an integro-
differential operator.

An important property of the fractional Laplacian is that it can be related to a Dirichlet to Neumann
operator in Rn+1. Thanks to this, the obstacle problem for (−∆)s in Rn can be written as a thin obstacle
problem in Rn+1. In the simplest case s = 1

2 , it is exactly the thin obstacle problem for the Laplacian ∆.

Let us next describe in detail the different obstacle-type problems in which I have been working on.
The main mathematical challenge in all such problems is to understand the regularity of the free boundary,
i.e., the regularity of the set ∂{u = ϕ}.

1.1 The obstacle problem for the fractional Laplacian

For the fractional Laplacian, the regularity of solutions and free boundaries for the elliptic obstacle
problem (1) was studied in [Sil07] and [CSS08]. The main results of Caffarelli-Salsa-Silvestre [CSS08]
establish that solutions u are C1+s(Rn), and that at any free boundary point x0 ∈ ∂{u = ϕ} we have the
following dichotomy:

(a) either 0 < c r1+s ≤ supBr(x0)(u− ϕ) ≤ C r1+s (regular points)

(b) or 0 ≤ supBr(x0)(u− ϕ) ≤ C r2

Moreover, they proved that the set of regular points (a) is an open subset of the free boundary, and it is
locally a C1,α graph.

Later, still in the elliptic case, the set of singular points (those at which the set {u = ϕ} has zero
density) was studied in case s = 1

2 by Garofalo-Petrosyan in [GP09]. They proved that singular points
are contained in a union of C1 manifolds.

On the other hand, the parabolic problem (2) for the fractional Laplacian was studied in [CF13],
where Caffarelli-Figalli established the optimal C1+s

x regularity of solutions in space, as well as the
almost-optimal regularity of solutions in time.

After the results of [CSS08, GP09, CF13], two important problems remained open:

First, nothing was known about the regularity of the free boundary in the parabolic setting. The main
reason for this lack of results was due to the fact that the approaches used in the elliptic case completely
fail in the evolutionary setting. Indeed, the proofs in [CSS08, GP09] are based on monotonicity-type
formulas, which do not seem to exist in the parabolic setting.

Second, in the elliptic case the full structure of the free boundary was still far from being understood.
The definitions of regular and singular points from [CSS08] and [GP09] do not exhaust all possible free
boundary points, in the sense that they do not exclude the existence of other type of free boundary
points. It was not even known whether the free boundary had Hausdorff dimension n − 1. Thus, the
complete description of the free boundary was an open problem, even for the case s = 1

2 .

• Regularity of the free boundary in the parabolic setting. We studied in [FB2] the regularity
of the free boundary for (2). Our main result in [FB2] extends that of [CSS08] to the parabolic setting
when s > 1

2 , and establishes that the free boundary is a C1,α graph in x and t near any regular free
boundary point (x0, t0) ∈ ∂{u = ϕ}. Furthermore, we also proved that the regular set is open, that
solutions u are C1+s in x and t near such points, and a precise expansion

u(x, t)− ϕ(x) = c0
(
(x− x0) · e+ a(t− t0)

)1+s

+
+ o
(
|x− x0|1+s+α + |t− t0|1+s+α

)
,

with c0 > 0, e ∈ Sn−1, and a > 0. This is the first regularity result for the free boundary in the parabolic
obstacle problem for (−∆)s.
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As said above, the main difficulty was to classify blow-ups and establish the regularity of the free
boundary without using any monotonicity formula. For this, completely new ideas and techniques needed
to be introduced in the parabolic setting.

• Global regularity for the free boundary in the elliptic case. In case of the Laplacian L = ∆,
the regularity of the free boundary for (1) is completely understood. Essentially, the main known results
[Caf77, Caf98] establish that if ∆ϕ < 0 then:
- the free boundary splits into a set of regular points and a set of singular points;
- the set of regular points is an open subset of the free boundary of class C1,α;
- singular points are contained in a union of C1 submanifolds.
Moreover, examples show that without the assumption ∆ϕ < 0 the result is not true, and the free
boundary could even be a fractal set.

As explained above, for the fractional Laplacian (−∆)s the definitions of regular and singular points
from [CSS08] and [GP09] do not exclude the existence of other type of free boundary points, and the
complete description of the free boundary was an open problem, even for the case s = 1

2 .
This was resolved in our paper [FB4], where we proved that, when the obstacle ϕ satisfies ∆ϕ ≤ 0,

then regular and singular points do exhaust all possible free boundary points. In addition, we showed
that singular points are either isolated or locally contained inside a C1 submanifold, extending the results
of [GP09] to all s ∈ (0, 1). As a consequence of our results, we obtained a complete structure result on
the free boundary, analogous to the one for the case L = ∆.

1.2 General integro-differential operators

Let us come back to the obstacle problem (1) for an integro-differential operator (3). As explained above,
when µ(dz) = c|z|−n−2sdz then L is the fractional Laplacian (−∆)s, and the regularity of solutions and
free boundaries is now well understood [CSS08, GP09, FB4].

However, the proofs of all these results rely very strongly on certain particular properties of (−∆)s.
Indeed, recall that the obstacle problem for this (nonlocal) operator is equivalent to a thin obstacle
problem in Rn+1 for a local operator, for which Almgren-type and other monotonicity formulas are
available.

For more general nonlocal operators L, for which these tools are not available, almost nothing was
known about the regularity of solutions to obstacle problems, and nothing about the corresponding
free boundaries. The understanding of free boundaries for more general integro-differential
operators was an important problem that was completely open.

We solved this open problem in [FB1]. More precisely, we consider integro-differential operators (3)
with kernels µ(dz) = K(z)dz, with K homogeneous and satisfying

0 <
λ

|z|n+2s
≤ K(z) ≤ Λ

|z|n+2s
. (4)

Our main result in [FB1] establishes that the set of regular points is open and the free boundary is C1,α

near such points. Furthermore, at every regular point x0 we proved a fine expansion of the form

u(x)− ϕ(x) = c0 d
1+s(x) + o(|x− x0|1+s+α),

where d is the distance to the free boundary, and c0 > 0.
As said above, these results were only known for the fractional Laplacian [CSS08]. For more general

nonlocal operators new techniques had to be developed, since one does not have any monotonicity formula.
Our proofs in [FB1] are based only on very general Liouville and Harnack’s type techniques, completely
independent from those in [CSS08]. Thanks to this, our methods can be applied in the much more
general setting of fully nonlinear integro-differential equations: we also established in [FB1] an analogous
regularity result for fully nonlinear convex operators.
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In order to establish the results of [FB1], we needed certain boundary regularity estimates in C1 and
C1,α domains, which we proved in [FB6].

1.3 Thin obstacle problems

Next I describe my work with J. Serra [FB3] on the fully nonlinear thin obstacle problem u ≥ ϕ on B1 ∩ {xn = 0},
F (D2u) = 0 in B1 \ {(x′, 0) : u(x′, 0) = ϕ(x′)}
F (D2u) ≤ 0 in B1.

(5)

The main known result for this problem was established in [MS08], where Milakis-Silvestre proved that
solutions are C1,α (for some α > 0 small).

When F (D2u) is the Laplacian ∆u, the C1,α regularity of solutions was already established in the
seventies; see [Caf79] and also [Lew68, DL72, Fre77, Kin81].

The regularity of free boundaries, however, was an open problem during almost 30 years. It turned
out that studying the regularity of free boundaries for thin obstacle problems is much harder than in the
classical obstacle problem. Some of these difficulties come from the fact that in thin obstacle problems
(as in the obstacle problem for the fractional Laplacian) there is not an a priori preferred order at which
the solution detaches from the obstacle, in the sense that blow-ups may have different homogeneities.

Such difficulties were resolved for the first time in [ACS08] by using Almgren’s frequency function.
Thanks to this powerful tool, all blow-ups are homogeneous. Then, by analyzing an eigenvalue problem
on the unit sphere, one can completely classify blow-ups at regular points, which is essential in order
establish the C1,α regularity of the free boundary. After the results of [ACS08], further regularity results
for the free boundary have been obtained in the last years. Thus, in case F (D2u) = ∆u, the regularity
of solutions and free boundaries for problem (5) is quite well understood.

In case of fully nonlinear operators F (D2u), however, nothing was known about the regularity of the
free boundary. The main difficulty was the lack of monotonicity formulas for fully nonlinear operators,
which makes the proofs of [ACS08] non-applicable to this nonlinear setting. Thus, the understanding of
the free boundary in problem (5) required substantial new ideas.

Combining the general approach introduced in [FB1] with several new ideas needed for the problem
(5), we proved in [FB3] that the set of regular points is open and the free boundary is C1 near such points.

An interesting feature of our proof in [FB3] is that we establish the regularity of the free boundary
without classifying blow-ups, a priori they could be non-homogeneous and/or non-unique. We do not
classify blow-ups but only prove that they are 1D on {xn = 0}. Moreover, another important difference
with respect to [FB1] is the boundary Harnack type result that we establish in [FB3]. Such result is of
different nature from that in [FB6], and the proof is completely new.

1.4 Obstacle problem with critical drift

In a very recent work with X. Fernández-Real [FB5] we study the fractional obstacle problem with drift,
min {(−∆)su+ b · ∇u, u− ϕ} = 0 in Rn, in the critical regime s = 1

2 . In case s > 1
2 the drift can be

treated as a lower order term, and the problem is well understood [GPPS16]. In case s < 1
2 the drift

dominates, and no regularity is expected. In the borderline case s = 1
2 there is a delicate interplay between

(−∆)1/2 and b · ∇, and prior to our work nothing was known about the regularity for this problem.
Our main result in [FB5] establishes that free boundaries are C1,α near regular points, and gives a

fine expansion for solutions at those points. An interesting feature of our result is that the growth around
free boundary points (and thus, the regularity of solutions) depends on the orientation of the normal
vector to the free boundary. To our knowledge, this is the first example of an obstacle-type problem in
which this happens.
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1.5 Forthcoming works and plans of future research

Let us next explain some works in preparation and plans of future research.

• Obstacle problems for parabolic integro-differential operators. After our results in [FB1]
for the elliptic problem (1), one of the most natural and important problems is the study of the parabolic
obstacle problem (2) for general integro-differential operators (3). We will work on this problem in the
near future. Furthermore, we plan to extend our results in [FB1] to wider classes of operators, such
as those with non-symmetric and/or non-homogeneous kernels. For this, we are working on boundary
Harnack estimates in Lipschitz domains for such classes of (elliptic and parabolic) nonlocal operators.

•Nonlinear variational obstacle problems. In a current project with Figalli and Krummel we are
working on the regularity of free boundaries in minimization problems of the form min

{∫
Ω
G(∇u)dx : u ≥ ϕ

}
.

When G is uniformly convex and smooth, then the problem is quite well understood. However, the present
regularity theory requires the integrand G to be at least C1,1 in order to establish the regularity of the
free boundary. In a forthcoming work we will present a different approach to the problem and prove
that G ∈ C1,α is enough to establish regularity results for the free boundary. We will also study obstacle
problems for degenerate elliptic operators.

• Parabolic obstacle problem for the fractional Laplacian for s ≤ 1
2 . Our result in [FB2]

covers the regime s > 1
2 (which seems to be the most relevant one for applications to finance [MS95]).

When s = 1
2 or s < 1

2 the regularity of solutions and structure of the free boundary is expected to be
different than in case s > 1

2 . This is a problem that seems to present interesting features, and we plan to
work on the cases s < 1

2 and s = 1
2 .

• Study of singular points. An important question that remains completely open is the study of
singular points without monotonicity formulas. The present regularity theory for singular free boundary
points uses Weiss-type and other monotonicity formulas, which are only available in certain contexts.
The understanding of singular points in obstacle problems such as (5) or (1)-(3) is an open problem, for
which substantial new ideas are required.

Publications on Free boundaries

[FB1] L. Caffarelli, X. Ros-Oton, J. Serra, Obstacle problems for integro-differential operators: regularity
of solutions and free boundaries, Invent. Math., accepted.

[FB2] B. Barrios, A. Figalli, X. Ros-Oton, Free boundary regularity in the parabolic obstacle problem for
the fractional Laplacian, preprint arXiv (May 2016).

[FB3] X. Ros-Oton, J. Serra, The structure of the free boundary in the fully nonlinear thin obstacle
problem, preprint arXiv (Mar. 2016).

[FB4] B. Barrios, A. Figalli, X. Ros-Oton, Global regularity for the free boundary in the obstacle problem
for the fractional Laplacian, preprint arXiv (June 2015).

[FB5] X. Fernandez-Real, X. Ros-Oton, The obstacle problem for the fractional Laplacian with critical
drift, preprint arXiv (Oct. 2016).

[FB6] X. Ros-Oton, J. Serra, Boundary regularity estimates for nonlocal elliptic equations in C1 and C1,α

domains, preprint arXiv (Dec. 2015).
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2 Integro-differential equations

Integro-differential equations arise naturally in the study of stochastic processes with jumps, and more
precisely of Lévy processes —stochastic processes with independent and stationary increments which
generalize the Brownian motion. Lévy processes (and, thus, integro-differential equations) have become
quite popular to model very different phenomena, and such equations appear in a variety of situations: in
Mathematical Finance (as explained above), Image processing (where nonlocal denoising algorithms give
much better results than local ones), Physics (fluid mechanics, anomalous diffusions, etc.), or Ecology.

In the context of integro-differential equations, Lévy processes play the same role that Brownian
motion plays in the theory of second order PDEs. For example, the study of such processes leads natu-
rally to linear problems posed in bounded domains. Furthermore, stochastic control problems involving
these jump-diffusions lead to nonlinear integro-differential equations, such as obstacle problems and fully
nonlinear equations.

The regularity theory for integro-differential equations started already in the fifties and sixties, but
has been mostly developed in the last 20 years. It is currently a very active field of research, in which I
have been working in the last years. I will next describe my main works on the subject.

2.1 Fully nonlinear integro-differential equations

In a famous series of papers [CS09, CS11, CS11b], Caffarelli and Silvestre developed the regularity theory
for fully nonlinear integro-differential equations. They proved existence of viscosity solutions, established
C1,α interior regularity of solutions, C2s+α in case of convex equations, and proved perturbative results
for non translation invariant equations.

The results of Caffarelli-Silvestre are concerned with the regularity of solutions in the interior of their
domain, but not on the boundary. In the limit s ↑ 1 —in which one recovers second order equations
F (D2u) = 0—, their estimates recover the C1,α interior estimate of Krylov-Safonov, and the C2,α interior
estimate of Evans-Krylov for convex equations, but not the C2,α estimate on the boundary due to Krylov.

In collaboration with Serra, we developed in [ID1] the boundary regularity theory for such equations.
Our main result in [ID1] recovers in the limit s ↑ 1 the celebrated boundary regularity result due to
Krylov [Kry83] for fully nonlinear elliptic equations —which is part of the theorem for which Evans and
Krylov got the Steele prize in 2004. The procedure we introduced in [ID1] differs substantially from
boundary regularity methods in second order equations, and it is based on blow-ups and compactness
arguments combined with fine Liouville-type theorems.

2.2 Nonlinear diffusions

In a joint work with Bonforte and Figalli [ID2] we studied the regularity of solutions to nonlocal equations
of Porous Media type. These are degenerate parabolic equations that extend the classical Porous Medium
Equation [Vaz07].

Nonlocal equations of Porous Media type have attracted much interest in the last years, and many
important regularity results have been established [Vaz14]. A key open question was the continuity of
solutions for the problem posed in a domain Ω. Another open question was the quantitative infinite speed
of propagation of solutions: it was known that solutions have infinite speed of propagation, but there was
no known quantitative bound for the positivity of solutions, not even for global solutions in Rn.

We answered both questions in [ID2]: we proved the infinite speed of propagation of solutions in
general domains, with a quantitative positivity bound which is sharp up to the boundary. Using this
bound we proved that solutions are Hölder continuous inside the domain, and then by an iterative
argument we obtained the C∞ interior regularity of solutions. Furthermore, thanks to the sharpness of
our quantitative positivity bound up to the boundary, we established the Hölder regularity of solutions
up to the boundary, with the sharp exponent.
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2.3 Pohozaev identities

For second order PDEs, important tools when studying problems in bounded domains Ω are integration-
by-parts-type identities. For the Laplacian ∆, one can check easily that any C2 function with u = 0
on ∂Ω satisfies

2

∫
Ω

(x · ∇u)∆u dx+ (n− 2)

∫
Ω

u∆u dx =

∫
∂Ω

(
∂u

∂ν

)2

(x · ν)dσ. (6)

This identity was used originally by Pohozaev to prove nonexistence results for semilinear equations
−∆u = f(u), and identities of this type are commonly used in the analysis of PDEs.

However, for integro-differential operators like the fractional Laplacian, there was no analogue of this
identity, and in fact it was not even known which form should it have (if any). In collaboration with
Serra, we found and established the fractional analogue to this identity in [ID3], proving an identity with
a local boundary term (even if the operator (−∆)s is nonlocal).

For the Laplacian ∆, the identity (6) follows from the divergence theorem, while there is no such
result for nonlocal operators in bounded domains. The proof of our new identity in [ID3] is much more
delicate than that of (6), and requires fine boundary regularity estimates for the fractional Laplacian
(−∆)s, which we established in [ID4].

More recently, we extended our results in [ID3] to a general class of integro-differential operators
in [ID8].

2.4 Operators with very singular kernels

The regularity of solutions to integro-differential equations is quite well understood for operators with
kernels satisfying the bounds (4). However, there are very natural operators —namely, those correspond-
ing to general stable Lévy processes— that do not satisfy (4). Stable operators are those operators of the
form (3) in which µ is homogeneous, but no extra regularity is assumed on µ, it could even be a singular
measure.

The regularity for general stable operators was an open problem that had attracted much attention.
There were several results that applied to different classes of operators not necessarily satisfying (4), but
still none of such results applied to general stable operators.

We developed in [ID5, ID6, ID7] the regularity theory for all linear and translation invariant stable
operators, with no extra assumptions on the kernel of the operator. We established sharp interior and
boundary regularity estimates, and constructed new counterexamples that show that our estimates are
sharp.

2.5 Some plans of future research

• Boundary regularity in Ck,α domains. Even for linear equations, the boundary regularity of
solutions is still not completely understood. Indeed, we have established sharp regularity estimates in
C1,α and C2,α domains, but higher order estimates are not known in Ck,α domains with k ≥ 3. This is an
important question that is very related to the higher regularity of free boundaries in obstacle problems
[DS15]. We plan to extend our methods in [ID1] to obtain sharp results in Ck,α domains for linear
equations.

• Nonlocal equations in space and time. A project with Caffarelli is to study the regularity of
solutions to generalized master equations, a very general class of equations which are completely nonlocal
both in space and time. Such equations are related to continuous time random walks in which both the
jumps and the time elapsed between them are random, and they can be found in a variety of physical
situations [MK00, ZDK15]. There are lots of open questions concerning the regularity of solutions to
these equations, and we plan to work in some of them.
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• Equations from fluid mechanics. Many equations from fluid mechanics have a nonlocal nature,
and some of them involve integro-differential operators like the fractional Laplacian [CV10, Con06, SV16].
I am interested in learning more on the subject and start working on the regularity theory for such type
of equations.

Main publications on Integro-differential equations

[ID1] X. Ros-Oton, J. Serra. Boundary regularity for fully nonlinear integro-differential equations, Duke
Math. J. 165 (2016), 2079-2154.

[ID2] M. Bonforte, A. Figalli, X. Ros-Oton, Infinite speed of propagation and regularity of solutions to
the fractional porous medium equation in general domains, Comm. Pure Appl. Math., to appear.

[ID3] X. Ros-Oton, J. Serra. The Pohozaev identity for the fractional Laplacian, Arch. Rat. Mech. Anal.
213 (2014), 587-628.

[ID4] X. Ros-Oton, J. Serra. The Dirichlet problem for the fractional Laplacian: regularity up to the
boundary, J. Math. Pures Appl. 101 (2014), 275-302.

[ID5] X. Ros-Oton, J. Serra. Regularity theory for general stable operators, J. Differential Equations 260
(2016), 8675-8715.

[ID6] X. Ros-Oton, E. Valdinoci. The Dirichlet problem for nonlocal operators with singular kernels:
convex and non-convex domains, Adv. Math. 288 (2016), 732-790.

[ID7] X. Fernandez-Real, X. Ros-Oton. Regularity theory for general stable operators: parabolic equations,
preprint arXiv (Nov. 2015).

[ID8] X. Ros-Oton, J. Serra, E. Valdinoci. Pohozaev identities for anisotropic integro-differential opera-
tors, preprint arXiv (Feb. 2015).

3 Reaction-diffusion equations

Reaction-diffusion equations play a central role in PDE theory and its applications to other sciences. They
model many problems, running from Physics (fluids, combustion, etc.), Biology and Ecology (population
evolution, illness propagation, etc.), to Financial Mathematics and Economy. They also play an important
role in some geometric problems: prescribing a curvature on a manifold, conformal classification of
varieties, and parabolic flows on manifolds.

Part of my research in this field concerns the regularity of local minimizers and, more generally, of
stable solutions. This is a classical question in the Calculus of Variations. An important example in
Geometry is the regularity of minimal hypersurfaces of Rn which are minimizers of the area functional.
A deep result from the seventies states that these hypersurfaces are smooth if n ≤ 7, while in R8 the
Simons cone is a minimizing minimal hypersurface with a singularity at 0.

The same phenomenon —the fact that regularity holds in low dimensions— happens for the reaction-
diffusion equation {

−∆u = f(u) in Ω
u = 0 on ∂Ω.

(7)

It is still an open problem to show that stable solutions of this equation are bounded when n ≤ 9. In
dimensions n ≥ 10 there are examples of singular solutions which are stable.

The boundedness of stable solutions has been widely studied since the seventies for different non-
linearities f and under different assumptions on the domain Ω; see the monograph [Dup11]. The best
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known result so far states that all stable solutions are bounded in dimensions n ≤ 4, for any nonlinearity
f and any domain Ω [Cab10], and the problem is still open in dimensions 5 ≤ n ≤ 9.

3.1 Boundedness of stable solutions

In collaboration with Cabré, we studied problem (7) in a class of domains with symmetries [RD1]. More
precisely, we considered domains of “double revolution”, i.e., those which are invariant under rotations
of the first m variables and of the last n−m variables. Our main result in [RD1] is the boundedness of
all stable solutions in dimensions n ≤ 7 in these domains. Except for the radial case, our result is the
only partial answer valid for all nonlinearities f in dimensions 5 ≤ n ≤ 9.

3.2 Isoperimetric inequalities

To establish our results of [RD1], we needed and established in [RD3] some new weighted Sobolev in-
equalities with monomial weights w(x) = xA1

1 · · ·xAn
n , namely(∫

Rn

xA|u|qdx
)1/q

≤ Cp,n,A
(∫

Rn

xA|∇u|pdx
)1/p

. (8)

Here, 1 ≤ p <∞, q = pD
D−p , D = n+A1 + · · ·+An, and Ai ≥ 0. We also obtained an explicit expression

of the best constant Cp,n,A.
The proof of (8) is based on a new sharp isoperimetric inequality with the weight xA. This type of

isoperimetric inequalities with weights have attracted much attention in the last years. They are flexible
tools and are useful in many different settings. It is quite interesting that, even if the weights xA are not
radial, our result in [RD3] established that isoperimetric sets with respect to the weight xA are Euclidean
balls. This was one of the first examples in which this happens.

Later, we extended this result in [RD2], where we found a new family of sharp isoperimetric inequalities
with homogeneous weights in convex cones Σ ⊂ Rn. We proved that Euclidean balls centered at the
origin solve the isoperimetric problem in any open convex cone Σ of Rn for a whole class of nonradial
homogeneous weights. More precisely, our result applies to all nonnegative continuous weights w which
are homogeneous of degree α ≥ 0 and such that w1/α is concave in the cone Σ.

We also solved in [RD2] anisotropic isoperimetric problems in cones for the same class of weights and,
as a particular case of our results, we provided with new proofs of classical results such as the anisotropic
isoperimetric inequality (or Wulff inequality) and the isoperimetric inequality in convex cones.

3.3 Reaction-diffusion problems with nonlocal diffusion

We studied in [RD4] the nonlocal reaction-diffusion problem

Lu = f(u) in R2. (9)

In the biological framework, the solution u of this equation is often thought as the density of a biological
species: the nonlinearity f is a logistic map (which prescribes the birth and death rate of the population);
and L is a nonlocal diffusion operator (that models long-range interactions between the individuals of
the species).

Our main result in [RD4] establishes that, under very general assumptions on the operator L, any
monotone solution is necessarily one-dimensional.
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3.4 Plans of future research

• Boundedness of stable solutions. We plan to continue this line of research, trying to improve the
understanding of the problem (7). We will also try to understand the nonlocal analogue of this problem
—in which −∆ is replaced by (−∆)s—, continuing the research started in [RD5, RD6]. We think that a
good understanding of this problem may lead to some ideas or hints towards the regularity of nonlocal
minimal cones. This latter problem is still open, and the only known result is in dimension n = 2 [SV16].

• 1D symmetry of stable solutions to the Allen-Cahn equation. A famous theorem of Savin
[Sav09] states that any solution to the Allen-Cahn equation

−∆u = u− u3 in Rn. (10)

which minimizes the energy functional is necessarily 1D if n ≤ 7 (while in dimensions n ≥ 8 there
are counterexamples [DPW11, PC13, LWW16]). The 1D symmetry of stable solutions is much less
understood, and it is only known in dimension n = 2. It is an open problem whether stable solutions
to (10) are 1D in dimensions 3 ≤ n ≤ 7. I plan to work on the this problem in the future, trying to
understand at least the case of R3 (in which the ideas from minimal surfaces [FS80, DP79] could give
some hints).
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[RD2] X. Cabré, X. Ros-Oton, J. Serra. Sharp isoperimetric inequalities via the ABP method, J. Eur.
Math. Soc. (JEMS), to appear.
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