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Introduction

The material presented here, corresponds to the Fermi lectures, that
I was invited to deliver at the Scuola Normale di Pisa in the Spring of
1998.

It was for me a great honor, for the prestige of the Scuola and the
lectures, and a touching experience, because of the enormous influence
that Italian mathematics, particularly the schools of Stampacchia and
De Giorgi, had in my work.

The obstable problem, in fact, was one of the main motivations
for the development of the theory of variational inequalities (of which
Stampacchia was one of the main architects) and the problematic of free
boundary problems, in the late ‘60’s early ‘70’s.

On the other hand many of the themes of De Giorgi’s work appear
in these lectures; Boundary Harnack inequalities, classification of global
solutions, flatness and regularity, etc.

The lectures are almost self-contained, except for the work of De
Giorgi and Weinberger-Littman-Stampacchia quoted in the Appendix. Fi-
nally, I would like to thank my colleagues at Pisa for their usual, warm

hospitality.
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The obstacle problem consists in studying the properties of mini-
mizers of the Dirichlet integral

D) = /D |Vul?dX

in a domain D of R", among all those configurations u with prescribed
boundary values: u|yp = f, and constrained to remain, in D, above a
prescribed obstacle ¢.

More precisely, we are given:

a) A (smooth) domain D of R".
b) A (smooth) function f on dD.
¢) A (smooth) function ¢ on D, with ¢|;p < f.

In the Hilbert space H!(D) of all those functions u with square
integrable gradient, we define K to be the closed convex set

K={ueH', uljp=1f u>o¢}.

On K, there is a unique point uo that minimizes the Dirichlet integral

D) = / |Vul*dX .

Such a point ug is called the “solution to the obstacle problem.”

This problem is motivated by the description of the equilibrium
position of a membrane (the graph of u) that is “attached” at level f
along the boundary of D, and is restricted to remain above ¢, (the
obstacle).

Such a membrane will minimize the area integral

A(u):/\/1+|Vu|2dX

that is linearized to Dirichlet integral for small deflections. In any case,
the theory developed here applies to the “minimal surface”, i.e., the non
linearized case, but for simplicity we will restrict here to the “linear”

case.
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The same mathematical problem appears in many other contexts:
fluid filtration in porous media, elasto-plasticity, optimal control and
financial mathematics. See for instance the book of Friedman ([Fr])
where many of these applications are described, as well as the classical
literature on this problem.

We start with some classical statements about ug:

LEMMA 1.

a) ug stays between Ay = min f, and Ay = max(f, ).
b) ug is superharmonic, and support (Aug) C {up = ¢}.

Point a) is a standard application of the weak maximum principle for
H'! functions.

The minimum of two such functions is again in H', and so, for
instance, ¥ = min(ug, A7), is an admissible function and

D(uo) = D(@) + / \Vuol?dX > D(@).
{u0>lz}

Therefore ug = u, a.e. in D.

About point b) more than a proof, it is a matter of definition:
We would like to say that a function v is super harmonic if Av < 0.
Unfortunately this requires to take two derivatives of v.

Instead we use the weak definition provided by integrating by parts:
If v were still smooth, and ¥ a C$° function, we have the (Green

/(Av)n// = /UAI//.

This allows us to say, for a function v, in L}, that v is super harmonic

formula)

without taking any derivative.

DEFINITION. v in L} is super harmonic in D if, for any € Cé" (D),

Y non negative, we have
/ vAy <0.

(That is, we have said, heuristically, for any positive ¥, [(Av)y < 0, and
if  “approaches” Dirac’s §, this seems to imply Av < 0. Indeed, from the
theory of distributions, Av is (as a distribution) a negative measure.)






1. An Apart on Super Harmonic Functions

Let us show that the previous definition coincides with the classical

definition of superharmonicity.

LEMMA 2. Ifv is weakly superharmonic then its average is a decreasing

function of R. More precisely, if0 < R < §

1
V= v(y)dy > / v.
f |Br| JBR(Xp)

Br(Xo) Bg(Xo)

Proor: To that effect we construct a test function  that relates both
averages. We start with the fundamental solution V = I—JT’I"—Z and “fit”
under its graph a paraboloid, Py, tangent to V at |X| = R that can be
easily computed. We define

V — Pg for X <R
Vr(X) =

= 0 otherwise.

We note that, except at the origin, Vg is C!"! and AVg = —C(R)X g,.
We also note that for R < §, Vi < Vs.
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/‘ ’R‘\/

Fig. 1.

Let us take as a test function ¢ = Vg — Vp.

Fig. 2. Graph of .

Notice that i vanishes outside Bg, so ¥ is now C(;’l(R") and
Alﬂ - C(S)XBS - C(R)XBR .

Finally, applying the formula, notice that the constants 1 and —1 are

both superharmonic, so we get
C(S)|Bs| — C(R)|Bg| =0.

That is
1

— XB
|Bg| ™"k

1
AYy =C|— —
v [llexas
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We now use the definition of superharmonicity

1 1
OZ/UA =C —/ v—— [ wv|.
v !lle Bs  |BRrl JBg ]

REMARK. The function Vg seems to be particular of the Laplacian.
It is not so, one can construct such a Vg for any divergence opera-
tor, Dj(a;;Dj), (uniformly elliptic, bounded measurable coefficients) by

solving the variational inequality:

1
D;(a;jDj)(Vg) = T XVR>0) ~ 8x,

(8x,: Diracs delta at Xo). From the Littman, Stampacchia Weinberger

theory, that says the fundamental solution V behaves like it can

_1
|X|”_2’
be seen that

{Vk > 0} ~ xpg -

In fact, by scaling, it is enough to prove it for R = 1.

This provides a “mean value theorem” for general divergence equa-
tions, i.e., given X, there exists an increasing family of sets Dg(Xy)
each one comparable to Br(Xo) such that if v is a supersolution of
D;i(a;jDj)v = 0, the average, fDR(X) vdX, is decreasing with R.

COROLLARY 1. Any super harmonic function v, has a unique pointwise

defined representative as

v(Xp) = ’lei_r)r}) f v(X)dX.
BRr(Xop)

Also, v is lower semicontinuous, that is

v(Xo) < lim v(X).
X—Xp
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We now go back to our solution up of the obstacle problem:
About b) ug is superharmonic. Indeed any positive ¥ € C§ is an
admissible perturbation, i.e.,

/ Vil dX < / (Vitg + 202
=/IVuo|2+28/VrofP+82/(V<ﬂ)2-

Therefore
0< /Vu()V(p.

COROLLARY 2. ug is pointwise defined, lower semicontinuous, and the
set {ug > @} is open. (More precisely, if uo(Xo) > ¢(Xo) + 9, there exists
a neighborhood of Xo where ug(X) > ¢(X) +46/2.)

COROLLARY 3. Auyg is supported in the closed set {ug = ¢}.
COROLLARY 4. ug is continuous.

The proof of Corollary 4 is a consequence of Evans theorem, that

says:

THEOREM 1. Let v be a superharmonic function, and suppose that

v|support(Av) is continuous. Then v is continuous.

Let me sketch the proof of the Theorem 1. Suppose that there exists
a sequence Xy — Xo, such that limv(Xy) # v(Xo).
Then

a) Xo € support(Av), if not v would be harmonic in a neighborhood of
Xo and thus continuous. (Remember that by definition, support(Av)
is closed.)

b) We can assume that X; ¢ support(Av), since v is continuous there.

¢) limv(Xy) = a > v(Xp) = 0 (no loss of generality) by seminconti-
nuity.

d) Further, by semicontinuity, given ¢ > 0, we may assume v(X) > —¢,
for | X — Xo| <.
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B (Yk)

N , By (Xk)

Fig. 3.

Let Y, be the closest point to X; in support(Av) (in particular
8 = 1Yk — Xi| < 1Xo— Xi| — 0.)
Then v(Yy) — v(Xp) = 0. Let us find a contradiction: by superhar-
monicity

1
v(Yy) > ——— v(Y)dY.
¢ | Basy (Yi)| J s, (vp)

But we evaluate

/ v(Y)dY:/ v+/ v=I1L+1.
Bas, (Vi) Basy, (Yi)~ By (Xy) Bsy, (Xk)

For I;, we use that v > —eg, once our configuration is close to Xo.
Therefore I} > —&|Bas, (Yi)l.
For I, we use that v is harmonic in Bj, (X;). Thus the mean value
theorem holds and
I = | Bs, |v(Xy)

Therefore {
v(Yy) = —e+ 2—nU(Xk) .

For ¢ < a/2" we obtain a contradiction.
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Before we go on, let me list a few properties of harmonic and
superharmonic functions that are an easy consequence of the mean value

theorem:

a) Harnack inequality
If v is harmonic and non-negative in B, then for R < 1

supv < C(R)infv.
Bgr Br
(C(R) goes to infinity when R goes to one as a (negative) power of

(1= R)).

b) Derivative estimates
If v is harmonic in B;(0)

Vv )| <C osc v.
VO = € ose

Note that harmonicity is a linear, translation invariant property, thus
derivatives of harmonic functions are again harmonic, and by iterating

b), and scaling, we get

1
/ k) .
b)) |D¥v(0)| < C(k)r" lg)rs(g)v. (Check it!).

¢) Strict maximum principle

Given a superharmonic function v in D, v cannot have a local
minimum in D, unless v is identically constant.

Finally, we will also need the

d) Solvability of Laplace’s equation in a ball
Given f continuous in 0B, then there exists a unique harmonic
function v, such that
vigp, = f.



2. Regularity of Solutions

We are now ready to launch into the study of the regularity properties
of u and the set u = ¢. We start with the regularity of u. The C!!
regularity of u, when ¢ is C L1 jis due to Frehse [F]. The proof below
is in [C-K]. We will always stay away from dD.

THEOREM 2. “Up to C"\, u is as regular as ¢”. More precisely

a) Assume that ¢ has a modulus of continuity o (r), then u has modulus of
continuity Co (2r)

b) Assume now that V¢ has modulus of continuity o (r), then Vu has
modulus Co (2r).

To prove Theorem 2, we start with
LEMMA 3. Let u(Xy) = @(Xo). Then “u separates from ¢ with the

speed dictated by o (r)”, more precisely in case a)

sup (u — @) < Co(2r).
Br(Xg)
In case b)

sup (u —¢) < Cro(2r).
Br(Xo)
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ProoOF: We prove case b). Let L = ¢(Xo) + (Ve(Xo), X — Xo) be the
linear part of ¢ at Xy. Then, by definition of o(r), on B,(Xq)

L—ro(r) <eX) <ulX).
Let us show that on B, ),
u(X) <L+ Cro(r).

Consider
w=u—(L-—-ro(r)).

This is a non-negative superharmonic function in B,.

Let us split it in w = w; + wy, with w; harmonic and equal to w
in 0B,.

Thus, since w is superharmonic and non negative

and hence also

We have that
wi(Xo) < u(Xo) = (L —ro(r)) =¢Xo) — (L —ro(r)) =ro(r).
By Harnack inequality
wilg,,, < Cro(r).

About w,, it is superharmonic and vanishes on dB,. Thus, it attains

its maximum in the support of its Laplacian. But
sz = Au.

So it attains its maximum at a point X;, where u = ¢.
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But remember that wy, < w =u — (L —ro(r)). Thus
w(X1) <eX1)— (L —r((r)) <Co(r).

The proof of the lemma is complete.

In particular if for instance ¢ is C L1 u “lifts away” from ¢ in a
quadratic fashion, that is (u — ¢)(X) < C|X — Xol*.

From part b) of the Theorem, let me just show that if ¢ is C!!,
then u is CY! (away from 9dD). This just follows by scaling: Let
XieQ={u>¢},dX|,,AN)=4d(X,Xo) =p (A ={u=9¢}, Xo € A).
Then on B,(X), u is harmonic. But on -B4p(X0), u has quadratic bounds
away from Lyx,. (Now, ¢ being C"!, we can take ro (r) = Cr?.) Thus,

1 1
DuX)l < = —Lyx) <C=r*<cC.
1D (X)) < po Bg(s)gl)(u xp) S C 37" <
We have now completed the local regularity theory of u, ie., u € Cl!

is as good an estimate as we may hope for, since Au jumps from zero

to Ag across 9%2.






3. Free Boundary Regularity

3.1. - Free Boundary Regularity: Part I, generalities

We now begin to study the regularity of 0€2.

The material in this part can be found in [C-1] and [C-3].

To study the free boundary regularity, we reduce it to a local prob-
lem, and consider the new variable w = u — ¢. Then, we have the

following local problem.

DEFINITION (NORMALIZED SOLUTIONS). In the unit ball of R" we are

given a function w with the following properties:

a) w>0,wisCH!.
b) Onthe set Q2 = {w > 0}, Aw = 1.
¢) The point 0 belongs to 952 (i.e., is a free boundary point).

QuEesTION. What can we say about the geometry of 02?7

SoME REMARKS.. a) On 2 = {w > 0} we really have
Aw = A(u—¢)=—-Ap =g(X).

Since u is superharmonic, it cannot touch ¢ at a point where Ag > 0,
so near the free boundary we should expect g(X) > 0. In fact, if Ag
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and VAg do not vanish simultaneously (a necessary non-degeneracy
condition), a variation of Hopf’s principle shows that g(X) > O near the
free boundary.

REMARK. b) We have made g(X) = 1. All it is necessary is g(X) of
class C* for the general theory and g(X) of class C'%, to show that
singular points lay in smooth manifolds, but these assumptions would
fill the proofs of little technicalities.

REMARK c): IMPORTANT RESCALING OBSERVATIONS. The function w) (X)=

;lfw()»X) satisfies the same conditions, in B, instead of Bj.

We start with the following

LEMMA 4: OPTIMAL REGULARITY. w restricted to By, is bounded by a

universal constant and its C'*! norm is also bounded by a universal constant.
. — 1 2 _ 1 2
Proor: Apply Theorem 2 to u = w — 5. |X|%, ¢ = —5-|X|".

LEMMA 5: OPTIMAL GRADIENT BOUND.
[Vw(Xo)| < C(w(Xo))'2.

Proor: Let w(Xo) = h > 0. Then, from the second derivative bounds,
B cpy1/2(Xo) C 2. (If 3 Xy € Bey1/2(Xo) N A, find a contradiction!). In
B cpy1/2(Xo), Aw =1 and

Ch—|X — Xo/?
2n

vV=w

is harmonic and non-negative.
From Harnack and Interior estimates

C C
Vw(Xo)| = [Vv(X
Vw(Xo)l = [Vv(Xo)l < 757 52" S Ty v(Xo)
c 1/2
< ph=Ch'"2.

LEMMA 6: (MAXIMUM GROWTH). Let X € R, then SUPg, (xp) W = Cr2.
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ProOF: It is enough, by continuity, to prove it for Xo € Q. Let v =
w — 5-|X — Xo|®. Then v is harmonic in £ N B,(X,), and positive at
Xo. It should take a positive maximum on 9(2 N B,(Xp)). But on
(02) N B,(Xp), w =0, so v is negative.

Thus the maximum takes place at a point X| € dB,. There

1
0<v=wX)——r2.
2n

LEMMA 7. The “level strip”, S, = {0 < w < h?} C K, satisfies
meas(S, N B,) =|S, N B,| < Chr"!.
We split the proof into two steps:

LEMMA 7A. Let w, = D,w be the directional derivative of w in the

direction e. Then

/ [Vw,|> < Chr" !,
{0<we<h}NB,

Proor: By the rescaling properties of w (i.e., by looking at w, =
rizw(rX )) it is enough to look at r = 1 (Check this fact!!). We truncate
w, at levels ¢ and h: W, = min[(w, — &), k], and write the usual
formula

/ Vwvee-i—weAwe:/ weD,w, .

By 3B

Since Aw, = 0 in  (in particular for w, > €) and |D,w,| < |D*w| < C,

we immediately get

/ |Vw,|? < Ch.
{e<we <h}

PrROOF OF LEMMA 6: Again we prove it for r = 1
Sk C {IVw| < h} (from Lemma 4) C N{wx,, < h}.
Thus

ISy N By =/ Aw < C |D*w|? < 2/ [Vw,|?dX .
S,,nB,

SpNB {wiep, <h)
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COROLLARY 5. The neighborhood Ny of the free boundary
(Ns(8) ={X :d(X,5) <6}

has measure
INsN B,| <8r" L.

In particular, the free boundary has locally finite n — 1 dimensional Hausdorff

measure, and
H"'@0QnB,)<cr .

Proor: (NsN ) C S5, and thus
INsNQNB,| <8mr"!.

But © has uniform positive density along the free boundary, i.e., for

Xo € 32, we have
B, (X)) N € _

| B, | -
for some universal constant w.
Indeed, from Lemma 6 (maximum growth), w(X;) = SUPp, (xy) W =
Cr?, and from C"! estimates, |Vw|BZr(X0) < Cr. Thus w must remain

positive in B¢, (X;) for C small enough.

u >0

This completes the “generalities” part of our discussion, that is those
properties and techniques common to many free boundary problems:
optimal regularity, to allow for rescalings, maximum possible growth
to provide stability of the free boundaries and coincidence sets under
rescalings and measure theoretical properties of the free boundaries.

3.2. — Free Boundary Regularity: Part II

We now go to a special issue in each free boundary problem, that
is the classification of global solutions to our problem. Namely if we
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plan, as in the theory of minimal surfaces to prove local regularity by
a blow up argument we want to see the special form of the “blow up
limits” of our problem.

The main theorem in this regard is that global solutions are convex.

More precisely

THEOREM 3. ([C1]) Let, as before, w be a normalized solution of our
problem in B|(0). Then, there exists a universal modulus of continuity o (r)

(0 (0%) = 0), such that second pure derivatives of w
D..w

satisfy
D,w(X) = —o(IX]).

We prove the theorem through the following lemma applied inductively.

LEMMA 8. Assume that B,(Xo) C 2(w), and tangent to the free bound-
ary, 052, at a point Y.

Let —a = infp, (x) Deew

Then De,w(Xo) > —a + CaM for some C, M depending only on

dimension.

ProOF OoF LEMMA 8: By rescaling w to w = rlzw(rx), we may assume
r = 1. (Note that this rescaling does not change bounds on second
derivatives.)
We do the following construction: in the ray (Xo, Yp) choose a point,
Yy = Xo+ (1 = h)(Yo — Xo), at distance h from Y,. Since Y, belongs
to 982

w(¥;) < Ch* and Vw(Y)) <Ch.

Starting at Y, the direction +e or —e points “inwards” to the ball
(ie., (+ or —e, ¥y — Xo) <0). Say +e. (Note that D,, = D_, _,.)
Therefore if ¥, = Y| + 3h'/%e, the segment from Y; to Y,, remains at
distance at least £/4 from dB; (for h small).
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Y, €00

¥, — Y] ~ hi/2 [

B, (Xo)

Fig. 4.

At Y,, w is still positive. Let us show that this means that D, w
must be “almost positive” at some point in the segment I = (Y}, 13).
Indeed we represent w(Y,) — w(Y;) as a double integral of D,

along I

0 < w(Y2) = w) + (Vw(l) - Y2 - 1)
nl/2

5 e N
+ Deew <h“+h Y, =Y |+ D,. .
1 I

/ D,.w > —Ch*> — Ch3/?
1

But I has length h!'/2. Therefore

That is

(h'/?)? sup Doew > —Ch* — Ch/?
1

or
sup D,w > —Ch'/?,
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We have, therefore at least, a point Y3 € I, with D, w(Y3) > —Ch!'/2,
We want now to choose # so that we have an actual gain over the

previous bound:
D,;w+a>0.

Thus we choose —Ch'/2 = —a/2, ie., h = (2)®. We have that
Dew(Y3) +oa > /2.
We now apply Harnack inequality to the non-negative harmonic function
v(X) = D.,w + .
It says that
Decw(Xo) +a = v(Xo) 2 Co(¥a) - (1 = [1aD" = CS (W)™ = Ca 2.

The lemma is complete.

COROLLARY 6. Let w be a normalized solution.

IfDeew|Q > —a, then DeewIQﬂBl/z = —o+ CaM,

ProOF: Let Xg € 2N By, and B,(Xp) be the largest ball in € con-
taining Xo. Since 0 € 92, B,(Xo) C B; and the lemma applies.

PROOF OF THEOREM: By induction we have that, for w a normalized

solution, since wlgl/2 is Cb!
D.,wl|p, , = —C=—ap.
We apply the lemma inductively and we get
Decwlp,_, = —

with
M
—Qpy1 > —op + Cay” .

This implies ax > —k™° for some small ¢, or o(r) = —|logr| .
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COROLLARY 7. Let w be a solution in By, i.e., w(X) = ﬁlfw(MX) is

1
Dyow|p, = 0 (ﬁ) .

COROLLARY 8. Let w be a solution in R", then w is convex, and A(w) =

a normalized solution.
Then

{w = 0} is convex.
At this point let us pause for a moment and study what are the
possible candidates for global solutions w:
a) w= %()CJF)2 (in some systems of coordinates).

These are the “blow up” limits that we expect to get if we start

from a point where 92 is a smooth surface separating 2 from A.

2
b) w=7>]} )»,-%" with A; > 0, > A; = 1, always in some system of

coordinates.

These are the solutions we expect if we started from a point where
A had very little density or further an isolated point of A.

In fact:
REMARK. If w is global and A a half space, w is as in a) from Cauchy-
Kovalevski theorem.

If w is global and A has empty interior then w is as in b) from

Liouville theorem.

¢) We can construct a radial solution with A a ball:

Lxe

/ "
—> \o—»/
V\ subtract

fundamental
solution

Fig. 5.
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So life is not so simple. But at least we can say that if w is a
global solution, 0 € A and the trace of A in say 9B is not “so thin”
that is “almost” lower dimensional, then near the origin all level surfaces
of w are smooth Lipschitz surfaces.

Let us write, from now on X = (x/, x,) with x’ = (xq, ..., x,_1).

LEMMA 9. Let w be a global solution (with O € 0S2) and assume that
B,(—tey) C A, for some(0 <t < 1/2.

Then a) for |x/| < g, —t < x, < 1, for any unit vector o, with

o, >0, |o’'| < p/8, we have

a;)) Do,w=>0
ap) All level surfaces, w = A are Lipschitz graphs.

/ : ¢
= fG&A) with || flluip < e

a3) D, w(X) > C(p)d(X,dAN).
a4) For |o’| < p/16 we have D,w > CD,,w.

NOTE. a;), a3) and a4) follow from ay).

Proor: Since w is convex, the directional derivative, D, w is monotone
along any line in the direction o, and thus, it becomes positive once

such a line intersects A.
This proves a;) and thus a;). This also proves that w grows

quadratically in the vertical direction that is, if X = (x/,x,), then
w(X) > Cp?|x, — f(x’,0)|%. Indeed, consider the ball

B=By . f(x0).

—(;Pl
From maximal growth

w(¥) = supw > Co?lxy — fI?
B

but w is monotone increasing along the segment that joins Y to X, from
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Finally, this implies a3: Indeed

(x',xn) ) 2
/ Dendynch Ixn_fl )
&', f(x")

therefore, sup; D,, > Cp?|x, — f|. But this can only happen at a point
along I, at distance Cp?*|x, — f| from the free boundary.

From Harnack inequality, this also holds for all of the segment
between say C p%|x, — f| and |x, — f| with some large constant C(p).
(Notice that the factor |x, — f| scales out of the computation.)

Finally, a4) follows by expressing any such direction o, as
o =ac + be,

with ¢ a direction for which a;) applies.

Then a, b can be chosen positive and b > by > 0, by a universal
constant (1/87). (The reader can check this out.)

We will now invoke the theory of harmonic functions in Lipschitz
domains to deduce that all these level surfaces are uniformly C'* all
the way to the free boundary. We will develop this theory as soon as
we complete the free boundary regularity theory.

Let me state the main theorems (see [CFMS], [K-J] and [A-C])).

THEOREM 4. Consider the domain B = BN {x, > 0}. Let vy, vy be
two non-negative solutions of a divergence operator (a;; bounded measur-

able and uniformly elliptic)
D;(aijDj)v =0

and
vl IX]1=O = O .

Let us normalize them so vl(%e,,) = vz(%e,,) = 1. Then, the quotient

_ ui(X)
“X) =50

is- bounded and Holder continuous up to x, = 0 in B[’}z, with ||u|| oo,
lullce < C depending only on the ellipticity of a;;.
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REMARK. The hypotheses on v; are invariant under bilipschitz transforma-
tions of Bl+. Indeed, we transfer the weak formulation of D;a;; Djv = 0.
That is

/D,-waiijv =0
for any Hg test function ¢ or
/(vw)TAvu dX =0.
Change variables Y = Y (X). Then
V¥ = T VY (Y)
and

dX =detTy dY.

So
/(vyw)TA*vyde =0

for a bounded measurable A*.

COROLLARY 10. Same result holds if. instead of By, we consider the
domain
D={X'I<1, f(X) <X < M)

for some f(X') Lipschitz, | f(X')] < M/2.

3.3. — Application to our free boundary problem (still global solutions)

THEOREM 5. Under the hypothesis of Theorem 4, the level surfaces
{x, = f(x’, L)} are uniformly C'* up to » = 0.



28 LUIS A. CAFFARELLI

PrROOF: We show that %}% are uniformly Holder continuous in {|x’| <
£, 1x,] < 1} for any “horizontal” o.

To apply the theorem we miss the positivity of w,. Write & =
#o +e,. Then a4) applies to & (although it is not unitary) and according
to Corollary 9, the quotient ;wf— is C% up to 0%2.

16 Wep

That is £ (ﬁ’—“—) + 1 is C% up to the free boundary and hence

Wo

Vg =

We,

is C* up to the free boundary.

But v, is simply, D, f(x’, A). Therefore the graphs x, = f(x’, 1)
are uniformly C'* all the way up to A = 0, i.e., up to the free boundary.

We next show, in order to complete the theory, that it is not nec-
essary to pass to the limit, i.e., require w to be a global solution to
reproduce the geometry above. This is a rather unusual fact, i.e., that
in a finite approximation we can directly get regularity, characteristic of
this particular problem. First an approximation lemma that says that we
can almost reproduce the geometry of the global solutions if our w is

a solution on a large enough ball.

LeMMA 10. Fix p > 0, ¢ > 0. assume that we are given a solution w
in a ball By (0), with M = M(p, &) “very” large.
Assume also that w|p, o) has the following property:

“The set Ay, N B} cannot be enclosed in any strip {& < x, < B} of
width, (f — o) < 4np”

Then, for M > M(p, ¢) large there exists a global solution w(X),
that satisfies the hypothesis of Theorem 4, and such that

lw—wellLos) » IIVw = VwellLoom) <¢.

Proor: The proof is by compactness: assume that such an M(p, ¢)
does not exist. That means that if we fix (p, €), we can find a sequence
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of solutions wy defined in balls B,(0) that satisfy the hypothesis of the
theorem and not the conclusion.

The wy are a compact family in C% in compact sets (they all vanish
with their gradient at the origin and are universally C!'! in By/;). Thus
a subsequence converges uniformly in compact sets to some function
Weo. To get a contradiction, it suffices to show that ws, is a global
solution satisfying the hypothesis of Theorem 4. Indeed

a) Weo >0, we € C"!, and Awso(x) =1, whenever w(X) > 0
b) we(0) = 0 and 0 € 92 because supg, ) Wk = Cr? independently

of k and therefore supp, () Woo = C rt.

Also, we and A(w) are convex and further:
“A(weo) N By cannot be enclosed in any strip of width %np”.

Indeed of if A(wy) is enclosed in such a strip, say

7
a<x,<pB, ,B—a:inp

then we > 8 > 0 outside {« —¢ < x, < B+ ¢€}N B. But wy is

converging uniformly to w in compact sets, thus wy > % > 0 outside
o —e<x, <B+e}NB

contradicting one of the hypothesis. To complete the proof of the theo-
rem, we need to show that the “strip property” implies that A(we) N B
contains a ball of radius p.

For that we invoke a lemma of F. John that says that if E is
the ellipsoid of largest volume contained in a convex set, in our case,
(A(we) N By) then nE D (A(we) N By).

With this lemma at hand, if £ has one of its diameters smaller
than 2p, nE has one of its diameters smaller than 2np and we can trap
A(ws) N By in a 2np strip, a contradiction.

In order to be able to jump now from the limiting configuration to
an approximating one, we need the following curious property of the set
Q(w) for a normalized solution w.
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LEMMA 11. Let h be a harmonic function in Q(w). Assume

a) h > 0o0n dS2 (for instance limh > 0).
b) If N, denotes the o neighborhood of 02,
b)) hin, = —0

by) hlon, = L

Then there exists a universal oy such that for o < oy, the hypothesis
above imply that h > 0 in 2 N By ».

PRrROOF: Suppose not, then there exists an Xo, in Ny N By, where h <0
(since outside of N,, h > 1). Consider, in Bj;4(Xo), the function

v=h(X)-3$ [w(X) - %p{ — Xol?*| .

Then (this must sound familiar!)

a) v is harmonic in Bj/1(Xo) N Q.
b) v(Xo) <0.

Thus
c) v must have a negative minimum in 3(Bj/s N £2).

But along 92, v > 0, thus the minimum occurs along 9B s.
Let us see that this is not possible. On dBj;s N Ny,

2
v>—o‘—C802+i<l> >0
- 2n \ 4

if § > 200no, and o small. On 9Bj/4 N (2 \ Ny)
v>1-C8>0

if § (universally) small. O

As a corollary we get the following.
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THEOREM 6. There exists an € = £(p) such that

If w satisfies the conditions of Lemma 9, that is: w is a solution in a
ball By, M(p, e(p)) = M(p) and A(w) N B} cannot be trapped in a
strip of width 2np.

Then, in an appropriate system of coordinates,

a) conclusions of Lemma 8 hold for w (with |x'| < £ substituted by |x'| <
£ and |o'| < {; substituted by |o'| < £ in ag);
b) conclusions of Theorem 5 hold, that is, all level surfaces f(x', A) are

uniformly C' up to A = 0.

Proor: From Lemma 10, we have that there exists a wy, satisfying
the hypothesis of Lemma 8, such that |w — weo|r0, [V —Vwy |0 < €.
Therefore, the crucial properties as), a4) that make f(x’, A) uniformly
Lipschitz graphs, are “almost” satisfied. We will now use Lemma 11, to
show that these properties are “fully” satisfied. We start by organizing

the information we have by putting Lemma 9 and Lemma 10 together.

LEMMA 12. Let w satisfy the hypothesis of Lemma 9, and let wq, be its
¢ global approximation. Then, in the domain |x'| < %, —t <x, <1, we

have (N¢(S) is the e-neighborhood of S)

a) 0Q2(w) C Nc(p)ﬁ(aﬁ(woo)).
b) De,w(X) = C(p)[d(X,dA) — C./e].
c) For|o'| < &

D,w(X) > C(p)[d(X,dA) — C+/e].

d) w(X) = C(p)(d(X,dA) — C/e)%

Proor: All we have to prove is a) and then we just put the estimates
in Lemmas 8 and 9 together.

To prove a) we note that if X is in Q(wy) and d(Xo, 02 (ws)) >
C(p)+/e then wy(Xo) = C(p)(C(p)+/€)? > 2¢. Thus, w(Xo) > O and
Xo cannot belong to 92.
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On the other hand if Xy € Q(w) N A(ws), from non-degeneracy,

sup w > C(C(p)v/e)* > 2¢ ,
Beoyve

thus Bg(,) z(Xo) cannot be contained in A(we). O
Now, to complete the proof of Theorem 6, all we have to prove is
that w satisfies a;) of Lemma 8. (Now with |o/| < Jl%). Since ajy), az)
and a4) follow from it.
From c¢) of Lemma 12,

Dow(X) > [C(p)d(X,dA) — C/e].

We apply Lemma 11 to Dyw in B,g. Let h = g2,

. 2¢1/4
Then if d(X, 0A) > )

h(X)>2—Ce/*>1.

2e1/4

If d(X, ) < 25,

h(X) > —Ce'/*.
14 < (p/8)d0, we

have A(X) > 0 in B,;16(0). Since outside of B,/s, Dy is already non-

If we choose & small enough so that C(p)e

negative, due to the fact that we are away from A, the proof is complete.

By inverting the relation M = M(p) into p = p(M), we have

proven the following theorem.

THEOREM 7. Let w be a normalized solution.

Then there is a universal modulus of continuity o (r) (more precisely
o(r) = p(rl) ) such that if for one value of r, say ro, A(w) N B, cannot
be enclosed in a strip of width Iroa (ro), then, in an r2 neighborhood of the
origin, the free boundary is a C""* surface x,, = f(X') with

C
I fllcle < —.
rn
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PrROOF: Let us renormalize w by rg, i.e., consider

w = —w(r, X).
To

Then w is defined in a ball By of radius M = % and A (w)N B cannot
be enclosed in any strip of width o(r9) = p(M). Thus, Lemma 10
applies.

3.4. — The Structure of the set of singular points

Now, it only remains the study of the structure of the set Sing(w) of
singular points of N, that is, those Xo in d€2 for which |A N B, (Xo)| C
Sro(ry (a strip of width ro(r)) for every positive r.

Our main objective is to prove the following
THEOREM 8. Given a singular point, say Xo = 0 € 92

a) There exists a unique non-negative quadratic polynomial

1 T
Qx, = 5(X"MX)

with AQx, = trace M = 1, such that
l(w — Qx,)(X)] < IX[Po(1X])

for some (universal) modulus of continuity o (| X|).
b) M(Xy) is continuous on X (for X in Sing(w))
c¢) Ifdimker M = k, the singular set Sing(w), lays, in a neighborhood of

Xo, in a k-dimensional C' manifold.

The size of the neighborhood depends on the smallest non zero eigen-
value of M.
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Before entering into the proof of this theorem, let us point out that,
because of compactness, if Xo is a singular point, then w|p,(x,) looks

“more and more” as a quadratic polynomial:

LEMMA 11. Given ¢, there exists an M (¢), such that, if w is a solution in
By and if O is a singular point of %2, then, for some non-negative quadratic
polynomial Q = XT AX, with AQ = 1, we have that

|w_QIBISE-

Proor: Suppose not, then there is a sequence of solutions wy(X) de-
fined in By (0), that have zero as a singular point, and for which there
is no such polynomial.

Let us take a subsequence, wy, that converges uniformly in compact
sets to a global solution, wy,. We prove: wy, is a quadratic polynomial

Q as above.

REMARK 1. Ay has empty interior. If not, Ay being convex, Ay N By
will also have nonempty interior, i.e., will contain a ball B,,(Xo), where
Weo = 0. From nondegeneracy wy =0 on B,;,2(Xo) for k large. If not

supwg > Crg for any Yy € Byy/a(Xo) N Q(wy)
B%’O(Yk)

contradicting the uniform convergence of wy to wp.
But, since O is a singular point of wy, A(wg)N B; must be contained
in a strip of width 0(%) according to Theorem 7, a contradiction as soon

as o (3) becomes smaller than ry.

REMARK 2. wy is a quadratic polynomial. Indeed Awe = 1 and has

quadratic growth, so

1
h = we — ZIXV

is globally harmonic with quadratic growth, thus 4 and hence wy is a
quadratic polynomial.
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COROLLARY 11. Let w be a normalized solution, and 0 a singular point.
Then given ¢, there exists a ry(¢) so that for any r < ro, we have a quadratic
polynomial Q" = XT AX, with

lw— Q"5 <er’.

As before, we invert the relation €(r) = o (r) and say: if w is a normalized

solution and zero is a singular point, there exists a Q, such that
lw— Q'lp, <r’o(r).

The problem with Lemma 11, is the standard problem in singularity
theory, for instance in minimal surface theory: take a sequence of blow
ups of a minimal surfaces and you get a minimal cone.

The problem is that different sequences may give different cones,
that is the cone (or in our case the quadratic polynomial) may slowly
rotate. The question is thus how to “glue” the polynomials Q, that
approximate a normalized solution at all different levels B,.

This is solved by the use of a monotonicity formula:

THEOREM 9 ([ACF]). In B;(0), let u\, uy be two continuous functions
such that

a) Have disjoint supports: u; - uy = 0.
b) u1(0) = uz(0) =0.
c) uijAu; > 0.

Then

1 IV, 2 1 |Vuy|?

is monotone increasing in R.
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Fig. 6.

Let me make several remarks about this theorem whose proof we
postpone to the end of the discussion. The standard picture to understand
this theorem, is to have in B;(0) a (relatively nice) surface S, through
the origin, separating B; in two domains D; and D,.

In each of them we have a harmonic function v; that vanishes along
S. Then

a) Each of the terms 7; can be understood as an average of |Vu;
i.e., we are dividing the volume integral in a domain of size ~ R" by
a factor R%r"~% ~ R".

In fact if v; is the positive part of a linear function, v|(X) = ax;

|2

Ti(R) = C(n)a?.
with C(n) a precise constant related to the volume of the unit ball of
R™.
b) 7; has linear scaling, i.e., if u(X) = %u()»X),
R
7; <_’ ’2) = Z(Rv l/l) .
A
¢) If § is smooth at zero, i.e., D,v; exists, then

: - N2
lim 7; = C(n)(Dyvi)” .
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In particular
C%(n)(Dyv1)*(Dyv)* < T(1/2).

d) On the other hand one may suspect that the quantity 7;(R) could
be uncontrolled for some “not too bad” v;. That is not so: consider the
function r,,—'_; in By, and extended to a function V on B; in a smooth,
non-negative way, so that V = 0 near B;.

Then

By,

Fig. 7. Graph of V.

A2 (Vvi)2
T:,(1/2) =2 /31/2 ( 2 ) ax

)
522/ AlL) - vdx
By 2

2
=22 % 112
=2 /B.\BW(AV) L aX < Cllulliags,

e) Finally, a remark on homogeneous harmonic functions in cones. Let
" be a cone with vertex at the origin, i.e., given a subset Xy C Sj, set

X
'=<¢{X:—eX S .
{ X €0 C ‘}
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Then we can look for homogeneous harmonic functions on I', A(X) =
r®f (o), vanishing on aI" by finding eigenfunctions on Xy:

n—1) 1

Ah = D, h + D,h + —Ash
r

=r* 2 [(afe— 1)+ (n — Da) f(o) + As f(0)]

So if f is an eigenfunction of Af(c) + Ay f(o) = 0, in Xy, we
can associate to f the homogeneous harmonic function h(X) = r® f (o),

where « is related to A by
alc+n—2)=A.

For any positive A, we have two roots, one bigger than zero and one less
than —(n — 2) (the extremal case being a constant and the fundamental

solution).
We sketch now the proof of the theorem.

PRroOF: By scaling, it is enough to prove it for r = 1.
T'() = T{% + TiTy — 4T T; |

SO we want to prove

We now reduce the formula to integrals on ¥; = D; N S

2
Viu;)? AL —2
7T = (u)dXz/ 2 dX=/ (uiD,ui+n u?)da
b

yn—2 yn—2 : 2

(We use | ulAv —vAu = | uv, — vu,) while
T
:r,.':/(w,-)zdx.
T
So

T J@)’ + () do
T [Juu, +%52u2do
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2
Note at this point that %u:—z) is minimized by A, the first eigenfunction

of the Spherical Laplacian A,, in ¥, so we want to split uu, in an

optimal fashion to spread its control between [(u,)? and [u2, i..,

/uu,=%[A/u2+%/u%].

That will leave us with

fu%+f(“a)2
L[+ [A+ (-1 fW)?

To perfectly balance both terms, we want

1 [A+(n-2
Z:W, or A[A4+n—2]=2.

If we choose A in such a way we can say that

=

> 2A;.

=

Thus

/ /

T 4som+a,-2)
ST

But note that A;, from the formula above, is precisely the homogeneity
in r of the function h;, harmonic in the cone I';, generated by X%;,
vanishing on dI';.

That is, the monotonicity formula has been reduced to the following

question:

Given two disjoint cones I'; in R", let h; be the corresponding
homogeneous, non-negative harmonic functions, is it true that the
sum of their homogeneities, A;, is always bigger or equal than two?

Note that for a linear function we have equality (i.e., we have
homogeneity one on both sides) and it is natural to guess that this is
the extremal configuration. We sketch the main ideas of the proof.
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Step a) (Sperner [S])
By symmetrization, among all domains ¥ in S; of prescribed mea-
sure (|X|), the one that minimizes A, and thus A, is the spherical cup

Tir=8SiN{x>al , Zp=8N{x <a}.

There
T2 e )21 = (x)H D2 dx

A = inf
VEITTTE 2 = o)) dx

(by changing variables x; = cos@ in polar coordinates).

Step b) (Friedland and Hayman [F-H])

The minimum decreases with dimension, since an n; dimensional
configuration, can be extended (without changing the homogeneities) to
a higher, n, = n; 4+ k dimension, so we may try to scale properly and
study the problem for large dimension.

Note that since A(A + (n — 2)) = A,

A:l[\/(n—2)2—4)»—(n—2)]: * +< 0(1)>
2 (n—-2)

(n —2)>

for n large, so it is enough to study A, 4+ A, for n going to infinity,
with
[ e = ()P dx

i
YT [T ud(1 = (k)22 dx,

This suggests the change of variable

y = +/nx;.

.
Then u), = Trlxps and

— f_snl/Z(uy)2(1 — yz/n)(n—Z)/2 dy

Al S 2 2 2
JZ mput(l—=y2 /)2 dy
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. 2 .
But then (1 — y?/n)®*~2/2 converges in compact sets to e™>/2 and A
converges to the eigenvalue of the Gaussian
_2
S oo uy)?e™ 2 dy
S 2 22
[ oo u2e™"2dy

Our problem thus becomes: Given s € R, let A; be the Gaussian

eigenvalue for (—o0,s), A, for (s, 00), is it true that
AL+ Ay > 20(—00,0) ?

(Remember that A(—oo, 0) corresponds to the plane solution, for which
the desired inequality holds.)

Step ¢) ([B-K-P])
For the Gaussian, A is a convex function of s.

IDEA OF THE PROOF: The eigenfunction u, satisfies an equation
_x2 _x2
Dye X Dxu=eXu.
Such an equation

Dfoxu = —Afu.
1/2

Can always be reduced, by taking a new variable v = f'/“u, to
%"
Dxxv — -71—/5—1) = AV.

In our case

2
Dxxv—<%—z V= Av.

A theorem of Brascamp and Lieb, then says that, if U, U, are convex
sets of R", V is a convex potential and A the first Dirichlet eigenvalue
in U of

Av—Vv=2Av,

then
AU+ (1 =0)Up) < tA(U) + (1 = H)A(U2) .
We apply this theorem for A(a) above.

We now go back to the classification theorem for singular points.
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3.5. = Proof of the main theorem

SOME PREVIOUS REMARKS. Let O be a singular point of d2. Recall that

a) (AN B,) C Sys() (a strip of width ro(r)), and that
b) 3 Q" = %(X TM™X), with M non-negative, trace of M = 1, such
that

lw— Q' <r?o(r)
Vw — Q| <ro'?(r).
In rescaled terms, if w”™ = —lfw(rX) and A" = A(w"),
r

Iu)r-merBl §0'(r) ’ |V(wr—Qr)| So'l/z(r)
(ArnBl) C Sg(r).

In particular, outside of S, i/3, from a priori estimates:

1D (" = QNI = 5 ose(w = @) <0 ()7

We are now ready for Step 1: Let u, = D.w, be a directional
derivative of w. Then Au, = 0 in €, and u, = 0 on A, so we can

apply the monotonicity formula to u}, u;: The function

1 [ |Vul? 1 [|Vu;)?
T(R): (ﬁ ——rn—ez dX ﬁ rn_e2 dx

=T1Y(R,e)T (R, e)

is monotone in R.
In Step 1, we will evaluate 7% (R, ¢) in terms of M¥ (i.e., D>QF)

1

T+(R,€) = ﬁ

IDjew|2

o dx

/{(De w)>0}NBg

D: wR 2
= / 1Djew 1 2' dX.
{DewR>0)nBy 1T
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We want to substitute D;,w® by D;,QF = Mj‘f_, = ejTMRe. From the
general remarks above

TY(R,e) =/

DewR>0

IMEe|?
rn—2

dX + o)

(we estimate the integral splittings in S, gy1/3 and CS; gy1/3).
Next we want to substitute the domain
D={D,w® >0}, by D°={D,0F = XxTMRe > 0}.

If we denote by D* = {D,QFf = X"TMRe > +0'/2(R)} we have, from
the estimates above

DtcDcD .
Thus

1
|MRe? ( = dX) — o)

<T*R, ) < [MFe|? (/
D

= dX> o).

1/2
o4
% . hence

1/2
| fpe fpo = cmi (Uu(lt;)en ’1> |

C*(n)=/ dX

BI;_ rn—2

But D~ \ D7 consists of a strip of width

Therefore, with

we have the final estimate

a(r)1/2

1/3
il )) +0( (1))
= C*||MRe|| +0(c (r)'/?) and

T*(R,e) = |MRe|? (C* +0(

T(R,e) = (CHIMRe|* +0(a (1)) .

(Remember that | M| is universally bounded since 0 < M, and trace
MR =1)

This completes Step 1.

In Step 2, we “glue” all of the MR by the monotonicity formula.
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COROLLARY OF STEP 1. If Ry < Ry, for any unit vector e,
IMRie|? < IMR2¢|? +0(a'?(Ry)) .

Proor: It follows from the fact that 7 (R, ¢) is monotone in R.
LEmMMA 12. ||[MR1 — MR2|| < 0(c'/6(Ry)).

ProOF: Let N = MR2 — MR1_ Then N is symmetric, and trace N = 0.
We have
I(M*2 — N)el® < 1M™2e|® + o'/ (Ry)

or
—~2(M®2¢, Ne) + ||Nell> < 0'(Ry) .

Choose e the eigenvector, e,, corresponding to A < 0, the smallest (more

negative) eigenvalue of N. Then
—20eTMPR2e + 22 < 0'3(Ry).

Since M2 is non-negative, we have A% < o!3(R,) or |A| < o!/5(Ry).
Since tr N = 0, |[N|| < a'/S(Ry).
COROLLARY 12.

a) As R goes to zero MR has a unique limit M°.

b) MR — Mol < o'/°(R).

¢) llw—X"MoX|l[, < llw— @RI +10% - 0°l < R*¢"/S(R).

d) Let OX , denote the polynomial corresponding to center Xo, then for

R R R
10%, — @x, Isrcxonsrexy < 1Qx, — wil + 1%, — wll

< R%(R).
In particular if | X| — Xol| < éR for § small
1Mz, — My Il <o(r).

The rest of the theorem now follows.



APPENDIX

Boundary values of harmonic functions
in Lipschitz Domains

In this section we discuss the boundary regularity properties of
harmonic functions in Lipschitz domains, or more generally of solutions
of elliptic equations with bounded measurable coefficients.

Since the family of solutions u to an equation

Lu = D,-(a,-iju) =0

is invariant under bilipschitz transformations (just write the weak formu-
lation)
/ Vol AVudX =0
Q

for any ¢ in H 1(R)), we may choose as our basic domain
Q = B} = B;(0) N {x, > 0}.

The main theorem we want to prove is that:
THEOREM A. Let u, v, be two positive solutions to

a) Lu=Lv=0inQ.
b) u, v take continuously the value zero on {x, = 0}.
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Normalize them so
c) u(ze.) = v(zen) = 1.

Then

ad is of class C% in (B,+/2)
v

(all the way to x,, = 0) and

RAE
vilLee’ ly

where C is a universal constant depending only on the ellipticity of A = [a;;].

<C
ce —

In order to prove this theorem we will need several classical results

on the theory of solutions to Lu = 0.

THEOREM A-1 (DEGIORGI OSCILLATION LEMMA). Let v be a subsolution
of Lv = 0 in By, satisfying

a) v<l1
b) {v=0=un>0

Then supg, , v <Ai(u) < L.

THEOREM A-2 (DEGIORGI-NASH-MOSER INTERIOR HARNACK INEQUAL-

ITY). Let v be a non-negative solution in B(0), then forr < 1

supu < (1—r)"? inf u
Br(g) Br ©)

(for r close to one, we may choose constant one by making p large).

THEOREM A-3 (LITTMAN STAMPACCHIA WEINBERGER — BEHAVIOR OF
THE FUNDAMENTAL SOLUTION). The fundamental solution of L behaves like
that of the Laplacian, more precisely: Let By C 2, and V satisfy

a) L(V) = =&y (Dirac’s).
b) V|,q=0.
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Then on B 1/2

C1<V< C,

pn=2 = = pn=2"
With these tools at hand, we can prove the theorem. The proof is
divided into two main steps:
STEP 1: BOUNDARY HARNACK PRINCIPLE: If u is as in Theorem A,

above. Then

u|g+ <M , a universal constant.
172

STEP 2: Show that ; remains bounded in B,Jr/2 all the way to X, =0.
STEP 3: Iterate steps 1 and 2.
PROOF OF STEP 1: We start by noticing

a) If Yo € {x, = 0}, then supp y,,u decreases polynomially, i.e.,

forr < R

r [¢2
sup u <C (—) sup u
B, (Y) R/ Bg

indeed, when extended by u = 0 for x, < 0, u is a subsolution of
Lu=0and |[{u <0}NB,|= %IB,I. From DeGiorgi oscillation Lemma,
with A = A(1/2), we get:

supu|Br/2 < Asupu|Br .

b) From the interior Harnack inequality

1
sup u <s ’u (—e,,) =57,
B3/4ﬂ[xn>s} 2

c) Since u takes continuously the value zero at {x,} = O, the sup

of u in B,*}z is attained, i.e.,

supu =u(Xo) =M.
B+
1/2

We will now show that if M > M, large, we can construct a
sequence of points, X all contained in B3+/4, Xy = {x, = 0}, and such
that u(X,) goes to 400, a contradiction to the continuity of u up to
{x, = 0}.
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A.1. - Construction for boundary Harnack principle

We will denote by Y; the projection of X; in the {x, = 0} axis.
From interior Harnack (remark b) above),

M = u(Xo) < |Xo—Yo|7".
Thus, with e = 1/p
do=|Xo—Yo| <M*
that is Xo is very close to the {x, = 0} plane.
Now we use the oscillation lemma backwards: since,
sup u >u(Xog) =M
By (Yo)
this implies that

sup u=u(X)>TM
Bdo(y())

(for T = M+/2) a universal constant bigger than one).
Again, by Harnack, as with dy, we obtain that
di=Xi -1l <TM)*
and, by oscillation backwards, as with u(x;), we obtain that

u(Xy) =supu>Tu(X,)>TM.
Byq,
Once more, by Harnack,
dy=1X2 — | < (T°M)™°.

We repeat inductively the process, and we get a sequence of points X,
satisfying

a) u(Xy) >TM

b) 1Xi — Vil < (T*M)™*

) 1Xk — X1l <4(T*'M)~*

All we have to make sure is that in this construction we always
stayed inside, say Bg/js. But T > 1 is universal, ¢ is universal and M can
be chosen as large as we please, so we can make ) | Xy — Xi—| < 1/16,
and get, for M > My, a contradiction. This proves Step 1.
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A.2. — Proof of Step 2

We want to show now that f remains bounded. Since v(%e,,) =
u(%e,,) = 1, we have, from Step 1, that v|31+/2 < M, and from interior
Harnack, that u[ Brzﬂlxnzl /8) > ﬁ So our Step 2 reduces to the following
question: take in R", the cube Qs(e,) = {0 <x, <2,|xj| <1 for j <
n} and Qip(3en) = {0 < xu < 3, Ixj| <  for j < n}. Let Fy, F; be
two faces of Qj(e,), different from {x, = 0}. Let v; be the function

satisfying

a) Lv; =0 in Q»

b) Vi :XF,-~

|3Q2
Show that in Qy,,

v < Cuvy.

(This is called the doubling property of harmonic measure. It states that
two adjacent “balls” along the boundary of a Lipschitz domain have
comparable L-(harmonic) measure. L-harmonic measure may be abso-
lutely singular with respect to Lebesgue measure so this is a nontrivial

result.)

Proor. We will show that both v; are comparable to the Green func-
tion G(x, e;), in Ql/z(ien). From the oscillation lemma, by extending
(1 — v;) identically zero across F; we get that (1 —v;) < A < 1, near
F;, say on the cube QF of sides one with one face lying on F; (see
figure).

Thus v;(e,) = (1 —A) > 0 and thus v; is strictly positive inside Q,, say
in Qi(e,), the cube of sides one centered on e,.

Let G(X, Y) denote the (L) Green function in the unit cube. From
[L-S-W], G(X, e;) is bounded for X on the boundary of Q|(e,), vanishes
on d(Q, and hence

G(X, er) < (vi(X))

in Q2(en) - Ql(en)-
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Qyo(1/4e,)

Fig. 8.

We now show that for X in Ry, = Q|/2(%e,,), also v(X) <
CG(X,e)). For that, we “freeze” X in Qy(5es) and recall that
LyG(X,Y) = 0, ie.,, G is a solution in Y for X fixed, as long as

X # 7Y, in particular for Y ¢ Ql/z(%e,,).
Therefore, Step 1 applies and with X always frozen in Ry

G(X,Y)<CG(X,ep)

for say, Y in Q3/4(%e,,).
Since G vanishes in dQ,(e,), the standard energy estimate says that
/ IVyG(X, )*dX < C / G* < CG*(X, e).
Q2(en)~ Q1 (Sen) 02(en)~Q3/4(3en)

We now take a C* function n, vanishing in a % neighborhood of Fj,

and n=1 on Ql(%e,,) and represent v (X), for X in Q1/4(%en), by the
formulas (no boundary terms left)

/(nv1)(Y)LyG(X, Y)+/VT(nv1)AVYG(X, Y)=0

and

/n(Y)G(X, Y)Lvy(Y) + /VT(nG)Avv1 =0
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That give us, after subtracting
vi(X) = /VTnA[nyG — GVv].
But on the support of Vn,
lvllgr =€, and ||Gllg1 < CG(X, en).

So vi(X) < CG(X,e,). (Note that f(an1)2 is bounded from the
standard energy inequality since n vanishes near Fj.)

Step 2 is complete, since, going back to our 4 and v, we can say
that

()

Fj

and

1
uZ_Ul,
M

where F; is the face opposite to x, = 0.

A.3. -Step 3

Consists in showing a C* estimate by iteration, in the following
way.
LEMMA. There are constants ay, by, % < a; < by < M, and a constant

A < 1, such that:
On By ,,

apu < v < bu and (by —ay) < Abr—1 — ax-1) .

Proor: By induction: Renormalize B;_k to Bf" by the transformation
it = u(27%x), define the positive functions

wi(X) = M—)__(&,
bk—ak
wy(X) = M

by — ax
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and look at the positive numbers wl(%e,,), wz(%e,,). One of them is
bigger than %ﬁ(%en) since w; + wy = ﬁ(%e,,).

Say w;(%e,,). Then by inductive hypothesis 2w;(X) is a non-
negative solution of L = 0, vanishes on {x, = 0} an 2w](%e,,) > ﬁ(%e,,).

Hence
2w,
e >

1
u 1By~ M
. . . +
or, renormalizing back, in Bz_(k+1),

vV — aiu > 1
(by —apu — 2M

That is, in By—k+1),

1
ak+w(bk—ak) u=<v=b.

So by = by and ag4 = ax + ZLM(bk — ).
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