
MAT 636 ODES AND FOURIER SERIES
HOMEWORK 2

Due on 17 March. Please turn in the starred problems to be graded. The other problem
is optional and does not count for credit, but is recommended.

*Problem 1. (a) Give an example of a mapping A of a complete metric space (M,ρ) into itself
such that

ρ(Ax , Ay) < ρ(x, y) ∀x, y ∈M with x 6= y,

but such that A has no fixed point.
(b) Show that if M is compact this condition is sufficient to guarantee that A has a fixed

point.

*Problem 2. Let f be a twice continuously differentiable function, with f(x0) = 0. Let
Rf := {x ∈ R : f ′(x) 6= 0}, and define A : Rf → R by

A(x) := x− f(x)

f ′(x)
.

Using the Banach fixed point theorem, show that if f ′(x0) 6= 0, then there exists ε > 0 such
that for all x with |x− x0| ≤ ε,

lim
n→∞

Anx = x0.

(This method for finding a zero of a function is known as Newton’s method. Though it is
not a part of the problem that you need to do for credit, it is worthwhile to draw a geometric
interpretation of the mapping A(x) – or look it up on wikipedia.)
[Problem 2.4 of Teschl]

Problem 3. Suppose that f : R→ R has a bounded derivative, and suppose that the contin-
uous functions φ1(t) and φ2(t), defined for t ∈ [0,∞) both satisfy the ODE

φ̇1(t) = f(φ1(t)),

φ̇2(t) = f(φ2(t)),

for t ∈ (0,∞). Show that if φ1(0) 6= φ2(0), then there exist positive constants K and C so that

|φ1(t)− φ2(t)| ≥ Ke−Ct.

(That is to say, solutions of this differential equation which begin at different values cannot
converge to one another at a faster rate than exponentially.)


