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Abstract. In the 60s, Komlós proved that a random n × n iid matrix with discrete,
non-degenerate entries is invertible with probability 1 − o(1). Costello, Tao, and Vu
extended this result to show that symmetric matrices with iid coefficients on and above
the diagonal are also invertible with probability 1−o(n−1/8). We consider the analogous
problem over finite fields of prime order, and show that the ranks of n × n symmetric
matrices Qn with iid entires above the diagonal converges in total variation to a universal
distribution. We also prove an analogous result for antisymmetric matrices, where the
universal distribution depends on the parity of n mod 2.

1. Introduction

Let ξ be a random variable taking values in R with a discrete distribution. We can
construct iid copies ξi,j ∼ ξ for 1 ≤ i ≤ j ≤ n. If we write ξi,j = ξj,i for j < i then these
variables form a symmetric matrix Qn = (ξi,j)

n
i,j=1.

This model of random matrix has important applications in combinatorics. For exam-
ple, if ξ ∈ R takes values ξ ∈ {0, 1} with the distribution P(ξ = 1) = q, P(ξ = 0) = 1− q
for some 0 < q < 1, then Qn is the adjacency matrix of an undirected Erdős-Rényi
random graph Gn,q on n vertices, where for pairs of vertices x, y ∈ Gn,p the events
{(x, y) ∈ edges(Gn,q)} are independent with probability q. These objects are well-studied
and many properties are known about the statistics of the eigenvalues of such graphs.

It is natural to also consider the spectral statistics of such matrices over rings other than
R. This occurs naturally when algebraic structures are constructed from the matrix. For
example, if L(G) = A(G)− diag(deg(v)) is the Laplacian of the graph, then the cokernel
of the mapping L(G) : Zn → Zn is the sandpile group of graph. Little is known about
the typical structure of the sandpile group of an Erdös-Rényi graph, although the author
[9] has developed statistics on the p-part of the group.

Typically, it is too much to hope that the cokernel converges in distribution to a law
on the set of all finite abelian groups. Instead, one considers the pth-part of the group
for various primes and uses these to deduce properties of the larger group.

In this article, we show that the rank of the pth-part of the symmetric matrix model,
for fixed p, obeys a universality principle. Let µ be the probability distribution on Z+ :=
{0, 1, 2, ...} given by

µ(k) := p−
k2+k

2

∞∏
`=k+1

(1− p−`).

Theorem 1.1. Let Qn ∈M(n,Fp) be a symmetric random matrix where the distribution
ξ of a matrix element is non-degenerate, i.e. there exists a constant c > 0 such that
P(ξ ≡ t mod p) < 1− c for all t ∈ Fp. Then we have the total variation estimate

dTV(n− rankQn, µ) = O(n−1/8)

where the implied constant depends on c and p.
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Note that for non-degenerate entries, the ranks of the symmetric matrices concentrate
near n rather than near 0. This is a reflection of the fact that in R, a symmetric matrix
with iid entries is invertible with probability 1 − O(n−C). The invertibility property of
such matrices is an old problem. For iid non-symmetric matrices this was first answered
affirmatively by Komlós in [6, 7]. Quantitative estimates were poor until the work of
Kahn, Komlós and Szemerédi [5] who found an exponential upper bound. This has

subsequently been improved in a series of papers [12, 13, 1] to O((2−
1
2
+ε)n).

Estimates on symmetric matrices are much more difficult to prove, because of the
dependence between the different columns. The first non-trivial estimates were given by
Costello, Tao, and Vu in 2006 [3], who used Fourier analysis to show that iid symmetric
matrices are invertible with probability 1 − O(n−1/8). This was recently substantially
improved by Nguyen in [11] using an inverse theorem on quadratic forms to the above
bound.

Over finite fields, the first general result appears to be in the work of Charlap, Rees, and
Robbins [2], who showed that the law of the rank converges to a limiting distribution.
This was improved in work of the author in [10, 9] to an exponential bound on the
distribution of the cokernel over a finite number of primes.

The methods that we can employ also imply that there is a limiting rank distribution
for random antisymmetric matrices with iid elements above the diagonal.

Theorem 1.2. Let Qn ∈ M(n,Fp) be an antisymmetric random matrix where the dis-
tribution ξ of a matrix element is non-degenerate in the same sense. Then there are
distributions µ0, µ1 : Z+ → R+,

∑
k µ0(k) =

∑
k µ1(k) = 1, such that

dTV(n− rankQn, µn mod 2) = O(n−1/8).

Note that an antisymmetric matrix of odd dimension cannot be invertible, so it is
natural to require different limiting distributions for odd and even dimensions.

It is very likely that the error bounds in Theorem 1.1 and Theorem 1.2 could be
improved to O(n−C) using the techniques in [11]. The chief difficulty appears to be
estimating the behavior of the low rank quadratic forms in a finite field.

2. Estimates on quadratic Littlewood-Offord problems

The key lemma to the proof of Theorems 1.1 and 1.2 is the following modp version of
a result of Costello, Tao, and Vu.

Lemma 2.1 (Quadratic Littlewood-Offord). Let A ⊂ Fnp be a linear subspace of positive

codimension and let f be a quadratic form on Fnp . Suppose that A⊥ does not contain a
vector w with |suppw| ≤ δn and each row of f contains at least (1− δ)(n− k) non-zero
elements. Then if X ∈ Fnp is a random vector with independent entries, we have the
estimate

|P(X ∈ A ∧ f(X) = 0)− p−k−1| = O(n−1/8).

where the implied constant depends on p.

The Littlewood-Offord problem refers to a family of results on the maximum probability
that a random sum can assume a particular value. For example, if a1, . . . , an ∈ R are
non-zero real numbers, then if ξ1, . . . , ξn are iid random signs P(ξk = 1) = P(ξk = −1)
then

sup
t∈R

P(
n∑
k=1

ξkak = t) = O(n−
1
2 )

where the constant is absolute. This was proven by Littlewood and Offord in [8] with an
additional logarithmic loss, which was removed by Erdös in [4].
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The particular form of the linear Littlewood-Offord problem we require is the following.

Lemma 2.2. Let A ⊂ Fnp be a fixed subspace of codimension k such that A⊥ does not
contain a vector ξ with |supp ξ| ≤ δn. Then for X as before,

|P(X ∈ A)− p−k| . O(e−cδnp
−2

).

where the implied constants are absolute.

Proof of Lemma 2.2. For simplicity, we will only prove this lemma for the case where
each ξ = ±1. Taking the inverse Fourier transform,

P(X ∈ A) = p−k + p−k
∑

ξ∈A⊥\{0}

Eep(X · ξ).

By the triangle inequality and the independence of X`,

|P(X ∈ A)− p−k| ≤ p−k
∑

ξ∈A⊥\{0}

n∏
`=1

|Eep(X`ξ`)|

By assumption at least δn of the coefficients ξ` must be non-zero. For such a value, we
have the elementary asymptotic

|Eep(X`ξ`)| = cos(πw`/p) ≤ exp(− sin2(πw`/p)) ≤ exp(−cp−2).

for some fixed c > 0. We multiply over non-zero ξ` to find

|P(X ∈ A)− p−k| ≤ exp(−cδnp−2) �

Proof of Lemma 2.1. We decompose the probability into its Fourier transform,

P(X ∈ A ∧ f(X) = 0) = p−k−1
∑
ξ∈A⊥
t∈Fp

Eep(X · ξ + f(X)t)

We can separate the sum on the right into three different regions,

P(X ∈ A ∧ f(X) = 0) = p−k−1 + p−k−1
∑
ξ∈A⊥

+p−k−1
∑
ξ∈A⊥

t∈Fp\{0}

We can bound the second term with Lemma 2.2. For the third term, by Hölder’s inequal-
ity,

p−k−1
∑
ξ∈A⊥

t∈Fp\{0}

Eep(X · ξ + f(X)t) ≤

p−k−1 ∑
ξ∈A⊥

t∈Fp\{0}

|Eep(X · ξ + f(X)t)|4


1/4

.

Write (X(1), X(2)) = X. Applying the Cauchy-Schwarz inequality on |Eep(X ·ξ+f(X)t)|4
first on X(1) and then on X(2), to bound

|Eep(X ·ξ+f(X)t)|4 ≤ Eep(tf(X(1), X(2))−tf(X(1), X̃(2))−tf(X̃(1), X(2))+tf(X̃(1), X̃(2)))

Here X̃(1) and X̃(2) denote iid copies of X(1) and X(2), respectively. If we write f in
components as

f(x) =:
∑

1≤i,j≤n

cijxixj
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then we can define a bilinear form g(x, y) by

g(x, y) :=
∑

1≤i≤n/2
n/2+1≤j≤n

2cijxiyj.

We similarly define random variables Y (1) := X(1)− X̃(1) and Y (2) := X(2)− X̃(2), so that

|Eep(X · ξ + f(X)t)|4 ≤ EY (1),Y (2)ep(tg(Y (1), Y (2))).

Now we can condition on a choice of one half of the bilinear form so that the other side
is a linear form with several non-zero entries with a probability error of O(n−1/2); the
remaining estimate then converges with exponential error. Combining these estimates
gives a total error of O(n−1/8). �

3. The rank process for symmetric matrices

We will now sketch the argument for the total variation estimate on the rank of Qn.
Note that we can consider Qn as an element in a sequence of matrices Q1, . . . , Qn, . . .
where Qk ∈ M(k,Fp) is the upper left k × k minor of Qn. Then we see that Qk+1 can
be constructed from Qk by adjoining a bottom row and right column, where the column
vk+1 = (ξ1,k+1, . . . , ξk+1,k+1) is taken to be independent copies of ξ and the row is the
transpose vtk+1.

Now we see that if Un := n − rankQn then Un is a discrete random process on Z+,
taking values in Z+, with the trivial |Un+1 − Un| ≤ 1.

As a consequence of the estimates on the linear and quadratic Littlewood-Offord prob-
lems, we can prove the following absolute estimates on the transition probabilities of
Un.

Proposition 3.1. Let Un denote the random process above. Then we have the estimates

P(Un+1 = k − 1 | Un = k) = 1− p−k +O(e−cn)

P(Un+1 = k | Un = k) = p−k(1− p−1) +O(n−1/8)

P(Un+1 = k + 1 | Un = k) = p−k−1 +O(n−1/8).

where the implied constants depend on p and maxt∈Fp P(ξ = t mod p).

Proof. Let k := Un. Then Qn is an n × n matrix of rank n − k. Let σ ⊂ [n] denote a
set of indices of a set of spanning rows; clearly |σ| = n − k, although σ is not uniquely
defined. For each ` /∈ σ, we can write the row X` as a linear combination of the spanning
rows in a unique way,

X` =
∑
j∈σ

a`jXj.

Let v1, ..., vn+1 denote the entries of the last column of Qn+1; these are iid random {0, 1}
variables. Also let X̃` denote the `th row of Qn+1. We first notice that Un+1 = k − 1

unless each of the extended rows X̃` lies in the span of {X̃j | j ∈ σ}. In particular, we
must have

v` =
∑
j∈σ

a`jvj.
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In particular, the vector (v1, ..., vn) must lie in the subspace A whose perpendicular space
is given by

A⊥ =

〈
a`1
...
−1
...
a`n

 : ` /∈ σ

〉

We have codimA = k. We can control the probability that (v1, ..., vn) lies in A with the
following two lemmas. Let δ > 0 be an absolute constant to be chosen later.

A simple counting argument shows that A⊥ does not contain a vector w with |suppw| ≤
δn with probability 1−O(e−cn). Now condition on the extended rows X̃` for ` /∈ σ lying

in the span of X̃j for j ∈ σ.

Let Q̃n,σ,τ denote the n− k× n− k minor formed from the rows in σ and the columns

in τ , where τ ⊆ [n] and |τ | = n−k. Then we can choose τ such that Q̃n,σ is non-singular.
Let B′ denote its classical adjoint, and form the n×n matrix B =

[
bij
]

by setting elements
with a row or column not in σ to be zero. We then find that Un+1 = Un + 1 if and only
if the quadratic form on Fn+1

p given by

f(w) :=
∑
i,j∈[n]

bijwiwj + wn+1 detB

vanishes at v. We can control this event by noting that there are at least (1− δ)(n− k)
non-zero elements in each row of B with probability 1 − O(e−cn) and then applying
Proposition 2.1. �

Although these bounds are strong, Un has an inconvenient structure to analyze. In
particular it is not a Markov chain, so typical probabilistic techniques such as couplings
are not applicable.

Instead, we show that the distribution of the process Un can be interpreted as the
distribution of another random process, coupled with Un, that has an explicit internal
structure. This process will be called a gremlin process. Precisely, we sill consider a
Markov chain M with transition probabilities given by the dominant terms in Proposi-
tion 3.1, and write Mj,k for the probability that an associated random process transitions
from k to j.

4. The gremlin process

Let R(0) be a Markov process with transition function M and initial value R
(0)
0 = 0.

We claim R(0) converges rapidly to the probability distribution µ. We first require the
following stopping time estimate.

Lemma 4.1. Let R, S be Markov random walks with transition function M and initial
values R0, S0. Let T be the stopping time

T := minn : Rn = Sn.

Then we have the stopping time estimate

P(T > n+ max(R0, S0)) . e−cn.

where the implied constants depend on p.
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Proof. Let t0 := max(R0, S0); without loss of generality assume that t0 = S0. Then by
the exponential moment method Sn = 0 for some n with t0 ≤ n ≤ (1 + ε)t0. Since
Rt0 ≤

√
n with probability 1−O(e−cn) we also have Rm = 0 for some t0 ≤ m ≤ (1 + ε)t0.

It is easy to see that in any interval [b0, b1], if Rb0 = 0 then

#{t ∈ [b0, b1] | Rt = 0} ≥ (1− 2p−1)(b1 − b0)
with probability 1−O(e−c(b1−b0)); similarly for S. Therefore by the pigeonhole principle,
R and S must collide in an interval of length n after t0 with probability 1−O(e−cn). �

This lemma with the coupling inequality gives the desired total variation estimate.

Proposition 4.2. We have the total variation estimate

‖R(0)
n − µ‖TV . e−cn

where the implied constants may depend on p (This dependence is better for higher p).

Proof. Let R′ be a Markov random process with transition function M and initial dis-
tribution µ; clearly R′ is stationary. Form the coupling (R(0), R′′) where we have the
stopping time

T := minn : R(0)
n = R′n

and the random walk

R′′n :=

{
R′n, n < T

R
(0)
n , n ≥ T

.

By the coupling inequality,

‖R(0)
n − µ‖TV ≤ P(T > n).

Since R′0 ≤
√
n with probability 1−O(e−cn), the desired estimate follows from Lemma 4.1.

�

Let Hi for 0 ≤ i be an iid family of random variables that take values in {0, 1} with

P(Hi = 1) = min(Cn−1/8, 1)

where C is an absolute constant to be chosen later. Let gk,H ∈ {−1, 0, 1} be a random
process that is allowed to depend on all other random processes defined up to time k (so
it is previsible), but no other assumptions are made. We will choose a distribution for g
later.

Let T1 := minn : Hn = 1 be the given stopping time. Then we define R
(1)
T1

= R
(0)
T1−1+gT1

and let R(1), with this initial value, be a Markov random walk with transition function
M . We couple R(1) to R(0) by defining

S1 := minn : R(1)
n = R(0)

n

and set

R̃(1)
n =

{
R

(1)
n , n < S1

R
(0)
n , n ≥ S1.

Clearly R̃(1) is still a Markov random walk after T1.
We iterate this procedure, defining Tj := minn > Tj−1 : Hn = 1 to be a stopping time,

R
(j)
Tj

= R̃
(j−1)
Tj−1 + gTj

to be the initial value of a random walk with transition function M , and then couple it

to R̃(j−1) with the stopping time

Sj := minn : R(j)
n = R̃(j−1)

n
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to define

R̃(j)
n =

{
R

(j)
n , n < Sj

R̃
(j−1)
n , n ≥ Sj.

We now define the random process V as follows. Initialize V0 = 0. Let Z be the
previsible random process

Zn = #{0 ≤ k ≤ n | Hk = 1}

and let Vn = R̃
(Zn)
n . Then we have the following strong transference result, whose proof

we omit.

Theorem 4.3. Let U be a discrete random process with values in Z+. Suppose there exists
a Markov chain M such that the transition probabilities of U are bounded from M by a
function β(n). Then there exists a gremlin process V with gremlin probabilities O(β(n)
adapted from M such that V and U are identically distributed as stochastic processes.

It then suffices to collect our bounds on the coupled Markov chains to deduce the
desired total variation estimate.

Theorem 4.4. Let V be a gremlin process with gremlin probabilities O(β(n)) for some
function β. Suppose M is the underlying markov chain for V with limiting distribution
µ. Then

dTV(Vn, µ) = O(β(n)).

Proof. By repeated applications of the coupling inequality, we have

‖Vn −R(0)
n ‖TV ≤

Zn∑
k=1

P(Sj > n)

But by Lemma 4.1 this last quantity is bounded by n−1/8. Theorem 1.1 now follows from
Proposition 4.2. �

The proof of Theorem 1.2 is similar. In fact, the only change is in the description of
the markov chain M, which can be seen to have a period of 2 to reflect the algebraic
restriction that antisymmetry causes on the rank.
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