Homework 7

Please turn these in on Monday, Dec. 7 (in class or in the problem session).
You should be prepared to present these problems on the board during the
problem session.

1. Verify the following properties of proper morphisms:

(a) If f: X — Y is a proper morphism and 7' is an algebraic set, then
fxIdp: X xT —Y x T is a proper morphism.

(b)if f: X — Y and g : Z — W are proper morphisms, then f x g :
X X Z —Y x W is a proper morphism.

(c) a projective morphism is a proper morphism.

2. Verify the following properties of projective morphisms:

(a) A composition of projective morphisms is a projective morphism

(b)if f: X - Y and g : Z — W are projective morphisms, then f x g :
X xZ =Y x W is a projective morphism.

3. Fix positive integers nq,...,n,,. Foreach j =1,...,m, let {Xi(j)} be the

set of variables Xéj ), e ,X}f), and consider the polynomial ring

Y sxM =k x9 .
An element h = h(Xil); ...;Xim)) € k:[Xil); ...;X,gm)] has multi-degree
(di,...,dp) if for each j =1,...,m and each A € k, one has
XY a- XY x My = i x s x WD x M),

We let k[Xil); e X)Em)] (4.) denote the subvector space of multi-degree (dx) =
(di,...,dp) elements. Note that

KX X = @k XY X))
An ideal I C k[Xil); o ;Xim)] is multi-homogeneous if
I =) InEXY; . X 4

(a) Show that an ideal I C k:[Xil); - Xim)] is multi-homogeneous if and
only if there are multi-homogeneous elements f; € I, i = 1,...,r, with

I= (f17"‘7f7‘)-
(b) Let P™" (k) x ... x P" (k) denote the product (in Algy) of the algebraic
sets P™ (k),...,P" (k) (with projection maps p; : P™ (k) x ... x P" (k) —

P (k). For fe k(X5 XM 4, let
VTR = {(x1, .. xm) € P(K) X x P (R) | fx,. .., @) = 0}

Show that the set V™" (k) is a well-defined closed subset of P™ (k) x ... x

P"m (k). Hint: Consider the set of variables Z;; _; , 0 < i; < n; and let

El...,Z;,,...] be the corresponding polynomial ring. Let P, _n.(k) be
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the closed subset of PN(k), N = [[21(nj + 1) — 1, defined by the ideal
In,...nm Ckl...,Z,,...] generated by elements Z;, Z;, — Ziy Zjr where the
indices iy, jx, i, ji. satisty {is,je} = {i},j;} for 1 < £ < m. Show that
P (k) x ... x P" (k) is isomorphic to Py, . p,. (k).

(c) For I C k[Xil);...;Xim)] a multi-homogeneous ideal, let V™" (I) =
N fth( f), as f runs over the multi-homogeneous elements of 1. Show that
a subset C' C P™ (k) x ... x P"m (k) is a closed subset if and only if there is

a multi-homogeneous ideal I C k[Xil); e Xim)] with C' = V™(I).

4. Fix positive integers n and d. A degree d irreducible hypersurface in
P (k) is a closed algebraic subset X C P"(k) of the form X = V((f))
for some element f € k[Xo,..., Xp]q, with f irreducible. A degree d (ef-
fective) divisor in P"(k) is a formal finite sum >, , n;X; where the n; are
positive integers, X1,..., X, are distinct irreducible hypersurfaces, with X;
of degree d;, and ) ,n;d; = d. Show that the set of degree d divisors in
P"(k) is in bijection with {f € k[Xo,...,Xplalf # 0}/ ~, with f ~ ¢
if g = \f for some A € k\ {0}. This set in turn is PN»d(k), where
Nn,d = dlmkk[Xo, oo 7Xn]d —1. In fact,

Npa = (”:d> 1

A representative f for a class in {f € k[Xo,..., Xpn]a|lf # 0}/ ~ is called a
defining equation for the corresponding divisor X; the support of X is the
closed algebraic subset supp (X) := V(f).

(b) Let I,,q C P"(k) x PVnd(k) be the set of pairs (p, X) such that p €
supp (X). Show that I, 4 is a closed algebraic subset of P*(k) x PVr.d(k), in
fact I,, 4 = V""*(h) for h a polynomial of bi-degree (d, 1).

(c) Let p be a point of P"(k). Show that the set S of degree d divisors
X € PNnd(k) with p € supp (X) is a hyperplane (that is, a hypersurface of
degree one) in PNVnd(k), and that p x S = I,, g N p x PVed(k).

(d) Let C C P"(k) be a closed algebraic subset. Show that the set of de-
gree d divisors X C P"(k) such that C' C supp (X) forms a closed subset of
PNnd(k).

5. Fix a further integer m. Let I, 4, C P7(k) x PMnd(k)™ be the set
of tuples (p, X1, ..., X,,) such that p € N, supp (X;).

(a) Show that I,, 4. is a closed algebraic subset of P"(k) x PNnad(k)™.

(b) Let C C P™(k) be a closed algebraic subset. Show that the set of
m-tuples (X1,...,X;,), with X; a degree d divisor in P"(k), and with
C N Ni=ymsupp (X;) # 0, is a closed algebraic subset of PNwd(k)™. Hint:
1st show that

{(p, X1,..., X)) | p€ CNNZysupp (X;)}



is a closed subset of P"(k) x PNn.d (k)™
(c) Let C c PNdi(k) x ... x PN (k) be a closed subset. Show that the set
of r-tuples of divisors

{(X1,..., X)) € C'| Nizy supp (X;) # 0}
is a closed subset of C'. Hint: use the hint in (b).

6. Define as for P"(k) the irreducible hypersurfaces X C k™ as the algebraic
closed subsets V(f) for f € klxi,...,zy,] with f irreducible, and a divisor
X in k™ as a finite formal sum Y ;_, n; X;, n; > 0, X1,..., X, distinct irre-
ducible hypersurfaces. If we write X; = V(f;), the polynomial f =[], f/"" is
called a defining equation for X (uniquely defined up to a non-zero constant)
and supp (X) := V(f). A point x € supp (X) is called a smooth point of
the divisor X if X has defining equation f and (9f/0x;)(z) # 0 for some
i=1,...,n. x € supp (X) is a singular point if = is not a smooth point.
(a) Let X C P"(k) be a degree d divisor with defining equation f. For each
i, we have the open subset U; C P"(k), U; = {[zo : ... : ) € P"(k)|x; # 0},
which we identify with k™ by the bijection

(X1, eoymn) = (T, @im1, Lxgy oo, Xy)
Dehomogenizing f with respect to X; gives us the polynomial

0 e Elxi,...,zy],

withaz; = X;_1forj=1,...4,2; = Xjforj =i+1,...,n, and we let X; :=
X NU; be the divisor with defining equation f( Call a point = € supp (X)
a smooth/singular point of X if x is a smooth/singular point of X; for some
i. Show that z € X is a singular point if and only if (0f/0X;)(z) = 0 for
all 7 =0,...,n. Conclude that if z € X is in U; N Uj, then z is a singular

point of X; if and only if = is a singular point of X;. Hint: first show that
for f € k[Xo,...,Xn]q, we have

> X;-(0f/0X;) =d- f,
j=0

soif f(z) =0 and (0f/0X;)(x) =0 for all j # 4, then z; - (0f/0X;)(z) = 0.
(b) Take p € P"(k) Show that the set of degree d divisors X such that
p € supp (X) is a singular point of X is a closed subset of PVnd(k), in fact,
a linear subset, that is, defined by linear homogeneous equations.

(c) Call a divisor X in P™(k) singular if there is a singular point in supp (X).
Show that the set of singular divisors of degree d in P"(k) forms a closed
subset of PNn.d (k).

Remark: This set is actually an hypersurface, called the discriminant locus.



