Unwersited Zarids, [nshitud {ar Mathemadik Simon D. Vonlanthen
FYU&%S&%(SS@M@S*QT 2042 )

Seminar ¢ Advanced lopics in linear OL\K:)GL‘Q‘\’O\

Dozent: Qonathan Leorand

Summary ¢ lntraduction fo Ca{egovl\/ T\ﬂeorly

O. Prellminaiies

Ca\e@or/ Jr\/\eor/ Oécukpﬁxes a ceniral fole  in corﬁem'ooqary e
madics  and theoredical compuder science, while also having
a\OﬂMc«“O‘ﬂ% in mathemalical and  theorelical physics. H has
been choaracterized as the general Mathematical  theory of
Slructures and systems of structuces. As sudh, W has be-
come s own field of cesearcn. Ay the very least, Frcv[o{es
o Pcwer{)m\ and  convenient Com(ePJ}Uai \ancéwuse %ﬁ’or S\udy[ma
paterns  Yhat arise ‘Hﬁroug\r\cu* mothematics . 1 stards coith
the observatrion that a  lot O‘? P(cfeﬁieﬁ o{q mathem atical S}/S\QMS
con be studied n a unified manner by represeniation
with d'liagfams a{? AMrows .

Qeyond Yhat, codegory theory provides an alkrnative Jor the
Loun d ations of moathematics and raises several questions
of meﬁr\neoﬁo\@%{ca\/ epistemological and OY\W\O‘\(DC&CM noture in

the 'o\n(\csﬁjfz‘hy of mathematics.

Remark O.4: Seds uvs. Clasges

There s an tenportont distinchion belween sets and so- caled
classes . |n the cortexd o@ U alandard ' sed J'r\.memy LZEFe ],
there s no formal  definition of what a class is. The
axioms  determine how seds 'behave' and any object of
mterest which canneot 'behave' like a set s then 'm‘%@ﬁmal?/

i —_

called \CL)“(‘OrOFi’,r) class’ Too of fhe most widely known ex -

oth\es are  the von Newmann wniverse of e cuma -




ladive hierarchy tself (asically the proper class of all pure seds )
and the proper class of all ordinale. The latter shares all
propechies of an ordinal, but cannot be « set because other-
wise B would be a member of Wseld and thus  contradich
the axiom o% fe%u\as‘ﬁ]s

Otner  axiomatizations of st dheory = such as dhe  von
Newn~ann —B&rnoxys- Gaoel <wed n‘heofy - do howve « {'orma'\
delinidion of casses and are Hhus semetimes used as a
{oundation {or caleqoiy theory inelead of ZFC in order
o Pfov’idc i{@f a  {ormal  dishinction lketween clages ancd

aeis.

A Basic De%im\iﬁons/ Axioony and Examples

Remark A. 4 Modus Operandi T

We {irsh give  Some %’werd\ axiems  {or cavedqories  with out
w%inca any set Yheory. o dis&&n%wish them  from caleqories
in e narrower  Sense, whidh we  will sludy later on (and
have seds aS the colledion of o ')ec\\S ane afrows ), we call
them " melacateqpries’. s dishinction  sheuld, however , be-

come earer doon the jine.

De?\mhor\ A A M@ra{)\faph%

A me-\'a\%rq‘ah consisls of objecis g b, o, i | Grsel errouis Q,odl,
h
o Lorsans Assi%hm% each arrow f an object a (= dom{)

;- and twe eperations, as {ollows

© Coctormam Assi%v\m&a each arrow { an  objed b (= codd)
v the  yisual represen dation | L s hus indicated \o}/ an
actual  affow n o ciiqcs.fam S%Lrl}im}) at a (ks domain)

and Semc over lo b (s codomain) : % a—=>b of a >




Dedindion 4.2 © Melacaleqories

A me\-aca-\-eﬁor/ e e o mQ\O&%raF\n with {wo addiicaal

oFera%onS ‘

o &0 | Lo, A | Pl c—)/ Yoo «/(ﬂ/@j@//éj‘/ T Y R

Cmogptnsrn (5) 1 Are cseod snterchangeatss.

2 AsSic@mn% Jo each object a an arfow id, = el

Sc'\ncb Lo & o a.

©  Compos #ron - A.SSE@V»MCA lo each chir oi? Al OWS <‘06,1€> with

clom%: codfy o arrow ?\cﬂ“ , called (the)

& c@mPosHe”, %oir\vb {{cm aﬂ&om{) 1o Codlcd .
b
21

These @\QQ[Q\—\IGY\S N a me*aca&@_f}@ry need e gm&g97 the
gc\l()(,uincx c&x(onag'.
© Avociativisy For any c/y\ier\ objects and arrows n the

h
ds ¢z >l one al-

7 - o
C'Onig\csura&\cn o —s b

C/JCL75 hasy  the QC\Acﬂﬂy : \(\c(%‘a?) = (hc%)c

“The Pidorm\ rexa.regan%mhcvx o s couality s

holgef) = (neg)ef

b

> C oM wtes

%

[h Sudh d\asmms/
"verbices " amol  the mor'phigms " hrecled edcgzg 1
A dagrainy 1S commatative / commutes (]
ger eah Sl ok? vertices ¢, c’, any Jwo

paths  Jormed fron  directed ed%,QS \ecxdln(%

f

the OBTJQC;}S are alsc called

Dromn ¢ do yield , by COmPOSi‘HOb’) of [0&3@)8/

{ /

EC\ULLK\ arfrows J‘)rcm ¢l de | &t

Q
]




« WY Leew : Tor all arrouws %’ o= b and o B-le Cc>m[>@5i1\'|on
with u)b fd\VGS -
JWEINT SR

=l e ey, = %
Thal 5,

>C ConAnUutes

?

For each object a +he CorreBPoY\o\m(B arrew A,

1S umo\'v\el\/ determined by the above dwo eciuall'

es.
Mind agoun  that we are not requirmc& the o\odedrs and Sor
arrows to be Seis. T\ne7 aso do net have o form sels. Ad
Yimes , the cellections of all @\{Jec\s of ceclain cokeqories might
for example  form proper classes  wstead of sels. Since in
Ccakegory theory, not eyery cwre@ror/ studied muolues sele,
makes sense Yo ficst  intioduce the idea in %C\nera\ fashion,

before Yvw@v'imd on Yo mere mniudlive examF\es ivwo\viﬁf% sels.

Example A 4: The Metacateqory of all Seds

Consider the melacateqory of al scis. Ibs objects are all
seds , While UWs arrows are the wsual funciions . C@mPOS;’
Hon s qiven oy the wsual  funchional compeosition |{ fer
{t X=>Y and g V> 2 we b gef: X = 2Z: x = 4
&’m//»/kéada Comn ecesse breckeds ) oanod  the id@n\h‘/ Afrow
Jgor cachh Sed s :)vLS'\’ the M&W\lb/ Pruch, ; io{xi X=Xt 5% 5 5
The axioms ose easily uverified :
«| Gioen | K ==Y 25 2 dy ¢ § sends an x oy and
then  said vy o itsel{, e ddyof = {. Simiarly s gqed,
=




Va

he (qef) (x) W {go)()) = Wilg(§ ()
(\no 05) og (X) (\ﬂ“ "()) (‘Q(X)) = |k ( 0&( J{()c)))
Sih(e' < CoetS ar‘o‘}\rary . \/xe:X ( \,\oQoJ;)(x) == (\nOU{))m‘Q (X))

. C\\\)Ch X i \/ ¥ Z hr\l\/ ; *‘ake x € >< C’L\nck CC‘YV\FU\‘\Q K

Ii

i

Gnd tus  dunchonal COY\/\‘DOS{‘\;O\/\ 'S assoc iadive.

Example A.2 - The HC%&(‘q\eo\cry of all Groups

"\\ne Yv\e\cht\‘QSOf‘y og a\\ E‘);;LLPS ‘)'\CLS a\\ 3{&1&}33 oS HS cfb}ec"\s
ond  gioup %@m@mmgﬂnis\mg as ofows. From A\%Uo?ll I, we
know that  the C@m}aos;'*iC)h of Hwo qroup homemorphisms
\/IQ\O(S Anothe o CS'(CL(F ;’\@VWOMOFF\M&&’Y\, AS SLLC\’\, \/@,ri?\\ca*\;on

N

of The axioms s a@c&in easy.

Exanple 4.3 The Metacateqory of all Topoloaical Spaces

SEMi\ar|7, one defines the other mz%‘aca*eaories siuch
asS Yhe me%aco\%é’gov of all ‘\C)Dolcwcm\ Spaces oot

contnnous Moaps as arrows.

Remark A.2° An Alkrnative Dedinition

There s o naducal ‘cmresrﬁomdewce‘ belween an  objecd and
WS \LAQV\M‘W arrow. AS Suc‘m we  could a\§0 omity  the ob‘)ec%_&
#)row\ Owr ca&ecscv dalk  and On\y deal covth arrows . The
oats ic '{mcsrec/l\cnk' of an arrows ~only caleqory C are
Ofrows, cefrtain ordkered Poms ol arrowe g = (Y compo-
sable  arrows ) ond  an @JaefMion assi%’nmoﬂ 1o each COMPO -
salole Pc&‘\r s COW\PogHe/ e as%icdv\imau lo each <‘%/§>
N afrow cévi? The sentences "thi-‘\ s delined" and " 9,
ACIEAE Com?c;sc&:m petic ' are treated as equivalent.  One
d\e%mes an iakavw\fij? o?CL\o be an artfow A such  that

goq :1\7 and nea = 9 whenever  Hhese (‘OmPosi\eS afe

o\eg\ned. g




The arrows need do codisly the {"o\\ owino{} oxioMs -

&l | e C‘OM\;OSHQ (\n@%)of{ 15 defined \QQ he(aef) is deined .
H one of them s defined, Jr\/\ey ase equel. e wreile
“heael®  Jor the Aniple composite.

£)  The *HP\@ corv\\bo&i\e XWO%O-? s oefined (henever hoo
and ‘60? are  defined.

)  For eadn arrow % o C  there are Id\evﬁﬁry ATTOWS (L
and & o C  sudn that U\'c% and qou are de i ned.

The peair wu' n 4)  serves as  he poir 'domaaun, co -

domain' of %

Theorann A A Equualence of Dedinidions

e degm}\\\o\r\ O\O o m&*acoﬁ@gc(‘/ i~ De%’ A2 ondd the
d@%\mi*\\@h o%’ 28 mzjvacaﬂefj@«'y A Qm]/\ ALD oLre ECl(/LiVa—
\Q\nsr,

?mo% © Omvited / Exercisa (7)

Remark A3 Modus Operano{i T

Hc’»u'{ﬁgS deald with the dea c){) CuﬁrQo:)Ory WM on axiomatic
woy oot ool rc\ymcb on  <edt %\ne@ry‘/ we new with o
move on ‘o C‘o&ec)ories in  Yhe narrower swnse | i-e- any

}nie(Pfe%ajrion og Yhe vne\azczéy@oy;y axioms  (othin  sed X\nem/‘

Del nition A.3: Direded Gruphs

A directed araph s o et of objedds T and o sed of arrows
& as wel as Ywo funclions -

» ot k= T} e dom{

T EORT EXR . dERE = cocH}

In sudh a graph, the sed of COMFOSO~le ATTows s the set

¢ Aoxe foim (<9, {>0 §9ec A g doma = CocH’E/ c alled




(the) “Proiu& over 0 hence the notation.

/

De&zinfhon A& Ca’veg\@r\‘es

A category C is a directed araph  with {we addiienal func-
Hions °

C— A& * a = id, i(/%f?/’?//)}f:).r

KXok~ o b <9 4> w2 ged  ( compomiben )
such  that -
« dom ida = codid, = a
¢ dom %og = dom¥ and cod %o% = coaQ%
Vor all @\33@645 o € O and Pairg <'05/J§ S e A xs k.
Last but not least these dunclions need Ho Scé}‘\ﬂ?y Yhe
axioms  Asjociativty  and b/ Lan,
By abute of notadion, we usually drop the talk of 0" and
Uk and | worite . "ce €7 amd "4 n <" nsteacl, rcsfcci}ive\/..
For {wo O‘of)ecirs a,be C we write " hom(ak)" for the
set, {f= C domd = a A codd = b § of arrons belween
A and b. Sudh seds are clled "o - geds /\Hﬁfmcnl!\)@\\/
we  could take com’:os{#ion as o Lunchion for each Jmio’\z of
oojects a b and ¢ Sehdmc@ a pour <9, 8> € hom(b,c) x

hom (a,b)  do '%:)J{ € Yom(a, c).

Examples A4 2 Some Speciad Gateqories

We. define +he \)o\\cwimo() special caleqories
0 & the e’mPiL/ Cc'tw\e%«; ty * o obS(’_cJ}S/ o anows .
1 '« the C‘oxjre%m/ with one o\obeér and one }ch,'m'%ier arrow,
2 s the c&recdoty with Yoo @\o'j)ec% a and b  ond \‘)\,LS+
one afrow A = b net the idenhity.
3 5 Hhe codeqory of three objedts a b oand ¢ whose non-

icke,'nir'\#\/ AL FOWS  afe Curcm%eo\ N o Yrionale

Eh
a/> \c




« b s the co&e%off og Ywo obf)edg a and b and On\7

Ywoe arrowes Qrom a 4o b whidh are nod icle,mtﬁy A TOWS *
_—

g == b

Such orrows oue. called \'PO\,YULHQ\“,

Delinitions 4.5 @ Some Vocabulety on Coleqories

A discrete Ca-\eaory s & cateqory in whidn all arrows
are denhity arrows. Every se X con funclion af twe
<ed o? objecis of o discrete ca%eg)@f/ . he arfows of
such o Cateqory are %nmp\/ AfTOWS o? +he sor
a— a for every lae X, On the other hand, every
discrele cedeaqory is determmed solely by ils objects in
exactly this manner. Thus, discrete cateqories are sets.

¢« A monod s « C\a&ec\x@r?/ ot Only one o‘obecjr_ Each
moneid 15 thus  determined  solely by WS arrows, the
IJ&V\\\H] oirow  and oy the o\oerc&son CQ Comyaosi%ow o
arrows. As Suc-\n/ ev€r7 lwoe arows n a monoid have
o meosﬂe and  the moncid can be described ag
a sed M oendowed with o Sermiioup  structure condl
an idevﬂ;ﬁr/ clement (in uvirtue of ke{ncaa,Ccﬁ,etfscry, i+
Satisfes /%J‘Cacy&ﬁh/} aingl | L ¥ Lans), TS, o monordA in
the context @Q ca&@fyqy Ax\nee)vy 18 exad'\y o gemi@@uf
with  an iri@mjribl element, [ e. a monoid in the conexd
ng Ck\%&\ora,
ln any case, for cuny Co&-\@%@f/ C  and an o'bdecix g e
the sed hom (a, a) is a Mmoroid.

© A grup is a ca\egory ith one obbed in which every
Aartocw  nas o dwo- sided wnuerse  wnder C@YY\FOS{‘H(DY'\.

© For each commulntive Fingy K, the sed Mak(K) of cectan -

%u\ar rmodrices with entries n K dorms & CO&R‘SOf'/:

3 the objects aue posiive {nxrebée,fS n,m, ete.  and each




men pedrix A s re%ma\eoi as an afrew Al n = m, with
CcmFoSi%\On \oaﬂc?) e wiual ok x Prcc&u&.

s  For dny  Sed o‘? seds V, Ens(V) ¢ the COA-C%O{)( woith

ob')ecjrs elemens vV and  arfows - all -\Qumcjx\owg bedoocen

mMemboers of V. C@m?osfl{(ov\ 'S oé{ven by the wusual
unclional composition.

o A pfeorc{er S C‘ajrecsery = )\n L,u\f]‘\c\rv/ obi\/@n ‘oo

ohyects P'F/ e P, dhere i3 at most one asvow B 2 el

In O.h7 pseom{er P e e M{Y\C N \g:mcury (‘QKCA\\OH as

follows + for PP eP we have psp = p—op is n P

Due o Compo&uhon anod  dhe exisience of id((i'\n‘{lbf afrows

< is  Yransdive and rePl«ex&v’e. C@nue/r%ely/ every Sed i
with  sudnh an order dedines a preoider.
Preordess  wnelude Pavrjfim\ orders (antisymmedry added)
and \inear oiders (a‘n%'\gymméjrry + %o#a\n‘y ovolclecl ) |

v Since evety orchined! - 1S \inecnflx/ orcdhered \0‘7/ € X censt -
futes a preorder. For example, 4, 2 and 3 are the
]o.re@rders ‘o@\@mo{\\(h% to the ordinals A, 2 and 3. w
is the et infinite  ordinal okeﬁmmcb the codeqory:
Qe @ @ 0

—_ A > 2 >3 Py L.

==

A s the Ca\e%my- IR IN o\o;)ec\s all %ni}e ordivals  and

arrows all order- preserving maps ( xey 1n me A
i plies {0efly) n ne A Jfor £2m>n in A) Ths
Code qory s alse called H\Ae) : S‘imP);cia\l c-cﬁez@ofy L

« Finord has ‘the scme obyecls as A buwl the arows are

ol maps between  Hinite © rdbineds .

Definitions A.6: Small, Locally Small ond Lareg Coleacries

/

feorard =/ baz 5 /;9/‘é(‘cz Hsese fé/)ajf Soge #her el Srace 9




(A2 E O/ e /Z?//é;/gﬁ(éf Cwere. err s boc A A E-A/O/r a/

Vot ocwn otk

ln addilion 40 the me%onca#eéso? o@ ol sels , hidh connot be
o sed sell () wouldd hewe Yo be a pember of Hseld, corira-
o‘l{cxr{nca fhe axiom of CG@Lx\curHy)/ we would  lke Yo hawe an
actual careqery Set, the cedeqory ol all small sels. (We
assume  that there 15 a ‘\ovioa Q’noug\r\ 'Sel' U, Yhe universe,
ancl  call o« 'member! ue U o Small set. S";milarl\/, o
S all ATOUP i & small Set endowed ot et foup <t ruc-
tuse, a  small moneid is o small St endowed with o
mMmonoid  Strudture | eic, Accoro{inc&\\// o Junction £ X = Y
s small B W s a gmall set, ie. a {unclion between
small sels. We row Jormn  the codeqory ol the lelerments!
ol U, the small sds. As sudsy, Yhe arraws OJ[) Set wre
al functions between the small ceds. Similarly Yo the  coe
consiract other go-called lar%a ca’:e.%or'ies PR (r%elcxl)C¢erét\¢§~\es
whose  collechion  of objects and for arrows are no longer

small  sets , Bt vffor exdele proper classes Sucdh ogls

Name Ob)ects Arrow s
Cat small cateqories funclors (cf " section 2)
Mon small  monoids N morphisms of movoeids
Grp small  groups morphisms of “groups
Ab small  abelian Qreups Mo rp‘h} sms of (abelian) gwg;g |
Rng small  tings Morphisms of rngs
CRnY svall commudative g | mor phisms ot (commudative) ringd
R-Mod| smal & modules over r{nca R lineas maps
Mod -R | small Fight modules oyer r{nc&YQ% linear Maps
K —Modi small modules oue ¢ comm. 'r'm% K | linear Maps
TOP sonall J(Opdbﬂaica\ spaces continuous maps

A (mdu-)co@febo7 I:g sma." ?F\{ both  the collection o%‘j o*oje cds and

A0

arrows are Ssmall seds.




A (meda-) cedeaory s locally small P all its hom - sels ace

amall sels.

. secdtion 4 for o 3\805%’(1\/ more  formal dreatmend in 2FC,

2. Funclors

Dedinition 2.4 Funclors

A funchor s basically o morphism of caleqories. Let B and C

be two Cq\e%ohes_ A {’w’\dor T:C—= R  whh domean C and

cedorman B3 consists o Hdwo Qunc\‘\@mgi

© e objed Lunction T assigning  @dch olbyech of C an obje ct
of B: ¢ — Tc. and

« the arrow Punclior  (also coritten) T assigning - ecech mosphism
f: > wniC a morjﬁh\sm Th: Fe =T lin [&,

such  Ahat

w, Thyd. ) = ;C){TC J{or all @\o”')ec\s & = |

¢« T(yoed) = Ty o T,  whenever The composite is hedinedd
n C

A fundor can alse be cdharaderized ugin% only arrows.

s case , b carries every afrow Q in C do an arrow

TP v B sudh that eadn 1dkentity o C s carried o

oun  identity of B and eadn Composable pouir  <g, {>

s cartied 4o a Com[acsa\o'\e palr < 7Tg , T{> Soﬁr‘\s{)yima

'—\—%C T = T(L(\CQ)

Example 2. 41 Powerser-funcior

Consider  dhe Lunclor 5 : Set —» Set. s ol:;)ec% Q\md\cr\
sends each set X do s Pow@r&e% FX). & acrow .f{wnc%im
ma[og @c:x\d/\ ng'nc%\o\r\ {:’I X = \/ Yo « —QL,LVWC-A\A\OY'\ 6)? \?(X)

= F(Y), whidn sends each A= X 4o f(A)e Y. Ove verifies

the dwe axioms o o fLunclor: A4



N

Ih the case of the mnop dy ;. the resulting  morphism
Pide = 30 = ) sends Aex o d (A = A, ..
A= AL Thus Pide = 1y

¢ AssSume we heawe +we anc“o\mgg,{j whidh are ComFoSab‘(Q:
Xty T2 | Then F(g°f) sends each AsX lo
3L{(A) e Z. This s Ahe same as sending the sub-
sed £(A) = Y Hdo he scbsed 2 (£(A)  abler sending
Aldo fA), erqe - Tloef) = Py o Pf

#

EXOLW\p\ES 2.2 Funciors mn A\c;rd)rc;\

Funclors anse naturally i alaglra.

Consider Jor some commutative r{wg K the sed of all non-
Sim%\/x\ou' squase matrices of \ewa‘f\q N (€ N) with entries

n K. I\"éovw5§i¥m¥es the %@nexa\ linear Aroup GL, (IK). Ad-
a}lijciohaﬂ\/, each hemomorphigm of rin%g e K= K pro-
duces @ \/\Omomowoh‘\sm of qroups Ell e gl LRy == Gl
('Y (aié)/i,‘f) > (%)('a;é)l);fé. these data  define {lor eadn
natural numbser N a funcder GL,: €CRng — Grp, senc{in?
eadh  commudalive riywb K o Gl, (K) and  each mwF\niSm
1 K2 K 4o GLad: Gla(K) = GL, (')

Consider the  derived gqbcsrov{rs D) of a aioup G

D(G) = § [xpd ! xye Gl. Since cny o phism of ATOUPS
G—= H carries commutadors fo commmudodors ,  the s 1om-
ment G = DG) defmes a funcior Grp = Grp
Simt\ariy/ the cc&%{%mvv\en4 G = S50 mmduces o Punclor
Grp — Ab , the lader—commaudedor funchor.

Delinihon 2.2 ¢ Foraatful  Funclers

A i%unc#@r ot ca l(’@r o\,)d‘s' some  of ell 0{? the <hrucdu e
belween Jwo Co@regcries s called a “{’or%e}{?u\“ or | ander-
Wih%"\

A2




Exaraples 2.3 ! Forgﬁj‘)u\ Fundlors

Consider +he funclor U Grp — Set S@mcﬁnak as s dbjec
fwaction  eadn group G Ao the set UG , whidh is ‘baskdl;
st the Uw\d@ffyir\cb set G of +the Aroup G tithout any o
The a\%@brmc strudtufes. At sudh, mor‘gwsmg arce mo«ﬂx?ai
Yo themselves, reqacred then  as %Zm?le funddions | however:
11 @ -—= B b LM UG~ UH,

Another excmple s the {functor S: Rag = Ab, sending
eaOn fine R 4o *the akelian Aqroup NN a\no‘\/aacc.inj
Sﬁndiﬂ% eachn vorphmsm  to itsel, r@garo(ec( then  as

o ‘\fVIOi’FZ\ﬂV\S‘.’V\ of QyrOups stead  of a V\nov’\P%\g‘m of Hs

Definibion 2.3 Composite Functors

Fundors can be composed . Let T: C >R and S B> A
be dwo funclors bedween coateaonies A, and C. The
composite Lwnctions:

s <> S0 (ompesnte objecs Sfarcton )

o Fies ST ( COrposite amocw fanction)

formn  the com posite functor of S with T (mind the order)
Sel L~ A Tha CGMFosiMom s associative and {or
each Cotesory B e have an identily funclor Ty BB,
cnidn  ads  as an dentity {or +his C'cm\oos{%\@nu

Thus, we can {ormn  the meta cateqoty of all caleqories
corha ok})ecis all  codesories  and Mot P sims all Punctors.
/\ddi#iona'\\\// we  can {orm  the coteqoty Cat of all small
Cak@@ﬂ@&/ oot et the catecery of all caleqeiies ; cohose

coellection of oblecls i< mmost Certainly not o small set.

D(’—?'\ﬁ\\*ﬁ@ﬂ 2.4 '\SOW\OF\O}‘{\S‘MB o\j nCa—\@O\@FiCS

Awn isomorfzh’\sm T: C—= B bdween Hwo Cc&ec;\ovie‘s 3

A3
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and C s o funddor from C Ho B, whidh s a bijeclion
both on  okjeds and morphisms . A\%fﬂa%u‘@\y/ vet equivelent-
ly, & Jfunclor 7: C—> R is . an \SOmorth}&m P Ahnere s
a ‘?\AWC‘\Or S: B> C sudn thed beth SeT and 7S are
identity funclors ; on € and @ re&Fec+ive\7' S s called (he)

_H—A"

Ao —eded inverse o? T" and we wiite 'S =

Dedinidions 2.5: Full and Fouibmful Funclors

A Junclor T € > B o twe caleqories C,Q3 s full f
lor every paic of objecds ¢ and < in & and every arrow
g Te = Te! a B Thee s an afrow TR ET-T T
such  that o = TP The composite of Hwo  Jull funciors
1S acsoﬂm Qu\\ ’

A functor T- € =B of dwo cateyories ;R is faithful
1o euety  ponr o? o\oSec'\s c,c' € & and o evely poir o\Q
poarallel arrows  §, ], € >’ in € we hewe TP, =T, :
e = Tt =l B, =4 | line COVWPOSH& of Awo Qm}lﬁn-&)m\ Lunclos
s aoaain {aithlul. Faithiul fundors are also called ™ ermbedloling
A -gumc;\ef‘ Prodl 18 otk Qm\l cunal Qav\%@ul s calted -?u“)f
faithful .

Example 2.4: \somorphism od Groups
I Y T

Lel L? G- C\' )Oe an iSOmOf&D\m\\S‘m OJ? Qrcu?g Ag Su(,‘a}

G also J}’cmdrione al an '\Sov»qOrP‘h\&m of ca%ecser-i‘gs/ mamuy
between the Jwo Aroup cateqpries  formed from G and
L

Example 2.5

The {cr%diyu\( Q(,mdscr R Grp — Set (s {w*\\f\\[ul but net
Jull and  wnot a bijedion on  objecls.

Aa




QL’,VVTG\TLK 2 /{ I8 Aeran41v'e Ch{;ﬂ,’{c Leri 56’&\‘\\6\’\

The {fwo properties In Da%. 78 lrahn alto bel wmeualized
W terms of hom - sels. Given o pour of chjedds ¢, c'e C
wn o calegory &, the arrow Lunction o% o Yunclor
T2 C > B o sore catryory 3 as&i%m eath afioco

Jg): a +3| ¢! o, [ oTe0) _\’Q> Te = 7! and thw c/{c%meg

a funchon = Tt hem(g ') = hom (T, Tr) : § > W
Nl %u\\ |H ewery suds  funchion i Sur SQC%VQ ool
fonthiul ¥ every sucn funchion s Eh&ecii\/e. ln the
Case o@ o @q‘;‘-y {ai“{h%ul Lunder every  sudh Qumdion
1S A bfbev\'\on. TS, howeveid, does vnot '\m'\a\\/ Phat Phat
Yhe -wa\dcr s an \\SOYMO(‘]D\’MQM o{f Ca\@.i\oﬁa&/ since Preie

movy be Obbedg N R vot n the iY"'“‘&Q of |°T.

De%lnﬁriOmS 2.6 © Sm'\occ&ec@ries ond Inclusion Funclors

A Su&:ca-te_sory S o o cchea‘o;y C is a collechion of obj?ds
and arrows o C sucdh that S 15 a CQLesory on s own
¢ With each arcow { of S both ls domain and codomain
belong 1o S.
s Tor eadn coject 2 € S the arrow ds s in S
¢« Yor eadn pair c? CC!’V“FCSCL\'OQ ceranals 2 2 g’ == 8" in
S their composite s in S
The ncWsion rndf S—>C 15 a \ﬂ'a‘nc‘\o(/ called  (the) “inchAsi@n
functor". It is awlomatically Lasthlul,
S s a Subﬁw‘:e&ory i dhe inclusion Lfunclor s full.
A Sull sd cakqory S of a caleqpry C s Thus dele rmined
by dhe sed of WS obeds alone, since the arrows belween

cuny Awo o\c')eds gl yal S| are Lol rvwrp\mgms ols =l in ]

Example 2.5: Se+p

Consider +he CCLL'GC)‘&T7 Se-\—; o{ all %mi\e seis  and -\A'u\/\CQ\ionS- A




H s «a J}ul\ Su\oCOAQCO\“y 01\7 Set.

lt,:xample 26 Tundors with Doman A

s

Fix a Co&;\*@f\)of7 C. led T: 4 > C be funcdor. Since 1 has
only one O\ol)eci and one arrow (deatity) and needs o
satisky TA. = A;_, the object function of T essentialy
chooses one objek ¢ in € and the arrow funchion
MO&PS the idenhity n 4 do dex. Thuws , a funcdlor T:A4=C

COI’FQSFOO&S do an o\ojed (Lot s 'IoLzV\li‘r; carrow) 1n C.

Theocerns 2.4 0 Funclors between Preocders

NG

- — e b=t 3 -
A JEunc4or T beteen two preovders P oand PoYis' « function

‘Hﬂqlr S ‘morxoi:or\'\c) L@l ? P P ™ ;MP]{QS TF = TP’ ;n
P'
Prool: Recall that « Preo:der (P, <) in the contex} of sci

theot Yy can be seen as « Freorder n the context

N s . . .
of Ccdﬁ%@fy ~Hnecr7- and vice versa, Via Hhe equUIVAR-
lence - g = lp | == there s an arrow P, = Pa.
Led T P> P be & dundor Lelween lweo \orec:c'ke@

=> _every pour p,p’ with p— e’ P ois sent

p— e 3 v / — : \ —_—
~ o =17 b bl T | s les
to | p 2 \p N lhas P <F ™ p es ]P
< 1p' , con cermine Phe object funchion of T
el EI = P | be o %umci.icn between tweo l@re-
orders (P, <) , (P, <) Phod s monoctonic. We m-

‘mzdioﬁ\ﬂy C@nSiol\éf P/.F’( as caerfaoF"IQ\S ond S;\x

T ) & i e t | e T \< ) EXN®) \
[ as +he , c\obe& function. Sinee 1 18 ovaer- ?mbwm%/
it must Nimpliatly' Send eadh arrow p > P on P

to TP .. —s . P, (We. Sim p'!y yohe s exP\ic;J(
by additionally oLeQ@mvwca o funchion wnidh deals
L,oijf\f\ ‘Hﬂosi Arrows. 1 Qou(:cui Jr\r\ox‘* 4%\(\@59 Yoo _&r’o&nd‘\ong

3\Oﬁr‘r\ o~ %unc* or.

7




Theorem 2.2 : Functors oetween Groups

A fundor T betwern dwo groups G, G' n the contexd of
COV\Q%@(’\/ theoty is' a ,_}\aorP‘mm of oaroups belween G, G/

30 The contexd o-? %YCQLP %he@r)a

Prcogi We use the same ke as in Thm 2.4 Every
cotegory Phad s« A foup (one objedt, QURTY orrow
hat a {wo-sided Tnverse wnder cew\FogH{on) can
dlso be considered « Aroup i the contexd
o aroup  theory, b‘/v relak‘mca the rdentity arrow
to the newtral element  and +he composition
belween afrows 4o the afoup o)a@rov\»\\()h.

As SL-Lc\m/ o Jundlor T: G G bedween Arewps
Sends  the ot‘oz\ecir to the object and  sendS the
dentity carrow Ay o Agr while also SaMS%yfncg
Tlgef) = Tg o, By +the above relation, T
exactly sahslies the group \r\omcmcrphigm concli -
tions . Conversely, o group \r\OW\‘OYVLOFP)f\LSW) g:G-
G' can Jfunclion oy the arrow Junclion of o
f{undoﬁ Yhe obrjecjv -Qbm@}i@r\ s addilion a\\\/ de-
Lined as  the Tunction G = G'. The {zund@r

axiomy  are  immediately veriied.

7

i_\’\meorem' 923 Fumelnrs GrP —> Ab_

There s no -gumcjror T arp Ab se,hdm% @y 11s o\:ibecjr
fonclion G Hdo s center Z(G).

Prool:  Assume the converse, i, Fhere s sudh o fundor.
Congides the diow\yckmi

SQL e

-
-

with S, 53 buny  the wstal symmetric groups. [




N

he }ma% og RS d\\.agrcw\/\ ander T i

I I I
S P 1 \Cl E 5 2 .); /j 44@//&/1

Recall: S, = 11, T3 with T kje,'im}fjr\ne 4fc¢h5fo&{%i0q of

"! dg =2 adg D vdg = s,
5 % 2

Z

T > (42)

3

3 4,)\—> T

v the case O? TC} anol —\‘g, we Dn\7 hoave one

O\o% on eadn :

L} FH P N S Y Y )
qQ | 'ASK
— T% o Tlg (\ASZ) = {cis_g 4 -\c‘}) O—\_Q ('-C) = \dsz

Yeti bY i choice of  § and a, we have o = A
IR Ar quxdor = _'I(CQ)O\:) = T (As,) = /\gz = il

£, Bud TD(\O Ty cannot oo Ag, i

3 Natuwral Transformations

i Defindion 34 0 Naduwral Transtocmations
|

Giwen two J?umdors ST7: C > B belween +weo Cc.&eﬂones/ £
notural transformation 15 a fundhion TS == T, wWhida assigns
o eadn objedd ce C an arrow TC: Sc = Te in 3 sudh

that every arrow §: < > < yields o o(\ac\\roum

Tc o
C St — Tc
l‘}' = L Tt
ol e oy ——,—>Tcl Uu\r\\c\a commautes.
‘cTC J

IM Fors hc\c«\S/ we call Tc " na;\rwfcx\“ M -

A3




By Jr\f\;vx\/(m% of the fundtor S as %ivm% oan image of Cn B,
we can think of the funclion T «s *ran&'\m}t\hca said mage

\ | S s 4 e ) ‘ . Molios \
wnio  the lhage ef 1 with al squaces and PCL?&\\Q\O%FCUYL;

sSuth as
218 Sa L
y st \
mY| At
h RS oh =k
‘ Sq T
A . /5 /
C Sc Tc Ly e

COMP U nc‘s ]
We call Ta, ts, elc. (the) " COMFO\’\U\\SH @ﬁ} the nedws ad drans -
%ormcﬁion., A naduwsal +ram8$ormod‘aov\ S Somelimes also called
(a) " movjsh'xsfw O{&; %\,UNC'\O\“S !

A natusal +ran§5{’@:mali0n TV with every element Tc e R n-
vorhble 1o called () " natwral e(\uiva\ence“ or " ratusal ico-
morphism ' 1 T2 S E T, \n sudh a case; the inverses (Te)™

ofe Yhe COW\P@\W@V\-B o% o vatua al \&omorp\msm T s T =5

Example 3.4 The Dederminant

The determinant of matrices S a natural transformation. Led

K be a commutove ﬁm?j and det, (M) be the deter minant
OJF e nxn-matnx M with entries n K, ™M s n©n~gmfu\ar
Y dede (M) s o wnit, te dedy (M) e K*, K* = ke K @ W ois
mverhible . Mow, dely: GL,(K) » K* s « moT pnitm of qreups
and as such an afrow i Grp. Because e delermmnant

is defined by dhe came formula for all commutative Vimgsg,

eachn mor?\/\RSM £ K =K' o commutadive rings Pfrcjoj\u(eg o

commutative  dia qram :

QLn K Okejfk : K*

Gy | [ L P

1 led CX
Gl W | — % K 9




The stales thot the dranslormation det: GL, = (O)F s
nataral welween Ytwo Qomc%ors CRha —> Grp/. the  firsk

one 'loe/mcé GLna from Ex 2.2, The seconcdl one 15 o —%uhdof
whichh  sends  each r{r\c}j K do 4we aquoup K* and eacdn mor-
phism o} (commuladive ) tings  §: K - K" do the corfechnckxy\?
wor Snism of AOUPS Ie s W = KX,

a

Exomple 3.2: The projection A G =

For eadn Aroup G the Pfo:)edior\ RN . S5y dedines
a  Arans{ormation T drom  the dentity {unclor on Grp
lo +he J{gd@ﬁ'* commitedo —Qumdor Lrom EBEx. 2.2, W 15 na-
tural , becawuse each Qroup homomorphism f: G — R dedines

a \nomomorp‘wsm ' suon Yhat

: 5 .
G —2— %)
: L L i
H i Ve (W) commudes .

Example 3.3 : Finord and Setp

Another examp\e arises  when e Compare Finoro with Se-l-,,;
(is some universe U) . Every ordinal @ s o {dinde set,
So the incwsion S Finord = Sedp s « Juncier. On

e other hand, eadn finite set X has an  ordinal n

20

e W (@;‘F@S‘aonc{mcﬁ lo 1 Vi the eﬁ“\u(ﬁ;@f\ n = IXl. We chesse
for eadn X a bijechion @y« X = [XI. If X itself is an ording,
we cheose Ox = idy. For any fundion F: X = ¥ belween finite
gels we.  hawe « <©ff@&\aond\'ncd Lunchon 181+ X = V]
between ordinals by 1l = Oyefe 07" As such,

X —2 s ||

t L "

rd 2 x Ll commutes  Thus, 8 15 a natwral frans-




Jormation and .1 Setp— Finord is o {unclor. By dneo&incf}j By = 1dx
f X = 1xX1, we ensure dhed  dhe com posite fundlor V1o S
s the dentily funclor I' on Finord. On the other hand,
the Composite Se 1.l s not the identily funclor on Sedp,
becamse i+ sends eadh X 1n Sed) Yo a special {inde seit:
s cardinal ( whidh  1n the case of {inte gels is the same
as on ocdinal), \'\owe,ver/ the o\\o(groum above does Show

et 00 T > Selol 15 a natural \SOMCrP'tham L | TR, eue

w— S

-oa/Ur; IE Sol.d and I'=1.1e8.  Thas %'{\/L’S rise o

Delinition 2.2: Equivalence between Cateqories
T J

An e_qudVode,nce between oo cadegocies C and D s «a
Podr of Qomc\ors S = D ond T BT %oiBle\}ier
with  nateral  1somorphisms T Z TeS and I, = SeT,
s notion alews wus Yo compode Ca-\e%c:f\es which are

"alike' but of odifferent 'sizes!

Examp\e. 2.4 Finad EXCLMP\‘Q,,
1

e I H s a {ixed group ,  then the as%i%nmen% G = HxG
nduces o funclor Hx=-: Gerp = Grp , whidy addilio -
V\a\\\/ sendS  eadn \/V\Oq-P"h'\Sm G s G | aY qroups Yo
the morph'\&m Ag 2 X HxG = Hx Gl 1 . <h gl <h, *?(‘g}),’

© QObserve that eadn meorphis m of qroups G: H > K de-
Yines a  natwial dramsformedion as  {eollows
Let @@ Hx- = Kx— ke delined by Send{n% G o
the %mciior\ Ux Ag ¢+ HxG = KxG - '<h,c5> = < Q(h),
4 > As  Sud,

G x Ag

G Hox G K x G
A}L .AHXQ]/ lAKij
' x Apqt
G' H XCI u = > K x G} commutes

24




4 A Foundational Remark

We wish Ho Si\uc\\/ lotalities o% mathernad (cal 0‘0566\8 W code-
oTy Jv\r\eor//. sudh as  the cote qory OQ o\ qroups  of o? ol
Jropf)\oo(g\c_cd spaces. Sm%lmc& oot theSe 0\0360\3 /(o‘x\esor\é&
within  the framework of oxiomedic sey Aneory would mean
that we apply  a ComPréhew&iom princ(p‘\e of the Qo\\oww%

Lorm

Let @ be o first-order -gormu\a,,tui’éﬁ\ Lree (@) = Ix} Then

we con Lorm e sei Ix: W(x)] of all sels Sod{\s%yin% @,

This Pr'mci]o\ej however, is Unacceptable, snce 3 leads
Yo comdradichions sucdh as  Russellls Parac{ox W | Yelge

W = xgx and Rofm A= Ix: xexi. Now, beny
member of A is equuivaleat o Sahg%ym% xe x. Thug
AeA = Az A, « contradiclion.

AS o Congegquence, o axiomadic  Sel dheory, we resiric

+he COMFréhevwgiom ,pfinciP\e lo a\ready exis”xinc% sels -

Es , X700/ -S&Aema co/j /PCJ'J‘//,%//(’.:/ o /c?/./'/é»*?J"/o'ﬂ 5 LQ-\ (_Q be
Pirst - order formula withy {’f@e(“‘?) = %3 . Thtn the Qo\lewine{'}

formulee 1S an axiom @ Vz3yVWx (xey < (xez A (X))

This 15 the formudadion o RFEC ., There s an analeguous

oxiom Sdaemat . NBG.
This s one o? the Yen aoxxoms @Q ZFC . The ethwers are:

Axvom of Ahe Lomppe JoF - Ax Yy ( y & x)

Axrom  of ﬁ/e/ojxéma//}/ - Vx \7/7 (Vallzexes 2ey) - x5 =y,
Axiom of S g VxVy JuVz (zeu «> (2=x v 2=y))
Asrom  of ron - Vx duVz (2eu < Fwex(zew))®

Ao o/ //7////7/& = BI(QCI A Vx(x@i\i 77 X\)%XES_\L)
Axton of Sowerse/ - Nx 3yVz (zey < z<x)

vig's

» A8 e ¥ &'(J&f&f///t/ e Feo!/ /// ] Ux "




Axsomr  Scherna of Repsfacerenr A Jormula Wix,y) with free (W)
= Ixy3 s a dass funchion H 0 Vx Iy Y(xy). Now, is
Plxy) a class function, HFhen dhe chlow;mb locmula is an
axioon 1 YA (Vxe A3y Yixy) = ABVxeA AyeB Y(xy))
Remarte: Vor any clus faochon Y, Hhere /s a sef B chich

/3 a sypeser o £ e smage o £ P oS be a smere
vodediie  formedatyor of fhe odore cxmwrm schosra

Axsons of Fowrdatron - ¥x (x= & = Ayex(yax = 2))

Avorm of Choce @ ¥F(@eF — 3§ 3 - UF (VxS (FRex))

Led us  quickly %0 bode at Del. A.G. In 1}, we asSwmed the

existence of o set U, called (the) "universe”, in which we

nade e distinclion  belween  symall locally small  cond

lorae  wn relation 40 U, In C@C\ﬂera\/ Phis set U needs do

sadis{y  the {‘ol'\owiwcz cond 1tions -

20 | L | s pure (A5 o5 omeiled .o somse perfs o S S fAratare)

M) xe U and veld im\o\&es Ju,vl, <uv> and uxv € U

) xe U RMP\ieS TX)e U and Ux € U

W) we U ; w= 104,273 ..3 the set of all finde ordinals /
all nadura)d nambers  all finite  cardinals.

) > b s a surjeddive function with ae U and
b<s U, then be U

v0) xeue U implies e T4

For our purposes, We {ix some U once, whidh s large

e.noui\% So that e can do  oar CCfAeﬁc-r\/ theory in 1t

To qlve His  issue o wore formod Areadment, assume thod

2ZFC is onsigtent, e no conmtradichien can be deduced
fromm e oxioms. Then, \n urtue of Godel's com pleteness
theprem ;| ZFC has a model ) deroted YV and called (the)
"von WNeumann wnverse U or (the) " cumnlative \m'\@,rawd/\y“u

Y S +\/\€ CO\\QCS‘\'\SY\ og a\\ \au\“e sels a\/\d q“ o% ORUnCLry

mathematics can be wnderclood to  tale F\ace n V.

b




il Scfx-\"\é.%ieS 0\1\ PrOPQX‘HQS Jr\/\cv\ \)\ N DQ{> vy h&edS e
howe (4r) cotresponds 4o Aeptacenen”, for example) , with Ahe
€><ceP¥\0n of A While ol ds ‘elements' are pure seig

1
)

‘mc‘x\/\m% Y pure V camet be o set. lndeed, it # were,
Ve Y., B Aoudatons Saye the  eadh non~e_mpi‘y Sed needs
Yo hoawe an €-mimmal element. Bud Ve V¥V would mean
had 1 VS ( consdructable fhanks to /%z,,'»mj/) Loandd  comdtadict
Focnddatron., TIMS s Whed 1 meant  in Rmk O A about
e behaviour of sels  and (proper) dasses. We are Jorced
o conclude thet V is « propes class.  SH\, A‘Q\/\m% it
as W DQQ,A.G allows ws do dedine small locaUy
small  and kctr'%c accordmag‘\\/: We have «a prec{ée 1 dear
of seds  with Whida Y small set" becomes equ]m\emt

(rather = coexlensional) woith SVL%:\ .

set"  and , dor QxamPle/
'\owcse CO\X&?SCT‘QS are  those whese colleclion of @g’sec«’g avol /
or aflfows Qorm () proper casses. The down side o g
s Yhat Set+ s no CateQory  dny more, but Slays a meda
Ca\egory/ because the collection of ob:)e_cjvi 1SV, a pro-
per class,

Even  worse, m hkfs\/\e{ Cateory -w\\/\eofy/ one also Studies
collections  of proper Aasses, whidh cn fail 4o be proper
classes  Yhemseles, sudh as  Cls , the caleqory of all
(proper) classes. Since  these ©BS€C\\S canot e deall with
o either ZFC or NBG, mathematicians  and \o%\'c{av&
seelk Qouv\ﬂa%ong oﬂg Cctjcecdory "'ﬂﬂé@cy ( and \0"/ extension
he whole of mathematics ) withoud  sed Jr\nec(y.

5 A Clo&mg\ Ph\\cso@h\cM Q@[V}CLTK

Ccncermf\% Yhe laMec endemvor above, one observes that d\oir\c&

Mmathemadics  in Cale@or\a\ grmw\cwo‘r\/\ s alnest a\ways

radically  different from doin% it in the framework of




axomadic  Sed ‘\\(\@Cry/ sudn as ZYC. As sudh, discussions arise

<‘@ncermmc6 the precise nature of +the entilies gludied, the
nadure of dhe knowledae nvelved and The nature of the
Mmethods QmPkoyed in Mathemedics
As has beome clear , three caracknsiics of methemalical
objedds in a caleqonial {ramework are especially diffecent
{rom  thar characteristics in a Set - Hheoredical Lrame codk:
© Objecds are always ven Yogether (oith an ambient ca-
3:(20'0\‘7/' there. no ob"‘bec\s C’X\Sﬂ\fwb Lo Yh oust \Q@\Yﬁo% povrjr
of Some codenoiy.
« Objedds  ace Onvactenized solely by the morphisms
Com‘mcb o ond 60“0(;(\) Q{om the olor)ecig themselves.
© Obyeds are akwqy‘s haracieri zed up fo an \SCJmof-sf;h‘\sm.
For example , there s no such Ar‘\r\‘\m‘(\ as e natiral nuwmbers.
F can be Ow%ued/ however, thal frere s &l one concep/
ol the natural numbers. Shll, 1t s hard  de esist the
conclugion  Phat \Qomdm% Mathenn atics on Ccdegory -Jrheor?/
ervbodies some Sot o} eiructuralism . Slracturalism (s the
po&{ﬁko\m N PhilOSO)Shy of mathemadics Hhad maimiains Hhat
every Mathe Wiad ical Jr\neof/ describes  Strucdures |, e, ‘Places‘
\neLoin 9 some structural relations 1o eadn other . As such, a
Mmathematical Jv\/\eor/ describes Haosi%mrws of P\aces W Strac-
fures , bod not objects n the sense of wniquely  determined
“c\m\f\%se For example, the natural number 3 1S not an
Ob’(‘)e(.* (in Pre sense aboove) ahymom/ but a P\qce v the
structure of the natwral aumbers.  This view arises rom
the \d@mﬁm\/ criterion at work In o« Cateqorial frameweorlc.
Contrast 1 with the one n ZFC: Seds are equal e
‘?\r\e‘y have The same elemwenis (5/€nJ'/'oﬁq//}//x )., Here, ele -~
merds (Which are a\ways Setg themselues ) are o(-\ive_m \07 direct

relerence  via koodi.got\ conglanis ("@" for the Unique set

whidh  has no YV\(Lm\o@\iS)/ W 1S w\/\7 I S hL seds




afe OLQ“@WV\ \ f\eol U c{u&\\/,

Allkernadively  one could  also interpret e situadion 1n «
C0L‘\'E’_.<3()§‘i¢k\ Qramq_wor\/\ b/v Jr'\r\in\/\\n% ol mathematical okjecig
as ppes; {or Wiidh there are  diferent lokens in different
contexts , smilarly Yo !redness' and ced (concrete) objects.
N sudn an ’imlr@rprekav\icn/ one C@f{e«rj to a loken ol « 1L7PQ/
vet the mathemeatical theo Ty N question d\recjr\y Onoac lerizes
Hne. %713@ not the dokens,

Observe. that  dhis  discussion nmakes no deum @ncerming

the ontoloay (e the existence) of Mmathematical objeds,

bud @n\7 Co\/\cermn% dentidication ((the nadure ) of edhe-
podical ebjecds. W the case of structuraliem, three diffe -
reny @n\o\o%\qul Pa&iw‘)ons howe loeen developed

v Apfe remr shcudurstlism: Strudures are thought to exist
cothout any concrete instantiations and are thuas dreoded
as  cdostract entidies n o )D\a—\cmc, Lashion (wun\ﬁrpcw—\
lo cdassical oclajonism).

o s  stradkuralismt Sdradtures are real \nSofccr —‘f\/xay
ore instantiated CO\AQT@%V v the P\/\/vsica'\ world ( counler-
POLH Yo Aristetelian realism ).
st remr structuralism @ Stradtuces are treated as  huwnan
muentions’. While  moathemadical Systems exist, “talk o
Their struduwral  Nidentities! or 'similarities' s ﬂo*{\mn?f
bt a  convenent and nstrumental talk - they have

o 1ndependent existence (ounterpard do nominalism).

‘Th‘\g dermmongtrates  thad cc&e%or/ Jc\r\eoc‘7 ond its rela -
Led {oundational issues ceadn beyond the  discipline
O% math ematics e ﬁqe§¥\0ng (fcosard'm% the nadure,

exigtence and  knouvledge of  mathematical enlities

henmselues.
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