
Advanced Topics in Linear Algebra

Seminar

Continuation of quiver representation

Author:
Marino Gambarara

Supervisor
Jonathan Lorand

University of Zurich, Spring Semester 2018



1 Quivers

We quickly recall the most important basic notions. Throughout we fix a field k.

Definition 1.1 A quiver is a quadruple Q = (Q0, Q1, s, t) consisting of a finite set Q0 of
vertices, a finite set Q1 of arrows, and two maps s, t : Q1 → Q0. An arrow a ∈ Q1 starts at s(a)
and terminates at t(a).

With this definition, we can identify a quiver with a directed graph. The underlying moti-
vations of quiver theory are quite different from those in the traditional graph theory. With
graph theory we can for example ask for the shortest path between two certain places (vertices)
or determine how many colors are required to color the countries of the map so that no two
adjacent countries have the same color. However, quiver theory was developed to study repre-
sentation theory, which it has had a great impact on. To emphasize this distinction, it is common
in this context to use the word ¡¡quivers¿¿ instead of ¡¡graphs¿¿.

Definition 1.2 A non-trivial path of length l ≥ 1 in Q is a sequence e = er...e1 of ar-
rows satisfying t(ep) = s(ep+1) for 1 ≤ p < l.

Notation The path e starts at s(e) = s(e1) and terminates at t(e) = t(er). For a pair i, j
of vertices, let Q(i,j) denote the set of paths e with s(e) = i and t(e) = j. So Q(i,j) is just the set
of all paths with startpoint i and endpoint j. A trivial path has length zero and is just a single
vertex, namely s(e) = i = t(e) for e trivial.

The obvious composition of paths (we just add them together, such that the endpoint of the
first path is the startpoint of the following path) induces maps

Q(i, e) : Q(i, s(e))→ Q(i, t(e)) Q(e, j) : Q(t(e), j)→ Q(s(e), j)

with Q(i,e)(µ) = eµ and Q(e,j)(ν) = νe.

Example Consider the following directed graph

Obviously Q(i,j) contains at most one non-trivial path for all i,j ∈ {1, 2, 3, 4, 5, 6}. Now if we
take the paths u = u3u2u1 ∈ Q(1, 4) and e = e2e1 ∈ Q(4, 6), we see that t(u) = 4 = s(e). Now
what the map Q(i,e) does, is it takes a path in Q(i,s(e)) and glues it to the path e. This new
path lies then in Q(i,t(e)). In our example, we get: Q(i,e)(u) = eu = e2e1u3u2u1.
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Definition 1.3 Let Q be a quiver. A representation of X of Q is a collection {Xi | i ∈ Q0}
of finite-dimensional k-vector-spaces together with a collection {Xa | a ∈ Q1} of k-linear maps.

We can think of this definition as if we attach a finite dimensional vector space to each ver-
tex of Q and a linear map to each arrow (with the appropriate domain and codomain).

Example A representation of the star quiver

is a collection of six vector spaces X1, X2, ..., X6 together with five k-linear maps Xa : Xi →
X6, i ∈ {1, 2, 3, 4, 5}.

2 Projective and injective representations

For each vertex i we want to define a projective representation P(i) and an injective representa-
tion I(i). These definitions are motivated by the fact, that they behave in a certain manner we
want to when we watch at decomposition of representations.

Given any set X, we denote by k[X] the vector space with basis X, that is k[X] is the set of
linear combinations

∑
p λpxp with xp ∈ X,λp ∈ k and almost all λp = 0. For a map φ : X→ Y,

let k[φ] : k[X]→ k[Y] be the linear map sending
∑

p λpxp to
∑

p λpφ(xp).

Definition 2.1 For j ∈ Q0, a ∈ Q1 we define

P(i)j = k[Q(i, j)] P(i)α = k[Q(i,α)]

and as the projective representation for a vertex i. Further, we define

I(i)j = Dk[Q(j, i)] I(i)α = Dk[Q(α, i)]

as the projective representation for a vertex i.

Recall that D is the duality induced by the vector space duality.

Lemma 2.1 Let Q be a quiver and X be a representation of Q. Then there are natural iso-
morphisms

Hom(P(i), X) ∼= Xi Hom(X, I(i)) ∼= DXi
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Recall that Hom(V, W) := {φ : V→W | φ is linear}.

Lemma 2.2 (1) The representations P(i) (i ∈ Q0) are pairwise non-isomorphic.
(2) The representations I(i) (i ∈ Q0) are pairwise non-isomorphic.

Lemma 2.3 Suppose Q has no oriented cycles. Then P(i) and I(i) are finite dimensional with
End(P(i)) ∼= k ∼= End(I(i)).

Recall that End(V) := {φ : V → V | φ is linear}. An oriented cycle is a path e = ek...e1
such that s(e1) = t(ek).

Proof. If Q has no oriented cycles, then Q(i,j) is finite for all pairs of vertices i,j because the
quiver is finite. (If Q had an oriented cycle, assume a simple circle, then there would be infinitely
many paths from i to j by going always one time more around the circle.) We then have

End(P(i)) ∼= P(i)i = k[Q(i, i)] = k

Where the isomorphism comes from Lemma 2.1, the first equality comes by definition and the
last one since Q(i,i) contains only the trivial path. �

3 Reflection Functors

Reflection functors form our basic tool for classifying representations in terms of their dimension
vectors. Recall some basic notions.

Definition 3.1A vertex i of Q is called a sink (resp. source) if there is no arrow in Q
starting (resp. ending) at i.

Notation Given any vertex i, the quiver σiQ is obtained by reversing all arrows which start
or end at i.

Definition 3.2An ordering i1, ..., in of the vertices of Q is called admissible if for each p
the vertex ip is a sink for σip–1 ...σi1Q. In that case we have σin ...σi1Q = Q.

Before we have defined a pair of reflection functors S+i , S–i : Rep(Q, k)→ Rep(σiQ, k).

Definition 3.3 Let Q be a quiver without oriented cycles and let i1, ..., in be an admissible
ordering of the vertices of Q. The Coxeter functor with respect to this ordering is the functor

C+ = S+in ...S+i1 : Rep(Q, k)→ Rep(Q, k)

We also define

C– = S–i1 ...S–in : Rep(Q, k)→ Rep(Q, k)

For r ∈ Z, we write

Cr =


(C+)r if r > 0

Id if r = 0

(C–)–r if r < 0
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Lemmma 3.1 The functors C+ and C– do not depend on the choice of the admissible ordering
of the vertices of Q.

Lemma 3.2 Let i be a vertex
(1) dim P(i) = σi...σi–1(ei) and dim I(i) = σn...σn+1(ei)
(2) P(i) ∼= S–1...S–i–1S(i) and I(i) ∼= S+n ...S+i+1S(i)

Remember that a representation X is indecomposable, if it can not be written as a direct sum
of non-empty representations.

Proposition 3.1 Let X be an indecomposable representation of Q.
(1) C+X = 0 if X ∼= P(i) for some vertex i, and C–C+X ∼= X otherwise.
(2) C–X = 0 if X ∼= I(i) for some vertex i, and C–C+X ∼= X otherwise.

Next we want to introduce three more classes of representations.

Definition Let X be an indecomposable representation of Q.
(1) X is preprojective if X ∼= CrP(i) for some vertex i and some r ≤ 0.
(2) X is preinjective if X ∼= CrI(i) for some vertex i and some r ≥ 0.
(3) X is regular if CrX 6= 0 for all r ∈ Z.

This classification is useful, because we can show, that every indecomposable representation
is of one of this type.

Proposition 3.2 An indecomposable representation is preprojective, preinjective or regular.
Given indecomposable representations X, Y wth X preprojective or preinjective, we have X ∼= Y
if and only if dim X = dim Y. Moreover
(1) CrP(i) ∼= CsP(j) 6= 0 implies i = j and r = s
(2) CrI(i) ∼= CsI(j) 6= 0 implies i = j and r = s

4 Dynkin and euclidean diagrams

4.1 Finite Graphs

A finite graph arises from a quiver when one forgets about the orientation of its arrows. The
goal is to classify finite graphs using properties of quadratic forms.

Notation Let G be a finite graph with set of vertices {1, ..., n}. The finite number of edges
joining two vertices i and j is denoted by dij = dji.

The graph G induces a symmetric bilinear form

(–, –) : Zn × Zn → Z

(ei, ej) =

–dij if i 6= j

2 – 2dii if i = j
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where ei is the ith coordinate vector, and a quadratic form

q : Zn → Z

q(x) =

n∑
i=1

x2i –
∑
i≤j

dijxixj

Remember that we can get a quadratic form from the bilinear form, by setting Q(x) = xTAx
where A is the symmetric representation matrix of the bilinearform.

Example Consider the following graph the three vertices

With the bilinear form we get a 3x3 matrix, which indicates the amounts of edges from vertices
to each other. We get the following matrix from the bilinear form:

v1 v2 v3

v1 2 –1 0

v2 –1 2 –1

v3 0 –1 2

The this matrix, let’s call it B, is obtained by B = 2I - A, where I denotes the identity matrix
and A the adjacency matrix. So the graph is characterized by the amount of edges between the
vertices.

Note that G, (-,-) and q termine each other, since q(x) = 1
2 (x,x) and (x,y) = q(x + y) - q(x) -

q(y). So we can study the graph by studying its induced bilinear and quadratic form.

Definition 4.1 The set rad q = {x ∈ Zn | (x, –) = 0} is called the radical of the form q.

Definition 4.2 A vector x ∈ Zn is sincere if xi 6= 0 for all i.

Definition 4.3 Let q : Zn → Z be a quadratic form.
(1) q is positive definite if q(x) ¿ 0 for all non-zero x ∈ Zn

(2) q is positive semi-definite if q(x) ≥ 0 for all x ∈ Zn

Lemma 4.1.3 Let G be connected and y ∈ Zn be a positive radical vector. Then y is sin-
cere and q is positive semi-definite. For x ∈ Zn, we have

q(x) = 0 ⇐⇒ x ∈ Qy ⇐⇒ x ∈ rad q.
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4.2 The classification

We list the Dynkin and Euclidean diagrams. If we know, that a graph is of these types, then we
can useful results to classify the graph.

The Dynkin diagrams are as follows (with n vertices).

The Euclidean diagrams are as follows (with n = m + 1 vertices).

Each vertex i is marked with the value δi of a vector δ ∈ Zn.

Theorem 4.1 Let G be a connected graph and q the corresponding quadratic form.
(1) G is a Dynkin diagram if and only if q is positive definite.
(2) G is a euclidean diagram if and only if q is positive semi-definite but not positive definite.
In that case there is a unique positice vector δ ∈ Zn with rad q = Zδ.

So that’s why we defined the symmetric bilinear form as we did, because it can tell us eas-
ily if G is a dynkin or euclidean diagram.

Remark What’s interesting about this approach of looking at certain types of graph, is that
this has also been very useful in traditional graph theory. There is a famous question in graph
theory, which asks for the maximal amount of colours needed to colour a plane graph, such that
no neighbouring countries have the same colour.
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Theorem Every planar graph is 4-colourable. (the countries of every plane map can be 4-
coloured so that neighbouring countries get distinct colours).

every map can be translated into a graph

It was possible to proove, that one needs maximal 6 colours and afterwards that one needs maxi-
mal 5 colours. A proof for maximal 4 colours was not found for a long time, even it was assumed
to be so. For the proof there was made a list of graphs.

list of graphs

It was shown, that every map contains at least one of these graphs. And each of these graphs
can be coloured with 4 colours. And this was enough to proove, that every map can be coloured
with 4 colours.

What’s also special about this proof is, that it was the first computer-assisted proof of a major
theorem. Nowadays it is common, but at this time (the theorem was prooved in 1976), there was
a lot of controversy about computer-assisted proofs. The problem with computer-assisted proofs
lies in the fact, that one does not learn anything about the proof, since it only gives the result.
The process of the proof is lost. It is comparable with the best ¡¡chess¿¿ or ¡¡go¿¿ computer.
The computer can tell which move should be made, but it can not tell why it should be made.
This way it is not possible to learn more about strategies, since the whole process of the decision
making is not accessible.
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