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Abstract

We examine the structure of pseudocodewords in Tan-
ner graphs and identify certain types of pseudocode-
words that can be problematic with iterative decoding.

1. INTRODUCTION

Iterative decoders have gained widespread attention
due to their remarkable performance in decoding LDPC
codes. Analyzing their behaviour on finite-length
LDPC codes has nevertheless remained a formidable
task. Wiberg’s [1] was among the earliest works in
characterizing iterative decoder convergence on finite-
length LDPC constraint graphs (or Tanner graphs).
Both [1] and [2] examine the convergence behaviour of
the min-sum iterative decoder on cycle codes, a special
class of LDPC codes having only degree two variable
nodes, and based on the structure of LDPC Tanner
graphs, they provide some necessary conditions when
the decoder fails to converge to a valid codeword.

Analogous works in [3] and [4] explain the behavior
of iterative decoders using the terminology of covering
graphs or lifts of the base Tanner graph. The common
underlying idea is the role of pseudocodewords in deter-
mining decoder convergence. Pseudocodewords can be
viewed as valid codeword configurations existing among
all finite lifts of the base graph.

Pseudocodewords of a Tanner graph play analogous
roles in determining convergence of an iterative decoder
as codewords do for a maximum-likelihood (ML) de-
coder. In this paper, we study the structure of pseu-
docodewords of a Tanner graph assuming min-sum it-
erative decoding as in [1], and classify the different
types of pseudocodewords that can arise depending on
the graph structure. The main result is that a non-
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codeword (nc) pseudocodeword that is irreducible can
cause the min-sum decoder to fail to converge to a valid
codeword. We also examine the minimal degree lifts
needed to realize a pseudocodeword since this can po-
tentially eliminate the need of examining all finite de-
gree lifts of the base Tanner graph.

Definitions are introduced in Section 2. Section 3
analyzes the structure of pseudocodewords of general
Tanner graphs, wherein the main results of the paper
are presented. Some of the results are extensions of
those in [1] and [2]. Section 4 presents some examples
to illustrate the results derived in the paper.

2. PRELIMINARIES

Let G = (V, U ; E) be a bipartite graph represent-
ing a binary LDPC code C with minimum distance
dmin, with |V | = n left (variable) nodes, |U | = m right
(check) nodes, and edges E ⊆ {(v, u)|v ∈ V, u ∈ U}.

Definition 2.1 The support of a vector x =
{x1, . . . , xn} is the set of indices i where xi 6= 0.

Definition 2.2 [6] A stopping set in G is a subset S
of V where every neighbor of s ∈ S is connected to S
at least twice. The size of the smallest stopping set in
G is denoted by smin.

A degree ` cover (lift) Ĝ of G is defined in the fol-
lowing manner:

Definition 2.3 A finite degree ` cover of G =
(V, U ; E) is a bipartite graph Ĝ where for each ver-
tex xi ∈ V ∪U there is a cloud X̂i = {x̂i1 , x̂i2 , . . . , x̂i`

}
of vertices in Ĝ with deg(xij ) = deg(xi) for all j ∈ [`],
and if (xi, xj) ∈ E, then there are ` edges from X̂i to
X̂j in Ĝ connected in a 1 − 1 manner.

Figure 1 shows a base graph G and a degree four
cover of G.
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Figure 1: A pseudocodeword in the base graph (or a
valid codeword in a lift).

Definition 2.4 A pseudocodeword p of G is any vec-
tor (p1, p2, . . . , pn) that is obtained by reducing a valid
codeword ĉ of the code corresponding to a cover of G
in the following way:

ĉ = (ĉ1,1, . . . , ĉ1,`, ĉ2,1, . . . , ĉ2,`, . . .) →
(p1, p2, . . . , pn)=p,

where pi = ĉi,1+ĉi,2+...+ĉi,`

` .

Note that each component of the pseudocodeword is
just the fraction of 1-valued variable nodes in the cor-
responding variable cloud. Observe that a codeword
is trivially a pseudocodeword. Equivalently, a pseu-
docodeword p = (p1, p2, . . . , pn) is a vector of integer
entries where pi represents the number (rather than
fraction) of variables nodes of value 1 in a lift Ĝ that
are lifts of the node vi of the base graph G, where the
values assigned to the variable nodes in the lift corre-
spond to a valid codeword configuration [2], i.e.,

pi = ĉi,1 + ĉi,2 + . . . + ĉi,`.

In this paper we use the latter definition.
An alternative formulation of pseudocodewords is

in terms of the computation tree, as described in [1].
Let C(G) be the computation tree, corresponding to
the min-sum iterative decoder, of the base LDPC con-
straint graph G [1]. (See Figure 2.) Let Ĝ be a lift of
G.

A valid assignment of variable nodes in a compu-
tation tree is one where all constraint nodes are satis-
fied. (Such an assignment is said to be locally consistent
(LC).) We note here that a codeword c corresponds to
a valid assignment where for each i, all vi nodes in
computation tree are assigned the same value, whereas
a pseudocodeword p corresponds to a valid assignment
where for each i, all vi in the computation tree need
not be assigned the same value.

We observe that the support of a pseudocodeword
forms a stopping set in G.

Lemma 2.1 The support of a pseudocodeword p of G
is the incidence vector of a stopping set in G.
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c2 c3 c2 c2c1 c2
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Figure 2: A graph and its computation tree after two
iterations of message passing.

Proof: This can be seen by noting that every cloud of
check nodes in the corresponding cover of G is con-
nected to either none or at least two of the variable
clouds in the support of p. If this were not the case,
then there would be a cloud of check nodes in the cover
with at least one check node connected to exactly one
variable node of bit value 1, leaving the check node con-
straint unsatisfied. Therefore, the corresponding vari-
able nodes in the base graph G satisfy the condition of
a stopping set.2

Definition 2.5 A pseudocodeword p = (p1, . . . , pn) is
irreducible if it cannot be written as a sum of two or
more codewords or pseudocodewords.

Definition 2.6 The pseudo-subgraph, or pseudograph,
GS of a pseudocodeword p = (p1, . . . , pn) with sup-
port S = {i1, . . . , ik} is the subgraph induced by
{vi1 , . . . , vik

} in G. The pseudograph lift ĜS is the
subgraph of Ĝ induced by the 1-valued variable nodes
{vi,j , j = 1, . . . , m|vi ∈ S, vi,j = 1}, where m is the
degree of a lift graph Ĝ that realizes1 p.

Note that p may be realized in many lifts, and in
addition, the subgraphs ĜS in these lifts may not be
isomorphic.

Definition 2.7 A path in a graph G is a sequence
v1c1v2 . . . of alternating variable and check nodes, not
necessarily distinct, where vi is a neighbor of ci−1 and
ci for all i. If the path starts and ends at the same
point, it is said to be closed. A walk (respectively,
closed walk) is a path (respectively, closed path) where
all variable nodes are distinct.

The following definition characterizes the iterative
decoder behavior, providing conditions when the min-
sum decoder may fail to converge to a valid codeword.

1A lift-graph Ĝ realizes p if p lifts to a valid codeword in Ĝ.



Definition 2.8 [2] A pseudocodeword
p=(p1, p2, . . . , pn) is good if for all input weight
vectors w = (w1, w2, . . . , wn) to the min-sum iterative
decoder, there is a codeword c that has lower overall
cost than p, i.e., cwT < pwT .

Suppose the all-zeros codeword is the maximum-
likelihood (ML) codeword for an input weight vector
w, then all non-zero codewords c have a positive cost,
i.e., cwT > 0. In this case, it is equivalent to say that
pseudocodeword p is bad if there is a weight vector w
such that for all non-zero codewords c, cwT ≥ 0 and
pwT ≤ 0.

The weight of a pseudocodeword is defined as fol-
lows [3]:

Definition 2.9 Let p = (p1, p2, . . . , pn) be a pseu-
docodeword of the code C represented by the bipartite
graph G. Then its weight is:

• wBEC(p) = |supp(p)| for the binary erasure
channel (BEC);

• wBSC(p) for the binary symmetric channel
(BSC) is:

wBSC(p) =

{
2e, if

∑
e pi =

∑ n
i=1 pi

2

2e − 1, if
∑

e pi >
∑ n

i=1 pi

2

,

where e is the smallest number such that the sum
of the e largest pi’s is at least

∑n
i=1 pi

2 ;

• wAWGN (p) = (p1+p2+...+pn)2

(p2
1+p2

2+...+p2
n)

for the additive
white Gaussian noise channel (AWGN).

The minimal pseudocodeword weight of G is the
minimum weight over all pseudocodewords that occur
over all possible finite-degree covers of G, and is de-
noted by wBEC

min for the BEC channel (and likewise, for
other channels). The minimal pseudocodeword weight
wmin is of fundamental importance as it plays an analo-
gous role in iterative decoding as the minimum distance
dmin in ML-decoding.

The following result relates the weight of a good
pseudocodeword to the minimum distance of the code.

Theorem 2.1 [7] For a good pseudocodeword p of G,
wBSC/AWGN (p) ≥ dmin.

Note, however, that the above result does not indicate
anything about the weight of a bad pseudocodeword.
A bad pseudocodeword can have a weight that is either
less than or larger than dmin. In the context of iterative
decoding it is the low weight bad pseudocodewords that
are likely to cause the decoder to fail to converge.

3. STRUCTURE OF PSEUDOCODEWORDS

As in the previous section, let G be a bipartite graph
representing a binary LDPC code C, with |V | = n left
(variable) nodes, |U | = m right (check) nodes, and
edges E ⊆ {(v, u)|v ∈ V, u ∈ U}.

3.1. Iterative decoding

The following result is an extension of the result in
[2] to more general LDPC graphs:

Theorem 3.1 A sufficient condition for the iterative
min-sum decoder to converge to the all-zeros maximum-
likelihood codeword after sufficiently many iterations,
is that the weight of the all-ones assignment on any
subtree S, in the computation tree C(G), corresponding
to a pseudocodeword p is positive.

Wiberg gives a different formulation of the same result
in [1].

3.2. Irreducible pseudocodewords

We will now state the following preliminary results
that will be useful in proving our main result on the
structure of good and bad pseudocodewords of a base
graph G.

Lemma 3.1 Let p = (p1, p2, . . . , pn) be a pseudocode-
word in the graph G that represents the LDPC code C.
Then the vector x = p mod 2, obtained by reducing the
entries in p, modulo 2, corresponds to a codeword in
C.
Proof: Let us first consider a single check node graph H
which is connected to variable nodes v1. . . . , vk. Sup-
pose b = (b1, . . . , bk) is a pseudocodeword in this
graph. Then, b corresponds to a codeword in a lift Ĥ
of H . Every check node in Ĥ is connected to an even
number of variable nodes that are assigned value 1, and
further, each variable node is connected to exactly one
check node in the check cloud. Since the number of
variable nodes that are assigned value 1 is equal to the
sum of the bi’s, we have

∑
i bi ≡ 0 mod 2.

Now let Ĝ be the corresponding lift of G wherein
p forms a valid codeword. Then each check node in Ĝ
is connected to an even number of variable nodes that
are assigned value 1. From the above observation, if
nodes vi1 , . . . , vik

participate in the check node ci in G,
then pi1 + . . . + pik

≡ 0 mod 2. Let xi = pi mod 2,
for i = 1, . . . , k. Then, at every check node ci, we
have xi1 + . . . xik

≡ 0 mod 2. Since x = (x1, . . . , xn) =
p mod 2 is a binary vector satisfying all checks, it is a
codeword in C.2

The following remarks follow from the above
lemma:



• If a pseudocodeword p has at least one odd com-
ponent, then it has at least dmin odd components.

• If a pseudocodeword p has a support size
|supp(p)| < dmin, then it has no odd components.

• If a pseudocodeword p has no non-zero codeword
contained in its support, then it has no odd com-
ponents.

Lemma 3.2 A pseudocodeword p = (p1, . . . , pn) can
be written as p = c1+c2+. . .+ck+r, where c1, . . . , ck,
are k (not necessarily distinct) codewords and r is some
residual vector, containing no codeword in its support,
that remains after removing the codewords c1, . . . , ck

from p. Either r is the all-zero vector, or r is a vector
comprising of 0 or even entries only.

Note that we are not claiming that p is reducible even
though the vector p can be written as a sum of code-
word vectors c1, . . . , ck, and r. Since r need not be a
pseudocodeword, it is not necessary that p be reducible
structurally as a sum of codewords and/or pseudocode-
words (as in Definition 2.5).
Proof Sketch: Suppose c ∈ C is in the support of p,
then form p′ = p − c. If p′ contains a codeword in its
support, then repeat the above step on p′. Subtract-
ing codewords from the pseudocodeword vector in this
manner will lead to a decomposition of the vector p as
stated. We will now show that the residual vector r,
that contains no codeword in its support, is either the
all-zero vector or a vector with 0 and/or even entries
only.

From Lemma 3.1 we have x = p mod 2 to be a
codeword in C. Since p = c1 + . . . ck + r, we have
x = (c1 + . . . + ck) mod 2 + r mod 2. But since x ∈ C,
this implies r mod 2 ∈ C. However, since r contains no
codeword in its support, r mod 2 must be the all-zero
codeword. 2

The following two lemmas are used in proving the
main theorem on the structure of irreducible pseu-
docodewords.

Lemma 3.3 Let p = (p1, . . . , pn) be a pseudocodeword
in G and suppose all non-zero pi are even. If there is
a codeword c ∈ C with supp(c) ⊆ supp(p), then p is
reducible as a sum of pseudocodewords.

Lemma 3.4 Let p = (p1, . . . , pn) be a pseudocodeword
in G. Rewrite p = x + r, where x = p mod 2. If there
is a codeword c ∈ C with supp(c) ⊆ supp(r), then p is
reducible as a sum of pseudocodewords.

Theorem 3.2 Let p = (p1, . . . , pn) be an irreducible
pseudocodeword in G. Then p can be decomposed as

p = x + r, where x = p mod 2 is a codeword (possibly
0) and r is a vector with no codewords in its support.
Furthermore, for any other decomposition p = c1 +
c2 + . . . + ck + r′ (as in Lemma 3.2), we have x =
c1 + c2 + . . . + ck and r = r′.

Proof: From Lemma 3.1, p can be written as p = x+r,
where x = p mod 2. From Lemma 3.3 and Lemma 3.4,
we have that r contains no codeword in its support.
Suppose there is another decomposition p = c1 + c2 +
. . . + ck + r′ (as in Lemma 3.2), where r′ has only even
(possibly zero) components and contains no codeword
in its support. Then we have c1 + c2 + . . . + ck − x =
r−r′. Since x has only 0 or 1 as components and since
the right-hand side is a difference of two vectors having
no odd components, the left-hand side must have all
components non-negative and even, and in particular,
it must be a sum of codewords. But since the right-
hand side contains no codeword in its support, this
implies that x = c1 + c2 + . . . + ck and r = r′. 2

p = (1, 2, 1)

Figure 3: Example of a reducible pseudocodeword p.

The “irreducible” condition in Theorem 3.2 is neces-
sary, as illustrated by the following example. If p is re-
ducible, then p may be decomposed, as in Lemma 3.2,
in different ways: Consider the graph G in Figure 3.
A pseudocodeword p = (1, 2, 1) can be decomposed as:
(a) p = (1, 1, 0) + (0, 1, 1), i.e., as a sum of two code-
words, or (b) p = (1, 0, 1) + (0, 2, 0), i.e., as a sum of
a codeword and a non-zero remainder r that has no
codeword in its support.

Theorem 3.3 All irreducible non-codeword (nc) pseu-
docodewords are bad.

Proof Sketch: Suppose p is an irreducible nc-
pseudocodeword. Then p = x + r, where x and r are
as above. Suppose x = c1 + c2 + . . . + ck is a disjoint
union of k codewords. Suppose i∗ is the index corre-
sponding to a maximal component of p in the support
of r. Then i∗ belongs to the support of at most one of
the codewords c1, c2, . . . , ck, say cj, since they all have
disjoint support. Let i′ be an index in (supp(cj)\i∗)
such that pi′ ≤ pi∗ . We can then construct a weight
vector w as follows:

wi =




−1 i = i∗

+1 i = i′

+∞ i ∈ (supp(p)c

0 otherwise

,



Observe that since pi∗ ≥ pi′ , we have pwT ≤ 0 and
cwT ≥ 0 for any codeword c. This shows that p is a
bad pseudocodeword. 2

3.3. Pseudocodewords and lift-degrees

It is of interest to relate a pseudocodeword with
the smallest lift degree of the graph which realizes it.
In general, characterizing irreducible pseudocodewords
suffices, since any pseudocodeword can be expressed
as a sum of irreducible pseudocodewords. Further,
the weight of any pseudocodeword is lower bounded
by the smallest weight of its constituent pseudocode-
words. Therefore, given a graph G, it is useful to find
the smallest lift degree needed to realize all irreducible
pseudocodewords.

One parameter of interest is the maximum compo-
nent t which can occur in any irreducible pseudocode-
word of G. In [7], the weight of a pseudocodeword p
is shown to be lower bounded in terms of t and the
support size of p as follows:

Lemma 3.5 [7] Suppose every irreducible pseudocode-
word p = (p1, p2, . . . , pn) in G has components 0 ≤
pi ≤ t, for 1 ≤ i ≤ n, then:

(a) wAWGN (p) ≥ 2t2

(1+t2)(t−1)+2t |supp(p)| ≥
2t2

(1+t2)(t−1)+2tsmin,

(b) wBSC(p) ≥ 1
t |supp(p)| ≥ 1

t smin.

In the case of cycle codes, i.e., LDPC codes having
only degree 2 variable nodes, [2] shows that t = 2. In
general, for any given graph, there is such a (finite) t.
The smallest lift degree needed to realize a pseudocode-
word is given by the following lemma.

Lemma 3.6 Let p = (p1, . . . , pn) be an irreducible
pseudocodeword of a graph G having largest right de-
gree d+

r , and let 0 ≤ pi ≤ t, for i = 1, . . . , n. Then the
smallest lift degree mmin needed to realize p satisfies

max
i

pi ≤ mmin ≤ max
hj

∑
vi∈N(hj)

pi

2
≤ td+

r

2
,

where the maximum is over all check nodes hj in the
graph and N(hj) denotes the variable node neighbors
of hj.

Remark: If p is any pseudocodeword and b is the max-
imum component, then the smallest lift degree needed
to realize p is at most bd+

r

2 .

4. EXAMPLES

In this section we present three different examples
of Tanner graphs which give rise to different types of
pseudocodewords.

Example 1 in Figure 4 shows a graph with all pseu-
docodewords having weight at least dmin.

Figure 4: A graph with all pseudocodewords having
weight at least dmin.

Example 2 in Figure 5 shows a graph that has
both good and bad pseudocodewords. Consider
p = [1, 0, 1, 1, 1, 1, 3, 0, 0, 1, 1, 1, 1, 0]. Letting w =
[1, 0, 0, 0, 0, 0,−1, 0, 0, 0, 0, 0, 0, 0], we obtain pwT = −2
and cwT ≥ 0 for all codewords c. Therefore, p is
a bad pseudocodeword. In particular, we note that
wBSC/AWGN (p) = 8, while dmin = 10.

Example 3 in Figure 6 shows a graph on m+1 vari-
able nodes, where all but the left-most variable node
form a minimal stopping set of size m. When m is even,
the only irreducible pseudocodewords are of the form
(k, 1, 1, . . . , 1), where 0 ≤ k ≤ m and k is even. When
m is odd, the only irreducible pseudocodewords have
the form (k, 1, 1, . . . , 1), where 1 ≤ k ≤ m and k is odd.
In general, any pseudocodeword of this graph is a lin-
ear combination of these irreducible pseudocodewords.
When k is not 0 or 1, then these are nc-irreducible pseu-
docodewords, and are therefore bad. When m is odd,
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Figure 5: A graph with good and bad pseudocode-
words.
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Figure 6: A graph with only bad nc-pseudocodewords.

any pseudocodeword that reduces as a sum of pseu-
docodewords and includes at least one of these nc irre-
ducible pseudocodewords in the sum, is also bad. How-
ever, for even m the above is not true. As an example,
for m = 4, the pseudocodeword p = (2, 3, 3, 3, 3) is
a good pseudocodeword, where p can be written as
p = (2, 1, 1, 1, 1) + 2(0, 1, 1, 1, 1). This example shows
that a necessary (but not sufficient) condition for a
pseudocodeword to be bad is that it contains at least
one nc irreducible pseudocodeword in its structural de-
composition as a sum of irreducible pseudocodewords.
We also observe that for both the BSC and AWGN
channels, all of the irreducible pseudocodewords have
weight at most dmin = m or m + 1, depending on
whether m is even or odd.

5. CONCLUSIONS

We examined the structure of pseudocodewords in
Tanner graphs and identified a class of pseudocode-
words that can be problematic with iterative decoding.
We also established bounds on the smallest lift degree
needed to realize a given pseudocodeword. It would be
useful to classify other patterns of pseudocodewords
and see how they affect convergence of the iterative
decoder.
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