The cardinality of Hamel bases of Banach spaces

Lorenz Halbeisen^1 and Norbert Hungerbühler

Abstract

We show that in an infinite dimensional Banach space, every Hamel base has the cardinality of the Banach space, which is at least the cardinality of the continuum.

1 Facts concerning Hamel bases

In this article we investigate by set theoretical methods the cardinality of Hamel bases (also called “algebraic bases”) of Banach spaces. In this text, a Banach space E is a complete normed vector space over a field K ⊂ R (or K ⊂ C ), and to exclude the trivial case, we always assume E ≠ {0}. Notice, that a Banach space over R can be considered as a Banach space over any subfield K⊆R, simply by restricting the scalars to K. Conversely, a Banach space E over K⊆R can be considered as a Banach space over R. This is done by extending the multiplication with scalars to R: If v ∈ E and r ∈ R, let rv := lim_{ri→r} r_iv ∈ E, where r_i ∈ K. This is possible, since any subfield K of R contains Q and is hence dense in R. It is readily checked that this definition makes E being a Banach space over R.

With the aid of the axiom of choice, one can prove that every vector space has a Hamel base (cf. [Ha] and [Hd 1, p. 295]). Furthermore, the axiom of choice is necessary for the existence of Hamel bases of vector spaces (cf. [La]). The proof of the existence of a Hamel base is not constructive, but since the axiom of choice is consistent with the other axioms of set theory (cf. [Gö]), it is consistent to assume the existence of a Hamel base in every vector space. If the continuum hypothesis (see Section 2) holds—which is by [Gö] consistent to assume—we have, as an easy consequence of Baire’s Category Theorem, that every Hamel base of an infinite dimensional Banach space has at least the cardinality of the continuum. But it is also consistent to assume that the continuum hypothesis fails (cf. [Co]), and in this case, Baire’s Category Theorem only implies that a Hamel base of an infinite dimensional Banach space must be uncountable (see also [Kr], [Ts] and [Li]). It is therefore a natural question to ask what cardinality a Hamel base can have in this case (and the answer is given in Section 3). The continuum hypothesis can also be characterized by Hamel bases; namely,

1The author would like to thank the Centre de Recerca Matemàtica (Barcelona) and the Swiss National Science Foundation for supporting him.

2000 Mathematics Subject Classification: 46B99 03E75

if one considers R as a Banach space over Q, then the continuum hypothesis is equivalent to the statement, that R can be covered by countably many Hamel bases (see [Si] and [EK]). These examples show that properties of vector spaces are closely related to the axioms of set theory and conversely, that set theory has implications in functional analysis on a very fundamental level.

2 Some set theory

In this section, we summarize some set theoretical notations and definitions. All the notations and definitions are standard and are in accordance with [Je] or [Ku].

A set x is transitive if every element of x is a subset of x. A relation R well-orders a set x, or ⟨R, x⟩ is a well-ordering, if ⟨R, x⟩ is a total ordering and every non-empty subset of x has an R-least element. The axiom of choice is equivalent to the statement, that every set can be well-ordered. A set x is an ordinal number, if x is transitive and well-ordered by ∈. The axiom of choice is also equivalent to the statement, that for every set x there exists an ordinal number α and a bijection f : α → x. The class of all ordinal numbers is transitive and well-ordered by ∈. The set of all natural numbers is equal to the set of all finite ordinal numbers and is denoted by ω. (A natural number n is the set of all natural numbers which are smaller than n, e.g. 0 = ∅.)

For a set x, the cardinality of x, denoted by |x| is the least ordinal number α for which there exists a bijection f : α → x. A set x is called finite, if |x| ∈ ω, otherwise it is called infinite. Further it is called countable, if |x| ≤ |ω| =: ℵ_0. For a set x, P(x) denotes the power set of x. There exists a bijection between R and P(ω), hence |R| = |P(ω)|, and we denote this cardinality by c. The continuum hypothesis states c = |ω_1| =: ℵ_1, where ω_1 denotes the least ordinal number which is not countable. Finally let [x]^ω := {y ∈ P(x) : |y| = ℵ_0} and [x]^{<ω} := {y ∈ P(x) : |y| < ℵ_0}. If x is infinite, then |[x]^{<ω}| = |x|. We use the same symbol for a set y ∈ P(x) and for its characteristic function, i.e., we write y(z) = 1 if z ∈ y and y(z) = 0 otherwise.

In the next section, we will use an uncountable independent family over ω:

Let I⊆[ω]^ω; then I is called an independent family (i.f.) if and only if whenever m, n ∈ ω and x_0, . . ., x_m, y_0, . . ., y_n are distinct members of I, then | x_0 ∩ · · · ∩ x_m ∩ (ω \ y_0) ∩ · · · ∩ (ω \ y_n) | = ℵ_0 .

Notice that this is equivalent to | | ⋂ i≤m x_i \ ⋃ j≤n y_j | | = ℵ_0 .

There is always an i.f. of cardinality c (cf. [FK], [Hd 2] or [Ku, Exercise (A6)]) which can be constructed even without using the axiom of choice.

3 The cardinality of Hamel bases of Banach spaces

By the axiom of choice, every vector space E over a field K possesses a Hamel base. A Hamel base is hence a set H of vectors such that

(i) H spans E, i.e. E = ⟨H⟩ (which denotes the set of all finite K-linear combinations of vectors of H) and

(ii) H is finitely linearly independent over K, i.e., finitely many vectors in H are linearly independent over K.

This is equivalent to saying that H is a minimal set with property (i) or that H is a maximal set with property (ii).

By Baire’s Category Theorem it is easy to see that a Hamel base in an infinite dimensional real or complex Banach space E cannot be countable. In this section, we will show that if E is an infinite dimensional Banach space over a field K, where Q⊆K⊆C , then every Hamel base of E has the cardinality |E|, which is at least the cardinality of the continuum. We start by recalling the well-known

Fact 3.1 If E is an infinite dimensional vector space over a field K and H_1 and H_2 are two Hamel bases of E, then |H_1| = |H_2|.

The next lemma summarizes a few simple facts which will be useful later.

Lemma 3.2 (a) If E is at the same time a vector space over a field K_1 and over a field K_2⊆K_1 and if H_i is a Hamel base of E with respect to K_i (i ∈ {1, 2}), then |H_1| ≤ |H_2|. (b) If E is a Banach space over a field K, then |E| ≥ c.

(c) If E is a vector space over an infinite field K and if H is a Hamel base of E, then |E| = max{|K|, |H|}. (d) If K_1 and K_2 are two fields with Q⊆K_1⊆K_2⊆C such that K_1 is dense in K_2, and if E is a Banach space over K_1, then there exists a K_1-linear homeomorphism from E to a Banach space E^′ = E over K_2.

Proof: (a) Obviously, H_1 can be extended to a Hamel base H ⊇ H_1 with respect to K_2, and therefore, using Fact 3.1, |H_2| = |H| ≥ |H_1|.

(b) This follows from the completeness of Banach spaces.

(c) Since H is a Hamel base of E, we get |E| = |[K]^{<ω} × [H]^{<ω}|, and because K is infinite, no matter if H is infinite or finite, we get |[K]^{<ω} × [H]^{<ω}| = max{|K|, |H|}.

(d) We define on the set E^′ := E, equipped with the same additive group and the same norm as on E, the following multiplication: (K_2, E) → E, (λ, x) → λx := lim_{K1∋λi→λ} λ_ix. It is easy to check, that (K_2, E) is a normed vector space and that (K_1, E) → (K_2, E), x → x, is a K_1-linear homeomorphism. ⊣

Remark: The Banach spaces in Lemma 3.2(d) need not have the same dimension. A drastic example is R, which is an infinite-dimensional Banach space over Q, but only a one-dimensional Banach space over itself.

The following lemma is due to Mazur (see [LT, Lemma 1.a.6]):

Lemma 3.3 Let E be an infinite dimensional Banach space over K. Let F ⊆E be a finite dimensional subspace and let ε > 0. Then there is an x ∈ E with ‖x‖ = 1 so that ‖y‖ ≤ (1 + ε) ‖y + λx‖ for every y ∈ F and every scalar λ ∈ K

Proof: Confer the proof of Lemma 1.a.6 of [LT]. ⊣

Now we are ready to prove

Lemma 3.4 If K⊆C is a field and E is a Banach space over K such that dim(E) = ∞, then every Hamel base of E has at least cardinality c.

Proof: We consider two cases. In the first case |K| < c, and in the second case |K| = c. For both cases, let H = {X_ι : ι < κ < c}⊆E be a family (of cardinality κ < c) of vectors of E. We will show that H is not a Hamel base of E.

1. case: Assume |K| < c and that H is a Hamel base of E. By Lemma 3.2 we have c ≤ |E| = max{|K|, |H|} < c, which is a contradiction.

2. case: Assume |K| = c and that H is a Hamel base of E. Lemma 3.3 is usually used in order to construct a subspace of E which possesses a Schauder base. Since we did not assume that K is complete, the construction does not lead to a complete subspace, nevertheless, the resulting sequence is sufficient for our purposes: We start with a unit vector x_0 ∈ E. Then we construct iteratively the sequence {x_i}_{i∈ω} with ‖x_i‖ = 1 such that ‖y‖ ≤ (1 + ε_n) ‖y + λx_{n+1}‖ for all y ∈ ⟨x_0, . . ., x_n⟩ and all λ ∈ K. Here, we choose the sequence of positive numbers {ε_n}_{n∈ω} such that ∏_∞ n=0(1+ε_n ) ≤ 1+ε for some ε > 0. Now, we claim that ∑_∞ n=0 λ_nx_n = 0 implies that λ_n = 0 for all n ∈ ω. If not, we find a first index i with λ_i ≠ 0. Then we have

‖λ_ix_i‖ ≤ (1 + ε_i) ‖ λ_ix_i + λ_{i+1}x_{i+1} ‖ ≤ (1 + ε_i)(1 + ε_{i+1}) ‖ λ_ix_i + λ_{i+1}x_{i+1} + λ_{i+2}x_{i+2} ‖

≤ n∏ k=i (1 + ε_k ) ‖ ‖ n+1∑ k=i λ_kx_k ‖ ‖ Since the first factor is uniformly bounded in n and the second factor converges to 0 as n → ∞, we obtain ‖λ_ix_i‖ = 0, which contradicts λ_i ≠ 0.

Let I be an i.f. of cardinality c (remember that such a family always exists) and let us consider the injective map ζ : I → E, z → ∞∑ i=0 z(i)2^{−i}x_i. We recall the notation z(i) = 1 if i ∈ z and z(i) = 0 otherwise. Notice that, by construction, the vectors in {ζ(z) : z ∈ I} are finitely linearly independent over K: In fact, if we take distinct z_0, . . ., z_m ∈ I, then for any number k ∈ ω and for any i ≤ m we find a k^′ > k such that z_i(k^′) ≠ z_j (k^′) for all j ≠ i, hence, the vectors ζ(z_0), . . ., ζ(z_m) are linearly independent over K.

For each Y ∈ E, there are finitely many uniquely determined X_{ι0} , . . ., X_{ιn(Y )} ∈ H, ι_i < ι_{i+1} and s_0, . . ., s_{n(Y )} ∈ K \ {0}, so that Y = ∑_{n(Y )} k=0 s_k X_{ιk} . Thus, the function φ : E → [K]^{<ω} × [H]^{<ω} Y → ⟨ ⟨s_0, . . ., s_{n(Y )}⟩, ⟨X_{ι0} , . . ., X_{ιn(Y )} ⟩ ⟩ is a bijection and the composed function φ ∘ ζ : I → [K]^{<ω} × [H]^{<ω} is injective. On the other hand, since |I| = c and |[H]^{<ω}| = |H| < c, we find by the pigeonhole principle (see [Je, p. 321]) an infinite set C⊆I such that pr_2 ∘φ ∘ ζ : C → [H]^{<ω} is constant (pr_2 denotes the projection pr_2(⟨a, b⟩) := b). So, let H_0 = ⟨pr_2 ∘φ ∘ ζ(C)⟩ denote the corresponding finite dimensional subspace. Since ζ is injective, ζ(C)⊆H_0 is an infinite set of linearly independent vectors, which is a contradiction. ⊣

Now we can give the main result of this section.

Theorem 3.5 If K⊆C is a field and E is a Banach space over K such that dim(E) = ∞, then every Hamel base of E has cardinality |E|.

Proof: Let E be a Banach space over K such that dim(E) = ∞ and let H be a Hamel base of E. By Lemma 3.2 we have |E| = max{|K|, |H|}. By Lemma 3.4 we have |H| ≥ c, and because |K| ≤ c, we get |E| = |H|. ⊣

Remark: It is worth mentioning that the previous result for F -spaces follows directly from Martin’s Axiom (the definition and some consequences can be found in [Ku, Ch. II]): Let E be an F -space, i.e., a topological vector space whose topology is induced by a complete invariant metric d. If H_0⊆H⊆E with |H_0| = ℵ_0, |H| < c, we may consider the countable set A := ⟨H_0⟩_Q, the set of all finite rational linear combinations of vectors of H_0. Let P be the set {B_{1/n}(a_i) : a_i ∈ A, n ∈ ω}, where B_{1/n}(a_i) := {x ∈ E : d(x, a_i) <^1_n }. Let P = ⟨P, ⊆⟩, then P is a partially ordered set in which every anti-chain is countable. A set D⊆P is called dense, if for every p ∈ P there exists a q ∈ D such that q⊆p. For every finite dimensional K-linear subspace V ⊆E, the set D_V := {p ∈ P : p ∩ V = ∅} is dense. Since |H| < c we have strictly less than c many dense sets of this form and Martin’s Axion gives a descending chain in P such that for every dense set D_V we find an element in this chain, which is contained in D_V . Since E is a complete space, this chain converges to a point which does not belong to any of the finite dimensional subspaces spanned by H. Hence, H is not a Hamel base.

As a corollary, we obtain a slightly stronger version of a theorem in [Ja, Chapter 9]:

Corollary 3.6 The set E^f of all linear functions E → R on an infinite dimensional Banach space E has cardinality 2^{|E|}.

Proof: It is easy to see that |E^f | = |c^H | = 2^{|H|}, where H is a Hamel base of E, and therefore |E^f | = 2^{|E|}. ⊣

References

[Co] P. Cohen: “Set Theory and the Continuum Hypothesis.” Benjamin, New York 1966.

[EK] P. Erdös and S. Kakutani: On non-denumerable graphs. Bulletin of the American Mathematical Society 49 (1943), 457–461.

[FK] G. Fichtenholz and L. Kantorovitch: Sur les opérations linéaires dans l’espace des fonctions bornées. Studia Mathematica 5 (1935), 69–98.

[Gö] K. Gödel: The consistency of the axiom of choice and of the generalized continuumhypothesis. Proceedings of the National Academy of Sciences (U.S.A.) 24 (1938), 556–557.

[Ha] G. Hamel: Eine Basis aller Zahlen und die unstetige Lösung der Funktionalgleichung f(x + y) = f(x) + f(y). Mathematische Annalen 60 (1905), 459–462.

[Hd 1] F. Hausdorff: Zur Theorie der linearen metrischen Räume. Journal für die reine und angewandte Mathematik 167 (1932), 294–311.

[Hd 2] F. Hausdorff: Über zwei Sätze von G. Fichtenholz und L. Kantorovitch. Studia Mathematica 6 (1936), 18–19.

[Ja] N. Jacobson: “Lectures in Abstract Algebra, Vol. II.” Springer, Berlin a.o. 1975.

[Je] T. Jech: “Set Theory.” Academic Press, London 1978.

[Kr] A. Kruse: Badly incomplete normed linear spaces. Mathematische Zeitschrift 83 (1964), 314–320.

[Ku] K. Kunen: “Set Theory, an Introduction to Independence Proofs.” North Holland, Amsterdam 1983.

[La] H. Läuchli: Auswahlaxiom in der Algebra. Commentarii Mathematici Helvetici 37 (1962), 1–18.

[LT] J. Lindenstrauss and L. Tzafriri: “Classical Banach Spaces I: Sequence Spaces.”

Springer, Berlin a.o. 1977.

[Li] Z. Lipecki: Remarks on independent sequences and dimension in topological linear spaces. Collectanea Mathematica 49 (1998), 53–65.

[Si] W. Sierpiński: “Cardinal and Ordinal Numbers.” Państwowe Wydawnictwo Naukowe, Warszawa 1958.

[Ts] N.-K. Tsing: Infinite-dimensional Banach spaces must have uncountable basis – an elementary proof. The American Mathematical Monthly 91 (1984), 505–506.

Lorenz Halbeisen Department of Mathematics Univ. of California at Berkeley Evans Hall 938 Berkeley, CA 94720 USA halbeis@math.berkeley.edu

Norbert Hungerbühler Department of Mathematics Univ. of Alabama at Birmingham 452 Campbell Hall Birmingham, AL 35294-1170 USA buhler@math.uab.edu