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INTRODUCTION
The asymptotic behavior of the hyperbolic evolution problems of order
two, on a cylindrical domain, with coe¢ cients dependent on a para-
meter is examined. The convergence of the solution of such problems
towards a solution of a problem of the same type de�ned in ! is proved,
and the rate of convergence estimates is given. One can see work like
a singular perturbation of the hyperbolic problems in some directions.

u� solution of hyperbolic
problem de�ned on

[0; T ]��� !
�R�Rp�Rn�p

u solution of hyperbolic
problem de�ned on
[0; T ]�! �Rn�p

& .
u� (t;X1; X2)t u (t;X2)



INTEREST OF APPLICATION
The interest of this work for the applications of the resolution of the
hyperbolic problems is due to the fact that if one of the solutions is
given by a simple resolution, the approximation neglects the di¢ culty
of the other solution, therefore several application are possible.

X If the resolution of u� is complicated, we can approach it by u for
which, may be, a numerical or analytical calculation is possible.

XX The �nite element method for u (for example de�ned on R2) more
accessible than for u�(for example de�ned on R3).



OBJECT OF VERY MANY STUDIES

Many works were realized in this domain, under the name
of "singular perturbation", and di¤erent questions worked
out intil now. We �nd in the book J.L Lions and his bibli-
ography several work in this �eld. In this work, we base on
some ideas given in the works of M. Chipot and A. Rougirel,
and the book of J.L. Lions and E. Magenes.



TECHNICAL TOOLS

We give here some technical tools, which one will use them in the continuation.
De�nition : Let X and Y two separable Hilbert spaces, such that the injection
X ,! Y is continuous. We de�ne the spaces W (0; T ;X;Y ) and W1(0; T ;X;Y )
by

W (0; T ;X;Y ) =
n
u 2 L2(0; T ;X); u0 2 L2(0; T ;Y )

o
; (1)

W1(0; T ;X;Y ) =
n
u 2 L1(0; T ;X); u0 2 L1(0; T ;Y )

o
; (2)

equipped with the norm

kuk2W = kuk2L2(a;b;X) +
u02

L2(a;b;Y )
; (3)

kukW1 = kukL1(a;b;X) +
u0

L1(a;b;Y )
: (4)



Lemma 1 Let v 2 H10(�� !); then

v(X1; :) 2 H10(!) a:e: X1 2 �

Lemma 2 Friedrichs lemma In a Hilbert space H, a family of operators
C(t) 2 L (H;H) ; such that the function t �! (C(t)u; v) 8u; v 2 H is once
continuously di¤erentiable, with����� ddtC(t)u; v

����� 6 c juj jvj : (5)

Then, for u 2 L2 (�1;+1;H) ; we have
d

dt
[C(t) (�n � u)� �n � (C(t)u)] �!

n!+1
0 in L2 (�1;+1;H) : (6)



POSITION OF THE PROBLEM

Let 
 be a cylindrical domain of Rn de�ned by


 = �� !

where �; ! are bounded Lipschitz domains of Rp and Rn�p respectively,
n and p integers with n > p > 1. For x 2 Rn, we set

X1 = (x1; :::; xp); X2 = (xp+1; :::; xn): (7)

We denote

Q = [0; T ]� 
; Q1 = [0; T ]� !



where T > 0 is a positive constant. For a positive parameter �; we
consider the two evolutions problems de�ned by8>>><>>>:

u00 � P
06i;j6n

@xi(a
�
ij(t; x)@xju) + c(t; x)u = f in Q

u = 0 on [0; T ]� @

u(0; :) = u�;0; u0(0; :) = u�;1 in 


(8)

8>>><>>>:
u0 � P

p+16i;j6n
@xi(a

�
ij(t; x)@xju) + c(t; x)u = f in Q1

u = 0 on [0; T ]� @!
u(0; :) = u0; u0(0; :) = u1 in !

(9)

such that f : Q �! R; u0; u1 : ! �! R; u�;0; u�;1 : 
 �! R; a�ij;
a : Q �! R:



ASSUMPTIONS
For the initial conditions and the source term f; we suppose

f 2 L2(Q1); (10)

(
u0 2 H10(!); u1 2 L2(!);
u�;0 2 H10(
); u�;1 2 L2(
):

(11)

We put the assumptions on the coe¢ cients a�ij , c

a�ij 2 C1(Q); c 2 C(Q); a�ij = a
�
ji; (12)

for all i; j = d1; n , moreover we put the assumptions (59). The hyperbol-
icity of the problem is supposed so that there are two constants � > 0



and �0 > 0; such that
nX

i;j=1

a�ij(t; x)�i�j > ��
����1���2 + �0 ����2���2 ; for a:e: (t; x) 2 Q and 8� 2 Rn; (13)

�1 =
�
�1; :::; �p

�
and �2 =

�
�p+1; :::; �n

�
, Under the conditions (10), (11),

(12) and (13), the problems (8) and (9) admit weak solutions u� and
u1 respectively, and in particular veri�es

d2

dt2

Z


u�vdx+

Z



0@ X
16i;j6n

a�ij(t; x)@xju�@xiv + c(t; x)u�v

1A dx = Z


fvdx

u�(0; :) = u�;0; u0�(0; :) = u�;1 (14)

8v 2 H10(
) and for a:e: t 2 [0; T ] ;



d2

dt2

Z
!
u1vdx+

Z
!

0@ X
p+16i;j6n

aij(t; x)@xju1@xiv + c(t; x)u1v

1A dx = Z
!
fvdx

u1(0; :) = u0; u01(0; :) = u1 (15)

8v 2 H10(!); and for a:e: t 2 [0; T ] :

u� 2 C0(0; T ;H10(
)); u0� 2 C
0(0; T ;L2(
)), (16)

u1 2 C0(0; T ;H10(!)); u01 2 C0(0; T ;L2(!)). (17)

The injection H10(!) ,! H1(
) is continuous, then we obtain

u1 2 D0(0; T ;H1(
)); u01 2 D0
�
0; T ;L2(
)

�
(18)

u1 2 C0(0; T ;H1(
)); u01 2 C0(0; T ;L2(
)): (19)



OBJECT

We will give in this work, the asymptotic behaviour for the solution u�
when � ! 0, and more precisely,

X We justify convergence u� ! u1 when � ! 0:

XX We give the rate of convergence (the estimate of u� � u1).



EQUALITY OF THE ENERGY TYPE
We take in (15) v 2 H10(
) and we integrate on �, we obtain

d2

dt2

Z


u1vdx+

Z



0@ X
p+16i;j6n

aij(t; x)@xju1@xiv + c(t; x)u1v

1A dx = Z


fvdx;

(20)
using (14) ; we �nd

d2

dt2

Z


u�vdx+

Z



0@ X
16i;j6n

a�ij(t; x)@xju�@xiv + c(t; x)u�v

1A dx
=
d2

dt2

Z


u1vdx+

Z



0@ X
p+16i;j6n

aij(t; x)@xju1@xiv + c(t; x)u1v

1A dx:
(21)



The coe¢ cients a�ij(t; x) for p+ 1 6 j 6 n and the solution u1 depend
only on X2 and t, we deduce

d2

dt2

Z


(u� � u1) vdx+Z



 P
16i;j6n

a�ij(t; x)@xj (u� � u1) @xiv + c(t; x) (u� � u1) v
!
dx =

�
Z



0BB@ P
p+16j6n;
16i6p

a�ij(t; x)@xju1@xiv

1CCA dx = � Z



P
p+16j6n;
16i6p

@xi

�
a�ij(t; x)@xju1v

�
dx

= �
Z
@


0BB@ P
p+16j6n;
16i6p

aij(t; x)@xju1v�i

1CCA dx



v is null on the boundary of 
, we obtain

d2

dt2

Z


w�vdx+ a� (t; w�; v) = 0 8v 2 H10(
): (22)

where

w�
Def
= u� � u1;

a� (t; u; v)
Def
=

Z



 P
16i;j6n

a�ij(t; x)@xju@xiv + c(t; x)uv

!
dx 8u; v 2 H1(
):

(23)



The idea to have an estimate of w�; generally in the hyperbolic prob-
lems, on the way by the equality of the energy type, therefore we replace
by w0� in (22) when we have the regularity of the solutions. But in this
case we have

� w0� (t) 2 L
2(
) and v 2 H1(
) in (22):

� v in (22) is null on the boundary of 
:



To avoid these obstacles, the method is based on the idea to approach
u� � u1 by functions with value in H10(
), which is done by triple
regularization.

w0� 2 L
2(0; T ;L2(
)) - - - 99K

n � w0� 2

L2(R;H1(
))
&
(#w�)

0 2

L2(R;L2(
))
!

n � (#w�)0

= 0n � #w�
2 L2(R;H1(
)) !

��n � (#w�)0 2

L2(R;H10(
))



For � > 0; we pose

�� = fx 2 �; d(@�; x) > �g : (24)

Let �� be a family of inde�nitely derivable functions with compact sup-
port in �, such that

supp�� � � �
2
;

�
�� � � �

2

�
;

for all x from ��; we have

�� (x) = 1;

and for all x from �

0 6 �� (x) 6 1: (25)

we start with this equality of the energy type.



Theorem 3 Let u� be the solution to (8) and u1 be the solution to (9).

Then for any t

Z
��=2�!

�
��w

0
�

�2
dx+ b� (t; w�; w�) =

Z
��=2�!

����� �u�;1 � u1����2 dx+
�2

tZ
0

Z
��=2�!

0BBB@ X
16j6n
16i6p

a�ij(�; x)@xjw�(�)@xi����w
0
�(�)

1CCCA dxd�+ (26)

b�
�
0; u�;0 � u0; u�;0 � u0

�
+

tZ
0

b0� (�;w�; w�) d� +
tZ
0

Z
��=2�!

�2�c(t; x)w�w
0
�dxdt



where

b� (t; u; v)
Def
=

Z
��=2�!

0@ X
16i;j6n

�2�a
�
ij@xju@xiv

1A dx, 8u; v 2 H1(
) (27)

b0� (t; u; v)
Def
=

Z
���!

0@ X
16i;j6n

�2�
�
a�ij

�0
@xju@xiv

1A dx; 8u; v 2 H1(
) (28)

Proof For any � > 0; we introduce the function #� de�ned on R, for
� > 0 by

#� =

8>>>><>>>>:
1 on [�; t0 � �]
0 out [0; t0]
t
� on [0; �]
t0�t
� on [t0 � �; t0]

(29)



#� being continuous on R; and we pose

#0 =

(
1 on [0; t0]
0 out [0; t0] :

(30)

We have

#0� =

8>><>>:
0 on ]�; t0 � �[ and out [0; t0]
1
� on ]0; �[
�1
� on ]t0 � �; t0[ :

Let n be a regularization sequence of even functions de�ned on R,
check Z

R
n(t)dt = 1: (31)

Supposing that the functions a�ij and c are de�ned for any t 2 R, with



same properties of regularity on R as on [0; T ] (prolongation by conti-
nuity), and the same for w� (for example prolongation by re�exion). It
is clear that

�2�n�
�
#�w

0
�

�
= �2�

0
n�(#�w�)��2�n�

�
#0�w�

�
2 L2

�
�1;+1;H10(
)

�
: (32)

The sketch of the proof uses the equality (22), replacing v by �2�n ��
#�w

0
�

�
; so that

� we leave � ! 0;
�� then n! +1

For the �rst step � ! 0; we obtain the following lemma.

Lemma 4 Under the assumptions of the theorem, we obtain for any t0
from [0; T ]



+1Z
�1

b0� (t; �n � (#0w�) ; n � (#0w�)) dt+ 2
Z
��=2�!

�2�n � n � (#0w�) (0)w0�(0)dx

+2
Z
��=2�!

n � n �
 P
16i;j6n

a�ij(:; x)@xj (#0w�)

!
(0)�2�@xiw

0
�(0)dx

�2
Z
��=2�!

�2�n � n �
�
#0w

0
�

�
(t0)w

0
�(t0)dx

�2
Z
��=2�!

n � n �
 P
16i;j6n

a�ij(:; x)@xj (#0w�)

!
(t0) �

2
�@xiw� (t0) dx+�n

= 2

+1Z
�1

Z
��=2�!

n � (c(:; x)#0w�) �2�
�
n �

�
#0w

0
�

��
dxdt+

+2

+1Z
�1

Z
��=2�!

P
16j6n; 16i6p

�
n �

�
a�ij(:; x)@xj (#0w�)

��
@xi����

�
�n �

�
#0w

0
�

��
dxdt:

(33)



where

�n =

+1Z
�1

Z
��=2�!

X
16i;j6n

�
a�ij(t; x)@xjn � (#0w�)� n �

�
a�ij(:; x)@xj (#0w�)

�
(t)
�

�2�@xi
0
n � (#0w�) dxdt

The prove is very technic and it is based on these two results #

#� �!
�!0

#0 in L2(R);Z
R

���#0�(t)��� dt = 2:



In this step, we take n! +1 in the above formula of the lemma; and
we give the convergence by term in (33), we start by �n

�n =

+1Z
�1

Z
��=2�!

X
16i;j6n

a�ij(t; x)@xjn � (#0w�) �
2
� (@xin � (#0w�))

0 dxdt

�
+1Z
�1

Z
��=2�!

X
16i;j6n

a�ij(t; x)@xj (#0w�) �
2
�@xin � (n � (#0w�))

0 dxdt: (34)

The bilinear forms b� (t; :; :) given by (27) are continuous on H1(
); there-
fore there exists a family of operators B�(t) 2 L

�
H1(
); H1(
)

�
, such

that

b� (t; u; v) = ((B�(t)u; v)) 8u; v 2 H1(
): (35)



The application t �! ((B�(t)u; v)) 8u; v 2 H1(
); is once continuously
di¤erentiable according to (12) : The notation ((; )) represents the scalar
product in H1(
). Replacing in (34) and with a simple calculation, it
comes

�n = �
+1Z
�1

((
d

dt
[B�(t)n � (#0w�)� n � B�(t) (#0w�)]; n�(#0w�)))dt: (36)

Using the Friedrichs lemma 2 and the fact thatZ
R
kn � (#0w�)k2 dt 6 C

Z
R
j#0j2 dt;

C does not depend on n, we deduced that

�n �! 0:



Since n is a regularization sequence, therefore

n � (#0w�) �!
n!+1

(#0w�) in L2
�
�1;+1;H1(
)

�
; (37)

n �
�
#0w

0
�

�
�!

n!+1

�
#0w

0
�

�
in L2

�
�1;+1;L2(
)

�
: (38)

Then we obtain the convergence

+1Z
�1

b0� (t; n � (#0w�) ; n � (#0w�)) dt �!
n!+1

t0Z
0

b0� (t; w�; w�) dt;

+1Z
�1

Z


n�(c(:; x)#0w�) �2�

�
n �

�
#0w

0
�

��
dxdt �!

n!+1

t0Z
0

Z


�2�c(t; x)w�w

0
�dxdt



and

+1Z
�1

Z



X
16j6n
16i6p

�
n �

�
a�ij(:; x)@xj (#0w�)

��
@xi����

�
n �

�
#0w

0
�

��
dxdt

�!
n!+1

t0Z
0

Z



X
16j6n
16i6p

a�ij(t; x)@xjw�@xi����w
0
�dxdt:

For the remainder of the terms in (33)

Z


n � n �

0@ X
16i;j6n

aij(:; x)@xj (#0w�)

1A (t0) �2�@xiw� (t0) dx;



andZ
��=2�!

n � n �
 P
16i;j6n

a�ij(:; x)@xj (#0w�)

!
(0)�2�@xiw�(0)dx;Z



�2�n � n �

�
#0w

0
�(:)

�
w0�(t0)dx;

Z
��=2�!

�2�n � n �
�
#0w

0
�

�
(0)w0�(0)dx:

We pose

�n = n � n;

then
0Z

�t0

�n(t)dt =

t0Z
0

�n(t)dt =
1

2
: (39)



Thus, for the �rst term, we obtain

�n
def
= 2

Z


n � n �

0@ X
16i;j6n

a�ij(:; x)@xj (#0w�)

1A (t0) �2�@xiw� (t0) dx
�
Z



X
16i;j6n

a�ij(t0; x)@xjw� (t0) �
2
�@xiw� (t0) dx =

2

t0Z
0

�n(t)
Z



0@ X
16i;j6n

a�ij(:; x)@xjw�

1A (t0 � t) �2�@xiw� (t0) dx
� 2

t0Z
0

�n(t)
Z



X
16i;j6n

a�ij(t0; x)@xjw� (t0) �
2
�@xiw� (t0) dx



= 2
Z
supp�n\[0;t0]

�n(t)
Z



0@ X
16i;j6n

a�ij(t0 � t; x)@xjw� (t0 � t)

�
X

16i;j6n
a�ij(t0; x)@xjw� (t0) �

2
�@xiw� (t0)

1A dx;
from the continuity of a�ij and w�, we deduce that �n ! 0; i.e.

2
Z


n � n �

0@ X
16i;j6n

a�ij(:; x)@xj (#0w�)

1A (t0) �2�@xiw� (t0) dx
�!

n!+1

Z



X
16i;j6n

a�ij(t0; x)@xjw� (t0) �
2
�@xiw� (t0) dx:



Same way for the other terms, we obtain

2
Z


n � n �

0@ X
16i;j6n

a�ij(:; x)@xj (#0w�)

1A (0) �2�@xiw� (0) dx
�!

n!+1

Z



X
16i;j6n

a�ij(0; x)@xj

�
u�;0 � u0

�
�2�@xi

�
u�;0 � u0

�
dx:

Z


�2�n � n �

�
#0w

0
�(:)

�
(t0)w

0
�(t0)dx �!

n!+1

Z


�2�w

0
�(t0)w

0
�(t0)dxZ



�2�n � n �

�
#0w

0
�

�
(0)w0�(0)dx �!

n!+1

Z


�2�
�
u�;1 � u1

� �
u�;1 � u1

�
dx

The theorem is proved.



ESTIMATION
We estimate the terms of the second member of (26), using the prop-
erties of the family of the functions �� and (59) ; we obtain for the �rst
term

tZ
0

Z
��=2�!

0BBB@ X
16j6n
16i6p

a�ij(�; x)@xjw�(�)@xi����w
0
�(�)

1CCCA dxd� 6

C�1=2+�
tZ
0

Z
��=2�!

���rX1w���� �����w0�(�)���dxd�+C��
tZ
0

Z
��=2�!

���rX2w���� �����w0�(�)���dxd�
C independent of � (depends of �). Applying Young inequality ab 6 �a2 + b2

� ;

for the last terms, with � = �1=2 and � = 1, we deduce



���������
tZ
0

Z
��=2�!

0BBB@ X
16j6n
16i6p

a�ij(�; x)@xjw�(�)@xi����w
0
�(�)

1CCCA dxd�
��������� 6

C��

0B@� tZ
0

Z
��=2�!

���rX1w����2 dxd� +
tZ
0

Z
��=2�!

���rX2w����2 dxd�
1CA (40)

+C

tZ
0

Z
��=2�!

�����w0�(�)���2 dxd�: (�� 6 1)

We estimate the remainder terms of (26) with same technics; and we



use the hyperbolicity condition, then (26) givesZ
��=2�!

�
��w

0
�

�2
dx+ �

Z
��=2�!

�2�

���rX1w����2 dx+ Z
��=2�!

�2�

���rX2w����2 dx 6
C��

0B@� tZ
0

Z
��=2�!

���rX1w����2 dxd� +
tZ
0

Z
��=2�!

���rX2w����2 dxd�
1CA

+C

tZ
0

Z
��=2�!

�����w0�(�)���2 dxd� + Z
��=2�!

���u�;1 � u1���2 dx+ C�2� Z
��=2�!

���rX1u�;0���2 dx
(41)

+C
Z
��=2�!

���rX2 �u�;0 � u0����2 dx+ C�
tZ
0

Z
��=2�!

�2�

���rX1w����2 dxd�+
C

tZ
0

Z
��=2�!

�2�

���rX2w����2 dxd� + C
tZ
0

Z
��=2�!

j��w�j2dxd�:



Applying the Poincaré inequality on
Z
!
j��w�j2 dX2, we obtainZ

��=2�!

�
��w

0
�

�2
dx+ �

Z
��=2�!

�2�

���rX1w����2 dx+ Z
��=2�!

�2�

���rX2w����2 dx 6
C��

0B@� tZ
0

Z
��=2�!

���rX1w����2 dxd� +
tZ
0

Z
��=2�!

���rX2w����2 dxd�
1CA+

C

tZ
0

 Z
��=2�!

�����w0�(�)���2 dx+ � Z
��=2�!

�2�

���rX1w����2 dx+
Z
��=2�!

�2�

���rX2w����2 dx
!
d� +

Z
��=2�!

���u�;1 � u1���2 dx+
C�2�

Z
��=2�!

���rX1u�;0���2 dx+ C Z��=2�!
���rX2 �u�;0 � u0����2 dx;



since ��w� (t;X1; :) is null on the boundary of on ! for a.e. (t;X1) : Using

the Gronwall inequality, we deduce that

Z
��=2�!

�
��w

0
� (t)

�2
dx+�

Z
��=2�!

�2�

���rX1w� (t)���2 dx+Z��=2�! �2�
���rX2w� (t)���2 dx 6

C��

0B@� tZ
0

Z
��=2�!

���rX1w����2 dxd� +
tZ
0

Z
��=2�!

���rX2w����2 dxd�
1CA

+
Z
��=2�!

���u�;1 � u1���2 dx+ C�2� Z
��=2�!

���rX1u�;0���2 dx
+ C

Z
��=2�!

���rX2 �u�;0 � u0����2 dx;



since �� = 1 on ��; we obtain
�
�� � ��=2

�
Z
���!

�
w0� (t)

�2
dx+ �

Z
���!

���rX1w� (t)���2 dx+ Z
���!

���rX2w� (t)���2 dx 6
C��

0B@� tZ
0

Z
��=2�!

���rX1w����2 dxd� +
tZ
0

Z
��=2�!

���rX2w����2 dxd�
1CA+

Z
��=2�!

���u�;1 � u1���2 dx+ C�2� Z
��=2�!

���rX1u�;0���2 dx
+ C

Z
��=2�!

���rX2 �u�;0 � u0����2 dx;
the inequality is checked for any t of (0; T ), then, by (16) and (19), this



implies that

sup
06t6T

Z
���!

�
w0� (t)

�2
dx+ � sup

06t6T

Z
���!

���rX1w� (t)���2 dx+
sup
06t6T

Z
���!

���rX2w� (t)���2 dx 6 C��
 
� sup
06t6T

Z
��=2�!

���rX1w� (t)���2 dx+
(42)

sup
06t6T

Z
��=2�!

���rX2w� (t)���2 dx
!
+
Z
��=2�!

���u�;1 � u1���2 dx+
C�2�

Z
��=2�!

���rX1u�;0���2 dx+ C Z��=2�!
���rX2 �u�;0 � u0����2 dx:



We take � = "
2k
for k = \0; � � 1; in (42) and we pose

��� =
Z
��=2�!

���(u�;1 � u1)���2 dx+ C�2� Z
��=2�!

���rX1u�;0���2 dx
+ c

Z
��=2�!

���rX2 �u�;0 � u0����2 dx;
thus, one can write

� sup
06t6T

Z
� "
2k
�!

���rX1w� (t)���2 dx+ sup
06t6T

Z
� "
2k
�!

���rX2w� (t)���2 dx 6
C��

0B@� sup
06t6T

Z
� "
2k+1

�!

���rX1w� (t)���2 dx+ sup
06t6T

Z
� "
2k+1

�!

���rX2w� (t)���2 dx
1CA+��"

2k
;



if we vary k from 0 to � � 1, we obtain

sup
06t6T

Z
���!

�
w0� (t)

�2
dx+ � sup

06t6T

Z
�"�!

���rX1w� (t)���2 dx+
sup
06t6T

Z
�"�!

���rX2w� (t)���2 dx 6C��
 
� sup
06t6T

Z
��=2�!

���rX1w� (t)���2 dx+
sup
06t6T

Z
��=2�!

���rX2w� (t)���2 dx
!
+ ��" 6 ::: 6

C���

0@� sup
06t6T

Z
� "
2�
�!

���rX1w� (t)���2 dx+ sup
06t6T

Z
� "
2�
�!

���rX2w� (t)���2 dx
1A+
(43)

+C(��" + �
���"

2
+ :::+ �(��1)��� "

2��1
);



Thus, the estimate of u� � u1 depends on the proximity on the initial

conditions, and the estimate of the quantity

sup
06t6T

Z
� "
2�
�!
jr (u� � u1) (t)j2 dx: (44)

The following lemma gives a estimation of u�:



Lemma 5 Under the preceding conditions, we have

sup
06t6T

Z
��!

���u0� (t)���2 dx 6 C

�Z
��!

���u�;1���2 dx+ Z
��!

���ru�;0���2 dx+ 1� ;
sup
06t6T

Z
��!

���rX2u� (t)���2 dx 6 C

�Z
��!

���u�;1���2 dx+ Z
��!

���ru�;0���2 dx+ 1� ;
sup
06t6T

Z
��!

���rX1u� (t)���2 dx 6 C

�

�Z
��!

���u�;1���2 dx+ Z
��!

���ru�;0���2 dx+ 1� ;
where C independent of �:

To show this lemma one needs the following lemma.



Lemma 6 Let u� be solution of (8) ; then

1

2

Z
��!

���u0� (t)���2 dx+ 12
Z
��!

0@ X
16i;j6n

a�ij(�; x)@xju� (t) @xiu� (t)

1A dx
=
1

2

Z
��!

���u�;1���2 dx+ 1
2

Z
��!

0@ X
16i;j6n

a�ij(0; x)@xju�;0@xiu�;0

1A dx
�

tZ
0

Z
��!

0@ X
16i;j6n

�
a�ij

�0
(�; x)@xju� (�) @xiu� (�)

1A dxd� (45)

�
tZ
0

Z
��!

c(t; x)u� (�)u
0
� (�) dxd� +

tZ
0

Z
��!

f (�)u0� (�) dxd�;



We �nd the proof detailed of the lemma 6 in the book of J.L Lions and
E. Magenes. For the proof of lemma 5, and to give the estimation of
u�; one uses the same technics as before.

Using the lemma 5, (43) implies

sup
06t6T

Z
���!

�
w0� (t)

�2
dx+ � sup

06t6T

Z
�"�!

���rX1w� (t)���2 dx+
sup
06t6T

Z
�"�!

���rX2w� (t)���2 dx 6 C ���� + ��;�� ;
where C is a constant independent of �; and ��;� is given by

��;� = �
��
�Z
��!

���u�;1���2 dx+ Z
��!

���ru�;0���2 dx�+��"+����"
2
+:::+�(��1)��� "

2��1
:

(46)



Then, for r > 0; we take � such that �� > r; thus, it is enough to take

� =
�
r

�

�
+ 1: (47)

to write

� sup
06t6T

Z
�"�!

���rX1w� (t)���2 dx+ sup
06t6T

Z
�"�!

���rX2w� (t)���2 dx 6 C ��r + ��;r� ;
sup
06t6T

Z
�2"�!

�
w0� (t)

�2
dx 6 C

�
�r + ��;r

�
;

with ��;r = ��;� ; � is given by (47) :Thus, we proved a basic theorem to
study the asymptotic behavior.



Theorem 7 Under the conditions(10)-(12), (13) and (59) r > 0; " > 0;

there exists a constant C > 0 independent of �; such that

sup
06t6T

Z
�"�!

���rX1w� (t)���2 dx 6 C

�

�
�r + ��;r

�
; (48)

sup
06t6T

Z
�"�!

���rX2w� (t)���2 dx 6 C
�
�r + ��;r

�
; (49)

sup
06t6T

Z
�2"�!

�
w0� (t)

�2
dx 6 C

�
�r + ��;r

�
; (50)

where u� and u1 are solutions of (8) and (9) respectively, and ��;r =
��;� ; is given by (47).



STUDY OF THE ASYMPTOTIC BEHAVIOR

Let � be an open set of 
 with boundary disjoined of @�� !; we take
" = dist(�; @�� !); thus, we have � � �" � !: In other way, it is clear,
according to the results (48), (49) and (50), that the initial conditions
play a su¢ cient role to estimate w�, therefore if we suppose

��"
2k
= O(�r�k�) k = \0:� � 1; (51)Z

��!

���u�;1���2 dx+ Z
��!

���ru�;0���2 dx = O(1) (52)

� is given by (47). The result of convergence is given.



Corollary 8 Let � be an open set of 
 with boundary disjoined of @��!;
we suppose that (51), (52) and the conditions in theorem 7 are checked,
then for any r0 = r�� > 0; u� goes to u1 inW1(0; T ;H1(�); L2(�)); and
there exists a constant C > 0 independent of �; such that the estimates

sup
06t6T

���(u� � u1)0(t)���L2(�) 6 C�r
0

(53)

sup
06t6T

k(u� � u1) (t)k2H1(�) 6 C�r
0

(54)

are veri�ed for any � > 0:

Proof The assumptions (51) and (52) implies that

��;r = O(
1

`r
);



thus, if we use (48), (49) and (50), the corollary is proved.

Remark 9 According to the de�nition of � in the precedent corollary,
we can give estimates (53) and (54) in the neighborhood of any point
of 
, and we can also give them for all compact in 
:



NECESSARY CONDITIONS

The conditions of the type (51) and (52), are they necessary for con-
vergence? For the space W1(0; T ;H1(�" � !); L2(�" � !)); we have

sup
06t6T

���(u� � u1)0(t)���L2(�"�!) + sup
06t6T

k(u� � u1) (t)kH1(�"�!) >Z
�"�!

���(u�;1 � u1)���2 dx+ Z
�"�!

���rX1u�;0���2 dx+ c Z�"�!
���rX2 �u�;0 � u0����2 dx

(55)

what justi�es the need for such conditions. But this inequality does not
show the need for the norm of W (0; T ;H1(�" � !); L2(�" � !)):



Then, we strart by (26), and using (13) and (59), we obtain

Z
��=2�!

�2�

���u�;1 � u1���2 dx+ � Z
��=2�!

�2�

���rX1u�;0���2 dx
+
Z
��=2�!

�2�

���rX2 �u�;0 � u0����2 dx 6 C �H 0(t) +H(t)� (56)

where

H(t) =

tZ
0

Z
��=2�!

�
w0�
�2
dxd� + C

tZ
0

Z
��=2�!

jrw�j2 dxd�:

Multiplying (56) by et and integrating from 0 to T , and using



�
et
�
H 0(t) +H(t)

�
=
�
etH(t)

�0�
we obtain

Z
�"�!

�2�

���u�;1 � u1���2 dx+ � Z
�"�!

�2�

���rX1u�;0���2 dx+Z
�"�!

�2�

���rX2 �u�;0 � u0����2 dx 6 C
TZ
0

Z
�"�!

�
w0�
�2
dxd�+C

TZ
0

Z
�"�!

jrw�j2 dxd�:

where � = 2": For any "0 < "; we can choose �2" such that �2" > 0 on

�"+"0; then, if we pose c = min�"+"0
�2", we obtain



Z
�"+"0�!

���u�;1 � u1���2 dx+ � Z
�"+"0�!

���rX1u�;0���2 dx+
Z
�"+"0�!

���rX2 �u�;0 � u0����2 dx 6 C
TZ
0

Z
�"�!

�
w0�
�2
dxd�

+ C

TZ
0

Z
�"�!

jrw�j2 dxd�:

Thus, we can state the theorem,

Theorem 10 A necessary condition to have convergence u� �! u1



- in W1(0; T ;H1(�" � !); L2(�" � !)) is

u�;0 �! u0; in H1(�" � !)
u�;1 �! u1 in L2(�" � !) :

-in W (0; T ;H1(�" � !); L2(�" � !)) is

rX2u�;0 �! rX2u0; u�;1 �! u1 in L2(�0 � !), (57)Z
�0�!

���rX1u�;0���2 dx = o(1�); (58)

for any compact �0 of �":



For a positive number � with, 0 < � 6 1
2

j = 1 j = p j = p+ 1 j = n

i = 1

i = p

i = p+ 1

i = n

1 6 i 6 p; 1 6 j 6 p
a�ij(t;X1; X2)���a�ij(t; x)���6 C�1=2+�;���@ta�ij(t; x)���6 C�
�; t; X1; X2

1 6 i 6 p; p+ 1 6 j 6 n
a�ij(t;X1; X2) = a

�
ij(t;X1)���a�ij(t; x)���6 C��;���@ta�ij(t; x)���6 C�1=2

�; t; X2

p+ 1 6 i 6 n; 1 6 j 6 p
a�ij(t;X1; X2) = a

�
ij(t;X1)���a�ij(t; x)���6 C�����@ta�ij(t; x)���6 C�1=2

�; t; X2

p+ 1 6 i 6 n; p+ 1 6 j 6 n
a�ij(t;X1; X2) = aij(t;X2)

t; X2

(59)


