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Introduction Context

What is this talk about?

@ Young diagrams A\ - n:
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Introduction Context

What is this talk about?

@ Young diagrams A\ - n:

@ We consider a random Young diagram of size n (the measure is not
uniform, it will be described later).

@ Question: asymptotic behaviour of the lengths of its first rows, its first
columns, ...
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Introduction Context

What is this talk about?

@ Young diagrams A\ - n:

@ We consider a random Young diagram of size n (the measure is not
uniform, it will be described later).

@ Question: asymptotic behaviour of the lengths of its first rows, its first
columns, ...

@ Tool: representation theory of symmetric groups.
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Introduction Outline

Outline of the talk

@ Model of random Young diagrams
© Polynomial functions on Young diagrams
© How to prove asymptotic results?

O A few remarks
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@aishordconzelotiieptesentationkthicory
What is a representation?

S,: group of permutations of elements 1,2, .-, n.

A representation of S, is a couple (V, p) where:
@ V is a finite dimensional C vector space;

@ pis a morphism S, — GL(V).
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@aishordconzelotiieptesentationkthicory
What is a representation?

S,: group of permutations of elements 1,2, .-, n.

A representation of S, is a couple (V, p) where:
@ V is a finite dimensional C vector space;

@ pis a morphism S, — GL(V).

We are interested in irreducible representations.

Ex: n=10,

Theorem A= (5,3,2).

Irreducible representations of S,, are in bijection
with partitions \ - n or, equivalently, Young
diagrams X\ with n boxes. [ ]
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[\ IT SR NET T NG V-G [EV-AcT Il A short course of representation theory

Characters

Let (V,p) be a representation of S,. We define:

X (o) = %g))) for o € S,.

It i s the (normalized) character of p.

No loss of information!

/

(p, V) ~s, (0, V') & x"=x".
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[\ IT SR NET T NG V-G [EV-AcT Il A short course of representation theory

Characters

Let (V,p) be a representation of S,. We define:

X (o) = %EZ))) for o € S,.

It i s the (normalized) character of p.

Note that
V(7 lor) = X!(o).
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[\ IT SR NET T NG V-G [EV-AcT Il A short course of representation theory

Characters

Let (V,p) be a representation of S,. We define:

X (o) = %g))) for o € S,.

It i s the (normalized) character of p.

Note that
XP(r7tor) = x*(0).
Indeed,
B Tr (p(T_laT))
p 1 =_ > 4
X o) dim(\)
T () pl0) o)) Tr (o)
dim(\) dim(A)
Large Young diagrams
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[\ IT SR NET T NG V-G [EV-AcT Il A short course of representation theory

Characters
Let (V,p) be a representation of S,. We define:

X’ (o) = T:“(ng))) for o € S,.

It i s the (normalized) character of p.
Note that

X (r7toT) = x"(0).

i.e. x” is a central function on S,,.
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[\ IT SR NET T NG V-G [EV-AcT Il A short course of representation theory

Characters
Let (V,p) be a representation of S,. We define:

X’ (o) = T:“(ng))) for o € S,.

It i s the (normalized) character of p.
Note that
W or) = X(o).

i.e. x” is a central function on S,,.

Theorem

The characters x* of irreducible representations p* of the symmetric group
Sn form an (orthogonal) basis of the space of central functions on Sp,.
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Definition of our probability measures
Some central functions on |J S,

Let w = (a1, a2,...; 01, B2,...,7) with
@ « and S infinite non-increasing sequences;
° «aj,Bi,v>0;
@ > o+ fi+y=1
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Definition of our probability measures
Some central functions on |J S,

Let w = (a1, a2,...; 01, B2,...,7) with
@ « and S infinite non-increasing sequences;
° «aj,Bi,v>0;
@ > o+ fi+y=1

Define
pi(w) =1
) = 3 o + (-1 Y b
Pz )@) = [] ()
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Definition of our probability measures
Some central functions on |J S,

Letw:(al,a2,...;ﬁ1,ﬁ2,...,y).

pr(w) =1
pr(w) = Z ak + (1)< 1 Z bX  for k > 2.
p(,u,l,,uz,...)(w) = Hp,uj(w)‘
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Definition of our probability measures
Some central functions on |J S,

Letw:(al,a2,...;ﬁ1,ﬁ2,...,7).

pr(w) =1
pr(w) = Z ak + (1)< 1 Z bX  for k > 2.
p(,ul,uz,...)(w) = Hpuj(w)'

We will consider the following central function on [J Sp,.

Fw(o-) = Pt(0) (W),

where t(o) is the cycle-type of o.
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Model of random Young diagrams Definition of our probability measures
Examples

F(1d) =1
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Model of random Young diagrams Definition of our probability measures
Examples

F(1d) = 1
w=(1-49),(1-9aq(1—-qd...;0,0,...;0)

F(123)@5) = S (a-ad) ] [ 3 (@ -ad)

i>0 i>0
(1-q)°
(1-4¢*)(1-¢q%
= F,((1 2 3)(4 5)(6))
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Model of random Young diagrams Definition of our probability measures
Examples

F(1d) = 1
w=(1-49),(1-9aq(1—-qd...;0,0,...;0)

F(123)@5) = S (a-ad) ] [ 3 (@ -ad)

i>0 i>0
(1-q)°
(1-4¢*)(1-¢q%
= F,((1 2 3)(4 5)(6))

w=(0,0,...;0,0,...;1)
Folo) = {1 if o =1d;

0 else.
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Model of random Young diagrams Definition of our probability measures

Probability measure on ),

Fix a parameter w an integer n.

F./Sn is a central function on S,. Therefore, as function on S,,,

F, = Z c,\x)‘.

AbFn

d o= ax’(id) = F,(d) =1.

AFn AFn

Note that
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Model of random Young diagrams Definition of our probability measures

Probability measure on ),

Fix a parameter w an integer n.
F./Sn is a central function on S,. Therefore, as function on S,,,

F, = Z c,\x)‘.

AFn
Note that

d o= ax’(id) = F,(d) =1.

AFn AFn
Proposition

VA ¢ >0. J
Hence, the c) define a probability measure P% on ),
PY(X =)) = c.
Large Young diagrams

Zurich, 2011-04-13 9/ 25



Model of random Young diagrams Definition of our probability measures
Pursuing the examples

e w=(0,0,...;0,0,...;1).
A classical result in representation theory states that:

CISa] ~s, P yim(Va)
AEn

We look at the trace of the action of o:

dim(V,)?
Fw:Z Im( )\) XA

n!
AEn

i 2 . -
Hence P¥(X = \) = %. This measure is known as Plancherel
measure.
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Model of random Young diagrams Definition of our probability measures
Pursuing the examples

e w=(0,0,...;0,0,...;1).
A classical result in representation theory states that:

C[S,] s, €D vy™)
AFn
We look at the trace of the action of o:

dim(Vy)?
Fw:Z Im( )\) XA-

n!
AEn

i 2 . -
Hence P¥(X = \) = %. This measure is known as Plancherel
measure.

ow=(1-9),(1-9)q,(1—-q)¢%...;00,...;0).
P¥ is in this case a g-deformation of Plancherel measure already
considered by Kerov in another context.
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Model of random Young diagrams Results

Main theorem of the talk

Theorem

Fix a parameter w. For each n, we pick a random Young diagram A(" with
the distribution P, ,,. Then, one has the convergences in probability:

(n)
A
Vi, ;7 — Q;
Ay,
v ) (—n)l 5/
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Model of random Young diagrams Results

Main theorem of the talk

Theorem

Fix a parameter w. For each n, we pick a random Young diagram A(" with
the distribution P, ,,. Then, one has the convergences in probability:

(n)
A
Vi, :7 — Q;
Ay,
v ) ( n )I Bi

@ proved by Kerov and Vershik in 1981.

@ method of proof used here (which gives also information on the
fluctuations): F., Méliot (2010) in the case of g-Plancherel measure.

@ Generalization with the same argument to all P%: Méliot 2011.
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Model of random Young diagrams Results
Examples

0g=1/2, w=((1-q),(1-q)q,(1 —q)g?...;0,0,...;0).
A Y
) 1/2) .  Z2i
N ey 2o

Here is a random Young diagram of size 200 (computed and drawn by
PL Méliot).

A = (101,51,28,8,7,3,1,1).
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Model of random Young diagrams Results
Examples

0g=1/2, w=((1-q),(1-q)q,(1 —q)g?...;0,0,...;0).
Aj Y
22y, 4
/), Yo
Here is a random Young diagram of size 200 (computed and drawn by
PL Méliot).

A = (101,51,28,8,7,3,1,1).

@ w=(0,0...;0,0,...;1) (Plancherel case)

Ai Y
— =0, ——=0
n n

= no big rows and columns (but no precise information!).
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Normalized character values have simple expectations!

Fix 0 € &,. Let us consider the random variable:

X0 = (o) = 1)),

V. Féray (CNRS, LaBRI) Large Young diagrams Zurich, 2011-04-13

13 / 25



Transition

Normalized character values have simple expectations!

Fix 0 € &,. Let us consider the random variable:

Tr (pa(0)) .

X, () = 3\(0) = 527

Let us compute its expectation:

Epy(X5) = Y axx’(0) = Fu(o),

AbFn

by the very definition of P!
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Transition

Normalized character values have simple expectations!

Fix 0 € &,. Let us consider the random variable:

Tr (pa(0)) .

X, () = 3\(0) = 527

Let us compute its expectation:

Epy(X5) = Y axx’(0) = Fu(o),

AbFn

by the very definition of P!

Strategy: express other functions of Young diagrams in terms of X, .
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Normalizedfcharacters
Definition of normalized characters

Let us define

ch,: Y 7 C
PN = A= 1) (A =k 1)xN o),
where k = |p|.
and o is a permutation in S| of cycle type 1A=k,
In particular,
Ch,(A) =0 assoon as |\ < |y
Examples:

Chy(A) = AN = 1) (]Al — k+1)
Chizy(A) = AN = DxM (1 2) = D_(A)* = (V)

i

Chyur(A) = (1Al = [u]) Chu(A)
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Polynomial functions on Young diagrams Normalized characters

Product of normalized characters

Chu(A) = AL = 1) (Al — k + 1)x ().

Proposition

The functions Ch,,, when 1 runs over all partitions, are linearly independent
(over C).

Moreover, they span a subalgebra A* of functions on Young diagrams.

Example: Ch(y) - Ch(p) = 4 - Ch(z) + Ch(3,2) +2 Ch(y ).
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Polynomial functions on Young diagrams [EAGEEIFECTE N cETSENCY N
Frobenius coordinates and their power sums

If X'is a Young diagram, define its Forbenius coordinates (a;, bj),1 <i < h
as follows:

b;Z)\i-—i+1/2>0, ai=\N—i+1/2>0

V. Féray (CNRS, LaBRI) Large Young diagrams Zurich, 2011-04-13 16 / 25



Polynomial functions on Young diagrams [EAGEEIFECTE N cETSENCY N
Frobenius coordinates and their power sums

If X'is a Young diagram, define its Forbenius coordinates (a;, bj),1 <i < h
as follows:

M) = 3 o+ (1)) o
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Polynomial functions on Young diagrams [EAGEEIFECTE N cETSENCY N

An algebraic basis of A*

Theorem (Kerov, Olshanski, 1994)
(A = Mg(X))k>1 is an algebraic basis of A*. J

Example:
11
Chy = My — 4M5 - My + 7M2.

Not very explicit formula for the change of basis

1 k 0o ]
_ [+k+1 _ - _ —J
Che = [t p 1:[ 1/2)t) - exp z_: kt)™) J
Large Young diagrams
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Gradaticnfandichanzelofibasis
Asymptotic change of basis

We consider a gradation on A*:
deg(My) = k
The highest degree term of the change of basis is easy:

Ch, = H M,,; + smaller degree terms.
i
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Proof of the result Convergence of M) 's

Filtration and order of magnitude

Lemma

x € N = Epo(x) = O(n?eX)

Proof:

Eps(Chy) = n(n—1)...(n— [u| + 1)E(X = xMu))
=n(n—1)...(n— [p| + 1)pu(w)
= O(nlH

so the lemma is true for x = Ch,,.
As it is a basis, this is enough. O
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Convergence of M} 's
Asymptotic behaviour of the M,

Using the previous lemma,

Eps (Mk) = Epg(Ch(xy) + O(n*1)



Convergence of M} 's
Asymptotic behaviour of the M,

Using the previous lemma,

Eps (Mk) = Epg(Ch(xy) + O(n*1)
=n(n—1)...(n—k+1)Ep [x ((1... k)] + O(n* 1)
= n*pi(w) + O(n ).

V. Féray (CNRS, LaBRI) Large Young diagrams Zurich, 2011-04-13 20 / 25



Convergence of M} 's
Asymptotic behaviour of the M,

Using the previous lemma,

Eps (Mk) = Epg(Ch(xy) + O(n*1)
=n(n—1)...(n—k+1)Ep [x ((1... k)] + O(n* 1)
= n*pi(w) + O(n ).

We can also estimate its variance:

EP‘;{(M[%) - ]E][D#(Mk)2 == ]E][D#(Ch(kk)) - ]E][D# (Ch(k))z
+ O(n?k1y
= 1" plie sy (@) — (n*pr(w))® + O(n? 1)
— O(n2k—1)
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Convergence of My's
Asymptotic behaviour of the M,
Using the previous lemma,
Epy (Mi) = Epy(Ch(xy) + O(n* 1)
=n(n—1)...(n—k+ 1)Eps [x ((1... k)] + o(n 1)
= nfp(w) + O(nk71).
We can also estimate its variance:
EP‘;,}(MIE) - ]E][D#(Mk)2 == ]E][D#(Ch(kk)) - ]E][D# (Ch(k))2
+ O(nzk_l)
= 1" plie sy (@) — (n*pr(w))® + O(n? 1)
— O(n2k—1)

My (A
kf( ) converges in probability towards py(w).
n
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Convergence of lengths of rows and columns
End of the proof of the theorem

M,’;—,(,,’\) is the (k — 1)-th moment of the probability measure
d
Xo=>_(af(N)/n) 8ar (ny/my + (BF(X)/1) 8(— b (x)/m)-
i=1

and px(omega) the k — 1-th moment of

Xy = vdo + Z Qjdq; + Bid_p;
i>1
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21 /25



Convergence of lengths of rows and columns
End of the proof of the theorem

M,’;—,(,,’\) is the (k — 1)-th moment of the probability measure
d
Xo=>_(af(N)/n) 8ar (ny/my + (BF(X)/1) 8(— b (x)/m)-
i=1

and px(omega) the k — 1-th moment of

Xy = vdo + Z Qjdq; + Bid_p;
i>1

We have convergence in probability of the repartition function at each
point x # 0, aj, — ;.

= easy to check that it implies the theorem.
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A few remarks Second order

Fluctuations of the M,

@ it is easy to compute the dominant term of Var(My) and Cov(My, M).

@ One can show that the fluctuations of the M, 's form a Gaussian
vector (using joint cumulants).
It requires combinatorial computations in A* and some technical tools

(introduced by P. Sniady)
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A few remarks Second order

Fluctuations of row and column lengths

Then

Mk()\)NZ)\,’-‘:nk (Za,’-‘—k%Zaf_lYi—i-...)

V k, kZaf-‘_lY,- = fluctuations(My).

We can recover the Y; only if the «; are distinct!
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A few remarks Second order

Fluctuations of row and column lengths (2)

o If the «; are distinct, it's working. For instance,
ifw=((1-49),(1-49)g,(1—-49)q*...;0,0,...;0),
Theorem (F., Méliot 2010)

Denote Y, q,; the rescaled deviation

Vi (2-a-aq).

Then we have convergence of the finite-dimensional laws of the random
process (Y}, q,i)i>1 towards those of a gaussian process (Yg,;)i>1 with:

E[Ye]=0 ; E[Y2]=(1-q)qg 1~ (1—q)?¢*V
cov(Yqi, Yq) = —(1 —q)* ¢ 2.

@ Otherwise, we need another method (cf. Pierre-Loic’s talk).
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Remark on the Plancherel case

@ The theorem does not give much information.

@ There is a deterministic limit shape (Logan, Shepp 77 and Kerov,
Vershik 77). The fluctuations around this shape is known (Ivanov,
Kerov, Olshanski 2002).

@ They used the same kind of method, replacing power sums of
Frobenius coordinates by free cumulant of the transition measure (in
fact, we have adapted their ideas!).

End of the talk. Thanks!
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