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Exercise 1 (5pt). Inequalities 11
Letu € L'(R3),v € H'(R3), and w € LP(R?3). For which value of p € [1,00],is ii(v * w) €
LS(R3)?

Exercise 2 (10pt). Contraction estimate for NLS

Prove Lemma v.18 from the lecture: Let f satisfy (H1), (H2), (H3), let h satisfy (h1) and g satisfy (¢1);
also, let r; = p; + 1,7 = 1,2. Then for all v € {(h,g), g, @}, the map v — V., (v) is continuous from
X =LonL"toL" and satisfies: ¥v,,v, € X
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Exercise 3 (15pt). Contractions
Let X = HY(RY), & (I) = C°(1,X). Consider the map A(ty,up), ty € R, uy € X, defined as:
Yue &)

. r
[A (g, ug)u](t,x) = €=y (x) — ifz e T (V s u(t))(x)u(t,x)dt ,
0
where V € L?(R%). For any g > 0, find T'(g) > 0 such that for any u, € H': |u, ; H'|| < o, then
Alty, ugy) 1s a strict contraction on B(I,29), where I = [ty — T (0),to + T(0)].

More precisely, you should prove the following steps (if you are not able to prove one, you may

use it to prove the following ones):

o Prove that the gradient acts on (f * g),f € L? and g € H', as follows: V(f xg) = f % (Vg).
Use this information to deduce that for any f € L? and g,h € H':

2 2 2 2 2 2
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The last bound implies
I * )h H'| < = (I * (V@)hly + (f * &) Vhly) + I * )l -
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e Use the above bound to prove that for any ¢ > 1, (for t < t, being analogous) and for any
u,u, € X):

At o)ty = Altgy hg) i, < —=IVI (| + o], 2+ 2m) T (@), = ),

< 22+ mIVILT (0)luy — uy; -

e Choose the time T'(g) in the above expression that gives a strict contraction estimate (with
contraction constant %) Then check that from this choice it also follows that A (#,, uy)u maps
B(1,2p) into itself (use the fact that |A (fy, ug)ul; < le'“7ugl, + |A(ty, up)u — A(ty, u)0],).



