ON SOME VARIATIONAL INEQUALITIES IN UNBOUNDED
DOMAINS

MICHEL CHIPOT AND KAREN YERESSIAN

ABSTRACT. We study the variational formulation of the obstacle problem in
unbounded domains when the force term might grow at infinity. We derive
the appropriate variational formulation and prove existence and uniqueness of
solution. We also show the rate of growth at infinity of the solution in terms
of the growth rates of the obstacle and the force, and prove the exponential
convergence of the solutions in approximating bounded domains to the solution
in the unbounded domain.

1. INTRODUCTION

Let us consider Q C R? as in the figure 1, that is to say
(1.1) QCRx (—a,a), a>0.

Let us denote by ¢ a function defined on {2 and such that

we HY(Q), p <0on o0
(09 denotes the boundary of Q). If
(1.2) fe H YD)
it is well known (see [KS],[C1],[R]) that there exists a unique solution u to the
variational inequality
uEICz{UGH&(Q) | v>¢pae. inQ},

(1.3)
/QVU-V(U—u)dxz (fiv—u), Yvek.

However in the case where §2 is unbounded there are many simple distributions
(functions) f for which (1.2) is not satisfied and for which the variational inequality
(1.3) does not make sense. This is one goal of this note to bridge this gap. To see
that (1.3) fails for many functions or distributions suppose that for some 0 < b < a
one has

R x (—=b,b) C Q2
and consider a function f € L?(—a,a) such that
fZ0on (=bb).

Then there exists 1 € D(—b, b) such that

b
[ @@z 0,
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FIGURE 1. Q

Let us introduce p, a function of z; only defined as follows
pe(z1) = min(e, dist(z1, R\(—e — e ', e+ €71))),

the graph of p. being depicted in the figure 2.

\
V

FIGURE 2. p.

Then it is easy to see that when € — 0

Ve = pe(x1)(wa) — 0 in H(Q).

This is indeed an easy consequence of

[ 1Veldn = [ (02 02) (00 o) + g2 o0) 000}
Q Q
1+

%—i—e b € b
S 2/ / ¢2($2)d"£2d(£1 +/ / 62(8121/)($2))2d$2d$1
1 —b —1cJ-b

b b
= 2¢ [b ¢2($2)d$2 + 2(6 + 63) /_b(amzw(xg))2d$2.
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However

%+e b
/vaedaizf16 /4; f(x2)(x2)pe(x1)dardas

b Lte
:/—b f($2)¢($2)d$2/_ ' pe(1)dzy

1e
€

b
= (2 + 62) [b f(xg)w(l‘Q)de 7L> 0

this shows that f ¢ H~1(Q). This simple computation provides a lot of distribu-
tions f for which the variational inequality (1.3) does not make sense.

Under appropriate conditions, we prove existence and uniqueness of a solution
to problems in unbounded domain as the limit of solutions in bounded domains.
To carry this out, we use estimates in bounded domains which were considered to
determine the asymptotic behavior of elliptic equations and variational inequalities
in [CO],[CY] and [Y]. For the open set Q C R™ we will set

Wy >(Q) = Wh(Q) N Hy ().

The rest of this paper is divided as follows. In the next section we treat an
example in two dimensions to enlight the features of our method. We give next
some generalizations.

2. A SIMPLE CASE

We suppose here that  is an unbounded open set satisfying (1.1). For £ > 0 we
denote by €, the open set defined by

Q= ((=4,0) x (—a,a)) N Q.
We set
WZ{UEHl(Qg) ’ v =0 on 89@089}.

It is well established (see [DL],[C2]) that V; is a Hilbert space when equipped
with the norm

(21) ol = 1ellz, = (| [Vo@)ar)”
4

(] ]2,0 denotes the usual L?(O)-norm).

We denote by V,* the strong dual of V; equipped with the usual dual norm, which
we denote by | [y,

We denote by ¢ a function defined on 2 such that

pE Hlloc(Q)7 @ <0 on 09.

Then for f € V;* there exists a unique u, solution to

ug € K¢ = {v €V | v(z) > ¢(z) ae. in Q},

(2.2)

/ Vug - V(v —ug)de > (f,o—ug), Yv e Ky,
Q

(see [KS],[C2],[LS]).
We would like now to prove the following:
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Theorem 1. Suppose that f € V; and if ¢ = max(p,0) denotes the positive part
of
(2'3) “P+|Vtz7 |f vy = O([Y)

for some v > 0. Then there exists a unique us solution to

Uoo € Koo = {v € H-.(Q), v =0 on 09, v(z) > p(z) a.c x € Q},

(2.4) a, Voo - V((v = too)p(z1))dx > (f, (v — um)p>w s

Yo € Koo, V0> 0¥p € Wy (=4, 0), p>0,
[Vucs|l2,0, = O(L7),

moreover one has

(2.5) [V (e — uoo)“lfl% =0(e™ ")

for some positive 3.
Remark 1. Replacing possibly p by ﬁ in (2.4) one can always assume that
(2.6) 0<p<l.

In the case when f € H~1(Q) the solution of (2.4) coincides with the solution
of the natural variational inequality

Uso € KLy = {v € Hy() | v(z) > ¢(z) ae x € Q},
(2.7)

Voo - V(U — oo )dx > (f,v —us), Yo e K.
Q

Indeed if uoo is solution to (2.7) then one can for w € Ko consider as test

function in (2.7)
0=t + (10 — e )p(1)

with p € Wy (¢, /) satistying (2.6) to get that u., satisfies (2.4) and the claim
follows by uniqueness of the solution to (2.4).

One can also recover (2.7) from (2.4) by considering in (2.4) p = p,, defined by

pn(z1) = min(1, dist(z1,R\(—(n + 1),n + 1)))
then p,, is piecewise linear and
pn(z) =1 on (—n,n), p,(x) = 0 outside (—(n +1),n + 1).

Now noting that (v — tee)pn — v — Uee in H () for v, us € H(Q) we recover
(2.7).
Proof of theorem 1. Step 1. Estimate of uy — upy, when 0 < r < 1.

For /1 < /¢ — 1 consider
plxy) = min(l, dist(zq, R\(—(¢1 + 1), 41 + 1)))
then we have
up — (g — Ugyr)p € Ky
and thus from (2.2)

(2.8) ; Vg - V(= (ug — uesr)p)de = = (f, (ue — wetr)p) -
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Similarly
Uppr + (U — Upgr)p € Kogrr

and thus (since p vanishes outside of €2)

(2.9) A Vugyr - V((ue — uerr)p)de > (f, (we — wegr)p) -

Adding (2.8) and (2.9) leads to
| Sl ) i = s )p)ds <0
Qg1

which can also be written

@10) [ - we)Ppdo < O (10 — e} (1) (e — g}
Q£1+1 QllJrl\Qfl

< / B (g — 1) g — g |dt
ey +1\ Q24

€

1
S A e R AU O
2 Dy, 2¢ Dy,

by the Young inequality and for Dy, = Qg,+1\€y,, € > 0 will be fixed later.
Using the Poincaré inequality in the xo-direction one has

2a
/ (we — uppr)?da < (*)2/ (O (we — wpgy)) da
Dy, Q0 Dy,
and it follows from (2.10)
/ IV (we — wpyr)|?de
le
€ 9 1 2a,2 2
< B (O, (ug — wpsr))*dz + 2—(—) (Oy (U — Upgr)) dex.
Dy, € T Dy,

Choosing € = 2?“ we get

/ IV (g — upsr)|2da < 3/ IV (g — uesr)|2da
le ™ Dl/.l

which leads to

|19~ i) P <
Q,

|V u)Pds
Qi +1

T+a
Starting from ¢; = % we iterate this formula [%] times, to get
a £
[ V= uePe < (508 [ Ve )P
g mta eg
2 2 2
([£] denotes the integer part of £). Since
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we obtain
T+ G, _£(nta
(2.11) / IV (ug — wpqr)2dz < ( Je~2 (" >/ IV (ug — wepr)|2da
Q% a QZ
‘ 1
:(L”)e*af/ IV (e — o) Pda with of = = In(T22).
a Q 2 a

Step 2. Estimate of uy.

Taking v = ¢ as test function in (2.2), by the Young inequality we get

/|Vw|2dx§/ Vug - Votda + |(f, o7 — u)|
Qe
< HVW||2 m|\V<P+||2 ¥

€

§||VW||2 Q 2*€||V90
€
2

ve {lIVeTllza, + I Vuellze, §

2
+ 2—6|f|v; + 5 {1V o, + IVurllon, }

1 1
%vaﬂg,m + *|f|%/; + €{||V@+||§,Qg + ”VUZH;QE}

1
:(€+ )HVWHzm (€+ )HV@ ;m%z

From here by choosing € small enough we deduce
IVuell3 0, < C(IVeT B 0, + If5;)
which leads (see (2.3)) to
(2.12) [|Vugll2,0, = O7).
Step 3. uy is a Cauchy sequence.
Combining (2.11) and (2.12) we get for £ > 1
/ IV (ug — ugyr)2da < (”J)z{/ |Vug|2dx+/ |Vu”r|2dm}e—a/f
2 a Q

Q
<C{£2fy £+r2'y}e a£<C{1+ E‘Z’f 27}£27€—oﬂf
< {14222 e 't < Cem

for any a < o with C = C(a,7).
This can be written as

(2.13) [ue — wpyrly, < Ce Pt
2
with = & < Lin(etm),
From (2.13) we then deduce for any ¢ that
(2.14)  ug = wpelv, < lue = wegalv, + [uers — veyalv, + -0+ wegp — vy,
2 2 2 2

< Ce P4 CeBURD |4 CemBUHE) < 1067_6
— €

Step 4. Passage to the limit.
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Let ¢y < % Choose p € W&’m(—éo,ﬁo), 0 < p <1, then for any v € K, we have
Uy + (’U —UZ)p €Ky
and by (2.2) we get
(2.15) Vg - V((v—ug)p)dz > (f, (v —ug)p), Vv € Keo.
Q,

We have clearly (v —ug)p € Vi, and by (2.14) there exists uo, € H'(Qy,) such
that
Up — Uso 1N Hl(ﬂgo)
when ¢ — co. Passing to the limit in (2.15) we get

Vi + V(( — uso)p)dz > (f, (v — tso)p), YU € Kuo.
Qe
Moreover, it is clear that us = 0 on 09, Uy > ¢ a.e. in Q and we have obtained
the two first lines of (2.4).

Step 5. Estimate of ||Vu||2.0, and proof of (2.5).

By (2.14) written for 2¢ we have

luge — ugerily, < C'e™2PL.

Letting ¢t — oo it comes
|uge — tso|y, < C'e™P

and thus (2.5) holds. Moreover
[uoo|v, < C"e™ 2P 4 |uggly, < C'e P8 4 ugly,, < C'e P8+ C(20)Y = O(07)
(by (2.12),(2.1)).

Step 6. Uniqueness of .

This is the only point remaining to prove. Let us, ul, be two solutions to (2.4).
In the inequalities satisfied by uo, u’., by taking respectively v = u/_,u~, we obtain
for p € Wy "> (—¢,£) such that p >0

[ Voo V((ule — u)o)de > (F. (s — s )p).

Vg - V(s — ulg)p)dz = (f, (uoo — ue)p) -
Q
Adding we get

V(ul, — o) - V((tly — tso)p)dz < 0, ¥p € Wy ™(=(,0), p> 0.
Qp
Considering again the function p introduced in the step 1 of this proof and
proceeding as in (2.10)-(2.11) we obtain

/ |V (uly, — too)|?dx < Ce_o‘/e/ IV (too — ul)[2da < C*Ve™'t
Q

z Q
2

for some constants C. The equality us, = ul, follows by letting £ — oco. This
completes the proof of the theorem. O
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Remark 2. Without imposing some growth condition on us, uniqueness might
fail. Indeed, take for instance

[=0,0=0
then uso = 0 is clearly solution to (2.4).
Now if
Q=R x(—a,a)

the function

/

Uoso

s T
=e2a" cos(—ux
(2a 2)
is also solution since this is a nonnegative harmonic function in the strip Rx (—a, a)
vanishing on the lateral boundary (compare with [CM] ).
3. SOME GENERALIZATION

We are going to consider a special class of domains in R™. For that, for x € R”
we split the coordinates into two parts i.e. we set

€T = (X17X2)

where X7 = (x1,...,2,) denotes the p first coordinates and X = (Tpt1,...,%n)
the n — p last ones. If w is a bounded open subset of R™™P we consider a domain
Q such that

QCRP xw

and we denote for £ > 0 by 2, the set
Q= (Bp(0,£) x w) N Q2

here B,(0,¢) denotes the euclidean ball with center at 0 and radius ¢. In the
framework of section 2, p=n—p =1, w = (—a,a).

We denote by A = A(x) a n X n matrix satisfying for some positive constants A
and A

(3.1) A(x)C- ¢ > NCP? ae x€Q, V¢ ER™,
(3.2) |A(z)C| < Al¢] ae. z€Q,V(eR™
As in section 2 we define V; by
V= {v e H'Y(Q) ‘ v =0 on 8Qgﬂ89}

and we assume this Hilbert space is normed by

1
[vlv, = [[Vvl|2,0, = (/ |Vu\2dm) °
Qp
As before also let

(3.3) ¢ € HL.(Q), ¢ <0 on 9Q.
For f € V; we denote by u, the solution to

up € Ky = {v €V | v(z) > ¢(z) ae. in Qz},

(3.4)

/ A(z)Vug - V(v —up)dx > (f,v —ug), Yv € Ky,
Qp

((,) denotes the V;*, V; duality). Then we have:
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Theorem 2. We suppose that

(3.5) et v, [Flve = O(e™)
when ¢ — co. Then there exists &g such that for § < dg the problem

Uso € Koo = {v € Hp(Q) | v=00n09, v(z) > p(z) ae x € Q},

(3.6) a, A(2) Vo - V((v = o) p)dz > (f, (v = too)p) , Y0 € Koo,

Ve >0, Vp € Wy™(B,(0,0)), p >0,

| Vttool2,0, = O(e”)

possesses a unique solution. Moreover there exists a 3 > 0 such that
(3.7) IV (ue = uoo)ll20, = O(e=")

when ¢ — .

Proof. One can develop the same arguments as in the proof of theorem 1, however
we will proceed differently.

Step 1. Estimate of uy — w4, when 0 <r < 1.

We use here another technique. Set
(3.8) plx) = (e‘“‘Xll - e_o‘e)Jr
where « is a positive constant that we will fix later on, |X;| denotes the euclidean
norm of X7, recall that = (X1, X3). Then it is clear that

ug — (ug — ugyr)p € Ky
and by (3.4) we get
(3.9) A(@)Vug - V(= (ug — uesr)p)de = (f, —(ue — uesr)p) -
Qg
Similarly
Uppr + (U — Upgr)p € Kogr

and since p vanishes out of €, we get from (3.4) where ¢ is replaced by £+ r

B10) [ A@Turi V(=)o) > (. (o = ).
Adding (3.9) and (3.10) leads to
(3.11) A(x)V (ug — tegr) - V((ue — wggr)p)dz <0

Q,
which can be written as

/Q (A(I’)V(’U,g - u£+r) . V(Ug — Ug_;_r))pdl'

<= [ (AT = wrs) - T0(X0)) (01 = ur)d
Qp

We remark that

x| X
Vp—( e ! | 1|,0)
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where the 0 above is the 0 in R”? and thus we derive using (3.1),(3.2)

(312) A [ [V(ue = uesr)pd
Q

<A alVi(u — wpsr)||ue — uprr|e” X lda
Qy

1 _
< iaA {|V(ue — Ue+r)|2 + |ue — ue+r|2}e Xl .
Q

Using the Poincaré inequality one has for almost any X; € B,(0,¢)

/(W —upyr)’e”NldX, < C?)(w)/ IV x, (e — gy )P d Xy

where Vx, = 0y,,,,...,0z, and c,(w) is the Poincaré constant in the section w.
Integrating in X; leads to

/ (e = uesr) e ldr < CIQJ(W)/ IV x, (g — ueqr)Pe ¥ da
Qe Q,

< A (w) |V (up — ugyr)|?e” ¥l dz,
Q

Going back to (3.12) and using (3.8) we get

IV (g — wppy)|? (e X2l — e=28) dy
Q

1
<§ 1+c / IV (g — wgpr)|2e” Xt da

which can be written as

{)\— fozA 1—|—c }/ IV (1 — wgpr)|?e” X0l dy

< de et |V (up — ugir)|?de.
Qy
One choose then « such that
1
(3.13) §aA(1 + (W) <A
to get
|V (g — ugyr)| e de < Ce@ ||V (up — ugyr)|?de
Qg QZ

where we have set

A
A—taA(1+3(w)
Integrating only on 2 L in the left hand side we obtain easily

C:

% / IV (ug = upyr) Pda < Ce™ ||V (up — ugy,)|*da
0

¢ 9%
2

which is

(3.14) / IV (e — ) 2de < Ce=% [ [V (ur — uesr) 2
Q Qp

Nl
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for any « satisfying (3.13).
Step 2. Estimate of uy.

Due to (3.3) we notice that ¢ € K; and by (3.4) we have
| A@Tur Ve —ude = (o — ).
Qy

It follows then using the Young inequality

M VugPde < / A(x)Vuyg - Vuedz
Qp Qe
< AVugllz.,l[Ve 20, + [flvy {[Vuell2g, + Ve

Ae 9 A 2 1,9
< ?HVWHz,m + ZHVS" 2.0, + va;

2.0, }

€ 2
+ §{||Vuz||2,m +[IVetllze, }

Ae 9 A L2 1 .
< 2NVl 0, + 2V B, + o 17

+e{llVuel3 0, + Vet l30, }
Ae 9 A 9 1, .
= (e + 2V, + (e + 2V IE 0, + el
and thus for small enough € by (3.5) we obtain
(3.15) IVuells 0, < CLIVETI0, +1f

2 250
V;} < Ce*’".

Step 3. uy is a Cauchy sequence.
The proof goes like in theorem 1. Indeed combining (3.14) and (3.15) one gets

/ IV (ug — weyr)2de < Ce= % | |V(ug — wppr)|2da
Q& QE

_at
<2Ce™ 7 {||Vuell3 g, + HVWH’H%,QHT}
< 20670‘72{6&% + 625(e+r)}
< 20{1 + 626r}€(—%+26)€ < 0/6—2/%

for some positive 8 provided § is chosen such that

!
o< —.
4
Then one shows as in the proof of theorem 1 that for ¢ > 0 we have
(3.16) lug — upyily, < Ce Ph
2

Step 4. Passage to the limit.
This is almost identical as in the proof of the theorem 1.

Step 5. Estimate of |uso]v, .
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From (3.16) we get by letting t — oo
[up — ooy, < Ce Pt (ie. (3.7))
which implies changing g into ¢

(3.17) [uoo|v, < Ce™ 2P 4 ugely, < Ce®* by (3.15).

This is not yet the last row of (3.6) and we need to improve the estimate. For
that we take in (3.6) v = ¢ and p the function of X; defined by

p(X1) = min(1,dist (X1, RP\B,(0, ¢ + 1))).
Note that one has

(3.18) 0<p<1,p=1o0n B,(0,¢), p=0 outside B,(0,¢+ 1),
(3.19) IV, p(X0) < 1.
We obtain

A(z) Ve - V(o7 — uss)p)dz > (f, (o1 — us)p) -

Qo

This can be written as

/ (A(2) Vs - Vs ) pdz < —/ (A(2) Vs - Vp)usodz
Qe

Qeqa
[ AV Voo~ (. (6" = ).
Qo1

We denote by D, the set defined as Dy = €p11\2. We then derive from above
(note (3.1),(3.2),(3.18),(3.19))

(3.20) /\/ | Voo |2 pda SA/ |Vuoo||uoo|dx+A/ |Vus | |dx
Qg+1 Dz DE

+ A Voo [V |pda + | (f, (¢ — to)p) |.

Qeq1

We then estimate each term on the right hand side of this inequality.
By the Young and Poincaré inequalities we get

A A
(3.21) A [V || thoo [dx < —/ |Vuoo|2d1:+f/ [Uoo |2d

A
< —(1+c]2)(w))/ Vo [2da
2 Dy

Again by the Young and Poincaré inequalities

A A
A/ Voo || [dx < */ Vuo?dz + 5 [ (¢")%dzx
Dy 2 Dy 2 Dy
< é/ |Vuoo|2dx+écg(w)/ Vo™ |da
2 Dy, 2 D,
A A
< f/ |Vioo |2 da + —cf)(w)/ |Vt |2d.
2 Jp, 2

Q41
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For the third term by the Young inequality it comes

2

A
A/ |Vus ||Vt |pdz < e/ Voo |2 pdx + — |V t|2d.
Qot1 Qg1 4e Qot1

Finally for the last term one has
(3:22) [(f.(¢" —ux)p) | <If V;HIIV(( — too)p)|l2.0214

€
|f|v(+1 SIV((e" = o))l

and
R 2dx
(3.23) / V(0" — us)p)d

<4 {IpVe™ > + T V? + [pVitoo|* + |uco Vp|* }da

Qo1

= [ {IpV Pt Vs Y+ 4 [ (I Vo + fun Tl
Dy
<t {9 P+ TunPolde 4 [ {6+ i o
Qo1 De

<4 {IVe™ > + |Vus >} da +4c]2)(w)/ {IVet|? + |[Vue|* }da
Dy

Qo1

§4/ |Vuoo|2pdx+4cf,(w)/ |Vuoo|2dx—|—4(l+c§(w))/ IVt |2dz
SZ@+1 DZ

Qo1

now by (3.22) and (3.23) we have

(324) [ (F (o7 ~usclp) | < 5|1}

*
Vi+1

+26/ | Voo |? pd
£+1

+2&cz2,(w)/D ‘VUOO|2dZL'+26(1+C]29(QJ))/Q Vot |2da.
14

£+41

Collecting the estimates (3.20)-(3.24) it comes

A A
(3.25) )\/ |vuoo|2pdx§{5(1+c§(w))+§+2cc§(w)}/ | Voo |2 dz
Qpi1

A?
+3e/ |Vtoo| pdm+{ +4—+26 1+ }/ Vo™ [Pda
Qg1

*Iflv

41

hence by (3.5)
A/ [Vusol*pdz < 36/ IVuOOIdeHC(e)/ |Vttoo|da + C(e) e+,
Q41 £+41 D,
Choosing 3¢ = % we arrive to

/ |V |?pdz < C1 e+ 4 Oy |Vtoo|2da
Qo1

Dy
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for some constants C; and Cs. From this we derive

(3.26) / |vum|2dxgcle%““>+02/ |Vuoo|2d:c—02/ |Viies |*dx
Qy Q

241 Qp
= | Ve |?dz < Cpe?? D 4 7/ |Vtoo|2da
Q, Qo1
where Cy = 15—(112 and v = 1_%,2 < 1. Note that Cy and v are independent of ¢ and
J.

We iterate the inequality (3.26) [¢] times to get

|Vios |2dz < Coe?d 1) 1 7{00625(”2) + 'y/ Vo |*da }

Q( Q[,+2
< 00626(€+1){1 +7€26 + (")/626)2 R (7625)[6]71} + ,_y[f] / |V7.Loo|2dl‘
Qe+ie
and if we choose L1
ve¥ <1 <= §< ~1In(-)
2 v
then
_ 1
L9e® + (0) 4o (07T S 1@ + (06 4o = 55
so since £ — 1 < [¢] < ¢ we have
|Vt |2dz < 00625(“1);
Q 1— e
This implies by (3.17)

1
+77€/ |V |2de.
v Qo

Co€26 _ 1
€2M+C€ éln(w)e&%.

Vuo |?de < 42
/m| tocl"dr < 7 ye2?

Now if we also choose
1 1 1
89 —In(=) <2 <— 6 < =In(—
) Fn()

we obtain

Vg |*dz < Ce**
Qp

i.e. the last line of (3.6).
Step 6. Uniqueness of the solution to (3.6).

Let p be the function defined by (3.8), ueo, ul, two solutions to (3.6).
Taking v = u/ in (3.6) and v = u in (3.6) written for u’_ one gets

[ A@) Vi Py — o)) > {1, (ul — 1))

and
| @ (o =)o) = (f e~ 1)),
Qp
Adding these two inequalities it comes

A A()V (oo — ) - V((toe — by )p)dz <0



VARIATIONAL INEQUALITIES IN UNBOUNDED DOMAINS 15

and then arguing as after (3.11) with g, usq, replaced respectively by e, ul, we

o0
arrive to (see (3.14))

/ IV (1o — 1l )P < Ce % / IV (o — 1l ) Pdee

Q£ Qp
2

for « satisfying (3.13). It follows that

/ [V (oo — ) P < 2Ce™ % { / [Vto|2d + / Vo der |
Q % -

i
2

< 406_%@62M
and the uniqueness follows by choosing 26 < § since the right hand side above
converges towards 0.

This completes the proof of the theorem. O

Remark 3. One can consider general force terms
feD(Q) such that V>0, f € H ()
and define the localized forces fo € V;* by
(fo.) = {f.Ce)

where
C¢(X1) = min(1, dist(X1, RP\B,(0,0)))
then one may show that | felv: < C|f|g-1(q,)-
Now if we consider uy solution to
up € Ky = {v eV ‘ v(z) > p(z) a.e. in Qg},
/ A(x)Vug - V(v —ug)dx > (fo,v —ug), Yo € Ky
Q

the theorem 2 will hold assuming the growth condition

|flr-1,) = O(e™).

4. CONCLUDING REMARKS

1. First it is clear that the existence and uniqueness result can be carried out
for nonlinear monotone operators of the type

—div(A(z, Vu))

under suitable assumptions.

2. It is particularly clear in section 2 one does not need €2 to be bounded in one
direction but to be able to apply the Poincaré inequality in one direction, i.e. the
result applies for domains (in R?) of the type depicted in figure 3.

3. One can consider more general constraint convex sets as for instance the ones
of the double obstacle problem.
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FIGURE 3. General domain
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