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Abstract. We study the variational formulation of the obstacle problem in

unbounded domains when the force term might grow at infinity. We derive
the appropriate variational formulation and prove existence and uniqueness of
solution. We also show the rate of growth at infinity of the solution in terms

of the growth rates of the obstacle and the force, and prove the exponential
convergence of the solutions in approximating bounded domains to the solution
in the unbounded domain.

1. Introduction

Let us consider Ω ⊂ R
2 as in the figure 1, that is to say

(1.1) Ω ⊂ R× (−a, a), a > 0.

Let us denote by ϕ a function defined on Ω and such that

ϕ ∈ H1(Ω), ϕ ≤ 0 on ∂Ω

(∂Ω denotes the boundary of Ω). If

(1.2) f ∈ H−1(Ω)

it is well known (see [KS],[C1],[R]) that there exists a unique solution u to the
variational inequality

(1.3)











u ∈ K =
{

v ∈ H1
0 (Ω)

∣

∣ v ≥ ϕ a.e. in Ω
}

,
∫

Ω

∇u · ∇(v − u)dx ≥ 〈f, v − u〉 , ∀v ∈ K.

However in the case where Ω is unbounded there are many simple distributions
(functions) f for which (1.2) is not satisfied and for which the variational inequality
(1.3) does not make sense. This is one goal of this note to bridge this gap. To see
that (1.3) fails for many functions or distributions suppose that for some 0 < b < a

one has
R× (−b, b) ⊂ Ω

and consider a function f ∈ L2(−a, a) such that

f 6≡ 0 on (−b, b).

Then there exists ψ ∈ D(−b, b) such that
∫ b

−b

f(x2)ψ(x2)dx2 6= 0.
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Figure 1. Ω

Let us introduce ρǫ a function of x1 only defined as follows

ρǫ(x1) = min
(

ǫ, dist(x1,R\(−ǫ− ǫ−1, ǫ+ ǫ−1))
)

,

the graph of ρǫ being depicted in the figure 2.
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Figure 2. ρǫ

Then it is easy to see that when ǫ→ 0

vǫ = ρǫ(x1)ψ(x2) → 0 in H1
0 (Ω).

This is indeed an easy consequence of

∫

Ω

|∇vǫ|
2dx =

∫

Ω

{

ψ2(x2)(∂x1
ρǫ)

2 + ρ2ǫ(x1)(∂x2
ψ)2

}

dx

≤ 2

∫ 1
ǫ
+ǫ

1
ǫ

∫ b

−b

ψ2(x2)dx2dx1 +

∫ 1
ǫ
+ǫ

− 1
ǫ
−ǫ

∫ b

−b

ǫ2(∂x2
ψ(x2))

2dx2dx1

= 2ǫ

∫ b

−b

ψ2(x2)dx2 + 2(ǫ+ ǫ3)

∫ b

−b

(∂x2
ψ(x2))

2dx2.
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However

∫

Ω

fvǫdx =

∫ 1
ǫ
+ǫ

− 1
ǫ
−ǫ

∫ b

−b

f(x2)ψ(x2)ρǫ(x1)dx1dx2

=

∫ b

−b

f(x2)ψ(x2)dx2

∫ 1
ǫ
+ǫ

− 1
ǫ
−ǫ

ρǫ(x1)dx1

= (2 + ǫ2)

∫ b

−b

f(x2)ψ(x2)dx2 6→ 0

this shows that f 6∈ H−1(Ω). This simple computation provides a lot of distribu-
tions f for which the variational inequality (1.3) does not make sense.

Under appropriate conditions, we prove existence and uniqueness of a solution
to problems in unbounded domain as the limit of solutions in bounded domains.
To carry this out, we use estimates in bounded domains which were considered to
determine the asymptotic behavior of elliptic equations and variational inequalities
in [C0],[CY] and [Y]. For the open set Ω ⊂ R

n we will set

W
1,∞
0 (Ω) =W 1,∞(Ω) ∩H1

0 (Ω).

The rest of this paper is divided as follows. In the next section we treat an
example in two dimensions to enlight the features of our method. We give next
some generalizations.

2. A Simple Case

We suppose here that Ω is an unbounded open set satisfying (1.1). For ℓ > 0 we
denote by Ωℓ the open set defined by

Ωℓ =
(

(−ℓ, ℓ)× (−a, a)
)

∩ Ω.

We set

Vℓ =
{

v ∈ H1(Ωℓ)
∣

∣ v = 0 on ∂Ωℓ ∩ ∂Ω
}

.

It is well established (see [DL],[C2]) that Vℓ is a Hilbert space when equipped
with the norm

(2.1) |v|Vℓ
= ||∇v||2,Ωℓ

=
(

∫

Ωℓ

|∇v(x)|2dx
)

1
2

(| |2,O denotes the usual L2(O)-norm).
We denote by V ∗

ℓ the strong dual of Vℓ equipped with the usual dual norm, which
we denote by | |V ∗

ℓ
.

We denote by ϕ a function defined on Ω such that

ϕ ∈ H1
loc(Ω), ϕ ≤ 0 on ∂Ω.

Then for f ∈ V ∗
ℓ there exists a unique uℓ solution to

(2.2)











uℓ ∈ Kℓ =
{

v ∈ Vℓ
∣

∣ v(x) ≥ ϕ(x) a.e. in Ω
}

,
∫

Ωℓ

∇uℓ · ∇(v − uℓ)dx ≥ 〈f, v − uℓ〉 , ∀v ∈ Kℓ,

(see [KS],[C2],[LS]).
We would like now to prove the following:



4 MICHEL CHIPOT AND KAREN YERESSIAN

Theorem 1. Suppose that f ∈ V ∗
ℓ and if ϕ+ = max(ϕ, 0) denotes the positive part

of ϕ

(2.3) |ϕ+|Vℓ
, |f |V ∗

ℓ
= O(ℓγ)

for some γ > 0. Then there exists a unique u∞ solution to

(2.4)



































u∞ ∈ K∞ =
{

v ∈ H1
loc(Ω), v = 0 on ∂Ω, v(x) ≥ ϕ(x) a.e. x ∈ Ω

}

,
∫

Ωℓ

∇u∞ · ∇((v − u∞)ρ(x1))dx ≥ 〈f, (v − u∞)ρ〉Vℓ
,

∀v ∈ K∞, ∀ℓ > 0,∀ρ ∈W
1,∞
0 (−ℓ, ℓ), ρ ≥ 0,

||∇u∞||2,Ωℓ
= O(ℓγ),

moreover one has

(2.5) ||∇(uℓ − u∞)||2,Ω ℓ
2

= O(e−βℓ)

for some positive β.

Remark 1. Replacing possibly ρ by ρ
|ρ|∞

in (2.4) one can always assume that

(2.6) 0 ≤ ρ ≤ 1.

In the case when f ∈ H−1(Ω) the solution of (2.4) coincides with the solution
of the natural variational inequality

(2.7)











u∞ ∈ K′
∞ =

{

v ∈ H1
0 (Ω)

∣

∣ v(x) ≥ ϕ(x) a.e. x ∈ Ω
}

,
∫

Ω

∇u∞ · ∇(v − u∞)dx ≥ 〈f, v − u∞〉 , ∀v ∈ K′
∞.

Indeed if u∞ is solution to (2.7) then one can for w ∈ K∞ consider as test
function in (2.7)

v = u∞ + (w − u∞)ρ(x1)

with ρ ∈ W
1,∞
0 (−ℓ, ℓ) satisfying (2.6) to get that u∞ satisfies (2.4) and the claim

follows by uniqueness of the solution to (2.4).
One can also recover (2.7) from (2.4) by considering in (2.4) ρ = ρn defined by

ρn(x1) = min
(

1, dist(x1,R\(−(n+ 1), n+ 1))
)

then ρn is piecewise linear and

ρn(x) = 1 on (−n, n), ρn(x) = 0 outside (−(n+ 1), n+ 1).

Now noting that (v − u∞)ρn → v − u∞ in H1
0 (Ω) for v, u∞ ∈ H1

0 (Ω) we recover
(2.7).

Proof of theorem 1. Step 1. Estimate of uℓ − uℓ+r when 0 ≤ r ≤ 1.

For ℓ1 ≤ ℓ− 1 consider

ρ(x1) = min
(

1, dist(x1,R\(−(ℓ1 + 1), ℓ1 + 1))
)

then we have
uℓ − (uℓ − uℓ+r)ρ ∈ Kℓ

and thus from (2.2)

(2.8)

∫

Ωℓ

∇uℓ · ∇(−(uℓ − uℓ+r)ρ)dx ≥ −〈f, (uℓ − uℓ+r)ρ〉 .
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Similarly

uℓ+r + (uℓ − uℓ+r)ρ ∈ Kℓ+r

and thus (since ρ vanishes outside of Ωℓ)

(2.9)

∫

Ωℓ

∇uℓ+r · ∇((uℓ − uℓ+r)ρ)dx ≥ 〈f, (uℓ − uℓ+r)ρ〉 .

Adding (2.8) and (2.9) leads to
∫

Ωℓ1+1

∇(uℓ − uℓ+r) · ∇((uℓ − uℓ+r)ρ)dx ≤ 0

which can also be written

(2.10)

∫

Ωℓ1+1

|∇(uℓ − uℓ+r)|
2ρdx ≤

∫

Ωℓ1+1\Ωℓ1

∂x1
(uℓ − uℓ+r)ρ

′(x1)(uℓ − uℓ+r)dx

≤

∫

Ωℓ1+1\Ωℓ1

|∂x1
(uℓ − uℓ+r)||uℓ − uℓ+r|dx

≤
ǫ

2

∫

Dℓ1

(∂x1
(uℓ − uℓ+r))

2dx+
1

2ǫ

∫

Dℓ1

(uℓ − uℓ+r)
2dx

by the Young inequality and for Dℓ1 = Ωℓ1+1\Ωℓ1 , ǫ > 0 will be fixed later.
Using the Poincaré inequality in the x2-direction one has

∫

Dℓ1

(uℓ − uℓ+r)
2dx ≤

(2a

π

)2
∫

Dℓ1

(∂x2
(uℓ − uℓ+r))

2dx

and it follows from (2.10)

∫

Ωℓ1

|∇(uℓ − uℓ+r)|
2dx

≤
ǫ

2

∫

Dℓ1

(∂x1
(uℓ − uℓ+r))

2dx+
1

2ǫ

(2a

π

)2
∫

Dℓ1

(∂x2
(uℓ − uℓ+r))

2dx.

Choosing ǫ = 2a
π

we get
∫

Ωℓ1

|∇(uℓ − uℓ+r)|
2dx ≤

a

π

∫

Dℓ1

|∇(uℓ − uℓ+r)|
2dx

which leads to
∫

Ωℓ1

|∇(uℓ − uℓ+r)|
2dx ≤

a

π + a

∫

Ωℓ1+1

|∇(uℓ − uℓ+r)|
2dx

Starting from ℓ1 = ℓ
2 we iterate this formula [ ℓ2 ] times, to get

∫

Ω ℓ
2

|∇(uℓ − uℓ+r)|
2dx ≤ (

a

π + a
)[

ℓ
2 ]

∫

Ω ℓ
2
+[ ℓ

2
]

|∇(uℓ − uℓ+r)|
2dx

([ ℓ2 ] denotes the integer part of ℓ
2 ). Since

ℓ

2
− 1 < [

ℓ

2
] ≤

ℓ

2
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we obtain

(2.11)

∫

Ω ℓ
2

|∇(uℓ − uℓ+r)|
2dx ≤ (

π + a

a
)e−

ℓ
2 ln(π+a

a
)

∫

Ωℓ

|∇(uℓ − uℓ+r)|
2dx

= (
π + a

a
)e−α′ℓ

∫

Ωℓ

|∇(uℓ − uℓ+r)|
2dx with α′ =

1

2
ln(

π + a

a
).

Step 2. Estimate of uℓ.

Taking v = ϕ+ as test function in (2.2), by the Young inequality we get

∫

Ωℓ

|∇uℓ|
2dx ≤

∫

Ωℓ

∇uℓ · ∇ϕ
+dx+

∣

∣

〈

f, ϕ+ − uℓ
〉∣

∣

≤ ||∇uℓ||2,Ωℓ
||∇ϕ+||2,Ωℓ

+ |f |V ∗

ℓ

{

‖∇ϕ+‖2,Ωℓ
+ ‖∇uℓ‖2,Ωℓ

}

≤
ǫ

2
||∇uℓ||

2
2,Ωℓ

+
1

2ǫ
||∇ϕ+||22,Ωℓ

+
1

2ǫ
|f |2V ∗

ℓ
+
ǫ

2

{

‖∇ϕ+‖2,Ωℓ
+ ‖∇uℓ‖2,Ωℓ

}2

≤
ǫ

2
||∇uℓ||

2
2,Ωℓ

+
1

2ǫ
||∇ϕ+||22,Ωℓ

+
1

2ǫ
|f |2V ∗

ℓ
+ ǫ

{

‖∇ϕ+‖22,Ωℓ
+ ‖∇uℓ‖

2
2,Ωℓ

}

=
(

ǫ+
ǫ

2

)

||∇uℓ||
2
2,Ωℓ

+
(

ǫ+
1

2ǫ

)

||∇ϕ+||22,Ωℓ
+

1

2ǫ
|f |2V ∗

ℓ
.

From here by choosing ǫ small enough we deduce

||∇uℓ||
2
2,Ωℓ

≤ C
(

||∇ϕ+||22,Ωℓ
+ |f |2V ∗

ℓ

)

which leads (see (2.3)) to

(2.12) ||∇uℓ||2,Ωℓ
= O(ℓγ).

Step 3. uℓ is a Cauchy sequence.

Combining (2.11) and (2.12) we get for ℓ ≥ 1

∫

Ω ℓ
2

|∇(uℓ − uℓ+r)|
2dx ≤ (

a+ π

a
)2
{

∫

Ωℓ

|∇uℓ|
2dx+

∫

Ωℓ

|∇uℓ+r|
2dx

}

e−α′ℓ

≤ C
{

ℓ2γ + (ℓ+ r)2γ
}

e−α′ℓ ≤ C
{

1 + (
ℓ+ r

ℓ
)2γ

}

ℓ2γe−α′ℓ

≤ C{1 + 22γ}ℓ2γe−α′ℓ ≤ Ce−αℓ

for any α < α′ with C = C(a, γ).
This can be written as

(2.13) |uℓ − uℓ+r|V ℓ
2

≤ Ce−βℓ

with β = α
2 <

1
4 ln(

a+π
a

).
From (2.13) we then deduce for any t that

(2.14) |uℓ − uℓ+t|V ℓ
2

≤ |uℓ − uℓ+1|V ℓ
2

+ |uℓ+1 − uℓ+2|V ℓ
2

+ . . .+ |uℓ+[t] − uℓ+t|V ℓ
2

≤ Ce−βℓ + Ce−β(ℓ+1) + . . .+ Ce−β(ℓ+[t]) ≤
Ce−βℓ

1− e−β
.

Step 4. Passage to the limit.
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Let ℓ0 <
ℓ
2 . Choose ρ ∈W

1,∞
0 (−ℓ0, ℓ0), 0 ≤ ρ ≤ 1, then for any v ∈ K∞ we have

uℓ + (v − uℓ)ρ ∈ Kℓ

and by (2.2) we get

(2.15)

∫

Ωℓ0

∇uℓ · ∇((v − uℓ)ρ)dx ≥ 〈f, (v − uℓ)ρ〉 , ∀v ∈ K∞.

We have clearly (v − uℓ)ρ ∈ Vℓ0 and by (2.14) there exists u∞ ∈ H1(Ωℓ0) such
that

uℓ → u∞ in H1(Ωℓ0)

when ℓ→ ∞. Passing to the limit in (2.15) we get
∫

Ωℓ0

∇u∞ · ∇((v − u∞)ρ)dx ≥ 〈f, (v − u∞)ρ〉 , ∀v ∈ K∞.

Moreover, it is clear that u∞ = 0 on ∂Ω, u∞ ≥ ϕ a.e. in Ω and we have obtained
the two first lines of (2.4).

Step 5. Estimate of ||∇u∞||2,Ωℓ
and proof of (2.5).

By (2.14) written for 2ℓ we have

|u2ℓ − u2ℓ+t|Vℓ
≤ C ′e−2βℓ.

Letting t→ ∞ it comes

|u2ℓ − u∞|Vℓ
≤ C ′e−2βℓ

and thus (2.5) holds. Moreover

|u∞|Vℓ
≤ C ′e−2βℓ + |u2ℓ|Vℓ

≤ C ′e−2βℓ + |u2ℓ|V2ℓ
≤ C ′e−2βℓ + C(2ℓ)γ = O(ℓγ)

(by (2.12),(2.1)).

Step 6. Uniqueness of u∞.

This is the only point remaining to prove. Let u∞, u′∞ be two solutions to (2.4).
In the inequalities satisfied by u∞, u′∞, by taking respectively v = u′∞,u∞ we obtain

for ρ ∈W
1,∞
0 (−ℓ, ℓ) such that ρ ≥ 0

∫

Ωℓ

∇u∞ · ∇((u′∞ − u∞)ρ)dx ≥ 〈f, (u′∞ − u∞)ρ〉 ,

∫

Ωℓ

∇u′∞ · ∇((u∞ − u′∞)ρ)dx ≥ 〈f, (u∞ − u′∞)ρ〉 .

Adding we get
∫

Ωℓ

∇(u′∞ − u∞) · ∇((u′∞ − u∞)ρ)dx ≤ 0, ∀ρ ∈W
1,∞
0 (−ℓ, ℓ), ρ ≥ 0.

Considering again the function ρ introduced in the step 1 of this proof and
proceeding as in (2.10)-(2.11) we obtain

∫

Ω ℓ
2

|∇(u′∞ − u∞)|2dx ≤ Ce−α′ℓ

∫

Ωℓ

|∇(u∞ − u′∞)|2dx ≤ Cℓ2γe−α′ℓ

for some constants C. The equality u∞ = u′∞ follows by letting ℓ → ∞. This
completes the proof of the theorem. �



8 MICHEL CHIPOT AND KAREN YERESSIAN

Remark 2. Without imposing some growth condition on u∞, uniqueness might
fail. Indeed, take for instance

f ≡ 0, ϕ ≡ 0

then u∞ = 0 is clearly solution to (2.4).
Now if

Ω = R× (−a, a)

the function

u′∞ = e
π
2ax1 cos(

π

2a
x2)

is also solution since this is a nonnegative harmonic function in the strip R×(−a, a)
vanishing on the lateral boundary (compare with [CM]).

3. Some Generalization

We are going to consider a special class of domains in R
n. For that, for x ∈ R

n

we split the coordinates into two parts i.e. we set

x = (X1, X2)

where X1 = (x1, . . . , xp) denotes the p first coordinates and X2 = (xp+1, . . . , xn)
the n − p last ones. If ω is a bounded open subset of Rn−p we consider a domain
Ω such that

Ω ⊂ R
p × ω

and we denote for ℓ > 0 by Ωℓ the set

Ωℓ = (Bp(0, ℓ)× ω) ∩ Ω

here Bp(0, ℓ) denotes the euclidean ball with center at 0 and radius ℓ. In the
framework of section 2, p = n− p = 1, ω = (−a, a).

We denote by A = A(x) a n× n matrix satisfying for some positive constants λ
and Λ

(3.1) A(x)ζ · ζ ≥ λ|ζ|2 a.e. x ∈ Ω, ∀ζ ∈ R
n,

(3.2) |A(x)ζ| ≤ Λ|ζ| a.e. x ∈ Ω, ∀ζ ∈ R
n.

As in section 2 we define Vℓ by

Vℓ =
{

v ∈ H1(Ωℓ)
∣

∣

∣
v = 0 on ∂Ωℓ ∩ ∂Ω

}

and we assume this Hilbert space is normed by

|v|Vℓ
= ||∇v||2,Ωℓ

=
(

∫

Ωℓ

|∇v|2dx
)

1
2

.

As before also let

(3.3) ϕ ∈ H1
loc(Ω), ϕ ≤ 0 on ∂Ω.

For f ∈ V ∗
ℓ we denote by uℓ the solution to

(3.4)











uℓ ∈ Kℓ =
{

v ∈ Vℓ
∣

∣ v(x) ≥ ϕ(x) a.e. in Ωℓ

}

,
∫

Ωℓ

A(x)∇uℓ · ∇(v − uℓ)dx ≥ 〈f, v − uℓ〉 , ∀v ∈ Kℓ,

(〈, 〉 denotes the V ∗
ℓ , Vℓ duality). Then we have:
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Theorem 2. We suppose that

(3.5) |ϕ+|Vℓ
, |f |V ∗

ℓ
= O(eδℓ)

when ℓ→ ∞. Then there exists δ0 such that for δ < δ0 the problem

(3.6)



































u∞ ∈ K∞ =
{

v ∈ H1
loc(Ω)

∣

∣ v = 0 on ∂Ω, v(x) ≥ ϕ(x) a.e. x ∈ Ω
}

,
∫

Ωℓ

A(x)∇u∞ · ∇((v − u∞)ρ)dx ≥ 〈f, (v − u∞)ρ〉 , ∀v ∈ K∞,

∀ℓ > 0, ∀ρ ∈W
1,∞
0 (Bp(0, ℓ)), ρ ≥ 0,

||∇u∞||2,Ωℓ
= O(eδℓ)

possesses a unique solution. Moreover there exists a β > 0 such that

(3.7) ||∇(uℓ − u∞)||2,Ω ℓ
2

= O(e−βℓ)

when ℓ→ ∞.

Proof. One can develop the same arguments as in the proof of theorem 1, however
we will proceed differently.

Step 1. Estimate of uℓ − uℓ+r when 0 ≤ r ≤ 1.

We use here another technique. Set

(3.8) ρ(x) =
(

e−α|X1| − e−αℓ
)+

where α is a positive constant that we will fix later on, |X1| denotes the euclidean
norm of X1, recall that x = (X1, X2). Then it is clear that

uℓ − (uℓ − uℓ+r)ρ ∈ Kℓ

and by (3.4) we get

(3.9)

∫

Ωℓ

A(x)∇uℓ · ∇(−(uℓ − uℓ+r)ρ)dx ≥ 〈f,−(uℓ − uℓ+r)ρ〉 .

Similarly
uℓ+r + (uℓ − uℓ+r)ρ ∈ Kℓ+r

and since ρ vanishes out of Ωℓ we get from (3.4) where ℓ is replaced by ℓ+ r

(3.10)

∫

Ωℓ

A(x)∇uℓ+r · ∇((uℓ − uℓ+r)ρ)dx ≥ 〈f, (uℓ − uℓ+r)ρ〉 .

Adding (3.9) and (3.10) leads to

(3.11)

∫

Ωℓ

A(x)∇(uℓ − uℓ+r) · ∇((uℓ − uℓ+r)ρ)dx ≤ 0

which can be written as
∫

Ωℓ

(

A(x)∇(uℓ − uℓ+r) · ∇(uℓ − uℓ+r)
)

ρdx

≤ −

∫

Ωℓ

(

A(x)∇(uℓ − uℓ+r) · ∇ρ(X1)
)

(uℓ − uℓ+r)dx.

We remark that

∇ρ =
(

−αe−α|X1|
X1

|X1|
, 0
)
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where the 0 above is the 0 in R
n−p and thus we derive using (3.1),(3.2)

(3.12) λ

∫

Ωℓ

|∇(uℓ − uℓ+r)|
2ρdx

≤ Λ

∫

Ωℓ

α|∇(uℓ − uℓ+r)||uℓ − uℓ+r|e
−α|X1|dx

≤
1

2
αΛ

∫

Ωℓ

{

|∇(uℓ − uℓ+r)|
2 + |uℓ − uℓ+r|

2
}

e−α|X1|dx.

Using the Poincaré inequality one has for almost any X1 ∈ Bp(0, ℓ)
∫

ω

(uℓ − uℓ+r)
2e−α|X1|dX2 ≤ c2p(ω)

∫

ω

|∇X2
(uℓ − uℓ+r)|

2e−α|X1|dX2

where ∇X2
= ∂xp+1

, . . . , ∂xn
and cp(ω) is the Poincaré constant in the section ω.

Integrating in X1 leads to
∫

Ωℓ

(uℓ − uℓ+r)
2e−α|X1|dx ≤ c2p(ω)

∫

Ωℓ

|∇X2
(uℓ − uℓ+r)|

2e−α|X1|dx

≤ c2p(ω)

∫

Ωℓ

|∇(uℓ − uℓ+r)|
2e−α|X1|dx.

Going back to (3.12) and using (3.8) we get

λ

∫

Ωℓ

|∇(uℓ − uℓ+r)|
2(e−α|X1| − e−αℓ)dx

≤
1

2
αΛ(1 + c2p(ω))

∫

Ωℓ

|∇(uℓ − uℓ+r)|
2e−α|X1|dx

which can be written as

{

λ−
1

2
αΛ(1 + c2p(ω))

}

∫

Ωℓ

|∇(uℓ − uℓ+r)|
2e−α|X1|dx

≤ λe−αℓ

∫

Ωℓ

|∇(uℓ − uℓ+r)|
2dx.

One choose then α such that

(3.13)
1

2
αΛ(1 + c2p(ω)) < λ

to get
∫

Ωℓ

|∇(uℓ − uℓ+r)|
2e−α|X1|dx ≤ Ce−αℓ

∫

Ωℓ

|∇(uℓ − uℓ+r)|
2dx

where we have set

C =
λ

λ− 1
2αΛ(1 + c2p(ω))

.

Integrating only on Ω ℓ
2
in the left hand side we obtain easily

e−
αℓ
2

∫

Ω ℓ
2

|∇(uℓ − uℓ+r)|
2dx ≤ Ce−αℓ

∫

Ωℓ

|∇(uℓ − uℓ+r)|
2dx

which is

(3.14)

∫

Ω ℓ
2

|∇(uℓ − uℓ+r)|
2dx ≤ Ce−

αℓ
2

∫

Ωℓ

|∇(uℓ − uℓ+r)|
2dx
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for any α satisfying (3.13).

Step 2. Estimate of uℓ.

Due to (3.3) we notice that ϕ+ ∈ Kℓ and by (3.4) we have
∫

Ωℓ

A(x)∇uℓ · ∇(ϕ+ − uℓ)dx ≥
〈

f, ϕ+ − uℓ
〉

.

It follows then using the Young inequality

λ

∫

Ωℓ

|∇uℓ|
2dx ≤

∫

Ωℓ

A(x)∇uℓ · ∇uℓdx

≤ Λ||∇uℓ||2,Ωℓ
||∇ϕ+||2,Ωℓ

+ |f |V ∗

ℓ

{

||∇uℓ||2,Ωℓ
+ ||∇ϕ+||2,Ωℓ

}

≤
Λǫ

2
||∇uℓ||

2
2,Ωℓ

+
Λ

2ǫ
||∇ϕ+||22,Ωℓ

+
1

2ǫ
|f |2V ∗

ℓ

+
ǫ

2

{

||∇uℓ||2,Ωℓ
+ ||∇ϕ+||2,Ωℓ

}2

≤
Λǫ

2
||∇uℓ||

2
2,Ωℓ

+
Λ

2ǫ
||∇ϕ+||22,Ωℓ

+
1

2ǫ
|f |2V ∗

ℓ

+ ǫ
{

||∇uℓ||
2
2,Ωℓ

+ ||∇ϕ+||22,Ωℓ

}

= (ǫ+
Λǫ

2
)||∇uℓ||

2
2,Ωℓ

+ (ǫ+
Λ

2ǫ
)||∇ϕ+||22,Ωℓ

+
1

2ǫ
|f |2V ∗

ℓ

and thus for small enough ǫ by (3.5) we obtain

(3.15) ||∇uℓ||
2
2,Ωℓ

≤ C
{

||∇ϕ+||22,Ωℓ
+ |f |2V ∗

ℓ

}

≤ Ce2δℓ.

Step 3. uℓ is a Cauchy sequence.

The proof goes like in theorem 1. Indeed combining (3.14) and (3.15) one gets

∫

Ω ℓ
2

|∇(uℓ − uℓ+r)|
2dx ≤ Ce−

αℓ
2

∫

Ωℓ

|∇(uℓ − uℓ+r)|
2dx

≤ 2Ce−
αℓ
2

{

||∇uℓ||
2
2,Ωℓ

+ ||∇uℓ+r||
2
2,Ωℓ+r

}

≤ 2Ce−
αℓ
2

{

e2δℓ + e2δ(ℓ+r)
}

≤ 2C{1 + e2δr}e(−
α
2 +2δ)ℓ ≤ C ′e−2βℓ

for some positive β provided δ is chosen such that

δ <
α

4
.

Then one shows as in the proof of theorem 1 that for t ≥ 0 we have

(3.16) |uℓ − uℓ+t|V ℓ
2

≤ Ce−βℓ.

Step 4. Passage to the limit.

This is almost identical as in the proof of the theorem 1.

Step 5. Estimate of |u∞|Vℓ
.
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From (3.16) we get by letting t→ ∞

|uℓ − u∞|V ℓ
2

≤ Ce−βℓ (i.e. (3.7))

which implies changing ℓ
2 into ℓ

(3.17) |u∞|Vℓ
≤ Ce−2βℓ + |u2ℓ|Vℓ

≤ Ce2δℓ by (3.15).

This is not yet the last row of (3.6) and we need to improve the estimate. For
that we take in (3.6) v = ϕ+ and ρ the function of X1 defined by

ρ(X1) = min
(

1, dist(X1,R
p\Bp(0, ℓ+ 1))

)

.

Note that one has

(3.18) 0 ≤ ρ ≤ 1, ρ = 1 on Bp(0, ℓ), ρ = 0 outside Bp(0, ℓ+ 1),

(3.19) |∇X1
ρ(X1)| ≤ 1.

We obtain
∫

Ωℓ+1

A(x)∇u∞ · ∇((ϕ+ − u∞)ρ)dx ≥
〈

f, (ϕ+ − u∞)ρ
〉

.

This can be written as
∫

Ωℓ+1

(

A(x)∇u∞ · ∇u∞
)

ρdx ≤ −

∫

Ωℓ+1

(

A(x)∇u∞ · ∇ρ
)

u∞dx

+

∫

Ωℓ+1

A(x)∇u∞ · ∇(ρϕ+)dx−
〈

f, (ϕ+ − u∞)ρ
〉

.

We denote by Dℓ the set defined as Dℓ = Ωℓ+1\Ωℓ. We then derive from above
(note (3.1),(3.2),(3.18),(3.19))

(3.20) λ

∫

Ωℓ+1

|∇u∞|2ρdx ≤ Λ

∫

Dℓ

|∇u∞||u∞|dx+ Λ

∫

Dℓ

|∇u∞||ϕ+|dx

+ Λ

∫

Ωℓ+1

|∇u∞||∇ϕ+|ρdx+ |
〈

f, (ϕ+ − u∞)ρ
〉

|.

We then estimate each term on the right hand side of this inequality.
By the Young and Poincaré inequalities we get

(3.21) Λ

∫

Dℓ

|∇u∞||u∞|dx ≤
Λ

2

∫

Dℓ

|∇u∞|2dx+
Λ

2

∫

Dℓ

|u∞|2dx

≤
Λ

2
(1 + c2p(ω))

∫

Dℓ

|∇u∞|2dx.

Again by the Young and Poincaré inequalities

Λ

∫

Dℓ

|∇u∞||ϕ+|dx ≤
Λ

2

∫

Dℓ

|∇u∞|2dx+
Λ

2

∫

Dℓ

(ϕ+)2dx

≤
Λ

2

∫

Dℓ

|∇u∞|2dx+
Λ

2
c2p(ω)

∫

Dℓ

|∇ϕ+|2dx

≤
Λ

2

∫

Dℓ

|∇u∞|2dx+
Λ

2
c2p(ω)

∫

Ωℓ+1

|∇ϕ+|2dx.
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For the third term by the Young inequality it comes

Λ

∫

Ωℓ+1

|∇u∞||∇ϕ+|ρdx ≤ ǫ

∫

Ωℓ+1

|∇u∞|2ρdx+
Λ2

4ǫ

∫

Ωℓ+1

|∇ϕ+|2dx.

Finally for the last term one has

(3.22) |
〈

f, (ϕ+ − u∞)ρ
〉

| ≤ |f |V ∗

ℓ+1
||∇((ϕ+ − u∞)ρ)||2,Ωℓ+1

≤
1

2ǫ
|f |2V ∗

ℓ+1
+
ǫ

2
||∇((ϕ+ − u∞)ρ)||22,Ωℓ+1

and

(3.23)

∫

Ωℓ+1

|∇((ϕ+ − u∞)ρ)|2dx

≤ 4

∫

Ωℓ+1

{

|ρ∇ϕ+|2 + |ϕ+∇ρ|2 + |ρ∇u∞|2 + |u∞∇ρ|2
}

dx

= 4

∫

Ωℓ+1

{

|ρ∇ϕ+|2 + |ρ∇u∞|2
}

dx+ 4

∫

Dℓ

{

|ϕ+∇ρ|2 + |u∞∇ρ|2
}

dx

≤ 4

∫

Ωℓ+1

{

|∇ϕ+|2 + |∇u∞|2ρ
}

dx+ 4

∫

Dℓ

{

|ϕ+|2 + |u∞|2
}

dx

≤ 4

∫

Ωℓ+1

{

|∇ϕ+|2 + |∇u∞|2ρ
}

dx+ 4c2p(ω)

∫

Dℓ

{

|∇ϕ+|2 + |∇u∞|2
}

dx

≤ 4

∫

Ωℓ+1

|∇u∞|2ρdx+ 4c2p(ω)

∫

Dℓ

|∇u∞|2dx+ 4(1 + c2p(ω))

∫

Ωℓ+1

|∇ϕ+|2dx

now by (3.22) and (3.23) we have

(3.24) |
〈

f, (ϕ+ − u∞)ρ
〉

| ≤
1

2ǫ
|f |2V ∗

ℓ+1
+ 2ǫ

∫

Ωℓ+1

|∇u∞|2ρdx

+ 2ǫc2p(ω)

∫

Dℓ

|∇u∞|2dx+ 2ǫ(1 + c2p(ω))

∫

Ωℓ+1

|∇ϕ+|2dx.

Collecting the estimates (3.20)-(3.24) it comes

(3.25) λ

∫

Ωℓ+1

|∇u∞|2ρdx ≤
{Λ

2
(1 + c2p(ω)) +

Λ

2
+ 2ǫc2p(ω)

}

∫

Dℓ

|∇u∞|2dx

+ 3ǫ

∫

Ωℓ+1

|∇u∞|2ρdx+
{Λ

2
c2p(ω) +

Λ2

4ǫ
+ 2ǫ(1 + c2p(ω))

}

∫

Ωℓ+1

|∇ϕ+|2dx

+
1

2ǫ
|f |2V ∗

ℓ+1

hence by (3.5)

λ

∫

Ωℓ+1

|∇u∞|2ρdx ≤ 3ǫ

∫

Ωℓ+1

|∇u∞|2ρdx+ C(ǫ)

∫

Dℓ

|∇u∞|2dx+ C(ǫ)e2δ(ℓ+1).

Choosing 3ǫ = λ
2 we arrive to

∫

Ωℓ+1

|∇u∞|2ρdx ≤ C1e
2δ(ℓ+1) + C2

∫

Dℓ

|∇u∞|2dx
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for some constants C1 and C2. From this we derive

(3.26)

∫

Ωℓ

|∇u∞|2dx ≤ C1e
2δ(ℓ+1) + C2

∫

Ωℓ+1

|∇u∞|2dx− C2

∫

Ωℓ

|∇u∞|2dx

⇐⇒

∫

Ωℓ

|∇u∞|2dx ≤ C0e
2δ(ℓ+1) + γ

∫

Ωℓ+1

|∇u∞|2dx

where C0 = C1

1+C2
and γ = C2

1+C2
< 1. Note that C0 and γ are independent of ℓ and

δ.
We iterate the inequality (3.26) [ℓ] times to get
∫

Ωℓ

|∇u∞|2dx ≤ C0e
2δ(ℓ+1) + γ

{

C0e
2δ(ℓ+2) + γ

∫

Ωℓ+2

|∇u∞|2dx
}

≤ C0e
2δ(ℓ+1)

{

1 + γe2δ + (γe2δ)2 + · · ·+ (γe2δ)[ℓ]−1
}

+ γ[ℓ]
∫

Ωℓ+[ℓ]

|∇u∞|2dx

and if we choose

γe2δ < 1 ⇐⇒ δ <
1

2
ln(

1

γ
)

then

1 + γe2δ + (γe2δ)2 + · · ·+ (γe2δ)[ℓ]−1 ≤ 1 + γe2δ + (γe2δ)2 + · · · =
1

1− γe2δ

so since ℓ− 1 < [ℓ] ≤ ℓ we have
∫

Ωℓ

|∇u∞|2dx ≤ C0e
2δ(ℓ+1) 1

1− γe2δ
+

1

γ
γℓ

∫

Ω2ℓ

|∇u∞|2dx.

This implies by (3.17)
∫

Ωℓ

|∇u∞|2dx ≤
C0e

2δ

1− γe2δ
e2δℓ + Ce−ℓ ln( 1

γ
)e8δℓ.

Now if we also choose

8δ − ln(
1

γ
) < 2δ ⇐⇒ δ <

1

6
ln(

1

γ
)

we obtain
∫

Ωℓ

|∇u∞|2dx ≤ Ce2δℓ

i.e. the last line of (3.6).

Step 6. Uniqueness of the solution to (3.6).

Let ρ be the function defined by (3.8), u∞, u′∞ two solutions to (3.6).
Taking v = u′∞ in (3.6) and v = u∞ in (3.6) written for u′∞ one gets

∫

Ωℓ

A(x)∇u∞ · ∇((u′∞ − u∞)ρ)dx ≥ 〈f, (u′∞ − u∞)ρ〉

and
∫

Ωℓ

A(x)∇u′∞ · ∇((u∞ − u′∞)ρ)dx ≥ 〈f, (u∞ − u′∞)ρ〉 .

Adding these two inequalities it comes
∫

Ωℓ

A(x)∇(u∞ − u′∞) · ∇
(

(u∞ − u′∞)ρ
)

dx ≤ 0
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and then arguing as after (3.11) with uℓ, uℓ+r replaced respectively by u∞, u′∞ we
arrive to (see (3.14))

∫

Ω ℓ
2

|∇(u∞ − u′∞)|2dx ≤ Ce−
αℓ
2

∫

Ωℓ

|∇(u∞ − u′∞)|2dx

for α satisfying (3.13). It follows that

∫

Ω ℓ
2

|∇(u∞ − u′∞)|2dx ≤ 2Ce−
αℓ
2

{

∫

Ωℓ

|∇u∞|2dx+

∫

Ωℓ

|∇u∞|2dx
}

≤ 4Ce−
αℓ
2 e2δℓ

and the uniqueness follows by choosing 2δ < α
2 since the right hand side above

converges towards 0.
This completes the proof of the theorem. �

Remark 3. One can consider general force terms

f ∈ D′(Ω) such that ∀ℓ > 0, f ∈ H−1(Ωℓ)

and define the localized forces fℓ ∈ V ∗
ℓ by

〈fℓ, ·〉 = 〈f, ζℓ·〉

where

ζℓ(X1) = min
(

1, dist(X1,R
p\Bp(0, ℓ))

)

then one may show that |fℓ|V ∗

ℓ
≤ C|f |H−1(Ωℓ).

Now if we consider uℓ solution to










uℓ ∈ Kℓ =
{

v ∈ Vℓ

∣

∣

∣
v(x) ≥ ϕ(x) a.e. in Ωℓ

}

,
∫

Ωℓ

A(x)∇uℓ · ∇(v − uℓ)dx ≥ 〈fℓ, v − uℓ〉 , ∀v ∈ Kℓ

the theorem 2 will hold assuming the growth condition

|f |H−1(Ωℓ) = O(eδℓ).

4. Concluding remarks

1. First it is clear that the existence and uniqueness result can be carried out
for nonlinear monotone operators of the type

− div(A(x,∇u))

under suitable assumptions.
2. It is particularly clear in section 2 one does not need Ω to be bounded in one

direction but to be able to apply the Poincaré inequality in one direction, i.e. the
result applies for domains (in R

2) of the type depicted in figure 3.
3. One can consider more general constraint convex sets as for instance the ones

of the double obstacle problem.
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[C1] M. Chipot: Variational inequalities and flows in porous media, Springer, Berlin, 1984.

[C2] M. Chipot: Elements of nonlinear analysis, Birkäuser, 2000.
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