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Abstract

This paper is concerned with the existence of solutions for a class of
local-nonlocal boundary value problems of the following type

(IP) —div |:a (]{2( )u(y)dy) Vu:| = f(z,u,Vu) in Q, u€ Hy(Q)

where Q is a bounded domain of RV, ¢ : R — R is a continuous function,
f QxR xRY is a given function, > 0 is a fixed number, Q(z,r) =
QN B(z,r), where B(z,r) = {y € R";|y — x| < r}. Here |-| is the Euclidian

1
norm, u(y)dy = 7——— / u(y)dy and | X | denotes the Lebesgue
Q(z,r) |Q($7T)| Q(z,r)
measure of a measurable set X C RY.
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1 Introduction

In this work we will be concerned with the intermediate class of local-nonlocal
elliptic problem

(IP) —div (a (]{)( )u(y)dy) Vu) = f(z,u,Vu) in Q, ue Hé(Q),

where @ Cc RY, N > 1, is a bounded domain, a : R — R is a continuous function,
r > 0 is a fixed real number,

Qx,r) := QN B(x,r),
with
B(z,r) ={y e RY;|ly —z| <r}.
Here | - | is the usual Euclidian norm of RY and
f oy = o (v)d
wy)oy = 1587 wy)ay,
Q(z,r) |z, 7)] Q(z,r)

where |Q(z,7)| is the Lebesgue measure of the set Q(z, 7).
Note that (IP) is a class of interpolating problem between the purely local
problem

(L) —div (a(u(x))Vu) = f(z,u,Vu) in Q, ue€ H}(Q)

and the nonlocal problem
(NL) —div <a (][ u(a:)dm) Vu) = f(x,u,Vu) in Q, u € Hy(Q).
Q

Note that in our case, we are considering a nonlocal quantity ][ u(y)dy which
Q(z,r)
is calculated locally in neighborhoods of the form Q(z, ).

Remark 1.1. Although we are working in the space H}(Q2), we may treat problem
(IP) in the space H (1), where Tog C 09 is a part of OQ of positive measure.
See, for example [4].

The purely nonlocal counterpart of problem problem (I P) is given by problem
(NL) and has been studied by several authors like [8], [6] and [7] among others.
Equations like (VL) appears in several phenomena. For instance, v = u(z) may



represent a density of population (for instance of bacteria) subject to spreading
and because we are considering homogeneous Dirichlet boundary condition (u €
HL(Q)) it means that the domain Q is surrounded by inhospitable environment.
Contrary to the local model in which the crowding effect of the population v at x
only depends on the value of the population in the same point, the model (NL)
considers the case in which the crowding effect depends on the total population
in Q. In the present model (IP) the crowding effect depends also on the value of
the population in neighborhoods of x. According to [5], see also [1], such a model
seems to be more realistic.

In the present paper, we use mainly Galerkin’s method in order to attack
problem (IP). For this, our approach relies on a variant of the Brouwer Fixed
Point Theorem which will be quoted below. Its proof may be found in Lions [9],
p. 53.

Proposition 1.2. Suppose that F : R™ — R™ is a continuous function such that
(F(€),8) >0 on |§| = r, where (-,-) is the usual inner product in R™ and | - | its
corresponding norm. Then there exists & € B,(0) such that F(&) = 0.

This paper is organized as follows. In Section 2, we consider the existence
of solution for a class of pseudo-linear problem, while in Section 3 we prove the
existence of solution for a large class of nonlinearity involving a convective term.

2 A Pseudo-Linear Problem

We first study the pseudo-linear version of the problem (IP). More precisely, for
each f € H~1(2), we search weak solutions of the problem

(PL) —div (a (]{z( )u(y)dy) Vu) = f(x) inQ, uec Hy(Q).

Here H{ () is understood as the closure of D(Q) in H!(Q) and is supposed to be

1
equipped with the Dirichlet norm [[ul] = ([, |Vul?)?. H~*(€2) denotes the dual
space of H}(2) and < , > will denote the duality bracket between these spaces.
We will suppose

(H1) ais continuous and there exists A > 0 such that a(s) > A > 0Vs € R.
Moreover, we will say that €2 is regular, if there is 7 > 0 such that
Qz,r)|>T=7(r) >0, Vze. (2.1)

Note that this is the case for a smooth domain.

Our main result in this section is the following:



Theorem 2.1. If a satisfies (Hy) and if
(i) a is bounded

or
(ii) Q is regular,
then for each f € H=1(2), the problem (PL) possesses a weak solution u € HE(Q).

Proof: Since the operator

Lu = —div (a (ﬁ(xm) u(y)dy) Vu)

has no variational structure, we will attack the problem (PL) by using a Galerkin
method. For that, let
B= {61,62, .. }

be an Hilbertian basis of Hj () satisfying
((ei; 7)) = i

where ((-,-)) is the usual inner product in Hj (€2) and &;; is the Kroenecker symbol.
Setting
Vi = [e1, -, €m],

the span of the set {ey,...,en}, for each u € V,,, there is £ = (&1,...,&n) € R™

such that
m
u = Zéjej.
j=1

Thus ||u|| = ||, where

SIS

lull= ([, |Vu|2)§

Consequently, V,,, and R™ are isometrically isomorphic finite dimensional vector
spaces. Unless we say something on the contrary, we identify u +— &, u € V,,,, £ €
R™.

and [¢=|) &
j=1

Let F:R™ — R™ F = (Fy,..., Fy,) given by
F;i (&) = / a <][ u(y)dy) Vu-Ve,— < fie; >, i=1,2,...,m (2.2)
Q Q(z,r)
so that

Fi6)6 = / a f w(y)dy | V- V(e — < fo(6es) >, i=1,2,....m.
Q Q(z,r)
(2.3)



Consequently,

(F(e),€)) = /Q (]ﬁ( )u(y)dy> Vil < fous, Vu €V, (24)

In view of the assumption (H;)
(F(€),€) = AMull® = [I£1I"[ull, Yu € Vi, (2.5)

where || f||* denotes the strong dual norm of f. Then

A1

((F(©),9) >0, if [lu] >

Therefore, there is u,, € V,,, with ||uy,| < w, such that F(u,,) =0, i.e.,

0= Fi(um) = / a <][ um(y)dy> Vun,Ve; —/ fei, Yi=1,...,m. (2.6)
Q Q(z,r) Q

Hence,

/ a (f um(y)dy> Vun,Ve = / fo, YoeVi, k<m. (2.7)
Q Q(z,r) Q

In what follows we fix k. From the boundedness of ||u,]|, it follows that there is a
subsequence of (uy,), still labelled by m, such that

Uy — u in HY(Q),

and
U — u in L3(Q).

As U, — u also in LY(Q) and © is bounded, we have that

/ U dy —/ udy S/ [ty — u|dy
Q(z,r) Q(z,r) Q(z,r)

< / |ty — uldy — 0, uniformly for € Q.
o

In view of the continuity of a it follows that

a (][ umdy> —a (7[ udy) , for each z € Q. (2.8)
Q(z,r) Q(z,r)



It is easy to see that in both cases (i) or (ii), a (fg(w ” umdy> is bounded
independently of m. Thus by the Lebesgue theorem

a <][ um(y)dy> Ve —a (f u(y)dy> Vo in L*(Q). (2.9)
Q(z,r) Q(z,r)

Vi, — Vu in L*(Q), (2.10)
taking the limit of m — +o00 in (2.7), we get

/Qa <]éw) u(y)dy> VuVep = /Q fo, Vo€ V. (2.11)

Since k is arbitrary, we obtain

/ a (][ u(y)dy> VuVy = / fo, Yo € HJ(Q), (2.12)
Q Q(z,r) Q

showing that u is a weak solution of the problem (PL). ]

As

Here, we would like to point out that one could use also the Schauder fixed
point theorem in the spirit of [4] in order to get the existence result above. However
the technique we developed here will be useful in the second part of the paper.

3 A Sublinear Singular Problem with a Convec-
tive Term

In this section, our main goal is to study a problem involving sublinear, singular
and convective terms. More precisely, we will be concerned with the existence of
positive solutions to the problem

—div (a (fﬂ(m " u(y)dy) Vu) = H(z)u® + % + L(z)|Vul|? in Q,
(3.1)
we (),
where H(z), K(z), L(x) > 0, for all z € Q, are given functions whose properties
will be timely introduced and «,~ and 6 are positive numbers suitably chosen.

Remark 3.1. We should remark that it would be more natural, before studying
the problem (3.1), to attack problems like

—div (a (7[ u(y)dy) Vu) = a(z)u® + b(x)u?, in Q,
@) (3.2)

u >0, in 2,
u =20, on d9,



where a and b are given functions and o, 5 > 0 are real numbers.

Note that if 0 < a < 1 and b = 0 we have a typical sublinear problem. If a =0
and 1 < B < 2% we are in the presence of a superlinear problem. If both a,b are
not simultaneously vanishing and 0 < o <1 < B < 2* we have a concave-convex
problem which is studied, for example, by Ambrosetti-Brezis-Cerami. Due to some
technical difficulties we were not able yet to deal with it.

In order to attack problem (3.1), let us begin by considering the auxiliary
problem

—div (a <]i(zm) u(y)dy) Vu) = H(x)(uh)®

+ ot 4 L(2)|Vul? in Q,

(3.3)

u € Hy (),

where 0 < € < 1 is a fixed number.
We will consider the following assumptions

(HQ) 0<Oé;7<17
(Hs) H,K,Le L*(Q), and for hy >0, H(z),K(z),L(x)> hg, a.e. z € Q,

(Hy) 0<6<1.

Theorem 3.2. Under the assumptions of Theorem 2.1 and (Hy) — (Hy) the
problem (3.3) possesses a positive solution.

Proof: As in the previous section, we introduce functions F;(£), given now by

Fi(¢) = /Qa (fQ(z,r) u(y)dy) VuVe; — /Q H(u)%;

K
—/ 761'7/L|Vu‘0€i,
a (lul +€)7 0
foralli=1,...,m. Hence

(F©.9) = [ a <]{2 . u(y)dy> IVl = [ ()
LKWJLWAMWMM

We recall that, as before, we are identifying u € V,,, with £ € R™. As a(s) > A >0
for all s € R, we have

/ a (][ u(y)dy) |Vu|> > )\/ |Vul?.
Q Q(z,r) Q

(3.4)

(3.5)



On the other hand, by Sobolev’s continuous embedding and Poincaré’s inequality

atl
5 Hu)*u < C|[H|loo (|Vul?) > = Ol H|lollu]***

[t < [ K < Ol el
o Qulr e = Jo

for some positive constant C, which is independent of €. Here, we point out that,
at this stage, 0 < e < 1 is fixed. In view of (H,), one has 0 < § < 1 < 22 <2 if
N > 2, that is, in particular 6 < 2. Thus,

‘/QLVUIGU < |ILlls UQ(W“'e)gf </Q |u|229> :

Since 0 < 6 < %,N > 2, we also have 52, < 2% = % and so H}(Q) —

L7579 (). So,
/ LIVu|u
Q

These last inequalities imply that

and

< lsollll® [l 2, < Cllull”*.

(F(€),9) = Allull* = ClH e [ull**" = ClE]|ooJull '~ = Cllul”*. (3.6)

In view of assumptions (Hy) — (Hy), we may find a real constant R > 0 such
that

((F(£),€) > 0 if [lu]| = [¢] = R. 3.7)

Here is important to observe that R does not depend on m or e. By the Brouwer
Fixed Point Theorem, there is u,, € V,, such that

F(um) =0, ||lunl]| <R, m=1,2,... (3.8)

that is,

| a (]é um(y)dy) ViV = [ Hu)

K
+ | ——— o+ | LIVun|’e, Yo € V,,.

Since |luy,|| < R for all m € N, there is u, € Hg(Q) such that, perhaps for some
subsequence,

(3.9)

Uy — ue in H(Q),
Um — Ue in LI(Q),1 < g <27,

U () = ue(x) a.e. in Q.



(We have a conflict of notation between w,, and u. but it should be no trouble).
We now fix 1 < k < m and ¢ € Vi. As in the previous section,

/ a <][ um(y)dy> Vu, Ve — / a <][ ue(y)dy> Vu Vo, Yo € Vi.
Q Q((z,r) Q Q((z,r)

At the expense of extracting a subsequence we can assume that
Um = Ue In LI(Q), and |upm| <h ae.

for some h € L(Q). Since for ¢ > 2, h®p € LY(Q), by the Lebesgue dominated
convergence theorem, for each ¢ € Vi we have

/H Yo — H( e

/Q <\umf(+ BEAe %/Q <\ue|li o ”

Our next step is to pass to the limit in the gradient term. Since (u,) is
bounded in HX(Q), it is easy to prove that (|Vu,,|?) is bounded in L7 (Q). Then,
there is g € L7 (2) such that

and

L|Vun|® = g in L7(Q), (3.10)
or equivalently

/LIVumI so—>/g<p, v pe L@ (Q),

where (2) = 325 is the conjugate exponent of 2. Furthermore,

/L\Vum|9um:/L|Vum|9u€+/L|Vum|9(um—u6).
Q Q Q

In view of u,, — u. in Lﬁ(ﬂ) (note that 25 < 2 < 2*), we obtain

‘/ L|Vum|9(um — Ue)
Q

Consequently,

<1l (/Quwme)?)g ([ 1= wale)

< Cllum — UEHL 2 — 0.

2

/L\Vum|9um—>/gu6.
Q Q

Fixing e;, we obtain, for 1 < j <k,

/Qa<]{mﬁr) um(y)dy> vumvej:/ﬂﬂ(u;) +/ (umﬁ) /L|Vum| ;.



Taking limits as m — +oo, we get

K
a ue(y)dy VUGVe':/Hu;" O‘el—l—/ 7e<+/Lgel.
/Q <]é(m,r) ) > ! Q (é)e; o (lucl + €)™ Q !

Since k is arbitrary, this last equality becomes

K
a ue(y)dy | VucV :/Huja—k/i +/Lg
/, (fm,ﬂ ) ) i A A (T s A s

for all p € H}(Q). Hence, u, is a weak solution of the problem

—div | a ue(y)dy> Vu€> =
( <]€2W> (3.11)

Hu )4+ ———— 4+ LginQ, u. € HI(Q).
(ue) +(|UE‘+€)’Y+ gmai, u € 0( )

Since a, H, K and g are nonnegative functions, the maximum principle ensures
that u. > 0, and so, u, is solution to

—div | a ue(y)dy> Vu€> =
( (il(w‘) (3.12)

H(z)ul + (ui(j—xe))V + L(z)gin Q, uc € Hy(Q).

Therefore,

K
a ue(y)dy | [Vue 2= / Hug"|r1 +/ — U, +/ Lgu.. (3.13
/Q (]fz(m) ) ) Ve Q o (ue +€)7 Q (3.13)

On the other hand, we know that

/a <][ um(y)dy> ‘vum|2 =
Q Q(z,r)

K
Hu+a+1—|—/7u —|—/LVU O .
/Q (ut) gt [ UVl

(3.14)

Hence

K
a U (Y)dy | [V, |? %/Huf”rl +/ 7+/ Lgu.. (3.15
/Q <]€2(z,r) W > | | Q ) o (ue +€)7 Q ( )

From (3.13) and (3.15),

[ (]{l B Um@dy) Vil > [ 0 (]{2 B ) Val.  (316)

10



Arguing as in Section 1 one has a (fQ(I " umdy> is bounded independently of m

and
a (7[ um(y)dy> —a <][ ue(y)dy> forall ze€Q. (3.17)
Q(z,r) Q(z,r)
Hence
2 _ 1 2
/ [V (U, — ue)|” < f/ a ][ Um (W) dy | [V — e
Q A Q Q(z,r)
1 9 ) (3.18)
=5/ a U (¥)dy | {|Vum|® — 2Vuny, - Vue + |Vu |}
Q Q(z,r)
— 0.
i.e.
Up — ue  in H(Q). (3.19)
The above limit implies that up to a subsequence
L|Vun|® = LIVu|’ in L?7(Q). (3.20)

To see that, note first that from

/(|Vum\ Vu)? < / Vg, — Ve |?
Q Q

one derives that
|Vtm| = |[Vue| in L*(Q).

Thus, up to a subsequence one has
[V | = |Vue| ae. inQ | |[Vuy,| <h
for some h € L2(Q). This implies that for any ¢ € L()'(Q)
L|Vun,|®e < Lh%p

with Lhfp € L'(£2). Then (3.20) follows from the Lebesgue dominated convergence
theorem. Now, we recall that Vj =1,2,...

K
a umydy> VumVe:/Hu;"T ae<+/76»+/LVumge-.
/{; (]é ( ) J o ( ) J Q (|Um|+€)ly J o ‘ | J

Gathering (3.17), (3.19), (3.20) and taking limits as m — 400 on both sides of
the last equality, we obtain

K
a ueydy>Vu€Ve-:/Huj ae'—&—/ie'—&-/LVueeeu
La(f v j= [He+ [ et [ vl

11



So, ue € H}() is a positive weak solution of the auxiliary problem (3.3). |

Now, we are ready to prove the main result of this section

Theorem 3.3. Under the same assumptions as in Theorem 3.2, problem (3.1)
possesses a positive solution

Proof: First of all we note that that we will use the notation introduced in the
previous sections. Thus, we recall that |[u,,| < R for all m = 1,2,... and R does
not depend on e. Hence

lue]l < lminf ||uy,| < R.

Consequently, fixing €, % and vy, := u.,, for some subequence still denoted by

n, there exists v € H}(Q) satisfying
v, — v in H(Q),

v, = v in LI(Q), 1 <q <27,

and
vp(x) = v(z) a.e. in Q.

Let us consider the function

M(t) = hot™ + for t>0, (3.21)

ho
(t+ 1)
where hg is defined in the assumption (Hjz). Thus, there is mg > 0 such that
M(t) > mo >0 ¥t > 0. (3.22)

Noticing that

ho >mgy Vn €N,

Lvn9>h &y
+ LIV 2 Ov”Jr(vn—i—en)"f—

H(ZE)’U?{ + ﬂ
Up + €

( n)?

we obtain

—div (a (7[ vn(y)dy> an> >mgy in @ VnelN (3.23)
Q(z,r)

Let wy, > 0 be the unique solution of the problem

—div <a (7[ Un(y)dy> an> =mp in Qw, € Hy(Q). (3.24)
Q(z,r)

12



Note that, for eachn € N, a ( ][ Un, (y)dy) is a positive function, which belongs
Q(

z,7)

to C(9), this implies the positivity of w,,. Consequently,

—div (a (][ Un(y)dy> an> > —div (a, <][ vn(y)dy> an> (3.25)
Q(z,r) Q(z,r)
ie.
/ a <][ vn(y)dy> Vo,V > / a <][ Un> Vw, Ve (3.26)
Q Q(z,r) Q Q(z,r)

for all ¢ € H}(Q2), ¢ > 0. This implies by the maximum principle
Up > wy, in (3.27)

Since

/ a (7[ vn(y)dy> Vw,Vo = / mop Vo € HY (D) (3.28)
Q Q(z,r) Q

Awnll* < Cllw,|| (3.29)

and so, ||w,|| < C for all n € N. As before, there is w € H}(Q2) such that w,, — w
in Hi(Q)and

—div <a <][ v(y)dy) Vw) =mg in Quw e H}HQ). (3.30)
Q(z,r)

Consequently, w > 0 in Q and w € C(Q). In view of (3.27), if n — oo, we obtain

we have

v(z) > w(x) >0 aein Q. (3.31)
We now claim that up to a subsequence
Vu,(x) = Vo(z) aein Q.
Indeed, given ' CC Q, there is ¢ € C5°(2) such that
dlz)=1 VeeQ.

Repeating the arguments of the proof of the previous theorem and using (3.31) to
control the singular term, we deduce also that for some g € L# (Q) (see (3.10))

/Qa<]év(y)dy> VvVZ/J:/QHU%/f'l-/Q%ﬂH-/QQK/A

13



for all v € HE(Q)) with compact support. Taking ¢ = v¢ leads to

/Qa (ﬁv(y)dy) |Vv|?p+a (]i v(y)dy) VoV
s [ Ko [ e

Now taking v, ¢ as test function in the equation satisfied by v, one gets

/Qa (f) vn(y)dy) |V, |>p+a (]é vn(y)dy) Vo, Voo

K
= [ Hozvo+ [ Svot [ [Fuluo,
Q Q Un Q

Taking the limit in n we deduce easily arguing as in the proof of Theorem 3.2

/| a(]i m(y)dy) Voo | “<]i v(y)dy) VoPs  (332)

We have also,

—»)|? l 2
[ Mo <g | a<]éw)vn<y>dy> Vou -6 (3.33)

and

— 2 —
/Qa (7{2(937” vn(y)dy>|an v[*¢

/ a <][ vn(y)dy> (IVo,|? = 2V, . Vv + [Vo|?) ¢.
Q Q(z,r)

From (3.32) and (3.33) taking the limit in n we deduce

Vv, — Vo] =0 in L*Q).
Hence, for some subsequence,

Vop(z) = Vou(z) aein Q.
As Q' is arbitrary, it follows that

Vu,(z) = Vo(z) aein Q.

Now, gathering this with the boundedness of (|Vv,|?) in L7 () we can conclude
as below (3.20) that the weak limit of (|Vu,|?) in L7 () is [Vv|?, that is,

/|wn|%%/ Volfv, Vo e L (9).
Q Q

14



Using this, we derive easily that v verifies

/Q a (7{) v(y>dy)ww

(3.34)

K )

_ a a2 V) € C2°(9).
/QHuw+/wa+/QL\Vvlw7 P € C° ()

From the above equality, there is C' > 0 such that

K o
Bl <opel, v ecr@.
Qv

Combining the density of C§°(Q) in H{ () with the last inequality, we derive that

Kw
Q V7

< Cllwll, Vo e HY(Q).

Then, if w € H}(Q) and (¢,,) C C§°(Q) verify
Y —w in Hy(Q),

we can infer that
K¢, [ Kuw
lim = —_—
n—oo [o VY o U7

The last limit combined with equality (3.34) and Sobolev embeddings gives

/Q 0 (]é v(y)dy) VoV

(3.35)
K

= [ Huv® - L|Vv|? Vi € HH(Q
[avevs [ Sor [ Lvie e mi@.

showing that v is a solution of problem (3.1). |
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