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1. Introduction

Let Q = (0,1)% be the unit square in R? and T' > 0 be a positive constant. If a
is a positive, continuous function and f € L? (0,T;L*(2)), u® € L? () suppose
that we are interested in solving the following integro-differential problem: find a
function ug = ug (¢, 1, x2) such that

Oug (1, x1,7) —a (/Q uo (-, x) dx) 8§2u0 (yz1,7) = f(,21,°)

in (0,7) x (0,1) a.e z1 € (0,1), (1)
uo (,21,-) =0 on (0,7) x{0,1} a.ez; € (0,1),
up (0,-) = u® in €.

Since the integral in the first equation of (1) is taken on the whole domain Q it is
clear that this equation cannot be considered as a parabolic equation parametrized
by 1. Moreover, if starting from w € L? (0, T; L? (Q)), one solves for u = Sw the
problem parametrized by x

ol —a( [ wn)dr) o a1 (o)
(0,7) x (0,1) a.e 1 € (0,1),

u(,z1,-)=0 on (0,7)x{0,1} a.e x; € (0,1),

u(0,21,-) =u’ in (0,1) a.e 21 € (0,1),
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when it comes to finding a fixed point for S some compactness for this mapping
is missing. One way to overcome this is to introduce for instance the following
anisotropic singular perturbations problem

Orue — a </ Ue (-, ) daj) (6233231% + (ﬁzue) = fin (0,7) x Q,
Q
ue =0 on (0,T) x 09, (2)
u: (0) =u¥ in Q,
and to see what can be said on the behaviour of u. when € > 0 goes to 0. This
is what we would like to do in this note. For more details about the anisotropic

singular perturbations problems from different point of view, the reader is referred
to [1, 3-6, 8, 9] (see [10] for the basic theory of singular perturbations).

2. A more general setting
Now we suppose that §2 is a bounded open subset of R™ and introduce a problem
generalizing (2). We split the components of a point x = (z1,...,z,) € R" into
two parts

X1 =(z1,...,2p) and Xo= (Tpt1,...,Tn),

so that z = (X1, X2) (p and n are positive integers such that p < m). Similarly
setting

Vx,u=(0zu,... ,6%u)T, Vx,u= (0, ,u ...,6mnu)T,

Tp4+1

where 7' denotes the transpose operation and 0., the partial derivative in the
direction z;, we have if V denotes the usual gradient operator

Vu— (VX1“> . 3)

Vx,u
It will be convenient to simplify the notation to set
z=(t,z) eR"™, Q= (0,T) x Q. (4)
Let
A= A(z,5) = (ai5(2, ) (5)

be a n X n matrix defined for (z,s) € @ x R and such that A is of Carathéodory
type that is to say

z > a;j(z, s) is measurable Vs € R, Vi,j=1,...,n, (6)

s — aij(2,s) is continuous a.e. z € Q, Vi,j=1,...,n. (7)
Moreover we assume that there exist two positive constants A, A such that

MEP < A(z,8)€-E<A|E)? VEER™ ae. 2€Q, VsER. (8)
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In the inequality above we have denoted the scalar product by a dot and the usual

Euclidean norm by | -|. Note that (8) implies that the coefficients a;; are uniformly
bounded.
We split A into four blocks in such way that
A Arg
A= , 9
s ©)

where Aqq, Ao are respectively p x p and (n — p) X (n — p) matrices. We then set
fore >0

2A1, €4
As = AE(Za S) = <€€A;11 EA;;) . (10)

If§_<

2; ) € R"™ where & = ({1,...,§p)T, & = (§p+1,...,§n)T by (8) one has
for & = <£—£

)

Me2 = M2|a? + |6 < AL 6. = A€ VEER ae. z€Q, Vs €R, (11)
M&|> < Ané & V& ER™P, ae. 2€Q, VseR. (12)

We would like to consider the family of parabolic, nonlinear, nonlocal problems

Que =V - (A (,1(ue)) Vue) = f in @,
ue =0 on (0,7) x 01, (13)
ue (0,-) =u® in Q,

where
[ (u) = /Qh (x)u(t,z)dx (14)

for some h € L% (Q) i.e. [ is a continuous linear form on L? (). We are in particular
interested to show that u. - perhaps up to subsequence - possesses a limit when
¢ — 0. Note that for A (z,s) = a(s) Id where Id is the identity matrix in R?, h = 1
one recognizes the problem (2) of the introduction and the limit of u. will provide
us with a solution to problem (1).

We suppose here that

feL*Q), v e L*(Q). (15)

Then we have

Theorem 2.1: Under the assumptions above for any € > 0 there exists a weak
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solution u. to problem (13) that is to say a function u. = u. (t,x) such that

ue. € L* (0,75 Hg(Q)) nC ([0, T]; L*()) , dpue € L* (0,T; H1(Q)) ,

(Opue,v) + /Q A; (t,z, 1 (us)) Vue - Vode = (f,v) (16)
in D' (0,T), Yve HQ),
u (0,-) = u’.

We refer the reader to [2], [7] for the different spaces introduced above. D’ denotes
the space of distributions, (-,-) the duality bracket between H~'(Q) and H} (),
(-,+) the usual scalar product in L? ().

Proof: The proof is a simple application of the Schauder fixed point theorem.
Indeed for w € L? (Q) one considers u = Sw the solution to

ue L?(0,T; HY(Q)) nC ([0,T]; L*(Q)), due L? (0,T; H (),
(Opu, v) +/QA5 (t,z,l(w)) Vu-Vodr = (f,v) inD (0,T), Yve Hi(Q),
u (0,-) = ul.

(17)
Then it is easy to show (cf. [2]) that w — Sw has a fixed point u.. This completes
the proof of the theorem. O

3. Passage to the limit

We are now going to analyse the behaviour of u. when € — 0. For this purpose we
introduce 2y, the section of {2 above X defined as

QXl = {X2 | (Xl,XQ) S Q} (18)
and
QXl = (O,T) X Qxl. (19)

Then - if we let € go to 0 very formally - we see that a reasonable candidate for
the limit of u. when € — 0 is given by

ug = up (t, Xl, XQ) (20)
where ug satisfies for a.e. X1 € II; (2) = {X; | 3X2 such that (X1, X2) € Q}

Ouo(+, X1,+) — Vx, - (A2 (-, X1, -, 1 (uo)) Vx,uo) (-, X1,")

:f(’aXla') in QX17 (21)
uo(+, X1,-) =0 on (0,7) x 09Qx,,
UO(O,Xl,'):uo(Xl,-) inQ)(l.

Then we have
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Theorem 3.1: Under the assumptions above there exists ug weak solution to
(21) in the sense that a.e. X1 € I1; (2)

(uo(-, X1,+) € L? (0,73 Hy (2x,)) NC ([0, T]: L*(2x,)) , uo € L*(Q),
atUO('qu’ ) € L2 (O)Ta H_I(Qxl)) )

U (07X1,‘):u0(X1,') on Qx,, (22)

Oy (uo,v)q, + A Az (2,1 (u0)) Vxyuo - Vx,vdXo = (f,v)q,

in D' (0,T), Vv € H}(Qx,).

(-,-)ay, denotes the usual L*(Qx,) scalar product.

Remark 1: The asymptotic behaviour of the linear parabolic problems can be
considered as a particular case. Indeed it is enough to choose A independent of s,
i.e.

A(z,s) =A(z) Vzeq.

Proof: The solution ug is going to be obtained as a limit of v, when & — 0. That
is to say we are going to show the following lemma which at the same time will
complete the proof of Theorem 3.1.

Lemma 3.2: Under the assumptions above there exists ug € L? (Q) and a “sub-
sequence” of € still labelled € converging toward 0 such that
Us — U, eVx,ue =0, Vx,ue = Vx,ug in LQ(Q)7

Oue — Opug  in L?(0,T; H (),

and ug is solution to (22).

(In the above the convergence in L?(£2) means for vectors the convergence of
each components).

Proof: [Proof of the lemma 3.2]
If we take v = u, in (16) -cf. [2], [7] for the technical details- we get for a.e. ¢

1d

il |u£|§Q+/ Ae (t, 1 (u2)) Ve - Vue dz = (f, ue) .
2dt ’ Q

(|uely o denotes the usual L?(Q)-norm). Using (11) and the Cauchy-Schwarz in-
equality we derive

1d

5 vkt A/ EVx,uel* + |Vxue P do < (foue) < |f (t,) l2.0lucl20-
Q

Since €2 is bounded -in particular in the directions X»- we have for some constant
C > 0 independent of € a Poincaré inequality of the type

2.0 < C||Vx,v||lan Yve Hy(Q). (23)

(IVx,v| denotes the Euclidean norm of Vx,v). Thus, by the Young inequality, we
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deduce

1d

ST |ug|2Q + )\/ 52|VX1u5]2 + \szuelzd:z: < Clfla.al IVx,ucl 2.0
Q

A
|f|m+ 5| VXl 0

- 2)\
and in particular

1d

A C?
sliBo+s [ EVxuP +Vxulfde < i (20

Integrating in ¢ between 0 and T" we get

1 2 AT 2 2 2 L o02 C? 2
5 uely o (T) + 2 ), QE IV x,uel” + |Vx,ue|* dtdr < 5 |u ‘2,9 + ﬁ|f|2,@) (25)
and thus
us, |eVx,uel, |Vx,ue| arebounded in L?(Q), (26)

(this of course independently of ¢). From the equation in (16) we derive for v €
Hg (),

|(Orue, v) [(f,v)] + '/ )) Vue - Vodz
S‘f(7) R

< (If (t,)lpq + 16V,

lbatC([eVxuel 2,0 +[[Vx,uel |2,0) | [V,

el l20) 1011

where C, C" are constants independent of e — 0, |v| H1(o) the usual H 1(Q) —norm.
This implies

Brtte| oo a1 @y < € (/g + 116V x, el 20) -
It follows from (26) that
Oyue is bounded in L? (0,75 H™ ' (Q)). (27)

Up to a subsequence we deduce from (26), (27) that there exist ug, u1,u2, € L*(Q)
and ug € L? (0,75 H' (2)) - i.e. with components in L?(Q) for the vectors - such
that

.12
Ue — U, eVx, us — uq, Vx,ue = ua, in L*(Q),

Opue — us3 in L*(0,T;H ' (Q)).
By the continuity of the derivation in D'(Q) we derive that

u€ - U/Oa 5VX1U5 - 07 VXQUE - szuo in L2(Q)7 (28)
Oue — Oy in L*(0,T; H 1 (Q)). (29)
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A delicate issue is now to show that
uo(t, X1,-) € HY(Qx,) ae. (t,X1) € (0,T) x 11 (Q).
For that we denote by B an open ball of R"~P such that
Qx, CB VX;ell; (). (30)

We suppose that u.(t,-) is extended by 0 outside 2. Then from (26) we derive that

T
/ / |V x,uc|* dtdz < C, (31)
0 Hl(Q)XB

where C' is a constant independent of . This can also be written as

\Us\L2((0,T)xnl(ﬂ);Hé(B)) =C.

Thus there exists a function @y € L? ((0,T) x IIy (Q) ; H} (B)), a subsequence of
the subsequence above and still labelled £ such that

u. =ty in L* ((0,7) x Iy (Q) ; H} (B))
and in particular
ue — g in D' ((0,T) x Iy () x B).
If ug is also extended by 0 outside {2 one has of course also
ue = ug in D' ((0,T) x Iy (Q) x B)
and thus
up =1 € L ((0,T) x I1; (Q); Hj (B)) .
It follows that
uo(t, X1,-) € HY(B) a.e. (t,X1) € (0,T) x II; (Q),
ie.
uo(t, X1,-) € HY(Qx,) a.e. (t,X1) € (0,T) x Iy (). (32)
We next show that
[ (ue) = 1 (up) -

This will follow from the lemma:

Lemma 3.3: For any v € H}(Q), the functions

t»—)/ugvd:r, t»—>/u01)dx (33)
Q Q
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belong to H' (0,T) and for the subsequence above we have

(i) / uvdr — / ugvdz in L*(0,T), C(0,T),
Q Q

§) — [ wupvdx in H
) /ngvdx /Q ovd H"(0,T),
(4ii) 1 (ue) — 1 (ug) in L2(0,T).

(C (0,T) denotes the space of continuous functions on [0, T] for the uniform norm).

Proof: [Proof of the lemma 3.3]
From (16) we derive for v € H(Q)

d

pn (ue (t,),v) = (f(t,-),v) — /QA(E (t,z,l(us)) Vue (t,z) - Vo (x) du.

Thus we have (see (8)) for some constant C' independent of &

e

<|flaglvlan +CElVxuel 20 + [ [Vx,uel [2,0) [ [VU] 2,0, (34)
whence

d
7 (ue,v) € L2 (0,7).

Similarly one has
(ue,v)| < |U6|2,Q MQ,Q
and by (26), (34) we conclude that
(ue,v) € H'(0,7)
and for some constant D independent of ¢ it holds
’(uavv)|H1(0,T) <D.
Thus - up to a subsequence of the above subsequence - we have

(ue,v) = L, in L*(0,T), C(0,T), (35)
(te,v) = L, in H (0,7). (36)

Let us choose ¢ € D (0,T) then one has

T T T T
/ (ug,v) cpdt:/ /uavgodtda:%/ /uovgodtdx:/ (ug,v) pdt,
0 0 Q 0 Q 0

by (28). On the other hand by (35) we have

T T
/ (e, v) pdt — / Ly,dt.
0 0
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Lv:/uovd:c
Q

and by uniqueness of the limit, the convergences in (35), (36) are not up to a
subsequence. This completes the proof of (i), (i) and (ii) for h € H} () (recall
(14)). To obtain (4ii) for h € L? () it is enough to rely in the density of H} (Q)
in L2 (Q) taking into account (26). O

It follows that

End of the proof of Lemma 3.2 and Theorem 3.1
For ¢ € D(0,T), v € H}(Q) we have by (16)

T T
—/ (Ue, V) gp’dt—i—/ /5A11 (2,0 (us)) eVx,ue - Vx,vpdtde
0 0o Ja
T
+/ /A12 (2,0 (us)) eVx,us - Vx,vpdtds
0 Q
T
+/ /A21 (2,1 (ue)) eVx,ues - Vx,vpdtde
0o Ja

T T
+/ /Agg(z,l(us))vxzug~VX2v<pdtdac:/ /fvgodtdx.
0 Q 0 Q
(37)

Noting (ii7) of Lemma 3.3 we have -up to a subsequence-
Azl (ue)) = A(z,l(ug)) ae. z€Q, (38)
i.e. we have this convergence for all coefficients of A. It follows that for v € H} ()
aij (1 (ue)) Oz, v — aij (1 (ug)) Opv in L2(Q), Vi, jk=1,...,n.
Then by (28), (29) one can easily pass to the limit in (37) to get

T T T
—/ (up,v) @ dt —|—/ / Ago (2,1 (u)) Vx,up - Vx,vpdtde = / / fupdtdx.
0 0 Ja 0o Ja (39)

Using an argument as in [3] or [5] one can easily conclude that
T T
/ (uo,v)q,, ¢ dt +/ / Aga (t, X1, X2, 1 (uo)) Vx,uo - Vx,vpdtda
0 ! 0 JOx,

T
:/ f(t, X1, Xo)vpdtdx
0 QXI
Yo eD(0,T), YveHi(Qx,), ae X;eli(Q), (40)

which is the last equation in (22). (We denoted by (-, -)QX1 the scalar product in
L*(Qy,)). Clearly (40) implies that for a.e. X; € II; ()

8tu0 = VX2 (AQQ (', l (UO)) VXQU()) + f n 'D, ((O,T) X Qxl) (41)
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and since up € L? ((0,T); H} (Qx,)) we derive
dyug € L? (0, T; H ' (y,)) for a.e. Xp € 11 ().
Since for a.e. X7 € I1;(Q)
up € L* (0,T; L* (Qx,))

by the usual embedding theorem the two first relations of (22) follow.
For v € H} () we have when ¢ — 0

(uo, v) = (ues (0,),v) = / ue (0, ) vdx — / ug (0, ) vdx
Q Q
by (i) of Lemma 3.3. Thus
(uojv) = (up (0,-),v) Wove H& Q).
By density of H (Q) in L% (£2), (43) holds for every v € L? () and we get
uo (07 ) = uO.

This completes the proof of Lemma 3.2.

Of course the proof of Theorem 3.1 is also completed.

4. Additional results

We now give additional properties of the solutions to (22). We have indeed

Theorem 4.1: Let ug be solution to (22), then

up €V ={veL*(Q)||Vx,v| € L*(Q),dw € L* (0, T; H ' () },
up € L™ (0,T; L* (Q)) .

Proof: From (22) we have for a.e. X; € I} (Q), v € Hj (Qq,,)

(Opug, ’U)QXl + Ags (2,1 (ug)) Vx,uo - Vx,vdXo = fodXs.
QXl QX1

(42)

(43)

((-,-)ay, denotes the duality bracket between H~'({x,) and Hj(Qx,)). Choosing

v = ug we deduce

1d
5% |UQ‘§7QX1 + / Ago (Z, l (uo)) VXZUO . VX2 updXo = fu() dXs.
Qx, Qx,
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Integrating on (0,%) x II; (2) we get
1, o
5 ]u0|27Q (to) + o Ao (Z, l (UO))VXQUO -Vx, uodx
0

1 fo
== ’uOEQ —I—/ / fuo dtdz. (46)
2 ’ o Ja

Choosing to = T and using (12) we obtain

MIVxt0l B < 5 [0 + Iflag luolg
Applying the Poincaré inequality on each section Q2x, we obtain for a constant C
luoly. o < ClVx,u0l 30
and thus by Young’s inequality

2
2

1 2 02 )
AV x,uo) |%,Q < 9 ‘UO‘Q’Q + BN ’f|2,Q + 511V x,u0l |%,Q'

From this it follows that
1 g2 , C?
|V x,u0l |§,Q < N ‘UO‘ZQ + 5¥] \fli,Q‘

On the other hand integrating the equation in (22) on IT; () we have for v € H} ()

d

(Opug, v) = — (up,v) = / O (ug,v)gdX1 = / O (ug,v)QX dX,
dt () () !
= / fodx — / Aga (-, 1 (up)) Vx,uo - Vx,vdz.
Q Q

where B is defined by (30) and ug, v are supposed to be extended by 0 outside €2.
Then it follows that

(By0, v)| < |(f,0)] + /Q oo (1 (o)) Vg - Vo

<C(If (6 X1, )0+ [V, u0)

2,9) vl g )

where C' is a positive constant. Then after integrating on (0,7") we get

2)Q) :

Thus (44) follows and (45) is then a consequence of (46). O

9r] 2ozt < € (IFla.g +1 1V xol

In the case where the solution of (22) is unique we can yet prove

Theorem 4.2: Suppose that (22) has a unique solution then we have

Us —>ug inV (47)
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i.€.
e — ug, Vx,ue — Vx,ug i L*(Q), 0Opue — dug in L? (0,T; H! Q)
and
eVx,ue — 0 in L*(Q). (48)

(The convergences hold for the whole sequence).

Proof: We introduce

I = /QAE (2,1 (ue)) (vxx;(;“f w)) : (vxx;(;“f w)) dtdz.

In what follows we just denote by A, the matrix A. (2,1 (u.)) and drop the measures
of integration to get

0 0
Ia = /QAsVug : VUE - /QASVUE ) (VX2UO> N /QAs <VX2U()> .vus

0 0

+/QAE (VX2u0> ' <VX2“0>
T 0 0

= qus —/0 (Opue, ue) — /QAEV"E' <szuo> - /QAE <VX2UO> Ve
0 0

+/QAE (VX2U0> ' <VX2UO>

T
::/fus/ (Opue, ug)dt + J.. (49)
Q 0

(We used (16) with v = u.). Remark now that

V x,uo

0
/ AVug - < > = / Aot (2,1 (ue)) eVix,ue - Vx,uo
Q Q
+/ Ago (2,1 (ue)) Vx,ue - Vx,up.
Q

Passing to the limit as we did in (37) we obtain that

0

lim [ A.-Vu, - (VX o

>=/A2z (2,1 (u0)) Vx,uo - Vx,uo.
e—0 Q Q

Note that since the possible limit is unique this is not up to a subsequence. We
obtain similarly

. 0
lim QAa (ngu()) -V, =/QA22 (2,1 (u0)) Vx,uo - Vx,uo,

e—0

. 0 0
lim QAE <VX uo) WV <VX UO> N /QA22 (51 (1)) Vito - V0
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and thus combining these three passages to the limit

lim Ja = —/ AQQ (Z, l (UO)) VquO . VXZUO- (50)
Q

e—0

We now consider the other terms in I -see (49)- in order to pass to the limit. Let
0 € D () be a sequence of smooth functions independent of ¢ that we will choose
later on. We have

T
/ (Opue, ug)dt
0
T T T
= / <8t (U5 — Qk) , Ug — 9k>dt -+ / <8t9k, Ue — 9k>dt + / <8t’u,5, 9k>dt
0 0 0

1

1 2 T
=5 |ue — 91@@9 (T) - 5 |u® — Hk\zQ +/O (Orue, Oy)dt.

Going back to (49) we have
1 2 1 0 2 T
R, = Ia+§ [ue — Okl50 (1) = 5 ’u — Gk‘zg—i-/Q fug—/ (Opue, O)dt+ J.. (51)
’ 0
Using (22), (28), (29), (50) we get
f 7.
1,4 2 T
= 5 ‘u — 9”2 Q —I—/ fuog — / Ao (Z, l (’U,())) VXZUO . VXQUO — / <8tu0,9k>dt
’ Q Q 0
1 0 9 T T
= — ‘u — Qk}Q Q —l—/ / <3tu0,u0>gxl (t,Xl) dt — / <8tu0,9k>dt~
2 : 0o Jm©) 0
Note that since we have

T T
/ <8tu0, 9k>dt = / / <8tu0, 9k>QX1 (t, Xl) dthl
0 0 JIL()

the limit above becomes

e—0

: 1 T
lim R, = 3 |u0 _0k|§ﬂ+/ ( )/ <8t (uo —ek),(U(] —ek)>QX1 (t, Xl) dtd Xy
’ I, (©2) JO

1 2 1 2

= 5 |’LLO — 0]9‘279 + 2/1:1 @ |’LLO - 0k|g7ﬂxl (CZ—‘7 Xl) — ‘uo - ek‘ Q,Qxl (Xl) dthl
1

=3 luo — kag,g (T). (52)

Thus from (51) we deduce

: : 1 2
hr;lj[l)lp I. < il_r% R, = 3 luo — Okla.q (1)
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Choosing 6, such that
O — uo (T) in L*(Q), (53)
we deduce that

0 <limsupl: <0
e—0

and thus
I. — 0 when e — 0.

Since, by the coerciveness assumption, we have

)\/T/ eV x ue | + |V, (ue —uo)* < I,
o Ja
it follows that
eVx, ue — 0, Vx,ue — Vx,ug in L*(Q),
and thus (by Poincaré’s inequality)
ue — ug  in L*(Q).
It remains to show that
Oue — Oyug  in L2 (O,T; H! (Q)) .

Testing the equation in (22) with v € H{ (Q) and integrating on II; (Q2), we get

/ O (up,v)q dX1+/A22 (Z,l(uo))VXQUO'VXﬂCM:/fvd%
I, (Q) ! Q Q

whence

d

o7 (uo,v)q —i—/ Agg (2,1 (up)) Vx,uo - Vx,vde = / fodz.
Q Q

Then subtracting the above equality from (16) leads to

d

dt(ug—uo,v)—i—/eSQAn (2,1 (ue)) Vx,ue - Vx,vdz
Q

+ / A2 (2,1 (us)) Vx,ue - Vx,vde
Q

+ / eAo (2,1 (us)) Vx,ue - Vx,vdr
Q

4 / (Ao (2,1 (1)) Vxstie — Ass (2,1 (u0)) Vxuti0) - V x,v dar
Q
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Using the Cauchy-Schwarz inequality and by (44), it follows that

(O (ue — o) ,v) < *C|Vx,ucl laa | [Vx,v] 2.0
+eCl|Vx,uel 2,0 ] |V, v
+ [ A22 (-1 (ue)) Vx,ue — Aoz (-1 (uo)) Vx,uol 2,0
<(C (2 IVx,te| 2,0 + €l IVxu el |20 + €] [V, ue |2.0)
+ [ [A22 (- 1 (ue)) Vxyue — A2z (-, 1 (w0)) Vg uol [2,0) (V] gi(q) »

2.0 +eC| |Vx,ue| l2,0] [Vx,v] 2,0

IVx, vl 2.0

for any v € Hg (). This implies

|0 (ue — wo)| -1y <C (] IVx,uel 2,0 + €| [V x,ue| 2,0 + €] [Vx, ue [2,0)

+ A2 (.1 (ue)) Vx,ue — Aga (-, 1 (u0)) Vx,uol |2,0-

Integrating over (0,7), letting ¢ — 0 and taking into account (iii) of Lemma 3.3,
we deduce

|0 (ue — wo)| 20,7, 1-1(02)) = 0

This completes the proof of the theorem. O
Remark 1: We also have

ue (t,-) — ug (t,-) in L*(Q) Vt € (0,T). (54)

Indeed, if we replace T' by ty € (0,7") in the proof of Theorem 4.2 we get from (51),
(52),

lim sup [0 — ue (to,")]o, 0 < [0k — uo (to, )20
e—0

thus

lim sup |ue (fo, ) — uo (to,)|a,0 < [0k — uo (o, *)[2,q + limsup |0 — ue (to, )5 0
e—0 e—0

<20k — uo (to,)lgq - (55)

Then passing to the limit in the inequality above when & — oo and taking into
account (53) for T' = tp, we obtain

lim sup |ue (o, ) — ug (to, ‘)|2,Q <0,
e—0

whence
li tn. ) — to, - = 0.
EE%WE( 0,°) — uo (to, )0 =0
It follows that

us (t,-) — ug (t,-) in L2(Q) Vt € (0,T).
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Remark 2: In the case when wug is not unique one can show that the set of
solutions to (22) lies in a neighborhood of

{ues | £ < e}

for the topology of V, that is to say from any subsequence of u. there exists another
subsequence such that (47), (48) hold. In addition if there exists a subsequence of
ue, still labeled by u., and a function ug such that

us — ug in D'(Q),

then wug is a solution of (22) and (47), (48) hold.
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