On the sum of operators of p-Laplacian types
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Abstract

The goal of this paper is to study operators sum of p-Laplacian type operators. We
address the problems of existence and uniqueness of solutions, this last point leading to
some challenging issues in the case of quasilinear combinations of such p-Laplacians.
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1 Introduction and notation

We will denote by 2 a bounded open subset of R™, n > 1. Let us consider p1,pa,...,py real
numbers such that
1<pr <p2<..<pn,

and a;(z,u), 1 =1,..., N, Carathéodory functions, i.e. such that for every i

x — ai(z,u) is measurable Yu € R,

u — a;(z,u) is continuous a.e. z € Q.
We will suppose that for some positive constants A, A
0<ai(z,u) <AVi=1,...,N—1, A<an(z,u) <A, Vu R, a.e. x € Q. (1.1)
We would like to consider problems of the following type:

u e WPV (Q),
-V (Zf\il ai(z,w)|VulPi—2Vu) = f in €,

or under the weak form

ue WyPN (),
g . (1.3)
Jo ity ai(z,w)|[VulPi—2Vu - Vodz = (f,v) Yv € Wy (Q).
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VVO1 P(Q) denotes the usual Sobolev space of functions in LP(Q2) with derivative in LP(Q), van-
ishing on the boundary of , f € W12~ (Q) the dual space of Wol’pN(Q) (Cf. [5]). (Recall that
for p € R, p> 1, p’ denotes the conjugate of p given by p’ = %).

We will suppose the VVO1 P(Q2)-spaces equipped with the norm

1
“vap = (/Q |VolP dx)
and their duals W~ (Q) with the strong dual norm defined as

fle= sw  KLol/]IVel],

veW, ?(2)\{0}

Such operators appeared some decades ago in particular as Euler equation of problems of
calculus of variations. (Cf. [7], [8], [10]), the idea being to consider energy functionals presenting
at the same time different growth and to analyse the regularity of the possible minimisers (see
[9] which contains many interesting references and also [6]). Later (Cf. [4], [11]) problems of this
type were supposed to model situations where different phases coexist, two in general, leading to
the notion of (p, ¢)-Laplacian. Of course here we consider the sum of several pseudo p-Laplacians
and the equation (1.3) is not the Euler equation of some energy except perhaps in the case when
the a;’s are constant. We do not pretend either having in mind applications. We are more guided
by the challenges offered by this kind of problems when existence and uniqueness of solution are
concerned.

In the next section we develop a theory of existence of solution based on the theory of mono-
tone operators. The subsequent part addresses different issues of uniqueness or non uniqueness.
In dimension one we are able to construct some aq(z,u) = a(z,u) leading to non uniqueness
in the case N = 1 and to prove uniqueness when the a;’s are say continuous and Lipschitz
continuous in u. In higher dimensions one has to restrict ourselves to special a;’s or to a single
operator but the results that we are able to show do not rely on Lipschitz continuity.

2 Existence result

Let us first prove the following existence result :

Theorem 2.1. We assume that the a;(x,u) are Carathéodory functions satisfying (1.1). If
f € WEPN(Q) there exists u solution to (1.3).

Proof. Let w € LPN (). We claim that there exists a unique u = S(w) solution to

{u € WEPN (), 1)

Jo 2oL aile, w) | Va2 Vu - Vode = (f,0) Yo € W™ (Q).
Indeed the operator
N
—V - (3 ailw, w)|Vul V)

=1



is monotone, hemicontinuous, coercive from WO1 PN () into its dual since
a;(z,w)|VulPi2Vu € LV € LPN (Q).

Indeed p; < py implies p; > p/y. The coerciveness of the operator is insured by (1.1), Cf. the
inequality just below. We will be done if we can show that the mapping S has a fixed point.
First taking v = u in (2.1) we deduce

N
)\/ |VulPNdx < / Zai(aj,wﬂVU\pi*zVU -Vudz = (f,u)
Q Q.5
< f117ull,

Thus it comes
1

[l 5=
HVUHPN < (T)PN L.
We denote by C,, the constant in the Poincaré inequality (Cf [5]) such that
1
ulpy < CpNHVUHpN Vu € Wy PN (Q).

(lu|p denotes the LP(2)-norm of u). Then we have

|u|PN < CPN“VUHPN < CPN(
Thus the mapping S goes from the ball
B ={ueDQ): uy <K}

into itself and is relatively compact thanks to the estimate above. We will be done, by the
Schauder fixed point theorem, if we show that S is continuous from B into B. For that consider
a sequence w, such that

wy, — w in LPN(Q).

Without loss of generality we can assume that
w, — w a.e. in Q.

Set u, = S(wy). From (2.2) it follows that u,, is bounded in VVO1 PN () and up to a subsequence
there exists u € W,V (Q) such that

Vu, — Vu in LP(Q) Vi, w, — w a.e. in Q.

We know that wu,, satisfies

N
/ Zai(ac,wn)]Vun]p"_ZVun V(—up)de > (f,v—u,) Yve WOI’pN(Q)
Q=1



and by monotonicity of the operators
N
/ > ai(w, wn)|VolP Vo - V(v — up)dz > (f,v —un) Yo € WPN (Q). (2.3)
=1

By the Lebesgue theorem one has
ai(x, )| V[P 2Vo = a;(z, w)|Vo|Pi 2V in LV (Q).

Passing to the limit in (2.3) we get
N
/ Z ai(z, w)|VoPi Vo - V(v — u)dx > (f,v —u) Yv e Wol’pN(Q). (2.4)
Qi1
Replacing v by v £ dv we obtain
N
/ Zai(x,wﬂVU + §v[Pi 2V (u = dv) - V(£dv)dx > (f, +6v) Yo € Wol’pN(Q),
Qi1
i.e.
N
/ Zai(:c,w)wu + 60|Pi AV (u + dv) - V(xv)dz > (f,£v) Yo € WPV (Q).
Qi1

Letting 6 — 0 we obtain
N

/ Zai(x,w)\Vu|pi_2Vu -Vudx = (f,v) Vv € Wol’pN(Q),
Qi1

and thus u = Sw. Note that the whole sequence u,, converges toward u since the limit is unique.
This completes the proof of existence of a solution to (1.3). O
3 Uniqueness issues

We suppose here that we are in dimension 1 with Q = (11, 172)
Theorem 3.1. One can construct a continuous function a(z,wu) such the problem
{u € WiP(Q),
Joa(z, w)[W/ P72/ do = (f,v) Vv e W, P ()
admits several solutions.

Proof. We use a construction similar to one in [1]. Set

u(@) = (x—m)(p —2), f=—(lu[""2u).



One has clearly

u e WyP(Q), (32)
Jo W P2 d = (f,v) Yo € WyP(Q). '
Let w be a nondecreasing, continuous function such that
w(0) =0, w(t) >0Vt>0, < 40 3.3
(0) =0, w(t |25 (33)
wit) is nonincreasing. (3.4)

(t*, o < 1 would be suitable). Set

5 ds
9(5):/0 = (3.5)

6 is one-to-one mapping from [0, 7] into [0,6(T)] for every T > 0. Let us denote by 67! its
inverse. One has

jye%y) — w6\ (y)). (3.6)

Then we define

u(x) + 0~ (z — n1) in a neighbourhood of 71,
v(z) = . : : (3.7)
u(x) + 6~ (ny — x) in a neighbourhood of 7.
and we assume that )
v > u, % >0 on (n1,m2). (3.8)
(To fulfil the second condition it is enough to have v increasing on (7, 7’1;”72), decreasing on

(7712ﬂ7772)7 v”(@) < 0 since limzﬁ(m;@) Z—:(x) = %(%)) It is clear that it is always

possible to find such a v. Then for z,u € R we define a(x,u) as

1, if z & (m1,m2),

Lifu <u(x), = € (m,n2),

(L=t if u > w(x), x € (n,10),

5+ (1= 08)(%)" " if u=du(w) + (1 - O)v(x), = € (m,ma).

'U/

a(z,u) = (3.9)

Clearly a(z,u) is continuous on R?. Note that u/(n1) = v'(1m1) and «/(12) = v/(12). Now it is not
Lipschitz continuous in u. Indeed let us denote by w,(t) the modulus of continuity of a(z,u)
with respect to u, namely

wa(t) = sup |CL(I’7 ’U,) - CL(JE, U)|
ze,|Ju—v|<t

For t small there exists x near n; such that v(z) — u(xz) = t. Moreover one has

a(z,u(x)) —a(z,v(x)) =1-— (Z:Eg )p—l
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Recall that for x close to

(U—WK@=Q%94@—nﬂ=ww4@%4M)ZWWW)—M@)

This implies that v’(x) > «/(x) for x close to ;. We have also

(e =@y ™) = [ @)+ s0/(e) = @) s

1
- /0 (0 — D (x) + 5/ (@) — o (2))}P~2ds (v — u)(x)
1
— w(t) /0 (0 — D (x) + 5/ (x) — o/ (2))}P~2ds.

Clearly v/(z), u/(x) are bounded and bounded away from 0 near ;. Thus

ale,u(z)) — (@, v(@)) = / o= Dl (@) + (0 (x) — ol (2))}7ds )
| ST ety
and
walt) = sup ol ) — a(z,v)] = Cw(t)
2€Q,|lu—v|<t

for some constant C'. This implies that

/m wji; : /0 ufé) < e

which is impossible if we(t) ~ Kt. This shows that a(z,u) is not Lipschitz continuous in u.
Now one has

B ‘u/’ B - Y Y B
GWW@WWWQ'ZﬁmVIWVQUZWWlquWV1@q=WV2%
lp—2,1 __ \p—2, 1
alee, ) P2 = o[~
since ﬁ = |Z:‘. Thus both u and v are solution to (3.1). This completes the proof of the
theorem. O

We study now a particular example in dimension 1 where, on the contrary, we are able to
prove uniqueness of solution. For that let us consider a function f defined on Q = (91,72) and
satisfying

feLy(Q). (3.10)
Note that in one dimension L' () ¢ W1y (Q) since Wol’pN(Q) C L*™(Q) (see for instance [2]).
Fori=1,...,N let a;(x,u) be continuous functions satisfying (1.1). Suppose that for

1<p <ps<..<pn, (3.11)



u is weak solution to

N

—(Zai(az,u(m))|u’|”i_2u')/ =finQ, u(m)=u(n)=0. (3.12)

=1

Let us first establish a lemma which will be useful in what follows to consider « as solution of a
Cauchy problem.

Lemma 3.1. Let us denote by a;, i = 1,..., N positive constants. For a = (a1,...,an) we
denote by Fy(z) the inverse function of the increasing function from R into R

N
X =) ailX[P2X.
=1

Then one has for some constant cp,, see (3.16),

N
1 1 S S
Fa(2) = Fu ()] < - > i~ aﬂ{(';')ml + (|:,|)ml PP (3.13)
i 1
1

Proof. By definition of F, = F,(z), Fy = Fy(2) one has

N N
Zai|Fa|pi_2Fa =2z = Za;|Fa/|pi_2Fa/. (3.14)
=1 =1

So we have first the estimate

> ai|FufPt = 2F, < |2||F|
=1
and thus

N
S ailF < J2l,
=1

which implies

B < (Ehym (3.15)
al = al . .
Next by subtraction in (3.14) we derive
N N
D ai{|Fal? 2 Fy — [Ful 2 Fu} = 3 (df — ai) [ Eu P o
i=1 i=1
Multiplying both sides by F, — F,, we get
N N
Z ai{‘Fa|pi72Fa - ‘Fa"szFa’}(Fa —Fy) = Z(@ B ai)‘Fa"szFa’(Fa — Fo).
i=1 i=1



Recall (see for instance [3]) that for p > 1 there exists a constant ¢, > 0 such that

€]+ ICNPT2E = ¢I* < (JEP26 = [CIP720) - (€ = ¢) V&, ER™ (3.16)

Thus for some constant c,, we have

N
Cplal{’Fa‘ + ’Fa"}p172|Fa - Fa”2 < Z ’a; - aiHFa”piil‘Fa - Fa”
1=1

N
<D laf — ail{|Fa] + [Fu [} Fa — Fol.
=1

Combining this with (3.15) we get

|F, — Fy| < Z\a ail{|Fa| + | Fy|}PiPitt
Cpr01 S
< Z Z|{ ’ ’)m 1+(| ’)m 1}pz pitl
Cplal =1 1
This completes the proof of the lemma. O

Then we have :

Theorem 3.2. Under the assumptions (3.10), (3.11) suppose that the a;(x,u)’s are continuous
and Lipschitz continuous in u and that

0<A<ai(z,u) Vz,u. (3.17)
Then (3.12) admits a unique solution.

Proof. 1f u is solution to (3.12) one has

N T
> ailaulo)lu @) w) = - [ f)ds e (319)
=1

m

where c¢ is some constant. This implies in particular that v’ is continuous. Note also that this

constant ¢ satisfies "
ol < / ()] ds
mn

Indeed, since u(n;) = u(n2) = 0 there is a point m € (n1,72) where u/(m) = 0 which implies

c= mf(s) ds

m



and the estimate above follows easily. We claim that this constant ¢ is the same for any solution
0 (3.12). To show that, let @ be solution to (3.12) such that

S o, )P = — [ Fs)ds +

=1 m

Suppose that ¢ > ¢. Then one has by writing the equations above at n, k = 1,2

N k
S il @) & )P 2 () = — [ f(s)ds + ¢
=1

m

Nk N
> = [ fs)s e = Y el ulm)lal ()P )

m i=1

Thus since a;(ng, @(ng)) = a;(nk, u(ng)) and the function X — Zfil a; (e, w(n)) | X Pi—2X is
increasing, one gets

' (nx) > u' (), k=1,2.
This implies that

uw>u nearn , 4<wu nearng,

recall that & = u = 0 at 71, 72. Starting from 7, let us denote by xg the first crossing point of
the graphs of @ and w. At this point one has again

N N

> ai(wo, alzo)) | (z0) 2@ (wo) > Y ailwo, ulxo)) | (o) P ~?u(z0)

i=1 i=1
and thus @'(xo) > u/(x¢). But this would imply, since @(zp) = u(zg) that a(x) < u(x) for
some r < o and a contradiction. If ¢ < ¢ then swapping % and u would lead to the same
contradiction. Thus, if u is solution to (3.12), there exists a fixed constant ¢ such that

N

S i, ul@) (@) P2l @) = — [ f(s)ds + e

i=1 m
i.e. such that

u = F(a(m,u(m)), - /xf(s)ds + c).

M
(We have set a(z,u(z)) = (a1(z,u(x)),...,an(x,u(x))), F(a,z) = Fy(z)). It follows from the
Lemma 3.1 that F(a(x,u(x)), — fnml f(s)ds + c) is Lipschitz continuous in u. Indeed, denoting
by K a positive constant bounding | — f;l f(s)ds + ¢|, one has by (3.13)

]F(a(x,u(w)),— : f(s)ds—l—c) —F(a(w,v(w)),—/ f(s)ds+c)\

m

Z |al T, u — a,L x, 'U ’{2( )P11_1 }pi—Pl-i-l‘

CP1



We have assumed the a;(x, u)’s Lipschitz continuous in v and thus F' (a(az, u(z)), — fé f(s)ds+c)

is also Lipschitz continuous in w. Since u solution to (3.12) satisfies
{wzF@uw@»—ﬁfww+Q,memmm
u(m) =0,

u is unique. This completes the proof of the theorem. O

Remark 1. In the case where f > 0 then by (3.12), © — SN a;(u(z))|u/(z) [P~/ (z) is

decreasing and thus vanishes at exactly one point where the mazximum of u is.

We turn now to the results that we are able to prove in higher dimensions. We consider first
a peculiar example.

Theorem 3.3. Suppose that there exist functions a; = «;(x) and a continuous function b(u)
such that for some positive constants Ao, A1, bg, b1 one has

Ao < ai(z) < A, ace. 2 €Q, by <blu) < by, YueR,

3.19
ai(x, u) = ai(;(;)b(u)pi—l ( )

for alli =1,...,N, then (1.3) admits at most one solution. More generally if ug, k = 1,2
denotes a solution to (1.3) corresponding to f = fi then

f1 < fo implies up < us.
(f1 < fo means, as usual in this context, (fi — fo,v) <0 Vv € Wol’pN(Q), v>0).

Proof. If uy is solution to (1.3) corresponding to f = fi, one sets

ug(z)
Uk(zx) :/ b(s) ds.
0
Then clearly
VUi (z) = b(ug) Vug(z), ]VUk(x)|p"_2VUk(ac) = b(uk)p'i_l|Vuk(x)\pi_2Vuk(:U),

in such a way that Uy satisfies for k = 1,2

wewmm,
Jo ZX 0i(@) | VUP—2V UL - Vvda = (fi,v) Yo € Wy P¥(Q).

By subtraction one gets

/Zaz ) (IVULPi 2V U, — VU P2V Us) - Vodz = (fi — fa,0) Yo € WPV (Q).

10



Taking v = (U; — Us)™ the positive part of U; — Us one gets easily for some constants ¢; > 0
(see (3.16))

N
/ " (@) (IVUL + [VU)P 2|V (U = Un)* P
© =1
N
< / > (@) ([VULP2VUL — [VUP 2V 0,) - V(UL — Uz)tda < 0.
Q=1

This implies that (U; — Us)™ = 0 and thus U; < Us which is equivalent to u; < us. Uniqueness
follows by choosing f = fi = fo. This completes the proof of the theorem. O

Remark 2. Note that only one of the a;’s needs here to be positive, for instance ap if one
wants to rely on (1.1) to have existence of a solution.

In the case of one single operator, i.e. N =1 the above theorem can be rephrased as follows :

Theorem 3.4. Let ay be such 0 < Ao < ai(z) < A1 and a(u) be a continuous function such
that for some positive constants

bo S a(u) S bl. (3.20)
For p > 1 consider u solution to
17
u € Wo(9), . (3.21)
Jo a1(z)a(u)|[VulP~2Vu - Vudz = (f,v) Yo € WyP(Q).

Then (3.21) admits a unique solution. Moreover if ux, k = 1,2 denotes a solution to (3.21)
corresponding to fr then
J1 < fo implies uy < ug.

If ax, k = 1,2 denotes a function a satisfying (3.20) and if ux, k = 1,2 denotes a solution to
(3.21) corresponding to ag, fi then

0< fi<fo, a1 > ax implies up < ug.

Proof. The first part of the theorem follows from Theorem 3.3 (see also the remark 2) by setting
1
b(u) = a(u)r-T.
For the second part of the theorem note first that, since the f; are nonnegative, one has
ur > 0 for k = 1,2. This is a consequence of the first part of the theorem. Set as previously

Uk(z) = / ar(s)r=1 ds.
0
As in the proof of theorem 3.3 one notices that U} satisfies for k = 1,2

Uk € W()Lp(Q)a
[ @1(2)|VUE|P=2V U, - Vodz = (f,v) Yo € WyP(Q).

11



By subtraction we get
/ a1(z) (VUL P72V — [VU|P72VUs) - Vodz = (fi — fa,0) Yo € Wy P(Q).
Q

Taking v = (U; — Us)*t one deduces as above that U; < Us i.e.

u1 () ua(z) u2(z)
Us(z) = / a1(s)7T ds < Us(x) = / as(s)75T ds < / ()7 ds. (3.22)
0 0 0

since a1 > ao and us > 0. The result follows since

uy () B uz(z) 1
/ ai(s)r-1 ds §/ ay(s)r-1 ds
0 0

is equivalent to uq < ug. This completes the proof of the theorem. ]

Remark 3. Note that without the positivity of fr one gets nevertheless a comparison principle
i.e. Uy < Uy (Cf. (3.22)) and only the positivity of fo is used subsequently. It is interesting to
see that the monotonicity result is here at two levels f and a and that one does not need any
Lipschitz continuity on a.

4 Concluding remarks

The same results as above hold for instance for the problems of the type

u e WyPN(Q),
— SN ., (ai(z,w)|0p,ulPi20p,u) = f in Q.

In fact, the two operators, i.e. the one just above and the one in (1.2), coincide in dimension
one.

In higher dimensions we suspect that the result obtained in the case where N = 1 go through
for any N when
ai(z, u) = ai(w)ai(u),

a;(u) being continuous, bounded and bounded away from 0. However, so far, we have been
unable to show it except in the particular case of Theorem 3.3.
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