ON THE ASYMPTOTIC BEHAVIOR OF VARIATIONAL
INEQUALITIES SET IN CYLINDERS

MICHEL CHIPOT AND KAREN YERESSIAN

ABSTRACT. We study the asymptotic behavior of solutions to variational in-
equalities with pointwise constraint on the value and gradient of the functions
as the domain becomes unbounded. First, as a model problem, we consider
the case when the constraint is only on the value of the functions. Then we
consider the more general case of constraint also on the gradient. At the
end we consider the case when there is no force term which corresponds to
Saint-Venant principle for linear problems.

1. INTRODUCTION

For x € R™ we denote by X; the p first coordinates of x and by X5 the n — p
last ones (n > 2, p > 1) i.e. we set

Tr = (Xl,XQ) with X1 = ((El, . ,xp), X2 = (.%'p+1, . ,xn).

Let us then consider w; and ws two bounded open subsets of RP and R™?
respectively such that

(1.1) wy is convex containing 0.

For ¢ > 0 let us set
Qg = Ewl X Wy
so y is a generalized cylinder. For instance when wy = wg = (—1,1) then € is the
rectangle (—¢,£¢) x (—1,1) and wy is the section of the cylinder.
For each X5 € wy let K(X3) be a closed convex subset of R and let g €
Hi (w2), then we define

Ke= {v € H Q) | v=gondQy, (v,Vv)(X1,Xs) € K(Xz) ae. in Qg}.

This is a closed convex subset of H' ().
Now for f € L?(wz) let us consider u, the solution of the following variational
inequality
ug € Ky,
(1.2)
/ Vug - V(v —ug)de > f(X2)(v —up)dx, Yv € K.
Q[{ QE
(For existence and uniqueness of the solution to this problem we refer for instance to
[KS], [LS]). The goal of this note is to analyse the asymptotic behavior of u, when
£ goes to plus infinity under different assumptions on K, g and f. The asymptotic
behavior of problems set in domains becoming unbounded has been addressed by
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many authors. One could quote [BG], [C], [CM], [CR1], [CR1], [CR2], [CX1], [CX2],
[CY], [HK], [HP], [HW], [K], [OY], [T], [KY].
In the following we introduce the expected limit u, of our solution. Let us define

Koo = {v € Hi(ws) | (v,0,Vx,0)(X2) € K(X») ae. in wz}.
In the above, one has denoted by Vx, the gradient in X, i.e.

Vs = (Dayrree s On)-

The set K is a closed convex subset of H(} (w2). Then us is the solution of the
variational inequality

Uso € Koo,

1.3
(1.3) V x,Uoo - Vi, (U — oo )dXg > / F(X2) (v — uoo)dXa, Yo € Keo.

w2 w2

In section 2 as a model problem we consider the case when g = 0 and the
constraint is only on the value of the functions, i.e. K(X2) = Ko(X2) x R™ where
Ko (X32) is a closed real interval. In this case we show that the solution in the middle
of the cylinder converges exponentially fast towards tqe.

In section 3 we consider the case when g = 0, f > 0 and first the case when
K(X3) =R x B,(0,1) where B,,(0,1) is the unit euclidean open ball in R", in this
case K, consists of the functions in H}(€,) such that the euclidean length of their
gradient is less than or equal to 1. We show that u, converges again to u,, but the
rate of convergence is not known. Then we generalize our result to general K (X5)
with mild assumptions.

In section 4 we consider the case when f = 0 and K(X5) = R x K’ and show that
the solution converges exponentially fast towards 0 in the middle of the cylinder.

2. A MoDEL PROBLEM

As mentioned above for X5 € wo let us denote by K(X2) a closed real interval
such that 0 € Ky(X3). Then rewriting /'y and Koo when g = 0, K(X3) = Ko(X2) x
R"™ we have

K¢ = {v e HL () ‘ o(z) € Ko(X) ae. in Qg}
and
Koo = {v € H}(w2) ‘ v(Xs2) € Ko(X3) a.e. in wg}.

Then, if uy and us denote respectively the solutions of the problems (1.2) and
(1.3), we have

Theorem 1. There exist positive constants C' and « independent of £ such that

(2.1) / V(e — uoo)[*dz < Ce™ | f[3
Q

£
where |, = [, 2(Xa)dXo.

Proof. We use the technique developed in [CY].
Let 0 < ¢; < /¢ —1 and p be a smooth function in X; such that

(2.2) 0<p<1, p=1ontiwi, p=0onRP\({; + 1wy, |Vx,p| <c
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where ¢ is some constant independent of ¢y, Vx, = (0y,,...,0,,) is the gradient
in X1, |- | the euclidean norm in RP. Then one has clearly
(2.3) up — p*(ug — Uso) € Ky

from which we derive by (1.2)

(2.4) Vg - V(—p?(up — o) )dx > — Fp*(up — uso)dz.
Qg QI{

Similarly for almost every X; € fw; one has
Uoo + PP (X1) (we(X1, ) — uoo) € Koo
and by (1.3) for a.e. X

V Xy loo - Vx, (p2 (g — tog))dXo > / FP%(ur — too)dXo.

w2 w2

Integrating this inequality with respect to X; and using the fact that u. is
independent of X; we get

(2.5) Voo - V(0% (g — U0 ) )d > F0%(ue — uso)de.
Qg QE
Adding (2.4) and (2.5) it comes
V(s — too) - V(p? (s — too))dz <0
Qp
which can also be written as

/ IV (up — uso)|?p?dr < =2 | V(up — uso) - Vp plug — oo )dz
Q[ Qp

<2 [ IV (1 — 1000) s — ool d
Qoq 41\
1 c
< 20/ {2—p2|V(w—uoo)|2—|—§(ug—uoo)2}dx
Qo 11\, €

= / |V (g —uoo)|2p2dx+cz/ (Up — Uoo)?d:
Qey +1\Q¢, ey +1\Q¢y

since Vp vanishes out of €, 11\,
And because by (2.2), p =0 on 2,\Q,+1 and p =1 on Qy, we get

(2.6) / |V (ur — oo )|?dx < 02/ (g — Uoo)?de.
Q¢ Qoy 41\
Due to the Poincaré inequality in wo one has for some constant c,
(2.7) / (g — oo )2dXs < CZ IV x, (e — uoo)|2dX2
w2 w2

for a.e. X;. Integrating in X; one derives easily that

/ (g — Uoo)?dx < 6123/ IV (g — oo )|?dx
Qoy+1\ Q4 ey +1\ Q¢4
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and thus by (2.6)

/ |V (up — too)|?dx < 6262/ IV (ur — oo )|?dax.
7% ey 41\,

This is equivalent to

C
2 < 2
/le |V (1 — uoo)|“dx < 170 [V (ug — uoo)|“dx

Qo +1

where we have set C' = c?c2. Iterating this formula starting from £, = § we get

C i
/Q V(e = use) e < (755) IV (g — o) [P

4 24414

where [£] denotes the integer part of .
Noting that

it comes

/ IV (e — o) [Pdz < = 5FDEED |19 (4p — uy)Pda

Q% QZ
1+Cef(%ln(%))é |V(u5—uoo)\2d:v
C Q

Next we estimate the right hand side of the above inequality. If we take v = 0
in (1.2) and (1.3) we get

1 1
|Vue2dx < / fuedr < (/ f2dx> ’ (/ u%dx) ’
197 Qy Qy Q

/wz Vo [2dXs < /wz froodXa < ( f2dX2>é(/wQ ugodX2>%.

Using the Poincaré inequality in wo we derive easily that

/ uzong Scﬁ/ |VX2uoo|2dX2, / u?dxgcz/ |V |*dx
wo w2 Q[ Q[

and it follows that

/ |Vuoo|2dx,/ \Vue|2d$§0§/ fdx
Qp Qp Q

= 2ltwn)| fQ(Xg)ngzczﬁp\wl\/ F2(X5)dXs

w2

w2

where || denotes the Lebesgue measure. Then (2.1) follows easily for some positive

constant « chosen smaller than %ln(%)
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2.1. Examples. We suppose here that ¢ = ¢(X3) is a nonpositive function. We
define uy and u, as respectively the solutions to

up € K¢ = {v € H} () ‘ v(z) > o(X2) ae. x € Qg},

/ Vug - V(v —ug)de > F(X2)(v —up)dx, Yv e K,
Qg QI{

and

Uoo € Koo = {v € H&(wg) ‘ v(Xs) > p(Xs) ae. Xo € wz},

VXguoo . sz (U — UOO)dXQ > f(XQ)(’U — uoo)ng, Yo € Kso.
w2 w2
Then the theorem 1 applies with Ko(X3) = [¢(X2),4+00). This is the case of
the one obstacle problem. If 1(X3) is a nonnegative function one can introduce
Ko (X2) = [¢p(X2),v(X2)] and get the same result for the two obstacle problem.
In the case where Kyp(X2) = R for all X5 the problems (1.2) and (1.3) are
respectively the weak Dirichlet problems

ug € HE (), —Auy = f in Q,
Uso € HY(wa), =AU = f in wy

and in this case the theorem 1 shows the exponential rate of convergence of uy
towards Uqo.

3. THE CASE OF POINTWISE CONSTRAINTS ON THE GRADIENT

In this section we study the case when g = 0 and f > 0. First we consider
the case of the so called elastic-plastic torsion problem which corresponds to K =

R X B,(0,1), hence Ky and K, are as follows
Ko = {v € HL () \ IVo(z)| < 1ae. z € Qg}

and
Koo = {U € Hol(UJQ) ‘ |VX2’U(X2)‘ <1la.e X5€ UJQ}.

With this notation u, and u., denote respectively the solutions of the problems
(1.2) and (1.3).

In this case unfortunately the function given by (2.3) does not belong to Xy and
one is forced to develop another analysis and perhaps lose the exponential rate of
convergence.

Let us first prove the following;:

Theorem 2. Suppose that f > 0 then ug is a nondecreasing sequence in ¢ converg-
ing towards us, when { — 400.

Proof. The proof will be broken into different steps.
(1) ue and us are nonnegative.
It is clear that u;” € Ky. Thus from (1.2) we get

Vug - V(uf — ug)da > F(X2)(uf — up)da
197 Qp
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and since uf —u, = u; we derive

—/ \Vu[\de > f(X2)u, dx > 0.
Qy Qe

Now by the Poincaré inequality for the domain we we have

/ luy |dx < 0123/ |V, [2dr =0
Qg QZ

which implies that u, (z) = 0 for a.e.  in Q; and thus uy > 0. Choosing v = uZ,
in (1.3) and doing similar estimates completes the proof.

(2) up < Ueo.

We notice, by the positivity of s, that

(up — uso) ™ € HY ()
thus, since
g — (g — Uso) T = up or Us

this function is in &y and by (1.2) we have

(3.1) A VU@ . V(*(U@ - Uoo)+)df > 0 f(XZ)(*(UE - Uoo)+)dx'

Next for a.e. X7 it is clear that
Uso + (ué(Xla ) - uoo)+ € Icoo

(this function is indeed equal to either up or us and |V x,ue| < [Vug| < 1).
Thus from (1.3) it comes for a.e. X3

Vixatioo - Vx, (ue(X1, ) —use)VdXo > [ f(X2)(ue(X1, ) — too) T dXo.
w2 w2
Noting that for every function v, Vx,us - Vx,v = Vs - Vv and integrating in
X, we deduce

(3.2) / Voo - V(up — o) Tdr > F(X2)(up — uno) Tdz.
Qg QZ
Adding (3.1) and (3.2) leads to
/ |V (g — o) T|?da = V(g — o) - V(g — too)Tdz <0
Q@ Ql’.

which as above by the Poincaré inequality proves (2).
(3) We have uy < up, V0 > £.
Since ug is nonnegative one has

(UK — Uz/)+ S Hé (Qg) C H&(le)

if we assume the functions of H{ () extended by 0 outside §2,. At this point since
w1 is starshaped with respect to 0 one should note that €, C Q.
Then
Up — (’LLZ — ug/)+ ey, up + (Ug — Ug/)+ e Ko
(these functions are in Hg () and H} () respectively and they are equal to ug
or ug). Thus by (1.2) written for ¢ and ¢ we get

A Vg - V(—(ug — up))dx > A F(X2)(—(up — up))dx
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Vg - V(ug — up) de > F(X2)(ue — ugp) T da.
Qg Q@
By adding these two inequalities it comes

/ IV (up — up )" |de = V(ug —up) - V(ug — up) de <0
197 Qe

which again as above, by the Poincaré inequality proves (3).
Since we have now established that

0 <up <up <o, Y
it is clear that u, possesses a pointwise limit that we will denote by ., i.e.
Up — Uoso 0N RP X 9.

(4) o is independent of X;.
By the assumption (1.1) for any h > 0 there exists £(h) > ¢ such that

(3.3) lwy + hey C £(h)wy, (e; unit vector in Xy = 0).
For a function v we set opv(x) = v(z — hey). We claim then that
(3.4) ohue < Up(p)-
For that we remark, if V denotes the maximum of two numbers, that
onue V ugny € Kon)-

Indeed by (3.3) this is a function of Hj (1)) and the constraints on the gradient
are clearly satisfied. Then noting that

Tntig V Ug(ny — teeny = (Ontie — ug(n)) "
we obtain
(3.5) VU@(h) -V(opue — Ug(h))erl‘ > / f(X2)(opue — ug(h))+dx.
Qe(n) Qo)

Next we claim, if A denotes the minimum of two numbers, that
U,h(UhUZ AN ug(h)) € Ky.

Indeed since uy() is nonnegative and opu, vanishes outside €2, + hey, the above
function is in H}(€) and the constraints on the gradient are satisfied.
Noting that for any two functions with compact support v and v we have

/ ua_hvdx:/ opuvdr
n n

Vuy - V(U,h(dth A uz(h)) - a,h(ohu[))dx
Qo(ny

we derive from (1.2)

> / f(X2)(o—n(onue Augny) — o—n(onue))dz
Qony
which reads also

Vonug - V(opue N ugpy — opue)de > / J(X2)(onue A ugny — onug)de.
Qo(ny Qe(n)
Noticing that

onte A tg(ny — onug = —(Taug — Ug(n)) "



8 MICHEL CHIPOT AND KAREN YERESSIAN

this leads to
(36) / VO’th . V(f(O'h’u,g - ’LLg(h))Jr)d:L' Z / f(XQ)(*(O’th — Ug(h))Jr)dI.
) Qo(ny
Adding then (3.5) and (3.6) we are ending up with

/ |V (opue — ’u,g(h))Jr‘de = V(ophue — ug(h)) -V(opue — UK(h))+dJZ <0
Qy(n) Qo)

which by the Poincaré inequality implies (3.4). Changing h into —h we are getting
ug(x + her) < gy ().
Passing then to the limit in ¢ we obtain
Uoo (£ her) < lieo ()
ie.
Uoo (T + her) < i (z) < Uoo(z + heq)
which proves (4).
(5) There exists a constant C' independent of ¢ such that
(3.7) |V (ug — uoo)|?dx < CLP71,
Q
We consider the function
Up +Uso  Up(X1,0) + Uso

(3.8) vg = 5 = 5
For almost every X7 € fw; this function is in Ky and thus by (1.3) we get
/ VXQUOO-VXQ{M}&XZ > f(XZ){M}dXQ
and by2 integration in X; it comes 2
(3.9) /Q Voo - V(g — teo )dr > A F(X2)(ug — uoo)d.
¢ ¢

We denote by dy¢(X1) the function of X; only, defined as
de(Xy) = dist(X7, RP\ (fwy)).
Due to the fact that
|VXZUg|, |VX2UOO| <1
and up = 0 on (fw;) x dws the lateral boundary of ; and us, = 0 on dws, one has
(3.10) 0 <wpuce <7

for some constant . Let us again denote by B,(0,7) a ball of center 0 and radius
r contained in w;. Then for 7 such that % < 7 < £ one has

(3.11) d¢(X1) >~y on Qp_.
Indeed
/—
(0 = T)wr + Bp(0,77) = (£ — T)w1 + 7B,(0,7r) = f{ 7 Twl + %BP(O,T)} C fwy

ie.
dist((¢ — 7)wy, RP\(wy)) > 71 > v
which implies (3.11).
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We define now
Up + U
Wy = Too A\ d[(Xl)
This function is in Ky, moreover by fixing 7 > % we have wy = "”% on Qp_,

(see (3.10),(3.11)). Thus using this function in (1.2) we get

(3.12) / VW.V(M)da;+/ Vg - V(we — ug)dz
., 2 Q-

Uoso — Uy
> /QZT f(Xz)(Q)d:r—k/Qe\mT F(Xo)(we — ug)dx

that is
/ Vug - V(ueo — ug)dr + 2/ Vug - V(we — ug)dx
Q(_T QI{\QZ—T
> / F(X2) (too — ug)dx + 2/ f(X2)(we — ug)dx
Qo Qe\ Qe+
and
/ V’U,e'V(uoo—Ug)dl‘—/ VU[V(uw—w)dm—i—Z/ Vug-V(we—ug)dx
Qg Qe\Qe—~ Qe\ Qo+
> [ G um-udde= [ ) udat2 [ ) weu)da,
Qp Qe\Qo—+ Qe\Q—+
Adding this to (3.9) we obtain
|V (ue — uoo)|2d:c
Qp
< —/ Vug - V(tso — ug)dx + 2/ Vg - V(wg — ug)de
Q[\Qg,q— QZ\QZ—T

+ /QZ\Q(—T F(X2) (thoo — ug)dx — 2/@\9@_, F(Xo) (wy — uy)da.

Since |Vuy|, |Vuso|, |Vwe| are bounded by 1 and ws, teo, we are uniformly
bounded we get easily for some constants Cy, Cy

[ V(= ) s < GO |+ Cal )\ (= )] [ 1710

< C(fwa)f{llwr| = |(£ = T)an|} < C7
and this completes the proof of (5).

(6) oo = Upo-
From the Poincaré inequality, see (2.7), and (3.7) we have

/ (Tloo — oo )?dx < / (g — Uoo)?da < 012, IV (up — oo )|?dx < COP1,
Qp Qy Q

And we have

/ (e — )2z = |zw1\/ (oo — t10)2d Xy = Z”|w1|/ (o — t1o0)2d X
Qp w2

w2
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hence o1
/ ('&/oo - uoo)de2 S T
w2 wl‘ g

and this is only possible if ., = s and the proof is complete. O

We now generalize this result by considering a general constraint set K (X5)
which is a closed convex subset of R1*" such that for some A > 0

(3.13) K(Xs3) C (—o0, Al x R™
and for some a > 0
(3.14) [0,A] x B,(0,a) x {0} C K(X3)

(here the third 0 is the 0 in R™7P).
With this constraint set and the boundary condition g = 0, KC; and K, are as
follows
Ke = {v € Hy () ‘ (v(z),Vo(z)) € K(X2) ae. z € Qg}

and
Koo = {v € Hl(ws) ‘ (0(X2),0, Vi, 0(Xs)) € K(Xa2) ace. X € wz}.

As before with this notation u; and u., denote respectively the solutions of the
problems (1.2) and (1.3).
Now defining

K¢ = {v € HY(Q) ‘ 39, € Hl (w2) s.t. v = gy on Y,
(v(z), Vo(z)) € K(Xs) ae. z € Qg}

note that if v € K, then it is independent of X7 on 9(fw1) x we. We have

Lemma 1. For all v € K the following inequality holds

Vi - V(U — o )dx > F(X2) (v — uso )dex.
Q[ QZ

Proof. Let v € K; then we define
1
@(Xg) = T U(Xl,XQ)Xm.
|£w1‘ Zwl

Because v € H*(£) and v = 0 on (fw;) X Ows we have © € H} (ws).

Let g, € H}(ws2) such that v — g, € H}(Q) and let us consider wy € C}(£2)
such that wy, — v — g, in H'(€Qy). Then for any n € C'(wy) and i = 1,...,p we
have

/ N(X2)0y,vdz = lim N(X2)0y, (Wi + gy)dx
Q, k—4o00 Q

= lim N(X2)0,, wrdr = lim O, (N(X2)wy)dx =0
k——+oo Q k——+oo Q

the last equality holds because for a function w € C2(Q) we have [, 0,, wdz = 0.
Now since the equality above holds for all n € C!(ws) we obtain

0= le’del a.e. Xo € ws.

Zwl
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Hence by the convexity of K(X3) we have

(0,0,Vx,0) (v, Vx,v,Vx,v)dX;, = (v, Vv)dX; € K(X3)

B ‘gwll fwq ‘gwll fwq

which shows that v € K.
Using the inequality satisfied by u., with v we obtain

V x,Uoo ~VX2( vdX4 —uoo)ng

w2 |€W1 ‘ Zwl

1
Z / f(XQ)(rw ‘ UXm — uoo)ng
w2 1 Lwi
which after some computations leads to

/ Voo - V(U — Uso)dx > F(X2)(v — uso)de.
Qe Q

Then we have

Theorem 3. Suppose that f > 0 and all the above mentioned conditions for K(Xs)
hold. Then wuy is a nondecreasing sequence in £ converging towards us, when £ —
+0o0.

Proof. 1t is enough to follow the different steps of the proof of theorem 2.

(1) Since u/ is equal to 0 or ug it is clear that u,” € Ky, similarly uf, € Koy and
the derivation of uy, > 0 and u., > 0 is then identical to the one in theorem 2.

(2) Since up — (g — uso)™ is equal to ug or us it is clear that this function
belongs to Ky. We have that e + (g — tuso)t € l@ because this function is equal
t0 Uso(X2) on 0y and everywhere it is either equal to u, or equal to us, hence by
the previous lemma we obtain the inequality (3.2) and the derivation of uy < o
is then identical to the one in theorem 2.

(8) For £ > ¢ since both up — (up — ue )™ and wug + (ug — ue )™ are either equal
to ug or uy, they are respectively in /Iy and K. Then the derivation of up < ugr is
identical to the one in theorem 2.

(4) Since opug V uypy is either equal to opue or ugp), it satisfies the constraints
and is in KCyp). Similarly since o_p(onue A ugny) = we A o_puyp) it is either equal
to ug or o_pugn), hence it satisfies the constraints and is in Kp. Then to show that
oo 18 independent of X is identical to the one in theorem 2.

(5) The function v, defined in (3.8) is in K, because vy = %uoo(Xg) on 0§, and
it is a convex combination of uy and u.,. Hence by the previous lemma we obtain
the inequality (3.9).

Due to (3.13) and part (1) we have

0< Uy Uoo < A.
Then for 7 such that % < 7 < ¥ we have
ade(X1) > A on Qp_,

(same proof as above).
Defining
Up + Uso

2 A (adg (X)) A A)

Wy =
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this function is in Ky. Indeed wy is 0 on 9(fw;) X we because dy = 0 there and
wy is 0 on (fwy) X dwy because uy and us are 0 there. Also wy is either equal to
2 (ug 4 uso) or (adg(X1)) A A. We have that 1(us + uc) satisfies the constraint
because it is a convex combination of u; and us, we have (ady(X1)) A A € [0, 4]
and |Vx, ((ade(X1))AA)| < a|Vx,de(X71)| < a hence by (3.14), w, satisfies the con-
straints and we obtain the inequality (3.12). The rest of the proof of the inequality
(3.7) is identical to the one in theorem 2.

(6) The proof of i = U is identical to the one of theorem 2. O

Remark 1. The same result holds if the Laplace operator is replaced by any el-
liptic operator and f by a nonnegative distribution in H=1(Qy). In the case where
K(X2) = Ko(X2) x R™ one gets pointwise constraints on the value of the function.
Also in the case where K(X5) = R x K'(X3) the constraints are on the gradient
only and if there exist a > 0, ¢ > 0 such that

B,(0,a) x {0} € K'(X3) CRP x B,_,(0,¢)

then because in our problem there is a 0 boundary condition on (fw1) X ws and woy
1s bounded, the functions are uniformly bounded and hence the problem is equivalent
to the case when K (X5) = [—A, A] x K'(X3) for large enough A, which is dealt with
in the previous theorem.

4. THE CASE WHERE f =0

In this section we consider the case when f = 0 and the constraints are on the
gradient only i.e. K is of the type K = R x K’ where K’ is a closed convex subset
of R™ such that for some a > 0

(4.1) B,(0,a) x {0} C K’

(the second 0 is the 0 in R"P).
This case relates to the Saint-Venant Principle (see [T], [HK], [K]).
Let us consider as boundary condition g, a function such that

(4.2) g € L™(we) N Hy(wa), (0,Vx,9(X2)) € K' ae. Xo € wo.
In this case Ky is

K = {v e HY()

v=gon I, Vov(z) € K ae. z € Qg}

and uy is the unique solution to
Up € /Cg,

4.
(4.3) / Vug - V(v —ug)de >0, Yv e Ky.
Q,

Then we have

Theorem 4. There exist positive constants C' and « independent of £ such that

/ |Vug|>dz < Ce™ 2.

£
2
Proof. Due to the assumption that g is bounded, for some constant v one has

(4.4) lg(X2)| < v ae X3 € ws.
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One derives then easily that one has also
(4.5) lue(z)] < v ae. x € Q.

Indeed the functions
wp — (wg — )", wg+ (—y —ue)®

are in Ky (they are equal to ug on 9§ by (4.4) and are equal to ug, v or —v). Thus
using them as test functions in (4.3) one gets

V(ue =) Pde= | V(ue =) Viug—)de <0
Qg QE

and
V(e +9) o = = [ lus+7) Tue+7)"do <0
Qg QZ
which together with the Poincaré inequality for the domain wy imply (4.5).
Let us introduce the constant M given by
v+l
a

M

and the functions J;, defined as
(5[1 (Xl) = diSt(,le7 élwl).

Let r > 0 such that B,(0,r) C wy and let us fix 7 such that 7 > 2L and £, +7 < £.
We claim then that

(4.6) e, (Xl) > M on Q[\QE1+T.
Indeed by the convexity of wy, we have

liwi + Bp(0,77r) = byw1 + 7B,(0,7)

— (0 1) 40 T

w
1 +7 1+€1—|—7’

i.e.
dist(l1w1, RP\(¢1 + T)w1) > 17 > M

and this clearly implies (4.6).
Let us define

CL(S[l (Xl) }
1+ |uel -
On the domain Q,\Q¢, 4+, by (4.6) we have

ade, (X1) = v +12> |ug| +1

(4.7) v=u{1A

thus v = uy on this domain and it is in particular equal to g on 9€y. Moreover
Vv =Vu, € K'.

If now = € Qy, one has v =0 hence Vo =0 € K.

Finally for x € Qg -\ Qy, if

aégl(Xl) >1+ |'u,z|
then v = uy and Vv € K'. If
(4.8) adp, (X71) < 1+ |ug|
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one has
- auzégl (Xl)
1+ \ud
and
Uyp a&l (Xl)
Vv = T |w|aV5gl(X1) + (ESTE |w|)2Vug
| el 1 adey (Xy)

asign(ug)Vée, (X1) + Vuy.

1+ |ul 1+ Jug| 1+ Jug|
By (4.1) and (4.8) one has asign(uy)Véy, € K" and 1{_1‘_(1';12|Vue € K’ thus Vv €

K'. This implies that v € K.
Moreover it follows from above that when Vv is not vanishing one has

[Vl < alug| + |Vugl.

Thus using v in (4.3) we derive easily

/ |Vue|2da < / Vu - Vodr < / {alu||Vue| + |Vue|* }da.
Qoy v Qoy 47\ Qoy 47\
Using the Poincaré inequality it follows that for some constant C'
/ |Vue|2de < C |Vue|2de
Qg Qg+ \Qey

i.e.

|Vug|2de.

Qoq v

C
2

<
/Qe1 |Vug|*de < T 0

Iterating this formula starting for instance from é with a step 7 we get

C N
VuPde < (—— / Vuy|?dz.
/m welde < (1+C) ¢ [Vuelde

l%+NT

Choosing N as the largest number such that

Nt <

N~

we obtain since (N + 1)1 > £

C (£
2 < 2T 2
(4.9) /Q |Vug|“dx < (l—i—C’) /m |Vue|“dx

£
2
:ﬂe—(%ln(%))@/ Vg |2dz.
Qp

C
Remains to estimate the last integral above. For that we consider
a/(SZf‘r(Xl)
v=g{1l N ——M—=
{ 1+ gl J

(i.e. we replace in (4.7) ug by g and ¢; by £ — 7). It is easy to check that v € Iy

and that from (4.3) we get
1 1
Ve |2da g/ |vw\2d:}c)z (/ |Vv|2dx)2
Qo\Qe—~

Vuy - Vodx < (/
Qe\Q_r Q

Qg £
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which implies that

/"|VMA2¢c§t/ 'V”Fdxﬁt/ (alg] + |V x,9])%de
Q Qo \Q—~ Qe \ Qe

<O @) (E\(— 7))

here C(g,a) denotes a constant depending on g and a. Also | -| is the Lebesgue
measure.
It follows that

/ VuelPde < Clg, a){ — (¢ — 7P} o .
Qy

Combining this with (4.9) the result follows by choosing « a positive constant

smaller than 5= In(1£2). O

Remark 2. The assumption (4.1) cannot be dropped. Indeed suppose that n = 2,
Q=0(-1,1) x (=1,1), K’ = [0,+00) x R, g € H}(=1,1). In this case if u € K,
one has

u=g on {00} x(=1,1), 0<0y,u in

this leaves as the only possibility that u = g, i.e. Ky reduces to {g} for any £, hence
up = ¢g. Now if g # 0 then uy does not converge towards 0.

Remark 3. The theorem 4 can be extended for rather more general constraint
K(z) = Ko(z) x K'(z) with mild assumptions. Note that in this case the convex
set K might also depend on X1. Also more general operators or domains S0y can be
considered.
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