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ABSTRACT. The paper addresses the Dirichlet problem for the doubly nonlin-
ear parabolic equation with nonstandard growth conditions:
up = div (a(m,t,u)|u\a(m’t)|Vu\p(z’t)_2Vu) + f(z,t)

with given variable exponents a(xz,t) and p(z,t). We establish conditions on
the data which guarantee the comparison principle and uniqueness of bounded
weak solutions in suitable function spaces of Orlicz-Sobolev type.

1. Introduction. We study the Dirichlet problem for the doubly nonlinear para-
bolic equation

up = div (a(z,u)|u|”‘<z)\Vu|p(z)72Vu) + f(2)
for z = (z,t) € Q@ = Q x (0, 7],
u(z,0) = up(x) in Q,
u=0onT =090 x[0,T].
Equation (1) is formally parabolic, but may degenerate or become singular at the
points where v and/or |Vu| vanish or become infinite. Let us introduce the functions

(1)

z :70((2) v(z) = us’y(z) SZLUP(Z)
)= ey = ) = S, @)

u(z) = @o(2,0) = (1+9) ™ [o o,
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and rewrite problem (1) in the form:

9 ®o(z,v) = div (b(2,v)|Vv + B(v)[P*)~2(Vo + B(v)) + f in Q,
v=0onT
’ 3
U<x0)zv(x)_wm ?
T 1)
with

b(z,v) = a(z, Po(z,v)), B(v) = =V~ / |s|7*) In |s| ds.
0

Problem (3) will be the subject of the further study. Equations of the types (1) and
(3) with constant exponents a and p arise in the mathematical modelling of various
physical processes such as flows of incompressible turbulent fluids or gases in pipes,
processes of filtration in porous media, glaciology - see [5, 6, 16, 17, 22, 33] and
further references therein. The questions of existence and uniqueness of solutions
to equations like (1) and (3) with constant exponents of nonlinearity o and p were
studied by many authors - see [6, 14, 15, 16, 24, 28, 29] for equations of the type (1)
and [17, 21] for the equations of the type (3) with the prescribed function B = B(x, t)
independent of the solution v. Existence, uniqueness, and qualitative properties of
solutions for parabolic equations with variable nonlinearity corresponding to the
special cases a(z,t) = 0, or p(z,t) = 2 were studied in [1, 2, 3, 4, 8, 9, 10], see also
[7] for a review of results concerning elliptic equations with variable nonlinearity,
and [12] for elliptic equations with triple variable nonlinearity. The Cauchy problem
for doubly nonlinear parabolic equations with constant exponents of nonlinearities
is studied in [30, 31, 32].

In the present work we prove comparison principle and uniqueness of weak solu-
tions for the Dirichlet problem (3) in which the exponents o and p are allowed to
be variable.

The paper is organized as follows. In Section 2 we prove several auxiliary asser-
tions and collect some known facts from the theory of Orlicz—Sobolev spaces. The
precise assumptions on the data and main results are given in Section 3. Besides, in
this section we recall the known existence theorem for problem (3) published in [11].
In Section 4 we derive formulas of integration by parts for the elements of the main
function spaces used throughout the paper. In Sections 5, 6 we give the proofs
of the main comparison theorems. The comparison principle and uniqueness are
proved for the solutions subject to some additional restrictions, but under weaker
assumptions on the data, and are independent of the proof of the existence theo-
rem. To be precise, the comparison principle and uniqueness are true for the weak
solutions with 9;®g(z,v) € L'(Q). In order to ensure that this class of solutions
is nonempty, in the final Section 7 we give a sketch of the proof of the existence
theorem from [11], formulated in Section 3, and show that the already constructed
solution belongs to the class of uniqueness, provided that the data of the problem
satisfy some additional conditions.

2. The function spaces.

2.1. Spaces LP()() and Wol’p(')(Q). The definitions of the function spaces used
throughout the paper and a brief description of their properties follow [18, 19, 23,
25]. Further references can be found in the review papers [20, 26]. Let Q C R™ be
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a bounded domain, 9Q be Lipschitz-continuous, and let p(z) be log-continuous in
Q: Va,y € Q such that |z —y| < %

p(@) — p(y)] < w(lz —yl) with Tmm,_os (wm hﬁ) —C<oo. ()

By LP0)(Q) we denote the space of measurable functions f(z) on  such that

Apy(f) =/|f(f1?)|p(x) dz < .
Q
The set Lp(')(Q) equipped with the norm

1 llpcy.0 = 1l ooy = nf {A >0 Apey (f/A) <1}

becomes a Banach space. The Banach space Wo’p(')(Q) with p(z) € [p~,p*t] C
(1,00) is defined by

WOLP(')(Q) — {f c LP(')(Q) Y f|p(m) e L'(Q), u=0on 39} ;
5
s rr ey = 3 I1Dstlr + el 0 ®)

Throughout the paper we use the following properties of the functions from the
S WLP(') 0):

paces Wy (Q2):

e if condition (4) is fulfilled, then C§°(€) is dense in Wy P (), and the space
Wol’p(')(ﬂ) can be defined as the closure of C§°(€2) with respect to the norm (5) —
see [27, 34, 35, 36];

e if p(x) € C°(9), the the space W1P()(Q) is separable and reflexive;

o if 1 < g(x) <supg(z) < igfp* (z) with

Q

plz)n_ .
———— if p(x) < n,
palx) = ¢ n—plx) (6)
00 if p(x) > n,
then the embedding Wol’p(‘)(Q) < L90)(Q) is continuous and compact;
e it follows directly from the definition that
min (|1 £, 17120, ) < Ay () < max (ILFIEC LI )) (7)
o for all f € LPO)(Q), g € LP'O)(Q) with p(z) € (1,00), p = —— Holders

p—
inequality holds,

1 1
/Ifgldx < (p_ + (p,)_> 1 llpcy gty < 21F Ly gllp .y - (8)
Q
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2.2. Parabolic spaces LP(+)(Q) and W(Q). Let p(z), z = (z,t) € Q, satisfy
condition (4) in the cylinder Q. For every fixed ¢ € [0,T] we introduce the Banach
space

V,(Q) = {u(w) Cu(z) € L2(Q) NWEN(Q),  |[Vu(a)P@) e Ll(Q)}7

[ullv. @) = llullze + IVl

and denote by V;(Q) its dual. By W(Q) we denote the Banach space

{ W(Q) = {u: [0,7] = Vi) u e L2(Q), |Vul®) € L}Q)}, o

lullwie) = IVullp).q + llu

2.
W'(Q) is the dual of W(Q) (the space of linear functionals over W(Q)):

w = (wo,wi, ..., wy), wo€ L*Q), w; e L’(Q),

w e W(Q) < Vo e W(Q) ((w,d)) = /Q (woqﬁ + ZwiDi¢> dz.

The norm in W'(Q) is defined by

[ollw (@) = sup {{((v; )| 6 € W(Q), [l9llw(q) <1}-
Set

V.(Q) = {u(x)| we L2(Q) NWh(Q), [Vul e LP*(Q)}.

Since V1 (2) is separable, it is a span of a countable set of linearly independent
functions {¢y(x)} C VL (Q).
We will need two elementary inequalities.

Proposition 1 ([16]). For everyp > 2, |a| > |b] >0

llal""2a — [bIP~2b] < C(p)la — bl(|al + [b])~2.

This proposition is an immediate byproduct of the easily verified relation

L—tP L <Cp) -t (1 +t)P2 Vp>2, telo,1]
Proposition 2 ([16]). For2—p< <1 and |a| >1b] >0
lal~2a — [b[P=26] < C(p)la — b1 (|a| + [b))~2+7.
The assertion follows from the inequality
1—tP L <Cp)1 -t PA4+0)P~28 te]0,1]

with the same p and S.
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3. Assumptions and results. The existence result is established for the problem

(10)

9 ®o(z,v) = div (b(2,v)| Vv + B(v)[P*)~2(Vo + B(v)) + f in Q,
v(z,0)in Q, v=0o0nT

with b, ®g, B defined in (2), (3). Problem (10) is formally equivalent to problem
(1). Throughout the paper we assume that the coefficient a(z,r) and the exponents
on nonlinearity p(z), a(z) satisfy the following conditions:

e a(z,7) is a Carathéodory function such that there exist constants a® such that

Vze@, reR a” <a(z,r) <a’ < oo, (11)

e a(z), p(z) are measurable and bounded in @, there exist constants a®, p*

such that

—l<a <a(z)<at<oo, 1<p <p(z)<pt<oo, a +p >1, (12)

e the exponent v(z) = pé()z_)l

V()PP € LN(Q),  di(2) € L(Q). (13)
The solution of problem (10) is understood in the following sense.

satisfies

Definition 3.1. A function v(z) is called weak solution of problem (10) if

1. ve W(Q)NL>®(Q), 0:Po(z,v) € W (Q),
2. for every ¢ € W(Q)

/Q (¢ 0:®o(2,v) + b(z,0)[Vo + B(v)[P*(Vv+ B(v)) - Vo — f¢)dz =0, (14)

3. Vo(z) € C(Q)

/Q Do(z,v(2)) ¢(x) de — A Do ((z,0),v9(x)) p(x)dx ast — 0.

The main existence result is given in the following theorem.

Theorem 3.2 ([11]). Let conditions (11), (12), (13), (4) be fulfilled. Then for every
f € LY0,T; L>=(Q)), ug, vo € L>®() problem (10) has at least one weak solution
v(z) in the sense of Definition 3.1.

The uniqueness result is proved for the solutions satisfying the additional restric-
tion, not included into Definition 3.1: it is required that 9,®¢(z,v(z)) € L(Q). In
Section 7 we review the proof of Theorem 3.2 given in [11] and show that the class
of uniqueness is nonempty, provided that the problem data possess some additional
regularity. Another restriction is that either a(z,v) =1, or a(z) = 0. In the latter
case ®y(z,v) = v and the equation transforms into the evolutional p(z)-Laplacian
equation.

Theorem 3.3. Let us assume that the data of problem (10) satisfy the conditions

a(z,u) =1, ®o(z,8) € CH(Q x R).
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Let conditions (12), (13) be fulfilled. Then for every weak solutions vy, ve, such that
0 ®o(z,v;) € LY(Q), and t € (0,T)

[®o(z,v1(2)) — Po(z,v2(2))l|L1 ()
< ||Po (2, 0,v01) — Po(x,0,v02)l 21 () + [If1 — fallr (@)

Theorem 3.4. Let vy, v be two weak solutions of problem (10) with a(z) = 0. Let
the coefficient a(z, s) be Holder-continuous with respect to s,

la(z,8) —a(z,r)| < Cls—r|®, C=const, Bel[l/2,1].

If conditions conditions (11), (12) are fulfilled and dyu; € L*(Q), then for every
te(0,7)

lvi(2,t) —va(z,t)l|Lr @) < lvor — vozllLi) + 1f1 = fallzr(q)-

The uniqueness is proved in a narrower class of functions than the existence, but
since the proofs of Theorems 3.3, 3.4 are practically independent on the proof of
Theorem 3.2, the conditions on the exponents «(z), p(z) are less restrictive. For
the sake of completeness of presentation, in the end of the paper we present the
conditions on the data of problem (10) which guarantee that the corresponding
solution satisfy the conditions of the comparison and uniqueness theorems.

4. Formulas of integration by parts. Let p be the Friedrich’s mollifying kernel

1 .

—— fls] <1,

p(s) = v exp ( 1*|5‘2) if s K = const / p(z)dz = 1.
0 if |s| > 1, R+

Given a function v € L'(Qr), we extend it to the whole R**! by a function with
compact support (keeping the same notation for the continued function) and then
define

. 1
vp(2) = /]R » v(s)pn(z —s)ds with pp(s) = Esid (ﬁ)’ h > 0.

Lemma 4.1. If u € W(Qr) with the exponent p(z) satisfying (4) in @Q, then

lunllwig) < C (1+ lullwg) and |lun — ullwg) — 0 as h — 0.
Lemma 4.1 is an immediate byproduct of [36, Theorem 2.1].

Lemma 4.2 ([10]). Let in the conditions of Proposition 4.1 v, € W'(Q). Then
(up): € W/(Q), and for every ¥ € W(Q) ({(un)t,¥)) — {({ug,¥)) as h — 0.

Lemma 4.3 (Integration by parts). Let v,w € W(Q) and v, w € W'(Q) with the
exponent p(z) satisfying (4) in Q. Then

to to
Va.e.ty, ta € (0,7 / /thdz—&—/ /vtwdz:/vwdx
t Ja t Ja Q

t=to

t=t1
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Proof. Let t; < ty. Take

0 for t < tq,
k(t —t1) fort1<t<t1+]1€,
xe(t) =<1 for t1 4+ § <t <tp— £, (15)
k(ta —t) fortg——<t<t2,
0 for t > to.

For every k € Nand h > 0

0 0=t
0= / (vhwp Xk )t dz = / (vhwp)exk dz — k / / VR W dz‘ L
Q Q 0-+ Ja O=t1t%

The last two integrals on the right-hand side exist because vy, w;, € L?(Q). Letting
h — 0, we obtain the equality

to t1+%
lim [ (vp (wr)e + (vn)rwn) xk(t)dz =k / / vwdz — k / / vwdz.
h=0Jg t2—1 Ja t Q

According to Lemmas 4.1, 4.2 v, — v in W(Q), (wr): = (w)n — wy weakly in
W'(Q) as h — 0, and ||v||w, ||(wr)¢]|w+ are uniformly bounded. It follows that

lim vp (wp)e xk(t) dz = lim [ (v, — v)(wp)exe(t) dz
h—0 Q h—0 Q

+ lim [ v ((wp): — wi)xx(t) dz —|—/ vwe xk(t)dz = / vwex(t) dz.
h—0 Q Q Q

In the same way we check that

lim | (vp)ewp xk(t)dz = / vweXk(t) dz.
h—0 Q Q

By the Lebesgue differentiation theorem

0
Va.e. 0 >0 lim k (/vwdx) dt:/vwdx,
k=0 Jo—1 \Ja Q

whence for almost every t1, to € [0, 7]

/ / vw +vpw)dz = lim (vwy + vew)x(t) dz

k—oo

_ 0 t=ty t=t,
= lim k del" = vwd:c’ .
k—o0 07% Q 0=t Q O=t,

Corollary 1. Let u € W(Q) and u; € W'(Q) with the exponent p(z) satisfying
(4). Then

O

to =
1 t=

Va.e.ty,ty € (0,7 / /uutdz=fIIUI|§Q
o Ja 2 [
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Lemma 4.4. Let u € W(Q) N L™(Q), uy € W'(Q), and let the exponent p(z)
satisfy (4). Introduce the function

v :/ (e+s)"P ds, e>o0,
0

with the exponent y(z) > v~ > —1 such that v, € L*(Q) and |Vv(2)|P*) € L'(Q).

For a.e. t1, ta € [0,T]
t=to
dz + € 7(1
t t1 /t1 /ny+2%

dz —
o L= 55
e+ |s])? In(e+|s|)dsdz 16
/h/mH/ 1) In e+ s) (16)

ta
Mt
—€ Vv ——— dz = pe(u,v).
L frat

Proof. Let up, € C*(Q) be the mollification of u € W(Q) and

t=to

t=t1

“h . sign u
on :/ (e +s)7® ds = BELUR (¢ 1 [y )1 — ).
0 y+1

Since u and uy, are bounded by a constant 1 + Ky, and v(z) > v~ > —1, it follows
from Propositions 1, 2 that

|vp, — v] < C max {|vh — |, Jvp — v|1+min{0’77}} , C=C(e pF, oF, Ky).
The inclusion u € L*°(Q)) entails the convergence |jvy, — v||1r(g) — 0 as h — 0 for

every r > 1. Explicitly calculating the primitive, in the same way we check that for
every r > 1

4
Let ¢y (z) = Xk_i; with the function xj introduced in (15). Following the proof of

—0 ash—0.
L™(Q)

Uh
/ (e + 1s))7®) (e + |s|) ds

Lemma 4.3, we find:

URY 9 t2 t2
/ dt/g’yig s / /Xk (up )t vy dz
1 t1
Up, Up
t)dz
/ /7_~_27th
to Uh
/ / ’y+2/ (e+|s])7 In(e+|s|) dsdz
t1
to O=to
v dz+ek/ dt/ dfc .
/tl /Xk h _1 a7+2 0 t1

Since u € W(Q) N L>®(Q) and v~ > —1, v € W(Q) for every € > 0. Indeed: since
llul Lo (@) < M, we have the estimates

(17)
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[ul
lollz~g) < Mi(v*, M), /(H@WMHﬂ@ < My(v*, M),
0

L>=(Q)
which provide the inequality

|l
(V| < (e+ |u])"® | Vu| + |V / (e+5)@|In(e+s)ds ae. inQ
0
and the inclusion |Vu(z)[P*) € L'(Q). By Lemma 4.1
lonllwg) < C A+ |vllw)) and |lvp —v|lwg) — 0 ash — 0.

We may now pass to the limit as h — 0 in every term of (17), following the proof
of Lemma 4.3:

Gtg
dt dz — t) dz
1 Qv+2 9t1 / /Xk?wvz / Av+2%Xk
Yt
—€ thi/ €+ |s])” In(e+|s|) dsdz

I <>7+2 (c-+ 1) I (e + )
: dz + ek d =
t .
/ /Xk ) ere / Lv+2 o=t

Letting £ — oo and applying the Lebesgue differentiation theorem, we arrive at
(16). O

.
Remark 1. Let € = 0, u € W(Q), u, € W/(Q), and let v = ¢ |_1:|1
Y

€ W(Q). Under

the foregoing conditions on the exponents p(z) and «(z) the following formula of
integration by parts holds: Va.e.ty, t2 € [0,7]

t=to
ugvdz = dz = p(u,v
.A / ! Qv+2 ttllA(47+2% plu:v).

Let us introduce the function space

Q) = {v(z) : v € W(Q)NL>®(Q), 8;Po(2,v) € LY(Q)NW'(Q)} .
with ®( defined in (2) and define the functions

S

Ts(s) = Nl 6 >0,
and
Br,5,0(2) = Xr,0(t) Ts5(v(2)) (18)

with
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0 for t <0,
kt for0<t< 4, )
Xk,o(t) =141 for £ <t<6-—1, —<H<T
1
k@—t) forf— 4 <t<90,
0 fort >0,
It is easy to see that
52
Ts5(s) — sign sasd — 0, T, ——— >0, —1<sTi(s)<1forscR.
(s) — sig )= Gy i(s)

Lemma 4.5. Let v; € V(Q), v =v1 —v2 and w = w1 — we = $o(z,v1) — Po(z,v2).
For a.e. 8 € (0,T) there exists the limit

t=0
lim lim / Dk.5,0 8twdz:/ |w]| dx
6—0 k—oo Q t=

Proof. From now on, we will denote

Qr=Qn{t<r}, Te€[0,7T).

Since w € L*(Q) and ¢ = ¢y, 6,9 are uniformly bounded, it follows from the domi-
nated convergence theorem that

/ Xk,0(t) T5(v) Ow dz — Ts(v) Qwdz as k — o0, Qg = QN {t <6},
Q Qo

and, because sign v = sign w,

hm/qﬁk(ggatwdzf/T(;( ) Oyw dz
— Signvatwdzz/ sign wdywdz =J as d — 0.

Qo Qo

On the other hand, repeating the same arguments with the test-function ¢ 59 =
Xk,0(t) Ts(w), we find that

J=lim lim [ Ts(w)xke(t) Orwdz.

0—0k—o0 Q

The straightforward computation shows that

/QTg(w)th(t)@twdz/ng()é‘ </wT5( )ds > dz
= [ ([ o) o
1/k
s f e (] s ) e

where
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/ Ts(s)ds =2 +w?—§ — Vw2 =|w| asd—0.
0

Letting k£ — 00, § — 0 and applying the Lebesgue differentiation theorem, we find
that for a.e. 6 € (0,7)

/Q Ty (w) o (t) pw dz — /Q ( / “T4(s) ds) do

=6

t=0

t=6
= / Vo2 +w?dx
t=0 Q

t=0

t
t=0

0

—J= [ |w|dx
Q

O

5. Proof of Theorem 3.3. Let v; € V(Q) be two bounded weak solutions of
problem (3) with the data (f;,vo;), ¢ = 1,2. Introduce the functions

w=®(z,01) — Po(z,v2), v=v1—va, F(s)=|B)+ Vo2 (B(v) + Vv).
By (14) for every test-function ¢ € W(Q)

| (60 + (F@) ) Vo) ds = [ (=g od= o)

Taking for the test-function ¢y s¢ defined in (18) and applying Lemma 4.5 we have
that for a.e. 6 € (0,T) there exists the limit of the first term on the left-hand side
of (19):

=0

t
. as k — 00, 0 — 0. (20)
t=

/¢k’5’98twdz—>/ |w| dz
Q Q

On the other hand, the rest of the terms in (19) are continuous functions of
because of the property of absolute continuity of the integral. It follows that (20)
is true for all ¢ € [0,7]. The second term on the left-hand side of (19) with ¢(z) =
Xk,0(t) Ts(v(2)) is represented in the form

I = / (F(vy) — F(vs)) - Védz = / o (F(o1) = F(ve)) V() dz
Q Q (21)
_ /Q o TL(0) (F(v1) — F(v)) Vo d-.

Let us denote

G ZVUZ‘—FB(’LLL'), i=1,2,
so that

Vo = ¢ — B(v;), F(v;) = |GIPP 72, G = |F(Ui)|p/(z)_2F(Ui)

(recall that B(s) is defined in (3)). Passing to the limit as k — oo, for every fixed
0 and 6 we obtain the equality
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lim I, = /Q Ts(v) (F(vl) — F(vg)) -Vodz

k—oo

/Q T3 (F(or) = F(12)) (G — o) d2

- [ mw(Fo) - ) (B ~ B2 d-
= J1(8) — Ja(9).

Making use of the well-known inequality

VEneR™

27P|¢ — p|P if 2 < p < oo,

(el =Im=n) € =m = § o, =0 ey o)

(I[P + [nlP) +

(22)

we may write

o) = [ 1w (6P 1680 76) (G -G ds

>0 / Ti(0) |F(v1) — F(0a)|") dz
QoN{p(z)>2}
+o -0 [ TOIFEe) - Fe)
QoN{p(2)€(1,2)}

p(z)—2

 (IF0PE + Pa®) .

Next,
J2(6) < / T5(v) |[F(v1) — F(v2)] |B(v1) — B(v2)| dz
QoN{z:p(z)>2}

+/ . =TJVE) + TD0).
QoN{z:1<p(2)<2}

To estimate 71 (§) we make use of the following elementary lemma.
Lemma 5.1. For every p(z) € [p~,p"] C (1,00) and € € (0,1)
+

, 1-p + \17P
abgeap(Z)Jr6 < P ) pr(2) Ya,b>0.
pt—1

p

Proof. The assertion follows from Young’s inequality

1

ab=(ep/(2)) 7T a(ep (z)) 7Eb

((ep'(z))ﬁa)z)’(z) Ll ((Ep/(Z))iﬁ@p(Z)

—_

and the inequalities
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+
)

PSS = D) =)= Ine £ o= 1) Ine _ 1-p

_ p(2) 1 p(z)-1 1
() P = (1 - p)) _ D15

(z
TS B (N A
pt—1
O
Applying Lemma 5.1 we have:
VRIOE / (T4(0)) 7 |F(v1) — F(va)| (T§(0))7 [B(vy) — Blvz)| d2
QoN{p(2)>2}
<e / T5(v) | F(v1) —F(U2)|p(z) dz
QoN{p(2)>2}
tCer ) [ TIB@) - Bl d:
QoN{p’(2)>2}
(23)
By Young’s inequality
VEIOE / ( T}(0) [ F(v1) — F(v2)| (|F(u1)[? + |F<v2>|p>p“’>
QeN{p(2)<2}
< (VTHIBw) - Bea)| ()P + 1F(e)) 7 ) a:
(24)
<e [ TEIFe) - Fe)P (FeP +Fe)P) d
Qon{p(z)<2}
1
b [ TIBE) - B (F@)P + P d:
QoN{p(2)<2}

Gathering (22), (23) and (24) we arrive at the inequality
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H(8) = J2(8) 2 1) = TV (@) =TI )
> (2*(1’_)’ —€) / Té(U)|F(1}1) _ F(v2)|p(z) dz

QoN{p(z)>2}

~Cler o) [ BB - B d:
QoN{p(z)>2}

to =19 [ T)F@) - Pl

Qon{r(2)€(1,2)}
p(z)—2

< (IF0PE + [Po)®) ™ s

2

- i / T3(0)|B(v1) = B(wa)[? (|F(v1)[” + [F(v2)P) 7 de.
Qen{p(2)<2}

Choosing € = ¢(p~) sufficiently small we then have

lim I, > —C Ti(v) |B(v1) — B(w)[P? dz
k=00 Qon{p(2)>2}
1

de JQun{p(z)<2}
2—p
X (|F(v1)[P + [F(vo)|P) 7 dz

T5(v)|B(v1) = B(va)[? (25)

with a positive constant C = C(p*). It remains to show that the right-hand side
of the last inequality tends to zero as § — 0.
We will use the following Lemmas.

Lemma 5.2. For every n € (0,1)

n

B(v1) = B(v2)| < [V(2)|[or = va]' 7"

U2 1
/ ) nfs]|¥ ds

1

Proof. By the definition

B(v):—V’y-/ 5|7 n |s| ds, v:/ |s[7(#) ds.
0 0

Not loosing generality we may assume that u; > wus and, thus, vy > ve. Then for
every n € (0,1)

[B(v1) = B(v2)| = [V(2)]|

uz
/ 5|7 In |s| ds

1

ug
< [Vy(2)] / A=) Y| 1y o] dis
uy

1 1
and the assertion follows by Young’s inequality with p = 1T q=—. O
-n n
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Lemma 5.3. For every p,r >0, ¢ > g and ollv € R

SP[ol"

§ptr—2q_
GRS
Proof. Tt suffices to notice that
OPlol”  _ oP(0%+0?)E o° (% N\ ma(ams) < g2
(02+02)7 = (324021 (82 +02)07z 02+ - '

O
End of the proof of Theorem 3.3. Fix some n € (0,1) and denote

u |
[ 1 sl s

1

n
K(U1,U2,77) =

Since u; are bounded, so is K (u1,uz,7n). By virtue of Lemmas 5.2, 5.3 the first term
on the right-hand side of (25) is estimated as follows: for n € (0,1 —1/p~)

/ T!(0) |B(or) — B(va)"® dz
QoN{p(z)>2}
62
g/ WP VAP KP d2
Qsn{p(z)>2} (02 +n?)>

(26)
< / §PE =1 g P2) P g
Qon{p(=)22}

< 51)‘71711_77/ ‘VV\P(Z)KP(Z) dz—0 asd—0
QoN{p’(z)=2}

because KP(*) is uniformly bounded and |V~(z)[P*) € L'(Q). The second term of
(25) is estimated in a similar way:

T4(0)|B(v1) — B(wa)|? (|F(01)|P + |[F(02)|P) 7 dz
QoN{p(2)<2}
2 -
< 57§|U|2(1—n) (IF(u)|P + |F(va)[P) 7 |V7|2K2 dz
62 + 772)2
Qon{p(z)<2}
S0 / (IF(v)|P + [F(02)|P) 7" [V 2K dz

Qon{p(z)<2}
2 2
<o f [WK”+<1) (F@)P +F))| dz = 0
p p
QoNn{p(z)<2}

as 0 — 0, because |F(v;)[P'®) = |Vu; + B(v;)|P*®) € L'(Q). Plugging (26)-(27) to
(25), we obtain, letting 6 — 0 in (21): for a.e. 6 € (0,7T)

0 ign — f2)dz,
/Q\w(x, )|d:c§/ﬂ|w(:c,0)|d:v+/ng w(fy— fo)dz

whence the assertion of Theorem 3.3. O
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6. Proof of Theorem 3.4: o = 0. Let us consider the Dirichlet problem for the
evolutional p(z)-Laplace equation

{ v = div (a(z,0)|[VoPE=2V0) + f(z) in Q, (28)

v(z,0) =vg(z) in 2, v=0onT.

This equation is a particular case of equation (1) with o = 0. Given two weak
solutions of problem (28) v1 and vy, we denote v = v; — v9. Following the proof of
Theorem 3.3 we see that to prove Theorem 3.4 amounts to show that gin%(ll +15) >

0, where

I = / a(z,v1) Tj(v) (([Voi]|P~2Vor — |Vua[P~2 V) - V) dz,
Q
I, = / Ti(v)(a(z,v1) — a(z,v2))| Vg [P~ 2Vvy - Vo dz.
Q
Proposition 3 ([13]). Let 1 < p < co. There is a constant C(p~,p*) such that

(lePP=2¢ — [¢[P~%¢) - (6 = ¢) > Cle — ]2 (€] + <P 2.

Proof. For p € (1,2] the assertion is a byproduct of (22). Let p > 2. Take some
¢,¢ € R™ and assume, without loss of generality, that |£] > |(|. Denote

A= (lgP72e = [C1P72¢) - (€ = ¢) = &P + [¢P = {Ig["=2 + <=2} (&, Q)

Since (£,¢) = % (1€ + [¢]? = 1€ = ¢|?), we have

A= S {2 1P — 2 + Il 1P — 3 (16 +161P72) (16l +1¢P)
= (P2 G b — ¢ + 5 (12— [P (162~ I¢P).

For p > 2 the mapping X — XP?~?2 is nondecreasing. The second term of the last
1

inequality is then nonnegative and can be dropped. Moreover, || > §(|£ |+ [¢]) by

assumption. It follows that for p > 2

1
21

(€] + ISP 1€ = ¢I*-
O

[E[P721E = ¢* =

N |

Az S {lEr HIc Y e - o >

Let us make the convention to denote by C' different constants, depending only
on the known parameters, but independent of v; and w. Applying Proposition 3 we
have

52 _
hzcé(ﬁ+mwﬂwmeﬂwm+Www2w7
0

52

B C/Q (o0} (0% +02)32 IV (01 = v2)* (IV0r] + [V )P dz,
oMv
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52
I, <C s
2> /ng{u;éO} (52 +U2)3/2

52 _
<o e (Tl Ve Ve )
FIRRE

[|? Vv [P [V (v — va)| dz

52 1/2 p_2 4
=c [ () [0l 9D (90 4 (9
oMV
52 1/2 s
X ((52+v2)3/2) [v]” dz
(52 p—2
<Ce o ¢O}W|V(vl — )| (V1| + [Vu|)" " dz
eMN{v
C % |v|*?

de Jounuroy (62 +02)3/2 (IVv1| + [Voa|) dz.
2]

For all sufficiently small € these inequalities yield

52 |v|?P
L+ 1 Z*g i

e JQynfvo} mqvm + [ Vuel) dz.
oN{v

For 8 > 1/2 we have

5201
Ii +1 > —

/ (|V’U1|+|V112|)pdz—>0
de Qon{v#0}

For 8 = 1/2 one has
5% [v]*? 6% |v|

(02 +v2)3/2 ~ (32 4 12)3/2 <

10
2 (62 + v%)1/2

and o 5
11+122_f/ S —L R S
8e QoN{v#£0} (52 +U2)1/2

by the Lebesgue Theorem.

7. Existence of solutions u € V(Q): L'-estimate for 9,®(z,v). Let us check

that problem (10) indeed admits solutions in V(Q), which means that the class of

uniqueness is nonempty. Following [11], we construct a solution as the limit of the

sequence of solutions of the regularized problems

Osue = div (AQK(,Z,u€)|Vu€|p(Z)_2Vue) + f(2) inQ, (28)
Ue(x,0) =upinQ, ue=0onT

with the coefficient

Ac i (2,u0) = a(z,uc) (e + min{ K, [uc[})*®),
depending on the given parameters ¢ > 0, K > 0. For every ¢ € (0,1) and 1 <
K < oo the coefficient A, g (z,uc) is separated away from zero and infinity, so
that problem (28) can be regarded as the Dirichlet problem for the evolutional
p(z)-Laplacian.
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Theorem 7.1 ([10]). For every ug € L*(Q), f € L*(Q), € > 0, K > 0 problem (28)
has at least one weak solution ue € L°°(0,T; L*(Q))NW(Q) such that dyu. € W'(Q)
and for every test-function ¢ € L>(0,T;L*(Q)) N W(Q) with ¢, € W'(Q) and
arbitrary t1,ts € [0,T)

to
/ U ¢ dx =/ / {ug@ — AE’K(Z,ue)|Vu6|p(z)_2Vu6 -Vo+ fo| dz.
Q t Jo

Moreover, if ug € L>®(Q), f € LY(0,T; L>(Q)), this solution belongs to L>°(Q) and
obeys the estimate

t=to

t=t1

[tello, = Nluolloo,0 + / 1F (5 8)ll oo 0 ds = Ko- (29)
As a byproduct we also have that for every ¢ € W(Q) (see [10])

/ [¢> Brtte + Ac i (2,10)|Vue PO "2V, - Ve — qu} dz = 0. (30)
Q

The solution of problem (28) is obtained as the limit as m — oo of the sequence
of Galerkin’s approximations,

(m)

Ms

Ci,m, e a (31)
i=1

where the family {¢;(z)} is dense in V() and forms an orthogonal basis of L?(12).

Estimate (29) makes the coefficient A, g (z,u.) independent of K, provided that

K Z Ko + 1:

Ac ik (z,ue) = Ac(z,ue) = alz, ue) (e + \u€|)a(z) .
Problem (28) is considered then as a problem with the unique regularization pa-
rameter €. Passage to the limit as e — 0 is justified in [11, Sec.5] in the proof of
Theorem 3.1. To this end problem (28) is substituted by the formally equivalent
problem

0P (z,ve) = div (b(z,ve)|VU6 + B(ve)|P*)=2(Vu, + B(ve)) +f inQ, (32)
ve=0onT, wv.(z,0)=uvy(z)in Q,
in which
us(z)
ve(2) = / (e + |s|)7(z) ds, e = Pe(2,0e),
0( ) (33)
oz
)= ——"—2>~ > —1.
v(2) oo -1
and

B(%):_vy/o (et 157 In(e+ |s) ds, bz v.) = alz ).

The proof is based on the uniform a priori estimates for the functions v., V.
and Vo, + B(v,) in the variable Lebesgue spaces LP(*)(Q), the integration-by-parts
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formulas (see Lemma 4.4), and the monotonicity of the elliptic part of equation
(32).
The proof of integrability of 9;®(z,v) = d;u is thus reduced to checking that for

the solutions v™ of the regularized problems (32) the norms ||0;P.(z, vgm))HLQ are

bounded uniformly with respect to e and m. By virtue of (31) and (33), the coeffi-
cients ¢; m,e(t) are defined as the solutions of the system of the ordinary nonlinear
differential equations

()—2
nelt) = = [ [F0l 4+ B (Vo 4 B(ol™)) - Vs da + fi(e),
Q
Ci(O):uio, i:l,...,m,

where ug; and f;(t) are the Fourier coefficients of the functions ug(x) and f(z) in
the basis {¢; }:

uém) = ZUOZQZ)Z(LL') — Uop, f(m) = Zfl(t)d]l(‘r) - f
i=1 i=1

The function u{™ = @, (z,0"™) defined by (31) is a weak solution of problem (32)

with the data uém), (™) and satisfies (30) with an arbitrary ¢ € W(Q). Let us fix
some € > 0, m € N, and introduce the function

V= at(I)e(Za Ugm)) = ch,m7e(t)wi(x)'
i=1

Set U = Vo'™ + B, (vgm)), F= (|\Il\p’2\11)t. Differentiating equation (32) for ul™
in t, we write the equation for V' in the form

V, =div F + f™. (34)
This equation is fulfilled in the following sense: for every test-function ¢ € W(Q)
/ [¢Vt+f-v¢—f§’”)¢> dz = 0.
Q

The straightforward calculation gives the equalities

V= ((I)e)vvt + ((be)h

F=(p—1)|WP 20, + U0 In|¥|p,

\I/t = V'Ut + (Be)v v + (Bs)t'

Combining these formulas we conclude that

V —(Pc(z,v)):

N CX e
_ o (V= (Pc(z,0)): o Y (e(z0))e ;
¥, =V (¢e(z7v))v +(BE( ))71 ((I)E(Z,U))U +(BE( ))tv
_ p-2 V — (®c(2,0))
7= om0 v (g )
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Let us introduce the functions

2 |o|> )

—(1——) if|o] <p,
h#(a){u< 12 i

0 .

if o] >
Ho(o) = / h(s)ds,  H,(c) = / / hu(s) dsdg.
0 0 0

According to the definition

{ hu(o) >0,  lim,_ooh,(c) =0,

|Hu(0)] <1, lim, o H,(0) =sign o, lim, ,0H,(0c) =|o|.

(35)

Multiplying (34) by H, (V) and integrating by parts in ¢, we arrive at the equality

/QH#(V)thz:/Q@tH(V(Z))dz

[ BV de— [ B0
[e) Q

(36)
- —/ FVH,V) dz+/ FMH, (V) dz
Q Q
:—/ Fhy(V) Vde+/ M HL(V) de.
Q Q
Let us consider the simple case: p; =0, v = 0, ®. = . (z,v). In this case
1% %
— _ p—2 /
R L AL ,
=(p-1) 7((1)6)2 \4% @, +V (Be(v)), | -
Since
(o)}, = (y+1) 77w 7T,
(Be(v)y = V- (€ +[@e(z,0)])7 In(e + [®e(@,v)[) (Pe)y,s
the previous equality becomes
vv V Vv
F=(p-1 \IIP‘Q{ — +VVy-(e+|®])" In(e + |®])]| .
L T e AL (c-+ 12,7 In(e + &)
Let us write (36) in the form
= (m)
[ra| | —nanens [ 4080 (37)
Q = Q

with
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B=— [ = DIEP2 (s )R VR W) i <0
Q
L= [ =D IP () F 0 TV To (V) d
Q
I = _/ (p—1)[UP2(Vy-VV) (e +|®c])” In(e + |®c]) (V hu(V)) de.
Q

Dropping the nonpositive term I; on the right-hand side of (37), letting 1 — 0 and
using (35) we finally obtain:

/Q Vi(a.t)| d < /Q V(2,0 di + /Q flds  V=00z0).  (38)

Since the right-hand side of this inequality is independent of m and ¢, the needed
estimate follows by passing to the limit as m — oo and € — 0. These arguments
are summarized in the following assertion.

Proposition 4. Let the conditions of Theorem 3.2 be fulfilled and, additionally,
fr € LYQ), p=p(x), a = a(x) and

div (b((a:, 0), v0)| Vo + B(vo) [P =2(Vug + B(vo))) e L'(Q).
Then V = 0,®(z,v) € L (Q) and satisfies inequality (38).
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