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Abstract

The present work can be divided into two main parts:i) the first deals with the functional-
integral quantization via BV formalism ofBF theories in any dimension, andii) the
second with (isotopy-) invariants of higher-dimensional knots in Euclidean spaces. We
briefly comment on the motivations and the results of parti) andii).

BF theory in3 dimensions (with the addition of a so-called “cosmologicalterm”)
is just another way of writing the Chern–Simons action functional. One sees immedi-
ately that, on the contrary to Chern–Simons theory,BF theory in3 dimensions admits
a straightforward generalizations to arbitrary dimensions. Cattaneo, Cotta-Ramusino
and Longoni explicitly produced cohomology classes of the space of imbeddings of
the circleS1 into Rm, for m > 3; these classes are the natural generalizations in any
dimension of the perturbative knot invariants coming from the perturbative expansions
in Chern–Simons theory in3 dimensions. Therefore,BF theories in higher dimen-
sions seem to be the natural Topological Quantum Field Theories (shortly, TQFT) to
interpret such cohomology classes as perturbative expansions. However, functional-
integral quantization ofBF theories in arbitrary dimensions requires more care than
in 3 dimensions, due to the presence of reducible symmetries; hence, we have to resort
to the so-called BV formalism. At this point we may produce a BV-observable (i.e., a
generalization of usual gauge-invariant functionals) forBF theories in all dimensions
related to higher-dimensional knots, i.e. imbeddings of spheres of codimension2 into
Rm. We discuss the functional-integral quantization of such an observable which is
expected to yield an invariant of the imbedding. Finally, wecompute explicitly the
terms of order2 and3 of the perturbative expansion of the v.e.v. of this observable.

Part ii) is directly linked to parti), although we point out that the mathematical
results are independent of the TQFT-framework. Here we study the properties of the
functions on the space of imbeddings coming from perturbative invariants of the Vac-
uum Expectation Value (shortly v.e.v.) of the observable described above. The term of
order2 can be identified with the Bott invariantΘ2 for odd spheres of codimension2.
The term of order3 yields a functionΘ3 on the space of imbeddings of even spheres
of codimension2; a modification of this function is shown to be an isotopy-invariant
for m = 4. A characterization of the general case is also given.



Zusammenfassung

Diese Dissertation besteht aus zwei Hauptteilen:i) im ersten Teil beschäftigen
wir uns mit der “functional integral quantization” von topologischen Quantenfeldthe-
orien (kurz, QFT) vomBF Typ in beliebiger Dimension undii) im zweiten Teil mit
(Isotopie-) Invarianten von Einbettungen von Sphären derKodimension2 in Euklidis-
chen Räumen. Wir beschreiben kurz die Motivationen und dieResultate von beiden
Teilen.

Das wohl-bekannte Chern–Simons Funktional kann durch das Funktional für topol-
ogischen QFT vomBF Typ geschrieben werden (unter Einschluss eines so-genannten
“kosmologischen Terms”). Man sieht dann sofort, dass das Funktional für topologis-
chen QFT vomBF Typ in höheren Dimesionen definiert werden kann, ganz anders als
das Chern–Simons Funktional. Cattaneo, Cotta-Ramusino und Longoni haben explizit
Kohomologie-Klassen auf dem Raum der Einbettungen vonS1 in Rm (mit m > 3)
konstruiert, welche die natürliche Verallgemeinerung von den störungstheoretischen
Invarianten von Knoten aus der Chern–Simons Theorie bilden. Deswegen scheinen
topologischen Quantenfeldtheorien vomBF Typ die natürlichen Kandidaten, um die
Klassen von Cattaneo, Cotta-Ramusino und Longoni störungstheoretisch zu interpretieren.
Die “functional integral quantization” von topologischenQFT vomBF Typ bringt
wegen der Präsenz von reduziblen Symmetrien jedoch zusätzliche Schwierigkeiten im
Vergleich zur Dimension3, weshalb wir den so-genannten BV Formalismus anwen-
den. Auf diese Weise können wir BV Observablen (eine natürliche Verallgemeinerung
von eichinvarianten Funktionalen) definieren, welche mit Einbettungen von Sphären
der Kodimension2 in Rm im im Zusammenhang stehen. Wir analysieren dann im
Detail die “functional integral quantization” von dieser Observable und berechnen die
Terme von Ordnung2 und3 in deren störungstheoretischen Entwicklung explizit.

Der zweite Teil ist zu dem ersten eng verbunden, obwohl die mathematischen Re-
sultate vom physikalischen Hintergrund unabhängig sind.Insbesondere analysieren
wir die Eigenschaften von den Termen von Ordnung2 und3 in der störungstheoretischen
Entwicklung der oben beschriebenen Observablen. Dabei stellt sich heraus, dass der
Term der Ordnung2 mit der Invarianten von Bott für Einbettungen von Sphärender
Kodimension2 in ungeraddimensionalen Euklidischen Räumen identifiziert werden
kann. Der Term von Ordnung3 ist eine Funktion auf der Menge von Einbettungen
von der Sphäre von Kodimension2 in geraddimensionalen Euklidischen Räumen. Im
einfachsten Fallm = 4 liefert eine Modifikation von dieser Funktion eine Invariante.
Auch im allgemeinen Fall erhalten wir eine Charakterisierung.
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Chapter 1

Introduction

By definition, a knot in a given smooth3-manifoldM is a smooth imbedding of the
circle S1 into M , i.e. a smooth injective map ofS1 to M with everywhere injective
tangent map. One of the most fundamental concepts in the theory of knots is that
of isotopy: two knots inM are isotopic, if, roughly speaking, they can continuously
deformed into each other. More precisely, two knots are isotopic, if they can be joined
by a continuous curve in the space of knots. Isotopy is an equivalence relation on the
space of knots. Intimately linked to the notion of isotopy isthat of knot invariant: a
knot invariant is a function on the space of knots with valuesin some fieldk, which
depends only on the isotopy class of the given knot. If the field k equalsR or C

and one introduces a smooth structure on the space of knots, aknot invariant can be
seen as a smooth function with zero exterior differential: in fact, such a function is
locally constant, i.e. it is constant on connected components of the space of knots,
and therefore can depend only on the isotopy class of a given knot. This is the main
approach to knot invariant we are interested to.

It is well-known that, given aG-principal bundleP over the ambient spaceM
with a flat connectionA, the holonomyH(A)|10(γ) of a knotγ w.r.t. the connection
A is an element ofG and its conjugacy class depends only on the homotopy class of
γ. Of course, the holonomy depends also on the connectionA. If we take the trace
of the holonomy w.r.t. a given representation(ρ, V ), the resulting real, resp. complex,
function on the space of knots depends only on the gauge classof A. This function is
of course a knot invariant, but it is rather trivial as it doesnot distinguish homotopic but
non isotopic knots (e.g., onR3 all knots are homotopic, so the invariant is completely
trivial). However, this is a good starting point to define more refined knot invariants.
In fact, these can be obtained if one (formally) averages thetrace of the holonomy over
all connections with a suitable measure. This is the point where physics comes in help.

In [54], Witten considered the Chern–Simons functionalSC.S.on a smooth, oriented
3-manifoldM , depending on connections on a givenG-principal trivial bundleP over
M , and showed that the vacuum expectation value (shortly, v.e.v.) of the trace of the
holonomy of a knotγ w.r.t. some representation(ρ, V ) of G w.r.t. the Chern–Simons
action is a knot invariant (forG = SU(2) and the fundamental representation one gets,
e.g., the Jones polynomial). In formulae, the v.e.v. of the trace of the holonomy, which
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physicists usually call “Wilson loop”, is given by the formal functional integral
∫
DA Trρ

[
H(A)|10(γ)

]
exp iSC.S., (1.0.1)

where byDA we denote a formal measure over all gauge-equivalence classes of con-
nections.

Witten analyzed the properties of these v.e.v.s by making use of arguments of con-
formal field theory. Motivated by this discovery, physicists and mathematicians studied
explicitly the computation of (1.0.1) as a perturbative expansion around the Gaussian
part. Observe that in order to perform these perturbative expansions, one has to choose
a way to fix the gauge-symmetries of the Chern–Simons action,which corresponds to
fix a unique representative of each gauge-class of connections. There are two particu-
larly convenient ways to do it: the former (known as the holomorphic gauge) yields to
the results of Fröhlich and King [29] and of Kontsevich [39]; the latter (known as the
covariant gauge) was considered by Guadagnini, Martelliniand Mintchev [34] and by
Bar–Natan[6]. It is the latter approach that we will consider in the following as, at least
at the moment, it is the easier to generalize to higher dimensions.

The perturbative invariants (in the covariant gauge) coming from (1.0.1) at a given
knot γ take the form of integrals of products of pull-backs of the propagator of the
Chern–Simons theory w.r.t.γ on the open configuration spaceC0

s,t

(
R3, S1; γ

)
of s

ordered distinct points inS1 andt distinct points inR3, such that no image of a point
in S1 via the knotγ equals a point inR3. The propagator in the covariant-gauge,
which is the distributional kernel of the operator belonging to the quadratic part of the
gauge-fixed Chern–Simons, is a form on the cartesian productR3 × R3, singular on
the diagonal. The first technical problem, when consideringperturbative invariants,
is therefore to show that such integrals do indeed converge,when some arguments
approach diagonals or escape to infinity. The second problemarises in showing that
they are really isotopy invariant.

Bott and Taubes (see [12]) presented the convenient mathematical setting for per-
turbative knot invariants coming from Chern–Simons theory(in the covariant gauge).
From now on, we will denote byImb(S1,R3) the space of knots inR3. First of all,
Bott and Taubes introduce the tautological formsθij , for 1 ≤ i < j ≤ n, n ≥ 2: they
are pull-backs of theSO(3)-invariant, normalized top-formv onS2 w.r.t. the mapsϕij
fromC0

n

(
R3
)
, defined by

ϕij (x1, . . . , xn) : =
xi − xj
||xi − xj ||

.

The approach of Bott and Taubes solves the problem of convergence by noting that
the tautological formsθij on the open configuration spaceC0

n

(
R3
)

of n ≥ 2 points
in R3 extend smoothly in a natural way to the Fulton–MacPherson–Axelrod–Singer
(shortly, FMcPAS) compactificationCn

(
R3
)

of C0
n

(
R3
)

andCq
(
S1
)

of C0
q

(
S1
)

(the
space ofq strictly ordered points inS1). Moreover, the spacesC0

s,t

(
R3, S1; γ

)
can

also be compactified à la FMcPAS, and they piece together to give a fibration on the
space of knots with typical fiber the compactificationCs,t

(
R3, S1; γ

)
, for γ given. All

such compactifications yield manifolds with corners, a generalization of the notion of
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manifold with boundary. The evaluation map

ev (γ; t) : = γ(t), γ ∈ Imb(S1,R3), t ∈ S1,

extends to smooth maps fromCs,t
(
R3, S1

)
to Cs+t

(
R3
)
. If we take pull-backs of

tautological forms onCs+t
(
R3
)

w.r.t. evaluation maps and then take the push-forward
w.r.t. the projectionπs,t fromCs,t

(
R3, S1

)
ontoImb(S1,R3), such that the sum of the

degrees of the product of such forms equals the dimension ofCs,t
(
R3, S1; γ

)
, we get

a function onImb(S1,R3). Such a function is clearly well-defined, since the fiber is
compact. Moreover, the generalized Stokes Theorem for the push-forward w.r.t. the

fibrationCs,t
(
R3, S1

) πs,t
→ Imb(S1,R3) gives

d (πs,t∗ω) = (−1)s+3tπs,t∗ (dω)− (−1)s+3tπs,t,∂∗
(
ι∗s,t,∂ω

)
,

whereπs,t,∂ , resp.ιs,t,∂ , denotes the projection from the codimension-1 boundary of
∂Cs,t

(
R3, S1

)
to Imb(S1,R3), resp. the injection from the boundary of∂Cs,t

(
R3, S1

)

to Imb(S1,R3); ω is a form onCs,t
(
R3, S1

)
. If ω is a product of tautological forms

onCs,t
(
R3, S1

)
, dω = 0; hence, the only contributions to the exterior derivative of

(πs,t∗ω) come from the codimension-1 boundary faces; if one can show that all bound-
ary faces of a product of tautological forms vanishes, the corresponding function is
automatically a knot invariant. This is what Bott and Taubesdid explicitly in [9]. In
this approach, knot-invariants are regarded as elements ofthe0-th de Rham cohomol-
ogy of Imb(S1,R3).

It is important to notice that the perturbative invariants coming from Chern–Simons
theory in the covariant gauge have been proved to beVassiliev knot invariants, see [7]
and [1]. For the sake of completeness, let us say that Vassiliev knot invariants of order
s are knot invariants which, once extended canonically to thespace of immersions with
a finite number of transversal double points, vanish on all immersions with more than
s double points; for more details on Vassiliev invariants we refer to [50].

Motivated by these results, Cattaneo, Cotta-Ramusino and Longoni contructed by
the same principles cohomology classes ofImb(S1,Rm), for m > 3 (see [17]). On
the other hand, Bott constructed an explicit invariant of odd spheres of codimension2
into Euclidean spaces, using again tautological forms (actually of two different kinds)
and compactified configuration spaces (see [9]). (Smooth imbeddings of spheres of
codimension2 into Euclidean spaces are the natural generalization of knots inR3.)

Due to the perturbative origin of the construction of Bott and Taubes, it was nat-
ural to wonder if the cohomology classes of Cattaneo, Cotta-Ramusino and Longoni
and the Bott invariant have a corresponding TQFT-origin. Notice, moreover, that a
TQFT origin of the Bott invariant should as well produce other possible invariants of
higher-dimensional knots: namely, if the Bott invariant were really a perturbative in-
variant coming from the perturbative expansion of a given observable for some TQFT,
explicit computations of terms of higher order of the perturbative expansion of such an
observable would give us a whole series of possible invariants of higher-dimensional
knots.

This is the motivation for the present work, which we now describe.
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Plan of the work

The present work can be divided into two main parts. The first,which comprises Chap-
ter 3, 4 and 5, is perhaps of more interest to people already aquainted to physics as it
describes the main physical framework we use to achieve the results contained in the
second part. The mathematical results of second part are explicit formulae for an in-
variant of imbedded spheres of codimension2 in odd-dimensional Euclidean spaces
and for an invariant of imbedded2-spheres in4-dimensional Euclidean space; more-
over, we discuss also a quasi-invariant of imbedded spheresof codimension2 in even-
dimensional Euclidean spaces. The word “quasi” means here that we find functions on
the spaceImb∞,σ

(
Rm−2,Rm

)
of long knots inRm (which we will define in the next

subsection), such that their exterior derivative vanishesup to a term which is a linear
combination of a finite-dimensional basis of particular forms; if we could find a suffi-
ciently great number of such functions, we could take convenient linear combinations
of these in order to get a true invariant.

We notice that the second part can be read separately from thefirst part; the only
requirements are contained in Section 2.4 and 2.6 of Chapter2.

Topological quantum field theories. . .

We describe briefly the contents and results of Chapter 3.BF theories are the natural
generalizations in any dimension of the3-dimensional Chern–Simons theory; in fact,
Chern–Simons theory depends only on a given connection on a principal bundleP over
a given3-manifoldM . The action functional ofBF theory in dimensionm is instead
defined as follows: we take a compact, closed, orientedm-dimensional manifoldM
and a principal bundleP over it; theBF action takes the form

SBF (A,B) : =

∫

M

〈B , FA 〉 . (1.0.2)

Here,A is a connection onP andFA is its curvature, whileB is an(m−2)-form onM
with values in the associated bundleadP = P ×G g, whereG acts on its Lie algebra
g by the adjoint representation;〈 , 〉 represents the extension on forms onM with
values inadP of a symmetric, invariant, nondegenerate bilinear form ong. In 3 di-
mensions, theBF action plus the additional “cosmological” term16

∫
M 〈B , [B , B ] 〉

can be written as the difference of two Chern–Simons action functionals, one computed
at the connectionA + B, the other at the connectionA − B; theBF action without
cosmological term is the derivative w.r.t.t at t = 0 of the Chern–Simons action com-
puted at the connectionA + tB. The advantage ofBF theory is that it is obviously
well-defined in any dimension and that it contains a quadratic part, from which we can
always start a perturbative expansion.

On the other hand, functional integral quantization requires some care. In fact,BF
theories admit a symmetry group: it is easy to see that theBF action, irrespective of
the dimension, is invariant w.r.t. the following transformations ofA andB:

A 7→ Ag, B 7→ Bg + dAgτ1,
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whereg is an element of the gauge groupG of P , andτ1 is a form of degreem−3 onM
with values inadP . It is also not difficult to see that these symmetries are reducible,
if m > 3: namely, even for the simplest casem = 4, if A is flat, it is possible to
find a unique representative for the classB + dAτ1 by imposing conditions onB (the
so-called gauge-fixing), but the addition toτ1 of a dA-exact form does not modify the
chosen representative.

The presence of these symmetries makes the quadratic part ofthe action degen-
erate; therefore, in order to perform functional integral quantization ofBF theories,
we have to fix the gauge. In3 dimensions, it is possible to resort to the BRST pro-
cedure, as it is the case for Chern–Simons theory. Alas, the BRST procedure fails in
higher dimensions, as the BRST operator does not square to0, and the BRST proce-
dure requires a well-defined cohomology theory to produce meaningful observables.
The correct way to deal with functional integral quantization of BF theories in ar-
bitrary dimensions is to resort to the Batalin–Vilkovisky (shortly, BV) formalism. A
brief introduction to functional integrals, BRST procedure and BV formalism can be
found in Section 2.8 of Chapter 2. In Section 3.2 of Chapter 3,we discuss in detail
the BV formalism forBF theories in arbitrary dimensions. In order to simplify the
computations, we introduce in Section 3.3 a suitable “superBV formalism”; with the
help of this superformalism, we find a solution of the QuantumMaster Equation for
BF theories in arbitrary dimensions. We then proceed to discuss the generalization of
the covariant gauge-fixing forBF theories in arbitrary dimensions in Subsection 3.4.4,
and in Subsection 3.4.5 we discuss the superpropagator ofBF theories in the covariant
gauge-fixing along the lines of [10]. In the last Section of Chapter 3, we sketch how the
BV action forBF theories in any dimension can be obtained using the prescriptions
of the Alexandrov–Kontsevich–Schwarz–Zaboronsky (shortly, AKSZ) formalism, [2],
which we briefly recall.

Chapter 4 contains the details about the observables forBF theories in any di-
mension, whose v.e.v.s yield cohomology classes onImb(S1,Rm). In Section 4.1, we
introduce functionals depending on the fieldsA andB of BF theory related to knots
in Rm generalizing the Wilson loop in3 dimensions; we used the formal expansion
in powers of the parameterκ around0 of the Wilson loopTrρ

[
H(A+ κB)|10(γ)

]
, for

some knotγ, which involves in turn the notion of iterated integrals, see also [23]. We
notice that the formal expansion in powers ofκ of the Wilson loop can be generalized
in any dimension forB of arbitrary degreed ≥ 3, although we are interested here in
the particular cased = m − 2, wherem is the dimension ofM . Further, we show
that, modulo equations of motion ofBF theories, such functionals are indeed observ-
ables; we make use of computations performed in Section 2.1.2 and 2.1.3 regarding the
holonomy of a loop. Such observables will be called from now on “generalized Wilson
loops”. In Section 4.2 and 4.3, we discuss in the framework ofthe super BV formalism
introduced in Chapter 3 the generalized Wilson loop in any odd dimension, and we
show that the super BV version of the generalized Wilson loopis a BV observable and
hence its v.e.v. yields cohomology classes onImb(S1,R2m+1); we notice that the defi-
nition of these generalized Wilson loops requires the addition to the BV action forBF
theories of a super analogue of the cosmological term forBF theory in3 dimensions,
if we are interested in cohomology classes ofImb(S1,R2m+1) coming from trivalent
diagrams (see [17]). We also discuss generalized Wilson loops in odd dimensions with
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more than trivalent interaction terms; the presence of suchinteraction terms requires
some special assumptions on the Lie groupG. In Section 4.4, we consider general-
ized Wilson loops in the even-dimensional case: more care isrequired as even at the
classical level the proof that the generalized Wilson loop in even dimensions (modulo
equations of motion forBF theories) is gauge-invariant and represents closed forms
on Imb(S1,R2m) presents some problems, when considering the terms of even order
in the parameterκ. In fact, we consider the super BV versions only of terms of odd
order coming from the expansion of the Wilson loop atA + κB, and we show that
the sum of these terms is indeed a BV observable, yielding also cohomology classes of
Imb(S1,R2m). The definition of the super BV version of the generalized Wilson loop
in even dimensions requires the presence of trivalent or more than trivalent interaction
terms, whose definition restricts the choice of the Lie groupG. The results of Chapter 3
and 4 are the contents of [20] and [21].

Chapter 5 describes the explicit search for a TQFT interpretation of the Bott invari-
ant in the framework ofBF theories; preliminary approaches to invariants of higher-
dimensional knots from the TQFT viewpoint may be found e.g. in [25]. As we have
already seen, ahigher-dimensional knot in Euclidean spaceRm is an imbedding of
sphere of codimension2 into Rm; analogously, a higher-dimensional knot inSm is an
imbedding ofSm−2 intoSm. For computational reasons, at some point of Chapter 5 it
is better to resort to the special subsetImb∞,σ

(
Rm−2,Rm

)
of the space of imbeddings

of Rm−2 into Rm, namely those imbeddings ofRm−2 into Rm mapping infinity of
Rm−2 to infinity of Rm and becoming a specified linear imbeddingσ of Rm−2 into
Rm outside a compact subset ofRm−2. Alternatively, we can viewSm−2, resp.Sm,
as the one-point-compactification ofRm−2, resp.Rm, e.g. via the north-pole of both
spheres, which we choose to denote in both cases by∞; we consider then imbeddings
of Sm−2 into Sm which are base-point-preserving in the sense that they send∞ in
Sm−2 to∞ in Sm; the tangent map at any point inSm−2 is injective, whence it fol-
lows thatT∞f is an injective map (i.e. a linear imbedding) fromT∞Sm−2 ∼= Rm−2 to
T∞S

m ∼= Rm. The action ofDiff0(S
m) on the space of knots inSm sees to it that it is

always possible to deform a given knot inSm into along knotof Rm−2 andRm, i.e. an
element ofImb∞,σ

(
Rm−2,Rm

)
; viceversa, the stereographic projections fromSm−2,

resp.Sm, ontoRm−2, resp.Rm, and the prescribed behavior of a long knot in a neigh-
bourhood of infinity enable one to recover from it a base-point preserving knot inSm,
whose tangent map at∞ takes a prescribed form governing the behavior of the knot
in a small neighbourhood of∞. Hence, in every connected component of the space of
higher-dimensional knots inRm there is a long knot. Moreover, a higher-dimensional
knot inRm specifies a unique higher-dimensional knot inSm (with a choice of a point
at infinity in Sm).

In Subsection 5.1.1, we construct an action functionalSI , which we call the “I
action” (I for “imbedding”), depending on a given imbeddingf of Sm−2, on two
fieldsα andβ onSm−2 or Rm−2 and also on the classical fieldsA andB ofBF theory
related to imbeddings ofSm−2 into Rm or long knots (with some slight modifications)

SI (A,B;α, β; f) : =

∫

Sm−2

〈α , df∗Aβ + f∗B 〉 ,

wheref is a higher-dimensional knot inRm, α, resp.β, is a0-form onSm−2 with
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values inad f∗P , resp. an(m−3)-form onSm−2 with values inad f∗P : = f∗P ×G
g∗; f∗A denotes the pull-back connection onf∗P ; if we consider theI action for long
knots, we replaceSm−2 by Rm−2 and the bundlef∗P by the trivial bundleRm−2×G.
Accordingly,α is a0-form on Rm−2 with values ing, andβ is an(m − 3)-form on
Rm−2 with values ing∗. Finally, in both cases,〈 , 〉 denotes the canonical duality
betweeng andg∗ extended to forms on§m−2 with values inad f∗P or ad∗ f∗P , or g

andg∗. We consider the functionalTI for BF theories related to imbeddings ofSm−2

or long knots inRm given by the partition function of theI action w.r.t. the fieldsα
andβ.

We discuss then in Subsection 5.1.2 and 5.1.3 the formal properties of the partition
functionTI , first its gauge-invariance and then the isotopy-invariance of the v.e.v. of
TI . The main arguments in the proof of isotopy-invariance of the v.e.v. ofTI w.r.t.BF
theories is linked directly to the diffeomorphism-invariance ofBF theories. Until now,
all formal computations are available not only for imbeddings ofSm−2 into Rm, but
also for elements ofImb∞,σ

(
Rm−2,Rm

)
with some slight modifications.

In Section 5.2, we discuss how to compute explicitly the observableTI as a pertur-
bative series, namely we discuss the possible symmetries oftheI action, and we see
that, ifA andB satisfy the equations of motion of theBF action, a reducibility prob-
lem similar to that forBF theories arises; we have also to deal with possible0-modes
of theI action. We also discuss briefly the3-dimensional case. Perturbative expansion
of TI requires also the BV formalism, which we discuss in detail inSection 5.4; we
produce a BV action for theI action forA andB solutions of the equations of motion
of theBF action. Later, we introduce a covariant gauge-fixing for theI action and
compute the corresponding superpropagator; we perform explicitly the perturbative
expansion ofTI , whenA andB are solutions of the equations of motion. We define
in Section 5.5 the extension to the super BV formalism forBF theories of the func-
tional coming from the perturbative expansion ofTI , and we prove explicitly that it is
indeed a BV observable, whose v.e.v. yields possible invariants of higher-dimensional
knots. Finally, we notice that it is possible to construct such a BV observablebefore
performing perturbative expansion whenA andB are solutions of the equations of mo-
tion of theBF action by introducing a product BV structure for theBF + I action,
reminiscent of the product Poisson structure for the product of two common Poisson
manifolds; we refer to Subsection 5.4.5.

. . . and invariants of higher-dimensional knots

The second part of this work contains more mathematics than the first part, and we want
to point out that the mathematical results of Section 6.3 and6.4 can be understood also
without the knowledge of the physical arguments sketched inChapter 3, 4 and 5.

In Section 6.1 we discuss explicitly the perturbative expansion of the v.e.v. of the
BV observable coming from the perturbative expansion of thepartition function of the
I action introduced in the preceding chapter: we give the superpropagator forBF
theories coming from the covariant gauge-fixing (which was already discussed in sub-
section 3.4.5 of Chapter 3) and the relevant Feynman rules. We also discuss how to
remove the possible divergences coming from the perturbative expansion.
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A fundamental ingredient in the discussion of Section 6.3, 6.4 and 6.5 is the FMc-
PAS compactification of configuration spaces: the definitions and the main properties
of FMcPAS construction are discussed in detail in Section 2.4.

In Section 6.3, we compute explicitly the Feynman diagrams of order2 of the per-
turbative expansion of the v.e.v. of the partition functionof theI action in the covariant
gauge-fixing; it can be written as a sum of integrals over configuration spaces:

Θ2 =
1

8

∫

C4,0

θ13θ24η
2
1234 −

1

3

∫

C3,1

θ14θ24θ34η123 =

=

∫

C4,0

θ13θ24η12η23 +
1

2

∫

C4,0

θ13θ24η12η34 −

∫

C3,1

θ14θ24θ34η12.

(1.0.3)

Here, the integrals over the compactified configuration spacesC4,0 ≡ C4

(
Rm−2

)

andC3,1 ≡ C3,1

(
Rm,Rm−2

)
are push-forwards w.r.t. the fibrationsImb∞,σ

(
Rm−2,Rm

)
×

C4,0 andC3,1 overImb∞,σ
(
Rm−2,Rm

)
. The formsθij andηij are respectively the tau-

tological forms coming from the superpropagators of theBF action, resp.I action, in
the covariant gauge; they are defined as (the smooth extensions to compactified con-
figuration spaces) pull-backs of the normalized,SO(m)-invariant top-form ofSm−1,
resp. the normalized,SO(m−2)-invariant top-form ofSm−3 by the natural maps from
Imb∞,σ

(
Rm−2,Rm

)
×C4,0 orC3,1 intoSm−1 orSm−3. The notationsη123 andη1234

mean respectively the cyclic sums ofη-forms:η12+η23+η31 andη12+η23+η34+η41.
The function (1.0.3) vanishes in even dimensions; hence, from now on, we con-

siderm odd in the discussion of the properties of (1.0.3). Moreover, by the generalized
Stokes Theorem we are able to show that (1.0.3) yields indeeda locally constant func-
tion on Imb∞,σ

(
Rm−2,Rm

)
, i.e. an isotopy-invariant of higher-dimensional knots in

odd-dimensional Euclidean spaces. Since the integrands are all closed, the proof boils
down to compute the boundary contributions to the integralsappearing in (1.0.3): the
sum of the contributions coming from principal faces vanish, and in Section 6.5 we
display the vanishing lemmata we use to prove the vanishing of the remaining contri-
butions.

Moreover, (1.0.3) is written with the help of cyclic sums of theη-forms; if we re-
place in (1.0.3) the configuration spacesC4

(
Rm−2

)
andC3,1

(
Rm,Rm−2

)
byC4

(
Sm−2

)

andC3,1

(
Rm, Sm−2

)
and theη-forms by pull-backs of natural projections fromC4,0

andC3,1 ontoC2

(
Sm−2

)
of a formη of degreem− 3 onC2

(
Sm−2

)
satisfying

• the derivative ofη is the pull-back toC2

(
Sm−2

)
of the Poincaré dual of the

diagonal inSm−2 × Sm−2;

• the restriction ofη to the boundary ofC2

(
Sm−2

)
(which is diffeomorphic to

the sphere bundleS
(
Sm−2

)
of Sm−2) equals minus the global angular form of

S
(
Sm−2

)
(for the construction of the global angular form of a sphere bundle, see

Section 2.7 in Chapter 2 and

• η is odd w.r.t. the extension toC2

(
Sm−2

)
of the involution exchanging the argu-

ments inSm−2 × Sm−2.
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Since the Poincaré dual of the diagonal inSm−2 × Sm−2 is nonzero,η-forms are in
this setting not closed; however, any cyclic sum ofη-forms is closed. Since (1.0.3) can
be written using only cyclic sums ofη-forms, we can apply also the generalized Stokes
Theorem to (1.0.3), seen as a function onImb

(
Sm−2,Rm

)
, to prove that it is indeed

a locally constant function; the two additional requirements onη are essential in the
proof.

This function is not altogether new as it was already introduced by Bott in [9] as
the first invariant of odd spheres of codimension2 in Euclidean space contructed by
means of configuration space integrals.

In Section 6.4, we compute and discuss the term of order3 coming from the pertur-
bative expansion of the v.e.v. of the partition function of theI action in the covariant
gauge-fixing. We shall see that it is a sum of integrals as (1.0.3):

Θ3 =
1

3

∫

C6,0

θ14θ26θ35η12η34η56 +

∫

C6,0

θ14θ26θ35η12η23η45−

−

∫

C6,0

θ14θ26θ35η12η23η34 +
1

3

∫

C6,0

θ14θ25θ36η12η23η31−

−

∫

C5,1

θ16θ36θ56θ24η12η23 +

∫

C5,1

θ16θ36θ56θ24η12η34−

−

∫

C4,2

θ16θ36θ56θ25θ45η12 +
1

3

∫

C3,3

θ14θ25θ36θ45θ46θ56.

(1.0.4)

The notations are as in (1.0.3).
The first result is that (1.0.4) vanishes in odd dimensions. Moreover, as for (1.0.3),

the generalized Stokes Theorem implies that the sum of the principal faces vanish and
all contributions to the exterior derivative of (1.0.4) coming from hidden faces vanish
except where all vertices collapse together; the details ofthe proof are contained in
Section 6.4, 6.5 and in particular in Subsection 6.5.3. A detailed discussion of the con-
tribution of the face where all vertices collapse together is given in Subsection 6.5.4;
fundamental ingredients are the description of boundary faces of compactified config-
uration spaces and biinvariant forms on Stiefel manifolds (see respectively Section 2.4
and 2.6 of Chapter 2).

It is shown that in4 dimensions this degenerate contribution vanishes, after the
addition to (1.0.4) of an explicit counterterm; hence, we find a perturbative invariant
for imbedded2-spheres in4-dimensional Euclidean space.

It is also shown that this degenerate contribution is given by (pull-backs of) a finite
linear combination of a basis of biinvariant forms on Stiefel manifoldsVm,m−2 for m
even and strictly bigger than4, again after the addition of an explicit counterterm; we
say in this case that the corrected function (1.0.4) is a quasi-invariant.

The perturbative expansion of the v.e.v. of the partition function of theI action
gives possible invariants at higher orders: the vanishing lemmata of Section 6.5 imply
that particular combinations of configuration space integrals (in diagrammatic form,
such integrals are generalizations of the diagrams associated to (1.0.3) and (1.0.4))
yield

i) invariants of imbedded spheres of codimension2 in odd-dimensional Euclidean
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spaces;

ii) invariants of imbedded2-spheres in Euclidean4-dimensional space;

iii) quasi-invariants, in the sense explained above of imbedded spheres of codimen-
sion2 in even-dimensional Euclidean spaces; thus, by summing up asufficiently
great number such quasi-invariants in a convenient way, it is possible to get in-
variants (in analogy to what Bott and Taubes did in [12] to deal with the degen-
erate contribution for their invariants coming from the collapse of all vertices).
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Chapter 2

Preliminaries

The aim of this chapter is to introduce the mathematical objects we need in the next
chapters. Some of the concepts we are going to introduce are old hat (e.g. the theory
of principal bundles and the theory of connections). But other things are (as far as we
know) new, e.g. the relationship between connections and bundle isomorphisms or the
biinvariant cohomology of Stiefel manifolds; therefore, we are going to skip obvious
details at the beginning, deferring proofs where we introduce some new concept.

2.1 Principal bundles and connections

In this section we define the main objects we need, namely principal bundles, asso-
ciated bundles, connections on principal bundles and formswith values in associated
bundles. We refer e.g. to [8], [32] and [38] for more details.

2.1.1 Principal bundles

From now on,M will denote either a compact, closed, connected, oriented smooth
manifold of dimensionm or Rm, them-dimensional Euclidean space.G will denote a
Lie group, andg the corresponding Lie algebra; the identity ifG is usually denoted by
e.

We begin by defining what is a principalG-bundleP →M .

Definition 2.1.1. A principal bundleP
π
→M is a smooth manifoldP equipped with a

smooth (right) action ofG and a smoothG-invariant surjective mapπ, such that

• G acts freely onP , i.e.

pg = p⇒ g = e, for generalp ∈ P

and transitively on each fiberPx : = π−1({x}).

• P is locally trivial in the following sense: any pointx ∈M has a neighbourhood
U , such that there is a smooth isomorphismϕU from π−1(U) to U × G, such
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that

ϕU (p g) = (ϕU (p)) g, ∀ y ∈ U, g ∈ G;

pr1 ◦ϕU = π|π−1(U),

wherepr1 denotes the projection fromU ×G onto the first factor. The mapϕU
is called a local trivialization ofP .

A smooth section of the principal bundleP overM is a smooth mapσ
We need also the definition of vector bundle.

Definition 2.1.2. A real vector bundleE
π
→ M of rank k is a smooth manifoldE

endowed with a smooth surjective mapπ, such thatE is locally trivial overM , i.e. for
anyx ∈M there is an open neighbourhoodU and a diffeomorphismφU fromπ−1 (U)
toU × Rk, such that

ϕU (v + λ w) = ϕU (v) + λϕU (w), ∀ v, w ∈ E, λ ∈ R.;

pr1 ◦ϕU = π|π−1(U),

wherepr1, as in Definition 2.1.1 denotes the projection onto the first component in
U × Rk.

A complex vector bundle is simply obtained by replacingRk by Ck, and the local
trivializationϕU has to beC-linear.

A smooth section of a vector bundleE overM is a smooth mapσ from M to E,
such thatπ ◦ σ = id.

Remark2.1.3. Of course, there is a more general concept, namely that of fiber bundle,
where the fiber can be either a Lie group (in this case, the fiberbundle is a principal
bundle) or a (real or complex) vector space (in this case, thefiber bundle is a vector
bundle).

A fiber bundleF
π
→ M is a smooth manifold, which is also locally trivial overM

in the sense of Definition 2.1.1 or 2.1.2, the only differencebeing that now the fiber
π−1 ({x}), for x ∈M , is not constrained to be a Lie group or a vector space.

We assume now that we have a (smooth) representation ofG, which we denote
by (ρ, V ), whereV is a real (or complex) finite-dimensional vector space andρ is a
(smooth) Lie-group-homomorphism fromG to Aut(V ), the group of invertible linear
transformations ofV . There is a free right-action ofG on the product bundleP × V :

Rg (p, v) : =
(
p g, ρ

(
g−1

)
v
)
, ∀ p ∈ P, v ∈ V, g ∈ G.

We may then take the quotient ofP × V ; in this way, we get a smooth vector bundle
P ×G V onM with typical fiberV (which is called the bundle associated toP via ρ,or
shortly the associated bundle toP via ρ), as we now briefly illustrate: the canonical
projection fromP ×G V ontoM , which we denote again byπ, is given by

π ([p, v]) : = π(p),

where by[p, v] we denote the equivalence class of(p, v) in P × V . TheG-invariance
of π ensures that the projection onP ×G V is well-defined.
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Without giving the explicit computations, we give the explicit formulae for local
trivializations forP ×G V . First of all, we notice

π−1 (U) = {[p, v] ∈ P ×G V : π(p) ∈ U} ,

for U open. We choose a pointx ∈ M and we denote byU , resp.ϕU , the trivializing
neighbourhood ofx, the trivialization atx, of P . We define then

ϕU ([p, v]) : = (π(p), ρ (pr2 ◦ϕU (p)) v) ,

wherepr2 denotes the projection onto the second factor ofU ×G. Its inverse,ϕ−1
U , is

simply
ϕ−1
U (x, v) : =

[
ϕ−1
U (x, e), v

]
.

This makesP ×G V into a smooth vector bundle overM . In particular, we will be
interested in the vector bundlesadP := P ×G g andad∗ P := P ×G g∗.

Remark2.1.4. We notice that we have considered only bundles associated tolinear
representations ofG. Of course, we may consider also more general representations
F , whereF denotes a smooth manifold endowed with a smoothG-action. By the same
procedure as for the bundle associated to a linear representation, we get a smooth fiber
bundle structure with typical fiberF .

The gauge groupG of P is the set of allG-equivariant automorphisms ofP , i.e. as
the set of all diffeomorphismsσ of P , such that

π ◦ σ = π, σ ◦ Rg = Rg ◦σ, ∀g ∈ G.

SinceG acts transitively on each fiber and sinceσ is fiber-preserving, there is a smooth
identification between the group of gauge transformations of P (it is a group w.r.t. the
composition) and the group of smoothG-equivariant maps fromP toG. A mapσ from
P toG is said to beG-equivariant, if

σ (p g) = g−1 σ(p) g, ∀ p ∈ P, g ∈ G.

One of the main facts about associated bundles (we refer to [8]) is the following

Theorem 2.1.5. The set of smooth sections of the associated bundleP ×G V is iso-
morphic to the set of smoothG-equivariant maps onP with values inV .

Therefore, the gauge group can be identified with the setΓ(M,AdP ) of all sec-
tions of the bundleAdP := P ×G G, whereG becomes aG-space by conjugation.
ForP trivial, it can be identified with the groupΓ(M,G) of maps fromM toG.

We denote byΩ∗(N ;V ) the space ofV -valued forms on a manifoldN . By
Ω∗bas(P ;V ) we denote the invariant, horizontal forms onP taking values inV , i.e.
formsω onP with values inV with the additional properties:

R∗g ω = ρ
(
g−1
)
ω, ιXξ

ω = 0, ∀ ξ ∈ g;

in the above formulae, the representationρ acts only on theV -part ofω, and byXξ,
ξ ∈ g, we denote the fundamental vertical vector field onP defined by

Xξ(p) : = TeLp (ξ) , p ∈ P.
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By Lp we denote the fiber inclusiong 7→ p g, for anyg ∈ G.
We borrow again from [8] the following

Theorem 2.1.6.The following isomorphism holds

Ω∗bas(P ;V ) ∼= Ω∗(M,P ×G V ).

We need the concept of connection.

Definition 2.1.7. A connection1-formA onP is a1-form onP with values ing, such
that following identities hold

R∗g A = Ad
(
g−1
)
A, g ∈ G; ιXξ

A = ξ, ∀ ξ ∈ g.

The curvature of the connectionA is the2-form onP with values ing defined by

FA : = dA+
1

2
[A , A ].

It is not difficult to check thatFA is basic, hence defines a2-form onM with values in
adP .

Finally, given a linear representation(ρ, V ) of G, we can define on the space of
forms onP with values inV the following operator:

dAω : = dω + ρ̂(A)(ω),

whereρ̂ denotes the tangent map at the identity ofρ; sinceρ is a Lie group homo-
morphism fromG to Aut(V ), its tangent map at the identity provides a Lie-algebra
homomorphism fromg to End(V ). Clearly,ρ̂ acts on theg-part ofA. E.g. if (ρ, V ) =
(Ad, g), thenρ̂ = ad. It is immediate to verify that the operatordA, which is called
the covariant derivative w.r.t.A, maps basic forms on basic forms, whence it descends
on forms onM with values inP ×G V .

The covariant derivative w.r.t.A is clearlyR-linear and enjoys the Leibnitz rule

dA (α ∧ ω) = dα ∧ ω + (−1)degαα ∧ dAω, α ∈ Ω∗ (M) , ω ∈ Ω∗ (M,P ×G V ) ,

where the wedge product means wedge multiplication betweenthe form parts of both
factors.

An important equality satisfied by the curvatureFA is the Bianchi identity

dAFA = 0.

We say that a connectionA onP is flat, if its curvature vanishes.
It is also not difficult to see (we refer to [8]) that the space of connections onP is

an affine space, modeled onΩ∗ (M, adP ), which we usually denote byA.
The gauge group acts onA on the right by taking the pull-back:

(A;σ) 7→ σ∗A =: Aσ.
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If we use theG-equivariancy and the verticality of connections, explicitly the action of
a gauge transformationσ is given by

(A;σ) 7→ Aσ = Ad
(
σ−1

)
A+ σ∗ (ωMC) ,

where on the right-hand side of the above identity we have denoted byσ the equivariant
map fromP toG associated toσ, and byωMC we have denoted the Maurer–Cartan form
of G, i.e.

(ωMC)g (Xg) : = TgL
−1
g (Xg), ∀ g ∈ G,Xg ∈ TgG.

G acts also onΩ∗ (M,P ×G V ), since the pull-back of a basic form onP with values
in V by a gauge transformation is again basic. Explicitly, usingtheG-equivariancy and
the horizontality of a general basic form, we get

(ω;σ) 7→ ρ
(
σ−1

)
ω, ω ∈ Ωbasic (P, V ) .

2.1.2 Representations of Lie groups and bundle morphisms

Later, we are going to introduce the parallel transport, as afunction on the space of
loops inM , denoted byLM , via iterated integrals; for later purposes, it is better to
view the parallel transport as a function onLM taking values in some representation
of the Lie algebrag of G. In the caseP trivial, it is very easy to define the parallel
transport with values in a given representation. In the caseP nontrivial, we have to
restrict ourselves to special representations ofg, namely those coming from represen-
tation ofG: in fact, since nowP is nontrivial, we have to consider forms onM with
values in the nontrivial associated bundleadP , and therefore we cannot simply take
the image of such a form under a given Lie algebra representation. The correct method
of generalizing this to the caseP nontrivial is briefly sketched.

We assume(V, ρ) to be a linear representation ofG, i.e. a vector spaceV and a
homomorphismρ fromG to the group of linear automorphisms ofV .

The representationρ induces in turn a representation ofG on End(V ), which we
denote byρ, by the rule:

ρ (g) (ϕ) : = ρ(g) ◦ ϕ ◦ ρ (g)
−1
, ∀ϕ ∈ End(V ), g ∈ G.

It is clear thatρ is a homomorphism, and thatρ restricts in an obvious way toAut(V ).
We consider the Lie-algebra homomorphismρ̂ defined by

ρ̂ : g −→ End(V )

X 7−→ Teρ (X) .
(2.1.1)

Lemma 2.1.8. The following identity holds:

ρ̂ ◦Ad(g) = ρ(g) ◦ ρ̂, ∀g ∈ G. (2.1.2)

Proof. By definition of the Adjoint action ofG on its Lie algebrag, it holds:

ρ̂ ◦Ad(g) = Teρ ◦ Tec(g) = Te(ρ ◦ c(g)) =

= Te(ρ(g) ◦ ρ) = Tidρ(g) ◦ Teρ =

= ρ(g) ◦ ρ̂.
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Sinceρ is a homomorphism of groups, it follows

(ρ ◦ c(g)) (h) = ρ (c(g)h) = ρ(g) ◦ ρ(h) ◦ ρ(g)−1 = (ρ(g) ◦ ρ) (h), ∀g, h ∈ G.

Moreover, sinceρ(g) is linear, its tangent map at the identity equals itself.

We construct, by means of̂ρ, a bundle morphism fromadP to the associated bun-
dle EndP (V ) : = P ×G End(V ), where the right action ofG on End(V ) is given
by

Lg(ϕ) : = ρ(g)(ϕ), ∀g ∈ G,ϕ ∈ End(V ).

The map fromadP to EndP (V ), which we denote byΦρ, is defined as follows:

Φρ ([(p,X)]) : = [(p, ρ̂(X))] ,

where by[(p,X)] we have denoted an equivalence class inadP , p ∈ P andX ∈ g.

We have to show that the mapΦρ is well-defined, in the following sense: let
(
p̃, X̃

)

be another representative of the class[(p,X)]. This is equivalent to the existence of
g ∈ G, such that

p̃ = pg, X̃ = Ad
(
g−1

)
X.

It follows

Φρ

([(
p̃, X̃

)])
=
[(
p̃, ρ̂

(
X̃
))]

=
[(
pg, ρ̂

(
Ad
(
g−1

)
X
))]

=

=
[(
pg, ρ

(
g−1
)
ρ̂(X)

)]
= [(p, ρ̂(X))] =

= Φρ ([(p,X)]) ,

and the last identity follows from the definition ofEndP (V ). Hence, the mapΦρ is
well-defined. Moreover, it is not difficult to see that it preserves the fibers.

We have shown

Theorem 2.1.9. We assume we are given aG-principal bundleP over the smooth
manifoldM .

Any linear representation(V, ρ) ofG induces, via its tangent map at the identitye,
denoted bŷρ, a bundle morphismΦρ from the adjoint bundleadP to the associated
bundleEndP (V ):

Φρ : P ×Ad g −→ EndP (V ) : = P ×ρ End(V )

[(p,X)] 7−→ [(p, ρ̂(X))] .
(2.1.3)

Given a principal bundleP , we already know that there is a canonical isomorphism
between basic forms onP with values in some representation(ρ;V ) of g and forms on
M with values in the associated bundleP ×ρ V . We want to show that the map (2.1.1)
induces a morphism from basic forms onP with values ing and basic forms onP with
values in(ρ, V ); hence, there is also a morphism between forms onM with values in
adP and in the associated bundleEndP (V ).
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We assume we are given a formω on P of degreeq with values ing. We then
associate to it the formω with values inV by the rule

ωp (X1, · · · , Xq) : = ρ̂ [ωp (X1 · · · , Xq)] , ∀p ∈ P,Xi ∈ TpP, 1 ≤ i ≤ q.

Clearly,ω is a form of degreeq with values inEnd(V ).
We claim that, ifω is basic, so isω. We begin by showing thatω isG-equivariant

w.r.t. the representationρ:

R∗g (ω) = ρ̂
(
R∗g ω

)
=

= ρ̂
[
Ad
(
g−1
)
ω
]

=

= ρ
(
g−1

)
ρ̂ (ω) =

= ρ
(
g−1

)
ω;

the third equality is a consequence ofω beingG-equivariant. Next, we takeξ ∈ g. The
contraction ofω by the vertical vector fieldXξ generated byξ equals

ιXξ
ω = ρ̂

(
ιXξ

ω
)

= 0,

sinceω is horizontal.
We assume we have a connection onP at hand, represented by the1-formA with

values ing. The connectionA specifies a covariant derivative on forms onP with
values inEnd(V ) by the rule

dAω : = dω + [ ρ̂(A) , ω ], ω ∈ Ω∗ (P,End(V )) , (2.1.4)

where the Lie-bracket here denotes the usual commutator of linear endomorphisms on
V . Sinceρ is a group-morphism,̃ρ is a Lie-algebra morphism, and hence

dAω = dAω, ∀ω ∈ Ω∗ (P, g) .

SinceEnd(V ) is an associative algebra, we may multiply forms onP with values in
End(V ) in an associative way by taking the usual wedge product of theform part
and multiplication inEnd(V ) of theEnd(V )-part; this defines an associative product
on Ω∗ (P,End(V )), which we denote again by∧. Moreover, by the Leibnitz rule of
the Lie-bracket inEnd(V ), it follows that the operator specified by (2.1.4) satisfies a
graded Leibnitz rule w.r.t. the product onΩ∗ (P,End(V )):

dA (α ∧ β) = dAα ∧ β + (−1)degαα ∧ dAβ, ∀α, β ∈ Ω∗ (P,End(V )) .

Since the operatordA maps clearly basic forms on basic forms, it descends to an op-
erator onΩ∗ (M,EndP (V )). The product of two basic forms onP with values in
End(V ) is immediately seen to be also basic, whence it follows that it descends to an
associative product on forms onM with values inEndP (V ).

In summary, we have seen that a representation(ρ, V ) of the groupG gives rise to
an algebra bundle overM associated toP and that it induces a morphism of graded
Lie-algebras betweenΩ∗ (M, adP ) andΩ∗ (M,EndP (V )); moreover, a connectionA
onP specifies a covariant derivative on both graded Lie-algebras in a compatible way
through the representationρ. Additionally, the covariant derivative onΩ∗ (M,EndP (V ))
satisfies the graded Leibnitz rule w.r.t. the associative product onΩ∗ (M,EndP (V )),
which is clearly a graded associative algebra.
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2.1.3 Horizontality, holonomy and parallel transport

In this Subsection we introduce notions and prove results that we will use in Section 2.3
of Chapter 2 and later in Chapter 4; we notice that the resultsproven here hold also for
nontrivial principal bundles, although the results of Section 2.3 and of Chapter 4 are
proven under the simplifying assumption that the principalbundles we are considering
are trivial. The geometry of loop spaces and of principal bundles thereover with the
help of the notion of holonomy and parallel transport were also studied in [19].

We assumeA to be a general connection1-form onP . We want to give another
characterization of connections.

A tangent vectorX to P at p is said to be vertical, if it satisfiesTpπ(X) = 0. It is
not difficult to see that the vertical spaceVpP , for anyp ∈ P , is isomorphic tog via

ξ 7→ TeLp(ξ), ξ ∈ g.

It turns out that the vertical spaces at all pointsp ∈ P can be glued together to give a
smooth vector bundle, the vertical bundleVP . There is no canonical way to define of
a complement ofVP w.r.t. the Whitney sum, i.e. there is no canonical complementary
bundleHP such thatVP ⊕HP = TP . Namely, the choice of a complementary bundle
depends on the choice of a connection.

Definition 2.1.10. Given a connection1-formA onP , a tangent vectorXp to P at p
is said to beA-horizontal, if the following equation holds:

Ap (Xp) = 0.

In fact, a connection onP can be equivalently characterized as a smooth assignment
to anyp ∈ P of a subspaceHpP ⊂ TpP such that

• TpP = VpP ⊕HpP ;

• HpgP = TpLg (HpP ), for anyg ∈ G.

Given a connection in this sense, we can define a corresponding connection1-form by
the assignment

Ap (Xp) : = ξXp
,

whereξXp
is the unique element ofg, corresponding to the vertical part ofXp w.r.t.

the splitting induced by the connection. Obviously, theA-horizontal space atp ∈ P
is exactly the kernel ofAp. It is not difficult to see that the1-formA is a connection
1-form.

On the other hand, given a connection1-formA onP , the corresponding splitting
of TP is given by

Xp =
(
Xp −X

A
p

)
+XA

p , XA
p : = TeLp (Ap(Xp)) , p ∈ P.

TheG-equivariancy ofA ensures that the corresponding distribution isG-equivariant.
We take a curveγ onM ; by the word “curve”, we mean a piecewise smooth map

from the unit intervalI to M . An A-horizontal lift of γ based atp ∈ P is a smooth
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curve onP lying overγ, with initial point p and such that all its tangent directions are
A-horizontal.

We quote from [38] the following Theorem.

Theorem 2.1.11.Given a connection1-form A on P and a curveγ in M , there is
a uniqueA-horizontal lift ofγ, which we denote bỹγA,p. The horizontal liftγ̃A,p is
(piecewise) smooth, ifγ is (piecewise) smooth.

We take a loopγ, i.e. a closed curve inM with γ(0) = γ(1). We choose a point
p ∈ P lying overγ(0). We can then find a uniqueA-horizontal lift γ̃A,p of γ based at
p. Sinceγ̃A,p is a lift of γ, γ̃A,p(1) also lies overγ(0).

Definition 2.1.12. The holonomy ofγ w.r.t. the connectionA and a base pointp over
γ(0) is the unique element ofG, which we usually denote byH(A; γ; p), satisfying

γ̃A,p(1) = p H(A; γ; p) , (2.1.5)

whereγ̃A,p is the uniqueA-horizontal lift, based atp ∈ P overγ(0), of the loopγ.
(The fact that such an elementH(A; γ; p) exists and is unique follows from the fact
thatG operates transitively on each fiber ofP .)

The groupG and the gauge groupG operate onP , resp.A. The holonomy depends
on a given loopγ, on a connectionA onP and on a base pointp ∈ Pγ(0). The next
Lemma shows how the holonomy behaves w.r.t. the action ofG, resp.G, onP , resp.
A.

Lemma 2.1.13.We assumeg, resp.σ, to be an element ofG, resp. a gauge transforma-
tion; we denote bygσ theG-equivariant function fromP toG canonically associated
to σ. The following formulae hold:

H(A; γ; pg) = c
(
g−1

)
H(A; γ; p) ; (2.1.6)

H(σ∗A; γ; p) = c
(
gσ(p)

−1
)
H(A; γ; p) . (2.1.7)

Proof. We begin by showing identity (2.1.6). By the very definition of the holonomy,
it holds:

γ̃A,pg(1) = pg H(A; γ; pg) ,

whereγ̃A,pg is the uniqueA-horizontal lift of γ based atpg. We consider the smooth
curveRg (γ̃A,p). This curve is based atpg, and the equivariancy ofA w.r.t. the action
of G implies:

ARg(eγA,p(t))

(
d

dt
Rg (γ̃A,p(t))

)
= ARg(eγA,p(t))

[
TeγA,p(t)Rg

(
d

dt
γ̃A,p(t)

)]
=

= Ad
(
g−1

) [
AeγA,p(t)

(
d

dt
γ̃A,p(t)

)]
= 0.

Hence, the curveRg (γ̃A,p) is alsoA-horizontal, obviously lies overγ (by theG-
invariance ofπ) and is based atpg. By the uniqueness ofA-horizontal lifts, it follows
Rg (γ̃A,p) = γ̃A,pg. Therefore, it holds

γ̃A,pg(1) = γ̃A,p(1)g = p H(A; γ; p) g.
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Identity (2.1.6) holds, since the action ofG onP is free.
The second identity can be proved along the same lines. In fact, by the very defini-

tion of the holonomy, it follows:

γ̃σ∗A,p(1) = p H(σ∗A; γ; p) .

We claim now
σ (γ̃σ∗A,p) = γ̃A,σ(p). (2.1.8)

Both curvesσ (γ̃σ∗A,p) andγ̃A,σ(p) lie overγ sinceπ ◦ σ = π, and are clearly based at
σ(p). To prove equation (2.1.8), it remains to show that both curves areA-horizontal.
The claim follows then by the uniqueness ofA-horizontal lifts.

We compute

Aσ(eγσ∗A,p(t))

(
d

dt
σ (γ̃σ∗A,p(t))

)
= (σ∗A)eγσ∗A,p(t)

(
d

dt
γ̃σ∗A,p(t)

)
= 0,

where the last identity is a consequence of theσ∗A-horizontality of γ̃σ∗A,p. Hence,
identity (2.1.8) holds true. Therefore, we obtain

σ (γ̃σ∗A,p(1)) = σ(p) H(σ∗A; γ; p)
By (2.1.8)

= γ̃A,σ(p)(1) = σ(p) H(A; γ;σ(p)) .

The fact that the action ofG is free implies

H(σ∗A; γ; p) = H(A; γ;σ(p)) = H(A; γ; pgσ(p))
By (2.1.6)

=

= c
(
gσ(p)

−1
)

H(A; γ; p) .

The second claim follows.

The next object we want to define is the parallel transport w.r.t.A alongγ.

Definition 2.1.14. We assumeγ to be a general smooth curve inM , not necessarily
closed. Lett be an element of the unit interval, and letp ∈ P andp̃ ∈ P be such that

π(p) = γ(0), π (p̃) = γ(t).

We define the parallel transport fromp to p̃ alongγ w.r.t. A, which we denote by
H(A; γ; t; p, p̃), as the unique element ofG defined by the rule

γ̃A,p(t) = p̃ H(A; γ; t; p, p̃) . (2.1.9)

The definition makes sense, becauseγ̃A,p is a lift of p, and thus̃γA,p(t) lies in the same
fiber asp̃.

The parallel transport defined by equation (2.1.9) satisfiestwo identities similar to
(2.1.6) and (2.1.7).

Lemma 2.1.15. We assume we are given a connectionA, a smooth curveγ in M ,
p ∈ Pγ(0) andp̃ ∈ Pγ(t), for somet in the unit interval, general elementsh andk ofG
and a gauge transformationσ ∈ G.
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Then the parallel transport satisfies the two following identities:

H(A; γ; t; pg, p̃h) = h−1 H(A; γ; t; p, p̃) g; (2.1.10)

H(σ∗A; γ; t; p, p̃) = gσ (p̃)−1 H(A; γ; t; p, p̃) gσ(p). (2.1.11)

Proof. We begin by showing identity (2.1.10). By definition of the the parallel trans-
port, it holds:

γ̃A,p(t) = p̃h H(A; γ; t; p, p̃h) = p̃ H(A; γ; t; p, p̃) .

Since the action ofG onP is free, we get

hH(A; γ; t; p, p̃h) = H(A; γ; t; p, p̃)⇒ H(A; γ; t; p, p̃h) = h−1 H(A; γ; t; p, p̃) , ∀h ∈ G.
(2.1.12)

On the other hand, it holds:

γ̃A,pg(t) = p̃ H(A; γ; t; pg, p̃) = γ̃A,p(t)g = p̃ H(A; γ; t; p, p̃) g.

Again, it follows:

H(A; γ; t; pg, p̃) = H(A; γ; t; p, p̃) g, ∀g ∈ G. (2.1.13)

Combining (2.1.12) and (2.1.13), we get (2.1.10).
As for the second identity, we make use again of (2.1.8). We get

σ (γ̃σ∗A,p(t)) = σ (p̃) H(σ∗A; γ; t; p, p̃) = γ̃A,σ(p)(t) = σ (p̃)H(A; γ; t;σ(p), σ (p̃)) .

The previous equation yields:

H(σ∗A; γ; t; p, p̃) = H(A; γ; t;σ(p), σ (p̃)) = H
(
A; γ; t; pgσ(p), p̃gσ (p̃)

)
=

= gσ (p̃)
−1

H(A; γ; t; p, p̃) gσ(p),

where the last identity is a consequence of (2.1.10). Hence,the claim follows.

2.1.4 Isomorphisms of principal bundles

Definition 2.1.16. We assume we are given two different principal bundlesP
π
→ M ,

P̃
eπ
→M over the same manifoldM and with the same Lie groupG; the right action of

G onP , resp.P̃ , will be denoted byR•, resp.R̃•.
An isomorphismτ from P to P̃ is a diffeomorphism fromP to P̃ enjoying the

additional properties:

π̃ ◦ τ = π; τ ◦ Rg = R̃g ◦ τ, ∀g ∈ G.

Definition 2.1.17. We assume that we are in the same situation of the previous Defini-
tion. The fibered product ofP andP̃ , which we denote byP � P̃ , is defined as

P � P̃ : =
{
(p, p̃) ∈ P × P̃ : π(p) = π̃ (p̃)

}
.
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There is a natural mapπ from the fiber productP � P̃ toM , which is simply

π (p, p̃) : = π(p) = π̃ (p̃) , (p, p̃) ∈ P � P̃ .

Additionally,P � P̃ receives a rightG×G-action:

(p, p̃; (g, h)) 7→ (pg, p̃h) , ∀ (p, p̃) ∈ P � P̃ , (g, h) ∈ G×G.

We claim thatP � P̃ is a principalG×G-bundle overM , with projectionπ.

Proof. If U is an open set ofM , we denote byϕU , resp.ϕ̃U , the trivialization ofP
overU , resp. ofP̃ overU . We define a trivializationϕU of P � P̃ overU via

ϕ : π−1 (U) −→ U × (G×G)

(p, p̃) 7−→ (π(p); (pr2 ◦ϕU ) (p), (pr2 ◦ϕ̃U ) (p̃)) .

These maps are invertible; in fact, their inverses are givenby

ϕ−1
U : U × (G×G) −→ π−1 (U)

(x; g, h) 7−→
(
ϕ−1
U (x, g) , ϕ̃−1

U (x, h)
)
.

It is clear from their definition that the mapsϕU and their inverses are smooth, as they
are compositions of smooth maps. Hence, we have a trivialization of the fiber product
P � P̃ .

For the sake of completeness, we write down explicitly the transition maps of the
G×G-principal bundleP � P̃

ϕU,V : U ∩ V −→ Diff(G×G)

x 7−→ RϕU,V (x)×ReϕU,V (x),

whereϕU,V , resp.ϕ̃U,V , are the transition maps ofP , resp.P̃ .

Remark2.1.18. We notice that the fiber product of two principal bundles overthe same
base space and with the same structure group is the analogue of the Whitney sum of
vector bundles for principal bundles.

We notice that there is a left action ofG×G also onG, by the rule:

c̃ : G×G −→ Diff(G)

(g, h) 7−→ c̃ (g, h)k : = hkg−1.

Definition 2.1.19. We assume the same hypotheses as in the previous definitions.
The set of smoothG × G-equivariant maps fromP � P̃ to G, which we denote by

C∞
(
P � P̃ , G

)G×G
, is the subset ofC∞

(
P � P̃ , G

)
of mapsK satisfying

K(pg, p̃h) = c̃
(
g−1, h−1

)
K(p, p̃) , ∀ (p, p̃) ∈ P � P̃ , (g, h) ∈ G×G. (2.1.14)
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Theorem 2.1.20.The set of isomorphisms fromP to P̃ is in one-to-one correspon-

dence withC∞
(
P � P̃ , G

)G×G
.

Proof. We consider an isomorphismτ fromP to P̃ and we take a point(p, p̃) ∈ P�P̃ .
We considerτ(p). Since(π̃ ◦ τ) (p) = π(p) = π̃ (p̃), it holds

τ(p) = p̃ Gτ (p, p̃) ,

for a unique elementGτ (p, p̃) ofG. The mapGτ is clearly smooth, sinceτ is smooth.
It remains to show that it satisfies (2.1.14). Sinceτ isG-equivariant, it follows by

the very definition ofGτ :

τ (pg) = p̃ Gτ (pg, p̃) = τ(p)g = p̃ Gτ (p, p̃) g,

whence it follows
Gτ (pg, p̃) = Gτ (p, p̃) g

−1, ∀g ∈ G. (2.1.15)

On the other hand, it holds

τ(p) = p̃ Gτ (p, p̃) = p̃ g Gτ (p, p̃g) ,

whence it follows
Gτ (p, p̃g) = g−1Gτ (p, p̃) , ∀g ∈ G. (2.1.16)

Combining (2.1.15) and (2.1.16), we see thatGτ isG×G-equivariant.

Conversely, we assume we are given an elementK of C∞
(
P � P̃ , G

)G×G
. We

define a corresponding mapτK fromP to P̃ as follows:

τK (p) : = p̃ K(p, p̃) ,

wherep̃ is a general element of̃P , such that(p, p̃) is inP � P̃ .
First of all, we show that the mapτK is well-defined: assumẽq is another point

in P̃ , such that̃π (p̃) = π̃ (q̃). Sincep̃ and q̃ belong to the same fiber, there exists an
elementg in G, such that̃q = p̃g. It follows

τK (p) = q̃ K(p, q̃) = p̃ g K(p, p̃g)
By equivariancy

= p̃ K(p, p̃) .

Therefore,τK is well-defined.
It also satisfies̃π ◦ τK = π by its very definition, and theG-equivariancy follows

from

τK(pg) = p̃ K(pg, p̃)
By equivariancy

= p̃ K(p, p̃) g = τK(p)g, ∀g ∈ G.

It remains to show thatτK is invertible. We show this by finding an inverse. We define
the mapσK : P̃ → P by

σK(p̃) : = p K(p, p̃)−1 ,
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whereπ(p) = π̃ (π̃), andK−1 denotes the inverse inG ofK. As before, one can show
thatσK is well-defined, that it isG-equivariant and satisfiesπ ◦ σK = π̃. We claim
thatσK is the inverse ofτk. In fact,

(σK ◦ τK) (p) = σK (p̃K(p, p̃)) = σK (p̃)K(p, p̃) = pK(p, p̃)
−1

(p, p̃) = p.

Analogously, one can show thatτK ◦ σK = id eP .

We assume furthermore thatP , resp.P̃ , is endowed with a connectionA, resp.Ã.
A general tangent vector toP � P̃ at (p, p̃) can be written as(Xp, Xep), whereXp,
resp.Xep, is a tangent vector toP at p, resp. toP̃ at p̃. By the very definition of the
projectionπ fromP � P̃ ontoM , the tangent vector(Xp, Xep) is vertical if and only if

T(p,ep)π (Xp, Xep) = Tpπ (Xp) = Tep̃π (Xep) = 0.

Hence, both components of(Xp, Xep) have to be vertical.
OnP , resp.P̃ , the connectionA, resp.Ã, specifies a smooth splitting of the tangent

bundle ofP , resp.P̃ , into vertical andA-horizontal vectors, resp.̃A-horizontal vectors.
Hence, we can write any tangent vectorsXp andXep toP atp and toP̃ at p̃ as

Xp = Xv
p +Xh

p , Xep = Xv
ep +Xh

ep .

Therefore, any tangent vector(Xp, Xep) toP � P̃ at (p, p̃) has a unique splitting

(Xp, Xep) =
(
Xv
p , X

v
ep
)

+
(
Xh
p , X

h
ep
)
. (2.1.17)

To the splitting (2.1.17) belong obviously the connection1-form
(
A⊕ Ã

)
(p,ep)

(Xp, Xep) : =
(
Ap (Xp) , Ãep (Xep)

)
.

(We notice that the connectionA⊕ Ã is g⊕ g-valued, asP � P̃ is aG×G-principal
bundle.)

It is immediate to see thatA⊕ Ã is flat if bothA andÃ are flat.
If we are given a smooth bundle-isomorphismΦ from P to P̃ , we can construct a

morphismΦ� Φ−1 fromP � P̃ to P̃ � P as follows:
(
Φ� Φ−1

)
(p, p̃) : =

(
Φ(p),Φ−1 (p̃)

)
, ∀ (p, p̃) ∈ P � P̃ .

SinceΦ is an isomorphism, it is clear thatΦ�Φ−1 is also an isomorphism. Moreover,
theG-equivariancy ofΦ ensures thatΦ� Φ−1 isG×G-equivariant.

There is also a natural connection1-form Ã ⊕ A on P̃ � P . Pulling backÃ ⊕ A
w.r.t. Φ� Φ−1 gives a connection1-form onP � P̃ . Clearly, by the very definition of
Φ� Φ−1, saying that the pull-back of̃A⊕A w.r.t. Φ⊕ Φ−1 equalsA⊕ Ã, i.e.

(
Φ� Φ−1

)∗ (
Ã⊕A

)
= A⊕ Ã,

is equivalent to
Φ∗Ã = A.
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We consider now the space of loopsLM , i.e. the set of all curvesγ from the unit
interval I toM satisfyingγ(0) = γ(1). We consider the following two smooth maps
from LM × I toM , namely:

ev (γ; t) : = γ(t); (2.1.18)

ev0 (γ; t) : = γ(0). (2.1.19)

Via the maps (2.1.18) and (2.1.19), we may construct two principalG-bundles on
LM via pull-back:

ev∗ P = {(γ; t; p) ∈ LM × I× P : π(p) = γ(t)} ;

ev∗0 P = {(γ; p; t) ∈ LM × I× P : π(p) = γ(0)} .

Moreover, we may construct the fiber product ofev∗ P andev∗0 P :

ev∗0 P � ev∗ P = {(γ; t; p, p̃) ∈ LM × I× P × P : π(p) = γ(0), π (p̃) = γ(t)} .

For a chosen connectionA onP , Lemma 2.1.15 implies thatH(A; •; •; •, •) (which,
from now on, we denote byH(A)|•0, when its arguments are not specified) is an element
of C∞ (ev∗0 P � ev∗ P,G)

G×G. Therefore, by Theorem 2.1.20, the parallel transport
H(A)|•0 induces an isomorphism fromev∗0 P to ev∗ P , which we denote byΦA in order
to make explicit its dependence on a chosen connectionA.

We want to inspect more carefully the dependence onA of the isomorphismΦA.
First, we write down explicitly the isomorphismΦA:

ΦA (γ; t; p) = (γ; t; p̃ H(A; γ; t; p, p̃)) ,

whereπ(p) = γ(0), andp̃ ∈ P̃ is any point obeying̃π (p̃) = γ(t).
We know that the gauge groupG operates onA. If we take an elementσ ∈ G

and we take the pull-back of the connectionA w.r.t. σ, the morphismΦA changes as
follows:

Φσ∗A (γ; t; p) = (γ; t; p̃ H(σ∗A; γ; t; p, p̃)) =

By (2.1.11)
= (γ; t; p̃ gσ (p̃)

−1
H(A; γ; t; p, p̃) gσ(p)) =

=
(
γ; t;σ−1 (p̃) H(A; γ; t; p gσ(p), p̃)

)
=

=
(
γ; t;σ−1 (p̃ H(A; γ; t;σ(p), p̃))

)
=

= σ−1 (ΦA (γ; t;σ(p))) .

(2.1.20)

To interpret in the correct way the previous computation, weneed a digression.
We assumef to be a smooth map from the manifoldL to M andP to be aG-

principal bundle overM , with projectionπ.

Lemma 2.1.21.Every gauge transformation ofP induces a gauge transformation of
the pull-back bundlef∗P .
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Proof. Let σ ∈ GP be a general gauge transformation. By definition,

f∗P = {(l, p) ∈ L× P : f(l) = π(p)} .

Let (l, p) be a general point inf∗P . We define the morphismσf from f∗P to itself as
follows:

σf (l, p) : = (l, σ(p)) .

We have to show thatσf is well-defined, that it respects the fiber, that it isG-equivariant
and that it is bijective.

Sinceπ◦σ = π, it follows that the image of a point inf∗P still belongs tof∗P . By
its very definition,σf respects the fiber. TheG-equivariancy follows by the definition
of the rightG-action onf∗P .

Finally,σf has an inverse, which is simply(σf )
−1

= σ−1
f . We notice that the map

takingσ to σf is clearly a homomorphism of groups fromGP to Gf∗P .

Given two different smooth mapsf , g from L to M , we may form two different
principal bundles overL, namelyf∗P andg∗P . If we assume the set ofG-equivariant
isomorphisms fromf∗P to g∗P to be nonempty (i.e. if the two bundles are isomor-
phic), the gauge groupGP operates from the left on this set as follows:

(σ, τ) 7→ σg ◦ τ ◦ σ
−1
f , (2.1.21)

whereσ ∈ G andτ is aG-equivariant isomorphism fromf∗P to g∗P .
With the help of the previous considerations, we may rewriteIdentity (2.1.20) as

follows:
Φσ∗A = σ−1

ev ◦ ΦA ◦ σev0
, ∀A ∈ A, σ ∈ GP . (2.1.22)

This may be restated as follows: the parallel transportH(•)|•0 induces aG-equivariant
map fromA to the set ofG-equivariant isomorphisms fromev∗0 P to ev∗ P .

If we restrict the bundlesev∗0 P andev∗ P to the subsetLM × {0}, we get

ev∗0 P |LM×{0}
∼= {(γ; t; p) ∈ ev∗0 P : t = 0} ∼= ev(0)∗P ;

ev∗ P |LM×{0} ∼= {(γ; t; p) ∈ ev∗ P : t = 0} ∼= {(γ; 0; p) ∈ ev∗ P : γ(0) = π(p)} ∼=
∼= ev(0)∗P,

whereev(0)(γ) : = γ(0).
SinceΦA is aG-equivariant isomorphism fromev∗0 P to ev∗ P , it respects fibers.

Hence,ΦA maps the restriction toLM ×{0} of ev∗0 P to the restriction to the same set
of ev∗ P . It is nonetheless interesting to compute explicitly the induced isomorphism
of ev(0)∗P . By the definition ofΦA, it follows:

ΦA|LM×{0} (γ; 0; p) = (γ; 0; p̃H(A; γ; 0; p, p̃)),

where in this caseπ (p̃) = γ(0) = π(p). Therefore, we may choosẽp = p, and it
follows

γ̃A,p(0) = p,

whenceH(A; γ; 0; p, p) = e. Hence, the restriction toLM × {0} equals the identity
on ev(0)∗P .
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On the other hand, we may restrict the bundlesev∗0 P andev∗ P to LM × {1}. In
this case, we get:

ev∗0 P |LM×{1} = {(γ; 1; p) ∈ ev∗0 P : π(p) = γ(0)} ∼= ev(0)∗P ;

ev∗ P |LM×{1} = {(γ; 1; p) ∈ ev∗0 P : π(p) = γ(1) = γ(0)} ∼= ev(0)∗P.

So, restricting the two bundlesev∗0 P andev∗ P to the subsetLM × {1}, we get the
same bundle as before, namelyev(0)∗P . But the restriction ofΦA is not the identity,
as the following computation shows:

ΦA|LM×{1} (γ; 1; p) = (γ; 1; p̃H(A; γ; 1; p, p̃)) ,

wherep̃ ∈ P obeysπ (p̃) = γ(1) = γ(0) = π(p). Hence, we may choosẽp = p, and
we get

ΦA|LM×{1} (γ; 1; p) = (γ; 1; pH(A; γ; 1; p, p)) .

The following identity holds:

pH(A; γ; 1; p, p) = γ̃A,p(1) = pH(A; γ; p) .

Since the action ofG on each fiber is free, it follows:

H(A; γ; p) = H(A; γ; 1; p, p) , ∀γ ∈ LM,p ∈ P.

Hence, the restriction ofΦA to LM×{1} equals the automorphism ofev(0)∗P defined
by the holonomyH(A; •; •) (which we denote byH(A)|10, when we do not want to
specify its arguments), which, according to Identity (2.1.6), defines aG-equivariant
map fromev(0)∗P to itself.

2.1.5 Some consequences of flatness

We assume we have chosen a flat connectionA on P . A well-known fact about flat
connections states that the holonomyH(A; γ; p) of a loopγ, based atp ∈ P overγ(0),
depends only on the homotopy class of the loopγ, if the connectionA is flat. We
refer to Section7 of Chapter2 of [38] for more details on the relationship between flat
connections and holonomy. Since the holonomy w.r.t.A depends on a pair(γ; p), with
γ ∈ LM and on a pointp ∈ P lying overγ(0), we may view the holonomy w.r.t.A as
a map from the pull-back bundle

ev(0)∗P : = {(γ; p) ∈ LM × P : π(p) = γ(0) = ev(0)(γ)}

toG. The bundleev(0)∗P receives an obvious right action ofG.
Moreover, Identity (2.1.6) implies thatH(A)|10 isG-equivariant w.r.t. the conjuga-

tion onG. This is equivalent to the fact that the holonomy w.r.t.A induces a gauge-
transformation onev(0)∗P , which we denote byΦA.

There is a natural map̃ev(0) fromev(0)∗P toP , defined as follows̃ev(0) (γ; p) : =

p. Clearly,ẽv(0) isG-equivariant; hence, the pull-back ofA w.r.t. ẽv(0) is again a con-
nection onev(0)∗P , which we denote asev(0)∗A.

Theorem 2.1.22. If A is flat, the gauge transformation ofev(0)∗P induced by the
holonomy w.r.t.A stabilizes the connectionev(0)∗A, i.e.Φ∗A ev(0)∗A = ev(0)∗A.
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Before proving Theorem 2.1.22, we need some preliminary facts.
A general tangent vector at a point(γ; p) ∈ ev(0)∗P can be written as a couple of

tangent vectors(Xγ ;Xp), whereXγ ∈ TγLM andXp ∈ TpP . The condition for the
tangent vector(Xγ ;Xp) at (γ; p) ∈ ev(0)∗P to be vertical is

Xγ = 0, implying in turn Tpπ(Xp) = Tγev(0)(Xγ) = 0,

since(Xγ ;Xp) is tangent toev(0)∗P . Therefore, a general vertical vector at(γ; p) ∈
ev(0)∗P can be uniquely written as(0;Xp), whereXp is vertical atp.

On the other hand, the tangent vector(Xγ ;Xp) at (γ; p) ∈ ev(0)∗P is ev(0)∗A-
horizontal if

(ev(0)∗A)(γ;p) (Xγ ;Xp) = Ap (Xp) = 0.

Hence, a tangent vector(Xγ ;Xp) at (γ; p) is ev(0)∗A-horizontal if and only if its
P -component isA-horizontal.

Since the connectionA specifies a splitting of the tangent bundle ofP into the
vertical bundle and theA-horizontal bundle, we can split any tangent vector(Xγ ;Xp)
at (γ; p) ∈ ev(0)∗P into a unique sum

(Xγ ;Xp) =
(
0;Xv

p

)
+
(
Xγ ;X

h
p

)
, (2.1.23)

whereXv
p , resp.Xh

p , denotes the vertical, resp.A-horizontal, part of the vectorXp.
The splitting (2.1.23) plays a pivotal rôle in the proof of Lemma 2.1.22.

We need also the following technical

Lemma 2.1.23.We assume we have two curvesγ1 andγ2, such thatγ1(1) = γ2(0);
additionally, we take three pointsp, p1 andp2 in P , such that

γ1(0) = π(p), γ1(1) = γ2(0) = π(p1), γ2(1) = π(p2).

We define the curveγ2 ◦ γ1 as

γ2 ◦ γ1 (t) : =

{
γ1(2t), t ∈

[
0; 1

2

]

γ2 (2t− 1) , t ∈
[

1
2 ; 1
] .

Clearly, the compositionγ2 ◦ γ1 is piecewise smooth.
Then, the following identity holds

H(A; γ2 ◦ γ1; 1; p, p2) = H(A; γ2; 1; p1, p2) H(A; γ1; 1; p, p1) . (2.1.24)

Lemma 2.1.24.We assume we have a curveγ onM , and two pointsp, p̃ in P , such
that

γ(0) = π(p), γ(1) = π(p̃).

We define the inverse curveγ−1 of γ as

γ−1 (t) : = γ (1− t) .

Then, the following identity holds:

H
(
A; γ−1; 1; p̃, p

)
= H(A; γ; 1; p, p̃)

−1
. (2.1.25)
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Proof of Lemma 2.1.23.By the very definition of the parallel transport, we get

γ̃2 ◦ γ1A,p(1) = p2 H(A; γ2 ◦ γ1; 1; p, p2) ,

whereγ̃2 ◦ γ1A,p is the uniqueA-horizontal lift ofγ2 ◦ γ1 based atp.
On the other hand, we consider the compositionγ̃2A,fγ1A,p(1) ◦ γ̃1A,p

(
γ̃2A,fγ1A,p(1) ◦ γ̃1A,p

)
(t) : =

{
γ̃1A,p(2t), t ∈

[
0, 1

2

]

γ̃2A,eγA,p(1)(2t− 1), t ∈
[
1
2 ; 1
]
.

By its very definition, it is clear that̃γ2A,fγ1A,p(1) ◦ γ̃1A,p lies overγ2 ◦ γ1 and that
it is based atp; since it is the composition of twoA-horizontal curves, it is alsoA-
horizontal, whence it follows that

γ̃2A,fγ1A,p(1) ◦ γ̃1A,p = γ̃2 ◦ γ1A,p.

Therefore, we get

γ̃2A,fγ1A,p(1) ◦ γ̃1A,p = γ̃2A,eγA,p(1)(1) = γ̃2A,p1(1) H(A; γ1; 1; p, p1) =

= p2 H(A; γ2; 1; p1, p2) H(A; γ1; 1; p, p1) ,

and the claim is an immediate consequence.

Proof of Lemma 2.1.24.We consider the curve

γ̃−1
A,p H(A;γ;1;p,ep)−1(t) : = γ̃A,p(1− t) H(A; γ; 1; p, p̃)−1 .

It is immediate to see that this curve lies overγ−1; moreover, it is based oñp, since

γ̃A,p(1− t) H(A; γ; 1; p, p̃)−1 = p̃ H(A; γ; 1; p, p̃) H(A; γ; 1; p, p̃)−1 =

= p̃.

Since theA-horizontal bundle is defines aG-invariant distribution,̃γ−1
A,p H(A;γ;1;p,ep)−1

isA-horizontal, and by the uniqueness ofA-horizontal lifts of smooth curves, we get

γ̃−1
A,p H(A;γ;1;p,ep)−1 = γ̃−1

A,ep,

whence the claim follows.

Proof of Theorem 2.1.22.We consider a general tangent vector(Xγ ;Xp) at some point
(γ; p) in ev(0)∗P , and we assumeXp to beA-horizontal atp. We may assume that
(Xγ ;Xp) is the tangent vector at(γ; p) of a smooth curve(γs; ps) (s ∈ I), whereγs
is a smooth curve inLM (a curve of loops) andps is anA-horizontal curve inP .
Moreover, since(γs; ps) is in ev(0)∗P , it follows thatps lies overγs(0), for anys ∈ I.

We define a smooth curveγs, for anys ∈ I, by the rule

γs (t) : = γst(0). (2.1.26)
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We then construct the mapΓ on the unit squareI×I by means of the curves (2.1.26)
as follows:

Γ (t, s) : =





γs (3t) , t ∈
[
0; 1

3

]

γs (3t− 1) , t ∈
[

1
3 ; 2

3

]

γs (3− 3t) , t ∈
[

2
3 , 1
]
.

First of all, for anys ∈ I, Γ(•, s) is a closed curve. Namely,

Γ(0, s) = γs(0) = γ0(0) = γ(0), Γ(1, s) = γs(0) = γ(0).

It follows also thatΓ(•, s) is based inγ(0), for anys in the unit interval. Finally, it is
clear thatΓ is a homotopy ofγ. We notice thatΓ(•, s) is piecewise smooth w.r.t.t ∈ I.

Since anyΓ(•, s) = Γs is homotopic toγ and since the connectionA is flat, we get

H(A; Γs; p) = H(A; γ; p) .

On the other hand, the curveΓs may be written as the compositionγ−1
s ◦ γs ◦ γs, and

each piece ofΓs is smooth. It follows by Lemma 2.1.23 and 2.1.24

H(A; γ; p) = H(A; Γs; p) = H(A; γs; 1; p, ps)
−1

H(A; γs; ps) H(A; γs; 1; p, ps) .

We define, for anys ∈ I, the curveps(t) by the rule

ps (t) : = pts,

wheret is also in the unit interval. The curveps is clearlyA-horizontal, as it is a
reparametrization of anA-horizontal curve. Moreover, it lies overγs:

π (ps(t)) = π (pst) = γst(0) = γs(t), ∀t ∈ I,

and is based atp, sinceps(0) = p0 = p. It follows immediately thatH(A; γs; 1; p, ps) =
id, for all s ∈ I, whence it follows

H(A; γ; p) = H(A; γs; ps) , ∀s ∈ I,

which is equivalent to the constancy of the holonomy along the curve(γs; ps), and this
yields in turn

T(γ;p)H(A)|10 (Xγ ;Xp) = 0, if Xp isA-horizontal.

An explicit computations gives

T(γ;p)ΦA (Xγ ;Xp) =
(
Xγ ; TpRH(A;γ;p) (Xp) +

+ TH(A;γ;p)Lp
[
T(γ;p)H(A)|10 (Xγ ;Xp)

])
,

for any tangent vector(Xγ ;Xp) on ev(0)∗P at (γ; p).
If Xp isA-horizontal, the above equation simplifies to

T(γ;p)ΦA (Xγ ;Xp) =
(
Xγ ; TpRH(A;γ;p) (Xp)

)
.
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Finally, we get

Φ∗A (ev(0)∗A)(γ;p) (Xγ ;Xp) = (ev(0)∗A)(γ;p H(A;γ;p))

[(
Xγ ; TpRH(A;γ;p) (Xp)

)]
=

= Ap H(A;γ;p)

[
TpRH(A;γ;p) (Xp)

]
=

= Ad
(
H(A; γ; p)−1

)
[Ap (Xp)] =

= 0,

if (Xγ ;Xp) is ev(0)∗A-horizontal and byG-equivariancy ofA. Hence, anyev(0)∗A-
horizontal vector at(γ; p) is alsoΦ∗A (ev(0)∗A)-horizontal.

It follows immediately thatΦ∗A (ev(0)∗A) = ev(0)∗A, since at any point(γ; p) ∈
ev(0)∗P a tangent vector(Xγ ;Xp) can be decomposed in a unique way into a vertical
piece and anev(0)∗A-horizontal piece; by the above computations,Φ∗A (ev(0)∗A) and
ev(0)∗A agree on any tangent vector, and hence they are equal.

The identityΦ∗A (ev(0)∗A) = ev(0)∗A can be written alternatively as

dev(0)∗AH(A)|10 = 0.

For a functionσ on ev(0)∗P with values inG, we define
(
dev(0)∗Aσ

)
(γ;p)

(Xγ ;Xp) : =
(
T(γ;p)σ

)
(Xγ ;Xp) + TeRσ(γ;p) [Ap (Xp)]−

− TeLσ(γ;p) [Ap (Xp)] .

We return to the principal bundlesev∗ P andev∗0 P . We denote bỹev, resp.ẽv0,
the natural map fromev∗ P , resp.ev∗0 P , toP , given by

ẽv (γ; t; p) : = p, resp. ẽv0 (γ; t; p̃) : = p̃.

We denote then byev∗A, resp.ev∗0 P , the pull-back ofA w.r.t. ẽv, resp.ẽv0; ev∗A
andev∗0 A are clearly connections onev∗ P andev∗0 P .

We consider the fiber product ofev∗0 P andev∗ P , and a point(γ; t; p, p̃) in it. We
denote by(Xγ ;Xt;Xp, Xep) a general tangent vector toev∗0 P � ev∗ P at (γ; t; p, p̃),
whereXγ is tangent toLM at the loopγ,Xt is tangent to[0; 1] at t, andXp, resp.Xep,
is tangent toP atp, resp.p̃.

The condition on(Xγ ;Xt;Xp, Xep) to be vertical may be translated into

Xγ = 0, Xt = 0→

{
Tpπ(Xp) = T(γ,t)ev0 (Xγ ;Xt) = 0,

Tepπ (Xep) = T(γ,t)ev (Xγ ;Xt) = 0,

where the first identities follow from the definition of the bundle projection from
ev∗0 P�ev∗ P ontoLM×[0; 1], and the second one is a consequence of(Xγ ;Xt;Xp, Xep)
to be tangent toev∗0 P � ev∗ P . Hence, a tangent vector(Xγ ;Xt;Xp, Xep) to the fiber
productev∗0 P � ev∗ P at (γ; t; p, p̃) is vertical if and only if itsP -pieces are vertical
and itsLM × [0; 1]-piece vanishes.

As we already know, the connectionA specifies a splitting of the tangent bundle
of P . Therefore, any tangent vectorXp to P at p can be written uniquely asXp =
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Xv
p +Xh

p , whereXv
p , resp.Xh

p , denotes the vertical part, resp. the horizontal part, of
Xp.

Therefore,

(Xγ ;Xt;Xp, Xep) =
(
0; 0;Xv

p , X
v
ep
)

+
(
Xγ ;Xt;X

h
p , X

h
ep
)
, (2.1.27)

for any tangent vector(Xγ ;Xt;Xp, Xep) to ev∗0 P � ev∗ P at (γ; t; p, p̃).
The splitting (2.1.27) specifies in an obvious way aG-invariant distribution on

ev∗0 P � ev∗ P ; the corresponding connection1-form is given explicitly by

(ev∗0 A⊕ ev∗A)(γ;t;p,ep) (Xγ ;Xt;Xp, Xep) : = (Ap (Xp) , Aep (Xep)) .

It is immediate to verify that the connectionev∗0 A⊕ ev∗A is flat, ifA is flat.
Analogous definitions and results hold forev∗ P�ev∗0 P ; we denote the connection

constructed fromA on the fiber productev∗ P � ev∗0 P by ev∗A⊕ ev∗0 A.
We define the followingG × G-equivariant isomorphism fromev∗0 P � ev∗ P to

ev∗ P � ev∗0 P

ΦA � Φ−1
A (γ; t; p, p̃) : =

(
γ; t; p̃ H(A; γ; t; p, p̃) , p H(A; γ; t; p, p̃)−1

)
.

We have at our disposal all elements needed to state the fundamental

Theorem 2.1.25.If A flat, then the following identity holds:
(
ΦA � Φ−1

A

)∗
(ev∗A⊕ ev∗0 A) = ev∗0 A⊕ ev∗A. (2.1.28)

Proof. It suffices to show thatev∗0 A⊕ ev∗A-horizontal vectors inev∗0 P � ev∗ P are
also horizontal w.r.t. its pull-back byΦA � Φ−1

A .
In order to show this claim, we view a general horizontal vector (Xγ ;Xt;Xp;Xep),

where the subscripts are related to the base points of the respective tangent vectors, as
the initial tangent direction of anev∗0 A⊕ ev∗A-horizontal curve, which we denote by(
γs; ts; ps, p̃s

)
; we notice thatps andp̃s areA-horizontal curves. Here,ts is a curve in

[0; 1] starting att0 = t.
Further, by means ofγs andts, we define the piecewise smooth family of curvesΓ

as

Γ(t, s) : =





γts(0), t ∈
[
0; 1

4

]

γs
(
(4t− 1)ts

)
, t ∈

[
1
4 ,

1
2

]

γ(3−4t)s

(
(3− 4t)ts

)
, t ∈

[
1
2 ; 3

4

]

γ
(
(4− 4t)t0

)
, t ∈

[
3
4 , 1
]
.

It is immediate to see thatΓ is a piecewise smooth homotopy of the piecewise smooth
loopγ−1

t0
◦ γt0 , whereγt0(s) : = γ(st0).

By Lemma 2.1.23 and 2.1.24, it follows immediately

H(A; γs; ts; ps, p̃s) = H(A; γ; t; p, p̃) ,

using that the horizontal curvespts andp̃ts lie overγts(0) andγts(tts) and are based
in p andp̃ respectively.

The claim follows by arguments very similar to those used in the final steps of the
proof of Theorem 2.1.22.
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We notice that Identity (2.1.28) may be also rewritten as

T(γ;t;p,ep)H(A)|•0 (Xγ ;Xt;Xp, Xep) = −TeRH(A;γ;t;p,ep) [Aep(Xep)] +

+ TeLH(A;γ;t;p,ep) [Ap(Xp)] : ⇐⇒

d H(A)|•0 = − ev∗A H(A)|•0 + H(A)|•0 ev∗0 A.

We are interested in the following more general situation: we consider the space
LM × 4n, where4n denotes the standardn-dimensional simplex. We consider the
following natural maps fromLM ×4n intoM :

evi,n : = ev ◦πi,n, 1 ≤ i ≤ n, ev(0)n : = ev(0) ◦ πn,

whereπi,n (γ; t1, . . . , tn) : = (γ; ti) andπ (γ; t1, . . . , tn) : = γ. Accordingly to the
previous computations, we define the bundlesev∗i,n P andev(0)∗nP overLM × 4n
and their fiber productev(0)∗nP � ev∗i,n P .

Given a connectionA onP , a natural connection on the fiber productev(0)∗nP �
ev∗i,n P is given by

ev(0)∗nA⊕ ev∗i,nA : =
(
ev(0)∗nA, ev

∗
i,nA

)
.

(We recall that the fiber product is aG×G-principal bundle overLM×4n.) We denote
by ev∗i,nA⊕ ev(0)∗nA the corresponding natural connection onev∗i,n P � ev(0)∗nP .

For any1 ≤ i ≤ n, the bundleev(0)∗nP is isomorphic toev∗i,n P via the map

ΦA,i,n (γ; t1, . . . , tn; p) : = (γ; t1, . . . , tn; p̃ H(A; γ; ti; p, p̃)) ,

whereπ(p) = γ(0), andp̃ is any point inP overγ(ti).
We consider the isomorphismΦA,i,n�Φ−1

A,i,n from ev(0)∗nP�ev∗i,n P to ev∗i,n P�
ev(0)∗nP

ΦA,i,n�Φ−1
A,i,n (γ; t1, . . . ; p, p̃) : =

(
γ; t1, . . . ; p̃ H(A; γ; ti; p, p̃) , p H(A; γ; ti; p, p̃)

−1
)
.

An obvious corollary of Theorem 2.1.25 is given by

Theorem 2.1.26.If A is flat, the following identity holds
(
ΦA,i,n � Φ−1

A,i,n

)∗ (
ev∗i,n A⊕ ev(0)∗nA

)
= ev(0)∗nA⊕ ev∗i,nA.

From Theorem 2.1.26 we easily recover the following identity

Φ∗A,i,n
(
ev∗i,n A

)
= ev(0)∗nA,

if A is flat.
The principal bundlesev∗i,n P andev(0)∗nP are pull-backs ofP w.r.t. evi,n, resp.

ev(0)n. As we have already seen, a connectionA on P determines natural connec-
tions ev∗i,nA, resp.ev(0)∗nA, on ev∗i,n P , resp.ev(0)∗nP ; moreover, Theorem 2.1.26
shows immediately that the isomorphismΦA,i,n intertwines the connectionsev∗i,nA
andev(0)∗nA.
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We consider a general formω onM with values in some associated bundleP ×GV
of P , for some representation(ρ, V ) ofG; by the same label we denote the unique basic
form onP with values inV corresponding toω. We may then take the pull-back of
ω w.r.t. ẽvi,n, hence getting a basic form onev∗i,n P with values in the representation
V , which we denote byev∗i,n ω. If we take the pull-back ofev∗i,n ω w.r.t. ΦA,i,n, we
get a basic form onev(0)∗nP with values inV , descending to a form onLM × 4n
with values in the associated bundleev(0)∗nP ×G V . We denote the result of all these
operations bŷωi,n, for 1 ≤ i ≤ n. In other words,

ω̂A,i,n : = (ẽvi,n ◦ ΦA,i,n)
∗ ω,

whereẽvi,n is the natural map fromev∗i,n P toP .
The gauge groupG of P operates from the right onΩ∗ (M,P ×G V ) by the rule

ωσ : = σ∗ (ω) , σ ∈ G,

where byω we have denoted the unique basic form onP with values inV associated
to a formω onM with values inP ×G V . A slight modification of (2.1.20) implies

ω̂σAσ,i,n = (σ ◦ ẽvi,n ◦ ΦAσ,i,n)
∗
ω =

= (ẽvi,n ◦ σ ◦ ΦAσ,i,n)
∗ ω =

= (ẽvi,n ◦ ΦA,i,n ◦ σ)
∗
ω =

= ω̂σA,i,n,

where theσ in the last identity is the gauge-transformation ofev(0)∗nP induced by
σ ∈ G.

We consider the covariant derivative w.r.t. the connectionev(0)∗nA of ω̂i,n:

dev(0)∗nA
ω̂i,n = dω̂i,n + ρ̂ (ev(0)∗nA) ω̂i,n =

= d̂ωi,n + ρ̂ (ev(0)∗nA) (ΦA,i,n ◦ ẽvi,n)
∗
ω =

= d̂ωi,n + (ΦA,i,n ◦ ẽvi,n) [ρ̂(A)ω] =

= d̂Aωi,n;

the third equality is a direct consequence of Theorem 2.1.26, if A is flat.
We notice also that, sinceω is a basic form onP , the formω̂i,n can be also written

as
ω̂i,n = Ad (H(A)|•0)

−1
ev∗i,n ω.

We end with some comments about the isomorphismsΦA,i,n. If we denote byια,n,
for 0 ≤ α ≤ n, the inclusion ofLM ×4n−1 into LM ×4n given by

ια,n (γ; t1, . . . , tn−1) : =





(γ; 0, t1, . . . , tn−1) , α = 0

(γ; t1, . . . , tα, tα, . . . , tn−1) , 1 ≤ α ≤ n− 1

(γ; t1, . . . , tn−1, 1) , α = n,

we also denote bỹια,n the natural map fromev∗i,n−1 P into ev∗i,n P .
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Given two manifoldsM andN , G-principal bundleP overN and a smooth map
f fromM toN , it is possible to pull-back any form onN with values in an associated
bundleP ×G V of P , for some representation(ρ, V ); the result is a form onM with
values in the pull-back bundlef∗ (P ×G V ) ∼= f∗P ×G V . If we denote byf̃ the
natural map fromf∗P toP and byω a general form onN with values inP ×G V , it is
well-known that the basic form onf∗P with values inV corresponding tof∗ω is the
pull-back w.r.t.f̃ of the basic form onP with values inV corresponding toω.

Therefore, in order to compute the result of the restrictionby ια,n of any formω̂i,n
as a form onLM ×4n with values inev(0)∗nP ×G V , it suffices to compute the result
of the following compositions of bundle maps:

ẽvi,n ◦ ΦA,i,n ◦ ι̃0,n =

{
ẽv(0)n, i = 1

ẽvi−1,n−1 ◦ ΦA,i−1,n−1, 2 ≤ i ≤ n
,

ẽvi,n ◦ ΦA,i,n ◦ ι̃α,n =





ẽvi,n−1 ◦ ΦA,i,n−1, 1 ≤ i ≤ α

ẽvα,n−1 ◦ ΦA,α,n−1, i = α+ 1

ẽvi,n−1 ◦ ΦA,i,n−1, α+ 2 ≤ i ≤ n

,

ẽvi,n ◦ ΦA,i,n ◦ ι̃n,n =

{
ẽvi,n−1 ◦ ΦA,i,n−1, 1 ≤ i ≤ n− 1

ẽv(0) ◦ ΦA ◦ π̃n, i = 1.

2.2 Definition and main properties of the push-forward

LetM be a manifold andE
π
−→ M a smooth fiber bundle with typical fiberF , with F

an oriented compact manifold, possibly with boundaries andcorners. It is possible to
pick also a noncompact fiber, but in this case we have to restrict to forms onE with
compact support on each fiber. Letm, resp.e, resp.f , denote the dimensions ofM ,
resp.E , resp.F (soe = f +m).

We pick a formω in Ωp(E), wherep ≥ f ; we then define the push-forwardπ∗ω of
the formω w.r.t. π as the form inΩp−f (M) satisfying the following identity:

∫

M

π∗ω ∧ η =

∫

E

ω ∧ π∗η , ∀ η ∈ Ωm+f−p(M). (2.2.1)

In the casep < f we defineπ∗ω = 0. We now list without proof the main properties
of the push-forward:

π∗(π
∗α ∧ β) = (−1)f degαα ∧ π∗β, ∀ α ∈ Ω∗(M), ∀ β ∈ Ω∗(E),

π∗(α ∧ π∗β) = π∗α ∧ β, ∀ α ∈ Ω∗(E), ∀ β ∈ Ω∗(M),
dπ∗α = (−1)fπ∗dα− (−1)fπ∂∗ι

∗α, ∀ α ∈ Ω∗(E),
(2.2.2)

whereι : E∂ → E is the canonical injection of the fiber bundle with typical fiber∂F ,
andπ∂ : ι(E∂)→ M is the corresponding projection. For more details we refer to [8]
and [32].

Another important property we use throughout the paper is given by the following
Lemma; for a proof, see [32]. We consider two manifoldsM andN and suppose
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that E
π
−→ M , resp.F

π̃
−→ N , is a fiber bundle over the manifoldM , resp.N . Let

ϕ : E → F be a bundle morphism with base mapψ : M → N . We cast all these maps
in the following commutative square:

E
ϕ

−−−−→ F

π

y
yπ̃

M
ψ

−−−−→ N

We additionally assume thatϕ induces orientation preserving diffeomorphisms of the
fibers.

Lemma 2.2.1. Under the above assumptions, the following identity holds:

(π∗ ◦ ϕ
∗)α = (ψ∗ ◦ π̃∗)α, ∀ α ∈ Ωp(F). (2.2.3)

We assume we have a fiber bundleE → F and we assume additionally thatF →M
is also a fiber bundle; we denote the projections byπ1, resp. π2.

E
π1−−−−→ F

yπ2

M

If we compose the two projections we obtain a fiber bundleE → M , with projection
π = π2 ◦ π1, whose orientation will be determined by the orientation ofthe result-
ing fiber, the product manifold of the fibers of the two bundles. Then we obtain the
following

Lemma 2.2.2. With the above hypotheses, the following identity holds

π∗α = π2∗(π1∗α), ∀α ∈ Ωp(E). (2.2.4)

This is just Fubini’s Theorem for repeated integration, andthe definition of the
push-forward is consistent with the orientation choices.

We list two important properties of the push-forward, whichwe will use later in
We assumeE andM to be bothG-spaces, for some Lie groupG, and we assume the
G-action onM andE to be compatible in the following sense: if we denote byϕMg ,
resp.ϕEg , the action of an elementg ofG onM , resp.E , the projectionπ enjoys

π ◦ ϕEg = ϕMg ◦ π, ∀ g ∈ G.

Lemma 2.2.3. The push-forward w.r.t.π enjoys the following property

ϕM∗g (π∗ω) = (−1)orϕ
E
g |F π∗

(
ϕE∗g ω

)
, ∀ g ∈ G,ω ∈ Ω∗ (E) .

We have denoted by(−1)orϕ
E
g |F the orientation sign ofϕEg on each fiber (we recall

once again that the orientation of a fiber bundle is specified by an orientation of the
base manifold and of the fiber).
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Furthermore, we takeξ in the Lie algebra ofG, and we denote byXM
ξ , resp.XEξ ,

the corresponding fundamental vector field onM , resp.E . In other words, if we denote
by LMx , resp.LEp , for x ∈M , resp.p ∈ E , the map

LMx (g) : = ϕMg (x) , resp. LEp (g) : = ϕEg (p) ,

thenXM
ξ , resp.XEξ , the vector field

XM
ξ (x) : = TeL

M
x (ξ), resp. XEξ (p) : = TeL

E
p (ξ).

We finally notice that the action ofG onM and onE is not necessarily free, henceXM
ξ

orXEξ can be also zero.

Lemma 2.2.4. The push-forward w.r.t.π enjoys the following property

ιXM
ξ

(π∗ω) = π∗

(
ιXE

ξ
ω
)
, ∀ ξ ∈ g, ω ∈ Ω∗ (E) .

The proof of Lemma 2.2.3 and 2.2.4 is an easy consequence of equation (2.2.1).
We end this section by defining the push-forward of forms onE →M with values

in some finite dimensional vector spaceW . This is simply given by

π∗(α⊗ v) := π∗α⊗ v

on generators and extended by linearity.
Finally, it is well-known (we refer e.g. to [32] and [33]) that, given a smooth map

f : N1 → N2 between two smooth manifoldsN1 andN2 and a bundleN2 → N2,
forms onN1 taking values in the pull-back bundlef∗N2 → N1 are generated by pull-
backs of sections ofN2 as anΩ∗(N1)-module. We use this fact to extend in an obvious
way the notion of push-forward on forms on a fibrationE

π
→ M overM with values

in the pull-back bundleπ∗N , for some bundleN overM . This serves when we want
to define the parallel transport via iterated integrals, which we introduce and discuss in
detail in the next section, in the case of a nontrivial principal bundleP .

2.3 Parallel transport as a function onLM

We consider a trivial principal bundleP → M . We also pick a connectionA onM ;
by dA we denote the corresponding covariant derivative. We pick an elementa in
Ω1(M, adP ), and we may define another connection starting fromA, namelyA + a.
For the sake of simplicity, we assumeA to be flat. We apply toA + a the canonical
injectionι from g toU(g), so as to obtain a1-form onM with values inU(g); we omit
to write ι beforeA+ a. We then define

â := H(A)|•0 ev∗(a) (H(A)|•0)
−1
,

where byev we have denoted the evaluation mapev(γ; t) := γ(t) from LM × [0, 1]
to M , and byH(A)|•0 we denote here the inverse of the parallel transport w.r.t. the
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connectionA, viewed as a function onLM × [0, 1] with values inG; the universal
enveloping algebraU(g) receives in an obvious way a representation ofG, and hence
we may viewH(A)|•0 as a map fromLM × [0; 1] with values inAut (U(g)).

Remark2.3.1. We notice that the parallel transportH(A)|•0 is, in the more general case
of a nontrivial bundleP , a section of the bundleAd ev∗ P overLM × [0; 1]. In this
case, the form̂a is defined as the pull-back ofa w.r.t. the composition ofΦA with the
(lift to ev∗ P of the) evaluation mapev (see Subsection 2.1.4 and 2.1.5); hence,â is a
form onLM × [0; 1] with values inad ev∗0 P .

SinceA is flat,H(A)|•0 enjoys by Theorem 2.1.25 the following property:

d H(A)|•0 = − ev∗0 A H(A)|•0 + H(A)|•0 ev∗A, (2.3.1)

whereev0 : LM × [0; 1]→ M is defined byev0(γ; t) := γ(0); we define further, for
n ∈ N, the mapsπn : LM × 4n → LM by πn(γ; t1, . . . , tn) := γ, and by4n we
denote then-simplex

4n :=
{
(t1, . . . , tn) ∈ [0, 1]n : 0 ≤ t1 ≤ · · · ≤ tn ≤ 1

}
, (2.3.2)

with orientation form specified bydt1 ∧ · · · ∧ dtn. By H(A)|10 we denote the inverse
of the holonomy along the loopγ, considered as a function onLM taking values in
G; it is immediate to see that the holonomyH(A)|10 is simply the restriction to the
subspaceLM × {1} of the parallel transportH(A)|•0. In the caseP nontrivial,H(A)|10
is a section of the bundleAd ev(0)∗P overLM .

It follows from its definition that̂a is a1-form onLM × [0, 1] with values inU(g).
We can now define theparallel transportw.r.t.A + a from 1 to 0 as the formal series
in U(g)

H(A+ a)|10 := H(A)|10 +
∑

n≥1

πn∗ (â1,n ∧ · · · ∧ ân,n)H(A)|10, (2.3.3)

whereâi,n := π∗i,nâ andπi,n(γ; t1, . . . , tn) := (γ; ti). It follows from its very defini-
tion that the parallel transport is an element ofΩ0(LM ;U(g)).

Remark2.3.2. We can define the parallel transport with free final point w.r.t. the con-
nectionA+ a by

H(A+ a)|•0 := 1 +
∑

n≥1

πn+1,n+1∗ (â1,n+1 ∧ · · · ∧ ân,n+1) ,

with the same notations as above; it follows from its very definition that this particular
parallel transport is a mapLM × [0, 1] → U(g). The parallel transport as a function
onLM × [0, 1] with free initial point is defined analogously by the formula

H(A+ a)|1• := 1 +
∑

n≥1

π1,n+1∗ (â2,n+1 ∧ · · · ∧ ân+1,n+1) .

Further, we can define the parallel transport with free end-points as a function onLM×
42:

H(A+ a)|•• := 1 +
∑

n≥1

π1,bn,n+2∗ (â2,n+2 ∧ · · · ∧ ân+1,n+2) ,
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whereπ1,bn,n+2(γ; s1, s2, . . . , sn+1, sn+2) := (γ; s1, sn+2).

Theorem 2.3.3.If we denote bydev(0)∗A the covariant derivative w.r.t. the connection
ev(0)∗A on forms onLM with values inU(g), then the following identity holds, for
any flat connectionA onP and anya ∈ Ω1(M, adP ):

dev(0)∗A H(A+ a)|10 = − ev(0)∗a ∧H(A+ a)|10 + H(A+ a)|10 ev(0)∗a+

−



∫

0≤s≤1

H(A+ a)|s0 ∧ F̂A+as ∧H(A+ a)|1s


H(A)|10.

Remark2.3.4. We have written
∫

0≤s≤1

H(A+a)|s0∧F̂A+as∧H(A+a)|1s := π1∗

[
H(A+ a)|•0 ∧ F̂A+a ∧H(A+ a)|1•

]
,

where we have used again the notations in Remark 2.3.2.

Proof. We shall apply the generalized Stokes Theorem to the push-forward w.r.t. the
mapsπn; we note that then-simplex4n has a boundary, and that this boundary can
be written as

∂4n =
n⋃

α=0

(∂4n)α,

where each(∂4n)α ∼= 4n−1. With our choice of orientation of the simplices—see
after (2.3.2)—the first face of the boundary (which corresponds to the equationt1 = 0)
comes equipped with opposite orientation−1, while the second has orientation1, the
third has opposite orientation−1 again, and so forth. In other words,

or((∂4n)α) = (−1)α+1 or(4n−1). (2.3.4)

We apply the covariant derivative w.r.tA0 to then-th term of the series, and we obtain:

dev(0)∗Aπn∗

[
â1,n ∧ · · ·

]
H(A)|10 =(−1)nπn∗dπ∗

n ev(0)∗A

[
â1,n ∧ · · ·

]
H(A)|10+

− (−1)nπ∂n∗

[
ι∗∂n

â1,n ∧ · · · ∧ ân,n
]
H(A)|10,

(2.3.5)
whereπ∂n

: LM × ∂4n → LM denotes the projection onto the first factor, while
ι∂n

: LM × ∂4n → LM × 4n is the canonical injection of the boundary of the
simplex into the simplex itself. We have used the identity

dev(0)∗AH(A)|10 = 0,

which follows from Theorem 2.1.22, sinceA is flat.
We now consider the two terms on the right hand side of (2.3.5)separately, and

we begin with the second term, which we call “then-th boundary term” from now on.
Since∂4n =

⋃n
α=0 ∂4n,α, we can write

ι∗∂n
[â1,n ∧ · · · ∧ ân,n] =

n∑

α=0

ι∗∂n,α

[
â1,n ∧ · · · ∧ ân,n

]
,
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andι∂n,α
: LM×(∂4n)α → LM×4n is the canonical injection of theα-th face of the

boundary. Considering the orientations of the faces, we obtain for then-th boundary
term the following expression:

n∑

α=0

(−1)α+1πn−1∗ι
∗
∂n,α

[
â1,n ∧ · · · ∧ ân,n

]
.

We begin with the first faceα = 0; it is not difficult to prove the following identities

πj,n ◦ ι∂n,0 =

{
ι(0) ◦ πn−1 j = 1,

πj−1,n−1 j 6= 1;
(2.3.6)

similarly, one shows forα = n

πj,n ◦ ι∂n,n
=

{
πj,n−1 j 6= n,

ι(1) ◦ πn−1 j = n.
(2.3.7)

We have denoted byι(0), resp.ι(1), the injection ofLM into LM × [0, 1] given by
ι(0)(γ) := (γ; 0), resp.ι(1)(γ) := (γ; 1). for α 6= 0, n, it holds

πj,n ◦ ι∂n,α
=





πj,n−1 j < α,

πα,n−1 j = α, α+ 1,

πj−1,n−1 j > α+ 1.

(2.3.8)

It is therefore an easy consequence of (2.3.6) (2.3.8) and (2.3.7) that (we recall that
ι(0)H(A)|•0 = 1 by its very definition)

ι∗∂n,0
[â1,n ∧ · · · ∧ ân,n] = π∗n−1 ev(0)∗a ∧ â1,n−1 ∧ · · · ∧ ân−1,n−1;

ι∗∂n,α
[â1,n ∧ · · · ∧ ân,n] = â1,n−1 ∧ · · · ∧ (̂a ∧ a)α,n−1 ∧ · · · ∧ ân−1,n−1;

ι∗∂n,n
[â1,n ∧ · · · ∧ ân,n] = â1,n−1 ∧ · · · ∧ ân−1,n−1 ∧ π

∗
n−1 ev(0)∗a.

We consider now the first term under the action of the push-forward w.r.t.πn−1:

πn−1∗ι
∗
∂n,0

[
â1,n ∧ · · ·

]
H(A)|10 = πn−1∗

[
π∗n−1 ev(0)∗a ∧ â1,n−1 ∧ · · ·

]
H(A)|10

= (−1)n−1 ev(0)∗a ∧ πn−1∗

[
â1,n−1 ∧ · · · ∧ ân−1,n−1

]
H(A)|10.

Similarly, we obtain forα = n

πn−1∗ι
∗
∂n,n

[
â1,n ∧ · · · ∧ ân,n

]
H(A)|10 = πn−1∗

[
â1,n−1 ∧ · · ·

]
H(A)|10 ∧ ev(0)∗a,

and forα 6= 0, n we obtain

πn−1∗ι
∗
∂n,α

[
â1,n∧· · ·∧ân,n

]
H(A)|10 = πn−1∗

[
â1,n−1∧· · ·∧(̂a ∧ a)α,n−1∧· · ·

]
H(A)|10.
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Finally, we obtain the following expression for then-th boundary term of (2.3.5):

n−1∑

α=1

(−1)α+1πn−1∗

[
â1,n−1 ∧ · · · ∧ (̂a ∧ a)α,n−1 ∧ · · · ∧ ân−1,n−1

]
H(A)|10−

− (−1)n−1 ev(0)∗a ∧ πn−1∗

[
â1,n−1 ∧ · · · ∧ ân−1,n−1

]
H(A)|10+

+ (−1)n+1
[
â1,n−1 ∧ · · · ∧ ân−1,n−1

]
H(A)|10 ∧ ev(0)∗a.

We then consider the first term of (2.3.5), and by the Leibnitzrule we obtain

πn∗dπ∗
n ev(0)∗A

[
â1,n∧· · ·∧ ân,n

]
=

n∑

i=1

(−1)i+1πn∗

[
â1,n∧· · ·∧ d̂Aai,n∧· · ·∧ ân,n

]
;

here we have used
dπ∗

1 ev(0)∗Aâ = d̂Aa,

which is a consequence of Theorem 2.1.25, beingA flat.
Summing up both contributions to (2.3.5) with the correct signs, we obtain for the

left hand side of (2.3.5)
n∑

i=1

(−1)n+i+1πn∗

[
â1,n ∧ · · · ∧ d̂Aai,n ∧ · · · ∧ ân,n

]
H(A)|10+

+

n−1∑

α=1

(−1)n+απn−1∗

[
â1,n−1 ∧ · · · ∧ (̂a ∧ a)α,n−1 ∧ · · · ∧ ân−1,n−1

]
H(A)|10−

− ev(0)∗a ∧ πn−1∗

[
â1,n−1 ∧ · · · ∧ ân−1,n−1

]
H(A)|10+

+
[
â1,n−1 ∧ · · · ∧ ân−1,n−1

]
H(A)|10 ∧ ev(0)∗a.

We begin by summing up all terms which contain before themev(0)∗a, and we obtain
− ev(0)∗a∧H(A+a)|10; similarly, by summing up all terms withev(0)∗a on the right,
we obtainH(A + a)|10 ∧ ev(0)∗a. By recalling the definition of the curvature of the
connectionA+ a, the sum of the remaining terms gives

∑

n≥1

n∑

i=1

(−1)n+i+1πn∗

[
â1,n ∧ · · · ∧ F̂A+ai,n ∧ · · · ∧ ân,n

]
H(A)|10. (2.3.9)

For 1 ≤ i ≤ n, n ≥ 1, we write the projectionπn as the composition of three projec-
tions as followsπn = π1 ◦ π1,n−i+1 ◦ πi,i,n, where

πi,i,n : LM ×4n → LM ×4n−i+1;

(γ; s1, . . . , sn) 7→ (γ, si, . . . , sn);

π1,n−i+1 : LM ×4n−i+1 → LM × [0; 1];

(γ; s1, . . . , sn−i+1) 7→ (γ, s1);

π1 : LM × [0; 1]→ LM ;

(γ; s) 7→ γ.
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We notice the useful identities:

πj,n = πj−i+1,n+i−1 ◦ πi,i,n, i ≤ j and πj,n = πk,i ◦ π1,i,n, j ≤ i− 1,

whereπ1,i,n (γ; t1, . . . , tm) : = (γ; t1, . . . , ti). With the help of these identities, we
may rewrite then-th term in (2.3.9) as follows:

πn∗

[
â1,n ∧ · · · ∧ F̂A+ai,n ∧ · · · ∧ ân,n

]
=

= πn∗

[
π∗1,i,n (â1,i ∧ · · · ∧ âi−1,i) ∧ π

∗
i,n,n

(
F̂A+a1,n−i+1 ∧ â2,n−i+1 ∧ · · ·

)]
.

We use the following identity

πn∗ = (−1)n−iπ1∗ ◦ π1,n−i+1∗ ◦ πi,n,n∗. (2.3.10)

We notice the appearance of the sign(−1)n−i; this follows from our earlier conventions
on push-forwards and from the choice of the standard orientation dt1 ∧ · · · ∧ dtn.

Therefore, using the first identity in (2.2.2), we may write

πn∗

[
â1,n ∧ · · · ∧ F̂A+ai,n ∧ · · · ∧ ân,n

]
=

= (−1)n−iπ1∗ ◦ π1,n−i+1∗

{
πi,n,n∗

[
π∗1,i,n (â1,i ∧ · · · ∧ âi−1,i)

]
∧

∧
(
F̂A+a1,n−i+1 ∧ â2,n−i+1 ∧ · · ·

)}
.

At this point, it is useful to notice the following commutative diagram

LM ×4n
π1,i,n
−−−−→ LM ×4i

πi,n,n

y
yπi,i

LM ×4n−i+1
π1,n−i+1
−−−−−−→ LM × [0, 1].

This means thatπ1,n−i+1◦πi,n,n = πi,i◦π1,i,n. This permits also to apply Lemma 2.2.1
to πi,n,n∗ ◦ π∗1,i,n, transforming it intoπ∗1,n−i+1 ◦ πi,i∗. Hence, we get

(−1)n−iπ1∗ ◦ π1,n−i+1∗

{
πi,n,n∗

[
π∗1,i,n (â1,i ∧ · · · ∧ âi−1,i)

]
∧

∧
(
F̂A+a1,n−i+1 ∧ â2,n−i+1 ∧ · · ·

)}
=

= (−1)n−iπ1∗ ◦ π1,n−i+1∗

{
π∗1,n−i+1

[
πi,i∗ (â1,i ∧ · · · âi−1,i) ∧ F̂A+a

]
∧

∧ (â2,n−i+1 ∧ · · · ∧ ân−i+1,n−i+1)

}
=
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= (−1)n−iπ1∗

[
πi,i∗ (â1,i ∧ · · · âi−1,i) ∧ F̂A+a ∧

∧ π1,n−i+1∗ (â2,n−i+1 ∧ · · · ∧ ân−i+1,n−i+1)

]
.

The last equality is again a consequence of the first identityin (2.2.2).
We may finally write (2.3.9) as

−
∑

n≥1

n∑

i=1

π1∗

[
πi,i∗ (â1,i ∧ · · · âi−1,i) ∧ F̂A+a ∧

∧ π1,n−i+1∗ (â2,n−i+1 ∧ · · · ∧ ân−i+1,n−i+1)

]
H(A)|10,

and this gives clearly the claim.

Remark2.3.5. Similar identities can be proved for the two other cases in which we
consider parallel transports as functions onLM × [0, 1], resp. onLM ×42. We obtain
for the first case the result

dπ∗ ev(0)∗A H(A+ a)|•0 = −π∗1 ev(0)∗a ∧H(A+ a)|•0 + H(A+ a)|•0 ∧ â−

− π2,2∗

[
π∗1,2

(
H(A+ a)|•0 ∧ F̂A+a

)
∧H(A+ a)|••

]
.

An analogous identity holds for the holonomy as a function depending on the final
point:

dπ∗ ev(0)∗A H(A+ a)|1• = −â ∧H(A+ a)|1• + H(A+ a)|1• ∧ π
∗
1

[
H(A)|10 ev(0)∗a

(
H(A)|10

)−1
]
−

− π1,2∗

[
H(A+ a)|•• ∧ π

∗
2,2

(
F̂A+a ∧H(A+ a)|1•

)]
.

For the second case, we get

dπ∗
2 ev(0)∗A H(A+ a)|•• = −π∗1,2â ∧H(A+ a)|•• + H(A+ a)|•• ∧ π

∗
2,2â−

− πb2,3∗

[
π∗b3,3 H(A+ a)|•• ∧ π

∗
2,3F̂A+a ∧ π

∗
b1,3 H(A+ a)|••

]
,

whereπbj,3 : LM ×43 → LM ×42 forgets thej-th point of the3-simplex. We have
preferred to adopt the notation

∫

t1≤s≤t2

H(A+ a)|st1 ∧ F̂A+as ∧H(A+ a)|t2s

for the third term in the three above expressions, wheret1 ≤ t2 can be fixed or can be
understood as variables, given the case in the specific context.
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2.3.1 Some remarks on then-simplex4n

The fundamental ingredient in the construction ofH(A + a)|10 is then-simplex4n,
which is defined as the set ofn-tuples(t1, . . . , tn) with 0 ≤ t1 ≤ · · · ≤ tn ≤ 1.

In order to compute the push-forward w.r.t. the forgetful projectionπn (and also
w.r.t. πn+1,n+1 or π1,n+1), we need first specify an orientation of the simplex. This
can be done by choosing an orientation form, which is the restriction to4n of the
standard orientation form onRn, i.e.

dvol4n
: = dt1 ∧ · · · ∧ dtn. (2.3.11)

Thus, we may then integraten-forms on4n by the rule: ifω = fdt1 ∧ · · · ∧ dtn is
a form of highest degree on4n, wheref is a smooth function on4n, its integral is
given by ∫

4n

ω : =

∫ 1

0

· · ·

∫ t2

0

f (t1, . . . , tn) dt1 · · · dtn.

Clearly, by Fubini’s theorem, we may also write e.g.

∫

4n

ω =

∫ 1

0

∫ 1

ti

· · ·

∫ ti+2

ti

∫ ti

0

· · ·

∫ t2

0

f (t1, . . . , tn) dt1 · · · dti−1dti+1 · · · dtndti,

for any1 ≤ i ≤ n.
Now that we have specified a particular orientation of4n, we may define the push-

forward w.r.t. the projectionπn from LM ×4n ontoLM as

πn∗
[
f (γ; t1, . . . ) dti1 ∧ · · · ∧ dtip ∧ π

∗
n (ω)

]
: =

[∫

4n

f (γ; t1, . . . ) dvol4n

]
∧ ω,

(2.3.12)
if {i1, . . . , ip} = {1, . . . , n} or if it is a permutation thereof (clearly, the sign of the
permutation must be included); otherwise, we set the push-forward to be0. In equation
(2.3.12),f is a smooth function onL×4n, whileω is a smooth form onLM . One can
verify directly that equation (2.3.12) is a special case of our definition of push-forward.

Similarly, the orientation form (2.3.11) specifies in an obvious way an orientation
form on then-simplex bounded from below by1 ≤ s ≤ 1 and from above by0 ≤ s ≤
t ≤ 1 (we denote such a simplex by4n,s,t)

∫

4n,s,t

f (t1, . . . ) dvoln,s,t : =

∫ t

s

· · ·

∫ t2

s

f (t1, . . . , tn) dt1 · · · dtn.

Fubini’s theorem may be applied to this situation accordingly.
Such an orientation choice, along with the first two identities in (2.2.2), gives ob-

vious formulae for the push-forwards w.r.t.πn+1,n+1 (γ; t1, . . . , tn+1) = (γ; tn+1),
w.r.t. π1,n+1 (γ; t1, . . . , tn+1) = (γ, t1), w.r.t. πi,n,n (γ; t1, . . . , tn) = (γ; ti, . . . , tn)
and w.r.t.π1,i,n (γ; t1, . . . , tn) = (γ; t1, . . . , ti), for 1 ≤ n and1 ≤ i ≤ n.

With all conventions in mind and using the first and the secondproperty in (2.2.2),
we may explicitly prove equation (2.3.10). In fact, by the definition of the push-forward
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πn∗ andπ1∗ ◦ π1,n−i+1∗ ◦ πi,n,n∗, we need only consider a form onLM ×4n of the
shape

f (γ; t1, . . . ) dvoln ∧ π∗n (ω) ,

where the notations are as in equation (2.3.12). In other cases, both push-forwards are
0 by definition, and equation (2.3.10) is a trivial consequence. We notice the identity
πn = π1 ◦ π1,n−i+1 ◦ πi,n,n; hence we may rewrite the above form as

f (γ; t1, . . . ) dvoln ∧ π∗n (ω) = f (γ; t1, . . . ) dvoln ∧ π∗i,n,n
{
π∗1,n−i+1 [π∗1 (ω)]

}
.

Therefore, we get by Fubini’s Theorem

π1∗ ◦ π1,n−i+1∗ ◦ πi,n,n∗ [f (γ; t1, . . . ) dvoln ∧ π∗n (ω)] =

= π1∗ ◦ π1,n−i+1∗ ◦ πi,n,n∗
[
f (γ; t1, . . . ) dvoln ∧ π∗i,n,n

{
π∗1,n−i+1 [π∗1 (ω)]

}]
=

= (−1)n−iπ1∗ ◦ π1,n−i+1∗ ◦ πi,n,n∗ [f (γ; t1, . . . ) dt1 ∧ · · · ∧ dti−1∧

dti+1 ∧ · · · ∧ dtn ∧ dti∧ ∧π

= (−1)n−i
[∫

4n

f (γ; t1, . . . ) dvol4n

]
∧ ω.

Hence, equation (2.3.10) follows directly from these computations.
A last word about the orientation of the boundary faces of then-simplex4n and

Formula (2.3.4).
The boundary∂4n of the simplex can be decomposed into a union ofn+1 different

sets as follows:

∂4n =

n⋃

α=0

(∂4n)α ,

where

(∂4n)0 : = {(t1, . . . , tn) ∈ 4n : t1 = 0} ;

(∂4n)α : = {(t1, . . . , tn) ∈ 4n : tα = tα+1} , 1 ≤ α ≤ n− 1;

(∂4n)n : = {(t1, . . . , tn) ∈ 4n : tn = 1} .

It is clear that any(∂4n)α is isomorphic to then − 1-simplex4n−1; the orientation
form on4n−1 is dvoln−1.

Clearly, the0-th boundary face(∂4n)0 has− ∂
∂t1

as outward-directed (normalized)
vector field (sinceti ≥ 0, for all 1 ≤ i ≤ n). Since the orientation form of the boundary
∂M of a smooth, oriented manifoldM is induced from the orientation form ofM by
the rule

dvol∂M : = ιvdvolM ,

whereιv denotes the contraction of the orientation form ofM by a given vector-field
v, which has to be outward-directed from∂M , it follows immediately that the0-th
boundary face of4n has orientation form−dvoln−1, hence we say that it has orienta-
tion−1. In a similar way, it can be proved that any face(∂4n)α has orientation form
(−1)α+1dvoln−1, hence the orientation of then+ 1 faces of4n is given by the rule

or (∂4n)α = (−1)α+1.
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2.4 Compactification of configuration spaces

In this section we discuss configuration spaces and their compactification á la Fulton–
MacPherson–Axelrod–Singer (FMcPAS for short). Standard references for this subject
are [30], [3] and [12]. Other (equivalent) compactifications are also proposed in [41]
and [47].

2.4.1 The FMcPAS-compactification of the configuration space of
n points in a compact manifoldM

First of all, we need to recall the notion of configuration space ofn points in a compact,
m-dimensional manifold, which we will denote byM .

Definition 2.4.1. The open configuration space ofn points inM , which is usually
denoted byC0

n(M), is defined as

C0
n(M) : = {(x1, . . . , xn) ∈Mn : i 6= j ⇒ xi 6= xj , ∀i, j} . (2.4.1)

In order to define a good compactification ofC0
n(M), we have to recall briefly

the (differential-geometric) definition of the blow-up of amanifoldM along a given
submanifoldN : thegeometric blow-up ofM alongN , which we denote byBl (M,N),
is obtained, roughly speaking, by replacing the submanifoldN ⊂M by its unit normal
bundle inTM . The construction of the normal bundle involves usually thechoice of
a Riemannian metric onM . Alternatively, if we do not want to introduce an explicit
Riemannian metric onM , we may view the unit normal bundle ofN as the quotient
of the tangent bundle ofM by the tangent bundle ofN (viewed as a subbundle of
the restriction ofTM onN ) and by the group of dilationsR+, which acts on the left
simply by multiplication. We prefer to view the normal bundle in the second setting.

If we consider an ordered subsetS =
{
i1, . . . , i|S|

}
of {1, . . . , n}, with cardinality

|S| bigger than1, we denote by∆S the principal diagonal inM |S|, defined explicitly
as follows

∆S : =
{(
xi1 , . . . , xi|S|

)
∈M |S| : xi = xj , ∀i, j ∈ S

}
.

Clearly, there is a smooth imbedding of the open configuration spaceC0
n(M) intoMn.

Recalling the above definition of blow-up, there is a smooth imbedding ofC0
n(M) into

Bl
(
M |S|,∆S

)
, for any subset of{1, . . . , n} of cardinality bigger than1, simply given

by projecting fromC0
n(M) ontoM |S|. Hence, we may consider the smooth imbedding

C0
n(M) ↪→Mn ×

∏

S⊆{1,...,n}
|S|≥2

Bl
(
M |S|,∆S

)
. (2.4.2)

Definition 2.4.2. Thecompactified configuration space ofn points, denoted byCn(M),
is defined as the closure ofC0

n(M) in Mn ×
∏

S⊂{1,...,n}
|S|≥2

Bl
(
M |S|,∆S

)
.

The presence of the blow-ups makesCn(M) into a manifold with corners (locally
modeled onRm × Rn+, for somem andn). An important feature ofCn(M) is the
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combinatoric of the boundaries. The presence of the blow-ups makes alsoCn(M) into
a stratified space: namely, if we consider an ordered subsetS =

{
i1, . . . , i|S|

}
⊂

{1, . . . , n} labeling the points inM collapsing together, we have to consider classes
of 2 ≤ k ≤ |S|-dimensional vectors modulo global translations and scalings, with at
least two distinct components, corresponding to elements in the unit normal bundle of
the diagonal labeled byS. When all components of the equivalence class of the|S|-
dimensional vector (a normal vector to∆S) over the diagonal∆S are all distinct, all
directions of collapse to the diagonal∆S can be distinguished. When two or more com-
ponents of a unit normal vector over the diagonal∆S are equal, we have to “magnify”
in order to distinguish the directions of collapse of such points; the magnification pro-
cess is taken into account by the presence of other equivalence classes of vectors with
2 ≤ k < |S|-components (i.e. unit normal vectors on the diagonals of the fibers of the
unit normal bundle of the diagonal∆S), with at least two of them distinct. The compo-
nents of such equivalence classes are labeled by the subset of S, corresponding to the
nondistinct components of the given equivalence classes. If these equivalence classes
also have nondistinct components, we have to resort to otherequivalence classes with
less components, until the magnification process comes to anend, i.e. when we arrive
to a situation when we can distinguish all directions of collapse.

The stratification ofCn(M) can be visualized as follows: a boundary face is in-
dicated by a parenthesization of{1, . . . , n}, such that the parenthesization labels only
nested subsets, i.e. any two subsets are either disjoint or one is contained in the other,
and any parenthesis contains at least two elements. E.g. ifn = 5, a possible boundary
face is

B = {1 {2 {3, 4}} 5} .

We explain its significance: the first internal parentheses indicate that the points la-
beled by2, 3 and4 collapse together, and the innermost parentheses indicatethat we
have to “magnify” on the coordinates3 and4, in order to distinguish the directions of
their collapse. More generally, each internal parenthesesindicate that the point therein
collapse together; parentheses within parentheses mean that we have to magnify on the
points in the innermost parentheses. The codimension of a stratum, indicated by a cho-
sen parenthesization, is equal to the number of parentheses(e.g., if we take again the
above example, the codimension of the corresponding stratum is 2). For our purposes,
we need only consider the boundary faces of codimension1

We quote now some important facts concerning the propertiesCn(M).
First of all, there are natural projections

πS,n : C0
n(M)→ C0

S(M),

(x1, . . . , xn) 7→ (xi1 , . . . , xi|S|
),

(2.4.3)

whereS =
{
i1, . . . , i|S|

}
⊂ {1, . . . , n}.

Theorem 2.4.3. For any ordered subsetS =
{
i1, . . . , i|S|

}
⊂ {1, . . . , n}, the map

πS,n defined in (2.4.3) lifts to a smooth map betweenCn(M) andCS(M).

Another important feature ofCn(M) concerns imbeddings. If we consider a smooth
imbeddingf between two compact manifoldsM andN , it extends obviously to a
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smooth map, denoted byC0
p(f), between the corresponding open configuration spaces

C0
p(M) andC0

p(N). The injectivity of the tangential map off at any point ofM implies
the following

Theorem 2.4.4.The mapC0
p(f) lifts to a smooth map betweenCp(M) andCp(N).

2.4.2 The compactification of the configuration spaceC0

n(R
m)

We discuss here the compactification of configuration spacesof M = Rm. As Rm

is not compact, the above construction does not work. We recall but thatRm may be
compactified by the addition of exactly one point (the point “at infinity”). The one-
point-compactification ofRm is diffeomorphic to them-sphereSm, which is compact.
We then consider a base pointp onSm, e.g. the north pole; so,Sm \ {p} is diffeomor-
phic toRm (sometimes, the pointp will be denoted by∞).

Definition 2.4.5. The compactification ofC0
n(R

m), which we denote byCn(Rm), is
defined by means of the commutative diagram

Cn(R
m) : = ι∗p (Cn+1(S

m))
ιp

−−−−→ Cn+1(S
m)

πp

y
yπn+1,n+1

{p}
ιp

−−−−→ Sm,

(2.4.4)

whereιp is the inclusion of{p} into Sm.

The interior ofCn(Rm) consists, by construction, of then + 1-tuples inSm, with
distinct entries, where the last entry has to bep; the remainingn entries must be also

different fromp. Hence, we get
◦
Cn(R

m) = C0
n(S

m \ {p}) ∼= C0
n(R

m). Alternatively,
the compactificationCn (Rm) is obtained by compactifying the open configuration
spaceC0

n (Sm) along the same lines of Definition 2.4.2, but where we replacea) all
diagonals (not containingp) by their respective blow-ups andb) all k-tuples of compo-
nents all equal top, labeled by subsetsS of {1, . . . , n} of cardinality at least1, also by
their respective blow-ups. We notice that in the latter case, the blow up consists simply
of |S|-tuples inTpS

m such that the sum of their squares w.r.t. to a given norm onSm

equals1. The combinatoric of the boundaries ofCn(Rm) is more complicated, since
we have to take into account not only the boundary faces corresponding to the collapse
of two or more points, but also the boundary faces “at infinity”, where one or more
points go to infinity.

The manifoldCn(Rm) enjoys many of the properties enjoyed byCn(M), with M
compact: namely, forgetful projections, e.g. the mapsπS,n from (2.4.3) fromC0

n(R
m)

intoC0
n(R
|S|), lift to smooth maps fromCn(Rm) intoCn(R|S|), and similarly elements

of Imb∞(R
m−2,Rm) lift to smooth maps fromCn(Rm−2) intoCn(Rm).

We consider the open configuration spaceC0
2(R

m). There is a smooth mapϕ12

fromC0
2(R

m) to Sm−1

ϕ12 : C0
2(R

m)→ Sm−1,

(x1, x2) 7→
x1 − x2

||x1 − x2||
,

(2.4.5)
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where in this case|| || denotes Euclidean norm inRm. The important relationship
betweenC2(R

m) and the map (2.4.5) is encoded (we refer to [12] for an explicit proof)
in the following

Theorem 2.4.6.The mapϕ12 lifts to a smooth map fromC2(R
m) into Sm−1.

2.4.3 Including submanifolds

In this subsection, we want to discuss another interesting feature of FMcPAS compact-
ification of configuration spaces, namely the possibility ofincluding submanifolds. In

fact, given a compact submanifoldS
f
↪→M of the compact manifoldM , we may define

the (open) configuration space ofs points inS andt points inM as

C0
s,t(M,S; f) : =





(x1, . . . , xs; y1, . . . , yt) ∈ S
s ×M t :

xi 6= xj , i 6= j;

yk 6= yl, k 6= l;

f(xm) 6= yn, ∀m,n




.

(2.4.6)
This definition may be extended to a family of imbeddingsS ↪→ M , viewing such an
extension as a fibration overImb(S,M), with typical fiber atf ∈ Imb(S,M) the space
Cs,t(M,S; f).

Our aim is to define a suitable compactification of this space,denoted byCs,t(M,S),
which has to be also a fibration over the space of imbeddings fromS intoM .

Definition 2.4.7. The spaceCs,t(M,S) is defined by means of the commutative dia-
gram

Cs,t(M,S) : = ev∗s (Cs+t(M))
evs−−−−→ Cs+t(M)

πs

y
yπs

Imb(S,M)× Cs(S)
evs−−−−→ Cs(M),

(2.4.7)

where the mapπs is the (smooth lift toCs+t(M) of the) projection fromC0
s+t(M) onto

the firsts factors, while the mapevs is the (smooth lift toImb(S,M) × Cs(S) of the)
usual evaluation map, extended to open configuration spaces.

It turns out that this construction does the job: namely, thespaceCs,t(M,S) is a
smooth manifold with corners, and the mapsevs andπs are smooth (we refer to [12]
for more details).

We have considered only the case of imbeddings of a compact submanifold in a
compact manifold; we will consider smooth imbeddings of a compact manifold in
Rm, for somem. The compact configuration spaceCs,t(Rm, S) is defined by means
of Cs+t(Rm) and the commutative square given in (2.4.7), replacingImbSM by
Imb(S,Rm).

2.4.4 Explicit realizations of boundary faces of compactified con-
figuration spaces

The groupSn of permutations ofn factors operates freely on the compactification
Cn(M). If we consider the boundary face of codimension1 describing the collapse
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of 2 ≤ |S| ≤ n points, we may always put ourselves in the case when the collapsing
points are labeled by the indices{1, . . . , |S|}, by permuting the factors. We therefore
need only describe this special boundary face; for simplicity, we writek = |S|.

We consider the action of the groupG, the semidirect product of the group of
dilationsR+ andRm (viewed as the abelian group of global translations), viewed as a
representation ofR+, on the open configuration spaceC0

k(R
m):

((x1, . . . , xk) ; (λ, v)) 7→ (λx1 + v, . . . , λxk + v) , xi 6= xj , i 6= j, λ ∈ R+, v ∈ Rm.

(we notice that thisG-action is free).
We briefly comment on the sense of the action of translations and dilations. The

precise definition of the differential-geometric blow-up of a manifoldM along a given
submanifoldS ⊂M involves the unit normal bundle ofS ⊂M . In the special case at
hand of the diagonal∆k ⊂Mk, at a given pointx ∈M , seen as a point in the diagonal
∆k, the unit normal bundle of∆k ⊂M

k atx takes the explicit form, having chosen a
Riemannian metric onM , which we denote by〈 , 〉 (we denote by the same symbol
its extension toMk and its restriction toS):

S (Nx∆k) =

{
(x1, . . . , xk) ∈

k⊕
TxM :

k∑

i=1

xi = 0,
k∑

i=1

||xi||
2 = 1

}
, (2.4.8)

where|| || denotes the norm w.r.t. the Riemannian metric〈 , 〉.
We see immediately that both conditions in (2.4.8) rule out the possibility that all

vectorsxi are equal. Moreover, the second condition implies thatS (Nx∆k) may be
seen as a compact submanifold of(Rm)

k.
On the other hand, taking the complement of the principal diagonal in⊕k TxM ,

we may define on this space the sane action ofR+ n TxM as onC0
k(R

m); this gives
a metric-free characterization of the unit normal bundle ofthe principal diagonal in
Mk. Clearly, in any equivalence class of suchk-tuples there is one and only one
representative, such that the sum of its components vanishes and the sum of the squares
of the norms of its components equals1.

It is also clear that if two or more vectors in the unit normal bundle atx of the
diagonal∆k are equal, so are also the corresponding components in the quotient of the
complement of the principal diagonal in⊕k TxM modulo dilations and global transla-
tions.

We want to describe, for later purposes, which compactification of C0
k(R

m) /G
corresponds to the boundary face wherek points inM collapse together. We imbed
the subset̂C0

k(R
m) : = C0

k(R
m) /G in the product

C0
k(R

m)/G ↪→
∏

R⊆{1,...,k}
|R|≥2

S|R|m−1 ∩HR. (2.4.9)

The imbedding is explicitly realized as follows: for any subsetR ⊆ {1, . . . , k} of
cardinality strictly bigger than1, take the projection from̂C0

k(R
m) onto Ĉ0

R(Rm),
given by projecting onto the components labeled by elementsof R, and then map this
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|S|-tuple (modulo global translations and scaling) to its unique representative such that

∑

i∈R

xi = 0,
∑

i∈R

||xi||
2 = 1,

where|| || denotes Euclidean norm inRm. This is the motivation of our notation: by
S|R|m−1 ∩ HR we have denoted the set of|R|-tuples of vectors inRm, indexed by
elements inR, such that the sum of the squares of their components in the Euclidean
norm is1 (whence we may view such an|R|-tuple as an element of the sphereS|R|m−1)
and such that the sum of their components vanishes (whence wemay view such a|R|-
tuple as belonging to the intersection ofm hyperplanes inR|R|). (We notice that in
the compactification of̂C0

R(Rm), there is no need to compactify along the principal
diagonal, because such a configuration is automatically ruled out by the isomorphism
betweenĈ0

k(R
m) andSkm−1 ∩HR ∩ C0

k(R
m).)

We then definêCk(Rm) as the closure ofC0
k(R

m) /G imbedded as in (2.4.9). Be-
cause of all the blow-ups,̂Ck(Rm) is also a manifold with corners. E.g. ,̂C0

2 (Rm) =

Sm−1, since any equivalence class in̂C0
2 (Rm) has a unique representative with van-

ishing second entry and normalized first entry. It follows that Ĉ2(R
m) = Sm−1.

For a given compact manifoldM , the bundleĈk(TM) is defined fiberwise by
Ĉk(TM)x : = Ĉk(TxM) ∼= Ĉk(R

m). In the simplest casek = 2, we getC2(M) =
Bl
(
M2,∆

)
, and the boundary is exactly the sphere bundle ofM . More generally, the

boundary face corresponding to the collapse of the firstk points inCn(M) is the pulled-
back bundle overCn−k+1(M) of Ĉk(TM) w.r.t. to the projection fromCn−k+1(M)
onto the first point.

For the caseM = Rm, there are additional codimension-1 faces to be considered,
namely those faces, where the firstl points escape to infinity. The description of such
a face involves again the spacesĈl(Rm): in fact, it is the trivial fibrationCn−l(Rm)×

Ĉl+1(R
m).

We considerCs,t(Rm, S), whereS is a compact submanifold ofRm. By the explicit
construction ofCs,t(Rm, S), it follows that the codimension 1 boundary faces are of
four distinct types:

a) 2 ≤ p ≤ s points inS collapse together;

b) 2 ≤ r ≤ t points inRm collapse together;

c) 1 ≤ p ≤ s points inS and1 ≤ r ≤ t points inRm collapse together inS;

d) 1 ≤ q ≤ s points escape together to infinity.

We consider the action ofSs ×St onCs,t(Rm, S), where an element ofSs ×St is a
couple of permutations, the first one inSs and the second one inSt, with componen-
twise multiplication. By the action ofSs ×St we may put ourselves in the situation
wherea) the firstp points inS collapse together,b) the firstr points inRm collapse
togetherc) the firstp points inS and the firstr points inRm collapse together inS and
d) the firstq points inRm escape to infinity.
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The description of the first, second and fourth special boundary face is easy: the
facea) is a fibration overCs−p+1,t(R

m, S), obtained by pulling back the bundlêCp(TS)
w.r.t. the projection onto the first coordinate inS.

The faceb) is the trivial fibrationCs,t−r+1(R
m, S)× Ĉr(Rm).

The faced) is also a trivial fibration, namelyCs,t−q(Rm, S) × Ĉq+1(R
m). To

understand this, we have to recall the characterization ofCn(Rm): we replace any
|S|-tuple consisting of components all equal top (p ∈ Sm corresponds to the point
at infinity of Rm), whereS is a subset of{1, . . . , n} of cardinality at least1, by its
blow-up, which is in this case simply the sphere in⊕S TpS

m, in the sense of FMcPAS.
Hence, the interior of the fiber of the face at infinity, where points labeled byS escape
to infinity, is given by (assuming for simplicity thatS = {1, . . . , q}, q = |S|)

(w1, . . . , wq) ∈ ⊕
q TpS

m ∼= (Rm)
q such that

q∑

i=1

||wi||
2 = 1,

and thewi are all nonzero and distinct. It is immediate to verify that in any class of
distinct vectors ofq + 1 vectors inTpSm modulo global translations and dilations (i.e.
an element ofĈ0

q+1(R
m)) there is one and only oneq-tuple of nonzero and distinct

vectors inTpS
m such that the sum of their squares equals1 (e.g. by setting theq +

1-th component to0). The compactification of the faces of infinity is then clearly
realized, by means of the preceding identification, via the same machinery leading to
the compactification of the faces of typeb) and it is given byĈq+1(R

m); we only
notice that, in this case, the possibility that all componentswi coincide,i = 1, . . . , q,
is not ruled out automatically.

The facec) is more complicated; we describe first its interior, and later we give
a glimpse of its compactification in the spirit of the FMcPAS-compactification. We
introduce the spaceI

(
Rd,Rm

)
of linear, injective maps fromRd to Rm; here,d is the

dimension of the imbedded submanifoldS ⊂M .
We then define the set

I
(
Rd,Rm

)
n C0

p,r : =
{
(α;x1, . . . , xp; y1, . . . , yr) ∈ I

(
Rd,Rm

)
× Rd × Rm :

xi 6= xj , i 6= j

yk 6= yl, k 6= l

α(xi) 6= yj, ∀i, j





(2.4.10)
We define on the above set the following equivalence relation:

(α;x1, . . . ; y1, . . . ) ' (α̃; x̃1, . . . ; ỹ1, . . . )⇐⇒

⇐⇒




α̃ = α,

∃ (λ, ξ) ∈ R+ × Rd :
x̃i = λxi + ξ, 1 ≤ i ≤ p
ỹi = λyi + α(ξ), 1 ≤ i ≤ r.

(2.4.11)

We denote byI
(
Rd,Rm

)
n Ĉ0

p,r the quotient ofI
(
Rd,Rm

)
n C0

p,r w.r.t. the previous
equivalence relation. For later purposes, we need to introduce theStiefel manifold
Vm,d, which is viewed in this context as the space of linear,isometricmaps fromRd

into Rm, hence as a submanifold ofI
(
Rd,Rm

)
.
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We want to explain briefly why we have considered the manifoldI
(
Rd,Rm

)
and the

previous equivalence relation. Given an imbeddingf from S into Rm, Cs,t(M,S, f)
is also realized by a sequence of blow-ups in the spirit of (2.4.2), where we have to
consider blow-ups along diagonals inS, diagonals inM and submanifolds of the form
∆p,r(M,S, f) of Sp ×M r, for 1 ≤ p ≤ s and1 ≤ r ≤ t, defined by

∆p,r(M,S, f) : =
{
(x1, . . . , xp; y1, . . . , yr) ∈ ∆S

p ×∆M
r : f(x1) = y1

}
.

(We notice that the submanifold∆p,r(M,S, f) is diffeomorphic toS.)
For x ∈ S, the unit normal bundle of∆p,r(M,S, f) is realized explicitly as fol-

lows, upon picking two Riemannian metrics〈 , 〉M and〈 , 〉S onM , resp.S:

S (Nx∆p,r(M,S, f)) =





(x1, . . . ; y1, . . . ) ∈

p⊕
TxS ⊕

r⊕
Tf(x)M :

p∑

i=1

〈xi , v 〉S +

r∑

j=1

〈 yj , Txf(v) 〉M = 0, ∀v ∈ TxS,

p∑

i=1

||xi||
2
S +

r∑

j=1

||yj ||
2
M = 1





.

(2.4.12)
Since we are considering an imbeddingf , its tangent map at any pointx ∈ S defines an
injective map fromTxS into Tf(x)M . As for the sense of the equivalence relation w.r.t.
global translations and scalings, it is not difficult to see that in any equivalence class
in Cp,r(M,S, f)x w.r.t. the group action (2.4.11) there is exactly one representative
belonging toS (Nx∆p,r(M,S, f)), with all distinct internal and external components
and such that the image through the tangent mapTxf of any internal component is
distinct from any external component; hence, it gives a metric-free representation of
the unit normal bundle of∆p,r(M,S, f). It is also clear that, at any pointx ∈ S, the
unit normal bundle of∆p,r(M,S, f) is a compact submanifold of

(
Rd
)p
× (Rm)

r;
moreover, the possibility that all vectors inRd ∼= TxS are equal and that their image
w.r.t. Txf equal the vectors inRm ∼= Tf(x)M is automatically ruled out.

There is a right action of the groupSO(d) onI
(
Rd,Rm

)
n C0

p,r:

(g; (α;x1, . . . ; y1, . . . )) 7−→
(
α ◦ g−1; g(x1), . . . ; y1, . . .

)
.

Clearly, the equivalence relation (2.4.11) is equivariantw.r.t. the action ofSO(d);
therefore, the action ofSO(d) onI

(
Rd,Rm

)
nC0

p,r descends to an action onI
(
Rd,Rm

)
n

Ĉ0
p,r. S is an oriented Riemannian manifold with metric〈 , 〉S , whence we may

construct the principal bundleSO(S) of oriented orthonormal frames ofTS; it is an
SO(d)-principal bundle overS. Finally, we consider the associated bundleSO(S)×SO(d)(
I
(
Rd,Rm

)
n Ĉ0

p,r

)
overS.

We construct a mapΦα from Imb(S,Rm) × Uα to
(
SO(S)× I

(
Rd,Rm

))
|Uα

in
the following way:

Φα((x, f)) : =
(
φ−1
α,x; Txf ◦ φ

−1
α,x

)
, f ∈ Imb(S,Rm) , x ∈ Uα, (2.4.13)
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whereUα belongs to a trivializing covering ofTS, with trivializationφα constructed
as follows:

φα(v) : =
(
π(v);

(
〈 v , eα1 (π(v)) 〉S,π(v) , . . . , 〈 v , e

α
d (π(v)) 〉S,π(v)

))
, v ∈ TS|Uα

.

By {eα1 , . . . , e
α
d} we have denoted an oriented orthonormal frame onUα w.r.t. the met-

ric 〈 , 〉S . Finally,φ−1
α,x, for x ∈ S, is simply

φ−1
α,x (λ1, . . . , λd) : = φ−1

α (x, (λ1, . . . , λd)) .

Clearly,Txf ◦ φ−1
α,x defines an element ofI

(
Rd,Rm

)
.

Since the mapsφα define a local trivialization ofTS, it holds

φ−1
α,x = φ−1

β,x ◦ gβα(x),

if Uα∩Uβ 6=, andgβα(x) denotes the transition function from the trivialization overUβ
to that overUα; gβα(x) clearly belongs toSO(d). UnlessS is parallelizable, the map
Φα is only locally defined. By the previous computations, it follows on a nonempty
overlappingUα ∩ Uβ :

Φα(x, f) = Φβ(x, f)gβα(x),

whereSO(d) acts on the right onSO(S), and furthermore it acts onI
(
Rd,Rm

)
via

(g;α) 7→ α ◦ g−1, g ∈ SO(d), α ∈ I
(
Rd,Rm

)
.

Hence, it is easy to see that the maps (2.4.13) glue together to a well-defined mapΦ
fromS× Imb(S,Rm) to SO(S)×SO(d)I

(
Rd,Rm

)
. If S = Rm (whence it follows that

S is parallelizable),SO(S) is trivial, and we getSO(S) ×SO(m−2) I
(
Rm−2,Rm

)
=

S × I
(
Rm−2,Rm

)
.

There is a natural fibration overSO(S) ×SO(d) I
(
Rd,Rm

)
, given by the obvious

forgetful projection fromSO(S) ×SO(d)

(
I
(
Rd,Rm

)
n Ĉ0

p,r

)
onto SO(S) ×SO(d)

I
(
Rd,Rm

)
. We consider also the projectionπp,r from Cs−p+1,t−r(R

n, S) ontoS ×
Imb(S,Rm), onto the first point.

The interior of the facec) ofCs,t(Rm, S), which we denote bŷC0
p,r, is the fibration

overCs−p+1,t−r(R
m, S) defined by means of the commutative square:

Ĉ0
p,s

Φ◦πp,r
−−−−→ SO(S)×SO(d)

(
I
(
Rd,Rm

)
n Ĉ0

p,r

)

pr

y
ypr

Cs−p+1,t−r(R
m, S)

Φ◦πp,r
−−−−→ SO(S)×SO(d) I

(
Rd,Rm

)
.

(2.4.14)

For later purposes, we briefly discuss which compactification of the spaceVm,d n

Ĉ0
p,r corresponds to the actual boundary of typec). For a givenα ∈ I

(
Rd,Rm

)
, we

define the space
Ĉ0
p,r(α) : = π−1 ({α}) , (2.4.15)
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whereπ denotes here the surjective projection fromI
(
Rd,Rm

)
nĈ0

p,r ontoI
(
Rd,Rm

)
.

The spacêC0
p,r (α) can be imbedded in a product spheres as follows:

Ĉ0
p,r(α) ↪→

∏

S1⊆{1,...,p}

2≤|S1|≤p

(
S|S1|d−1 ∩HS1

)
×

×
∏

S2⊆{1,...,r}

2≤|S2|≤r

(
S|S2|m−1 ∩HS2

)
×

×
∏

S1∪S2⊂{1,...,p}∪{1,...,r}

2≤|S1|+|S2|≤p+r

S|S1|d+|S2|m−1 ∩HS1∪S2 ;

(2.4.16)

where the imbedddings forS = S1 or S = S2 are as in (2.4.9). The caseS = S1 ∪ S2

needs some explanations: first of all, we take the projectionfrom Ĉ0
p,r onto Ĉ0

S1,S2
,

simply given by projecting onto the components labeled byS1 ∪ S2, and then we

identify such a|S1| + |S2|-tuple in
(
Rd
)|S1| × (Rm)

|S2| (modulo global translations
and scaling) with its unique representative enjoying

∑

i∈S1

||xi||
2 +

∑

j∈S2

||yj ||
2 = 1,

∑

i∈S1

〈xi , v 〉+
∑

j∈S2

〈 yj , α(v) 〉 = 0, ∀v ∈ Rd.

The former equation defines a sphereS|S1|d+|S2|m−1 and the latter defines the inter-
sectionHS1∪S2 of d hyperplanes inR|S1|+|S2|, and〈 , 〉, resp.|| ||, denotes Euclidean
scalar product, resp. norm, in bothRd andRm.

The compactification of̂C0
p,r(α), which we denote bŷCp,r(α), is simply the closure

of Ĉ0
p,r(α), embedded as in (2.4.16). Therefore, the compactification of I

(
Rd,Rm

)
n

Ĉ0
p,r is simply given by replacinĝC0

p,r(α) at anyα ∈ I
(
Rd,Rm

)
by Ĉp,r(α). It follows

easily that to get the compactified face corresponding to thecollapse of the first1 ≤
p ≤ s points inS and of the first1 ≤ r ≤ t points inRm to S, we have to replace
I
(
Rd,Rm

)
n Ĉ0

p,r in the commutative diagram (2.4.14) byI
(
Rd,Rm

)
n Ĉp,r.

2.4.5 Long knots inRm and configuration spaces

For later purposes, it is convenient at this point to introduce a special class of imbed-
dings fromRm−2 into Rm, the so-calledlong knots inRm. As we have already seen,
the k-dimensional Euclidean spaceRk may be compactified by the addition of one
point, the so-called “point at infinity”. We consider the space Imb∞,σ

(
Rm−2,Rm

)
of

long knots, namely a subspace of the space of imbeddings ofRm−2 into Rm with the
property of being base-point preserving (in the case at hand, “base-point preserving”
means that, viewingRm−2 asSm−2 minus one pointp andRm asSm minus one point
q, any element ofImb∞,σ

(
Rm−2,Rm

)
sendsp to q, or, in other words, sends the point

at infinity inRm−2 into the point at infinity inRm) We also specify additionally a linear
imbedding ofRm−2 into Rm, which we denote byσ.
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Definition 2.4.8. The setImb∞,σ
(
Rm−2,Rm

)
is defined as

Imb∞,σ
(
Rm−2,Rm

)
: =

{
f ∈ Imb∞(R

m−2,Rm) : ∃ a compact subsetΩ of Rm−2

f |Rm−2\Ω = σ
}
,

(2.4.17)

Imb∞(R
m−2,Rm) denotes the space of base-point preserving imbeddings from

Sm−2 into Sm, where we specify two base-points inSm−2 andSm, both denoted by
∞. The action of the group of diffeomorphisms ofSm (which containsSO(m + 1))
sees to it that any knot inSm (i.e. an imbedding ofSm−2 intoSm) can be deformed so
as to give a long knot.

With the help ofImb∞,σ
(
Rm−2,Rm

)
, we may define the configuration spaces

Cs,t
(
Rm,Rm−2

)

Definition 2.4.9. The open configuration spaceC0
s,t

(
Rm,Rm−2, f

)
is defined analo-

gously as (2.4.6), but nowf has to belong toImb∞,σ
(
Rm−2,Rm

)
. Therefore,C0

s,t

(
Rm,Rm−2

)

is now seen as a fibration overImb∞,σ
(
Rm−2,Rm

)
.

The compactification thereof, which is denoted byCs,t
(
Rm,Rm−2

)
, is again a

fibration overImb∞,σ
(
Rm−2,Rm

)
, specified by the commutative diagram

Cs,t
(
Rm,Rm−2

)
: = ev∗s (Cs+t(R

m))
evs−−−−→ Cs+t(R

m)

π1,s

y
yπ1,s

Imb∞,σ
(
Rm−2,Rm

)
× Cs

(
Rm−2

) evs−−−−→ Cs(R
m) ,

(2.4.18)

where the notations are as in the commutative diagram (2.4.4).

This space is also a manifold with corners; in this case, the boundary faces are of
six types:a) 2 ≤ p ≤ s points inRm−2 collapse together,b) 2 ≤ q ≤ t points in
Rm collapse together,c) 1 ≤ p ≤ s points inRm−2 and1 ≤ q ≤ t points inRm

collapse together inRm−2, d) 1 ≤ q ≤ s points inRm−2 escape to infinity inRm−2,
e) 1 ≤ r ≤ t points inRm tend to infinity inRm and finallyf) 1 ≤ q ≤ s points
in Rm−2 and1 ≤ r ≤ t points inRm escape to infinity. The boundary faces of type
a), b), c) ande) need not be discussed, because they are completely analogous to the
boundary faces appearing inCs,t(Rm, S). A more careful discussion is needed for the
remaining boundary faces, namely those of typed) and of typef). When the firstp
points inRm−2 escape to infinity, we get the trivial fibrationCs−p,t

(
Rm,Rm−2

)
×

Ĉp+1

(
Rm−2

)
overCs−p,t(Rm,Rm−2); similarly, any face wherep points escape to

infinity in Rm−2 is realized starting from this special face via permutations on the
fibration.

We describe now the codimension-1 boundary face where the firstq points inRm−2

and the firstr points inRm escape to infinity. It is better to first view explicitly a given
face at infinity, when e.g. the firstq points inRm−2 escape to infinity. The interior of
this face can be characterized by the inclusion (see also [12])

(x1, . . . , xs−q; y1, . . . , yt; z1, . . . , zq) 7→

7→ (Rz1, Rz2, . . . , Rzq, x1, . . . , xs−q; y1, . . . , yt) ,
(2.4.19)
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whereR > 0 tends to infinity and thezi’s are all nonzero and distinct vectors inRm−2,
and such that the sum of their squares equals1.

Analogously, when the firstq points inRm tend to infinity inRm, we may view the
interior of the corresponding face via the inclusion

(x1, . . . , xs; y1, . . . , yt−q;w1, . . . , wq) 7→

7→ (x1, . . . , xs;Rw1, . . . , Rwq, y1, . . . , yt−q) ,

whereR again tends to infinity, and thewi’s are all nonzero and distinct vectors inRm

such that the sum of their squares equals1.
The special class of imbeddings we are considering permits agood characterization

of the codimension-1 boundary face where the firstp points inRm−2 and the firstq
points inRm tend to infinity, since any element ofImb∞,σ

(
Rm−2,Rm

)
maps∞ in

Rm−2 to∞ in Rm. If σ is the linear imbedding outside a compact set inRm−2, this
face is then realized by the inclusion

(x1, . . . , xs−p; y1, . . . , yt−q; z1, . . . , zp;w1, . . . , wq) 7→

7→ (Rz1, . . . , Rzp, x1, . . . , xs−p;Rw1, . . . , Rwq, y1, . . . , yt−q) .

wherezi ∈ Rm−2 andwj ∈ Rm, 1 ≤ i ≤ p and1 ≤ j ≤ q, are all nonzero and distinct
in their respective spaces, such that additionally nowj equals the image throughσ of
anyzi and such that the sum of their squares (w.r.t. the Euclidean norms inRm−2 and
Rm for example) equals1.

2.4.6 Orientation conventions for principal faces

Definition 2.4.10.We call a boundary face of codimension1 ofCs,t(Rm, S) principal,
if one of the following situations occur:

• the face describes the collapse of exactly two points inS or in Rm;

• the face describes the collapse inS of exactly one point inS and one point in
Rm;

• the face describes the situation, when exactly one point inRm escapes to infinity.

All other faces are calledhidden.

In subsequent definitions and computations, we need to compute push-forwards
along boundary faces of codimension1 of configuration spacesCs,t(Rm, S). The cen-
tral object of most computations is the generalized Stokes Theorem; in order to com-
pute correctly the boundary contributions of integration along fibers, we need to know
how to orient the boundary, which decomposes into principaland hidden faces. We are
not interested in the orientations of other types of faces, since we will later prove that,
in the cases under consideration, there are no contributions coming from hidden faces
and from principal faces at infinity.
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We notice that an orientation forCs,t(Rm, S) is fixed by the restriction toC0
s,t(R

m, S)

of an orientation of the product manifoldSs × (Rm)
t. We fix such an orientation:

namely, we choose as orientation form

dvolSs×(Rm)t : = π∗1 (dvolS)∧ · · · ∧ π∗s (dvolS)∧ π∗s+1 (dvolRm)∧ · · ·π∗s+t (dvolRm) ,
(2.4.20)

whereπi denotes the projection fromSs × (Rm)
t onto thei-th factor, anddvolS , resp.

dvolRm , denotes the orientation form ofS, resp.Rm.
As we have already seen, the cartesian product of the permutation groupsSs and

St (which is also a group with its product structure) act freelyand transitively on
Cs,t(R

m, S). This means that, once we have fixed background principal faces of
Cs,t(R

m, S), one for each type, we can obtain any other principal face of the same
type via permutations. Permutations may be orientation-preserving or -reversing, de-
pending on two factors: the signs of the permutations involved and the dimensionsd of
S andm of Rm. Hence, in order to determine the orientation of a given principal face,
we need only the orientation of three chosen background face. First, we consider the
principal faces of the first type where the first and the secondpoint inS, resp. inRm,
collapse together. The orientation choice (2.4.20) implies immediately that the orienta-
tion of these two special faces is1, resp.(−1)sd. We may explicitly characterize these
faces via the natural inclusion maps (considering only the interior ofCn−1(R

m))

∂1,2,int(f ;x1, x2, . . . , xs−1; y1, . . . , yt; v) : = (f ;x1, x1 + εv, x2, . . . , xs−1;

y1, . . . , yt) ,

∂1,2,ext(f ;x1, x2, . . . , xs; y1, . . . , yt−1, w) : = (f ;x1, . . . , xs; y1, y1 + εw, . . . , yt−1),
(2.4.21)

wherev, resp.w is a unit vector ofRd, resp. ofRm, andε > 0 is small.
We consider the special face of the second type, where the first point ofRm collapse

to the first point ofS. We may also view this face via the inclusion map:

∂1,s+1 (f ;x1, . . . , xs; y1, . . . , yt−1;w) : = (f ;x1, . . . , xs; f(x1) + εw, y1, . . . , yt−1) ,
(2.4.22)

wherew is a normalized vector inRm, andε > 0 is also small. To this face, we
assign the canonical orientation(−1)(s−1)d, which is a consequence of the choice of
orientation (2.4.20). By the transitive action ofSs × St on Cs,t−1(R

m, S) and of
Ss×St−1 onCs,t−1(R

m, S), the orientation of any other principal face of the second
type may be obtained from the chosen orientation of the background face in (2.4.22).

If we consider the configuration spaceCs,t(Rm, S), there are four cases to discuss:
whend andm are both even, whend is even andm is odd, whend is odd andm is
even, and whend andm are both odd.

If d andm are both even, all principal faces have orientation1, since permutations
of s, resp.t, elements induce always orientation-preserving maps.

If d is even andm is odd, any permutation ofs elements induces an orientation-
preserving diffeomorphism on corresponding configurationspaces. On the other hand,
sincem is odd, a permutation oft elements induce an orientation-preserving or -
reversing diffeomorphism on corresponding configuration spaces, if and only if is even,
resp. odd. Analogously, whend is odd andm is even, the rôles are interchanged,
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i.e. permutations ofs elements induce orientation-preserving or -reversing diffeomor-
phisms, if their signs are even, resp. odd, while permutations oft elements are always
orientation preserving.

If we consider the cased andm both odd, then any elementσ of Ss ×St induces
an orientation-preserving, resp. -reversing, diffeomorphism onCs,t(Rm, S), for any
s ≥ 1, t ≥ 1, if and only if, writingσ = σs × σt, the sign ofσs and the sign ofσt are
equal, resp. different.

Any principal face ofCs,t(Rm, S) of the first type forS, resp.Rm, is characterized
by a map of the form

σs ◦ ∂1,2,int ◦ σs−1, resp. τt ◦ ∂1,2,ext ◦ τt−1,

whereσj ∈ Sj, for j = s, s− 1, andτk ∈ Sk, k = t, t− 1. Similarly, a principal face
of the second type may be characterized by a map of the form

(σs × τt) ◦ ∂1,s+1 ◦ σ̃s,

whereσs andσ̃s are inSs andτt ∈ St. Hence, we get the following formula for the
orientation of principal faces:

or (σs ◦ ∂1,2,int ◦ σs−1) = (−1)(σs+σs−1)d;

or (τt ◦ ∂1,2,ext ◦ τt−1) = (−1)(τt+τt−1)m+sd;

or ((σs × τt) ◦ ∂1,s+1 ◦ σ̃s) = (−1)(σs+eσs+s−1)d(−1)τtm.

(2.4.23)

2.5 Some comments onI
(
Rd,Rm

)

As we have already seen, an important element in the characterization of boundary
faces of compactified relative configuration spacesCs,t(R

m, S), when points inS and
points fromRm collapse together inS is the spaceI

(
Rd,Rm

)
.

First of all, we construct a mapΛm,d from I
(
Rd,Rm

)
into the Stiefel manifold

Vm,d, which we prefer to view as the space of orthonormal systems of d vectors in
Rm; in fact, picking the standard orthonormal bases ofRd andRm, any element of
I
(
Rd,Rm

)
can be seen as a matrix withd columns andm rows, and the column vectors

are linearly independent. For this purpose, we use the Gram–Schmidt procedure: if we
are givend linearly independent vectors{a1, . . . , ad} in Rm, one can produce out of it
an orthonormal system ofd vectors, denoted by{ea1 , . . . , e

a
d},

ea1 : =
a1

||a1||
;

ẽai : = ai −
i−1∑

j=1

〈
ai , e

a
j

〉
eaj , eai : =

ẽai
||ẽai ||

, i = 1, . . . , d.

We denote by{e1, . . . , ed} the standard orthonormal basis w.r.t. the Euclidean scalar
product onRd. Taking an elementα ∈ I

(
Rd,Rm

)
, we consider the system ofd linearly

independent vectors inRm given by{α(e1), . . . , α(ed)} (i.e., the column vectors ofα)

64



we denote by{eα1 , . . . , e
α
d} the system ofd orthonormal vectors constructed by means

of the Gram–Schmidt procedure starting from{α(e1), . . . , α(ed)}. We define the map
Λm,d from I

(
Rd,Rm

)
to Vm,d as follows

Φm,d (α) : = {eα1 , . . . , e
α
d} , ∀α ∈ I

(
Rd,Rm

)
. (2.5.1)

We notice that there is also a mapΨm,d from I
(
Rd,Rm

)
into Grm,d, which is simply

given by
Ψm,d(α) : = 〈α(e1), . . . , α(ed)〉 , (2.5.2)

where〈α(e1), . . . , α(ed)〉 denotes the subspace spanned by the column vectors ofα.
The mapΛm,d is clearly surjective, since linear isometries ofRd into Rm are a

subset ofI
(
Rd,Rm

)
; similarly, Ψm,d is also surjective.

We notice that the elementΛm,d(α) can be written also as

Φm,d(α) = α ◦M (α) ,

whereM (α) is an upper triangulard × d matrix with positive eigenvalues, depending
non-linearlyon the entries ofα (this matrix arises in the Gram–Schmidt procedure).
Any such matrix can be smoothly connected to the identity in the space of upper trian-
gular matrices with positive eigenvalues:

Mt(α) : = (1 − t) id +tM (α) .

It is also clear that, ifα lies already inVm,d, thenM (α) equals the identity: the Gram-
Schmidt procedure maps the orthogonal system to itself.

Remark2.5.1. In fact, denoting byιm,d the natural inclusion ofVm,d into I
(
Rd,Rm

)
,

we getΦm,d ◦ ιm,d = id. On the other hand, we can define a mapΦ from I
(
Rd,Rm

)
×

[0, 1] to I
(
Rd,Rm

)
as follows:

Λ̂m,d(α; t) : = α ◦Mt (α) .

The map̂Λm,d obviously satisfies

Λ̂m,d(α; 0) = α, Λ̂m,d(α; 1) = α ◦M (α) = ιm,d ◦ Φm,d (α) ,

which is equivalent to the fact that̂Λm,d is adeformation retractionof I
(
Rd,Rm

)
to

Vm,d.

2.6 Stiefel and Grassmann manifolds

The Stiefel manifoldVm,d is the set of orthonormal systems ofd vectors inRm, while
the Grassmann manifoldGrm,d is defined as the set ofd-dimensional subspaces ofRm;
alternatively,Vm,d is the set of linear isometries ofRd into Rm. There is another char-
acterization of Stiefel and Grassmann manifolds ashomogeneous spaces; for details
about the equivalence of the two settings, we refer to [33].

Definition 2.6.1. The Stiefel manifoldVm,d, for any two positive integersd ≤ m, is
the homogeneous space

Vn,m : = SO(n)/SO(n−m),
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where hereSO(m− d) is embedded as a subgroup ofSO(n) as follows:

B ∈ SO(m− d) ↪→

[
id 0
0 B

]
. (2.6.1)

In Formula (2.6.1),id is the identity isomorphism of the Euclideanm-dimensional
space, the0 on the upper right side is a(n−m,m)-matrix with zero entries and the0
on the lower left side is its transpose.

We consider additionally the groupSO(d), which can be imbedded inSO(m) as
follows:

A ∈ SO(d) ↪→

[
A 0
0 id

]
; (2.6.2)

the notations are the same as in Formula (2.6.1) andid denotes the identity in the
Euclideanm−n-dimensional space. Additionally, we consider the subgroupSO(d)⊕
SO(m− d) of SO(m), consisting of matrices of the form

[
A 0
0 B

]
, A ∈ SO(d), B ∈ SO(m− d).

Definition 2.6.2. The Grassmann manifoldGrm,d, form andd as above, is the homo-
geneous space

Grm,d : = SO(m)/SO(d) ⊕ SO(m− d).

2.6.1 Invariant forms on homogeneous spaces

We recall the definition of a homogeneous space.

Definition 2.6.3. We assume we are given a Lie-groupG and a Lie-subgroupH ofG.
The homogeneous spaceG/H is defined as the space of left cosets

G/H : = {gH : g ∈ G}

We define the projectionπH by πH (g) : = gH ; this map is clearly surjective. We
endowG/H with the usual quotient topology.

It is customary to denote a class inG/H with representativeg by g, for g ∈ G.
The main fact about homogeneous spaces is encoded in the following

Theorem 2.6.4.There is a unique smooth structure onG/H , such thatπH is smooth
andG/H is a smooth manifold.

It is possible to endowG/H with the structure of a leftG-space, i.e. there is a
smooth left action ofG onG/H , defined as follows

G×G/H → G/H, (g, x) 7→ gx.

This action is well-defined, but it is in general not free. We will denote from now on
the left action of an elementg ∈ G by Lg.
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The Lie groupG has also the structure of a leftG-space, since left multiplication
induces a smooth, free, transitive action ofG on itself, which, for anyg ∈ G, is also
denoted byLg.

We say that a formω ∈ Ω∗(G) is invariant (w.r.t. the left action ofG on itself), if
it satisfiesL∗g ω = ω, for all g ∈ G. There is an obvious algebra homomorphismσG
from Ω∗G(G) to

∧∗
g∗, defined by the equation

σ(ω) = ωe,

with inverse
σ−1
G (α)g = α

(
TgL

−1
g •, . . .

)
.

details on these computations can be found in [33]. The usualexterior derivative of
forms maps obviously invariant forms to invariant forms. Twisting the exterior deriva-
tive by the isomorphismσG we get a differential on

∧∗
g∗, which is usually denoted

by δg. In other words, the differentialδg is given explicitly byδg = σG ◦ d ◦ σ−1
G .

The definition ofσG andσ−1
G , along with the invariance, yield the following explicit

formula forδg:

(δgα) (X0, . . . , Xp) : =
∑

0≤i<j≤p

(−1)i+jα
(
[Xi , Xj ], X0, . . . , X̂i, . . . , X̂j , . . . , Xp

)
,

(2.6.3)
for a given elementα of

∧p
g∗ and elementsXi of g; the hat on an argument means that

it is omitted. The differentialδg is then immediately seen to be equal to the differential
in Lie algebra cohomology with values in the trivialg-module. Hence, we may consider
the invariant cohomology ofG: namely, a closed, invariant differential form onG
is exact in invariant cohomology, if there exists an invariant form, whose differential
equals the given closed form. The invariant cohomology ofG is then in one-to-one
correspondence with the Lie-algebra cohomology ofg with values in the trivialg-
module.

Motivated by these results, we give the following

Definition 2.6.5. A differential formω on the homogeneous spaceG/H is said to be
G-invariant, if it satisfies

L∗g ω = ω, ∀g ∈ G.

It is clear that the set of invariant forms onG/H is a differential algebra (the exterior
derivative commutes with the action ofG); we denote this algebra byΩ∗G (G/H).

We want to characterize more precisely invariant forms on homogeneous spaces,
and therefore we need some background. Again, we refer to [33] for a detailed discus-
sion of what follows.

Given a Lie-groupG, we denote byc the conjugation ofG, by Ad, resp.Ad∗,
the adjoint, resp. coadjoint, action ofG on g, resp. ong∗. Finally, by ad, resp.ad∗,
we denote the adjoint action ofg on itself, resp. ong∗. SinceH is a Lie-subgroup,h
(the Lie-algebra ofH) is a Lie-subalgebra ofg; moreover, it is clearly stable under the
adjoint action ofH . We denote byh⊥ theannihilator ofh:

h⊥ : = {α ∈ g∗ : α (X) = 0, ∀X ∈ h} .
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Since for anyh ∈ H , Ad(h) mapsh into itself,h⊥ is stable under the coadjoint action
of H . Hence, there is a representation ofH on h⊥. This action can be extended in an
obvious way to the exterior algebra

∧∗
h⊥.

We consider now the projectionπH ; it can be shown that the tangent map ofπH at
the identity induces a linear isomorphism betweeng/h and the tangent space ofG/H
at the class of the identity (we refer again to [33] for more details); we denote this
map byTeπH . Hence, its dual map induces an isomorphism between the dualspace
of TeG/H and the spaceh⊥. Consequently, its extension to exterior algebras induces
again an isomorphism between

∧∗
(TeG/H)

∗ and
∧∗

h⊥.
By definition ofG/H and equivariancy ofπH , πH (c(h)g) = Lh πH(g), for all g

in G andh in H ; infinitesimally at the identity, we get

TeπH ◦Ad(h) = TeLh ◦ TeπH , ∀h ∈ H. (2.6.4)

The equivariancy ofπH w.r.t. the action ofG implies that the pull-back of any invariant
form onG/H gives aG-invariant form onG.

We denote by
(∧∗

h⊥
)
H

the subalgebra of
∧∗

h⊥ of H-invariant elements. If we
take a differential formω ∈ Ω∗G(G/H), then the alternating functionalτG (ω) defined
by

τG(ω) : =
∧∗

(TeπH)
∗
ωe (2.6.5)

belongs to
(∧∗

h⊥
)
H

; this a consequence of beingω invariant and of equation (2.6.4).
Moreover, it holds

Theorem 2.6.6. The assignmentτG defined by equation (2.6.5) is an isomorphism,
which makes the following square commutative:

Ω∗G(G/H)
τG−−−−→

(∧∗
h⊥
)
H

π∗
H

y
yι

Ω∗G(G)
σG−−−−→

∧∗
g∗,

(2.6.6)

whereι denotes the natural inclusion. Furthermore, the graded algebra
(∧∗

h⊥
)
H

is stable w.r.t. the action ofδg; therefore, we may view
(∧∗

h⊥
)
H

endowed with the
differentialδg also as a differential graded algebra.

2.6.2 Homogeneous spaces with right actions from special subgroups
and biinvariant forms

First of all, we give particular assumptions on the groupG, which fit in for later pur-
poses.

Condition 2.6.7. We assumeG to be a Lie-group, with two Lie-subgroupsH andK,
satisfying the requirements:

• K andH commute, i.e. for any two elementsh ∈ H andk ∈ K, the relation
hk = kh holds;
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• H ∩K = {e}, wheree is the identity ofG.

A triple (G,H,K), where both hypotheses are satisfied, is given e.g. byG =
SO(m), H = SO(m − d) andK = SO(d), for m andd positive integers obeying
d ≤ m, whereSO(m− d) is imbedded inSO(m) via (2.6.1) andSO(d) via (2.6.2).

Remark2.6.8. The second condition is not crucial for the next computations. It is
useful only in order to get a rightfreeK-action on the homogeneous spaceG/H .

We return back to the homogeneous spaceG/H ; under the above assumptions,
G/H receives a rightK-action as follows:

(G/H)×K −→ G/H,

(g, k) 7−→ gk.
(2.6.7)

First of all, this action is well-defined. In fact, if we take two distinct representativesg,
g̃ of the classx ∈ G/H , then

g, g̃ ∈ x⇐⇒ ∃ h ∈ H : g̃ = gh.

It follows
g̃k = ghk = gkh =⇒ g̃k ∼H gk, ∀k ∈ K,

where the second equality follows by the commutativity ofH andK. Hence, leftG-
cosets are mapped by right multiplication byK into left G-cosets. Moreover, by the
second assumption, the action ofK on G/H is obviously free: taking a classg in
G/H , if, for somek in K gk = g, it follows

gk = gk = g =⇒ gk = gh, h ∈ H =⇒ k = h.

But thenk would also belong toH , contradictingH ∩ K = {e}. Hence, given the
above assumptions onH andK, the homogeneous spaceG/H inherits a free right
K-action. The subgroupK operates also by right multiplication onG. The projection
πH is equivariant w.r.t. the right action ofK on bothG andG/H :

πH (Rk(g)) = πH(gk) = gk = gk = (Rk ◦πH) (g),

whereRk denotes right multiplication byk ∈ K.

Definition 2.6.9. Under the above hypotheses onG, H andK, a formω onG/H is
said to beright K-invariant, if it satisfies

R∗k ω = ω, ∀k ∈ K. (2.6.8)

The algebra ofK-invariant differential forms onG/H is denoted byΩ∗(G/H)K .
Since bothG- andK-actions are compatible, it makes sense to consider the algebra
of left G-invariant, rightK-invariant forms (shortly,biinvariant formsonG/H , de-
noted byΩ∗G(G/H)K ; it is clearly a subalgebra ofΩ∗G(G/H).
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We consider the Lie-algebrak of K and the adjoint action ofK onh; sinceH and
K commute, it follows

Ad(k)X =
d

dt

∣∣∣
t=0

c(k) exp tX =
d

dt

∣∣∣
t=0

exp tX = X, X ∈ h, k ∈ K.

Hence, the adjoint action ofK on h is trivial. It follows thath⊥ is invariant w.r.t. the
coadjoint action ofK. Hence, we get a representation ofK on h⊥; moreover, the
representation ofH onh⊥ obviously commutes with the representation ofK.

We consider the conjugation onG by elements ofK; we easily get

πH ◦ c(k) = Lk ◦R−1
k ◦πH .

Taking the tangent map on both sides at the identity, we get

TeπH ◦Ad(k) = Tk−1Lk ◦ TeR
−1
k ◦ TeπH .

We take an element ofω ∈ ΩpG(G/H)K . For an arbitraryk ∈ K, we consider
(∧p

Ad∗(k)
)
τG(ω) = τG(ω)

(
Ad
(
k−1

)
•, . . .

)
= ωe

(
TeπH ◦Ad

(
k−1

)
•, . . . ,

)
=

= ωe
((

T
k−1Lk ◦ TeR

−1
k ◦ TeπH

)
•, . . .

)
=

= ωL
k−1(k)

((
T
k−1Lk ◦ TeR

−1
k ◦ TeπH

)
•, . . .

)
=

= ωk
((

TeR
−1
k ◦ TeπH

)
•, . . .

)
=

= ωRk(e)

((
TeR

−1
k ◦ TeπH

)
•, . . .

)
=

= ωe (TeπH•, . . . ) =

= τG (ω) ,

where we have used explicitly the biinvariance ofω. Therefore,τG maps the alge-
bra ofG-invariant,K-invariant forms onG/H into

[(∧∗
h⊥
)
H

]
K

, the algebra of

H-invariant,K-invariant elements of
∧∗

h⊥. On the other hand, sinceτG is an iso-
morphism fromΩ∗G(G/H)K in

(∧∗
h⊥
)
H

, given an elementα ∈
[(∧p

h⊥
)
H

]
K

,
there exists exactly one element ofω ∈ ΩpG(G/H), such that

α =
∧p

(TeπH)
∗
ωe.

We will show thatω is alsoK-invariant: sinceα is in
[(∧p

h⊥
)
H

]
K

, it follows

ωe (TeπH•, . . . ) = α (•, . . . ) =

=
∧p

Ad∗(k)α (•, . . . ) = α
(
Ad
(
k−1

)
•, . . .

)
=

= ωe
(
TeπH ◦Ad

(
k−1

)
•, . . .

)
=

= ωe
((

T
k−1Lk ◦ TeR

−1
k ◦ TeπH

)
•, . . .

)
=

= ωk
((

TeR
−1
k ◦ TeπH

)
•, . . .

)
=

= (R∗k ω)e (TeπH•, . . . ) ;
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in the fifth equation, we made use of the left-invariance ofω. Since the dual map of
TeπH is an isomorphism betweenh⊥ and the dual ofTeG/H , it follows

ωe = (R∗k ω)e , ∀k ∈ K. (2.6.9)

Since the right action ofK and the left action ofG commute, along with theG-
invariance ofω, imply directly that the formω is alsoK-invariant. Namely

(R∗k ω)g (•, · · · ) = ωLg k

((
TkLg

)
◦
(
TgkL

−1
g

)
◦ (TgRk) •, · · ·

)
=

= ωk
(
(TeRk) ◦

(
TgL

−1
g

)
•, · · ·

)
=

= ωRk e

(
(TeRk) ◦

(
TgL

−1
g

)
•, · · ·

)
= ωe

((
TgL

−1
g

)
•, · · ·

)
=

= ωg (•, · · · ) , ∀g ∈ G, ∀k ∈ K.

Hence,ω is alsoK-invariant. The mapτG restricts therefore to an isomorphism be-
tweenΩ∗G(G/H)K and

[(∧∗
h⊥
)
H

]
K

. We may state the results of all these computa-
tions in the following

Theorem 2.6.10.Given a Lie-groupG, which has two Lie-subgroupsH andK sat-
isfying the two hypotheses in Condition (2.6.7), the isomorphismτG of Theorem 2.6.6
restricts to an isomorphism (denoted again byτG)

Ω∗G(G/H)K
τG−→
[(∧∗

h⊥
)
H

]
K
, (2.6.10)

making the following square obviously commutative

Ω∗G(G/H)K
τG−−−−→

[(∧∗
h⊥
)
H

]
K

ι

y
yι

Ω∗G(G/H)
τG−−−−→

(∧∗
g⊥
)
H
.

(2.6.11)

Moreover, the graded algebra
[(∧∗

h⊥
)
H

]
K

is stable under the differentialδg; we will

denote the (restriction of the) differentialδg on
[(∧∗

h⊥
)
H

]
K

by the same symbolδg.

2.6.3 The Lie-algebra ofSO(m)

The Lie-algebra ofSO(m), which is usually denoted byso(m), is given by the set

so(m) : =
{
X ∈ gl(m) : X

t = −X
}
. (2.6.12)

Here, we have denoted bygl(m) the associative algebra ofm×m-matrices with real en-
tries. The Lie-algebragl(m) is generated by the matricesEij , wherei, j ∈ {1, . . . ,m}:

(Eij)kl : = δikδjl,

i.e., the matricesEij have all zero entries but the entry(i, j), which is1. It is clear that
such matrices are a basis ofgl(m). A basis ofso(m) may be then displayed via the
basisEij : for 1 ≤ i < j ≤ m, we define

Eij : = Eij − Eji.
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Hence,
so(m) =

〈
Eij : 1 ≤ i < j ≤ m

〉
. (2.6.13)

We need explicit formulae for the structure constants ofso(m) w.r.t. the basisEij .
It suffices to compute the structure constants ofgl(m) w.r.t. the basisEij : for this
purpose, we have to compute the productsEijEkl, for any four indicesi, j, k, l:

(Eij)mn (Ekl)np = δimδjnδknδlp = δimδjkδlp = δjk (Eil)mp .

Hence, it follows
[ Eij , Ekl ] = δjkEil − δilEkj .

A simple computation ensures that
[
Eij , Ekl

]
= δjkEil − δjlEik − σjlδikEjl + σjkδilEjk, (2.6.14)

where

σij =

{
1 , i < j

−1 , i > j.

The Lie-algebragl(m) possesses asKilling form

〈X , Y 〉 : = Tr ad(X) ad(Y), (2.6.15)

whereTr denotes the trace of a linear endomorphism ongl(m), andad denotes the
adjoint action ofso(m) on itself; the Killing form can be also written as

〈X , Y 〉 = 2mTr (XY) − 2 TrXTrY, ∀X,Y ∈ gl(m),

where now the trace is the usual trace of matrices. If we now restrict the Killing form
to so(m), we get also aSO(m)-invariant bilinear form onso(m), which reduces to

〈X , Y 〉 = 2mTrXY = −4m
∑

1≤i<j≤m

XijYij , ∀X,Y ∈ so(m),

whereX =
∑

1≤i<j≤m XijEij , and analogously forY. Using the explicit definition of

the generatorsEij , it can be proven that
〈
Eij , Ekl

〉
= −4mδikδjl,

i.e. the Killing form is nondegenerate onso(m), and that the basisEij is orthogonal.
We may further normalize the Killing form, multiplying it by−4m, whence the basis
Eij becomes orthonormal w.r.t. the corrected Killing form

〈X , Y 〉 = −
1

2
Tr (XY) . (2.6.16)

(We will call the last bilinear form “Killing form”). Since (2.6.16) isSO(m)-invariant,
the Riesz mapΦ from so(m) to so(m)∗ w.r.t. the Killing form isSO(m)-equivariant:
Φ ◦Ad(A) = Ad∗(A) ◦ Φ, for all A ∈ SO(m).
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The abelian Lie-groupSO(2) is imbedded inSO(m) via the map (2.6.1); therefore,
the Lie-subalgebraso(2) of so(m) is given by a copy ofso(2) imbedded inso(m) as
follows:

so(2) : =

{
Y ∈ so(m) : Y =

[
0 0
0 X

]
, X ∈ so(2)

}
. (2.6.17)

In the previous formula, the0 on the upper left side is the(m − 2) × (m − 2)-matrix
with all zero entries, while the0 on the upper right side is a(m − 2)× 2-matrix with
all zero entries, and the remaining0 is its transpose. In other words,

so(2) =
〈
Em−1,m

〉
.

Therefore,

so(2)⊥ =

{
Z ∈ so(m) : Z =

[
X Y

−Y
t 0

]
,X ∈ so(m− 2),Y ∈Mm−2,2

}

In the last expression,Mm−2,2 denotes the space of real(m− 2)× 2-matrices. Hence,
the annihilatorso(2)⊥ of so(m)∗ corresponds to the orthogonal complement ofso(2)
underΦ. Sometimes, in order to simplify the notations, we will write an element of
so(2)⊥ as a2-tuple(X,Y) ∈ so(m− 2)×Mm−2,2.

Finally, we want to give an explicit expression for the adjoint action ofSO(m −
2)⊕ SO(2) onso(2)⊥; here, any element ofSO(m− 2)⊕ SO(2) has the form

[
A 0
0 B

]
, A ∈ SO(m− 2), B ∈ SO(2).

By a direct computation we get

Ad (A⊕ B)

[
X Y

−Yt 0

]
=

[
AXAt AYBt

−BYtAt 0,

]
, A ∈ SO(m− 2), B ∈ SO(2).

(2.6.18)
Since we have identified the annihilatorso(2)⊥ with the orthogonal complement

of so(2) w.r.t. the Killing form via the mapΦ, we may view the exterior algebra∧∗
so(2)⊥ of the annihilator as the exterior algebra of the orthogonalcomplement of

so(2). Hence, the invariant subalgebra
(∧∗

so(2)⊥
)
SO(2)

(in the dual sense) may be
identified with the invariant subalgebra w.r.t. the action (2.6.18) of the exterior algebra
of the orthogonal complement ofso(2).

2.6.4 Biinvariant forms on V4,2

In this special case, the computations simplify considerably, and we are able to produce
all biinvariant forms onV4,2.

The Lie-algebraso(4) is spanned by the following six linearly independent vectors

so(4) =
〈
E12,E13,E14,E23,E24,E34

〉
.
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We consider two copies ofSO(2): the first one is imbedded inSO(4) via the map
(2.6.2), the second one is imbedded via the map (2.6.1). If weconsider the Lie algebra
of the second copy ofSO(2), we find that its generator isE34. Therefore, we may write

so(2)⊥ =

{[
X Y

−Yt 0

]
: X ∈ so(2), Y ∈ gl(2)

}
.

The adjoint action ofSO(2) ⊕ SO(2) on so(2)⊥ is given by the following formula,
which is a direct consequence of Formula (2.6.18):

Ad(A⊕ B)

[
X Y

−Yt 0

]
=

[
X AYBt

−BYtAt 0

]
, A,B ∈ SO(2); (2.6.19)

the formula does not contain the adjoint action of the first copy of SO(2) on its Lie
algebra, asSO(2) is abelian. Therefore, the generatorE12 of the first copy ofso(2)
is obviouslySO(2) ⊕ SO(2)-invariant. This implies that, form = 4, there exists an
SO(2)⊕SO(2)-invariant vector; equivalently, there exists a biinvariant1-form onV4,2.
Moreover, this is the unique biinvariant1-form onV4,2. Namely, since− id ∈ SO(2),
anySO(2) ⊕ SO(2)-invariant functionalα ∈ so(2)⊥ is a multiple ofE

∗

12, the dual of
E12, as the following argument shows:

α
(
E13

)
= α

(
−E13

)
= 0,

by theSO(2)⊕ SO(2) invariance ofα, takingA = id andB = − id. Similar compu-
tations yield

α
(
E14

)
= α

(
E23

)
= α

(
E24

)
= 0.

Therefore, ifα is SO(2)⊕ SO(2)-invariant, the only surviving component ofα is the
E
∗
12-component, and this yields

α = λ E
∗
12, λ ∈ R.

For the sake of simplicity, we will denote byα the invariant functionalE
∗
12, and also

the corresponding unique biinvariant form onV4,2.
Next, we consider alternatingSO(2)⊕ SO(2)-invariant functionals of degree2 in

so(2)⊥. We take a general elementη of
∧2

so(2)⊥, invariant under the action (2.6.19).
First of all, choosing as beforeA = id andB = − id, we get

η
(
E12,E13

)
= 0, η

(
E12,E14

)
= 0,

η
(
E12,E23

)
= 0, η

(
E12,E24

)
= 0.

In fact, theid⊕SO(2)-invariance implies e.g.

η
(
E12,E13

)
= η

(
E12,−E13

)
.

All other cases follow by similar computations.
We now show thatE

∗
13∧E

∗
14+E

∗
14∧E

∗
24 andE

∗
13E
∗
23+E

∗
14∧E

∗
24 areSO(2)⊕SO(2)-

invariant.
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Any element ofSO(2) can be uniquely written in the formA : =

[
c s
−s c

]
, where

c : = cos θ ands : = sin θ, with θ varying in [0, 2π).
We compute explicitly the action ofAt⊕id, resp.id⊕At, on the generators

{
E13,E14,E23E24

}
:

Ad(At ⊕ id)E13 = c E13 + s E23, Ad(id⊕A
t)E13 = c E13 + s E14,

Ad(At ⊕ id)E14 = c E13 + s E24, Ad(id⊕A
t)E14 = −s E13 + c E14,

Ad(At ⊕ id)E23 = −s E13 + c E23, Ad(id⊕A
t)E23 = c E23 + s E24,

Ad(At ⊕ id)E24 = −s E14 + c E24, Ad(id⊕A
t)E24 = −s E23 + c E24.

(2.6.20)
If we chooseθ = π

2 , theSO(2)⊕ SO(2)-invariance implies:

η
(
E13,E14

)
= η

(
E23,E24

)
,

η
(
E13,E23

)
= η

(
E14,E24

)
,

η
(
E13,E24

)
= −η

(
E14,E23

)
= η

(
E14,E23

)
= 0.

Therefore,η may be written as follows:

η = λ Θ + µ Ω,

whereΘ denotesE
∗

13∧E
∗

23+E
∗

14∧E
∗

24 andΩ denotesE
∗

13∧E
∗

14+E
∗

23∧E
∗

24, andλ andµ
are real numbers. For the sake of simplicity, we denote byΘ andΩ the corresponding
biinvariant forms.

Returning to the general case, the identityc2 + s2 = 1 implies immediately that
E13 ∧ E14 + E23 ∧ E24 andE13 ∧ E23 + E14 ∧ E24 areSO(2) ⊕ SO(2)-invariant.
SinceE

∗
13 ∧ E

∗
23 + E

∗
14 ∧ E

∗
24 corresponds toE13 ∧ E23 + E14 ∧ E24 under theSO(4)-

equivariant isomorphismΦ betweenso(4) andso(4)∗ induced by the Killing-form,
E
∗
13 ∧ E

∗
23 + E

∗
14 ∧ E

∗
24 is alsoSO(2)⊕ SO(2)-invariant.

Hence, anySO(2)⊕SO(2)-invariant element of
∧2

so(2)⊥ is a linear combination
of E

∗
13 ∧ E

∗
14 + E

∗
23 ∧ E

∗
24 andE

∗
13 ∧ E

∗
23 + E

∗
14 ∧ E

∗
24.

We consider now a general elementξ of
(∧3

so(2)⊥
)
SO(2)⊕SO(2)

. TheSO(2)⊕

SO(2)-invariance implies

ξ
(
E13,E14,E23

)
= ξ

(
E13,E14,E24

)
= ξ

(
E13,E23,E24

)
= ξ

(
E14,E23,E24

)
= 0.

Namely, if we consider e.g. the first expression, takingB = − id ∈ SO(2), and using
theSO(2)⊕ SO(2)-invariance, we get

ξ
(
E13,E14,E23

)
= ξ

(
−E13,−E14,−E23

)
= −ξ

(
E13,E14,E23

)
.

Therefore,ξ must be of the form

ξ = α ∧ η,

whereη has to be an alternating functional in
∧2

so(2)⊥, depending only on the gen-

erators
{
E
∗
13,E

∗
14,E

∗
23,E

∗
24

}
. Sinceξ andα are both invariant,η has to be invariant.
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By what we have proved above,η is a linear combination ofΩ andΘ. Hence,ξ has the
general form

ξ = α ∧ [λΩ + µ Θ] ,

with λ andµ real numbers.
We take a general elementθ of

∧4
so(2)⊥, invariant under the action ofSO ⊕

SO(2). As in the previous cases, theSO(2)⊕ SO(2)-invariance implies

θ
(
E12,E13,E14,E23

)
= θ

(
E12,−E13,−E14,−E23

)
= −θ

(
E12,E13,E14,E23

)
= 0.

Similar computations yield:

θ
(
E12,E13,E14,E24

)
= 0,

θ
(
E12,E13,E23,E24

)
= 0,

θ
(
E12,E14,E23,E24

)
= 0.

Therefore,θ takes the form

θ = λ E
∗
13 ∧ E

∗
14 ∧ E

∗
23 ∧ E

∗
24,

with λ a real number. SinceE
∗

13 ∧E
∗

14 ∧E
∗

23 ∧E
∗

24 = 1
2Ω2, it follows immediately that

θ is SO(2)⊕ SO(2)-invariant.
Finally, we consider an elementγ of

∧5
so(2)⊥, invariant under the action (2.6.19).

Such an element must be a real multiple ofE
∗
12 ∧ E

∗
13 ∧ E

∗
14 ∧ E

∗
23 ∧ E

∗
24, which may

alternatively written as

γ =
λ

2
α ∧ Ω2,

and we see immediately thatγ is alsoid⊕SO(2)-invariant.
We may summarize all the results so far in the following

Theorem 2.6.11.We consider the Stiefel manifoldV4,2. Then, the following isomor-
phisms hold:

Ω0
SO(4) (V4,2) ∼= R; Ω1

SO(4) (V4,2) ∼= R;

Ω2
SO(4) (V4,2) ∼= R2; Ω3

SO(4) (V4,2) ∼= R2;

Ω4
SO(4) (V4,2) ∼= R; Ω5

SO(4) (V4,2) ∼= R.

Proof. The isomorphisms are provided by Theorem 2.6.10, sinceΩ1, Ω2, Θ andH are
linearly independent, as well asα ∧ Ωi, i = 1, 2, α ∧Θ andα ∧H.

The preceding computations show that

(
so(2)⊥

)
SO(2)

= 〈α〉 ;

(
2∧

so(2)⊥

)

SO(2)

= 〈Ω,Θ〉 ;

(
3∧

so(2)⊥

)

SO(2)

= 〈α ∧ Ω, α ∧Θ〉 ;

(
4∧

so(2)⊥

)

SO(2)

=
〈
Ω2
〉
;

(
5∧

so(2)⊥

)

SO(2)

=
〈
α ∧ Ω2

〉
.
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2.6.5 Biinvariant cohomology ofV4,2

We begin this subsubsection with the explicit computation of the differentials of the
basis vectors ofso(4)∗:

δ
(
E
∗

12

)
= E

∗

13 ∧ E
∗

23 + E
∗

14 ∧ E
∗

24, δ
(
E
∗

13

)
= −E

∗

12 ∧ E
∗

23 + E
∗

14 ∧ E
∗

34,

δ
(
E
∗
14

)
= −E

∗
12 ∧ E

∗
24 − E

∗
13 ∧ E

∗
34, δ

(
E
∗
23

)
= E

∗
12 ∧ E

∗
13 + E

∗
24 ∧ E

∗
34,

δ
(
E
∗
24

)
= E

∗
12 ∧ E

∗
14 − E

∗
23 ∧ E

∗
34, δ

(
E
∗
34

)
= E

∗
13 ∧ E

∗
14 + E

∗
23 ∧ E

∗
24.

(2.6.21)
These equations are easy consequences of the definition of the differentialδ and of
equation (2.6.14).

The first equation in (2.6.21) shows immediately thatΘ is exact in invariant coho-
mology; in fact,Θ = dα.

On the other hand, sinceV4,2 = SO(4)/SO(2), the pull-back by the canonical
projection fromSO(4) ontoV4,2 of Ω is the exterior derivative of theSO(4)-invariant
form onSO(4), associated toE

∗
34. Hence,Ω is closed, but it is not exact in invariant

cohomology.
A general biinvariant2-form onV4,2 takes the form

η = λ Ω + µ Θ, λ, µ ∈ R.

Since both components are biinvariant and closed, every biinvariant form onV4,2 is
automatically closed.

We compute the differential ofα ∧ Ω andα ∧ Θ. We begin by computing the
differential ofα ∧ Ω:

d (α ∧ Ω) = δα ∧ Ω = Θ ∧ Ω = 0,

by the definition ofΘ andΩ.
The differential ofα ∧Θ equals

d (α ∧Θ) = Θ ∧Θ = −2 E
∗
13 ∧ E

∗
14 ∧ E

∗
23 ∧ E

∗
24 6= 0.

At degree3, we know that a general biinvariant form onV4,2 may be written as

ξ = λ α ∧ Ω + µ α ∧Θ, λ, µ ∈ R.

Therefore, the differential ofξ equals

dξ = −
µ

2
Θ2 !

= 0⇐⇒ µ = 0.

Hence, any closed biinvariant3-form onV4,2 is multiple ofα ∧ Ω. On the other hand,
such a form cannot be exact in biinvariant cohomology, sinceany biinvariant2 form is
closed.
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At degree4, we know that there is exactly a biinvariant form, namelyΘ∧Θ; since
Θ is exact in invariant cohomology, it follows immediately thatΘ ∧Θ is also exact.

Finally, the unique biinvariant5-formα∧Θ∧Θ is by dimensional reasons closed,
and it cannot be exact in invariant cohomology, since the only biinvariant4-form is
closed.

These results may be summarized in the following

Theorem 2.6.12.The biinvariant cohomology ofV4,2 is given by

H0
SO(4) (V4,2)SO(2)

∼= R; H1
SO(4) (V4,2)SO(2) = 0;

H2
SO(4) (V4,2)SO(2)

∼= R; H3
SO(4) (V4,2)SO(2)

∼= R;

H4
SO(4) (V4,2)SO(2) = 0; H5

SO(4) (V4,2)SO(2)
∼= R.

Proof. The unique biinvariant1-form onV4,2 isα, which is clearly not closed. Hence,
the only closed invariant form of degree1 is 0.

At degree2, any biinvariant form is closed; butΩ is not exact, whileΘ is exact.
Hence, any invariant cohomology class is represented by a multiple of the class ofΩ.

Any closed biinvariant3-form onV4,2 is a multiple ofα∧Ω, which cannot be exact
in biinvariant cohomology.

Any closed biinvariant4-form onV4,2 is a multiple ofΘ2, which is exact in invari-
ant cohomology.

Finally, any closed biinvariant cohomology class onV4,2 of degree5 is a multiple
of α ∧ Ω2, which is closed but not exact in invariant cohomology.

Last, we notice that, by a tedious but straightforward computation, it is possible
to show that the pull-back w.r.t. the projection fromSO(4) ontoV4,2 the closed form
α ∧ Ω is not exact inSO(4).

2.6.6 Invariant forms on the Grassmann manifoldGrm,m−2

In this subsection, we want to investigate the existence of left SO(m)-invariant forms
onGrm,m−2. The Grassmann manifoldGrm,m−2 is a homogeneous space of the form
G/H , whereG = SO(m), andH = SO(m − 2) ⊕ SO(2); alternatively, it may be
described as the space ofm−-dimensional subspaces ofRm.

To characterize explicitly leftSO(m)-invariant forms (from now on, shortly, in-
variant forms) onGrm,m−2, we use Theorem 2.6.6, hence we need only investigate
the existence ofSO(m− 2)⊕ SO(2)-invariant elements of the exterior product of the
orthogonal complement of the Lie-algebra ofSO(m − 2) ⊕ SO(2) w.r.t. the Killing
form onso(m). The Lie-algebra ofSO(m−2)⊕SO(2) is clearlyso(m−2)⊕ so(2):

so(m− 2)⊕ so(2) =

{[
X 0
0 Y

]
∈ gl(m) : X ∈ so(m− 2), Y ∈ so(2)

}
.

Therefore, the annihilator ofso(m− 2)⊕ so(2) can be identified with

(so(m− 2)⊕ so(2))
⊥

=

{[
0 X

−Xt 0

]
∈ gl(m) : Y ∈Mm−2,2

}
=

=
〈
Ei,m−1, Ei,m : i = 1, . . . ,m− 2

〉
∼= Mm,m−2.
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The adjoint action ofSO(m− 2)⊕ SO(2) is easily computed:

Ad (A⊕ B)

[
0 X

−Xt 0

]
=

[
0 AXBt

−BXtAt 0

]
. (2.6.22)

Sometimes we represent an element of(so(m− 2)⊕ so(2))
⊥ by X ∈ Mm−2,2. An

invariant form onGrm,m−2 is uniquely represented by a linear combination of exterior
monomials ofE

∗
i,m−1 andE

∗
i,m, i = 1, . . . ,m− 2, invariant under the action (2.6.22).

First of all, invariant forms onGrm,m−2 of odd degree cannot exist. An invariant

formη onGrm,m−2 of odd degree is represented by an element of
[∧∗ ((so(m− 2)⊕ so(2))⊥

)]
,

invariant w.r.t. the action ofSO(m− 2)⊕ SO(2), which we denote by the same sym-
bol. If we let id⊕ − id act on the orthogonal complement ofso(m − 2) ⊕ so(2), we
get

Ad(id⊕− id)X = −X, ∀X ∈Mm−2,2.

Hence, if the formη has odd degree, the action ofid⊕−id onη is simply multiplication
by−1. If, moreover,η is SO(m− 2)⊕ SO(2)-invariant, then

[
deg η∧

Ad (id⊕− id) η

]
= η = −η = 0.

Therefore, there are no invariant forms of odd degree onGrm,m−2.
Since the exterior derivative of an invariant form onGrm,m−2 is also invariant, the

any invariant form onGrm,m−2 is closed in invariant cohomology. In fact, a general
nonzero invariant formω onGrm,m−2 has to be of even degree. Its exterior derivative
has then odd degree and is also invariant, hence it has to vanish. Moreover, it cannot be
exact in invariant cohomology: if it were exact, then it would exist a nonzero invariant
form of odd degree, whose exterior differential equalsω.

All these results may be summarized in the following

Theorem 2.6.13. For the Grassmann manifoldGrm,m−2, the following equalities
hold:

Ω2k+1
SO(m) (Grm,m−2) = 0 ;

Ω2k
SO(m) (Grm,m−2) = H2k

SO(m)(Grm,m−2) .

Finally, we show that, in any dimension, a nonzero invariantform of degree2 on
Grm,m−2 always exist, whence the invariant cohomology ofGrm,m−2 does not vanish.

Proposition 2.6.14.The elementΩ ∈
∧2 [so(m− 2)⊕ so(2)]⊥, defined by

Ω: =

m−2∑

i=1

Ei,m−1 ∧ Ei,m,

is invariant w.r.t. the action (2.6.18).
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Proof. Since the two actions commute, it suffices to show thatΩ is invariant separately
w.r.t. the adjoint action ofSO(m− 2) and ofSO(2).

A simple computation shows:

Ad(id⊕B)Ei,m−1 = b11Ei,m−1+b21Ei,m, Ad(id⊕B)Ei,m = b12Ei,m−1+b22Ei,m,

whereB

[
b11 b12
b21 b22

]
∈ SO(2). Recalling the definition of the adjoint action on the

exterior product
∧2

so(2)⊥, for anyi = 1, . . . ,m− 2, we obtain

2∧
Ad(id⊕B)

(
Ei,m−1 ∧ Ei,m

)
=
(
Ad(id⊕B)Ei,m−1

)
∧
(
Ad(id⊕B)Ei,m

)
=

=
(
b11Ei,m−1 + b21Ei,m

)
∧
(
b12Ei,m−1 + b22Ei,m

)
=

= detB
(
Ei,m−1 ∧ Ei,m

)
=

= Ei,m−1 ∧ Ei,m,

sinceB has determinant1. Since every summand ofΩ isSO(2)-invariant, their sum is
also invariant.

For what concerns theSO(m− 2)-invariance, a simple computation yields

Ad(A⊕ id)Ei,m−1 =

m−2∑

j=1

ajiEj,m−1, Ad(A⊕ id)Ei,m =

m−2∑

j=1

ajiEj,m,

where

A : =




a11 · · · a1,m−2

...
. ..

...
am−2,1 · · · am−2,m−2




is a general element ofSO(m− 2). We therefore get

2∧
Ad(A⊕ id)

(
Ei,m−1 ∧ Ei,m

)
=
(
Ad(A⊕ id)Ei,m−1

)
∧
(
Ad(A⊕ id)Ei,m

)
=

=

m−2∑

j,k=1

ajiaki
(
Ej,m−1 ∧ Ek,m

)
=

=
∑

j 6=k

ajiaki
(
Ej,m−1 ∧ Ek,m

)
+

m−2∑

j=1

a2
ji

(
Ej,m−1 ∧ Ej,m

)
.
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If we now sum overi = 1, . . . ,m− 2 the last expression, we get

2∧
Ad(A⊕ id)Ω =

m−2∑

i=1

[
2∧

Ad(A⊕ id)
(
Ei,m−1 ∧ Ei,m

)
]

=

=

m−2∑

i=1


∑

j 6=k

ajiaki
(
Ej,m−1 ∧ Ek,m

)
+

m−2∑

j=1

a2
ji

(
Ej,m−1 ∧ Ej,m

)

 =

=
∑

j 6=k

(
m−2∑

i=1

ajiaki

)
(
Ej,m−1 ∧ Ek,m

)
+

m−2∑

j=1

(
m−2∑

i=1

a2
ji

)
(
Ej,m−1 ∧ Ej,m

)
=

=
m−2∑

i=1

Ei,m−1 ∧ Ei,m =

= Ω.

In the last equations, we have used the fact that the row- and column-vectors ofA are
orthonormal vectors in the Euclideanm− 2-dimensional space.

Hence,Ω is alsoSO(m− 2)-invariant.

We denote again byΩ the corresponding invariant2-form; it is clearly nonzero.

Remark2.6.15. We notice thatΩ descends from a closed biinvariant form onVm,m−2.
Moreover, it is also possible to find a nontrivial biinvariant 3-form Ξ onVm,m−2; Ξ is
obtained from the canonical invariant3-form onSO(m) associated to

ξ (X1,X2,X3) : = 〈X1 , [ X2 , X3 ] 〉 , Xi ∈ so(m), i = 1, 2, 3,

where〈 , 〉 denotes the normalized Killing form onso(m). This shows also that
biinvariant forms onVm,m−2 exist at any degree (except at degree1, if m > 4).

SO(4)-invariant forms on Gr4,2

In this case, similarly to the study ofSO(4)-invariant forms onV4,2, the computations
simplify, and we may display the whole invariant coholomogyof Gr4,2.

The generators of(so(2)⊕ so(2))
⊥ are

(so(2)⊕ so(2))⊥ =
〈
E13,E14,E23,E24

〉
.

We will write a general element ofSO(2)⊕SO(2) asA⊕B =

[
A 0
0 B

]
, whereA and

B are inSO(2).
First of all, by Theorem 2.6.13 there are no invariant forms at degree1 and3.

We then consider a general elementη of
[∧2 (so(2)⊕ so(2))⊥

]
SO(2)⊕SO(2)

.

Using the same arguments as in the discussion on biinvariantforms onV4,2, any
invariant formη on Gr4,2 is a linear combination ofΩ andΘ, whereΩ andΘ are the
two biinvariant2-forms onV4,2:

η
(
E13,E14

)
= η

(
E23,E24

)
.
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Since(so(2)⊕ so(2))⊥ has dimension4, any element of
[∧4 (so(2)⊕ so(2))⊥

]
SO(2)⊕SO(2)

is a real multiple ofΩ ∧ Ω.
Summarizing all these results, we get the following

Theorem 2.6.16.The invariant cohomology ofGr4,2 is given by

H0
SO(4)(Gr4,2) ∼= R; H1

SO(4)(Gr4,2) = 0;

H2
SO(4)(Gr4,2) ∼= R2; H3

SO(4)(Gr4,2) = 0;

H4
SO(4)(Gr4,2) ∼= R.

2.7 The universal global angular form

In this section, we construct the universal global angular form by using a fermionic
integral representation. This is analogous to the construction of the Mathai–Quillen
representative [42] of the Thom class (see [8] and [24] and references therein). we
recall that a global angular form on an oriented sphere bundleS

p
−→ M is a formϑ on

S satisfyingp∗ϑ = 1 anddϑ = −p∗e, wheree is a representative of the Euler class of
the bundle; we refer also to [13], where a global angular formis constructed by means
of cohomological arguments.

We notice also, referring again to [13], that the Thom-classof an oriented vec-
tor bundleE

p
→ M can be constructed by means of the global angular form of the

corresponding sphere bundleS(E)
p
→M (we assumeE to possess a bundle metric).

LetQ → M be anSO(n)-principal bundle (not necessarilySO (M)). LetE the
associated vector bundleQ ×SO(n) En with En then-dimensional Euclidean vector
space. We denote by〈 , 〉 the corresponding scalar product. We consider the associ-
ated unit sphere bundleS = Q×SO(n) S

n−1 as the base manifold of̂S = Q× Sn−1.
We summarize all these bundles and the respective projections in the following com-
mutative square:

Q
bp

←−−−− Q× Sn−1 = Ŝ

π

y bπ
y

M
p

←−−−− Q×SO(n) S
n−1 = S.

We denote byθ a connection1-form onQ. By abuse of notation, we denote again by
the same symbol its pull-back w.r.t.̂p (which is again a connection on̂S), and byF
its curvature. Finally, we denote byx the canonical euclidean coordinates onRn (with
Sn−1 defined as the locus of〈 x , x 〉 = 1). We may considerx as an equivariant func-
tion onŜ with values inRn (which inherits the canonical representation ofSO(n)), and
by∇x its corresponding covariant derivative, yielding a basic1-form onŜ with values
in Rn. (Here, the right action ofSO(n) on Ŝ is defined by(q, x)O := (qO,O−1x).)

From now, by basic we will mean every form on̂S, which is horizontal and invari-
ant w.r.t. the action ofSO(n).
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Our aim is to construct a global angular form on the trivial sphere bundlêS in terms
of the monomials

ε[x;F, k;∇x, l]
.
= εa1...a2k+l+1

xa1 F a2a3 . . . F a2ka2k+1

(∇x)a2k+2 . . . (∇x)a2k+l+1 , (2.7.1)

where2k+ l+1 = n, εij...n is the totally antisymmetric tensor and sums over repeated
indices are understood. Observe that these monomials are basic in Ŝ → S sincex,∇x
andF are horizontal and equivariant.

Our first task is to write a generating function for these monomials. To do so, we
considerΠTRn. We go on denoting byx the (even) coordinates on the base and denote
by ρi, collectivelyρ, then Grassmann coordinates on the fiber. We introduce then
Berezin integration

∫
[Dρ] by the rules:

•
∫
[Dρ]P (ρ) = 0, for any polynomialP in the odd variablesρi of degree strictly

less thann;

•
∫
[Dρ]ρ1 · · · ρn = 1.

These two rules determine a unique Berezin integral on any polynomial in the Grass-
mann variablesρ (any smooth function in the variablesρ has the form of a polynomial
of maximal degreen).

The generating function we are looking for reads

Ψ =

∫
[Dρ] 〈 ρ , x 〉 expS, (2.7.2)

where

S : = 〈 ρ , ∇x 〉+
λ

2
〈 ρ , Fρ 〉 , (2.7.3)

andλ is a parameter. For the next discussion we need to introduce also the following
generating function of basicn-forms:

Φ =

∫
[Dρ] expS. (2.7.4)

To prove that the forms generated byΦ andΨ are actually basic just observe that
the action ofSO(n) on x, ∇x andF can be compensated for by a change of vari-
ables corresponding to the fundamental representation ofSO(n) on the vector space
generated by{ρi}.

Remark2.7.1. The Thom class onP ×SO(n) Rn can be written as a basic form on
P × Rn as

U =
(−1)b

n
2 c

(2πt)n/2

∫
[Dρ] exp

(
−

1

2t
〈x , x 〉+ 〈 ρ , ∇x 〉 −

t

2
〈 ρ , Fρ 〉

)
,

for anyt > 0 [8].
So, apart form a multiplicative constant,Φ is the restriction ofU |t=−λ toP×Sn−1,

whileΨ is the restriction of the form obtained contractingU |t=−λ with the radial vector
field r ∂

∂r .
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Now we have the following

Lemma 2.7.2. Φ andΨ obey the equation:

dΨ = (−1)n+1

(
n− 2λ

∂

∂λ
+

1

λ

)
Φ. (2.7.5)

Proof. When differentiating a form given as in (2.7.4) or (2.7.2), we apply the follow-
ing rules:

1. ρ is odd with respect to exterior derivative;

2. ρ behaves “as if” it were covariantly closed.

To justify the second rule, we first notice that, given anyn×nmatrixX , integration
by parts shows that

∫
[Dρ]

〈
X ρ ,

∂

∂ρ

〉
f = TrX

∫
[Dρ] f. (2.7.6)

(With commuting variables we would have the same relation with a minus sign on the
r.h.s.)

As a consequence, ∫
[Dρ] δf = 0,

with

δf =

〈
−θρ ,

∂

∂ρ

〉
f, (2.7.7)

becauseθ takes values inso(n). Therefore,

d

∫
[Dρ] f = (−1)n

∫
[Dρ] d̃f,

where the new exterior derivativẽd is defined byd ± δ. Introducing the covariant
derivative

∇̃ = d̃ + θ·,

we get from (2.7.7) that̃∇ρ = 0, that is, rule 2. In particular, we have

d̃ 〈 ρ , x 〉 = −
〈
ρ , ∇̃x

〉
= −〈ρ , ∇x 〉 ,

d̃ 〈 ρ , ∇x 〉 = −
〈
ρ , ∇̃∇x

〉
= −〈ρ , Fx 〉 ,

since onx-variables∇̃ = ∇, and

d̃ 〈 ρ , Fρ 〉 = 0,

by the Bianchi identity. Therefore,

dΨ = (−1)n+1A+ (−1)nB,
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with

A =

∫
[Dρ] 〈 ρ , ∇x 〉 expS,

B =

∫
[Dρ] 〈 ρ , x 〉 〈 ρ , Fx 〉 expS,

andS defined in (2.7.3). Now, simple manipulations and the use of (2.7.6) show that

A =

∫
[Dρ]

〈
ρ ,

∂

∂ρ

〉
expS − λ

∫
[Dρ] 〈 ρ , Fρ 〉 expS =

= nΦ− 2λ
∂

∂λ
Φ.

Similarly, we get

B = −
1

λ

∫
[Dρ] 〈 ρ , x 〉

〈
x ,

∂

∂ρ

〉
expS+

+
1

λ

∫
[Dρ] 〈 ρ , x 〉 〈x , ∇x 〉 expS =

= −
1

λ

∫
[Dρ]

(〈
x ,

∂

∂ρ

〉
〈 ρ , x 〉

)
expS =

= −
1

λ
Φ,

where we have used the constraint〈x , x 〉 = 1 and the ensuing identity

0 = d 〈x , x 〉 = 2 〈x , ∇x 〉 .

To exploit (2.7.5), it is convenient to expandΦ andΨ in powers ofλ:

Φ =

∞∑

k=0

λk Φk,

Ψ =
∞∑

k=0

λk Ψk.

Notice that these are actually finite sums. By performing theintegrations we get

Φk =
(−1)k+b

n
2 c

2k k! (n− 2k)!
ε[F, k;∇x, n− 2k], (2.7.8)

for k = 0, 1, . . . , bn2 c, and

Ψk =
(−1)k+d

n−2
2 e

2k k! (n− 2k − 1)!
ε[x;F, k;∇x, n − 2k − 1], (2.7.9)
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for k = 0, 1, . . . , dn−2
2 e. Applying (2.7.5) to the power expansions, we get

Φ0 = 0, (2.7.10)

dΨk = (−1)n+1 [(n− 2k)Φk + Φk+1] . (2.7.11)

Then we have the following

Lemma 2.7.3. The form

ϑ
.
=

s∑

k=0

Ck Ψk ∈ Ωn−1
basic(Q× S

n−1), (2.7.12)

with s = dn−2
2 e, induces a global angular formϑ onS if and only if the coefficients

Ck are defined by

Ck =

{
(−1)k+s (s−k)!

2k+1 πs+1 for n = 2s+ 2

(−1)k+s (2s−2k)!
2s−k+1 (2π)s (s−k)!

for n = 2s+ 1
(2.7.13)

Proof. The formsϑ andϑ are related by the formula

ϑ = π̂∗ϑ. (2.7.14)

The first property a global angular form has to satisfy isp∗ϑ = 1. By the surjectivity of
π and by (2.7.14), it suffices to show thatp̂∗ϑ = 1. Sincep̂∗ selects theθ-independent
part in

Ψ0 =
(−1)s

(n− 1)!
εi1...in x

i1 (∇x)i2 . . . (∇x)in ,

this property is satisfied if and only if we set the correct normalization:

C0 =
(−1)s

Ωn−1
, (2.7.15)

whereΩn−1 is the volume of the unit(n− 1)-sphere; that is,

Ω2s+1 =
2 πs+1

s!
,

Ω2s =
2 (2π)s

(2s− 1)!!
.

Next we use (2.7.10) and (2.7.11) to get

dϑ = (−1)n+1
s∑

k=0

[(n− 2k)Ck + Ck−1] Φk + (−1)n+1 CsΦs+1.

Now recall that the differential of a global angular form must be basic onŜ → Q
(in particular it has to be the pullback w.r.t.p of a representative of the Euler class).
By (2.7.14), together with the surjectivity of̂π, it is sufficient to show the identity
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dϑ = −p̂∗π∗e, wheree is a representative of the Euler class. AllΦk with k ≤ s
contain a form onSn−1, so they cannot bêp-basic (i.e.,Sn−1-independent). Therefore,
we must choose the coefficientsCk so that the terms in square brackets vanish. This
yields a recursion rule that, once the initial condition is fixed by (2.7.15), has the unique
solution (2.7.13).

Now observe that the last termΦs+1 vanishes whenn is odd. Therefore,ϑ is closed
in this case, and this is enough to prove that it is a global angular form. If n is even,
however,

Φs+1 =

∫
[Dρ] exp

(
1

2
〈 ρ , Fρ 〉

)
= Pfaff F,

with Pfaff denoting the Pfaffian, and the recursion fixes

Cs =
1

(2π)s+1
.

As a consequence, in this case we get

dϑ =
−1

(2π)n/2
Pfaff F.

Since the r.h.s. is minus (a representative of the pullback to Q × Sn−1 of) the Euler
class, the lemma is proved.

We can rewrite the results of the Lemma and (2.7.9) as follows. In the odd-
dimensional case,n = 2s+ 1—cf. [28]—one has

η̄ =
1

2 (4π)s

s∑

k=0

1

k! (s− k)!
ε[x;F, k;∇x, 2s− 2k]. (2.7.16)

In the even-dimensional case,n = 2s+ 2, we get instead

η̄ =
1

2 πs+1

s∑

k=0

1

4k
(s− k)!

k! (2s− 2k + 1)!
ε[x;F, k;∇x, 2s− 2k + 1]. (2.7.17)

Also observe that if one denotes byT the antipodal map on the fiber crossed with
identity on the base, one has

T ∗ϑ = (−1)n ϑ.

Remark2.7.4. From (2.7.16), we see that,in the odd-dimensional case, ϑ can also be
given the following expression:

ϑ =
1

2

1

s! (4π)s

∫
[Dρ] 〈 ρ , x 〉 S̃s =

1

2

∫
[Dρ] 〈 ρ , x 〉 exp

(
1

4π
S̃

)
,

with
S̃ = 〈 ρ , F ρ 〉 − 〈 ρ , ∇x 〉2 = 〈 ρ , (F +∇x∇x) ρ 〉 .

This is in accordance with the interpretation given in [10] of ϑ as one half of the Euler
class of the tangent bundle along the fiberTSn−1S.
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2.8 Functional integrals and perturbative expansion

This section serves as a brief introduction to functional integrals and to their perturba-
tive expansion of such quantities; we refer for more detailsto [56] and [46].

Roughly speaking, a functional integral is an integral overan infinite-dimensional
spaceX of a given functional onX ; usually, such a space is the space of functions
in one or several variables or of sections of given vector bundles. We refer to argu-
ments of a functional integrals as to “fields”, in spite of thephysical origin of func-
tional integrals. Of course, the definition implies the notion of measure on an infinite-
dimensional, which lacks in general at the moment of a rigorous definition.

If {φ} denotes collectively all fields, we denote the functional integral of a general
functionalF (φ) as ∫

Dφ F (φ) ;

the notationDφ refers to a “formal” measure onX , which usually does not really exist.
We consider the following “Gaussian integral”

Z (J) : =

∫
Dφ exp

[
−

1

2
〈φ , Kφ 〉+ 〈J , φ 〉

]
, (2.8.1)

where〈 , 〉 denotes an inner product of the space of fields andK denotes a self-
adjoint operator on the space of fields, such that the quadratic bilinear form〈 , K 〉 is
symmetric and positive-definite; the “source”J belongs to the same space of fields as
theφ’s. (If we replace− 1

2 by 1
2 , we assume the quadratic form〈 , 〉 to be negative

definite.)
Hence, the operatorK possesses an inverse, which we denote byK−1, and which

is usually referred to as to thepropagator ofK. In most cases, the inner product〈 , 〉
is a variant of the L2-product of functions or of sections on some vector bundle (e.g.
differential forms with values in a vector bundle), and the operatorK is an elliptic
self-adjoint differential operator (e.g. exterior derivative, covariant derivative, Hodge
Laplacian, etc. . . ). Its propagator is given by the convolution with a distributional form,
which we also call the propagator ofK, denoted by∆, depending on two arguments,
usually on the cartesian product of the manifoldM where the field are defined.

Formally, the integral (2.8.1) can be computed as to give

Z (J) = exp

[
1

2

〈
J , K

−1J
〉]
, (2.8.2)

where we have implicitly divided by the formal determinant of K. Of course, it is
also possible to define rigorously, at least for elliptic differential operators, what is
exactly understood as the determinant ofK; we refer to [46] for more details on elliptic
differential operators and their determinants.

Remark2.8.1. Although for simplicity we have assumedK to be positive-definite,
Formula (2.8.2) makes sense assuming only the quadratic form associated toK to be
nondegenerate.

88



From equation (2.8.2), we derive the following useful expression for the propagator
K−1:

∆(x, y) =
∂Z (J)

∂J(x)∂J(y)
|J=0,

where the “functional derivatives” ∂∂J(x) are the components of the gradient w.r.t. the
inner product〈 , 〉. We notice that the propagator∆(x, y) is in most cases a singular
quantity: in fact, it presents singularities on the diagonal {x = y}. We skip for a
moment the problem of the singularity of the propagator.

We consider a more general functional in the form of the exponential of

S (φ) = −
1

2
〈φ , Kφ 〉+ VI (φ) , (2.8.3)

whereK is as before a positive-definite, self-adjoint operator on the space of fields, and
VI (φ) is a polynomial or a formal power series in the fieldsφ.

It is not difficult to check that formally thepartition functionZS w.r.t. the actionS
takes the form

ZS : =

∫
Dφ exp

[
−

1

2
〈φ , Kφ 〉+ VI (φ)

]
= exp

[
VI

(
∂

∂J(x)

)]
Z (J) |J=0.

SinceVI (J) is a polynomial or a formal power series in the fields, the expression

VI

(
∂

∂J(x)

)
means simply that we replace all fields by the functional derivative w.r.t.

J(x), hence getting a polydifferential operator on the space of fields.
We assumeφ to be functions onRm for simplicity, and we assume〈 , 〉 to be the

usual L2-product on functions onRm. We then define then-point correlation function
as

〈φ (x1) · · ·φ (xn)〉 : =
1

Z(0)

[
∂

∂J(x1)
· · ·

∂

∂J(xn)
Z (J)

]
|J=0. (2.8.4)

The usual Wick theorem (see [56] e.g.) can then be applied to the computation of
(2.8.4) to give

〈φ (x1) · · ·φ (xn)〉 =

{
0, if n is odd∑

σ ∆
(
xσ(1), xσ(2)

)
· · ·∆

(
xσ(2m−1), xσ((2m)

)
, if n = 2m,

(2.8.5)
whereσ runs over all possible ways to pair the elements of{1, . . . , 2m}. The Wick
theorem, as exposed in equation (2.8.5), is the groundstonefor the evaluation of the
partition functionZS . Namely, if VI (φ) has the form of a product of integrals of
powers ofφ, like e.g.

VI (φ) =

∫
φ(x1)

d1dx1 · · ·

∫
φ (xk)

dk dxk,

we get

ZS =
∑

n≥0

1

n!

∫
dx1

1 · · ·

∫
dx1

k · · ·

∫
dxn1 · · ·

∫
dxnk

〈
φ
(
x1

1

)d11 · · ·φ
(
x1
k

)d1k · · ·φ (xn1 )d
n
1 · · ·φ (xnk )

dn
k

〉
;

(2.8.6)
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the correlation function
〈
φ
(
x1

1

)d11 · · ·φ
(
x1
k

)d1k · · ·φ (xn1 )
dn
1 · · ·φ (xnk )

dn
k

〉
can be then

explicitly computed in terms of the propagator∆ with the help of Wick theorem.

Remark2.8.2. Correlations functions (2.8.4) are usually ill-defined as they are given
in terms of products of propagators. As we have already noticed, the propagator has
singularities when both arguments collapse. Therefore, inorder to give sense to corre-
lation functions, we have to “renormalize” the divergencescoming from singularities
of propagators. Luckily, for our later purposes, singularities when arguments of prop-
agators collapse can be renormalized simply by noting that the propagators extend to
suitable compactifications of configuration spaces.

For computational purposes, it is sometimes better to resort to a pictorial lan-
guage in order to write down explicitly expressions like (2.8.6): namely, the propagator
∆(x, y) can be represented by a segment joining the pointx to the pointy, and more-
over any point appearing at the end of more than one segment denotes an argument
which has to be integrated over.

The diagrams constructed from correlation functions in theway indicated above
are called Feynman diagrams, in honor of the physicist who developed the technique
of functional integrals and perturbative expansion.

2.8.1 The Faddeev–Popov procedure

We come now to some peculiarities of functional integrals. The main assumption made
in order to evaluate correlation functions is the invertibility of the operatorK in the
quadratic part of the integrand in the functionalS. In most cases, likeBF theories,
which we are going to analyze in the next chapter, there is a large group of symmetries
G of the actionS, which extend symmetries of the quadratic part ofS. This causes
the operatorK to be degenerate, hence noninvertible. Apparently, in suchframeworks,
perturbative expansion is not possible.

However, we can apply, under particular assumptions, the Faddeev–Popov trick in
order to make the quadratic part of the action nondegenerate. We refer to chapter 25
of [46] for a brief, yet illuminating, discussion of the Faddeev–Popov trick, noting here
only the main features.

The main idea is to reduce the functional integralZS to an integral over a subsetΣ
of the space of fieldsX , where the quadratic part ofS is nondegenerate. Assuming that
the action ofG onP is free (although in most cases it is not so, which requires more
care), the subset ofX we are interested is a local section of the principal bundleX with
groupG (which intersects each orbit locally exactly once), given by the zero set of a
functionF onX with values in a (possibly infinite-dimensional) vector space, which is
frequently chosen to be the Lie algebra ofG; the functionF is called thegauge-fixing
condition. The gauge-fixing condition is usually expressed as the kernel of some self-
adjoint elliptic differential operators, and it is a consequence of a generalization of the
implicit function theorem in the infinite-dimensional setting and of standard results in
the theory of elliptic differential operators that the zeroset of such a function gives a
local section ofX .

The Faddeev–Popov trick consists in localizing the functional integral overX on
the local sectionΣ by multiplying the integrand by the product of a formal deltafunc-
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tion inF (φ) and the ratio of the volume of the intersection of the orbit with the section
Σ. Typically, the ratio of the volume of the intersection of the orbit with the sectionΣ
is expressed as the determinant of a self-adjoint elliptic differential operatorM acting
on the Lie algebraG, given by the tangential map ofF on the fundamental vector field
associated to an element of the Lie algebra ofG; M is also self-adjoint and elliptic.

Mimicking the finite-dimensional case, the formal delta function can be rewritten
also as a functional integral, at the cost of introducing additional fields with values in
the Lie algebra ofG:

δ (F (φ)) =

∫
Dλ exp i 〈λ , F (φ) 〉 ,

where we denote also by〈 , 〉 a G-invariant symmetric bilinear form on the Lie al-
gebra ofG; typically, 〈 , 〉 coincides with the inner product on the space of fieldsφ.
Additionally, the ratio of the volume of the intersection ofthe orbit at a givenφ with
the sectionΣ, as a determinant of an elliptic differential operatorM on the Lie algebra
of G, can be also written as an integral in the following way:

detM =

∫
DcDc exp 〈 c , Mc 〉 ,

wherec andc areanticommuting fieldson the same manifold, where the fieldsφ are
defined, with values in the Lie algebra ofG. The sense of introducing anticommuting
fields is that we want to avoid to invert the operatorM, which depends on the fieldsφ.
In fact, the inverse of the operatorM is also usually given in terms of a distributional
kernel; such a term has not the form of an integral of a given quadratic form (we say
that such a term isnonlocal) and the functional integration of a nonlocal term is much
more difficult to perform, since we have also keep track also of the renormalization of
the divergences coming from the singularities of the distributional kernel ofM. Using
anticommuting fields, the determinant ofM can be clearly written as a local functional.

In summary, we can write the partition function ofS as

ZS =

∫
DφDλDcDc exp [S (φ) + i 〈λ , F (φ) 〉+ 〈 c , Mc 〉] . (2.8.7)

The gauge-fixed action

Sg.f. (φ;λ; c; c) : = S (φ) + i 〈λ , F (φ) 〉+ 〈 c , Mc 〉

has now an invertible quadratic part; namely, the quadraticpart of the actionS is non-
degenerate, since we have fixed its symmetries, and the operator M is also invertible
(this is a consequence of the infinite-dimensional version of the implicit function the-
orem). Hence, we can start a perturbative expansion in the same spirit of (2.8.6), with
the caveat that we have to introduce new propagators and new interaction terms.

2.8.2 BRST procedure

We see immediately from equation (2.8.7) that the gauge-fixed partition function of the
actionS depends explicitly on a choice of gauge-fixing condition. Since we want the
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partition function to be independent of the gauge-fixing condition, at least when we
slightly vary the gauge-fixing condition, which, in mathematical terms, corresponds
to an “infinitesimal” homotopy of the corresponding sectionΣ (i.e. a smooth curve of
sectionsΣt, for smallt, starting at the sectionΣ), it suffices to show that the derivative
of the gauge-fixed partition function w.r.t.Σt at t = 0 vanishes. We want therefore
to develop an algebraic setting in order to verify independence of the partition on the
gauge-fixing condition.

This can be done by introducing the following operator, denoted byδBRST on the
graded algebra generated by the fields{φ;λ; c; c}:

δBRSTφ = Xc (φ) , δBRSTc = −
1

2
[ c , c ], δBRSTc = i λ, δBRSTλ = 0,

(2.8.8)
and requiring thatδBRST is a derivation. The fieldc is called Faddeev–Popov,c the
antifield to the Faddeev–Popov andλ the Lagrange multiplier. To the fields{φ;λ; c; c}
we assign a new gradation, theghost number, by the rules

ghφ = 0, ghλ = 0, gh c = 1, gh c = −1.

Clearly, the gauge-fixed action has ghost number0, the sum of the ghost numbers of
its pieces.Xc (φ) denotes the fundamental vector field onX associated toc, seen as
an anticommuting element of the Lie algebra ofG, and〈 , 〉 denotes the Lie bracket
in the Lie algebra ofG; we notice that the bracket ofc with itself is nonzero, sincec
is anticommuting. It is not difficult to verify by equation (2.8.8) thatδBRST squares
to 0 by the graded Jacobi identity and by the Lie algebra isomorphism between the
Lie algebra ofG and the fundamental vertical vector fields on the space of fieldsφ,
hence defining a differential on the fields of ghost number1, the BRST differential. It
is not difficult to see thatδBRST can be seen as an anticommuting vector field of ghost
number1 on the space of fields{φ;λ; c; c}, which we denote by the same symbol.

The gauge-fixed action can be written as

Sg.f. (φ;λ; c; c) = S (φ) + δBRSTΨ (φ; c) , (2.8.9)

where the functionalΨ (φ; c) : = 〈 c , F (φ) 〉 has ghost number−1; it is customary
to callΨ the gauge-fixing fermion associated toF .

SinceδBRST is a differential and sinceS is G-invariant by assumption, it follows
immediately that the gauge-fixed action isδBRST-closed:

δBRSTSg.f. = 0.

We assume that we have a smooth familyFt of gauge-fixing conditions starting at
F0 = F , which translates into a smooth family of gauge-fixing fermionsΨt starting at
Ψ; we denote bỹΨ the derivative at0 of Ψt. If we denote byZS(t) the gauge-fixed
partition function w.r.t. the gauge-fixing conditionΨt, the derivative w.r.t.t of ZS(t)
at t = 0 is given by

d

dt

∣∣∣
t=0
ZS(t) =

∫
DφDλDcDc δBRSTΨ̃ (φ; c) expSg.f. (φ;λ; c; c) .
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SinceSg.f. (φ;λ; c; c) is δBRST-closed, we can rewrite the above equation as

d

dt

∣∣∣
t=0
ZS(t) =

∫
DφDλDcDc δBRST

[
Ψ̃ (φ; c) expSg.f. (φ;λ; c; c)

]
.

If the vector fieldδBRST is divergence-free w.r.t. the formal measureDφDλDcDc, it
is not difficult to see that the infinitesimal variation ofZS(t) vanishes, hence proving
that the partition function ofS is independent of the gauge-fixing condition.

More generally, we considervacuum expectation values of functionalsO (φ) w.r.t
the actionS (shortly, v.e.v.’s), i.e.

〈O〉 : =

∫
Dφ O (φ) expS (φ) , (2.8.10)

whereO (φ) is a functional on the space of fieldsX , which takes usually the form of a
polynomial or of a formal power series in the fieldsφ. The actionS is as before.

In order to compute the functional integral (2.8.10), we need to fix the symmetries.
Using the Faddeev–Popov procedure, we write the gauge fixed v.e.v. ofO w.r.t. the
actionS

〈O〉Ψ =

∫
DφDλDcDc O (φ) expSg.f. (φ;λ; c; c) ,

where the gauge-fixing condition is encoded in the gauge-fixing fermionΨ.
We want to find conditions on the functionalO, such that the v.e.v. ofO is also

invariant on the gauge-fixing condition. Since the gauge-fixed actionSg.f. (φ;λ; c; c) is
δBRST-closed andδBRST is a differential, it turns out that a sufficient condition onO
is that

δBRSTO = 0. (2.8.11)

A functionalO = O (φ) satisfying equation (2.8.11) is called anobservable. If we as-
sumeO to beG-invariant, equation (2.8.11) is an easy consequence of theG-invariance,
since the BRST differentialδBRST onφ encodes the infinitesimal action ofG onφ.

Summarizing the results so far, we get the following scheme for the BRST proce-
dure: given a set of fieldsφ, aG-invariant functionalS = S (φ), which is called the ac-
tion, withG is an infinite-dimensional Lie group, a gauge-fixing fermionΨ = Ψ (φ; c)
encoding a gauge-fixing condition making the quadratic partof the action nonde-
generate, withc anticommuting fields taking values in Lie algebra ofG, and a func-
tionalO = O (φ), we define the gauge-fixed action corresponding toS by equation
(2.8.9), where the BRST differentialδBRST is defined as in equation (2.8.8) and the
corresponding vector field is assumed to be divergence-freew.r.t. the formal measure
DφDλDcDc.

Then the gauge-fixed v.e.v. ofO w.r.t. the actionS, denoted by〈O〉Ψ enjoys the
properties:

• if O is BRST-closed,〈O〉Ψ does not depend onΨ (at least in a small neighbour-
hood of the local section defined byΨ);

• if O is δBRST-exact,〈O〉Ψ vanishes for any choice of the gauge-fixing fermion
Ψ.
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2.8.3 BV procedure

The BV formalism is obtained by the BRST procedure by recalling that the gauge-fixed
actionSg.f. is BRST-closed and that the differential can be also seen as avector field on
the space of fields{φ;λ; c; c}. The main idea behind the BV formalism is to encode the
BRST-closedness of the gauge-fixed action and the fact thatδBRST is divergence-free
into a single condition. We refer to [52] for a discussion of the BV formalism starting
from the BRST procedure; here we list only the main features for later purposes. This
can be done if we resort to a “shifted” version of Poisson geometry in the following
sense: we associate to any field{φ;λ; c; c} a canonical antifield (playing the rôle of
the associated momentum) with opposite ghost number shifted by−1; the antifields
are denoted by

{
φ+;λ+; c+; c+

}
. The fields and antifields have all a parity, given

by the ghost number; they can therefore be commuting or anticommuting. When we
take functional derivatives w.r.t. a field or antifield, we have to take care of the parity
of the field w.r.t. which we take the functional derivative; we have to introduce for
this purpose left- and right-derivatives, meaning that left- ,resp. right-derivatives, act
from the left to the right, resp. from the right to the left, and to such derivatives is also
associated the same parity of the corresponding field; left-and right-derivatives are also
related one to another by sign factor.

Further, we define the BV antibracket( , ) of two functionalF andG depending
on fields and antifields, which we denote collectively by{φα} and{φ+

α}, by

(F , G ) : =

〈
F
←−
∂

∂φα
,

−→
∂ G

∂φ+
α

〉
−

〈
F
←−
∂

∂φ+
α
,

−→
∂ G

∂φα

〉
. (2.8.12)

The arrows on the functional derivatives label their “directions”.
To any monomial on both fields and antifields we can associate aghost number by

summing up all ghost numbers of its arguments. A homogeneousfunctional is a sum
or formal series of monomials of the same ghost number. It is not difficult to verify
that the BV antibracket is a “shifted” Poisson bracket, i.e.it enjoys

• (F , G ) = −(−1)ghF+1ghG+ 1 (G , F ), if theF andG are supercommut-
ing homogeneous functionals;

• (F , G H ) = (F , G ) H+(−1)(ghF+1) ghGG (F , H ), for any three homo-
geneous supercommuting functionals;

• (−1)(ghF+1)(ghH+1) (F , (G , H ) ) + cyclic permutations= 0, for any three
homogeneous supercommuting functionals.

The first identity is a shifted version of the antisymmetry, the second one is a shifted
version of the Leibnitz rule and the third one is a shifted version of the Jacobi identity
of the usual Poisson bracket.

We define the BV actionSBV associated to the actionS by the formula

SBV

(
φα;φ+

α

)
: = S (φ)−

1

2

〈
c+ , [ c , c ]

〉
+
〈
φ+ , Xc (φ)

〉
+
〈
c+ , λ

〉
, (2.8.13)

which has clearly again ghost number0. The BV antibracket ofSBV with itself van-
ishes: namely, a simple computation shows that it is given bythe sum of the BRST
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variation ofS and terms containing the square ofδBRST. It is also an easy conse-
quence of the definition of the BV antibracket and of the BV action that the BRST
differential is the “Hamiltonian” vector field(SBV , ) generated bySBV and the BV
antibracket. The graded Jacobi identity and the graded Leibnitz rule imply together
thatδBV : = (SBV , ) is a differential of ghost number1. Moreover, if we set all an-
tifields to0 in SBV, we recover immediately the original action. We take a gauge-fixing
fermionΨ (φ; c); if we set

φ+
α =

−→
∂ Ψ

∂φα
,

we recover the gauge-fixed actionSg.f. w.r.t. the gauge-fixing conditionF .
Finally, the divergence of the vector field associated to theBV differential δBV

defines the following Laplacian of the HamiltonianSBV of δBV :

∆BV S : = div (SBV , ) . (2.8.14)

The BV Laplacian∆BV is easily seen to square to0 and to be a differential w.r.t. the
BV antibracket

∆BV (F , G ) = (∆BV F , G ) + (−1)ghF (F , ∆BVG ) ,

for any two homogeneous supercommuting functionals. It is not a differential w.r.t. the
usual product of functionals but

∆BV (F G) = ∆BV F G+ (−1)ghF (F , G ) + (−1)ghFF ∆BVG,

with F andG as above.
We generalize now all these computations. We assume we have an action func-

tional S = S (φ), invariant w.r.t. the action of an infinite-dimensional LiegroupG;
in this general case, the Lie group is not assumed to act freely on the space of fields;
moreover, it is also not necessary to assume that all fields have isomorphic stabiliza-
tors. In these more general cases, the BRST operator does notsquare to0; hence, we
do not have a well-defined cohomology allowing us to construct meaningful physical
observables. We consider the set of all fieldsφ of S plus the Faddeev–Popov ghosts for
all fields, associated to the infinitesimal symmetries of thecorresponding fields, associ-
ated Faddeev–Popov antifields and corresponding Lagrange multipliers, and eventually
a family of ghosts for ghosts, keeping track of the reducibility of the symmetries, if the
stabilizers are in general not trivia; we associate to any such field a corresponding an-
tifield of the same type, with opposite ghost number shifted by −1. We construct the
BV antibracket( , ) generalizing in an obvious way equation (2.8.12) and a formal
integration measureDφαDφ+

α w.r.t. all fields and antifields; via the formalDφαDφ+
α

measure and the BV antibracket, it is possible to construct the BV Laplacian∆BV .
A functionalSBV of ghost number0 in all fields and antifields is called a BV action

for the actionS, if it satisfies

• 1
2 (SBV , SBV ) + ∆BV SBV = 0; this equation is called the Quantum Master
Equation;

• If we set all antifields to0, we recover the original actionS;
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• If we set all antifields to0, the Hamiltonian vector field(SBV , ) reduces to the
usual BRST operatorδBRST (which does not necessarily square to0).

Given a BV action forS, we construct the operatorΩBV

ΩBV : = (SBV , )−∆BV . (2.8.15)

SinceS obeys the Quantum Master Equation,ΩBV squares to0, although it is not a
derivation, since the BV antibracket measures the failure of the BV Laplacian to be a
derivation. A gauge-fixing conditionF in the BV formalism is encoded in a gauge-
fixing fermionΨ, a functional on fields of ghost number−1, such that

SBV

[
φα;φ+

α =

−→
∂ Ψ

∂φα

]

has an invertible quadratic part.
For an actionS possessing a BV action, for a functionalO = O (φ), extending

to a functional depending on fields and antifields, which we still denote by the same
symbol, and for a given gauge-fixing fermionΨ, we define the v.e.v. ofO w.r.t.S and
the gauge-fixing fermionΨ as

〈O〉Ψ : =

∫

φ+
α =

−→
∂ Ψ

∂φα

DφαDφ+
α O

(
φα;φ+

α

)
expSBV

(
φα;φ+

α

)
. (2.8.16)

Finally, the sense of the nilpotent operator is that it generalizes the BRST cohomology
in the following way:

• if O isΩBV -closed, the v.e.v. (2.8.16) is independent of the gauge-fixing fermion
Ψ;

• if O is ΩBV -exact, the v.e.v. (2.8.16) vanishes, for any choice of gauge-fixingΨ.

A functionalO obeyingΩBVO = 0 is called a BV observable. It is not difficult to
check that the BRST procedure for a given action, if it works,is simply a special case
of the BV procedure. In the cases that we are going to discuss in the following chapters,
we will see that the BRST procedure fails; however, the BV procedure still works and
this permits us to perform perturbative expansion.
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Chapter 3

BF theories in any dimension
and BV formalism

In this chapter we discussBF theories in any dimension. We begin with the definition
ofBF theories. Then we analyze in detail the classical symmetries ofBF theories un-
der particular assumptions; we briefly recall the BRST quantization procedure, which
however fails forBF theories in dimensions greater than3. We then discuss the BV
quantization procedure forBF theories, displaying the BV action and introducing all
the necessary ingredients for the next chapters, where we define observables forBF
theories. After that, we discuss covariant gauge fixing forBF theories and then the
superpropagator, which plays a pivotal rôle in the perturbative expansion. Finally, we
give a brief account of the AKSZ method for finding BV actions in some situations, of
whichBF theories are particular cases.

3.1 BF theories

3.1.1 Some preliminary assumptions forBF theories

We begin the discussion ofBF theories by stating three particular assumptions, which
simplify remarkably the later computations.

Assumption 1. The manifoldM is compact, and there is a flat connectionA0 onP ,
such that all cohomology groupsH∗dA0

(M, adP ) are trivial.

If M = Rm, which is clearly not compact, we can take the trivial connection
A0 = 0 (in the particular trivialization ofP x 7→ (x, e), wheree is the identity of
G; we then consider the corresponding covariant derivative on the space of forms with
rapid decrease onRm with values ing.

Assumption 2. The principal bundleP is trivial.
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Assumption 3. The Lie algebrag is endowed with a symmetric,Ad-invariant, nonde-
generate bilinear form〈 , 〉 (e.g., if g is semisimple, we may take the Killing form).
In the following, we will extend this form toΩ∗(M, adP ) in the usual way.

3.1.2 A brief discussion of Assumption 1

Assumption 1 is very strong; we want to discuss it briefly in view of future applications
(definitions of loop observables). We assume for a moment that we consider a Lie
groupG, whose Lie algebrag satisfies the third assumption, and a compact, oriented
manifoldM of dimensionm. In particular, the0-th and them-th de Rham cohomology
groups are nontrivial. We assume additionally that the Lie algebrag has nontrivial
invariant elements w.r.t. the adjoint action ofG; this is equivalent to the nonvanishing
of the0-th cohomology group ofG with values inG-moduleg via the adjoint action.
We denote a nontrivial element of the0-th cohomology ofG with values ing by ξ.

It can be shown that the first of the above assumptions cannot hold true. More
generally, if the0-th cohomology group ofG with values ing is nontrivial, and if the
manifoldM is compact and oriented, then there exists no flat connectionA0 onP such
thatH∗dA0

(M, adP ) is trivial.
Namely, we take a general connectionA on P . The nontrivial invariant element

ξ induces a nonzero section ofadP . In fact, a section ofadP is well-known to be
in one-to-one correspondence withG-equivariant functions onP with values ing; we
then define the following function fromP to g:

σξ (p) : = ξ, ∀ p ∈ P. (3.1.1)

Sinceξ is invariant, it follows immediately thatσξ is G-equivariant, thus inducing a
nonzero section ofadP . Moreover, the infinitesimal version of the invariance ofξ
w.r.t. the adjoint action ofG ong takes the form

[X , ξ ] = 0, ∀ X ∈ g. (3.1.2)

If we take the covariant derivative of the section induced byσξ w.r.t. any connectionA
onP , we get

dAσξ = dσξ + [A , σξ ] = dξ + [A , ξ ] = 0,

which is a consequence ofξ being constant, (3.1.1) and (3.1.2).
This implies that Assumption 1 is not compatible with the case of a compact, ori-

ented manifoldM and the Lie algebrag = gl(N), since multiples of the identity matrix
are nontrivial invariant elements ofgl(N). More generally, this forces us to exclude
principal bundlesP , whose structure groupG possesses nontrivial0-th cohomology
group with coefficients ing.

However, we may assume that Assumption 1 holds true for odd-dimensional com-
pact, oriented manifolds; this is in analogy with the assumption made by Axelrod and
Singer in the introduction of [3].

For the even dimensional case, we may consider special even-dimensional mani-
folds arising as products of two odd-dimensional manifoldsM1 andM2, one of which

98



(sayM1) is the base space of a principal bundleP with Lie groupG, satisfying As-
sumption 1, endowed with a flat acyclic connectionA0. We consider onM1 the com-
plex (Λ∗T ∗M1 ⊗ adP, dA0) and onM2 the complex(Λ∗T ∗M2, d); both are elliptic
complexes, and the first one is acyclic by assumption. We takethe exterior tensor prod-
uct of the two complexes defined onM1 ×M2, with the induced differential; this is
clearly again an elliptic complex, and by the Kuenneth Theorem and the acyclicity of
the complex onM1 it is acyclic. So, the existence of odd-dimensional manifolds, for
which Assumptions 1 holds true implies the existence of even-dimensional manifolds,
for which Assumption 1 is valid.

In summary, we have found algebraic-topological obstructions to the existence of
odd-dimensional compact, oriented manifolds for which Assumption 1 is valid, but we
are still not able to produce a definitive criterion for the existence of such manifolds.
We work therefore under the hope that there are Lie groupsG and odd-dimensional
compact, oriented manifolds, for which Assumption 1 holds.

In the caseG = GL(N), as we have seen before, there are no such manifolds.
So, in this case, i.e. in section 8, we choose implicitlyM = Rn with the flat trivial
connection, whose corresponding covariant derivative (the exterior differential) acts on
forms onRm with rapid decrease.

3.1.3 TheBF action functional

The fundamental ingredients that we need are a connection1-formA onP and an(m−
2)-form of the adjoint typeB. We then construct the curvatureFA of the connection
and define the classicalBF action as the functional

Scl =

∫

M

〈B , FA 〉 . (3.1.3)

Remark3.1.1. A more natural setting would be to considerB as a form of the coadjoint
type. In this case, one would not have to introduce an invariant bilinear form ong, and
Assumption 3 could be discarded. Instead one would use the canonical pairing between
g∗ andg. We will call these theoriescanonicalBF theoriesand will comment more
on them in subsection 3.4.3. However, for the main purposes of this paper (namely,
to define loop observables), one needs anyway to considerB of the adjoint type (or to
introduce an isomorphism betweeng and its dual). So we will stick for most of the
paper to the setting described in this section.

Let us first compute the Euler–Lagrange equations of motion for theBF action;
they are given by the couple of equations

FA = 0, dAB = 0. (3.1.4)

In the following, by “on shell” we will refer to the space of solutions with the ex-
tra condition that the connection1-form is as in Assumption 1. Next we turn to the
symmetries of this action:

A 7→ Ag, B 7→ Ad(g−1)B + dAgτ1,
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where byAg we denote the right action of the gauge group elementg on the connection
A, andτ1 is an element ofΩm−3(M, adP ). The symmetries under which theBF
action is invariant can be interpreted as the action of the semidirect productG oAd

Ωm−3(M, adP ) onA × Ωm−2(M, adP ), whereA denotes the space of connections
onP . In infinitesimal form we obtain

A 7→ A+ ε dAc, B 7→ B + ε([B, c] + dAτ1), (3.1.5)

wherec is in Ω0(M, adP ) (the Lie algebra ofG).
These symmetries are reducible on shell, i.e. each solution(A0;B0) with A0 as in

Assumption 1 has as isotropy group the semidirect product{e}oAd{τ1 ∈ Ωm−3(M, adP ) :
dA0τ1 = 0}. This isotropy group is isomorphic toΩm−4(M, adP )/dA0Ω

m−5(M, adP ),
because of Assumption1; there are in this quotient nontrivial isotropy groups isomor-
phic toΩm−5(M, adP )/dA0Ω

m−6(M, adP ), and so on until we arrive atΩ0(M, adP )
which acts freely onΩ1(M, adP ). Therefore, we have to adopt the extended BRST
procedure to consistently fix all the symmetries, by introducing a hierarchy of ghosts
for ghosts. Unfortunately the isotropy groups off shell aredifferent from the above
groups; so we have to resort to the BV formalism which generalizes BRST and works
also in this case; see the next subsections for more details on both procedure.

3.1.4 The BRST procedure

For the sake of simplicity, we restrict ourselves for the moment to the special case
m = 4.

We first promote the0-form c and the1-form τ1 appearing in the infinitesimal
gauge transformations (3.1.5) to anticommuting fields of ghost number1;A (and every
variation ofA which is a1-form) andB will be given ghost number0. We then define
the BRST operatorδBRST for the4-dimensionalBF theory by the rules

δBRSTA = dAc, δBRSTB = [B, c] + dAτ1, δBRSTc = −
1

2
[c, c], (3.1.6)

and
δBRSTτ1 = −[τ1, c] + dAτ2, δBRSTτ2 = [τ2, c],

whereτ2 is a form inΩ0(M, adP ) to which we assign ghost number two. ThenδBRST

is an odd operator of ghost number1 and a differential for the Lie bracket. By the
graded Leibnitz w.r.t. the ghost number, it follows that

δ2BRSTB = [FA, τ2] 6= 0,

while for the other fields,δ2BRST = 0. We notice that a sufficient condition forδBRST

to be a differential isFA = 0; this is exactly the first equation in (3.1.4). Otherwise
the BRST quantization procedure fails, but the BRST operator closes on shell; we can
therefore apply to this situation another formalism to quantize theBF theory, namely
the BV quantization procedure which works well for such a theory. A similar problem
arises for anym ≥ 4.

In general, however, because of the on-shell reducibility discussed in the last sub-
section, we have to introduce more ghosts for ghostsτk with values inΩm−2−k(M, adP ),
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k = 1, . . . ,m − 2, and ghost numberk. The BRST operator is defined by (3.1.6) and
by the rules:

δBRSTτk = (−1)k[ τk , c ] + dAτk+1,

δBRSTτm−2 = (−1)m[ τm−2 , c ].
(3.1.7)

It is then easy to see thatδ2BRST = 0 modFA.
The casem = 2 andm = 3 are the only ones in which the BRST formalism works,

but one can apply the BV formalism there as well obtaining equivalent results.

3.2 The Batalin–Vilkovisky quantization procedure for
BF theories

We now review briefly the BV formalism [4], though in a form already adapted toBF
theories. For a general account on the formalism, we refer toe.g. [48] and references
therein.

We consider all the fields of the theory, i.e. the connection one-formA (which we
write asA0 +a, whereA0 is a flat background connection onP , anda is an element of
Ω1(M, adP )), the tensorial(m− 2)-form B of adjoint type, the ghostc with values in
Ω0(M, adP ) and the ghostsτj , j ∈ {1, . . . ,m− 2}, for which holds:τj takes values
in Ωj(M, adP ) and has ghost numbergh τj = j.

We then associate to each fieldφα a canonical “antifield,” denoted byφ+
α , as fol-

lows: if we assume the fieldφα to have degreedeg φα and ghost numberghφα, the
antifieldφ+

α is a form onM with values inadP , whose degree is set to bem−deg φα

and its ghost number is set to be−1− ghφα.
The fundamental ingredients of the BV antibracket are the left and right partial

derivatives of a functionalF , which we are going to define precisely in the following
subsection.

To simplify the notations from now on we will denote all the fields and antifields
collectively as “fields” and will use the symbolsϕα, whereα runs from1 to (2m+ 2);
M := {ϕα}α.

3.2.1 Functional derivatives

We pick a commutative algebraA (usually, we takeA = R or A = C, but see Re-
mark 3.2.1). We are going to consider (formal) power series of local functionals in
the fields taking values inA. We introduce a grading, which is defined on monomials
in the fields and antifields as the sum of the ghost numbers of all the fields appearing
in a given monomial; it is then extended by linearity. We finally consider the graded
commutative algebraS(A) generated by such objects. We then define the left and right
functional derivatives of an elementF in S(A) w.r.t. the fieldϕα by

d

dt

∣∣∣
t=0

F (ϕα + tρα) =

∫

M

〈
ρα ,

−→
∂ F

∂ϕα

〉
=

∫

M

〈
F
←−
∂

∂ϕα
, ρα

〉
.
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It follows from these definitions that the functional derivatives are in general distri-
butional forms. For convenience of notations, however, we will denote the space
of distributional forms with the same symbolΩ∗ used for smooth forms since this
causes no harm. So the functional derivatives ofF in S(A) w.r.t. ϕα are elements of
Ωpα(M, adP ⊗ A), with the property that

pα := deg

−→
∂ F

∂ϕα
= deg

F
←−
∂

∂ϕα
= m− degϕα. (3.2.1)

As for the ghost number one has

gα := gh

−→
∂ F

∂ϕα
= gh

F
←−
∂

∂ϕα
= ghF − ghϕα. (3.2.2)

From the definitions and the above introduced notations, we also obtain the following
useful identities: −→

∂ F

∂ϕα
= (−1)pα degφα+gα ghφα

F
←−
∂

∂ϕα
. (3.2.3)

Beside the manifoldM , we want to consider another (possibly infinite-dimensional)
manifoldN (e.g.,LM ). In the following we will also consider (formal) power series
of functionals taking values inΩ∗(N ;E), for an associative algebraE (e.g,R, C, U(g)
or End(V ), for ag-moduleV ). On this space we introduce two gradings: the first one
is the ghost number which is defined as in the case ofS(A); the second is simply the
form degree onN . We denote byS∗(N ;E) the bigraded superalgebra generated by
such functionals (this superalgebra is supercommutative iff E is). Let us notice, at last,
that forE anA-module,S(A) is a subalgebra ofS∗(N ;E).

For the left (resp. right) derivative of a functional inS∗(N ;E), we use the canonical
identification ofΩp(M, adP ⊗Ωq(N ;E)) with Ωp,q(M ×N, adP �E) (respectively
with Ωq,p(N ×M,E � adP )). We next introduce the following notations:

π1 : N ×M −→ N, (x̃, x) 7−→ x̃,

π2 : N ×M −→M, (x̃, x) 7−→ x,

and

π̃1 : M ×N −→M, (x; x̃) 7−→ x,

π̃2 : M ×N −→ N, (x; x̃) 7−→ x̃.

We have used the following useful notation: LetE → M andF → N vector bundles
overM , resp.N . Then we define

E � F := π̃∗1(E)⊗ π̃∗2(F), resp.

F � E := π∗1(F)⊗ π∗2(E);

it follows that they are vector bundles overM ×N , resp.N ×M .
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With these notations we can finally define the functional derivatives ofF in S∗(N ;E):

d

dt

∣∣∣
t=0

F (ϕα + tρα) = π̃2∗

〈
π̃∗1ρα ,

−→
∂ F

∂ϕα

〉
= π1∗

〈
F
←−
∂

∂ϕα
, π∗2ρα

〉
.

The functional derivatives have now two different form degrees: one is the form degree
w.r.t.M and is still given by (3.2.1); the other is the form degree w.r.t.N and remains
equal todegF . The ghost number is given by (3.2.2) as before.

3.2.2 The BV antibracket

We define the BV antibracket for two elementsF ,G in S(A) as the functional:

(F , G ) :=

∫

M

〈
F
←−
∂

∂φα
,

−→
∂ G

∂φ+
α

〉
− (−1)(m+1) degφα

〈
F
←−
∂

∂φ+
α
,

−→
∂ G

∂φα

〉
.

We note that this functional is again inS(A), since we integrate overM and since func-
tional derivatives of an element ofS(A) are again clearly power series; it is not difficult
to see that the ghost number of the BV antibracket of two homogeneous elementsF
andG in S(A), with ghost numbersghF andghG, is given byghF + ghG+ 1.

Next, we define the BV antibracket for two functionalsF andG in S∗(N ;E) by
the formula:

(F , G ) := π13∗

〈
π∗12

F
←−
∂

∂φα
, π∗23

−→
∂ G

∂φ+
α

〉
−(−1)degφα(m+1)π13∗

〈
π∗12

F
←−
∂

∂φ+
α
, π∗23

−→
∂ G

∂φα

〉
,

(3.2.4)
where we use the projections

π12 : N ×M ×N → N ×M, (n1;m;n2) 7→ (n1;m);

π23 : N ×M ×N →M ×N, (n1;m;n2) 7→ (m;n2);

π13 : N ×M ×N → N ×N, (n1;m;n2) 7→ (n1;n2).

This formula needs some explanations. We assume thatF andG are homogeneous
as elements ofΩ∗(N ;E), with degreesdegF , resp.degG. We consider the case of
a trivial algebra bundleE = N × E overN ; in this case, left functional derivatives
are elements ofΩdegF,p(N × M,E � adP ), while the right ones are elements of
Ωq,degF (M × N, adP � E). The product that we write in this case denotes two
operations: the first one is the usual wedge multiplication of the form parts, while the
second one is multiplication inE of the algebra part. (We refer to the beginning of
Appendix 8.1 for further details.) Therefore, in this special case, the BV antibracket
of two homogeneous functionalsF , G, in S∗(N ;E) gives as a result a homogeneous
element ofS∗(N ;E), with degree inN equal todegF + degG and ghost number
ghF + ghG+ 1.

We define last the BV antibracket for two special functionals, for we will often
consider this case in the following: namely, we pick a functionalF in S(A) and a
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functionalG in S∗(N ;E), whereE is anA-module:

(F , G ) := π̃2∗

〈
π̃∗1
F
←−
∂

∂φα
,

−→
∂ G

∂φ+
α

〉
− (−1)degφα(m+1)π̃2∗

〈
π̃∗1
F
←−
∂

∂φ+
α

,

−→
∂ G

∂φα

〉
.

It is clear that in this case the BV antibracket ofF andG is an element ofS∗(N ;E).
For homogeneous elements, the degree of the antibracket is equal to the degree ofG,
while gh (F , G ) = ghF + ghG+ 1.

3.2.3 Properties of the BV antibracket

We recall first, in a unified way, the ghost and degree properties of the antibracket. We
denote byS the algebra of functionals (which according to the case may be S(A) or
S∗(N ;E)) and bySp,g the subspace of homogeneous functionals of form degreep and
ghost numberg by (in the case ofS(A), p is necessarily zero). Then the antibracket is
a bilinear operator

( , ) : Sp,g ⊗ Sp
′,g′ → Sp+p

′,g+g′+1.

We list (without proofs) some useful identities for the BV antibracket.
We begin with the graded commutativity

(F , G ) = −(−1)degF degG+(ghF+1)(ghG+1)(G,F ),

which holds whenever one of the two functionals is central.
The next property is the graded Jacobi identity

(−1)degF degH+(ghF+1)(ghH+1) (F , (G , H ) ) + cyclic permutations= 0.

which holds whenever two of the three functionals are central.
The last property is the graded Leibnitz rule

(F , GH ) = (F , G )H + (−1)degF degG+(ghF+1) ghGG (F , H ) ,

which holds wheneverF or G or both are central. In particular, this holds in the
following important cases:i) all functionals are inS(A); ii) all functionals are in
S∗(N ;E) with E a commutative algebra;iii) F or G or both are inS(A) and the
remaining functional(s) are inS∗(N ;E) for E anA-module.

Remark3.2.1. If we restrict ourselves toS(A), then the above properties hold on the
whole algebra. An algebra with a bracket satisfying the above properties is known as a
Gerstenhaber algebra [31].

The Leibnitz rule will play a key-rôle in the following section, where we define the
BV operator via the BV antibracket; the functionalF will be there the BV action for
theBF theory. Let us in fact suppose that we have a homogeneous local functionalS
in S(A) with even ghost number (usually,A = R andghS = 0). We can then define
the following operator on the superalgebraS∗(N ;E), withE anA-module:

δSF := (S , F ) .
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It follows easily from theA-linearity of the BV antibracket thatδS is aA-linear oper-
ator on the algebraS∗(N ;E). The most important property of such an operator is an
immediate consequence of the Leibnitz rule written above; namely,

δS(FG) = (δSF )G+ (−1)ghFF (δSG);

i.e. the operatorδS is a graded(0, ghS+1)-derivation onS. (If moreover(S , S ) = 0,
then the Jacobi identity impliesδ2S = 0.)

We now list some other useful properties of the derivationδS .

Lemma 3.2.2. We assume that the functionalF lies in S∗(N ;E), and that we have
a maph : H → N from a manifoldH to the manifoldN , then the following identity
holds:

δS [h∗(F )] = h∗(δSF ).

Lemma 3.2.3. We assume we have a functionalF in S∗(H ;E), whereH is the total
space of a fiber bundle overN with typical fiber a manifoldB (possibly with bound-
aries or corners) and projectionπ. The integration along the fiber of the functionalF
yields a functional inS∗(N ;E) with degreedeg π∗(F ) = degF − dimB, if we sup-
pose additionally thatF is homogeneous in the degree. Then we obtain the following
identity:

δS [π∗(F )] = π∗(δSF )

Lemma 3.2.4.We assume we have a functionalF in S∗(N ;E), for a manifoldN and
an algebraE. Let us denote byd the exterior derivative onN . Then the following
identity holds:

δS(dF ) = d(δSF ).

Lemma 3.2.5. We assume that the functionalF belong to the superalgebraS∗(N ; g);
let us suppose additionally that we have ag-module(V, ρ). The application ofTrρ to
F gives an element ofS∗(N ; R). Then we obtain the following identity:

δS [Trρ(F )] = Trρ(δSF ).

We will only sketch a few ideas of the proofs of the above lemmata.
For Lemma 3.2.2, we have to write down explicitly the expressions for the two BV

antibrackets, which in this special case involve the push-forward w.r.t the projection
π̄1 : H × M → H , resp. π1 : N × M → M , and the pull-backs w.r.t. the maps
π̄2 : M ×H → H , resp.π2 : M ×N → M ; these maps do appear in the definition
of the partial functional derivatives ofF . Then we have to consider the following
commutative diagram:

M ×H
id×h
−−−−→ M ×N

π̄2

y
yπ2

H
h

−−−−→ N

It is easy to see that id× h induces an orientation preserving map (namely, the identity
map) between the fibers(π̄2)

−1({e}) (∼= {e}×M ) and(π2)
−1(π(e)) (∼= {π(e)}×M ),

for e ∈ H . From Lemma 2.2.1, the claim follows.
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For Lemma 3.2.3, we have to write down again explicitly the BVantibrackets on
the two sides of the identity. In this case, we use the following commutative diagram:

M ×H
id×π
−−−−→ M ×N

π̃2

y
yπ2

H
π

−−−−→ N

The commutativity of this diagram implies that the composite bundlesHB×M = (M×
H ;π ◦ π̃2;N ;B×M) andHM×B = (M ×H ;π2 ◦ (id× π);N ;M ×B) possess the
same total space and the same base space, but have different fibers; in fact, the fiber
of the first is isomorphic toB ×M , while the fiber of the second one isM × B. We
can go from a bundle to the other via a bundle isomorphism which is the identity on
the total and on the base space, but which reverses the orientation of the fibers. It is
well-known that the orientation of a fiber bundle is induced by the orientations both of
the base space and of the fiber; this implies the following identity

π∗ ◦ π̃2∗ = (−1)m dimB π2∗ ◦ (id × π)∗,

and the coefficient(−1)m dimB comes from the orientation reversal of the fibers of the
two bundles (for the property of the push-forward, see Lemma2.2.2). This identity
will imply the claim.

For Lemma 3.2.4 we simply apply the generalized Stokes theorem for the push-
forward w.r.t. π̃2 : M × N → N ; notice that in this case the fiber, i.e.M , has no
boundary. We then have to remember that the exterior derivative dM×N onM × N
splits asdN + σdM , where the signσ is given byσ = (−1)degN (ω), for a formω on
M ×N with degree overN equal todegN (ω). We have to remember also that, in the
defining equation for the right functional derivative, the test form is independent ofN ,
therefore the exterior derivative onN applied to (the pullback w.r.t.̃π1 of) the test form
gives0 as result; next, we know that the integrand has maximal degree w.r.t.M , so that
the exterior derivative w.r.t.M of the integrand gives0. The result is a consequence of
all the above considerations.

Lemma 3.2.5 follows easily from the definition of the partialfunctional derivatives
and from the fact the traceTrρ acts only on theEndV -part of the tensor product
(we recall that the functionals we are considering take their values inEnd(V ) for a
g-moduleV ).

3.2.4 The BV Laplacian

We introduce temporarily a Riemannian metric onM and we denote by? the induced
Hodge star operator. We also pick a fieldφα; we denote byφ∗α the field (called some-
times theHodge dual antifieldof φα) defined by the formula

φ∗α := ?φ+
α ,

whereφ+
α is the antifield ofφα. It follows easily from the definition that the degree of

φ∗α is given by the degree of the field it is associated to, while its ghost number is given
by−1− ghφα.
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If α, β are two elements inΩp(M, adP ), we define

〈α , β 〉Hodge :=

∫

M

〈α , ?β 〉 .

Now, we define a new type of functional derivatives. We begin with functionals in
the spaceS(A). We denote collectively byϕα the fieldsφα and their newly defined
antifieldsφ∗α.

We assumeρα to be a form with the same degree and ghost number asϕα andF
to be an element inS(A); we then define the Hodge functional derivatives ofF by the
formula

d

dt

∣∣∣
t=0

F (ϕα + tρα) =

〈
ρα ,

−→
δ F

δϕα

〉

Hodge

=

〈
F
←−
δ

δϕα
, ρα

〉

Hodge

.

It follows from the definition that, for a homogeneous functionalF , the Hodge func-
tional derivatives w.r.t.ϕα lie in Ωdegϕα(M, adP ) and possess ghost number equal to
ghF − ghϕα. We have now at our disposal the essential elements to construct the BV
Laplacian. We start defining the BV Laplacian of an element ofS(A) by the formula

∆BV F :=
∑

α

(−1)ghφ
α

〈 −→
δ

δφα
,

−→
δ F

δφ∗α

〉

Hodge

. (3.2.5)

The result is again a functional inS(A), and, ifF is homogeneous, then∆BV F is
homogeneous of ghost numberghF + 1.

Remark3.2.6. This definition can also be extended to functionals in the spaceS∗(N ;E)
in analogy with the construction presented in the precedingsubsection. For a homo-
geneous functionalG in S∗(N ;E), ∆BVG is again a functional inS∗(N ;E), whose
ghost number is given byghG+ 1 and whose degree is unchanged.

Remark3.2.7. Turning to a unified notationS, we have in general

∆BV : Sp,g → Sp,g+1.

We notice however that∆BV is in general ill-defined for all functionals inS. It
is particularly ill-defined on local functionals. The correct definition would involve
some regularization.We assume however that, independently of the regularization,
∆BV F = 0 wheneverF depends only on one element in each pair field–antifield, as
the formal definition of∆BV suggests.

The properties of the BV Laplacian∆BV are:

• the BV Laplacian is a coboundary operator, i.e.

∆2
BV = 0;

• the BV antibracket measures the failure of the BV Laplacian to be a derivation,
i.e.

∆BV (FG) = (∆BV F )G+(−1)ghF (F , G )+ (−1)ghFF (∆BVG), (3.2.6)

where one of the functionals must be central.
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The latter property in particular implies that the BV Laplacian is well-defined on the
subalgebra generated by those local functionals which are killed by ∆BV (e.g., those
described in the previous remark).

Remark3.2.8. If we restrict ourselves toS(A), then the above properties hold on the
whole algebra. A Gerstenhaber algebra with an operator∆ satisfying the above prop-
erties is known as a BV algebra.

Remark3.2.9. We notice that we can define (independently of the dimension)the BV
antibracket by

(F , G ) :=

〈
F
←−
δ

δφα
,

−→
δ G

δφ∗α

〉

Hodge

−

〈
F
←−
δ

δφ∗α
,

−→
δ G

δφα

〉

Hodge

.

This is the definition of the BV antibracket in its original setting [4]. This expression
depends in general on the Riemannian metric onM , but in the case ofBF theories
the antibracket is actually independent thereof, since it is equal to the one defined in
subsection 3.2.2.

3.2.5 BV cohomology and observables

We have introduced the BV Laplacian in order to deal with the quantum version of
the BV formalism, which is needed when considering functional integrals with weight
exp(i/})S, whereS should be a solution of thequantum master equation

(S , S )− 2i}∆BV S = 0.

The main consequence of the quantum master equation is that the operator

ΩBV := δBV − i}∆BV (3.2.7)

is a coboundary operator of ghost number1; it is not a differential, because of (3.2.6).
This operator is fundamental in the BV formalism; namely, all meaningful observables
in the BV formalism lie in the0-ghost number cohomology ofΩBV . This means
(at least formally) that the vacuum expectation values ofΩBV -cohomology classes,
weighted byexp(i/})S, are independent of the choice of gauge fixing. In turn, the
v.e.v.s of trivialΩBV -cohomology classes or of classes of ghost number differentfrom
zero vanish.

We will show that the BV actionS of BF theories, to be introduced in (3.4.1),
satisfies separately the equations

∆BV S = 0 and (S , S ) = 0,

which imply thatS satisfies the quantum master equation.

3.3 The BV superformalism for BF theories

The aim of this section is to define a new type of BV antibracket, which will allow us
to obtain the BV action forBF theories in a simple way and to write it in a compact
form.
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From now on we consider a new grading on the space of functionals S called the
total degree, which is defined as the sum of the form degree andthe ghost number;
we will denote the total degree of a formα with degreedegα and ghost numberghα
by |α| := degα + ghα; by homogeneous we will mean homogeneous w.r.t. the total
degree.

We note now that all fields
{
c+; a+;B; τ1; . . . ; τm−2

}
have total degreem − 2,

while all remaining fields
{
τ+
m−2; . . . ; τ

+
1 ;B+; a; c

}
have total degree equal to1. Here

a is the difference betweenA and a given background connectionA0 as in Assump-
tion 1; for notational consistency, we denote bya+ the associated antifield. We can
cast all fields in two homogeneous superforms which we will denote byB andA:

B :=

m−2∑

k=1

(−1)
k(k−1)

2 τk +B + (−1)ma+ + c+, (3.3.1)

A := (−1)m+1c+A+ (−1)mB+ +

m−2∑

k=1

(−1)
k(k−1)

2 +m(k+1)τ+
k . (3.3.2)

Further, we definea := A−A0.
We refer to Appendix 8.1, for the definitions of the dot product · and of the dot

Lie bracket[[ ; ]]. We only recall that the dot structures make the algebraS into a
superalgebra w.r.t. the total degree. Analogously, we define the dot version〈〈 ; 〉〉 of
the bilinear form〈 , 〉 onΩ∗(M, adP ) by

〈〈α ; β 〉〉 := (−1)ghα degβ 〈α , β 〉 .

It satisfies
〈〈β ; α 〉〉 = (−1)|α||β| 〈〈α ; β 〉〉 .

3.3.1 The space of functionalsSA,B

As in the previous section, we consider the algebra generated by local functionals in the
fields taking values in a commutative algebraA or in a de Rham complexΩ∗(N ;E).
However, from now on we will restrict ourselves only to thosefunctionals which de-
pend on the linear combinationsA andB (and not on the component fields). We will
denote these algebras bySA,B(A), resp.SA,B(N ;E), or generically bySA,B.

We giveSA,B a unique grading, by defining the degree of a monomial in the super-
fieldsA andB to be the sum of the total degrees of its factors (modulo e.g. integration).

Since the superforma has total degree1 and lies inΩ∗(M, adP ), we can consider
A as a superconnection in the sense of Mathai and Quillen [42].With the help of the
dot Lie bracket (see Appendix 8.1), we can then define the covariant derivative ofB
w.r.t. the superconnectionA and the supercurvatureFA by:

dAB := dA0B + [[a ; B]],

FA := dA0a +
1

2
[[a ; a]].
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Notice that the supercurvature would contain the extra termFA0 if the background
connectionA0 were not chosen to be flat. Note that in this new context the exterior and
covariant derivatives are operators of total degree1.

The super functional derivatives

We begin by introducing the super test formsρa andρB: the super test formρa is
defined to be the sum of the test forms corresponding to the fields that appear in the
superforma, with the same sign convention as in (3.3.2); analogously wedefine the
super test formρB. By definition, the super test forms have then total degree1, resp.
m− 2. We then define the super functional derivatives of an element F in SA,B(A) by:

d

dt

∣∣∣
t=0

F (a + tρa; B) =

∫

M

〈〈
F
←−
∂

∂a
; ρa

〉〉
=

∫

M

〈〈
ρa ;

−→
∂ F

∂a

〉〉
,

d

dt

∣∣∣
t=0

F (a; B + tρB) =

∫

M

〈〈
F
←−
∂

∂B
; ρB

〉〉
=

∫

M

〈〈
ρB ;

−→
∂ F

∂B

〉〉
.

It is then easy to determine the total degree of the super functional derivatives ofF ; in
fact, the following identities hold:

∣∣∣
−→
∂ F

∂a

∣∣∣ =
∣∣∣F
←−
∂

∂a

∣∣∣ = |F |+m− 1,

∣∣∣
−→
∂ F

∂B

∣∣∣ =
∣∣∣F
←−
∂

∂B

∣∣∣ = |F |+ 2.

(3.3.3)

It will be also useful to express the right derivative of the functionalF in terms of the
left one, and vice versa. The result of this computation is given by:

−→
∂ F

∂a
= (−1)|F |+m−1F

←−
∂

∂a
,

−→
∂ F

∂B
= (−1)|F |m

F
←−
∂

∂B
.

We next define the super functional derivatives of an elementF of SA,B(N ;E) by:

d

dt

∣∣∣
t=0

F (a + tρa; B) = π̃2∗

〈〈
π̃∗1ρa ;

−→
∂ F

∂a

〉〉
= π1∗

〈〈
F
←−
∂

∂a
; π∗2ρa

〉〉
;

d

dt

∣∣∣
t=0

F (a; B + tρB) = π̃2∗

〈〈
π̃∗1ρB ;

−→
∂ F

∂B

〉〉
= π1∗

〈〈
F
←−
∂

∂B
; π∗2ρB

〉〉
.

Their total degrees are still given by (3.3.3).
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The super BV antibracket

Let us pick two functionalsF andG in SA,B(A); then the super BV antibracket is
defined by:

((F ; G )) :=

∫

M

〈〈
F
←−
∂

∂B
;

−→
∂ G

∂a

〉〉
− (−1)m

〈〈
F
←−
∂

∂a
;

−→
∂ G

∂B

〉〉
. (3.3.4)

Note that the BV antibracket ofF andG is again a functional inSA,B(A).
Next we consider a functionalF in SA,B(A) and a functionalG in SA,B(N ;E),

with E anA-module; we define the BV antibracket ofF andG by:

((F ; G )) = π̃2∗

〈〈
π̃∗1

(F←−∂
∂B

)
;

−→
∂ G

∂a

〉〉
−(−1)dimM π̃2∗

〈〈
π̃∗1

(F←−∂
∂a

)
;

−→
∂ G

∂B

〉〉
.

(3.3.5)
In this case the BV antibracket ofF andG is a functional inSA,B(N ;E).

We finally define the BV antibracket of two functionalsF andG in SA,B(N ;E)
by:

((F ; G )) := π13∗

〈〈
π∗12

(F←−∂
∂B

)
; π∗23

(−→∂ G
∂a

)〉〉
−(−1)mπ∗13

〈〈
π∗12

(F←−∂
∂a

)
; π∗23

(G←−∂
∂B

)〉〉
.

In this case we obtain that((F ; G )) is a functional inSA,B(N,E).
The antibracket, in all the above cases, has total degree1; i.e., if we denote gener-

ically by SA,B the space of functionals and bySk
A,B the subspace of homogeneous

elements of total degreek, then

(( ; )) : SkA,B ⊗ S
l
A,B → S

k+l+1
A,B .

From now on we will use the short notation given in (3.3.4) forall types of functionals
that we have discussed until now, and we omit in all cases the specific notation, leaving
to the reader the understanding of the real meaning of the formula.

3.3.2 Main properties of the super BV antibracket

One could now wonder if there is a relationship between the super BV antibracket
defined in the previous subsection and the BV antibracket defined in 3.2.2 that we have
discussed in the previous subsection. We begin by explaining this relationship for the
case of functionals inSA,B(A).

Lemma 3.3.1. Suppose that we have two functionalsF andG in SA,B(A); then the
following identity holds:

((F ; G )) = (F , G ) . (3.3.6)

Proof. We prove the identity for homogeneous functionals; the general case follows by
linearity. We begin by computing the functional derivatives ofF andG:

d

dt

∣∣∣
t=0

F (a + tρa; B) =
d

dt

∣∣∣
t=0

F (a+ tρa; c+ tρc; . . . ; B) =

∫

M

〈〈
F
←−
∂

∂a
; ρa

〉〉
.
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Next, we note that the integral selects the part of the integrand whose form degree in
M is equal tom, and that the super test formρa is the sum of the usual test forms (with
some signs to be considered). We writeρa as

ρa =

m∑

i=0

σai
ρai
,

where byρai
we denote the degreei part ofρa; i.e.,ρa0 = ρc, ρa1 = ρa and so on. The

signsσai
are the same as in the definition (3.3.2) ofA; namely,a =

∑
σai

ai. Similarly
we introduce signsσBj

as inB =
∑
σBj

Bj . We can then write:

∫

M

〈〈
F
←−
∂

∂a
; ρa

〉〉
=

∫

M

〈
F
←−
∂

∂c
, ρc

〉
+

∫

M

〈
F
←−
∂

∂a
, ρa

〉
+ . . .

=

m∑

j=0

σaj

∫

M

〈〈(F←−∂
∂a

)
m−j

; ρaj

〉〉
,

(3.3.7)

where the subscript denotes the restriction to the term of the indicated form degree. We
recall thatghρaj

= 1− j; then we obtain e.g. for thej-th term in the last expression of
the above identity (recalling the definition of the total degree of the functional derivative
of F w.r.t. a):

∫

M

〈〈(F←−∂
∂a

)
m−j

; ρaj

〉〉
= (−1)(|F |+j−1)j

∫

M

〈(F←−∂
∂a

)
m−j

, ρaj

〉

By confronting the two expressions in (3.3.7), and doing similar computations in the
other cases, we obtain forj = 0, . . . ,m:

(F←−∂
∂a

)
m−j

= σaj
(−1)(|F |+j−1)j F

←−
∂

∂aj
,

(F←−∂
∂B

)
m−j

= σBj
(−1)(m−2−j)(m−j)F

←−
∂

∂Bj
,

(−→∂ F
∂a

)
m−j

= σaj
(−1)(1−j)(m−j)

−→
∂ F

∂aj
,

(−→∂ F
∂B

)
m−j

= σBj
(−1)(|F |−m+2+j)j

−→
∂ F

∂Bj
,

We cast then all these expressions in the definition of the super BV antibracket
〈〈

F
←−
∂

∂B
;

−→
∂ G

∂a

〉〉
.

Then we use the above expressions, and, after rewriting〈〈 ; 〉〉 as〈 , 〉, we compute
the productsσBm−j

σaj
, separately for the casem even andm odd. In order for the

superbracket to coincide with the ordinary bracket, these products must be

σBm−i
σai

=

{
−1 if i = 0,

1 otherwise

112



for m even, and

σBm−i
σai

=

{
(−1)i for i = 0, 1,

(−1)i+1 otherwise

for m odd. It can be readily computed that the choice of signs made in (3.3.1) and in
(3.3.2) is consistent with the above rules; therefore, the proof then follows.

For the general case of elements ofSA,B(N ;E), the above rule must be slightly
modified. We begin by noting that any homogeneousF of total degree|F | in this
algebra can be written in the form

F =
∑

l

Fl,

whereFl is an element ofS|F |−l,l(N ;E). This is obtained by expanding the super-
fields in their components. We are now ready to state the following

Lemma 3.3.2. LetF andG be homogeneous elements ofSA,B(N ;E). If we expand
them according to the above rule

F =
∑

k

Fk and G =
∑

l

Gl,

then the following identity holds:

((F ; G )) =
∑

k,l

(−1)(|F |−k+1)l (Fk , Gl ) . (3.3.8)

Proof. The proof of this identity is similar to the proof of Lemma 3.3.1; in fact, we
have to compute the functional derivatives ofF andG w.r.t. a andB, and express them
via the functional derivatives w.r.t. the usual fields of thetheory. We therefore recall
the formulae for the functional derivatives, and we apply them toF , obtaining:

d

dt

∣∣∣
t=0

F (a + tρa; B) = π1∗

〈〈
F
←−
∂

∂a
; π∗2ρa

〉〉
=

=

m∑

j=0

σaj
π1∗

〈〈(F←−∂
∂a

)
m−j

; π∗2ρaj

〉〉
=
∑

l

d

dt

∣∣∣
t=0

Fl(a+ tρa; c+ tρc; . . . ) =

=
∑

l

m∑

j=0

d

dt

∣∣∣
t=0

Fl(aj + tρaj
) =

∑

l

m∑

j=0

π1∗

〈
Fl
←−
∂

∂aj
, π∗2ρaj

〉
=

=

m∑

j=0

π1∗

〈∑

l

Fl
←−
∂

∂aj
, π∗2ρaj

〉
. (3.3.9)

Then the following holds, if we go from the dot product to the ordinary product:

(−1)(|F |−l−1+j)j

〈
Fl
←−
∂

∂aj
, π∗2ρaj

〉
=

〈〈
Fl
←−
∂

∂aj
; π∗2ρaj

〉〉
.
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By confronting the terms in (3.3.9), and operating similarly for the other cases, we
obtain the following identities forj = 0, . . . ,m:

(F←−∂
∂a

)
m−j

=
∑

l

σaj
(−1)(|F |−l−1+j)j Fl

←−
∂

∂aj
,

(F←−∂
∂B

)
m−j

=
∑

l

σBj
(−1)(|F |−l−m+j)j Fl

←−
∂

∂Bj
,

(−→∂ F
∂a

)
m−j

=
∑

l

σaj
(−1)(1−j)(l−m+j)

−→
∂ Fl
∂aj

,

(−→∂ F
∂B

)
m−j

=
∑

l

σBj
(−1)(m−j)(l−m+j)

−→
∂ Fl
∂Bj

.

We can finally cast all these expressions in the explicit formula for the super BV an-
tibracket, and, by recalling the explicit values of the chosen signsσaj

andσBj
, we can

finally obtain the desired identity (recall the form degree selection rule imposed by the
pushforwards).

We notice that for the caseF ∈ SA,B(A) andG ∈ SA,B(N ;E) for anA-moduleE,
the following identity holds:

((F ; G )) =
∑

l

(−1)(|F |+1)l (F , Gl ) ; (3.3.10)

this formula will play a special rôle in later computations(we skip the proof of this
identity, because it is in principle the same as for the two previous lemmata).

We now extend the super BV antibracket(( ; )) to the whole ofS by the following
rule

((α ; β )) := (−1)(ghα+1) deg β (α , β ) ,

with α andβ homogeneous elements ofS. Recalling the graded commutativity rule,
the graded Leibnitz rule and the graded Jacobi rule for( , ), we can then show the
following properties of the super BV antibracket(( ; )):

• ((α ; β )) = −(−1)(|α|+1)(|β|+1) ((β ; α )),
whenever one of the two elements is central inS.

• ((α ; βγ )) = ((α ; β )) γ + (−1)(|α|+1)|β|β ((α ; γ )),
wheneverα or β or both are central inS.

• (−1)(|α|+1)(|γ|+1) ((α ; ((β ; γ )) )) + cyclic permutations= 0,
whenever two of the three elements are central inS.

Here, we have used the previous notational convention for the total degree. In partic-
ular, if we restrict toSA,B, by linearity the previous identities hold if we replaceα, β
andγ with elementsF ,G andH of SA,B.
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For central elements inSA,B, we can take e.g. any functionalF in SA,B(A), while
considering as more general elements inSA,B(N ;E), for anA-moduleE. (We have
omitted the products between elements inSA,B, but it is understood that we are dealing
with the shifted dot product.) We now pick a central elementS of SA,B with even total
degree; we then define an operatorδ on the superspaceSA,B by

δ := ((S ; )) ;

sinceS has even total degree,δ is an odd derivation by the above identities. From
Lemma 3.3.2, 3.2.3, 3.2.2, 3.2.4 and 3.2.5 we can derive the useful properties ofδS :

Corollary 3.3.3. We assume that the functionalF lies in SA,B(N ;E), and that we
have a maph from a manifoldH to the manifoldN , then the following identity holds:

δ[h∗(F )] = h∗(δF ).

Corollary 3.3.4. We assume that we have a homogeneous functionalF in SA,B(H ;E),
whereE is a real or complex algebra and H is the total spaceH of a bundle overN
with typical fiberB. The integration along fiber of the functionalF gives a functional
of the same type, defined on the manifoldN and with total degree|π∗(F )| = |F | −
dimB. Then we obtain the following identity:

δ[π∗(F )] = (−1)dimBπ∗(δF )

Corollary 3.3.5. We pick a functionalF in SA,B(N ;E), for N andE as in the pre-
ceding Lemma. We denote byd the exterior derivative on the manifoldN . Then the
following identity holds:

δ(dF ) = −d(δF ).

Corollary 3.3.6. We assume the functionalF to belong to the superalgebraSA,B(N, g);
we assume additionally that we have ag-moduleV . The application of the trace toF
gives an element ofSA,B(N ; R) (or of SA,B(N ; C), depending on whetherV is a real
or complex module). Then we obtain the following identity:

δ[Trρ(F )] = Trρ(δF ).

3.3.3 The super BV Laplacian

In analogy with what we have done for the BV antibracket, we introduce a “twisted”
version∆ of the BV Laplacian on the superalgebraS, endowed with the two usual
gradings (the form degree and the ghost number). We define thesuper BV Laplacian
by

∆α := (−1)degα∆BV α,

for α ∈ S. Since the BV Laplacian is nilpotent, it follows immediately that the super
BV Laplacian is nilpotent, too. We takeα andβ in S, and we assume at least one of
the two elements to be central inS. It follows then from (3.2.6) that

∆(α · β) = (∆α) · β + (−1)|α| ((α ; β )) + (−1)|α|α · (∆β), (3.3.11)
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whereα or β must be central. Restricting to the super algebraSA,B, it follows easily
that the super BV Laplacian is a coboundary operator

∆ : SkA,B → S
k+1
A,B

satisfying (3.3.11) withα andβ in SA,B. The BV operatorΩBV defined in (3.2.7) is
replaced in the superformalism by the operator

Ω = δ − i}∆.

As a consequence of the general case,Ω is a coboundary operator.

3.3.4 Twists

We assumeO to be an even element ofSA,B. We define the twisted BV coboundary
operator by

Ω̃ = exp

(
−

i

}
O

)
Ω exp

(
i

}
O

)
= Ω + ∂O +

i

}
ΦO,

with ∂O := ((O ; )), and

ΦO = ΩO +
1

2
(( O ; O ))

as a multiplication operator.

Definition 3.3.7. We call flat an even functionalO with ΦO = 0, flat observablean
Ω-closed flat functional, andflat invariant observableaδ-closed flat observable.

A basic fact that we will need in Sections 4.2 and 4.3 is expressed by the following

Lemma 3.3.8. If O is a flat observable, then so isλO for any constantλ; moreover,
∂O is a superdifferential (of degree|O| + 1) which anticommutes withΩ. If we also
assume thatO is invariant, then∂O anticommutes withδ, soδλ := δ +λ∂O is an odd
differential for allλ.

Proof. By definition, a flat observableO satisfies separately

ΩO = 0 and ((O ; O )) = 0.

This implies thatΦλO = 0 for all λ. The second equation above together with the
Jacobi identity implies that∂O is a coboundary operator. SincẽΩ andΩ square to
zero andΦO = 0, we obtain

Ω∂O + ∂OΩ + ∂2
O = 0.

The second claim then follows since∂O squares to zero. ForO invariant, we also have
((S ; O )) = 0. So by Jacobi we obtainδ∂O + ∂Oδ = 0.
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3.4 The BV action for BF theories

We have now at our disposal all tools needed to write down the correct BV action for
BF theories. Namely, we claim that it is given by

SBV :=

∫

M

〈〈B ; FA 〉〉 . (3.4.1)

Remark3.4.1. Earlier versions of this form for the BV action ofBF theories can be
found in [51, 37], where however proofs were not given and, inparticular, there was
no explicit treatment of the sign conventions (i.e., our “dot” structures). Special cases
(with explicit signs) were also considered in [14, 16]. In particular, the structure of the
BV action in terms of superfields is in agreement with the general pattern described in
[27]. See also [55] and [2] for the case of Chern–Simons theory.

This form of the BV action holds not only for theBF theories described in the
previous sections but also for the “canonicalBF theories” pointed out in Remark 3.1.1
(observe that the two-dimensional case has already been considered in [22]).

We divide the proof, for the ordinary case, in two steps:i) we show that the above
functional is a solution of the master equation corresponding to theBF action (3.1.3)
with infinitesimal symmetries (3.1.6) and (3.1.7) (subsection 3.4.1);ii) we show that
it is ∆BV -closed (subsection 3.4.2). In subsection 3.4.3 we will then give the proof in
the case of canonicalBF theories.

3.4.1 The master equation

We begin with the statement of the main Theorem, and we devotethe rest of the section
to its proof and to some important consequences.

Theorem 3.4.2.The following identity holds:

((S ; S )) = 0.

Remark3.4.3. By lemma 3.3.1, the above result is equivalent to the statement that the
actionS satisfies the usual ME w.r.t. the usual BV antibracket.

Proof. We begin by computing the left and right partial derivativesw.r.t. a andB; e.g.
the left partial derivative ofS w.r.t. a is given by

d

dt

∣∣∣
t=0

S(a + tρa; B) =

∫

M

〈〈B ; dAρa 〉〉 =

= (−1)m−1

∫

M

〈〈dAB ; ρa 〉〉 =

∫

M

〈〈 ρa ; dAB 〉〉 .

It follows that:

S
←−
∂

∂a
= (−1)m−1

−→
∂ S

∂a
= (−1)m−1dAB; (3.4.2)
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similarly

S
←−
∂

∂B
=

−→
∂ S

∂B
= FA. (3.4.3)

If we now insert the above functional derivatives in the formula for the BV antibracket,
we obtain

((S ; S )) = 2

∫

M

〈〈FA ; dAB 〉〉 = 2

∫

M

d 〈〈FA ; B 〉〉 − 2

∫

M

〈〈dAFA ; B 〉〉 ,

by the invariance of〈 , 〉 (A is a superconnection). The first term vanishes by Stokes’
Theorem, and the second by the super Bianchi identity

dAFA = 0.

So the claim follows.

SinceS satisfies the ME, the Leibnitz rule and the Jacobi identity for the super BV
antibracket imply that the operator

δ := ((S ; )) ,

defined onSA,B(N ;E), is an odd differential. In many of the forthcoming computa-
tions we need the following

Proposition 3.4.4. The action ofδ on the superfieldsa andB is given by:

δa = (−1)mFA (3.4.4)

and

δB = (−1)mdAB. (3.4.5)

Proof. The above formulae follow from (3.3.5). We begin withδa:

δa(x) =

∫

M

〈〈
S
←−
∂

∂B
;

−→
∂ a(x)

∂a

〉〉
.

By definition however

∫

M

〈〈
ρ ;

−→
∂ a(x)

∂a

〉〉
=

d

dt

∣∣∣
t=0

[a(x) + tρ(x)] = ρ(x),

providedρ is a test form of total degree1. SinceS
←−
∂
∂B

has total degree2, we cannot
apply the above formula directly. We use then the following trick. Let ε be a scalar of
total degree−1. Then

ε · δa(x) = (−1)m
∫

M

〈〈
ε ·
S
←−
∂

∂B
;

−→
∂ a(x)

∂a

〉〉
= (−1)mε ·

S(x)
←−
∂

∂B
.
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Thus,

δa(x) = (−1)m
S
←−
∂

∂B
(x) = (−1)mFA(x),

where we have used (3.4.3). Similarly, we have

δB(x) = −
S
←−
∂

∂a
(x) = (−1)mdAB,

by (3.4.2).

Recalling the formula (3.3.10) expressing the super BV antibracket in term of the
usual BV antibracket, we can now recover the action of the usual δBV operator defined
by (S , ). Namely,

δa =

m∑

j=0

σaj
(−1)jδBV aj .

Decomposing the expression forδa in its homogeneous components and by confronting
the two expressions, we get the action of the BV operatorδBV on the fields. Similarly,
we can recover the action ofδBV on the components ofB. Setting the antifields to zero,
we obtain then thatδBV on the fields{A,B, c, τ1, . . . , τm−2} coincides with the BRST
operator given in (3.1.6) and (3.1.7). Moreover, it followseasily from the definition of
S and of the superformsa andB that the action reduces to the classicalBF action, if
we set all antifields to0. Thus, we have proved the following

Theorem 3.4.5.SBV is a solution of the master equation for theBF theory.

3.4.2 The∆BV -closedness of the BV action

We now turn to the proof of the identity

∆BV S = ∆S = 0. (3.4.6)

First, we recall thatg is endowed by assumption with a nondegenerate, symmetric,
invariant bilinear form〈 , 〉. We now choose a basis{ek} of g such that〈 ei , ej 〉 =
siδij , si = ±1; in this basis we have the structure constantsfkij given by the relation

[ ei , ej ] =

dim g∑

k=1

fkijek.

We then introduce the symbols̃fkij asskfkij . Thus,

f̃kij = 〈 [ ei , ej ] , ek 〉 .

From the non-degeneracy of〈 , 〉 we then get the useful relation

f̃kij = −f̃ jik = −f̃ ikj . (3.4.7)
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If we write the BV action as a sum of local terms in the fields, wesee from the very
definition of the BV Laplacian∆BV (see Remark 3.2.7) that the only terms in this sum
which are not automatically0 have the form

〈φ∗α , [φα, c] 〉Hodge ,

for all α in the index set of the fields (this the only way to pair a field and its antifield
allowed by the integration overM ); we can rewrite it in the form (up to signs)

〈φ∗α , [φα, c] 〉Hodge = f̃ ijk
(
φ∗,iα , φα,jck

)
Hodge

, (3.4.8)

with

(α , β )Hodge :=

∫

M

α ∧ ?β, α, β ∈ Ω∗(M), (3.4.9)

andφα =
∑
φα,iXi and similarly forφ∗α andc. Now, by (3.4.7), one sees that in the

above formula no field component is paired to the corresponding antifield component.
So, by Remark 3.2.7, it is annihilated by the BV Laplacian.

3.4.3 CanonicalBF theories

We start here a digression about the version ofBF theories mentioned in Remark 3.1.1.
The material covered in this subsection is not essential forthe rest of the paper and can
be safely skipped. Though, this kind ofBF theories is interesting by itself (and appears
in two-dimensions as a particular case of the Poisson sigma model [36, 43]).

We recall now the basic idea: since the curvatureFA is a tensorial form of the
adjoint type, the most natural way to define aBF theory is to chooseB of the coadjoint
type and to use the canonical pairing betweeng∗ andg. We consider thenB as a form
in Ωm−2(M, ad∗ P ). Observe that since we do not introduce a bilinear form ong

anymore, Assumption 3 is in this case meaningless. For simplicity we will retain in
this case as well Assumptions 1 and 2. We begin with some notations:

• By〈 , 〉 we will denote in this subsection the canonical pairing betweeng∗ and
g; it can be naturally extended to a pairing between forms inΩp(M, ad∗ P ) and
forms inΩq(M, adP ), and we will denote this pairing by the same symbol.

• By {ei}we denote a basis ofg, while by{εj}we denote its dual basis:
〈
εi , ej

〉
=

δij .

• By fkij we denote the structure constants w.r.t. the basis{el}, i.e.

fkij =
〈
εk , [ ei , ej ]

〉
.

• By Ad∗ we denote the coadjoint action ofG on g∗; i.e. 〈Ad∗(g)ξ , X 〉 :=〈
ξ , Ad(g−1)X

〉
.

• byad∗ we denote the coadjoint action ofg ong∗; i.e.,〈 ad∗(X)ξ , Y 〉 = −〈 ξ , ad(X)Y 〉.
The coadjoint action can be extended to an action of forms inΩp(M, adP ) on
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Ωq(M, ad∗ P ) in the usual way. We only notice the sign rules for this extended
coadjoint action

ad∗([α , β ])γ = ad∗(α) ad∗(β)γ − (−1)degα degβ+ghα gh β ad∗(β) ad∗(α)γ;

〈 ad∗(α)γ , β 〉 = −(−1)degα deg γ+ghα gh γ 〈 γ , [α , β ] 〉 ,

for α, β ∈ Ω∗(M, adP ) andγ ∈ Ω∗(M, ad∗ P ), where we have implicitly
supposed to consider forms with additional ghost number gradation.

• Finally, we denote (improperly) bydA the covariant derivative acting onΩ∗(M, ad∗ P );
it satisfies

d 〈α , β 〉 = 〈dAα , β 〉+ (−1)degα 〈α , dAβ 〉 ,

whereα ∈ Ω∗(M, ad∗ P ) andβ ∈ Ω∗(M, adP ), and

dA(dAα) = ad∗(FA)α.

With these conventions in mind, we define the canonicalBF action functional by

Scan :=

∫

M

〈B , FA 〉 .

The Euler–Lagrange equations are still given by (3.1.4), where now the covariant
derivative is understood to operate onΩm−2(M, ad∗ P ).

We let the groupΩ0(M,G) o Ωm−3(M, ad∗ P ) operate (from the right) onA ×
Ωm−2(M, ad∗ P ) by the rule

(A,B)(g, τ) := (Ag,Ad∗(g−1)B + dAgτ).

It is then easy to verify thatScan is invariant under this action. The infinitesimal trans-
formations then read

δA = dAc; δB = − ad∗(c)B + dAτ.

These symmetries present the same reducibility problems asin Section 3.1; therefore,
we have to resort to the BV formalism here as well.

The BRST and the BV formalism

The BRST transformations corresponding to the reducible infinitesimal symmetries in
this case read

δBRSTA = dAc; δBRSTB = − ad∗(c)B + dAτ1;

δBRSTc = −
1

2
[ c , c ]; δBRSTτk = − ad∗(c)τk + dAτk+1, k = 1, . . . ,m− 3;

δBRSTτm−2 = − ad∗(c)τm−2.

Here,c denotes the Faddeev–Popov ghost, i.e. a form on the space of fields with val-
ues inΩ0(M, adP ) with ghost number1, and byτk we denote the ghosts for ghosts
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taking values inΩm−2−k(M, ad∗ P ) and with ghost numberk. These BRST transfor-
mations present the same problems as in Section 3.1, namelyδBRST is a differential
only modulo terms containing the curvature ofA. We have therefore to switch to the
BV formalism. We associate to each fieldφα ∈ {A,B, c, τ1, . . . , τm−2} a canonical
antifieldφ+

α following the rules

• if φα takes values inΩp
α

(M, adP ), resp.Ωp
α

(M, ad∗ P ), then its canonical
antifield takes values inΩm−p

α

(M, ad∗ P ), resp.Ωm−p
α

(M, adP );

• the ghost number ofφ+
α is set to be equal to−1− ghφα.

We define the total degree of a formα with degreedegα and ghost numberghα by

|α| := degα+ ghα.

Accordingly to what we have done in Section 3.3, we define thedot dualityby the rule

〈〈α ; β 〉〉 := (−1)ghα degβ 〈α , β 〉 ,

for α an element ofΩ∗(M, ad∗ P ) with ghost numberghα andβ in Ω∗(M, adP ) with
form degreedeg β. The dot Lie bracket[[ ; ]] is defined analogously as in Appendix 8.1,
and it enjoys the same sign rule. We define additionally thesuper coadjoint actionof
Ω∗(M, adP ) onΩ∗(M, ad∗ P ) by the rule

ad
∗(α)β := (−1)ghαdeg β ad∗(α)β.

Without proof we write down some useful formulae, which are analogous to the for-
mulae displayed in Appendix 8.1

ad
∗([[α ;β]])γ = ad

∗(α) ad
∗(β)γ − (−1)|α||β| ad∗(β) ad

∗(α)γ,

〈〈 ad∗(α)γ ; β 〉〉 = −(−1)|α||γ| 〈〈 γ ; [[α ;β]] 〉〉 ,

for α, β ∈ Ω∗(M, adP ) andγ ∈ Ω∗(M, ad∗ P ). If A is a connection onP , we also
have

d 〈〈 γ ; α 〉〉 = 〈〈dAγ ; α 〉〉+ (−1)|γ| 〈〈 γ ; dAα 〉〉 .

Finally, it is useful to write the duality pairing also in theopposite order; as usual, one
defines〈X , ξ 〉 = 〈 ξ , X 〉 for X ∈ g andξ ∈ g∗. When we extend the pairing to
forms and then consider the dot version, we obtain the rule

〈〈 γ ; α 〉〉 = (−1)|γ||α| 〈〈α ; γ 〉〉 .

We then define the functional derivatives w.r.t. all fields ofthe theory and the BV
antibracket( , ) by the same formulae as in subsection 3.2.1 (where the invariant,
nondegenerate bilinear form〈 , 〉 is replaced by the duality pairing). This antibracket
enjoys all usual properties of a BV antibracket. Analogously, provided we have a
solutionS of the master equation(S , S ) = 0, we define the BV differentialδ by the
rule δ := (S , ). This operator has the same properties of the previously introduced
BV differential (see subsection 3.2.3).

Finally, we define the Hodge duals of the fields, the Hodge functional derivatives
and the BV Laplacian in this case by the same formulae as in Section 3.2.4 (with the
only difference that by〈 , 〉 we mean here the duality pairing betweeng andg∗). We
will denote all these objects by the same symbols as in the previous sections.
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The BV superformalism and the BV action

We choose a background flat connectionA0, and we write a general connectionA as
A = A0 +a, with a in Ω1(M, adP ), with ghost number0. We are now ready to define
in this case the analogues of the superforms introduced in Section 3.3, namely

B :=
m−2∑

k=1

(−1)
k(k−1)

2 τk +B + (−1)na+ + c+,

A := (−1)n+1c+A+ (−1)nB+ +
m−2∑

k=1

(−1)
k(k−1)

2 +n(k+1)τ+
k .

We also definea := A − A0. We notice thatB is a superform of total degreem − 2
with values inad∗ P , while A can be interpreted once again as a superconnection on
M . It is not difficult to see that the curvature of the superconnectionA is given by the
formula

FA = dA0a +
1

2
[[a ; a]].

We go on, as in subsection 3.3.1, to define the functional derivatives w.r.t.B anda and
the super BV antibracket; they enjoy the same properties as the previously introduced
ones, and we will denote them by the same symbols.

Finally, we claim that the BV action for the canonicalBF theory onM is given by
the formula

SBV :=

∫

M

〈〈B ; FA 〉〉 .

In order to prove the claim, we show once again separately that SBV satisfies the master
equation and that it is (at least formally)∆BV -closed.

The master equation. The proof thatSBV satisfies the master equation is analogous to
the proof of the corresponding claim in Section 3.4.1; we therefore omit it. We will
only write down the action of the super BV differentialδ := ((SBV ; )) on the super
fieldsa andB

δa = (−1)mFA, (3.4.10)

δB = (−1)m (dA0B + ad
∗(a)B) ; (3.4.11)

the action of the usual BV differential on all fields (fieldsandantifields) is encoded in
the two previous equations and, upon switching off the antifields, gives back the BRST
operator defined at the beginning of subsubsection 3.4.3. Itis also easy to verify that
SBV reduces toScan if we set the antifields to zero.

The∆BV -closedness of the BV action. The proof thatSBV satisfies the equation

∆BV SBV = 0

is a little bit different from the proof of the same identity in Section 3.4.2; it relies on a
formal argument similar to that used in [22].
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As noted before, the main property of the BV Laplacian lies inthe fact that it con-
tracts each field with the corresponding antifield at the samepoint (see Remark 3.2.7);
therefore, the only terms in the BV action that are not trivially annihilated by the BV
Laplacian are of the form ∫

M

〈
φ+
α , [ c , φα ]

〉
,

for some fieldφα. More precisely, they are (independently of the dimension of M )
given by the combination

I =
1

2
〈 c∗ , [ c , c ] 〉Hodge − 〈 a

∗ , [ c , a ] 〉Hodge+

− 〈B∗ , ad∗(c)B 〉Hodge +
m−2∑

l=1

(−1)l+1〈 τ∗l , ad∗(c)τl 〉Hodge.

This is obtained from the formula for the BV action after rewriting the dot duality, the
super coadjoint action and the dot Lie bracket in terms the usual ones, and recalling
that the integral selects only the top form degree part of theintegrand.

W.r.t. the bases{ei} and{εj}, we can write a fieldφα with values inΩ∗(M, adP ),
resp. inΩ∗(M, ad∗ P ), asφα = φα iei, resp.φα = φαj ε

j. For any two real-valued
forms onM with the same degree we define

(α , β )Hodge =

∫

M

α ∧ ?β,

where? is the star Hodge operator w.r.t. a chosen metric onM . We therefore obtain

I = −
1

2
f ijk
(
c∗i , c

k cj
)
Hodge

− f ijk
(
a∗i , a

kcj
)
Hodge

+

+ fkji
(
(B∗)i , Bkc

j
)
Hodge

+

m−2∑

l=1

fkji
(
(τ∗l )i , (τl)kc

j
)
Hodge

;

we have used here the identity
〈
ei , ad∗(ej)ε

k
〉

= −
〈
εk , [ ej , ei ]

〉
= −fkji.

Finally, we apply the BV Laplacian to the above expression and get (independently
of the dimension ofM )

∆BV SBV = ∆BV I =

= C

∫

M

dvol f ijic
j

[(
m

m

)
−

(
m

m− 1

)
+

(
m

m− 2

)
− · · ·+ (−1)l

(
m

m− l

)
+ · · ·

]
=

= C

∫

M

dvol f ijic
j(1− 1)m = 0,

wheredvol is the Riemannian volume element andC is an infinite constant (explicitly,
a Dirac distribution evaluated in0). The binomial coefficients appear as the number
of components of the formsφαj ; e.g. ,Bk is anm − 2 form on them-dimensional
manifoldM , so it has

(
m
m−2

)
components in local coordinates. The signs before the
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binomial coefficients are determined by the ghost numbers ofthe fieldsφα (recall the
explicit definition (3.2.5) of the BV Laplacian).

Of course, the previous computation should be performed with a regularization in
order to avoid the infinite constantC. If the regularization is such that the above formal
manipulations still hold, thenSBV is BV harmonic.

3.4.4 Gauge fixing

We conclude this section giving a brief account on the gauge fixing necessary to start a
perturbative expansion of the theory. (For simplicity we restrict ourselves to ordinary
BF theories, the modifications needed for the canonical ones being obvious.)

The first step is to extend the space of fields by introducing antighosts and Lagrange
multipliers. Along with the usual ghostc one introduces an antighostc̄ (of ghost num-
ber−1) and a Lagrange multiplierλ (of ghost number0); both are chosen to take values
in the sections ofadP . Similarly, along with the ghostτ1 one introduces an antighost
τ̄1 and a Lagrange multiplierλ1 with values inΩm−3(M, adP ). As for the ghosts-for-
ghostsτk, one needs an entire family ofk antighosts andk Lagrange multipliers ([5]).
Namely, we denote bȳτk,i andλk,i (i = 1, . . . , k) the antighosts and the Lagrange
multipliers corresponding toτk, all of which take values inΩm−2−k(M, adP ). As for
the ghost number, one sets

gh(τ̄k,i) = 2i− k − 2, gh(λk,i) = 2i− k − 1.

We will denote byΦ the collection of the fields including the newly introduced ones.
Next, one has to consider antifields for the antighosts and the Lagrange multipliers.

They will be denoted bȳc+, λ+, τ̄+
1 , λ̄+

1 , τ̄+
k,i andλ+

k,i (k = 2, . . . ,m−3; i = 1, . . . , k)
with the usual rule; i.e., each antifield takes values in the space of forms of complemen-
tary degree of the corresponding field and its ghost number isminus the ghost number
of the corresponding field, minus one. We will denote byΦ+ the collection of all the
antifields including the new ones. Finally, we extend the BV structure by declaring that
each of the new antifield is BV-canonically conjugated to itsfield.

The newly introduced fields are there only to write down a gauge fixing fermion
(see later). From the point of view of BV cohomology their complex must be trivial;
i.e., one sets

δτ̄k,i = λk,i, δλk,i = 0, k = 2, . . . ,m− 3; i = 1, . . . , k.

This is achieved by defining the extended BV action:

Sext = S + Σ,

with S given in (3.4.1) and

Σ: =

∫

M

(
−
〈
c+ , λ

〉
−
〈
τ+

1 , λ1

〉
−
m−3∑

k=2

k∑

i=1

(−1)k
〈
τ+
k,i , λk,i

〉)
. (3.4.12)

The gauge-fixed action, which is a function ofΦ only, is then defined by

Sg.f. = Sext
∣∣
Φ+=

−→
∂ Ψ
∂Φ

,
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whereΨ (thegauge-fixing fermion) is a function ofΦ of ghost number−1 and has to
be chosen so that the Hessian ofSg.f. at a critical point is not degenerate. In case one
wants to expand around a given flat connectionA0, a suitable gauge-fixing fermion (in
accordance with Assumption 1) is

Ψ =

∫

M

c̄ dA0 ?a+ τ̄1 dA0 ?B+

m−4∑

k=1

τ̄k+1,1 dA0 ?τk+

m−4∑

k=1

k+1∑

i=2

τ̄k+1,i dA0 ?τ̄k,k+2−i,

(3.4.13)
where? is the Hodge star operator induced from a Riemannian metric onM . The BV
formalism ensures in particular that the partition function and the expectation values of
BV closed observables do not depend on the chosen metric.

Some comments on the family of antighosts for ghosts-for-ghosts

In this subsubsection, we comment briefly on the need of an entire family of antighosts
for any ghost-for-ghostτi, i ≥ 2.

We assumem = 4 for simplicity. Since we want the covariant derivative w.r.t. the
flat connectionA0, dA0 , to be nondegenerate, we have to restrict ourselves to particular
forms onM with values inadP , wheredA0 is invertible; equivalently, we have to find
a condition onB ensuring that any classB+dA0τ1 has a unique representative fulfilling
the given condition. Of course, sincedA0 , the addition toτ1 of an exact0-form dτ2
does not modify the given representative. However, the reducibility of the symmetry
stops here, sinceτ2 has degree0.

SincedA0 is acyclic on the complex of forms onM with values inadP by assump-
tion, natural conditions onB andτ1 are

d?A0
B = 0, d?A0

τ1 = 0, (3.4.14)

whered?A0
is the adjoint ofdA0 w.r.t. the L2-metric onΩ∗ (M, adP ) constructed by

means of a chosen Riemannian metric onM :

〈 η , ω 〉L2
: =

∫

M

〈 η , ?ω 〉 , ∀ η, ω ∈ Ω∗ (M, adP ) ,

and? denotes the Hodge star operator onΩ∗ (M, adP ) induced by the chosen Rieman-
nian metric. Standard arguments of the theory of elliptic differential operators ensure
that both conditions fix uniquely representatives of the classB + dA0τ1, forB given.

We have then to integrate formally the BV action for theBF theory over suchB
andτ1 satisfying (3.4.14). We have therefore to introduce antighostsτ1, resp.τ2, to
τ1, resp.τ2, of degree1 and ghost number−1, resp. of degree0 and ghost number
−2; we recall thatτ1, resp.τ2, has ghost number1, resp.2. Corresponding Lagrange
multipliersλ1 andλ2, of degree1, resp.0 and ghost number0 and−1 have also to be
taken into account. The action of the BV operatorδBV on antighosts and corresponding
Lagrange multipliers is given by

δBV τ i = λi, δBV λi = 0, i = 1, 2.

126



As we have seen, these requirements on the BV operator on antighosts and correspond-
ing Lagrange multipliers are fulfilled by the addition to theBV action of a quadratic
piece coupling the BV antifield of any antighost to the corresponding Lagrange multi-
plier; the new action satisfies also the Quantum Master Equation.

The sense of this operation is the following: if we recall theformal rules of func-
tional integration, the Lagrange multipliers are introduced in order to rewrite as pieces
of the action formalδ-distributions recording the gauge-fixing conditions, andthe
antighosts to keep track of the formal determinants arisingas volumes of the orbits
specified by the gauge-fixing conditions.

Now, the gauge-fixing fermion corresponding to conditions (3.4.14) would be intu-
itively

Ψ: =
〈
τ1 , d?A0

B
〉

L2
+
〈
τ2 , d?A0

τ1
〉

L2
.

By the flatness ofdA0 , it is not difficult to check that the addition to the antighost τ1 of
an exact1-form of ghost number−1 is a symmetry of the first term of the gauge-fixing
fermion. This implies degeneracy of the corresponding termin the gauge-fixed action,〈
λ1 , d?A0

B
〉

L2
.

Therefore, we have to add a new term, so as to include a gauge-fixing condition
for the antighostτ1. Since the symmetry corresponds to the addition of exact terms, it
makes sense to impose also onτ1 the covariant gauge w.r.t.A0

d?A0
τ1 = 0.

Further, we introduce, following the prescriptions of BV framework, an antighostτ2,2

and a corresponding Lagrange multiplierλ2,2 for τ1. Since the gauge-fixing fermion
has to have ghost number−1, τ2,2 must have degree0 and ghost number0, whileλ2,2

has degree0 and ghost number1. Analogously to the previous arguments, the BV
operator onτ2,2 andλ2,2 are

δBV τ2,2 = λ2,2, δBV λ2,2 = 0.

The additional piece of the gauge-fixing fermion keeping track of the gauge-fixing
condition on the antighostτ1 is then

〈
τ2,2 , d?A0

τ1

〉
L2
.

The antighostsτ2 andτ2,2 have the same degree; their ghost numbers are respectively
−2 and0. If we renameτ2 by τ2,1, resp.λ2 by λ2,1, we see immediately that we get a
special case of equation (5.4.13).

More generally, when the symmetry of the action is further reducible, we have to
introduce antighosts and corresponding Lagrange multipliers for any ghost-for-ghost
except for the one of lowest degree. Namely, for the ghost-for-ghostτ2 we need the
antighostτ3 and the Lagrange multiplierλ3, but the terms in the gauge-fixing fermion
recording the covariant condition forτ1 andτ1 present both a symmetry, namely the
addition toτ2,1 andτ2,2 of exact forms of the corresponding ghost numbers. These
symmetries have also to be fixed, and since they are of the sameform as the symmetries
of theBF action, a natural condition to impose onτ2,1 andτ2,2 is

d?A0
τ2,1 = 0, d?A0

τ2,2 = 0.
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According to the BV formalism, we have to introduce two antighostsτ3,3 andτ3,2, one
for τ2,1 andτ2,2, and corresponding Lagrange multipliersλ3,3 andλ3,2; the degrees of
τ3,3 andτ3,2 are equal to the degrees ofτ2,1 andτ2,2 minus1, which is also the degree
of the antighostτ3 for σ2, and their ghost numbers are resp.1 and−1, while the ghost
number ofτ3 is−3. The corresponding additional piece to the gauge-fixing fermion is

〈
τ3,3 , d?A0

τ2,1

〉
L2

+
〈
τ3,2 , d?A0

τ2,2

〉
L2

+
〈
τ3 , d?A0

τ2
〉

L2
. (3.4.15)

If the degree ofτ3 (and also ofτ3,3 andτ3,2) is not0, we have additional symmetries
in equation (3.4.15), namely the addition toτ3,3, τ3,2 andτ3 of dA0 -exact forms of the
respective ghost numbers. Hence, we have to introduce, for any antighostτ3,3, τ3,2

or τ3, a corresponding antighost and Lagrange multiplier, whosedegree is equal to the
degree ofτ3,3, τ3,2 or τ3 minus1 respectively, and whose ghost number is specified
by the requirement that the ghost number of the gauge-fixing fermion is−1 and that
we have to add to it terms coupling the covariant condition for τ3,3, τ3,2 andτ3 to the
respective antighosts through the L2-duality (5.4.12). We continue with this procedure,
fixing the gauge for ghosts-for-ghosts via antighostsτ i, and fixing also the gauge for
antighosts in the gauge-fixing fermion at each step, until wearrive at degree0, where
no further symmetry is possible. This can be summarized in the following scheme:

· · · −3 −2 −1 0 1 2 3 · · ·
m− 2 B
m− 3 τ1 ≡ τ1,1 λ1 τ1
m− 4 τ2 ≡ τ2,1 λ2,1 τ2,2 λ2,2 τ2
m− 5 τ3 ≡ τ3,1 λ3,1 τ3,2 λ3,2 τ3,3 λ3,3 τ3

... · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Each row in the table has the same form degree, while each column has the same ghost
number. The “principal” antighostτ i ≡ τ i,1 to the ghost-for-ghostσi−1 lies on the
left of the row next to the one containingτi; the other antighostsτ i,l, 2 ≤ l ≤ i, are
coupled to the antighosts of in the preceding row by the rulegh τ i,l + gh τ i−1,k = −1,
for 1 ≤ k ≤ i− 1.

3.4.5 Superpropagator

The perturbative expansion of the partition function or of the expectation values of
observables is obtained in terms of propagators, i.e., expectation values of the fields
w.r.t. the quadratic part of the actionSext. We will briefly describe this computation in
the case of ordinaryBF theories.

Since the interaction terms and the observables that we willintroduce in the next
chapters depend only on the superfieldsa andB, it is sufficient to compute the “super-
propagator”

i} η = 〈 π∗1a π∗2B 〉0 :=
1

Z

∫

Φ+=
−→
∂ Ψ
∂Φ

exp

(∫

M

〈〈B ; dA0a 〉〉+ Σ

)
π∗1a π∗2B,

whereZ is the partition function,A0 is the chosen background flat connection,Σ is
the extension defined in (3.4.12), andπ1 andπ2 are the projections fromM ×M to
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M . So,η is a distributional(m − 1)-form onM ×M with values inadP � adP .
This superpropagator with the gauge fixing (3.4.13) can be computed by generalizing
Axelrod and Singer’s construction [3] to higher dimensions. Another possibility is to
formally compute the main properties of the superpropagator and then construct a form
that satisfies them generalizing the construction of [11]. The first property relies on the
symmetrya↔ B of the quadratic part of the action:

∫
M
〈〈B ; dA0a 〉〉. This implies

T ∗η = (−1)m η (3.4.16)

whereT is the automorphism ofadP � adP that acts on the basis by exchanging the
points and at the same time exchanges the corresponding fibers (in a local trivialization
T (x, x′; ξ, ξ′) = (x′, x; ξ′, ξ), with x, x′ ∈ U ⊂ M andξ, ξ′ ∈ g). A subsequent
computation shows that

i} dA0η = (−1)m 〈 δ0(π
∗
1a π∗2B) 〉0,

whereδ0 is the linear part ofδ. By the main properties of the BV formalism, one then
gets the Ward identity

(−1)m dA0η = 〈∆(π∗1a π∗2B) 〉0.

By a straightforward computation similar to that leading tothe BV harmonicity of
the BV action for theBF theory, the right-hand side is a delta form localized on the
diagonalDiag of M × M tensorized with the sectionφ of adP ⊗ adP → Diag
determined by the invariant form〈 , 〉; that is,φ is the section induced by the constant
equivariant map̃φ : P → g×g, p 7→

∑
i σi ei⊗ei, where{ei} is a pseudo-orthonormal

basis ofg: 〈 ei , ej 〉 = σiδij , σi = ±1. Thus, if we define〈 , 〉13 on g ⊗ g ⊗ g as
acting on the first and third components and define consequently 〈〈 ; 〉〉13, we may
interpretη as a distributional form such that the linear operatorP: Ω∗(M, adP ) →
Ω∗−1(M, adP ),

P γ := π2∗ 〈〈 η ; π∗1γ 〉〉13 , γ ∈ Ω∗(M, adP ),

satisfies the equation
dA0 P + PdA0 = id . (3.4.17)

A regularized version ofη (which is needed sinceη is usually ill-defined on the
diagonal) consists in finding a smooth form (which we will continue to denote byη)
on the open configuration spaceC0

2 (M) so thatP defined as above (with the obvious
understanding that the projectionsπ1 andπ2 are now fromC0

2 (M) toM ) satisfies the
same equation. We notice however thatC0

2 (M) is not compact; so one has to replace it
by its compactificationC2(M), which is obtained, following [30], fromM ×M by re-
placing the diagonal with its differential-geometric blowup. We notice also thatC2(M)
is a manifold with the spherical normal bundleSNDiag of Diag inM×M as boundary.
Since we have removed the diagonal, we require now that the superpropagator should
be anA0-covariantly closed formη ∈ Ωm−1(C2(M) , adP � adP ), where, by abuse
of notation, we have denoted byadP � adP the pulled-back bundle ofadP � adP
w.r.t. the projectionC2(M)→M×M . Next, the generalized Stokes Theorem implies
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that the left-hand side of (3.4.17) applied to a formγ is π∂∗
〈〈
ι∗η ; π∂∗γ

〉〉
13

, with ι
the inclusion of the unit normal bundle of the diagonalSNDiag in C2(M) andπ∂ the
projectionSN Diag → Diag. Thus, for Identity (3.4.17) to hold, one has to require
that the restriction ofη to the boundary equals

ι∗η = ϑ⊗ π∂∗φ+ π∂∗β (3.4.18)

whereϑ is the global angular form ofSNDiag andβ ∈ Ωm−1(Diag, adP ⊗ adP ) is
so far undetermined.

We recall (see also [13]) that a global angular formϑ on a sphere bundleSS
π
−→M

over a smooth manifoldB is a form onS satisfyingπ∗ϑ = 1 anddϑ = −π∗e, where
e is a representative of the Euler class of the bundle. In our case, sinceNDiag ' TM ,
e will be a representative of the Euler class ofM . The first property ofϑ is what we
need for (3.4.17) to hold; the second property, of which one cannot dispose, implies
dA0β = e⊗ φ.

This is a very strong constraint in even dimensions, as it requires the Euler class of
M to be trivial. In fact, multiply both sides of the equation byφ and contract the first
g-component with the third and the second with the fourth; this yields

d 〈〈φ ; β 〉〉13,24 = e dim g.

We finally notice that we also wantη to satisfy (3.4.16), withT now the corresponding
involution on adP � adP → C2(M). In particular, this implies that we have to
chooseϑ to be even (odd) under the antipodal map on the fibers ifm is even (odd); in
odd dimensions this also implies that one must choosee = 0. Moreover,β has to be an
element ofΩm−1(Diag,S2 adP ) in even dimensions and ofΩm−1(Diag,

∧2
adP )

in odd dimensions.
Such a formη can be obtained generalizing the construction of [11]:

Theorem 3.4.6.Under Assumptions 1 and 3, there exists a covariantly closedelement
η of Ωm−1(C2(M) , adP � adP ), satisfying(3.4.16)and (3.4.18). Moreover, in odd
dimensionsβ will be automatically covariantly closed, while in even dimensions—
where the above Assumptions imply[e] = 0—this will be true only if one chooses
e = 0. Finally, β may be chosen to vanish ifHm−1

dA0
(M,

∧2
adP ) is trivial in odd

dimensions and ifHm−1
dA0

(M,S2 adP ) is trivial in even dimensions.

Proof. Following [10], we first build a global angular formϑ on SNDiag with the
correct behavior under the antipodal map on the fibers: we mayconstruct it as in Sec-
tion 2.7 using the Levi-Civita connection for a given Riemannian metric, which also
allows to identifySNDiag with the unit sphere bundleSO(Diag)×SO(m) S

m−1.
Next we extendϑ to the complement of the zero section ofNDiag and multiply

it by a functionρ that is identically one in a neighborhoodU1 of the zero section
and identically zero outside a second neighborhoodU2 ⊃ U1. We then defineη0 ∈
Ωm−1(C2(M) , adP �adP ) as the extension by zero ofρ ϑ⊗π∂∗φ. SincedA0φ = 0,
dA0η0 is the extension by zero ofdρ ϑ⊗ π∂∗φ− ρ π∂∗(e⊗ φ). The last form may be
extended to the zero section ofNDiag; hence, the extension by zero ofdA0η0 can
be seen as a covariantly closed element ofΩm(M ×M, adP � adP ). The general
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Kuenneth theorem impliesH∗dA0
(M ×M, adP � adP ) ∼= H∗dA0

(M, adP )⊗2. So

Assumption 1 implies that there is a formα ∈ Ωm−1(M ×M, adP � adP ) such that
dA0π

∗α = dA0η0, with π the projectionC2(M)→M ×M . We also observe that we
may chooseα to satisfyT ∗α = (−1)m α. Finally, we defineη := η0 − π∗α. An easy
check shows that it satisfies all properties above (withβ determined by the restriction
of α to the diagonal).

Remark3.4.7. There are a couple of interesting cases whenM does not satisfy As-
sumption 1, but one can define the superpropagator anyway. First, whenM = Rm all
boils down to looking for (the higher-dimensional generalization of) Bott and Taubes’s
[12] tautological forms, as described in [20]. Second, whenM is a rational homology
sphere, one can generalize the construction of [10] (which does not yield a closedη,
so that extra diagrams must be introduced to correct for it) or alternatively remove one
point, as suggested in [40], and essentially reduce to the previous case.

3.5 Sigma-model interpretation

We end this chapter with a small digression about the Alexandrov–Kontsevich–Schwarz–
Zaboronsky formalism, shortly the AKSZ formalism, introduced and discussed in [2].
Introducing some new notions in the study of supermanifolds, the authors provided
a good mathematical framework for a geometric interpretation of the BV formalism;
additionally, they provided a general method to construct solutions of the (Classical)
Master Equation for some theories, e.g. the Chern–Simons theory and Witten’s A- and
B-model in Mirror Symmetry. The main fact about the AKSZ formalism is that first
one constructs a solution of the Master Equation and then recovers the classical action;
this is the way inverse to the BV method, where one constructsa BV action starting
from a classical action. It is possible to recover the BV action forBF theories also
with the AKSZ formalism; we want to sketch some arguments of the construction.

Main ingredients in the formulation of the results are supermanifolds; readers not
familiar with supermanifolds may skip directly this section, as it is not essential for
what follows. We therefore assume basic notions of superanalysis; we refer also to
[26] for more details on supermanifolds. We recall only thata smooth supermanifold
M of dimension(m|n) is a ringed space(M,OM ), whereM is a smooth manifold of
dimensionm andOM is a sheaf of rings overM with the identity, such that, for any
open subsetU of M , the restriction ofOM toU is isomorphic to the sheafC∞(U) ⊗∧n (R), and

∧n (R) is the Grassmann algebra withn generators.
First of all, we take thesourceΣ := ΠTM , whereM is our originalm-dimensional

manifold andΠ indicates that the fiber has to be taken with reversed Grassmann parity;
the targetN has to be chosen among the following possibilities:

ordinaryBF canonicalBF
m odd Πg×Πg Πg×Πg∗

m even Πg× g Πg× g∗

whereΠ again reverses the Grassmann parity. To encompass all cases, we will write
N = V1 × V2 with V1 andV2 as in the above table. The superfieldsa andB are then
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related tothe1 and2 components of a mapf : Σ → N . We also recall that there is a
pairing〈 , 〉 of V2 with V1 which is induced from the bilinear form of Assumption 3
resp. from the canonical pairing in the case of ordinary resp. canonicalBF theories.
In the language of [26], the supermanifoldΠTM can be viewed as the ringed space
(M,Ω∗(M)), whereΩ∗(M) denotes in this case the sheaf of smooth forms onM .
Analogously,Πg can be viewed as the ringed space

(
∗,
∧∗

g∗
)
, where∗ denotes a

point (the even part, or the body ofΠg, is trivial).
We recall that aP -manifold is a supermanifold endowed with an odd non-degenerate

closed2-form (shortly, an odd symplectic form); aQ-manifold is a supermanifold en-
dowed with an odd vector fieldQ that has vanishing Lie bracket with itself; finally,
aQP -manifold is a supermanifold that has both structures in a compatible way, i.e.,
such that the odd symplectic form isQ-invariant. We notice that an odd symplectic
form defines a BV bracket; moreover, an even solution of the master equation defines a
compatibleQ-structure and vice versa. For more details onQ-, P - andQP -manifolds,
we refer to [44].

Following [2], we give the BV bracket and the BV action forBF theories (to begin
with in the case when the background connectionA0 is trivial) a beautiful interpretation
in terms of a naturalQP -structure on the spaceE of mapsΣ→ N , which we are now
going to describe.

TheP -structure onE is defined in terms of the following constant symplectic form
onN :

ω(v1 ⊕ v2, w1 ⊕ w2) := 〈 v2 , w1 〉 − (−1)m 〈 v1 , w2 〉 ,

v1 ⊕ v2, w1 ⊕ w2 ∈ T(ξ1,ξ2)N ' V1 ⊕ V2, ∀(ξ1, ξ2) ∈ N.

Observe thatω is odd (even) whenm is even (odd); i.e.,ω defines an ordinary sym-
plectic structure—though on an odd vector space—whenm is odd and aP -structure
whenm is even. This induces the following constantoddsymplectic form onE :

ω̃(φ, φ′) :=

∫

Σ

ω(φ, φ′) dµ,

φ, φ′ ∈ TfE ' Γ(Σ, f∗ TN), ∀f ∈ E .

Here we have denoted by
∫
Σ

dµ the canonical density associated to the supermanifold
ΠTM . It is defined as follows: sinceΠTM = (M,Ω∗(M)), every function onΠTM
can be identified with a sum of forms onM of all degrees, so a canonical density can be
given by the usual integral of forms (which selects the top degree part of the integrand).
Locally, ∫

Σ|U

dµ =

∫

U

dx1 · · ·dxm ,

where thex’s are local coordinates onM .
Next we come to theQ-structure. Observe first that any flow onΣ or onN defines

(by composition on the right resp. on the left) a flow onE and that flows of the two
types commute. Infinitesimally, any vector field onΣ or onN defines a vector field on
E and vector fields of the two types commute. Moreover, nilpotency is preserved. In
conclusion, anyQ-structuresQΣ on Σ andQN onN determineQ-structuresQ̃Σ and

132



Q̃N onE ; moreover, any linear combination of the two is still aQ-structure, since the
flows obviously commute. OnN we consider theQ-structure given by the Hamiltonian
vector field associated to the function

σ(ξ1, ξ2) =
1

2
〈 ξ2 , [ ξ1 , ξ1 ] 〉 .

Observe that this function is odd (even) form odd (even), so the corresponding vector
field is always odd. The correspondingQ-structure onE yields the following action on
the superfieldsa andB:

δNa =
1

2
[[a ; a]], δNB =

{
[[a ; B]] ordinaryBF ,

ad
∗(a)B canonicalBF .

ThisQ-structure is automatically compatible with theP -structure defined above. On
Σ we consider instead the canonicalQ-structure which in local coordinates reads

QΣ = θi
∂

∂xi
.

The inducedQ-structure onE acts on the superfields by

δΣa = da, δΣB = dB.

ThisQ-structure is also compatible with theP -structure defined bỹω as follows by an
explicit computation: in fact, it is not difficult to check that the odd vector fieldQΣ

has zero-divergence w.r.t. the density specified above. SinceM has no boundary, this
guarantees automatically that theP -structure onE is compatible with theQ-structure
defined byQΣ.

Finally, we consider a linear combination with nonvanishing coefficients of the
above vector fields. This yields an entire family ofQP -structures onE . We notice
however that rescalinga with a parameterλ andB with 1/λ (λ 6= 0) is a canonical
transformation. So, up to equivalence, we can always set thecoefficients to have the
same ratio as in (3.4.4) and (3.4.5) (or (3.4.10) and (3.4.11) for canonicalBF theories).
Given theP -structure, there is a unique (up to an additive constant) action functional
generating the givenQ-structure, i.e. such that its Hamiltonian vector field w.r.t. the
P -structure onE . Choosing the additive constant appropriately, the actionfunctional
is then a multiple of ourS in (3.4.1). Finally, the remaining multiplicative constant can
be absorbed in} (or taken as a definition thereof).

In order to take into account nontrivial background connections (or even nontrivial
bundlesP →M ), we have to modify a little bit the above construction. First we have
to introduce a vector bundleE → Σ with fiberN , with Σ andN as above. If the
original bundleP is trivial, so will beE (otherwise it will be constructed by using the
transition functions ofadP andad∗ P ). The spaceE will be now the space of sections
of E. TheP - andQN -structures are introduced as above. TheQΣ-structure instead
requires the choice of a connectionA0 in order to lift toE the vector field onΣ; this
connection has moreover to be flat to ensure the nilpotency ofQ̃Σ. The rest of the
construction is the same as above.
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Chapter 4

Generalized Wilson loops in the
super BV formalism

In this chapter we deal with the BV quantum observables related to loops inM . We
begin with a brief digression on the classical observables,introducing later the BV
superversion of these. We then prove that such functionals are observables in BV
framework, although we have to restrict to a particular class of loops, in order to avoid
problems with the BV Laplacian.

4.1 Classical observables

Before going into the details concerning generalized Wilson loops, it is better to have
a glimpse of the classical observables forBF theories related to loops inM .

We start by consideringTrρ H(A)|10, where byH(A)|10 we denote here the inverse
of the holonomy w.r.t. the connectionA viewed as aG-valued function onLM ; we
refer to Section 2.3.

Taking a representation(ρ, V ), we get anAut V -valued function, which under the
trace yields then an ordinary function. This function depends also on the choice of a
connectionA, but its very definition implies that it is invariant w.r.t. the action of the
gauge groupG on the spaceA of connections onP , so it defines a function onA/G ×
LM (A/G denotes the coarse moduli space ofG-connections on the principal bundle
P ). We notice that in a local trivialization, the inverse of the holonomy possesses a
representation in terms of a formal series of iterated integrals. Finally, ifP is trivial,
the holonomy becomes a function onLM with values inG, and so also its inverse.

Next, we define

hn,ρ(A,B) := Trρ

{
πn∗

[
B̂1,n ∧ · · · ∧ B̂n,n

]
H(A)|10

}
, (4.1.1)

where the notations are borrowed from Section 2.3.
From now on, we will omit the wedge product between forms. We notice that we

have already omitted to write the representationρ before all forms in the definition of
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B̂i; for all i, B̂i,n is a form onLM ×4n with values inEnd(V ). It follows from the
definition thathn,ρ(A,B), for all n, is a differential form of degree(m− 3)n onLM .

Proposition 4.1.1.If A andB be on shell forBF theories,hn,ρ(A,B) is a closed form
for m odd and for alln, while form even and greater than4, theh2k+1,ρ(A,B)’s are
closed.

Proof (sketch).SinceFA = 0 anddAB = 0, as a consequence of Theorem 2.3.3 the
following identities hold:

dπ∗
1 ev(0)∗AB̂ = d̂AB = 0, ∀i;

dev(0)∗A H(A)|10 = 0

as a consequence of 2.1.25. The cyclicity ofTrρ impliesTrρ dev(0)∗A = d Trρ.
In order to computedhn,ρ, we have to apply the generalized Stokes Theorem

(2.2.2). As we have already discussed, the boundary of then-simplex decomposes
as the union ofn + 1 (n − 1)-simplices (the so-called faces of then-simplex), cor-
responding to the collapse of successive points and two other faces, where the first
point becomes0, resp. where the last becomes1. The faces describing the collapse
of two consecutive points contribute to the exterior derivative trivially, because they
yield terms containinĝB2

i,n, which vanish for dimensional reasons. The remaining
two faces give the following contributions

− (−1)m(n−1) Trρ

{
ev(0)∗Bπn−1∗

[
B̂1,n−1 . . . B̂n−1,n−1

]
H(A)|10

}

+ (−1)n+1 Trρ

{
πn−1∗

[
B̂1,n−1 . . . B̂n−1,n−1

]
H(A)|10 ev(0)∗B

}
;

again, form = dimM odd, the cyclicity ofTrρ implies that these terms cancel each
other. This also works form even, in casen is odd.

On the other hand, when bothm andn are even, these two terms have the same
sign, and therefore they do not cancel each other.

Similar computations show that thehn,ρ(A,B)’s are observables on shell and mod-
ulo exact terms, either ifm is odd and greater than5 or if m is even and greater than4
butn is odd.

The advantage of the BV formalism in the study ofBF theories is that it allows
to deal with observables which are BRST closed only on shell,upon extending them
suitably. This will be explained in the next sections.

4.2 Generalized Wilson loops in odd dimensions

In this section we display some observables for odd-dimensionalBF theories which in
some sense generalize the classical observables (4.1.1), i.e. the iterated-integral ex-
pansions of Wilson loops. In the first subsection we construct a flat invariant ob-
servable (see Definition 3.3.7 on page 116)S3 which represents a sort of “cosmo-
logical term” (although it does not have the correct ghost number, except for the case
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dimM = 3). We next define in subsection 4.2.2 a “generalized holonomy” constructed
via iterated integrals by means ofA andB, and we show that it defines a cohomology
class w.r.t. the super BV coboundary operator twisted withS3 which takes values in
H∗(Imbf(S

1,M)). From this we then derive a true BV observable.

4.2.1 The “cosmological term”

We define the local functional

S3 :=
1

6

∫

M

〈〈B ; [[B ; B]] 〉〉

which is an element ofSA,B(R) of total degree2m − 6. We want to show thatS3 is
a flat invariant observable in the sense of definition 3.3.7. This is expressed by the
following

Lemma 4.2.1.

δS3 = 0, (4.2.1)

∆S3 = 0, (4.2.2)

((S3 ; S3 )) = 0. (4.2.3)

Proof. First of all, we write down the left partial derivatives ofS3:

−→
∂ S3

∂a
= 0,

−→
∂ S3

∂B
=

1

2
[[B ; B]].

With the help of (3.4.2) and by the definition of the super BV antibracket, we get

δS3 = ((S ; S3 )) =
1

2

∫

M

〈〈dAB ; [[B ; B]] 〉〉 ;

By the invariance of〈 , 〉 it follows

1

2

∫

M

〈〈dAB ; [[B ; B]] 〉〉 =
1

6

∫

M

d 〈〈B ; [[B ; B]] 〉〉 = 0

by Stokes’ theorem. So we have proved (4.2.1).
Eqns. (4.2.2) and (4.2.3) follow from the definitions of the super BV antibracket

and of the super BV Laplacian∆ and from the fact thatS3 depends only onB.

It follows from Lemma 3.3.8 that not onlyS3 but any of its multiples is a flat
observable. So we introduce the “cosmological constant”κ and consider a twisting by
κ2

S3 (the reason for puttingκ2 instead ofκ will be clear in the next subsection). We
then define

δκ2 := δ + κ2 ((S3 ; )) .

and, again by Lemma 3.3.8,δκ2 is an odd differential for anyκ. Its action on the
fundamental superfields is easily computed:

δκ2a = −FA −
κ2

2
[[B ; B]], δκ2B = −dAB. (4.2.4)
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4.2.2 The generalized Wilson loop in the BV superformalism

We want to define an object that generalizes the observable introduced in [15] for the
3-dimensionalBF theory with cosmological term. We shall realize this proposal by
introducing the new superform

Cκ := a + κB.

Observe thatCκ is not a homogeneous element inSA,B(M, adP ) w.r.t. the total degree,
but it is homogeneous of degree one with respect to its reduction modulo2. By recalling
(4.2.4), it is easy to see that

δκ2Cκ = −dA0Cκ −
1

2
[[Cκ ; Cκ]].

The previous equation suggests that we may interpret the superformCκ as a “variation”
of the flat connectionA0, and thereforeδκ2Cκ can be interpreted as its curvature.
Observe that, sinceCκ is of odd degree, all formulae of Appendix 2.3 are basically the
same as ifCκ were an ordinary variation ofA0. We exploit then this analogy to define
then-th iterated integral ofCκ as

πn∗

(
Ĉκ1,n · · · Ĉκn,n

)
H(A0)|

1
0.

We refer from now on to Appendix 2.3 for the main notations (simplices, evaluation
maps, etc.). We recall the definition of̂Cκ: We have written

Ĉκ := H(A)|•0 ev∗1 Cκ (H(A)|•0)
−1
,

and Ĉκi,n := π∗i,nĈκ. We have suppressedρ before allĈκ’s in the above product;
the forms considered in then-th iterated integral take values in the associative algebra
End(V ). We then define the generalized holonomy ofCκ from 0 to 1 via the path-
ordered exponential

Hol(Cκ) := H(A0)|
1
0 +

∑

n≥1

πn∗

(
Ĉκ1,n · · · Ĉκn,n

)
H(A0)|

1
0;

it defines an element inSA,B(LM,End(V )), and sincedim4n = n, it follows that
it has even total degree. We now pick a finite-dimensional representationρ and define
the generalized Wilson loop

Hρ(κ; A,B) = TrρHol(Cκ). (4.2.5)

From the previous considerations, it is an element ofSA,B(LM,R), with even total
degree. We are now ready to state the main Theorem of this Section.

Theorem 4.2.2.The generalized Wilson loop is(δκ2 + d)-closed:

(δκ2 + d)Hρ(κ; A,B) = 0.
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Proof. By above reasonings, we can considerCκ as a variation of the (flat) connection
A0. The cyclicity of the trace allows to replace the exterior derivative by the covariant
derivativedev(0)∗A0

. Hol(Cκ) has the same form asH(A+ a)|10 of Section 2.3, where
we have setA0 = A, and we have replaceda by Cκ and the wedge product by the
dot product. Accordingly to the sign rules for the dot product and repeating almost
verbatim the arguments used in the proof of Theorem 2.3.3, weget

dHρ(κ; A,B) =
∑

m≥1

m∑

i=1

(−1)m+iTrρ

{
πm∗

[
Ĉκ1,m · · ·

(
δ̂κ2Cκ

)
i,m
· · ·

· · · Ĉκm,m

]
H(A0)|

1
0

}
.

Recalling Lemma 3.3.4, 3.3.3 and 3.3.6 and the Leibnitz rule, it is then not difficult to
verify that

δκ2Hρ(κ; A,B) =
∑

m≥1

m∑

i=1

(−1)m+i+1 Trρ

{
πm∗

[
Ĉκ1,m · · · ̂(δκ2Cκ)i,m · · ·

· · · Ĉκm,m

]
H(A0)|

1
0

}
.

which yields the desired identity.

We would like a stronger assertion than what we proved in the above Theorem;
namely, thatHρ is (−i}∆ + δκ2 + d)-closed. So we need

∆Hρ(κ; A,B) = 0.

If a loop has transversal self-intersections, the above identity is certainly false since on
the two intersecting strands appear complementary components of a field and its anti-
field. If the loop has non-transversal intersections or cusps, it is not even clear what the
action of the BV Laplacian should be. However, even restricting to imbeddings might
not be enough since in the computation of the BV Laplacian there are ill-defined terms
coming from subsequent fields in the iterated integrals as the evaluation points come
together. To establish the validity of the above identity, we can choose the following

Regularization procedure. We only consider elements ofImbf(S
1,M), the space

of framed imbeddings ofS1 into M . For each element we then consider a tubular
neighborhood of the imbedding and use the framing to select acompanion imbedding
on the boundary. Finally we put each component ofA appearing in the iterated integrals
on the imbedding and each component ofB on its companion (following a procedure
introduced in [18]).

Since the cosmological term is a flat invariant observable wethen obtain, under the
above assumption, the following

Corollary 4.2.3.

(Ω + d)

[
exp

(
i

}
κ2

S3

)
Hρ(κ; A,B)

]
= 0.
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As a consequence, thed-cohomology class of the above functional are BV observ-
ables. This implies Theorem 2 of [20], which states that the above functional defines
anH∗(Imbf(S

1,M))-valued BV observable.

Remark4.2.4. We notice that the v.e.v.s of the generalized Wilson loops together with
the cubic cosmological term do not depend on the representative of flat connection
A0. Let g ∈ G be a gauge transformation, viewed as a section ofAdP . Then, by
Lemma 2.1.15,H(A0)|

t2
t1 is sent tog−1(γ(t1))H(A0)|

t2
t1g(γ(t2)). This implies that

the superfieldsa andB in the generalized Wilson loops are acted upon byAdg (this
is a consequence of the definition of the generalized Wilson loops and of the cyclicity
of the trace). This can be compensated by a change of variables in the functional
integral, whose formal measure is constructed upon using the bilinear form〈 , 〉 and
hence formallyAd-invariant. Therefore, the v.e.v.s of the generalized Wilson loops are
functions on the moduli space of flat connections.

4.3 Other loop observables in odd dimensions

We now generalize the ideas of the previous Section along twodirections:i) consider
variations of the connection which are not necessarily of odd degree;ii) introduce
interaction terms with higher powers ofB. Both generalizations require the following

Assumption 4. Throughout this section we work with a Lie algebrag, coming from
an associative algebra endowed with a traceTr (e.g., we may takeg = gl(N) with the
usual trace of matrices). Furthermore, we define thead-invariant symmetric bilinear
form 〈 η , ξ 〉 on g by Tr ηξ and assume that it is nondegenerate (as required by As-
sumption 3). Finally, we will only consider representations ρ of g as an associative
algebra.

4.3.1 Higher-orderB-interactions

We define, fork ∈ N, the following even element ofSA,B:

O2k+1 =
1

2k + 1

∫

M

Tr B
2k+1.

Observe that even powers ofB would vanish by the cyclicity of the trace

Lemma 4.3.1. The following identities hold for the functionalO2k+1:

δ O2k+1 = 0, ∀k ∈ N (4.3.1)

∆O2k+1 = 0, ∀k ∈ N (4.3.2)

((O2k+1 ; O2l+1 )) = 0, ∀k, l ∈ N. (4.3.3)

It follows in particular that,∀k ∈ N, the functionalO2k+1 is a flat invariant observable
(see subsection 3.3.4).
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Proof. From the definition of the super BV antibracket, we get

((S ; O2k+1 )) =

∫

M

Tr
[
dAB · B2k

]
=

1

2k + 1

∫

M

d Tr B
2k+1 = 0.

(4.3.2) and (4.3.3) follow respectively from the definitionof the BV Laplacian and of
the super BV antibracket, and from the fact that the functionalsO2k+1 do not depend
ona.

Let us now choosen ∈ N and a sequence of real numbersµ = µ(λ) = {µ2, µ4, . . . , µ4n+2}.
Then we define the following even element ofSA,B(R):

Oµ :=

2n+1∑

k=1

µ2k O2k+1 .

From the Lemma it follows thatOµ is a flat invariant observable for anyµ. So, as in
subsection 3.3.4, we can introduce the following odd differential:

δµ = δ +

2n+1∑

k=1

µ2k∂O2k+1
.

Its action on the fundamental superfields is easily computed:

δµa = −FA −
2n+1∑

k=1

µ2kB
2k, δµB = −dAB. (4.3.4)

4.3.2 Extended generalized Wilson loops

Let λ := {λ1, λ3, . . . , λ2n+1} be another sequence of real numbers with the samen as
above. We then define the odd superform

Cλ := a +

n∑

k=0

λ2k+1B
2k+1.

If the sequencesµ andλ are related by

µ2k :=
∑

0≤i,j≤n
i+j=k−1

λ2i+1λ2j+1, (4.3.5)

then (4.3.4) implies

δµ Cλ = −dA0 Cλ−
1

2
[[Cλ ; Cλ]].

The above expression has again the form of a curvature; we cantherefore view the
superformCλ as a variation of the connectionA0. So, analogously to what we did in
subsection 4.2.2, we define the path-ordered integral

Hol(Cλ) = H(A0)|
1
0 +

∑

m≥1

πm∗

(
Ĉλ1,m · · · Ĉλm,m

)
H(A0)|

1
0.
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We next define accordingly

Hρ(λ; A,B) := TrρHol(Cλ).

Repeating the arguments used in the proof of (4.2.2), we can state the following

Theorem 4.3.2. If µ andλ are related by(4.3.5), then

(δµ + d)Hρ(λ; A,B) = 0.

SinceOµ is a flat invariant observable, this implies the following

Corollary 4.3.3. With the same hypothesis as above and with the regularization pro-
cedure defined on page 138, we obtain

(Ω + d)

[
exp

(
i

}
Oµ

)
Hρ(λ; A,B)

]
= 0.

Again this implies that thed-cohomology class of the above functional is a BV
observable; from this Theorem 4 of [20] follows.

Remark4.3.4. The same reasonings sketched in Remark 4.2.4 do hold in this case as
well; therefore, we may conclude that the v.e.v.s of the generalized Wilson loops with
higher-orderB-interactions depend only the class[A0] in {A ∈ A : FA = 0} /G.

4.4 The even-dimensional case

We now turn to the problem of defining generalized Wilson loopobservables for the
casedimM even. Observe that in even-dimensionalBF theoriesB has even total
degree; so[[B ; B]] = 0. This implies that it is not possible to define a generalized
cosmological term as in Section 4.2 because we cannot anymore rely on the dot Lie
bracket to construct this functional. Therefore, in order to define products ofB with
itself (either cubic or not) we must do as in the preceding subsection and, in particular,
we need Assumption 4 on page 139.

4.4.1 B-interactions

For a givenk > 1 we define the following even element ofSA,B:

Ok =
1

k

∫

M

TrB
k.

We now state the following

Lemma 4.4.1. The functionalsOk satisfy the identities

δOk = 0, ∀k > 1, (4.4.1)

∆Ok = 0, ∀k > 1, (4.4.2)

((Ok ; Ol )) = 0, ∀k, l > 1. (4.4.3)
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Proof. By definition of the super BV antibracket, we can write

1

k
δ

∫

M

TrB
k =

∫

M

Tr
[
dAB · Bk−1

]
=

1

k

∫

M

d TrB
k = 0.

(4.4.2) and (4.4.3) are consequences of the fact that thesfOks do not depend ona and
of the definitions of the super BV antibracket and of the superBV Laplacian.

Again it follows that each linear combination ofOks is a flat invariant observable
(see subsection 3.3.4). So, for a given positive integern, we take a sequence of real
numbersµ := {µ2, µ3, . . . , µ2n} and define

Oµ =

2n∑

i=2

µiOi+1.

Therefore, Lemma 3.3.8 implies that

δµ := δ + ∂µ := δ +

2n∑

i=2

µi ((Oi+1 ; ))

is an odd differential for any sequenceµ. Moreover we have

δµa = FA +

2n∑

i=2

µiB
i, δµB = dAB, (4.4.4)

using once again arguments similar to those introduced in the proof of (3.4.4) and
(3.4.5).

4.4.2 The generalized Wilson loop

For the samen as above, we consider a sequenceλ = {λ1, . . . , λn} so that

µi :=
∑

1≤k,l≤n
k+l=i

λkλl (4.4.5)

for the previously introduced subsequenceµ. Then we define

Bλ =

n∑

i=1

λiB
i.

From (4.4.4) it follows that

∂µa = Bλ · Bλ, ∂µBλ = 0. (4.4.6)

Then, in analogy with the superform̂Cλ of the previous subsection, we define

B̂λ := H(A0)|
•
0 ev∗1 Bλ (H(A0)|

•
0)
−1
, â := H(A0)|

•
0 ev∗1 a (H(A0)|

•
0)
−1
,
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and, accordingly with the notations of Section 2.3,B̂λi,n andâi,n, which we will write

asB̂λti andâti . We then define

hm,ρ(λ; A,B) := Trρ πm∗

[
H(â)|t10 · B̂λt1 ·H(â)|t2t1 · · · B̂λtm ·H(â)|1tm

]
H(A0)|

1
0,

where we have written

• H(â)|t10 := π∗1,m H(A0 + a)|•0;

• H(â)|1tm := π∗m,mH(A0 + a)|1•;

• H(â)|
ti+1

ti := π∗i,i+1,m H(A0 + a)|••,

using the notations of Remark 2.3.2, where we have set againA0 = A, and we
have replaceda by a and wedge products by dot products;πi,i,+1,m(γ; t1, . . . , tm) :=
(γ; ti, ti+1), for i ∈ {1, . . . ,m− 1}. We finally define

H
o
ρ(λ; A,B) =

∞∑

m=0

h2m+1,ρ(λ; A,B).

We can now state the main theorem of this subsection

Theorem 4.4.2.The following identity holds:

(d− δµ)Ho
ρ(λ; A,B) = 0.

Proof. We begin by computing the exterior derivative of one of the factors of the above
sum. With the help of the generalized Stokes Theorem we obtain

dh2m+1,ρ(λ; A,B) = Trρ(−1)2m+1π2m+1∗

{
dπ∗

2m+1 ev(0)∗A0

[
H(â)|t10 · B̂λt1 · · ·

]}
+

+ Trρ(−1)2mπ∂2m+1∗

[
H(â)|t10 · B̂λt1 · · ·

]

(4.4.7)
We consider the first term on the right-hand side of (4.4.7); the Leibnitz rule for the dot
product implies

dπ∗
2m+1 ev(0)∗A0

[
H(â)|t10 · B̂λt1 · · ·

]
=

2m+1∑

i=1

H(â)|t10 · B̂λt1 · · ·

dπ∗
2m+1 ev(0)∗A0

[
H(â)|titi−1

B̂λti

]
· · ·+

+ H(â)|t10 · · · B̂λt2m+1
· dπ∗

2m+1 ev(0)∗A0
H(â)|1t2m+1

.

We recall thatdev(0)∗A0
H(A0)|10 = 0 by (2.1.22).

We compute the following expression

dπ∗
2m+1 ev(0)∗A0

[
H(â)|titi−1

B̂λti

]
=
[
dπ∗

2m+1 ev(0)∗A0
H(â)|titi−1

]
· B̂λti+

+ H(â)|titi−1
· dπ∗

2m+1 ev(0)∗A0
B̂λti ;
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For the second term on the right-hand side of the above equation, we obtain, repeating
(almost) the same arguments used in the proof of Theorem 2.3.3,H(â)|titi−1

· d̂A0Bλti
;

for the first term, we obtain analogously
[
δ H(â)|titi−1

− âti−1 · H(â)|titi−1
+ H(â)|titi−1

· âti

]
· B̂λti .

Summing up all these contributions with the right signs and using repeatedly (2.2.2),
we obtain, for the first term on the right-hand side of (4.4.7), the result

− ev(0)∗a · π2m+1∗

[
H(â)|t10 · B̂λt1 · · ·

]
− π2m+1∗

[
H(â)|t10 · B̂λt1 · · ·

]
· ev(0)∗a

+ δ
{
π2m+1∗

[
H(â)|t10 · B̂λt1 · · ·

]}
.

By the invariance ofTrρ, and sincea andπ2m+1∗

[
H(â)|t10 · B̂λt1 · · ·

]
have odd total

degree, we get

(−1)2m+1 Trρ π2m+1∗

{
dπ∗

2m+1 ev(0)∗A0

[
H(â)|t10 ·B̂λt1 · · ·

]}
= δ

{
Trρ

[
H(a)|t10 ·B̂λt1 · · ·

]}
.

We now consider the second term on the right hand side of (4.4.7). We recall first
the orientation choices for them-simplex made in Section 2.3; with these in mind we
obtain (once again with the same arguments of the proof of Theorem 2.3.3)

− Trρ ev(0)∗Bλ ·
{
π2m∗

[
H(â)|ti0 · B̂t1 · · ·

]}
+

+ Trρ

{
π2m∗

[
H(â)|t10 · B̂λt1 · · ·

]
· ev(0)∗Bλ

}
+

+

2m∑

j=1

(−1)2m+j+1 Trρ π2m∗

[
H(â)|t10 · B̂t1 · · ·

̂(Bλ · Bλ)ti · · ·
]
. (4.4.8)

Since the trace is cyclic in the arguments andBλ has even total degree, the first two
terms in the above expression cancel each other.

In summary, we have obtained

(−1)2m Trρ π∂2m+1∗

[
H(â)|t10 · B̂λt1 · · ·

]
=

=
2m∑

j=1

(−1)2m+j+1 Trρ π2m∗

[
H(â)|t10 · · ·

̂(Bλ · Bλ)ti · · ·
]
.

Recalling formulae (4.4.6), we apply∂µ to H(â)|
ti+1

ti . Repeating (almost) verbatim
the arguments in the proof of Theorem 2.3.3, we obtain

∂µ H(â)|
ti+1

ti = −

∫

ti≤t≤ti+1

H(â)|tti ·
̂(Bλ · Bλ)t · H(â)|

ti+1

t ,

with the same unifying notation of Remark 2.3.5.
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We notice the following commutative square

LM ×4n+1
πi−1,i,i+1,n+1
−−−−−−−−−→ LM ×43

πbi,n+1

y
yπb2,3

LM ×4n
πi−1,i,n
−−−−−→ LM ×42,

(4.4.9)

whereπbi,n+1 (γ; t1, . . . , tn+1) : =
(
γ; t1, . . . , t̂i, . . . , tn+1

)
andπi−1,i,i+1,n+1 (γ; t1, . . . , tn+1) : =

(γ; ti−1, ti, ti+1). We have borrowed notations from Section 2.3.
We make also use of the following identity, which is a consequence of Fubini’s

Theorem and of our orientation conventions for then-simplex4n:

πn+1∗ = (−1)i−1πn∗ ◦ πbi,n∗, (4.4.10)

whereπbi,n (γ; t1, . . . , tn+1) : =
(
γ; t1, . . . , t̂i, . . . , tn+1

)
, where the hat means that

the coordinateti has to be omitted; clearly,ti−1 ≤ ti ≤ ti+1.
Using equation (4.4.10), Lemma 2.2.1 and equations (2.2.2), along with the com-

mutative square (4.4.9), we get the following result:

∂µh2m−1,ρ(λ; A,B) =

2m∑

k=1

(−1)2m+k+1 Trρ π2m∗

[
H(â)|t10 · B̂λt1 · · ·

̂(Bλ · Bλ)tk · · ·
]

= (−1)2mTrρ π∂2m+1∗

[
H(â)|t10 · B̂λt1 · · ·

]
;

so the claim follows.

Remark4.4.3. Observe that the statement of Theorem 4.4.2 does not extend to h2i,ρ.
The problem in this case arises in (4.4.8) in which the first two terms sum up instead of
canceling each other. This reflects what was already noted insubsection 4.1 about the
classical versions of these observables in even dimensions.

SinceOµ is a flat invariant observable, the results of subsection 3.3.4 together with
Theorem 4.4.2 imply

Corollary 4.4.4. If µ andλ are related by(4.4.5), then

(Ω− d)

[
exp

(
i

}
Oµ

)
H
o
ρ(λ; A,B)

]
= 0, (4.4.11)

under the assumptions of the regularization procedure on page 138.

We notice that this implies Theorem 3 and Theorem 4 (forM even-dimensional)
of [20].

Remark4.4.5. Let us finally note that, following the same arguments sketched in Re-
mark 4.2.4, we may prove that the v.e.v.s ofH

o
ρ(λ; A,B) together with (the exponential

of) the polynomialB-terms depend only on theG-equivalence class of the flat connec-
tionA0.
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4.4.3 The∆BV -exactness of the polynomial observables

We end with a digression devoted to proving the identity

On = ∆BV

(
1

n
On s

)
, (4.4.12)

where we have used the following notation:

s :=

∫

M

〈〈 a ; B 〉〉 .

Of course, the functionals depends implicitly on a chosen background flat connec-
tionA0, because the superfielda is seen as a supervariation of the superconnectionA,
constructed viaA0; we do not indicate the dependence onA0 in order to avoid cumber-
some notation. It is immediate to verify thats is an element ofS of ghost number−1.
The validity of (4.4.12) relies on the important identity satisfied by the BV antibracket
and by the BV Laplacian, namely the failure of the BV Laplacian ∆BV to satisfy the
Leibnitz rule (3.2.6). We already know that, for alln,

∫
M TrBn is ∆BV -closed (since

it does depend only onB). We want to prove separately the following identities:

(On , s ) = nOn, ∆BV s = 0. (4.4.13)

If we assume the validity of the two previous identities, we can then derive (4.4.12)
from (3.2.6). We begin with the first identity:

Theorem 4.4.6.The following identity holds

( On , s ) = nOn (4.4.14)

for all n ∈ N.

Proof. SinceOn does not depend ona, we have

( On , s ) = ((On ; s )) =

∫

M

〈〈
On
←−
∂

∂B
;

−→
∂ s

∂a

〉〉
.

We compute the right super functional derivative ofs w.r.t. a getting

−→
∂ s

∂a
= B.

The left super functional derivative w.r.t.B of On reads

On
←−
∂

∂B
= B

n−1.

So it follows by

∫

M

〈〈
On
←−
∂

∂B
;

−→
∂ s

∂a

〉〉
=

∫

M

〈〈
B
n−1 ; B

〉〉
=

∫

M

TrB
n−1 · B =

∫

M

Tr B
n,

that the claim is true.
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We want now to prove the second identity in (4.4.13). Since〈 , 〉 is nondegenerate
by assumption, we can find a basisei of g, i = 1, . . . ,dim g satisfying〈 ei , ej 〉 =
δijσi, whereσi = ±1. We can then write

φα = φαiei, φ∗α = φj∗α ej ,

where the coefficientsφαi andφi∗α are forms onM (of course, sum over repeated in-
dices is understood here). By recalling the formulae defining the Hodge dual antifields
and the definition of〈〈 ; 〉〉 for forms with ghost number, we may write, despite of the
dimension ofM ,

s = −( c∗ , c )Hodge − ( a∗ , a )Hodge + (B∗ , B )Hodge +

m−2∑

k=1

( τ∗k , τk )Hodge =

=

dim g∑

i=1

σi

[
−( c∗i , ci )Hodge − ( a∗i , ai )Hodge + (B∗i , Bi )Hodge +

m−2∑

k=1

( τ∗i , τi )Hodge

]
,

where( , )Hodge is defined in (3.4.9). We now apply the BV Laplacian to the above
expression, and we get the following result

∆BV s =

dim g∑

i=1

σiC

[(
m

m

)
−

(
m

m− 1

)
+

(
m

m− 2

)
− · · ·+ (−1)l

(
m

m− l

)
+ . . .

]
=

=

dim g∑

i=1

σiC (1− 1)
m

= 0,

whereC is an infinite constant (in fact, it is the Diracδ distribution evaluated in0,
multiplied by the volume of the manifoldM ). This argument is very similar to that
used in the proof of the∆BV -closedness of the BV action for canonicalBF theories
(see subsection 3.4.3). The binomial coefficients take intoaccount the number of com-
ponents ofφαi (recall that they are forms onM ), while the signs come from the ghost
numbers of the fields. In an appropriate regularization procedure the above expression
vanishes. So the claim follows.
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Chapter 5

An observable forBF theories
related to imbeddings of
codimension2

We define in this chapter an observable related to imbeddingsof codimension2 into
a general compact, closed, oriented smooth manifoldM , or intoRm, in the setting of
canonicalBF theories (we refer to Subsection 3.4.3 for more details). First, we define
the observable through a the partition function of a specialaction, theI action, and we
show, at a formal level, that it is indeed gauge-invariant and homotopy-invariant. The
next step is to give a precise meaning to the functional integral; this can be done via
perturbative expansion. To perform a perturbative expansion of the functional integral
corresponding to theI action, we have in general to resort to the BV formalism, since
there are reducible symmetries to be fixed, as we will see later in details. Finally,
after having written the perturbative expansion explicitly, we give expressions for the
BV superversion of the partition function of theI action in the setting of super BV
formalism for canonicalBF theories.

5.1 TheI action related to imbeddings of codimension
2

From now on,M will denote an oriented, compact, closed manifold of dimensionm.

Definition 5.1.1. An imbeddingf of codimension2 intoM is a smooth, injective map
from Sm−2 intoM , such that, at any point inSm−2, the tangent map off is injective.

In particular, we will be interested in imbeddings of codimension2 into Rm, which
is clearly not a compact, closed manifold; in this case, there are some modifications to
be made.

It is a well-known factRm is diffeomorphic to them-dimensional sphereSm with
a point removed (Sm may be seen as a “one-point-compactification” ofRm, and the

148



added point is viewed as the point at infinity and is accordingly denoted as∞); anal-
ogously, we may also viewSm−2 as the one-point-compactification ofRm−2 and the
added point will be also denoted by∞. The action of the groupDiff(Sm) (which con-
tainsSO(m+1)) allows to deform a given imbedding ofSm−2 intoSm (a knot inSm)
to a base-point-preserving imbedding (base-point-preserving means that it maps∞ to
∞); moreover, again by the action ofDiff (Sm), it is possible to deform the base-point-
preserving imbedding such that the tangent maps in a neighbourhood of∞ ∈ Sm−2

take all a given shape. Therefore, it makes sense to considerlong knotsin the sense
of definition (2.4.17). We will mostly consider long knots inRm since, by the above
reasonings, invariants of long knots are also invariants ofhigher-dimensional knots in
Rm (i.e. imbeddings ofSm−2 into Rm).

5.1.1 TheI-action

The aim of this section is to construct an observable relatedto imbeddings of codi-
mension2 into M (oriented, compact, closed) or intoRm. The first step is to define
a functionalSI depending on the classical fields of canonicalBF theories and on
imbeddings of codimension2, which is a function of two additional fieldsα andβ; this
functional represents an action, and the observable we are looking will be defined as its
partition function w.r.t.α andβ. Of course, the partition function of a given action is
represented as a functional integral, which is a mathematically ill-defined quantity, as
we lack yet of sufficient notions on integration on infinite-dimensional spaces. How-
ever, as we will see, it is possible to evaluate such an integral by means of perturbative
expansion. By means of the BV formalism, we will evaluate explicitly the partition
function ofSI , and we will then show that the result represents a BV observable, and
that the expectation value of this functional w.r.t. canonicalBF theories yield possible
invariants of imbeddings of codimension2 in M or Rm.

First of all, we choose a particular imbeddingf of codimension2 into M . We
consider the pull-back of the principal bundleP w.r.t. f , which is also a principal
bundle overSm−2:

f∗P
ef

−−−−→ P

eπ
y

yπ

Sm−2 f
−−−−→ M

.

In the above commutative square, we have writtenσ̃(x, p) := p andπ̃(x, p) := x. It is
well-known that there is a canonical vector bundle isomorphismad f∗P ∼= f∗(adP ).
We denote byα, resp.β, a general section ofad f∗P , resp.

∧m−3
TSm−2⊗ad∗ (f∗P ).

We define theSI -action by the formula

SI = SI(A,B;α, β) :=

∫

Sm−2

〈α , df∗Aβ 〉+ 〈α , f
∗B 〉 ; (5.1.1)

here we have used the notationf∗A for the pull-back connectionA w.r.t. the bundle
mapf̃ .

If we consider long knots inRm, the bundleP is then trivial; hence, any pull-back
bundle ofP will also be trivial. Therefore,α will simply be a function onRm−2 with
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values ing, whileβ is a form onRm−2 with values ing∗ of degreem− 3. The action
SI takes then the same form as in (5.1.1).

5.1.2 Formal properties of the partition function of the SI action

In this subsection, we want to exploit some formal properties of the partition function
of theI action, in view of future applications.

Gauge-invariance of the partition function of theI action

We consider first the partition function of the sum of theBF action and of theI action:
∫
DADBDαDβ exp

i

}
(SBF + SI) . (5.1.2)

We notice that the (formal) functional measureDαDβ on the space of sections of the
bundlesf∗ (adP ) and

∧m−3
TSm−2⊗ f∗ (ad∗ P ) depends on the chosen imbedding

f , if the bundleP is nontrivial.
We want to examine more carefully the quantity (5.1.2). Since the pureBF action

does not depend neither onf nor onα or β, we may apply formally Fubini’s theorem,
and we may therefore rewrite the above functional integral in the form

∫
DADB exp

i

}
SBF

(∫
DαDβ exp

i

}
SI

)
:=

∫
DADB exp

i

}
SBF TI ,

where we denote byTI the following functional integral

TI : =

∫
DαDβ exp

i

}
SI .

Thus, we may interpret the partition function of theBF + I-action (5.1.2) as the
unnormalized v.e.v. of the functionalTI , which depends clearly only onA, B and the
imbeddingσ.

First, we show thatTI is invariant w.r.t. the classical symmetries of the canonical
BF action.

We take an element(g, τ1) of the symmetry group of canonicalBF theories, i.e.g
is an element ofG andτ1 is a form of degreem− 3 with values inad∗ P . We denote
by g̃ the associated element of the restricted gauge groupAut (f∗P ) of f∗P defined
by the equation

g̃(x, p) := (x, g(p)).

Equivalently,̃g is characterized by the commutative diagram

f∗P
ef

−−−−→ P

eg
y

yg

f ∗ P
ef

−−−−→ P

. (5.1.3)
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(Clearly,g̃ induces a section of the associated bundleAd f∗P , which we denote by the
same symbol.)

We let(g, τ1) act on(A,B) in theI action

SI(A
g,Ad∗(g−1)B + dAgτ1;α, β) =

=

∫

Sm−2

〈
α , d ef∗(Ag)β + f∗(

[
Ad∗(g−1)B + dAgτ1

] 〉
.

(5.1.4)

We state the following facts (which are all easy to prove):

• df∗(Ag)β = Ad∗(g̃−1) [df∗A (Ad∗(g̃)β)], by the definition of the action ofG on
A and onΩ∗(M, adP ) and by (5.1.3).

• f∗
[
Ad∗(g−1)B

]
= Ad∗(g̃−1)f∗B, again by (5.1.3) and by the definition of the

action of the gauge group onΩ∗(M, adP ).

• f∗ (dAgτ1) = Ad∗(g̃−1)
[
d gf∗A

(Ad∗(g̃)f ∗ τ1)
]
, by the same arguments used

in the two preceding cases.

(It is not difficult to see that all these equalities hold alsowhen we considerRm−2

instead ofSm−2 and forms onRm−2 with values in trivial bundles.)
Putting these identities in the expression on the right-hand side of (5.1.4), we get

SI(A
g,Ad∗(g−1)B + dAgτ1;α, β) =

=

∫

Sm−2

〈
α , Ad(g̃−1)

{
d ef∗A [Ad∗(g̃) (β + f∗τ1)] + f∗B

}〉
=

=

∫

Sm−2

〈
Ad(g̃)α , d ef∗A [Ad∗(g̃) (β + f∗τ1)] + f∗B

〉
.

We notice that there is a left action of the semidirect productGoAd∗Ωm−3(M, ad∗ P )
(with multiplication given by the rule(g, σ)(h, τ) := (gh,Ad∗(h−1)σ + τ)) on the
space of sections of the bundlesf ∗ (adP ) and

∧m−3 TSm−2 ⊗ f ∗ (ad∗ P ):

(g, τ)(α, β) := (Ad(g̃)α; Ad∗(g̃) (β + σ∗τ)).

(More precisely, there is a left action of the semidirect productΓ
(
Sm−2,Ad f∗P

)
oAd∗

Ωm−3
(
Sm−2, ad∗ (f∗P )

)
onΩ0

(
Sm−2, ad f∗P

)
×Ωm−3

(
Sm−2, ad∗ (f∗P )

)
. The

action described above is just the restriction of the latterone to the setGoAd∗Ωm−3(M, ad∗ P ),
which viaf embeds as a subgroup, sinceg̃h̃ = g̃h by definition and since we take re-
strictions onSm−2 via pull-backs.

Of course, all this hold also when we replaceSm−2 by Rm−2 and all forms on
Sm−2 by forms onRm−2 with values in trivial bundles.)

Summarizing all these results, if we change(A,B) by a transformation(g, τ1), the
I action changes in the way described by the formula

SI(A
g,Ad∗(g−1)B + dAgτ1;α, β) = SI(A,B; Ad(g̃)α,Ad∗(g̃) (β + f∗τ1)).
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By the very definition ofTI , we obtain

TI(A
g ,Ad∗(g−1)B + dAgτ1) =

=

∫
DαDβ exp

i

}
SI(A

g,Ad∗(g−1)B + dAgτ1;α, β) =

=

∫
DαDβ exp

i

}
SI(A,B; Ad(g̃)α,Ad∗(g̃) (β + f∗τ1)).

If we choose the functional measureDαDβ to beAd⊕Ad∗-invariant, the coordinate
transformation(g̃, σ∗τ1) is formally volume-preserving; in fact, we may construct the
measure via theAd⊕Ad∗-invariant duality.

So, the formalAd⊕Ad∗-invariance and the obvious translation-invariance of the
formal measureDαDβ ensure

∫
DαDβ exp

i

}
SI(A,B; Ad(g̃)α,Ad∗(g̃) (β + f∗τ1)) =

=

∫
DαDβ exp

i

}
SI(A,B;α, β).

We finally getTI(Ag,Ad∗(g−1)B + dAgτ1) = TI(A,B); hence,TI is a classical
observable at a formal level.

5.1.3 Formal isotopy invariance ofTI
In order to simplify the computations, we assumeP to be trivial also in the case of a
compact manifoldM . Since any pull-back ofP is also trivial,α, resp.β, is a function
onSm−2 with values ing, resp. a form onSm−2 of degreem− 3 taking value ing∗;
the connectionA can be written as the sum of the trivial connectionA0 onP and of a
1-form a onM with values ing (choosing the trivializationx 7→ (x, e) of P , ,where
e is the identity ifG, we may additionally setA0 = 0), andB is anm − 2-form on
M with values ing. By the triviality of P , f̃ = f × id, and thereforef∗A = f∗a.
(Obvious modifications have to be made when we considerRm−2 instead ofSm−2.)

Until now, we have consideredα andβ to be sections off∗ adP and
∧m−3 TSm−2⊗

ad∗ (f∗P ). When we consider isotopies of the imbeddingf , the formal measure w.r.t.
α andβ has to be modified according to the isotopies we consider: namely, isotopies
modify the bundle on whichα andβ are defined. It is well-known that, iff andf are
isotopic, the pull-back bundlesf∗P andf

∗
P are isomorphic; nonetheless, the isomor-

phism relatingα andβ taking values onf∗ adP and
∧m−3

TSm−2⊗ f∗ (ad∗ P ) and
α andβ taking values inf

∗
adP and

∧m−3 TSm−2⊗ f
∗
(ad∗ P ) may take a compli-

cated form. Therefore, we assumeP trivial in order to simplify the computations.

Diff(M)-invariance of TI

In this sububsection, we prove that the v.e.v. ofTI (A,B) w.r.t. theBF action is in-
variant w.r.t. the action ofDiff(M) on Imb

(
Sm−2,M

)
. In order to avoid cumbersome
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notations, we will simply write

〈TI〉BF : =

∫
DADB TI exp

i

}
SBF .

We want to show the following identity:

〈TI〉BF (ϕ ◦ f) = 〈TI〉BF (f) , ∀ϕ ∈ Diff(M), f ∈ Imb
(
Sm−2,M

)
.

We consider the observableTI (ϕ ◦ f); it takes the explicit form

TI (ϕ ◦ f) =

∫
DαDβ exp

i

}
SI(α, β;A,B;ϕ ◦ f),

where

SI (α, β;A,B;ϕ ◦ f) =

∫

Sm−2

〈
α , d(ϕ◦f)∗Aβ + (ϕ ◦ f)

∗
B
〉

=

=

∫

Sm−2

〈
α , df∗(ϕ∗A)β + f∗ (ϕ∗B)

〉
=

= SI(α, β;ϕ∗A,ϕ∗B; f).

It follows
TI (A,B;ϕ ◦ f) = TI (ϕ∗A,ϕ∗B; f) .

Since the canonicalBF action is topological, it follows that

SBF (A,B) = SBF (ϕ∗A,ϕ∗B) , ∀ϕ ∈ Diff(M).

Thus, we obtain

〈TI〉BF (ϕ ◦ f) =

∫
DADB TI (A,B;ϕ ◦ f) exp

i

}
SBF (A,B) =

=

∫
DADB TI (ϕ∗A,ϕ∗B; f) exp

i

}
SBF (ϕ∗A,ϕ∗B) .

The functional measureDADB is chosen to be formally invariant w.r.t. the action of
the groupDiff(M). We finally get the result

〈TI〉BF (ϕ ◦ f) = 〈TI〉BF (f) , ∀ϕ ∈ Diff(M).

So, the claim follows.
There is also a right group action on the space onImb

(
Sm−2,M

)
, namely the

action of the diffeomorphism group of the sphereSm−2. We briefly comment how this
group affects the observableTI . Clearly, we want to characterize first the right action
of Diff(Sm−2) on theI action:

SI
(
A,B : α, β; f ◦ ψ−1

)
=

∫

Sm−2

〈
α , d(f◦ψ−1)∗Aβ +

(
f ◦ ψ−1

)∗
B
〉

=

=

∫

Sm−2

〈
α , d(ψ−1)∗f∗Aβ +

(
ψ−1

)∗
f∗B

〉
=

=

∫

Sm−2

〈ψ∗α , df∗Aψ
∗β + f∗B 〉 ,
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if ψ is an orientation-preserving diffeomorphism ofSm−2; otherwise, we have to take
into account an additional sign beforeSI , coming from the orientation ofψ. Therefore,
we get

SI
(
A,B;α, β; f ◦ ψ−1

)
= SI (A,B;ψ∗α, ψ∗β; f) ,

for all orientation-preserving diffeomorphisms ofSm−2.
Hence, the action of the (infinite-dimensional) Lie-group of orientation-preserving

diffeomorphisms onSI may be reabsorbed in a transformation of the fieldsα andβ.
Heuristically, the formal measureDαDβ in the observableTI should be invariant w.r.t.
diffeomorphisms ofSm−2. Hence, at a formal level, the observableTI is invariant w.r.t.
the action ofDiff Sm−2.

We have therefore constructed a function〈TI〉BF on the spaceImb
(
Sm−2,M

)
,

which is invariant w.r.t. the action ofDiff(M) and w.r.t. the action of orientation-
preserving diffeomorphisms ofSm−2.

We notice that the above computations also hold replacingSm−2 by Rm−2 with
the obvious modifications.

We shall show in the next Subsubsection that this implies that TI is also isotopy
invariant.

Tubular neighbourhoods and extensions of vector fields

We consider an imbeddingf . We may then identify in a natural way the tangent space
atf of Imb

(
Sm−2,M

)
with the space of sections of the pull-back bundlef∗TM :

TfImb
(
Sm−2,M

)
∼= Γ

(
Sm−2, f∗ TM

)
.

We take a vector fieldX ∈ Γ (TM). ToX belongs a one-parameter family of diffeo-
morphisms ofM , which we denote byφXt , t ∈ R. By acting onf ∈ Imb

(
Sm−2,M

)

by φt on the left, we get a curve inImb
(
Sm−2,M

)
starting atf and ending atf1 :=

φ1 ◦ σ (provided the flow ofX can be extended to1). Analogously, a vector fieldY
on Sm−2 generates a one-parameter group of diffeomorphisms ofSm−2, which we
denote byψt, which induces in turn a curve inImb

(
Sm−2,M

)
.

By definition, a continuous isotopy between two elementsf andf of Imb
(
Sm−2,M

)

is a continuous map

F : Sm−2 × [0, 1]→ Sm−2,

(x, t) 7→ F (x, t) =: Ft(x),

such thatF0 = f andF1 = f . ForX as above, we takeφX1 ◦ f =: f . ThenF (x, t) :=[
φXt ◦ f

]
(x) is a smooth isotopy betweenf andf .

We construct an extension of vector fields on the sphereSm−2 in a way compatible
with the restriction induced by a given imbeddingf ∈ Imb

(
Sm−2,M

)
. A pivotal rôle

is played by a tubular neighbourhood of the imbeddingf .

Definition 5.1.2. We are given a higher-dimensional knot inRm. A tubular neighbour-
hood off consists of a pair(N , g), whereN

π
→ Sm−2 is a vector bundle overSm−2,

andg is an imbedding fromN intoM , enjoying the following properties:

• the image ofN w.r.t. g is an open neighbourhood off
(
Sm−2

)
in M ;
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• If we denote by0N the zero section of the bundleN , the following identity holds

g ◦ 0N = f.

We denote byNg the image ofN w.r.t. g.

The manifoldM is assumed to be compact and closed, or, if not, it is the Euclidean
m-dimensional spaceRm. In both cases, let∇ be the Levi–Civita connection.

Given a smooth vector fieldX on the sphereSm−2, our aim is to construct an
extensionY in the following sense: we want to construct a vector fieldY onM , such
that the push-forward w.r.t.f of the restriction ofY to f

(
Sm−2

)
equalsX .

We picky ∈ Ng. There exists exactly onev ∈ N such thatg(v) = y. We denote
by x the projection ontoSm−2 of v ∈ N . To v we associate a curveγ in N in the
following way

γ(t) : = tv, t ∈ [0, 1] .

Clearly,γ(0) = 0N (x), while γ(1) = v, asγ lies in the fiber overx. The image ofγ
w.r.t. g will be denoted byγ; it is a curve inM , such that

γ(0) = g ◦ γ(0) = g(0N (x)) = f(x) =
(
f ◦ π ◦ g−1

)
(y), γ(1) = y.

We notice that the curveγ = γy depends smoothly on the pointy. Via the connection
∇ onTM , we construct the parallel transport w.r.t.γ from 0 to 1, which we denote by
Pγ . Pγ is a linear isomorphism fromTf(x)M into TyM .

Finally, we associate toNg a smooth functionρN onM , such that its support is
contained inNg and such that it is identically1 onf

(
Sm−2

)
.

We define the extensionY of X ∈ Γ(TSm−2) as follows

Y (y) : =

{
ρN (y) Pγy

{(
T(π◦g−1)(y)f

) [
X
((
π ◦ g−1

)
(y)
)]}

, y ∈ Ng

0 , y ∈ N c
g .

We prove that the push-forward w.r.t.f of the restriction ofY onf(Sm−2) equals
X . We consider the constant pathγf(x): its parallel transport is the identity. Since
f(x) lies inf

(
Sm−2

)
, the functionρN takes the value1 in f(x);

(
π ◦ f−1

)
(f(x)) =

π ◦ 0N (x), sinceg ◦ 0N = f . Clearly,π ◦ 0N (x) = x, since0N is a section ofN .
Putting all these facts together, we obtain

[
f−1
∗ Y |f(Sm−2)

]
(x) =

(
Tf(x)g

−1
)
Y [g(x)] =

=
(
Tf(x)f

−1
)
(Txf)X(x) =

= X(x),

hence the claim follows.
We notice that the vector fieldY depends smoothly ony because the curveγy

depends smoothly ony and so does its parallel transport. If we denote byε∇,N (X) the
vector fieldY onM constructed fromX , the vector fieldε∇,N (X) depends linearly on
the vector fieldX onTSm−2 becauseΓ (TM) is aC∞(M)-module, and tangent maps
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and parallel transports are linear. Summarizing all these ideas, we have constructed a
linear morphism

ε∇,N : Γ
(
TSm−2

)
−→ Γc (TM) ,

where the subscriptc means “with compact support”, since extended vector fields by
means ofε∇,N are localized near the imbedded sphere. This map enjoys the property
f−1
∗ ◦ ε∇,N = id, where we have denoted byf−1

∗ the composition of the push-forward
w.r.t. f−1 with restriction onf

(
Sm−2

)
.

The consider an isotopyft betweenf andf , both in Imb
(
Sm−2,M

)
and a point

x in Sm−2, ft(x) defines a smooth curve onM . The derivative w.r.t.t at 0 defines an
elementXf of Γ

(
Sm−2, f∗TM

)
.

We take a connection∇ (e.g. the Levi–Civita connection w.r.t. a given Riemannian
metric) onTM , as well as a tubular neighbourhood off

(
Sm−2

)
. By a slight modifi-

cation of the construction of the morphismε∇,N , we can find a vector fieldX onM ,
such that the following identity holds:

X(f(x)) = Xf(x), ∀x ∈ Sm−2.

We denote byφXt the flow ofX ; it follows by definition that

φX0 (f(x)) = f0(x) = f(x), ∀x ∈ Sm−2.

Another important consequence is

d

dt

∣∣∣
t=0

φXt (f(x)) = X (f(x)) = Xf (x) =
d

dt

∣∣∣
t=0

ft(x).

It follows that, for t near0, ft = φXt ◦ f . We have shown that infinitesimal dif-
feomorphisms ofM are in one-to-one correspondence with infinitesimal isotopies of
imbeddings of imbeddings of codimension2. The same results can be also obtained
considering long-knots inRm instead of higher-dimensional knots inRm with some
slight modifications; in fact, to a long knotf corresponds a base-point preserving knot
f̃ in Sm with a prescribed linear behavior in a small neighbourhood of∞ ∈ Sm (base-
point preserving means here that it sends∞ ∈ Sm−2 to∞ ∈ Sm). To f̃ we can
associate a tubular neighbourhood as in Definition 5.1.2; restricting then the bundleN
toSm−2 \ {∞} and pulling it back via the inverse of the stereographic projection from
Sm−2 \ {∞} ontoRm−2, and further modifying the composition of the restriction of
the mapg with the stereographic projection fromSm \ {∞} ontoRm, we get then a
tubular neighbourhood of the corresponding long-knotf . The subsequent arguments
for the extension of vector fields onSm−2 to vector fields onM via an imbedding of
Sm−2 intoM apply then also for the extension of a vector field onRm−2 to a vector
field onRm via a given long knot.

From all these facts it follows that〈TI〉BF is invariant w.r.t. infinitesimal isotopies
of Imb

(
Sm−2,M

)
.

5.2 Evaluation of the observableTI
The main problem now is to give an explicit expression for theobservableTI ; in fact,
all the properties we have derived so far are formal, relyingonly on an ill-defined
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quantity such as a functional integral.
First, if we consider the connectionA to be flat andB to beA-covariantly closed

(corresponding to takingA andB to be solutions of the Euler–Lagrange equations of
motion for the classicalBF theory), theI action has an obvious symmetry, ifm ≥ 4,

α 7→ α, β 7→ β + df∗(A)σ1, (5.2.1)

whereσ1 is a form onSm−2 of degreem− 4 with values ing∗.
BeingA flat, the symmetry (5.2.1) is clearly reducible form > 4: in fact, we see

immediately that, once fixed a representative of the classβ + df∗(A)σ1, by imposing
conditions onβ, there is a residual symmetry forσ1, which does not modify the given
representative:

σ1 7→ σ1 + df∗(A)σ2, σ2 ∈ Ωm−5
(
Sm−2, g∗

)
.

Therefore, once we have fixed the symmetry forβ, we have to fix also the symmetry
for σ1, i.e. we have to fix a representative of the classσ1 + df∗(A)σ2, for σ1 given. We
see immediately thatσ2 presents also a residual symmetry, form > 5,

σ2 7→ σ2 + df∗(A)σ3, σ3 ∈ Ωm−6
(
Sm−2, g∗

)
,

and so on, until we arrive to degree0, where one cannot add anyf∗(A)-exact form.
(We notice that we have assumedf∗(A) to be acyclic; otherwise, the residual sym-

metry forσ1 would also containf∗(A)-harmonic forms onSm−2 with values ing∗ of
degreem− 3, besidesf∗(A)-exact forms, and so on at all degrees.)

Because of this reducible symmetry, even saddle point approximation of the func-
tional integral is ill-defined: we get infinitely many contributions from any orbit w.r.t.
the symmetry (5.2.1) in the integration.

For(A,B) on shell and such thatf∗(A) is an acyclic connection onΩ∗
(
Sm−2, g∗

)
,

we are led to think that it suffices to fix consistently all symmetries, and by the re-
ducibility problem, we have to resort to the extended BRST formalism. Without going
into the details yet, we have to introduce so-called “ghostsfor ghosts”σi (keeping track
of the reducibility problem) and a differentialδBRST of degree1 w.r.t. a new gradation,
the ghost number, assigned to each ghost for ghost. Choosinga gauge-fixing condition
(allowing to fix all symmetries forβ and for theσ’s), the functional yields then the
torsion of the complex

(
Ω∗(Sm−2, g∗), dσ∗(A)

)
, because the linear term inα does not

contribute to the functional integral (a source forβ is in fact absent).
But this is not true for more general critical points ofSI .
Fro simplicity, we shall consider from now only the trivial solution (0, 0) of the

equation of motion of canonicalBF theory, assumingM = Rm. TheI action takes
then the simple form:

SI (α, β) =

∫

Sm−2

〈α , dβ 〉 .

The equations of motion of theI action simplify in this case

dα = 0, dβ = 0.

157



Furthermore, theI action presents also0-modes:

α 7→ α+ α∞, α ∈ g. (5.2.2)

We have to take into account these0-modes forα. Therefore, we choose a base point in
Sm−2, denoted by∞, and an elementα∞ ∈ g. We integrate over all suchα’s, which
take at∞ the valueα∞.

For a givenα∞, it remains only to fix the reducible symmetryβ 7→ β + dσ1.
More generally, we take a “formal” neighbourhood of the trivial solution(0, 0) of

the equations of motion of the classicalBF theory, where any element(a,B) has the
property that the cohomology of the flat covariant derivatived+ad∗ (f∗(a)) is acyclic
at all degrees, except (perhaps) at degree0 andm − 2 (we call such a neighbourhood
formal, because we solve the equations of motion formally insuch a neighbourhood),
and an elementα∞ ∈ g.

We then define

T̃I(A,B, α∞) : =

∫

α(∞)=α∞

DαDβ e
i
}

R
Sm−2〈α , df∗(a)β+f∗(B) 〉 . (5.2.3)

We see immediately that, if we choose(a,B) = (0, 0), we recover the partition func-
tion for theI action with the condition for fixing the0-modes ofα.

We notice at this point that the choice of the conditionα(∞) = α∞ spoils the
invariance ofT̃I w.r.t. the action of the gauge groupG: in fact, we see that a gauge
transformationg acting onT̃I can be rewritten as a formal coordinate transformation
on the fieldsα andβ. Once again, we assume that the formal measureDαDβ is
Ad⊕Ad∗-invariant, and this suffices to get rid of the coordinate transformation; butα
is fixed at the base point∞, hence a gauge transformation acts onα∞ as

α∞ 7→ Ad ((σ∗g)(∞))α∞,

whence it follows

T̃I (Ag, Bg;α∞) = T̃I (A,B; Ad ((σ∗g)(∞))α∞) .

In order to reabsorb the transformation forα∞, we have to integratẽTI w.r.t. anAd-
invariant measure ong.

Alternatively, without introducing any measure ong, we consider the projection
πG from the completion̂S (g∗) of the symmetric algebra ofg∗ onto theG-invariant
subalgebra of̂S (g∗)

πG : Ŝ (g∗)→ Ŝ (g∗)G .

We may then take the projection ofT̃I , πG
(
T̃I
)

, hence getting a gauge-invariant func-

tional.
All these arguments can be also derived when considering theI action for long

knots; the presence of zero-modes also appear. We can fix zero-modes by an analogous
trick of fixing a value “at infinity”; once fixed such a value, itis better (also for later
computations for the superpropagator) to writeα asα∞+α, where nowα is a function
onRm−2 with values ing of rapid decrease. The formβ has to be of rapid decrease, in
order to avoid problems with the superpropagator.
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5.3 The casem = 3

In this section we discuss the functional integral quantization of theI action form = 3.
We discuss this special case separately, because it presents some peculiarities: in fact,
the formβ has degree0, hence we cannot add to it any exact form w.r.t. the pull-back
connectionf∗A, so that no BRST procedure and gauge-fixing is required.

It is better to considerf as an imbedding ofR into R3. With these prescriptions in
mind, we rewrite theI action as follows

SI =

∫

R

〈
α , df∗(A)β + f∗(B)

〉
, (5.3.1)

with the usual notations. We notice thatα is a function onR with values ing; the same
holds forβ, which takes value ing∗.

If we putB = 0 assumingA to be trivial, theI action takes now the form
∫

R

〈α , dβ 〉 .

We see immediately that this action has0-modes: namely, we may add toα, resp.β
constant functions with values ing, resp.g∗. One way to fix this symmetry is to choose
the following conditions onα andβ:

α(∞) = α∞, β(∞) = β∞, (5.3.2)

whereα∞, resp.β∞, is a given element ofg, resp.g∗. This means that we give a pre-
scribed behavior ofα andβ at infinity (infinity here means+∞ and−∞). Therefore,
we may now set

T̃I(A,B;α∞, β∞; f) =

∫
α(∞)=α∞
β(∞)=β∞

DαDβ exp
i

}
SI(A,B;α, β; f).

The choice of the conditions (5.3.2) makes the quadratic part of theI action with the
derivative w.r.t.t nondegenerate, allowing to perform a Gaussian integrationaround
α∞ andβ∞. On the other hand, the choice of the behavior forα andβ at infinity
spoils the gauge-invariance w.r.t. the action of the gauge groupG of both fieldsα and
β; this is analogous to the phenomenon already observed in theprevious subsection.
This problem may be cured by choosing an invariant measure ong w.r.t. the adjoint
action ofG and an invariant measure ong∗ w.r.t. the coadjoint action ofG.

However, the condition (5.3.2) onβ spoils also the invariance w.r.t. the symmetry
B 7→ B + dAτ1, where nowτ1 is a 0-form on R3 of rapid decrease with values in
g∗. Namely, as we have previously seen, such a transformation on the fieldB in the
σ action may be reabsorbed into a translation of the fieldβ, which in turn causes a
translation byσ∗(τ1)(∞) of β∞. Hence, the measure ong∗ against which we integrate
T̃I(A,B;α∞, β∞; f) has to be additionally translation-invariant. Sinceτ1 has rapid
decrease, we can considerf to have the property thatf maps the point at infinity in
R to the point at infinity inR3 (alternatively, one may viewR3 asS3 with one point
removed, which is usually denoted by∞; in this setting,f mapsS1 toS3, and e.g. the
north pole ofS1, corresponding to the point at infinity inS1, to∞).
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For simplicity, we will consider only the caseβ∞ = 0, which is the only analogue
of the casem > 3.

We will give only a glimpse of what happens in dimension3, giving the main ideas
behind the perturbative expansion and computing explicitly the propagator. In fact,
many perturbative invariants of Knots inR3 are known; therefore, we prefer to address
to the more general situation when the dimension is bigger that 3, which lacks, at the
moment being, of a way to construct perturbative invariants.

If we write α = α∞ + α, andβ = β, whereα andβ are functions of rapid
decrease onR (this assumption is compatible with the condition forα andβ at infinity,
and makes also the propagator particularly simple, as we will soon see), theI action
takes the form

SI(A,B;α, β; f) =
1

2

〈(
α

β

)
,

(
− d

dt 0
0 d

dt

)(
α

β

)〉
+

+
1

2

〈(
α

β

)
,

(
− ad (f∗(a)) 0

0 ad∗ (f∗(a))

)(
α

β

)〉
+

+

〈(
α

β

)
,

(
− ad (f∗(a))α∞

f∗(B)

)〉
+

∫ 1

0

〈α∞ , f
∗(B) 〉dt,

(5.3.3)
where we have adopted the following notations:

i) f∗(a) : = f∗ (ai)
dfi

dt , wherea = aidxi, andfi is thei-th component of the
imbeddingf as a function fromR to R3;

ii) f∗(B) : = f∗ (Bi)
dfi

dt ;

iii)

〈(
α
β

)
,

(
α̃

β̃

)〉
: =

∫
R

[〈
α , β̃

〉
+ 〈 α̃ , β 〉

]
dt, whereα, α̃ are functions of

rapid decrease onR; analogously,β andβ̃ are functions of rapid decrease onR

with values ing∗.

Since, by assumption,α andβ are both functions of rapid decrease, the operator(
− d

dt 0
0 d

dt

)
is invertible. Namely, the inverse of the operatord

dt is simply

α(t) 7→

∫

R

η(t− s)α(s)ds, (5.3.4)

whereη(s) denotes the distribution

η(s) : =

{
1
2 , s > 0

− 1
2 , s < 0.

We denote the operator defined by equation (5.3.4) byθ. Hence, the inverse of the

operator

(
− d

dt 0
0 d

dt

)
is given by

(
−θ 0
0 θ

)
.
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The quadratic part in equation (5.3.3) is the sum of two operators, namelyA : =(
− d

dt 0
0 d

dt

)
andB : =

(
− ad (f∗(a)) 0

0 ad∗ (f∗(a))

)
; the former is invertible, as

we have already seen, while the latter is in general not invertible. However, it is possible
to invert at a formal level the sumA+B, sinceA is invertible andB is, by our previous
assumptions ona, formal.

(Of course, it is not always possible to invert such a sum of operators; namely, a
sufficient condition for the invertibility of such an operator is that the operator norm of
the productA−1B is less than1; the operator norm has to be defined via a norm on the
space whereA andB operate, making this space into a Banach space.)

Formally, the inverse ofA + B is simply given by the power series

(A + B)
−1

=
∑

n≥0

(−1)n
(
A
−1

B
)n

A
−1. (5.3.5)

We compute the operatorA−1B, with A andB defined as above

A
−1

B

(
α

β

)
=

( ∫
R
η(t− s) ad (f∗(a)(s))α(s)ds∫

R
η(t− s) ad∗ (f∗(a)(s)) β(s)ds

)
=

=

(
1
2

∫ t
−∞ ad (f∗(a)(s))α(s)ds− 1

2

∫ +∞

t ad (f∗(a)(s))α(s)ds
1
2

∫ t
−∞

ad∗ (f∗(a)(s)) β(s)ds− 1
2

∫ +∞

t
ad∗ (f∗(a)(s)) β(s)ds

)
.

(5.3.6)
At a formal level the functional integral̃TI is of Gaussian type, with a formally

nondegenerate quadratic form and with a source term, namely

(
− ad∗ (f∗(a)(t))

f∗(B)(t)

)
.

Therefore,̃TI can be computed explicitly via formal Gaussian integrationby invert-
ing the operatorA + B with the help of Formula (5.3.5) and computing the quadratic
form corresponding to the inverse ofA + B at the given source. Formal Gaussian in-
tegration produces also the inverse of the determinant ofA + B; since the operatorB
depends explicitly on the fieldA, the determinant ofA + B has to be explicitly com-
puted.

5.4 The BV formalism for the I action

As we have seen in the previous section, theI action has reducible symmetries, and we
have to resort to the BV quantization procedure to fix them. Therefore, we have first to
discuss the BRST formalism and then we have to construct all main ingredients of the
BV formalism for theI action.

5.4.1 The extended BRST formalism forI action

In order to fix all symmetries of theI action consistently, we have to adopt the extended
BRST formalism, where we introduce a hierarchy of ghosts forghosts, theσ’s. First
of all, we assign toα andβ an additional gradation, the ghost number, as follows: the
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ghost number ofα andβ is set to be0. Next, we introduce the BRST operator forα
andβ:

δBRSTα : = 0, δBRSTβ : = df∗Aσ1; (5.4.1)

whereσ1 belongs toΩm−4(Sm−2, ad∗ f∗P ), with ghost number1. The ghost number
grading is consistent with the fact that the BRST operatorδBRST is a derivation of
ghost number1. Since the symmetries are reducible, we have to introduce more ghosts
for ghosts, namely a hierarchy ofσ’s as follows:σj is a form on the space of fields
with values inΩm−3−j(Sm−2, ad∗ f∗P ) with ghost numberj (j = 1, . . . ,m− 3).

Having introduced all necessary fields of the canonicalI action, we define the
extended BRST operator on the ghosts for ghostsσj :

δBRSTσj = df∗Aσj+1, j = 1, . . . ,m− 4;

δBRSTσm−3 = 0.
(5.4.2)

We compute e.g. the square of the BRST operator onβ:

δBRST
2β = ad∗ (Ff∗A)β = 0,

if A is flat. It is not difficult to show that the BRST operator squares to zero modulo the
equations of motion of the canonicalBF action(3.1.4). The equations (5.4.2) admit
obvious analogues when considering long knots inRm.

From these computations we see that the extended BRST operator squares to0,
when(A,B) are “on shell” w.r.t. the canonicalBF action.

5.4.2 The BV formalism for theI action

We consider a connectionA onP and an(m− 2)-form onM with values inad∗ P . If
M = Rm, P is trivial, and we writeA = A0 + a, whereA0 is the trivial connection,
resp.B, is a form of degree1 with values ing, resp. a form of degreem−2 with values
in g∗. We assumeA to be flat and the cohomology with values inadP , resp.ad∗ P ,
w.r.t. the differentialdA trivial at all degrees but the0-th.

We take the set of forms{α, β, σ1, . . . , σm−3}, whereσi is a form on the space of
fields of theI action with values inΩm−3−i

(
Sm−2, ad∗ f∗P

)
, with ghost numberi,

for i = 1, . . . ,m− 3 as the fields of theI action in the BV formalism; we will denote
a general field byθα, for an indexα.

We associate to each fieldθα a canonical antifield, denoted byθ+α , which is a form
on the space of fields with values inΩ∗

(
Sm−2, ad f∗P

)
and has to obey the following

rules:

• deg θ+α = m− 2− deg θα, for all α;

• gh θ+α = −1− gh θα, for all α.

We will denote globally fields and antifields of theI action by the symbolηα.
Next, we denote bySI the algebra generated by local functionals with values inR;

such functionals can be polynomial or formal power series inthe fields and antifields.
We take a local monomial in the fields: we can assign it canonically a ghost number by
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summing up the ghost numbers of the fields present in it. A homogeneous functional
is a power series of monomials of the same ghost number. So, wemay assign toSI
a grading, namely the ghost number. Hence,SI becomes a supercommutative algebra
w.r.t. the usual product inR and the ghost number.

We define the BV antibracket for theI action as

(F , G )I :=

∫

Sm−2

〈
F
←−
∂

∂θα
,

−→
∂ G

∂θ+α

〉
− (−1)m deg θα

〈
F
←−
∂

∂θ+α
,

−→
∂ G

∂θα

〉
, (5.4.3)

for any two functionalsF ,G in SI . The left and right functional derivatives are defined
by the formulae:

d

dt

∣∣∣
t=0

F (ηα + tρα) =

∫

Sm−2

〈
F
←−
∂

∂ηα
, ρα

〉
=

∫

Sm−2

〈
ρα ,

−→
∂ F

∂ηα

〉
,

and the formρα must have the same degree and ghost number of the fieldηα. It
follows immediately from the definition of the functional derivatives that, forF , G
homogeneous inSI , the BV antibracket possesses ghost numberghF +ghG+1, and
it is again an element ofSI .

It is also not difficult to verify the following properties enjoyed by the BV an-
tibracket, which we state without proof:

• (F , G )I = −(−1)(ghF+1)(ghG+1) (G , F )I (graded commutativity);

• (F , GH )I = (F , G )I H + (−1)(ghF+1) ghGG (F , H )I (graded Leibnitz
rule);

• (−1)(ghF+1)(ghH+1) (F , (G , H )I )I + cycl. = 0 (graded Jacobi identity),

for any three homogeneous functionalsF ,G andH in SI .
We come to the definition of the BV Laplacian for theI action. We need a Rieman-

nian metric onSm−2; sinceRm−2 is a submanifold ofM , we can pull back the already
chosen metric onM , with which we have defined the BV Laplacian in subsubsection
(3.2.4). (When we considerRm−2 instead ofSm−2, we may also pick a Riemannian
metric, e.g. the standard Euclidean metric.) By means of thechosen metric, we can
construct a Hodge operator? : Ωp(Sm−2, ad Σ∗P )→ Ωm−2−p(Sm−2, adΣ∗P ).

To each fieldθα we associate itsHodge dual antifieldθ∗α, defined by the equation
θ∗α := ?θ+α ; it is a form on the space of fields with values inΩ∗(Sm−2, ad∗ f∗P ), resp.
Ω∗(Sm−2, ad f∗P ), of degreedeg θα and ghost number−1− gh θα, if θα takes value
in the bundlead f∗P , resp.ad∗ f∗P . We denote globally byηα any field or Hodge
dual antifield of theI action.

We takeη, ω in Ωp(Sm−2, ad f∗P ), Ωp(Sm−2, ad∗ f∗P ); we then define (analo-
gously to what we have done in subsubsection (3.2.4))

〈 η , ω 〉Hodge :=

∫

Sm−2

〈 η , ?ω 〉 .
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By means of the duality〈 , 〉Hodge we define theI BV Laplacian onSI by the for-
mula

∆IF :=
∑

α

(−1)gh θ
α

〈 −→
δ

δθα
,

−→
δ F

δθ∗α

〉

Hodge

. (5.4.4)

The functional derivatives are defined in this context by therules

d

dt

∣∣∣
t=0

F (ηα + tρα) =

〈
F
←−
δ

δηα
, ρα

〉

Hodge

=

〈
ρα ,

−→
δ F

δηα

〉

Hodge

,

and the test formρα must have the same degree and ghost number as the fieldηα. The
BV Laplacian formally satisfies the identities

• ∆I
2 = 0, i.e. the BV Laplacian is a coboundary operator of ghost number1 (this

last statement follows from its definition);

• ∆I(FG) = (∆IF )G+ (−1)ghF (F , G )I + (−1)ghFF∆IG;

• ∆I (F , G )I = ( ∆IF , G )I + (−1)ghF+1 (F , ∆IG )I ,

for any two functionals inSI .

Remark5.4.1. As was already noted in Remark 3.2.7, the BV Laplacian is not well-
defined onSI : in fact, the BV Laplacian onSΣ is usually the restriction on the diagonal
of a distribution, and it therefore requires an appropriateregularization procedure in
order to get rid of possible singularities on the diagonal.

Remark5.4.2. A formal property of the BV Laplacian, which is useful for theproofs
of most statements, is that it operates trivially on any functional such that any field
is not coupled to its canonical Hodge dual antifield. In fact,we see directly from
equation (5.4.4), the BV Laplacian couples any field with thecorresponding Hodge
dual antifield.

Remark5.4.3. We notice briefly that the BV antibracket for theI action can be written
in the form

(F , G )I =

〈
F
←−
δ

δθα
,

−→
δ G

δθ∗α

〉

Hodge

−

〈
F
←−
δ

δθ∗α
,

−→
δ G

δθα

〉

Hodge

.

This formula does not contain any signs, but depends explicitly on the Hodge operator;
this is in complete analogy with the arguments in Remark 3.2.9.

Finally, we take a functionalS of ghost number0 satisfying the Quantum Master
Equation w.r.t. the canonicalI-action:

−2i}∆IS + (S , S )I = 0;

by means ofS, we define the following ghost-number-1 operator onSI

ΩI := −i}∆I + (S , )I .

SinceS satisfies the quantum master equation, the operatorΩI satisfiesΩI
2 = 0. We

want the functionalS to enjoy the following additional requirement:S [θ+α = 0] = SI ,
for all α. If this holds also,S is a BV action for theI action.
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The super BV formalism for the I action

We denote by|α| the total degree of a formα ∈ Ω∗
(
Sm−2, ad f∗P

)
or in Ω∗

(
Sm−2, ad∗ f∗P

)

with a given degree and ghost number. In other words,

|α| := degα+ ghα.

We consider all fields and antifields of theI action. It follows from the assumptions
in Subsubsection (5.4.1) that the fields

{
α, β+, σ+

1 , . . . , σ
+
m−3

}
all have total degree0,

while {σm−3, . . . , σ1, β, α
+} all have total degreem− 3.

We may cast both sets separately in two superforms inΩ∗
(
Sm−2, adΣ∗P

)
, resp.

Ω∗
(
Sm−2, ad∗ Σ∗P

)
, denoted byααα, resp.βββ, of total degree0, resp.m− 3, defined by

ααα : = α+ (−1)m+1β+ +

m−3∑

k=1

(−1)
k(k+1)

2 +(m+1)(k+1)σ+
k , (5.4.5)

βββ : =

m−3∑

k=1

(−1)
k(k+1)

2 σk + β − α+. (5.4.6)

We still denote by〈〈 ; 〉〉 the shifted extension of the duality〈 , 〉 for forms onSm−2

with values inad f∗P , resp.ad∗ f∗(P ), i.e.

〈〈 ε ; ξ 〉〉 := (−1)gh ε deg ξ 〈 ε , ξ 〉 , ε ∈ Ω∗(Sm−2, ad f∗P ), ξ ∈ Ω∗(Sm−2, ad∗ f∗P ).

We define analogously the dot Lie bracket[[ ; ]], and we still denote it by the same
symbol as forBF theories.

We are going to consider mainly (products of) local functionals, which may be
polynomials or formal power series in the superfieldsααα andβββ. We denote the algebra
generated by such local functionals bySααα,βββ . Analogously to what we have done in
subsubsection (3.3.1), we can give this algebra a grading bymeans of the total degree
(which is equal to the ghost number for local functionals andproduct of them). It is
easy to verify thatSααα,βββ is a subalgebra ofSI .

(As before, we do not write explicitly the dot product between any two functionals.)
To the superconnectionA we assign a covariant derivative on forms onSm−2 with

values inad f∗P andad∗ f∗P by the rules

d ef∗A
ε : = d ef∗A0

ε+ [[f∗a ; ε]], ∀ε ∈ Ω∗(Sm−2, ad f∗P ),

d ef∗A
ε : = d ef∗A0

ε+ ad∗ (f∗a) ε, ∀ε ∈ Ω∗(Sm−2, ad f∗P ),

if ε takes value inad f∗P , resp.ad∗ f∗P . The notationad∗ means the usualad∗-
representation on forms with values inad∗ f∗P with the degree shifted as in the defi-
nition of the super Lie bracket[[ ; ]].) Its supercurvature is given by (recall thatA0 is
flat by assumption)

[[Fef∗A
; ε]] = d ef∗A

(
d ef∗A

ε
)

= [[d ef∗A0
f∗a +

1

2
f∗[[a ; a]] ; ε]],

ad∗
(
Fef∗A

)
ε = d ef∗A

(
d ef∗A

ε
)

= ad∗
(

d ef∗A0
f∗a +

1

2
f∗[[a ; a]]

)
ε,
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in analogy with the formula obtained in subsubsection (3.3.1).
We are now ready to define the super BV antibracket for theI action. We take two

functionalsF ,G in Sααα,βββ ; then we define

((F ; G ))I :=

∫

Sm−2

〈〈
F
←−
∂

∂ααα
;

−→
∂ G

∂βββ

〉〉
−

〈〈
F
←−
∂

∂βββ
;

−→
∂ G

∂ααα

〉〉
, (5.4.7)

where the super functional derivatives are defined by the formulae

d

dt

∣∣∣
t=0

F (ααα+ tρααα) =

∫

Sm−2

〈〈
F
←−
∂

∂ααα
; ρααα

〉〉
=

∫

Sm−2

〈〈
ρααα ;

−→
∂ F

∂ααα

〉〉

and

d

dt

∣∣∣
t=0

F (βββ + tρβββ) =

∫

Sm−2

〈〈
F
←−
∂

∂βββ
; ρβββ

〉〉
=

∫

Sm−2

〈〈
ρβββ ;

−→
∂ F

∂βββ

〉〉
,

whereρααα, resp.ρβββ , denotes a superform onSm−2 with values inad f∗P or in ad∗ f∗P
of the same total degree asααα, resp.βββ.

The main argument about super BV antibracket for theI action in any dimension is
analogous to the proof of Theorem already proved in [20] for the super BV antibracket
for canonicalBF theories, namely the super BV antibracket is equal to the usual BV
antibracket onSααα,βββ .

Theorem 5.4.4.OnSααα,βββ ⊗R Sααα,βββ the following identity holds:

(( ; ))I = ( , )I . (5.4.8)

Proof. The main argument of the proof relies, as it was the case in theproof of Theo-
rem 3.3.1, on the definition of the super functional derivatives, resp. the usual functional
derivatives, and on the definition of the dot invariant bilinear form〈 , 〉, as defined
previously. As for canonicalBF theories, the choice of signs in the definitions ofααα
andβββ are crucial for the validity of Identity (5.4.8).

Remark5.4.5. We have only considered the algebraSααα,βββ , but we could have defined
more general algebras of functionals analogous to the algebras introduced at the begin-
ning of the construction of the super BV formalism forBF theories in [20]. Of course,
all the constructions therein can be applied to the super BV formalism for theI action,
and the theorems therein are still valid with the due modifications.

The above theorem is the most important feature of the super BV antibracket for
the I action; namely, we can deduce all important properties of the super BV an-
tibracket, e.g. the graded supercommutativity, the gradedLeibnitz rule and the graded
Jacobi identity w.r.t. the total degree onSααα,βββ , from the analogous properties of the BV
antibracket for theI action.

We briefly notice that we can define the super version of the BV Laplacian for the
I action, denoted by∆I analogously to the super BV Laplacian for canonicalBF

166



theories∆. In fact, onSααα,βββ, the super BV Laplacian for theI action is defined by the
rule

∆IF := ∆IF, ∀F ∈ Sααα,βββ .

Of course, if we had considered more general functionals, then we should have modi-
fied the above definition (see e.g. [20]).

It is obviously nilpotent, it has total degree1 and the super BV antibracket(( ; ))I
measures the failure of∆I to be a differential.

(We have adopted a different notation for the super BV Laplacian for theI action
in order to distinguish it from the usual BV Laplacian; in fact, the usual BV Laplacian
has ghost number1, while the super BV Laplacian has total degree1.)

The “on-shell” BV action for the I action

We work under the assumption(A,B) on shell. We are going to prove that, under this
assumption, there exists a solution of the Quantum Master Equation for theI action
w.r.t. the BV antibracket( , )I and for the BV Laplacian∆I .

In analogy with computations already done in [20] for canonicalBF theories, we
define the following element ofSααα,βββ, depending on the “on shell” pair(A,B)

SBVI : =

∫

Sm−2

〈〈ααα ; df∗Aβββ + f∗(B) 〉〉 . (5.4.9)

The formB has total degreem−2, asdf∗Aβββ, whileααα has total degree0; the integration
onSm−2 has total degree2−m, henceSBVI has total degree0, which also equals the
ghost number.

Theorem 5.4.6. If we consider the “on shell” pair(A,B), SBVI is a solution of the
Master Equation

(SBVI , SBVI )I = 0.

Proof. SinceSBVI is a local functional inSααα,βββ, it follows

(SBVI , SBVI )I = ((SBVI ; SBVI ))I = 2

∫

Sm−2

〈〈
SBVI

←−
∂

∂ααα
;

−→
∂ SBVI

∂βββ

〉〉
.

We therefore compute the functional derivatives ofSBVI w.r.t.ααα andβββ. By their very
definition, we get

SBVI
←−
∂

∂ααα
=

−→
∂ SBVI

∂ααα
= df∗Aβββ + f∗(B),

SBVI

←−
∂

∂βββ
= (−1)m−1

−→
∂ SBVI

∂βββ
= −df∗Aααα.

(5.4.10)

Putting equations (5.4.10) in the super BV-antibracket(( ; ))I , we get

−

∫

Sm−2

〈〈df∗Aβββ + f∗(B) ; df∗Aααα 〉〉 =

= (−1)m
∫

Sm−2

〈〈ααα ; ad∗ (Ff∗A)βββ + f∗(dAB) 〉〉 = 0,
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where the first equality is a consequence of Stokes’ Theorem,and the second one is a
consequence ofA being flat andB beingdA-covariantly closed, since(A,B) is “on
shell”.

Hence, the claim follows.

In order to prove thatSBVI satisfies also the Quantum Master Equation, we use the
formal argument that the BV-Laplacian annihilates any functional in Sααα,βββ , where any
field is not coupled with its canonical Hodge dual antifield. The Hodge dual antifield
of a given field is a modification of the usual antifield.

The only term in theBV actionSBVI which may couple antifields with their re-
spective canonical antifields is

∫

Sm−2

〈〈ααα ; df∗Aβββ 〉〉 .

Since the canonical antifieldθ+α to a fieldθα has degree equal tom − 2 − deg θα,
and since the covariant derivativedf∗A has degree1, no field can be coupled to its
canonical antifield. Hence,SBVI satisfies∆ISBVI = 0.

Moreover, sinceααα contains all antifields andα, if we set all antifields to0, it follows
that the only surviving term inSBVI is

∫

Sm−2

〈〈α ; df∗Aβ + f∗(B) 〉〉 ,

because the only component ofβββ of degreem− 3 is β. Hence, putting all antifields in
SBVI to 0, we recover the classicalI action.

We have produced, at the end, for any given “on shell” pair(A,B), a BV action for
the classicalI action.

We finally notice that all definitions and computations of this Subsection admit
obvious analogues when considering long knots inRm with some slight modifications
(e.g. forms of rapid decrease onRm−2 instead of forms onSm−2).

5.4.3 The Gauge-fixing for theI action and the superpropagator

In the previous subsection we have found a BV action for theI action. In order to start
a perturbative expansion of the theory, we need the quadratic part of the gauge-fixed
I action to be nondegenerate. The BV formalism allows us to take into account the
reducibility of the symmetries, which have now to be fixed.

The first step is to extend the space of fields of theI action by introducing antighosts
and Lagrange multipliers in the following way: to the ghostσ1 we associate an antighost
σ1 and a Lagrange multiplierλ1, such thatσ1, resp.λ1, is a form of degreem− 4 with
values inad f∗P and ghost number−1, resp. of degreem− 4 with values inad f∗P
and ghost number0. For the ghosts-for-ghosts, keeping track of the reducibility prob-
lem of theI action, the prescription is more complicated: namely, to the ghost-for-
ghostσi, 2 ≤ i ≤ m − 3, we have to associate a family ofi antighostsσi,l and ofi
Lagrange multipliersλi,l, where1 ≤ l ≤ i, such that

• σi,k is a form of degreem − 3 − i with values inad f∗P and ghost number
−i+ 2l − 2;
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• λi,k is a form of degreem − 3 − i with values inad f∗P and ghost number
−i+ 2l − 1.

We consider, along with the antighostsσi,l and Lagrange multipliersλi,l, their corre-
sponding BV-antifields, and we denote byΘ, resp.Θ+, the set of all fields of theI
theory (i.e. fields and antighosts and Lagrange multipliers), resp. of their BV-antifields.
We can cast all these fields in the following table

· · · −3 −2 −1 0 1 2 3 · · ·
m− 3 β
m− 4 σ1 ≡ σ1,1 λ1 σ1

m− 5 σ2 ≡ σ2,1 λ2,1 σ2,2 λ2,2 σ2

m− 6 σ3 ≡ σ3,1 λ3,1 σ3,2 λ3,2 σ3,3 λ3,3 σ3

... · · · · · · · · · · · · · · · · · · · · · · · · · · ·

The purpose of the antighosts and Lagrange multipliers is towrite down explicitly
a gauge-fixing fermion, i.e. an elementΨ of SI of ghost number−1, depending only
onΘ and incorporating the gauge-fixing condition for the symmetries of theI action.
We extend the BV operatorδBV on antighosts and Lagrange multipliers as follows:

δBV σ1 = λ1, δBV λ1 = 0;

δBV σi,l = λi,l, δBV λi,l = 0, 1 ≤ i ≤ m− 3, 1 ≤ l ≤ i.
(5.4.11)

This is clearly equivalent to adding to the BV actionSI an additional piece

SLagr.: = −

∫

Sm−2

〈
σ+

1 , λ1

〉
+

m−3∑

i=2

i∑

l=1

(−1)i
∫

Sm−2

〈
σ+
i,l , λi,l

〉
,

such that the Quantum Master Equation forSext.
I : = SI + SLagr. is satisfied.

We pick an explicit metric onSm−2. By means of it, we can construct the corre-
sponding Hodge?-operator, which maps linearly forms onRm−2 of degreek to forms
of degreem− 2− k; moreover, we may define the L2-duality between forms onSm−2

with values ing andg∗ as follows:

〈 η , ω 〉L2
: =

∫

Sm−2

〈ω , ?η 〉 , (5.4.12)

where the operator? acts on the form part ofη, and〈 , 〉 denotes the usual duality
betweeng andg∗. The operatord? is the adjoint of the usual exterior derivative w.r.t.
the L2-duality, i.e.

〈ω , dη 〉L2
= 〈d?ω , η 〉L2

, ∀ω ∈ Ω∗
(
Sm−2, g∗

)
, η ∈ Ω∗

(
Sm−2, g

)
.

We have then to choose a gauge-fixing fermionΨ in SI of ghost number−1, such
that the functional

SIg.f. : = Sext.
I

[
θα, θ+α =

−→
∂ Ψ

∂θα

]
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has a nondegenerate Hessian at a critical point. Since the quadratic part of the BV
actionSI contains the exterior derivatived, a gauge-fixing fermion which takes into
account the acyclicity of the exterior derivative is the following generalization of usual
covariant gauge-fixing:

Ψ: = 〈σ1 , d?β 〉L2
+
m−4∑

i=1

〈σi+1,1 , d?σi 〉L2
+
m−4∑

i=1

i∑

l=2

〈σi+1,k+2−l , d?σi,l 〉L2
.

(5.4.13)
All these computations can be slightly modified when we consider long knots in

Rm; we notice that we have to consider forms onRm−2 with rapid decrease.

5.4.4 Feynman rules and explicit expression ofTI
In the previous subsection we have constructed a gauge-fixing fermion for theI action,
which makes the Hessian of the gauge-fixed action nondegenerate; this is the starting
point for the perturbative expansion ofTI . For the sake of simplicity, we consider from
now on the case of long knots inRm; hence, fields and antifields for the BV formalism
for the I action have all rapid decrease. In order to make explicit computations, it
remains to write down the Feynman rules.

The BV action for the canonicalI theory may be written as the sum of a (after a
choice of a gauge-fixing condition) nondegenerate quadratic part and other four pieces;
we consider these other pieces as part of the interaction. One of these is constant in
ααα andβββ, namely

∫
Sm−2 〈Ξ , f

∗(B) 〉. We then choose a basis{e1, . . . } of g, and by{
ε1
}

we denote the corresponding dual basis. Hence, we may writeααα = ααααeα and
βββ = βββαε

α. Accordingly, we write the three remaining pieces of the interaction terms
of the BV action for the canonicalI theory as follows:
∫

Rm−2

〈ααα , ad∗ (f∗(a))βββ 〉 =

[∫

Rm−2

ααααf∗
(
aβ
)
βββγ

]
〈 eα , ad∗ (eβ) ε

γ 〉 , (5.4.14)

∫

Rm−2

〈ααα , f∗ (B) 〉 =

[∫

Rm−2

ααααf∗ (Bβ)

] 〈
eα , ε

β
〉
, (5.4.15)

∫

Rm−2

〈Ξ , ad∗ (f∗(a))βββ 〉 =

[∫

Rm−2

f∗ (aα)ββββ

] 〈
Ξ , ad∗ (eα) εβ

〉
. (5.4.16)

Therefore, the interaction term consists of a quadratic piece (5.4.14), of two linear
terms (5.4.15) and (5.4.16) and of a constant term.

Summarizing all these results, we can write the exponentialof the interaction term
without the constant term as follows:

exp
i

}

[∫

Rm−2

〈ααα , ad∗ (f∗(a))βββ 〉+

∫

Sm−2

〈ααα , f∗ (B) 〉+

∫

Sm−2

〈Ξ , ad∗ (f∗(a))βββ 〉

]
=

=
∑

p,q,r≥0

p∏

i=1

q∏

j=1

r∏

k=1

(
i

}

)p+q+r
1

p!q!r!

[∫

Rm−2

ααααif∗
(
aβi
)
βββγi

] [∫

Rm−2

αααδjf∗
(
Bεj

)]

[∫

Rm−2

f∗ (aηk)βββθk

]
〈 eαi

, ad∗ (eβi
) εγi 〉

〈
eδj

, εεj
〉 〈

Ξ , ad∗ (eηk
) εθk

〉
.

(5.4.17)
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We begin by looking at a condition onp, q andr characterizing the (possibly) nontrivial
Feynman diagrams coming from the perturbative expansion of(5.4.17). For givenp,
q andr, the total number ofααα-superfields equalsp + q, while the total number ofβββ-
superfields equalsp+ r; a necessary condition for nonvanishing Feynman diagrams is
that the numbers ofααα-superfields andβββ-superfields have to be equal:

p+ q = p+ r ⇐⇒ q = r. (5.4.18)

Therefore, the only condition to get (possibly) nonvanishing Feynman diagrams is that
the number of linear interaction terms withααα-superfield has to be equal to the number
of linear interaction terms withβββ-superfields.

First of all, we need the superpropagator betweenα andβ (which can be computed
using the same arguments of Subsection 3.4.5 of Chapter 3):

〈
π∗1 (αααα)π∗2

(
ββββ
)〉

g.f.
: = η12 δ

α
β , (5.4.19)

whereη12 is the pull-back via the map (2.4.5) of the normalized,SO(m− 2)-invariant
top-formw onSm−3; it follows thatw is even, resp. odd, w.r.t. the antipodal map on
Sm−3 if m is even, resp. odd. In equation (5.4.19),πi denotes the projection from
Rm−2 × Rm−2 onto thei-th component. The superpropagator is clearly ill-defined
on the diagonal ofRm−2 × Rm−2, hence it requires a regularization, which can be
achieved simply by viewing the superpropagator as a form on the compactified con-
figuration spaceC2

(
Rm−2

)
(in fact, the formη12 extends smoothly fromC0

2

(
Rm−2

)

to C2

(
Rm−2

)
. The superpropagator (5.4.19) is depicted as an oriented dashed line;

the orientation is directly linked to the parity of the formw w.r.t. the antipodal map on
Sm−3, in particular, ifm is odd, we need not indicate an orientation for (5.4.19).

1 2

Figure 5.1: Theη-propagator

The presence of tadpoles

As an example, when we choosep = 1 andq = r = 0, equation (5.4.17) yields the
term

i

}

[∫

Rm−2

ααααf∗
(
aβ
)
βββγ

] 〈
eα , ad∗

(
eβ
)
εγ
〉
.

If we couple theααα-superfield to theβββ-superfield through the superpropagator (5.4.19),
we get an ill-defined quantity, since the arguments ofααα andβββ are equal. This term can
be regularized as follows: we take a normalized vector fieldµ on Rm−2 (which may
be also viewed as a map fromRm−2 toSm−3), and define the regularizedη-superfield,
which we denote byηµ, by the following rule

ηµ(x) : = lim
ε↓0

η12(x+ εµ(x), x) , x ∈ Rm−2. (5.4.20)
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Alternatively, ηµ may be seen as the pull-back w.r.t. the map fromRm−2 to Sm−3

induced byµ of the formw. Hence, with the regularization of the superpropagator
given by (5.4.20), the term atp = 1 takes the form

τ1 : =

[∫

Rm−2

(
f∗aβ

)
ηµ

] 〈
eα , ad∗

(
eβ
)
εα
〉

=

=

∫

Rm−2

Tr [ad∗ (f∗a)] ηµ =

= −

∫

Rm−2

Tr [ad (f∗a)] ηµ.

(5.4.21)

More generally, tadpoles appear when we couple theααα-superfield in the quadratic in-
teraction (5.4.14) with theβββ-superfield in the same term, and it is clear that equa-
tion (5.4.21) describes the general situation where tadpoles appear, since tadpoles are
clearly isolated.

This term may be eliminated in two different ways: one way is to choose e.g. a
unimodular Lie algebrag, such that the adjoint action is trace-free, and therefore the
Lie-algebraic coefficient of (5.4.21) vanishes.

The second way is to add a counterterm to the BV action, whose sole purpose
is to eliminate the term (5.4.21) at the perturbative level.The explicit form of the
counterterm, which is added to the BV action for theI action, is given by

SIc.t.: =

∫

Rm−2

Tr [ad (f∗a)] ηµ. (5.4.22)

It is clear thatSI +SIc.t. satisfies also the Quantum Master Equation, sinceSIc.t. does
not depend neither onααα nor onβββ.

From now on, we neglect Feynman diagrams containing isolated tadpoles.

The sum of connected diagrams whenq = r = 0: the torsion

We discuss first the caseq = r = 0; this corresponds to the absence of linear terms in
the superfieldsααα andβββ.

We choosep ≥ 2, and we consider only connected Feynman diagrams. Since
q = r = 0, the only interaction term appearing in this situation is the quadratic term
(5.4.14); moreover, recalling the renormalization (5.4.22) in the interaction term, Feyn-
man diagrams with tadpoles are annihilated. Therefore, when p ≥ 2, the only way
of getting a connected Feynman diagram out of a product ofp quadratic interaction
terms (5.4.14) is to couple everyααα-superfield of a quadratic interaction term to anβββ-
superfield of a different quadratic interaction term. The most natural way to do so is
to write a chain ofp quadratic interaction terms and to couple theβββ-superfield of the
first interaction term to theααα-superfield of the second interaction term, then to couple
theβββ-superfield of the second interaction term to theααα-superfield of the third interac-
tion term, and so on until we arrive at the last interaction term; at his point, we have
to couple theααα-superfield of the first interaction term to theβββ-superfield of the last
interaction term.
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Therefore, it is immediate to see that the sum of the possiblynonvanishing con-
nected Feynman diagrams without tadpole forq = r = 0 is given by

∑

n≥2

(−1)nm
1

n

∫

C0
n(R

m−2)

Tr [ad∗ (f∗a1) η12 · · · ad∗ (f∗an) ηn1] , (5.4.23)

where the notations are as follows:C0
n

(
Rm−2

)
the open configuration space ofn points

in Rm−2. It is not clear if the integrals in (5.4.23) converge; a way of proving the con-
vergence of these integrals is to resort to the FMcPAS compactification ofC0

n

(
Rm−2

)
,

noting that the superpropagator (5.4.19) extends smoothlyto this compactification. By
f∗ai, for 1 ≤ i ≤ n, we denote the pull-back w.r.t. the (smooth extension to thecom-
pactificationCn

(
Rm−2

)
) projection fromC0

n

(
Rm−2

)
to thei-th component off∗a.

We recall the orientation convention forC0
n

(
Rm−2

)
: the orientation is induced by re-

striction of the volume-formπ∗1 (dvol) ∧ · · ·π∗n (dvol), wheredvol denotes the volume
form of Rm−2, andπi denotes the projection fromC0

n

(
Rm−2

)
onto thei-th compo-

nent; the convention has to be taken into account, and it produces some of the signs
appearing in (5.4.23). The combinatorial factor1

n corresponds to the number of differ-
ent ways to coupleααα-superfields toβββ-superfields throughn superpropagators, such that
the corresponding diagram is connected; the sign(−1)nm appears as a consequence of
the behavior of the superpropagator w.r.t. the antipodal map onSm−3.

It is better to rewrite the torsion with the adjoint action instead of the coadjoint
action. Therefore, we compute

Tr [ad∗ (f∗a1) η12 · · · ad∗ (f∗an) ηn1] =

= 〈 eα , ad∗ (f∗a1) η12 · · · ad∗ (f∗an) ηn1ε
α 〉 =

= (−1)
n(n−1)

2 m+n 〈 εα , ad (f∗an) ηn1 · · · ad (f∗a1) η12eα 〉 =

= (−1)
n(n−1)

2 m+n Tr [ad (f∗an) ηn1 · · · ad (f∗a1) η12] ,

whence it follows

(−1)nm
∫

Cn(Rm−2)

Tr [ad∗ (f∗a1) η12 · · · ad∗ (f∗an) ηn1] =

= (−1)[
n(n−1)

2 +n]m+n

∫

Cn(Rm−2)

Tr [ad (f∗an) ηn1 · · · ad (f∗a1) η12] .

We consider the following permutation ofn elements:
(

1 2 · · · n− 1 n
n n− 1 · · · 2 1

)
;

its sign is(−1)
n(n−1)

2 . This permutation induces an involution onCn
(
Rm−2

)
, since

permutation groups operate freely on configuration spaces and their action extend

smoothly to FMcPAS compactifications; the sign of the involution is (−1)
n(n−1)

2 m

w.r.t. the orientation ofCn
(
Rm−2

)
. The action of the involution on then-th term of
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the torsion is therefore

(−1)[
n(n−1)

2 +n]m+n

∫

Cn(Rm−2)

Tr [ad (f∗an) ηn1 · · · ad (f∗a1) η12] =

= (−1)n(m−1)

∫

Cn(Rm−2)

Tr [ad (f∗a1) η1n · · · ad (f∗an) ηn,n−1] =

= (−1)nm+(m−1)

∫

Cn(Rm−2)

Tr [ad (f∗a1) η12 · · · ad (f∗an) ηn1] .

The last identity follows by switching allη-propagators butη1n of one position to the
left and by the parity ofη-propagators w.r.t. the antipodal map.

Finally, the torsion takes the form

(−1)m−1
∑

n≥2

(−1)nm
∫

Cn(Rm−2)

Tr [ad (f∗a1) η12 · · · ad (f∗an) ηn1] .

There is another subtlety concerning the sign(−1)nm: in fact, we may reabsorb the
sign (−1)m by in the superpropagatorη12. In other words, if we takeη12 to be the
pull-back w.r.t. the map (2.4.5) of the form(−1)mw, the torsion may be written as

τ : = (−1)m−1
∑

n≥2

∫

Cn(Rm−2)

Tr [ad (f∗a1) η12 · · · ad (f∗an) ηn1] . (5.4.24)

The top-formw : = (−1)mw is clearlySO(m− 2)-invariant and has the same parity
w.r.t. the antipodal map asw; the only difference is that the normalization condition
reads now ∫

Sm−3

w = (−1)m.

We finally notice that the torsion starts in reality by the term with threea-fields; namely,
the term with twoa-fields takes the form (up to signs and combinatorial factors)

∫

C2(Rm−2)

Tr [ad (f∗a1) η12 ad (f∗a2) η21] ,

which vanishes immediately, since it contains twoη-superpropagatorsη12, and their
product is zero.

The sum of connected Feynman diagrams whenr = q = 1: the parallel transport

We consider the second special situation, namely whenr = q = 1. In this case, asp ≥
1, we have to consider the three interaction terms (5.4.14) (the quadratic interaction)
plus the two linear interaction terms (5.4.15) and (5.4.16).

Since we are interested only in connected diagrams and sincethere are exactly
one linear interaction with aααα-superfield and exactly one interaction term with anβββ-
superfield, takingp ≥ 1, the only way of getting a connected diagram withp quadratic
interactions is to couple theααα-superfield in the linear term (5.4.15) to the final isolated
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Figure 5.2: Then-th term of the torsion

βββ-superfield in the connected chain withp quadratic interactions (5.4.14), and then
to couple the isolatedααα-superfield in the first quadratic interaction of the chain with
theβββ-superfield in the linear interaction term (5.4.16) throughsuperpropagators. The
most natural way of seeing how the procedure works is to couple theααα-superfield
of the linear interaction term (5.4.15) to theβββ-superfield of the last interaction term;
we then couple theααα-superfield of the last interaction term to theβββ-superfield of the
preceding interaction term. Ifp = 1, the preceding interaction term is linear w.r.t. the
βββ-superfield, and we are done; otherwise, the procedure continues by coupling eachααα-
superfield in a quadratic interaction term to theβββ-superfield of the preceding quadratic
interaction term, until we arrive to the linear term (5.4.16).

Taking into account orientation conventions for configuration spaces, the parity
of the superpropagator (5.4.19), the sum of all connected diagrams with exactly one
linear interaction (5.4.14) and (5.4.16), and the constantterm

∫
Rm−2 〈Ξ , f

∗B 〉, the
above procedure leads to the result

∑

n≥0

(−1)nm
∫

Cn+1(Rm−2)

〈Ξ , ad∗ (f∗a1) η12 · · · ad∗ (f∗an) ηn,n+1f
∗B 〉 .

As for the torsion, the sign(−1)nm may be reabsorbed in the superpropagator, if we
define the new superpropagator by the top-formw = (−1)mw, instead ofw.

Hence, with this convention on the superpropagator in mind,the sum of the con-
nected Feynman diagrams whenq = r = 1 takes the form

σ : =
∑

n≥0

∫

Cn+1(Rm−2)

〈Ξ , ad∗ (f∗a1) η12 · · · ad∗ (f∗an) ηn,n+1f
∗B 〉 . (5.4.25)
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We will usually refer toσ as in equation (5.4.25) as to the parallel transport w.r.t.
f ∈ Imb∞,σ

(
Rm−2,Rm

)
.

a 1
a 2 a 3 Bn+1

a n−1 a n

Figure 5.3: Then+1-th term of the parallel transport; the dotted line coming out from
the firsta-form denotes pairing withΞ

The general case: the sum of all Feynman diagrams without tadpoles forq = r ≥
0

Having now discussed the shape of the connected Feynman diagrams whenq = r = 0
andq = r = 1, which lead to well-defined expressions, namely the torsion(5.4.24)
and the parallel transport (5.4.25) , we finally come to the more general case, when we
consider also non-connected Feynman diagrams without tadpoles for generalq = r ≤
0.

Tt turns out that the explicit computations yielding the torsion and the parallel trans-
port are sufficient to characterize the sum of all Feynman diagrams under the necessary
conditionq = r ≥ 0. In fact, a general theorem about the combinatoric of Feynman
diagrams for a general field theory implies immediately thatthe sum of all Feynman
diagrams coming from the perturbative expansion of the partition function T̃I may be
written as

T̃I (A,B; Ξ) : = exp Σ, Σ : =
i

}
σ − (−1)mτ. (5.4.26)

We refer to [56] for a more detailed discussion of the whole combinatoric of perturba-
tive expansions and Feynman diagrams.

5.4.5 The product BV structure for the BF + Σ theories

In Subsubsection 5.4.2, we have proved that there exists a BVaction for theI action,
provided(A,B) are solutions of the equations of motion of theBF action. We can
perform a perturbative expansion of the partition functionusing the gauge-fixed BV
action for theI action for any on-shell pair(A,B). We can then provide a functional
in the super BV formalism simply by replacingA andB by their super BV versionsA
andB, proving then that such a functional is indeed a BV observable in the sense of
(2.8.15).

We briefly sketch in this subsection another way to get the super BV version of
the perturbative expansion ofTI directly in a perturbative way, without restricting to
“on-shell” conditions.
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Product BV structure

We begin by introducing the algebra generated by local functionals determined by for-
mal power series in all fields and antifields of theBF action and of theI action, which
we denote by the symbolSBF,I . This algebra can be given a grading in a standard way.
The super algebra structure underlying this grading is given by the dot product.

We define the product BV antibracket onS(A,B;ααα,βββ) by the formula

(F , G )pr. : = (F , G ) + (F , G )I , (5.4.27)

for any two functionalsF ,G in SBF,I . As we see immediately from the above formula,
the bracket( , )pr. is reminiscent of the product Poisson structure on the product of
two Poisson manifolds. This is why it is called the product BVantibracket. Since
( , )pr. is a sum of two BV antibrackets, it is certainly an antibracket, i.e. it satisfies
the graded commutativity, the graded Leibnitz rule and the graded Jacobi identity.

Since( , ) and( , )I are both antibrackets, they measure separately the failures
of the corresponding Laplacians to be differentials. Therefore, a natural choice of a
Laplacian belonging to the product antibracket would be

∆pr. : = ∆BV + ∆I . (5.4.28)

In fact, it is easy to see that this operator satisfies the identity

∆pr.(F G) = ∆pr.F G+ (−1)|F | (F , G )pr. + (−1)|F |F ∆pr.G

The operator∆pr. squares to0, and satisfies a shifted graded Leibnitz rule w.r.t. the
product BV antibracket.

The BV action for the product BV structure

Now that we have introduced the product BV structure, we are ready to state the main
theorem of the section. We define the local functional

Spr. :=

∫

Rm

〈〈FA ; B 〉〉+

∫

Sm−2

〈〈ααα ; df∗Aβββ + f∗B 〉〉 .

It follows immediately thatSpr. belongs toSBF,I , and by construction it has total
degree0. We want to prove thatSpr. is a solution of the master equation w.r.t. the
product BV antibracket.

Theorem 5.4.7.The functionalSpr. satisfies the Quantum Master Equation w.r.t. the
BV antibracket( , )pr. and the BV Laplacian∆pr., i.e.

−i}∆pr.S
pr. +

1

2
(Spr. , Spr. )pr. = 0. (5.4.29)

We skip the explicit proof, mentioning only a few facts hinting to the proof. As it
was already the case for the proof of the Quantum Master Equation for the BV action
for BF theories, the proof of the Quantum Master Equation is divided into two steps,
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namely the Master Equation for the BV antibracket( , )pr. and the harmonicity w.r.t.
the BV Laplacian∆pr..

The main ingredients in the proof of the Master Equation are the functional deriva-
tives w.r.t. the superfields; in order to compute them, we need a distributional analogue
of the Poincaré dual of the imbeddingf and a way to extend forms onRm−2 to Rm

via f . A distributional Poincaré dual can be obtained from the distributional kernel of
the identity by pulling back w.r.t.f and then taking the push-forward of the result on
Rm−2; such a form is localized exactly on the image off . The extension of forms
from Rm−2 to Rm via f is obtained via a tubular neighbourhood off . The validity of
the Master Equation is then a simple consequence of the definition of the product BV
antibracket, of Stokes’ Theorem and Bianchi identity.

As for the harmonicity w.r.t. the BV Laplacian∆pr., we use the same arguments
already used for the BV action forBF theories.

We can rewrite identity (5.4.29) in a slightly different form:

−i}∆BV SI +
1

2
(SI , SI ) + (S , SI )− i}∆ISI +

1

2
(SI , SI )I = 0. (5.4.30)

Equation (5.4.30) is the basic groundstone for the next computations.

The partition function of the functional SI

We define the gauge-fixed partition function of theI action, computed at a givenf ∈
Imb∞,σ

(
Rm−2,Rm

)
, in the BV formalism:

ZfΨ : =

∫
Dθα exp

i

}
Sg.f.
I (θα) , (5.4.31)

whereΨ is a gauge-fixing fermion for the BV actionSI . (We recall that the notation
Sg.f.
I means that we have replaced any antifieldθ+α in SI by the functional derivative of

the gauge-fixing fermionΨ w.r.t. the corresponding field.)
If we consider the functional integralZfΨ as a functional depending on the super-

fields a andB (we integrate only on fields and antifields of theI action), equation
(5.4.30) implies that the gauge fixed partition function (5.4.31) is a BV observable,

ΩBV Z
Σ
Ψ = 0,

if the gauge fixing fermionΨ does not depend on any field or antifield for theBF
action. We give a sketch of the proof of the above statement. The BV operatorΩBV
commutes formally with the integral in (5.4.31) as the formal integration measure does
not depend on fields and antifields of pureBF theory. If we moreover assume the
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gauge-fixing fermion independent of the superfieldsA andB, we get

ΩBV exp
i

}
Sg.f.
I =

i

}

[
− i}∆BV S

g.f.
I +

1

2

(
Sg.f.
I , Sg.f.

I

)
+

+
i

}

(
S , Sg.f.

I

) ]
exp

i

}
Sg.f.
I =

= −
i

}

[
−i}∆ISI +

1

2
(SI , SI )I

]

θ+α =
−→
∂ Ψ

∂θα

exp
i

}
S

g.f.
I =

= i}

[
∆I

(
exp

i

}
SI

)]

θ+α =
−→
∂ Ψ

∂θα

,

since the gauge-fixing fermion is not acted by the BV coboundary as it does not depend
on the BV superfieldsA andB of BF theories. Hence, the BV operatorΩBV applied
to (5.4.31) gives

ΩBV Z
Σ
Ψ = ±i}

∫
Dθα

[
∆I

(
exp

i

}
SI

)]

θ+α =
−→
∂ Ψ

∂θα

;

the term on the right-hand side vanishes by the formal properties of the BV Laplacian
∆I (see e.g. [45]).

Moreover, similar arguments show that the infinitesimal variation of a family of
gauge-fixing fermionsΨt, not depending on fields and antifields of pureBF theory,
changes (5.4.31) by anΩBV -exact term; in other words,

d

dt

∣∣∣
t=0
ZfΨt

= ΩBV Z̃ (f ; Ψ0) ,

for Z̃ (f ; Ψ0) a functional on fields and antifields of pureBF theory, depending also
onΨ0 andf .

Obvious modifications have to be made when we consider long knots in Rm, but
the computations still hold.

5.5 Quantum observables related to imbeddings of codi-
mension2

In this section we display the superversions of the classical observables obtained by
computing explicitly the perturbative expansion of the partition function of theI-action
containing special imbeddings ofRm−2 into Rm; we also prove that these functional
in the superfields of the canonicalBF -theory are really BV observables.

The super BV version of the exponential of the parallel transport τ and of the
the torsionτ are obtained simply by replacing theA andB fields by their super BV
counterparts; the same results can be obtained directly by performing the perturbative
expansion of gauge-fixed partition function (5.4.31) of Subsection 5.4.5 of theI-piece
of the product BV action forBF + I theory. The advantage of BV formalism is that
the proof of homotopy-invariance of the exponential of the super BV versions ofσ and
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τ can be incorporated in a slight variant of the proof of theΩBV -closedness. This is
achieved by replacing the mapf by the evaluation mapev from Imb∞,σ

(
Rm−2,Rm

)
×

Rm−2 to Rm and the integrals by the corresponding push-forwards from the trivial
fibration Imb∞,σ

(
Rm−2,Rm

)
× Rm−2 over Imb∞,σ

(
Rm−2,Rm

)
; the exponential of

σ andτ becomes then a sum of forms onImb∞,σ
(
Rm−2,Rm

)
at all degrees, but we

are interested only in the piece of ghost number0, which, as we will see, is simply
a function onImb∞,σ

(
Rm−2,Rm

)
. It suffices to show that the piece of ghost number

0 of the exponential ofσ andτ is ΩBV -closed and that its exterior derivative gives
an ΩBV -exact term; both results imply together that the v.e.v. of the piece of ghost
number0 of the exponential ofσ andτ w.r.t. theBF action is well-defined and has
vanishing exterior derivative, hence giving at a perturbative level possible invariants of
higher-dimensional knots.

5.5.1 Parallel transport and supertorsion: definition

The functional that we are going to define is somehow reminiscent of the generalized
holonomy, that we introduced in [20]; we will therefore callthis functionalparallel
transport for imbeddings.

We take the BV superfieldsa andB, and we denote byai, resp.Bi, the (super-)form
on Imb∞,σ

(
Rm−2,Rm

)
with values ing, resp.g∗, defined by

ai : = (πi ◦ evn)
∗
a; Bi : = (πi ◦ evn)

∗
B.

Next, we pick the formw of highest degree onSm−3, which enjoys the following
requirements:

a) w is invariant w.r.t. the standard action ofSO(m− 2) onSm−3;

b) w is normalized in the following sense:
∫

Sm−3

w = (−1)m.

We denote byηij , for giveni 6= j ∈ {1, . . . , n}, the form of (total) degreem − 3 on
Imb∞,σ

(
Rm−2,Rm

)
× Cn(Rm−2), defined by

ηij : = (ϕ12 ◦ πij)w.

Finally, we denote byΞ a given element of the Lie algebrag.

Definition 5.5.1. Theparallel transportσ is defined as a formal seriesσ =
∑

n≥0 σn,
where then-th summand has the form:

σn(a,B; Ξ): = πn+1
∗ 〈 ad∗(a1)η12 ad∗(a2)η23 · · · ad∗(an)ηn,n+1Bn+1 , Ξ 〉 .

By definition,σn is a sum of forms onImb∞(R
m−2,Rm) of total degree0; hence,

the0-ghost number part ofσn defines a function onImb∞,σ
(
Rm−2,Rm

)
.
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Definition 5.5.2. The torsion τ is defined as a formal power seriesτ =
∑
n≥0 τn,

whereτn takes the form

τn(a) : =
1

n
πn∗ Tr [ad(a1)η12 ad(a2)η23 · · · ηn−1,n ad(an)ηn1] .

τn has also total degree0. In the above formula, the trace is taken in the adjoint
representation.

Finally, we define the functionalΣ as the exponential ofΣ: = i
}
σ − (−1)mτ .

5.5.2 The BV variation of the parallel transport and the torsion

The main feature of the functionalΣ is encoded in the following

Theorem 5.5.3.The functionalΣ satisfies the equation

(δ − (−1)md)Σ = 0. (5.5.1)

Proof. In order to show that identity (5.5.1) holds, we show separately the two identi-
ties

(δ − (−1)md) σ = 0 and (δ − (−1)md) τ = 0.

We prove the first identity.
First, we apply the exterior derivative toσ; we then use the following formula

concerning the push-forward:

dσn =(−1)(n+1)(m−2)πn+1
∗ [d 〈 ad∗(a1)η12 · · · ad∗(an)ηn,n+1Bn+1 , Ξ 〉]−

− (−1)(n+1)(m−2)πn+1
∂∗ ι∗∂,n+1 [〈 ad∗(a1)η12 · · · ad∗(an)ηn,n+1Bn+1 , Ξ 〉] ,

(5.5.2)
whereπn+1

∂∗ is the projection fromImb∞,σ
(
Rm−2,Rm

)
× ∂Cn(Rm−2) forgetting the

boundary of the fiber, andι∂,n+1 is the inclusion ofImb∞,σ
(
Rm−2,Rm

)
×∂Cn(Rm−2)

into Imb∞,σ
(
Rm−2,Rm

)
× Cn(Rm−2).

By the Leibnitz rule, we get for the first term on the right-hand side of (5.5.2):

n∑

i=1

(−1)(n+i)(m−2)πn+1
∗ [〈 ad∗(a1)η12 · · · ηi−1,i ad∗((da)i)ηi,i+1 · · ·Bn+1 , Ξ 〉] +

+ (−1)m−2πn+1
∗ [〈 ad∗(a1)η12 · · · (dB)n+1 , Ξ 〉] .

We consider the boundary term (i.e. the second term on the right-hand side of
(5.5.2). In order to compute it, we need a technical Lemma, whose statement and
proof we postpone.

Thanks to Lemma 5.5.4, we need only consider the principal faces ofCn+1(R
m−2)

corresponding to the collapse of two consecutive points. The convention (2.4.23)
for the orientations of principal faces of configuration spaces implies that, fori ∈
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{1, . . . , n}, the orientation of the face wherei andi+1 collide is given by(−1)(i+1)(m−2).
Hence, we get

n−1∑

i=1

(−1)(n−1+i)(m−2)πn∗

[
ad∗(a1)η12 · · · ηi−1,i ad∗

(
1

2
[[a ; a]]

)

i

ηi,i+1 · · ·Bn

]
+

+ (−1)m−2πn∗ [ad∗(a1)η12 · · · ad∗(an)Bn] ,

where we have used the normalization of the formw.
Summarizing all the computations so far, we get

dσn =

n∑

i=1

(−1)(n+i)(m−2)πn+1
∗ [〈 ad∗(a1)η12 · · · ηi−1,i ad∗((da)i)ηi,i+1 · · ·Bn+1 , Ξ 〉] +

+ (−1)m−2πn+1
∗ [〈 ad∗(a1)η12 · · · (dB)n+1 , Ξ 〉] +

+

n−1∑

i=1

(−1)(n−1+i)(m−2)πn∗

[
ad∗(a1)η12 · · · ηi−1,i ad∗

(
1

2
[[a ; a]]

)

i

ηi,i+1 · · ·Bn

]
+

+ (−1)m−2πn∗ [ad∗(a1)η12 · · · ad∗(an)Bn] .

If we now recall the rules for the super BV differentialδ and its action on the superfield
a andB, we get the first equation.

As for the second one, we compute first the differential ofτn:

dτn = (−1)n(m−2)πn∗ Tr d [ad (a1) η12 · · · ad (an) ηn1]−

− (−1)n(m−2)πn∂∗ι
∗
∂,n Tr [ad (a1) η12 · · · ad (an) ηn1] .

(5.5.3)

We compute explicitly the first term on the right-hand side of(5.5.3) by means of the
Leibnitz rule:

n∑

k=1

1

n
(−1)(n−k−1)(m−2)πn∗ Tr [ad (a1) η12 · · · ad (dak) ηk,k+1 · · · ] =

=
n∑

k=1

1

n
(−1)(n(m−2)+(k−1)(n−k+1)(m−2)

πn∗ Tr [ad (dak) ηk,k+1 · · · ad (an) ηn1 ad (a1) η12 · · · ] =

=

n∑

k=1

1

n
(−1)n(m−2)πn∗ Tr [ad (da1) η12 ad (a2) η23 · · · ad (an) ηn1] =

= (−1)n(m−2)πn∗ Tr [ad (da1) η12 ad (a2) η23 · · · ad (an) ηn1] .

In order to get the third equality, we have used the obvious action of the permutation
groupSn onCn

(
Rm−2

)
.
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We consider the boundary term on the right-hand side of (5.5.3); again, we make
use of Lemma 5.5.4, and therefore we need only consider the principal faces ofCn

(
Rm−2

)

corresponding to the collapse of two consecutive points andwhen the first and the last
point collapse:

n−1∑

k=1

1

n
(−1)(n−k)(m−2)+1πn−1

∗ Tr

[
ad (a1) η12 · · · ad

(
1

2
[[a ; a]]

)

k

ηk,k+1 · · ·

]
−

−
1

n
πn−1
∗ Tr [ad (a1) η12 · · · ad (a1)] =

=

n−1∑

k=1

1

n
(−1)(n−1)(m−2)+(k−1)(n−k)(m−2)+1πn−1

∗ Tr

[
ad

(
1

2
[[a ; a]]

)

k

ηk,k+1 · · ·

· · · ad (an−1) ηn−1,1 ad (a1) η12 · · ·

]
+

+
1

n
(−1)(n− 1)(m− 2) + 1πn−1

∗ Tr

[
ad

(
1

2
[[a ; a]]

)

1

η12 · · · ad (an−1) ηn−1,1

]
=

=

n−1∑

k=1

1

n
(−1)(n−1)(m−2)+1πn−1

∗ Tr

[
ad

(
1

2
[[a ; a]]

)

1

η12 · · · ad (an−1) ηn−1,1

]
+

+
1

n
(−1)(n−1)(m−2)+1πn−1

∗ Tr

[
ad

(
1

2
[[a ; a]]

)

1

η12 · · · ad (an−1) ηn−1,1

]
=

= (−1)(n−1)(m−2)+1πn−1
∗ Tr

[
ad

(
1

2
[[a ; a]]

)

1

η12 · · · ad (an−1) ηn−1,1

]
.

Summarizing the results so far, the explicit expression forthe differential forτn is

dτn =
1

n
(−1)n(m−2)πn∗ Tr [ad (da1) η12 ad (a2) η23 · · · ad (an) ηn1] +

+ (−1)(n−1)(m−2)+1πn−1
∗ Tr

[
ad

(
1

2
[[a ; a]]

)

1

η12 · · · ad (an−1) ηn−1,1

]
.

It remains to sum overn ≥ 3 and to recall again the rules of the super BV differential
δ and its action on the superfieldsa andB to get the result.

Here we come to the quoted

Lemma 5.5.4 (Vanishing Lemma for parallel transport and torsion). The only non-
trivial contributions to the boundary term of (5.5.2), resp. (5.5.3), come from the princi-
pal faces ofCn+1(R

m−2), when two consecutive vertices collapse together, resp. from
the principal faces ofCn

(
Rm−2

)
, when two consecutive vertices or the vertices1 and

n collapse together.

Proof of Lemma 5.5.4.We consider, for a givenn ≥ 3, a subsetS ⊂ {1, . . . , n} of
cardinality3 ≤ |S| ≤ n, labeling the vertices collapsing together.
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We notice that the superfieldsa andB are basic in the boundary fibration corre-
sponding to the collapse of the vertices labeled byS. Therefore, the only contributions
coming from the corresponding boundary face come from theη-propagators. It is also
obvious that anη-propagator is nonbasic only if both its endpoints lie inS.

We consider both the parallel transportσ and the torsionτ . It is easy to see that,
for anyS ⊂ {1, . . . , n} of cardinality3 ≤ |S| ≤ n, the nonbasic piece of the integrand
in both σ andτ has either a zerovalent vertex or a univalent vertex joined by an η-
propagator or a bivalent vertex joined by twoη-propagators. In all cases, Lemma 6.5.1
and Lemma 6.5.2 yield the claim.

If the cardinality ofS equals2, butS does not contain consecutive vertices or the
vertices1 andn, the corresponding contribution also vanishes by Lemma 6.5.1, since
noη-propagator is nonbasic.

Finally, we consider the case when at least one vertex escapes to infinity. When at
least one vertex escapes to infinity, all forms in the parallel transport as well as in the
torsion with at least one vertex in the setS labeling the vertices escaping to infinity are
nonbasic. This means that at least ana- or B-superfield has its argument escaping to
infinity; this yields immediately the vanishing of the corresponding contribution, since
a andB have both rapid decrease.

5.5.3 The BV Laplacian of the parallel transport and the torsion

In order to prove thatΣ is a BV-observable, it remains to compute the action of the
BV-Laplacian∆BV on it.

It is sufficient to consider only the pieces ofΣ of ghost number0 and−1 of Σ,
which are respectively a function and a1-form on Imb∞,σ

(
Rm−2,Rm

)
. It is not dif-

ficult to check that the piece ofΣ of ghost number0, resp.−1, is the exponential of
the piece og shot number0 of σ − (−1)mτ , resp. the piece of ghost number−1 of
σ − (−1)mτ multiplied by the piece of ghost number ofΣ:

Σ0 = exp

[
i

}
σ0 − (−1)mτ0

]
and Σ−1 =

[
i

}
σ−1 − (−1)mτ−1

]
Σ0,

where the superscripts0 and−1 refer to the respective ghost numbers. By its very def-
inition, if we consider a givenf ∈ Imb∞,σ

(
Rm−2,Rm

)
, Σ0 evaluated atf is obtained

simply by replacing the pull-backs w.r.t. evaluation maps in Σ by pull-backs w.r.t.f .
We can then prove

Theorem 5.5.5.The functionalsΣi, for i ∈ {−1, 0}, satisfy the equation

∆BV Σi = 0.

Proof. Using the main properties of the super BV Laplacian∆, we obtain

∆Σ = 0⇐⇒
1

2

((
i

}
σ − (−1)mτ ;

i

}
σ − (−1)mτ

))
+

+
i

}
∆σ − (−1)m∆τ = 0.
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Clearly,(( τ ; τ )) = 0 and∆τ = 0, as the torsionτ depends only ona.
It is enough to show the following identities:

• ∆BV σ
0 = 0,

•
(
σ0 , σ0

)
=
(
σ0 , τ0

)
= 0,

• ∆BV σ
−1 = 0,

•
(
σ0 , σ−1

)
=
(
σ0 , τ−1

)
=
(
σ−1 , τ0

)
= 0

First of all, we give the explicit formulae for the functional derivatives ofσn w.r.t.
a andB and the functional derivative ofτn w.r.t. a:

σn
←−
∂

∂B
= (−1)[

n(n−1)
2 +1]m+1πn+1

∗

〈〈
ad (an) ηn,n+1 · · · ad (a1) η12Ξ ;

Bn+1
←−
∂

∂B

〉〉
;

(5.5.4)
−→
∂ σn
∂a

=

n∑

k=1

(−1)
n(n−1)

2 m+nπn+1
∗

〈〈
ad (an+1) ηn,n+1 · · · ad

(−→
∂ ak

∂a

)
ηk,k+1 · · ·Ξ ; Bn+1

〉〉
;

(5.5.5)
−→
∂ τn
∂a

= πn∗ Tr

[
ad (a1) η12 · · · ad

(−→
∂ an

∂a

)
ηn1

]
. (5.5.6)

The computations leading to these formulae are straightforward, using the definitions
of the functional derivatives w.r.t.a andB; one has to be careful in regard to the sign
rules involved, keeping track of the total degrees involved. E.g. we compute the left
functional derivative ofτn w.r.t. a:

d

dt

∣∣∣
t=0

τn (a + tρa) =

n∑

k=1

1

n
πn∗ Tr [ad (a1) η12 · · · ad (ρa)k ηk,k+1 · · · ] =

= πn∗ Tr [ad (a1) η12 · · · ad (ρa)n ηn1] =

= πn∗ Tr

[
ad (a1) η12 · · · ad

(∫

Rm

〈〈
ρa ;

−→
∂ an

∂a

〉〉)
ηn1

]
=

=

∫

Rm

〈〈
ρa ; πn∗ Tr

[
ad (a1) η12 · · · ad

(−→
∂ an

∂a

)
ηn1

]〉〉
.

The second equality is the result of a cyclic permutation of the points inCn
(
Rm−2

)
;

the third follows directly by the definition of functional derivative.
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Recalling the main properties of the super BV Laplacian∆, we compute∆σn:

∆σn = (−1)
n(n−1)

2 m+n
∆
[
πn+1
∗ 〈〈 ad (an) ηn,n+1 · · · ad (a1) η12Ξ ; Bn+1 〉〉

]
=

= (−1)[
n(n−1)

2 +(n+1)]m+nπn+1
∗ {∆ [〈〈 ad (an) ηn,n+1 · · · ad (a1) η12Ξ ; Bn+1 〉〉]} =

= (−1)
n(n−1)

2 m+nπn+1
∗

[∫

Rm

〈〈
Bn+1,α

←−
∂

∂B
;

−→
∂ 〈〈 ad (an) ηn,n+1 · · ·Ξ ; ξα 〉〉

∂a

〉〉]
=

=

n∑

k=1

(−1)[
n(n−1)

2 +(n−k)]m+nπn+1
∗

{[∫

Rm

〈〈
Bn+1,α

←−
∂

∂B
;

−→
∂ a

β
k

∂a

〉〉]

〈〈 ad (an) ηn,n+1 · · · ad (Xβ) ηk,k+1 · · ·Ξ ; ξα 〉〉

}
=

=

n∑

k=1

(−1)[
n(n−1)

2 +(n−k+1)]m+(n+1)πn+1
∗ {∆ (〈〈Bn+1 ; ak 〉〉)

Tr [ad (an) ηn,n+1 · · · ad (ak+1) ηk+1,k+2 ad (ηk,k+1 ad (ak−1) ηk−1,k · · ·Ξ)]} .
(5.5.7)

By eα, resp.εα, we have denoted theα-th element of a chosen basis ofg, resp. the
corresponding dual basis vector; in the above computations, we have used that the
super BV Laplacian formally vanishes on functionals which do not contain both a field
and the corresponding antifield.

On the other hand, we consider the super BV antibracket ofσp andτq:

((σp ; τq )) = (−1)[
p(p−1)

2 +(p+1)(q+1)+1]m+pπp+1
∗ πq∗ {∆ (〈〈Bp+1 ; aq 〉〉)

〈〈 ad (ap) ηp,p+1 · · ·Ξ ; ξα 〉〉Tr [ad (a1) η12 · · · ad (Xα) ηq1]} =

= (−1)[
p(p−1)

2 +q]m+pπp+1
∗ πq∗ {∆ (〈〈Bp+1 ; aq 〉〉)

Tr [ad (a1) η12 · · · ηq−1,q ad (ad (ap) ηp,p+1 · · ·Ξ) ηq1]} =

= (−1)[
p(p−1)

2 +pq]m+pπp+q+1
∗ {∆ (〈〈Bp+1 ; ap+q+1 〉〉)

Tr [ad (ap+2) ηp+2,p+3 · · · ad (ap+q) ηp+q,p+q+1ηp+q+1,p+2

ad (ad (ap) ηp,p+1 · · · ad (a1) η12Ξ)]} =

= (−1)[
p(p−1)

2 +pq+
(q−1)(q−2)

2 ]m+pπp+q+1
∗ {∆ (〈〈Bp+1 ; ap+q+1 〉〉)

Tr [ad (ap+q) ηp+q,p+q−1 · · · ad (ap+2) ηp+2,p+q+1ηp+q+1,p+q

ad (ad (ap) ηp,p+1 · · · ad (a1) η12Ξ)]} =

= (−1)[
p(p−1)

2 +(pq+1)+ (q−1)(q−2)
2 ]m+p+q+1πp+q+1

∗ {∆ (〈〈Bp+1 ; ap+q+1 〉〉)

Tr [ad (ap+q) ηp+q,p+q+1 · · · ad (ap+2) ηp+2,p+3ηp+q+1,p+2

ad (ad (ap) ηp,p+1 · · · ad (a1) η12Ξ)]} =

= (−1)[
(p+q)(p+q+1)

2 +q+1]m+(p+q+1)πp+q+1
∗ {∆ (〈〈Bp+q+1 ; ap+1 〉〉)

Tr [ad (ap+q) ηp+q,p+1 · · · ad (ap+2) ηp+2,p+3ηp+1,p+2

ad (ad (ap) ηp,p+q+1 · · · ad (a1) η12Ξ)]} .
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The first equality follows from the definition of the super BV antibracket and of the
super BV Laplacian, from equation (5.5.4) and (5.5.6), fromequation (3.3.11) and
once again since the BV Laplacian formally vanishes on functionals not containing
a field and the corresponding antifield. We obtain the second identity by inserting
the functional〈〈 ad (ap) ηp,p+1 · · ·Ξ ; ξα 〉〉 in the trace at theq-th position. The third
identity follows by casting together all integrations overCp+1

(
Rm−2

)
andCq

(
Rm−2

)
,

recalling the orientation conventions on configuration spaces. The fourth identity is a
result of the application of the permutation

(
1 · · · p+ 1 p+ 2 p+ 3 · · · p+ q − 1 p+ q p+ q + 1
1 · · · p+ 1 p+ q p+ q − 1 · · · p+ 3 p+ 2 p+ q + 1

)

in Sp+q+1 onCp+q+1

(
Rm−2

)
. The fifth identity is a consequence of moving allη-

propagators in the middle expression by one position and successively permuting the
positions of their arguments. Finally, the last identity isobtained by applying the per-
mutation exchanging the pointsp+ q + 1 andp+ 1.

The crucial fact now is the presence of the (pull-back of the)super BV Laplacian
of 〈〈π∗1B ; π∗2a 〉〉, whereπi, i = 1, 2, are the natural projections fromC2(R

m) onto its
factors. It is possible to obtain an explicit expression for〈〈π∗1B ; π∗2a 〉〉 by straightfor-
ward computations similar to those for the BV Laplacian of the canonicalBF action
in Subsection 3.4.3:

∆ (〈〈 π∗1B ; π∗2a 〉〉) = (−1)m−1 dim g δ(x− y)

[
m∑

k=0

∑

1≤µ1<...

<µm−k≤m

(−1)kdxµ1,...,µm−k

∧ ?
(
dyµ1...µm−k

)
]
,

(5.5.8)
wheredxµ1,...,muk

: = dx1 ∧ · · · ∧ dxk. In equation (5.5.8),δ denotes the usual Dirac
δ-distribution concentrated at0.

Thus,∆ (〈〈π∗1B ; π∗2a 〉〉) is a distributional form onRm×Rm; moreover, a simple
computation shows that (up to the multiplicative constant(−1)m−1 dim g) (5.5.8) is
the distributional kernel of the identity operator on formswith compact support or
rapid decrease onRm, i.e.

π2∗ [∆ (〈〈π∗1B ; π∗2a 〉〉) ∧ π∗1ω] = (−1)m−1 dim g ω, ∀ω ∈ Ω∗ (Rm) , (5.5.9)

where nowΩ∗ (Rm) means forms onRm with compact support or rapid decrease.
Clearly, the distributional forms∆ (〈〈Bn+1 ; ak 〉〉) and ∆ (〈〈Bp+q+1 ; ap+1 〉〉) are
pull-backs resp. of∆ (〈〈π∗1B ; π∗2a 〉〉) w.r.t. the composition of the evaluation map on
Imb∞,σ

(
Rm−2,Rm

)
×Rm−2 with the projections fromCn+1

(
Rm−2

)
andCp+q+1

(
Rm−2

)

ontoC2

(
Rm−2

)
on then+ 1-th andk-th point, resp. on thep+ q + 1-th andp+ 1-th

point.
The main idea is that, if we considerΣi for i = in {0,−1}, which correspond to a

function, resp. a1-form, on Imb∞,σ
(
Rm−2,Rm

)
, the (pull-back w.r.t. evaluation map

and respective projections of)∆ (〈〈π∗1B ; π∗2a 〉〉) has to be a form of degree at most
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one inImb∞,σ
(
Rm−2,Rm

)
in both cases by the presence of push-forwards along the

configuration spaces.
Since the pull-back of∆ (〈〈π∗1B ; π∗2a 〉〉) w.r.t. the composition of the evalua-

tion map and projections from someCn
(
Rm−2

)
into any two factors is a form of

degreem on Imb∞,σ
(
Rm−2,Rm

)
× Cn

(
Rm−2

)
, with at most a form component in

Imb∞,σ
(
Rm−2,Rm

)
and the presence of the Dirac distribution localizes the twoRm−2-

arguments of the distributional form on the diagonal ofRm−2 × Rm−2, which is iso-
morphic toRm−2, the pull-back of∆ (〈〈π∗1B ; π∗2a 〉〉) automatically vanishes since it
has degree bigger than the dimension of the space where it is defined. The claim fol-
lows now by the relationship between super BV antibracket and usual BV antibracket,
and super BV Laplacian and usual BV Laplacian.

As for the antibracket ofσ with itself, we write the result of the computations,
which are analogous to the computations leading to the explicit expression for the super
BV antibracket ofσp with τq, recalling equations (5.5.4) and (5.5.5):

∫

Rm

〈〈
σp
←−
∂

∂B
;

−→
∂ σq
∂a

〉〉
=

q∑

k=1

(−1)[
p(p−1)

2 + q(q−1)
2 +(p+1)q+k]m+(p+q)

πp+q+2
∗ 〈〈∆ (〈〈Bp+q+2 ; ap+k 〉〉) ad (ap+q) ηp+q,p+q+1 · · ·

· · · ad (ak+p+1) ηk+p+1,k+p+2ηk+p,k+p+1

[[ad (ak+p−1) ηk+p−1,p+q+2 · · · ad (ak) ηk,k+1Ξ;

ad (ak−1) ηk−1,k+p · · · ad (a1) η12Ξ]];Bp+q+1〉〉 .
(5.5.10)

Restricting to the pieces ofσp andσq of ghost number0 and−1, we can repeat the
same formal argument we have used above to evaluate the superBV Laplacian ofσ
and the super BV antibracket ofσ with τ .

The two preceding theorems imply immediately that the pieceof exp i
}
σ − τ

of ghost number0 is aBV -observable modulod-exact forms, or, alternatively, that
its expectation value is a locally constant function (up to anomalies) on the space
Imb∞,σ

(
Rm−2,Rm

)
, yielding potential invariants of long knots inRm.
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Chapter 6

The perturbative expansion

6.1 The perturbative expansion

In the previous section we have introduced the BV superversion of the observableΣ,
which was the correct way to interpret, as a perturbative series, partition function of
theI-action for special imbeddings fromRm−2 into Rm. As we have already seen, the
piece of ghost number0 of Σ is a BV observable; therefore, we may explicitly evaluate
the v.e.v. of the exponential ofΣ w.r.t. the canonicalBF -action as a perturbative series,
and since the exponential ofΣ is a BV observable, the perturbative series (which needs
a gauge-fixing condition in order to invert the quadratic part of theBF -action) does
not depend on the gauge-fixing.

We begin by rewriting the exponential ofΣ in another shape. Sincea takes value
in g andB in g∗, we may choose a basis ofg and its dual basis, which we denote by
{X1, . . . , Xd}, resp.

{
ξ1, . . . , ξd

}
(d is the dimension ofg), and hence we may write

a andB as
a = a

αXα, B = Bαξ
α.

As always, a summation over repeated indices is understood.
We may then rewriteσn andτn as follows:

σn = (−1)(m−1) n(n−1)
2 +nπn+1

∗

(
a
α1

1 · · · a
αn
n B

n+1
β

n∏

i=1

ηi,i+1

)

〈
ξβ , ad(Xαn

) · · · ad(Xα1)Ξ
〉
;

τn =
1

n
(−1)(m−3) n(n−1)

2 πn∗


a

α1
1 · · · a

αn
n

n∏

i=1:
n+1≡1

ηi,i+1


Tr [ad (Xα1) · · · ad (Xαn

)] .

Analogously, the trivalent partStriv of the BV action for canonicalBF theories may be
written as

Striv : =
1

2

∫

Rm

〈〈B ; [[a ; a]] 〉〉 =
1

2

(∫

Rm

Bεa
η
a
θ

)
〈 ξε , [Xη , Xθ ] 〉 .
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For computational reasons, it is better to rescale the superfields a andB by the
square root ofi

}
; the rescaling modifiesσ, τ and the trivalent part of the BV action as

follows

i

}
σn 7→

(
}

i

)n−1
2

σn; τn 7→

(
}

i

)n
2

τn; Striv 7→

(
}

i

)
Striv .

With all these preliminaries, we may write the exponential of i
}
Striv and Σ as

follows:

exp
i

}
Striv exp Σ =

∑

p,q,r≥0

p∏

i=1

q∏

j=1

r∏

k=1

∑

ni≥0

∑

mk≥3

1

p!q!r!

1

2q
1

mk

(
}

i

)−p+q+
Pp

i=1
ni+

Pr
k=1 mk

2

(−1)

hPp
i=1

ni(ni−1)

2 +
Pr

k=1

mk(mk−1)

2 +r
i
(m−1)+

Pp
i=1 ni

[∫

Rm

Bεj
a
ηka

θk

]

[
πni+1
∗

(
a
αi

1
1 · · ·B

ni+1
βi

ni∏

l=1

ηl,l+1

)]
πmk
∗


a

αk
1

1 · · · a
αk

mk
mk

mk∏

k=1
mk+1≡1

ηj,j+1







〈 ξεj , [Xηk
, Xθk

] 〉
〈
ξβi , ad

(
Xαi

ni

)
· · · ad

(
Xαi

1

)
Ξ
〉

Tr
[
ad
(
Xαk

1

)
· · · ad

(
Xαk

mk

)]
.

(6.1.1)
First of all, we give a closer look to the term containing powers of }

i : the exponent

is −p+q+
Pp

i=1 ni+
Pr

k=1mk

2 . Since we are looking for nontrivial Feynman diagrams and
since the number ofa andB superfields are directly linked top, q, r, ni andmk, we
may establish a condition for possibly nontrivial Feynman diagrams depending onp,
q, r, ni andmk.

Namely, the number ofB-superfields equalsq+p, while the number ofa-superfields
equals2q +

∑p
i=1 ni +

∑r
k=1mk. Therefore, possible nontrivial Feynman diagrams

are characterized by the following equation

q + p = 2q +

p∑

i=1

ni +
r∑

k=1

mk =⇒ p = q +

p∑

i=1

ni +
r∑

k=1

mk. (6.1.2)

Therefore, ifp, q, r, ni andmk do not satisfy equation (6.1.2), the corresponding v.e.v.
vanishes. Moreover, it is immediate to see that the corresponding power of}i vanishes.

We refer to the order of a possibly nontrivial Feynman diagram as top.

6.1.1 Feynman rules

Now that we have established a condition for possibly nontrivial Feynman diagrams
coming from the perturbative expansion of the exponential of Σ w.r.t. the canonical
BF -theory, we want to perform explicit computations. In orderto do so, we have first
to display the Feynman rules for the superpropagator and forthe vertices.

As we have discussed previously, the v.e.v. of the exponential of Σ w.r.t. theBF -
action does not depend on the gauge-fixing condition we have chosen to evaluate the
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quadratic part of the BV action. We have chosen a generalization of the covariant
gauge-fixing condition in3 dimensions; as we have already seen, with this choice of
gauge-fixing, the superpropagator onRm is simply

〈
π∗1 (Bα) π∗2

(
a
β
)〉

g.f.
= θ12 δ

β
α, (6.1.3)

whereπi denotes the projection fromRm×Rm onto thei-th component;δβα denotes the
usual Kroneckerδ-function. Byθ12 we have denoted the pull-back on the configuration
spaceC0

2 (Rm) of two points inRm of the normalized,SO(m)-invariant top-formv on
Sm−1 by the map (2.4.5);v is even, resp. odd, w.r.t. the action of the antipodal map on
Sm−1. The superpropagator

〈
π∗1 (Bα) π∗2

(
aβ
)〉

g.f.
is clearly ill-defined on the diagonal

of Rm × Rm, thus it needs a regularization. The regularization we havechosen is
to replace the open configuration spaceC0

2 (Rm) by its Fulton-MacPherson–Axelrod–
Singer compactificationC2(R

m); since, by Theorem 2.4.6, the map (2.4.5) extends
smoothly fromC0

2 (Rm) toC2(R
m), theBF theory can be regularized (a posteriori) by

passing from the (at first sight) obvious spaceRm×Rm on which the superpropagator
lives to the compactificationC2(R

m).

or or

Figure 6.1: Theθ-propagator

In Figure 6.1.1 we have included the three cases when theθ-propagator hasa) two
internal vertices,b) an internal and an external vertex andc) two external vertices. An
internal vertex is depicted as a small dot, while an externalvertex is depicted as a bigger
circle.

After having defined the superpropagator, we now give the Feynman rules for the
vertices.

In general, points inRm−2 andRm will be called from now onvertices. Vertices in
Rm−2, resp. inRm, are calledinternal, resp.external. From now on, we will call the
superpropagatorθ-propagator. It is clear from equation (6.1.1) that nontrivial Feynman
diagrams are products ofθ- andη-propagators.

Thevalenceof a vertex (be it internal or external) is defined as the number of θ-
andη-propagators meeting at the given vertex.

We can read directly from equation (6.1.1) that an internal vertex can only be:

i) univalent joined by aθ-form;

ii) bivalent joined by exactly oneθ-form and exactly oneη-form;

iii) trivalent joined by exactly oneθ-form and twoη-propagators.

On the other hand, an inspection of equation (6.1.1) gives the rule for external vertices:

i) An external vertex can only be trivalent joined by threeθ-propagators.

These are the Feynman rules that we need to start an explicit evaluation of the v.e.v. of
the exponential ofΣ.
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Pictorially, an internal vertex is denoted by a dot, while anexternal one is denoted
by a bigger circle. As we have seen before,η-propagators are depicted by dashed (ori-
ented) lines, whileθ-propagators are depicted by solid (oriented) lines. The orientation
of a propagator is directly linked to the dimensionm: a propagator has to be oriented
if and onlym is odd (this depends on the parity of the propagators w.r.t. the antipodal
map onSm−3 andSm−1).

i

Figure 6.2: A univalent internali vertex joined by aθ-propagator; the dashed line
coming out from the internal vertexi denotes the Lie-algebraic coefficientΞ

i

Figure 6.3: A bivalent internal vertexi joined by aθ- and anη-propagator

i

Figure 6.4: A trivalent internal vertexi joined by oneθ- and twoη-propagators

The order of a possibly nontrivial Feynman diagram is given by equation (6.1.2).
For p, q, r, ni andmk given, satisfying equation (6.1.2), the number ofη-propagators
is exactly

∑p
i=1 ni +

∑r
k=1mk. Since there must be exactlyp + q θ-propagators, it

follows that the total number number ofθ- andη-propagators for a possibly nontrivial
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 i

Figure 6.5: A trivalent external vertexi joined by threeθ-propagators

Feynman diagram of orderp is exactly

(p+ q) +

p∑

i=1

ni +

r∑

k=1

mk
By equation (6.1.2)

= 2p.

Therefore, a possibly nontrivial Feynman diagram of orderp has exactly2p θ- and
η-propagators.

We discuss next two particular situations which cannot occur in the perturbative
expansion. A crucial rôle in the derivation of these obstructions is played by the Lie-
algebraic coefficients ofStriv , σ andτ .

First, we consider equation (6.1.1), and we single out two particular terms, namely

π1
∗

(
B1
β

)
andπni+1

∗

(
a
αi

1
1 · · ·B

ni+1
βi

∏ni

l=1 ηl,l+1

)
, for ni ≥ 1. We assume that we

couple through the superpropagator (6.1.3)B1
β to a

αi
1

1 ; because of the definition of the
superpropagator, the indexβ must be equal toαi1. We inspect the corresponding Lie-
algebraic coefficients, under the assumptionsβ = αi1

〈
ξβ , Ξ

〉 〈
ξβi , ad

(
Xαi

ni

)
· · · ad (Xβ) Ξ

〉
=
〈
ξβi , ad

(
Xαi

ni

)
· · · ad (Ξ)Ξ

〉
= 0,

by the antisymmetry of the Lie-bracket.
Similarly we consider again equation (6.1.1). This time, wesingle out two terms

π1
∗

(
B1
β1

)
andπ1

∗

(
B1
β2

)
and

∫
Rm Bεj

aηkaθk (of course, the index1 in the first two in-

tegrals are not the same). We assume that we have coupled e.g.B1
β1

to aη andB1
β2

to aθ;
hence, the indicesβ1 andη, andβ2 andθ have to be equal. Hence, the corresponding
Lie-algebraic coefficients become

〈
ξβ1 , Ξ

〉 〈
ξβ2 , Ξ

〉
〈 ξεj , [Xβ1 , Xβ2 ] 〉 = 〈 ξεj , [ Ξ , Ξ ] 〉 = 0,

again by antisymmetry of the Lie-bracket.
If we translate these two results in a more formal language, the corresponding Feyn-

man rules are as follows
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i) No Feynman diagram can contain a bivalent internal vertexwith anη-form and
a θ-form meeting there, such that theθ-form connects the given vertex to a uni-
valent internal vertex.

ii) No Feynman diagram can contain a trivalent external vertex, such that two of
the threeθ-propagators meeting there connect the external vertex to two distinct
univalent internal vertices.

= 0
i

Figure 6.6: The Feynman rulei); the dashed line coming out from the internal vertexi
means the presence of the Lie-algebraic termΞ

= 0

Figure 6.7: The Feynman ruleii)

Remark6.1.1. In fact, the second Feynman rule has also another explanation: if we
consider the involution exchanging the two univalent internal vertices, we see that this
involution (which is orientation-preserving, resp. -reversing, if m is even, resp. odd)
maps to corresponding Feynman diagram to minus itself, in the same spirit of the van-
ishing lemmata of Subsection 6.5.1.

6.1.2 The presence of “tadpoles”

As one can immediately get from equation (6.1.1) and from theFeynman rules for the
superpropagator and the vertices, there is another situation which can occur, which we
have not yet discussed, namely the appearance of so-called “tadpoles”. We consider an
interaction term coming from the trivalent piece of the BV action 1

2

∫
Rm Bεa

ηaθ; the
corresponding Lie algebraic coefficient is simply〈 ξε , [Xη , Xθ ] 〉.

A tadpole is the result of the operation connecting theB-form in the given inter-
action term to one of the twoa-forms in the same interaction term. Clearly, the result
is ill-defined, as the arguments of the superpropagator coincide. The corresponding
Lie-algebraic coefficient takes the form

Tr [ad (Xγ)] ,
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whereγ is the renamed index connected to the survivinga-form. We may regularize
the result in the following way: we take a smooth, normalizedvector fieldν on Rm

(hence,ν is everywhere nonvanishing), and then consider the limit

θν(x) : = lim
ε↓0

θ12(x+ εν(x), x). (6.1.4)

If we view ν as a map fromRm to itself, thenθν is simply the pull-back w.r.t.ν of
v. Of course, the regularizedθ-form θν depends clearly explicitly on a choice of a
normalized vector fieldν.

There are two ways of eliminating tadpoles. One is to take e.g. a unimodular Lie
algebrag, which has the property that the adjoint action is trace-free. Therefore, the
Lie-algebraic coefficient of a regularized Feynman diagramcontaining a tadpole is
zero, hence also the Feynman diagram.

Another way, which does not require particular assumptionson the Lie algebrag,
is to add to the BV action an additional piece, whose presenceis to provide countert-
erms for tadpoles. Since theB-form may be connected to any of the twoa-forms, the
coefficient12 before the interaction is cancelled when we consider the tadpole. It turns
out that the counterterm that does the job is given by

Sc.t.: =

∫

Rm

Tr
[
ad (a) θν

]
= −

(∫

Rm

a
αθν

)
Tr [ad (Xα)] , (6.1.5)

whereθν is the same as in equation (6.1.4).
We add this term to the BV action; we have only to check that theexponential of

Sc.t. is a BV quantum observable. Clearly, the BV Laplacian ofSc.t. vanishes as well
as the BV antibracket ofSc.t. with itself, sinceSc.t. depends only ona, hence it cannot
contain a field and the corresponding antifield.

On the other hand, we compute the super BV differential ofSc.t.:

δSc.t. =

∫

Rm

Tr
[
ad (FA) θν

]
=

=

∫

Rm

Tr
[
ad (da) θν

]
+

1

2

∫

Rm

Tr
[
ad ([[a ; a]]) θν

]
=

=

∫

Rm

d Tr
[
ad (a) θν

]
+

1

2

∫

Rm

Tr
[
ad (a) ad (a) θν

]
=

= 0,

sinceθν is closed and by Stokes’ Theorem and by the cyclicity of the trace.
Hence, the corrected BV actionS + Sc.t. satisfies also the Quantum Master Equa-

tion, and we then take the v.e.v. of the piece of ghost number0 of the exponential ofΣ
w.r.t. the same gauge-fixing condition as before, the only difference being that we have
to include in the interaction term also the counterterm for tadpoles. Hence, equation
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(6.1.1 becomes

exp

(
i

}
Striv − (−1)mSc.t.

)
exp Σ =

∑

p,q,r,s≥0

p∏

i=1

q∏

j=1

r∏

k=1

s∏

l=1

∑

ni≥0

∑

mk≥3

1

p!q!r!s!

1

2q
1

mk

(
}

i

)−p+q+s+
Pp

i=1
ni+

Pr
k=1 mk

2

(−1)

hPp
i=1

ni(ni−1)

2 +
Pr

k=1

mk(mk−1)

2 +r+s
i
(m−1)+

Pp
i=1 ni

[∫

Rm

Bεj
a
ηka

θk

] [∫

Rm

a
γlθν

][
πni+1
∗

(
a
αi

1
1 · · ·B

ni+1
βi

ni∏

l=1

ηl,l+1

)]


πmk
∗


a

αk
1

1 · · · a
αk

mk
mk

mk∏

k=1
mk+1≡1

ηj,j+1





Tr [ad (Xγl

)] 〈 ξεj , [Xηk
, Xθk

] 〉

〈
ξβi , ad

(
Xαi

ni

)
· · · ad

(
Xαi

1

)
Ξ
〉

Tr
[
ad
(
Xαk

1

)
· · · ad

(
Xαk

mk

)]
.

(6.1.6)
Clearly, equation (6.1.2) has also to be modified:

p = q + s+

p∑

i=1

ni +
r∑

k=1

mk. (6.1.7)

Hence, possible nontrivial Feynman diagrams are characterized byp, q, r, s, ni and
mk satisfying equation (6.1.7), and we still refer top as to the order of such a diagram.
As before, for such diagrams, the exponent of}

i vanishes also.
We may summarize all the above computations in the following

Proposition 6.1.2.The v.e.v. of the exponential ofΣ w.r.t. the renormalizedBF action
by the countertermSc.t. does not contain tadpoles.

6.2 Feynman diagrams of order1

We want to compute all possibly nontrivial Feynman diagramsof order1. equation
(6.1.2) takes the form, forp = 1,

q + n1 +

r∑

k=1

mk = 1.

Since allmk ’s all bigger than3, r has to zero, if equation (6.1.2) is satisfied. Since by
Proposition 6.1.2 we can discard tadpoles, it is not difficult to see that there is only one
possible solutions, namely(1; 0; 0).

Recalling equation (6.1.1), the solution(1; 0; 0) corresponds to

−π2
∗

(
a
α1
1 B

2
βη12

) 〈
ξβ , ad (Xα1) Ξ

〉
;
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taking the superpropagator betweenB2
β anda

α1
1 , recalling equation (6.1.3), we get

(∫

C2,0

θ12η12

)
Tr [ad (Ξ)] . (6.2.1)

We see immediately that a choice of an e.g. unimodular Lie algebrag is not good,
because such a choice eliminates automatically (6.2.1).

The integral
∫
C2,0

θ12η12 is represented by the Feynman diagram

1 2

Figure 6.8: The Feynman diagram of order1

First of all, we consider onC2,0 the permutation of the two internal vertices:
∫

C2,0

θ12η12
1↔2
= (−1)m

∫

C2,0

θ21η21 = (−1)m
∫

C2,0

θ12η12,

where we made use of the parity ofv andw w.r.t. the antipodal maps onSm−1 and
Sm−3. Hence, ifm is odd, the functionΘ1 vanishes automatically; we assume there-
forem even.

We compute the exterior derivative ofΘ1. Sinceη- andθ-propagators are closed,
it follows

dΘ1 = −

∫

∂C2,0

θ12η12,

whereη and θ denote the restriction ofη- and θ-propagators to the codimension-1
boundary∂C2,0 of C2,0.

The boundary∂C2,0 has three codimension-1 faces, namelyi) when both internal
vertices collapse together,ii) when one of the two vertices escapes to infinity andiii)
when both vertices escape to infinity.

We will deal first with the three boundary faces at infinity. When one of the
two vertices escapes to infinity, the corresponding contribution vanishes by means of
Lemma 6.5.9, since in both cases theθ-propagator has exactly one vertex escaping to
infinity. When both vertices escape to infinity, Lemma 6.5.9 yields the vanishing of the
corresponding contribution.

Finally, by Lemma 6.5.13, we consider them − 1-form onI
(
Rm−2,Rm

)
corre-

sponding to the contribution of the boundary face where bothinternal vertices collapse
together:

Θ̂1 : =

∫

Sm−3

θ̂ w, (6.2.2)
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whereθ̂ denotes the pull-back ofv w.r.t. the map fromI
(
Rm−2,Rm

)
×Sm−3 toSm−1

(α;x) 7→
α(x)

||α(x)||
.

(thenormalized tangent map, borrowing notation from [17]). Sincêθ andw are both
closed,Θ̂1 is also closed by the generalized Stokes Theorem.

6.3 Feynman diagrams of2: the Bott invariant

In this subsection, we compute and discuss the term of order2 of the perturbative ex-
pansion. We will obtain a function onImb∞,σ

(
Rm−2,Rm

)
, which is the sum of three

Feynman diagrams. We will omit the explicit computations leading to the three Feyn-
man diagrams, referring to the Feynman rules. We will but notice that we do not con-
sider neither diagrams with tadpoles (which do not contribute to the perturbative expan-
sion thanks to the counterterm (6.1.5)) nor non-connected diagrams; also, we will con-
sider only the configuration space integrals correspondingto the given Feynman dia-
grams with their signs and numerical coefficients without the Lie-algebraic coefficient,

which for all connected diagrams without tadpoles of order2, equalsTr
[
ad (Ξ)

2
]
.

We show first that the diagrams in question vanish in even dimension, as a conse-
quence of the action of the permutation groupsS3 andS4 on configuration spaces.
Furthermore, using the action ofS4 on configuration spaces, the sum of the three
diagrams may be rewritten as a sum of two integrals containing cyclic sums ofη-
propagators, so that we can identify it with the invariant constructed by Bott in [9] for
2m− 1-spheres imbedded inR2m+1. Finally, we prove rigorously that this function is
indeed an invariant, making use of various vanishing lemmata.

6.3.1 The explicit Feynman diagrams of order2

We give first explicit expressions for the three Feynman diagrams at order2:

D2,tr. : =

∫

C4,0

θ13θ24η12η23; (6.3.1)

D2,sq.: =
1

2

∫

C4,0

θ13θ24η12η34; (6.3.2)

D2,sq.ext.: =

∫

C3,1

θ14θ24θ34η12. (6.3.3)

We first show that all functions (6.3.1), (6.3.2) and (6.3.3)vanish ifm is even.
Taking (6.3.1), we consider the permutation of the points labeled by1 and3:

∫

C4,0

θ13θ24η12η23 = (−1)m
∫

C4,0

θ31θ24η32η21 = (−1)m+3m+(m−3)

∫

C4,0

θ13θ24η12η23 =

= (−1)m−1

∫

C4,0

θ13θ24η12η23.
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As for (6.3.2), we consider the permutation exchanging the point labeled by1 with the
one labeled by2 and the point labeled by3 with the one labeled by4. This permutation
obviously preserves orientation form even and odd. Therefore, we get
∫

C4,0

θ13θ24η12η34 =

∫

C4,0

θ24θ13η21η43 = (−1)(m−1)+4m

∫

C4,0

θ13θ24η12η34 =

= (−1)m−1

∫

C4,0

θ13θ24η12η34.

Finally, taking (6.3.3), we consider the cyclic permutation exchanging the points la-
beled by1 and2; it is orientation-preserving, resp. -reversing, form even, resp. odd. It
follows
∫

C3,1

θ14θ24θ34η12 = (−1)m
∫

C3,1

θ24θ14θ34η21 = (−1)m−1

∫

C3,1

θ14θ24θ34η12.

We consider the sum of (6.3.1), (6.3.2) and (6.3.3)

Θ2 : =

∫

C4,0

θ13θ24η12η23 +
1

2

∫

C4,0

θ13θ24η12η34 +

∫

C3,1

θ14θ24θ34η12. (6.3.4)

Hence, the functionΘ2 is nonzero only in odd dimensions. Using again the action of
S4 andS3 on the configuration spacesC4 andC3,1, we may rewrite (6.3.4) in the form

Θ2 =
1

8

∫

C4,0

θ13θ24η
2
1234 +

1

3

∫

C3,1

θ14θ24θ34η123, (6.3.5)

whereη1234 andη123 are the following cyclic sums:

η1234 : = η12 + η23 + η34 + η41; η123 : = η12 + η23 + η31.

The function (6.3.5) may be then viewed as a function on the spaceImb∞,σ
(
Rm−2,Rm

)
,

for m odd.
The function (6.3.5) takes the diagrammatic form

+ 
1

2
−

1

2

3

4

1 2

3

4

1 2

3 4

Figure 6.9: The Feynman diagram corresponding to the Bott invariant
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6.3.2 The functionΘ2 is an invariant

The task now is to compute the exterior derivative of (6.3.4).
At this point, it is better to make a change in the tautological form θ12 onC2(R

m).
By definition,θ12 is the pull-back toC2(R

m) w.r.t. the map (2.4.5) of a normalized,
SO(m)-invariant top-formv on Sm−1, which is even, resp. odd, w.r.t. the antipodal
map onSm−1. Instead ofv, we will consider the top-formv : = (−1)mv; clearly,v
is againSO(m)-invariant and has the same parity w.r.t. the antipodal map on Sm−1;
sincem has to be odd, we replacev by minus itself inΘ2. We get with this change

Θ2 =
1

8

∫

C4,0

θ13θ24η
2
1234 −

1

3

∫

C3,1

θ14θ24θ34η123 =

=

∫

∂C4,0

θ13θ24η12η23 +
1

2

∫

∂C4,0

θ13θ24η12η34 −

∫

∂C3,1

θ14θ24θ34η12.

By the generalized Stokes Theorem, the exterior derivativeof Θ2 equals:

dΘ2 = −
1

8

∫

∂C4,0

ι∗∂4,0

(
θ13θ24η

2
1234

)
+

1

3

∫

∂C3,1

ι∗∂3,1
(θ14θ24θ34η123) =

= −

∫

∂C4,0

ι∗∂4,0
(θ13θ24η12η23)−

1

2

∫

∂C4,0

ι∗∂4,0
(θ13θ24η12η34)+

+

∫

∂C3,1

ι∗∂3,1
(θ14θ24θ34η12) ;

here,∂C4,0, resp.∂C3,1, denotes the codimension-1 boundary ofC4,0, resp.C3,1. re

The contribution of the principal faces

By a principal face, we mean a codimension-1 boundary face ofC4,0, resp.C3,1, de-
scribing the collapse of two internal vertices, resp. of twointernal vertices or of the
only external vertex to one of the three internal vertices.

Lemma 6.3.1. The sum of the contribution of the principal faces coming from the
exterior derivative of (6.3.4) vanishes.

Proof. By Lemma 6.5.1, the only possibly nontrivial contributionsfrom principal faces
of C4,0, resp.C3,1, are associated to the collapse of two internal vertices, resp. of
two internal vertices or of the only external vertex to exactly one of the three internal
vertices, connected through aθ- or η-form.

Using the normalization and the parity w.r.t. the antipodalmap onSm−3 andSm−1

of theθ- andη-propagator, Convention (2.4.23) and the action of permutation groups
onC3,0, the result is

• 2
∫
C3,0

θ12θ13η12 +
∫
C3,0

θ1θ23η12η13, coming from the integral (6.3.1);

•
∫
C3,0

θ12θ13η23 −
∫
C3,0

θ1θ23η12η13, coming from the integral (6.3.2);

• −
∫
C3,0

θ12θ13η23 − 2
∫
C3,0

θ12θ13η12, coming from the integral (6.3.3.
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It is not difficult to verify that the sum of the three contributions is0.
We need to explain what isθ1 in the above formulae. We consider, borrowing the

notations from Subsubsection 6.5.4, the following form onI
(
Rm−2,Rm

)
:

∫

Sm−3

θ̂. (6.3.6)

By Lemma 6.5.13, this form descends to an invariant form onGrm,m−2 of degree2;
such forms exist in any dimensionm. We then denote byθ1 the pull-back toC3,0 of
(6.3.6) w.r.t. the composition of the normalized tangent map with projection onto the
first component ofC3,0.

However, there are other codimension-1 contributions to consider, coming from so-
called “hidden faces”. These are boundary faces corresponding to the collapse of more
than2 vertices (be they internal or external or both) or to the escape of one or more
internal and/or external vertices to infinity. It may be shown that these contributions all
vanish, hence making the function (6.3.5) a true invariant.The proof of the vanishing
of the hidden faces will be postponed in Section 6.5.1.

6.4 Feynman diagrams of order3

In this section we give an explicit expression for the term oforder 3 coming from
the perturbative expansion of the v.e.v. ofΣ w.r.t. BF -theories. As for the Feynman
diagrams of order2, we do not write the computations leading to the result; the com-
putations are easy consequences of the displayed Feynman rules. However, it is worth
noticing that we consider here connected diagrams without tadpoles, and that the Lie-

algebraic coefficients of all these diagrams equalTr
[
ad (Ξ)

3
]
. Again, the reason for

not considering diagrams with tadpoles lies in the presenceof (6.1.5).
The section is divided in two subsections: in the first one, wewrite down the

connected configuration space integrals without tadpoles coming from the Feynman
diagrams of order3 and we show that they are (possibly) nontrivial only in even di-
mension, and we rewrite their sum so that it contains cyclic alternating sums ofη-
propagators. In the second subsection, we show that the sum of the contributions com-
ing from principal faces vanishes.

6.4.1 The eight connected Feynman diagrams without tadpoles of
order 3

We get by a direct computation, recalling the Feynman rules,the following eight Feyn-
man diagrams, with their signs and combinatorial coefficients:

D3,hex.: =
1

3

∫

C6,0

θ14θ26θ35η12η34η56; (6.4.1)

D3,pent.: =

∫

C6,0

θ14θ26θ35η12η23η45; (6.4.2)
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D3,sq.: = −

∫

C6,0

θ14θ26θ35η12η23η34; (6.4.3)

D3,tr. : =
1

3

∫

C6,0

θ14θ25θ36η12η23η31; (6.4.4)

D3,sq.ext: = −

∫

C5,1

θ16θ36θ56θ24η12η23; (6.4.5)

D3,pent.ext.: =

∫

C5,1

θ16θ36θ56θ24η12η34; (6.4.6)

D3,sq.2 ext.: = −

∫

C4,2

θ16θ36θ56θ25θ45η12; (6.4.7)

D3,tr.3 ext.: =
1

3

∫

C3,3

θ14θ25θ36θ45θ46θ56. (6.4.8)

We consider the sum of the eight connected Feynman diagrams (6.4.1), (6.4.2), (6.4.3),
(6.4.4), (6.4.5), (6.4.6), (6.4.7) and (6.4.8) :

Θ3 : =
1

3

∫

C6,0

θ14θ26θ35η12η34η56 +

∫

C6,0

θ14θ26θ35η12η23η45−

−

∫

C6,0

θ14θ26θ35η12η23η34 +
1

3

∫

C6,0

θ14θ25θ36η12η23η31−

−

∫

C5,1

θ16θ36θ56θ24η12η23 +

∫

C5,1

θ16θ36θ56θ24η12η34−

−

∫

C4,2

θ16θ36θ56θ25θ45η12 +
1

3

∫

C3,3

θ14θ25θ36θ45θ46θ56.

(6.4.9)

We show that all configuration space integrals in (6.4.9) vanish in even dimension;
for this purpose, we use the action of permutation groups on configuration spaces. We
write down explicitly the permutations which we use in orderto show the vanishing of
the integrals; the signs are consequences of the parity rules ofθ- andη-propagators and
of the fact thatv, resp.w, has degreem− 1, resp.m− 3.

Taking the first integral, we consider the permutation exchanging1 with 2, 4 with
6 and3 with 5; such an involution ofC6,0 is orientation preserving, resp. reversing, if
m is even, resp. odd.

For the second integral, we consider the permutation exchanging 1 with 3 and4
with 5, which is orientation-preserving in both casesm even and odd.

For the third integral, we consider the permutation exchanging 1 with 4, 2 with 3
and5 with 6, which has the same orientation behavior as the permutationfor the first
integral.

Taking the fourth integral, we consider the orientation-preserving permutation ex-
changing1 with 3 and4 with 6.

Taking the fifth integral, we consider the orientation-preserving permutation ex-
changing1 with 3 and2 with 4.
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For the sixth integral, we consider the permutation exchanging 1 with 3; such a
permutation is orientation-preserving, resp. -reversing, if m is even, resp. odd.

For the seventh integral, we consider the permutation exchanging1 with 2, 3 with
4 and5 and6, which has clearly the same orientation behavior as the permutation used
for the first integral, since we consider imbeddings of codimension2.

Taking the eighth integral, we consider the orientation-preserving permutation ex-
changing2 with 3 and5 with 6.

Finally, the functionΘ3 is represented by the following Feynman diagram:
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Figure 6.10: The Feynman diagrams of order3

6.4.2 The contribution of the principal faces to the exterior deriva-
tive of θ3

In this subsection, we compute the contributions coming from the principal faces of
compactified configuration spaces to the exterior derivatives of (6.4.9).

Lemma 6.4.1.The sum of the contributions to the exterior derivative of (6.4.9) coming
from principal faces vanishes.

Proof. By Lemma 6.5.1, we have to consider only the principal faces where two ver-
tices collapse together only if they are connected by aθ- or η-form.

We compute the sum of the contributions for each integral separately, recalling the
orientation convention (2.4.23) and the normalization conditions onv andw:

• The first integral

−

∫

C5,0

θ13θ14θ25η23η45 +

∫

C5,0

θ1θ24θ35η12η13η45;
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• the second integral

− 2

∫

C5,0

θ13θ14θ25η12η35 −

∫

C5,0

θ14θ25θ34η12η23+

+ 2

∫

C5,0

θ1θ24θ35η12η23η15 −

∫

C5,0

θ1θ24θ35η12η13η45;

• the third integral

2

∫

C5,0

θ13θ14θ25η12η23 −

∫

C5,0

θ1θ24θ35η12η23η31−

− 2

∫

C5,0

θ1θ24θ35η12η23η15;

• the fourth integral
∫

C5,0

θ1θ24θ35η12η23η31

• the fifth integral

− 2

∫

C4,1

θ15θ25θ45θ13η12 +

∫

C4,1

θ15θ35θ45θ2η12η23−

− 2

∫

C5,0

θ13θ14θ25η12η23 +

∫

C5,0

θ14θ25θ34η12η23;

• the sixth integral

2

∫

C4,1

θ15θ25θ45θ13η23 −

∫

C4,1

θ15θ35θ45θ2η12η23+

+ 2

∫

C5,0

θ13θ14θ25η12η35 +

∫

C5,0

θ13θ14θ25η23η45;

• the seventh integral
∫

C3,2

θ15θ25θ45θ14θ34 + 2

∫

C4,1

θ15θ25θ45θ13η12−

− 2

∫

C4,1

θ15θ25θ45θ13η23;

• the eighth integral

−

∫

C3,2

θ15θ25θ45θ14θ34.

(We notice that we have used the same notations as in the proofof Lemma 6.3.1.)
It is immediate to verify that the sum of all these contributions vanishes.
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6.5 Vanishing lemmata for hidden faces ofΘ2 and Θ3

In this section, we will give an explicit proof of the vanishing of all hidden faces of
the Bott invariantΘ2; for this purpose, we need some useful well-known vanishing
lemmata, which we quote from [17], plus other (as far as we know) new vanishing
lemmata, which we state and prove in the next subsection.

6.5.1 Vanishing lemmata for hidden faces

If we take a diagramΓ and a boundary face labeled byS ⊂ {1, 2, 3, 4}, we denote by
Γ|(S) the push-forward along the fiber of the boundary fibration corresponding to the
faceS of those propagators which are not basic w.r.t. the boundaryfibration (i.e. those
propagators with both endpoints inS). Sometimes, we will callΓ|(S), for a given set
S, thecollapsing diagramw.r.t.S.

Vanishing lemmata for the collapse of vertices

The following vanishing lemmata deal with boundary faces corresponding to the col-
lapse of vertices labeled by elements ofS; the situation of vertices escaping to infinity
has to be dealt with in a different way in the next subsubsection.

By the arguments of Subsection 2.4.4 of Chapter 2, the interior of the boundary
face corresponding to the collapse of the vertices labeled by S is given by a pull-

back of the trivial bundleRm−2×
(
I
(
Rm−2,Rm

)
n ĈS

)
, whereI

(
Rm−2,Rm

)
n ĈS

is defined in (2.4.10) of Subsection 2.4.4. Using Lemma 6.5.13, Γ|(S) is the pull-
back w.r.t. the composition of the projection from the base of the boundary fibra-
tion onto the vertex, where the vertices labeled by elementsof S collapse, with the
map (2.4.13) of a form onRm−2 × I

(
Rm−2,Rm

)
. This form is in turn a pull-back

w.r.t. the projection onI
(
Rm−2,Rm

)
of the push-forward w.r.t. the projection from

I
(
Rm−2,Rm

)
n ĈS onto the spaceI

(
Rm−2,Rm

)
of a product of tautological forms

θij andηij onI
(
Rm−2,Rm

)
n ĈS , as defined in Subsubsection 6.5.4.

In the proofs of some of the following lemmata,Γ|(S) denotes the form onI
(
Rm−2,Rm

)
,

whose pull-back w.r.t. the above map yields the true form denoted byΓ|(S).
With these prescriptions in mind, we state three basic general vanishing lemmata.

Lemma 6.5.1. If Γ|(S) has a zerovalent internal or external vertex (in the second case,
we assume that the labeled vertex is not the point at infinity), then it vanishes.

Lemma 6.5.2.If Γ|(S) hasa) either a univalent internal vertex joined by anη-propagator
or b) a univalent external vertex joined by aθ-propagator, then it vanishes.

Lemma 6.5.3.If Γ|(S) hasa) either a bivalent internal vertex joined by twoη-propagators
or b) a bivalent external vertex joined by twoθ-propagators, then it vanishes.

The proofs of the preceding lemmata are completely equivalent to the proofs of
Lemma A.7, Lemma A.8 and Lemma A.9 in Appendix A of [17], wherethese lemmata
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were proved only for external points withθ-propagators. The case of internal points
with η-propagators is identical, because it represents the same situation.

Remark6.5.4. Lemma 6.5.3 is Kontsevich’s Lemma from [40], or, to be more precise,
a variant thereof adapted to the situation at hand. What is borrowed from the original
version is Kontsevich’s involution, which is the main ingredient of the proof.

We provide now new vanishing lemmata, which concern certain“bad” faces of the
Bott invariant and of function (6.4.9). The idea behind these lemmata lies mainly in a
generalization of Kontsevich’s Lemma (or, to be more precise, in a generalization of
the involution displayed by Kontsevich in order to deal withtrivalent vertices in his
construction of invariant of knots and3-manifolds).

Lemma 6.5.5. If the integrand ofΓ|(S) contains a product of forms of the typea) either
θijηjkθkl or b) ηijθjkηkl, wherei, j, k, l are all distinct internal vertices andj andk
are exactly bivalent, then it vanishes.

i

j k

l

0

Figure 6.11: The pictorial form of Lemma 6.5.5 for the casea)

i l

0j k

Figure 6.12: The pictorial form of Lemma 6.5.5 for the caseb)

Proof. We notice that in the case ofη-propagators,i andj must be both internal.
We consider e.g. the situationa). In this case, the integrand corresponding toΓ|(S)

contains, by assumption, a product of the form

θijηjkθkl,

where the four pointsi, j, k andl are all distinct and internal.
The interior of the fiber corresponding to the face labeled byS is the spacêC0

p,q

introduced in Subsection 2.4.4; we denote a point in this quotient by

[(α; . . . , xj , . . . , xk, . . . , )] , (6.5.1)
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where we have ordered the points, and we have labeled only twoof the four special
pointsxi, xj , xk andxl, which are all internal;α denotes an element ofI

(
Rm−2,Rm

)
,

corresponding to the tangent map of a given imbedding at the point in Rm−2, where
the vertices labeled byS have collapsed.

We may define onI
(
Rm−2,Rm

)
n Ĉ0

p,q the following map

φijkl : (α; . . . , xj , . . . , xk, . . . ) 7−→ (α; . . . , xi + xl − xk, . . . , xi + xl − xj , . . . ) ,
(6.5.2)

and all other points remain unaltered. The map (6.5.2) is clearly an involution, and the
sign of its orientation is simply(−1)m−2 = (−1)m. It is also not difficult to see that
it descends to an involution of the quotientĈ0

p,r of I
(
Rm−2,Rm

)
nC0

p,q, since (6.5.2)
is equivariant w.r.t. the action of scalings and global translations. In fact, the action of
scalings and global translations on all internal points is given by

x 7−→ λx+ ξ, ∀λ ∈ R+, ξ ∈ Rk.

(The action of global translations by vectors inRm−2 on external points is a little bit
different, as it involves translations byα(ξ).) Therefore, we see

xj 7−→ λxj + ξ 7−→ (λxi + ξ) + (λxl + ξ)− (λxk + ξ) = λ(xi + xl − xk) + ξ,

and an analogous computation forxk shows that the map (6.5.2) is equivariant w.r.t.
the action of global translations and scalings. Hence, (6.5.2) descends to a smooth
involution on the fiber of the faceS, with orientation sign(−1)m−2.

We have to compute its action on the integrand ofΓ|(S). Sinceφijkl affects only
thej-th andk-th point, it does affect only those factors of the integrandwhich depend
explicitly onxj andxk. Such factors are by assumption exactlyθij , ηjk andθkl. The
action ofφijkl on these forms is computed by seeing howφijkl affects the maps by
which we pull-back the formsθ andη.

The formθij is realized via the (smooth lift of the) map

[(α; . . . , xj , . . . , xk, . . . )] 7−→
α (xi − xj)

||α (xi − xj)||
.

Analogously,θkl is realized via

[(α; . . . , xj , . . . , xk, . . . )] 7−→
α (xk − xk)

||α (xk − xl)||
.

On the other hand, the formηjk is realized via the (smooth lift of the) map

[(α; . . . , xj , . . . , xk, . . . )] 7−→
xj − xk
||xj − xk||

.

The first map is transformed via the map (6.5.2) as follows:

[(α; . . . , xj , . . . , xk, . . . )] 7−→ [(α; . . . , xi + xl − xk, . . . , xi + xl − xj , . . . )] 7−→

7−→
α (xi − (xi + xl − xk))

||α (xi − (xi + xl − xk))||
=

=
α (xk − xl)

||α (xk − xl)||
.
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Analogously, we get for the second map:

[(α; . . . , xj , . . . , xk, . . . )] 7−→
α (xi − xj)

||α (xi − xj)||
.

On the other hand, the third map is transformed as follows:

[(α; . . . , xj , . . . , xk, . . . )] 7−→ [(α; . . . , xi + xl − xk, . . . , xi + xl − xj , . . . )] 7−→

7−→
(xi + xl − xk)− (xi + xl − xj)

||(xi + xl − xk)− (xi + xl − xj)||
=

=
xj − xk
||xj − xk||

.

Accordingly, the productθijηjkθkl transforms as follows:

θijηjkθkl
By (6.5.2)
7−→ θklηjkθij = (−1)m−1θijηjkθkl;

we have used here the fact thatθ-propagators have degreem−1, and theη-propagators
have degreem− 3.

Therefore, the formΓ|(S) is transformed by (6.5.2) as follows:

Γ|(S) 7−→ (−1)m+m−1Γ|(S) = −Γ|(S).

Hence, the involution (6.5.2) transforms the integral intoits opposite, whence it
follows Γ|(S).

Analogous arguments work for situationb).

Lemma 6.5.6. If the integrand ofΓ|(S) contains a productθijθkl, where the four la-
beled vertices are all distinct and internal, and if at leasttwo of them are univalent and
do not belong to the sameθ-propagator, then it vanishes.

0
i

j k

l

Figure 6.13: The diagrammatic version of Lemma 6.5.6

Proof. We use the same notations as in the previous proof.
By assumption, there are at least four internal points in thefiber of the boundary

faceS, and the integrand inΓ|(S) contains a factor of the form

θijθkl.
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The pointsxi, xj , xk andxl are all distinct. We assume that the vertices labeled byi
andk are univalent.

On the interior of the boundary facêC0
p,q, corresponding to the collapsing of all

vertices labeled byS, we consider the map

[(α; . . . , xi, . . . , xk, . . . )] 7−→ [(α; . . . , xj + xl − xk, . . . , xj + xl − xi)] , (6.5.3)

where the other points remain unaltered. The map (6.5.3) is an involution of the fiber of
the hidden faceS, it has orientation sign(−1)m, and, since the only points changed by
(6.5.3) are thei-th andk-th point, the only factors in the integrand affected by (6.5.3)
are θij and θkl. Computations similar to those used at the end of the proof ofthe
preceding Lemma yield:

θijθkl
By (6.5.3)
7−→ θlkθji = (−1)m−1θijθkl.

We have used the fact thatθ-propagators have degreem − 1, and thatθ is even,resp.
odd, w.r.t. the antipodal map ifm is even, resp. odd.

The total action of the involution (6.5.3) on the formΓ|(S) is therefore

Γ|(S) 7−→ (−1)m+m−1Γ|(S) = −Γ|(S).

The claim then follows.

Lemma 6.5.7.If the integrand ofΓ|(S) contains of product of forms of typea) θijηkjηlj ,
where all four vertices{i, j, k, l} are internal and the vertex labeled byi is univalent,
or b) θieθjeθke, where the vertices labeled by{i, j, k, } are internal and the vertex
labeled bye is external, and moreover the vertexi is univalent, thenΓ|(S) vanishes.

0

i

j

k l

Figure 6.14: The diagrammatic version of Lemma 6.5.7 for casea)

Proof. We consider first the casea). We make use again of an involution, reminiscent
of Kontsevich’s one, discovered by D. Thurston in [49], which we have modified and
adapted to a more general situation.
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= 0

j k

i

e

Figure 6.15: The diagrammatic version of Lemma 6.5.7 for case b)

In fact, assuming the vertices{i, j, k, l} to be lexicographically ordered, we con-
sider the map on the interior of the boundary faceĈ0

p,q:

ψijkl ([(α; . . . , xi, . . . , xj , . . . )]) : = [(α; . . . , xk + xl − xi, . . . , xk + xl − xj , . . . )] ,

leaving all other vertices unaltered. It is immediate to check that the mapψijkl is a
well-defined orientation preserving involution.

It remains to compute the action ofψijkl on the integrand ofΓ|(S); sinceψijkl
affects only the verticesxi andxj , it is sufficient to compute its action on the product
θijηkjηlj . The formθij is the pull-back w.r.t. the map

[(α; . . . , xi, . . . , xj , . . . )] 7→
α (xj − xi)

||α (xj − xi)||
.

The composition of the preceding map withψijkl gives

[(α; . . . , xi, . . . , xj , . . . )] 7→ [(α; . . . , xk + xl − xi, . . . , xk + xl − xj , . . . )] 7→

7→
α (xk + xl − xj − xk − xl + xi)

||α (xk + xl − xj − xk − xl + xi)||
=

=
α (xi − xj)

||α (xi − xj)||
=⇒

θij 7→ θji.

As for the other two forms,ηkj andηlj , the action ofψijkl on them is similarly com-
puted:

xj − xk
||xj − xk||

7→
xl − xj
||xl − xj ||

=⇒ ηkj 7→ ηjl,

xj − xl
||xj − xl||

7→
xk − xj
||xk − xj ||

=⇒ ηlj 7→ ηjk.
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Resuming all these computations, we get

θijηkjηlj
ψijkl
7−→ θjiηjlηjk = (−1)(m−1)+3mθijηkjηlj = −θijηkjηlj ,

by the parity of forms of typeθ andη w.r.t. the exchange of their arguments. Finally,
we get

Γ|(S)
ψijkl
7−→ −Γ|(S),

whence the claim follows.
As for caseb), we consider the mapψe,ijk

ψe,ijk ([(α; . . . , xi, . . . ; . . . , ye, . . . )]) : =

: = [(α; . . . , xj + xk − xi, . . . ; . . . , α(xj + xl)− ye, . . . )] ,

and all other vertices remain unchanged; it is not difficult to check thatψe,ijk is a well-
defined, orientation preserving involution of̂C0

p,q. The computation of the action of
ψe,ijk on the integrand can be performed along the same lines as for the computations
for a), leading to the claim.

Lemma 6.5.8. If the faceS has at least three internal vertices, and the integrand of
Γ|(S) contains a product of forms of the typeθijθik, wherei is an external vertex and
j andk are internal and univalent, thenΓ|(S) vanishes.

Proof. We use the notations as in the proofs of the previous lemmata.We label byj
andk the univalent internal vertices.

On the interior of the boundary face we define the map

[(α; . . . , xj , . . . , xk, . . . )] 7−→ [(α; . . . , xk, . . . , xj , . . . )] , (6.5.4)

and all other points remain unchanged. The map (6.5.4) is an involution, and it has
orientation sign(−1)m (as bothxj andxk are internal). Clearly, the involution (6.5.4)
affects only the pointsxj andxk, hence the only factors in the integrand ofΓ|(S) acted
on nontrivially by (6.5.4) areθij andθik. These forms are transformed clearly by

θijθik
By (6.5.4)
7−→ θikθij = (−1)m−1θijθik.

Again, we have used thatθ-propagators have degreem− 1.
Hence, the collapsing formΓ|(S) is acted on by the involution (6.5.4) by

Γ|(S)
By (6.5.4)
7−→ (−1)m+m−1Γ|(S) = −Γ(S).

The claim follows.

Vanishing lemma for faces “at infinity”

We state and prove now a vanishing lemma for all faces at infinity of our invariants
for Imb∞,σ

(
Rm−2,Rm

)
; in fact, besides the faces where1 ≤ q ≤ t points inRm tend

to infinity, we have also to deal with faces where1 ≤ p ≤ s points inRm−2 tend to
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infinity or where1 ≤ p ≤ s points inRm−2 and1 ≤ q ≤ t points inRm tend to
infinity.

We consider an ordered subsetS = S1 ∪S2 of {1, . . . , s}∪ {1, . . . , t} labeling the
vertices escaping to infinity; clearly, ifS2 has no elements,S = S1 labels a face where
1 ≤ p ≤ s internal points tend to infinity, if not, the internal and external vertices
labeled byS tend to infinity. If we consider a given diagramΓ, the push-forward along
the fiber of the boundary face labeled byS of the restriction to the given boundary face
of η- andθ-propagators not basic w.r.t. the boundary fibration is denoted byΓ|(S).

Lemma 6.5.9. For any subsetS of {1, . . . , s} ∪ {1, . . . , t}, labeling vertices (be they
internal or external) escaping to infinity (ifS contains internal and external vertices),
Γ|(S) vanishes.

Proof. If S = S1 ∪ S2, we denote byti the cardinality ofS1 and byte the cardinality
of S2, i.e. the number of internal, resp. external vertices escaping to infinity. We denote
by ΓS the product of allη- andθ-propagators with at least one vertex inS. By the
definition of the fiber of the face at infinity corresponding tosetS, it is clear thatΓS is
the piece of the integrand ofΓ not basic w.r.t. the boundary fibration; clearly,Γ|(S) is
the push-forward ofΓS along the fiber of the boundary fibration.

Since we consider nontrivial diagrams, the following inequality must hold:

deg ΓS ≥ ti(m− 2) + tem. (6.5.5)

Inequality (6.5.5) is a consequence of the following argument: we consider the whole
diagram containingΓ|(S) as an integral over the interior of a compactified configuration
space. If we integrateΓS over all vertices appearing in this subdiagram (ti internal and
te external vertices) and if the degree ofΓS is less than the sum of the dimensions of
the vertices over which we integrate, the whole diagram is automatically zero by the
definition of the push-forward. Hence, if we consider (possibly) nontrivial diagrams,
inequality (6.5.5) must hold.

As we have already noted before,ΓS is the nonbasic piece of the integrand of
the diagram w.r.t. the boundary fibration corresponding to the escape to infinity of the
vertices labeled byS; this is clear since we are considering only those imbeddings of
Rm−2 into Rm with a prescribed behavior at infinity. In caseS2 6= ∅, all vertices
(internal and external) escape to infinity; hence the fiber has dimensionti(m − 2) +
tem − 1. If S2 = ∅, thente = 0 and the dimension of the fiber isti(m − 2) − 1. If
S1 = ∅, thenti = 0 and the fiber has dimensiontem− 1.

In all cases, the following strict inequality holds

deg ΓS > ti(m− 2) + tem− 1,

in virtue of (6.5.5).
Hence, the integrand, which lives only on the fiber since we are considering long

knots inRm (which have a prescribed behavior at infinity), has degree strictly exceed-
ing the dimension of the fiber, hence it vanishes.
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6.5.2 The vanishing of the contribution of hidden faces to the exte-
rior derivative of the Bott invariant

With the help of the vanishing lemmata displayed in the previous subsections, we prove
now that the contributions to the exterior derivative ofΘ2 (the Bott invariant) coming
from hidden faces of configuration spaces vanish.

We begin by studying the hidden faces of the diagram (6.3.1) corresponding to
the collapse ofS vertices, whereS is a subset of{1, 2, 3, 4} of cardinality |S| = 3.
Hence, we have to consider the case where exactly three internal vertices collapse
together. There are clearly four possibilities:a) S = {1, 2, 3}, b) S = {1, 2, 4}, c)
S = {1, 3, 4} andd) S = {2, 3, 4}. We first considera). In this case, the integrand
along the fiber presents a bivalent internal vertex joined bytwo η-propagators, namely
the vertex labeled by2. Lemma 6.5.3 yields the claim, namely that the corresponding
contribution vanishes.

We next considerb). The integrand is the product of aθ- and anη-propagator.
Moreover, the vertex labeled by1 is univalent, joined by anη-propagator. Lemma 6.5.2
yields the claim.

We then considerc). In this case, the vertex labeled by4 is zerovalent, as it is
the endpoint of aθ-propagator labeled also by2, which does not belong to the set of
collapsing points. Hence, Lemma 6.5.1 implies the vanishing of the corresponding
contribution.

Finally, we considerd). This case is symmetric to caseb), and therefore the claim
holds.

Second, we consider hidden faces of the diagram (6.3.2) corresponding to a subset
S of {1, 2, 3, 4} with |S| = 3. There are also four cases to be considered, the same as
for the diagram (6.3.1). We begin by consideringa). It is immediate to see that the ver-
tex labeled by2 is univalent and is joined by anη-propagator. Therefore, Lemma 6.5.2
yields the claim.

We then considerb). This situation presents also a univalent vertex joined by an
η-propagator, namely the vertex labeled by1. The claim follows.

We consider the casec). As one can easily see, the vertex labeled by4 is univalent
with anη-propagator.

Finally, we consider the cased). The vertex labeled by3 is clearly univalent, with
anη-propagator.

We consider the diagram (6.3.3). We consider the case when the three internal
vertices collapse together. The threeθ-propagators with vertices labeled by1, 2 and
3 are clearly basic w.r.t. the boundary fibration. Moreover, the vertex labeled by1
(and by symmetry the vertex labeled by2) is univalent with exactly oneη-propagator.
Therefore, Lemma 6.5.2 implies the claim.

We next consider the hidden face where exactly two internal vertices and the ex-
ternal vertex in (6.3.3) collapse together inRm−2. As always, anη- or θ-propagator is
basic, if at most one of its endpoints lie in the set of collapsing points. Therefore, due
to the form of the diagram, the vertex labeled by4 (i.e. the external vertex) is always
bivalent, joined by twoθ-propagators. Therefore, Lemma 6.5.3 yields the vanishingof
boundary face.

We consider now only the diagrams (6.3.1) and (6.3.2). For these two diagrams, we

213



take the most degenerate face where all four internal vertices collapse together. First,
there are no dimensional reasons as to why the boundary contributions must vanish,
as the integrands depend on the space of imbeddings through theθ-propagators. The
push-forwards along the fiber of the boundary face are pull-backs of invariant forms of
degreem− 1 on the spaceI

(
Rm−2,Rm

)
by Lemma 6.5.13. Sincem is odd,m− 1 is

even.
We need only prove the vanishing of the boundary faceS = {1, 2, 3, 4} for the

diagrams (6.3.1) and (6.3.2); for this purpose, we can applyLemma 6.5.5 to the dia-
grams (6.3.1) and (6.3.2). Namely, for what concerns the diagram (6.3.1), we consider
the productθ13η12η23. We notice that the vertices labeled by1 and3 are bivalent and
therefore play the rôle ofj andk, and that we must consideri = l = 2. For the diagram
(6.3.2), we consider the product of factorsη12θ24η34; the vertices2 and4 are bivalent,
hence play the rôles ofj andk.

We then consider the face, where the three internal verticesand the external vertex
collapse together inRm−2 for the diagram (6.3.3). The push-forward along the fiber of
the boundary face of the integrand is again the pull-back to the basis of the boundary
face of a form onI

(
Rm−2,Rm

)
again by Lemma 6.5.13. In this case, we can apply

Lemma 6.5.7, taking the univalent internal vertex labeled by 3 as i and the external
vertex labeled by4 asα.

Finally, we consider the hidden faces at infinity, i.e. when some internal or external
vertices escape to infinity, or when both types of vertices tend to infinity. Lemma 6.5.9
yields also the vanishing of these contributions.

6.5.3 The vanishing of the contribution of hidden faces to the exte-
rior derivative of Θ3

We prove now, again with the help of all the vanishing lemmatadisplayed in subsec-
tion 6.5.1, that all contributions to the exterior derivative of Θ3 coming from hidden
faces of configuration spaces vanish except for the most degenerate face of exactly
two diagrams, when all vertices collapse together inRm−2. We will deal with this
particular face in the next subsection.

First of all, we recall that the functionΘ3 consists of8 connected diagrams. We
will show that the contributions of all hidden boundary faces vanish, separately for
each integral in equation (6.4.9), except for the hidden face where all vertices, internal
and external collapse together inRm−2, where the vanishing lemmata do not apply.

The first integral of (6.4.9)

We consider the integral ∫

C6,0

θ14θ26θ35η12η34η56.

Writing down the corresponding diagram, we see that all its vertices are internal and bi-
valent with anη- and aθ-propagator. Since the vertices are all internal, the hidden faces
correspond to the collapse of at least three vertices. Such hidden faces are associated
to fibrations of the configuration spaceC6,0; namely, ifS denotes the set of collapsing
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points (which, by the free action ofS6, may be chosen to beS = {1, . . . , k}, with
k ≤ 6), the fibration is the pull-back of̂CS

(
Rm−2

)
w.r.t. the projection fromC6−S+1

ontoRm−2, mapping onto to first point.
If the set of collapsing vertices contains an isolated vertex, the corresponding col-

lapsing subdiagram vanishes. In fact, an isolated vertex corresponds to the situa-
tion of a collapsing subdiagram with a zerovalent internal vertex, which vanishes by
Lemma 6.5.1.

If we consider the situation where3 vertices collapse together, such that none of the
three vertices is isolated, then the three vertices, which we denote byi, j andk appear
only in the expressions:

θijηjk or ηijθjk,

where the bar overθ- or η-forms denotes restriction to the boundary fibration. Only
these two expressions are not basic in the boundary fibration; the corresponding col-
lapsing diagram is the push-forward of such expressions w.r.t. the boundary fibra-
tion. In both expressions, we see immediately that there is aunivalent internal vertex
joined by anη propagator; such a collapsing diagram vanishes therefore in virtue of
Lemma 6.5.2.

If 4 vertices collapse together, and no vertex is isolated, thenthe verticesi, j, k and
l appear only in the three expressions

θijηjkθkl or ηijθjkηkl or θijηkl.

The push-forward of the second and the third expression vanishes immediately by
Lemma 6.5.2, as the vertexi, resp.k) is univalent and is joined by anη-propagator. The
collapsing diagram corresponding to the first expression vanishes also by Lemma 6.5.5.

We consider now the collapse of5 vertices; since the diagram has6 vertices, there
cannot be any isolated vertex among the collapsing ones. Thepiece of the diagram,
which is not basic in the boundary fibration, is of the form

θijηjkθklηlm,

henceS = {i, j, k, l,m}. The corresponding collapsing diagram vanishes immedi-
ately, since the vertexm is univalent and is joined by anη-propagator.

The most degenerate face of this diagram vanishes also in virtue of Lemma 6.5.5.

The second piece of (6.4.9)

The second integral appearing inΘ2 has the form
∫

C6,0

θ14θ26θ35η12η23η45.

The corresponding diagram has only internal vertices, one of which (the vertex labeled
by 2) is trivalent, and one (the vertex labeled by6) is univalent; all other vertices are
bivalent.

Again, if the set of collapsing vertices contain an isolatedvertex, then, in virtue of
Lemma 6.5.1, the corresponding collapsing diagram vanishes.
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We consider the case of3 collapsing vertices, none of them isolated. The non-basic
piece of the integrand w.r.t. the boundary fibration has the possible forms

θijηjk or ηijηjk

(because there is a trivalent internal vertex). Both corresponding collapsing subdia-
grams vanish in virtue of Lemma 6.5.1.

In the case where4 nonisolated vertices collapse, we are faced with four possible
expressions:

θijηjkθkl or ηijθjkηkl or θijηjkηkl or θijηkl.

All corresponding collapsing subdiagrams vanish, the firstone in virtue of Lemma 6.5.5,
the remaining three by Lemma 6.5.2.

When5 nonisolated vertices collapse together, we have to consider two possible
expressions for the nonbasic piece of the integrand

θijηjkθklθlm or ηijηikθjlθkmηlm.

The first corresponding collapsing subdiagram vanishes by Lemma 6.5.2, while the sec-
ond one vanishes by Lemma 6.5.3, since the vertexi is bivalent with twoη-propagators.

The most degenerate face of this diagram vanishes also by Lemma 6.5.7 or Lemma 6.5.5.

The third piece of (6.4.9)

The third integral in (6.4.9) has the form
∫

C6,0

θ14θ26θ35η12η23η34.

As before, the setS of collapsing vertices cannot contain an isolated vertex. Therefore,
if we consider the case of three nonisolated points collapsing together, the nonbasic
piece of the integrand may be of two types:

θijηjk or ηijηjk.

Both corresponding collapsing diagrams vanish by Lemma 6.5.2.
When4 nonisolated vertices collapse together, the nonbasic piece of the integrand

has one of the following five shapes:

θijηjkθkl or ηijθjkηkl or θijηikηklηjl or θijηjkηjl or θijηjkηkl.

The collapsing subdiagram corresponding to the first integrand vanishes by Lemma 6.5.5;
the second, the fourth and the fifth vanish in virtue of Lemma 6.5.2. The third one van-
ishes by Lemma 6.5.3, since the vertex labeled byk is bivalent with twoη-propagators.

Finally, when5 nonisolated vertices collapse together, we are faced with two dif-
ferent shapes for the nonbasic piece of the integrand:

θijθklηjlηjm or θijθkmηjkηjlηlm.
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The subdiagram corresponding to the first possibility vanishes by Lemma 6.5.6, since
i andk are both univalent. The subdiagram corresponding to the second possibility
vanishes in virtue of Lemma 6.5.3, asl is a bivalent internal vertex, joined by two
η-propagators.

The most degenerate face of this diagram vanishes, because we can apply Lemma 6.5.7,
Lemma 6.5.5 or Lemma 6.5.6.

The fourth piece of (6.4.9)

We consider the integral ∫

C6,0

θ14θ25θ36η12η23η31.

We consider the case of3 nonisolated vertices collapsing together. The nonbasic piece
of the integrand can be

θijηjk or ηijηjkηik.

The collapsing diagram corresponding to the first situationvanishes by Lemma 6.5.2,
while the second collapsing diagram is zero in virtue of Lemma 6.5.3, as the vertexi
is bivalent with twoη-propagators.

If 4 nonisolated vertices collapse together, we find for the nonbasic piece of the
integrand corresponding to the given collapse

θijηjkθkl or θijηjkηjlηkl.

The first collapsing diagram vanishes by Lemma 6.5.5; the second one vanishes by
Lemma 6.5.3.

When5 nonisolated vertices collapse together, the nonbasic piece of the integrand

θijθklηjmηjlηlm.

The corresponding collapsing diagram vanishes by Lemma 6.5.3, as the vertex labeled
bym is bivalent with twoη-propagators.

The most degenerate face of this diagram vanishes in virtue of Lemma 6.5.7 or
Lemma 6.5.6.

The fifth piece of (6.4.9)

We consider the following integral
∫

C5,1

θ16θ36θ56θ24η12η23.

Again, the set of collapsing vertices cannot contain any isolated vertex, be it internal
or external.

If 3 nonisolated vertices collapse together, the nonbasic piece of the integrand may
take one of the following shapes

θαiθαj , or θαiηij or θijηjk or ηijηjk.
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The corresponding collapsing diagrams all vanish: the firstone by Lemma 6.5.3, since
α is bivalent with twoθ-propagators, the second one by Lemma 6.5.2, asα is univalent
with a θ-propagator, the third one in virtue of Lemma 6.5.2, sincek is univalent with
an η-propagator, and the last one also by Lemma 6.5.2, asi is univalent with anη-
propagator.

When 4 nonisolated vertices collapse, we get the following expressions for the
nonbasic piece of the integrand

θαiθαjηjk or θαiθαjθαk or θαiθjk or θαiηijθjk or θαiθαjηikηjk

or ηijηikθil.

All corresponding collapsing diagrams vanish. In fact, thefirst one vanishes by Lemma 6.5.2,
as the vertexk is univalent and is joined by anη-propagator; the second one by
Lemma 6.5.8; the third one by Lemma 6.5.2, as the vertexα is univalent with a
θ-propagator; the fourth one by Lemma 6.5.2, again sinceα is univalent with aθ-
propagator; the fifth one by Lemma 6.5.3, asα is bivalent with twoθ-propagators.
Finally, the last one also vanishes by Lemma 6.5.2, since thevertexj is univalent with
anη-propagator.

When5 nonisolated vertices collapse together, the nonbasic piece of the integrand
must of the form

θαiθαjηjkθkl or θαiθαjθαkηjlηkl or θαiθαjηikηjkθkl.

The corresponding collapsing diagrams vanish, the first onein virtue of Lemma 6.5.3,
asα is bivalent with twoθ-propagators, the second one also by Lemma 6.5.3, sincel
is bivalent with twoη-propagators, and the last one again by Lemma 6.5.3, sinceα is
bivalent with twoθ-propagators.

The most degenerate face of this diagram vanishes by Lemma 6.5.7.

The sixth integral of (6.4.9)

We consider the sixth piece ofΘ3

∫

C5,1

θ16θ36θ56θ24η12η34;

The possible hidden faces we have to consider for this integral are more complicated:
in fact, we have to consider the hidden faces where internal vertices collapse together,
where the external point and some internal vertices collapse and where the external
point escape to infinity.

First of all, when the set of collapsing vertices contains anisolated vertex (be it
internal or external), the corresponding collapsing subdiagram vanishes in virtue of
Lemma 6.5.1.

We begin by considering the collapse of3 nonisolated vertices (one of the three
vertices may be the external one). The nonbasic piece of the integrand in this situation
may take one of the following shapes:

θαiθαj or θαiηij or θijηjk,
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where in this case we denote byα the external vertex. The collapsing diagram cor-
responding to the first expression vanishes by Lemma 6.5.3, as the external vertex is
bivalent with twoθ-propagators. The collapsing diagram corresponding to thesecond
one vanishes also in virtue of Lemma 6.5.2, as the internal vertexj is univalent, joined
by anη-propagator. The collapsing diagram corresponding to the third one vanishes
also by Lemma 6.5.2, as the vertexk is univalent withη-propagator.

The case of4 nonisolated collapsing vertices presents the following nonbasic pieces
of the integrand

θαiθαjθαk or θαiθαjηjk or θαiθjk or θαiηijθjk or ηijθjkηkl.

The corresponding collapsing diagrams all vanish: the firstone by Lemma 6.5.8, as the
vertexα is trivalent, the second one vanishes by Lemma 6.5.2, ask is univalent with
η-propagator, the third one by Lemma 6.5.2, sinceα is univalent withθ-propagator, the
fourth one again by Lemma 6.5.2, sinceα is again univalent withθ-propagator, and the
fifth one by Lemma 6.5.2, asi is univalent withη-propagator.

When 5 nonisolated vertices collapse together, we are faced with the following
nonbasic piece of the integrand

θαiθαjθαkηkl or θαiθαjθjkθkl or θαiθαjηikηjlθkl.

The corresponding collapsing diagrams all vanish. Namely,the first one vanishes
by Lemma 6.5.2, sincel is univalent withη-propagator; the second one vanishes by
Lemma 6.5.3, asα is bivalent with twoθ-propagators, and the third one again by
Lemma 6.5.3, asα is bivalent with twoθ-propagators.

In this case also, the most degenerate face of this diagram vanishes by Lemma 6.5.7
or Lemma 6.5.5.

The seventh integral of (6.4.9)

We consider the following integral
∫

C4,2

θ16θ36θ56θ25θ45η12.

Again, if the set of collapsing vertices contain an isolatedvertex, the corresponding
collapsing diagram vanishes.

Therefore, we consider the collapse of3 nonisolated vertices. The nonbasic piece
of the integrand is given by

θαiθαj or θαβθβi or θαiηij .

All corresponding collapsing diagrams vanish: the first onein force of Lemma 6.5.3,
asα is bivalent with twoθ-propagators, the second one by Lemma 6.5.3, sinceβ is
bivalent with twoθ-propagators, and the last one by Lemma 6.5.2, sinceα is univalent
with aθ-propagator.

In the situation where4 nonisolated vertices collapse together, we get the following
possible expressions for the nonbasic piece of the integrand

θαβθαiθβj or θαiθαjηik or θαβθβiθβj or θαβθαiθβjηij .
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All corresponding collapsing diagrams vanish, the first onein virtue of Lemma 6.5.3, as
the vertexα is bivalent with twoθ-propagators, the second one again by Lemma 6.5.3,
taking into account the vertexα, the third one by Lemma 6.5.2, considering the vertex
α, and the last one by Lemma 6.5.3, if we consider the the vertexα.

When5 nonisolated vertices collapse together, we have to deal with the following
possibilities for the nonbasic piece of the integrand

θαβθαiθαjθβkηjk or θαβθαiθαjθβk.

The two corresponding collapsing diagrams vanish, both in virtue of Lemma 6.5.3, if
we take into account the bivalent vertexβ.

The eighth integral of (6.4.9)

The last integral that we are going to consider is
∫

C3,3

θ14θ25θ36θ45θ46θ56

If the set of collapsing points contain an isolated vertex, be it internal or external, then
the corresponding collapsing diagram vanishes.

We consider the case when3 nonisolated vertices collapse together. The nonbasic
piece of the integrand may take the form

θαβθαi or θαβθαγθβγ .

Since the corresponding collapsing diagrams contain both abivalent external vertex
with two θ-propagators, Lemma 6.5.3 yields their vanishing.

If 4 nonisolated points collapse together, then one of them mustbe internal. Hence,
the nonbasic piece of the integrand must be of the form

θαβθαiθβj or θiαθαβθαγθβγ .

In the corresponding collapsing diagrams, there is a alwaysa bivalent external vertex
with two θ-propagators. Hence, Lemma 6.5.3 implies their vanishing.

In the case of5 nonisolated collapsing points, since at least two internalvertices
must be in the collapsing set, the nonbasic piece of the integrand must be

θαβθαγθβγθβiθγj.

The vertexα is bivalent with twoθ-propagators; hence, the corresponding collapsing
diagram vanishes by Lemma 6.5.3.

Finally, the contributions to the exterior derivative ofΘ3 coming from hidden faces
where at least1 vertex (be it internal or external) escapes to infinity all vanish in virtue
of Lemma 6.5.9.

The most degenerate face of this diagram vanishes by the following argument
(which will be made more precise in the next Subsection): thecorresponding form
on the spaceI

(
Rd,Rm

)
descends to a form on the Grassmann manifoldGrm,m−2, and

it is additionallySO(m)-invariant. Since this form has degreem − 1, andm is odd,
it vanishes automatically, as there are noSO(m)-invariant forms onGrm,m−2 of odd
degree (we refer also to Subsection 2.6.6).
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6.5.4 The most degenerate face ofΘ3

A characterization of contributions from hidden faces

In this subsection, we describe the contribution to the exterior differential of the func-
tion Θ3 coming from the most degenerate boundary face, i.e. when allvertices of the
diagrams collapse together inRm−2.

For these purposes, we give a general criterion for the classification of contribu-
tions coming from hidden faces; we recall first some facts from Subsection 2.4.4 of
Chapter 2.

We consider, for1 ≤ p and1 ≤ q such that2 ≤ p+q, the setI
(
Rm−2,Rm

)
nC0

p,q,
introduced in (2.4.10). We define two maps, denoted resp. byΦij andφij , as follows

Φij ((α;x1, . . . ; y1, . . . )) : =





α(xi−xj)
||α(xi−xj)||

, 1 ≤ i 6= j ≤ p
α(xi)−yj

||α(xi)−yj||
, 1 ≤ i ≤ p, 1 ≤ j ≤ p

yi−yj

||yi−yj||
, 1 ≤ i 6= j ≤ q

(6.5.6)

φij ((α;x1, . . . ; y1, . . . )) : =
xi − xj
||xi − xj ||

, 1 ≤ i 6= j ≤ p. (6.5.7)

Φij mapsI
(
Rm−2,Rm

)
n C0

p,q to Sm−1, while φij mapsI
(
Rm−2,Rm

)
n C0

p,q into
Sm−3. It is not difficult to check thatΦij andφij are invariant w.r.t. the action of
R+ n Rm−2; hence, any pull-back of a form onSm−1, resp.Sm−3, w.r.t. the maps
Φij , resp.φij , to Vm,m−2 n C0

p,q is basic w.r.t. the action ofR+ n Rm−2, hence it

descends toI
(
Rm−2,Rm

)
n Ĉ0

p,q. In particular, we will writeθij , resp.ηij , for the
pull-back w.r.t.Φij , resp.φij , of the normalizedSO(m)-invariant volume formv on
Sm−1, resp. the normalizedSO(m− 2)-invariant volume formw onSm−3.

There is a right action ofSO(m− 2) onI
(
Rm−2,Rm

)
n C0

p,q

((α;x1, . . . ; y1, . . . ) ;h) 7→
(
α ◦ h−1;h(x1), . . . ; y1, . . .

)
, h ∈ SO(m− 2).

(6.5.8)
The above action ofSO(m − 2) descends clearly to the quotientI

(
Rm−2,Rm

)
n

Ĉ0
p,q; moreover, since the action ofSO(m − 2) onI

(
Rm−2,Rm

)
is free, the action of

SO(m−2) onI
(
Rm−2,Rm

)
n Ĉ0

p,q is also free. One can also prove that the mapsΦij
are invariant w.r.t. the right action ofSO(m− 2), whence it follows that any pull-back
w.r.t. Φij of a form onSm−1 is basic w.r.t. this action.

On the other hand, there is a left action ofSO(m) onI
(
Rm−2,Rm

)
nC0

p,q, which

descends to the quotientI
(
Rm−2,Rm

)
n Ĉ0

p,q:

(g; (α;x1, . . . ; y1, . . . )) 7→ (g ◦ α;x1, . . . ; g(y1), . . . ) , g ∈ SO(m); (6.5.9)

notice that this action is in general not free.

Remark6.5.10. The actions ofSO(m−2) andSO(m) descends fromI
(
Rm−2,Rm

)
to

actions on the submanifoldVm,m−2 of linear isometries, the Stiefel manifold, defined
by analogous formulae.
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The groupSO(m) operates in an obvious way onSm−1. It is not difficult to verify
that the mapsφij are invariant w.r.t. the action ofSO(m); on the other hand, the maps
Φij intertwine the action (6.5.9) with the action onSm−1.

The properties of the maps (6.5.6) and (6.5.7) w.r.t. the actions (6.5.8) and (6.5.9)
of SO(m− 2) andSO(m) may be summarized in

Lemma 6.5.11. If v is anSO(m)-invariant form of degreem− 1 onSm−1 andw is
anSO(m − 2)-invariant form of degreem − 3 onSm−3, we denote byθij , resp.ηij ,
the pull-back w.r.t.Φij of v, resp.φij ofw.

Then

a) θij is a form of degreem− 1 onI
(
Rm−2,Rm

)
n Ĉ0

p,q, which is basic w.r.t. the
action (6.5.8) and invariant w.r.t. the action (6.5.9).

b) ηij is a form of degreem− 3 onI
(
Rm−2,Rm

)
n Ĉ0

p,q, which is basic w.r.t. the
action (6.5.9) and invariant w.r.t. the action (6.5.8).

We consider now the forgetful projectionπp,q from I
(
Rm−2,Rm

)
n Ĉ0

p,q onto
I
(
Rm−2,Rm

)
. It follows directly thatπp,q intertwines the actions (6.5.9) and (6.5.8)

with the actions ofSO(m) andSO(m− 2) onI
(
Rm−2,Rm

)
:

πp,q ◦ Lg = Lg ◦πp,q, πp,q ◦ Rh = Rh ◦πp,q, ∀ g ∈ SO(m), h ∈ SO(m− 2),
(6.5.10)

where we have denoted byLg, resp.Rh, the (lift of the) action (6.5.9), resp. (6.5.8), on
I
(
Rm−2,Rm

)
n Ĉp,q andI

(
Rm−2,Rm

)
.

Remark6.5.12. It is possible to define a similar right action ofGL(m − 2) on the
quotientI

(
Rm−2,Rm

)
n Ĉ0

p,q andI
(
Rm−2,Rm

)
; this action is compatible with the

projection fromI
(
Rm−2,Rm

)
nĈ0

p,q ontoI
(
Rm−2,Rm

)
. We recall that the quotient of

I
(
Rm−2,Rm

)
by the right action ofGL(m− 2) is the Grassmann manifoldGrm,m−2.

We consider a product ofθ- andη-forms, which we denote byγ, such that the
degree of this form is bigger or equal to(p−1)(m−2)+qm−1. The following Lemma
characterizes precisely the contributions coming from boundary faces of configuration
space integrals such as (6.3.5) and (6.4.9) as biinvariant forms on spacesI

(
Rm−2,Rm

)

(see also Section 2.6 of Chapter 2).

Lemma 6.5.13.The push-forward ofγ w.r.t. toπp,q, which we denote by
∫

bCp,q
γ, is a

biinvariant form onI
(
Rm−2,Rm

)
. If γ contains onlyθ-forms,

∫
bCp,q

γ is anSO(m)-
invariant form onGrm,m−2.

Proof. The proof is a consequence of Lemma 6.5.11, equation (6.5.10) and Lemma 2.2.3
and 2.2.4.

As a corollary, a form
∫

bCp,q
γ vanishes, if the integrand contains onlyθ-forms and

has odd degree.

Remark6.5.14. Lemma 6.5.13 gives analogous results, when we restrict ourselves
to the Stiefel manifoldVm,m−2: in this case, the form

∫
bCp,q

γ is a biinvariant form

on Vm,m−2, and similarly, ifγ does not contain anyη-form,
∫

bCp,q
ω descends to an

SO(m)-invariant form onGrm,m−2.
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We recall at this point some facts from Section 2.5 of Chapter1: there is a deforma-
tion retraction ofI

(
Rm−2,Rm

)
to the Stiefel manifoldVm,m−2, denoted byΛm,m−2.

The homotopy between the identity and the composition ofΦm,m−2 with the inclusion
of Vm,m−2 into I

(
Rm−2,Rm

)
will be denoted simplŷΛm,m−2. Now assume that we

have a closed formω onI
(
Rm−2,Rm

)
of degreep. We then define the following form

of degreep− 1 onI
(
Rm−2,Rm

)
:

ω̂ : =

∫ 1

0

Λ̂∗m,m−2ω;

here, the integral denotes push-forward w.r.t. the projection fromI
(
Rm−2,Rm

)
× [0, 1]

ontoI
(
Rm−2,Rm

)
. We take the exterior derivative of̂ω: the generalized Stokes The-

orem gives
dω̂ = ι∗1Λ̂

∗
m,m−2ω − ι

∗
0Λ̂
∗
m,m−2ω,

whereιi, i = 0, 1, denotes the inclusion

α ↪→ (α; i)

of I
(
Rm−2,Rm

)
intoI

(
Rm−2,Rm

)
×[0, 1]. Recalling the computations of Section 2.5,

Λ̂m,m−2 ◦ ι1 = ιm,m−2 ◦ Λm,m−2 andΛ̂m,m−2 ◦ ι0 = id, whence

dω̂ = Λ∗m,m−2ι
∗
m,m−2ω − ω.

The formι∗m,m−2ω is simply the restriction ofω to the Stiefel manifold; hence, a closed
form ω on I

(
Rm−2,Rm

)
can be written as the sum of the pull-back of a form on the

Stiefel manifold and an exact form. We will make use in the next Subsubsection in
order to characterize the contribution of the most degenerate face ofΘ3.

The vanishing of the most degenerate face of (6.4.9) in4 dimensions

With the help of the preceding lemmata, we are now ready to characterize the contri-
bution from the most degenerate face of (6.4.9) in4 dimensions.

We denote bŷΘ3 the form of degreem−1 onI
(
Rm−2,Rm

)
, form even, given by

Θ̂3 : =
1

3

∫

bC6,0

θ14θ26θ35η12η34η56 +

∫

bC6,0

θ14θ26θ35η12η23η45−

−

∫

bC6,0

θ14θ26θ35η12η23η34 +
1

3

∫

bC6,0

θ14θ25θ36η12η23η31−

−

∫

bC5,1

θ16θ36θ56θ24η12η23 +

∫

bC5,1

θ16θ36θ56θ24η12η34−

−

∫

bC4,2

θ16θ36θ56θ25θ45η12 +
1

3

∫

bC3,3

θ14θ25θ36θ45θ46θ56,

(6.5.11)

i.e. the contribution coming from the most degenerate face of Θ3; notice that the inte-
grals are already computed on the compactifications à la FMcPAS of the spaceŝC0

p,q,
which we have discussed in Subsection 2.4.4 of Chapter 2.
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In order to apply the arguments at the end of Subsubsection 6.5.4, we need two
technical lemmata.

Lemma 6.5.15.The exterior derivative of the form̂Θ3 vanishes.

Proof. We notice first that the first six integrals and the last one vanish already by
arguments exhibited in Subsection 6.5.3; hence, it remainsto compute the exterior
derivative of the seventh integral.

The computation of exterior derivative of the seventh integral is performed via the
generalized Stokes Theorem; since the integrand is clearlyclosed, we have only to
compute the corresponding contribution coming from the boundary. Recalling the char-
acterization of the compactification of̂C0

4,2 sketched at the end of Subsection 2.4.4, the

boundary ofĈ4,2 is the union of different boundary faces, which present the same fea-
tures as the boundary faces ofC4,2 correspondingonly to the collapse together of some
internal vertices, of some external vertices inRm or of both types of vertices,with the
exception of the case, when all vertices collapse together(we recall that this possibility
is automatically ruled out by the explicit shape ofĈ0

4,2). We can once again distinguish

boundary faces of̂C4,2 betweenprincipal andhiddenfaces, the former corresponding
to the collapse of exactly two vertices, the latter to the collapse of more than2 vertices.

Since boundary faces of̂C4,2 admit a description which mimics that of boundary
faces ofC4,2, the contributions coming from hidden faces ofĈ4,2 vanish by a mild
modification of the arguments used in Subsection 6.5.3 to show the vanishing of the
hidden faces of the seventh integral ofΘ3.

The contributions coming from principal faces are of four types, which, for the
sake of simplicity, are illustrated in Figure (6.5.4), (6.5.4), (6.5.4) and (6.5.4), which
correspond respectively to the collapse of the vertices labeled by1 and2, those la-
beled by1 (or 2) and6 (or 5), those labeled by3 (or 4) and6 (or 5) and those labeled
by 5 and6. From the diagrammatic representations of the diagrams, itis easy to see
that the integrals corresponding to (6.5.4), (6.5.4) and (6.5.4) vanish, the former two
by Lemma 6.5.7 and the latter by Lemma 6.5.8. The integral corresponding to (6.5.4)
represents a form of degreem on the Grassmann manifoldGrm,m−2, as it contains
only θ-forms. It vanishes, because the integral represented by the diagram (6.5.4) is
the exterior derivative of the eighth integral ofΘ̂3. In fact, it is possible to compute
the exterior derivative of the eighth integral ofΘ̂3 using the generalized Stokes Theo-
rem, reducing the problem to the computation of the boundarycontribution; again, we
have to compute all contributions coming from principal andhidden boundary faces
of Ĉ3,3; the hidden faces vanish all by some mild modifications of thearguments used
in Subsection 6.5.3 for the eighth integral ofΘ3. There are only two types of contri-
butions coming from principal faces: the former is depictedgraphically in (6.5.4), the
latter vanishes, as it contains a square of aθ-form. Hence, the exterior derivative of the
eighth integral of̂Θ3 equals (up to some factors) the exterior derivative of the seventh
integral ofΘ̂3; since the former differential form is zero, so is its exterior derivative,
whence it follows that the form represented by the seventh integral ofΘ̂3 is closed, and
so is alsoΘ̂3.
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Figure 6.16: The contribution to the seventh integral ofΘ̂3 coming from the collapse
of the vertices labeled by1 and2
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Figure 6.17: The contribution to to the seventh integral ofΘ̂3 coming from the collapse
of the vertices labeled by1 and6
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Figure 6.18: The contribution to the seventh integral ofΘ̂3 coming from the collapse
of the vertices labeled by3 and6

We consider now the special casem = 4, and we take the restriction of̂Θ3 to the
Stiefel manifoldV4,2.

Lemma 6.5.16. The restriction toV4,2 of the3-form Θ̂3 on I
(
R2,R4

)
in equation

(6.5.11) is basic w.r.t. the rightSO(2)-action onV4,2, and hence descends toGr4,2; it
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Figure 6.19: The contribution to the seventh integral ofΘ̂3 coming from the collapse
of the vertices labeled by3 and6

is alsoSO(4)-invariant.

Proof. We have previously shown that the first six integrals and the last one vanish; the
only nonvanishing integral is the seventh one, whose restriction toV4,2 represents, by
the results in the previous Subsubsection, a biinvariant form onV4,2 of degree3. If we
are able to show that it is moreoverSO(2)-horizontal, then we are done, since, in this
case,Θ̂3 descends to a form of degree3 on the Grassmann manifoldGr4,2, and so it
has to vanish.

We consider the fundamental vector fieldXξ associated to the generator ofso(2),
and we compute the contraction byXξ of the seventh term in (6.5.11). By Lemma 6.5.11
anyθ-form is alreadySO(2)-basic, hence the possible contributions to contraction of
Θ̂3 by Xξ come from contraction byXξ of any η-form. Moreover, as the mapsφij
(by which we pull-back the volume form onS1) areSO(2)-equivariant, contraction
byXξ of anyη-form equals a nonzero constantλ, as anyη-form is constructed via the
normalized top-form onS1.

Contraction byXξ of the seventh integral vanish by means of Lemma 6.5.8 (see
also Figure 6.5.4 for a pictorial description).
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Figure 6.20:

We have thus proved (Lemma 6.5.15) that the formΘ̂3, the contribution to the
exterior derivative ofΘ3 coming from the most degenerate face, viewed as a form
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on I
(
Rm−2,Rm

)
, for m even, is closed; the existence of a deformation retraction of

I
(
Rm−2,Rm

)
to the Stiefel manifoldVm,m−2 implies, by what we have proved at the

end of Subsubsection 6.5.4, thatΘ̂3 differs from (the pull-back w.r.t. the mapΛm,m−2

of) its restriction toVm,m−2 by an exactm − 1-form. Moreover, in the special case
m = 4, the restriction toV4,2 of Θ̂3 vanishes by Lemma 6.5.16.

Hence, we consider first the following form of degreem− 2 onI
(
Rm−2,Rm

)

∫ 1

0

Λ̂∗m,m−2Θ̂3,

where the notations are as at the end of Subsubsection 6.5.4.We then consider its
pull-back w.r.t. the “tangential evaluation map”(x; f) 7→ Txf (denoted by the same
symbol), which yields a form of degreem − 2 onC1

(
Rm−2

)
× Imb∞,σ

(
Rm−2,Rm

)

(whereC1 = C1

(
Rm−2

)
denotesRm−2 with the point at infinity blown up). We

consider finally the function

Θ̃3 : =

∫

C1

(∫ 1

0

Λ̂∗m,m−2Θ̂3

)
. (6.5.12)

We compute the exterior derivative of (6.5.12) by means of the generalized Stokes
Theorem:

dΘ̃3 =

∫

C1

d

(∫ 1

0

Λ̂∗m,m−2Θ̂3

)
=

=

∫

C1

Λ∗m,m−2ι
∗Θ̂3 −

∫

C1

Θ̂3.

(6.5.13)

In fact, we have also to consider the only boundary contribution, which corresponds
in this situation to the vertex inRm−2 escaping to infinity. Such a boundary face van-
ishes by dimensional reasons: the fiber of the boundary is diffeomorphic toSm−3 (the
sphere “at infinity”), and the integrand, which is clearly nonbasic w.r.t. the boundary
fibration, is a form of degreem − 2, depending only on the fiber, since any imbed-
ding in Imb∞,σ

(
Rm−2,Rm

)
at infinity takes a given linear behavior, which does not

depend neither on the imbedding nor on the point inRm−2. Hence, we have only to
consider the exterior derivative of the integrand; sinceΘ̂3 is closed, the result follows
immediately from the computations at the end of Subsubsection 6.5.4.

We consider the function onImb∞,σ
(
Rm−2,Rm

)

Θ3 : = Θ3 − Θ̃3. (6.5.14)

We can finally formulate the following

Theorem 6.5.17. In the special casem = 4, the exterior derivative of (6.5.14) van-
ishes, hence giving a true (isotopy-)invariant ofImb∞,σ

(
R2,R4

)
.

Proof. The proof is an immediate consequence of equations (6.5.14)and (6.5.13), not-
ing that, by Lemma 6.5.16 holding for the special casem = 4, the first term in the
second row of (6.5.13) vanishes, as it is the pull-back of a biinvariant form onV4,2 of
degree3, therefore descending to an invariant form on the GrassmannmanifoldGr4,2,
which is necessarily0 by the arguments of Subsection 2.6.6.
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Remark6.5.18. In the more general casem even and strictly bigger than4, the function
(6.5.14) is aquasi-invariant, in the sense that its exterior derivative (which, forΘ3,
equals the boundary face coming from the most degenerate face, where all vertices
collapse together) can be written as a linear combination ofa finite number of terms,
each of which is a pull-back of a biinvariant form on the Stiefel manifoldVm,m−2.
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Chapter 7

Conclusions and outlook

In this final section we briefly discuss two main problems:

i) the functions (6.3.5) and (6.4.9) are defined on the spaceImb∞,σ
(
Rm−2,Rm

)
of

long knots inRm, but it is nonetheless possible to adjust them so as to obtain
(quasi-)invariants of imbedded spheres of codimension2 in Rm;

ii) other possible invariants for long knots inRm can be obtained by considering
terms of higher order of the perturbative expansion of the v.e.v. of the partition
function of theI action.

However, as fori), our invariants (6.3.5) and (6.4.9) for long knots inRm yield also
true invariants of higher-dimensional knots inRm: in fact, any higher-dimensional knot
in Rm can be made in an obvious way into a higher-dimensional knot in Sm (i.e. an
imbedding ofSm−2 into Sm) by choosing a point at infinity∞ in Sm (e.g. the north
pole). Moreover, the action of the group of diffeomorphismsof Sm (which contains
SO(m+ 1)) permits, choosing also a point at infinity∞ in Sm−2, to deform a higher-
dimensional knot inSm, so that the point at infinity inSm−2 is mapped to the point at
infinity in Sm (this can be done by the action ofSO(m + 1)). At this point, we have
obtained from a higher-dimensional knot inRm a base-point preserving imbedding of
Sm−2 into Sm. Furthermore, since we are considering imbeddings ofSm−2 into Sm,
the action ofDiff(Sm) enables one to deform a base-point preserving knot inSm in a
small neighbourhood of∞ in Sm such that its behavior in this small neighbourhood
is linear and governed moreover by a fixed linear imbedding ofRm−2 into Rm, which
corresponds to the tangent map of the given imbedding at∞. Hence, it becomes a
long knot inRm in the sense of (2.4.17) of Subsection 2.4.5 of Chapter 2. This shows
that in every connected component of the space of higher-dimensional knots inSm

there is a long knot inRm. Clearly, isotopy between higher-dimensional knots inRm

translates into isotopy of long knots inRm. This proves that (6.3.5) and (6.4.9) define
also invariants of higher-dimensional knots inRm.
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7.0.5 The Bott invariant and the function (6.4.9) for imbedded spheres
of codimension2

The Bott invariant (6.3.5) is the sum of three Feynman diagrams, which can also be
written as the sum of two configuration space integrals whoseintegrands contain cyclic
sums ofη-forms; in fact, this was the way Bott originally wrote its invariant. This way
of writing the Bott invariant is not only aesthetic, but has to do with the fact that Bott
originally intended to construct an invariant for imbeddedspheres of codimension2 in
Rm instead of long knots inRm.

Namely, the main difference between invariants for long knots inRm and invariants
for higher-dimensional knots inRm obtained by configuration space integrals is that
we have to replace configuration spacesCs,t ≡ Cs,t

(
Rm,Rm−2

)
byCs,t

(
Rm, Sm−2

)

and the superpropagator of the exterior differential onRm−2 (which corresponds to the
η-form) by the superpropagator of the exterior differentialon Sm−2; this is the most
difficult point.

For the construction of the superpropagator of the exteriordifferential onSm−2

we have to resort to the notion ofparametrix of the exterior derivative. We briefly
introduce some basic notions. Given a smooth, compact manifoldM , a parametrix for
the exterior derivative onM is an operatorP on Ω∗(M) decreasing the degree by1
and satisfying the equation

d ◦ P + P ◦d = id +S, (7.0.1)

whereS is a smooth operator of degree0. The parametrix ofd is not unique, since any
parametrixP defines another parametrix by settingP 7→ P +d ◦ Q − Q ◦ d, for any
smooth operator decreasing by2 the degree. Usually, we representP by a convolution,
i.e. we want to associate toP a formη on the productM ×M realizingP as

P (α) = π∗2(η ∧ π∗1α) ;

due to the presence of the identity in (7.0.1), the formη cannot be smooth onM ×M .
A way of dealing with this problem is to considerη to be a form onC2(M), which
projects down in an obvious way ontoM ×M , with projectionπ. The boundary of
C2(M) is a spherical bundle over the diagonalM ∼= Diag(M ×M). Therefore, as
a consequence of Section 2.7 of Chapter 2, the bundle∂C2(M)

π∂→ Diag(M ×M)
is endowed with a global angular form̂η ∈ Ωm−1 (∂C2(M)) (for the definition of a
global angular form on a sphere bundle, see Section 2.7 of Chapter 2); the definition of
a global angular form on a sphere bundle overM needs an explicit representativee of
the Euler class ofM .

We denote byχ∆ ∈ Ωm(M × M) a representative of the Poincaré dual of the
diagonalDiag ≡ Diag (M ×M). We denote further byT the smooth map onC2(M)
induced by the exchange of the two factors inC0

2 (M).
Generalizing Proposition 3.2 in [10] by similar arguments to the case of a general

compact manifoldM , we get the following

Theorem 7.0.19.There exists a formη ∈ Ωm−1(C2(M)) and a formβ ∈ Ωm−1(Diag),
for given representativese, resp.χ∆, of the Euler class ofM , resp. of the Poincaré dual
of Diag, such that
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• dη = π∗χ∆,

• ι∗∂η = −η̂ + π∗∂β,

• T ∗η = (−1)mη,

providedm is even andHm−1(M) is trivial or m is odd.

The mapι∂ is the inclusion of the boundary∂C2(M) intoC2(M).
From Theorem 7.0.19 we get a parametrix of the exterior derivative onM by the

following

Theorem 7.0.20.Denoting byπi the smooth lifts toC2(M) of the two natural projec-
tions fromC0

2 (M) ontoM , and bypi the two natural projections fromM ×M onto
M , the operatorP defined by

P (α) : = −π2∗(η ∧ π
∗
1α) (7.0.2)

is a parametrix, and the smooth operatorS is defined as

S (α) : = (−1)mp2∗(χ∆ ∧ p
∗
1α) .

The proof is a simple application of the generalized Stokes Theorem.
We return back toM = Sm−2; Theorem 7.0.19 and 7.0.20 yield a superpropagator

η ∈ Ωm−3
(
C2

(
Sm−2

))
for the exterior derivative onSm−2. Quite differently from

theη-form onC2

(
Rm−2

)
, theη-form is not closed; namely, if we choose a generator

v of the highest-degree cohomology ofSm−2 (i.e. a top-form onSm−2), its exterior
derivative equals

dη = v2 + (−1)mv1 6= 0. (7.0.3)

wherevi : = p∗i v, i = 1, 2. If we consider the compactified configuration spaces
Cs,t

(
Rm, Sm−2

)
à la FMcPAS and projectionsπij onC2

(
Sm−2

)
, 1 ≤ i 6= j ≤ s, we

denote byηij the pull-backs ofη by πij ; Equation (7.0.3) shows immediately that any
cyclic alternate sum, resp. cyclic sum, ofη-formsηij is closed, ifm is even, resp. odd.

Therefore, we can write the following two functionsΘ2 andΘ3 on the space of
higher-dimensional knots inRm:

Θ2 : =
1

8

∫

C4,0

θ13θ24η
2
1234 −

1

3

∫

C3,1

θ14θ24θ34η123 (7.0.4)

and

Θ3 : = −
1

24

∫

C6,0

θ14θ25θ36η1245η1346η2356 −
1

6

∫

C5,1

θ16θ36θ56θ24η1234η2345−

−
1

4

∫

C4,2

θ16θ36θ56θ25θ45η1234 +
1

3

∫

C3,3

θ14θ25θ36θ45θ46θ56.

(7.0.5)
In (7.0.4),η123 : = η12 + η23 + η31 andη1234 is defined accordingly. In (7.0.5),
ηijkl : = ηij−ηjk+ηkl−ηli, for any4-tuple of distinct indices. If we write explicitly
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the cyclic (alternate) sums of theη-forms in both expressions (7.0.4) and (7.0.5) and
we use the parity ofη- andθ-forms w.r.t. involutionT , resp. the antipodal map on the
sphereSm−1 together with the action of permutation groups on configuration spaces,
we find the same integrals as in (6.3.5) and (6.4.9), where nowtheη-forms are pull-
backs of the parametrix of Theorem 7.0.20 and the compactified configuration spaces
areCs,t

(
Rm, Sm−2

)
.

Again, the parity of the parametrix w.r.t. the map exchanging the arguments of
C2

(
Sm−2

)
implies that (7.0.4) vanishes in even dimensions, while (7.0.5) vanishes in

even dimensions. The generalized Stokes Theorem implies that the exterior derivative
of both (6.3.5) and (6.4.9) is given by their respective boundary contributions.

The parity of the parametrixη w.r.t. the involution exchanging the two points in
C2

(
Sm−2

)
and the fact thatη restricts to a global angular form on∂C2

(
Sm−2

)
al-

low us to repeat almost the same arguments and vanishing lemmata of Section 6.3, 6.4
and 6.5 to evaluate principal and hidden boundary contributions, hence proving that
Θ2 is an invariant for imbedded spheres of codimension2 into odd-dimensional Eu-
clidean spaces and thatΘ3 is aquasi-invariant for imbedded spheres of codimension2
into even-dimensional Euclidean spacesin the sense that all boundary contributions
to the exterior derivative ofΘ3 vanish by the same vanishing lemmata of Subsec-
tion 6.5.1, except the most degenerate face where all vertices collapse together. This
contribution can be shown to be the (pull-back of) anSO(m)-invariant form on the
fiber bundleSO

(
Sm−2

)
×SO(m−2) I

(
Rm−2,Rm

)
. Since the restriction to each fiber

of SO
(
Sm−2

)
×SO(m−2) I

(
Rm−2,Rm

)
of this form yields anSO(m)-invariant form

on the Stiefel manifoldI
(
Rm−2,Rm

)
, it follows that there is a finite number of such

forms at each degree by the arguments of Section 2.6 of Chapter 2. The most degen-
erate boundary contribution to the exterior derivative ofΘ3 can then be written as (the
pull-back of) a linear combination of a finite-dimensional basis ofSO(m)-invariant
forms onI

(
Rm−2,Rm

)
.

We see immediately that the construction configuration space integral invariants of
higher-dimensional knots inRm (as was the idea of Bott in [9]) presents more technical
difficulties than the construction of similar invariants for long knots.

7.0.6 Higher-order invariants

A more difficult task is the computation of terms of higher order coming from the
perturbative expansion of the partition function of theI action; as we have remarked
before, we could get possible invariants of long knots inRm. However, it is possible to
give an idea of how other possible perturbative invariants of long knots can be obtained.

From an inspection of (6.1.1) in Section 6.1, we see immediately that, at any order
p > 3, there is a connected Feynman diagram with weight the ratio of p and Lie-
algebraic termTr (Ξp):

∫

C2p,0

θ1,p+1θ2,p+2 · · · θp,2pη12η23 · · · ηp1. (7.0.6)

The exterior derivative of (7.0.6) can be computed by the generalized Stokes The-
orem. We need only consider principal faces, where either two consecutive vertices
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p+2p+1

2p

Figure 7.1: The configuration space integral (7.0.6) in diagrammatic form

labeled elements of{1, . . . , p} or two vertices labeled by{k, k + p}, k ∈ {1, . . . , p}
since the vanishing lemmata from Subsection 6.5.1 imply that hidden faces give trivial
contributions. When two consecutive vertices in{1, . . . , p} collapse together, we also
find a trivial contribution: namely, the resulting configuration space integral contains

θi,i+pθi,i+p+1,

wherei is bivalent internal, andi+ p andi+ p+ 1 are univalent internal. We consider
the involutionσi+p,i+p+1 ofC2p−1,0 exchangingi+p andi+p+1; such an involution
is orientation-preserving, resp. -reversing, ifm is even, resp. odd. On the other hand,
the action ofσi+p,i+p+1 on the integrand affects only the above term, yielding

θi,i+pθi,i+1+p 7→ θi,i+p+1θi,i+p = (−1)m−1θi,i+pθi,i+1+p.

Hence, under the involutionσi+p,i+p+1, the configuration space integral corresponding
to the boundary contribution coming from the collapse ofi andi+1 is mapped into its
opposite, and hence vanishes.

Using the action of the permutation groupS2p−1 onC2p−1,0, the only boundary
contribution to the exterior derivative of (7.0.6) is givenby (up to signs)

∫

C2p−1,0

θ1θ2,p+1 · · · θp,2p−1η12η23 · · · ηp1,

whereθ1 is as in (6.3.6).
One can show that it is possible to construct a (quasi-)invariantΘp on the space of

long knots inRm, for anym > 3, of the form of a finite sum of configuration space
integrals, starting from the configuration space integral (7.0.6): the idea, motivated
by the above computations, is to sum to (7.0.6) a configuration space integral, whose
exterior derivative cancels the exterior derivative of (7.0.6). Diagrammatically (and up
to numerical coefficients),

As one can immediately see, the exterior derivative of the added counterterm pro-
duces also other boundary contributions, which need corresponding counterterms to
be added along the same lines. It turns out that one needs onlya finite number of
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Figure 7.2: The exterior derivative of (7.0.6) in diagrammatic form; the contributionθ1
is indicated by the closed arc at the vertex labeled by1

2
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p+2
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p+4

12p
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p

p−1

p−2

Figure 7.3: The diagrammatic form of the counterterm added to (7.0.6); the principal
face corresponding to the collapse of the internal verticeslabeled by1 and2p yields
clearly the counterterm to the diagram (7.0.6)

such configuration space integrals in this procedure. In fact, the functionΘp contains
configuration space integrals, whose associated diagrams via the Feynman rules of
Section 6.1 are generalizations of the diagrams present in (6.3.5) and (6.4.9) with the
Feynman rules of Section 6.1, in the sense that they take the form of regulark-gons
(with p ≤ k ≤ 2p) with bivalent or trivalent vertices and each trivalent vertex (be it
internal or external) is connected to exactly one univalentinternal vertex by aθ form;
the edges of suchk-gons correspond toη- or θ-forms. Moreover, in the computation of
the exterior derivative ofΘp, again by the generalized Stokes Theorem, we are reduced
to compute contributions coming from terms corresponding to faces of codimension1
of compactified configuration spaces. It is not difficult to see that for the configuration
space integrals ofΘp hold all vanishing lemmata displayed in Section 6.5; hence,we
need only consider contributions coming from principal faces and, in even dimensions,
the contribution coming from the most degenerate boundary face, where all points col-
lapse together. The sum of the contributions coming from principal faces vanish by
the signs coming from (2.4.23) of Subsection 2.4.6 of Chapter 2 and by the action of
permutation groups on configuration spaces. The contribution to the exterior derivative
of Θp coming from the most degenerate boundary face in even dimensions is given
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(as was the case for (6.4.9)) by (pull-backs of) of forms on the spaceI
(
Rm−2,Rm

)

of injective linear maps fromRm− 2 into Rm, for m even. A generalization of the
arguments used in Subsubsection 6.5.4 shows that, in dimension 4, it is possible to
correct this “bad” behavior by the addition of a term: the most degenerate contribu-
tion of this new function onImb∞,σ

(
R2,R4

)
comes now from an invariant form of

degree3 on Gr4,2 (similarly to Lemma 6.5.16) and hence vanishes by the arguments
of Subsection 2.6.6 of Chapter 2.

Finally, we may summarize all these facts by saying that, using the generalized
Stokes Theorem, the vanishing lemmata of Subsection 6.5.1 and the arguments of Sub-
section 6.5.4 and Subsubsection 6.5.4,

a) it is in principle possible to construct, at any orderp ≥ 2, functionsΘp on the
space of long knots inRm, for m > 3, in the form of sums of configuration
space integrals in the spirit of Bott and Taubes;

b) it is in principle possible to prove that

i) the functionsΘp ared-closed, hence yielding invariants of long knots in
Rm, form odd;

ii) Θp can be modified, in dimensionm = 4, so as to give a true invariant of
long knots;

iii) Θp is, by the addition of an explicit term, aquasi-invariant for long knots
in Rm, form even, in the sense that the contribution of the most degenerate
is given by the pull-back of a finite sum of biinvariant forms on the Stiefel
manifoldVm,m−2. Hence, in the spirit of [12], taking a sufficiently large
number of quasi-invariantsΘp, for m even and strictly bigger than4, it is
possible to take linear combinations of them in such a way as to get a true
invariant of long knots.
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Chapter 8

Appendix

8.1 Sign rules

To introduce the dot product, let us for a moment suppose thatwe have aZ-graded
superalgebraE, and let us considerΩ∗(M ;E) with differential

d(ω ⊗ e) := dω ⊗ e.

Let us pick an elementω ⊗ e in Ω∗(M ;E); we can assign to it two gradings, namely
its degree as a form onM and the degree of itsE-part; from now on, we will call the
degree inE “ghost number.” By “homogeneous” inΩ∗(M ;E) we mean from now
on any elementα of given degreeand ghost number. We then define the product of
homogeneous elements inΩ∗(M ;E) by the rule

(ω ⊗ e) (ω′ ⊗ e′) := ω ∧ ω′ ⊗ ee′.

The graded Leibnitz rule reads

d(α β) = dα β + (−1)degαα dβ, ∀α, β ∈ Ω∗(M ;E).

In the case whenE is supercommutative, it also follows that

α β = (−1)degαdeg β+ghα gh ββ α.

In caseE is associative, we define the super Lie bracket of two homogeneous elements
a, b by

[ a , b ] := a b− (−1)gha gh bb a, ∀a, b ∈ E;

it satisfies the graded antisymmetry

[ a , b ] = −(−1)gha gh b[ b , a ]

and the graded Jacobi identity

[ a , [ b , c ] ] = [ [ a , b ] , c ] + (−1)gh a gh b[ b , [ a , c ] ],
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for all homogeneousa, b, c ∈ E. The super Lie bracket onE can be extended to
Ω∗(M ;E) with the help of the wedge product by the rule

[α⊗ a , β ⊗ b ] := α ∧ β ⊗ [ a , b ].

The graded antisymmetry and the graded Jacobi identity imply

• [α , β ] = −(−1)degα degβ+ghα gh β[β , α ];

• [α , [β , γ ] ] = [ [α , β ] , γ ] + (−1)degα degβ+ghα gh β[β , [α , γ ] ],

for all homogeneous formsα, β, γ ∈ Ω∗(M ;E).

Remark8.1.1. It is possible to start directly with a super Lie algebraH instead ofE.
The graded antisymmetry and the graded Jacobi identity inΩ∗(M ; H) hold as in the
previous formulae.

8.1.1 Dot products

SinceΩ∗(M ;E) has two gradings, each homogeneous elementα in the degree and in
the ghost number inherits a new grading, thetotal degree, which is defined by|α| :=
degα+ ghα.

With the help of the total degree, we can define thedot productof two homogeneous
formsα, β in Ω∗(M ;E) by the rule

α · β := (−1)ghαdeg βα β,

and accordingly thedot Lie bracket

[[α ;β]] := (−1)ghαdeg β[α , β ].

We now list some obvious properties: Let us suppose thatE is supercommutative; then

α · β = (−1)|α||β|β · α, (graded commutativity).

For the dot Lie bracket holds in general

[[α ;β]] = −(−1)|α||β|[[β ;α]] (graded antisymmetry),

[[α ; [[β ; γ]]]] = [[[[α ;β]] ; γ]] + (−1)|α||β|[[β ; [[α ; γ]]]], (graded Jacobi identity),

for all homogeneous formsα, β, γ in Ω∗(M ;E).
Next, we notice that the exterior derivative satisfies the following graded Leibnitz

rule
d(α · β) = dα · β + (−1)|α|α · dβ.

If we consider an (ungraded) algebra bundle (or more generally, a Lie algebra bun-
dle) B → M , we can consider the spaceΩ∗(M,B) ⊗ E, instead ofΩ∗(M ;E); we
define accordingly the total degree (B is ungraded and each fiber is an algebra) and the
dot product (and the dot Lie bracket).
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We next consider a covariant derivativedA, coming from a connectionA onB, and
define its action onΩ∗(M,B)⊗ E by the rule

dA(α⊗ a) := dAα⊗ a.

Then, the Leibnitz rule fordA w.r.t. the dot product and the dot Lie bracket follows
easily.

8.1.2 Superderivations

We can also consider in this setting the BV operatorδ defined by the BV action as a
graded derivation on the superalgebraE, which we extend toΩ∗(M ;E) by the rule

δ(α⊗ a) := α⊗ δa.

It follows:

• δ(α β) = δα β + (−1)ghαα δβ for homogeneousα, β in Ω∗(M ;E);

• δ ◦ d = d ◦ δ onΩ∗(M ;E).

Let us next defineδ := (−1)deg 1⊗ δ, where(−1)deg is the operator which multiplies
each homogeneous form onM by the parity of its degree.

From its very definition, it follows

• δ(α · β) = δα · β + (−1)|α|α · δβ for homogeneousα, β in Ω∗(M ;E);

• δ ◦ d = −d ◦ δ onΩ∗(M ;E).

Remark8.1.2. The same identities can be proved even when we substituteΩ∗(M ;E)
with Ω∗(M,B)⊗E, for an ungraded algebra bundleB →M and the exterior derivative
with a covariant one, or if we replaceE by a super Lie algebraH.

We can then define the operator

D := d⊗ 1 + (−1)m+1 δ, m = dimM ;

it follows easily from all the above results that it is a superderivation w.r.t. the total
degree. Moreover, ifδ is nilpotent, then so isD, and consequently a differential on
Ω∗(M ;E). If we are dealing withΩ∗(M,B) ⊗ E, we can replaced by a covariant
derivativedA and defineDA := dA⊗1+δ, which is then a superderivation. Moreover,
if A is flat,DA is a superdifferential, too. (Of course any linear combination of d ⊗ 1
andδ has these properties. The conventional choice of the factor(−1)m+1 is consistent
with the choices made in the rest of the paper.)

In the paper, we also consider a flat background connectionA0 and its relative
covariant derivative, along with a sum of forms, which we denote bya, of total degree
1. ThendA = dA0 + [[a ; ]] defines a superconnection onΩ∗(M, adP ). In the setting
of this Appendix, this is tantamount to choosing forms onΩ∗(M, adP ) ⊗ E of total
degree1; we sum all these forms and obtain a variation of the superconnectionA0. We
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define accordinglyDA := dA + (−1)m+1δ; it is clear thatDA is a derivation, and its
curvature is given by

D2
A = [[(−1)m+1δa + FA ; ]] =: [[FA ; ]];

so (3.4.4) can be interpreted as the vanishing of the curvatureFA of A onΩ∗(M, adP )⊗
E; thus,A is formally “superflat.” Similarly, (3.4.5) implies that the superformB (seen
as an element ofΩ∗(M, adP )⊗ E of total degreem− 2) isDA-closed.

8.1.3 Pull-backs and push-forwards

Finally, let π : E → M be a fiber bundle. We then define the pullback, resp. push-
forward, w.r.t.π by the rules

• π∗(ω ⊗ e) := π∗ω ⊗ e, for ω ⊗ e ∈ Ω∗(M ;E);

• π∗(η ⊗ e) := π∗η ⊗ e, for η ⊗ e ∈ Ω∗(E , E).

It follows immediately that

• δ ◦ π∗ = π∗ ◦ δ;

• δ ◦ π∗ = π∗ ◦ δ.

It is then not difficult to verify that

• δ ◦ π∗ = π∗ ◦ δ;

• δ ◦ π∗ = (−1)rk Eπ∗ ◦ δ.

By definition of the dot product, it follows (in analogy with the first two equations
in (2.2.2))

• π∗(π∗α · β) = (−1)rkE|α|α · π∗β;

• π∗(α · π∗β) = α · π∗β.
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