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Abstract

The Batalin–Vilkovisky (BV) formalism is a powerful framework for handling quantum gauge
theories, also providing a systematic way to compute an effective action Seff . This thesis
studies two techniques for globalizing a locally constructed Seff . Both rest on embedding the
global space into a resolution in which globality is encoded in a differential; the construction
of the effective action is then realized by a chain map, and a strong deformation retract
(or a full L8 transfer) back to the global functions, built via the homological perturbation
lemma, yields globalization formulae and hence a global effective action.

The first technique uses formal geometry: a formal exponential map lifts the theory to a
bundle carrying a flat Grothendieck connection D, whose degree-zero cohomology recovers
the global functions; we carry this out for the one-dimensional AKSZ theory of the spinning
particle. The second is Čech-theoretic: the effective action is computed patchwise, yielding
a solution of the quantum master equation on the Thom–Whitney totalization of the Čech
nerve of a cover, and finally globalized.
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Introduction

Quantum field theory frequently requires making sense of oscillatory integrals of the form
ş

µe̊ıS{ℏ; when S carries a gauge symmetry the stationary phase formula breaks down, since
the Hessian degenerates along the gauge orbits. The Batalin–Vilkovisky (BV) formalism
[3, 4] is a very general framework that deals with this difficulty: it enlarges the field content
by ghosts and antifields and replaces the naive integral by the BV integral of a solution of
the (quantum) master equation over a gauge-fixing Lagrangian submanifold. Among other
things, it lets one integrate out part of the fields (the fluctuations) and produce an effective
action Seff for the rest, the central object of this thesis.

The computation of Seff is, however, typically local. What one would like instead is a
single, globally defined effective action, and gluing the local data coherently into such an
object is what we call globalization, the question this thesis is concerned with. We study
two techniques that solve it.

The first technique makes use of formal geometry [7]. Its central device is a formal
exponential map, which covariantly pulls back functions on the manifold to Taylor series
along the tangent fibres and thereby organizes the perturbative expansion without breaking
covariance. These Taylor series assemble into a bundle carrying a flat Grothendieck con-
nection D, whose cohomology is concentrated in degree zero and consists precisely of the
global functions. Splitting the fields via Hodge theory, one computes the effective BV action
perturbatively as an element of this larger complex, which is then globalized by transferring
it, via the homological perturbation lemma, into the global complex.

We test this machinery on the spinning particle, a one-dimensional AKSZ theory [1]
which, once coupled to worldline supergravity, describes a relativistic spinning point parti-
cle. We first treat the case of a two-dimensional, orientable and time-orientable Lorentzian
spacetime pM, gq: admitting a global null frame, it lets the AKSZ target untwist into a
cotangent bundle, so that the resulting AKSZ theory is what we call split. Split AKSZ
theories admit a direct globalization procedure [11], which we carry out for the spinning
particle. We then turn to the spinning particle on a spacetime M of arbitrary dimension,
where this splitting is no longer available, and develop a globalization procedure inspired by
the methods of Mnev and Wernli for Chern–Simons theory [30]. Both cases rest on the same
strong deformation retractions and homological perturbation lemma of the formal-geometric
procedure explained above.

The second technique is Čech-theoretic. Here we use an open cover U “ tUαu of the
manifold underlying the space of fields and the relevant resolution is the Thom–Whitney
totalization of the Čech nerve of U [19]: while the Čech nerve with the Čech differential
and the Thom–Whitney totalization, built from the de Rham complex on the simplices ∆k,
are quasi-isomorphic, only the latter carries the algebraic structure needed to define the
antibracket. Splitting the BV field space by a BV hedgehog [10], we show that computing
the effective action patchwise yields a solution to the quantum master equation on the
Thom–Whitney complex, and construct, again via the homological perturbation lemma,
the globalization formulae for a global effective action. We also present a construction due
to Getzler and Pohorence [20], which builds a global partition function directly by gluing
Lagrangian submanifolds across patches.

The thesis is organized as follows. We first collect the necessary background: the BV for-
malism, the AKSZ construction, and the homological algebra of L8 algebras and homotopy
transfer. We then develop formal geometry, for both the symplectic and odd-symplectic
cases, together with the algebraic BV structure such as the antibracket and the Laplacian,

5



and the strong deformation retractions needed later. We construct the spinning particle and
its BV theory via AKSZ and globalize its effective action, first in the two-dimensional split
case and then in general. The remaining part develops the Čech globalization machinery.
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1 BV formalism

This section will follow very closely the introductory book [29]. Some constructions in
supergeometry were taken from [13] (with different sign conventions however) or from [27].

1.1 Motivation

In quantum field theory one is often interested in evaluating Fresnel integrals. These are
integrals of the form

Ipkq “

ż

X
µeı̊kSpxq,

where, for the sake of the exposition, we take X to be an oriented, n-dimensional manifold,
µ P Ωnc pXq and S P C8pXq. We call a point xi P X a critical point if dSxi “ 0 and we call
S non-degenerate at a critical point xi if the bilinear map Hess : TxiX ˆ TxiX Ñ R given
by Hessxipv, wqS :“ vpwSq|xi is non-degenerate.

Assume that the critical points x0, ..., xm of S are all non-degenerate on Supppµq Ă X.
Then the stationary phase formula yields that in the asymptotics of k Ñ 8 we have

Ipkq „

m
ÿ

i“0

eı̊kSpxiq

ˆ

2π

k

˙
n
2 ˇ

ˇdetS2 pxiq
ˇ

ˇ

´ 1
2 ¨ e

π̊ı
4

signS2pxiq ¨ µxi ` O
´

k´n
2

´1
¯

where we have chosen a local coordinate chart ypiq
1 , ..., y

piq
n near each critical point xi to write

down the Hessian S2pxiqℓk :“ B2S{By
piq
ℓ By

piq
k |y“0 in coordinates.

The limitation of the stationary phase formula is that it applies only when S has non-
degenerate critical points, which is often not the case. The typical obstruction is a gauge
symmetry, as for the Yang–Mills action: a Lie group G acts on X via ρ : G ˆ X Ñ X
leaving both S and µ invariant. Since S is G-invariant it is constant along each orbit, so
at a critical point x the whole orbit G ¨ x consists of critical points and the Hessian of S at
x degenerates along the orbit directions TxpG ¨ xq. Faddeev and Popov [16] therefore pass
to the quotient X{G, on which these flat directions are gone. When G is compact and acts
freely the invariant data descend and the integral factorizes as

I “ VolpGq

ż

X{G
µ̃ eı̊kS̃ ,

where S̃ is the function induced by S on X{G and µ̃ the induced measure; the prefactor
VolpGq is precisely the redundancy of integrating over each entire orbit of gauge-equivalent
points. On the quotient the critical points are isolated and generically non-degenerate, and
the stationary phase formula applies.

While this handles some cases, there is a hierarchy of constructions of increasing gener-
ality. In the Faddeev–Popov method the symmetries are described by a group action on a
manifold; in the BRST method they are instead given by an involutive distribution of the
tangent space; and in the BV formalism [3, 4], of which we make great use in this thesis,
one may even drop integrability away from the critical points.

All three methods give rise to so-called ghost fields: odd (i.e. anticommuting) fields
encoding a gauge symmetry of the system. Treating them rigorously calls for supergeometry,
which extends the notion of a manifold to incorporate such odd structures. The next section
collects the definitions and constructions we will need.
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1.2 Supermanifolds

1.2.1 Preliminary definitions

To handle gauge symmetries, all approaches mentioned before resort to having odd fields.
These are fields ψi which anticommute, i.e. ψiψj “ ´ψjψi. This is the structure that a
supermanifold provides.

Definition 1.1. An pn|mq-supermanifold M is a smooth n-manifold M (the body, written
|M| “ M) equipped with a sheaf OM of supercommutative algebras that is locally modelled
on algebras C8pUq b ^‚V ˚, with U Ă M open and V a fixed m-dimensional vector space.
Equivalently, M carries an atlas of opens Uα Ă M with charts ϕα : Uα Ñ W “ Rn and
algebra isomorphisms Φα : OMpUαq Ñ C8pϕαpUqq b ^‚V ˚.

In quantum field theory we care more about the algebra of fields OM than about the
points themselves, which makes this algebro-geometric viewpoint on supermanifolds natural.
Locally on Uα an element of OM reads

f |Uα
“

ÿ

k

ÿ

1ďi1ă¨¨¨ăikďm

fi1¨¨¨ikpxq ¨ θi1 ¨ ¨ ¨ θik

where x1, ..., xn are the even (commuting) coordinates on M and θ1, ..., θm P V ˚ the odd
(anticommuting) coordinates on V .

Definition 1.2. The augmentation ^‚V ˚ Ñ R (projection onto degree zero) induces a
globally well-defined augmentation map

h : OM Ñ C8pMq.

An example that will be of importance in this thesis is the following.

Example 1.3. For an m-dimensional vector bundle E Ñ M we can define the pn|mq-
supermanifold ΠE with |ΠE| “ M and OΠE “ ΓpM,^‚E˚q.

We will apply this construction to the tangent bundle E “ TM , which basically shifts the
parity of the fiber coordinates (we denote the parity of some element as |a| P t0, 1u); for local
coordinates x1, ..., xn and induced local coordinates on the fiber TxM given by y1, ..., yn this
construction declares |yi| “ 1 for all i P t1, . . . , nu.

Theorem 1.4 (Batchelor, [5]). Every smooth supermanifold M is (non-canonically) iso-
morphic to a split supermanifold ΠE, for some vector bundle E Ñ |M| over its body.

For the following constructions, let M “ p|M |,OMq always be an pn|mq supermanifold.

Definition 1.5. A morphism of supermanifolds ϕ : M Ñ N is a smooth map of bodies
f : |M| Ñ |N | together with an extension to a morphism of sheaves of supercommutative al-
gebras ϕ˚ : ON Ñ OM; that is, for every open U Ă |N | a map ϕ˚

U : ON pUq Ñ OMpf´1pUqq

making the diagram commute

ON pUq OMpf´1pUqq

C8pUq C8pf´1pUqq

ϕ˚

h h

f˚
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Supermanifolds carry analogues of the standard constructions on ordinary manifolds.

Definition 1.6 (Vector bundle over a supermanifold, [13]). A super vector bundle of rank
pp|qq over M is a sheaf V of Z{2-graded OM -modules on |M | that is locally free of rank pp|qq:
every point x P |M | admits an open neighborhood U Ď |M | together with an isomorphism
of sheaves of Z{2-graded OM |U -modules

V|U – OM |
p
U ‘ ΠOM |

q
U ,

where Π denotes the parity-reversal functor, and the isomorphism is required to be even
(parity-preserving). A choice of such an isomorphism is called a local frame; concretely, it
provides even sections e1, . . . , ep P VpUq and odd sections ϵ1, . . . , ϵq P VpUq such that every
section s P VpU 1q on any U 1 Ď U writes uniquely as

s “

p
ÿ

i“1

fi ei `

q
ÿ

α“1

gα ϵα, fi, gα P OM pU 1q.

The global sections of V are the elements of ΓpM,Vq.

Definition 1.7 (Tangent sheaf of a supermanifold, [13]). The tangent sheaf TM of M is the
sheaf on |M| whose sections over an open set U Ď |M| are the R-linear graded derivations
of the structure sheaf:

TMpUq “ DerR
`

OMpUq
˘

.

Here a graded derivation of parity |X| P Z{2 is an R-linear map X : OMpUq Ñ OMpUq that
shifts parity by |X| and satisfies the graded Leibniz rule

Xpfgq “ Xpfq g ` p´1q|X| |f |f Xpgq, f, g P OMpUq homogeneous.

The set TMpUq is a Z{2-graded OMpUq-module via pfXqpgq “ f ¨ Xpgq. As a sheaf of
OM-modules, TM is locally free of rank pn|mq: on any coordinate chart U with even
coordinates x1, . . . , xn and odd coordinates θ1, . . . , θm, the sections B{Bx1, . . . , B{Bxn (even)
and B{Bθ1, . . . , B{Bθm (odd) form a local frame, so that every section X P TMpUq writes
uniquely as

X “

n
ÿ

i“1

fi
B

Bxi
`

m
ÿ

α“1

gα
B

Bθα
, fi, gα P OMpUq.

Thus TM defines a super vector bundle over M of rank pn|mq, called the tangent bundle of
M. Its global sections ΓpM, TMq “: XpMq are the vector fields on M. In particular they
form a Lie superalgebra with Lie bracket

rX,Y s :“ X ˝ Y ´ p´1q|X|¨|Y |Y ˝X.

Definition 1.8 (Cotangent sheaf of a supermanifold, [13]). The cotangent sheaf T ˚M of
M is the sheaf of OM-linear duals of the tangent sheaf: for each open set U Ď |M|,

T ˚MpUq “ HomOMpUq

`

TMpUq,OMpUq
˘

,

where Hom denotes the Z{2-graded OMpUq-module of grading-respecting OMpUq-linear
maps.

As a sheaf of OM-modules, T ˚M is locally free of rank pn|mq: on any coordinate
chart U with even coordinates x1, . . . , xn and odd coordinates θ1, . . . , θm, the differentials
dx1, . . . ,dxn and dθ1, . . . ,dθm form a local frame dual to tB{Bxi, B{Bθαu (as OM-module
generators the dxi are even and the dθα odd; their total parity, including the de Rham
degree, is the opposite), so that every section ω P T ˚MpUq writes uniquely as

ω “

n
ÿ

i“1

fi dx
i `

m
ÿ

α“1

gα dθ
α, fi, gα P OMpUq.
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Thus T ˚M defines a super vector bundle over M of rank pn|mq, called the cotangent bundle
of M. Its global sections ΓpM, T ˚Mq “: Ω1pMq are the 1-forms on M.

Remark 1.9. We now have the internal parity coming from the superstructure and the de
Rham degree. We use the convention that the signs are governed by their sum, the total
parity. Hence for a p–form ω, |ω| is p plus its internal degree.

We denote the pairing x´,´y : TM b T ˚M Ñ OM such that the signs are given by
xfX, gωy “ p´1qp|X|`1q¨|g|fg xX,ωy. In particular ωpXq “ p´1q|X|¨|ω|xX,ωy.

Taking OM-module tensor products of the sheaves above defines the differential forms
ΩppMq as usual. The de Rham differential d : OM Ñ T ˚M is fixed by xX,dfy “ Xf and
extended uniquely to Ω˚pMq by d2 “ 0 and

dpαβq “ dα ¨ β ` p´1q|α|α ¨ dβ for α in ΩppMq.

For these sign rules, the differential of a function f P OpMq is given by the coordinate
differentials on the left of the coefficients, i.e.

df “
ÿ

A

dzA
Bf

BzA
.

Definition 1.10 (Contraction, [13]). Let X be a vector field of M Then X defines the
contraction operator ιX : Ωp Ñ Ωp´1 of parity |X| ` 1 (it lowers the de Rham degree by
one). It is characterized by

(1) ιXf “ 0 for f P Ω0pMq,

(2) ιXα “ xX,αy for α P Ω1pMq,

(3) ιXpα ^ βq “ ιXpαq ^ β ` p´1qp|X|`1q|α|α ^ ιXpβq, for α P ΩppMq.

A contraction of a differential form α P ΩppMq with vector fields X1, ..., Xp is then to be
understood as

αpX1, ..., Xpq :“ ιXp ...ιX1α.

As in the classical case, the Lie derivative can be defined through flows; we will only state
its characterization and Cartan’s formula.

Definition 1.11. For vector fields X,Y on M and f P OM the Lie derivative is character-
ized by

LXpfq “ Xf, LXpY q “ rX,Y s.

Furthermore, we have the equality of DerOMpΩ˚pMqq given by

LX “ ιXd ` p´1q|X|dιX .

Definition 1.12 ([27]). For a super vector bundle V over M, a connection on V is an even
R-linear morphism of sheaves

∇ : V ÝÑ T ˚M bOM V
satisfying the Leibniz rule

∇pfsq “ df b s` f∇s
for all homogeneous f P OMpUq and s P VpUq on any open U Ď |M|.
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In particular a connection assigns to each homogeneous vector field X P TMpUq an
R-linear endomorphism ∇X : VpUq Ñ VpUq of parity |X|, the covariant derivative along X,
such that for all homogeneous f P OMpUq, X,Y P TMpUq, and s P VpUq:

∇X`Y s “ ∇Xs` ∇Y s,

∇fX s “ f ∇Xs,

∇Xpfsq “ Xpfq s` p´1q|X| |f | f ∇Xs.

One can define the covariant differential d∇ associated to ∇ as an odd map Ω˚bV Ñ Ω˚`1bV
with

∇Xs “ ιXpd∇sq,

d∇pα ^ βq “ dα ^ β ` p´1q|α|α ^ d∇β,

where α P ΩpMq, β P ΩpMqbV. The curvature of ∇ is the two form R∇ P Ω2pMqbEndpVq

given by
R∇pX,Y q “ ∇X∇Y ´ p´1q|X||Y |∇Y∇X ´ ∇rX,Y s.

The connection is flat if R∇ “ 0.
If we take V to be TM, we define the torsion of ∇ to be the p1, 2q-tensor T∇ defined by

T∇pX,Y q “ ∇XY ´ p´1q|X||Y |∇YX ´ rX,Y s.

While supermanifolds now incorporate sign rules in the algebra of fields, we will need one
more labelling.

Definition 1.13. Let M be a supermanifold and suppose the odd fiber V “ ‘kVk and
the even model space W “ ‘kWk are both Z-graded vector spaces, with only finitely many
Vk,Wk nonzero. This induces a grading on the polynomial subalgebra SymW ˚ b ^V ˚ of
C8pϕαpUqq b ^‚V ˚: a linear function xi on Wk is assigned degree ghpxiq “ ´k, and a
linear function θα on Vk degree ghpθαq “ ´k. If the chart transitions Φα ˝ Φ´1

β respect this
grading, we call it a (global) Z-grading on M and say that M is a Z-graded supermanifold.

Remark 1.14. We will use the Z-grading only as a labelling mechanism; the sign rules for
graded commutativity are exclusively dictated by the parity which we will always denote by
|a|. In particular they do not have to be compatible, i.e. we do not enforce |a| ” ghpaq mod 2.

Example 1.15. A distinguished vector field, which also exists for conventional manifolds
but is not globally well-defined, is the Euler vector field given in local coordinates by

E “
ÿ

i

ghpxiq ¨ xi
B

Bxi
`

ÿ

α

ghpθαq ¨ θα
B

Bθα

On a Z-graded manifold it indeed glues to a global vector field, since the transition maps
respect the grading and are therefore polynomial-homogeneous.

Applying E on f P OM of well-defined degree ghpfq yields Ef “ ghpfq ¨ f .

Remark 1.16. Since E is even, Cartan’s formula (Definition 1.11) gives LE “ ιEd ` dιE,
and on a form α of homogeneous internal Z-degree ghpαq one has LEα “ ghpαqα (here gh
is the internal degree alone; the de Rham d raises the form degree but preserves gh). Hence
if α is closed with ghpαq ‰ 0, then

α “ d
´

1
ghpαq

ιEα
¯

,

so closed forms of nonzero internal degree are exact, with explicit primitive 1
ghpαq

ιEα. In
particular the de Rham cohomology of a Z-graded manifold is concentrated in internal degree
0.
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Our main examples of Z-graded supermanifolds will be of the following form.

Example 1.17. Let E Ñ M be a graded vector bundle where the fibres are graded by
odd degrees. We can then define the Z-graded supermanifold M with |M| “ M and
OM “ ΓpM,^‚E˚q. Two examples of this construction are the following.

• M “ T r1sM . Locally we have coordinates xi of M with ghpxiq “ 0 and we declare
ghpyiq “ 1 for the fiber coordinates yi. We can globally identify OM with forms on
M , i.e. OM – Ω‚pMq where we identify yi ù dxi.

• M “ T ˚r´1sM . Likewise, but with ghpyiq “ ´1. The identification now reads
OM – ΓpM,^kTMq with the degrees flipped (a function of degree ´k corresponds to
a k-vector field on M), again via yi ù B{Bxi.

1.2.2 Integration on supermanifolds

For readability we henceforth write C8pMq :“ OMp|M|q for the global functions (and
C8
c pMq for the compactly supported ones), used interchangeably with OM.

Definition 1.18. Let M “ ΠE be the pn|mq-supermanifold of a vector bundle E Ñ M as
constructed in Example 1.3. Define the real line bundle BerpMq “ ^nT ˚M b ^mE over
|M| “ M ; its sections µ P ΓpBerpMqq are called Berezinians. They play the role top-degree
forms play on an ordinary manifold, and let us integrate compactly supported elements of
the structure sheaf,

ż

M
µ ¨ ´ : C8

c pMq Ñ R, f ÞÑ

ż

M
xµ, pfqmy.

where pfqm is the component of f with the top exterior power of E˚ and x´,´y denotes the
conventional pairing of E with E˚.

Since BerpMq is a line bundle over M alone, its sections carry no dependence on the fiber
directions. More generally we set ĄBerpMq :“ BerpMq b ^‚E˚, whose sections, the general
Berezinians BERpMq :“ ΓpM,ĄBerpMqq “ ΓpM,BerpMqq bC8pMq C

8pMq, form a module
over C8pMq. Integration then becomes a map

ş

M : BERpMq Ñ R.

Example 1.19. For T r1sM as given in Example 1.17, there is a special Berezinian µ char-
acterized by

ż

T r1sM
µ ¨ f “

ż

M
f̃ ,

where f̃ P Ω‚pMq is the differential form given by the identification of f P C8pMq ù

Ω‚pMq in Example 1.17. In local coordinates we can write µ “
ś

ipdx
iDθiq “: dnxDnθ.

Definition 1.20. Given a vector field X on M and a Berezinian µ P BERpMq, the diver-
gence divµpXq P C8pMq is the function characterized by

ż

M
µ Xf “ ´

ż

M
µ divµpXqf, for f P C8

c pMq.

This is in essence integration by parts: in local coordinates xi, θa with the Berezinian µ “

dnxDmθ, a vector field

X “
ÿ

i

Xipx, θq
B

Bxi
`

ÿ

a

Xapx, θq
B

Bθa

12



has divergence

divµpXq “
ÿ

i

B

Bxi
Xi ´ p´1q|X|

ÿ

a

B

Bθa
Xa.

We will need the following lemma later.

Lemma 1.21. For two Berezinians µ, µ1 with µ1 “ ρµ with a nonvanishing ρ P C8pMq, we
have

div1
µpXq “ divµpXq `

Xpρq

ρ
.

1.2.3 Symplectic structure

We will now endow the supermanifolds with extra structure which will be fundamental for
BV formalism.

Definition 1.22 (Odd-symplectic structure). An odd-symplectic structure on M is a closed,
non-degenerate, odd 2-form ω P Ω2pMq. A supermanifold carrying such a structure is called
odd-symplectic.

In particular, only pn|nq-dimensional supermanifolds can be odd-symplectic.

Definition 1.23 (Lagrangian). A submanifold L of an odd-symplectic manifold is La-
grangian if it is isotropic, ω|L “ 0, and maximal among isotropic submanifolds.

Much of conventional symplectic geometry carries over: one still has Darboux coordinates
pxi, ξiq with ω “

ř

i dx
i ^ dξi locally, Weinstein’s tubular neighbourhood theorem, graph

Lagrangians, and so on.

Definition 1.24 (Hamiltonian vector field). For f P C8pMq we define the vector field
Xf P XpMq by the equation ιXf

ω “ df and call it the Hamiltonian vector field generated
by the Hamiltonian f .

Note that the operator ιXf
has parity |Xf | ` 1, |ω| “ 1 and df has parity |f | ` 1. Putting

it all together it follows that |Xf | “ |f | ` 1.

Definition 1.25 (Antibracket). The antibracket is the operator p´,´q : C8pMqˆC8pMq Ñ

C8pMq given by pf, gq “ p´1q|f |Xf pgq.

Example 1.26. Let pxi, ξiq be a Darboux chart of M with xi even and ξi odd, and f P

C8pMq. Write Xf “
ř

iA
i B

Bxi
` Bi B

Bξi
; from |Xf | “ |f | ` 1 we then have the parities

|Ai| “ |f | ` 1 and |Bi| “ |f |. From Definition 1.10 (3) it follows that

ιXf
ω “

ÿ

i

dξiA
i ` p´1q|f |dxiBi

Matching the coefficients with those of df , we obtain

Xf “
ÿ

i

Bf

Bξi

B

Bxi
` p´1q|f | Bf

Bxi
B

Bξi

and the antibracket hence reads

pf, gq “ p´1q|f | Bf

Bξi

Bg

Bxi
`

Bf

Bxi
Bg

Bξi
.

Due to the numerous signs involved, it is useful to establish a relation between the antibracket
and the inverse of the symplectic form in arbitrary coordinates.

13



Definition 1.27 (Dressed inverse). Let zi be local coordinates on M with parities pi :“ |zi|
and let ω “ 1

2ωijdz
idzj (equivalently, ωij “ ιBj ιBiω) be a symplectic form of parity |ω| “ k,

so that |Xf | “ |f | ` k. The dressed inverse of ωij is the tensor Πij :“ Xzipz
jq, of parity

pi ` pj ` k and satisfies
ÿ

j

p´1qppk`1qppi`pj`kq Πijωjk “ δik, (1)

i.e. it inverts the components of ω up to the signs of the graded contraction.

Lemma 1.28. For ω odd, the antibracket reads in coordinates

pf, gq “
ÿ

i,j

p´1qpi|f | Bf

Bzi
Πij

Bg

Bzj
, f, g P OM. (2)

In particular pzi, zjq “ p´1qpiΠij .

Proof. Let f P OM and write Xf “ XjBj in components, where Xj “ Xf pzjq has parity
|f |`1`pj due to |Xf | “ |f |`1. Contracting the defining equation ιXf

ω “ df of Definition
1.24 with ιBk gives

ÿ

j

p´1qppk`1qp|f |`1`pjqXjωjk “ ιBkdf “
Bf

Bzk
, (:)

where we used ιXjBj
“ XjιBj and moved ιBk , an operator of parity pk`1, past the coefficient

Xj . Choosing f “ zi we have Xj “ Πij , which is precisely (1) with k “ 1.
For general f the equations (:) determine Xf uniquely due to the non-degeneracy of ω.

We verify that they are solved by

Xj “
ÿ

i

p´1qppi`1qppi`|f |q Bf

Bzi
Πij .

Inserting, we split the sign of (:) as

ppk ` 1qp|f | ` 1 ` pjq “ ppk ` 1qppi ` pj ` 1q ` ppk ` 1qp|f | ` piq,

where the second summand does not depend on j. The sum over j is then exactly (1) and
we compute
ÿ

i,j

p´1qppk`1qp|f |`1`pjqp´1qppi`1qppi`|f |q Bf

Bzi
Πijωjk “

ÿ

i

p´1qppi`1qppi`|f |q`ppk`1qp|f |`piq
Bf

Bzi
δik

“
Bf

Bzk
,

since for i “ k the two exponents agree and the sign squares to one. The antibracket then
reads

pf, gq “ p´1q|f |Xf pgq “ p´1q|f |`ppi`1qppi`|f |q Bf

Bzi
Πij

Bg

Bzj

and the exponent collapses modulo 2, |f | ` ppi ` 1qppi ` |f |q “ |f | ` pi ` pi|f | ` pi ` |f | “

pi|f |.

For an even symplectic form the dressed inverse acquires, at points of the body, symmetry
properties which we record for later use.

Lemma 1.29. Let ω be even, k “ 0, and let x P |M| be a point of the body. Then:

(1) ωijpxq “ Πijpxq “ 0 unless pi “ pj , and on the surviving blocks the dressing of (1) is
trivial,

ř

j Π
ijpxqωjkpxq “ δik;
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(2) ωjipxq “ ´p´1qpipjωijpxq and Πjipxq “ ´p´1qpipjΠijpxq: the even block is antisym-
metric, the odd block symmetric.

Proof. For (1), ωij and Πij are functions of parity pi ` pj ; at x all odd coordinates vanish,
and an odd function has no constant term, so the mixed parity components vanish, while
on the remaining blocks pi ` pj “ 0 kills the dressing. For (2), the contractions graded
commute, so ωij “ ιBj ιBiω “ p´1qppi`1qppj`1qωji, which on the blocks pi “ pj “: p reads
ωji “ p´1qp`1ωij “ ´p´1qpipjωij ; blockwise inversion of (1) transfers both symmetries to
Πpxq.

A noteworthy result of Schwarz [31], however, has no analogue in conventional symplectic
geometry.

Theorem 1.30. Every odd-symplectic supermanifold pM, ωq is globally symplectomorphic
to pΠT ˚|M |, ωstandq, the odd cotangent bundle of its body with its standard odd-symplectic
structure.

From now on our odd-symplectic supermanifold pM, ωq comes equipped with a Berezinian
µ P BERpMq.

Definition 1.31 (Compatibility). A Berezinian µ is compatible with ω if there is an atlas
of Darboux charts in which µ “ dnxDnξ.

Definition 1.32 (BV Laplacian). Let pM, ω, µq be an odd-symplectic manifold with an
arbitrary, not necessarily compatible, Berezinian µ. We define the operator ∆µ : C8pMq Ñ

C8pMq by

∆µpfq “
1

2
divµpXf q.

In a Darboux chart pxi, ξiq on M, under the assumption that we can locally write µ “

ρpx, ξqdnxDnξ with ρ a local density function, Example 1.26 and Lemma 1.21 yields

∆µpfq “
ÿ

i

B

Bxi
B

Bξi
f `

1

2
plog ρ, fq.

In the case that µ is compatible with ω (and therefore ρ “ 1) we have the induced operator

∆ :“ ∆µ “
ÿ

i

B

Bxi
B

Bξi
, µ compatible,

which we call the Batalin–Vilkovisky Laplacian. Due to the contraction of symmetric and
antisymmetric indices it squares to 0, ∆2 “ 0.

We now turn to partition functions in the BV formalism. First note that for a supermanifold
N one has the relation

BerpΠT ˚N q|N – BerpN qb2, (3)
where the restriction to N should be understood as the pullback of the inclusion map (or
equivalently, setting the fiber coordinates generated by ΠT ˚ to 0). Indeed, by Batchelor’s
theorem (Theorem 1.4) we may write N – ΠE for a vector bundle E Ñ |N |, the ΠT ˚

functor generates new base coordinates (conjugate to the odd fiber coordinates of E) and
new fiber coordinates (conjugate to the base coordinates of |N |). This gives a new base E˚

and a new fiber E ‘ T ˚|N |. Applying now the definition of Berp´q to these spaces and
restricting to N yields the identity above.

15



Since BerpN q is a line bundle, we may take the square root of the image of µ P

BerpΠT ˚N q|N under (3), written
a

µ|N . In local coordinates XA on N (of either par-
ity), with induced Darboux fiber coordinates ΘA on ΠT ˚N , this square-root map reads

a

´|N : BerpΠT ˚N q Ñ BerpN q, ρpX,ΘqDXDΘ ÞÑ
a

ρpX, 0qDX.

Definition 1.33 (BV integral). For pM, ω, µq an odd-symplectic manifold with a compatible
Berezinian, a BV integral is an integral of the form

ż

LĂM
f

a

µ|L

with L a Lagrangian submanifold of M and f P C8pMq a function satisfying ∆µf “ 0.

The following theorem is central to BV theory.

Theorem 1.34 (BV–Stokes, [31]). Let pM, ω, µq be an odd-symplectic manifold with com-
pact body endowed with a compatible Berezinian.

(1) For any g P C8pMq and L Ă M a Lagrangian submanifold, one has
ż

L
∆µg

a

µ|L “ 0.

(2) Let L and L1 be two Lagrangian submanifolds whose bodies are homologous cycles
in the body of M and let f P C8pMq be a function satisfying ∆µf “ 0. Then the
following holds:

ż

L
f

a

µ|L “

ż

L1

f
a

µ|L1 .

Later we will treat Lagrangians simplicially, via embeddings ι : ∆n ˆ L Ñ M. Part (2)
above then says that for ι : ∆1 ˆ L Ñ M with ιp0,Lq “ L0 and ιp1,Lq “ L1 we have

ż

Bι
f

a

µ|L “ 0, for ∆µf “ 0,

where Bι “ L1 ´ L0. This theorem will later be refined to give a BV analogue of the de
Rham theorem.

1.2.4 Algebraic structure

We now collect the algebraic structures we will work with. As before, |a| denotes the parity
of a, which need not agree mod 2 with its Z-grading.

Definition 1.35 (BV algebra). A BV algebra is a unital commutative graded algebra pA, ¨q
over R equipped with

• A degree `1 antibracket p´,´q : Aj b Ak Ñ Aj`k`1 satisfying

– skew-symmetry: px, yq “ ´p´1qp|x|`1qp|y|`1qpy, xq,

– Leibniz identities:
px, yzq “ px, yqz ` p´1qp|x|`1q|y|ypx, zq,

pxy, zq “ xpy, zq ` p´1q|y|p|z|`1qpx, zqy.

– Jacobi identity:

px, py, zqq “ ppx, yq, zq ` p´1qp|x|`1qp|y|`1qpy, px, zqq.

16



• In addition, A‚ should carry a BV Laplacian, an R-linear map ∆ : Aj Ñ Aj`1

satisfying
– ∆2 “ 0,
– ∆p1q “ 0 (with 1 the unit in A‚),
– second order Leibniz identity

∆pxyzq ˘ ∆pxyqz ˘ ∆pxzqy ˘ ∆pyzqx˘ ∆pxqyz ˘ ∆pyqxz ˘ ∆pzqxy “ 0, (4)

– the antibracket arises as the "defect" of the first order Leibniz identity for ∆:
∆pxyq “ ∆x ¨ y ` p´1q|x|x ¨ ∆y ` p´1q|x|px, yq. (5)

This is precisely the structure that an odd-symplectic, Z-graded supermanifold with com-
patible Berezinian pM, ω, µq has. The algebra is given by A “ C8pMq, the antibracket by
Definition 1.25 and the BV Laplacian by Definition 1.32. The grading is given by gh.

We are mostly interested in the elements of a BV algebra solving the following equations.

Definition 1.36 (Classical master equation). In a BV algebra pA, ¨, p´,´q,∆q, the classical
master equation is solved by those S P A0 with

pS, Sq “ 0,

and we denote this solution set MCpAq.

Definition 1.37 (Quantum master equation). In a BV algebra pA, ¨, p´,´q,∆q, the quan-
tum master equation is solved by those S P A0rrℏss with

1

2
pS, Sq ´ ı̊ℏ∆S “ 0,

and we denote this solution set MCℏpAq.

Definition 1.38 (Quantum canonical BV transformation). We say that two solutions S, S1 P

MCℏpAq are equivalent if there is a smooth family St P A0rrℏss with S0 “ S, S1 “ S1 and a
generator Rt P A´1rrℏss such that

d

dt
St “ pSt, Rtq ´ ı̊ℏ∆Rt.

1.2.5 Half-densities

Next we absorb the Berezinian into the fields themselves; this will let us drop the choice of
µ from the constructions.

Definition 1.39 ((Half-)densities). A density of weight κ P R on an pn|mq-supermanifold
M is a collection of local functions ρpαqpxpαq, θpαqq, one per chart of an atlas of M, trans-
forming on overlaps as

ρpαqpxpαq, θpαqq “ ρpβqpxpβq, θpβqq ¨

ˇ

ˇ

ˇ

ˇ

Sdet
Bpxpαq, θpαqq

Bpxpβq, θpβqq

ˇ

ˇ

ˇ

ˇ

κ

.

Here Sdet is the superdeterminant : for a block supermatrix
`

A B
C D

˘

with even diagonal
blocks A,D and odd off-diagonal blocks B,C, one has Sdet “ detpA ´ BD´1Cq detpDq´1.
We denote the space of κ-densities by DensκpMq; for κ “ 1 we recover Berezinians. A
half-density on pM, ωq is a 1

2 -density. We write it in a Darboux chart pxi, ξiq as

σ “ σpx, ξq ¨ d
1
2xD

1
2 ξ,

where the symbol d
1
2xD

1
2 ξ transforms by the square root of the Berezinian Jacobian.
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Globally, half-densities are sections of the square root of the Berezinian line bundle:

Dens
1
2M “ ΓpM,BerpMqb 1

2 q.

Definition 1.40 (Canonical BV Laplacian, [26]). The canonical BV Laplacian ∆ : Dens
1
2M Ñ

Dens
1
2M is given in a Darboux chart by

∆ : σpx, ξq d
1
2xD

1
2 ξ ÞÝÑ

˜

ÿ

i

B

Bxi
B

Bξi
σpx, ξq

¸

d
1
2xD

1
2 ξ.

One can show that the expression is globally well-defined and squares to zero.

Unlike the Schwarz BV Laplacian ∆µ of Definition 1.32, this operator requires no choice of
Berezinian. A compatible Berezinian µ on M does however provide a reference half-density
?
µ P Dens

1
2M, and multiplication by it intertwines the two operators:

∆p
?
µ ¨ fq “

?
µ ¨ ∆µpfq, f P C8pMq. (6)

The other key feature of half-densities is that they restrict to Berezinians on Lagrangians.
For L Ă M Lagrangian, the identity (3) (applied to N “ L together with the Weinstein
neighborhood M – ΠT ˚L) yields a canonical restriction map

Dens
1
2M Ñ BERpLq, σ ÞÑ σ|L.

In a Darboux chart pXα,Ξαq for M in which L “ tΞ “ 0u, this map reads σpX,ΞqD
1
2X D

1
2Ξ ÞÑ

σpX, 0qDX.

Definition 1.41 (BV integral, half-density version). For σ P Dens
1
2M and L Ă M a

Lagrangian submanifold, the BV integral of σ over L is
ż

L
σ :“

ż

L
σ|L.

The BV Stokes’ theorem carries over verbatim via (6): for any β P Dens
1
2M one has

ş

L∆β “ 0, and for ∆-closed σ the integral
ş

L σ depends only on the homology class of the
body of L. Whenever we have a compatible Berezinian µ on M, this language recovers the
earlier

ş

L f
a

µ|L upon setting σ “ f ¨
?
µ.

1.3 Fiber BV integrals

We now come to the central player of the thesis, the effective action. It amounts to inte-
grating out some of the BV fields while preserving the BV structure on the rest.

Let pB,ωBq and pF, ωF q be two odd-symplectic supermanifolds and consider their product

F “ B ˆ F, ω “ ωB ‘ ωF ,

which is again odd-symplectic. Denote by π : F Ñ B the projection onto the first factor.

Definition 1.42 (BV pushforward). For L Ă F a Lagrangian submanifold, the BV push-
forward along π is the R-linear map

π
pLq
˚ : Dens

1
2F Ñ Dens

1
2B, σ ÞÑ

ż

LĂF
σ,

i.e. for fixed x1 P B one integrates the half-density σ over the copy of L in the fiber π´1px1q.
Equivalently, under the isomorphism Dens

1
2F – Dens

1
2B b Dens

1
2F , πpLq

˚ is the identity on
the first factor tensored with the ordinary BV integral on F .
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The fundamental property is that the BV pushforward commutes with the canonical BV
Laplacians and is well-behaved under Lagrangian homotopies.

Definition 1.43 (Lagrangian homotopy). Let pM, ωq be an odd-symplectic supermanifold.
Two Lagrangians L0 „ L1 are homotopic if there is a smooth family of Lagrangian embed-
dings ι : r0, 1s ˆ L Ñ M with ι0 “ L0 and ι1 “ L1 (writing ιt :“ ιpt,´q). Its associated
velocity vector field is defined as

X :“ dι

ˆ

B

Bt

˙

P Γpι˚t TMq

and its associated time dependent one form

β :“ ι˚t pιXωq P Ω1pLq b Ω1pr0, 1sq.

The Lagrangian condition reads ι˚t ω “ 0 and hence ι˚t pLXωq “ d
dtpι

˚
t ωq “ 0. By Cartan’s

magic formula and the closedness of ω we immediately obtain that dβ “ 0. Because β has
ghost degree ´1 and the de Rham cohomology vanishes in nonzero ghost degree, we can
define the Hamiltonian η of ιt to be

dη :“ β P C8pLq b Ω1pr0, 1sq, (7)

which determines η uniquely: two solutions of dη “ β differ by a d-closed 0-form, i.e. a
constant, and constants sit in ghost degree 0 whereas η has ghost degree ´1.

Since F “ B ˆ F with ω “ ωB ‘ ωF , a Darboux chart on F is a union of Darboux charts
on B and on F , and under Dens1{2F – Dens1{2B b Dens1{2F the canonical BV Laplacian
splits as

∆ “ ∆B ` ∆F ,

with ∆B,∆F the BV Laplacians of the two factors.

Theorem 1.44 (BV–Stokes for fiber BV integrals, [10]). We have the two identities.

(1) πpLq
˚ is a chain map: for any σ P Dens

1
2F ,

∆Bπ
pLq
˚ σ “ π

pLq
˚ ∆σ.

(2) Let L0 „ L1 be two homotopic Lagrangians in F and σ P Dens
1
2F with ∆σ “ 0. Then

π
pL1q
˚ σ ´ π

pL0q
˚ σ “ ∆B

ż 1

0
dt

ż

L
η ι˚t pσq.

Now assume both B and F are equipped with compatible Berezinians µB and µF ; then
µ “ µB ¨ µF is compatible with ω on F . In this case, half-densities on F of the form
σ “ f ¨

?
µ with f P C8pFq correspond to BV functions and we can recast the pushforward

in terms of an effective action.

Definition 1.45 (Effective BV action). Let S P C8pFq0rrℏss be a solution of the quantum
master equation on F . The effective action Seff on B induced by S via the fiber BV integral
over L Ă F is defined by

?
µB ¨ eı̊S

eff{ℏ “ π
pLq
˚

´

?
µ ¨ eı̊S{ℏ

¯

. (8)

We will often omit the choice of the Lagrangian (which should be clear from the context)
and just write Seff.

Corollary 1.46. As a corollary of Theorem 1.44 we have the following.
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(1) If S solves QME on F , then Seff solves QME on B.

(2) If L0 „ L1 are homotopic Lagrangians in F , then Seff
0 „ Seff

1 under a quantum canon-
ical BV transformation on B.

(3) If S0 „ S1 under a quantum canonical BV transformation on F , then Seff
0 „ Seff

1 under
a quantum canonical BV transformation on B.

1.4 BV formalism

Definition 1.47 (Classical BV theory). A classical BV theory consists of the following data:

• an odd symplectic structure ω P Ω2pFq´1 (BV form),

• a function S P C8pFq0 satisfying the CME (BV action).

Definition 1.48 (Differential graded manifolds). A vector field Q on a Z-graded super-
manifold is called a cohomological vector field if Q has degree 1 and Q2 “ 0. Then the pair
pM, Qq is called a differential graded manifold (dg manifold).

Remark 1.49. In a BV theory the Hamiltonian vector field of S is such a cohomological
vector field: Q :“ XS “ pS,´q squares to zero by the CME.

A more general structure that we will need later on is the following.

Definition 1.50 (Hamiltonian dg manifold). A Hamiltonian dg manifold of degree k con-
sists of the following data:

• a dg manifold pM, Qq,

• a symplectic form ω P Ω2pMqk of internal degree k,

• a Hamiltonian Θ P C8pMqk`1 with pΘ,Θq “ 0 where p´,´q is the induced bracket
of degree ´k of ω.

We note that the case k “ ´1 is exactly that of a classical BV theory. The reason to
introduce Hamiltonian dg manifolds is that the starting point of the construction of a so-
called n-dimensional AKSZ theory [1] is a Hamiltonian dg manifold of degree k “ n ´ 1,
which will be extremely useful to construct a BV theory from scratch.

Definition 1.51 (Quantum BV theory). A quantum BV theory consists of the following
data:

• a Z-graded supermanifold F ,

• an odd symplectic structure ω P Ω2pFq´1,

• a Berezinian µ P BERpFq compatible with ω,

• a function S P C8pFq0rrℏss satisfying the QME.
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For a quantum BV theory one then defines the partition function as the BV integral over a
Lagrangian L Ă F as

Z “

ż

LĂF

a

µ|L e
ı̊S{ℏ.

If the critical points of S are degenerate on that particular L, Theorem 1.34 allows us to
deform the Lagrangian L ù L1 on which they are non-degenerate. The difference is then
∆-exact, which is a pure gauge term. The final partition function can then be computed
with the stationary phase formula.

The strength of the BV formalism is that it still applies when the gauge symmetry is open:
the infinitesimal gauge transformations may span a distribution that is not integrable away
from the critical locus. We encode them by a vector bundle E Ñ X over the space of
classical fields, with an anchor ρ : E Ñ TX; a local frame teau gives the gauge vector
fields va “ ρpeaq “

ř

i v
i
apxq Bxi , and the classical action Scl P C8pXq is gauge invariant,

vapSclq “ 0. We only require the distribution ρpEq to be integrable along the critical locus
Xcrit, to which it is automatically tangent since dSclpvq “ vpSclq “ 0.

We then build a classical BV theory on F “ T ˚r´1sEr1s, the shifted cotangent bundle
of Er1s, and look for a BV action S P C8pFq0 with pS, Sq “ 0 fixed by

(1) S|Er1s “ Scl, and

(2) the term of S linear in the ghosts ca (the fiber coordinates ofEr1s) being
ř

a,i c
aviapxqx`

i ,
where the x`

i are the fiber coordinates on T ˚r´1s dual to the base coordinates xi.

These fix S up to higher order,

S “ Sclpxq `
ÿ

a,i

caviapxqx`
i ` ¨ ¨ ¨ ,

the remaining terms being at least quadratic in the ca and determined by imposing the CME.

Constructed this way, the higher-order terms of S must be guessed by hand. The AKSZ
construction, to which we turn next, instead yields a solution S of the CME directly from
the geometric data of a target.

1.5 AKSZ construction

In the AKSZ construction [1] the field space F is given by the mapping space between a
source and a target. These are given by the following data.

Source. This is a closed, oriented n-dimensional manifold Σ. We denote the de Rham
differential on the source with d, and for convenience will always use the local coordinates
ti on Σ.
Target. This is a Hamiltonian dg manifold N of degree n´1 with an exact symplectic form.
To recall, it comes equipped with a cohomological vector field QN , an exact symplectic form
ωN P Ω2pN qn´1 (δαN “ ωN , where δ is the de Rham differential on N ) and ΘN P C8pN qn

such that pΘN ,ΘN q “ 0.

The field space is then given by

F “ MappT r1sΣ,N q.
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This is an infinite-dimensional graded supermanifold, which we describe through its functor
of points: by Yoneda a supermanifold X is determined by the presheaf S ÞÑ XpSq :“
MorpS,Xq of its S-points, with S ranging over all supermanifolds. We define MappM,N q

(here M “ T r1sΣ) to be the supermanifold representing

S ÞÝÑ MorpS ˆ M,N q pcontravariant in Sq,

equivalently characterized via the adjunction MorpS,MappM,N qq “ MorpS ˆ M,N q, nat-
ural in S: an S-point of MappM,N q is an S-family of maps M Ñ N . Yoneda makes the
representing object unique; its existence as an infinite-dimensional supermanifold is supplied
locally by the model below. For N a super vector space one has MappM,N q “ C8pMqb̂N ,
and for general N one uses this in coordinate charts of N . The body consists of the pt-points,
i.e. the degree-preserving maps MorpM,N q.

The mapping space admits the usual constructions of differential geometry. Tangent
vectors, for example, are velocity vectors of curves in the space; in the language of the functor
of points this amounts to considering curves γptq P MappM,N qpR1|0q “ MorpR1|0 ˆ M,N q

for even vectors and R0|1 for odd vectors respectively. The tangent space at some point of
the body, i.e. at ϕ P MorpM,N q, is given by

TϕMappM,N q – Γ pM, ϕ˚TN q .

We can lift the structure of the target N to the space of fields. This is done via the
evaluation and projection maps. Consider the diagram below.

T r1sΣ ˆ F N

F

ev

π

To lift an object such as ϕ P ΩppN q, we pull it back via the evaluation map ev˚, pick its
p0, pq degree form (on N ) and integrate it against T r1sΣ, effectively taking only the top
degree form of Σ. We then have a form Φ “ π˚ev

˚ϕ of de Rham degree p but with internal
degree decreased by n. We denote T “ π˚ev

˚ : ΩppN qj Ñ ΩppFqj´n. Conventionally, we
write

ş

Σ for the integration over T r1sΣ, i.e.
ş

Σ “
ş

dntdnθ with Berezin integration in the
odd fibers; honest integrals of forms over the source, once we specialize to the circle, are
instead denoted

ş

S1 .
This construction defines us the superfields by applying the idea to the coordinate func-

tions xA of N :

xa “ ev˚xa P C8pT r1sΣq b̂C8pFq – Ω‚pΣq b̂C8pFq

hence we can expand the superfield xa in terms of odd fiber coordinates θi “ dti of T r1sΣ
as

xa “

n
ÿ

k“0

ÿ

1ďi1ă¨¨¨ăikďn

xai1¨¨¨ik
ptqθi1 ¨ ¨ ¨ θik

and we use the functions xai1...ikptq P C8pΣq as coordinate functions on F . Note that for
each part of the sum to preserve the degree, we have that |xai1...ik | “ |xa| ´ k.

Applied to a form ϕ P ΩppN q, the procedure in local coordinates just amounts to replac-
ing every coordinate by its superfield:

ϕ “
ÿ

a1,...,ap

ϕa1¨¨¨appxqδxa1 ^ ¨ ¨ ¨ ^ δxap ù

ż

Σ

ÿ

a1,...,ap

ϕa1¨¨¨appxqδxa1 ^ ¨ ¨ ¨ ^ δxap .
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For a symplectic form ω we therefore obtain ω “ 1
2ωijpxqδxi ^ δxj . For reasons to be seen

later we include an extra sign, defining ω “ p´1qnTωN ; in superfields,

ω “ p´1qn
1

2

ÿ

a,b

ż

Σ
ωabpxq ¨ δxa ^ δxb. (9)

Next we construct a cohomological vector field Q on F . On the target we have QN and on
the source T r1sΣ we have the de Rham differential d “ θiB{Bti. Both of these vector fields
integrate to a flow on the respective manifolds with an odd flow parameter ϵ. More precisely,
they generate two actions Φd, ΦQN of the supergroup R0|1 on Σ and N respectively, which
can be lifted to left and right actions of R0|1 on the mapping space by

ϕ ÞÑ ϕ ˝ Φd, ϕ ÞÑ ΦQN ˝ ϕ.

Infinitesimally we have

Φd˚
ϵ ptiq “ ti ` ϵθi, Φd˚

ϵ pθiq “ θi and ΦQN ˚
ϵ pxaq “ xa ` ϵQaN pxq

of the two group actions. We can now consider the infinitesimal transformations of the
compositions above by reading off the ϵ coefficient; we call the two resulting vector fields
dlifted
Σ and Qlifted

N , and set
Q “ dlifted

Σ `Qlifted
N P XpFq1.

Note that because left and right group actions commute, the two vector fields commute.
Together with the fact that they’re both cohomological, it follows that Q is too, i.e. Q2 “ 0.

To read off Q in coordinates we apply the two lifted actions to the superfield xa “ ev˚xa,
viewed as a coordinate function on F . Precomposition with Φd

ϵ substitutes the source flow
into the argument,

xapt, θq ÞÑ xapt` ϵθ, θq “ xa ` ϵ θiBtix
a “ xa ` ϵ dxa,

so dlifted
Σ shifts xa by dxa, i.e. in components xai1¨¨¨ik

ÞÑ pdxaqi1¨¨¨ik . Postcomposition with
ΦQN
ϵ instead substitutes the superfield into QaN ,

xa ÞÑ xa ` ϵQaN pxq,

so Qlifted
N shifts xa by QaN pxq. Writing each generator as a variational vector field then yields

Q “

ż

Σ
pdxaqi1¨¨¨ik

ptq
δ

δxai1¨¨¨ik
ptq

`QN pxptqqa
δ

δxaptq
(10)

Finally, we define the action S as

S “ ιdlifted
Σ

TαN ` TΘN .

Note that ιdlifted
Σ

replaces δxa ù dxa and we obtain in coordinates

S “

ż

Σ

ÿ

a

αapxqdxa ` ΘN pxq (11)

Theorem 1.52. The data (F , ω, Q, S) is a classical BV theory.

Proof. We must show that ω is odd-symplectic and that S satisfies the CME. For the first,
observe that Tδϕ “ p´1qnδTϕ for any ϕ P Ω˚pN q; this is clear in coordinates, since T pulls
the coordinates back to superfields and commutes with δ (up to signs). In particular, it
follows that if ωN is closed, then ω is closed. Non-degeneracy is checked by expanding (9)
in superfields, and ω has internal degree ´1 since T lowers the internal degree by n while
ωN has degree n´ 1; hence ω is odd-symplectic.
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To verify that pS, Sq “ 0, we need to show that the Hamiltonian vector field of S squares
to zero. We claim that Q is its Hamiltonian vector field (i.e. ιQω “ δS), and as we’ve seen
above, Q2 “ 0 so we’re done. We check

ιQω “ p´1qn
´

ιdliftedΣ
TωN ` ιQlifted

N
TωN

¯

“ ιdliftedΣ
δTαN ` p´1qnTιQNωN

where for the first term we’ve used that ωN is exact and δ commutes with T and for the
second, we can see by observing (10) that ιQlifted

N
T “ TιQN . Now Definition 1.11 applied to

the first term gives

ιdliftedΣ
δTαN ` p´1qnTιQNωN “ LdliftedΣ

TαN ` διdliftedΣ
TαN ` δTΘN “ δS,

where we have used that LdliftedΣ
TαN “ 0. Indeed, using the coordinate formula for dlifted

Σ “

V aB{Bxa with V a “ dxa from (10) and the formula for a Lie derivative of a one-form

Ldlifted
Σ

α “ pdlifted
Σ αaqδxa ` p´1q|αa|αbpBaV

bqδxa,

which by the chain rule is exactly

Ldlifted
Σ

α “ dpαapxqqδxa ` p´1q|αa|αapxqdpδxaq “ dpαapxqδxaq,

which integrates to zero over Σ by Stokes’ theorem. Here the sign p´1q|αa| is the Koszul
sign produced when the odd source differential d passes the coefficient αa; with it the two
terms reassemble into the total derivative dpαapxqδxaq.
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2 Algebraic structures

2.1 L8 algebras

This chapter collects numerous algebraic definitions and theorems, of which we will make
extensive use later; they form the backbone of our globalization techniques. Recall again
that the Koszul signs |x| need not be congruent to the Z-grading of the algebraic structures.

Definition 2.1 (dg space). A differential graded space (dg space) is a graded space1 V with
a linear map d : V ‚ Ñ V ‚`1 such that d2 “ 0.

Definition 2.2 (DGLA, [19]). A 1-shifted Lie superalgebra (which we call DGLA for dif-
ferential graded Lie algebra) is a dg space L equipped with a bilinear antibracket p´,´q :
Lk ˆ Lℓ Ñ Lk`ℓ`1 such that

(1) dpx, yq “ pdx, yq ` p´1q|x|`1px,dyq (Leibniz)

(2) py, xq “ ´p´1qp|x|`1qp|y|`1qpx, yq,

(3) px, py, zqq “ ppx, yq, zq ` p´1qp|x|`1qp|y|`1qpy, px, zqq (Jacobi).

Definition 2.3 (Maurer–Cartan, [19]). The set of solutions to the Maurer–Cartan equation
of a DGLA is given by even x P L0 such that

dx`
1

2
px, xq “ 0,

and is denoted as MCpLq.

Definition 2.4 (Complete graded space, [2] Def. 1.5). A complete graded space is a graded
space V equipped with a descending filtration

V “ F 0V Ą ... Ą F pV Ą ...

such that V is complete in the induced topology, i.e. V Ñ lim
ÐÝ

V {F pV is an isomorphism of
graded spaces. A map f : W Ñ V is continuous if fpF pW q Ă F ppV q for all p. A complete
dg space is a dg space with a filtration F pV and continuous differential d; a complete DGLA
additionally satisfies pF p1V, F p2V q Ă F p1`p2V .

The natural filtration on a space V rrℏss is given by the powers ℏp.

Remark 2.5. Because we are interested in the classical part pℏ0q as well, we start our
filtration at F 0V , so convergence is not guaranteed even for continuous expressions. We will
therefore not mention this again: all definitions and expressions below are to be understood
formally, and convergence has to be checked in each particular case by ℏ degree.

Definition 2.6 (Gauge action, [19]). Let y P Lk and denote the map adpyq : L‚ Ñ L‚`k`1,
x ÞÑ py, xq. Then we define the gauge action of odd y P L´1 on an element x P L0 by

x ‚ y “ x`

8
ÿ

n“0

p´ adpyqqnpdy ` px, yqq

pn` 1q!
.

1A space is always a vector space for us
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One can easily check that x ‚ y P MCpLq. Furthermore it is the solution to the ordinary
differential equation

dpx ‚ tyq

dt
“ dy ` px ‚ ty, yq,

with initial condition x ‚ ty “ x at t “ 0.

One can equip a DGLA with more structure, which we will need in later chapters; for this
we follow the definitions and notation of [2]. For a graded space V , denote V dn its n-th
symmetric product (the signs are again given by Koszul rules on the parity). We consider
the coalgebra sSpV q “ ‘ně1V

dn with the unshuffle coproduct

∆ pv1 d ¨ ¨ ¨ d vnq “

n´1
ÿ

i“1

ÿ

σPSpi,n´iq

εpσq
`

vσp1q d ¨ ¨ ¨ d vσpiq

˘

b
`

vσpi`1q d ¨ ¨ ¨ d vσpnq

˘

,

where εpσq is the Koszul sign from permuting the v’s, Spi, n ´ iq P Sn are all permutations
which split into two blocks tσp1q, ..., σpiqu and tσpi`1q, ..., σpnqu and are strictly increasing
in each of the blocks.

Given a map F : sSpW q Ñ sSpV q between the symmetric coalgebras, denote by fi :

Wdi Ñ V the composition Wdi ãÑ sSpW q
F
ÝÑ sSpV q ↠ V , the last arrow being the canonical

projection. In particular, a coderivation Q : sSpV q Ñ sSpV q (i.e. ∆Q “ pQ b Id` IdbQq∆)
and a morphism F : sSpW q Ñ sSpV q (i.e. ∆F “ pF b F q∆) are determined by their Taylor
coefficients qi and fi, defined by the same composition, via

Q pv1 d ¨ ¨ ¨ d vnq “

n
ÿ

i“1

ÿ

σPSpi,n´iq

εpσqqi
`

vσp1q d ¨ ¨ ¨ d vσpiq

˘

d vσpi`1q d ¨ ¨ ¨ d vσpnq, (12)

and

F pw1 d ¨ ¨ ¨ d wnq “

n
ÿ

k“1

1

k!

ÿ

i1,...,ikě1
i1`¨¨¨`ik“n

ÿ

σPSpi1,...,ikq

εpσqfi1
`

wσp1q d ¨ ¨ ¨
˘

d ¨ ¨ ¨ d fik
`

¨ ¨ ¨ d wσpnq

˘

.

(13)
where Spi1, . . . , ikq denotes the unshuffles into k blocks of sizes i1, . . . , ik
Definition 2.7 (L8 algebra, [2] Def. 1.1). An L8 algebra pV,Qq is a graded space V and
a `1 coderivation Q on the space sSpV q such that Q2 “ 0. Furthermore we say that it is a
complete L8 algebra if V comes equipped with a filtration and the qi are continuous, i.e.
qi pF p1V d ¨ ¨ ¨ d F piV q Ă F p1`¨¨¨`piV , for all i, p1, . . . , pi ě 1.

Definition 2.8 (L8 morphism, [2] Def. 1.1). An L8 morphism F : pW,Rq Ñ pV,Qq is a
family of degree 0 Taylor coefficients fi : Wdi Ñ V for i ě 1 such that the corresponding
F : sSpW q Ñ sSpV q intertwines R and Q.

A continuous L8 morphism F : pW,Rq Ñ pV,Qq between complete L8 algebras is an
L8 morphism F : pW,Rq Ñ pV,Qq such that its Taylor coefficients are continuous, that is,
fi pF p1W d ¨ ¨ ¨ d F piW q Ă F p1`¨¨¨`piV , for all i, p1, . . . , pi ě 1.

In particular, a DGLA pL,d, p´,´qq is an L8 algebra by setting q1pxq “ ´dx, q2px d yq “

p´1q|x|`1px, yq and qi “ 0 @i ě 3. The condition Q2 “ 0 then reproduces the Leibniz (1)
and Jacobi (3) identities of Definition 2.2; antisymmetry (2) is automatic as q2 lives on Ld2,
and d2 “ 0 is the dg-space axiom.

We can also consider the MC set for an L8 algebra: define

MCpV q :“

#

x P V 0

ˇ

ˇ

ˇ

ˇ

ÿ

iě1

1

i!
qipx

diq “ 0

+

. (14)
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For the q1, q2 of the DGLA case above, this reduces to Definition 2.3.

Note that a BV algebra pA, ¨,∆, p´,´qq is an example of a DGLA pL,d, p´,´qq with an
additional commutative product and compatibility conditions. It remains only to verify that

∆px, yq “ p∆x, yq ` p´1q|x|`1px,∆yq, (15)
which follows by applying ∆ to (5) and using that identity again together with ∆2 “ 0.

Also note that the classical master equation (Def. 1.36) is just the MCpAq set with
q1 „ 0 and q2 „ p´,´q the BV bracket, while the quantum master equation (Def. 1.37)
is MCℏpAq “ MCpArrℏssq with q1 „ ı̊ℏ∆, q2 „ p´,´q. The BV canonical transformation
(Def. 1.38) is then the statement that there is an R P A´1 such that S ‚ R “ S1 (taking R
time-independent; see later).

2.2 Homological algebra

Definition 2.9 (Quasi-isomorphism). A chain map f : pV,dV q Ñ pW, dW q is a quasi-
isomorphism if the induced map Hpfq : HpV q Ñ HpW q on cohomology is an isomorphism.

Probably the most important definition of the thesis is the following.

Definition 2.10 (Strong deformation retractions, [30], Def. A.1). A (complete) strong
deformation retraction is the data

W
ι

ÝáâÝ
π
V ö h

where pW, dW q, pV,dV q are (complete), differential graded spaces, h P Hom´1pV, V q and ι, π
are cochain maps such that

πι “ IdW , dV h` hdV “ Id´ιπ.

with the side conditions
hι “ 0, πh “ 0, h2 “ 0.

Additionally, in the complete case the maps ι, π, h are required to be continuous.

Remark 2.11. In particular the maps ι and π are quasi-isomorphisms.

We will construct such SDRs in order to work in a resolution V of W , and then transport
the relevant results back to W via π.

To construct new SDRs from old ones, we "perturb" the old one in the following sense.

Definition 2.12 (Perturbation). For a differential graded space V , a perturbation of the
differential dV is a linear map B P Hom1pV, V q such that pdV ` Bq2 “ 0.

Lemma 2.13 (Homological perturbation lemma, [30] Lemma A.2). Let pW, dW q and pV,dV q

be a pair of complexes with an SDR given by pι, π, hq. Let B be a perturbation of dV . Then
we can construct a new SDR between pW, dW ` dBq and pV,dV ` Bq with the data

dB “
ÿ

ně0

πBp´hBqnι

ιB “
ÿ

ně0

p´hBqnι,

πB “
ÿ

ně0

πp´Bhqn,

hB “
ÿ

ně0

hp´Bhqn.

Note that we can also write dB “ πBιB.
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Later on we will need to construct a new SDR from the tensor product of a given SDR.
The following is the symmetric-algebra form of the tensor trick of [22, 23], employed on the
tensor coalgebra.

Lemma 2.14. Let
W

ι
ÝáâÝ
π
V ö h

be an SDR. For n ě 0 let ιdn : Wdn Ñ V dn and πdn : V dn Ñ Wdn be the induced maps
on symmetric powers, and let hn : V dn Ñ V dn be the degree ´1 map

hnpv1 d¨ ¨ ¨dvnq “
1

n!

ÿ

σPSn

n
ÿ

a“1

˘ ιπpvσp1qqd¨ ¨ ¨d ιπpvσpa´1qqdhpvσpaqqdvσpa`1q d¨ ¨ ¨dvσpnq,

where ˘ is the Koszul sign of the permutation and of moving h into place (|h| “ ´1).
Assembling

pι “
ź

ně0

ιdn, pπ “
ź

ně0

πdn, ph “
ź

ně0

hn

yields an SDR of the completed symmetric algebras, with their derivation differentials,

pSW
pι

ÝáâÝ
pπ

pSV ö ph.

If the original SDR is complete, so is this one.

Proof. Every operator keeps the symmetric degree n, so the construction is block diagonal
and it suffices to build an SDR Wdn é V dn for each n; assembling the blocks then gives
the claim, continuity inherited degreewise. Fix n and write A “ ιπ which commutes with
dV .

We first lift the retraction to V bn, with differential db “
řn
a“1 Id

bpa´1q bdV b Idbpn´aq,
maps ιbn, πbn and homotopy

H “

n
ÿ

a“1

Ba, Ba “ Abpa´1q b hb Idbpn´aq .

Clearly πbnιbn “ pπιqbn “ Id. For the retract relation we evaluate dbBa ` Bad
b slot by

slot: in slot a we get dV h ` hdV “ Id´A, dressed with A’s to its left and identities to its
right; in a slot b ă a the two orders assemble into the commutator rdV , As “ 0; and in a
slot b ą a the differential must cross the odd h in slot a, and the sign it picks up makes the
two orders cancel (using that dV , h are odd). What survives telescopes,

dbH `Hdb “

n
ÿ

a“1

pAbpa´1q b Idbpn´a`1q ´Aba b Idbpn´aqq “ Idbn ´Abn “ Id´ιbnπbn.

The side conditions come for free from those of pι, π, hq: each term of Hιbn carries hι “ 0,
each term of πbnH carries πh “ 0, and in BaBa1 the two distinguished slots carry h2 “ 0
for a “ a1, and ιπ h “ 0 or h ιπ “ 0 for a ‰ a1; so H2 “ 0. Thus pιbn, πbn, Hq is an SDR.

For the symmetric product note that V dn sits inside V bn as the image of the symmetrizer
t “ 1

n!

ř

σPSn
σ (with Koszul signs). The maps db, ιbn, πbn, Abn are Sn-equivariant, hence

commute with t and restrict on V dn to dV , ι
dn, πdn and ιdnπdn. Set hn “ tHt; spelling it

out on tpv1 b ¨ ¨ ¨ b vnq reproduces the formula in the statement. Since t commutes with db

and Abn, the retract relation descends, on V dn where t “ Id, to

dV hn ` hndV “ tpId´Abnqt “ Id´ιdnπdn,

and pulling t through ιbn, πbn gives hnιdn “ tpHιbnqt “ 0 and πdnhn “ tpπbnHqt “ 0.
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Only phnq2 “ tHtHt “ 0 remains. Using σt “ t to swallow the middle symmetrizer
leaves a sum of terms tDt, each applying h in two slots and A or Id elsewhere. If the two
slots agree the term dies by h2 “ 0. If they are distinct slots a ‰ b, then D carries h b h
there; two odd h’s anticommute with the transposition τab, which leaves the remaining even
factors alone, so with tτab “ τabt “ t

tDt “ tDτabt “ ´ tτabDt “ ´ tDt

and the term vanishes. Hence phnq2 “ 0, and pιdn, πdn, hnq is an SDR.

The next theorem is in some sense a generalization of the homological perturbation lemma;
it allows us to transfer entire L8 structure from one space to another and even more im-
portantly for us, yields concrete formulae of morphisms between them.

Theorem 2.15 (Transfer of L8 structure, [2] Thm. 1.9). Given an SDR

W
ι

ÝáâÝ
π
V ö h

and an L8 algebra structure Q on V with linear part q1 “ ´dV , there is an induced
L8 algebra structure R on W with linear part r1 “ ´dW , together with L8 morphisms
F : pW,Rq Ñ pV,Qq, G : pV,Qq Ñ pW,Rq with linear parts f1 “ ι, g1 “ π respectively.
Denoting by F ki the composition Wdi ãÑ sSpW q

F
ÝÑ sSpV q ↠ V dk, F and R are determined

recursively by

fi “

i
ÿ

k“2

hqkF
k
i for i ě 2,

ri “

i
ÿ

k“2

πqkF
k
i for i ě 2.

Denote by hi : V di Ñ V di the degree minus one map defined by

hipv1 d ¨ ¨ ¨ d viq “
1

i!

ÿ

σPSi

i
ÿ

j“1

˘ιπpvσp1qq d ¨ ¨ ¨ d ιπpvσpj´1qq d hpvσpjqq d vσpj`1q d ¨ ¨ ¨ d vσpiq,

where ˘ is the appropriate Koszul sign (taking into account that |h| “ ´1). Denoting by
Qki the composition V di ãÑ sSpV q

Q
ÝÑ sSpV q ↠ V dk, the L8 morphism G is determined

recursively by

gi “

i´1
ÿ

k“1

gkQ
k
i hi for i ě 2.

We are mainly interested in the MC sets of L8 algebras, since these are exactly the solutions
of the master equations. The following Proposition shows how to transport solutions between
MC sets along L8 morphisms, which we construct via the transfer theorem above.

Proposition 2.16. Given an L8 morphism F : pW,Rq Ñ pV,Qq, define the push-forward
F˚ as

F˚pxq “
ÿ

iě1

1

i!
fipx

diq.

Then x P MCpW q ùñ F˚pxq P MCpV q.

Proof. Maurer–Cartan elements are even of degree 0, so all Koszul signs among copies of x
are trivial. Define ex :“

ř

ně0
1
n!x

dn (including the n “ 0 unit, so ex lies in R ‘ sSpV q).
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With w1 “ ¨ ¨ ¨ “ wn “ x every pi, n´iq-unshuffle in (12) contributes the same summand,
and there are

`

n
i

˘

of them, so Rpxdnq “
řn
i“1

`

n
i

˘

ripx
diqdxdpn´iq. Dividing by n!, summing

over n and reindexing n “ i`m,

Rpexq “

´

ÿ

iě1

1

i!
ripx

diq

¯

d ex, (:)

hence Rpexq “ 0 ðñ
ř

iě1
1
i!ripx

diq “ 0 ðñ x P MCpW q. Likewise a fixed composition
i1 ` ¨ ¨ ¨ ` ik “ n occurs n!

i1!¨¨¨ik!
times in (13), giving

F pxdnq “

n
ÿ

k“1

1

k!

ÿ

i1`¨¨¨`ik“n

n!

i1! ¨ ¨ ¨ ik!
fi1pxdi1q d ¨ ¨ ¨ d fikpxdikq.

Dividing by n! and summing over n frees the constraint and factorizes the sum,

F pexq “
ÿ

kě0

1

k!

´

ÿ

iě1

1

i!
fipx

diq

¯dk
“ eF˚pxq.

Since F is an L8 morphism, QF “ FR. Computing QpeF˚pxqq with (:) and then using these
relations,

´

ÿ

iě1

1

i!
qi

`

F˚pxqdi
˘

¯

d eF˚pxq “ Q
`

eF˚pxq
˘

“ Q
`

F pexq
˘

“ F
`

Rpexq
˘

.

If x P MCpW q then Rpexq “ 0 and the right-hand side vanishes. Projecting onto V “ V d1

leaves
ř

iě1
1
i!qipF˚pxqdiq “ 0, that is F˚pxq P MCpV q.

The push-forward is in fact one half of a bijection: a Maurer–Cartan element of V is pinned
down by its image in MCpW q together with its homotopy datum. This is a formal incarnation
of Kuranishi’s theorem.

Theorem 2.17 (Formal Kuranishi theorem, [2] Thm. 1.13). Keep the hypotheses of The-
orem 2.15. The map

ρ : MCpV q ÝÑ MCpW q ˆ hpV 0q, x ÞÝÑ
`

G˚pxq, hx
˘

,

is a bijection. Its inverse is obtained recursively: to a pair py, hvq P MCpW q ˆ hpV 0q one
assigns the limit of the sequence x0 “ 0,

xn`1 “ ιpyq ´ q1phvq `
ÿ

iě2

1

i!

`

hqi ´ ιgi
˘

pxdi
n q,

which is the unique x P MCpV q with ρpxq “ py, hvq. For hv “ 0 this recovers the push-
forward of the previous proposition: F˚ “ ρ´1p´, 0q restricts to a bijection between MCpW q

and the h-closed solutions tx P MCpV q | hx “ 0u, with inverse π.
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3 Formal geometry

Central to formal geometry is the following definition.

Definition 3.1 (Formal exponential map, [7]). A formal exponential map (FEM) is a smooth
map ϕ : U Ñ M from a neighborhood U Ă TM of the zero section such that (writing ϕxpyq

for x P M,y P TxM X U)

(1) ϕxp0q “ x,

(2) dϕxp0q “ Id.

To write down the Feynman diagrams for actions, one usually has to take the Taylor ex-
pansion of the perturbation term to obtain expressions polynomial in the fields to give the
explicit Feynman rules. Formal geometry does this covariantly, by first pulling back the ac-
tion to the linear tangent space by a formal exponential map ϕx and then taking the Taylor
expansion, denoted Tϕ˚

xf . If the formal exponential map is the geodesic exponential map
of a torsion-free connection ∇ for example, this boils down to taking

Tϕ˚
xf “ fpxq ` ∇ifpxqyi `

1

2!
∇i∇jfpxqyiyj ` ...

There are multiple approaches to this, but all are essentially the same; we will show three
ways of obtaining the connection and the formal exponential map, which however have a
slightly different meaning in each approach.

The upshot of formal geometry is that one can define a flat connection D on the bundle
where these Taylor expansions live. This connection has the property that it provides
a resolution of the global functions; the cohomology H‚

D lives only in zeroth degree and
consists of all global functions. This will be essential in the globalization procedure.

3.1 First construction

In the first construction we will first build a connection on the space of the formal power
series. With this connection it will then be possible to give a characterization of the formal
exponential map. We will closely follow [15].

3.1.1 Connection

We start with a manifold M (with local coordinates xi) and we want to study the bundle
pST ˚M , i.e. the formal completion of the symmetric algebra of the cotangent bundle. This
is naturally where the formal Taylor expansions will live by considering an exponential map
ϕx : TxM Ñ M and pulling back a f P C8pMq to a function on the tangent fiber TxM and
then considering its Taylor expansion, creating a formal power series in the generators yi of
T ˚M , i.e. a section in Γp pST ˚Mq.

Let a “ ω b f P ΓpΛT ˚M b pST ˚Mq and define the two operators

δ : ΓpΛpT ˚M b pSqT ˚Mq Ñ ΓpΛp`1T ˚M b pSq´1T ˚Mq

δ´1 : ΓpΛpT ˚M b pSqT ˚Mq Ñ ΓpΛp´1T ˚M b pSq`1T ˚Mq

by

δa “

ˆ

dxi ^
B

Byi

˙

a “ dxi ^ ω b
Bf

Byi
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and
δ´1a “

ˆ

1

p` q
yiι B

Bxi

˙

a “
1

p` q
ι B

Bxi
ω b yif, for p` q ‰ 0

and δ´1a “ 0 else.
We define the formal vector fields to be the C8pMq-linear derivations of Γp pST ˚Mq, see

[11]. In particular derivations are specified by their action on the generators yi (extended
by Leibniz); we have an isomorphism

Γp pST ˚M b TMq Ñ DerpΓp pST ˚Mqq

with the map
f b v ÞÑ pΓpT ˚Mq Q α ÞÑ αpvq fq

and inverse
D ÞÑ Dpyiq b

B

Bxi
.

By taking B
Bxi

ù B
Byi

we can write a formal vector field Y P Γp pST ˚M bTMq in coordinates
as

Y “ Y jpx, yq
B

Byj
.

Consider now this bundle tensored with differential forms, i.e. ΓpΛT ˚M b pST ˚M b TMq,
in which an element has the form

Y “ dxiY j
i px, yq

B

Byj
.

Letting δ, δ´1 act as defined above on the form part and trivially on the formal vector field
part, we have the Hodge decomposition

a “ a00 ` pδ´1δ ` δδ´1qa, a P ΓpΛT ˚M b pST ˚M b TMq, (16)

where degypa00q “ degdxpa00q “ 0. This, and many other unproved statements here, will
instead be later shown in Section 3.7 in a more general setting.

We now construct from a generic torsion-free connection ∇ on TM a new, flat Grothendieck
connection D on the bundle pST ˚M . Such a connection D is given locally by

Df “ dxf ` Y pfq, (17)

where Y P ΓpΛT ˚M b pST ˚M b TMq. Since D raises the form degree by one, we treat it as
an odd operator on ΓpΛT ˚M b pST ˚Mq; flatness is then the operator equation 1

2 rD,Ds “

D2 “ 0, where r´,´s denotes the commutator of derivations, graded by the form degree.
Expanding D “ dx ` Y it reads

dxY `
1

2
rY, Y s “ 0. (18)

The power series Ansatz for Y is given by

Y “ ´dxi
B

Byi
´ dxℓykΓikℓpxq

B

Byi
`X (19)

where degypXq ě 2, degdxpXq “ 1. We read the leading term as the operator ´δ and denote
the Christoffel term by

Γ :“ ´dxℓykΓikℓpxq
B

Byi
,

so that ∇ “ dx ` Γ is the covariant derivative induced on pST ˚M .
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We would now like to obtain a condition on X such that (18) holds. This consists of
computing every bracket r´,´s; given that Y is a derivation in y, we also have dxY “

rdx, Y s. Plugging in the decomposition of Y into (18) yields

0 “ ´rdx, δs ` rdx,Γs ` rdx, Xs `
1

2
prδ, δs ´ rδ,Γs ´ rΓ, δs ´ rδ,Xs ´ rX, δs

` rΓ,Γs ` rΓ, Xs ` rX,Γs ` rX,Xsq.

All parts of Y are of form degree one and hence odd, so the commutator is symmetric on
them and the mixed terms pair up, e.g. rδ,Γs “ rΓ, δs. We now group the terms. First, we
define the curvature operator

R :“ rdx,Γs `
1

2
rΓ,Γs. (20)

Second, we abbreviate the covariant derivative ∇X :“ r∇, Xs “ rdx, Xs ` rΓ, Xs and simi-
larly δX :“ rδ,Xs, so that the flatness condition takes the form

0 “ R ` ∇X ´ δX `
1

2
rX,Xs ´ rdx, δs ´ rδ,Γs `

1

2
rδ, δs.

The three remaining terms vanish: 1
2 rδ, δs “ δ2 “ 0, since the antisymmetric dxi ^ dxj is

contracted with the symmetric second derivative in y, and the mixed terms vanish by the
following lemma.

Lemma 3.2. We have rdx, δs “ 0, and rδ,Γs “ 0 if and only if ∇ is torsion-free.

Proof. Both brackets are derivations of ΓpΛT ˚M b pST ˚Mq and annihilate the generators
fpxq and dxi, so it suffices to evaluate them on the generators yi. For the first, rdx, δsyi “

dxpdxiq “ 0. For the second, Γpδyiq “ Γpdxiq “ 0 and

δpΓyiq “ ´dxm
B

Bym
pdxℓykΓikℓq “ ´dxk ^ dxℓΓikℓ,

which vanishes if and only if Γikℓ is symmetric in its lower indices, i.e. iff ∇ is torsion-free.

Altogether, we obtain that the flatness condition on Y transfers to the condition on X that

R ´ δX ` ∇X `
1

2
rX,Xs “ 0. (21)

The curvature R is a formal vector field, linear in y. To recover its components we evaluate
on the generators: we compute

Rpyiq “ dxpΓyiq ` ΓpΓyiq “ dxℓ ^ dxmyk
BΓikℓ
Bxm

´ dxℓ ^ dxmykΓjkmΓ
i
jℓ

“
1

2
dxℓ ^ dxmykpBmΓ

i
kℓ ´ BℓΓ

i
km ` ΓjkℓΓ

i
jm ´ ΓjkmΓ

i
jℓq “

1

2
dxℓ ^ dxmykRikmℓ,

where we antisymmetrized in ℓ,m against the wedge and recognized the components of the
curvature in the convention RpBk, BjqBℓ “ RiℓkjBi. The factor 1

2 is absorbed by the first
Bianchi identity Rikmℓ ` Rimℓk ` Riℓkm “ 0 (valid since ∇ is torsion-free): flipping the last
two indices of the middle term gives Rikmℓ “ Rimkℓ ´Riℓkm, and under the contraction with
dxℓ ^ dxm we immediately obtain Rikmℓdx

ℓ ^ dxm “ 2Rimkℓdx
ℓ ^ dxm, arriving at

R “ dxj ^ dxℓykRiℓkjpxq
B

Byi
.

The task is now to find power series solutions of X satisfying the equation above. A solution
is not unique, but they are in one to one correspondence with a P Γp pST ˚M b TMq with
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degypaq ě 3, such that δ´1X “ a. Applying now the Hodge decomposition on X, where we
use that X00 “ 0 due to degdxpXq “ 1, we obtain

X “ δa` δ´1

ˆ

R ` ∇X `
1

2
rX,Xs

˙

. (22)

We note that the degree-n part in y of the right hand side depends on X only through
degrees lower than n due to δ´1; we can solve this equation iteratively order by order. That
every solution to (22) indeed satisfies (21) will be proven in Theorem 3.28. The resulting
connection Da is dependent on the choice of a which we will mostly omit in the notation.

3.1.2 Formal exponential map

Denote by π : Γp pST ˚Mq Ñ C8pMq the evaluation on the zero section, i.e. σ ÞÑ σ|y“0.
The definition/characterization of the formal exponential map is based on the following
proposition.

Proposition 3.3. (Prop. 5.2, [27]) Let D be the connection defined in Section 3.1. For
every f P C8pMq, there is a unique f̃ P Γp pST ˚Mq such that πpf̃q “ f and Df̃ “ 0.

This follows from the fact that one can solve Df̃ “ 0 with “initial condition” f iteratively
order by order uniquely; the zeroth order thus determines all the other coefficients for a
global function f .

Definition 3.4. Let D be the connection defined in Section 3.1. The formal exponential
map EXP˚ : C8pMq Ñ Γp pST ˚Mq is then defined as EXP˚f “ f̃ , where f̃ P Γp pST ˚Mq is
the unique section given by Proposition 3.3.

Note that in contrast with the first definition of a formal exponential map, this gives us
directly the corresponding element in the bundle Γp pST ˚Mq.

3.2 Second construction

3.2.1 Formal exponential map

Another view to formal geometry is given in [8] or [7]. The analogous action of EXP˚ with
the formal exponential map given in Definition 3.1 is the following.

Definition 3.5 (Taylor expansion). Let ϕx be a formal exponential map as in Definition
3.1. The Taylor expansion of a function is defined as a map Tϕ˚

x : C8pMq Ñ Γp pST ˚Mq by

Tϕ˚
xf “

ÿ

IPNn
0

1

I!

B

ByI
pf ˝ ϕxq|y“0 y

I

with the multi index I “ pi1, ..., inq.

Remark 3.6. Note that for an exponential map ϕx we have the conditions ϕxp0q “ x and
pdϕxq|y“0 “ Id. In particular, this means that in coordinates we can always write

Tϕ˚
xf “ fpxq ` Bxifpxqyi ` Opy2q.

Furthermore, the Jacobian of ϕx given by

J “ J ijpx, yq “
Bϕix
Byj

pyq

and is invertible at the zero section due to Jpx, 0q “ Id.
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3.2.2 Connection

Proposition 3.7. Let ϕ be a FEM in the sense of Definition 3.1. Define

Yϕ :“ ´dxaT
”

pJ´1qkj
Bϕjx
Bxa

ı

B

Byk
P ΓpΛT ˚M b pST ˚M b TMq,

with J the Jacobian of Remark 3.6, set Dϕ :“ dx ` Yϕ and denote T the Taylor expansion
with respect to y. Then:

(1) DϕpTϕ˚fq “ 0 for all f P C8pMq;

(2) Dϕ is flat;

(3) Dϕ is the unique connection of the form dx ` Y with Y P ΓpΛT ˚M b pST ˚M b TMq

that annihilates ImpTϕ˚q.

The key step is the following pointwise determination lemma, which we will reuse repeatedly.

Lemma 3.8. Let A P ΓpΛT ˚M b pST ˚M b TMq and ϕ a formal exponential map. If
ApTϕ˚fq “ 0 for all f P C8pMq, then A “ 0.

Proof. Since A is C8pMq-linear and acts fiberwise, pAσqpxq depends only on σpxq P pST ˚
xM ;

in local coordinates A “ αj B
Byj

with form-valued coefficients αj “ αjpx, yq P ΓpΛT ˚M b

pST ˚Mq, so A “ 0 if and only if each αj vanishes. As Apymq “ αm it suffices to show that
A annihilates each generator ym fiberwise. Indeed, fix x and define with a bump function χ

um :“ χ ¨ pym ˝ ϕ´1
x q P C8pMq.

Then um˝ϕx “ ym near 0 P TxM , so its Taylor expansion at the zero section is pTϕ˚umqpxq “

ym. By hypothesis ApTϕ˚umq “ 0, and evaluating at x gives αmpx, ¨q “ 0. As x and m
were arbitrary, A “ 0.

Proof of Proposition 3.7. For (1) we use the chain rule: for f P C8pMq,

B

Bxa
pf ˝ ϕxqpyq “ pBjfqpϕxpyqq

Bϕjx
Bxa

,
B

Byk
pf ˝ ϕxqpyq “ pBjfqpϕxpyqqJ jk .

Inverting the second relation for pBjfq ˝ ϕx and inserting it into the first gives

B

Bxa
pf ˝ ϕxq “

Bpf ˝ ϕxq

Byk
pJ´1qkj

Bϕjx
Bxa

,

i.e. pdx ` Yϕqpf ˝ ϕxq “ 0; applying the Taylor expansion, which commutes with Bx, By and
products of series, yields (1). For (2), the curvature F :“ dxYϕ ` 1

2 rYϕ, Yϕs is an element of
ΓpΛ2T ˚M b pST ˚M b TMq and D2

ϕ acts by F ; by (1) we have F pTϕ˚fq “ D2
ϕpTϕ˚fq “ 0

for all f , so F “ 0 by Lemma 3.8. For (3), if D1 “ dx ` Y 1 also annihilates ImpTϕ˚q, then
A :“ Yϕ ´ Y 1 “ Dϕ ´D1 satisfies the hypothesis of Lemma 3.8, so A “ 0.

Proposition 3.9. Let ∇ be a torsion-free connection on M and ϕ its geodesic exponential
map. Then the two constructions agree for the choice a “ 0 in (22), i.e. Tϕ˚

x “ EXP˚ and
Dϕ “ Da“0.

This is the consequence of Proposition 2.3, Lemma 5.4, Theorem 5.6 and Corollary 5.8 of
[27], (where τ is the notation used for EXP˚).
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3.3 Third variant

This variant was introduced in [27].

Definition 3.10. Denote by DpMq the algebra of differential operators on a graded manifold
M . The formal exponential map associated to a connection ∇ on TM is the morphism of
left C8pMq-modules pbw : ΓpSTMq Ñ DpMq given by the initial conditions

pbwpfq “ f,@f P C8pMq

pbwpXq “ X,@X P ΓpTMq

and inductively, for homogeneous X0, . . . , Xn P ΓpTMq,

pbw pX0 d ¨ ¨ ¨ dXnq “
1

n` 1

n
ÿ

k“0

ϵk
“

Xk ¨ pbwpX k̂q ´ pbwp∇Xk
pX k̂qq

‰

, (23)

where ϵk “ p´1q|Xk|p|X0|`¨¨¨`|Xk´1|q is the Koszul sign and X k̂ “ X0 d ... d Xk´1 d Xk`1 d

...dXn.

The "real formal exponential map" in the sense of the two previous definitions, i.e. the
Taylor expansion in the formal bundle, is then given by constructing a flat connection from
pbw (Lemma 5.4 of [27]) and defining EXP˚ : C8 Ñ Γp pST ˚Mq with Proposition 3.3.
Corollary 5.7 of [27] then assures that EXP˚ has the form

EXP˚pfq “
ÿ

I

1

I!
yI b pbwp

ÐÝ
BIxqpfq,

where, for a multi-index I “ pi1, . . . , inq, the ordering of the derivatives is fixed by
ÐÝ
BIx “ Bxn d ¨ ¨ ¨ d Bxn

loooooooomoooooooon

in

d ¨ ¨ ¨ d Bx1 d ¨ ¨ ¨ d Bx1
loooooooomoooooooon

i1

.

For a classical manifold this definition matches with the others; this is the content of Propo-
sition 2.3 in [27], which states that

pbw pX0 d ¨ ¨ ¨ dXkq pfq “
d

dt0

ˇ

ˇ

ˇ

ˇ

0

d

dt1

ˇ

ˇ

ˇ

ˇ

0

¨ ¨ ¨
d

dtk

ˇ

ˇ

ˇ

ˇ

0

f pexp pt0X0 ` t1X1 ` ¨ ¨ ¨ ` tkXkqq ,

where exp is the exponential map associated to ∇.

3.4 Extension to other bundles

So far everything was phrased for the bundle pST ˚M of formal functions; the same construc-
tions extend verbatim to formal tensor fields, as mentioned in [7]. Consider the sections
ΓpΛTM b pST ˚Mq, the formal multivector fields, and ΓpΛT ˚M b pST ˚Mq, the formal differ-
ential forms, by again replacing B

Bxi
ù B

Byi
and dxi ù dyi. We can then let D act on these

sections by Lie derivative, i.e. Dσ “ dxσ`LY σ. In coordinates, writing Y “ dxaY j
a px, yq B

Byj
,

a formal multivector field X “ 1
k!X

i1¨¨¨ikpx, yq B

Byi1
^ ¨ ¨ ¨ ^ B

Byik
and a formal differential form

ω “ 1
k!ωi1¨¨¨ikpx, yqdyi1 ^ ¨ ¨ ¨ ^ dyik , the Lie derivative acts componentwise as

pLYXqi1¨¨¨ik “ dxa

˜

Y j
a

BXi1¨¨¨ik

Byj
´

k
ÿ

m“1

BY im
a

Byj
Xi1¨¨¨j¨¨¨ik

¸

,

pLY ωqi1¨¨¨ik “ dxa

˜

Y j
a

Bωi1¨¨¨ik

Byj
`

k
ÿ

m“1

BY j
a

Byim
ωi1¨¨¨j¨¨¨ik

¸

,
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where in the sums the index j replaces im. We can also allow symmetric powers, i.e. the
bundles SkTM b pST ˚M and SkT ˚M b pST ˚M , with the same formulas where the wedge is
replaced by the symmetric product.

The Taylor expansion extends to these bundles as well. Since ϕx is formally a diffeo-
morphism onto its image, it transports any tensor: we push multivector fields forward by
pϕ´1
x q˚, pull differential forms back by ϕ˚

x and then Taylor expand the resulting coefficients.
Recall J the Jacobian of Remark 3.6 and write T for the Taylor expansion in y. Each
tensor index then receives one factor of the Jacobian, J´1 for vector indices and J for form
indices: for a multivector field X “ 1

k!X
i1¨¨¨ikpxq B

Bxi1
^ ¨ ¨ ¨ ^ B

Bxik
and a differential form

ω “ 1
k!ωi1¨¨¨ikpxqdxi1 ^ ¨ ¨ ¨ ^ dxik we set

Tϕ˚
xX “

1

k!
TrpJ´1q

j1
i1

¨ ¨ ¨ pJ´1q
jk
ik
Xi1¨¨¨ikpϕxpyqqs

B

Byj1
^ ¨ ¨ ¨ ^

B

Byjk
P ΓpΛkTM b pST ˚Mq,

Tϕ˚
xω “

1

k!
Trωi1¨¨¨ikpϕxpyqqJ i1j1 ¨ ¨ ¨ J ikjk sdyj1 ^ ¨ ¨ ¨ ^ dyjk P ΓpΛkT ˚M b pST ˚Mq.

(24)
On the symmetric powers SkTM and SkT ˚M we use the same formulas with ^ replaced
by d and for k “ 0 both reduce to the Taylor expansion of functions.

The extension is compatible with the tensor algebra structure: it is multiplicative, i.e.
Tϕ˚

xpfsq “ Tϕ˚
xf ¨ Tϕ˚

xs, where ¨ denotes the module structure of the formal tensor fields
over Γp pST ˚Mq and s is any section of the bundles above.

Moreover Tϕ˚
x commutes with contractions; for example, for a one-form α and a vector

field v we have

xTϕ˚
xα,Tϕ

˚
xvy “ TrαipϕxpyqqJ ijpJ

´1q
j
l v
lpϕxpyqqs “ Tϕ˚

xxα, vy,

since the Jacobians cancel pairwise between upper and lower indices.
Finally, the projection π extends to a projection from these formal bundles to the tensor

bundles on M by setting y “ 0 and strictly replacing B{Byi, dyi ù B{Bxi,dxi. This is
admissible because at the zero section y “ 0 we have that Jpx, 0q “ Id, and therefore the
Taylor corrections vanish.

3.5 Globality

Because of flatness, one can also treat the connection D as a differential on the complex
ΓpΛT ˚M b pST ˚Mq which raises the form degree (on x) by one.

We package the globalization as a strong deformation retract, recovering the full connec-
tion D from its ´δ part by homological perturbation (Def. 2.12 and Lemma 2.13).

Lemma 3.11 (Grothendieck SDR). Write D “ ´δ ` B with B “ dx ` Y ` δ, and let
pι,Π0, hq be the SDR data of ´δ, i.e. the inclusion ι of C8pMq in dx- and y-degree zero, the
projection Π0 : a ÞÑ a00, and the homotopy h “ ´δ´1. Perturbing along B yields a strong
deformation retract

pC8pMq, 0q
ιD

ÝÝáâÝÝ
πD

pΓpΛT ˚M b pST ˚Mq, Dq ö hD

of the Grothendieck complex onto the global functions, with data

ιD “
ÿ

ně0

pδ´1Bqnι “ Tϕ˚
x, πD “ Π0, hD “

ÿ

ně0

hp´Bhqn.

Proof. The triple pι,Π0, hq is an SDR for ´δ (Def. 2.10): the retract relation p´δqh `

hp´δq “ Id´ιΠ0 is the Hodge decomposition (16), and the side conditions h2 “ 0, hι “ 0,
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Π0h “ 0 hold since δ´1 squares to zero, vanishes in dx-degree zero, and raises the y-degree.
We treat B as a perturbation of ´δ (Def. 2.12), which is admissible since p´δ`Bq2 “ D2 “ 0
by flatness. As B raises the total degree while h preserves it, the operators p´hBqn increase it
without bound, so the series of the homological perturbation lemma (Lemma 2.13) converge
in each total degree and produce the retract above. The transferred differential is dB “
ř

ně0Π0Bp´hBqnι; since B raises degdx we have Π0B “ 0, whence dB “ 0 and πD “ Π0.
Finally ιD “

ř

ně0pδ´1Bqnι is the unique D-flat section (as a chain map) restricting to the
identity on the zero section, so ιD “ Tϕ˚

x (Proposition 3.3).

The retract makes the cohomology of the Grothendieck complex immediate.

Corollary 3.12. The cohomology of D sits in degree 0 and corresponds to global functions,
i.e. H i

D “ 0 for all i ě 1 and H0
D “ ImpTϕ˚

xq – C8pMq.

Remark 3.13. By the exact same arguments we also obtain (in the expressions below, the
first ΛT ˚M factor is the form part in dx, while the middle factors are the formal tensor
parts in By resp. dy)

H0
DpΓpΛT ˚M b ΛTM b pST ˚Mqq “ ΓpΛTMq

H0
DpΓpΛT ˚M b ΛT ˚M b pST ˚Mqq “ ΓpΛT ˚Mq

H0
DpΓpΛT ˚M b SjTM b pST ˚Mqq “ ΓpSjTMq

H0
DpΓpΛT ˚M b SjT ˚M b pST ˚Mqq “ ΓpSjT ˚Mq

and Hě1
D “ 0; the isomorphisms in degree zero are realized by Tϕ˚

x as in (24).

3.6 Symplectic structure

In Section 5 we will have special interest in the cotangent bundle T ˚M of a manifold with
its canonical symplectic structure. Let again xi be a coordinate atlas on M and denote its
induced fiber coordinates by pi. Denote the subalgebra of functions which are polynomial
in the fiber coordinates C8

polypT ˚Mq Ă C8pT ˚Mq. Note that this is well-defined: the
induced fiber coordinates transform linearly in p, with the inverse Jacobian of the coordinate
change as (x-dependent) coefficient matrix, so the polynomial degree in the fibers is chart-
independent. We then have the canonical identification of C8

polypT ˚Mq – ΓpSTMq via

fpx, pq “
1

k!
Xi1¨¨¨ikpxqpi1 ¨ ¨ ¨ pik ÞÑ Xf pxq “

1

k!
Xi1¨¨¨ikpxq

B

Bxi1
d ¨ ¨ ¨ d

B

Bxik
.

As this is a part of the bundle ΓpSkTMq which we have considered in Section 3.4 and Remark
3.13, the entire machinery applies by defining a formal exponential map ϕx : TxM Ñ M
and using the identification above to identify C8

polypT ˚Mq with the tensor bundle above;
this allows us for example to define Tϕ˚

xf :“ Tϕ˚
xXf with the formula (24).

An equivalent approach is to take the cotangent lift of ϕx; define the map

Φx :“ pϕx, pdϕ
˚
xq´1q : T ˚pTxMq Ñ T ˚M.

In particular, this pulls back the fiber coordinates pi to Φ˚
xppiq “ TppJ´1q

j
i qzj , where zj are

the coordinates dual to yj . If we now apply Φ˚
xf for the fpx, pq defined above, we note that

we obtain precisely the same result as Tϕ˚
xXf when we use the same identification trick and

replace zi ù B{Byi. Hence we can use the cotangent lift Φx as the formal exponential map
to pullback functions and Taylor expand on the subalgebra C8

polypT ˚Mq.
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We can now consider the symplectic structure on T ˚M . Denote by α “ pidx
i the

canonical one-form and by ω “ dα “ dpi ^ dxi the symplectic form, which induces the
Poisson bracket p´,´q with pxi, pjq “ δij . The symplectic structure under the isomorphism
of C8

polypT ˚Mq – ΓpSTMq is translated to the symmetric Schouten bracket; it is a map

r´,´sSN : ΓpSkTMq ˆ ΓpSℓTMq Ñ ΓpSk`ℓ´1TMq

characterized algebraically by

rg, hsSN “ 0, rV, gsSN “ ´V pgq, rV,W sSN “ ´rV,W s

where g, h P C8pMq, V,W P ΓpTMq and the rightmost bracket is the regular Lie bracket.
The minus signs relative to the usual conventions for the Schouten bracket are due to our
sign convention pxi, pjq “ δij for the canonical bracket. This is then extended via

rV,W d ZsSN “ rV,W sSN d Z `W d rV,ZsSN,

and as a biderivation in each argument to all of ΓpSTMq. We then have

pf, gq “ rXf , XgsSN.

We can now define the exact same structure on ΓpSTM b pST ˚Mq by taking r´,´sSN,fib
to satisfy the same relations as mentioned but with yi as the main variable instead of xi,
which is now simply a spectator under all operations. We can then easily show that for any
f, g P C8

polypT ˚Mq

Tϕ˚
xprXf , XgsSNq “ rTϕ˚

xXf ,Tϕ
˚
xXgsSN, fib.

In the second approach we can define the symplectic structure on T ˚pTxMq as αfib “ zidy
i.

Due to the construction of the cotangent lift we then immediately have Φ˚
xpαq “ αfib, i.e. a

local symplectomorphism. Note that r´,´sSN, fib is again the induced symplectic structure
by αfib under the identification in the formal space.

The two constructions above rest on the fact that the cotangent bundle carries this sim-
ple canonical symplectic structure; for a general symplectic manifold a different approach is
needed.

For a general symplectic manifold pM,ωq we proceed as in [15]. The goal is to construct a
flat, "symplectic connection" D on pST ˚M . Let p´,´q be the corresponding Poisson bracket
and Πij the Poisson tensor, so that Πikωkl “ δil , and consider again pST ˚M equipped with
the Poisson structure p´,´qfib given by

pa, bqfib “ Πijpxq
Ba

Byi
Bb

Byj

i.e. the corresponding Poisson tensor does not depend on the fiber coordinates. The sym-
plecticity condition on D then reads

Dpa, bqfib “ pDa, bqfib ` pa,Dbqfib. (25)

Writing this out with the Ansatz (17) and (19): using that Πij does not depend on y, the
dx part fails the Leibniz rule by

dxpa, bqfib ´ pdxa, bqfib ´ pa,dxbqfib “ dxlBlΠ
ij Ba

Byi
Bb

Byj
,

while for the formal vector field (one-form) Y “ Y kpx, yq B

Byk
we compute

Y pa, bqfib ´ pY a, bqfib ´ pa, Y bqfib “ ´

ˆ

Πkj
BY i

Byk
` Πik

BY j

Byk

˙

Ba

Byi
Bb

Byj
“ pLYΠfibqij

Ba

Byi
Bb

Byj
,
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i.e. the failure is measured by the Lie derivative of the fiberwise Poisson tensor Πfib “
1
2Π

ijpxq B
Byi

^ B
Byj

. We apply this to the three parts of Y . The part ´dxi B
Byi

has constant
coefficients in y and is therefore automatically compatible. The Christoffel part Γ combines
with the dx term to the condition

dxl
”

BlΠ
ij ` ΓilkΠ

kj ` ΓjlkΠ
ik

ı

“ dxlp∇lΠ
ijq “ 0,

i.e. ∇ must be a symplectic connection (equivalently ∇ω “ 0). The remaining condition is
LXΠfib “ 0, i.e. X must be a fiberwise symplectic formal vector field (one-form valued). Be-
cause the fibres are vector spaces, a fiberwise symplectic formal vector field is automatically
fiberwise Hamiltonian, i.e. there is r P ΓpT ˚M b pST ˚Mq with X “ pr,´qfib.

Proposition 3.14 ([15] Thm. 7). The map Tϕ˚
x is a morphism of Poisson algebras

Tϕ˚
x : pC8pMq, p´,´qq Ñ pΓp pST ˚Mq, p´,´qfibq

if and only if X is a Hamiltonian vector field.

Proof. We first assume that X is Hamiltonian. We note that D can then be split up in
Hamiltonian parts: X is Hamiltonian by assumption and the part ´dxi B

Byi
has Hamiltonian

ωijy
idxj . This allows us to write

Da “ ∇a` pωijy
idxj , aqfib ` pr, aqfib.

In particular D satisfies the compatibility (25) by the computation above. Now for any
f P C8pMq, we have that by Remark 3.6 we can write Tϕ˚

xf “ fpxq ` Bxifpxqyi ` Opy2q

and it follows immediately that
pTϕ˚

xf,Tϕ
˚
xgqfib|y“0 “ pf, gq.

By (25) and DTϕ˚
xf “ DTϕ˚

xg “ 0 we have that DpTϕ˚
xf,Tϕ

˚
xgqfib “ 0. By Proposition 3.3

it follows that
pTϕ˚

xf,Tϕ
˚
xgqfib “ Tϕ˚

xpf, gq

and this direction follows.
Conversely, assume that Tϕ˚

x intertwines the brackets. Then for any f, g P C8pMq

all three terms of (25) applied to Tϕ˚
xf,Tϕ

˚
xg vanish: DTϕ˚

xf “ DTϕ˚
xg “ 0 and also

DpTϕ˚
xf,Tϕ

˚
xgqfib “ DTϕ˚

xpf, gq “ 0. By the computation above (using that ∇ is symplec-
tic), the failure of the Leibniz rule is tensorial and we obtain

0 “ pLXΠfibqij
BTϕ˚

xf

Byi
BTϕ˚

xg

Byj
.

Choosing for f, g the local coordinate functions xk, xl, the chain rule gives ByjTϕ
˚
xx

k “

TrJkj s, which is an invertible formal power series. We conclude LXΠfib “ 0, i.e. X is
symplectic and therefore Hamiltonian.

Remark 3.15. In the proof we used that the parts ´dxi B
Byi

and X are Hamiltonian, while
the term ∇ “ dx ` Γ was kept together as a covariant derivative. Indeed, the Christoffel
part Γ alone is in general not even symplectic: by the computation above,

pLΓΠfibqij “ dxl
´

ΓilkΠ
kj ` ΓjlkΠ

ik
¯

“ ´dxlBlΠ
ij ,

where we used ∇lΠ
ij “ 0 in the second equality. Hence Γ is symplectic if and only if BlΠ

ij “ 0
(equivalently Blωij “ 0), i.e. if and only if ω has constant coefficients in the chosen chart,
as in Darboux coordinates. We can therefore in general not write Γ “ phΓ,´qfib for some
Hamiltonian hΓ; in the splitting of D into Hamiltonian parts, the term ∇ “ dx ` Γ has to
be kept together as a covariant derivative.
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As before, one can iteratively solve the flatness condition to obtain r. Here the r’s are
in one-to-one correspondence to f P Γp pST ˚Mq with degypfq ě 4, via the normalization
condition δ´1r “ f (see Theorem 3.28). Indeed, since degypXq ě 2, the Hamiltonian r is at
least of degree 3 in y, and hence δ´1r at least of degree 4. The condition analogous to (21)
reads

0 “ R̂ ´ δr ` ∇r `
1

2
pr, rq,

where
R̂ “

1

4
ωijR

j
kℓmy

iykdxℓ ^ dxm.

The two-form R̂ is a Hamiltonian for the curvature term of (21); this uses that ωijR
j
kℓm is

symmetric in i, k for a symplectic connection. Using the condition δ´1r “ f then gives us
the final equation

r “ δf ` δ´1pR̂ ` ∇r `
1

2
pr, rqq,

which again can be computed iteratively for r.

3.7 Odd–symplectic structure

We now begin to extend the constructions of this chapter to a Z-graded supermanifold M
with an odd symplectic form ω; the goal is again a flat, symplectic Grothendieck connection
as in Section 3.6.

3.7.1 Connection and FEM

As in Section 3.1 we study the bundle pST ˚M, now the formal completion of the graded
symmetric algebra of the cotangent bundle: for local coordinates zi with parities pi :“ |zi|
the fiber generators yi carry the parities |yi| “ pi, while the one-forms dzi have total parity
pi ` 1. On the complex ΓpΛT ˚M b pST ˚Mq, bigraded by pp, qq :“ pdegdz, degyq as before,
we define by the same formulas the operators

δ :“ dzi
B

Byi
, δ˚ :“ yiι B

Bzi
, δ´1 :“

1

p` q
δ˚ for pp, qq ‰ p0, 0q

and δ´1 :“ 0 else.

Lemma 3.16 (Graded Hodge decomposition). The operators satisfy δ2 “ pδ´1q2 “ 0 and
δδ´1 ` δ´1δ “ Id on bidegrees pp, qq ‰ p0, 0q. In particular every a P ΓpΛT ˚M b pST ˚Mq

decomposes as
a “ a00 ` pδ´1δ ` δδ´1qa, degdzpa00q “ degypa00q “ 0. (26)

Proof. Both δ and δ˚ are odd derivations preserving the total degree p` q. The squares δ2,
pδ˚q2 and the commutator rδ, δ˚s are even derivations, hence determined by their action on
the generators fpzq, yj , dzj . From

δyj “ dzj , δ dzj “ 0, δ˚yj “ 0, δ˚ dzj “ yj ,

and δf “ δ˚f “ 0, we read off
δ2 “ 0, pδ˚q2 “ 0, rδ, δ˚s “ pdegdz `degyq Id .

Since δ and δ˚ preserve p` q, the normalization 1
p`q commutes with them, and dividing the

last two identities by p ` q yields pδ´1q2 “ 0 and δδ´1 ` δ´1δ “ Id on pp, qq ‰ p0, 0q; the
decomposition (26) follows.
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We now construct the Grothendieck connection. The formal vector fields are again the OM-
linear derivations of Γp pST ˚Mq, written in coordinates as Y “ Y jpz, yq B

Byj
, and we consider

their one-form valued analogues

Y “ dziY j
i pz, yq

B

Byj
P ΓpΛT ˚M b pST ˚M b TMq,

which we require to be odd with respect to the total parity, i.e. |Y j
i | “ pi`pj . The connection

is again given by D “ dz `Y as in (17), an odd operator raising degdz by one, with flatness
condition 1

2 rD,Ds “ 0; the only difference to Section 3.1 is that the commutator is now
graded by the total parity instead of the form degree.

Let ∇ be a torsion-free connection on TM (Definition 1.12) with Christoffel symbols
∇BiBj “ ΓkijpzqBk of parity |Γkij | “ pi ` pj ` pk. The torsion of Definition 1.12 evaluates on
coordinate vector fields to

T∇pBi, Bjq “ pΓkij ´ p´1qpipjΓkjiqBk,

so torsion-freeness now reads Γkij “ p´1qpipjΓkji. The power series Ansatz for Y is the same
as in (19),

Y “ ´dzi
B

Byi
´ dzℓykΓikℓpzq

B

Byi
`X (27)

with X odd, degypXq ě 2 and degdzpXq “ 1. Note that all three terms are indeed odd as
required.

Lemma 3.17. As in the classical case, rdz, δs “ 0, and rδ,Γs “ 0 if and only if ∇ is
torsion-free.

Proof. The first holds for the exact same reason. For the second, again Γpδyiq “ Γpdziq “ 0,
while now

δpΓyiq “ ´dzm
B

Bym
pdzℓykΓikℓq “ ´p´1qpkppℓ`1qdzkdzℓΓikℓ “: ´Si.

The sum Si vanishes by the graded symmetry of Γ: relabelling k Ø ℓ and using torsion-
freeness gives

Si “ p´1qpℓppk`1qp´1qpkpℓdzℓdzkΓikℓ “ p´1qpℓdzℓdzkΓikℓ,

while instead commuting the two one-forms gives
Si “ p´1qpkppℓ`1q`ppk`1qppℓ`1qdzℓdzkΓikℓ “ ´p´1qpℓdzℓdzkΓikℓ,

hence Si “ ´Si “ 0.

The curvature is defined exactly as in (20), R :“ rdz,Γs ` 1
2 rΓ,Γs, and is again a formal

vector field, linear in y; evaluating on the generators as before, now keeping track of the
Koszul signs, yields

Rpyiq “ p´1qpℓ`pk dzℓykdzm
BΓikℓ
Bzm

` p´1qpℓ`1 dzℓdzmynΓknmΓ
i
kℓ.

We refrain from rewriting this in terms of a graded curvature tensor; the explicit component
form will not be needed.

The computation of the flatness condition is now verbatim the one of Section 3.1: ex-
panding 1

2 rD,Ds produces the nine brackets as before, the mixed terms pair up since all
parts of Y are odd, the terms rdz, δs, rδ,Γs and 1

2 rδ, δs “ δ2 vanish by Lemma 3.17 and
Lemma 3.16, and the flatness condition transfers to

R ´ δX ` ∇X `
1

2
rX,Xs “ 0, (28)
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where again δX :“ rδ,Xs and ∇X :“ r∇, Xs. Applying the graded Hodge decomposition
(26) to X turns this into the recursion

X “ δa` δ´1pR ` ∇X `
1

2
rX,Xsq,

which is solved iteratively in degy exactly as in (22), with solutions in bijection with the
normalizations a “ δ´1X of degypaq ě 3. That the iteration in the graded case indeed
solves (28) is Proposition 5.1 of [27], where the Fedosov resolution is carried out for graded
manifolds (stated there for the normalization a “ 0); the argument for general a is the same,
and we will spell it out in the Hamiltonian setting in the proof of Theorem 3.28.

Note also that Proposition 3.3, which we cited from [27], is proven there for graded
manifolds in the first place, so the formal exponential map EXP˚ of Definition 3.4 is defined
in the graded setting as well. The explicit formula was given in Section 3.3

EXP˚f “
ÿ

I

1

I!
yIpbwp

ÐÝ
BIz qpfq. (29)

In particular

EXP˚f “ f ` yi
Bf

Bzi
` Opy2q, |EXP˚f | “ |f |,

the latter since pbwp
ÐÝ
BIz q has the same parity as yI .

Also the globalization statement of Section 3.5 carries over.

Proposition 3.18. Write D “ ´δ ` B with B “ dz ` Y ` δ as in Lemma 3.11. Perturbing
the SDR data pι,Π0, h “ ´δ´1q of ´δ along B yields a strong deformation retract

pOM, 0q
ιD

ÝÝáâÝÝ
πD

pΓpΛT ˚M b pST ˚Mq, Dq ö hD

with
ιD “

ÿ

ně0

pδ´1Bqnι “ EXP˚, πD “ Π0, hD “
ÿ

ně0

hp´Bhqn.

In particular H0
D “ ImpEXP˚q – OM and Hě1

D “ 0.

Proof. The proof of Lemma 3.11 applies verbatim, with the graded Hodge decomposition
(Lemma 3.16) providing the SDR data of ´δ. This is Theorem 7.1 of [27], proven there by
the same homological perturbation argument.

3.7.2 Antibracket

We now bring in the symplectic structure. Freezing the base point, the formal fiber carries
the constant-coefficient odd symplectic form ωfib :“ 1

2ωijpzqdyidyj , and Lemma 1.28 applies
fiberwise.

Definition 3.19 (Fiberwise antibracket). The fiberwise antibracket on Γp pST ˚Mq is

pa, bqfib :“
ÿ

i,j

p´1qpi|a| Ba

Byi
Πijpzq

Bb

Byj
, (30)

where Πijpzq is the dressed inverse of ωij from Definition 1.27, k “ 1. The bracket is
extended to ΓpΛT ˚M b pST ˚Mq by the same formula, with |a| the total parity.

In particular pyi, yjqfib “ p´1qpiΠijpzq, skew symmetry and the Jacobi identity hold fiber-
wise. The symplecticity condition on the Grothendieck connection now reads

Dpa, bqfib “ pDa, bqfib ` p´1q|a|`1pa,Dbqfib, (31)

replacing (25). This is precisely the Leibniz rule of Definition 2.2 for the odd operator D.
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Definition 3.20. Let ∇ be a torsion-free connection on TM, extended to one-forms as the
dual connection, characterized by

XpιY αq “ ι∇XY α ` p´1q|X|p|Y |`1qιY p∇Xαq, α P Ω1pMq.

We call ∇ symplectic if

∇XpιY ωq “ ι∇XY ω for all X,Y P XpMq.

This is the condition ∇ω “ 0. In coordinates, choosing X “ Bl, Y “ Bj and contracting
with ιBk via the characterization above, using ιfX “ fιX , the condition on ωjk reads

Bωjk
Bzl

“ p´1qppj`pmqppk`1qΓmljωmk ` Γmlkωjm, (32)

which for vanishing parities reduces to the familiar Blωjk “ Γmljωmk `Γmlkωjm of Section 3.6.

Remark 3.21. The definition above holds for both even and odd ω’s. The formula (32) is
the same for the even case as well.

Lemma 3.22. The connection ∇ is symplectic if and only if

∇lΠ
ij :“

BΠij

Bzl
` p´1qpi`pmppi`plqΓimlΠ

mj ` p´1qplppi`1qΠimΓjml “ 0. (33)

Proof. Abbreviate σijk :“ p´1qppk`1qppi`pj`1q and λj :“ p´1qplppi`pj`1q, with i, k, l fixed
throughout and only j summed. We show

ÿ

j

σijk
“

p∇lΠ
ijqωjk ` λj Π

ij ∇lωjk
‰

“ 0. (:)

Since λj is the Koszul sign of Bl passing Πij , the derivative terms of (33) and (32) assemble
to Blp

ř

j σijkΠ
ijωjkq “ Blδ

i
k “ 0, and it remains to show that the four Christoffel terms,

denoted T1, T2 for (33) and T3, T4 for (32), cancel. In T1 the dressing σijk differs from σmjk
by p´1qppk`1qppi`pmq, independently of j, so the sum over j collapses as

T1 “
ÿ

j,m

σijkp´1qpi`pmppi`plq ΓimlΠ
mjωjk “ p´1qpi`pkppi`plq`ppk`1qppi`pkq Γikl “ p´1qpkpl Γikl.

In T4 we move Γmlk , of parity pl ` pk ` pm, to the left of Πij ; the Koszul cost converts the
dressing σijkλj “ p´1qppk`pl`1qppi`pj`1q precisely into σijm, and the sum collapses again:

T4 “ ´
ÿ

j,m

σijkλj Π
ijΓmlkωjm “ ´

ÿ

j,m

σijm ΓmlkΠ
ijωjm “ ´Γilk “ ´p´1qpkpl Γikl,

so T1 ` T4 “ 0 by torsion-freeness. In T3 we relabel j Ø m and swap the lower slots of Γ;
the resulting sign agrees identically with that of T2,

ppk`1qppi`pm`1q`plppi`pm`1q`ppm`pjqppk`1q`plpm “ ppk`1qppi`pj`1q`plppi`1q,

so T2 ` T3 “ 0, both terms carrying the factors ΠimΓjmlωjk but opposite overall signs. This
proves p:q.

We go back to the fiber now.

Definition 3.23 (Defect). For an operator V of parity |V | on ΓpΛT ˚Mb pST ˚Mq, its defect
with respect to the fiberwise antibracket is

defV pa, bq :“ V pa, bqfib ´ pV a, bqfib ´ p´1q|V |p|a|`1qpa, V bqfib.

The symplecticity condition (31) thus reads defD “ 0. We first check this for the covariant
part of the Ansatz.
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Lemma 3.24. For ∇ “ dz ` Γ we have on the generators
def∇pyi, yjq “ p´1qpidzl∇lΠ

ij ,

with ∇lΠ as in (33). In particular def∇ “ 0 if and only if ∇ is symplectic.

Proof. Since ∇ is a derivation and p´,´qfib is a derivation in each argument, the mixed
second order terms cancel and the defect is again a derivation in each argument; moreover
all three terms vanish whenever one argument does not contain y. The defect is therefore de-
termined by its values on the pairs of generators pyi, yjq. There, using pyi, yjqfib “ p´1qpiΠij

and ∇yi “ ´dzlykΓikl, we compute

∇pyi, yjqfib “ p´1qpidzl
BΠij

Bzl
,

p∇yi, yjqfib “ ´
ÿ

m

p´1qpmppi`plqdzlΓimlΠ
mj ,

pyi,∇yjqfib “ ´p´1qpi
ÿ

m

p´1qpmppl`1qΠimdzlΓjml.

Collecting the three terms with the signs of Definition 3.23 and commuting dzl to the left,
the exponents collapse to the dressings of (33) and we obtain

def∇pyi, yjq “ p´1qpidzl∇lΠ
ij .

The leading term ´δ and the correction term X are treated through their Hamiltonians.

Definition 3.25. Let dy :“ dyi B
Byi

be the vertical de Rham differential. We call a formal
vector field X fiberwise symplectic if LXωfib “ p´1q|X|dypιXωfibq “ 0.

Since we’re in the fiber, every fiberwise symplectic formal vector field is fiberwise Hamilto-
nian. We use the fiberwise Euler vector field Ey :“ yi B

Byi
.

Lemma 3.26 (Fiberwise Hamiltonians). Let W be a formal vector field of degy “ n (with
possibly dz-valued coefficients). IfW is fiberwise symplectic then it is fiberwise Hamiltonian,

ιWωfib “ dyr, r “
1

n` 1
ιEy ιWωfib,

and consequently W “ p´1q|r|pr,´qfib with |r| “ |W | ` 1 and degyprq “ n` 1.

Proof. The fiberwise Euler vector field is even, so Cartan’s formula gives LEy “ ιEydy`dyιEy ,
and LEy is the even derivation counting the total weight degy `degdy, as one checks on the
generators yi and dyi (compare Remark 1.16). The one-form α :“ ιWωfib has weight n`1 ě 1
and is closed, since W is fiberwise symplectic: dypιWωfibq “ 0 by Definition 3.25. Hence

pn` 1qα “ LEyα “ dypιEyαq,

i.e. ιWωfib “ dyr with r as above, which says W “ Xr for the fiberwise symplectic structure.
The relation to the bracket is Definition 1.25 applied fiberwise, pr, bqfib “ p´1q|r|Xrpbq,
together with |Xr| “ |r| ` 1.

The defect of fiberwise Hamiltonian vector fields vanish.

Lemma 3.27. For W “ p´1q|r|pr,´qfib we have defW “ 0.

Proof. This is the Jacobi identity: with w “ |r| ` 1 the parity of W ,
W pa, bqfib “ p´1q|r|pr, pa, bqfibqfib “ p´1q|r|ppr, aqfib, bqfib ` p´1q|r|`p|r|`1qp|a|`1qpa, pr, bqfibqfib

“ pWa, bqfib ` p´1qwp|a|`1qpa,Wbqfib.
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We can now assemble the symplectic Grothendieck connection. Applying Lemma 3.26 to
the leading term ´δ, which is fiberwise symplectic, gives us

hδ :“ ιEy ι´δωfib “ ´
ÿ

k,m

p´1qppk`1qppm`1qymdzkωkmpzq, ´δ “ phδ,´qfib,

even and of degy “ 1. Second, write adr :“ pr,´qfib, an operator of parity |r| ` 1. The
Jacobi identity gives radr, adss “ adpr,sqfib as in the proof of Lemma 3.27, while the vanishing
defects of ∇ and ´δ give

r∇, adrs “ ad∇r, rδ, adrs “ adδr . (34)

Third, the curvature R “ ∇2 “ rdz,Γs ` 1
2 rΓ,Γs of (20) is a formal vector field, even and

linear in y: evaluated on the generators the second-order part of ∇2 cancels, leaving the
graded Riemann tensor Rpyiq. It is fiberwise symplectic: since ∇ is symplectic, ∇ωfib “ 0
by (32), and as ∇ acts on formal forms by Lie derivative (Section 3.4) its square acts as LR,
so that LRωfib “ ∇2ωfib “ 0. Since R is even, the Hamiltonian of Lemma 3.26 generates
´R, and we absorb the sign into

R̂ :“ ´
1

2
ιEy ιRωfib, R “ pR̂,´qfib,

odd and of degy “ 2.

Theorem 3.28. Let ∇ be a torsion-free symplectic connection on TM and take the Ansatz
(27) with X “ pr,´qfib, where r P ΓpΛ1T ˚M b pST ˚Mq is even with degyprq ě 3. Then D
is symplectic, and it is flat if and only if

R̂ ´ δr ` ∇r `
1

2
pr, rqfib “ 0. (35)

Solutions exist and are obtained iteratively in degy from

r “ δh` δ´1pR̂ ` ∇r `
1

2
pr, rqfibq,

in bijection with the normalizations h “ δ´1r of degyphq ě 4.

Proof. The parts ∇, ´δ and X have vanishing defect by Lemma 3.24 for ∇ and by Lemma
3.27 for ´δ “ phδ,´qfib and X “ pr,´qfib; the defect is additive in the operator, so D is
symplectic. For flatness, insert X “ adr into (28) and use the three commutator identities
above:

R ´ δX ` ∇X `
1

2
rX,Xs “ ad

´

R̂ ´ δr ` ∇r `
1

2
pr, rqfib

¯

.

The argument of ad has all components of degy ě 2, namely 2 for R̂, ě 2 for δr, ě 3 for ∇r
and ě 4 for pr, rqfib, while the kernel of ad is y-independent; flatness is therefore equivalent
to (35).

It remains to establish the correspondence between solutions and normalizations. If r
solves (35), the Hodge decomposition (26) gives r “ δδ´1r ` δ´1δr (r carries form degree
one, so r00 “ 0), and inserting δr “ R̂ ` ∇r ` 1

2pr, rqfib shows that r satisfies the recursion
with h “ δ´1r, odd and of degy ě 4. Conversely, fix such an h. Since δ´1 raises degy, the
degree-q part of the right hand side of the recursion depends on r only through degrees ă q,
so the recursion has a unique solution r, obtained iteratively, which is even with degyprq ě 3.
Moreover δ´1r “ δ´1δh “ h, using pδ´1q2 “ 0 and then (26) on h, which has form degree
zero.

We are left to show that the solution of the recursion solves (35); we adapt the classical
argument of Fedosov (proof of Theorem 3.2 in [17]). Denote by F :“ R̂´δr`∇r` 1

2pr, rqfib
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the left hand side, so that the identity above reads D2 “ adF , and degypF q ě 2. First, F
obeys the Bianchi identity

δF “ ∇F ` pr, F qfib.

Indeed, the graded Jacobi identity for the commutator gives rD,D2s “ 1
2 rD, rD,Dss “ 0,

while the identities (34) applied to F and the Jacobi identity radr, adF s “ adpr,F qfib yield

0 “ rD, adF s “ adp∇F ´ δF ` pr, F qfibq;

the argument of ad has degy ě 1 and therefore vanishes. Second, F is normalized: the
recursion says δ´1pR̂ ` ∇r ` 1

2pr, rqfibq “ r ´ δh, while (26) together with δ´1r “ h gives
δ´1δr “ r ´ δh as well; subtracting, δ´1F “ 0. Now apply (26) to F itself (F carries form
degree two, so F00 “ 0) and insert the Bianchi identity:

F “ δ´1δF “ δ´1p∇F ` pr, F qfibq.

The right hand side raises degy, by one in the first term and by at least three in the second,
so the degree-q component of F is determined by the components of lower degree. As F has
no components below degy “ 2, induction on q gives F “ 0.

Finally, the formal exponential map of such a connection respects the antibrackets; this is
the odd analogue of Proposition 3.14.

Proposition 3.29. Let D be a flat connection of the Ansatz (27) with ∇ symplectic and
X fiberwise symplectic. Then

EXP˚ : pOM, p´,´qq Ñ pΓp pST ˚Mq, p´,´qfibq

is a morphism of odd Poisson algebras.

Proof. Since X is fiberwise symplectic, defD “ 0 as in Theorem 3.28. For f, g P OM the
section pEXP˚f,EXP˚gqfib is then D-flat, and its value on the zero section is

pEXP˚f,EXP˚gqfib
ˇ

ˇ

y“0
“

ÿ

i,j

p´1qpi|f | Bf

Bzi
Πij

Bg

Bzj
“ pf, gq,

by EXP˚f “ f ` yi Bf
Bzi

` Opy2q, |EXP˚f | “ |f | and Lemma 1.28. Proposition 3.3 therefore
gives pEXP˚f,EXP˚gqfib “ EXP˚pf, gq.

3.7.3 BV Laplacian

Next we want to understand how the differentials (the Grothendieck connection D and the
BV Laplacians) and the antibracket interplay between formal geometry and the underlying
manifold. Define the fiberwise BV Laplacian

∆fib :“
1

2

ÿ

i,j

p´1qpipjΠijpzq
B

Byi
B

Byj
on Γp pST ˚Mq. (36)

The Koszul factor is fixed by the requirement that ∆fib generates the fiberwise antibracket
(30). Note that the skew-symmetry of the antibracket together with pzi, zjq “ p´1qpiΠij

yields the graded symmetry Πji “ p´1qpipjΠij , which we use below.

Lemma 3.30. The odd operator ∆fib generates the fiber bracket in the sense of (5),

∆fibpabq “ ∆fiba b` p´1q|a|a∆fibb` p´1q|a|pa, bqfib,

and squares to zero, ∆2
fib “ 0.
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Proof. Expanding B
Byi

B
Byj

pabq by the Leibniz rule, the terms with both derivatives on one
factor produce ∆fiba b` p´1q|a|a∆fibb. The cross terms give

1

2

ÿ

i,j

p´1qpipjΠijpp´1qpip|a|`pjq Ba

Byj
Bb

Byi
` p´1qpj |a| Ba

Byi
Bb

Byj
q;

commuting Πij past the first derivative factor and using the graded symmetry of Π in the first
summand, both summands collapse to 1

2p´1q|a|`pi|a| Ba
Byi

Πij Bb
Byj

, and the sum is p´1q|a|pa, bqfib.
For nilpotency, passing the derivatives through Πklpzq gives

∆2
fib “

1

4

ÿ

p´1qpipj`pkpl`ppi`pjqppk`pl`1q ΠijΠkl
B

Byi
B

Byj
B

Byk
B

Byl
.

The summand with the pairs pi, jq and pk, lq exchanged equals minus the original summand:
restoring the original order of the Π’s and of the derivatives and collecting all Koszul signs,
the relative factor is, with u :“ pi ` pj and v :“ pk ` pl,

p´1qupv`1q`vpu`1q`pu`1qpv`1q`uv “ ´1.

The sum cancels in pairs and ∆2
fib “ 0.

Compatibility of ∆fib with the Grothendieck connection is more delicate and imposes a
condition on the correction term of D.

Lemma 3.31. Let D be as in Theorem 3.28, with ∇ symplectic and X “ pr,´qfib, degy r ě

3. Then
r∆fib, Ds “ p∆fibr,´qfib.

In particular r∆fib, Ds “ 0 if and only if ∆fibr “ 0.

Proof. Since ∆fib is a derivation of the fiberwise antibracket, i.e. def∆fib “ 0 (this is (15)),
the mechanism of (34) gives

r∆fib, ph,´qfibs “ p∆fibh,´qfib. (:)

Split D “ ∇ ` phδ,´qfib ` pr,´qfib as in Theorem 3.28. For the covariant part we claim
r∆fib,∇s “ 0. Expanding r∆fib,∇spabq with the ∇-Leibniz rule, the generating identity of
Lemma 3.30 and the symplecticity of ∇, the four non-derivation terms cancel pairwise:

∇a∆fibb : p´1q|a|`1 ` p´1q|a| “ 0, ∆fiba∇b : p´1q|a| ` p´1q|a|`1 “ 0,

p∇a, bqfib : p´1q|a|`1 ` p´1q|a| “ 0, pa,∇bqfib : 1 ` p´1q “ 0,

so r∆fib,∇s is an even derivation. It annihilates fpzq and dzi (as ∆fib kills degy ď 1) and yi

(as ∇yi is linear in y), hence vanishes.
By p:q the part phδ,´qfib commutes with ∆fib as well, its Hamiltonian being linear in

y, and the remaining part gives r∆fib, Ds “ p∆fibr,´qfib. As the kernel of s ÞÑ ps,´qfib
consists of the y-independent elements and degyp∆fibrq ě 1, this vanishes if and only if
∆fibr “ 0.

Remark 3.32. The fiberwise BV Laplacian defined above is induced by the constant
Berezinian µ0 “ Dny on the fiber TzM.

Lemma 3.33 (BV-perturbed SDR). Assuming ∆fibr “ 0, perturbing the retract of Propo-
sition 3.18 along ´̊ıℏ∆fib yields a strong deformation retract

pOM, ´̊ıℏ∆q
ι∆

ÝÝáâÝÝ
π∆

pΓpΛT ˚M b pST ˚Mq, D ´ ı̊ℏ∆fibq ö h∆
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with

ι∆ “ ιD “ EXP˚, π∆ “
ÿ

ně0

Π0p̊ıℏ∆fibhDqn, h∆ “
ÿ

ně0

hD p̊ıℏ∆fibhDqn,

and transferred differential ´̊ıℏ∆ on OM, where the induced BV Laplacian is given by
∆ “ Π0∆fib EXP

˚.

Proof. As D2 “ ∆2
fib “ 0 and rD,∆fibs “ 0 we have pD ´ ı̊ℏ∆fibq2 “ 0, so ´̊ıℏ∆fib is a

perturbation of D (Def. 2.12). Each step of the perturbation series carries a power of ℏ, so
the series of Lemma 2.13 converge ℏ-adically and produce the data above.

For ι∆ observe that hD decreases the dz-degree by one; since EXP˚f has dz-degree 0
and ∆fib preserves it, hD∆fibEXP

˚ “ 0, so

ι∆ “
ÿ

ně0

p̊ıℏhD∆fibqnιD “ ιD “ EXP˚.

The transferred differential ´̊ıℏ∆ is thus given by

´̊ıℏ∆ “ πDp´̊ıℏ∆fibqι∆ “ ´̊ıℏΠ0∆fibEXP
˚

The other formulae are simply restating the HPL formulae for our setup.

The fiber bracket makes the formal complex into a DGLA, and the retract transports this
structure to the global functions.

Proposition 3.34. The triple
`

ΓpΛT ˚M b pST ˚Mq, D ´ ı̊ℏ∆fib, p´,´qfib
˘

is a DGLA.
Transferring it along the SDR of Lemma 3.33 via Theorem 2.15 gives back a DGLA: the
induced brackets on pOM, ´̊ıℏ∆q are (up to signs) r1 “ ´̊ıℏ∆, r2 “ p´,´q (the antibracket
of pM, ωq) and ri “ 0 for i ě 3, together with L8 quasi-isomorphisms

pOM, ´̊ıℏ∆, p´,´qq
F
Õ
G

pΓp pST ˚Mq, D ´ ı̊ℏ∆fib, p´,´qfibq

with linear parts f1 “ EXP˚ and g1 “ π∆, the first of which is strict.

Proof. The operator D´̊ıℏ∆fib squares to zero (Lemma 3.33) and is a derivation of p´,´qfib:
for D this is (31), established in Theorem 3.28, and for ∆fib it follows from (15). With
q1paq “ ´pD ´ ı̊ℏ∆fibqa, q2pad bq “ p´1q|a|`1pa, bqfib and qě3 “ 0 this is a DGLA.

We compute the ri: by Proposition 3.29 we have q2pEXP˚f,EXP˚gq “ pEXP˚f,EXP˚gqfib “

EXP˚pf, gq, which lands in ImEXP˚ “ Im ι∆; the homotopy annihilates this (h∆ι∆ “ 0),
so

f2 “ h∆ q2pEXP˚ d EXP˚q “ h∆ EXP˚p´,´q “ 0.

Inductively, for i ě 3 every monomial of F 2
i is fj1 d fj2 with j1 ` j2 “ i and j1, j2 ě 1, so

some jℓ ě 2 and fjℓ “ 0; hence F 2
i “ 0, giving fi “ h∆q2F

2
i “ 0 and ri “ π∆q2F

2
i “ 0.

Thus F “ EXP˚ is strict and ri “ 0 for i ě 3. The surviving bracket is r2 “ π∆ q2pEXP˚ d

EXP˚q “ π∆ EXP˚p´,´q “ p´,´q, using π∆ι∆ “ Id.

The induced BV Laplacian can be computed explicitly.

Corollary 3.35. The BV Laplacian ∆ “ Π0∆fibEXP
˚ induced on OM reads

∆f “
1

2

ÿ

i,j

p´1qpipjΠijpzqp
B2f

BziBzj
´ Γkij

Bf

Bzk
q.

In particular ∆ depends on ∇ but not on the choice of r, it squares to zero and it generates
the antibracket of pM, ωq in the sense of (5).
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Proof. Since ∆fib lowers the y-degree by two and Π0 evaluates at y “ 0, only the quadratic
part of EXP˚f contributes. Solving DpEXP˚fq “ 0 to second order in y gives EXP˚f “

f ` yi Bf
Bzi

` ymykSmk ` Opy3q with

Smk “
1

2
p´1qpkpm

B2f

BzmBzk
´

1

2
Γikm

Bf

Bzi
,

obtained by one step δ´1∇ of the recursion ιD “
ř

npδ´1Bqnι applied to the linear term
yi Bf

Bzi
; the correction term X does not enter, since it raises the y-degree of the linear term

at least to three. Differentiating twice and relabelling with the graded symmetry of Π,
∆f “ Π0∆fibpymykSmkq “

ÿ

m,k

ΠmkSmk,

which is the claimed formula after applying Γikm “ p´1qpkpmΓimk. ∆2 “ 0 holds since
´̊ıℏ∆ is the transferred differential of the retract. Finally, EXP˚ is a morphism of algebras
(Corollary 5.3 of [27]) and of antibrackets (Proposition 3.29) and Π0 is multiplicative, so
applying Π0 to the generating identity of Lemma 3.30 for EXP˚f ¨ EXP˚g yields

∆pfgq “ ∆f g ` p´1q|f |f∆g ` p´1q|f |pf, gq.

3.8 Choice of the formal exponential map

The constructions of this chapter all depend on the choice of the formal exponential map ϕ.
In this section we make this dependence precise, following [7] to some extent.

Since all constructions until now only involved the vertical jets of ϕ along the zero section,
we identify from now on two formal exponential maps whose vertical derivatives all agree.
Denote the set of formal exponential maps (Def. 3.1) as EpMq and we consider two formal
exponential maps to be equal, if their jets agree, i.e. if they share the same collection of
formal power series

ϕixpyq “ xi ` yi `
1

2
ϕijkpxqyjyk ` ...

Definition 3.36 (Fiberwise formal diffeomorphisms). Denote by G the set of collections
g “ pgxqxPM of formal power series

gixpyq “ yi `
ÿ

kě2

1

k!
gij1¨¨¨jk

pxqyj1 ¨ ¨ ¨ yjk , gij1¨¨¨jk
P ΓpSkT ˚M b TMq,

together with the multiplication pghqx :“ gx ˝ hx given by composition of formal power
series.

Lemma 3.37. G is a group.

Proof. The composition of two such series is again of this form, since the 1-jet of a com-
position is the composition of the 1-jets. For the inverse, write g “ Id`gě2 and solve
gxphxpyqq “ y order by order in y: in degree n the equation reads hn ` Pn “ 0, where hn is
the degree-n part of h and Pn is a polynomial expression in g2, ..., gn and h2, ..., hn´1 only.
This determines hn inductively and uniquely.

Remark 3.38. The group G is the exponential of the Lie algebra of formal vector fields of
y-degree at least two: for C P Γp pST ˚M b TMq with degypCq ě 2, the series exppCqxpyq :“
ř

n
1
n!pC

n
x yq is well-defined degree by degree, since C raises the polynomial degree by at

least one, and lies in G; the same induction as in Lemma 3.37 shows that exp is a bijection:
in y-degree k the part of exppCq is Ck ` PkpC2, . . . , Ck´1q with Pk depending only on the
lower parts, so exppCq “ g solves recursively and uniquely for C, giving the inverse log.

50



Definition 3.39 (Torsor). Let G be a group. A set S with a right G-action is called a
G-torsor if S is nonempty and for any two s, s1 P S there is a unique g P G with s1 “ s ¨ g,
i.e. the action is free and transitive.

Lemma 3.40. The formula pϕ ¨ gqx :“ ϕx ˝ gx defines a right action of G on EpMq, and
EpMq is a G-torsor.

Proof. We have ϕxpgxp0qq “ ϕxp0q “ x and dpϕx ˝ gxqp0q “ dϕxp0qdgxp0q “ Id, so ϕ ¨ g P

EpMq; associativity of the action is associativity of composition. The set EpMq is nonempty
by the geodesic construction of Section 3.1. Since dϕxp0q “ Id, the series ϕx admits a formal
inverse ϕ´1

x (same induction as in Lemma 3.37). Given ϕ0, ϕ1 P EpMq, set gx :“ pϕ0xq´1 ˝ϕ1x;
then gxp0q “ 0 and dgxp0q “ Id, so g P G and ϕ1 “ ϕ0 ¨ g. Freeness follows by composing
ϕ0 ¨ g “ ϕ0 ¨ g1 with pϕ0xq´1.

Remark 3.41. The set EpMq is moreover path-connected: Let g be the unique element in
G such that ϕ1 “ ϕ0 ¨ g. Then we have a path ϕt in EpMq given by ϕ0 ¨ exppt logpgqq from
ϕ0 to ϕ1.

We now describe how the induced objects transform. For g P G define the automorphism ĝ
of Γp pST ˚Mq by

pĝσqx :“ σx ˝ gx.

It is C8pMq-linear, multiplicative, and satisfies π ˝ ĝ “ π, since gxp0q “ 0. By the same
Jacobian pattern as in Section 3.4 it extends to all formal tensor bundles. To compare the
Grothendieck connections we first record an explicit formula for D in terms of ϕ alone, valid
for an arbitrary (not necessarily geodesic) formal exponential map.

Theorem 3.42 (Change of the formal exponential map). Let ϕ P EpMq and g P G. Then

Tpϕ ¨ gq˚ “ ĝ ˝ Tϕ˚, Dϕ¨g “ ĝ ˝Dϕ ˝ ĝ´1, π ˝ ĝ “ π.

In particular, by Lemma 3.40, the data pTϕ˚, Dϕq of any two formal exponential maps are
conjugate by the automorphism ĝ of the unique group element relating them.

Proof. The first identity holds since the Taylor expansion of a composition is the composition
of the Taylor expansions:

Tpϕ ¨ gq˚f “ Trf ˝ ϕx ˝ gxs “ Trf ˝ ϕxs ˝ gx “ ĝpTϕ˚fq.

For the second, set D1 :“ ĝ ˝ Dϕ ˝ ĝ´1. We claim D1 is again of the form dx ` Y 1: the
difference D1 ´ dx is a derivation of Γp pST ˚Mq in each form degree: we can see that it is
C8pMq-linear by

D1phσq “ ĝ
`

dxh ¨ ĝ´1σ ` hDϕĝ
´1σ

˘

“ dxh ¨ σ ` hD1σ,

so that D1 ´ dx obeys the C8pMq-linear Leibniz rule and is therefore a formal vector field
valued one-form by the identification of Section 3.1. Moreover D1 is flat and annihilates
ĝpImTϕ˚q “ ImpTpϕ ¨ gq˚q. By Proposition 3.7 (3) applied to ϕ ¨ g we conclude D1 “ Dϕ¨g.
The last identity was noted above.

Corollary 3.43. The cohomology H‚
Dϕ

, together with the identification H0
Dϕ

– C8pMq of
Section 3.5, is independent of the choice of ϕ: the automorphism ĝ maps flat sections to flat
sections and commutes with π. The same holds for the formal tensor bundles of Remark
3.13.
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Proof. Let ϕ, ϕ1 P EpMq and let g P G be the unique element with ϕ1 “ ϕ¨g. By Theorem 3.42
we have Dϕ1 ˝ ĝ “ ĝ ˝Dϕ, so ĝ is an isomorphism of complexes and induces an isomorphism
H‚
Dϕ

– H‚
Dϕ1

in every degree.

Infinitesimally, the conjugation of Theorem 3.42 becomes a flow equation for the connection,
which is the form in which the statement appears in [7].

Proposition 3.44 (Gauge flow). Let pϕtqtPI be a smooth path in EpMq and write Yt :“ Yϕt ,
Jt for the Jacobian of ϕt. Define the time dependent formal vector field

Ct :“ ´T
”

pJ´1
t qkj Btϕ

j
t

ı

B

Byk
P Γp pST ˚M b TMq.

Then degypCtq ě 2 and
BtYt “ dxCt ` rYt, Cts.

Proof. The degree bound holds since the 0- and 1-jets of ϕt are fixed by the definition of
EpMq, so that Btϕt “ Opy2q. For the flow equation we use the trick of [7] and assemble the
path into a single formal exponential map on M ˆ I: define

ψpx,tqpy, τq :“ pϕt,xpyq, t` τq,

which satisfies ψpx,tqp0, 0q “ px, tq and dψp0q “ Id, i.e. ψ P EpM ˆ Iq. Its Jacobian in
the fiber variables py, τq is block diagonal, J̃ “ diagpJt, 1q, and the base derivatives are
Bxψ “ pBxϕt, 0q and Btψ “ pBtϕt, 1q. The formula of Proposition 3.7 therefore gives

Yψ “ Yt `

´

Ct ´
B

Bτ

¯

dt.

By Proposition 3.7 (2) applied on M ˆ I, Yψ satisfies the flatness equation with respect to
d̃ “ dx ` dt Bt. We decompose it by form type. The dx ^ dx part is the flatness of Yt for
every fixed t. For the mixed part, write E :“ Ct ´ Bτ and compute

d̃Yψ `
1

2
rYψ, Yψs Ą dt^ BtYt ´ dt^ dxE ´ dt^ rYt, Es,

where we used d̃pEdtq “ pdxEq^dt “ ´dt^dxE and rYt, E dts “ ´dt^rYt, Es, and the term
quadratic in dt vanishes. Now dxBτ “ 0 and rYt, Bτ s “ 0, since the coefficients of Yt do not
depend on τ . Setting the mixed component to zero therefore yields BtYt “ dxCt`rYt, Cts.

Proposition 3.44 describes how the connection changes along a path; the companion state-
ment for the Taylor pullbacks follows from the same chain rule that produced Yϕ in Propo-
sition 3.7.

Lemma 3.45 (Flow of the pullbacks). Let pϕtqtPI be a smooth path in EpMq with generators
Ct as in Proposition 3.44. Then for every f P C8pMq

BtTϕ
˚
t f “ ´CtpTϕ

˚
t fq,

where Ct acts as a fiberwise derivation of Γp pST ˚Mq.

Proof. Write σt :“ Tϕ˚
t f “ Trf ˝ ϕt,xs and recall that T commutes with Bt, By and with

products of series. The chain rule gives

Btσt “ TrpBjfqpϕtq Btϕ
j
t s,

Bσt
Byk

“ TrpBjfqpϕtq J
j
ks,

with J jk “ Bϕjt{Byk the Jacobian of Remark 3.6. Inverting the second relation for TrpBjfqpϕtqs “

TrpJ´1qkj s Bykσt and inserting it into the first gives

Btσt “ TrpJ´1
t qkj Btϕ

j
t s Bykσt “ ´Ctpσtq,

by the definition of Ct in Proposition 3.44.
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Remark 3.46 (Symplectic reduction of G). When M is symplectic and D is built from
a symplectic connection as in Section 3.6, the group G reduces accordingly. Call g P G
symplectic if every gx is a formal symplectomorphism of the fiber pTxM,ωfibpxqq fixing the
origin, and write Gω Ă G for the subgroup they form. Theorem 8 of [15] then likewise shows
that under a different choice of a symplectic connection we obtain a change of the connection
and formal exponential map under conjugation as in Theorem 3.42 by Gω.
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4 The Spinning Particle I: AKSZ construction

We will now construct a one-dimensional AKSZ theory. This entails a one-dimensional
source manifold Σ, which we will take (later on) to be Σ “ S1. To construct the target and
its symplectic structure, we mainly follow [12] and [19]. We will then lift this to an AKSZ
theory.

4.1 Target manifold

4.1.1 Setting

For a one-dimensional AKSZ theory, we need a Hamiltonian dg manifold of degree 0 with
an exact symplectic form. The symplectic form hence has internal degree 0.

Let pM, gq be a Lorentzian manifold, which we shall call the spacetime. We start with the
cotangent bundle T ˚pΠTMq with fibre coordinates pPi, λiq conjugate to the base coordinates
pxi, θiq respectively. The full set of coordinates is

pxi, θi, Pi, λiq with parities p0, 1, 0, 1q.

Definition 4.1 (Canonical form). The canonical 1-form on T ˚pΠTMq is

αcan “ Pidx
i ` λidθ

i (37)

and the canonical symplectic form is

ωcan “ dαcan “ dPi ^ dxi ` dλi ^ dθi. (38)

This is a closed, non-degenerate 2-form of (internal) degree 0. The Poisson structure reads

pxi, Pjq “ δij , pθi, λjq “ δij .

The coordinate Pj is however not a covector as the notation would suggest.

Lemma 4.2. Under a coordinate change x̄ı̄ “ ϕı̄pxq on M we have

λj “ λ̄ı̄
Bx̄ı̄

Bxj
, (39)

Pj “
Bx̄ı̄

Bxj
P̄ı̄ ´ λ̄ı̄

B2x̄ı̄

Bxj Bxk
θk. (40)

Proof. For the differentials we have the following transformations:

dx̄ī “ dxj
Bx̄ī

Bxj
, dθ̄ī “ ´

B2x̄ī

BxkBxj
θkdxj ` dθj

Bx̄ī

Bxj

where we used that dxj and θk are both odd. Since we know that αcan is invariant under
coordinate transformations, we can substitute the differentials above into the expression and
group the terms to obtain

Pjdx
j ` λjdθ

j “

˜

P̄ī
Bx̄ī

Bxj
´ λ̄ī

B2x̄ī

BxkBxj
θk

¸

dxj `

˜

λ̄ī
Bx̄ī

Bxj

¸

dθj . (41)

Comparison of both sides proves the Lemma.

The last term in (40) spoils covariance; this motivates the following redefinition.

Definition 4.3 (Covariant momentum). Given a connection Γ on TM , define

pi :“ Pi ` Γℓik λℓ θ
k. (42)
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Proposition 4.4. The quantity pi transforms as a covector.

Proof. Under x̄ı̄ “ ϕı̄pxq:

pj “ Pj ` Γℓjk λℓ θ
k “

Bx̄ı̄

Bxj
P̄ı̄ ´ λ̄ı̄

B2x̄ı̄

Bxj Bxk
θk ` Γℓjk λ̄m̄

Bx̄m̄

Bxℓ
θk.

The standard transformation law of Christoffel symbols,

Γℓjk
Bx̄m̄

Bxℓ
“

Bx̄ı̄

Bxj
Γ̄m̄ı̄n̄

Bx̄n̄

Bxk
`

B2x̄m̄

Bxj Bxk
,

shows that the two inhomogeneous terms cancel, yielding pj “ Bx̄ı̄

Bxj
p̄ı̄.

We obtain three fields pθi, λi, piq each transforming covariantly (i.e. as the index in the
notation suggests) under a change of coordinates of the base M . We have effectively, through
the choice of a connection Γ, untwisted the space of fields T ˚pΠTMq to

T ˚pΠTMq “ ΠTM ‘M ΠT ˚M ‘M T ˚M. (43)

Any connection on TM may be used for this splitting; since we work with the metric g, we
take the Levi-Civita connection. In the resulting coordinates the canonical 1-form reads

αcan “ pidx
i ´ Γℓikλℓθ

kdxi ` λidθ
i

and hence

ωcan “ dpi ^ dxi ´
BΓℓik
Bxj

λℓθ
kdxj ^ dxi ´Γℓikθ

kdλℓ ^ dxi `Γℓikλℓdθ
k ^ dxi ` dλi ^ dθi. (44)

4.1.2 Constraint submanifold

We will now use the Lorentzian metric g as a vector bundle morphism to constrain the target
manifold to a symplectic submanifold.

Definition 4.5 (Constraint surface). The constraint surface is the sub-supermanifold N
defined by the embedding ιN : ΠTM ‘M T ˚M ãÑ ΠTM ‘M ΠT ˚M ‘M T ˚M given in
coordinates by

ιN pxi, θi, piq “
`

xi, θi, pi,
1
2 gijpxq θj

˘

.

Note that this is globally well defined because all quantities transform covariantly.

Proposition 4.6 (Second-class constraints). Define ϕi :“ λi´
1
2 gijpxq θj P C8pT ˚pΠTMqq.

Their Poisson bracket matrix with respect to ωcan is
Cij :“ pϕi, ϕjq “ ´gij .

Since g is non-degenerate, the restriction is symplectic.

Proof. With the Poisson structure (44) one can easily check that pθi, λjq “ δij , pλi, x
jq “ 0

and pθi, xjq “ 0. Hence we have
Cij “ pϕi, ϕjq “ ´1

2 gjν pλi, θ
νq ´ 1

2 giµ pθµ, λjq “ ´1
2 gji ´ 1

2 gij “ ´gij .

Now ωN :“ ι˚Nωcan is non-degenerate whenever the constraint matrix Cij “ pϕi, ϕjq is
non-degenerate. Hence pN,ωN q is a symplectic supermanifold.

Plugging in the constraint in all formulae above yields

αN “ pidx
i ´

1

2
Bkgrjθ

rθkdxj `
1

2
gijθ

idθj ,

with symplectic form

ωN “ dpi ^ dxi ´
1

2
θrθkBℓBkgrjdx

ℓ ^ dxj ´ gkjΓ
k
iℓθ

ℓdxi ^ dθj `
1

2
gijdθ

i ^ dθj .
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Lemma 4.7 (Poisson brackets). The Poisson brackets are given by

pxi, pjq “ δij , pθi, θjq “ ´gij , pθi, pjq “ ´Γijkθ
k, ppi, pjq “ ´

1

2
Rℓkijθ

ℓθk.

Proof. Every bracket is pzA, zBq “ p´1q|zA|XzApzBq by Definition 1.25, so it suffices to read
the Hamiltonian vector fields (Definition 1.24) off the defining equation ιX

zA
ωN “ dzA.

For xi this is solved by Xxi “ Bpi , since ιBpi annihilates every term of ωN but dpm^dxm,
on which it returns dxi. Hence pxi, pjq “ δij and pxi, θjq “ pxi, xjq “ 0.

For θi write Xθi “ AkBxk ` BkBpk ` CkBθk . The dp-part of ιXθi
ωN comes only from

dpm^dxm and reads ´Akdpk, so Ak “ 0; the dθ-part then comes only from 1
2gmndθ

m^dθn

and equals Ckgkndθn, whence Ck “ gik. As θi is odd,

pθi, θjq “ ´Xθipθ
jq “ ´gij .

The remaining component is fixed by the vanishing of the dx-part, to which dpm ^ dxm

contributes Bkdxk and the cross term ´gsjΓ
s
kℓθ

ℓ dxk ^ dθj contributes, through Cm “ gim,
the term ´Γikℓθ

ℓ dxk. Their sum vanishes, so Bk “ Γikℓθ
ℓ and

pθi, pjq “ ´Xθippjq “ ´Γijℓθ
ℓ.

Next, for pi set Xpi “ AkBxk ` BkBpk ` CkBθk . Now the dp-part forces Ak “ ´δki ,
and the vanishing dθ-part, to which the cross term now also contributes, gives Ck “ Γkiℓθ

ℓ.
The bracket itself sits in the dx-part, which receives Bj from dpm ^ dxm, a contribution
from ´1

2θ
rθsBℓBsgrj dx

ℓ ^ dxj through Ak “ ´δki , and one from the cross term through
Ck “ Γkiℓθ

ℓ. Writing ωij for the coefficient of dxi ^ dxj in ωN , its vanishing yields

ppi, pjq “ ωij ` gkℓ Γ
ℓ
im Γkjn θ

mθn. (45)

We anti-symmetrize the terms in θmθn. First, observe that

ωij “
1

2
rBiBmgnj ´ BjBmgnis θ

mθn,

which after anti-symmetrization gives

ωij “
1

4
rBiBmgnj ´ BiBngmj ´ BjBmgni ` BjBngmis θ

mθn.

The same for the other term:

gkℓ Γ
ℓ
im Γkjn θ

mθn “
1

2
gkℓ

´

ΓℓimΓ
k
jn ´ ΓℓinΓ

k
jm

¯

θmθn.

Putting everything together yields

ppi, pjq “ ´
1

2
Rℓkij θ

ℓθk.

4.1.3 Coupling to supergravity

The last step consists in coupling the fields to supergravity and writing down the Hamiltonian
of the system. Because the supergravity fields live in bundles of Rr1s and hence are not
affected by any curvature, all the results from the previous subsections can be kept and
amended trivially for the supergravity fields.

We replace M Ñ M ˆ Rr1s in the construction. This gives us fields in the space
T ˚pΠTRr1sq – Rr1s ˆ Rr´1s ˆ ΠRr1s ˆ ΠRr´1s as in Table 1.

The canonical symplectic structure is

α “ bdc` βdγ, ω “ db^ dc` dβ ^ dγ, pc, bq “ ´1, pγ, βq “ 1.
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Space Field Ghost number Parity

Rr1s c 1 1

Rr´1s b ´1 1

ΠRr1s γ 1 0

ΠRr´1s β ´1 0

Table 1: Supergravity fields of the spinning particle, from T ˚pΠTRr1sq.

Denote the new space of fields as

N “ N ˆ T ˚pΠTRr1sq “ pΠTM ‘M T ˚Mq ˆ T ˚
`

ΠTRr1s
˘

The full symplectic structure is then

αN “ pidx
i ´

1

2
Bkgrjθ

rθkdxj `
1

2
gijθ

idθj ` bdc` βdγ (46)

and

ωN “ dpi ^ dxi ´
1

2
θrθkBℓBkgrjdx

ℓ ^ dxj ´ gkjΓ
k
iℓθ

ℓdxi ^ dθj `
1

2
gijdθ

i ^ dθj (47)

` db^ dc` dβ ^ dγ.

4.2 Hamiltonian

Since pi transforms as a covector and θi as a vector, the quantity Q “ piθ
i is well defined

globally. We define the Hamiltonian

ΘN “
1

2
pQ,Qqc`Qγ ` γ2b. (48)

Proposition 4.8. pΘN ,ΘN q “ 0.

Proof. Given the symplectic pairing of the fields under the Poisson brackets (Lemma 4.7) ,
there are only four contributions which do not vanish a priori. The first is 1

4ppQ,Qqc, pQ,Qqcq “

0, because the product rule gives a „ c2 “ 0 on the only possible non-vanishing term. The
second is pQγ,Qγq “ pQ,Qqγ2. The third (double) is 1

2ppQ,Qqc,Qγq “ 0 which vanishes
due to the Jacobi identity. Finally the fourth is the double contribution 1

2ppQ,Qqc, γ2bq “

´1
2pQ,Qqγ2. Summing all contributions up yields 0, as desired.

Proposition 4.9 (Hamiltonian). The Hamiltonian is given by

ΘN “ ´
1

2
pipjg

ijc` piθ
iγ ` γ2b. (49)

Proof. We compute

pQ,Qq “ ppiθ
i, pjθ

jq “ pipθ
i, pjqθ

j ` pipjpθ
i, θjq ` ppi, pjqθ

iθj ´ pjppi, θ
jqθi.

Using Lemma 4.7, we obtain

“ pip´Γijℓθ
ℓqθj ´ pipjg

ij ´
1

2
Rℓkijθ

ℓθkθiθj ´ pjΓ
j
iℓθ

ℓθi.

The first and the fourth term vanish by contracting the torsion-free Levi-Civita connection
with the odd fields. The third term vanishes due to Rrℓkijs “ 0 which follows from the
Bianchi identities. The claim follows.
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4.3 With magnetic field

The spinning particle is sometimes endowed with a background magnetic field. Let P be the
principal Up1q bundle over the manifold M . A magnetic field is described by a connection
one-form A, such that for an open U Ă M after choosing a local gauge s : U Ñ P, we
can write s˚A “ Aipxqdxi as a local gauge field. The theory then changes by amending the
symplectic structure

αN Q pidx
i ù ppi `Aiqdx

i,

which results in the change

ωN Q dpi ^ dxi ù dpi ^ dxi `
1

2
Fijpxqdxi ^ dxj ,

where Fij is the usual electromagnetic field tensor given by Fijpxq “ BiAjpxq ´ BjAipxq.
Only the ωxixj part changes, and looking back at the calculation of Lemma 4.7, we can see
that the only bracket where this component of the symplectic form entered our calculations
was for the last one. We can resume from (45) and add `1

2Fijpxq, to obtain

ppi, pjq “ ´
1

2
Rℓkijθ

ℓθk ` Fij , (50)

while the other brackets are unchanged.
For the Hamiltonian, going back to the proof of Proposition 4.8, we observe that the

only relevant change with the introduction of Aipxq is the bracket pQ,Qq. However this was
never of importance for the vanishing of any terms. Therefore we can keep (48). Correcting
the ppi, pjq bracket in the calculation of Prop. 4.9, we obtain

ΘA
N :“ ´

1

2
pipjg

ijc`
1

2
Fijθ

iθjc` piθ
iγ ` γ2b . (51)

which solves pΘA
N ,Θ

A
N q “ 0. Note that these quantities are only defined locally due to the

choice of the local gauge. In the following sections we will however not use any magnetic
field, A “ 0.

4.4 Two-dimensional case

In this section we consider the special case where the spacetime pM, gq is two-dimensional,
orientable and time-orientable. In this case the theory simplifies, as the target untwists back
into a cotangent bundle (which it was before we imposed the constraint).

In the following we will show that there exists a supermanifold P “ M ˆ R0|1 and a
symplectomorphism

pN,ωN q – pT ˚P, ωPq.

where ωP is the canonical symplectic form on T ˚P . We can ignore all the supergravity fields
for now, as they are split from the rest anyway.

Lemma 4.10 (Null splitting). Let pM, gq be an oriented and time-oriented two-dimensional
Lorentzian manifold. Then TM admits a global splitting

TM “ L` ‘ L´,

where L` and L´ are trivial real line bundles whose fibres are null with respect to g. In
particular, TM is trivializable.

Proof. Time-orientability provides a global timelike vector field on M . Normalizing it, we
obtain T P ΓpTMq with gpT, T q “ ´1. Let ϵ denote the Lorentzian volume form determined
by the orientation and the metric. Define the 1-form

σ :“ ιT ϵ,
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and let S :“ σ7 be its metric dual, gpS, V q “ σpV q “ ϵpT, V q for all V .
We verify the properties of S. First, S is everywhere nonvanishing given that ϵ is non-

degenerate and the condition gpT, T q “ ´1.
Second, S K T :

gpS, T q “ σpT q “ ϵpT, T q “ 0,

by antisymmetry of ϵ.
Third, gpS, Sq “ `1, as

gpS, Sq “ gijσiσj “ T aT bϵaiϵbjg
ij “ ´T aT bgab “ ´gpT, T q “ 1.

Thus pT, Sq is a global orthonormal frame: gpT, T q “ ´1, gpS, Sq “ `1, gpT, Sq “ 0.

Now define
e` :“

1
?
2

pT ` Sq, e´ :“
1

?
2

pT ´ Sq. (52)

such that the null properties hold

gpe`, e`q “ 0,

gpe´, e´q “ 0,

gpe`, e´q “ ´1.

Since e˘ are global, nowhere-vanishing sections of the null line bundles L˘ :“ spanpe˘q,
both L` and L´ are trivial, and TM “ L` ‘ L´.

Let pe`, e´q denote the dual coframe, characterized by xeτ , e
σy “ δστ for σ, τ P t`,´u. The

completeness relation is
δij “ ei`e

`
j ` ei´e

´
j . (53)

The metric and its inverse decompose as

gij “ ´
`

e`
i e

´
j ` e´

i e
`
j

˘

, gij “ ´
`

ei`e
j
´ ` ei´e

j
`

˘

. (54)

Definition 4.11. Define the globally well-defined odd functions on ΠTM

ψ :“ e`
i pxq θi, χ :“ ´e´

i pxq θi. (55)

These are scalars on M : under a coordinate change xi ÞÑ x̄ipxq, the covector e`
i and the

vector θi transform inversely, so ψ is invariant (and the same for χ).

Lemma 4.12. The odd fibre coordinates decompose as

θi “ ei` ψ ´ ei´ χ. (56)

Proof. Completeness relation (53): θi “ δij θ
j “ ei`pe`

j θ
jq ` ei´pe´

j θ
jq “ ei`ψ ´ ei´χ.

This automatically gives us the correspondence ΠTM – M ˆ R0|2, where the isomorphism
is defined as

Φ˚pψq “ e`
i pxqθi, Φ˚pχq “ ´e´

i pxqθi,

and trivially on the base M . We now consider the cotangent bundle of both sides and
consider their canonical one-forms to obtain a cotangent lift of Φ. Denote by ψ̄, χ̄ the
conjugate coordinates to ψ and χ respectively, and p̃i the conjugate momentum to xi.
Comparing (37) with α “ p̃idx

i ` ψ̄dψ ` χ̄dχ, we can read off

Φ˚pψ̄q “ ei`λi, Φ˚pχ̄q “ ´ei´λi, Φ˚pp̃iq “ Pi ´ λjBiθ
j ,

obtained by expanding

λidθ
i “ ´λipBke

i
`ψdx

k ´ Bke
i
´χdx

k ´ ei`dψ ` ei´ dχq.
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This gives a symplectomorphism pT ˚ΠTM,ωcanq – pT ˚pM ˆ R0|2q, ωq with the symplectic
form

ω “ dp̃i ^ dxi ` dψ̄ ^ dψ ` dχ̄^ dχ.

The symplectic constraint now reads

ψ̄ “
1

2
ei`pxqgiℓre

ℓ
`pxqψ ´ eℓ´pxqχs, χ̄ “ ´

1

2
ei´pxqgiℓre

ℓ
`pxqψ ´ eℓ´pxqχs.

Using the duality relations of the null frame, we immediately obtain that ψ̄ “ χ{2, χ̄ “ ψ{2.
Plugging this into the symplectic form we obtain

ω “ dp̃i ^ dxi ` dψ ^ dχ.

This is precisely pT ˚P, ωq for P “ M ˆ R0|1. Amending P with the supergravity fields
P :“ P ˆ ΠTRr1s we obtain

ωP “ dp̃i ^ dxi ` dψ ^ dχ` db^ dc` dβ ^ dγ.

Next we give the Hamiltonian in these coordinates. We have that the covariant momentum
pi from the general spinning particle is related to p̃i by

pi “ p̃i ` Γℓikλℓθ
k ` λjBiθ

j .

On the constraint surface λi “ 1
2gijθ

j ; substituting this together with θi “ ei`ψ ´ ei´χ,
the frame derivatives combine with the Christoffel symbols into covariant derivatives and
collapse to

pi “ p̃i ` gkℓ e
k
´ ∇ie

ℓ
` ψχ “ p̃i ´ e`

ℓ ∇ie
ℓ
` ψχ,

using gkℓ ek´ “ ´e`
ℓ . We substitute this into ΘN “ ´1

2pipjg
ijc`piθ

iγ`γ2b. The correction
drops out of piθi, since ψχ θi “ 0 by ψ2 “ χ2 “ 0, so that piθi “ p̃ipe

i
`ψ ´ ei´χq. In the

quadratic term pψχq2 “ 0 keeps only the cross term,

´
1

2
pipjg

ijc “ ´
1

2
p̃ip̃jg

ijc` gij p̃i e
`
ℓ ∇je

ℓ
` ψχ c.

Hence
ΘP “ ´

1

2
p̃ip̃jg

ijc` gij p̃i e
`
ℓ ∇je

ℓ
` ψχ c` p̃ie

i
`ψγ ´ p̃ie

i
´χγ ` γ2b.

4.5 Summary of the target data

We collect the results of the preceding subsections. The full target is a Hamiltonian dg
manifold pN , ωN ,ΘN q of degree 0.

Supermanifold. The target supermanifold is the direct product

N “ pΠTM ‘M T ˚Mq ˆ T ˚pΠTRr1sq

with local coordinates, ghost numbers, and parities as in Table 2.

Symplectic structure. The primitive 1-form and symplectic 2-form of internal degree 0
decompose as sums over the two factors:

αN “ pidx
i ´ 1

2 Bkgrj θ
rθkdxj ` 1

2gij θ
idθj ` bdc` βdγ

ωN “ dpi ^ dxi ´
1

2
θrθkBℓBkgrjdx

ℓ ^ dxj ´ gkjΓ
k
iℓθ

ℓdxi ^ dθj `
1

2
gijdθ

i ^ dθj

` db^ dc` dβ ^ dγ.
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Space Field Ghost Number Parity

M xi 0 0

T ˚M pi 0 0

ΠTM θi 0 1

Rr1s c 1 1

Rr´1s b ´1 1

ΠRr1s γ 1 0

ΠRr´1s β ´1 0

Table 2: Fields of the spinning particle for an n-dimensional spacetime.

Poisson brackets. The nonvanishing Poisson brackets are

pxi, pjq “ δij , pθi, θjq “ ´gij , pθi, pjq “ ´Γijkθ
k, ppi, pjq “ ´

1

2
Rℓkijθ

ℓθk,

pc, bq “ ´1, pγ, βq “ 1.

Hamiltonian and classical master equation. The Hamiltonian ΘN P C8pN q1 is

ΘN “ ´
1

2
pi pj g

ijc` piθ
iγ ` γ2 b , (57)

and satisfies
pΘN , ΘN q “ 0.

The associated cohomological vector fieldQN :“ pΘN ,´q makes pN , QN q into a dg manifold.
Together, the data pN , αN , ωN , ΘN q constitute the target of the AKSZ construction.

Two-dimensional version In this case pM, gq is a Lorentzian, 2-dimensional, orientable
and time-orientable manifold, and we have that N “ T ˚pM ˆ R0|1 ˆ ΠTRr1sq “ T ˚P with
fields

Space Field Ghost Number Parity

M xi 0 0

T ˚M p̃i 0 0

R0|1 ψ 0 1

T ˚pR0|1q χ 0 1

Rr1s c 1 1

Rr´1s b ´1 1

ΠRr1s γ 1 0

ΠRr´1s β ´1 0

Table 3: Fields of the spinning particle for a two-dimensional spacetime.

symplectic structure
ωP “ dp̃i ^ dxi ` dψ ^ dχ` db^ dc` dβ ^ dγ
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and Hamiltonian

ΘP “ ´
1

2
p̃ip̃jg

ijpxqc` gij p̃i e
`
ℓ ∇je

ℓ
` ψχ c` p̃ie

i
`pxqψγ ´ p̃ie

i
´pxqχγ ` γ2b.

4.6 AKSZ construction

We now follow the AKSZ construction procedure of Section 1.5 to obtain a BV theory from
the target given in the last section.

4.6.1 General case

We start with the target data for the general case and lift this now to the mapping space
FpT r1sΣ,N q (where we will take Σ “ S1). First we lift the coordinates/fields of the target,
which give us the new field space generated by the superfields listed below.

superfield field gh par field [dt] gh par

xi xi 0 0 p`i ´1 1

pi pi 0 0 x`
i ´1 1

θi θi 0 1 θ`i ´1 0

c c 1 1 e 0 0

b e` ´1 1 c` ´2 0

γ γ 1 0 ξ 0 1

β ξ` ´1 0 γ` ´2 1

Table 4: Superfields of the AKSZ theory for an n-dimensional spacetime.

The AKSZ action (11) reads

SAKSZ “

ż

Σ
pidx

i ´
1

2
Bkgrjpxqθrθk ^ dxj `

1

2
gijpxqθi ^ dθj ` bdc` βdγ

´
1

2
pipjg

ijpxqc` piθ
iγ ` γ2b

and the symplectic form (9) on F :

ωAKSZ “ ´

ż

Σ
δpi ^ δxi ´

1

2
θrθkBℓBkgrjpxqδxℓ ^ δxj ´ gkjpxqΓkiℓpxqθℓδxi ^ δθj

`
1

2
gijpxqδθi ^ δθj ` δb^ δc` δβ ^ δγ.

Plugging in the superfield expansion in local coordinates and only picking the dt part we
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obtain the full AKSZ action

SAKSZ “

ż

Σ
pidx

i `
1

2
gijpxqθidθj

` e`dc` ξ`dγ

´
1

2
Bkgrjpxqθrθkdxj

`

ˆ

x`
i pjg

ijpxq `
1

2
pipjBkg

ijpxqp`k

˙

c

´
1

2
pipjg

ijpxqe´ x`
i θ

iγ ` piθ
`iγ ` piθ

iξ

´ 2γξe` ` γ2c`.

Theorem 1.52 now guarantees that SAKSZ solves the CME, pSAKSZ, SAKSZq “ 0.

4.6.2 Two-dimensional case

The field space is the one of the general case, with the superfield θi replaced by the two
superfields ψ and χ:

superfield field gh par field [dt] gh par

xi xi 0 0 p`i ´1 1

pi pi 0 0 x`
i ´1 1

ψ ψ 0 1 χ` ´1 0

χ χ 0 1 ψ` ´1 0

c c 1 1 e 0 0

b e` ´1 1 c` ´2 0

γ γ 1 0 ξ 0 1

β ξ` ´1 0 γ` ´2 1

Table 5: Superfields of the AKSZ theory for a two-dimensional spacetime.

The AKSZ action reads

SAKSZ “

ż

Σ
pidx

i ` χdψ ` bdc` βdγ ´
1

2
pipjg

ijpxqc` gijpi e
`
ℓ ∇je

ℓ
`ψχc

` pie
i
`pxqψγ ´ pie

i
´pxqχγ ` γ2b.

(58)

with symplectic form on F

ωAKSZ “ ´

ż

Σ
δpi ^ δxi ` δψ ^ δχ` δb^ δc` δβ ^ δγ.
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5 The Spinning Particle II: 2-dim globalization

In this chapter we compute the effective action from the action constructed via AKSZ of the
two-dimensional version of the spinning particle and globalize it with the general procedure
given in [7] and [11]. This procedure requires the target of the AKSZ theory to be split : it
must be a cotangent bundle with the canonical symplectic form. This is precisely what we
have at hand for the two dimensional case.

Admittedly, some constructions (in particular concerning the operators in formal space)
are a bit handwavy in the following development; we will however make them precise in
Section 6.

5.1 In formal geometry

Recall the AKSZ action of the spinning particle in two dimensions

SAKSZ “

ż

Σ
pidx

i ` χdψ ` bdc` βdγ ´
1

2
pipjg

ijpxqc` gijpi e
`
ℓ ∇je

ℓ
`ψχc

` pie
i
`pxqψγ ´ pie

i
´pxqχγ ` γ2b.

(59)

To globalize the effective action we will first lift the theory into formal geometry. First, we
choose a connection on P. Given that P “ MˆR0|1ˆΠTRr1s whereM comes equipped with
a Lorentzian metric, it is natural to take the Levi Civita connection onM and take the trivial
connection on the rest. This gives us an exponential map ϕx “ expx : TxP Ñ P. Consider
the exponential map on a fiber with base point x P M . For the perturbative expansion
we need the coordinate formula for the exponential map. Use barred field notation for the
respective tangent fields in TxP. Then the pullbacks are given by

Tϕ˚
xpxiq “ xi ` x̄i ´

1

2
Γijk pxq x̄j x̄k ´

1

6

“

BlΓ
i
jk ´ 2ΓimkΓ

m
jl

‰

x̄j x̄kx̄l `Op|x̄|4q,

Tϕ˚
xpψq “ ψ̄, Tϕ˚

xpcq “ c̄, Tϕ˚
xpγq “ γ̄.

Now our target is T ˚P. We have seen in Section 3.6 how we can use ϕx to pull back the
subalgebra C8

polypT ˚Pq with the symplectic structure into formal space (which is admissible
for our case, c.f. (59)). Construct the cotangent lift

Φx :“ pϕx, pdϕ
˚
xq´1q : T ˚TxP Ñ T ˚P

The pullback formulae for Φx of the base coordinates remain the same. For the pullback
formulae of the fiber coordinates let Jx be the Jacobian of ϕx. It has the structure Jx “

diagpBTϕ˚
xpxiq{Bx̄j , 1, 1, 1q, where

BTϕ˚
xpxiq

Bx̄j
“ δij ´ Γijkpxqx̄k ´

1

12

“

BlΓ
i
jk ´ 2ΓimkΓ

m
jl

‰

pjklq
x̄kx̄l ` Op|x̄|3q,

where pjklq denotes the sum over all six permutations of the indices j, k, l inside the brackets.
To compute the cotangent lift in coordinates, we need the inverse of the Jacobian, which we
can compute by using pId´Xq´1 “ I `X `X2 ` ..., yielding

J´1
x “ diag

´

δij ` Γijkpxqx̄k `Qijklpxqx̄kx̄l ` O
`

|x̄|3
˘

, 1, 1, 1
¯

,

where we abbreviated the (in k, l symmetric) coefficient

Qijkl :“
1

6

“

BkΓ
i
jl ` BlΓ

i
jk ` BjΓ

i
kl ´ 2ΓijmΓ

m
kl ` ΓikmΓ

m
jl ` ΓilmΓ

m
jk

‰

.

The cotangent lift maps the fiber coordinates by the inverse Jacobian,

TΦ˚
xppiq “ pJ´1

x qj i p̄j “ p̄i ` Γjikpxqx̄kp̄j `Qjiklpxqx̄kx̄lp̄j ` Op|x̄|3q,
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TΦ˚
xpχq “ χ̄, TΦ˚

xpbq “ b̄, TΦ˚
xpβq “ β̄.

Next we want to extend the exponential map into the mapping space. Fix a constant field
φ P MappT r1sΣ,Pq given by φ “ x P M . Consider the field space MappT r1sΣ, T ˚TxPq and
denote the respective superfields in bold, barred notation, i.e. x̄i “ x̄iptq ` p̄i`ptqdt etc. We
can then define the new exponential map

Φx : MappT r1sΣ, T ˚TxPq Ñ MappT r1sΣ, T ˚Pq

by taking the pullback via Φx and plugging in the superfields for the fields, i.e. replacing
f ÞÑ f for all fields. We obtain for the x superfields

TΦ˚
xpxiq “ xi ` x̄i ` p̄i`dt´

1

2
Γijkpxqrx̄j x̄k ` 2x̄j p̄k`dts`

´
1

6

“

BlΓ
i
jk ´ 2ΓimkΓ

m
jl

‰

x̄j x̄kx̄l ´
1

12

“

BlΓ
i
jk ´ 2ΓimkΓ

m
jl

‰

pjklq
p̄j`x̄

kx̄ldt`Op|x̄|4q

In field components this then reads

TΦ˚
xpxiq “ xi ` x̄i ´

1

2
Γijkpxqx̄j x̄k ´

1

6

“

BlΓ
i
jk ´ 2ΓimkΓ

m
jl

‰

x̄j x̄kx̄l `Op|x̄|3q,

TΦ˚
xppi`q “ p̄i` ´ Γijkpxqx̄j p̄k` ´

1

12

“

BlΓ
i
jk ´ 2ΓimkΓ

m
jl

‰

pjklq
p̄j`x̄

kx̄l `Op|x̄|3q.

Similarly we obtain for the momenta superfield

TΦ˚
xppiq “ p̄i ` Γjikpxqx̄kp̄j `Qjiklpxqx̄kx̄lp̄j ` Op|x̄|3q,

TΦ˚
xpx`

i q “ x̄`
i ` Γjikpxq

”

x̄kx̄`
j ` p̄k`p̄j

ı

`Qjiklpxq

”

x̄kx̄lx̄`
j ` 2p̄k`x̄

lp̄j

ı

` Op|x̄|3q,

and for all the other fields trivially

TΦ˚
xpψq “ ψ̄, TΦ˚

xpcq “ c̄, TΦ˚
xpγq “ γ̄, TΦ˚

xpχq “ χ̄,

TΦ˚
xpe`q “ ē`, TΦ˚

xpξ`q “ ξ̄`, TΦ˚
xpχ`q “ χ̄`, TΦ˚

xpeq “ ē,

TΦ˚
xpξq “ ξ̄, TΦ˚

xpψ`q “ ψ̄`, TΦ˚
xpc`q “ c̄`, TΦ˚

xpγ`q “ γ̄`.

To perform perturbation theory, we split the AKSZ action into a kinetic part S0 and a
perturbative part SP . For S0 we take the part inherited from the canonical one form. Given
that we used the cotangent lift, we have quadratic in fields

S0
x :“ TΦ*

x S0 “

ż

Σ
p̄idx̄

i ` χ̄dψ̄ ` b̄dc̄` β̄dγ̄.

To obtain the Taylor expansion of the perturbative part SPx :“ TΦ*
x S

P one then simply
pulls back the fields via Φ˚

x, writes out the result in superfield expansion and then Taylor
expands the tensors gij , ei`, ei´ around x P M . The result is a power series in the barred field
coordinates. Note that in particular due to the form of the formal exponential map that SPx
is always at least cubic in the fibered field coordinates and hence does not contribute to the
kinetic part S0

x.
Now consider the vector field Y P ΓpΛT ˚Mb pST ˚MbTMq given from the Grothendieck

connection (c.f. (19)):

dxiYi “ dxiY k
i px, x̄q

B

Bx̄k

where we denote x̄ for the fiber coordinates (in Section 3.1 they were called yi). Taking the
fiberwise bracket p´,´qfib on the tangent bundle, we can easily construct the Hamiltonian
one-form of Y simply by

dxiY k
i px, x̄q

B

Bx̄k
ù dxiY k

i px, x̄qp̄k :“ HY P ΓpΛT ˚M b pST ˚M b TMq,
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where p̄k is the fiber coordinate conjugate to x̄k. In other words, for any X P ΓpΛT ˚M b
pST ˚M b TMq, this construction satisfies HLYX “ pHX , HY qfib, where we denote H to be
the Hamiltonian of X,Y respectively. This is precisely the construction of Section 3.6, but
the other way around.

This construction can be lifted to the mapping space as usual by replacing the fields
above with the superfields. Lifting HY we get

SY :“

ż

Σ
dxiY k

i px, x̄qp̄k

which by construction satisfies the lift rule

SLYX “ p´1qnpSX , SY qfib,

the sign being that of the AKSZ symplectic form ω “ p´1qnTωN (n “ dimΣ “ 1 here).
We are now ready to define the modified effective action. First observe that our space

of fields is now
Fx “ MappT r1sΣ, T ˚TxPq – Ω‚pΣq b pTxP ‘ T ˚

xPq

After taking the Taylor expansion of the fields at some x P M , we obtain

Sx :“ S0
x ` SPx P Γp pSF˚q

which satisfies dxSx ` pSY , Sxqfib “ 0 by construction.
Consider now rSx :“ Sx ` SY P ΓpΛT ˚M b pSF˚q, where the S part is of form degree 0

and SY of form degree 1. Note that formally ∆fibS0 “ 0, since S0 is bilinear in the fields
with a single worldline derivative, so that ∆fibS0 „ Btδpt ´ t1q|t1“t “ 0 as principal value.
Assume for now formally that ∆fibSx “ ∆fibSY “ 0 (we will expand on this in the next
section). From the equation above and the flatness condition on Y we get that it formally
satisfies the modified QME

dx rSx `
1

2
p rSx, rSxqfib ´ iℏ∆fib rSx “ 0.

We will later construct a Hodge decomposition of Ω‚pΣq and choose a Lagrangian L in
the complement of the harmonic forms. This leaves, after integrating out this part, the
zero modes in the space Hx :“ H‚pΣq b TxP ‘ H‚pΣq ‘ T ˚

xP. We denote the induced
symplectic structure as p´,´qHfib and ∆H

fib (we will construct these more precisely in Section
6.2). Defining

rZx :“

ż

L
e
i
ℏ

rSx ,

we can compute

dx rZx “

ż

L
dxe

i
ℏ

rSx “
i

ℏ

ż

L
e
i
ℏ

rSxdx rSx “ ´
i

2ℏ

ż

L
e
i
ℏ

rSxp rSx, rSxqfib “ ´
i

ℏ
∆H

fib

ż

L
e
i
ℏ

rSx ,

i.e. we have
dx rZ ´ iℏ∆H

fib
rZ “ 0.

Defining the effective action as e
i
ℏSeff :“ rZx (omit the x for notational simplicity), understood

perturbatively by taking the connected Feynman diagrams, we formally obtain the modified
QME

dxSeff `
1

2
pSeff , SeffqHfib ´ iℏ∆H

fibSeff “ 0.

Note that Seff P ΓpΛT ˚M b pSH˚rrℏssq. The QME can then be split up in form degrees on
ΛT ˚M .
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Remark 5.1. From the coordinate formulae of TΦ˚
x above we see that Sx is polynomial in

all fields except the x̄i, in which it is an honest power series, the Taylor tails of the tensors.
The same holds for the tree level part of Seff , while at loop order the cycle graphs produce
infinite series also in the other zero modes (Section 5.2), so that altogether

Seff P ΓpΛT ˚M b pST ˚M b pSrH˚qrrℏss,

with rHx Ă Hx the complement of the H0pS1q b TxM part and the x̄-series singled out
as the pST ˚M factor. This reflects the formal geometry, compare also [7]: the modes x̄i

are counted not among the residual fields but as the fiber coordinates of the formal bundle.
Since we globalize over x P M only, the Grothendieck projection collapses exactly this power
series to an honest global function on M , while the residual fields in rH remain fibered; as a
bundle over M , rH is identified with its global counterpart built from the target bundles via
a connection, such as the one contained in the choice of ϕ.

Modified quantum canonical transformations (without time dependence) are given by T P

ΓpΛT ˚M b pSH˚rrℏssq of total degree ´1. The infinitesimal transformation reads

δSeff “ dxT ` pSeff , T qHfib ´ iℏ∆H
fibT (60)

which can be integrated
ş1
0 dt to obtain finite transformations. As before, we can let T carry

time dependence and substitute δ ù d{dt in that case.
We now want to describe how the theory changes under a choice of formal exponential

map. By Remark 3.41 any two formal exponential maps are connected by a path ϕt, with
velocity encoded by the generators Ct P Γp pST ˚MbTMq, degx̄pCtq ě 2, of Proposition 3.44.
The two infinitesimal flow equations we need are

BtYt “ dxCt ` rYt, Cts, BtTϕ
˚
t f “ ´CtpTϕ

˚
t fq,

the first from Proposition 3.44, the second from Lemma 3.45.
Next we lift the generator to the space of fields, in complete analogy to the lift of Y : we

set
Ckpx, x̄q

B

Bx̄k
ù HC :“ Ckpx, x̄q p̄k, SC :“

ż

Σ
Ckpx, x̄q p̄k P Γp pSF˚q,

and the lifted flow acts on functionals by p´, SCqfib, with SLCX “ pSX , SCqfib as before. In
contrast to SY , the generator C carries no form degree on M , so SC has total degree ´1;
this is precisely the degree of a generator of a modified quantum canonical transformation.

Lemma 5.2. Let pϕtq be a path of formal exponential maps and Sx,t “ Tϕ˚
t Sx. Define

rSt :“ Sx,t ` SYt the associated formal global actions. Then

Bt rSt “ dxSCt ` p rSt, SCtqfib.

If moreover ∆fibSCt “ 02 , this is an infinitesimal modified quantum canonical transformation
with generator T “ SCt .

Proof. We compute the two parts separately. For the Grothendieck part, SY is linear in Y ,
so by the flow equation for Yt

BtSYt “ SBtYt “ SdxCt ` SrYt,Cts “ dxSCt ` pSYt , SCtqfib,

where dx passes through the Hamiltonian lift since the lift acts fiberwise. For the part Sx,t
we use BtTϕ

˚
t S “ ´LCtpTϕ

˚
t Sq which again lifts to BtSx,t “ pSCt , Sx,tqfib as before.

2By the same reason as before, c.f. Section 5.3
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Lemma 5.3. Let T P ΓpΛT ˚M b pSF˚rrℏssq be of total degree ´1. Then

pdx ´ iℏ∆H
fibq

ż

L
e

i
ℏ

rSx
i

ℏ
T “

i

ℏ

ż

L
e

i
ℏ

rSx

”

dxT ` p rSx, T qfib ´ iℏ∆fibT
ı

.

Proof. This is the analogous result of Corollary 1.46 (3) in the modified complex. Exponen-
tiating the modified QME gives

∆fibe
i
ℏ

rSx “ e
i
ℏ

rSx

ˆ

i

ℏ
∆fib rSx ´

1

2ℏ2
p rSx, rSxqfib

˙

“
1

ℏ2
e

i
ℏ

rSx dx rSx.

Using ∆fibpe
i
ℏ

rSxT q “ p∆fibe
i
ℏ

rSxqT ` e
i
ℏ

rSx∆fibT ` i
ℏe

i
ℏ

rSxp rSx, T qfib and that the fiber BV
integral intertwines ∆fib with ∆H

fib (Thm. 1.44 (1)), we compute

dx

ż

L
e

i
ℏ

rSx
i

ℏ
T “

i

ℏ

ż

L
e

i
ℏ

rSx

ˆ

i

ℏ
dx rSx T ` dxT

˙

,

´iℏ∆H
fib

ż

L
e

i
ℏ

rSx
i

ℏ
T “

ż

L
e

i
ℏ

rSx

ˆ

1

ℏ2
dx rSx T ` ∆fibT `

i

ℏ
p rSx, T qfib

˙

.

The terms containing dx rSx T cancel and the claim follows.

With the Lemmas we immediately obtain the following result.

Corollary 5.4. We have

Bt rZ “ pdx ´ iℏ∆H
fibq

ż

L
e

i
ℏ

rSt
i

ℏ
SCt ,

and consequently the class of rZ in the pdx ´ iℏ∆H
fibq-cohomology does not depend on the

choice of the formal exponential map.

5.2 Feynman graphs

We can now describe Seff in terms of Feynman diagrams. First, we will construct a La-
grangian L inside the space of fluctuations of Fx, where

Fx “ MappT r1sΣ, T ˚TxPq – Ω‚pΣq b pTxP ‘ T ˚
xPq,

to fix the gauge. For this, we use a Hodge decomposition of Ω‚pΣq. This entails the inclusion

ι : H‚pΣq Ñ Ω‚pΣq

of the harmonic representatives, the projection

p : Ω‚pΣq Ñ H‚pΣq

onto the de Rham cohomology of Σ, and

K : Ω‚pΣq Ñ Ω‚´1pΣq

a linear operator, such that with P :“ ιp the triple pι, p,Kq satisfies

(I) dK`Kd “ Id´P, (II) PK “ KP “ 0, (III) KT “ ´K, (IV) K2 “ 0.

The transpose is w.r.t. the Poincaré pairing on forms
ş

Σ ‚^‚. The operator K is an integral
operator with a distributional integral kernel ω P Ω1pΣ ˆ Σq, which is our propagator.

The spinning particle is a one dimensional field theory. We will take Σ “ S1. We use
the Hodge decomposition

Ω‚pS1q “ Ω‚
HarmpS1q ‘ Ω̄0pS1q ‘ Ω̄1pS1q,
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where the harmonic forms are spanned by t1,dtu, and ιS1 : H‚pS1q Ñ Ω‚pS1q is the tauto-
logical inclusion of these representatives. The associated chain homotopy operator is

KS1 : gptqdt ÞÑ

ż

S1

ωS1pt, t1qgpt1qdt1

with the integral kernel
ωS1pt, t1q “ θpt´ t1q ´ t` t1 ´

1

2
and the projection

pS1 : fptq ` gptqdt ÞÑ

ż

S1

pdt1 ´ dtq ^ pfpt1q ` gpt1qdt1q.

The gauge fixing below relies on a factorization of the fiberwise symplectic form ωfib (Sec-
tion 3.7). The split target T ˚P is a cotangent bundle, so in the barred fiber superfields
pq̄a, p̄aq its coefficients are the canonical δab ,

ωfib “ ´

ż

Σ
δp̄a ^ δq̄a,

writing as α b u P Ω‚pΣq b pTxP ‘ T ˚
xPq “ Fx, one reads off

ωfibpαb u, β b vq “ ´p´1q|u||β|xu, vy

ż

Σ
α^ β, α, β P Ω‚pΣq, u, v P TxP ‘ T ˚

xP, (61)

with x´,´y the canonical pairing of the cotangent fibre TxP ‘ T ˚
xP. The leftover

ş

Σ α ^ β
is the source Poincaré pairing, so ωfib is the tensor product of the two.
Now define the Lagrangian L as

L “ LK b pTxP ‘ T ˚
xPq, with LK “ KerP X KerK (62)

This is precisely a Lagrangian inside the complement of the harmonic forms.

Proposition 5.5. LK is Lagrangian.

Proof. Considering the splitting of (61) and the fact that we are tensoring with the entire
target factor TxP ‘ T ˚

xP that is symplectic, it suffices to show that LK “ KerP XKerK is
Lagrangian inside the fluctuation space KerP , on which the pairing is nondegenerate.

We claim that α P LK ðñ α “ Kdα. If α P LK , then Kα “ 0 and Pα “ 0, so (I)
gives α “ dKα ` Kdα ` Pα “ Kdα. Conversely, if α “ Kdα then Kα “ K2dα “ 0 by
(IV) and Pα “ PKdα “ 0 by (II), so α P KerP X KerK.

For isotropy, we write α, β P LK as α “ Kdα, β “ Kdβ and move one K across the
pairing via (III):

ż

Σ
α ^ β “

ż

Σ
Kdα ^Kdβ

(III)
“ ´

ż

Σ
dα ^K2dβ

(IV)
“ 0.

For half-dimensionality, note that LK “ Ker pK|KerP q and we claim that Ker pK|KerP q “

ImpK|KerP q from which the result follows. First note that applying d once on the left and
once on the right on (I) yields Pd “ d ´ dKd “ dP . Now if α P Ker pK|KerP q, then by the
above α “ Kdα “ Kpdαq. Because P pdαq “ dpPαq “ 0, we obtain α P ImpK|KerP q. Now
if α P ImpK|KerP q, then Kpαq “ KpKβq “ 0 by (IV).

The perturbative expansion of the effective action is the usual perturbative expansion via
Feynman diagrams of the BV pushforward of Definition 1.45. In our field space Fx with
Hodge decomposition, in which we can split every field ϕ̄ P Fx to write ϕ̄ “ ϕ̄H ` ϕ̄fl, this
amounts to computing the perturbative expansion of

Seffpϕ̄H; ℏq “

ż

L
eı̊Spϕ̄H`ϕ̄flq{ℏdϕfl
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which is a sum over connected oriented graphs Γ giving the total form of the effective action

Seffpϕ̄H; ℏq “
ÿ

Γ

piℏqlpΓq

|AutpΓq|
W target

Γ ¨W source
Γ (63)

where lpΓq stands for the number of loops, |AutpΓq| is the number of graph automorphisms,
W target

Γ is called the target part and W source
Γ the source part.

Remark 5.6. The factorization into source- and target contributions for Feynman diagrams
in the expansion (63) is due to the factorization of the space of fields (5.1) and to the fact
that our ansatz for the gauge fixing (62) is compatible with this factorization.

Remark 5.7. We orient every edge from its momentum half-edge (p̄i, χ̄, b̄, β̄) to its position
half-edge (x̄i, ψ̄, c̄, γ̄).

The target part W target
Γ is a polynomial in the fields Hx of degree equal to the number of

leaves and computed with the following rules.

(1) to an incoming leaf of Γ decorated by t1,dtu one associates the corresponding field
x̄iH, ψ̄H, c̄H, γ̄H,

(2) to an outgoing leaf decorated by t1,dtu one associates the corresponding field p̄Hi , χ̄
H,

b̄H, β̄H ,

(3) to a vertex with m inputs and n outputs one associates the expression

Bi1 ¨ ¨ ¨ BimT
j1¨¨¨jn

which is the m-th derivative of n-vector contribution to the action S. These are the
coefficients of the Taylor expansions of gij , ei`, ei´ and dxℓY i

ℓ at x P M respectively,

(4) for every edge contract the dummy Latin indices for the two constituent half-edges.

The result of the contraction is a polynomial function on Hx.
The source part W source

Γ is given by

W source
Γ “

ż

ΣˆV pΓq

¨

˝

ź

edges phin,houtq

π˚
vphinq,vphoutqω

˛

‚¨

˜

ź

leaves l

π˚
vplqχαl

¸

(64)

Here V pΓq denotes the set of vertices, πv : ΣˆV pΓq Ñ Σ picks out the copy of Σ labelled by
v, and πu,v : ΣˆV pΓq Ñ ΣˆΣ retains the copies labelled by u and v; the symbol vphq stands
for the vertex at which the half-edge h is attached. Notice that all these integrals converge.

There are some statements about Feynman diagrams we can make solely with the source
part.

Proposition 5.8. Every vertex has exactly one leaf decorated by the de Rham degree 1
harmonic form dt, all other leaves, if any, are decorated by constants.

Proof. This follows solely by degree counting on (64). Because the propagator is of de Rham
degree 0, for every vertex exactly one leaf has to carry a dt contribution.

Proposition 5.9. Every vertex is either a corolla or contains a loop. It follows that all tree
graphs vanish.
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Proof. Given that every vertex has exactly one leaf decorated by dt and the rest are con-
stants, the product of the leaf part of (64) at every vertex is „ dt „ P . If there is a single
edge connecting the vertex, we have an integral proportional to KP which vanishes by (II).
If the graph is not a corolla, then it follows that E ě V and hence F ´ 2 “ E ´ V ě 0, i.e.
the graphs must contain at least one loop.

Example 5.10. One can consider the connected graph given by two vertices, each of degree
3, connected by two edges with each one leaf dt1 and dt2 respectively. Assume that the
edges have a clockwise orientation.

ωpt1, t2q

ωpt2, t1q

dt1 dt2

Figure 1: A one-loop graph C2: two trivalent vertices joined by two propagators, each vertex
carrying a single dt leaf.

This gives a contribution of

W source
Γ “ ´

ż

S1ˆS1

ωS1 pt1, t2q
2 dt1dt2 “ ´

1

12
.

We also have some restrictions on the target side. We first observe from S0 that γ̄ only has
a propagator with β̄, which is not present in the interaction part. Therefore the γ̄ field in
a Feynman graph has to be a leaf. Due to Proposition 5.8, the vertex γ̄2b̄ hence does not
contribute to any Feynman graph (except as a corolla). Since the interaction vertex with
b̄ cannot contribute, the c̄ field can also not interact with any of the leftover interaction
vertices; for the same reason, the field c̄ is also simply a leaf.

Apart from these restrictions, another obvious one is the fact that e`, e´ constitutes a
null frame. As such, any contraction of such a section with one of the same kind via the
metric vanishes.

Decompose Seff P ΓpΛT ˚M b pSH˚rrℏssq as Seff “
řn
i“0 S

piq, where n “ dimM (in our
case n “ 2) and S

piq
eff is the i-form component. From Proposition 5.9 we know that at ℏ0

there are only the corollas; at de Rham degree 0, these are simply all the vertices of TΦ*
x SP

and at de Rham degree 1 SY , all restricted to H (i.e. if after replacing every field ϕ̄ “ ϕ̄H`ϕ̄fl

and only taking fully H-dressed contributions).
For the ℏ1 part there is already an enormous amount of terms. First of all we note that

due to V ´E ` 2 “ 2 and the fact that every vertex needs to have at least 2 adjacent edges
(see Prop. 5.9), the graphs are all just cycle graphs Cn, with n the amount of vertices.
Every possible graph Cn gives a power series in the zero mode fields.

5.3 BV Laplacian

To justify ∆fibSx “ 0, ∆fibSY “ 0 and ∆fibSC “ 0, we present the arguments of [9]. Take a
manifold T ˚M and its mapping space MappT r1sΣ, T ˚Mq with conjugate superfields b̄Ipt, θq,
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āJpt, θq, the capital indices running over all coordinates. The BV Laplacian is formally given
by

∆fib „

ż

Σ

δ2

δb̄Ipt, θq δāIpt, θq
.

We now have
Kpt, θ; t1, θ1q “ ∆fib

`

b̄Ipt, θq āJpt1, θ1q
˘

“ δIJ δpt´ t1qpθ ´ θ1q.

Acting on a functional Sγ “
ş

Σ γpb̄qā produces a term „ δp0q, requiring regularization of
∆fib to obtain sensible expressions.

The rule is provided by the propagator. By the Ward identity3 the ω of the previous
section satisfies the distributional equation

dω “ ϕ´K,

where ϕ is the smooth representative of the Poincaré dual of the diagonal DΣ Ă Σ ˆ Σ
given by the harmonic kernel; for Σ “ S1 of unit length, ϕ “ dt1 ´ dt. Moreover ω|DΣ

“ 0
as principal value. Solving for K “ ϕ ´ dω at the diagonal, the second term dropping by
ω|DΣ

“ 0, yields the regularization
δpt´ t1qpθ ´ θ1q

ˇ

ˇ

DΣ
:“ ψptq

with ψ :“ ϕ|DΣ
, and we define ∆reg to be ∆fib with this assignment (when we write ∆fib we

will always mean the regularized one). On the generators this yields
∆regpb̄I āJqptq “ δIJ ψptq.

The one-form ψ represents the Euler class of Σ [9]; for Σ “ S1 we have ψ “ pdt1 ´dtq|DΣ
“ 0

pointwise, consistent with χpS1q “ 0. Now consider a functional of the form

Sγ “

ż

Σ
γi1,...,ikpb̄ptqqāi1ptq...āikptq

with γ P ΓpSkTMq. Applying ∆reg and using the symmetry of γ and the commutativity of
the ā’s we obtain

∆regSγ “ ´k

ż

Σ
ψptqBiγ

ii1...ik´1pb̄ptqqāi1 ...āik´1
“ 0.

For our case the b̄I comprise all coordinates of P, among them the base fields x̄i, and the
āI their conjugate momenta, among them p̄i. Taking γ “ gij , ei`, e

i
´, Y

k, Ck then gives the
results ∆regSx “ 0,∆regSY “ 0 and ∆regSC “ 0.

5.4 Globalization of the effective action

5.4.1 Via canonical transformation

In the following we want to apply (modified) quantum canonical transformations such that
we collapse

Seff ù ĄSeff
p0q

` SY |H, DĄSeff
p0q

“ 0

where D is the induced Grothendieck connection on the subbundle ΓpΛT ˚M b pSH˚rrℏssq.

This allows us to find the globalized (in x) effective action ĄSeff
p0q

“ TΦ*
x S

glob
eff . This is the

general globalization procedure presented in [7].
3Without going into too much detail, by standard BV properties we have ∆fibpeı̊S{ℏOq “ eı̊Sℏ

p∆fibO ´
ı̊
ℏ pS,Oqfibq. Integrating over some L in the fluctuation space, pulling out the BV differential from the fibered
integral and forming the expectation value w.r.t. S0 we obtain ∆H

fibxOy0 “ x∆fibO ´ i
ℏ pS,Oqfiby0. Setting

O “ b̄ b ā eventually yields the equation dω “ ϕ ´ K, see [9].
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The globalization procedure works as follows. First denote Spiq
eff “

ř8
k“0 ℏkS

piq
k . We first

observe that due to Proposition 5.9 we have that Spiq
0 “ 0 for all i ą 1. The Sp0q

0 and S
p1q

0

are simply S and SY restricted to Hx. Denoting S̄p1q “ S
p1q

eff ´S
p1q

0 and S̄piq “ S
piq
eff for i ą 1,

we then claim that there is a quantum canonical transformation starting at ℏ1 which results
in S̄piq “ 0 for i ě 1. We prove this by induction on the order ℏk.

ℏk`1 S̄
p0q

k`1 S̄
p1q

k`1 S̄
pm´1q

k`1 S̄
pmq

k`1

ℏk S̄
p0q

k S̄
p1q

k S̄
pm´1q

k S̄
pmq

k

ℏk´1 S̄
p0q

k´1

...

ℏ1 S̄
p0q

1

ℏ0 S̄
p0q

0

Ω0 Ω1 ¨ ¨ ¨ Ωm´1 Ωm

Table 6: Bookkeeping of the induction at fixed ℏk: the shaded cells are already cleared,
and clearing the top de Rham degree Ωm propagates downward until only the Ω0 column
survives.

Indeed, assume that S̄piq
r “ 0 @i ě 1 and @r ă k (see figure). Denote D “ dx ` pS

p1q

0 ,´qHfib

and Ω “ pS
p0q

0 ,´qHfib. Because of the flatness condition and CME, we know that D2 “ Ω2 “ 0
and that D and Ω commute. The QME now on the degrees ℏk,Ωi`1 reads

DS̄
piq
k ` ΩS

pi`1q

k “ 0,

for i ě 0. In particular, due to dimensions, we have that DS̄pmq “ 0. Because H‚
D “ H0,

Dτ P ΓpΛT ˚M b pSH˚q such that Dτ “ S̄pmq. By defining T “ ´ℏkτ and integrating the
transformation

δS̄
piq
k “ DTkpi´ 1q ` ΩT

piq
k

for i “ m we obtain S̄pmq

k ù 0 and for i “ m´ 1 we obtain S̄pm´1q

k ù S̄
pm´1q

k ´ Ωτ , such
that now S̄

pm´1q

k satisfies DS̄pm´1q

k “ 0 and hence we can apply the same procedure to make
it vanish, all up to i “ 1. The claim follows.

Let us carry this out explicitly at order ℏ1 for our two-dimensional spacetime, where the de
Rham degree runs only up to m “ 2. Take the homotopy gauge τ “ hDS̄

pmq, with hD the
Grothendieck homotopy of Lemma 3.11, so that Dτ “ S̄pmq. For the ℏ1 computation, the
only ℏ0 datum is Sp0q

0 , hence Ω “ pS
p0q

0 ,´qHfib is the only bracket that enters. Clearing the
top degree shifts S̄p1q

1 ù S̄
p1q

1 ´ΩhD S̄
p2q

1 , and clearing the resulting degree-one term shifts
S̄

p0q

1 by ´ΩhD pS̄
p1q

1 ´ ΩhD S̄
p2q

1 q. Collecting, the first-order globalized action is
rS

p0q

1 “ S̄
p0q

1 ´
`

S
p0q

0 , hD S̄
p1q

1

˘H

fib `
`

S
p0q

0 , hD pS
p0q

0 , hD S̄
p2q

1 qHfib
˘H

fib.

The global representative is then rS
p0q

1 evaluated at the zero section.
We note that the higher ℏp orders will become increasingly tedious to compute. The

canonical transformations we apply at lower ℏ order affect each of the terms at higher ℏ
degree which we would have to track, before reaching that row to collapse it to 0 de Rham
degree.
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5.4.2 Via L8 pushforward

The equation

dxSeff `
1

2
pSeff , SeffqHfib ´ iℏ∆H

fibSeff “ 0

can be rewritten for S1
eff “ Seff ´ SY |H, as

pdx ` pSY |H,´qHfibqS1
eff `

1

2
pS1

eff , S
1
effqHfib ´ ı̊ℏ∆H

fibS
1
eff “ 0,

which in other words means S1
eff P MCpΓpΛT ˚M b pSH˚qq for the DGLA with the induced

Grothendieck differential D, BV Laplacian on the zero modes and induced BV bracket. The
globalization procedure above consists in applying gauge transformations (which in this case
are modified BV canonical transformations (60)) consecutively until, at a given order of ℏ,
the element is only in degdx “ 0 and thus in Kerh∆. One can then apply ι∆, which on
Kerh∆ collapses to Π0, to obtain the global effective action.

An equivalent way of globalizing the solution is to use the pushforward G˚ on S1
eff from the

transfer of Proposition 3.34, which by Proposition 2.16 guarantees to give us a solution in
the global BV space.

Lemma 5.11. The Taylor components of G read g1 “ P and gi “ gi´1Q
i´1
i Ki for i ě 2.

Proof. Recall (12) that the coderivation Q is given by

Q pv1 d ¨ ¨ ¨ d viq “

n
ÿ

ℓ“1

ÿ

σPSpℓ,i´ℓq

εpσqqℓ
`

vσp1q d ¨ ¨ ¨ d vσpℓq

˘

d vσpℓ`1q d ¨ ¨ ¨ d vσpiq,

hence Qki is nonzero when qℓ contributes with i ´ ℓ ` 1 “ k. Because qℓ “ 0 for ℓ ě 3, we
have that i´ k ă 2. The sum for gi runs until k ď i´ 1, such that only the k “ i´ 1 term
survives.

Remark 5.12 (ℏ-convergence). Suppose Sp0q

0 is the only datum at order ℏ0, every other
component S̄pnq being Opℏq, as in the present case; set d “ dimM , the dimension of the
manifold we are globalizing over. Track the de Rham degree on M . The bracket q2 wedges
the dx-forms and hence adds degrees, while the homotopy and projection are the towers

h∆ “
ÿ

mě0

hD p̊ıℏ∆H
fibhDqm, π∆ “

ÿ

mě0

Π0p̊ıℏ∆H
fibhDqm,

in which each block ∆H
fibhD lowers the degree by one and carries a factor of ℏ. A monomial

gipS̄
pn1q d ¨ ¨ ¨ d S̄pniqq thus uses i ´ 1 base homotopies together with some number M of

these ∆H
fibhD blocks; since it must land in degree zero, the leg degrees obey

pIq
i

ÿ

j“1

nj “ pi´ 1q `M, pIIq ordℏ
`

gip¨ ¨ ¨ q
˘

“

i
ÿ

j“1

ordℏ S̄
pnjq `M.

Each leg of degree ě 1 and each block costs at least one ℏ, and no leg carries degree above
d. Writing an for the number of legs of degree n,

ordℏ gi
pIIq
ě

ÿ

ně1

an `M ě
1

d

ÿ

ně1

nan `M
pIq
“

pi´ 1q `M

d
`M ě

i´ 1

d
,

the second step using n ď d. As orders are integers, ordℏ gi ě rpi´1q{ds, so at order ℏk only
the finitely many gi with i ď dk ` 1 contribute and the pushforward converges ℏ-adically.
For our two-dimensional spacetime d “ 2, whence ℏ0 sees g1 alone and ℏ1 sees g1, g2, g3.
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We carry out the first order explicitly. By the remark there are no insertions at ℏ1, so
π∆ ù Π0 and h∆ ù h, and the transfer maps (Theorem 2.15) read

g1pxq “ Π0pxq,

g2pxd2q “ Π0 q2
`

hpxq d x` Tϕ˚
xΠ0pxq d hpxq

loooooooooooooooooomoooooooooooooooooon

K2pxdxq

˘

,

g3pxd3q “ Π0 q2
`

h q2phpxq d xq d x
˘

` ¨ ¨ ¨ ,

only the tree of g3 above surviving the inputs below. Feed in x “ S1
eff “ S̄p0q `S̄p1q `S̄p2q and

keep the ℏ1, degdx “ 0 part. Since h annihilates every degree-zero leg Sp0q

0 , the homotopy
must fall on the single quantum leg. In g2 this leaves hS̄p1q

1 bracketed with S
p0q

0 ; as Sp0q

0 is
already flat (Tϕ˚

xΠ0S
p0q

0 “ S
p0q

0 , the procedure starting only at ℏ1) the two summands of K2

coincide and, with the 1
2! ,

1
2! g2pS1d2

eff q
ˇ

ˇ

ℏ1 “ ´Π0

`

S
p0q

0 , h S̄
p1q

1

˘H

fib.

The lone g3-tree threads the degree-two leg through two homotopies,
1
3! g3pS1d3

eff q
ˇ

ˇ

ℏ1 “ `Π0

`

S
p0q

0 , h pS
p0q

0 , h S̄
p2q

1 qHfib
˘H

fib,

while g1 gives Π0S̄
p0q

1 . Summing,

G˚pS1
effq

ˇ

ˇ

ℏ1 “ Π0S̄
p0q

1 ´ Π0

`

S
p0q

0 , h S̄
p1q

1

˘H

fib ` Π0

`

S
p0q

0 , h pS
p0q

0 , h S̄
p2q

1 qHfib
˘H

fib “ Π0
rS

p0q

1 ,

in agreement with the result from before.

Remark 5.13. Remember that we are actually only globalizing over x P M , as we have
seen in Remark 5.1. The respective Grothendieck SDR hence does not land in the entire
global complex, but only in the sections global in x. We will be more precise in the next
section, see also Proposition 6.13.
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6 The Spinning Particle III: n-dim globalization

We now globalize the effective action of the general n-dimensional spinning particle following
the methods of [30] to some extent. We will first lift the theory with its symplectic structure
to formal geometry with the constructions developed in Section 3.7. We will justify the
operations done in the last section via the homological perturbation lemma, in particular
when passing down to cohomology.

6.1 In formal geometry

Recall the AKSZ construction of the spinning particle for a spacetime of any dimension: it
has the mapping space F “ MappT r1sΣ,N q, where Σ “ S1 and N “ pΠTM ‘M T ˚Mq ˆ

T ˚pΠTRr1sq is the target of Section 4.5, generated by the superfields collected below.

superfield field gh par field rdts gh par

xi xi 0 0 p`i ´1 1

pi pi 0 0 x`
i ´1 1

θi θi 0 1 θ`i ´1 0

c c 1 1 e 0 0

b e` ´1 1 c` ´2 0

γ γ 1 0 ξ 0 1

β ξ` ´1 0 γ` ´2 1

The AKSZ action reads

SAKSZ “

ż

Σ
pidx

i ´
1

2
Bkgrjpxqθrθk ^ dxj `

1

2
gijpxqθi ^ dθj ` b dc` β dγ

´
1

2
pipj g

ijpxq c` piθ
i γ ` γ2 b, (65)

and solves the classical master equation pSAKSZ, SAKSZq “ 0 by Theorem 1.52. It has
symplectic structure

ωAKSZ “ ´

ż

Σ
δpi ^ δxi ´

1

2
θrθkBℓBkgrjpxqδxℓ ^ δxj ´ gkjpxqΓkiℓpxqθℓδxi ^ δθj

`
1

2
gijpxqδθi ^ δθj ` δb^ δc` δβ ^ δγ.

which gives rise to an antibracket.
Now assume we have constructed a symplectic connection (this can be done for any

symplectic and odd-symplectic manifold) on the target N and denote its Christoffel symbols
as Γkijpzq in local coordinates. It satisfies (32), see also Remark 3.21. This connection can
be lifted to the mapping space with transgressed Christoffel symbols Γkijpzq and, together
with ωAKSZ, it also satisfies (32).

Fix again a constant map φ “ x P M . With a symplectic connection constructed, we
can now construct the Grothendieck connection on the formal bundle pSF˚

x with

Fx “ MappT r1sΣ, TxN q – Ω‚pΣq b TxN .
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It is given by D “ dx ` Y with

dx “ dxm
B

Bxm
, Y “

ż

Σ
dxmY j

mpx, z̄q
B

Bz̄j
,

where z̄ denotes the fiber superfields of Fx, the analogues of the barred fields of Section 5.
We can split again Y “ ´δ ` Γ `X with

δ “

ż

Σ
dxm

B

Bz̄m
, Γ “ ´

ż

Σ
dxℓz̄kΓikℓpxq

B

Bz̄i
, X “

ż

Σ
dxmXj

mpx, z̄q
B

Bz̄j

As we have seen, X is fiberwise symplectic and hence we can write it as adSX
, for its

Hamiltonian SX .
At the basepoint x P M we have components of ωfib “

ş

Σ
1
2ωijδz̄

iδz̄j given by

ωp̄ix̄j pxq “ ´δij , ωθ̄iθ̄j pxq “ ´gijpxq, ωb̄c̄ “ ´1, ωβ̄γ̄ “ ´1.

with the dressed inverse Πij (Definition 1.27 with k “ 0) given by

Πx̄ip̄j “ `δij , Πθ̄iθ̄j
“ `gijpxq, Πc̄b̄ “ `1, Πγ̄β̄ “ `1, (66)

The connection induces a formal exponential map Tϕ˚
x (we use this notation instead of

EXP˚), with which we can lift SAKSZ; we obtain Sx “ Tϕ˚
xSAKSZ P pSF˚

x. By the symplectic
condition, it satisfies pSx, Sxqfib “ 0 and given its globality, DSx “ 0.

The fiberwise BV Laplacian is given as in (36) with (66). Taking the source to be Σ “ S1

again the arguments regarding ∆fib presented in Section 5.3 go through as well (with the
change that we have the tensor Πijpxq inside the integral, constant along Σ and in the fields
since the base point is frozen, which still gets eliminated by the vanishing Euler class of
S1). In particular we obtain ∆fibSx “ 0 and, very importantly, ∆fibSX “ 0, which has the
consequence due to Lemma 3.31 that r∆fib, Ds “ 0. In particular Sx is a solution of the
modified quantum master equation

pD ´ ı̊ℏ∆fibqSx `
1

2
pSx, Sxqfib “ 0.

Split Sx “ S0
x ` SPx with kinetic part

S0
x “

ż

Σ

´

p̄i dx̄
i ` 1

2gijpxq θ̄i dθ̄j ` b̄ dc̄` β̄ dγ̄
¯

,

and SPx the rest. This is indeed the full quadratic part of Sx: by the properties of the
formal exponential map, Tϕ˚

xpziq “ zipxq ` z̄i ` Opz̄2q, and at the base point x P M every
coordinate except the xi vanishes, so constant terms enter Sx only through the tensors
evaluated at x. The quadratic part of Tϕ˚

xSAKSZ therefore consists of the kinetic terms
with frozen coefficients, while all vertices of the perturbation part are at least cubic in the
fluctuations.

6.2 Effective action

Consider the worldline de Rham differential dΣ. It acts on Fx “ Ω‚pS1q b TxN as dΣ b

IdTxN and induces a cohomology Hx “ H‚pS1q bTxN . The worldline Hodge decomposition
(Section 5.2) gives a strong deformation retraction

pHx, 0q
ι

ÝáâÝ
p

pFx, dΣq ö K, K “ KS1 b IdTxN , (67)

with KS1 the worldline homotopy (kernel ωS1pt, t1q “ θpt´ t1q ´ t` t1 ´ 1
2 , Section 5.2). Note

that the triple pι, p,Kq is x-independent. For later use we recall the defining relations of the
Hodge data from Section 5.2,

(I) dK `Kd “ Id´P, (II) PK “ KP “ 0, (III) KT “ ´K, (IV) K2 “ 0.
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As in Section 5.2, the gauge fixing rests on a factorization of the symplectic form, which
works just as well in the present case. Splitting a field z̄ptq P Ω‚pΣq b TxN as z̄ptq “ αb u,
with α P Ω‚pΣq, u P TxN we can write, given that ωfib freezes the base point dependence of
the symplectic form given by ωAKSZ,

ωfibpα b u, β b vq “ ´p´1q|u||β|ωN |xpu, vq

ż

Σ
α ^ β, α, β P Ω‚pΣq, u, v P TxN , (68)

so ω is the source Poincaré pairing tensored with the frozen target form ωN |x.
This is all the gauge fixing needs. The subspace

L “ ImK “ ImKS1 b TxN Ă Fx (69)

is Lagrangian by the same arguments as in Section 5.2. The proof of Proposition 5.5 works
exactly the same using only that ωN is non-degenerate.

Our next step is to construct the SDR for the completed symmetric tensor algebra
Γp pSF˚

xq from the SDR (67) and perturb it with the BV Laplacian ∆fib and the constructed
Grothendieck connection D. We first record that the perturbation is compatible with dΣ.
We naturally extend dΣ from Fx to pSF˚

x via Leibniz.

Lemma 6.1. As operators on ΓpΛT ˚M b pSF˚q, the worldline differential graded-commutes
with both perturbing operators,

rdΣ, Ds “ 0, rdΣ,∆fibs “ 0.

Proof. The three operators read

dΣ “

ż

Σ
θ Btz̄

k B

Bz̄k
, D “ dx`

ż

Σ
dxℓ Y i

ℓ px, z̄q
B

Bz̄i
, ∆fib “ 1

2

ż

Σ
p´1qpipjΠijpxq

B

Bz̄i
B

Bz̄j
.

The base part dx acts only on the x-dependent coefficients and hence commutes with dΣ; it
suffices to treat the vector field part of D.

Connection: The operator dΣ acts on D as
ż

Σ
θ Btz̄

k B

Bz̄k
`

dxℓY i
ℓ

˘ B

Bz̄i
“ p´1qpℓ`1

ż

Σ
θ dxℓ pBtY

i
ℓ q

B

Bz̄i
.

where we have used the chain rule. In the second, D’s derivative strikes the coefficient Btz̄
k

of dΣ, producing the super delta Bz̄kpt,θq

Bz̄ipt1,θ1q
“ δki δpt ´ t1qpθ ´ θ1q of the expansion in Lemma

6.2:
ż

Σ

ż

Σ
dxℓY i

ℓ pz̄pt1qq
B

Bz̄ipt1q

`

θ Btz̄
kptq

˘ B

Bz̄kptq
“ p´1qpi

ż

Σ

ż

Σ
dxℓY i

ℓ pz̄pt1qq θpθ´θ1q Btδpt´t1q
B

Bz̄iptq
.

Integrating by parts in t on the closed S1 moves Bt onto Y :

“ p´1qpi`|Y i
ℓ |

ż

Σ
θ dxℓ pBtY

i
ℓ q

B

Bz̄i
.

The two contributions are the same object, and by the odd parity of the D, ppℓ`1q ` |Y i
ℓ | `

pi “ 1, they carry opposite signs and cancel: rdΣ, Ds “ 0.
BV Laplacian: The coefficient Πijpxq only depends on the base point so dΣ’s derivative

has nothing to differentiate and a single term survives, from ∆fib’s derivatives striking Btz̄:

rdΣ,∆fibs “

ż

Σ

ż

Σ
p´1qpipjΠijpxq θpθ ´ θ1q Btδpt´ t1q

B

Bz̄jpt1q

B

Bz̄iptq
.

Write z̄jptq “ z̄j0ptq ` z̄j1ptqθ. In components both derivatives land on the z̄1’s (θpθ ´ θ1q “

´θθ1 saturating the two odd integrations) and the kernel reduces, up to an overall sign,
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to Πijpxq Btδpt ´ t1q against the pair δ

δz̄j1pt1q

δ
δz̄i1ptq

. Only the part of a kernel carrying the
graded symmetry of the derivative pair can contribute, and the two symmetries are opposite.
Indeed, writing p :“ pi “ pj , the mixed blocks of Π vanishing by Lemma 1.29, the exchange
pi, tq Ø pj, t1q multiplies the kernel by p´1qp: a factor ´p´1qp from Πji “ ´p´1qpipjΠij and
´1 from the antisymmetry of Btδ, while the derivative pair, of parities p ` 1, swaps with
p´1qp`1. The contraction therefore formally vanishes.

Lemma 6.2. As operators on ΛT ˚M b F˚
x

rδ,Ks “ 0, rΓ,Ks “ 0.

Proof. In essence these statements are true because they act on different parts of the super-
fields (source or target). We will still verify them by hand. With Kz̄jptq “ pKS1 z̄j1qptq and

B
Bz̄ipt1q

pKS1 z̄j1qptq “ δji ωS1pt, t1q, we get

ΓKz̄jptq “ ´

ż

Σ
dxℓ z̄kpt1qΓikℓpxq

B

Bz̄ipt1q
pKS1 z̄j1qptq

“ ´

ż

Σ
dxℓ z̄kpt1qΓjkℓpxqωS1pt, t1q “ p´1qpk`1 dxℓ Γjkℓpxq pKS1 z̄k1 qptq,

the sign from θ1 crossing dxℓ and z̄k1 . For the reverse order,

Γz̄jpt, θq “ ´

ż

Σ
dxℓ z̄kpt1qΓjkℓpxq δpt´ t1qpθ ´ θ1q “ p´1qpk`1 dxℓ Γjkℓpxq z̄kpt, θq,

and hence
KΓz̄jptq “ p´1qpk dxℓ Γjkℓpxq pKS1 z̄k1 qptq.

Likewise

δKz̄jptq “

ż

Σ
dxm

B

Bz̄mpt1q
pKS1 z̄j1qptq “

ż

Σ
dxj ωS1pt, t1q “ 0,

the integrand being independent of θ1 and hence killed by the Berezin integration, while
δz̄jptq “ dxj is field-independent and K vanishes on constants,

Kδz̄jptq “ K dxj “ 0.

We first have to elevate the SDR (67) to the completed algebra to start the perturbation.

Corollary 6.3. Lemma 2.14 applies to (67) and lifts it to an SDR on the completed sym-
metric algebra,

p pSH˚
x, 0q

pι
ÝáâÝ

pp
p pSF˚

x, dΣq ö pK,

where pι, pp extend ι, p to each factor, and pK acts on a monomial of degz̄ “ n (its x-dependent
coefficient being a spectator) by

pKpz̄i1 . . . z̄inq “
1

n!

ÿ

σPSn

n
ÿ

a“1

˘ ιppz̄iσp1qq ¨ ¨ ¨ ιppz̄iσpa´1qqKpz̄iσpaqqz̄iσpa`1q ¨ ¨ ¨ z̄iσpnq , (70)

with ˘ the Koszul sign considering |K| “ ´1.

Remark 6.4. The maps of the Hodge decomposition on the smooth forms were defined
as maps on the tangent space. Without mentioning it, we naturally let them act on the
functionals (i.e. on the cotangent space) via precomposition.
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Proposition 6.5. Set B “ D ´ ı̊ℏ∆fib. Perturbing Corollary 6.3 along B yields a strong
deformation retract

pΓpΛT ˚M b pSH˚
xq, dBq

ιB
ÝáâÝ
pB

`

ΓpΛT ˚M b pSF˚
xq, dΣ `D ´ ı̊ℏ∆fib

˘

ö KB

with data

ιB “
ÿ

ně0

p´ pKBredqnpι, pB “
ÿ

ně0

pp p´Bred pKqn, KB “
ÿ

ně0

pK p´Bred pKqn,

where we introduced the reduced perturbation Bred “ adSX
´̊ıℏ∆fib. The transferred differ-

ential reads dB “
ř

ně0 pp B p´ pKBredqnpι “ pp B ιB on pSH˚
x.

Proof. The triple ppι, pp, pKq is an SDR by the Corollary above, extended ΛT ˚M -linearly to the
form valued sections since the perturbation carries form degree, which we perturb with B “

D´̊ıℏ∆fib. The perturbation is admissible: d2Σ “ D2 “ ∆2
fib “ 0, rdΣ, Ds “ rdΣ,∆fibs “ 0 by

Lemma 6.1, and rD,∆fibs “ 0 by Lemma 3.31 (since ∆fibSX “ 0); hence pdΣ`D´̊ıℏ∆fibq2 “

0.
The two summands of B control convergence of the series of Lemma 2.13. The connection

D raises the form degree degdx on the base, bounded by dimM asM is an ordinary manifold,
while ∆fib preserves it and carries a power of ℏ; thus in each dx-degree the series is a power
series in ℏ and converges ℏ-adically.

The last thing we need to check is that the perturbation reduces to Bred “ adSX
´̊ıℏ∆fib

in the series. This follows from Lemma 6.2, as δ and Γ both act as derivations on the
completed algebra and commute with K, ιp and Id.

Up to here the perturbation was handled purely algebraically. From now on we evaluate the
transferred operators on elements, e.g. the differential dB on functions of the zero modes, the
projection pB on e̊ıS

P
x {ℏ, and every term of the perturbative series acquires a diagrammatic

meaning: each pK propagates a leg, each ∆fib contracts two legs, each adSX
inserts a vertex,

and the SDR conditions (I)–(IV) become vanishing statements for diagrams. We argue in
this language below.

We will take a closer look at the induced differential dB. We split it as

dB “ ppDpι´ ı̊ℏpp∆fibpι` pp adSX

ÿ

ně1

p´ pKBredqnpι´ ı̊ℏpp∆fib
ÿ

ně1

p´ pKBredqnpι.

Our first claim is that the third term vanishes.

Proposition 6.6. In the splitting of dB above we have that

pp adSX

ÿ

ně1

p´ pKBredqnpι “ 0.

Proof. Each pK creates a propagated leg z̄ptq ù z̄1pt1q. Due to pp at the end, which kills
off any free K-leg at the end due to pK “ 0, for the term to contribute, these have to be
consumed by the operators in Bred; either by adSX

which bites it off and inserts SX on that
leg or ∆fib which connects it to another free leg. Note that ∆fib cannot eat two K-legs: their
source pairing is

ş

ΣKα^Kβ “ ´
ş

Σ α^K2β “ 0 by (III) and (IV), i.e. ImK is isotropic,
exactly as in Proposition 5.5. Since a term of order n in the series carries n operators pK
and n´ 1 operators from Bred (on the left) and one adSX

, each of the latter must therefore
consume exactly one K-leg.

Now in the sum above, the leading adSX
(i.e. the adSX

left of the sum) must in particular
eat a K-leg. Its vertex is hence connected to the diagram by a single ω edge, while all its
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remaining legs are projected to the harmonics by pp. The integration at that vertex therefore
meets the edge kernel alone and yields

ş

S1 ωS1ps, tqdt “ 0, which is the SDR condition
KP “ PK “ 0, the same mechanism by which the tree diagrams vanished in Proposition
5.9.

Proposition 6.7. The operator DH :“ ppDpι is the Grothendieck connection on ΓpΛT ˚M b
pSH˚q.

Proof. All parts of D act on the target index and on the x-dependent coefficients only,
the worldline dependence being a spectator, so they pass through the mode decomposition:
pp dxpι “ dx, ppΓpι “ Γ|H and pp δpι “ δ|H. In pp adSX

pι the bracket contracts one leg of SX
with a zero mode and pp projects the remaining legs, which is the zero-mode bracket with
SX |H :“ ppSX . Together

ppDpι “ dx ´ δ|H ` Γ|H ` adSX |H
.

For flatness take the perturbation B “ D alone in Proposition 6.5: the transferred differential
is ppDpι` pp adSX

ř

ně1p´ pK adSX
qnpι, whose higher terms vanish term by term by Proposition

6.6; hence DH is itself a transferred differential and squares to zero by the HPL. Now note
that DH has the correct Ansatz for the bundle pSH˚ together with the fact that the last
vector field is Hamiltonian and makes the connection flat.

Similarly, we define the induced fiberwise BV Laplacian ∆H
fib :“ pp∆fibpι; its properties (and

justification to call it the BV Laplacian) are collected in Lemma 6.12 below.

Theorem 6.8. The perturbed projection computes the effective action of Section 5.2: acting
on e̊ıSP

x {ℏ it is the perturbative expansion of the BV pushforward of rSx “ S0
x ` SPx ` SX ,

pBpeı̊S
P
x {ℏq “ eı̊Seff{ℏ “

ż

L
eı̊

rSxpϕ̄H`ϕ̄flq{ℏdϕfl,

with the kinetic part S0
x providing the propagator and the vertices given by SPx ` SX .

The relationship between the HPL and the effective action is known, see [24] or [14].

Lemma 6.9. The kinetic part generates the worldline differential,
pS0
x,´qfib “ dΣ, (71)

and the split Sx “ S0
x ` SPx is compatible with the remaining structure:

DS0
x “ DSPx “ 0, pSPx , S

P
x qfib “ 0.

Proof. The equality (71) can be quickly verified in coordinates.
For DS0

x we use that D is symplectic, defD “ 0; the mechanism of (34) then gives
rD, adhs “ adDh, so with (71) and Lemma 6.1

adDS0
x

“ rD, adS0
x
s “ rD,dΣs “ 0.

The kernel of s ÞÑ ps,´qfib consists of the field-independent elements, while every part of
DS0

x is at least linear in the fields; hence DS0
x “ 0, and DSPx “ DSx´DS0

x “ 0 by globality.
Finally the CME splits: expanding with (71),

0 “ pSx, Sxqfib “ dΣS
0
x ` 2 dΣS

P
x ` pSPx , S

P
x qfib “ pSPx , S

P
x qfib,

again by closedness of the source.

Corollary 6.10. The effective action e̊ıSeff{ℏ “ pBpe̊ıS
P
x {ℏq solves

pDH ´ ı̊ℏ∆H
fib `Rqeı̊Seff{ℏ “ 0, R :“ ´̊ıℏ pp∆fib

ÿ

ně1

p´ pKBredqnpι.
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Proof. Exponentiating the generating property of Lemma 3.30 gives

∆fib e
ı̊SP

x {ℏ “ eı̊S
P
x {ℏp

ı̊

ℏ
∆fibS

P
x ´

1

2ℏ2
pSPx , S

P
x qfibq,

hence

pdΣ `D ´ ı̊ℏ∆fibq eı̊S
P
x {ℏ “

ı̊

ℏ
eı̊S

P
x {ℏpdΣS

P
x `DSPx `

1

2
pSPx , S

P
x qfib ´ ı̊ℏ∆fibS

P
x q “ 0,

term by term: dΣS
P
x “ 0 since the integrand becomes dΣ-exact and the source is closed,

DSPx “ 0 and pSPx , S
P
x qfib “ 0 by Lemma 6.9, and ∆fibS

P
x “ 0 by Section 5.3. The perturbed

projection is a chain map by Lemma 2.13, pBpdΣ ` Bq “ dB pB, so dB e̊
ıSeff{ℏ “ 0; inserting

the splitting of dB together with Proposition 6.6 yields the claim.

Proof of Theorem 6.8. (Sketch) Expand the series pB “
ř

ně0 ppp´Bred pKqn and the exponen-
tial e̊ıSP

x {ℏ “
ř

k
1
k!p

ı̊
ℏqkpSPx qk, and compare with the diagrammatic expansion (63) in four

steps.
1. Blocks. The operator pK selects by (70) one leg z̄iptq, bites off its de Rham degree

one component and propagates it, Kz̄iptq “
ş

S1 ωS1pt, t1qz̄i1pt1qdt1, projecting the legs to its
left by ιp. The operator ∆fib contracts two legs at coincident points with the kernel Πijpxq

of (66); contractions within a single vertex vanish by ψptq “ 0 as in Section 5.3, and by the
counting of Proposition 6.6 one of the two legs must be a K-leg. The two operators compose
to an edge: on a pair of legs, for instance,

´Bred pK pp̄iptq x̄
jpt1qq “ ı̊ℏ∆fib pK pp̄iptq x̄

jpt1qq ` ¨ ¨ ¨ “ ı̊ℏ δji ωS1pt1, tq ` . . . ,

the inverse of the kinetic operator of p̄idx̄i Ă S0
x, and similarly in the other sectors of (66):

an edge of (64), weighted by ı̊ℏ. The operator adSX
contracts one leg of its argument with

one leg of SX through the contact kernel Πijpxqδpt ´ t1q and multiplies with the remaining
vertex BSX{Bz̄; since by the counting it must consume a K-leg, it inserts the vertex SX on
an edge, reproducing the connection vertex of rule (3) in Section 5.2. Finally pp projects all
remaining legs to the harmonics: the leaves.

2. Powers of ℏ. Every vertex carries ı̊
ℏ from the exponential, every edge carries ı̊ℏ

from its ∆fib; a connected diagram with V vertices and E edges therefore carries p̊ıℏqE´V “

p̊ıℏqlpΓqp̊ıℏq´1, matching (63) after extracting the overall ı̊
ℏ of e̊ıSeff{ℏ. Disconnected diagrams

exponentiate, since pp and ιp are algebra morphisms and the contractions act by the Leibniz
rule; taking the logarithm leaves the connected diagrams.

3. Symmetry factors. At order n the series performs n contractions in every possible
order, each exactly once; the symmetrization 1

n!

ř

σ of (70) together with the 1
k! of the

exponential assigns weight one to every unordered configuration of edges and vertices, leaving
|AutpΓq|´1 per isomorphism class of diagrams.

We note that just as we have observed in the last chapter that the tree graphs vanish under
Proposition 5.9, here, for the exact same reason, they do as well. Note also that SX cannot
contribute a corolla: it enters only through the operators adSX

of pB, which always contract
one of its legs. Therefore the ℏ0 contribution to Seff is simply given by SPx |H.

Remark 6.11. The density of Remark 3.32 reads here formally µ0 “ Dnz̄ptq. The transfer
data pp,pι, pK do not touch the Berezinian, however D does. Vector field acts on half-densities
by the Lie derivative,

LV pf
?
µ0q “ pV fq

?
µ0 ` 1

2pdivµ0V qf
?
µ0,
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and we claim that formally divµ0V “ 0.
The shift δ has constant coefficients, so its divergence vanishes. The Hamiltonian part

satisfies divµ0X “ ˘2∆fibSX “ 0. For the linear part Γ, note that for a formal vector field
of the usual form V “

ş

Σ V
i B

Bz̄i we have that the divergence reads

divµ0V “

ż

Σ
p´1qpi

BV ipt, θq

Bz̄ipt1, θ1q

ˇ

ˇ

ˇ

ˇ

pt1,θ1q“pt,θq

.

Hence for Γ “ ´
ş

Σ dxℓ z̄k Γikℓpxq B
Bz̄i we obtain

divµ0Γ “ ´dxℓ
ÿ

i

p´1qpi Γiiℓpxq

ż

Σ
δpt´ t1qpθ ´ θ1q

ˇ

ˇ

ˇ

pt1,θ1q“pt,θq
“

ż

S1

ψ “ 0

Hence D preserves µ0.
When passing to cohomology we obtain

µH0 “ Dpz̄0, z̄1q “
ź

i

Dz̄i0Dz̄
i
1,

the density behind ∆H
fib of Lemma 6.12. Every target direction appears twice, as z̄i0 of parity

pi and as z̄i1 of parity pi ` 1, so the lift VA “ z̄k0A
i
k

B

Bz̄i0
` z̄k1A

i
k

B

Bz̄i1
of any linear operator A

satisfies
divµH0

VA “
ÿ

i

p´1qpiAii `
ÿ

i

p´1qpi`1Aii “ 0,

exactly and without regularization. In particular all vector field parts of DH are µH0 -
divergence free: the shift and Hamiltonian parts as before, and divµH0

pΓ|Hq “ 0 now exactly.

6.3 Globalization

The rest term R is the only deviation from the modified QME of Section 5.4. In this section
we remove it along the acyclic directions of DH and transfer the corrected equation to the
global complex. Write the harmonic superfields in components,

z̄i|H “ z̄i0 ` z̄i1dt,

so that pSH˚
x is generated by the zero modes z̄i0 of parity pi and their conjugate modes z̄i1 of

parity pi ` 1. We first record that ∆H
fib is an honest BV Laplacian on these generators.

Lemma 6.12. On pSH˚ we have ∆fibpι “ pι∆H
fib with

∆H
fib “

ÿ

i,j

p´1qpippj`1q Πijpxq
B

Bz̄i0

B

Bz̄j1
.

It squares to zero, generates the zero-mode antibracket p´,´qHfib, with pairings pz̄i0, z̄
j
1qHfib “

p´1qpiΠijpxq on the generators, and it commutes with the connection,

rDH,∆H
fibs “ 0.

Proof. With B

Bz̄kpt1q
“ δ

δz̄k1 pt1q
´ θ1 δ

δz̄k0 pt1q
as in Lemma 6.2, the mode functionals have the

derivative kernels
B

Bz̄kpt1q
pιpz̄i0q “ ´δik θ

1,
B

Bz̄kpt1q
pιpz̄i1q “ δik.

Inserting these into (30), the Berezin integration leaves

ppιz̄i0,pιz̄
j
1qfib “ p´1qpiΠijpxq, ppιz̄i0,pιz̄

j
0qfib “ ppιz̄i1,pιz̄

j
1qfib “ 0,

83



the latter two by θ12 “ 0 and by the absence of θ1 respectively. Since ∆fib is second order,
kills linear functionals, and pι is an algebra morphism, ∆fibpι is determined by these pairings
through the generating property of Lemma 3.30 and agrees with pι∆H

fib for the displayed
operator, whose Koszul factor is fixed by the same requirement as in (36). In particular
pp∆fibpι “ ∆H

fib, and p∆H
fibq2 “ 0 as in Lemma 3.30.

For the commutator take DH “ dx ´ δ|H ` Γ|H ` adSX |H
from Proposition 6.7. The

part δ|H “ dxmB{Bx̄m0 commutes, since all coefficients in the computation are constant on
the fiber: the commutator reduces to that of the bare partial derivatives, which graded
commute. For ∇|H “ dx ` Γ|H the computation of Lemma 3.31 applies similarly and gives
r∆H

fib,∇|Hs “ 0 by (33). For the Hamiltonian part, the identity (:) in the proof of Lemma
3.31 uses only that the Laplacian generates the bracket, so r∆H

fib, adSX |H
s “ ad∆H

fibpSX |Hq.
The Hamiltonian SX has the form

SX “

ż

Σ
dxℓ rℓpx, z̄q.

Its restriction to the zero modes carries exactly one z̄1-leg due to the Berezin integral;
splitting this from the rest of the power series yields dxℓz̄k1dt

Brℓ
Bz̄k0

px, z̄0q, and swapping the

order of the dt to the left, graded commuting with the field z̄k1 and dxℓ, to integrate, we
obtain

SX |H “ p´1qppℓ`1q`ppk`1qdxℓ z̄k1
Brℓ

Bz̄k0
px, z̄0q.

Acting with ∆H
fib we get

∆H
fibpSX |Hq “

ÿ

k,j

p´1qpjppk`1qp´1qppk`1qppℓ`1qp´1qpjppℓ`1qp´1qppℓ`1q`ppk`1qˆ

ˆ dxℓΠjkpxq
B2rℓ

Bz̄j0Bz̄k0
px, z̄0q.

Now because ωN is even, Πijpxq satisfies the conditions of Lemma 1.29. In particular,
from (1) we have pk “ pj and hence we obtain, ignoring the pℓ contributions which do not
matter, the total factor of p´1qppk`1qppj`1q, symmetric in k and j. Using now Πjipxq “

´p´1qpipjΠijpxq by Lemma 1.29 (2), while the Hessian of rℓ is graded symmetric, the con-
traction cancels in pairs, the odd diagonal terms dying by B2 “ 0.

The connection DH carries its own Grothendieck SDR. Note that its leading term contracts
only part of the fiber: δ|H “ dxmB{Bx̄m0 with m running over the directions of M . Hence
when we speak of global we mean global in x as the following Proposition makes precise.

Proposition 6.13. In analogy to Remark 5.1, let rHx Ă Hx be the complement of the
H0pS1q b TxM part, i.e. spanned by the zero modes of all superfields but x̄ together with
all the z̄i1; the sections of pSrH˚ are then exactly those not involving the x̄m0 . With the Hodge
pair pdxm, x̄m0 q in place of pdzi, yiq, Proposition 3.18 applies verbatim and yields the strong
deformation retract

pΓp pSrH˚q, 0q
ιG

ÝÝáâÝÝ
πG

pΓpΛT ˚M b pSH˚q, DHq ö hG,

where πG evaluates at dx “ x̄m0 “ 0 and ιG is the formal exponential map of DH. In
particular H0

DH “ Im ιG – Γp pSrH˚q and Hě1
DH “ 0.

Proof. Lemma 3.16 holds verbatim for δ|H with δ˚
H “ x̄m0 ιBxm , the counting operator now

being degdx `degx̄m0 ; the perturbative argument of Proposition 3.18 then goes through un-
changed, the recursion raising the degree of z̄ at every step.
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Corollary 6.14. Since rDH,∆H
fibs “ 0, perturbing along ´̊ıℏ∆H

fib as in Lemma 3.33 yields
the strong deformation retract

pΓp pSrH˚qrrℏss, ´̊ıℏ∆
rH

q
ιG

ÝÝáâÝÝ
π∆

pΓpΛT ˚M b pSH˚qrrℏss, DH ´ ı̊ℏ∆H
fibq ö h∆

with unchanged inclusion, π∆ “
ř

ně0 πGp̊ıℏ∆H
fibhGqn, h∆ “

ř

ně0 hGp̊ıℏ∆H
fibhGqn, and the

induced global BV Laplacian ∆
rH

“ πG∆
H
fibιG. In particular

∆H
fib ιG “ ιG∆

rH
.

Proof. The proof of Lemma 3.33 applies here as well: hG lowers the form degree while ∆H
fib

preserves it, so hG∆H
fibιG “ 0 and the inclusion does not deform. The last identity is the

form degree zero part of the chain map property pDH ´ ı̊ℏ∆H
fibqιG “ ιGp´̊ıℏ∆

rH
q.

Abbreviate for the rest of the section

A :“ DH ´ ı̊ℏ∆H
fib, E :“ eı̊Seff{ℏ, F :“ RE,

so that A2 “ 0 by Lemma 6.12, Corollary 6.10 reads AE “ ´F , and consequently

AF “ ´A2E “ 0.

The components of F sit in form degrees 2 ď p ď m :“ dimM . Indeed, a term of R without
any adSX

ends in ∆fibpι “ pι∆H
fib and dies by pKpι “ 0. In a term with a single adSX

, first note
that adSX

has to sit at the rightmost position, otherwise the argument with ∆fibpι “ pι∆H
fib

applies here as well and kills the contribution. Hence contract that adSX
with the fields

being fed in. All legs except those of SX are harmonic due to the beginning pι and as such
all the coming K contractions must be made on SX , as they die on harmonic fields. Now
the only surviving ∆fib contractions to be made are between harmonic and harmonic fields;
these however do not consume a K-leg, and as such there will be a free K leg once pp is
applied and hence the contribution dies. This is not the case if we instead have two adSX

as in that case the ∆fib can contract these two together.
The defect F can now be pushed down the form degrees via a Zig-Zag argument.

Proposition 6.15. Set cppq :“ 0 for p ě m and define, descending in the form degree,

cpp´1q :“ hGpF ppq ` ı̊ℏ∆H
fibc

ppqq, p “ m,m´ 1, . . . , 1.

Then σ :“ E ` c with c :“
řm´1
p“0 c

ppq “ Opℏq satisfies

Aσ “ ´̊ıℏ ιGpwq, w :“ πGp∆H
fibc

p0qq P Γp pSrH˚qrrℏss, ∆
rH
w “ 0.

Proof. In form degree p ě 1 we need pAσqppq “ DHcpp´1q ´ ı̊ℏ∆H
fibc

ppq ´ F ppq “ 0, i.e. that
hG in the recursion is a genuine inverse of DH. The SDR gives

DHcpp´1q “ pId´ιGπG ´ hGD
HqpF ppq ` ı̊ℏ∆H

fibc
ppqq,

πG annihilates positive form degrees, and the last term vanishes by descending induction:

DHpF ppq ` ı̊ℏ∆H
fibc

ppqq “ DHF ppq ´ ı̊ℏ∆H
fibD

Hcppq “ DHF ppq ´ ı̊ℏ∆H
fibF

pp`1q “ pAF qpp`1q “ 0,

using rDH,∆H
fibs “ 0, p∆H

fibq2 “ 0, the recursion at p` 1 and AF “ 0.
In degree zero only pAσqp0q “ ´̊ıℏ∆H

fibc
p0q survives. It is DH-closed,

DH∆H
fibc

p0q “ ´∆H
fibD

Hcp0q “ ´∆H
fibpF p1q ` ı̊ℏ∆H

fibc
p1qq “ ´∆H

fibF
p1q “ 0,

the last equality being the degree one component of AF “ 0 together with F p0q “ 0. A
DH-closed element of form degree zero lies in Im ιG: apply the retract relation y “ ιGπGy`
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DHhGy ` hGD
Hy and note that hG vanishes on form degree zero. Hence ∆H

fibc
p0q “ ιGpwq

with w “ πGp∆H
fibc

p0qq, and

ιGp∆
rH
wq “ ∆H

fib ιGpwq “ p∆H
fibq2cp0q “ 0

gives ∆
rH
w “ 0, ιG being injective.

Corollary 6.16. Assume the class of w in the ∆
rH
-cohomology vanishes4, w “ ∆

rH
u. Then

rσ :“ σ ´ ιGpuq solves the modified QME on the zero modes exactly,

pDH ´ ı̊ℏ∆H
fibq rσ “ 0.

Proof. By Corollary 6.14 and DHιG “ 0 we have AιGpuq “ ´̊ıℏ∆H
fibιGpuq “ ´̊ıℏιGp∆

rH
uq “

´̊ıℏιGpwq, so Arσ “ Aσ ` ı̊ℏιGpwq “ 0 by Proposition 6.15.

The rσ :“ e̊ı
ĄSeff{ℏ we have constructed is the analogous e̊ıS1

eff{ℏ, with S1
eff “ Seff ´ SY |H that

we have obtained in the last chapter for free. To globalize it to a global Sglob
eff we can proceed

similarly, by first writing out the modified QME on the level of ĄSeff , given by

pDH ´ ı̊ℏ∆H
fibqĄSeff `

1

2
pĄSeff ,ĄSeffqHfib “ 0,

and then using BV canonical transformations or L8 transfer to obtain a global (in M)
effective action. These apply unchanged because ĄSeff carries the same ℏ-structure as in
Section 5.4. Indeed, both corrections are of order ℏ relative to E. In Proposition 6.15 we
have seen that c is Opℏq, while ιGpuq is even of order ℏ2: cp1q is of order ℏ, hence by the
recursive formula cp0q “ hG̊ıℏ∆H

fibc
p1q (using F p1q “ 0) is Opℏ2q, and the same follows for w

and u. Together with the observation after Theorem 6.8, that at order ℏ0 only the corollas
SPx |H survive, we obtain

ĄSeff
p0q

“ SPx |H ` Opℏq, ĄSeff
ppq

“ Opℏq, p ě 1 :

all classical data sits in form degree zero. This is precisely the situation of Section 5.4
(compare Remark 5.12, with the degree one slot now even empty at order ℏ0), and the
inductive collapse as well as the L8 pushforward start at order ℏ as before.

4The author believes that this is indeed the case for the spinning particle; in this case the proof would
be shown in a future publication.
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7 Čech globalization

In the following we shall see another technique to globalize effective actions. Before, we used
formal geometry to bring the effective action into a space where we have control over the
global objects via the Grothendieck connection, whose closed sections in degree zero were
precisely the global functions. Here we do the analogous thing with Čech machinery.

Concretely, we work with a cover U “ tUαuαPI of a (super)manifold M and place the
data (such as solutions of the master equation) on the Thom–Whitney totalization of its
Čech nerve, which carries a DGLA structure. We then again make use of the HPL and
transfer theorems of Section 2 to globalize the data back to the global complex, as we have
done for formal geometry.

7.1 Totalizations

The following totalization constructions are mainly taken from [19].

7.1.1 The Čech totalization

We will make extensive use of simplicial sets in the following sections, motivating a simplicial
approach to the Čech machinery.

Definition 7.1. We denote by ∆ the category with

• objects: totally ordered sets rks “ p0 ă ... ă kq for k P N,

• morphisms: f : rks Ñ rℓs such that i ď j ùñ fpiq ď fpjq, for i, j P rks,

In particular the morphisms are generated by the usual face maps di : rks Ñ rk`1s which skip
i and the degeneracy maps si : rks Ñ rk´ 1s which send both sipiq “ sipi` 1q “ i P rk´ 1s.

Definition 7.2 (Simplicial set, [21]). A simplicial set is a functor X : ∆op Ñ Set. Con-
cretely, it consists of sets Xk for k ě 0 together with face maps di : Xk Ñ Xk´1 and
degeneracy maps si : Xk Ñ Xk`1, for 0 ď i ď k, satisfying the simplicial identities

didj “ dj´1di, i ă j,

sisj “ sj`1si, i ď j,

disj “ sj´1di, i ă j,

disj “ Id, i “ j or i “ j ` 1,

disj “ sjdi´1, i ą j ` 1.

The category of simplicial sets is denoted sSet.

Definition 7.3 (Simplicial supermanifold). A simplicial supermanifold is a functor from ∆op

to the category of graded supermanifolds. Denote the category of simplicial supermanifolds
as sSmfd.

The k-th space NkU of the nerve of a cover U is given by the disjoint union

NkU “
ğ

pα0...αkqPIk`1
ď

Uα0...αk
, where Uα0...αk

“ Uα0 X ¨ ¨ ¨ X Uαk

and Ik`1
ď “ tpα0, . . . , αkq P Ik`1 | α0 ď ¨ ¨ ¨ ď αku denotes the non-decreasing tuples

(repeated indices allowed). The Čech nerve N‚U is precisely such a functor corresponding
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to a simplicial supermanifold, since deleting an index (di) and repeating one (si) both
preserve the non-decreasing order. The face maps di and si correspond to the inclusion
di : Nk`1U Ñ NkU

Nk`1U Ą Uα0...αk`1
ÞÑ Uα0...α̂i...αk`1

Ă NkU
and the identification si : Nk´1U Ñ NkU

Nk´1U Ą Uα0...αk´1
ÞÑ Uα0...αiαi...αk

Ă NkU ,
respectively.

Definition 7.4. A cosimplicial object of a category C is a covariant functor X‚ : ∆ Ñ C.

The field space functor F can be seen as a contravariant functor from the category of graded
supermanifolds to the category of graded Lie superalgebras (with the antibracket). Given
that N‚U is also a contravariant functor, its composition is a covariant functor and we
therefore obtain the cosimplicial object

V k :“ FpNkUq “
ź

pα0,...,αkqPIk`1
ď

F pUα0...αk
q (72)

of the category of graded Lie superalgebras. An element is a tuple ν consisting of data
να0...αk

for pα0, ..., αkq P Ik`1
ď . It has the induced coface maps di : V k´1 Ñ V k

pdiνqα0...αk
“ να0...α̂i...αk

|Uα0...αk
,

where the hatted index is omitted, and codegeneracy maps si : V k Ñ V k´1

`

siν
˘

α0...αk´1
“ να0...αiαi...αk´1

.

To eliminate the double indices, we normalize the cosimplicial object by taking

NkpV q “

k´1
č

i“0

Ker
´

si : V k Ñ V k´1
¯

.

In our setting this just amounts to imposing that να0...αk
“ 0 whenever αi “ αi`1 for some

i.
We can now construct the usual Čech complex with differential

δ̌ “

k`1
ÿ

i“0

p´1qidi : NkpV q Ñ Nk`1pV q

If V k is itself a complex with differential d : V j,k Ñ V j`1,k descending to a differential
d : Nk

`

V j
˘

Ñ Nk
`

V j`1
˘

we define the totalization of the double complex V ‚‚ as the
graded superspace

|V |n “

8
ź

k“0

Nk
´

V n´k
¯

with differential dtot “ δ̌ ` p´1qkd.
While this complex is itself a genuine cochain complex (with the differential δ̌ ` p´1qkd

above), it is not a DGLA: the levelwise antibrackets do not assemble into a single strict
bracket on the totalization, since combining them across Čech degrees needs a graded-
commutative product on cochains and the natural (Alexander–Whitney cup) product is not
graded-commutative. The Thom–Whitney totalization supplies such a product (via Ωp∆‚q),
assembling the levelwise antibrackets into a single antibracket (75) on the totalization and
making ∥V ∥ a genuine DGLA.
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7.1.2 The Thom–Whitney totalization

Define the polynomial, free commutative algebra of differential forms on a simplex, denoted
by Ωk “ Ωp∆kq. It has generators ttiu0ďiďk of degree 0 satisfying

řk
i“0 ti “ 1 and the

generators tdtiu0ďiďk of degree 1 satisfying
řk
i“0 dti “ 0. Ω‚ is a functor from ∆op to the

category of differential graded commutative algebras and the morphisms f : rks Ñ rℓs act
on Ωk as

f˚ti “
ÿ

fpjq“i

tj , 0 ď i ď ℓ.

For the Thom–Whitney totalization we take the simplicial Ω‚ with maps f˚ : Ωℓ Ñ Ωk and
a cosimplicial superspace V ‚ with maps f˚ : V k Ñ V ℓ. From the big product

ź

kě0

Ωk b V k

with elements given by a tuple ω “ pω0, ω1, ...q where ωk P Ωk b V k, we take the subspace

NTWpV q “

!

ω | pf˚ b 1qωℓ “ p1 b f˚qωk in Ωk b V ℓ, for every f : rks Ñ rℓs in ∆
)

.

This is nothing but imposing simplicial compatibility in a tuple, i.e. that the simplicial
operations match between the layers.

Each of the two factors carries a grading: the differential forms Ωpk by the form degree
p (with de Rham differential δ) and the graded superspace V j,k with differential d. Denote
by Np

TWpV q the same subspace as above with the additional condition that ωi P Ωp @i. We
then define the Thom–Whitney totalization of V ‚‚

}V }n “

8
ź

p“0

Np
TW

`

V n´p
˘

,

with total differential dTW “ δ`d, the Koszul sign p´1qp being exhibited concretely in (74)
below. For our purposes, we will always take the same V as in (72).

The advantage of this totalization is that ∥V ∥ can now be equipped with a differential
and an antibracket to form a DGLA. On Ωk b V k with β, β1, β2 P Ωpk and v, v1, v2 P V jk

define the product
pβ1 b v1q pβ2 b v2q “ p´1qp2|v1|β1β2v1v2, (73)

the differential
Dpβ b vq “ δβ b v ` p´1qpβ b dv, (74)

and the bracket
pβ1 b v1, β2 b v2q “ p´1qp2p|v1|`1qβ1β2 pv1, v2q . (75)

Given that this totalization has the structure of a DGLA, we can consider its MC set (Def.
2.3), given by the elements S P ∥V ∥ whose components Spα0...αk P Ωpk bF´ppUα0...αk

q satisfy

δSp´1
α0...αk

` dSpα0...αk
`

1

2

p
ÿ

i“0

pSiα0...αk
, Sp´i

α0...αk
q “ 0

on all intersections for all k.

We will soon see that the two complexes are quasi-isomorphic through an SDR and hence
contain the same information for our purposes.

Remark 7.5 (Functoriality under refinement). The TW totalization is functorial under
refinement of covers. If V “ tVβuβPJ is a refinement of U “ tUαuαPI via a map ϕ : J Ñ I with
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Vβ Ă Uϕpβq, then restriction of fields gives a morphism of cosimplicial DGLAs FpN‚Uq Ñ

FpN‚Vq, which in turn induces a DGLA quasi-isomorphism ∥FpN‚Uq∥ Ñ ∥FpN‚Vq∥, see
[19] for details.

Remark 7.6. From now on we take Ω‚ to consist of all smooth forms on the simplices, not
just the polynomial ones. The constructions that follow are carried out in the literature for
the polynomial (Sullivan) forms, but they work just as well in the general smooth case.

7.2 BV in simplicial language

We will give some results of the BV theory we have established in the first chapter in
simplicial language. Before we do that, we must introduce some more simplicial machinery.

7.2.1 Simplicial homotopy theory

We give some important definitions and theorems in simplicial homotopy theory, mostly
taken from [21], where one can also find the details and proofs. Central are the definitions
of the simplicial category ∆ (Def. 7.1) and the definition of a simplicial set (Def. 7.2).

Example 7.7. Define ∆n as the object of the category sSet by

∆n “ Hom∆p´, rnsq,

i.e. it is the functor ∆op Ñ Set represented by rns. We then denote ∆n
k to be the set

Hom∆prks, rnsq and Idn to be the natural identity of the set ∆n
n.

Definition 7.8 (Simplicial maps). Let X,Y be objects of sSet. A natural transformation
φ : X Ñ Y (between functors ∆op Ñ Set) is called a simplicial map. These are the
morphisms of the category sSet. It consists of a family of maps φk : Xk Ñ Yk satisfying
the usual commutative diagram.

Let Y be any simplicial set. Yoneda’s Lemma gives a natural bijection between the simplicial
maps ∆n Ñ Y and the n-simplices of Y

HomsSetp∆n, Y q – Yn

The bijection is given by identifying a simplicial map φ : ∆n Ñ Y with the n-simplex
φnpIdnq “ x P Yn.

Definition 7.9 (Boundary). The boundary of ∆n is the simplicial subset B∆n given by

B∆n
k “ tf P Hom∆prks, rnsq| f is not surjectiveu.

The idea behind this definition is to keep all the elements of the set Hom∆prks, rnsq except
Idn P ∆n

n.

Definition 7.10 (Horn). The k-th horn of ∆n, denoted Λnk , is the simplicial subset whose
set of j-simplices is

pΛnkqj “ tf P pB∆nqj | im f ‰ rnsztkuu.

In other words, among all boundary simplices we ban those whose image is exactly everything
except k.
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Definition 7.11 (Fibration). A simplicial map p : X Ñ Y is called a fibration if for all
n ě 1 and 0 ď k ď n, every commutative diagram of simplicial maps given by the left
diagram below admits a simplicial map h extending it to the commutative diagram on the
right:

Λnk X

∆n Y

f

i p

g

ù

Λnk X

∆n Y

f

i p

g

h

In very broad terms, what this diagram tells us, is that if we find a way to fill a shape
downstairs in the base space Y , a fibration guarantees that we can always lift that "filling
strategy" up to the total space X such that it glues onto whatever boundary information
(given by f) is present.

Definition 7.12 (Kan complex). A Kan complex is a simplicial set X such that the canon-
ical map p : X Ñ ∆0 is a fibration. In other words, for each horn f : Λnk Ñ X, one can find
an extension h : ∆n Ñ X such that h ˝ i “ f .

A Kan complex is therefore a space where one can draw any horn inside which is always
fillable. We will see that these are the complexes that enable us to define homotopies.

Definition 7.13 (Simplicial homotopy). We say that there is a simplicial homotopy between
two simplicial maps f, g : X Ñ Y if there is a simplicial map h : X ˆ∆1 Ñ Y such that the
diagram

X ˆ ∆0 “ X

X ˆ ∆1 Y

X ˆ ∆0 “ X

1ˆd1 f

h

1ˆd0 g

commutes.

We will first be interested in the homotopies of two vertices, i.e. the homotopies of two
simplicial maps ∆0 Ñ Y . It turns out that this is an equivalence relation if Y is a Kan
complex, as the following Lemma shows.

Lemma 7.14. If Y is a Kan complex, the simplicial homotopy of vertices ∆0 Ñ Y is an
equivalence relation.

Proof. Let di, si be the usual induced simplicial morphisms on the simplicial set Y . Let
x, y P Y0. We need to show that the existence of e P Y1 with d1e “ y and d0e “ x is an
equivalence relation.

Reflexivity: Define e “ s0x. By the simplicial identity djsj “ dj`1sj “ Id we have
d1e “ d0e “ x.

Transitivity: Suppose that we have two edges e2 and e0 such that d0e2 “ y, d1e2 “ x
and d0e0 “ z, d1e0 “ y. Given that d0e2 and d1e0 match, we have a well-defined map
f : Λ2

1 Ñ Y . For this we can choose an extension h : ∆2 Ñ Y and define e1 “ d1h; we get
d0e1 “ d0d1h “ d0d0h “ z, d1e1 “ d1d1h “ d1d2h “ x.
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Symmetry: Let e2 be an edge such that d1e2 “ y, d0e2 “ x. Define the edge e1 “ s0x.
Due to d1e1 “ d1e2, we have again a well-defined map f : Λ2

0 Ñ Y , for which we can extend
via h : ∆2 Ñ Y and define e0 “ d0h. Indeed,

d0e0 “ d0d0h “ d0d1h “ x, d1e0 “ d1d0h “ d0d2h “ y.

We can finally define the homotopy sets of a simplicial set.

Definition 7.15. For a Kan complex X, one defines π0pXq to be the set of vertices of X
modulo homotopy, i.e.

π0pXq “ X0{ „

One could also define the higher homotopy groups; these are not of direct relevance for our
purposes and we will omit their definition. One last notion of importance is that of a weak
equivalence: a map f : X Ñ Y between Kan complexes that induces an isomorphism on
the higher homotopy groups (c.f. [21], equation (7.9)) and, importantly for us, a bijection
f˚ : π0pXq Ñ π0pY q.

7.2.2 BV in simplicial terms

We have seen above that the tensor product of a DGLA L with a differential graded com-
mutative algebra such as Ω‚ again yields a DGLA, with product, differential and brackets
given as in (73), (74) and (75).

Furthermore it is, due to the contravariance of Ω, a simplicial DGLA. Taking the MC
functor, we obtain a simplicial set Del8pLqk “ MCpΩp∆kq b Lq, often called the Deligne
groupoid [2]. The 0-vertices are then the MC solutions of L, the 1-edges are homotopies
between them, and so on.

In the previous section we used the Kan property to define homotopy correctly. One
can indeed prove that Del8pLq is a Kan complex if L is nilpotent ([25] Prop. 2.2.3) or we
work with a complete L (where the filtration starts at F 1 and not at F 0, as we have defined
it; [2] Cor. 2.11), since in these cases the infinite sums encountered in Section 2 converge
automatically.

We see from the proof of Lemma 7.14 that we need to be able to fill the two horns to
define π0. In our setting, this boils down to having a well-defined composition of gauge
actions (c.f. 2.6) for transitivity, and inverse gauge actions for symmetry. Assuming their
convergence, we can define the following.

Definition 7.16. Let S0, S1 P MCpLq. We say that S0 and S1 are equivalent, if they are
in the same class of π0pDel8pLqq, that is, if DAt P Del8pLq1 “ MCpΩ˚p∆1;Lqq such that
d1At “ S0 and d0At “ S1.

Unpacking the definition, we observe that an element At can be written as At “ St ` Rtdt
(where we take t :“ t1 and t0 “ 1´ t respectively, so that the face d1, i.e. tt1 “ 0u, is t “ 0).
The MC equations for S0 and S1 spell out

dS0 `
1

2
pS0, S0q “ 0, dS1 `

1

2
pS1, S1q “ 0

and for At
δSt ´ dRt “ pSt, Rtq, dSt `

1

2
pSt, Stq “ 0,

with the condition d1At “ At|t“0 “ St|t“0 “ S0 and d0At “ S1. This is exactly the content
of the BV canonical transformation (if we use d “ ´̊ıℏ∆).
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Definition 7.17. Let M be a manifold with odd-symplectic structure. Define the simplicial
set of families of Lagrangian submanifolds of M:

ΞpMq‚ “ tι : ∆‚ ˆ L Ñ M| ιpt,´q Ă M Lagrangianu,

where L is a Lagrangian submanifold of M. The face and degeneracy maps are induced by
precomposition with the standard maps of ∆‚, and the simplicial identities of Definition 7.2
are satisfied since ∆‚ itself satisfies them.

We will integrate over these Lagrangian families and hence form the free abelian group
ZΞpMq on ΞpMq to define the differential complex pZΞpMq, Bq where B “

ř

ip´1qidi.
Consider now again the half-densities Dens1{2pMq. Denote the integration map

Iσpιq “

ż

L
ι˚σ, ι P ΞpMq, σ P Dens1{2pMq.

For a ∆-closed σ we have then seen that, for any ι P ΞpMq1 with d1ι “ L0 and d0ι “ L1,
the BV integral of Definition 1.41 satisfies IσpBιq “ 0.

7.2.3 Effective action

We have seen that to define the effective action one usually has a splitting of fields given by
a cartesian product F “ B ˆ F , where one integrates the fluctuation fields in F away by
choosing L Ă F , see Definition 1.42. This setup can be generalized.

Definition 7.18 (BV hedgehog, [10, Rmk. 2.13]). A BV hedgehog is a submersion π :
F Ñ B of odd symplectic supermanifolds, with typical fiber F “ π´1pxq, x P B, also odd
symplectic, such that there is an open cover tUαuαPI of B and symplectomorphisms

ϕα : π´1pUαq Ñ Uα ˆ F, prB ˝ ϕα “ π,

over Uα, pulling ωB ‘ ωF back to ωF , and whose fiber transition maps Rαβ (see below) are
connected to the identity.

Since the fibers are odd symplectic, we have a decomposition TpF “ Vp ‘ Hp with Vp “

Ker dπp and Hp “ V Kω
p . For any v P H and w P V ,

ωpdϕαβpvq, wq “ ωpv,dϕ´1
αβpwqq,

by symplecticity. Since ϕαβ covers Id, we have dϕ´1
αβpwq P V , and v P V Kω kills any vertical

vector, so dϕαβpvq P H. In coordinates:
ϕαβpx, yq “ px,Rαβpyqq, Rαβ :“ pϕα ˝ ϕ´1

β q|F P SymppF q,

i.e. the transition maps act only in the fiber direction, and moreover independently of x, since
preserving H forces BxRαβ “ 0. The Rαβ satisfy the usual cocycle conditions, RαβRβγ “

Rαγ with Rαα “ Id.

Let σ P Dens1{2pFq be a global solution to the QME. Choosing L Ă F and using each
trivialization ϕα, one defines a local effective action

σeff
α :“

ż

L
pϕ´1
α q˚σ P Dens1{2pUαq,

which solves the QME on Uα by Corollary 1.46. On an overlap Uαβ however,

σeff
β ´ σeff

α “

ż

RαβpLq

pϕ´1
α q˚σ ´

ż

L
pϕ´1
α q˚σ,

a discrepancy since Rαβ need not preserve L. By Theorem 1.44 the mismatch is controlled by
a Lagrangian homotopy between L and RαβpLq in F . Encoding such homotopies coherently
over the full Čech nerve requires some further constructions.
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Definition 7.19 (Simplicial group and action, [28] Def. 18.1). A simplicial group is a
simplicial set G : ∆ Ñ Grp. We write ek P Gk for the unit. A simplicial group G acts
from the left on a simplicial set E if there is a simplicial map ϕ : G ˆ E Ñ E, written
ϕpg, xq “ g ¨ x, such that ek ¨ x “ x and g ¨ pg1 ¨ xq “ pgg1q ¨ x.

Definition 7.20 (Twisting function and twisted Cartesian product, [28] Def. 18.3). Let F,B
be simplicial sets and G a simplicial group acting on F from the left. A twisting function is
a family of maps τ : Bk Ñ Gk´1, k ě 1, satisfying

d0τpbq “ τpd0bq
´1τpd1bq, for b P Bkě2,

diτpbq “ τpdi`1bq, for i ą 0,

siτpbq “ τpsi`1bq, for i ě 0,

τps0bq “ ek.

The associated twisted Cartesian product F ˆτ B is the simplicial set with pF ˆτ Bqk “

Fk ˆBk and

dipf, bq “ pdif, dibq, i ą 0, d0pf, bq “ pτpbq ¨ d0f, d0bq, sipf, bq “ psif, sibq, i ě 0.

The identities on τ are precisely the requirement that F ˆτ B be a simplicial set.

We specialise to the hedgehog. The base is the Čech nerve B “ N‚U and the fiber is
the simplicial set ΞpF q of Lagrangian families in F (Def. 7.17); the structure group is the
constant group complex G “ SymppF q, i.e. Gk “ SymppF q with all di, si “ Id. It acts on
ΞpF q from the left by post-composition g ¨ ι “ g ˝ ι. This is a simplicial map: the operator
induced on ΞpF q by a morphism θ of ∆ is precomposition on the source, θ˚ι “ ι ˝ pθˆ IdLq

so the square defining a simplicial map commutes; in particular this holds for every face di
and degeneracy si.

For the twisting function we take the transition cocycle of the hedgehog read off the
leading edge,

τ : NkU Ñ SymppF q, τpα0 . . . αkq “ R´1
α0α1

,

and we set ΞτU pF q :“ ΞpF q ˆτ N‚U .

Lemma 7.21. τ is a twisting function, so ΞτU pF q is a simplicial set, with

dipι, αq “ pdiι, diαq pi ą 0q, d0pι, αq “ pR´1
α0α1

˝ d0ι, d0αq, sipι, αq “ psiι, siαq.

Proof. As G is constant, diτ “ siτ “ τ , so the four identities reduce to relations on R. The
first reads R´1

α0α1
“ Rα1α2R

´1
α0α2

, i.e. the cocycle relation Rα0α1Rα1α2 “ Rα0α2 ; the second
and third hold because deleting or repeating a vertex of index ě 1 fixes the leading edge;
and τps0αq “ R´1

α0α0
“ Id since Rαα “ Id.

Definition 7.22 (Simplicial section). A simplicial section of a simplicial map p : E Ñ B is
a simplicial map s : B Ñ E with p ˝ s “ IdB.

A flexible Lagrangian is a simplicial section s : N‚U Ñ ΞτU pF q of the projection, normalised
by ια “ IdL. Concretely it assigns to each α “ pα0 . . . αkq a Lagrangian family ια0...αk

:
∆k ˆ L Ñ F with

ια0...αk
|ti“0 “ ια0...xαi...αk

pi ě 1q, ια0...αk
|t0“0 “ Rα0α1 ˝ ια1...αk

,

together with ιsiα “ siια on degeneracies.
Fix a flexible Lagrangian. We construct its Hamiltonian one-form as in (7). On each simplex,
with α “ pα0 . . . αkq as above, the family ια (written ι when the simplex is fixed) has velocity
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fields Xj,α :“ dιαpB{Btjq, j “ 0, . . . , k. Since every ιαpt,´q is Lagrangian, ιαpt,´q˚ωF “ 0,
and differentiating along tj shows each

βj,α :“ ι˚αpιXj,αωF q P Ω1pLq

is closed. Since ghpβj,αq “ ´1 and cohomology in nonzero ghost degree vanishes, we can
define the following.

Definition 7.23 (Hamiltonian one-form). The Hamiltonian one-form of the family is

ηα “

k
ÿ

j“0

ηj,α dtj P Ω1
k b C8pLq, dLηj,α “ βj,α,

Due to ghpηj,αq “ ´1 it is unique.

Lemma 7.24. The Hamiltonian one-forms satisfy
ηα

ˇ

ˇ

ti“0
“ ηα0...xαi...αk

pi ě 1q, ηα
ˇ

ˇ

t0“0
“ ηα1...αk

.

Proof. Restriction to tti “ 0u commutes with differentiation with respect to the simplicial
coordinate tj with j ‰ i. Therefore the computation of Xj,α|ti“0 for j ‰ i is equivalent to
first setting ti “ 0 on the family ια, and then taking the simplicial differential. The term of
i “ j does not contribute anyway, as it will get killed by dtj “ 0.

Faces i ě 1: The section condition gives ια|ti“0 “ ια0...xαi...αk
, henceXj,α|ti“0 “ Xj,α0...xαi...αk

and therefore βj,α|ti“0 “ βj,α0...xαi...αk
.

Face i “ 0: Set R :“ Rα0α1 . Here ια|t0“0 “ R ˝ ια1...αk
with R P SymppF q constant

in t, so the velocities push forward, Xj,α|t0“0 “ R˚Xj,α1...αk
. By naturality of the interior

product, R˚pιR˚V ωF q “ ιV pR˚ωF q, together with R˚ωF “ ωF ,
βj,α

ˇ

ˇ

t0“0
“ pR ˝ ια1...αk

q˚
`

ιR˚Xj,α1...αk
ωF

˘

“ ι˚α1...αk

`

ιXj,α1...αk
R˚ωF

˘

“ βj,α1...αk
.

From β to η: Pullback along a coface commutes with dL, hence ηα|ti“0 satisfies the
equation dLpηα|ti“0q “ βα|ti“0; as that primitive is unique, it equals ηα0...xαi...αk

for i ě 1
and ηα1...αk

for i “ 0.

With these, the patchwise effective action of a global σ P Dens1{2pFq, for a flexible La-
grangian with base Lagrangian L, is

σeff
α0...αk

:“ π˚,α0...αk
σ :“

ż

L
e´̊ıηα0...αk

{ℏ pϕ´1
α0

˝ ια0...αk
q˚σ P Ωk b Dens1{2pUα0...αk

q.

Proposition 7.25. σeff
α0...αk

is an element of the Thom–Whitney complex ∥Dens1{2pN‚Uq∥.

Proof. Each σeff
α0...αk

lies in Ωk b Dens1{2pUα0...αk
q, so the collection is a point of

ś

k Ωk b

Dens1{2pNkUq. What remains is the Thom–Whitney matching pf˚ b 1qωℓ “ p1 b f˚qωk for
every f : rks Ñ rℓs in ∆; since these are generated by the cofaces and codegeneracies, it
suffices to treat those.

Cofaces: For a coface f “ di the map f˚ restricts a form to the i-th face tti “ 0u and
f˚ is the Čech coface, so the condition reads

σeff
α0...αk

ˇ

ˇ

ti“0
“ σeff

α0...xαi...αk

ˇ

ˇ

Uα0...αk
.

For i ě 1 the face relations of the flexible Lagrangian and of η give ια0...αk
|ti“0 “ ια0...xαi...αk

and ηα0...αk
|ti“0 “ ηα0...xαi...αk

; since α0 survives, the reference trivialization ϕα0 is un-
changed and the whole integrand restricts to that of σeff

α0...xαi...αk
. For i “ 0 we instead

have ια0...αk
|t0“0 “ Rα0α1 ˝ ια1...αk

and η|t0“0 “ ηα1...αk
, so

σeff
α0...αk

ˇ

ˇ

t0“0
“

ż

L
e´̊ıηα1...αk

{ℏ pϕ´1
α0

˝Rα0α1 ˝ ια1...αk
q˚σ.
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By definition of the transition map ϕ´1
α0

˝ Rα0α1 “ ϕ´1
α1

, so the right-hand side equals
σeff
α1...αk

|Uα0...αk
.

Codegeneracies: Here we observe that a codegeneracy can never change the first index
α0 (it can double it but not replace it); the rest is tracking the simplicial maps s˚

i through
the construction, which are all well-behaved, to show si˚σeff

α “ σeff
siα.

Theorem 7.26. The fiberwise BV integration π˚,α is a chain map between the complexes
pDens1{2pMq, ´̊ıℏ∆q and p∥Dens1{2pN‚Uq∥, δ ´ ı̊ℏ∆Bq, i.e.

pδ ´ ı̊ℏ∆Bqπ˚,α0...αk
σ “ π˚,α0...αk

`

´̊ıℏ∆σ
˘

. (76)

Proof. We adapt the proof of Theorem 4.1 of [20] for this case. Work in an adapted Darboux
chart pxA, ζA; y

a, ξaq around some point in F , with pxA, ζAq on B and pya, ξaq on the fiber
F , ωF “ dξa ^ dya; these split coordinates are the ones furnished by the trivialization ϕα0 .
As ϕα0 is a (t-independent) symplectomorphism of F , the one-forms βj,α (and hence ηα)
are read off ϕ´1

α0
˝ ια just as off ια (naturality, as in Lemma 7.24). After a fiber-direction

reparametrization we may thus assume ϕ´1
α0

˝ ια is realized as a section of ΠT ˚L in F :
ya “ ya, ξa “ ξapy, tq, ξapy, 0q “ 0.

In this chart βj,α “ Btjξa dy
a, so the defining relation dLηj,α “ βj,α reads Bηj,α{Bya “

Bξa{Btj . The components of δηα are then independent of y:
B

Bya

´Bηj,α
Bti

´
Bηi,α
Btj

¯

“
B2ξa

BtiBtj
´

B2ξa
BtjBti

“ 0,

so they are constant along L; being of ghost number ´1 they vanish, i.e. δηα “ 0.
Write σ “ fpx, ζ, y, ξq dy dx, so

pϕ´1
α0

˝ ιαq˚σ “ f
`

x, ζ, y, ξpy, tq
˘

dy dx.

Applying δ and using δηα “ 0,

δ
`

e´̊ıηα{ℏpϕ´1
α0

˝ ιαq˚σ
˘

“ e´̊ıηα{ℏ
ÿ

a

δξapy, tq
Bf

Bξa

ˇ

ˇ

ˇ

ξpy,tq
dy dx.

The defining relation gives δξapy, tq “ Bηα{Bya, hence

δ
`

e´̊ıηα{ℏpϕ´1
α0

˝ ιαq˚σ
˘

“ e´̊ıηα{ℏ
ÿ

a

Bηα
Bya

Bf

Bξa

ˇ

ˇ

ˇ

ξpy,tq
dy dx. (:)

To turn the integrand of p:q into a fiber Laplacian plus a total derivative, expand the latter
by Leibniz

ı̊ℏ
ÿ

a

B

Bya

„

e´̊ıηα{ℏ Bf

Bξa

ˇ

ˇ

ˇ

ξpy,tq

ȷ

“ e´̊ıηα{ℏ
ÿ

a

Bηα
Bya

Bf

Bξa

ˇ

ˇ

ˇ

ξpy,tq
` ı̊ℏ e´̊ıηα{ℏ

ÿ

a

B

Bya

ˆ

Bf

Bξa

ˇ

ˇ

ˇ

ξpy,tq

˙

.

The chain rule through ξpy, tq splits the last sum into the fiber Laplacian and a cross term,
ÿ

a

B

Bya

ˆ

Bf

Bξa

ˇ

ˇ

ˇ

ξpy,tq

˙

“
ÿ

a

B2f

ByaBξa

ˇ

ˇ

ˇ

ξpy,tq
`

ÿ

a,b

B2f

BξbBξa

ˇ

ˇ

ˇ

ξpy,tq

Bξb
Bya

.

The cross term vanishes: the Lagrangian condition ιαpt,´q˚ωF “ 0 reads Bξa
Byb

dyb^dya “ 0,
i.e. Bξb{Bya is symmetric in a, b, whereas B2f{BξbBξa is antisymmetric as the ξa are odd.
Solving the Leibniz identity for the integrand of p:q and using e´̊ıηα{ℏ∆F f |ξpy,tq dy dx “

e´̊ıηα{ℏpϕ´1
α0

˝ ιαq˚∆Fσ, equation p:q becomes

δ
`

e´̊ıηα{ℏpϕ´1
α0

˝ιαq˚σ
˘

“ e´̊ıηα{ℏ pϕ´1
α0

˝ιαq˚p´̊ıℏ∆Fσq ` ı̊ℏ
ÿ

a

B

Bya

„

e´̊ıηα{ℏ Bf

Bξa

ˇ

ˇ

ˇ

ξpy,tq

ȷ

dy dx.
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Integrating the equation above over L (i.e. over the ya), the total y-derivative term vanishes
by Stokes, leaving

δ

ż

L
e´̊ıηα{ℏpϕ´1

α0
˝ ιαq˚σ “

ż

L
e´̊ıηα{ℏpϕ´1

α0
˝ ιαq˚p´̊ıℏ∆Fσq. (;)

Since ∆B involves only px, ζq it commutes with
ş

L and pϕ´1
α0

˝ ιαq˚. We have
ż

L
e´̊ıηα{ℏ pϕ´1

α0
˝ ιαq˚p´̊ıℏ∆Bσq “ p´1qpp´̊ıℏq∆B

ż

L
e´̊ıηα{ℏ pϕ´1

α0
˝ ιαq˚σ “ ´̊ıℏ∆B σ

eff
α ,

where on the right ∆B acts on Ωk bDens1{2 with its Koszul sign, i.e. the p´1qp is absorbed
into the differential of the totalization. Adding this to p;q and using ∆ “ ∆B ` ∆F yields
the claim.

If we now start with a global σ “ e̊ıS{ℏ P Dens1{2pFq which solves the quantum master
equation, the right-hand side of (76) vanishes and hence σeff

α0...αk
is a cocycle of the δ´ ı̊ℏ∆B

complex. If we have a global Berezinian µB P BERpBq with ∆
?
µB “ 0, we can write

?
µBe

ı̊Sα0...αk
{ℏ “ σeff

α0...αk
and obtain

δSp´1
α0...αk

´ ı̊ℏ∆BS
p
α0...αk

`
1

2

p
ÿ

i“0

pSiα0...αk
, Sp´i

α0...αk
q “ 0,

hence Sα P MCℏp∥FpN‚Uqrrℏss∥q.

7.3 Strong deformation retractions

The first goal is to construct two SDRs

pFpMqrrℏss, ´̊ıℏ∆q
ι

ÝáâÝ
π

p|FpN‚Uqrrℏss|, δ̌ ´ p´1qk ı̊ℏ∆q,
w
ÝáâÝ
p

p∥FpN‚Uqrrℏss∥, δ ´ ı̊ℏ∆q,

to compose them into a single SDR

pFpMqrrℏss, ´̊ıℏ∆q
I

ÝáâÝ
P

p∥FpN‚Uqrrℏss∥, δ ´ ı̊ℏ∆q.

The space F can be replaced by Dens1{2 here; for F we assume throughout a global
Berezinian µ with ∆

?
µ to define ∆ “ ∆µ, for Dens1{2 we can keep using the canonical

BV Laplacian.

7.3.1 First SDR: global Ñ Čech

We begin with an SDR between the algebra of global functions and the Čech totalization.

FpMqrrℏss
ι

ÝáâÝ
π

p|FpN‚Uqrrℏss|, δ̌q ö h (77)

This is a special case where FpMqrrℏss is simply the cohomology of p|FpN‚Uqrrℏss|, δ̌q, since
the global functions sit in cohomology degree 0 and the higher degrees vanish.

We define

• ι : FpMqrrℏss Ñ |FpN‚Uqrrℏss| by sending S P FpMqrrℏss to the Čech 0-cochain

ιpfq :“
`

S|Uα

˘

αPI
,

extended by 0 in higher Čech degrees.
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• π : |FpN‚Uqrrℏss| Ñ FpMqrrℏss averaging the 0-cochain part of a Čech cochain ν with
a partition of unity

πpνq :“
ÿ

αPI

ρανα.

• h : |FpN‚Uqrrℏss| Ñ |FpN‚Uqrrℏss| of degree ´1 by
`

hpνq
˘

α0¨¨¨αp´1
:“

ÿ

αPI

ραναα0¨¨¨αp´1 for p ě 1,

and hpνq :“ 0 on 0-cochains.

Throughout, the components να0...αk
are stored only on increasing strings α0 ă ¨ ¨ ¨ ă αk,

and we read them off on an arbitrary string by total antisymmetry: for any permutation
τ P Sk`1,

νατp0q...ατpkq
:“ sgnpτq να0...αk

,

and να0...αk
“ 0 whenever two indices coincide. In words, to evaluate ν on an unordered

string one sorts the indices increasingly and multiplies by the sign of the sorting permutation;
for k “ 1 this is just νβα “ ´ναβ .

Lemma 7.27. The triple pι, π, hq defines an SDR as in (77); that is,

(i) π ˝ ι “ IdFpMqrrℏss;

(ii) δ̌h` hδ̌ “ Id´ιπ;

(iii) hι “ 0, πh “ 0, h2 “ 0.

Proof. (i) For f P FpMqrrℏss,

πpιpfqq “
ÿ

α

ραf |Uα “ f ¨
ÿ

α

ρα “ f.

(ii) From [6]: For a Čech p-cochain ν with p ě 1 we use pδ̌νqαα0¨¨¨αp “ να0¨¨¨αp ´
řp
i“0p´1qiναα0¨¨¨α̂i¨¨¨αp to compute

pδ̌hνqα0¨¨¨αp “

p
ÿ

i“0

p´1qiphνqα0¨¨¨α̂i¨¨¨αp “
ÿ

α

p
ÿ

i“0

p´1qiρα ναα0¨¨¨α̂i¨¨¨αp ,

phδ̌νqα0¨¨¨αp “
ÿ

α

ραpδ̌νqαα0¨¨¨αp “ να0¨¨¨αp ´
ÿ

α

p
ÿ

i“0

p´1qiρα ναα0¨¨¨α̂i¨¨¨αp ,

where in the second line we used
ř

α ρα “ 1. Adding the two, the double sums cancel and
pδ̌h` hδ̌qν “ ν; since ιπ vanishes in positive Čech degree this is pId´ιπqν.

For p “ 0, hpνq “ 0, so we only need to compute hpδ̌νq. Using the sign convention
pδ̌νqαβ “ νβ ´ να,

`

hpδ̌νq
˘

β
“

ÿ

α

ραpδ̌νqαβ “
ÿ

α

ραpνβ ´ ναq “ νβ ´ πpνq “
`

ν ´ ιπpνq
˘

β
.

Hence pδ̌h` hδ̌qpνq “ hpδ̌νq “ pId´ιπqν, as required.
(iii) The identity hι “ 0 is immediate from hpνq “ 0 on 0-cochains.
For πh “ 0, let ν be a Čech p-cochain with p ě 1:

πphpνqq “
ÿ

β

ρβphνqβ “
ÿ

β

ρβ
ÿ

α

ραναβ “
ÿ

α,β

ραρβναβ “ 0,
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where the last equality follows by antisymmetry of ναβ in pα, βq against the symmetry of
ραρβ .

For h2 “ 0, applied to a p-cochain with p ě 2,

ph2νqα0¨¨¨αp´2 “
ÿ

β

ρβphνqβα0¨¨¨αp´2 “
ÿ

α,β

ραρβναβα0¨¨¨αp´2 “ 0

by the same antisymmetric/symmetric contraction argument.

Next, we will introduce the BV Laplacian in the Čech complex. We want to use it as
a perturbation of the Čech differential and apply the homological perturbation lemma to
construct the updated SDR. Let the perturbation be the differential B “ ´p´1qk̊ıℏ∆, where
k is the Čech degree. Care must be taken with the degree-dependent sign inside the geometric
series of Lemma 2.13: every h lowers the Čech degree by one, so acting on a k-cochain the
successive ∆’s in πp´Bhqn and hp´Bhqn sit in degrees k´ 1, k´ 2, . . . , k´ n and contribute

p´1qpk´1q`pk´2q`¨¨¨`pk´nq “ p´1qnk`
npn`1q

2 .

We then have that

dFpMqrrℏss ù d∆ “ ´̊ıℏπ∆ι∆,

ι ù ι∆ “
ÿ

ně0

p̊ıℏqnph∆qnι,

π ù π∆ “
ÿ

ně0

p´1qnk`
npn`1q

2 p̊ıℏqnπp∆hqn,

h ù h∆ “
ÿ

n ě0

p´1qnk`
npn`1q

2 p̊ıℏqnhp∆hqn.

Now observe that in our case, we have that ∆ι “ ι∆, where the ∆ on the right-hand side
is to be understood as the regular BV Laplacian on the global functions. Due to hι “ 0 we
therefore have that in fact ι∆ “ ι. Using this in the formula for d∆, we obtain immediately
that d∆ “ ´̊ıℏ∆ on FpMqrrℏss. Hence the only two changes are h∆ and π∆.

All in all we upgraded the SDR to one which contains the BV Laplacian as differential

pFpMqrrℏss, ´̊ıℏ∆q
ι

ÝÝáâÝÝ
π∆

p|FpN‚Uqrrℏss|, δ̌ ´ p´1qk ı̊ℏ∆q ö h∆ (78)

7.3.2 Second SDR: Čech Ñ Thom–Whitney

We now construct an SDR

p|FpN‚Uqrrℏss|, δ̌ ´ p´1qk ı̊ℏ∆q
w
ÝáâÝ
p

p∥FpN‚Uqrrℏss∥, δ ´ ı̊ℏ∆q ö s (79)

where the δ̌ is the Čech differential and δ the de Rham operator on forms on the simplices.

We have the following constructions from [18]:

• For a Čech k-cochain ν “ pνα0¨¨¨αk
q we define the Whitney embedding w by

wpνq “
ÿ

pα0,¨¨¨ ,αkqPIk`1
ď

ϵα0¨¨¨αk
b να0¨¨¨αk

, (80)

where ϵα0¨¨¨αk
is the Whitney elementary form

ϵα0¨¨¨αk
“ k!

k
ÿ

i“0

p´1qitαidtα0 ¨ ¨ ¨ ydtαi ¨ ¨ ¨ dtαk
. (81)
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Equivalently, summing over arbitrary pk ` 1q-tuples (and using the antisymmetric
convention),

wpνq “
1

k ` 1

ÿ

α0,...,αkPIk`1

k
ÿ

i“0

p´1qitαidtα0 ¨ ¨ ¨ ydtαi ¨ ¨ ¨ dtαk
b να0¨¨¨αk

.

One can easily show that w is a chain map. For the δ̌ and δ we have that ([20]):

wpδ̌νq “
1

k ` 2

ÿ

α0,...,αk`1PIk`1

k`1
ÿ

j“0

k`1
ÿ

i“0

p´1qi`jtαidtα0 . . .
pdtαi . . . dtαk`1

b να0...pαj ...αk`1
.

Due to
ř

i dtαi “ 0 only i “ j terms survive. Using
ř

i tαi “ 1 yields
wpδ̌νq “

ÿ

α1,...,αk`1PIk`1

dtα1 . . . dtαk`1
να1...αk`1

.

which is exactly the same as δwpνq. Similarly, we have

wp´p´1qk ı̊ℏ∆νq “
´p´1qk̊ıℏ
k ` 1

ÿ

α0,...,αkPIk`1

k
ÿ

i“0

p´1qitαidtα0 ¨ ¨ ¨ ydtαi ¨ ¨ ¨ dtαk
b ∆να0¨¨¨αk

“
´̊ıℏ∆
k ` 1

ÿ

α0,...,αkPIk`1

k
ÿ

i“0

p´1qitαidtα0 ¨ ¨ ¨ ydtαi ¨ ¨ ¨ dtαk
b να0¨¨¨αk

“ ´̊ıℏ∆wpνq

where we have used the Koszul sign rule to push the ∆ past the differential forms.

• The map p is defined via integration of differential forms over the simplices,

ppωqα0...αp “

ż

∆p

ωα0...αp (82)

where ∆p is the corresponding simplex of α0...αp. It leaves the FpN‚Uqrrℏss part
untouched, picks the top form and integrates it to a number, such that the output is
in |FpN‚Uqrrℏss|. Note that:

– For p “ 0: p is evaluation at the vertex eα0 , i.e. setting tα0 “ 1 and all other
equal to 0.

– For p ě 1: only p-forms with exactly p differentials dtαj contribute. After elim-
inating tα0 via the relation tα0 ` tα1 ` ¨ ¨ ¨ ` tαp “ 1 on the simplex, the basic
integral is (omitting the FpN‚Uqrrℏss part)

”

p
´

tb1α1
¨ ¨ ¨ t

bp
αpdtα1 ¨ ¨ ¨ dtαp

¯ı

α0...αp

“
b1!b2! ¨ ¨ ¨ bp!

pb1 ` b2 ` ¨ ¨ ¨ ` bp ` pq!
.

The map p is a chain map: due to Stokes we have

ppδωqα0...αp “

ż

∆p

pδωqα0...αp “

ż

B∆p

ωα0...αp “

p
ÿ

i“0

p´1qi
ż

Bi∆p

ωα0...αp

where Bi∆
p is the i-th face of ∆p, i.e. ti “ 0. The TW simplicial compatibility

conditions force ωα0...αp |Bi∆p “ ωα0...α̂i...αp and hence
p

ÿ

i“0

p´1qi
ż

Bi∆p

ωα0...αp “

p
ÿ

i“0

p´1qi
ż

∆p´1

ωα0...α̂i...αp

“

p
ÿ

i“0

p´1qippωqα0...α̂i...αp “ pδ̌pωqα0....αp .
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For the same reason as for w, we also obtain ´p´1qk̊ıℏ∆pω “ pp´̊ıℏ∆ωq.

• The homotopy s is the Dupont contraction. It is a degree ´1 simplicial endomorphism
s‚ : Ω˚

‚ Ñ Ω˚´1
‚ which is defined as follows. Define for 0 ď i ď n the maps ϕi :

r0, 1s ˆ ∆n Ñ ∆n by
ϕipt, xq “ tx` p1 ´ tqei,

where ei is the i’th vertex. Denote π˚ : Ω˚ pr0, 1s ˆ ∆nq Ñ Ω˚´1 p∆nq the integration
along t. Define the operator hin : Ω˚

n Ñ Ω˚´1
n by the formula

hinpωq “ π˚pϕ˚
i ωq.

The Dupont contraction s is then constructed as

sn “

n´1
ÿ

k“0

ÿ

i0ă¨¨¨ăik

ϵi0...ikh
ik
n . . . h

i0
n , n ě 0.

The fact that this describes an SDR is stated in the Lemma below. The proofs are tedious
and not overly insightful, which is the reason why we reference to literature instead.

Lemma 7.28. The triple pw, p, sq defines an SDR as in (79):

(i) p ˝ w “ Id|FpN‚Uqrrℏss|;

(ii) pδ ´ ı̊ℏ∆qs` spδ ´ ı̊ℏ∆q “ Id´wp;

(iii) sw “ 0, ps “ 0, s2 “ 0.

Proof. Item (i) follows from the duality Iα0¨¨¨αk
pϵβ0¨¨¨βkq “ δαβ between elementary forms and

simplices (on the diagonal the k!-normalisation Iα0¨¨¨αk
pϵα0¨¨¨αk

q “ 1, off it vanishing). For
(ii), note first that it reduces to the form-level statement δs ` sδ “ Id´wp: s acts only on
the Ω‚ factor and lowers the form degree by one, so it anticommutes with the Koszul-signed
Laplacian, ∆psβ b vq “ p´1qp´1 sβ b ∆v “ ´s∆pβ b vq, and the two ∆-terms cancel. The
form-level statement can then be found in [18], Theorem 3.7. For (iii), ps “ 0 is Lemma 3.4,
i); s2 is the content of Theorem 3.11 and finally sw “ 0 follows from s2 “ 0 and Lemma 3.4
ii).

Remark 7.29. None of the three maps of this SDR really requires polynomiality of the
forms. Indeed Dupont’s contraction is originally defined on the full de Rham complex
Ω‚p∆nq of smooth forms, and the polynomial model of [18] used here is a restriction of it.
Lemma 7.28 therefore holds verbatim with Ω‚ taken to be the smooth de Rham complex
Ω‚p∆‚q in place of the polynomial one, as anticipated in Remark 7.6, and every construction
of this section carries over to smooth forms unchanged.

7.3.3 Composition of SDRs

We now compose the two SDRs to obtain a single SDR

pFpMqrrℏss, ´̊ıℏ∆q
I

ÝáâÝ
P

p∥FpN‚Uqrrℏss∥, δ ´ ı̊ℏ∆q ö K. (83)

by defining
I :“ w ˝ ι, P :“ π∆ ˝ p, K :“ s` wh∆p.

Proposition 7.30. The triple pI, P,Kq is an SDR as given in (83).
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Proof. We first show the homotopy relation. For brevity and clarity we abbreviate for this
proof δ̌ :“ δ̌ ´ p´1qk̊ıℏ∆ in the Čech complex and δ :“ δ ´ ı̊ℏ∆ in the TW complex. Using
that w and p are chain maps with wδ̌ “ δw and δ̌p “ pδ, we compute

IP “ wιπ∆p

“ wpId´pδ̌h∆ ` h∆δ̌qqp

“ wp´ wδ̌h∆p´ wh∆δ̌p

“ wp´ δpwh∆pq ´ pwh∆pqδ.

Now using wp “ Id´pδs` sδq from the second SDR,
IP “ Id´δps` wh∆pq ´ ps` wh∆pqδ “ Id´pδK `Kδq.

Thus δK `Kδ “ Id´IP , as required.
The side conditions are then given by

PI “ π∆pwι “ π∆ppwqι “ πι “ Id .

KI “ ps` wh∆pqpwιq “ rswsι` wh∆pwι “ wrh∆ιs “ 0

PK “ pπ∆pqps` wh∆pq “ π∆rpss ` π∆pwh∆p “ rπ∆h∆sp “ 0.

K2 “ ps` wh∆pqps` wh∆pqrs2s ` rswsh∆p` wh∆rpss ` wh∆pwh∆p

“ wrh2∆sp “ 0,

where bracketed terms vanish due to the side conditions on the individual SDRs.

7.4 Globalization

7.4.1 Globalization on the level of densities

The developed SDR in the previous sections is sufficient to globalize densities. In this case
we consider the complex ∥Dens1{2pN‚Uq∥. Convergence of π∆ and ι∆ is automatic here, as
we will always assume a finite nerve N‚U .

Take a cocycle σ P ∥Dens1{2pN‚Uq∥. The components satisfy
δσp´1

α ´ ı̊ℏ∆σpα “ 0, @α P N‚U .
To apply P “ π∆ ˝ p on σ, we first note that p performs the simplicial integration, retaining
on the k-th Čech level the top form; thus pσ is a Čech cochain, which π∆ then maps to a
global density. Now recall that π∆ “

ř

ně0p´1qnk`
npn`1q

2 p̊ıℏqnπp∆hqn; on a k-cochain only
the term n “ k survives, so

π∆σ “ p´1q
kpk´1q

2 p̊ıℏqk πp∆hqkσ.

Applying the definitions of h and π from the right, each h introduces a fresh summed index
βi P I weighted by ρβi :

phσqγ0...γk´1
“

ÿ

βkPI

ρβk σβkγ0...γk´1
,

ph∆hσqγ0...γk´2
“

ÿ

βk´1PI

ρβk´1
∆

ÿ

βkPI

ρβk σβkβk´1γ0...γk´2
,

...

πp∆hqkσ “
ÿ

β0PI

ρβ0 ∆
ÿ

β1PI

ρβ1 ∆ ¨ ¨ ¨∆
ÿ

βkPI

ρβk σβk¨¨¨β0 .
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Hence, summing over the full nerve,

π∆σ “ p´1q
kpk´1q

2 p̊ıℏqk
ÿ

pβ0,...,βkqPIk`1

ρβ0 ∆ ρβ1 ∆ ¨ ¨ ¨∆ ρβk σβkβk´1¨¨¨β0 , (84)

the sum running over all pk ` 1q-tuples in Ik`1, with σ read off antisymmetrically (so only
distinct indices with Uβ0¨¨¨βk ‰ ∅ contribute). Grouping these by their underlying increasing
tuple α0 ă ¨ ¨ ¨ ă αk, the coefficient of σα0...αk

is the antisymmetrisation

Ψα0...αk
“ ℏk Alt

`

ραk
∆ραk´1

∆ ¨ ¨ ¨∆ρα0

˘

:“ ℏk
ÿ

τPSk`1

sgnpτq ρατpkq
∆ρατpk´1q

¨ ¨ ¨∆ρατp0q
, (85)

where ρα is multiplication by the partition function. Using this on the entire σ we obtain
the global ∆-cocycle P pσq P Dens1{2pMq:

P pσq “
ÿ

k

ck
ÿ

pα0...αkqPIk`1
ď

ż

∆k

Ψα0...αk
σα0...αk

, ck :“ p´1q
kpk`1q

2 ı̊k “

#

1, k even,
´̊ı, k odd,

where, on top of the prefactor of π∆, another p´1qk factor is picked up by pushing the
simplicial integration in front of Ψ (which contains k Laplacians and hence has parity k).

In particular, this allows us to globalize the δ ´ ı̊ℏ∆B cocycle σeff
α (c.f. (76)). The

partition function is then simply given as the BV integral

Z 1pσq “

ż

L
P pσq “

ÿ

k

ck
ÿ

pα0...αkqPIk`1
ď

ż

∆k

ż

L
Ψα0...αk

σα0...αk
(86)

for some Lagrangian L Ă M.

Remark 7.31. For a cochain complex pV,dV q of R-modules, one can consider its dual
V ˚ “ HomRpV,Rq with differential dV ˚φpvq “ φpdV vq. A partition function of V can be
seen as a dV ˚-closed φ P V ˚. The construction above is then simply applying the quasi-
isomorphism π˚ to the partition function Z of the global complex, obtaining a δ´ ı̊ℏ∆-closed
π˚Z “ Z 1.

We can even go further and globalize the cocycle over a Lagrangian submanifold of a sim-
plicial odd symplectic supermanifold (LSS), which replaces a global Lagrangian by a family
of Lagrangians which glue coherently. This idea is due to Getzler and Pohorence [20]. We
present the idea here with two major changes: first, our definition of the LSS is different
but equivalent, using simplicial machinery; second, we have chosen the Čech nerve to carry
ordered indices Ik`1

ď .

Definition 7.32 (Bisimplicial set, [21]). A bisimplicial set X is a functor X : ∆op Ñ sSet.
Equivalently, it can be viewed as a functor X : ∆op ˆ ∆op Ñ Set. It consists of sets Xm,n

with the appropriate face and degeneracy maps. The diagonal simplicial set is the composite
functor

∆op ∆
ÝÑ ∆op ˆ ∆op X

ÝÑ Set,
which has the n-simplices given by Xn,n.

Let ΞpMq‚ be the simplicial set of families of Lagrangian submanifolds of M (see Definition
7.17). Then Ξp´q is a functor Ξp´q : sSmfd Ñ sSet. Composing this with the functor
N‚U : ∆op Ñ sSmfd, we obtain the bisimplicial set ΞpN‚Uq. Denote by ΞU its diagonal
simplicial set, with

pΞU qk “
ğ

αPNkU
ΞpUαqk,
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an element being a pair pα, ιq with ι P ΞpUαqk, and with
dipα, ιq “ pdiα, diιq, sipα, ιq “ psiα, siιq.

This is well-defined: Uα Ď Udiα, so diι P ΞpUαqk´1 Ď ΞpUdiαqk´1, while Usiα “ Uα; the
simplicial identities are inherited from N‚U and from each ΞpUαq. Forgetting the family
gives a simplicial projection

p : ΞU ÝÑ N‚U , ppα, ιq “ α.

Definition 7.33 (LSS). An LSS of N‚U is a simplicial section (Definition 7.22) of p. Ex-
plicitly, it assigns to each simplex α “ pα0 ď ¨ ¨ ¨ ď αkq a fiberwise Lagrangian family

ια : ∆
k ˆ L Ñ Uα0¨¨¨αk

satisfying
diια “ ιdiα p0 ď i ď kq, siια “ ιsiα.

Its Hamiltonian one-form is ηα P Ω1
k b C8pLq (Definition 7.23).

Theorem 7.34 ([20], Thm 4.1). Let ι P ΞpMqk, with Hamiltonian one-form η (Def. 7.23),
and σ P Dens

1{2
c pMq b Ωk. Then

δ

ż

L
e´̊ıη{ℏι˚σ “

ż

L
e´̊ıη{ℏι˚pδ ´ ı̊ℏ∆qσ.

The proof is the simpler version of Theorem 7.26.

Getzler’s construction now builds a partition function Z : ∥Dens1{2pN‚Uq∥ Ñ C with
ZpDσq “ 0 for a gauge-fixing LSS ι of N‚U , where D :“ δ ´ ı̊ℏ∆.

We start with the elements on the patches. Naively we would define

Z0pσq “
ÿ

α0PI1ď

ż

∆0

ż

Lα0

ι˚α0
ρα0σα0 .

Writing ρα0Dσ “ Dpρα0σq´rD, ρα0sσ and applying Thm. 7.34, the first summand becomes
δ-exact on ∆0 and integrates to zero, leaving the defect

Z0pDσq “ ´
ÿ

α0PI1ď

ż

∆0

ż

Lα0

ι˚α0
rD, ρα0sσ. (:)

This must be cancelled one level up. Set

Z1pσq “ ´̊ı
ÿ

pα0α1qPI2ď

ż

∆1

ż

Lα0α1

e´̊ıηα0α1{ℏι˚α0α1
pΦα0α1σq,

with the operator Φα0α1 to be determined. It must have degree 1, Φα0α1Dσ “ rD,Φα0α1sσ´

DpΦα0α1σq; applying again Thm. 7.34 to the second term and Stokes on ∆1,

Z1pDσq “ ´ ı̊
ÿ

pα0α1q

ż

∆1

ż

Lα0α1

e´̊ıηα0α1{ℏι˚α0α1
prD,Φα0α1sσq

` ı̊
ÿ

pα0α1q

ż

B∆1

ż

Lα0α1

e´̊ıηα0α1{ℏι˚α0α1
pΦα0α1σq.

On B∆1 the Hamiltonian ηα0...α1 restricts to a vertex, which vanishes. Letting α0 be the
surviving index and using an antisymmetry notation convention for unordered indices on Φ,
the Stokes term yields

´̊ı
ÿ

pα0qPI1ď

ż

Lα0

ι˚α0

`

ÿ

β

Φα0β σ
˘

.
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For this to cancel with p:q, we need that ´̊ı
ř

β Φα0β “ rD, ρα0s @α0 P I1ď, i.e., as rD, ρα0s “

´̊ıℏr∆, ρα0s, when
ř

β Φα0β “ ℏr∆, ρα0s. Iterating between Zk and Zk`1 works identi-
cally: on a pk ` 1q-simplex Φ contains k ` 1 Laplacians and hence has parity k ` 1, so
ΦDσ “ p´1qk`1

`

DpΦσq ´ rD,Φsσ
˘

, while regrouping the boundary faces of ∆k`1 by their
surviving k-simplex (moving the summed index to the last slot by antisymmetry) produces
a compensating p´1qk`1. The cancellation between the levels then reads

ck`1

ÿ

β

Φα0...αkβ “ p´1qkck rD,Φα0...αk
s.

We fix the normalization such that the operators satisfy the recursion relation
ÿ

β

Φα0...αkβ “ ℏ r∆,Φα0...αk
s, Φα0 “ ρα0 , (87)

with unordered indices reordered by antisymmetry. Using that rD,Φs “ ´̊ıℏr∆,Φs implies
ck`1 “ p´1qk`1̊ı ck. Telescoping up to k with c0 “ 1 yields

ck “ p´1q1`2`¨¨¨`k ı̊k “ p´1q
kpk`1q

2 ı̊k “

#

1, k even,
´̊ı, k odd.

We now claim that Ψα of π∆ from (85) solves the recursion relation. Set Hα :“ r∆, ραs,
which is r∆,´s-closed, r∆, Hαs “ 0. The descending string of Ψ then collapses onto the
H’s,

Φα0...αk
:“ Ψα0...αk

“ ℏk Alt
`

ραk
∆ραk´1

∆ ¨ ¨ ¨∆ρα0

˘

“ ℏk Alt
`

ραk
Hαk´1

Hαk´2
¨ ¨ ¨Hα0

˘

.
(88)

The second equality holds because under the antisymmetrisation any monomial with two
adjacent ρ’s vanishes; the ρ’s commute, so ραiραj is symmetric against the alternating sign.
The lowest cases read Φα0 “ ρα0 , Φα0α1 “ ℏpρα1Hα0 ´ ρα0Hα1q and

Φα0α1α2 “ ℏ2
`

ρα2rHα1 , Hα0s ´ ρα1rHα2 , Hα0s ` ρα0rHα2 , Hα1s
˘

.

Lemma 7.35. The operators (88) satisfy the recursion (87).

Proof. As r∆,´s is a graded derivation with r∆, Hαis “ 0 and r∆, ραk
s “ Hαk

, we obtain

r∆,Φα0...αk
s “ ℏk Alt

`

Hαk
Hαk´1

¨ ¨ ¨Hα0

˘

,

Appending one index, Φα0...αkβ “ ℏk`1Alt
`

ρβHαk
¨ ¨ ¨Hα0

˘

, the antisymmetrisation running
over the k ` 2 labels β, αk, . . . , α0. Sum over β P I and group by the label carried by the
single ρ: the term with ρβ in that slot gives

`
ř

β ρβ
˘

AltpHαk
¨ ¨ ¨Hα0q “ AltpHαk

¨ ¨ ¨Hα0q,
while every term in which β sits on an H-slot is linear in Hβ and drops out, since

ř

β Hβ “

r∆,
ř

β ρβs “ r∆, 1s “ 0. Hence
ÿ

β

Φα0...αkβ “ ℏk`1Alt
`

Hαk
¨ ¨ ¨Hα0

˘

“ ℏ r∆,Φα0...αk
s,

which is (87).

Corollary 7.36. For σ P ∥Dens1{2pN‚Uq∥ the functional

Zpσq :“
ÿ

i

Zipσq “
ÿ

kě0

ck
ÿ

pα0...αkqPIk`1
ď

ż

∆k

ż

Lα0...αk

e´̊ıηα0...αk
{ℏ ι˚α0...αk

`

Φα0...αk
σα0...αk

˘

,

with Φα as in (88) and ck “ p´1q
kpk`1q

2 ı̊k as before, satisfies ZpDσq “ 0.
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Proof. By the constructions above the Zk and Zk`1 terms cancel their contributions succes-
sively. The only term with no partner is the bracket of a top simplex α “ pα0 . . . αKq that
meets no further patch, i.e. Uβα0...αK

“ ∅ for every β R α. Here the H-form (88) makes the
vanishing immediate. Since r∆,´s is a derivation with r∆, Hαis “ 0 and r∆, ραK s “ HαK ,
the leading ρ simply turns into an H,

rD,Φα0...αK s “ ´̊ıℏ r∆,Φα0...αK s “ ´̊ıℏK`1Alt
`

HαKHαK´1 ¨ ¨ ¨Hα0

˘

.

On Uα0...αK only the patches α0, . . . , αK are present, so the partition of unity restricts to
řK
i“0 ραi “ 1 there, whence

K
ÿ

i“0

Hαi “

”

∆,
K
ÿ

i“0

ραi

ı

“ r∆, 1s “ 0.

The K ` 1 operators Hα0 , . . . ,HαK are therefore linearly dependent; expanding HαK “

´
ř

iăK Hαi in the last argument, multilinearity and the alternating property of Alt force
AltpHαK ¨ ¨ ¨Hα0q “ 0. Hence the top bracket term vanishes and ZpDσq “ 0.

We note that the obtained partition function Z coincides, not surprisingly, with the one (86)
in the case that our LSS is in fact a global Lagrangian, i.e. the patches and intersection
parts etc. are simply the global Lagrangian restricted to their respective domains. In this
case all ηα “ 0 and we obtain equality.

Remark 7.37. In [20] Getzler works with the full, unordered Čech nerve, where the Φ
operators are the symmetric

ΦG
α0...αk

“
ℏk

k ` 1

k
ÿ

i“0

p´1qiHα0 ¨ ¨ ¨Hαi´1 ραi Hαi`1 ¨ ¨ ¨Hαk
.

The functional Z is moreover independent of the chosen partition of unity. To see this one
lets it vary: introduce an auxiliary simplex ∆n with de Rham differential d, allow the ρα to
depend on ∆n (and the ια automatically as well), and adjoin d to the differential, so that the
Φα acquire coefficients in Ω‚p∆nq. The recursion and Corollary 7.36 are unaffected. With
no change in the proof, Corollary 7.36 becomes

Z
`

pd ` δ ´ ı̊ℏ∆qσ
˘

` dZpσq “ 0.

Corollary 7.38. An observable is a bosonic, ghost-number-0 cocycle of the total differential,
pd` δ´ ı̊ℏ∆qσ “ 0. For such σ the value Zpσq is unchanged by a change of the partition of
unity and is the same for homologous LSSs.

7.4.2 Globalization on the level of actions

We now place the additional q2 structure (i.e. the BV bracket) on the Thom–Whitney
totalization. We therefore equip ∥FpN‚Uqrrℏss∥ with the L8 structure Q “ pq1, q2, q3, . . .q
given by

q1pω1q “ ´pδ ´ ı̊ℏ∆qω1, q2pω1 d ω2q “ p´1q|ω1|`1pω1, ω2q, qk “ 0 for all k ě 3.

Theorem 7.39. Applying the transfer of Theorem 2.15 to the contraction

pFpMqrrℏss, ´̊ıℏ∆q
I

ÝáâÝ
P

p∥FpN‚Uqrrℏss∥, ´̊ıℏ∆ ` δq ö K

and additionally the L8 structure Q on ∥FpN‚Uqrrℏss∥ given by the bracket p´,´q, the
transferred L8 structure R “ pr1, r2, r3, . . .q on FpMqrrℏss has:
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(i) r1pS1q “ ´p´̊ıℏ∆qS1,

(ii) r2pS1 d S2q “ p´1q|S1|`1pS1, S2q, the BV bracket on FpMqrrℏss,

(iii) rk “ 0 for all k ě 3.

Proof. Using the recursive formulae of Theorem 2.15 with the SDR (83), f1 “ I, g1 “ P ,
q2 “ ˘p´,´q and qk “ 0 for k ě 3, they read

fi “ Kq2F
2
i , ri “ Pq2F

2
i pi ě 2q. (89)

For (ii) we now have that from (89) and (13)

F 2
2 pS1 d S2q “ f1pS1q d f1pS2q “ IpS1q d IpS2q,

so
r2pS1 d S2q “ p´1q|S1|`1P

`

pIpS1q, IpS2qq
˘

.

On each simplex of the nerve, pIpS1q, IpS2qq restricts to pS1, S2q|Uα0¨¨¨αp
by locality of the

bracket. Applying P “ π∆p, the projection p keeps only the vertex evaluations (since the
input has de Rham degree 0) and π∆ averages with the partition of unity:

r2pS1, S2q “ p´1q|S1|`1
ÿ

α

ραpS1, S2q|Uα “ p´1q|S1|`1pS1, S2q.

Note that the sum of π∆ contributes in this case only for n “ 0 (i.e. π∆ “ π) as the parts
of Čech degree ě 1 are all 0.

(iii) We first observe that fi “ 0 for i ě 2. In fact, observe that

f2pS1, S2q “ p´1q|S1|`1K
`

pIpS1q, IpS2qq
˘

Now the inclusion I of a global Sj into the TW complex yields 1 b Sj with the appropriate
restriction on every Čech level. The bracket therefore is of the from pIpS1q, IpS2qq “ 1 b

pS1, S2q “ IppS1, S2qq and because KI “ 0, we immediately obtain f2 “ 0.
For i ě 3 we repeat the proof we have seen before. Assume f2 “ ¨ ¨ ¨ “ fi´1 “ 0. By

formula (13), every monomial in F 2
i is of the form fj1p¨ ¨ ¨ q d fj2p¨ ¨ ¨ q with j1 ` j2 “ i and

j1, j2 ě 1; since i ě 3, at least one of the indices jℓ is ě 2, so fjℓ “ 0 by the inductive
hypothesis. Therefore F 2

i “ 0, and in particular fi “ Kq2F
2
i “ 0.

It now follows immediately from ri “ Pq2F
2
i “ 0 and the fact that F 2

i “ 0 for i ě 3 that
ri “ 0 for i ě 3.

Recall the MC set of a L8 algebra (14):

MCpV q :“

#

x P V 0

ˇ

ˇ

ˇ

ˇ

ÿ

iě1

1

i!
qipx

diq “ 0

+

,

which we can now consider on both pFpMqrrℏss, Rq and p∥FpN‚Uqrrℏss∥, Qq. The MC
equation is a finite sum, given that both ri “ qi “ 0 for i ě 3. We can use the pushforward
G˚ to obtain solutions in the global complex, using again Lemma 5.11 (the proof goes
through in this case as well), which states that gi “ gi´1Q

i´1
i Ki for i ě 2.

Remark 7.40 (ℏ-convergence). The pushforward G˚pxq “
ř

iě1
1
i!gipx

diq is in general a
formal sum. As we saw in Remark 5.12, it converges in the ℏ-adic topology once the higher
data are quantum, here every Čech component xpnq of de Rham degree n ě 1 being Opℏq.
The ℏ-counting is the very same; only the ingredients change. We now grade by the simplicial
form degree, and the base homotopy isK “ s`wh∆p, whose block-free part s`whp (Dupont
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contraction and partition of unity) has deg-weight ´1 and whose ∆h insertions are the ℏ-
blocks: each lowers the Čech degree, but the trailing w reconverts it into a simplicial drop,
so a block still carries deg-weight ´1 and one ℏ. With P retaining only the vertex part
and d “ dimN‚U , the budget and the estimate ordℏ gi ě rpi ´ 1q{ds are exactly those of
Remark 5.12, so at order ℏk only the gi with i ď dk ` 1 contribute and the series converges
ℏ-adically. For a cover with one dimensional nerve (no triple overlaps) d “ 1, so ℏ0 sees g1
alone and ℏ1 sees g1, g2, as in the example below.

Example 7.41 (Three patches with only double overlaps). We carry out the pushforward
to first order on a three patch cover with all double overlaps but no triple one. Let U “

tU0, U1, U2u with U01, U02, U12 nonempty but U012 “ H, and a partition of unity ρ0 ` ρ1 `

ρ2 “ 1. The nerve is then still one dimensional (three vertices and three edges, no 2-cell),
so d “ dimN‚U “ 1. The Maurer–Cartan datum is

x “ pS0, S1, S2; S01ptq`R01ptqdt, S02ptq`R02ptqdt, S12ptq`R12ptqdtq P MC∥FpN‚Uqrrℏss∥,
the Sα on the patches and the three edge entries on the double overlaps; the de Rham degree
one parts Rijptqdt are taken to be Opℏq.

Since the highest Čech degree is one, two simplifications occur: h∆ “ h exactly (every
h∆h string ends with h applied to a 0-cochain, which vanishes), and π∆ “ π up to its n “ 1
term ı̊ℏπ∆h, which acting on the Opℏq edge data is Opℏ2q and can be dropped here; by
Remark 7.40 only g1 and g2 reach order ℏ1. Integrating over the simplices,

ppxq “ pS0, S1, S2; R̄01, R̄02, R̄12q, R̄ij “

ż 1

0
Rijptqdt,

the degree zero edge parts Sijptq dropping out. The first term is the partition of unity
average

g1pxq “ πppxq “ ρ0S0 ` ρ1S1 ` ρ2S2.

For the second we use K2px d xq “ Kpxq d x ` IP pxq d Kpxq. On the edge s annihilates
the de Rham degree zero part, and on a one form gptqdt it reads

spgptqdtq “

ż t

0
gpt1qdt1 ´ t

ż 1

0
gpt1qdt1,

which vanishes at the two vertices t “ 0 and t “ 1. Since the final P “ π∆p keeps only the
vertex evaluations, the s part of K drops out and Kpxq ù whppxq, whose vertex values
phppxqqβ “

ř

α ραR̄αβ are, using R̄βα “ ´R̄αβ ,

phppxqq0 “ ´ρ1R̄01 ´ ρ2R̄02, phppxqq1 “ ρ0R̄01 ´ ρ2R̄12, phppxqq2 “ ρ0R̄02 ` ρ1R̄12.

The mixed term IP pxq dKpxq dies under P . Here IP pxq “ S̄ with S̄ “ ρ0S0 ` ρ1S1 ` ρ2S2
is a global element, the same on every patch, so it factors out of the average and leaves
Pq2pIP pxq dKpxqq “ ´pS̄, πhppxqq. This vanishes because πh “ 0 (a side condition of the
first SDR, Lemma 7.27); explicitly,

πhν “
ÿ

β

ρβphνqβ “
ÿ

αβ

ραρβναβ “ 0,

the symmetric weight ραρβ contracting the antisymmetric ναβ “ ´νβα to zero. The
first term, in contrast, survives because its bare leg Sα is patch dependent; it equals
ř

α ραpphppxqqα, Sαq, that is

ρ0p´ρ1R̄01 ´ ρ2R̄02, S0q ` ρ1pρ0R̄01 ´ ρ2R̄12, S1q ` ρ2pρ0R̄02 ` ρ1R̄12, S2q.
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Collecting each R̄ij , which occurs once paired with Si and once with Sj ,

g2pxd xq “ ρ0ρ1pR̄01, S1 ´ S0q ` ρ0ρ2pR̄02, S2 ´ S0q ` ρ1ρ2pR̄12, S2 ´ S1q

“
ÿ

iăj

ρiρjpR̄ij , Sj ´ Siq.

Every giě3 carries at least two of the R̄ij and is Opℏ2q. Assembling G˚pxq “
ř

iě1
1
i!gipx

diq,

G˚pxq “ ρ0S0 ` ρ1S1 ` ρ2S2 `
1

2

ÿ

iăj

ρiρjpR̄ij , Sj ´ Siq ` Opℏ2q.

Remark 7.42 (Moduli space). Up to canonical transformations, the real object of interest is
the set of MC solutions modulo BV equivalence (Definition 7.16), that is π0pDel8pLqq. Since
the SDR provides two L8 weak equivalences F,G, applying the Del8 functor should (if Kan
property is satisfied) give a weak equivalence of the corresponding Deligne–Getzler groupoids
([18], Prop. 4.9), hence a bijection π0pDel8pFpMqrrℏssqq – π0pDel8p∥FpN‚Uqrrℏss∥qq under
which G˚pSq represents rSs.
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Conclusion

We have seen two methods to obtain a globalized effective action in the BV formalism.
At its core the globalization procedure is the same for both. We lift the action, a solution

of the quantum master equation (QME), into a resolution of the global functionals, in which
globality is encoded by an additional differential D, and compute the effective action there.
It is computed by a fiber BV integral, which is a chain map for the BV Laplacian, so the
effective action again satisfies a modified master equation. This is in fact a Maurer–Cartan
equation, whose bracket is the antibracket and whose differential is the BV Laplacian ∆ of
that space together with the globality differential D; the ordinary QME is the case D “ 0.
Since D is acyclic away from degree zero, where the global functionals sit, this solution can
be moved there, either by modified BV canonical transformations or, what amounts to the
same, by the L8 homotopy-transfer projection formulae. The result is a genuinely global
effective action.

The first method is formal-geometric. We developed its odd-symplectic version (Sec-
tion 3.7) and applied it to the AKSZ theory of the spinning particle: the action is lifted to
the tangent fibre and Taylor expanded there, and the resulting resolution is governed by the
Grothendieck differential D, acyclic except in degree zero. When the spacetime pM, gq is
two-dimensional the target is split, so the effective action solves the modified QME directly
(Section 5.4) and globalizes with no further work. For a spacetime of general dimension the
target is no longer split, and the effective action solves the modified QME only up to a rest
term; removing that term meets a potential cohomological obstruction, but once a genuine
solution is at hand the globalization proceeds exactly as in the split case.

In the second method we used Čech cohomology. Here again the differential is the
Thom–Whitney de Rham differential δ, which by construction acts as the Čech differential
on the complex, and is again acyclic except in degree zero for the global functions. As
the underlying splitting of the BV field space we used a BV hedgehog; constructing the
effective action on it turned out to be a chain map into the Thom–Whitney complex. The
globalization procedure is then again by L8 transfer. It would be interesting to find an
example of a BV theory on which we could carry out this method explicitly.
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