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Abstract

The Batalin—Vilkovisky (BV) formalism is a powerful framework for handling quantum gauge
theories, also providing a systematic way to compute an effective action Seg. This thesis
studies two techniques for globalizing a locally constructed Seg. Both rest on embedding the
global space into a resolution in which globality is encoded in a differential; the construction
of the effective action is then realized by a chain map, and a strong deformation retract
(or a full Ly, transfer) back to the global functions, built via the homological perturbation
lemma, yields globalization formulae and hence a global effective action.

The first technique uses formal geometry: a formal exponential map lifts the theory to a
bundle carrying a flat Grothendieck connection D, whose degree-zero cohomology recovers
the global functions; we carry this out for the one-dimensional AKSZ theory of the spinning
particle. The second is Cech-theoretic: the effective action is computed patchwise, yielding
a solution of the quantum master equation on the Thom—Whitney totalization of the Cech
nerve of a cover, and finally globalized.
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Introduction

Quantum field theory frequently requires making sense of oscillatory integrals of the form
§ ,ueis/ . when S carries a gauge symmetry the stationary phase formula breaks down, since
the Hessian degenerates along the gauge orbits. The Batalin—Vilkovisky (BV) formalism
[3, 4] is a very general framework that deals with this difficulty: it enlarges the field content
by ghosts and antifields and replaces the naive integral by the BV integral of a solution of
the (quantum) master equation over a gauge-fixing Lagrangian submanifold. Among other
things, it lets one integrate out part of the fields (the fluctuations) and produce an effective
action Seg for the rest, the central object of this thesis.

The computation of Seg is, however, typically local. What one would like instead is a
single, globally defined effective action, and gluing the local data coherently into such an
object is what we call globalization, the question this thesis is concerned with. We study
two techniques that solve it.

The first technique makes use of formal geometry [7]. Its central device is a formal
exponential map, which covariantly pulls back functions on the manifold to Taylor series
along the tangent fibres and thereby organizes the perturbative expansion without breaking
covariance. These Taylor series assemble into a bundle carrying a flat Grothendieck con-
nection D, whose cohomology is concentrated in degree zero and consists precisely of the
global functions. Splitting the fields via Hodge theory, one computes the effective BV action
perturbatively as an element of this larger complex, which is then globalized by transferring
it, via the homological perturbation lemma, into the global complex.

We test this machinery on the spinning particle, a one-dimensional AKSZ theory [I]
which, once coupled to worldline supergravity, describes a relativistic spinning point parti-
cle. We first treat the case of a two-dimensional, orientable and time-orientable Lorentzian
spacetime (M, g): admitting a global null frame, it lets the AKSZ target untwist into a
cotangent bundle, so that the resulting AKSZ theory is what we call split. Split AKSZ
theories admit a direct globalization procedure [II], which we carry out for the spinning
particle. We then turn to the spinning particle on a spacetime M of arbitrary dimension,
where this splitting is no longer available, and develop a globalization procedure inspired by
the methods of Mnev and Wernli for Chern—Simons theory [30]. Both cases rest on the same
strong deformation retractions and homological perturbation lemma of the formal-geometric
procedure explained above.

The second technique is Cech-theoretic. Here we use an open cover U = {U,} of the
manifold underlying the space of fields and the relevant resolution is the Thom—Whitney
totalization of the Cech nerve of ¢ [19]: while the Cech nerve with the Cech differential
and the Thom-Whitney totalization, built from the de Rham complex on the simplices AF,
are quasi-isomorphic, only the latter carries the algebraic structure needed to define the
antibracket. Splitting the BV field space by a BV hedgehog [10], we show that computing
the effective action patchwise yields a solution to the quantum master equation on the
Thom—Whitney complex, and construct, again via the homological perturbation lemma,
the globalization formulae for a global effective action. We also present a construction due
to Getzler and Pohorence [20], which builds a global partition function directly by gluing
Lagrangian submanifolds across patches.

The thesis is organized as follows. We first collect the necessary background: the BV for-
malism, the AKSZ construction, and the homological algebra of Lo, algebras and homotopy
transfer. We then develop formal geometry, for both the symplectic and odd-symplectic
cases, together with the algebraic BV structure such as the antibracket and the Laplacian,



and the strong deformation retractions needed later. We construct the spinning particle and
its BV theory via AKSZ and globalize its effective action, first in the two-dimensional split
case and then in general. The remaining part develops the Cech globalization machinery.



1 BYV formalism

This section will follow very closely the introductory book [29]. Some constructions in
supergeometry were taken from [I3] (with different sign conventions however) or from [27].

1.1 Motivation

In quantum field theory one is often interested in evaluating Fresnel integrals. These are
integrals of the form
1= [ s
X

where, for the sake of the exposition, we take X to be an oriented, n-dimensional manifold,
peQX)and S e CP(X). We call a point x; € X a critical point if dS,, = 0 and we call
S non-degenerate at a critical point z; if the bilinear map Hess : T, X x T, X — R given
by Hessg, (v, w)S := v(wS)|y, is non-degenerate.

Assume that the critical points zg, ..., z,, of S are all non-degenerate on Supp(u) < X.
Then the stationary phase formula yields that in the asymptotics of £ — o0 we have

=0

where we have chosen a local coordinate chart ygi), ey y,(f ) near each critical point x; to write

down the Hessian S”(z;)a 1= 625/6y§i)5y,?)|y:0 in coordinates.

The limitation of the stationary phase formula is that it applies only when S has non-
degenerate critical points, which is often not the case. The typical obstruction is a gauge
symmetry, as for the Yang—Mills action: a Lie group GG acts on X via p: G x X —» X
leaving both S and g invariant. Since S is G-invariant it is constant along each orbit, so
at a critical point x the whole orbit G - x consists of critical points and the Hessian of S at
x degenerates along the orbit directions T, (G - z). Faddeev and Popov [16] therefore pass
to the quotient X /G, on which these flat directions are gone. When G is compact and acts
freely the invariant data descend and the integral factorizes as

I = Vol(G) f fie*s,
X/G
where S is the function induced by S on X /G and i the induced measure; the prefactor
Vol(G) is precisely the redundancy of integrating over each entire orbit of gauge-equivalent
points. On the quotient the critical points are isolated and generically non-degenerate, and
the stationary phase formula applies.

While this handles some cases, there is a hierarchy of constructions of increasing gener-
ality. In the Faddeev—Popov method the symmetries are described by a group action on a
manifold; in the BRST method they are instead given by an involutive distribution of the
tangent space; and in the BV formalism [3|, [4], of which we make great use in this thesis,
one may even drop integrability away from the critical points.

All three methods give rise to so-called ghost fields: odd (i.e. anticommuting) fields
encoding a gauge symmetry of the system. Treating them rigorously calls for supergeometry,
which extends the notion of a manifold to incorporate such odd structures. The next section
collects the definitions and constructions we will need.



1.2 Supermanifolds
1.2.1 Preliminary definitions

To handle gauge symmetries, all approaches mentioned before resort to having odd fields.
These are fields 9* which anticommute, i.e. %7 = —le)*. This is the structure that a
supermanifold provides.

Definition 1.1. An (n|m)-supermanifold M is a smooth n-manifold M (the body, written
|M| = M) equipped with a sheaf O of supercommutative algebras that is locally modelled
on algebras C*(U) ® A*V*, with U ¢ M open and V a fixed m-dimensional vector space.
Equivalently, M carries an atlas of opens U, < M with charts ¢, : U, > W = R” and
algebra isomorphisms @, : Op(Uy) = CP (9o (U)) @ AVE.

In quantum field theory we care more about the algebra of fields O than about the
points themselves, which makes this algebro-geometric viewpoint on supermanifolds natural.
Locally on U, an element of O, reads
f|Ua :Z Z fll’lk(x) 'eil elk
k 1<ii<--<ip<m

where z1, ..., z, are the even (commuting) coordinates on M and 6y, ...,60,, € V* the odd
(anticommuting) coordinates on V.

Definition 1.2. The augmentation A*V* — R (projection onto degree zero) induces a
globally well-defined augmentation map

h:Op — C*(M).
An example that will be of importance in this thesis is the following.

Example 1.3. For an m-dimensional vector bundle £ — M we can define the (n|m)-
supermanifold ITE with [IIE| = M and Opg = I'(M, A®E*).

We will apply this construction to the tangent bundle £ = T M, which basically shifts the
parity of the fiber coordinates (we denote the parity of some element as |a| € {0, 1}); for local
coordinates x!, ..., ™ and induced local coordinates on the fiber T, M given by y', ..., 4™ this
construction declares |y’| = 1 for all i € {1,...,n}.

Theorem 1.4 (Batchelor, [5]). Every smooth supermanifold M is (non-canonically) iso-
morphic to a split supermanifold IIE, for some vector bundle E — | M| over its body.

For the following constructions, let M = (|M|, Or) always be an (n|m) supermanifold.

Definition 1.5. A morphism of supermanifolds ¢ : M — N is a smooth map of bodies
[+ IM] — |N| together with an extension to a morphism of sheaves of supercommutative al-
gebras ¢* : Onr — Oy that is, for every open U < |N| a map ¢f; : On(U) — O (f~1(U))
making the diagram commute

ON(U) —Zs OMm(F~1(U))

b I

2 (U) —— e ()



Supermanifolds carry analogues of the standard constructions on ordinary manifolds.

Definition 1.6 (Vector bundle over a supermanifold, [13]). A super vector bundle of rank
(plg) over M is a sheaf V of Z/2-graded Opr-modules on |M | that is locally free of rank (p|q):
every point x € |M| admits an open neighborhood U < |M| together with an isomorphism
of sheaves of Z/2-graded O)s|y-modules

Vv = Ouml; @ TOm|f,
where II denotes the parity-reversal functor, and the isomorphism is required to be even
(parity-preserving). A choice of such an isomorphism is called a local frame; concretely, it

provides even sections eq, ..., e, € V(U) and odd sections €1, ..., e, € V(U) such that every
section s € V(U') on any U’ < U writes uniquely as

p q
s = Z fZ e; + Z Ja €as fi,ga S OM<U/)
=1 a=1

The global sections of V are the elements of I'(M, V).

Definition 1.7 (Tangent sheaf of a supermanifold, [13]). The tangent sheaf T M of M is the
sheaf on | M| whose sections over an open set U < | M| are the R-linear graded derivations
of the structure sheaf:

TM(U) = Derg(Om(U)).
Here a graded derivation of parity | X| € Z/2 is an R-linear map X : Op(U) — Op(U) that
shifts parity by |X| and satisfies the graded Leibniz rule

X(fg) = X(f)g+ ()X fx(g), f,9 € Op(U) homogeneous.

The set TM(U) is a Z/2-graded Opq(U)-module via (fX)(g) = f - X(g). As a sheaf of
On-modules, TM is locally free of rank (n|m): on any coordinate chart U with even
coordinates x!, ..., 2" and odd coordinates 0!, ..., 6™, the sections 0/dz",...,0/0z" (even)
and 0/00',...,0/060™ (odd) form a local frame, so that every section X € TM(U) writes
uniquely as

L 0 M 0
X = ;fiﬁ‘*‘o;lgaﬁ, fisga € Op(U).

Thus T'M defines a super vector bundle over M of rank (n|m), called the tangent bundle of
M. Its global sections I'(M, T M) =: X(M) are the vector fields on M. In particular they
form a Lie superalgebra with Lie bracket

[X,Y]:=XoY — (—1)XIVly o x.

Definition 1.8 (Cotangent sheaf of a supermanifold, [13]). The cotangent sheaf T* M of

M is the sheaf of Oj-linear duals of the tangent sheaf: for each open set U < | M|,
T*M(U) = HOHIOM(U) (TM(U), OM(U)),

where Hom denotes the Z/2-graded Oq(U)-module of grading-respecting Oxq(U)-linear

maps.

As a sheaf of Opq-modules, T*M is locally free of rank (n|m): on any coordinate
chart U with even coordinates 2!, ...,2" and odd coordinates #',...,6™, the differentials
do!,... dz" and df',...,dO™ form a local frame dual to {0/dz*,0/00%} (as Op-module
generators the dz’ are even and the df* odd; their total parity, including the de Rham
degree, is the opposite), so that every section w € T* M(U) writes uniquely as

w = Efzdl‘l—l- Zgad9a7 fi?gaeoM(U)'
=1 a=1

9



Thus T*M defines a super vector bundle over M of rank (n|m), called the cotangent bundle
of M. Its global sections I'(M, T* M) =: Q1 (M) are the 1-forms on M.

Remark 1.9. We now have the internal parity coming from the superstructure and the de
Rham degree. We use the convention that the signs are governed by their sum, the total
parity. Hence for a p—form w, |w| is p plus its internal degree.

We denote the pairing (—,—) : TM ® T*M — O such that the signs are given by
(X, gw) = (—=1)IXI+D19l £ (X w). In particular w(X) = (—1)IXH@l(X, w).

Taking Ox-module tensor products of the sheaves above defines the differential forms
QP(M) as usual. The de Rham differential d : Oy — T*M is fixed by (X,df) = X f and
extended uniquely to Q*(M) by d? = 0 and

d(af) = da- B+ (=) -dB  for « in QP(M).

For these sign rules, the differential of a function f € O(M) is given by the coordinate
differentials on the left of the coefficients, i.e.

y of
A

Definition 1.10 (Contraction, [13]). Let X be a vector field of M Then X defines the
contraction operator tx : QP — QP~1 of parity |X|+ 1 (it lowers the de Rham degree by
one). It is characterized by

(1) txf =0 for feQY(M),
(2) txa ={(X,a) for a € Q' (M),
(3) ix(ar B) =ix(a) A B+ (—1)IXIHDldg A 15 (B), for a € QP(M).

A contraction of a differential form a € QP(M) with vector fields Xy, ..., X, is then to be
understood as
(X1, ..y Xp) =1, Lx, O

As in the classical case, the Lie derivative can be defined through flows; we will only state
its characterization and Cartan’s formula.

Definition 1.11. For vector fields X,Y on M and f € O the Lie derivative is character-
ized by

Lx(f)=X[, Lx(Y)=[XY]
Furthermore, we have the equality of Derp,, (Q2*(M)) given by

Lx =1xd+ (*1)‘X|de.
Definition 1.12 ([27]). For a super vector bundle V over M, a connection on V is an even
R-linear morphism of sheaves

V:V—T"M®o,, V

satisfying the Leibniz rule
V(fs) = df ®s+ fVs
for all homogeneous f € Op(U) and s € V(U) on any open U < | M|.

10



In particular a connection assigns to each homogeneous vector field X € TM(U) an
R-linear endomorphism Vi : V(U) — V(U) of parity | X|, the covariant derivative along X,
such that for all homogeneous f e Opm(U), X, Y €e TM(U), and s € V(U):

Vxivys=Vxs+ Vys,
Vixs= fVxs,
Vx(fs) = X(f)s+ (—)* s,
One can define the covariant differential dV associated to V as an odd map Q*®Y — Q* TV
with
Vxs =tx(dVs),
AV(a A B) =da A B+ (=Da A adVp,
where a € (M), 8 € QM)RV. The curvature of V is the two form RY € Q?(M)®End(V)
given by
RY(X,Y) = VxVy — (-1)* vy Vx — Vi
The connection is flat if RY = 0.
If we take V to be T M, we define the torsion of V to be the (1,2)-tensor TV defined by
TV(X,Y) =VxY — (-D)XVIvy x — [X,Y].
While supermanifolds now incorporate sign rules in the algebra of fields, we will need one
more labelling.

Definition 1.13. Let M be a supermanifold and suppose the odd fiber V = @®;V; and
the even model space W = @; W}, are both Z-graded vector spaces, with only finitely many
Vi, Wi nonzero. This induces a grading on the polynomial subalgebra Sym W* @ AV* of
C®(¢a(U)) @ A®V*: a linear function 2 on W}, is assigned degree gh(x?) = —k, and a
linear function 0% on Vi degree gh(6) = —k. If the chart transitions @, o (Dgl respect this
grading, we call it a (global) Z-grading on M and say that M is a Z-graded supermanifold.

Remark 1.14. We will use the Z-grading only as a labelling mechanism; the sign rules for
graded commutativity are exclusively dictated by the parity which we will always denote by
la|. In particular they do not have to be compatible, i.e. we do not enforce |a| = gh(a) mod 2.

Example 1.15. A distinguished vector field, which also exists for conventional manifolds
but is not globally well-defined, is the Fuler vector field given in local coordinates by

. .0 0
E =) gh(z') - o't > gh(6%) - 0% e

On a Z-graded manifold it indeed glues to a global vector field, since the transition maps
respect the grading and are therefore polynomial-homogeneous.
Applying E on f € Opq of well-defined degree gh(f) yields Ef = gh(f) - f.

Remark 1.16. Since E is even, Cartan’s formula (Definition gives Lg = tgd + dug,
and on a form a of homogeneous internal Z-degree gh(«) one has Lra = gh(a) a (here gh
is the internal degree alone; the de Rham d raises the form degree but preserves gh). Hence
if v is closed with gh(a) # 0, then

o= d(—gh%a) LEa> ,
so closed forms of nonzero internal degree are exact, with explicit primitive gh—h@)q@a. In
particular the de Rham cohomology of a Z-graded manifold is concentrated in internal degree

0.

11



Our main examples of Z-graded supermanifolds will be of the following form.

Example 1.17. Let £ — M be a graded vector bundle where the fibres are graded by
odd degrees. We can then define the Z-graded supermanifold M with |[M| = M and
Om =T(M, A*E*). Two examples of this construction are the following.

e M = T[1]M. Locally we have coordinates x* of M with gh(z‘) = 0 and we declare
gh(y") = 1 for the fiber coordinates 3. We can globally identify O with forms on
M, ie. Opn = Q°(M) where we identify y* v dazt.

e M = T*[—1]M. Likewise, but with gh(y;) = —1. The identification now reads
O = T(M, AFT M) with the degrees flipped (a function of degree —k corresponds to
a k-vector field on M), again via y; v 0/0z".

1.2.2 Integration on supermanifolds

For readability we henceforth write C*(M) := Ox(|M]) for the global functions (and
CP (M) for the compactly supported ones), used interchangeably with O 4.

Definition 1.18. Let M = IIE be the (n|m)-supermanifold of a vector bundle £ — M as
constructed in Example Define the real line bundle Ber(M) = A™T™*M ® A™E over
|M| = M; its sections p € I'(Ber(M)) are called Berezinians. They play the role top-degree
forms play on an ordinary manifold, and let us integrate compactly supported elements of
the structure sheaf,

JM he— CPM) SR, [ jM@, (-

where (f), is the component of f with the top exterior power of E* and (—, —) denotes the
conventional pairing of F with E*.

Since Ber(M) is a line bundle over M alone, its sections carry no dependence on the fiber
directions. More generally we set %(M) := Ber(M) ® A*E*, whose sections, the general
Berezinians BER(M) := I'(M, Ber(M)) = T'(M, Ber(M)) ®c (ar) C* (M), form a module
over C*(M). Integration then becomes a map §,, : BER(M) — R.

Example 1.19. For T[1]M as given in Example there is a special Berezinian p char-

acterized by
T[1M M

where f € Q*(M) is the differential form given by the identification of f € C®(M) o
Q°*(M) in Example In local coordinates we can write u = [ [,(dz*D6") =: d"zD".

Definition 1.20. Given a vector field X on M and a Berezinian p € BER(M), the diver-
gence div,(X) e C*(M) is the function characterized by

J quz—f pdiv,(X)f, for feCI(M).
M M

This is in essence integration by parts: in local coordinates z‘,#® with the Berezinian p =
d"z D™, a vector field

% J a J
X:ZX (.T,Q)%‘i‘ZX (ZL‘,Q)%

12



has divergence

_ o 0
div,, (X) = )] X - (71)|X\Z%Xa

We will need the following lemma later.
Lemma 1.21. For two Berezinians p, i/ with ¢/ = pp with a nonvanishing p € C* (M), we

have
X(p)

div],(X) = div,(X) + ;

1.2.3 Symplectic structure

We will now endow the supermanifolds with extra structure which will be fundamental for
BV formalism.

Definition 1.22 (Odd-symplectic structure). An odd-symplectic structure on M is a closed,
non-degenerate, odd 2-form w € 22(M). A supermanifold carrying such a structure is called
odd-symplectic.

In particular, only (n|n)-dimensional supermanifolds can be odd-symplectic.

Definition 1.23 (Lagrangian). A submanifold £ of an odd-symplectic manifold is La-
grangian if it is isotropic, w|z = 0, and maximal among isotropic submanifolds.

Much of conventional symplectic geometry carries over: one still has Darboux coordinates
(2',&) with w = >, da’ A d§; locally, Weinstein’s tubular neighbourhood theorem, graph
Lagrangians, and so on.

Definition 1.24 (Hamiltonian vector field). For f € C*(M) we define the vector field
Xy € X(M) by the equation ¢x,w = df and call it the Hamiltonian vector field generated
by the Hamiltonian f.

Note that the operator ¢x, has parity [Xy| + 1, |w| = 1 and df has parity |f| + 1. Putting
it all together it follows that | X¢| = |f] + 1.

Definition 1.25 (Antibracket). The antibracket is the operator (—, —) : C®*(M)xC*®(M) —
C*(M) given by (f,9) = (=1)/1X;(g).

Example 1.26. Let (z¢,&;) be a Darboux chart of M with 2¢ even and & odd, and f €

C*(M). Write Xy = >, Alaiz + B a ; from |X¢| = [f| + 1 we then have the parities

|AY] = |f] + 1 and |B?| = |f|. From Deﬁmtlonm (3) it follows that
vxw =Y dGAT + (~1)Vda’ BY

Matching the coefficients with those of df, we obtain

_\ 90 9t 9
Xr= Zag o P o o5,

and the antibracket hence reads
of odg  Of 0g
(frg) = (V=== + = =2
o0& 0xt  ox' 0&;
Due to the numerous signs involved, it is useful to establish a relation between the antibracket
and the inverse of the symplectic form in arbitrary coordinates.

13



Definition 1.27 (Dressed inverse). Let z* be local coordinates on M with parities p; := ||
and let w = %wijdzidzj (equivalently, wi; = 15,1,w) be a symplectic form of parity lw| =k,
so that |X¢| = |f| + k. The dressed inverse of w;; is the tensor I := X i(27), of parity
p; + p;j + k and satisfies
Z(_l)(l)k+1)(pi+pj+k) Hijwjk _ 527 (1)
J
i.e. it inverts the components of w up to the signs of the graded contraction.

Lemma 1.28. For w odd, the antibracket reads in coordinates

(o) = N L 20 g o0, )

— 0zt 0207
Z7j
In particular (2%, 27) = (—1)PiII¥.

Proof. Let f € Op and write Xy = Xjﬁj in components, where X7 = Xf(zj) has parity
|f|+1+p; due to |Xy| = |f|+1. Contracting the defining equation tx,w = df of Definition
[1.24) with ¢, gives
N i of
1 1
;(_1)(131# (A f1+ +P;)ijjk — 1p,df = p (1)
where we used ¢y o = X7 to; and moved ¢y, , an operator of parity pg+1, past the coeflicient
X7. Choosing f = z* we have X7 = IT¥  which is precisely with k = 1.
For general f the equations (f) determine X; uniquely due to the non-degeneracy of w.
We verify that they are solved by
; . _ Of s
X7 = N ()@t DPi+lfD) 2L s
N A

Inserting, we split the sign of (}) as
ok + DS+ 1 +p5) = (or+ D(pi + 25 + 1) + (e + D(|f] + pi),

where the second summand does not depend on j. The sum over j is then exactly and
we compute

. , _ of i v . NOf
1\ @e+D)(f1+14p5) (1 it D) (pi+ 1) 2 17id ., — _ et (pi+ D)+ e+1) ([ f1+pi) 2150
g( 1) Pi)(—1)PitDp 8ziH gy, = ;( 1)t Pk p 8zi6k
_of

028

since for 7 = k the two exponents agree and the sign squares to one. The antibracket then
reads

‘ , of .. 0g

— (I — (@i D) @i+ ) Y ypid Y9

(F.9) = (11X 1(9) = (-1) s 29
and the exponent collapses modulo 2, |f| + (p; + 1)(pi + |f]) = |f| + pi + pil f| +pi + |f] =
pilf. [

For an even symplectic form the dressed inverse acquires, at points of the body, symmetry
properties which we record for later use.

Lemma 1.29. Let w be even, k = 0, and let z € | M| be a point of the body. Then:
(1) wij(z) = ¥ (x) = 0 unless p; = p;, and on the surviving blocks the dressing of is
trivial, > % (2)wjk (z) = 6¢;
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(2) wji(z) = —(=1)PPiw;;(x) and P (z) = —(—1)PPil1%(z): the even block is antisym-
metric, the odd block symmetric.

Proof. For (1), w;j and I are functions of parity p; + pj; at = all odd coordinates vanish,
and an odd function has no constant term, so the mixed parity components vanish, while
on the remaining blocks p; + p; = 0 kills the dressing. For (2), the contractions graded

commute, S0 wi; = ty;lo;w = (—1)(pi+1)(pf+1)wji, which on the blocks p; = p; =: p reads
wji = (—1)P*w;; = —(—1)PPiw,;; blockwise inversion of (1) transfers both symmetries to
II(x). O

A noteworthy result of Schwarz [3I], however, has no analogue in conventional symplectic
geometry.

Theorem 1.30. Every odd-symplectic supermanifold (M, w) is globally symplectomorphic
to (IIT*| M|, wstand), the odd cotangent bundle of its body with its standard odd-symplectic
structure.

From now on our odd-symplectic supermanifold (M, w) comes equipped with a Berezinian
p € BER(M).

Definition 1.31 (Compatibility). A Berezinian u is compatible with w if there is an atlas
of Darboux charts in which p = d"zD"€.

Definition 1.32 (BV Laplacian). Let (M, w, u) be an odd-symplectic manifold with an
arbitrary, not necessarily compatible, Berezinian ;1. We define the operator A, : C*(M) —

C*(M) by 1
Au(f) = Sdiv (X)),

In a Darboux chart (2%, ¢&;) on M, under the assumption that we can locally write p =
p(z,&)d"xD"¢ with p a local density function, Example and Lemma yields

0 0
Aﬂ(f): : axza&f"i';(logp:f)

In the case that p is compatible with w (and therefore p = 1) we have the induced operator

0 0
A=A,=> —— compatible
124 ZL: 6301 afz’ w p )
which we call the Batalin—Vilkovisky Laplacian. Due to the contraction of symmetric and
antisymmetric indices it squares to 0, A? = 0.

We now turn to partition functions in the BV formalism. First note that for a supermanifold
N one has the relation

Ber(TIT*N) | = Ber(N)®?, (3)
where the restriction to A should be understood as the pullback of the inclusion map (or
equivalently, setting the fiber coordinates generated by II7T* to 0). Indeed, by Batchelor’s
theorem (Theorem [1.4) we may write N’ =~ IIE for a vector bundle E — |N/|, the IIT*
functor generates new base coordinates (conjugate to the odd fiber coordinates of E) and
new fiber coordinates (conjugate to the base coordinates of [N]). This gives a new base E*
and a new fiber F @ T*|N|. Applying now the definition of Ber(—) to these spaces and
restricting to N yields the identity above.
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Since Ber(N) is a line bundle, we may take the square root of the image of u €
Ber(IIT*N)|nr under , written /uly. In local coordinates X4 on A (of either par-
ity), with induced Darboux fiber coordinates © 4 on IIT*N, this square-root map reads

vV =|n : Ber(IIT*N) — Ber(N), p(X,0)DXDO — +/p(X,0)DX.

Definition 1.33 (BV integral). For (M, w, ) an odd-symplectic manifold with a compatible
Berezinian, a BV integral is an integral of the form

J v ule
LcM
with £ a Lagrangian submanifold of M and f e C*(M) a function satisfying A, f = 0.

The following theorem is central to BV theory.

Theorem 1.34 (BV-Stokes, [31]). Let (M,w, 1) be an odd-symplectic manifold with com-
pact body endowed with a compatible Berezinian.

(1) For any g € C*(M) and £ < M a Lagrangian submanifold, one has
fg Apg/ple = 0.

(2) Let £ and L’ be two Lagrangian submanifolds whose bodies are homologous cycles
in the body of M and let f € C*(M) be a function satisfying A,f = 0. Then the

following holds:
L vl = L I ule

Later we will treat Lagrangians simplicially, via embeddings ¢ : A™ x £ — M. Part (2)
above then says that for ¢ : Al x £ — M with ¢(0,£) = Lo and «(1,£) = L1 we have

5 f\/M‘E:(L fOI‘A“fZO,

L

where 0v = L1 — Ly. This theorem will later be refined to give a BV analogue of the de
Rham theorem.

1.2.4 Algebraic structure

We now collect the algebraic structures we will work with. As before, |a| denotes the parity
of a, which need not agree mod 2 with its Z-grading.

Definition 1.35 (BV algebra). A BV algebra is a unital commutative graded algebra (A, -)
over R equipped with

o A degree +1 antibracket (—, —) : A/ @ A*¥ — AITF+1 gatisfying

— skew-symmetry: (z,7y) = —(—1)(=+DUvl+D () ),

— Leibniz identities:
(z,y2) = (z,y)z + (1) (T DWly (g 2),

(zy,2) = x(y, 2) + (=D (7 2)y.
— Jacobi identity:
(,(,2)) = ((z,9), 2) + () FFVWED (2, 2)).
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e In addition, A* should carry a BV Laplacian, an R-linear map A : A7 — A1
satisfying
- A? =0,
A(1) = 0 (with 1 the unit in A®),
— second order Leibniz identity
Azyz) + A(zy)z £ A(zz)y £ A(yz)x £ A(z)yz £ A(y)zz £ A(z)zy =0, (4)
— the antibracket arises as the "defect" of the first order Leibniz identity for A:
Alzy) = Az-y+ ()" - Ay + (1) (2, y). (5)

This is precisely the structure that an odd-symplectic, Z-graded supermanifold with com-
patible Berezinian (M, w, ) has. The algebra is given by A = C*(M), the antibracket by
Definition and the BV Laplacian by Definition [[.32] The grading is given by gh.

We are mostly interested in the elements of a BV algebra solving the following equations.

Definition 1.36 (Classical master equation). In a BV algebra (A, -, (—, —), A), the classical
master equation is solved by those S € AY with

(Sv S) =0,
and we denote this solution set MC(A).

Definition 1.37 (Quantum master equation). In a BV algebra (A, -, (—, —), A), the quan-
tum master equation is solved by those S € A°[[h]] with

1
5(5, S) —ihAS =0,
and we denote this solution set MCp(A).

Definition 1.38 (Quantum canonical BV transformation). We say that two solutions S, S" €
MCy(A) are equivalent if there is a smooth family S; € A°[[A]] with Sy = S, S; = 5’ and a
generator R; € A~![[A]] such that

d

351 = (Si, Ri) —ihAR,.

1.2.5 Half-densities

Next we absorb the Berezinian into the fields themselves; this will let us drop the choice of
u from the constructions.

Definition 1.39 ((Half-)densities). A density of weight » € R on an (n|m)-supermanifold
M is a collection of local functions p(a)(Z(a),0(a)); one per chart of an atlas of M, trans-
forming on overlaps as

A& (a), b)) |*

Az (s),0(5))

Here Sdet is the superdeterminant: for a block supermatrix (é g) with even diagonal

blocks A, D and odd off-diagonal blocks B, C, one has Sdet = det(A — BD~'C) det(D)~!.
We denote the space of s-densities by Dens™(M); for s = 1 we recover Berezinians. A
half-density on (M,w) is a L-density. We write it in a Darboux chart (2, &;) as

2 1 1
o=o(z§) - d2x D2,

P(a) (T (a), ) = P)(2(5), 0(p)) - |Sdet

where the symbol d2x Déf transforms by the square root of the Berezinian Jacobian.
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Globally, half-densities are sections of the square root of the Berezinian line bundle:
Dens2 M = I'(M, Ber(/\/l)®%).

Definition 1.40 (Canonical BV Laplacian, [26]). The canonical BV Laplacian A : Densz M —

Dens2 M is given in a Darboux chart by

1 1 3 a 1 1
Aoz, 6)diaDiE — (Z a(xiago(x,f)> d3z D3E.

One can show that the expression is globally well-defined and squares to zero.

Unlike the Schwarz BV Laplacian A, of Definition [I.32] this operator requires no choice of
].%elreziniaun.1 A compatible Berezinian g on M does however provide a reference half-density
1 € Dens2 M, and multiplication by it intertwines the two operators:

AW f) = Vi Bu(f),  feCPM). (6)
The other key feature of half-densities is that they restrict to Berezinians on Lagrangians.
For £ < M Lagrangian, the identity (applied to N' = L together with the Weinstein
neighborhood M =~ IIT*L) yields a canonical restriction map

Densz M — BER(L), o~ 0o|c.

In a Darboux chart (X%, Z,) for M in which £ = {Z = 0}, this map reads o(X, Z) D:X D3
o(X,0)DX.

[11

(g

Definition 1.41 (BV integral, half-density version). For o € Dens?M and £ M a
Lagrangian submanifold, the BV integral of o over L is

Lo Lo

The BV Stokes’ theorem carries over verbatim via @: for any 3 € Dens2 M one has
§ £ AB =0, and for A-closed o the integral § 0 depends only on the homology class of the
body of £L. Whenever we have a compatible Berezinian p on M, this language recovers the

earlier Sz: fA/u|c upon setting o = f - \/p.
1.3 Fiber BV integrals
We now come to the central player of the thesis, the effective action. It amounts to inte-

grating out some of the BV fields while preserving the BV structure on the rest.

Let (B,wp) and (F,wr) be two odd-symplectic supermanifolds and consider their product
F=BxF, w=wp®uwp,
which is again odd-symplectic. Denote by 7 : F — B the projection onto the first factor.

Definition 1.42 (BV pushforward). For £ ¢ F' a Lagrangian submanifold, the BV push-
forward along 7 is the R-linear map

(L) 1 1
my  : Dens2 F — DenszB, o — o,
LcF
i.e. for fixed 2’ € B one integrates the half-density o over the copy of £ in the fiber 7! (z).

(£)
*

Equivalently, under the isomorphism Dens2 F =~ Dens? B ® Dens2 F , ™y~ is the identity on

the first factor tensored with the ordinary BV integral on F'.
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The fundamental property is that the BV pushforward commutes with the canonical BV
Laplacians and is well-behaved under Lagrangian homotopies.

Definition 1.43 (Lagrangian homotopy). Let (M, w) be an odd-symplectic supermanifold.
Two Lagrangians £y ~ £1 are homotopic if there is a smooth family of Lagrangian embed-
dings ¢ : [0,1] x £ — M with (¢ = Lo and ¢; = £ (writing ¢; := ¢(¢,—)). Its associated
velocity vector field is defined as

4 "
X :=de <0t> e,y TM)

and its associated time dependent one form
B =1} (1xw) e QYL) @ Q' ([0,1]).

The Lagrangian condition reads :jw = 0 and hence ¢} (Lxw) = $(;fw) = 0. By Cartan’s
magic formula and the closedness of w we immediately obtain that d3 = 0. Because 8 has
ghost degree —1 and the de Rham cohomology vanishes in nonzero ghost degree, we can
define the Hamiltonian n of ¢; to be

dn := p e C*(L) @ Q' ([0,1]), (7)
which determines 1 uniquely: two solutions of dn = § differ by a d-closed O-form, i.e. a

constant, and constants sit in ghost degree 0 whereas 7 has ghost degree —1.

Since F = B x F with w = wg ® wp, a Darboux chart on F is a union of Darboux charts
on B and on F', and under Dens'/?F =~ Dens'/?B ® Dens'/?F the canonical BV Laplacian
splits as

A =Ap+ Ap,

with Ap, Ar the BV Laplacians of the two factors.
Theorem 1.44 (BV-Stokes for fiber BV integrals, [10]). We have the two identities.
(1) 7% is a chain map: for any o € Densé]:,
ABﬂ'Sf:)U = ﬂiﬁ)Ao.

(2) Let Ly ~ L1 be two homotopic Lagrangians in F' and o € Dens2 F with Ao = 0. Then
1
g - plFlg = ABJ dtf nif(o).
0 L

Now assume both B and F' are equipped with compatible Berezinians pup and pp; then
W = up - pF is compatible with w on F. In this case, half-densities on F of the form
o= f-\/iwith f e C*(F) correspond to BV functions and we can recast the pushforward
in terms of an effective action.

Definition 1.45 (Effective BV action). Let S € C*™(F)o[[h]] be a solution of the quantum
master equation on F. The effective action S° on B induced by S via the fiber BV integral
over L c F is defined by

o qeff e o
i 65— o0 (. Y. ®
We will often omit the choice of the Lagrangian (which should be clear from the context)
and just write S°f.

Corollary 1.46. As a corollary of Theorem [1.44] we have the following.
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(1) If S solves QME on F, then S solves QME on B.

(2) If Lo ~ L1 are homotopic Lagrangians in F', then ngf ~ S$T under a quantum canon-
ical BV transformation on B.

(3) If Sy ~ S7 under a quantum canonical BV transformation on F, then SSH ~ S$f under
a quantum canonical BV transformation on B.

1.4 BV formalism

Definition 1.47 (Classical BV theory). A classical BV theory consists of the following data:
e an odd symplectic structure w € Q2(F)_; (BV form),
e a function S € C*(F) satisfying the CME (BV action).

Definition 1.48 (Differential graded manifolds). A vector field @ on a Z-graded super-
manifold is called a cohomological vector field if Q has degree 1 and Q% = 0. Then the pair
(M, Q) is called a differential graded manifold (dg manifold).

Remark 1.49. In a BV theory the Hamiltonian vector field of .S is such a cohomological
vector field: @ := Xg = (5, —) squares to zero by the CME.

A more general structure that we will need later on is the following.

Definition 1.50 (Hamiltonian dg manifold). A Hamiltonian dg manifold of degree k con-
sists of the following data:

e a dg manifold (M, Q),
e a symplectic form w € Q?(M);, of internal degree k,

e a Hamiltonian © € C*° (M) with (©,0) = 0 where (—, —) is the induced bracket
of degree —k of w.

We note that the case k = —1 is exactly that of a classical BV theory. The reason to
introduce Hamiltonian dg manifolds is that the starting point of the construction of a so-
called n-dimensional AKSZ theory [1] is a Hamiltonian dg manifold of degree k = n — 1,
which will be extremely useful to construct a BV theory from scratch.

Definition 1.51 (Quantum BV theory). A quantum BV theory consists of the following
data:

a Z-graded supermanifold F,

an odd symplectic structure w € Q2(F)_1,

e a Berezinian pu € BER(F) compatible with w,

a function S € C*(F)o[[h]] satisfying the QME.
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For a quantum BV theory one then defines the partition function as the BV integral over a

Lagrangian £ < F as
7 f [le €5/,
LcF

If the critical points of S are degenerate on that particular £, Theorem [I.34] allows us to
deform the Lagrangian £ v~ £’ on which they are non-degenerate. The difference is then
A-exact, which is a pure gauge term. The final partition function can then be computed
with the stationary phase formula.

The strength of the BV formalism is that it still applies when the gauge symmetry is open:
the infinitesimal gauge transformations may span a distribution that is not integrable away
from the critical locus. We encode them by a vector bundle £ — X over the space of
classical fields, with an anchor p : E — TX; a local frame {e,} gives the gauge vector
fields v, = p(eq) = Y, vi(x) 0, and the classical action Sy € C®(X) is gauge invariant,
va(Se1) = 0. We only require the distribution p(E) to be integrable along the critical locus
Xerit, to which it is automatically tangent since dS¢(v) = v(S¢) = 0.

We then build a classical BV theory on F = T*[—1]|E[1], the shifted cotangent bundle
of E[1], and look for a BV action S € C*(F)q with (S,5) = 0 fixed by

(1) S|E[1] = Scl, and

(2) the term of S linear in the ghosts ¢® (the fiber coordinates of E[1]) being Y, , ¢®v}(z) z;F,
where the z are the fiber coordinates on T*[—1] dual to the base coordinates z'.

These fix S up to higher order,
S = Sa(x) + anvé(:n) i+
a,zi

the remaining terms being at least quadratic in the ¢* and determined by imposing the CME.

Constructed this way, the higher-order terms of S must be guessed by hand. The AKSZ
construction, to which we turn next, instead yields a solution S of the CME directly from
the geometric data of a target.

1.5 AKSZ construction

In the AKSZ construction [I] the field space F is given by the mapping space between a
source and a target. These are given by the following data.

Source. This is a closed, oriented n-dimensional manifold 3. We denote the de Rham
differential on the source with d, and for convenience will always use the local coordinates
t* on X.

Target. This is a Hamiltonian dg manifold A of degree n—1 with an exact symplectic form.
To recall, it comes equipped with a cohomological vector field @ s, an exact symplectic form
wr € Q2(N)n_1 (ban = wpr, where 6 is the de Rham differential on A') and O € C®(N),,
such that (O, On) = 0.

The field space is then given by
F = Map(T[1]%,N).

21



This is an infinite-dimensional graded supermanifold, which we describe through its functor
of points: by Yoneda a supermanifold X is determined by the presheaf S — X(S) :=
Mor(S, X) of its S-points, with S ranging over all supermanifolds. We define Map(M, N)
(here M = T'[1]%) to be the supermanifold representing

S —— Mor(S x M, N) (contravariant in S),

equivalently characterized via the adjunction Mor (S, Map(M,N)) = Mor(S x M, N), nat-
ural in S: an S-point of Map(M,N) is an S-family of maps M — N. Yoneda makes the
representing object unique; its existence as an infinite-dimensional supermanifold is supplied
locally by the model below. For A/ a super vector space one has Map(M,N) = C*(M)QN,
and for general N one uses this in coordinate charts of A". The body consists of the pt-points,
i.e. the degree-preserving maps Mor(M,N).

The mapping space admits the usual constructions of differential geometry. Tangent
vectors, for example, are velocity vectors of curves in the space; in the language of the functor
of points this amounts to considering curves v(t) € Map(M, N)(R1%) = Mor(R'? x M, N)
for even vectors and R for odd vectors respectively. The tangent space at some point of
the body, i.e. at ¢ € Mor(M,N), is given by

Ty Map(M,N) =T'(M,¢*TN) .

We can lift the structure of the target N to the space of fields. This is done via the
evaluation and projection maps. Consider the diagram below.

TS x F —2 N

;

To lift an object such as ¢ € QP(N'), we pull it back via the evaluation map ev*, pick its
(0,p) degree form (on N) and integrate it against T[1]%, effectively taking only the top
degree form of . We then have a form ® = m.ev*¢ of de Rham degree p but with internal
degree decreased by n. We denote T = mxev* : QP(N); — QP(F);_,. Conventionally, we
write {y, for the integration over T[1]%, i.e. {¢ = {d"td"@ with Berezin integration in the
odd fibers; honest integrals of forms over the source, once we specialize to the circle, are
instead denoted Ssl'

This construction defines us the superfields by applying the idea to the coordinate func-
tions x4 of N:

' =eviz® € CP(T[E)®C*(F) =0 (Z)®CP(F)

hence we can expand the superfield % in terms of odd fiber coordinates 6" = dt* of T[1]%

as
n

¢ = 2% (£ ... g
> 2] £ (1)

k=01<i1<---<ip<n
and we use the functions zf, ; (t) € C*(X) as coordinate functions on F. Note that for

each part of the sum to preserve the degree, we have that [zf, ; | = |29 — k.
Applied to a form ¢ € QP(N), the procedure in local coordinates just amounts to replac-

ing every coordinate by its superfield:

¢ = Z Pay-a, ()0 A - AT s J Z Pay--ap ()0 A o A ST,
2

ai,...,ap ai,...,ap
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For a symplectic form w we therefore obtain w = %wij (x)dx! A dz7. For reasons to be seen
later we include an extra sign, defining w = (—1)"Twys; in superfields,

w= (—1)";2; fz Wap(x) - 6@ A St 9)

Next we construct a cohomological vector field () on F. On the target we have Qs and on
the source T[1]% we have the de Rham differential d = §°0/0t'. Both of these vector fields
integrate to a flow on the respective manifolds with an odd flow parameter e. More precisely,
they generate two actions ®4, PN of the supergroup RO on ¥ and N respectively, which
can be lifted to left and right actions of R on the mapping space by

¢ pod!, ¢ dWog,
Infinitesimally we have
Ot =t 4 €0, DT(0') = 6 and  DIVF(2) = 2% + Qi ()
of the two group actions. We can now consider the infinitesimal transformations of the
compositions above by reading off the e coefficient; we call the two resulting vector fields

diifted and QRfted| and set - -
Q@ =dy™ + QN € X(F).
Note that because left and right group actions commute, the two vector fields commute.
Together with the fact that they’re both cohomological, it follows that @ is too, i.e. Q% = 0.
To read off @) in coordinates we apply the two lifted actions to the superfield % = ev*x?,
viewed as a coordinate function on F. Precomposition with ® substitutes the source flow
into the argument,

x%(t,0) — x(t + €0,0) = x° + €00 x® = x° + edx?,

S0 dlzi:fted shifts o2 by dma, i.e. In compOHeDtS x?l..
eV

4, = (dx®)i;..i,. Postcomposition with

instead substitutes the superfield into Q%/,

-z’ + e Qi (),
SO Q%ted shifts £ by Q}-(z). Writing each generator as a variational vector field then yields
) 0

Q- | wa), Oy OO s

(10)

Finally, we define the action S as
S = Ldlzi:ftedTO[N + TOu.

Note that Lqlifted replaces dx® v~ dx® and we obtain in coordinates
S = J Zaa(cc)da:a + On () (11)
) a

Theorem 1.52. The data (F, w, @, S) is a classical BV theory.

Proof. We must show that w is odd-symplectic and that S satisfies the CME. For the first,
observe that Td¢p = (—1)"dT¢ for any ¢ € Q*(N); this is clear in coordinates, since T pulls
the coordinates back to superfields and commutes with § (up to signs). In particular, it
follows that if war is closed, then w is closed. Non-degeneracy is checked by expanding @
in superfields, and w has internal degree —1 since T lowers the internal degree by n while
wpr has degree n — 1; hence w is odd-symplectic.
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To verify that (.5,S) = 0, we need to show that the Hamiltonian vector field of S squares
to zero. We claim that @ is its Hamiltonian vector field (i.e. tqw = 0.5), and as we’ve seen
above, Q% = 0 so we're done. We check

Low = (—1)" (Ldlzi:fted Twy + tqsea 'JTwN> = tqiea OTa + (=1)"Tegwn

where for the first term we’ve used that wys is exact and 6 commutes with T and for the
second, we can .see by observing that LQ'l,i\;ted’]T = Tug, . Now Definition applied to
the first term gives

Lglifted dTan + (=1)"Tigwn = Ldlzi:fted Tapn + 5Ld12ifted Tapn + 0TON = S,
where we have used that Ldlzifted Tap = 0. Indeed, using the coordinate formula for dlzifted =
V®o/0x® with V® = dz® from and the formula for a Lie derivative of a one-form
Lapreacr = (g )52 + (—=1)lel oy (8, V1) 62,
which by the chain rule is exactly
Larear = d(ag(x))oz" + (~1)1*lag(z)d(62") = d(au(z)dz),
which integrates to zero over ¥ by Stokes’ theorem. Here the sign (—1)|a“| is the Koszul

sign produced when the odd source differential d passes the coefficient a; with it the two
terms reassemble into the total derivative d(o,(x)dx?). O
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2 Algebraic structures

2.1 L., algebras

This chapter collects numerous algebraic definitions and theorems, of which we will make
extensive use later; they form the backbone of our globalization techniques. Recall again
that the Koszul signs |z| need not be congruent to the Z-grading of the algebraic structures.

Definition 2.1 (dg space). A differential graded space (dg space) is a graded spaceE] V with
a linear map d : V* — V**! such that d®> = 0.

Definition 2.2 (DGLA, [19]). A 1-shifted Lie superalgebra (which we call DGLA for dif-
ferential graded Lie algebra) is a dg space L equipped with a bilinear antibracket (—, —) :
LF x L' — LF+1 guch that

(1) d(z,y) = (dz,y) + (=1)*1+1(z, dy) (Leibniz)
(2) (y,2) = —(=D)EFDWFD (g y),
(3) (x,(y,2)) = ((z,),2) + (=)W (y (2, 2)) (Jacobi).

Definition 2.3 (Maurer—Cartan, [19]). The set of solutions to the Maurer—Cartan equation
of a DGLA is given by even x € L such that

1
dz + 5(:6,;1:) =0,
and is denoted as MC(L).
Definition 2.4 (Complete graded space, [2] Def. 1.5). A complete graded space is a graded
space V equipped with a descending filtration
V=rFV>s..oFV>..

such that V' is complete in the induced topology, i.e. V' — lim V /FPV is an isomorphism of
graded spaces. A map f: W — V is continuous if f(FPW) c FP(V) for all p. A complete
dg space is a dg space with a filtration FPV and continuous differential d; a complete DGLA
additionally satisfies (FP1V, FP2V) c FP1tP2V,

The natural filtration on a space V[[A]] is given by the powers AP.

Remark 2.5. Because we are interested in the classical part (h°) as well, we start our
filtration at FOV, so convergence is not guaranteed even for continuous expressions. We will
therefore not mention this again: all definitions and expressions below are to be understood
formally, and convergence has to be checked in each particular case by A degree.

Definition 2.6 (Gauge action, [19]). Let y € L* and denote the map ad(y) : L* — L*TF+1,
x — (y, ). Then we define the gauge action of odd y € L~! on an element z € L° by

& —ad n(d x,
xoy:x+20< (y)(iLizl/)"li'( y))

LA space is always a vector space for us
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One can easily check that z ey € MC(L). Furthermore it is the solution to the ordinary
differential equation
d(z e ty)

dt
with initial condition x e ty = x at t = 0.

=dy + (z e ty,y),

One can equip a DGLA with more structure, which we will need in later chapters; for this
we follow the definitions and notation of [2]. For a graded space V, denote VO™ its n-th
symmetric product (the signs are again given by Koszul rules on the parity). We consider
the coalgebra S(V) = ®,>1V®" with the unshuffle coproduct

n—1
AWO-0v) = > Y &0) (Vo) O Olo(i)) ® (Vo(izt) O OVs(m)) -
i=1 geS(i,n—1i)
where £(0) is the Koszul sign from permuting the v’s, S(i,n — i) € S,, are all permutations
which split into two blocks {o(1),...,0(i)} and {o(i +1),...,0(n)} and are strictly increasing
in each of the blocks.

Given a map F : S(W) — S(V) between the symmetric coalgebras, denote by f; :
WO — V the composition WO < S(W) EiR S(V) — V, the last arrow being the canonical
projection. In particular, a coderivation Q : S(V) — S(V) (i.e. AQ = (Q @ Id +Id®Q)A)
and a morphism F : S(W) — S(V) (i.e. AF = (F ® F)A) are determined by their Taylor
coefficients ¢; and f;, defined by the same composition, via

Q(v1®~-®vn)=2 Z £(0)ai (Vo) O - O V(i) OVp(i41) O+ OVpry,  (12)

i=10eS(i,n—1i)

and
51
Fwi©--Quwy) = 2 i Z Z £(0) fi, (Wo()@-++) @O fiy, (- Owemy) -
k=1 4’[1,...,72@21 O’ES(il,...,ik)
11+ Frg=n
(13)
where S(i1,...,4x) denotes the unshuffles into k blocks of sizes i1, ...,k

Definition 2.7 (L, algebra, [2] Def. 1.1). An L, algebra (V, Q) is a graded space V' and
a +1 coderivation @ on the space S(V) such that Q% = 0. Furthermore we say that it is a
complete Lo, algebra if V' comes equipped with a filtration and the ¢; are continuous, i.e.
¢ (FP'V @ - @ FPiV) < FPrT PV for all i,p1,...,p; = 1.

Definition 2.8 (Ly morphism, [2] Def. 1.1). An L, morphism F': (W, R) — (V,Q) is a
family of degree 0 Taylor coefficients f; : W®" — V for 4 > 1 such that the corresponding
F:S(W) — S(V) intertwines R and Q.

A continuous Lo, morphism F : (W, R) — (V, Q) between complete Lo, algebras is an
Ly, morphism F' : (W, R) — (V,Q) such that its Taylor coefficients are continuous, that is,
[i(FPW © - @ FPiW) < FPrtPiV for all 4,py,...,p; = 1.

In particular, a DGLA (L,d, (—,—)) is an L, algebra by setting ¢;(x) = —dz, g@2(x O y) =
(=1)l#+1 (2, ) and ¢; = 0 Vi = 3. The condition Q? = 0 then reproduces the Leibniz (1)
and Jacobi (3) identities of Definition antisymmetry (2) is automatic as go lives on LO2,
and d? = 0 is the dg-space axiom.

We can also consider the MC set for an Lo, algebra: define

Z Z%Qi(x@i) = 0} : (14)

i=1

MC(V) := {x eV?
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For the g1, 2 of the DGLA case above, this reduces to Definition 2.3

Note that a BV algebra (A, -, A, (—,—)) is an example of a DGLA (L,d, (—,—)) with an
additional commutative product and compatibility conditions. It remains only to verify that
A(z,y) = (Az,y) + (1) (2, Ay), (15)
which follows by applying A to and using that identity again together with A? = 0.
Also note that the classical master equation (Def. is just the MC(.A) set with
q¢1 ~ 0 and g2 ~ (—,—) the BV bracket, while the quantum master equation (Def.
is MCr(A) = MC(A[[AR]]) with ¢1 ~ 2hA, g2 ~ (—,—). The BV canonical transformation
(Def. [1.38)) is then the statement that there is an R € A~! such that S e R = S’ (taking R
time-independent; see later).

2.2 Homological algebra

Definition 2.9 (Quasi-isomorphism). A chain map f : (V.dy) — (W,dw) is a quasi-
isomorphism if the induced map H(f) : H(V) — H(W) on cohomology is an isomorphism.

Probably the most important definition of the thesis is the following.

Definition 2.10 (Strong deformation retractions, [30], Def. A.1). A (complete) strong
deformation retraction is the data

W=V5h

where (W, dy), (V,dy) are (complete), differential graded spaces, h € Hom™*(V, V) and ¢, 7
are cochain maps such that

me = Idy, dyh+ hdy =1d —ur.
with the side conditions
he =0, wh =0, h? =0.
Additionally, in the complete case the maps ¢, 7, h are required to be continuous.

Remark 2.11. In particular the maps ¢ and 7 are quasi-isomorphisms.

We will construct such SDRs in order to work in a resolution V' of W and then transport
the relevant results back to W via 7.
To construct new SDRs from old ones, we "perturb" the old one in the following sense.

Definition 2.12 (Perturbation). For a differential graded space V', a perturbation of the
differential dy is a linear map 0 € Hom!(V, V) such that (dy + 0)? = 0.

Lemma 2.13 (Homological perturbation lemma, [30] Lemma A.2). Let (W, dw ) and (V,dy)
be a pair of complexes with an SDR given by (¢, 7, h). Let 0 be a perturbation of dy. Then
we can construct a new SDR between (W, dw + dg) and (V,dy + 0) with the data

dp = Z w0(—hd)™

n=0

Lo = Z (—ho)"™,

n=0

To = Z w(—0oh)",

n=0

ho = Y h(—0h)".
n=0

Note that we can also write dp = w0ig.
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Later on we will need to construct a new SDR from the tensor product of a given SDR.
The following is the symmetric-algebra form of the tensor trick of [22] 23], employed on the
tensor coalgebra.

Lemma 2.14. Let
W=V9h

be an SDR. For n > 0 let (O™ : WO" — VO and 707 : YO» WO be the induced maps
on symmetric powers, and let h, : VO? — VO? be the degree —1 map

1 n
hn (V1O -Ovn) = — D (V1) O O (Vg (4 1)) OBV (a)) O Vg (a4 1) @ * Ol ()

' oeS, a=1
where + is the Koszul sign of the permutation and of moving h into place (|h] = —1).
Assembling ~
i=11°  A=][=" h=]]m
n=0 n=0 n=0

yields an SDR of the completed symmetric algebras, with their derivation differentials,
SW = SVOh.
If the original SDR is complete, so is this one.

Proof. Every operator keeps the symmetric degree n, so the construction is block diagonal
and it suffices to build an SDR WO" = VOn for each n; assembling the blocks then gives
the claim, continuity inherited degreewise. Fix n and write A = (m which commutes with
dy.

We first lift the retraction to V®", with differential d® = >, 4% @dy, @ 1d®" =)
maps (&, 79" and homotopy

H=) B,  By=A®""V@h@ld®" ",
a=1

Clearly 7®%/®" = (7,)®" = Id. For the retract relation we evaluate d®B, + B,d® slot by
slot: in slot a we get dyh + hdy = Id — A, dressed with A’s to its left and identities to its
right; in a slot b < a the two orders assemble into the commutator [dy, A] = 0; and in a
slot b > a the differential must cross the odd & in slot a, and the sign it picks up makes the
two orders cancel (using that dy, h are odd). What survives telescopes,
n
d¥H + Hd® = ) (AP @ Id®—otl) — 490 @ [q¥(—a)) = 149" — A®" = Id —O" 7"
a=1
The side conditions come for free from those of (¢, 7, h): each term of Hi®" carries ht = 0,
each term of 7®"H carries mh = 0, and in B,B, the two distinguished slots carry h? = 0
for a = a’, and tmh = 0 or hum = 0 for a # a’; so H? = 0. Thus (:®", 7" H) is an SDR.
For the symmetric product note that VO sits inside V®" as the image of the symmetrizer
t = % Doc 5,0 (with Koszul signs). The maps d®, &7 7®" A®" are S,-equivariant, hence
commute with ¢ and restrict on VO™ to dy, (O, 70" and (©"7©". Set h,, = tHt; spelling it
out on t(v; ® - - - ® vy,) reproduces the formula in the statement. Since t commutes with d®
and A®", the retract relation descends, on VO™ where t = Id, to

dyhp + hpdy = t(Id —A®™)t = Id —O"7O",
and pulling ¢ through (®", 7% gives h,1©" = t(H/®")t = 0 and 7©"h,, = t(z®"H)t = 0.
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Only (h,)? = tHtHt = 0 remains. Using ot = ¢ to swallow the middle symmetrizer
leaves a sum of terms tDt, each applying h in two slots and A or Id elsewhere. If the two
slots agree the term dies by h%2 = 0. If they are distinct slots a # b, then D carries h ® h
there; two odd h’s anticommute with the transposition 7,;, which leaves the remaining even
factors alone, so with t7,, = Tt =t

tDt = D1yt = — tryDt = — Dt
and the term vanishes. Hence (h,)? = 0, and (:©", 7" h,,) is an SDR. O
The next theorem is in some sense a generalization of the homological perturbation lemma;

it allows us to transfer entire Lo, structure from one space to another and even more im-
portantly for us, yields concrete formulae of morphisms between them.

Theorem 2.15 (Transfer of Ly, structure, [2] Thm. 1.9). Given an SDR

W=VOh
™
and an Lo, algebra structure Q on V with linear part ¢ = —dy, there is an induced
Ly, algebra structure R on W with linear part 1y = —dy, together with L, morphisms

F:(W,R) - (V,Q), G: (V,Q) — (W, R) with linear parts fi = ¢, g1 = 7 respectively.
Denoting by FF the composition W — (W) RIS (V) - VOF F and R are determined
recursively by

7
fi= Z hgnFf fori>2,
k=2

i
T = Z quFik for ¢ > 2.
k=2
Denote by h; : VO — VO the degree minus one map defined by

1 K3

hi(v1 ©---Qu;) = ] ZS: Z:l (V1)) O - Q1T (Vo(j—1)) O MV (j)) O Vo (j41) O+ O Vo(s),
O€D; )=

where + is the appropriate Koszul sign (taking into account that |h| = —1). Denoting by

QF the composition VO — (V) S, S(V) — VOk the Ly, morphism G is determined
recursively by

i—1
gi = Z ngfhi for ¢ > 2.
k=1

We are mainly interested in the MC sets of L, algebras, since these are exactly the solutions
of the master equations. The following Proposition shows how to transport solutions between
MC sets along Lo, morphisms, which we construct via the transfer theorem above.

Proposition 2.16. Given an Lo, morphism F : (W, R) — (V,Q), define the push-forward
F, as
1 .
_ Z £ (00
Fu(e) = Y 2 fi(a%).

i=1

Then z € MC(W) = Fy(z) € MC(V).

Proof. Maurer-Cartan elements are even of degree 0, so all Koszul signs among copies of x
are trivial. Define e” := Y _ £,2©" (including the n = 0 unit, so e® lies in R® S(V)).
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With w; = -+ = w,, = z every (i, n—1)-unshuffle in contributes the same summand,
and there are (7} ) of them, so R(z®") =37, () r (x@)@:r@(" 9). Dividing by n!, summing
over n and reindexing n = ¢ + m,

R(e") = (Z Z,—l'n-(:c@i)) ©e", (1)

izl
hence R( =0 < Zz>1 ari(2®h) = 0 <= x € MC(W). Likewise a fixed composition
11 + -+ 4+ i = n occurs ﬁ times in , giving

L n! , 4
F@@®) = ), % 2 i fa@) O 0 £ @),

! 1!
k=1"" i1+ tig=n 1
Dividing by n! and summing over n frees the constraint and factorizes the sum,

)= S (S b)) o

k=0 =1

Since F is an Lo, morphism, QF = FR. Computing Q(ef*(®)) with (f) and then using these
relations,

1 .
(X Fa(R@®)) @ = (™) = Q(F(e) = F(R(")).
i1
If x € MC(W) then R(e®) = 0 and the right-hand side vanishes. Projecting onto V = V!
leaves Y- 31qi(Fi(2)®") = 0, that is Fy(z) € MC(V). O

The push-forward is in fact one half of a bijection: a Maurer—Cartan element of V' is pinned
down by its image in MC(W) together with its homotopy datum. This is a formal incarnation
of Kuranishi’s theorem.

Theorem 2.17 (Formal Kuranishi theorem, [2] Thm. 1.13). Keep the hypotheses of The-
orem [2.15] The map
p: MC(V) — MC(W) x h(V?),  z+— (Gy(z), ha),

is a bijection. Its inverse is obtained recursively: to a pair (y, hv) € MC(W) x h(V?) one
assigns the limit of the sequence xy = 0,

Tnt1 = t(y) — q(hv) + Z (hg; — 1g:) (299,
z>2
which is the unique z € MC(V') with p(x) = (y,hv). For hv = 0 this recovers the push-
forward of the previous proposition: Fy = p~!(—,0) restricts to a bijection between MC(W)
and the h-closed solutions {x € MC(V') | hx = 0}, with inverse 7.
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3 Formal geometry

Central to formal geometry is the following definition.

Definition 3.1 (Formal exponential map, [7]). A formal exponential map (FEM) is a smooth
map ¢ : U — M from a neighborhood U < T'M of the zero section such that (writing ¢, (y)
forze M,ye T,M nU)

(1) ¢:(0) = =,
(2) d¢(0) = Id.

To write down the Feynman diagrams for actions, one usually has to take the Taylor ex-
pansion of the perturbation term to obtain expressions polynomial in the fields to give the
explicit Feynman rules. Formal geometry does this covariantly, by first pulling back the ac-
tion to the linear tangent space by a formal exponential map ¢, and then taking the Taylor
expansion, denoted T¢ZXf. If the formal exponential map is the geodesic exponential map
of a torsion-free connection V for example, this boils down to taking

TEf = (o) + Vif @)y + ViV F(@)y's + -

There are multiple approaches to this, but all are essentially the same; we will show three
ways of obtaining the connection and the formal exponential map, which however have a
slightly different meaning in each approach.

The upshot of formal geometry is that one can define a flat connection D on the bundle
where these Taylor expansions live. This connection has the property that it provides
a resolution of the global functions; the cohomology H7, lives only in zeroth degree and
consists of all global functions. This will be essential in the globalization procedure.

3.1 First construction

In the first construction we will first build a connection on the space of the formal power
series. With this connection it will then be possible to give a characterization of the formal
exponential map. We will closely follow [15].

3.1.1 Connection

We start with a manifold M (with local coordinates z°) and we want to study the bundle
ST*M , i.e. the formal completion of the symmetric algebra of the cotangent bundle. This
is naturally where the formal Taylor expansions will live by considering an exponential map
¢z 2 Ty M — M and pulling back a f € C*(M) to a function on the tangent fiber T, M and
then considering its Taylor expansion, creating a formal power series in the generators y* of
T*M, i.e. a section in D(ST*M).

Let a =w® fe N(AT*M ® §T*M) and define the two operators

§ : T(APT*M @ SIT* M) — T(APYIT* M @ S9-1T* M)
5~V D(APT*M ® 89T*M) — T(AP~'T*M ® §971T* M)
da=(d* A — |a=dz' A w® =

o0y’ oy’
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and

1 , 1 ,
5_1a=<yzba)a= tow®y'f, forp+q+#0
p"'q ox® p"'q ox®

and 6 'a = 0 else. R
We define the formal vector fields to be the C*(M)-linear derivations of I'(ST* M), see
[T1]. In particular derivations are specified by their action on the generators 3 (extended
by Leibniz); we have an isomorphism
T(ST*M @ TM) — Der(T'(ST*M))
with the map
f®v e (N(T*M) 50— a(v) f)

and inverse

; 0
D — D(y* -
() ® 75
By taking aii s azi we can write a formal vector field Y € I'(ST*M ® T'M ) in coordinates
as
Y =Y(z y)i
Y ayj

Consider now this bundle tensored with differential forms, i.e. T'(AT*M ® ST* M ®TM),
in which an element has the form

. 0
Y = dmz}/ij(a:,y)@.

Letting 6,6~ ! act as defined above on the form part and trivially on the formal vector field
part, we have the Hodge decomposition

a=ap+ (0 6+060 Na, aeT(AT*MQST*MQTM), (16)

where deg, (ago) = degg,(aoo) = 0. This, and many other unproved statements here, will
instead be later shown in Section in a more general setting.

We now construct from a generic torsion-free connection V on T'M a new, flat Grothendieck
connection D on the bundle ST*M. Such a connection D is given locally by

Df =dsf+Y(f), (17)
where Y e '(AT*M ® §T*M®1:\M). Since D raises the form degree by one, we treat it as
an odd operator on I'(AT*M ® ST*M); flatness is then the operator equation %[D, D] =
D? = 0, where [—, —] denotes the commutator of derivations, graded by the form degree.
Expanding D = d; + Y it reads

1
d, Y + §[Y, Y] =0. (18)
The power series Ansatz for Y is given by
0 0 fori 0

where deg, (X) > 2, degq,(X) = 1. We read the leading term as the operator —d and denote
the Christoffel term by

; 0

I:= —dxeykf‘fd(x)é—yi,

so that V = d; + I' is the covariant derivative induced on ST* M.
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We would now like to obtain a condition on X such that holds. This consists of
computing every bracket [—, —]; given that Y is a derivation in y, we also have d,Y =
[dz, Y]. Plugging in the decomposition of Y into yields

1
_[dxvé] + [d:rar] + [dith] + 5([67 5] - [53F] - [Faé] - [5aX] - [Xa 6]
+ [I,T] + [, X] + [ X, T] + [X, X]).

All parts of Y are of form degree one and hence odd, so the commutator is symmetric on
them and the mixed terms pair up, e.g. [§,T'] = [T',6]. We now group the terms. First, we
define the curvature operator

1
R = [d,,T] + 3[L.T). (20)
Second, we abbreviate the covariant derivative VX := [V, X]| = [d,, X]| + [I', X] and simi-
larly 6X := [0, X], so that the flatness condition takes the form
1
0=R+VX—-0X+ - [X X] = [ds, 6] = [6,T] + 5[5,6].

The three remaining terms vanish: %[(5, §] = 6% = 0, since the antisymmetric dz’ A da/ is
contracted with the symmetric second derivative in y, and the mixed terms vanish by the
following lemma.

Lemma 3.2. We have [d,d] = 0, and [0,I'] = 0 if and only if V is torsion-free.

Proof. Both brackets are derivations of I'(AT*M ® ST*M ) and annihilate the generators
f(x) and dz’, so it suffices to evaluate them on the generators y*. For the first, [d., 6]y’ =
d,(dx?) = 0. For the second, I'(§y*) = T'(dz?) = 0 and

STy = —dwmay&m(dxéykffd) = —dz® A da'T,,

which vanishes if and only if F};Z is symmetric in its lower indices, i.e. iff V is torsion-free. [

Altogether, we obtain that the flatness condition on Y transfers to the condition on X that
1

R—6X+VX+§[X,X]=0. (21)

The curvature R is a formal vector field, linear in y. To recover its components we evaluate
on the generators: we compute

I

1 7 m arl
R(y') = du(Ty") + T(Ty’) = da® A dz™y* m e

Y oam
1 . ‘ o
= idxe A dz™yF (0T, — 0TS, + Tl ka ]12) fd:zc A dz™y RE

—da? A dz™y*T

where we antisymmetrized in £, m against the wedge and recogmzed the components of the
curvature in the convention R(0k,0j)0¢ = R};k]é’ The factor l is absorbed by the first
Bianchi identity Ri , + R , + Ri. = 0 (valid since V is tOI‘blOn free): flipping the last
two indices of the middle term gives Réme = RmM ngm, and under the contraction with
dz? A dz™ we immediately obtain R};medxe A dz™ = 2R! de A da™, arriving at
R=da’ A da:éykRékj(x)aai.
Yy
The task is now to find power series solutions of X satisfying the equation above. A solution
is not unique, but they are in one to one correspondence with a € F(§T*M ® TM) with
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degy(a) > 3, such that 6 7' X = a. Applying now the Hodge decomposition on X, where we
use that Xop = 0 due to degy,(X) = 1, we obtain

X =6a+6"! (R + VX + = [X X]) (22)

We note that the degree-n part in y of the right hand side depends on X only through

degrees lower than n due to §~!; we can solve this equation iteratively order by order. That
every solution to indeed satisfies will be proven in Theorem The resulting
connection D, is dependent on the choice of a which we will mostly omit in the notation.

3.1.2 Formal exponential map

Denote by 7 : T(ST*M) — C®™(M) the evaluation on the zero section, i.e. o — o|y—0.
The definition/characterization of the formal exponential map is based on the following
proposition.

Proposition 3.3. (Prop. 5.2, [27]) Let D be the connection defined in Section 3.1 For
every f € C®(M), there is a unique f € I'(ST*M) such that 7(f) = f and Df = 0.

This follows from the fact that one can solve Df = 0 with “initial condition” f iteratively
order by order uniquely; the zeroth order thus determines all the other coefficients for a
global function f.

Definition 3.4. Let D be the connection defined in Section [3.1] The formal exponential
map EXP* : C*(M) — I'(ST*M) is then defined as EXP*f = f, where f € T'(ST*M) is
the unique section given by Proposition [3.3]

Note that in contrast with the first definition of a formal exponential map, this gives us
directly the corresponding element in the bundle I'(ST*M).

3.2 Second construction
3.2.1 Formal exponential map

Another view to formal geometry is given in [8] or [7]. The analogous action of EXP* with
the formal exponential map given in Definition [3.1] is the following.

Definition 3.5 (Taylor expansion). Let ¢, be a formal exponential map as in Definition
. The Taylor expansion of a function is deﬁned as a map To* : C°(M) > T'(ST*M) b

Toif = ), M 57 o da)ly=0y’
IeNgy
with the multi index I = (i1, ..., ).

Remark 3.6. Note that for an exponential map ¢, we have the conditions ¢,(0) = = and
(d¢z)|y—0 = Id. In particular, this means that in coordinates we can always write

Ty f = f(a) + 0w f(2)y' + O(y?).
Furthermore, the Jacobian of ¢, given by

J = Jj(,y) = a¢;(y)

and is invertible at the zero section due to J(z,0) = Id.
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3.2.2 Connection

Proposition 3.7. Let ¢ be a FEM in the sense of Definition |3.1} Define
k‘%’i]@
J Do ayk
with J the Jacobian of Remark [3.6] set Dy := d, + Y and denote T the Taylor expansion
with respect to y. Then:

eT(AT*M @ ST*M Q TM),

Y, = —dx“T[(J_l)

(1) Dg(To*f) =0 for all fe C*(M);
(2) Dy is flat;

(3) Dy is the unique connection of the form d, +Y with Y e I'(AT*M ® ST*M ® TM)
that annihilates Im(T¢™*).

The key step is the following pointwise determination lemma, which we will reuse repeatedly.

Lemma 3.8. Let A € I'(AT*M ® ST* M ® T'M) and ¢ a formal exponential map. If
A(T¢*f) =0 for all fe C*(M), then A = 0.

Proof. Since A is C*°(M)-linear and acts fiberwise, (Ao )(x) depends only on o(x) € §T;‘M;

in local coordinates A = 043'% with form-valued coefficients o? = o (z,y) € T(AT*M ®

ST*M ), so A = 0 if and only if each o/ vanishes. As A(y™) = o™ it suffices to show that
A annihilates each generator y™ fiberwise. Indeed, fix 2 and define with a bump function

u™ = x - (Yo ¢y t) € CF(M).
Then u™o¢, = y™ near 0 € T,, M, so its Taylor expansion at the zero section is (T¢*u"™)(z) =

y™. By hypothesis A(T¢*u™) = 0, and evaluating at = gives o (z,-) = 0. As x and m
were arbitrary, A = 0. O

Proof of Proposition[3.7. For (1) we use the chain rule: for f e C*(M),

S (F00W) = ENG)ores (2 00) = (0 0x) ]

Inverting the second relation for (0;f) o ¢, and inserting it into the first gives

0 o(foda) 1—1\k 002
ox® (Fodz) = oyk (773 ox®’
ie. (dy +Yy)(f o ¢x) = 0; applying the Taylor expansion, which commutes with d,, d, and
products of series, yields (1). For (2), the curvature F := d, Yy + 5[Yy, Y,] is an element of
D(A’T*M ® §T*M®TM) and Dz acts by F'; by (1) we have F(T¢*f) = Di(Tgf)*f) =0
for all f, so F =0 by Lemma For (3), if D' = d, + Y’ also annihilates Im(T¢™*), then
A:=Y, —Y' = Dy — D' satisfies the hypothesis of Lemma so A=0. O

Proposition 3.9. Let V be a torsion-free connection on M and ¢ its geodesic exponential
map. Then the two constructions agree for the choice a = 0 in , ie. ToX = EXP* and
Dy = Dy—o.

This is the consequence of Proposition 2.3, Lemma 5.4, Theorem 5.6 and Corollary 5.8 of
[27], (where 7 is the notation used for EXP*).
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3.3 Third variant
This variant was introduced in [27].

Definition 3.10. Denote by D(M ) the algebra of differential operators on a graded manifold
M. The formal exponential map associated to a connection V on T'M is the morphism of
left C*(M )-modules pbw : I'(ST M) — D(M) given by the initial conditions
pbw(f) = f,Vf e C*(M)
pbw(X) = X,VX e I'(TM)
and inductively, for homogeneous Xy, ..., X, € I'(T'M),
1 ¢ ; ;
Pbw (X0 @+ O Xn) = ——= ) & [ Xk - pbw(X*) — pbw(Vx, (X*))], (23)
k=0
where ¢, = (—1)Xxl(IXol++[Xk-1]) 5 the Koszul sign and Xk = X00.0Xp 10 X410
O X,.
The "real formal exponential map" in the sense of the two previous definitions, i.e. the
Taylor expansion in the formal bundle, is then given by constructing a flat connection from
pbw (Lemma 5.4 of [27]) and defining EXP* : C* — T'(ST*M) with Proposition .
Corollary 5.7 of [27] then assures that EXP* has the form

1 «—
EXP*(f) = >, 179 ® pbw(2))(f),
— 1!
where, for a multi-index I = (i1,...,1,), the ordering of the derivatives is fixed by
ai =0 O QOO0 OOy .
- - v
in 1

For a classical manifold this definition matches with the others; this is the content of Propo-
sition 2.3 in [27], which states that

dpdp 4
dtg|o dt1],  dig],

where exp is the exponential map associated to V.

pbw (Xo OO Xy) (f) = fexp (toXo+ 1 X1+ - +t,Xy)),

3.4 Extension to other bundles

So far everything was phrased for the bundle ST*M of formal functions; the same construc-

tions extend verbatim to formal tensor fields, as mentioned in [Z] Consider the sections

D(ATM ® ST* M), the formal multivector fields, and T'(AT* M ® ST* M), the formal differ-

ential forms, by again replacing aaw a - and dz’ v dy’. We can then let D act on these

sections by Lie derivative, i.e. Do =d 0+£ya In coordlnates writing Y = dzeYy (:17 y)
1

a formal multivector field X = X" (z, y) <o G N ayik

w = %wil“'ik (x,y)dy™ A -+ A dylk, the Lie derivative acts componentwise as

6y1

oyl

OWiy i u (9Yaj
(EYw)iy--ik = dz? (Y] (9;3 ko Z .wil...j...ik> ,



where in the sums the index j replaces i,,. We can also allow symmetric powers, i.e. the
bundles S*TM ® ST*M and SET* M ® §T*M, with the same formulas where the wedge is
replaced by the symmetric product.

The Taylor expansion extends to these bundles as well. Since ¢, is formally a diffeo-
morphism onto its image, it transports any tensor: we push multivector fields forward by
(7 1), pull differential forms back by ¢* and then Taylor expand the resulting coefficients.

Recall J the Jacobian of Remark [3.6] and write T for the Taylor expansion in y. Each
tensor index then receives one factor of the Jacobian, J~! for vector indices and J for form

indices: for a multivector field X = LX % (ar)ajil NEREIA ax% and a differential form
w = Wi, iy ()dz™ A - A dzt we set
ToiX = Tl DI (JThEXR k((ﬁm(y))]@ SRR D(A*TM ® ST*M),
1 , . , : ~
Toiw = HT[wlllk((bx(y))Jﬁ s SRy A A dyt e D(APT*M @ ST*M).

(24)
On the symmetric powers S¥T'M and S*¥T*M we use the same formulas with A replaced
by ® and for k£ = 0 both reduce to the Taylor expansion of functions.

The extension is compatible with the tensor algebra structure: it is multiplicative, i.e.
Tok(fs) = ToXf - Teks, where - denotes the module structure of the formal tensor fields
over F(gT*M ) and s is any section of the bundles above.

Moreover T¢¥ commutes with contractions; for example, for a one-form « and a vector
field v we have

(Tdfa, Tiv) = Tlai(du () T3 1)]0' (6:(y))] = Teia,v),
since the Jacobians cancel pairwise between upper and lower indices.

Finally, the projection 7 extends to a projection from these formal bundles to the tensor
bundles on M by setting y = 0 and strictly replacing 0/0y’,dy* v~ 0/0z*,dx?. This is
admissible because at the zero section y = 0 we have that J(x,0) = Id, and therefore the
Taylor corrections vanish.

3.5 Globality

Because of flatness, one can also treat the connection D as a differential on the complex
I'(AT*M ® ST*M) which raises the form degree (on ) by one.

We package the globalization as a strong deformation retract, recovering the full connec-
tion D from its —§ part by homological perturbation (Def. and Lemma .

Lemma 3.11 (Grothendieck SDR). Write D = —¢ + ¢ with d = d, + Y + 4, and let
(¢,11p, h) be the SDR data of —§, i.e. the inclusion ¢ of C*(M) in dz- and y-degree zero, the
projection Il : a@ — agg, and the homotopy h = —§~!. Perturbing along 0 yields a strong
deformation retract

(C™(M),0) == (D(AT*M ® ST*M), D) hp

™D
of the Grothendieck complex onto the global functions, with data
=267 =Tk,  7p=I,  hp= ) h(=0h)".

n=0 n=0

Proof. The triple (¢,IIp,h) is an SDR for —d (Def. [2.10)): the retract relation (—d)h +
h(—4§) = Id —:I1j is the Hodge decomposition , and the side conditions h? = 0, ht = 0,
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IIoh = 0 hold since 6! squares to zero, vanishes in da-degree zero, and raises the y-degree.
We treat 0 as a perturbation of —§ (Def. [2.12)), which is admissible since (—6+0)? = D? = 0
by flatness. As 0 raises the total degree while h preserves it, the operators (—hd)™ increase it
without bound, so the series of the homological perturbation lemma (Lemma converge
in each total degree and produce the retract above. The transferred differential is dg =
Y in=0lod(—h0)"s; since 0 raises degy, we have IIod = 0, whence dy = 0 and 7p = Il.
Finally tp = Y,,.0(0710)" is the unique D-flat section (as a chain map) restricting to the
identity on the zero section, so tp = T¢Z (Proposition [3.3)). O

The retract makes the cohomology of the Grothendieck complex immediate.

Corollary 3.12. The cohomology of D sits in degree 0 and corresponds to global functions,
ie. Hy =0 foralli>1and H) = Im(T¢?) =~ C*(M).

Remark 3.13. By the exact same arguments we also obtain (in the expressions below, the
first AT*M factor is the form part in dz, while the middle factors are the formal tensor
parts in d, resp. dy)

HY(T(AT*M ® ATM ® ST*M)) = T(ATM)
HY(T(AT*M ® AT*M @ ST*M)) = T'(AT* M)
HY(D(AT*M ® STM ® ST*M)) = T(S/TM)

HY(T(AT*M ® S7T*M ® ST*M)) = T(S/T*M)
and Hgl = 0; the isomorphisms in degree zero are realized by T¢Z as in .

3.6 Symplectic structure

In Section [5| we will have special interest in the cotangent bundle T*M of a manifold with
its canonical symplectic structure. Let again z* be a coordinate atlas on M and denote its
induced fiber coordinates by p;. Denote the subalgebra of functions which are polynomial
in the fiber coordinates C) (T*M) < C*(T*M). Note that this is well-defined: the
induced fiber coordinates transform linearly in p, with the inverse Jacobian of the coordinate
change as (z-dependent) coefficient matrix, so the polynomial degree in the fibers is chart-
independent. We then have the canonical identification of C* (T*M) ~ T'(STM) via

poly
l 1 0 0

Flap) = X @ piy > Xp(@) = GXTR@) 500 5

As this is a part of the bundle T'(S¥T'M) which we have considered in Section|3.4and Remark
[3:13] the entire machinery applies by defining a formal exponential map ¢, : T,M — M
and using the identification above to identify C7g, (T*M) with the tensor bundle above;
this allows us for example to define T¢? f := T¢* X with the formula (24).

An equivalent approach is to take the cotangent lift of ¢,; define the map

Dy = (g, ()Y : T*(T, M) — T*M.
In particular, this pulls back the fiber coordinates p; to ®%*(p;) = T((J_l)j)zj7 where z; are

; i
the coordinates dual to 3. If we now apply ®Z f for the f(x,p) defined above, we note that
we obtain precisely the same result as T¢} X ; when we use the same identification trick and
replace z; v 0/0y*. Hence we can use the cotangent lift ®, as the formal exponential map

to pullback functions and Taylor expand on the subalgebra C’S%ly(T*M ).
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We can now consider the symplectic structure on T*M. Denote by a = p;dz’ the
canonical one-form and by w = da = dp; A dz’ the symplectic form, which induces the
Poisson bracket (—, —) with (z%,p;) = 5Z The symplectic structure under the isomorphism
of C% (T*M) =T'(STM) is translated to the symmetric Schouten bracket; it is a map

poly
[—, —]sn : T(SETM) x T(S*TM) — T(SEH1T M)
characterized algebraically by
[ga h]SN = 07 [Va g]SN = _V(g)a [V7 W]SN = _[‘/7 W]

where g,h € C*(M), V,W € I'(T'M) and the rightmost bracket is the regular Lie bracket.
The minus signs relative to the usual conventions for the Schouten bracket are due to our
sign convention (z*,p;) = o; for the canonical bracket. This is then extended via

VWO Zlsn =[V,W]lsn©Z + W O [V, Z]sn,
and as a biderivation in each argument to all of I'(STM). We then have

(f.9) = [Xr, Xglsn

We can now define the exact same structure on I'(STM ® ST*M) by taking [—, —Jsnfib
to satisfy the same relations as mentioned but with 4* as the main variable 1nstead of x*,
which is now simply a spectator under all operations. We can then easily show that for any
fvge poly(T*M)
Ty ([X s Xglsn) = [Tz X, Toz XglsN, ib-

In the second approach we can define the symplectic structure on T (T, M) as ag, = z;dy’.
Due to the construction of the cotangent lift we then immediately have ®%*(a) = agp, ie. a
local symplectomorphism. Note that [—, —|sN, b is again the induced symplectic structure
by agp, under the identification in the formal space.

The two constructions above rest on the fact that the cotangent bundle carries this sim-
ple canonical symplectic structure; for a general symplectic manifold a different approach is
needed.

For a general symplectic manifold (M, w) we proceed as in [15]. The goal is to construct a
flat, "symplectic connection" D on ST*M. Let (—,—) be the corresponding Poisson bracket
and IT% the Poisson tensor, so that TT"*w; = 07, and consider again ST*M equipped with
the Poisson structure (—, —)gp given by
. 0a 0b
a, b - HZ] X)— —
(@D = P (a) 2520
i.e. the corresponding Poisson tensor does not depend on the fiber coordinates. The sym-
plecticity condition on D then reads
D(a, b)ﬁb = (Da, b)ﬁb + (a, Db)ﬁb. (25)

Writing this out with the Ansatz and : using that II¥ does not depend on y, the
d, part fails the Leibniz rule by

da 0b
de(a, b)an — (dga, by — (a,deb)ay = da alnwaa 57
while for the formal vector field (one-form) Y = Y*(x, y)ai,c we compute
oY? Y7\ da b - da 0b
Y(a,b)ab — (Ya,b)gp — (a, YD MM —— + T — ) = — = (LyTI
(a,b)ap — (Ya,b)sp — (a,Yb)ap = < o W )ayZ o (LyMgp)? 3 a7
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i.e. the failure is measured by the Lie derivative of the fiberwise Poisson tensor Ilg, =
%Hij(:n) azi A %. We apply this to the three parts of Y. The part —daz’ af/i has constant
coefficients in y and is therefore automatically compatible. The Christoffel part I' combines
with the d, term to the condition

da' [T 4 Ty 4 T | = de!(9,11) = 0,

i.e. V must be a symplectic connection (equivalently Vw = 0). The remaining condition is
LxTg, = 0, i.e. X must be a fiberwise symplectic formal vector field (one-form valued). Be-
cause the fibres are vector spaces, a fiberwise symplectic formal vector field is automatically
fiberwise Hamiltonian, i.e. there is r € I'(T* M ® ST*M) with X = (r, —)gp.

Proposition 3.14 ([I5] Thm. 7). The map T¢Z% is a morphism of Poisson algebras
TQZ); : (COO(M)7 (_7 _)) - (F(ST*M)7 (_7 _)ﬁb)
if and only if X is a Hamiltonian vector field.

Proof. We first assume that X is Hamiltonian. We note that D can then be split up in

Hamiltonian parts: X is Hamiltonian by assumption and the part —daz?-2

P has Hamiltonian

wijyidxj. This allows us to write
Da =Va+ (wijyidxj, a)gp + (7, a)gb-
In particular D satisfies the compatibility by the computation above. Now for any

f € C®(M), we have that by Remark we can write To*f = f(z) + 0, f(2)y" + O(y?)
and it follows immediately that

(T3 f, Tor9)ably=0 = (£, 9)-
By and DT¢* f = DT¢%g = 0 we have that D(T¢% f, ToXg)apr = 0. By Proposition
it follows that

(Trf, Torg)m = Ty (f,9)
and this direction follows.

Conversely, assume that T¢? intertwines the brackets. Then for any f,g € C*(M)
all three terms of applied to Tk f, Tokg vanish: DTekf = DT¢kg = 0 and also
D(Toxf, Toxg)ar = DT@%(f,g) = 0. By the computation above (using that V is symplec-
tic), the failure of the Leibniz rule is tensorial and we obtain
i OTonf dTorg

oyt oyl
k

0= (Exﬂﬁb)

Choosing for f,g the local coordinate functions z*,z!, the chain rule gives 0ij¢§§ack =
T[JJ]?], which is an invertible formal power series. We conclude LxIlg, = 0, ie. X is
symplectic and therefore Hamiltonian. O

Remark 3.15. In the proof we used that the parts —da* azi and X are Hamiltonian, while
the term V = d, + I was kept together as a covariant derivative. Indeed, the Christoffel

part T" alone is in general not even symplectic: by the computation above,
(£rllg) " = da' (T3 4 T ) = —dal o,

where we used V;II¥ = 0 in the second equality. Hence I is symplectic if and only if ¢;I1¥ = 0
(equivalently djw;; = 0), i.e. if and only if w has constant coefficients in the chosen chart,
as in Darboux coordinates. We can therefore in general not write I' = (hr, —)gp for some
Hamiltonian hr; in the splitting of D into Hamiltonian parts, the term V = d, + I" has to
be kept together as a covariant derivative.

40



As before, one can iteratively solve the Mflatness condition to obtain r. Here the r’s are
in one-to-one correspondence to f € F ST*M ) with deg,(f) > 4, via the normalization
condition §~'r = f (see Theorem [3.28 Indeed since deg, (X) > 2, the Hamiltonian r ib at
least of degree 3 in y, and hence (5 at least of degree 4. The condition analogous to
reads

- 1
0=R—5T+V?”+§(7“,?“),

where

. 1 . .
R= Zwiniemy’ykdscg A dx™

The two-form R is a Hamiltonian for the curvature term of ; this uses that winigm is
symmetric in 4, k for a symplectic connection. Using the condition 6~!r = f then gives us

the final equation .
r=0f+6 YR+ Vr+ 5(7‘, r)),

which again can be computed iteratively for r.

3.7 0Odd—symplectic structure

We now begin to extend the constructions of this chapter to a Z-graded supermanifold M
with an odd symplectic form w; the goal is again a flat, symplectic Grothendieck connection
as in Section [3.6]

3.7.1 Connection and FEM

As in Section we study the bundle §T*M, now the formal completion of the graded
symmetric algebra of the cotangent bundle: for local coordinates z* with parities p; := |2¢|
the fiber generators y* carry the parities |y*| = pi, while the one-forms dz* have total parity
pi + 1. On the complex I'AT*M ® ST*M), bigraded by (p,q) := (degy,,deg,) as before,
we define by the same formulas the operators

0 , 1
§:=dz'— §* 1= ¢! o= ——— 5 f 0,0
Zaza y/f%7 P+ q Or(pa )7é(7)

and 61 := 0 else.
Lemma 3.16 (Graded Hodge decomposition). The operators satisfy 6% = (67 1)2 =0 and
56~ + 6715 = Id on bidegrees (p,q) # (0,0). In particular every a € I(AT* M ® ST* M)

decomposes as
a=agp+ (0716 + 66 a, degg,(aoo) = deg,(ago) = 0. (26)

Proof. Both ¢ and §* are odd derivations preserving the total degree p + ¢. The squares 62,
(6%)? and the commutator [d,5*] are even derivations, hence determined by their action on
the generators f(z), ¢/, dz/. From

Syl = d, §dzl =0, §*yl =0, 6*dz =7,
and df = §*f = 0, we read off
62 =0, (6%)% =0, [6,6%] = (degq, + deg,) Id.

Since § and 6* preserve p + ¢, the normalization ﬁ commutes with them, and dividing the
last two identities by p + ¢ yields (67 1)? = 0 and 66~ + 71§ = Id on (p,q) # (0,0); the
decomposition follows. O
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We now construct the Grothendieck connection. The formal vector fields are again the O -
linear derivations of T'(ST* M), written in coordinates as Y = Y7(z, y)%, and we consider
their one-form valued analogues
. o ~
Y

which we require to be odd with respect to the total parity, i.e. \Ylj | = pi+p;. The connection
is again given by D =d, + Y asin , an odd operator raising degy, by one, with flatness
condition %[D,D] = 0; the only difference to Section is that the commutator is now
graded by the total parity instead of the form degree.

Let V be a torsion-free connection on T'M (Definition [1.12]) with Christoffel symbols
Vo, 05 = Ffj(z)ﬁk of parity \Ffj| = p; + p; + pi. The torsion of Definition evaluates on
coordinate vector fields to

TV (03, 05) = (If; — (=1)PPIT%;) o,

so torsion-freeness now reads Fi-“j = (—1)PiPs Ffl The power series Ansatz for Y is the same

as in ,

Y = —dzia‘; — dzgykfze(z)aag/i +X (27)

with X odd, deg,(X) > 2 and degy,(X) = 1. Note that all three terms are indeed odd as
required.

Lemma 3.17. As in the classical case, [d;,d] = 0, and [§,'] = 0 if and only if V is
torsion-free.

Proof. The first holds for the exact same reason. For the second, again I'(§y’) = I'(dz?) = 0,
while now

§(Ty') = —d=z" (dzgykl“fd) = —(—1)p’“(pﬁ1)dzkdzél“fd — -5t

oym
The sum S¢ vanishes by the graded symmetry of I': relabelling k <> ¢ and using torsion-
freeness gives

St = (=1)PePrAD (_1)PrPedld Ty, = (—1)PrdzfdF Ty,
while instead commuting the two one-forms gives
S — (—1)pk(pl+1)+(pk+1)(pl+1)dz£dzkffd _ —(—1)pédz€dzkfiz,

hence S* = —S% = 0. O

The curvature is defined exactly as in , R :=[d,,T] + %[F, I'], and is again a formal
vector field, linear in y; evaluating on the generators as before, now keeping track of the
Koszul signs, yields
7
R(y") = (—1)PePr dzéykdzmgrz‘frf + (=Pl dzfdzmyn TR T,
We refrain from rewriting this in terms of a graded curvature tensor; the explicit component
form will not be needed.

The computation of the flatness condition is now verbatim the one of Section ex-
panding %[D,D] produces the nine brackets as before, the mixed terms pair up since all
parts of Y are odd, the terms [d.,d], [§,T] and 3[6,8] = 6% vanish by Lemma and
Lemma and the flatness condition transfers to

1
R—6X + VX + 5[X,X] =0, (28)
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where again 0X := [0, X] and VX := [V, X]. Applying the graded Hodge decomposition
to X turns this into the recursion

X =0da+6" (R+VX+ [X X1),

which is solved iteratively in deg, exactly as in , Wlth solutions in bijection with the
normalizations a = 6~'X of deg,(a) > 3. That the iteration in the graded case indeed
solves is Proposition 5.1 of [27], where the Fedosov resolution is carried out for graded
manifolds (stated there for the normalization a = 0); the argument for general a is the same,
and we will spell it out in the Hamiltonian setting in the proof of Theorem [3.28]

Note also that Proposition which we cited from [27], is proven there for graded
manifolds in the first place, so the formal exponential map EXP* of Definition is defined
in the graded setting as well. The explicit formula was given in Section

EXP*f = 3 Ty pbw() () (29)
7

In particular
0
BXPf = f 4y 0L+ 062, BXPYf| = |f]
the latter since pbw(ﬁg ) has the same parity as y’.
Also the globalization statement of Section [3.5] carries over.

Proposition 3.18. Write D = —§ 4+ ¢ with 0 =d, + Y + § as in Lemma Perturbing
the SDR data (1,119, h = —6~1) of —0 along 0 yields a strong deformation retract

(Opm,0) == (T(AT*M @ ST*M), D) O hp
D

with
i =Y. (671')" =EXP*,  mp=Tly,  hp= ) h(—0h)"
n=0 n=0
In particular HY, = Im(EXP*) =~ O and HZ' = 0.
Proof. The proof of Lemma [3.11] applies verbatim, with the graded Hodge decomposition
(Lemma [3.16)) providing the SDR data of —¢. This is Theorem 7.1 of [27], proven there by
the same homological perturbation argument. O

3.7.2 Antibracket

We now bring in the symplectic structure. Freezing the base point, the formal fiber carries
the constant-coefficient odd symplectic form wgy, := wa( 2)dyidy’, and Lemma 28| applies
fiberwise.

Definition 3.19 (Fiberwise antibracket). The fiberwise antibracket on T'(ST* M) is

oa ob
L . ilal g
(a,b)gp = ZZJ_:( P ayznj( vt

where I1¥(z) is the dressed inverse of w;; from Definition k = 1. The bracket is
extended to I'(AT* M ® ST*M) by the same formula, with |a| the total parity.

(30)

In particular (y,y7)gp = (—1)Pi11¥(2), skew symmetry and the Jacobi identity hold fiber-
wise. The symplecticity condition on the Grothendieck connection now reads

D(a,b)an = (Da,b)g, + (=1)!% 1 (a, Db)gy, (31)
replacing . This is precisely the Leibniz rule of Definition for the odd operator D.
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Definition 3.20. Let V be a torsion-free connection on T'M, extended to one-forms as the
dual connection, characterized by

X(tya) = wyya+ ()XY (Txa),  aeQ'(M).
We call V symplectic if
Vx(yw) = tyyyw for all X,Y € X(M).

This is the condition Vw = 0. In coordinates, choosing X = ¢;, Y = 0; and contracting
with ¢, via the characterization above, using tyx = fix, the condition on wjj reads

é’wjk

07
which for vanishing parities reduces to the familiar djw;, = Ff}wmk + I'iw;jm of Section .

= (_1)(pj+p7'n)(pk+1)r?]?wmk + TR Wjm, (32)

Remark 3.21. The definition above holds for both even and odd w’s. The formula is
the same for the even case as well.

Lemma 3.22. The connection V is symplectic if and only if
oI
07
Proof. Abbreviate o1, = (=)t DPitpi+1) and \; := (=122t | with 4, k, 1 fixed
throughout and only j7 summed. We show
Zaijk [(VzH”) Wik + )\j Hij Vlek] = 0. (T)
J
Since \; is the Koszul sign of ¢; passing 1% the derivative terms of and assemble
to 8I(Zj aijkﬂijwjk) = 81(52 = 0, and it remains to show that the four Christoffel terms,
denoted T, T» for and T3, T} for , cancel. In T the dressing o, differs from 0,51
by (—1)®s+D@:i+Pm) independently of j, so the sum over j collapses as

T = Z Uijk(_l)pﬁpm(zoﬂrpz) Finlﬂmjwjk _ (_1)pi+Pk(p¢+pl)+(10k+1)(pi+pk) le — (—1)PP FZZ‘
7m

vV, 119 = 4 (—1)pitpm@ite)pi I 4 (_1)pz(pi+1)ﬂiml“iu =0. (33)

In Ty we move I'j}, of parity p; + pr + pm, to the left of I1%; the Koszul cost converts the
dressing o;jp\; = (—1)PrtPt)@i+Pi+1) precisely into 0ijm, and the sum collapses again:
Ty = = ) i W T fwjm = — Y 04jm D wjm = —Tf, = —(=1)"71 T,
Jm Jm
so T1 + T4 = 0 by torsion-freeness. In T3 we relabel j <> m and swap the lower slots of I';
the resulting sign agrees identically with that of 75,

(Pk+1) (Pi +Pm +1) +p1(pi +Prm + 1)+ (P +05) (P +1) +piom = (Pr+1) (pi+p;j+1) +pi(pi+1),

so Tp + T3 = 0, both terms carrying the factors Himfinlek but opposite overall signs. This
proves (7). O

We go back to the fiber now.

Definition 3.23 (Defect). For an operator V of parity [V| on T(AT* M®ST* M), its defect
with respect to the fiberwise antibracket is

defy (a,b) := V(a,b)an — (Va,b)a, — (—1)V 10D (0, Vb)gyp.

The symplecticity condition thus reads defp = 0. We first check this for the covariant
part of the Ansatz.
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Lemma 3.24. For V =d, + I" we have on the generators
defy (y',y’) = (-1)"d=' V117,
with V/II as in . In particular defy = 0 if and only if V is symplectic.

Proof. Since V is a derivation and (—,—)gp is a derivation in each argument, the mixed
second order terms cancel and the defect is again a derivation in each argument; moreover
all three terms vanish whenever one argument does not contain y. The defect is therefore de-
termined by its values on the pairs of generators (y*,y’). There, using (y*, ¥’ )ap, = (—1)P 11"
and Vy' = —dzlykf‘}'d, we compute

o OIIY

i 1,1

V(' vy )b = (—1)Pdz FAE

(Vo' v )an = _Z:(_1)1om(piﬂoz)dzl]jinlnw'7

m

(', V) ) = —(=1)P Y (1P DI

m

Collecting the three terms with the signs of Definition and commuting dz! to the left,
the exponents collapse to the dressings of and we obtain

defy (3%, 97) = (—=1)Pidz! V1%, O
The leading term —¢ and the correction term X are treated through their Hamiltonians.
Definition 3.25. Let d,, := dy’ a‘;i be the vertical de Rham differential. We call a formal
vector field X fiberwise symplectic if Lxwgp, = (—1)|X|dy(LX(Uﬁb> =0.

Since we're in the fiber, every fiberwise symplectic formal vector field is fiberwise Hamilto-
nian. We use the fiberwise Euler vector field E, := Y afﬂ'

Lemma 3.26 (Fiberwise Hamiltonians). Let W be a formal vector field of deg, = n (with
possibly dz-valued coefficients). If W is fiberwise symplectic then it is fiberwise Hamiltonian,

1
Lwwsp = dyr, r= ]

and consequently W = (—1)"l(r, —)gy, with || = |[W|+ 1 and deg,(r) =n + 1.

LR, LW Wb,

Proof. The fiberwise Euler vector field is even, so Cartan’s formula gives Lg, = tg,dy,+dyE,,
and Lg, is the even derivation counting the total weight deg, + degg,, as one checks on the
generators y* and dy’ (compare Remark. The one-form o« := 1y wgp has weight n+1 > 1
and is closed, since W is fiberwise symplectic: dy(twwsp) = 0 by Definition Hence

(n+1)a = Lg,a=dy(tg,q),

i.e. twwap = dyr with r as above, which says W = X, for the fiberwise symplectic structure.

The relation to the bracket is Definition applied fiberwise, (r,b)gp, = (—1)I"'X,.(b),
together with | X,.| = |r| + 1. O

The defect of fiberwise Hamiltonian vector fields vanish.
Lemma 3.27. For W = (—=1)I"l(r, =g, we have defy, = 0.

Proof. This is the Jacobi identity: with w = |r| + 1 the parity of W,
W(a,b)a, = (—1)"(r, (a,0)an)an = (—D)"((r, )b, b)an + (—1)IHIHEDAD o (2 b)gy,)an,
= (Wa,b)g + (—=1)20e+D (q, Wb)gp. O
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We can now assemble the symplectic Grothendieck connection. Applying Lemma to
the leading term —J§, which is fiberwise symplectic, gives us

hs = tgyt_swin = — > (—1)PFVEedDymake (), =6 = (hs, —)ab,
k,m
even and of deg, = 1. Second, write ad, := (7, —)sp, an operator of parity [r| + 1. The

Jacobi identity gives [ad,, ads] = ad; ), as in the proof of Lemma 3.27, while the vanishing
defects of V and —4 give

[V,ad,] = adyy, [6,ad,] = ads, . (34)

Third, the curvature R = V? = [d.,['] + 3[I',T] of is a formal vector field, even and
linear in y: evaluated on the generators the second-order part of V2 cancels, leaving the
graded Riemann tensor R(y%). It is fiberwise symplectic: since V is symplectic, Vwg, = 0
by , and as V acts on formal forms by Lie derivative (Section its square acts as Lg,
so that Lrws, = VZwg, = 0. Since R is even, the Hamiltonian of Lemma generates
—R, and we absorb the sign into

. 1 R
R = —C 8, LRV, R = (R, —)sb,

odd and of deg, = 2.

Theorem 3.28. Let V be a torsion-free symplectic connection on 7'M and take the Ansatz
with X = (r, —)gp, where r € T(A'T* M ® ST*M) is even with deg, () > 3. Then D
is symplectic, and it is flat if and only if

A 1

R—0or+Vr+ 5(7“, )b = 0. (35)
Solutions exist and are obtained iteratively in deg, from

- 1
r=0h+6 1 (R+Vr+ 5 7)fib);
in bijection with the normalizations h = 6 ~!r of deg, (h) > 4.

Proof. The parts V, —¢ and X have vanishing defect by Lemma [3.24] for V and by Lemma
for =5 = (hs, —)ap and X = (7, —)gp; the defect is additive in the operator, so D is
symplectic. For flatness, insert X = ad, into (28) and use the three commutator identities
above:

1 - 1
R—=0X+VX+[X, X]=ad (R—57~+Vr+§(7",r)ﬁb)-

The argument of ad has all components of deg, > 2, namely 2 for R, = 2 for ér, = 3 for Vr
and > 4 for (r,7)g, while the kernel of ad is y-independent; flatness is therefore equivalent
to (33).

It remains to establish the correspondence between solutions and normalizations. If r
solves , the Hodge decomposition gives r = 86 1r + 67167 (r carries form degree
one, so rgp = 0), and inserting dr = R+ Vr+ %(r, r)ap shows that r satisfies the recursion
with h = §~'r, odd and of deg, > 4. Conversely, fix such an h. Since 5! raises deg,, the
degree-q part of the right hand side of the recursion depends on r only through degrees < ¢,
so the recursion has a unique solution r, obtained iteratively, which is even with degy(r) > 3.
Moreover 6~ 'r = 716k = h, using (67!)2 = 0 and then on h, which has form degree
ZErO.

We are left to show that the solution of the recursion solves ; we adapt the classical
argument of Fedosov (proof of Theorem 3.2 in [I7]). Denote by F := R —6r+ Vr + 2(r,1)sb
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the left hand side, so that the identity above reads D? = adp, and deg, (F') = 2. First, I
obeys the Bianchi identity

O0F =VF + (T‘, F)ﬁb.
Indeed, the graded Jacobi identity for the commutator gives [D, D?] = 1[D,[D, D]] = 0,
while the identities applied to I and the Jacobi identity [ad,,adr] = ad(, py,, yield

0= [D, adF] = ad(VF —O0F + (7“, F)ﬁb);
the argument of ad has deg, > 1 and therefore vanishes. Second, F' is normalized: the
recursion says 6 (R + Vr + $(r,7)gb) = r — Sh, while together with §~1r = h gives
5~ 16r = r — 6h as well; subtracting, 6 "'F = 0. Now apply to F' itself (F' carries form
degree two, so Fyg = 0) and insert the Bianchi identity:
F=6"'%F=6YVF+(r,Fg).

The right hand side raises deg,, by one in the first term and by at least three in the second,
so the degree-¢ component of F' is determined by the components of lower degree. As F' has
no components below deg, = 2, induction on ¢ gives F' = 0. O

Finally, the formal exponential map of such a connection respects the antibrackets; this is
the odd analogue of Proposition [3.14]

Proposition 3.29. Let D be a flat connection of the Ansatz with V symplectic and
X fiberwise symplectic. Then

EXP* : (O, (= =) = (T(ST*M), (=, —)sn)
is a morphism of odd Poisson algebras.

Proof. Since X is fiberwise symplectic, defp = 0 as in Theorem [3.28] For f,g € Oaq the
section (EXP* f, EXP*g)gp, is then D-flat, and its value on the zero section is
1p Of .o Og
_ il F1 2 29—
(EXP*f7 EXP*g)ﬁb‘y:O - Z(_l)p | |aziHU 02 = (fag)a

,J

by EXP*f = f + yz% + O(y?), |[EXP*f| = |f| and Lemma Proposition therefore
gives (EXP* f,EXP*g)ap = EXP*(f, g). O

3.7.3 BV Laplacian

Next we want to understand how the differentials (the Grothendieck connection D and the
BV Laplacians) and the antibracket interplay between formal geometry and the underlying
manifold. Define the fiberwise BV Laplacian
1 . o 0 ~
= 2N ()PP () L Y *

&me;(D M(@%mw on T'(ST*M). (36)
The Koszul factor is fixed by the requirement that Agp, generates the fiberwise antibracket
(30). Note that the skew-symmetry of the antibracket together with (2%, 27) = (—1)PI1%

yields the graded symmetry I17¢ = (—1)PiPiTI%  which we use below.

Lemma 3.30. The odd operator Agy, generates the fiber bracket in the sense of ,
Aﬁb(ab) = Agpab + (—1)|a|aAﬁbb + (—1)'“'(@, b)ﬁb,

and squares to zero, A%b =0.
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Proof. Expanding a‘;i %(ab) by the Leibniz rule, the terms with both derivatives on one
factor produce Aﬁbab + (—=1)l*laAgpb. The cross terms give

é’a é’b p \a| é’a é’b

- 1)PiPi w 1)pillal+ps) 22
Z ((=1) oy Oyt (=D oyt dyd

—=);

commuting IT% past the first derivative factor and using the graded symmetry of II in the first

summand, both summands collapse to 3 (— )|‘1|+pz|a‘ a“ 117925 and the sum is (—1)!9 (a, b)gp,.

oyl J ’
For nilpotency, passing the derivatives through Hkl( ) gives
1 0 0 0 0
A2 — = 1)PiPi TPkp1+(Pi+p;) (Pr+pi+1) T TR 2
fib = Z( ) oyt Oyl Oyk oyt

The summand with the pairs (7, j) and (k, 1) exchanged equals minus the original summand:
restoring the original order of the II’s and of the derivatives and collecting all Koszul signs,
the relative factor is, with u := p; + p; and v := p;, + py,

(_1)u(v+1)+v(u+1)+(u+1)(v+l)+uv - 1.
The sum cancels in pairs and A%b =0. O

Compatibility of Agp with the Grothendieck connection is more delicate and imposes a
condition on the correction term of D.

Lemma 3.31. Let D be as in Theorem [3.28, with V symplectic and X = (r, —)gp, deg, 7 >
3. Then

[Afb, D] = (AgbT, —)sib-
In particular [Agy,, D] = 0 if and only if Ag,r = 0.

Proof. Since Agy, is a derivation of the fiberwise antibracket, i.e. defa,, = 0 (this is ),
the mechanism of gives

[Afib, (b, —)ab] = (Asbh, —)fib.- (f)

Split D = V + (hs,—)ab + (r,—)ab as in Theorem For the covariant part we claim

[Afb, V] = 0. Expanding [Agp, V](ab) with the V-Leibniz rule, the generating identity of

Lemma and the symplecticity of V, the four non-derivation terms cancel pairwise:
VaAgpb: (1)l 4 (—1)lel = 0, Agpa Vb : (=1)ll 4 (=1)lel+1 = ¢,
(Va,b)gp : (—1)lel+! 4 (—1)lal =0, (a,Vb)gp : 1+ (—1) =0,

o [Agp, V] is an even derivation. It annihilates f(z) and dz® (as Agy, kills deg, < 1) and Y

(as V' is linear in y), hence vanishes.

By (f) the part (hs, —)ap commutes with Agp as well, its Hamiltonian being linear in
y, and the remaining part gives [Agp, D] = (Agbr, —)ab. As the kernel of s — (s, —)gb

consists of the y-independent elements and deg,(Ag,r) > 1, this vanishes if and only if
Agpr = 0. O

Remark 3.32. The fiberwise BV Laplacian defined above is induced by the constant
Berezinian pg = D"y on the fiber T, M.

Lemma 3.33 (BV-perturbed SDR). Assuming Agpr = 0, perturbing the retract of Propo-
sition along —ihAgy, yields a strong deformation retract

(Opg, —ihA) == (T(AT* M ® ST* M), D — ihAg) O ha
A
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with
ta =tp =EXP*  wa = Y To(ihAghp)",  ha = Y, hp(ihAgphp)™,
n=0 n=0

and transferred differential —iAA on Opy, where the induced BV Laplacian is given by
A =TIy Agp, EXP*.

Proof. As D* = A% = 0 and [D, Agp] = 0 we have (D — ihAap)? = 0, so —ihAgp, is a
perturbation of D (Def. . Each step of the perturbation series carries a power of &, so
the series of Lemma [2.13] converge h-adically and produce the data above.
For ta observe that hp decreases the dz-degree by one; since EXP* f has dz-degree 0
and Agp, preserves it, hpAg, EXP* = 0, so
LA = Z (thhpAgp)™tp = tp = EXP*.
n=0

The transferred differential —ihA is thus given by
—ihA\ = WD(—ihAﬁb)LA = —ihﬂoAﬁbEXP*

The other formulae are simply restating the HPL formulae for our setup. O

The fiber bracket makes the formal complex into a DGLA, and the retract transports this
structure to the global functions.

Proposition 3.34. The triple (I(AT*M ® ST*M), D — iiAgy, (—,—)sb) is a DGLA.
Transferring it along the SDR of Lemma [3.33| via Theorem [2.15] gives back a DGLA: the
induced brackets on (Opq, —ithA) are (up to signs) r = —ihA, ro = (—, —) (the antibracket
of (M,w)) and r; = 0 for i > 3, together with Ly, quasi-isomorphisms

o F -~ o
(OMa *ZhAa (*7 7)) % (F(‘S’T*M)’ D — ’LhAﬁb’ (*7 7)ﬁb)
with linear parts f; = EXP* and ¢g; = ma, the first of which is strict.

Proof. The operator D —1thAgp, squares to zero (Lemma and is a derivation of (—, —)gp:
for D this is , established in Theorem and for Agp it follows from . With
qi(a) = —(D — ihAgp)a, g2(a ®b) = (=1)19+1(a, b)gy, and ¢=3 = 0 this is a DGLA.

We compute the r;: by Proposition[3.29 we have go(EXP* f, EXP*g) = (EXP* f, EXP*g)q,
EXP*(f,g), which lands in Im EXP* = Im:a; the homotopy annihilates this (hata = 0),
SO

fo = ha go(EXP* © EXP*) = hp EXP*(—, —) = 0.
Inductively, for i > 3 every monomial of F? is fj, ® f;, with j1 + j2 = 4 and j1,j2 > 1, so
some j; = 2 and fj, = 0; hence Fi2 = 0, giving f; = hAngf =0and r; = qugFf = 0.
Thus F = EXP* is strict and r; = 0 for ¢ > 3. The surviving bracket is ro = ma ¢g2(EXP* ©
EXP*) = mao EXP*(—,—) = (—, —), using mata = Id. O

The induced BV Laplacian can be computed explicitly.

Corollary 3.35. The BV Laplacian A = I1gAgz, EXP* induced on Op reads

Af = %Z(_l)l)ipjﬂij(z)( an k 87f

Z’7j

024029 0 ozk )

In particular A depends on V but not on the choice of r, it squares to zero and it generates
the antibracket of (M,w) in the sense of ().
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Proof. Since Agy, lowers the y-degree by two and Ily evaluates at y = 0, only the quadratic
part of EXP*f contributes. Solving D(EXP*f) = 0 to second order in y gives EXP*f =
f+y L+ ymyF S + O(y?) with
1 0% f 1. oOf
S = —(—1 PkDPm . B -
mk 2( ) 0zmozk 2 Fmozi
obtained by one step 6 'V of the recursion tp = >, (6710)"¢ applied to the linear term
yi%; the correction term X does not enter, since it raises the y-degree of the linear term
at least to three. Differentiating twice and relabelling with the graded symmetry of II,
Af = oAah Y™y i) = Y T S,

m,k

which is the claimed formula after applying Il =~ = (—1)P*»=T . A% = 0 holds since
—i2hA is the transferred differential of the retract. Finally, EXP* is a morphism of algebras
(Corollary 5.3 of [27]) and of antibrackets (Proposition and IIy is multiplicative, so
applying Iy to the generating identity of Lemma for EXP* f - EXP*g yields

A(fg) = Afg+ (1) fAg+ (—=1)1(f, g). O

3.8 Choice of the formal exponential map

The constructions of this chapter all depend on the choice of the formal exponential map ¢.
In this section we make this dependence precise, following [7] to some extent.

Since all constructions until now only involved the vertical jets of ¢ along the zero section,
we identify from now on two formal exponential maps whose vertical derivatives all agree.
Denote the set of formal exponential maps (Def. as E(M) and we consider two formal
exponential maps to be equal, if their jets agree, i.e. if they share the same collection of
formal power series

. 1 ,
Ooy) = 2" +y' + SO (2)y'y" + .

Definition 3.36 (Fiberwise formal diffeomorphisms). Denote by G the set of collections
g = (9z)zem of formal power series

v . 1 . . . )
9u(y) =y' + Z ggz‘lek (Z)y y*, gi, € D(S*T*M @ TM),
k=2
together with the multiplication (gh), := g5 o hy given by composition of formal power
series.

Lemma 3.37. G is a group.

Proof. The composition of two such series is again of this form, since the 1-jet of a com-
position is the composition of the 1-jets. For the inverse, write ¢ = Id +¢=2 and solve
92 (hs(y)) = y order by order in y: in degree n the equation reads h,, + P, = 0, where h,, is
the degree-n part of h and P, is a polynomial expression in ¢o, ..., g, and hs, ..., h,_1 only.
This determines h,, inductively and uniquely. O

Remark 3.38. The group G is the exponential of the Lie algebra of formal vector fields of
y-degree at least two: for C' € T(ST*M @ TM) with deg, (C) = 2, the series exp(C)z(y) :=
D %(Cg y) is well-defined degree by degree, since C' raises the polynomial degree by at
least one, and lies in G; the same induction as in Lemma [3.37] shows that exp is a bijection:
in y-degree k the part of exp(C) is Cf + Py(Co,...,Ck_1) with Py depending only on the
lower parts, so exp(C') = g solves recursively and uniquely for C, giving the inverse log.
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Definition 3.39 (Torsor). Let G be a group. A set S with a right G-action is called a
G-torsor if S is nonempty and for any two s, s’ € S there is a unique g € G with s = s+ g,
i.e. the action is free and transitive.

Lemma 3.40. The formula (¢ - g)» := ¢ © g, defines a right action of G on £(M), and
E(M) is a G-torsor.

Proof. We have ¢,(g(0)) = ¢,(0) = = and d(¢; 0 g,)(0) = d¢,(0)dg,(0) = 1Id, so ¢ - g €
E(M); associativity of the action is associativity of composition. The set £(M) is nonempty

by the geodesic construction of Section Since d¢,(0) = Id, the series ¢, admits a formal
inverse ¢, ! (same induction as in Lemma|3.37)). Given ¢°, ¢! € £(M), set g, := (¢2) "L ogl:

then ¢,(0) = 0 and dg,(0) = Id, so g € G and ¢* = ¢ - g. Freeness follows by composing
¢ g=¢" ¢ with (¢2)7". =
Remark 3.41. The set £(M) is moreover path-connected: Let g be the unique element in

G such that ¢1 = ¢ - g. Then we have a path ¢, in E(M) given by ¢g - exp(tlog(g)) from
Po to ¢1.

We now describe how the induced objects transform. For g € G define the automorphism ¢
of T(ST*M) by

(ga)x =0z ©(Gz-
It is C*(M)-linear, multiplicative, and satisfies m o § = 7, since g,(0) = 0. By the same
Jacobian pattern as in Section it extends to all formal tensor bundles. To compare the
Grothendieck connections we first record an explicit formula for D in terms of ¢ alone, valid
for an arbitrary (not necessarily geodesic) formal exponential map.

Theorem 3.42 (Change of the formal exponential map). Let ¢ € £(M) and g € G. Then
T(6-9)" =goT¢",  Dsg=goDyog ', mag=m.

In particular, by Lemma the data (T¢*, Dy) of any two formal exponential maps are
conjugate by the automorphism ¢ of the unique group element relating them.

Proof. The first identity holds since the Taylor expansion of a composition is the composition
of the Taylor expansions:

T(¢- g)*f =T[fodz09:] =T[fogz]og. = Q(Tgb*f)
For the second, set D’ := go Dyo g~'. We claim D' is again of the form d, + Y’: the
difference D' — d, is a derivation of I'(ST*M) in each form degree: we can see that it is
C*(M)-linear by

D'(ho) = g(dgh - g lo+ hD¢§_1J) =d;h-o+hDo,
so that D" — d, obeys the C®(M)-linear Leibniz rule and is therefore a formal vector field
valued one-form by the identification of Section Moreover D’ is flat and annihilates
g(ImT¢*) = Im(T(¢ - g)*). By Proposition (3) applied to ¢ - g we conclude D" = Dg.q.
The last identity was noted above. O

Corollary 3.43. The cohomology wa together with the identification H%¢ ~ C®(M) of
Section (3.9 is independent of the choice of ¢: the automorphism g maps flat sections to flat
sections and commutes with w. The same holds for the formal tensor bundles of Remark

B.13l
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Proof. Let ¢, ¢ € E(M) and let g € G be the unique element with ¢’ = ¢-g. By Theoremm
we have Dy o g = go Dy, so g is an isomorphism of complexes and induces an isomorphism
Hb¢ ~ wa in every degree. O

Infinitesimally, the conjugation of Theorem [3.42] becomes a flow equation for the connection,
which is the form in which the statement appears in [7].

Proposition 3.44 (Gauge flow). Let (¢;)sr be a smooth path in £(M) and write Y; := Y,,
Jy for the Jacobian of ¢;. Define the time dependent formal vector field

— j 0 Q%
C,— —T[(Jt b ami]@ e D(ST*M ® TM).

Then deg, (C;) = 2 and

oYy = d,.Cy + [Y}, Ct]
Proof. The degree bound holds since the 0- and 1-jets of ¢, are fixed by the definition of
E(M), so that d;¢py = O(y?). For the flow equation we use the trick of [7] and assemble the
path into a single formal exponential map on M x I: define

7/}(9[:,15) (yaT) = (th,m(y)’ t+ 7-)7
which satisfies ¥, 4(0,0) = (z,t) and d)(0) = Id, i.e. ¢ € E(M x I). Its Jacobian in
the fiber variables (y,7) is block diagonal, J = diag(J;, 1), and the base derivatives are
0z = (03¢¢,0) and 0y1p = (04, 1). The formula of Proposition therefore gives

vy =i+ (G- ai)dt.

By Proposition (2) applied on M x I, Yy satisfies the flatness equation with respect to
d = d; + dt d;. We decompose it by form type. The dz A dx part is the flatness of Y; for
every fixed ¢. For the mixed part, write E := Cy — 0, and compute

~ 1
AYy + 5 [Yy, Yy] 2 dt A aYy = dt A do o= dt A [V, B,

where we used d(Edt) = (dyE)adt = —dt Ad,E and [V;, E dt] = —dt A[Y;, E], and the term
quadratic in dt vanishes. Now d;0; = 0 and [Y}, 0;] = 0, since the coefficients of Y; do not
depend on 7. Setting the mixed component to zero therefore yields 6;Y; = d,Cy+[Y;, Cy]. O

Proposition describes how the connection changes along a path; the companion state-
ment for the Taylor pullbacks follows from the same chain rule that produced Yy in Propo-

sition B.7
Lemma 3.45 (Flow of the pullbacks). Let (¢:)er be a smooth path in £(M) with generators
C} as in Proposition Then for every f e C*(M)
0T} f = —Cu(To( f),
where Cy acts as a fiberwise derivation of F(§T*M )

Proof. Write oy := T¢f f = T|f o ¢4 ] and recall that T commutes with ¢, d, and with

products of series. The chain rule gives
do.

dov = T[(0; 1) (¢r) Q)] 57,2 = T[(0;f)(¢r) J1],

with J,z = 6¢{ /0y* the Jacobian of Remark Inverting the second relation for T[(0; f)(¢¢)]

T[(J_l);“] dyr0or and inserting it into the first gives
atO't = T[(J;l);f ﬁtqbi] aka't = *Ct(O't),
by the definition of C; in Proposition [3.44] O
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Remark 3.46 (Symplectic reduction of G). When M is symplectic and D is built from
a symplectic connection as in Section the group G reduces accordingly. Call g € G
symplectic if every g, is a formal symplectomorphism of the fiber (T, M, wgp(x)) fixing the
origin, and write G,, < G for the subgroup they form. Theorem 8 of [I5] then likewise shows
that under a different choice of a symplectic connection we obtain a change of the connection
and formal exponential map under conjugation as in Theorem by G-
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4 The Spinning Particle I: AKSZ construction

We will now construct a one-dimensional AKSZ theory. This entails a one-dimensional
source manifold ¥, which we will take (later on) to be ¥ = S1. To construct the target and
its symplectic structure, we mainly follow [12] and [I9]. We will then lift this to an AKSZ
theory.

4.1 Target manifold
4.1.1 Setting

For a one-dimensional AKSZ theory, we need a Hamiltonian dg manifold of degree 0 with
an exact symplectic form. The symplectic form hence has internal degree 0.

Let (M, g) be a Lorentzian manifold, which we shall call the spacetime. We start with the
cotangent bundle 7% (IIT'M) with fibre coordinates (P;, A;) conjugate to the base coordinates
(2%, 0°) respectively. The full set of coordinates is

(z*, 6%, P;, \;) with parities (0, 1, 0, 1).

Definition 4.1 (Canonical form). The canonical 1-form on T*(IITM) is

Qean = Pydz’ 4+ X;d#’ (37)
and the canonical symplectic form is
Wean = dcan = dP; A daz’ +dM A de'. (38)

This is a closed, non-degenerate 2-form of (internal) degree 0. The Poisson structure reads
(xZ,Pj) = (5;, (91, /\j) = (5;
The coordinate P; is however not a covector as the notation would suggest.

Lemma 4.2. Under a coordinate change ' = ¢’(z) on M we have

- 0T

A=A o (39)
o' - < %

bi= g o= M agiaw 0 (40)

Proof. For the differentials we have the following transformations:

; or o2z - 0T
dzt = da/ ==, df' = — _gFdad + 467 ==
oxJ oxkoxi oxJ
where we used that dz/ and 6% are both odd. Since we know that qca, is invariant under
coordinate transformations, we can substitute the differentials above into the expression and

group the terms to obtain

. A _ 0%t - 2% A _ o7t A
Pida? + \;do7 = <P A S 9’“) dad + ()\ig:c ) de’. (41)

“oxd i oxkoxi xJ
Comparison of both sides proves the Lemma. O
The last term in spoils covariance; this motivates the following redefinition.
Definition 4.3 (Covariant momentum). Given a connection I' on 7'M, define

pi =P + T N\ 0F. (42)
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Proposition 4.4. The quantity p; transforms as a covector.

Proof. Under z° = ¢*(x):

o - < T - oz™
_p ¢ k_ 9T 5 3 k 0y k
The standard transformation law of Christoffel symbols,
pe 08" _ 0T L 070 Ot
IR ogl  Oxd T oxk T Owd Oxk
shows that the two inhomogeneous terms cancel, yielding p; = % Ps. O

We obtain three fields (6%, \;, p;) each transforming covariantly (i.e. as the index in the
notation suggests) under a change of coordinates of the base M. We have effectively, through
the choice of a connection I'; untwisted the space of fields T*(IIT'M) to

T*(IITM) = TITM @y IT* M @pr T*M. (43)

Any connection on T'M may be used for this splitting; since we work with the metric g, we
take the Levi-Civita connection. In the resulting coordinates the canonical 1-form reads
Qcan = pidxi - kakgekdl'l + Aldﬂl
and hence
i cﬂ“fk k.3 i _ Lok i k i i
Wean = dp; A da* — %AZG da? A da' —T5,0%d e A dz' + T Aed0 A da* + dA; A dO*. (44)

4.1.2 Constraint submanifold

We will now use the Lorentzian metric g as a vector bundle morphism to constrain the target
manifold to a symplectic submanifold.

Definition 4.5 (Constraint surface). The constraint surface is the sub-supermanifold N
defined by the embedding ty : IITM @y T*M — IITM @p HT*M Dy T*M given in
coordinates by

v (2, 0%, py) = (a;i, 0, p;, %gij(a}) Hj).
Note that this is globally well defined because all quantities transform covariantly.
Proposition 4.6 (Second-class constraints). Define ¢; := \; — 3 g;;(x) 69 € C*°(T*(IITM)).
Their Poisson bracket matrix with respect to wean is

Cij = (¢4, ¢5) = —gij-
Since ¢ is non-degenerate, the restriction is symplectic.

Proof. With the Poisson structure (4] one can easily check that (6%, \;) = 6;-, (Ai,27) =0
and (0%,27) = 0. Hence we have

Cij = (1, &) = =5 9jv (Nis 0”) = 590 (0", \j) = =5 951 — 5 955 = —ij-
Now wyn = tjWean is non-degenerate whenever the constraint matrix Cj; = (¢4, ¢;) is
non-degenerate. Hence (N, wy) is a symplectic supermanifold. O

Plugging in the constraint in all formulae above yields
1 1 o
ay = p;dz* — iékgrje’"ekdxj + §gij91d93,
with symplectic form

1 . . 1 . .
wy = dp; A dat — 597"9’f(aga,€g,ﬂjc1x‘f A dad — gy 500 da? A d67 + igijdel NG
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Lemma 4.7 (Poisson brackets). The Poisson brackets are given by
o g . , 1
(a'pj) = 05, (0%.07) = —g", (0',p;) = —T50",  (pirpy) = —5 Runsj00".

Proof. Every bracket is (24, 2P) = (—1)|ZA|X‘A(ZB) by Definition [1.25] so it suffices to read
the Hamiltonian vector fields (Definition |1.24]) off the defining equation ¢ X AWN = dzA.

For ' this is solved by X, = Op,, since Lo,, annihilates every term of wy but dpy, A dz™
on which it returns dz’. Hence (z%,p;) = 5;. and (z%,07) = (2%,27) = 0.

For 6" write Xy = A*0 + B0y, + C*0px. The dp-part of Lx,;wn comes only from
dp, A dz™ and reads —AFdpy, so A¥ = 0; the df-part then comes only from %gmndem A do™
and equals C* gy, d6", whence C* = ¢g'*. As ¢’ is odd,

(6,67) = —Xp:(67) = —g".
The remaining component is fixed by the vanishing of the dz-part, to which dp,, A dz™

contributes Bydz* and the cross term —gsjrzéef da® A d#7 contributes, through C™ = ¢"™
the term —F};EHZ da*. Their sum vanishes, so By, = Féeﬁz and

(60, ps) = —Xgi(p;) = —T%0".
Next, for p; set X,, = A¥0,x + Bydp, + C¥0gr. Now the dp-part forces A¥ = —oF,

and the vanishing df-part, to which the cross term now also contributes, gives C* = rfgef .
The bracket itself sits in the dz-part, which receives B; from dp,, A dz™, a contribution

from —%aresagasgrj dzf A daJ through A*F = —(55, and one from the cross term through
Cck = I’fgﬁg. Writing wj; for the coefficient of dxi A dz? in wy, its vanishing yields

We anti-symmetrize the terms in 076™. First, observe that
1
wij = 5 [0i0mGnj — 050mgni] 00",
which after anti-symmetrization gives
1
wij = 1 [0i0mnj — 0iOnGmj — 0jOmGni + 0jOngmil 00",
The same for the other term:
1
9re Tl T5, 070" = 2 g1 (rmrﬁn rfnrfm) gmgn.

Putting everything together yields

1
(pi,pj) = _§R£kij 0°0". O

4.1.3 Coupling to supergravity

The last step consists in coupling the fields to supergravity and writing down the Hamiltonian
of the system. Because the supergravity fields live in bundles of R[1] and hence are not
affected by any curvature, all the results from the previous subsections can be kept and
amended trivially for the supergravity fields.

We replace M — M x R[1] in the construction. This gives us fields in the space
T*(MTR[1]) = R[1] x R[—1] x IIR[1] x IIR[~1] as in Table

The canonical symplectic structure is

a=bdc+ pdy, w=dbade+dB Aady, (c,b)=-1, (v,8)=1.

o6



Space ‘Field Ghost number Parity

R[1] c 1 1
R[—1] b 1 1
IIR[1] 5 1 0
R[-1] | B ~1 0

Table 1: Supergravity fields of the spinning particle, from T*(IITR[1]).

Denote the new space of fields as
N =N x T*(IITR[1]) = (ITM @ T*M) x T*IITR[1])
The full symplectic structure is then
an = pidat — %5kgrj6’r¢9kdﬂrj + %gijeidej + bde + Bdy (46)
and
wy = dp; A dzt — %m&ké’g&kgrjdxe Adad — gkjl“feﬂfdwi A de7 + %gijdé?i A d¢? (47)
+db Ade+dSs A dy.

4.2 Hamiltonian

Since p; transforms as a covector and @' as a vector, the quantity Q = p;6" is well defined
globally. We define the Hamiltonian

1
On = 5(Q, Q)+ Qy +7%. (48)
Proposition 4.8. (Oxr,0) = 0.

Proof. Given the symplectic pairing of the fields under the Poisson brackets (Lemma ,
there are only four contributions which do not vanish a priori. The first is 1((Q, Q)c, (Q, Q)c) =
0, because the product rule gives a ~ ¢ = 0 on the only possible non-vanishing term. The
second is (Qv,Q7) = (Q,Q)y%. The third (double) is %((Q,Q)c, @7) = 0 which vanishes
due to the Jacobi identity. Finally the fourth is the double contribution %((Q, Q)c,v2b) =
—%(Q, Q)7?. Summing all contributions up yields 0, as desired. O

Proposition 4.9 (Hamiltonian). The Hamiltonian is given by
1 g .
On = —gpivig”e+ pitfy + 7. (49)
Proof. We compute

(@, Q) = (i, p;0") = pi(0°, ;)0 + pip; (6°,67) + (pi, p;)0°6" — p;(pi, 07)6".
Using Lemma [L.7], we obtain

= pi(—T5,00" — pip;g” — 5Rg,%jefe’fe 07 — p;T7,0%".

The first and the fourth term vanish by contracting the torsion-free Levi-Civita connection
with the odd fields. The third term vanishes due to Ryy;;; = 0 which follows from the
Bianchi identities. The claim follows. O
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4.3 With magnetic field

The spinning particle is sometimes endowed with a background magnetic field. Let P be the
principal U(1) bundle over the manifold M. A magnetic field is described by a connection
one-form A, such that for an open U ¢ M after choosing a local gauge s : U — P, we
can write s*A = A;(z)da’ as a local gauge field. The theory then changes by amending the
symplectic structure

ay 3 pida’ > (pi + Ai)da’,
which results in the change

. 1 . :
wpr 2dp; A dx® v dp; A da’ + §Fij(x)dx’ A da?,

where Fj; is the usual electromagnetic field tensor given by Fjj(x) = 0;Aj(x) — 0;A;(x).
Only the w,i,; part changes, and looking back at the calculation of Lemma [£.7], we can see
that the only bracket where this component of the symplectic form entered our calculations
was for the last one. We can resume from and add +3F;;(z), to obtain
1
(pirpj) = _iRﬁkijeeek + Fij, (50)
while the other brackets are unchanged.

For the Hamiltonian, going back to the proof of Proposition 1.8, we observe that the
only relevant change with the introduction of A;(x) is the bracket (@, Q). However this was
never of importance for the vanishing of any terms. Therefore we can keep . Correcting
the (pi,pj) bracket in the calculation of Prop. m we obtain

Oy = —ipipjg”c + §Fij6’070 +pif'y + 4% (51)
which solves (@f/, @ﬁ/) = 0. Note that these quantities are only defined locally due to the

choice of the local gauge. In the following sections we will however not use any magnetic
field, A = 0.

4.4 Two-dimensional case

In this section we consider the special case where the spacetime (M, g) is two-dimensional,
orientable and time-orientable. In this case the theory simplifies, as the target untwists back
into a cotangent bundle (which it was before we imposed the constraint).

In the following we will show that there exists a supermanifold P = M x R and a
symplectomorphism

(N,(,UN) = (T*P,OJP).

where wp is the canonical symplectic form on 7% P. We can ignore all the supergravity fields
for now, as they are split from the rest anyway.

Lemma 4.10 (Null splitting). Let (M, g) be an oriented and time-oriented two-dimensional
Lorentzian manifold. Then T'M admits a global splitting

™™ = L.®L_,
where L, and L_ are trivial real line bundles whose fibres are null with respect to g. In

particular, T'M is trivializable.

Proof. Time-orientability provides a global timelike vector field on M. Normalizing it, we
obtain T'e I'(T'M ) with g(T,T) = —1. Let e denote the Lorentzian volume form determined
by the orientation and the metric. Define the 1-form

0 1= LT€,
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and let S := of be its metric dual, g(S,V) = o(V) = ¢(T,V) for all V.
We verify the properties of S. First, S is everywhere nonvanishing given that € is non-
degenerate and the condition ¢(7',7) = —1.
Second, S L T
g(S, T) = J(T) = €(T7 T) =0,
by antisymmetry of e.
Third, g(S,5) = +1, as

9(S,8) = g'oio; = T“Tbeaiebjgij = —TT’gy = —g(T,T) = 1.
Thus (7, S) is a global orthonormal frame: ¢g(T,T) = —1, ¢(S,S) = +1, g(T,S) = 0.

Now define ] 1
er = E(T—FS), e = —(T—-209). (52)

such that the null properties hold

glet,eq) =0,

gle—,e_) =0,

g(€+,6_) =—-L
Since e4 are global, nowhere-vanishing sections of the null line bundles Ly := span(ey),
both L, and L_ are trivial, and TM =L, ® L_. O

Let (e, e™) denote the dual coframe, characterized by {e.,e?) = §2 for 0,7 € {+,—}. The
completeness relation is

. . .
6y =ele +ele;. (53)

The metric and its inverse decompose as
gy = —(efej +eief), g7 =—(chel +elel). (54)

Definition 4.11. Define the globally well-defined odd functions on IIT M
P i=ef ()0, X i= —e; (z)0". (55)
These are scalars on M: under a coordinate change z' — Z'(z), the covector e; and the

vector @' transform inversely, so v is invariant (and the same for ).
Lemma 4.12. The odd fibre coordinates decompose as

0" = e\ — el x. (56)
Proof. Completeness relation (53): §° = (53- 67 = ei(e}@j) + ei_(ej_ﬁj) =e\ 1 —ey. O

This automatically gives us the correspondence IITM =~ M x RY2, where the isomorphism
is defined as

O* () = e;r(x)ei, O*(x) = —6;(1‘)9i7
and trivially on the base M. We now consider the cotangent bundle of both sides and
consider their canonical one-forms to obtain a cotangent lift of ®. Denote by 1, ¥ the

conjugate coordinates to 1 and y respectively, and p; the conjugate momentum to .
Comparing with o = p;da® + ¢pdep + ydy, we can read off

O*(P) = e\ i, PF(X) = —€" N, PF(Bi) = P — N0,
obtained by expanding
Nidf? = N (Ope’,bda® — Opel xda® — el dip + el dy).
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This gives a symplectomorphism (T*IITM, wean) = (T*(M x R%?),w) with the symplectic
form ‘ B

w=dp; A dx'+dy A dyp + dy A dy.
The symplectic constraint now reads

§ = S @l (@00 — L@, X =~ @ule (20— ¢ (@]

Using the duality relations of the null frame, we immediately obtain that 1 = x/2, % = /2.
Plugging this into the symplectic form we obtain

w = dp; A dz’ +dip A dy.
This is precisely (T*P,w) for P = M x RO, Amending P with the supergravity fields
P := P x IITR[1] we obtain

wp = dp; A dat +diy A dy +db A de+dj A dy.

Next we give the Hamiltonian in these coordinates. We have that the covariant momentum
p; from the general spinning particle is related to p; by

pi = i + ToN0% + 20,607
On the constraint surface A\; = %gijﬂj; substituting this together with §° = eﬁr@b — ey,

the frame derivatives combine with the Christoffel symbols into covariant derivatives and
collapse to

pi = Pi + gree™ Viel vx = b — e Viel, ¥,
using gpe e* = —e}. We substitute this into O = —%pipjgijc+pi«9i’y ++2b. The correction
drops out of p;f?, since ¥y 0" = 0 by ¥? = x? = 0, so that p;6" = p;(et.vb —e"x). In the
quadratic term (¢0x)2 = 0 keeps only the cross term,

1 -~ 1 .
—ipipjgwc = —ipipjg”c + g ef Ve vxe.

Hence .
Op = —5bibjg”c + 97 €f Vel wx e+ piel by — piel xy +7°b.
4.5 Summary of the target data
We collect the results of the preceding subsections. The full target is a Hamiltonian dg

manifold (N, war, Opr) of degree 0.

Supermanifold. The target supermanifold is the direct product
N = (ITM @y T*M) x T*(IITR[1])
with local coordinates, ghost numbers, and parities as in Table

Symplectic structure. The primitive 1-form and symplectic 2-form of internal degree 0
decompose as sums over the two factors:

an = pida’ — 3 0g,j070Fda? + Lg;;6°d67 + bde + Bdy

1 . . 1 . ,
wp = dp; A da® — 59T9k8g0kgrjdxg A da? — gkijﬁedx’ A df + §gijd9’ A d@?
+db Ade+ds A dy.
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Space Field Ghost Number Parity

M 't 0 0
T*M i 0 0
T M 6 0 1
R[1] c 1 1
R[—1] b -1 1
IR (1] v 1 0
OR[-1] | B —1 0

Table 2: Fields of the spinning particle for an n-dimensional spacetime.

Poisson brackets. The nonvanishing Poisson brackets are
(xlvpj) = 6;a (9279]) = _glja (027pj) = _Fékek’ (pz)p]) = —ingij969k7
(Ca b) = -1, (775) =1

Hamiltonian and classical master equation. The Hamiltonian O € C*(N); is

1 ij i
®N=—§pipjg”c+pi97+72b7 (57)
and satisfies
(On, On) = 0.

The associated cohomological vector field Qs := (O 57, —) makes (N, Q) into a dg manifold.
Together, the data (N, an, wx, On) constitute the target of the AKSZ construction.

Two-dimensional version In this case (M, g) is a Lorentzian, 2-dimensional, orientable
and time-orientable manifold, and we have that A" = T*(M x RO x TITR[1]) = T*P with
fields

Space ‘Field Ghost Number Parity

M x 0 0
T*M bi 0 0
RO ¥ 0 1
TR | x 0 1
R[1] ¢ 1 1
R[—1] b —1 1
TTR[1] y 1 0
IIR[—1] 3 ~1 0

Table 3: Fields of the spinning particle for a two-dimensional spacetime.

symplectic structure
wp =dp; Ada’ +dyp A dx +db A de+dB A dy
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and Hamiltonian

1 . - . ey
Op = —5biig” (w)e + g7bi €] Vel x e+ piel (2)$y — Biel (x)x7 + 7%,

4.6 AKSZ construction

We now follow the AKSZ construction procedure of Section [I.5]to obtain a BV theory from
the target given in the last section.

4.6.1 General case

We start with the target data for the general case and lift this now to the mapping space
F(T[1]Z,N) (where we will take > = S'). First we lift the coordinates/fields of the target,
which give us the new field space generated by the superfields listed below.

superfield ‘ field ‘ gh ‘ par ‘ field [d¢] ‘ gh ‘ par

xt | 0| 0 pti -1] 1
Di Di 0| 0 z; -1] 1
0 o | 0 | 1 o+ ~1] 0
c c 1 1 e 0 0
b et | -1 1 + 21 0
~ 5 1 0 13 0 1
B et | -11] 0 At -2 1

Table 4: Superfields of the AKSZ theory for an n-dimensional spacetime.

The AKSZ action reads

1 1 ) .
SAKSZ = j pidx’ — iﬁkgrj(m)eré’k Adx? + igij(w)el A d@’ + bde + Bdy
)

1 g .
— 5Pipjg” (@)c+ pi0'y + ¥*b

and the symplectic form @D on F:

1 : , :
WAKSZ = —f opi A dx' — iereké’g@kgrj(m)éme A ) — gkj(at:)l“f}(mc)tﬁéﬂvZ A 6607
by

+ %gij(m)éei A 3607 + 6b A dc+ 68 A 5.

Plugging in the superfield expansion in local coordinates and only picking the dt part we
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obtain the full AKSZ action

o o
SAKSZ = J pida’ + 591‘3‘(33)9@(19]
>

+etde+ Etdy
1 :
- §0kgrj (2)0"0%da?

g 1 y
+ <3«"? pjg” (z) + §p¢pj5kg” (iv)p““) c

1 Ny A . A
- ipipjgw (x)e — x7 0y + pf™'y + pid'€
— 2yéet + 42T,

Theorem now guarantees that Saksy solves the CME, (Saksz, Saksz) = 0.

4.6.2 Two-dimensional case

The field space is the one of the general case, with the superfield 8% replaced by the two
superfields ¥ and x:

superfield ‘ field ‘ gh ‘ par ‘ field [dt] ‘ gh ‘ par

xt 2t | 0|0 i -1] 1
pi pi | 0| 0 | zf ~1] 1
P P 0 1 x* -1] 0
X X 0 1 Pt -1] 0
c c 1 1 e 0 0
b et | -1 1 + -2 0
~ v 1 0 13 0 1
B &t =1 0 | AF 2| 1

Table 5: Superfields of the AKSZ theory for a two-dimensional spacetime.

The AKSZ action reads
. 1 g g
Saxss = | pidat +xdo + bde + By — Spimig@le +gopic; Viclbxe
+ pie' ()Y — pie’ (z)xv + 72D

with symplectic form on F

wAKSZ:_J 6pi A 6x" + 0% A Ox + 0b A Sc+ 68 A 5.
s

63



5 The Spinning Particle 1I: 2-dim globalization

In this chapter we compute the effective action from the action constructed via AKSZ of the
two-dimensional version of the spinning particle and globalize it with the general procedure
given in [7] and [I1]. This procedure requires the target of the AKSZ theory to be split: it
must be a cotangent bundle with the canonical symplectic form. This is precisely what we
have at hand for the two dimensional case.

Admittedly, some constructions (in particular concerning the operators in formal space)
are a bit handwavy in the following development; we will however make them precise in
Section

5.1 In formal geometry

Recall the AKSZ action of the spinning particle in two dimensions

Saksz = L pide’ + xdy + bde + Bdy — %Pipjg” (@) + gpief Vel px e (59)

+ o (@) — pict (z)xy + .

To globalize the effective action we will first lift the theory into formal geometry. First, we
choose a connection on P. Given that P = M xR < IIT R[1] where M comes equipped with
a Lorentzian metric, it is natural to take the Levi Civita connection on M and take the trivial
connection on the rest. This gives us an exponential map ¢, = exp, : T, P — P. Consider
the exponential map on a fiber with base point x € M. For the perturbative expansion
we need the coordinate formula for the exponential map. Use barred field notation for the
respective tangent fields in 7, P. Then the pullbacks are given by

. . 1. . 1 ) ) .
Toy(a') = 2’ + 3" = STy () Tk — G [0, — 210, T 27 2% 2 + O(|z|"),

Ter () =v, Tep(e)=¢, Tep(y) =7
Now our target is T*P. We have seen in Section how we can use ¢, to pull back the
subalgebra Cgf)ly(T*P) with the symplectic structure into formal space (which is admissible
for our case, c.f. ) Construct the cotangent lift

Py = (¢, (A07) 1) : T"TP — TP
The pullback formulae for @, of the base coordinates remain the same. For the pullback
formulae of the fiber coordinates let .J, be the Jacobian of ¢,. It has the structure J, =
diag(0T¢*(z?)/0x7,1,1,1), where
where (jkl) denotes the sum over all six permutations of the indices j, k, [ inside the brackets.
To compute the cotangent lift in coordinates, we need the inverse of the Jacobian, which we
can compute by using (Id —X)™! =T + X + X? + ..., yielding

(ki) jkil + O(|j|3)7

where we abbreviated the (in &, symmetric) coefficient

Skl = 6 [(%J‘g-l + O, + 0Ty — 215, Uk + T, U + T, ﬂ:] .
The cotangent lift maps the fiber coordinates by the inverse Jacobian,

TO:(p;) = (J; )i B = Bi + Dl (2)7°5; + QL (2)7*7'p; + O(|17),
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To7(x) =X, TOL(b) =b, TeL(B) = b.
Next we want to extend the exponential map into the mapping space. Fix a constant field
v € Map(T'[1]X,P) given by ¢ = z € M. Consider the field space Map(T'[1]X, T*T,P) and
denote the respective superfields in bold, barred notation, i.e. &' = Z%(t) + ﬁﬁr (t)dt etc. We
can then define the new exponential map

@, : Map(T[1]2,T*T,P) — Map(T[1]Z, T*P)

by taking the pullback via ®, and plugging in the superfields for the fields, i.e. replacing
f — f for all fields. We obtain for the x superfields

TO!(z') = 2 + 7' + pi.dt — 3 i (2)[27 2" + 227 ph dt]+

1. . .
g[alr;.k o, I 27 zh e — 2[a,r;k—2r:nkrj] kl)p7+xkxldt+0(| z|*h)

In field components this then reads
, . 1. . 1 . . . .
To* (') = 2 + 7 — 51“;-,€(9c)a‘:faz"‘ -5 [T, — 2r%, T 27272 + O(|z[%),

Te:(p',) =P’ — z'k(iﬁ)fjﬁ]i - % [@Fék 2karﬂ]( kD) Ptz + o(|zf).
Similarly we obtain for the momenta superfield
TO%(p;) = pi + T ()7 D) + Qlyy ()2 p; + O(|z[*),
TOH () = 7 + T/ (x) [i z + pmj] + Q7 (2) ezl + 2;3’1@’15]-] +0O(|z*),
and for all the other fields trivially

T3 (¢) = ¥, T (c) = ¢, To%(v) =7, T3 (x) = X,
TP (e") = e, TPR(E") =€, Te;(x") = X", To(e) = ¢,
T () =&, Te;(v") =97, To;(c) = ¢, Te;(y") =7"

To perform perturbation theory, we split the AKSZ action into a kinetic part S° and a
perturbative part S¥. For SO we take the part inherited from the canonical one form. Given
that we used the cotangent lift, we have quadratic in fields

SY = T®, Sy = f pidE’ + xdip + bdée + Bd7.
by

To obtain the Taylor expansion of the perturbative part S := T@i SP one then simply
pulls back the fields via <I> ¥, writes out the result in superfield expansion and then Taylor
expands the tensors g/, e s e! around z € M. The result is a power series in the barred field
coordinates. Note that in particular due to the form of the formal exponential map that SZ
is always at least cubic in the fibered field coordinates and hence does not contribute to the
kinetic part SY.

Now consider the vector field Y € T'(AT*M ®ST *M®T M) given from the Grothendieck
connection (c.f. . :

dz'y; = da?ZYik(:z:,x)aik

where we denote Z for the fiber coordinates (in Section they were called '). Taking the
fiberwise bracket (—, —)g, on the tangent bundle, we can easily construct the Hamiltonian
one-form of Y simply by

de' Y (x, az);k o A2’V (2, 2)pr = Hy € T(AT*M @ ST*M Q TM),
X
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where Py, is the fiber coordinate conjugate to Z*. In other words, for any X € T'(AT*M ®
ST*M ® TM), this construction satisfies Hz, x = (Hx, Hy )sn, where we denote H to be
the Hamiltonian of X, Y respectively. This is precisely the construction of Section [3.6] but
the other way around.

This construction can be lifted to the mapping space as usual by replacing the fields
above with the superfields. Lifting Hy we get

Sy = f dz'YF (z, 2)pk
%

which by construction satisfies the lift rule

Scyx = (=1)"(Sx, Sy )sib,
the sign being that of the AKSZ symplectic form w = (—1)"Twy (n = dim X = 1 here).
We are now ready to define the modified effective action. First observe that our space
of fields is now
Fo = Map(T[1]X, T*T,P) = Q*(X)® (T, PO T,P)
After taking the Taylor expansion of the fields at some x € M, we obtain
Sy = 89+ 5P e I(SF*)

which satisfies d,S; + (Sy, Sz)ap = 0 by construction.

Consider now §x =8, + Sy e '(AT*M ® §F*), where the S part is of form degree 0
and Sy of form degree 1. Note that formally Ag, Sy = 0, since Sy is bilinear in the fields
with a single worldline derivative, so that AgpSy ~ 0id(t — t')|y=; = 0 as principal value.
Assume for now formally that AgpS, = Agp,Sy = 0 (we will expand on this in the next
section). From the equation above and the flatness condition on Y we get that it formally
satisfies the modified QME

o 1 ~ o~ -
dex + 5(5;5, Sx)ﬁb — ihAﬁbe = 0.

We will later construct a Hodge decomposition of 2°*(X) and choose a Lagrangian £ in
the complement of the harmonic forms. This leaves, after integrating out this part, the
zero modes in the space Hy 1= H*(X) ® T, P ® H*(X) ® T;P. We denote the induced

symplectic structure as (—, —)H and Al (we will construct these more precisely in Section
6.2)). Defining
~ 1S
Ly 1= J 675”5,
L
we can compute
~ iy ) iy ~ ) 1y o~ o~ ) g
deZ; = J dmehsz = f ehszdxsx = ~3F ehsz<5x75x)ﬁb = _Agbf eﬁSz,
c hle 2h Je c

i.e. we have
d.Z —ihARZ = 0.
Defining the effective action as e % := Ze (omit the x for notational simplicity), understood

perturbatively by taking the connected Feynman diagrams, we formally obtain the modified
QME

1
dySef + 5(seff, Seir)H, — ihAH Sei = 0.

Note that St € T(AT*M ® SH*[[1]]). The QME can then be split up in form degrees on
AT*M.
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Remark 5.1. From the coordinate formulae of T®* above we see that S, is polynomial in
all fields except the Z?, in which it is an honest power series, the Taylor tails of the tensors.
The same holds for the tree level part of S.g, while at loop order the cycle graphs produce
infinite series also in the other zero modes (Section 7 so that altogether

Se € D(AT*M @ ST*M ® SH*)[[1]],

with Itlx c H, the complement of the H°(S') ® T, M part and the Z-series singled out
as the ST*M factor. This reflects the formal geometry, compare also [7]: the modes '
are counted not among the residual fields but as the fiber coordinates of the formal bundle.
Since we globalize over x € M only, the Grothendieck projection collapses exactly this power
series to an honest global function on M, while the residual fields in H remain fibered; as a
bundle over M, H is identified with its global counterpart built from the target bundles via
a connection, such as the one contained in the choice of ¢.

Modified quantum canonical transformations (without time dependence) are given by T €
['(AT*M ® SH*[[h]]) of total degree —1. The infinitesimal transformation reads

6Se = doT + (Segr, T)H, — iRAR T (60)

which can be integrated Sé dt to obtain finite transformations. As before, we can let T carry
time dependence and substitute 6 v~ d/dt in that case.

We now want to describe how the theory changes under a choice of formal exponential
map. By Remark any two formal exponential maps are connected by a path ¢;, with
velocity encoded by the generators C € F(§T*M®TM), deg;(Cy) = 2, of Proposition .
The two infinitesimal flow equations we need are

oYy = doCy + [V3, Gy, 0: Tof f = —Cy(Tof f),

the first from Proposition [3.44] the second from Lemma [3.45]
Next we lift the generator to the space of fields, in complete analogy to the lift of Y: we
set

ozk
and the lifted flow acts on functionals by (—, Sc)ap, with Sg,x = (Sx, Sc)sb as before. In
contrast to Sy, the generator C' carries no form degree on M, so S¢ has total degree —1;
this is precisely the degree of a generator of a modified quantum canonical transformation.

CH(a, )2 v Ho 1= CHa, 2) ey Soim j C*(z, @) py € D(SF),
>

Lemma 5.2. Let (¢¢) be a path of formal exponential maps and S;; = T¢FS,. Define
Sy := Szt + Sy, the associated formal global actions. Then

atSt = dISCt + (St7 SCt)ﬁb-
If moreover AgpSc, = qﬂ, this is an infinitesimal modified quantum canonical transformation

with generator T' = S¢,.

Proof. We compute the two parts separately. For the Grothendieck part, Sy is linear in Y,
so by the flow equation for Y;

Sy, = So,v, = Sa,c, + Sy, = dwSc, + (Svi, Sc, )b

where d; passes through the Hamiltonian lift since the lift acts fiberwise. For the part S;
we use 0;To;S = —Lc, (T¢FS) which again lifts to 0,55+ = (Sc,, Szt )ab as before. O

2By the same reason as before, c.f. Section
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Lemma 5.3. Let T e I'(AT*M ® §F*[[ Rh]]) be of total degree —1. Then
(dy — ihAR) f eide Ly = j e [de + (Su, T)gp — mAﬁbT] .
c h bl

Proof. This is the analogous result of Corollary (3) in the modified complex. Exponen-
tiating the modified QME gives

Aﬁb€%s = é (hAﬁbS 2ﬁ2(§ S )ﬁb> = —

Using Agy(en%=T) = (Aﬁbehsr)T + ehS”AﬁbT + Len%e(S,, T)g, and that the fiber BV
integral intertwines Agp, with AR (Thm. [1.44] (1)), We compute

ds L e%gw% - % L 7S <; 4,5, T + de> ,
—ih AR, L eh e %T = L e <h2 Ay S, T + AT + h(Sx, T)ﬁb)
The terms containing dzgw T cancel and the claim follows. O
With the Lemmas we immediately obtain the following result.

Corollary 5.4. We have

&z = (dy —ihAEb)j i St Sct,
L

and consequently the class of Z in the (dy — ihAEb)—cohomology does not depend on the
choice of the formal exponential map.

5.2 Feynman graphs

We can now describe Seg in terms of Feynman diagrams. First, we will construct a La-
grangian £ inside the space of fluctuations of F,, where

F. = Map(T[1]%, T*T,P) ~ Q*(X) Q@ (T, PO TsP),

to fix the gauge. For this, we use a Hodge decomposition of 2°*(X). This entails the inclusion

v H*(2) - Q*(2)
of the harmonic representatives, the projection

p: Q(S) — H*(D)
onto the de Rham cohomology of 3, and

K: Q%) - QYD)

a linear operator, such that with P := ip the triple (¢, p, K) satisfies
I) dK+Kd=1d-P, (I) PK =KP =0, 1) KT = K, IV) K?*=o.

The transpose is w.r.t. the Poincaré pairing on forms SZ o ne. The operator K is an integral
operator with a distributional integral kernel w € Q(3 x ¥), which is our propagator.

The spinning particle is a one dimensional field theory. We will take ¥ = S'. We use
the Hodge decomposition

0*(8") = Uy (1) @ Q°(SH) @ Q' (SY),
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where the harmonic forms are spanned by {1,dt}, and tg1: H*(S!) — Q°*(S!) is the tauto-
logical inclusion of these representatives. The associated chain homotopy operator is

K @ g(t)dt HJ wgr (t, t)g(t)dt’
Sl

with the integral kernel

1
wai(t, ) =0t —t)—t+t — 3

and the projection
psr £+ gt = || (@ = de) A () + (0,

The gauge fixing below relies on a factorization of the fiberwise symplectic form wgy, (Sec-
tion . The split target T*P is a cotangent bundle, so in the barred fiber superfields
(@%, Pa) its coefficients are the canonical Jf,

WL = —J (5ﬁa A 5qa,
>
writing as a @ u € Q*(X) ® (TP ®T,)P) = F,, one reads off
wib(@®@u, LRV) = —(—1)|“||5<u,v>f a A B, a,feQ(X), uvel,POTSP, (61)
>

with (—, —) the canonical pairing of the cotangent fibre T, P @ T} P. The leftover {s, o A 8
is the source Poincaré pairing, so wgp is the tensor product of the two.
Now define the Lagrangian L as

L=LgkQR(T,POT,P), with L = Ker P n Ker K (62)

This is precisely a Lagrangian inside the complement of the harmonic forms.
Proposition 5.5. L is Lagrangian.

Proof. Considering the splitting of and the fact that we are tensoring with the entire
target factor T, P @ TP that is symplectic, it suffices to show that L = Ker P n Ker K is
Lagrangian inside the fluctuation space Ker P, on which the pairing is nondegenerate.

We claim that o« € Lx < a = Kda. If a € Lk, then Ka = 0 and Pa = 0, so (I)
gives & = dKa + Kda + Pa = Kda. Conversely, if @ = Kda then Ka = K2da = 0 by
(IV) and Pa = PKda = 0 by (II), so a € Ker P n Ker K.

For isotropy, we write o, € Lxg as o« = Kda, 8 = Kdf and move one K across the
pairing via (III):

f Oc/\ﬁzf KdaAKdﬂaﬁ)—f da A K2dB ¢
by b by

For half-dimensionality, note that £Lx = Ker (K |ker p) and we claim that Ker (K |ker p) =
Im(K|ger p) from which the result follows. First note that applying d once on the left and
once on the right on (I) yields Pd = d —dKd = dP. Now if o € Ker (K |ger p), then by the
above @ = Kda = K(da). Because P(da) = d(Pa) = 0, we obtain a € Im(K |ker p). Now
if & € Im(K|kerp), then K(a) = K(KpB) =0 by (IV). O

v

The perturbative expansion of the effective action is the usual perturbative expansion via
Feynman diagrams of the BV pushforward of Definition [I.45] In our field space F, with
Hodge decomposition, in which we can split every field ¢ € F, to write ¢ = ¢ + &fl, this
amounts to computing the perturbative expansion of

Sur(@ih) = [ 5 g
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which is a sum over connected oriented graphs I' giving the total form of the effective action

Z h {r) target source
Z AT LW (63)

where [(T") stands for the number of loops7 \Aut( )| is the number of graph automorphisms,
VVtarth is called the target part and WE°"® the source part.

Remark 5.6. The factorization into source- and target contributions for Feynman diagrams
in the expansion is due to the factorization of the space of fields (5.1) and to the fact
that our ansatz for the gauge fixing is compatible with this factorization.

Remark 5.7. We orient every edge from its momentum half-edge (Pi, X, b, B) to its position
half-edge (Z%,, ¢,7).
The target part Wfiarget is a polynomial in the fields H, of degree equal to the number of
leaves and computed with the following rules.

(1) to an incoming leaf of I' decorated by {1,dt¢} one associates the corresponding field
ZH H gt M
(2) to an outgoing leaf decorated by {1,dt} one associates the corresponding field p!', xH,
bH, gH
(3) to a vertex with m inputs and n outputs one associates the expression
Ogy -+ aimle"'j”

which is the m-th derivative of n-vector contribution to the action S. These are the
coefficients of the Taylor expansions of g/, ¢!, , e’ and d:L‘eYZZ at x € M respectively,

(4) for every edge contract the dummy Latin indices for the two constituent half-edges.

The result of the contraction is a polynomial function on H,.
The source part Wp°"® is given by

Wrs‘ource _ JEXV(F) H ﬂ-;k(hin) (hout)% < H 7rv(l Xal> (64)

edges (hin,hout) leaves [

Here V(I") denotes the set of vertices, 7, : ¥V — 3 picks out the copy of ¥ labelled by
v, and Ty, »*V(I) %) x ¥ retains the copies labelled by u and v; the symbol v(h) stands
for the vertex at which the half-edge h is attached. Notice that all these integrals converge.

There are some statements about Feynman diagrams we can make solely with the source
part.

Proposition 5.8. Every vertex has exactly one leaf decorated by the de Rham degree 1
harmonic form dt, all other leaves, if any, are decorated by constants.

Proof. This follows solely by degree counting on . Because the propagator is of de Rham
degree 0, for every vertex exactly one leaf has to carry a dt¢ contribution. O

Proposition 5.9. Every vertex is either a corolla or contains a loop. It follows that all tree
graphs vanish.
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Proof. Given that every vertex has exactly one leaf decorated by dt and the rest are con-
stants, the product of the leaf part of at every vertex is ~ dt ~ P. If there is a single
edge connecting the vertex, we have an integral proportional to K P which vanishes by (II).
If the graph is not a corolla, then it follows that £ > V and hence ' —2=FE -V >0, i.e.
the graphs must contain at least one loop. O

Example 5.10. One can consider the connected graph given by two vertices, each of degree
3, connected by two edges with each one leaf dt; and dts respectively. Assume that the
edges have a clockwise orientation.

w(tl,tz)

w(t27 tl)

Figure 1: A one-loop graph Cs: two trivalent vertices joined by two propagators, each vertex
carrying a single dt leaf.

This gives a contribution of

1
Wrs‘ource _ J wg1 (t17t2)2 dt1dty = ——.
Gyt 12

We also have some restrictions on the target side. We first observe from Sy that 4 only has
a propagator with 3, which is not present in the interaction part. Therefore the 4 field in
a Feynman graph has to be a leaf. Due to Proposition the vertex 42b hence does not
contribute to any Feynman graph (except as a corolla). Since the interaction vertex with
b cannot contribute, the € field can also not interact with any of the leftover interaction
vertices; for the same reason, the field € is also simply a leaf.

Apart from these restrictions, another obvious one is the fact that e, ,e_ constitutes a
null frame. As such, any contraction of such a section with one of the same kind via the
metric vanishes.

Decompose Seg € D(AT*M ® SH*[[A]]) as Seg = 37, S@, where n = dim M (in our
case n = 2) and Se(g is the i-form component. From Proposition we know that at A°
there are only the corollas; at de Rham degree 0, these are simply all the vertices of TCD:Z Sp
and at de Rham degree 1 Sy, all restricted to H (i.e. if after replacing every field ¢ = ¢ + @1
and only taking fully H-dressed contributions).

For the i' part there is already an enormous amount of terms. First of all we note that
due to V — E + 2 = 2 and the fact that every vertex needs to have at least 2 adjacent edges
(see Prop. , the graphs are all just cycle graphs C,,, with n the amount of vertices.
Every possible graph C,, gives a power series in the zero mode fields.

5.3 BV Laplacian

To justify Agp Sz = 0, AgpSy = 0 and AgpSc = 0, we present the arguments of [9]._Take a
manifold 7% M and its mapping space Map(T[1]%, T* M) with conjugate superfields b’ (¢, 6),
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aj(t,0), the capital indices running over all coordinates. The BV Laplacian is formally given
by

52
Agp ~ - .
b J;] obt (ta 9) (5C_L] (ta 9)

We now have
K(t,0;1,0') = Aai (b (t,0) ay (¢, 0) = 65 6(t — ') (0 — 0).

Acting on a functional S, = {g v(b)a produces a term ~ §(0), requiring regularization of
Agp to obtain sensible expressions.

The rule is provided by the propagator. By the Ward identityﬂ the w of the previous
section satisfies the distributional equation

dw=¢— K,

where ¢ is the smooth representative of the Poincaré dual of the diagonal Dy, < ¥ x X
given by the harmonic kernel; for ¥ = S! of unit length, ¢ = dt’ — dt. Moreover w|p, = 0

as principal value. Solving for K = ¢ — dw at the diagonal, the second term dropping by
w|py, = 0, yields the regularization

3t —1) (0 —0")|p, = v(t)

with ¢ := ¢|py,, and we define A,¢; to be Agp, with this assignment (when we write Agp, we
will always mean the regularized one). On the generators this yields

Aveg (b'as)(t) = 85 4(1).
The one-form v represents the Euler class of  [9]; for ¥ = S* we have ¢ = (dt' —d¢t)|py, = 0
pointwise, consistent with y(S!) = 0. Now consider a functional of the form

Sy = [t b0, (1) (1)

with v € ['(S¥TM). Applying Aeg and using the symmetry of v and the commutativity of
the a’s we obtain

AregS’Y =—k JE w(waf}/iil'"ik—l (E(t))ail'“aikfl =0.

For our case the b! comprise all coordinates of P, among them the base fields Z*, and the
as their conjugate momenta, among them p;. Taking v = g, eﬁr, e’ ,Y* CF* then gives the
results AvegSz = 0, AregSy = 0 and ApegSc = 0.

5.4 Globalization of the effective action
5.4.1 Via canonical transformation

In the following we want to apply (modified) quantum canonical transformations such that
we collapse
5—(0) o—(0)
Set > St + Sy, DSeg " =0
where D is the induced Grothendieck connection on the subbundle I'(AT*M ® SH*[[A]]).

—~(0 % .
This allows us to find the globalized (in x) effective action Seﬁ"( ) To, Seg;fOb. This is the

general globalization procedure presented in [7].

3Without going into too much detail, by standard BV properties we have Aﬁb(eis/hO) = M A0 —
%(S, O)sb). Integrating over some L in the fluctuation space, pulling out the BV differential from the fibered
integral and forming the expectation value w.r.t. Sy we obtain Agb<(’)>o = (A0 — %(S, O)sibyo. Setting
O = b®a eventually yields the equation dw = ¢ — K, see [9].
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The globalization procedure works as follows. First denote S ég =30 h*s ,(f). We first
observe that due to Proposition we have that S(()i) =0 for all ¢ > 1. The S(()O) and Sél)
are simply S and Sy restricted to H,. Denoting ™) = ng) — S(()l) and SO = Sg_f) fori>1,
we then claim that there is a quantum canonical transformation starting at h' which results
in S =0 for i > 1. We prove this by induction on the order k.

e | 5, | ot [ s | s
weo| s | s R
S
no| 50
w5

Qo ol | ... | gn1 | gm

Table 6: Bookkeeping of the induction at fixed %*: the shaded cells are already cleared,
and clearing the top de Rham degree Q™ propagates downward until only the Q° column
survives.

Indeed, assume that S = 0 Vi > 1 and Vr < k (see figure). Denote D = d, + (S(gl)7 —)H
and (2 = (Séo), —)H, . Because of the flatness condition and CME, we know that D? = Q% = 0
and that D and € commute. The QME now on the degrees £*, Q*+! reads
DS + st o,

for i = 0. In particular, due to dimensions, we have that DS(™) = 0. Because Hy = H 0,
Ir e T(AT*M ® §H*) such that D7 = S By defining T = —h¥F7 and integrating the
transformation 4 '

58% = DT (i — 1) + 1)

(m)

for i = m we obtain Sk v~ () and for i = m — 1 we obtain Slim_l) > S,gm_l) — Qr, such
that now S](cmfl) satisfies DS,gm*l) = () and hence we can apply the same procedure to make

it vanish, all up to ¢ = 1. The claim follows.

Let us carry this out explicitly at order i' for our two-dimensional spacetime, where the de
Rham degree runs only up to m = 2. Take the homotopy gauge 7 = hpS™), with hp the
Grothendieck homotopy of Lemma so that D7 = S For the k! computation, the
only A? datum is S(()O), hence Q) = (SOO ,—)gb is the only bracket that enters. Clearing the
top degree shifts SF) s 551) —Qhp 5’52), and clearing the resulting degree-one term shifts
5;0) by —Qhp (S’F) —Qhp Sf)). Collecting, the first-order globalized action is

SO =50 — (552, hp S + (S, hp (S, hp S

The global representative is then §£O) evaluated at the zero section.

We note that the higher AP orders will become increasingly tedious to compute. The
canonical transformations we apply at lower A order affect each of the terms at higher A
degree which we would have to track, before reaching that row to collapse it to 0 de Rham
degree.
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5.4.2 Via Ly, pushforward

The equation

1
dySef + 5(Seff, Seg )by, — ihAH Sog = 0

can be rewritten for S’ = Seg — Sy|H, as
1
(de + (Sy s —)fib) Segr + 5( s Sert) b — IMAR, Seg

which in other words means S.g € MC(T'(AT*M ® SH*)) for the DGLA with the induced
Grothendieck differential D, BV Laplacian on the zero modes and induced BV bracket. The
globalization procedure above consists in applying gauge transformations (which in this case
are modified BV canonical transformations ) consecutively until, at a given order of A,
the element is only in degy, = 0 and thus in Ker ha. One can then apply ta, which on
Ker ha collapses to Iy, to obtain the global effective action.

An equivalent way of globalizing the solution is to use the pushforward G on Slg from the
transfer of Proposition which by Proposition [2.16] guarantees to give us a solution in
the global BV space.

Lemma 5.11. The Taylor components of G read g1 = P and g; = gi_lQé_lKi for i =2
Proof. Recall that the coderivation @ is given by

QuiO--0u) =Y, D &)@ (Vo) @ OUs(s)) @ Vy(es1) O+ O Vy(s),
=1 0eS (i)

hence Qk is nonzero when ¢, contributes with 7 — E + 1 = k. Because ¢y = 0 for £ > 3, we
have that ¢ — k < 2. The sum for g; runs until k¥ <4 — 1, such that only the K =7 — 1 term
survives. 0

Remark 5.12 (h-convergence). Suppose S(go) is the only datum at order h°, every other

component S being O(h), as in the present case; set d = dim M, the dimension of the
manifold we are globalizing over. Track the de Rham degree on M. The bracket go wedges
the dx-forms and hence adds degrees, while the homotopy and projection are the towers
ha = Y. hp(hAfhp)™,  wa = Y. To(ihAFhp)™,
m=0 m=0

in which each block Ag'bh p lowers the degree by one and carries a factor of A. A monomial

gi(8) ® ... ® §™)) thus uses i — 1 base homotopies together with some number M of
these A bh p blocks; since it must land in degree zero, the leg degrees obey

Zn]— i—1)+ M, (II)  ordy (gi(- Zorth

Each leg of degree 1 and each block costs at least one h, and no leg carries degree above
d. Writing a,, for the number of legs of degree n,

(ID) i— 1)+ M i —1
ordpg;, = Zan+M Znan%—M()(ZC)l—F—FMZZd ,
n=1 7’L>1

the second step using n < d. As orders are integers, ordy g; = [(i —1)/d], so at order h* only
the finitely many g; with ¢ < dk + 1 contribute and the pushforward converges h-adically.
For our two-dimensional spacetime d = 2, whence R sees g1 alone and A sees g1, g2, g3.
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We carry out the first order explicitly. By the remark there are no insertions at h', so
A v Ip and ha v h, and the transfer maps (Theorem [2.15)) read

g1(z) = Io(),
gg(xQQ) =1l qo ( fL(.%') Oz + Teil(x) © h(:v}),
Kz(;‘(@ﬂﬁ)
93(z®%) =Ty @2 (hq2(h(z) O ) O ) + -,
only the tree of g3 above surviving the inputs below. Feed inz = Sl = SO0 4§14 §2) and

keep the hl, degy, = 0 part. Since h annihilates every degree-zero leg S(()O), the homotopy
must fall on the single quantum leg. In go this leaves h5,§1) bracketed with Séo); as Séo) is
already flat (T(]ﬁ;‘;HoSéO) = éo) , the procedure starting only at A') the two summands of K»

coincide and, with the %,

0 a(l)\H
3 92(S@) | = — Mo (5", h 575,
The lone gs3-tree threads the degree-two leg through two homotopies,

0 0 a2 H
3 95(S6) | = + 1o (S5 h (S5, RS,

while g; gives H05’§0).
Ga(Skg)| = oS — Mo (5, h S i + o (S5, A (S, h SRR = T165”,

in agreement with the result from before.

Summing,

Remark 5.13. Remember that we are actually only globalizing over x € M, as we have
seen in Remark The respective Grothendieck SDR hence does not land in the entire
global complex, but only in the sections global in z. We will be more precise in the next
section, see also Proposition [6.13]

75



6 The Spinning Particle 11I: n-dim globalization

We now globalize the effective action of the general n-dimensional spinning particle following
the methods of [30] to some extent. We will first lift the theory with its symplectic structure
to formal geometry with the constructions developed in Section We will justify the
operations done in the last section via the homological perturbation lemma, in particular
when passing down to cohomology.

6.1 In formal geometry

Recall the AKSZ construction of the spinning particle for a spacetime of any dimension: it
has the mapping space F = Map(T[1]2,N), where ¥ = S and N = (IITM @ T*M) x
T*(IITR[1]) is the target of Section generated by the superfields collected below.

superfield ‘ field ‘ gh ‘ par ‘ field [d¢] ‘ gh ‘ par

xt | 0| 0 pt -1] 1
Di Di 0| 0 z; -1] 1
¢ ¢ | 0| 1 o+ -1] 0
c c 1 1 e 0 0
b et | -1 1 c -2 0
~ v 1 0 13 0 1
Jé; & —1] 0 At 2| 1

The AKSZ action reads

1 1 . )
SAKSZ = J p;dx’ — iakgm-(ac) 076" A dx? + ig@'j(m) 0" A d@? + bdc + Bdy
b
1 y .
— 5PiP;j g9 (xz) c+ pi@' v +~%b, (65)

and solves the classical master equation (Saksz,Saksz) = 0 by Theorem It has
symplectic structure

1 , , A
WAKSZ = —J op; A dx' — 597"9]‘3646;“977-(:1:)6:6[ A dz) — gij(2)Th ()00’ A 567
b

1 ) .
+ 59@(%)502 A 6607 + b A b+ 6B A 7.

which gives rise to an antibracket.

Now assume we have constructed a symplectic connection (this can be done for any
symplectic and odd-symplectic manifold) on the target A/ and denote its Christoffel symbols
as Ffj(z) in local coordinates. It satisfies ([32)), see also Remark . This connection can
be lifted to the mapping space with transgressed Christoffel symbols Ffj(z) and, together

with waksz, it also satisfies .
Fix again a constant map ¢ = x € M. With a symplectic connection constructed, we
can now construct the Grothendieck connection on the formal bundle SFX with

Fz = Map(T[1]2, T,N) = Q%(2) @ TpN.
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It is given by D = d, + Y with
0 0
dx = dxmaxim, Y = J; dmeY#L(ZC,Z)ﬁ,
where Z denotes the fiber superfields of F,, the analogues of the barred fields of Section [5]
We can split again Y = —§ + ' + X with
0

0 ; 0 ;
_ m T=— Z—krz . )(:J mxJ = .
d de ozm’ de z kf(x) 0zt de m(xaz) 0zJ

As we have seen, X is fiberwise symplectic and hence we can write it as adg,, for its
Hamiltonian Sx.
At the basepoint x € M we have components of wgy, = SE %wijéilcﬁ] given by

Wp,zi (1) = —5;-, waigi (2) = —gij(z), wpe=—1, wgs =1
with the dressed inverse IT¥ (Definition with k = 0) given by
%P = 450, 109 = 1g¥(z), TP =41, TP =41, (66)

The connection induces a formal exponential map T¢* (we use this notation instead of
EXP*), with which we can lift Syksz; we obtain S, = T¢XSaksz € §F;‘; By the symplectic
condition, it satisfies (S, Sz)sp = 0 and given its globality, DS, = 0.

The fiberwise BV Laplacian is given as in with . Taking the source to be ¥ = S*
again the arguments regarding Agy, presented in Section go through as well (with the
change that we have the tensor II¥ (x) inside the integral, constant along ¥ and in the fields
since the base point is frozen, which still gets eliminated by the vanishing Euler class of
S1). In particular we obtain Ag,S, = 0 and, very importantly, Ag,Sx = 0, which has the
consequence due to Lemma that [Agp, D] = 0. In particular S, is a solution of the
modified quantum master equation

1
(D — 'zhAﬁb)Sl- + E(Sxy Sx)ﬁb = 0.
Split S, = SY + SE with kinetic part
SO — f <[)i dz' + %gij(z) 0'd67 + bde + Bd’?),
2

and SI the rest. This is indeed the full quadratic part of S,: by the properties of the
formal exponential map, T¢*(z%) = 2*(x) + 2° + O(2?), and at the base point = € M every
coordinate except the z! vanishes, so constant terms enter S, only through the tensors
evaluated at . The quadratic part of T¢XSaksz therefore consists of the kinetic terms
with frozen coeflicients, while all vertices of the perturbation part are at least cubic in the
fluctuations.

6.2 Effective action

Consider the worldline de Rham differential dy. It acts on F, = Q°(SY) ® TN as ds ®
Id7, »r and induces a cohomology H, = H*(S')®T,N. The worldline Hodge decomposition
(Section gives a strong deformation retraction

L

(Hz, 0) = (Fz, dy) O K, K = Kqg ®Idr,n, (67)
p

with K g1 the worldline homotopy (kernel wgi (¢, ') = 0(t —t') —t +t' — 3, Section. Note
that the triple (¢, p, K) is z-independent. For later use we recall the defining relations of the
Hodge data from Section [5.2

(I) dK + Kd = 1d —P, (I) PK = KP =0, (I KT = —K, (IV) K2 = 0.
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As in Section the gauge fixing rests on a factorization of the symplectic form, which
works just as well in the present case. Splitting a field z(t) € Q*(X) @ ToN as z(t) = a®u,
with a € Q*°(X),u € T, N we can write, given that wg, freezes the base point dependence of
the symplectic form given by waksz,

wip(@®u, BRV) = —(—1)|“|ﬁw/\/|x(u,v)f a A B, a,e€Q(X), u,ve TN, (68)
%

so w is the source Poincaré pairing tensored with the frozen target form war|,.
This is all the gauge fixing needs. The subspace

E=ImK=ImKS1®TNCF (69)

is Lagrangian by the same arguments as in Section [5.2] The proof of Proposition works
exactly the same using only that wys is non—degenerate.

Our next step is to construct the SDR for the completed symmetric tensor algebra
r(S F#*) from the SDR (67) and perturb it with the BV Laplacian Agp, and the constructed
Grothendieck connection D. We first record that the perturbation is compatible with dy.
We naturally extend dy, from F, to § F* via Leibniz.

Lemma 6.1. As operators on I'(AT* M ®S F*), the worldline differential graded-commutes
with both perturbing operators,

[dyx, D] =0, [ds, Asb] = 0.

Proof. The three operators read

dy = f 00,z" aak, D= dﬁL dz* Y (z, 2) % Agp, = ;L(—nwnw (z) a(;‘ %
The base part d, acts only on the z-dependent coefficients and hence commutes with dy; it
suffices to treat the vector field part of D.

Connection: The operator dx; acts on D as

0 G o0
f 00, zF PE k(dxéYe)azi = (—1)pet? Ledxf (0Y)) ==

where we have used the chain rule. In the second, D’s derivative strikes the coefficient 0,z*

of dy;, producing the super delta azl(i, 0,)) §86(t —t')(0 — ') of the expansion in Lemma
6.2

i (4 0 > _ 7 ! J
f szx% (z(t))w(éatzk(t)) i JJ Aa'Y (5(¢)) 000 281~ s

Integrating by parts in ¢ on the closed S ! moves ¢; onto Y

_ pi+|Y} V4 7
= (-1) ¢ J 0dx (5tn)—_i.

The two contributions are the same object, and by the odd parity of the D, (p,+1) + |V}| +
pi = 1, they carry opposite signs and cancel: [dy, D] = 0.
BV Laplacian: The coefficient 11" () only depends on the base point so dy’s derivative

has nothing to differentiate and a single term survives, from Agp’s derivatives striking 0;2:

o 0
A 1)PiPs T ( _¢ ) ~__
[ds, Agp] U L1 (@) 60— 0) 83t — ') = D

Write 27 (t) = 2 (t) + 2] (t)0. In components both derivatives land on the z’s (§(0 — ¢') =
—00" saturating the two odd integrations) and the kernel reduces, up to an overall sign,
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to I1¥(z) 0;6(t — t') against the pair -Jé(t') 625( Pk Only the part of a kernel carrying the
graded symmetry of the derivative pair can contribute, and the two symmetries are opposite.
Indeed, writing p := p; = pj, the mixed blocks of II vanishing by Lemma[T.29} the exchange
(i,t) <> (j,t') multiplies the kernel by (—1)P: a factor —(—1)? from II* = —(—1)PPi[I¥ and
—1 from the antisymmetry of 0;, while the derivative pair, of parities p + 1, swaps with
(—1)P*1. The contraction therefore formally vanishes. O

Lemma 6.2. As operators on AT*M ® FZ
[0, K] =0, [T, K] =0.

Proof. In essence these statements are true because they act on different parts of the super-
ﬁelds (source or target). We will still verify them by hand. With K ZI(t) = (Kg12])(t) and

azl(t/) (K5121)(t) = 55 wgi (t,t'), we get

5 (Kg12])(1)

PR () = = [ ar' #0) Thulo) 5

- L da’ 25 (1) T (@) wer (8,1') = (1) da T () (K1 27) (8),
the sign from @’ crossing dz‘ and 2{“. For the reverse order,

Izl (t,0) = J da’ 28t )Fiz( )o(t —t) (0 —0) = (—1)P L da’ Piz( ) 28(t, ),
and hence ’

KTZ(t) = (—1)Pk da’ T, (z) (K1 2¥)(t).
Likewise
0 » ‘
K2 (t) = fz dz™ 70 (Kg127)(t) = JE da? wgi (t, ') =0,
the integrand being independent of 6’ and hence killed by the Berezin integration, while

82/ (t) = da’ is field-independent and K vanishes on constants,

K62/ (t) = Kda? = 0. O
We first have to elevate the SDR to the completed algebra to start the perturbation.

Corollary 6.3. Lemma applies to and lifts it to an SDR on the completed sym-
metric algebra,

(SH*,0) = (SF*, dy) © K,

y B

where 7, p extend ¢, p to each factor, and K acts on a monomial of degz = n (its z-dependent
coefficient being a spectator) by

I?(Z” e ‘ Z Z + Lp U(l) p(iio(afl))K( a(a)) o(a+1) . 7ia(n)7 (70)

n: oeS, a=1

with + the Koszul sign considering |K| = —

Remark 6.4. The maps of the Hodge decomposition on the smooth forms were defined
as maps on the tangent space. Without mentioning it, we naturally let them act on the
functionals (i.e. on the cotangent space) via precomposition.
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Proposition 6.5. Set ¢ = D — ihAg,. Perturbing Corollary along 0 yields a strong
deformation retract
(D(AT*M ® SH%), d;) == (T(AT*M ® SF%), ds + D —ihAg,) O Ko
Po
with data
Lo = Z (_I?ared)nz\v Do = 2 P redK K(? = 2 K redK
n=0 n=0 n=0

where we introduced the reduced perturbation 0req = adg, —thAgy. The transferred differ-
ential reads dog = >}, -0 P 0 (—K0red)"t = p 1o on SH;.

Proof. The triple (z, p, I?) is an SDR by the Corollary above, extended AT™ M-linearly to the
form valued sections since the perturbation carries form degree, which we perturb with ¢ =
D—ihAg,. The perturbation is admissible: d2 = D? = A%b =0, [dy, D] = [dx, Asp] = 0 by
Lemma and [D, Ag] = 0 by Lemma (since AgpSx = 0); hence (dg+D—ihAg)? =
0.

The two summands of @ control convergence of the series of Lemma[2.13] The connection
D raises the form degree degg, on the base, bounded by dim M as M is an ordinary manifold,
while Agy, preserves it and carries a power of f; thus in each dx-degree the series is a power
series in h and converges h-adically.

The last thing we need to check is that the perturbation reduces to dreq = adg, —thAgL
in the series. This follows from Lemma as 6 and I both act as derivations on the
completed algebra and commute with K, ¢p and Id. O

Up to here the perturbation was handled purely algebraically. From now on we evaluate the
transferred operators on elements, e.g. the differential dy on functions of the zero modes, the
projection pp on etz / hand every term of the perturbative series acquires a diagrammatic
meaning: each K propagates a leg, each Agp, contracts two legs, each adg, inserts a vertex,
and the SDR conditions (I)-(IV) become vanishing statements for diagrams. We argue in
this language below.
We will take a closer look at the induced differential dg. We split it as
do = pD7T — ihpAgpt + pads, Y (—Kdrea)"? — ihpAgn . (—K brea)"D:
n=1 n=1

Our first claim is that the third term vanishes.

Proposition 6.6. In the splitting of dy above we have that
pads, Y| (—Kdea)"? = 0.

n=1

Proof. Each K creates a propagated leg Z(t) v~ Z'(t'). Due to p at the end, which kills
off any free K-leg at the end due to pK = 0, for the term to contribute, these have to be
consumed by the operators in 0Oreq; either by adg, which bites it off and inserts Sx on that
leg or Agp, which connects it to another free leg. Note that Agp, cannot eat two K-legs: their
source pairing is {¢ Ko n K = — (oo n K23 =0 by (III) and (IV), i.e. ImK is 1sotrop1(:

exactly as in Proposition E Since a term of order m in the series carries n operators K
and n — 1 operators from dyeq (on the left) and one adg,, each of the latter must therefore
consume exactly one K-leg.

Now in the sum above, the leading adg, (i.e. the adg, left of the sum) must in particular
eat a K-leg. Its vertex is hence connected to the diagram by a single w edge, while all its
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remaining legs are projected to the harmonics by p. The integration at that vertex therefore
meets the edge kernel alone and yields Ssl wgi(s,t)dt = 0, which is the SDR condition
KP = PK = 0, the same mechanism by which the tree diagrams vanished in Proposition
5.9 O

Proposition 6.7. The operator DY := pD7 is the Grothendieck connection on T'(AT*M ®
SH*).

Proof. All parts of D act on the target index and on the z-dependent coefficients only,
the worldline dependence being a spectator, so they pass through the mode decomposition:
pdyt = dg, pI'T = T'|y and po7 = d|u. In padg, ¢ the bracket contracts one leg of Sx
with a zero mode and p projects the remaining legs, which is the zero-mode bracket with
Sx|n := pSx. Together

ﬁD/L\Z d, — (S‘H + F’H + adSX|H .

For flatness take the perturbation 0 = D alone in Proposition[6.5} the transferred differential
is pDT+ padg, Zn>1(—IA( adgs, )", whose higher terms vanish term by term by Proposition
; hence DM is itself a transferred differential and squares to zero by the HPL. Now note
that DH has the correct Ansatz for the bundle SH* together with the fact that the last
vector field is Hamiltonian and makes the connection flat. O

Similarly, we define the induced fiberwise BV Laplacian Agb := pAgpl; its properties (and
justification to call it the BV Laplacian) are collected in Lemma below.

Theorem 6.8. The perturbed projection computes the effective action of Section acting
on €5z /1 it is the perturbative expansion of the BV pushforward of S, = SY + S 4 Sy,

po(eiSEIm) _ giSen/h _ J ¢80 /hq gt
c

with the kinetic part S providing the propagator and the vertices given by SI + Sy.
The relationship between the HPL and the effective action is known, see [24] or [14].

Lemma 6.9. The kinetic part generates the worldline differential,
(S, —)ep = dx, (71)
and the split S, = S? + S is compatible with the remaining structure:
DSY = DsP =0, (SP,5D)a, = 0.

Proof. The equality can be quickly verified in coordinates.
For DSY we use that D is symplectic, defp = 0; the mechanism of then gives

[D,ady] = adpp, so with and Lemma
adDSg = [Dvadsg] = [Dvdz] =0.

The kernel of s — (s, —)g, consists of the field-independent elements, while every part of
DSY is at least linear in the fields; hence DSY = 0, and DS = DS, — DS9 = 0 by globality.
Finally the CME splits: expanding with ,

0 = (o, Sa)ap = dwSY +2dsSy + (7,57 )an = (S5, 57 )i,
again by closedness of the source. O
Corollary 6.10. The effective action e®et/n = p;(eiSz/h) solves
(DM —ihAl, + R)een/" =0, R:= —ihpAgy I (—Kbrea)"D:

n=1
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Proof. Exponentiating the generating property of Lemma [3.30] gives
Agp, eis}j/h _ eisf/h(hA SP _ ﬁ(SP SP) b),
hence

. 7 . 1
(ds + D — ihAgp,) €55 /1 = %ezsf Mas St + DSE + 5(sjj, S — thAG,SE) = 0,

term by term: dySY = 0 since the integrand becomes dsx-exact and the source is closed,
DSY = 0and (S, SP)a, = 0 by Lemmal[6.9] and Ag, ST = 0 by Section[5.3] The perturbed
projection is a chain map by Lemma [2.13] ps(ds + @) = dgpa, so dg e/ = 0; inserting
the splitting of dy together with Proposition yields the claim. O

Proof of Theorem[0.8. (Sketch) Expand the series py = anoﬁ(*aredf()" and the exponen-

tial et /h =

steps.

1. Blocks. The operator K selects by one leg z'(t), bites off its de Rham degree
one component and propagates it, Kz ( Ssl wa (¢, )z (¢')dt', projecting the legs to its
left by ¢p. The operator Agp, contracts two legs at coincident points with the kernel IT% (z)
of ; contractions within a single vertex vanish by 1 (¢) = 0 as in Section , and by the
counting of Proposition [6.6 one of the two legs must be a K-leg. The two operators compose
to an edge: on a pair of legs, for instance,

—OreaK (Di(t) & (1)) = ih Agp K (ps (1) T (') + -+ = ih &) wer (¢, 8) + .. .,
the inverse of the kinetic operator of p;d&’ = SY, and similarly in the other sectors of :
an edge of , weighted by th. The operator adg, contracts one leg of its argument with
one leg of Sx through the contact kernel IV (z)§(t — ') and multiplies with the remaining
vertex 0Sx /0Z; since by the counting it must consume a K-leg, it inserts the vertex Sy on
an edge, reproducing the connection vertex of rule (3) in Section Finally p projects all
remaining legs to the harmonics: the leaves.

2. Powers of h. Every vertex carries % from the exponential, every edge carries ih
from its Agp; a connected diagram with V vertices and E edges therefore carries (ih)¥~" =
(ih)'M)(ih) 1, matching after extracting the overall £ of e*%/". Disconnected diagrams
exponentiate, since p and tp are algebra morphisms and the contractions act by the Leibniz
rule; taking the logarithm leaves the connected diagrams.

3. Symmetry factors. At order n the series performs n contractions in every possible
order, each exactly once; the symmetrization %ZU of together with the % of the
exponential assigns weight one to every unordered configuration of edges and vertices, leaving
|Aut(I')|~! per isomorphism class of diagrams.

pI-TC ) (SPYE and compare with the diagrammatic expansion in four

O

We note that just as we have observed in the last chapter that the tree graphs vanish under
Proposition [5.9] here, for the exact same reason, they do as well. Note also that Sx cannot
contribute a corolla: it enters only through the operators adg, of ps, which always contract
one of its legs. Therefore the h° contribution to Seg is simply given by SF|y.

Remark 6.11. The density of Remark |3.32] n reads here formally pg = D"Z(t). The transfer
data p, 7, K do not touch the Berezinian, however D does. Vector field acts on half-densities
by the Lie derivative,

Ly (fy/i0) = (V)v/io + 5(divy, V) fy/po,
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and we claim that formally div,,V = 0.

The shift § has constant coefficients, so its divergence vanishes. The Hamiltonian part
satisfies div,,, X = +2Aq,5x = 0. For the linear part I', note that for a formal vector field
of the usual form V = Sz Vi -2 we have that the divergence reads

0zt
. AVi(t,0)
V = —1)yp 7 7
i L( V" 55w, 0)

Hence for I' = — { dz’ 2 '} (2) % we obtain

divy T = —da’ Y (~1)" Ty (a) L S(t— (0 — )

(t',0")=(t,0)

— =0

. 0)=t0) Jgi

Hence D preserves .
When passing to cohomology we obtain

4 = Do, 20) = [ [ D3 D,
7

the density behind Agb of Lemma Every target direction appears twice, as zj, of parity

p; and as 2% of parity p; + 1, so the lift V4 = 26“1426—; + ZlfA}C agi of any linear operator A
0 1

satisfies A 4
div,uVa = Y (=1)P A + Z(—npiﬂA; -0,

(2
exactly and without regularization. In particular all vector field parts of D" are MOH-
divergence free: the shift and Hamiltonian parts as before, and div u (T'ln) = 0 now exactly.

6.3 Globalization

The rest term R is the only deviation from the modified QME of Section In this section
we remove it along the acyclic directions of DY and transfer the corrected equation to the
global complex. Write the harmonic superfields in components,

2y =z, + zZidt,
so that S H* is generated by the zero modes zj of parity p; and their conjugate modes z¢ of
parity p; + 1. We first record that Agb is an honest BV Laplacian on these generators.

Lemma 6.12. On SH* we have Agp7 = AR with

» 0 0
AR =N ()Pt D 19 (1) = —

b Zj 0%} o7
It squares to zero, generates the zero-mode antibracket (—, —)E | with pairings (2§, Z{)Eb =
(—1)PiI1% (z) on the generators, and it commutes with the connection,

[DH’ AEb] =0.
Proof. With az,f(t,) = 62;@,) -0 5255(t,) as in Lemma , the mode functionals have the
derivative kernels 5 5
—— Nz = -5 — (&) =6t
Inserting these into , the Berezin integration leaves
(@20, 22])ab = (1P (2), (225, 02))ab = (021,22 )b = O,
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the latter two by @2 = 0 and by the absence of @’ respectively. Since Agy, is second order,
kills linear functionals, and 7 is an algebra morphism, Ag,? is determined by these pairings
through the generating property of Lemma and agrees with fAE'b for the displayed
operator, whose Koszul factor is fixed by the same requirement as in . In particular
PAaLT = Af, and (AH)? = 0 as in Lemma

For the commutator take DH = d, — d|y + I'|y + adgy|, from Proposition The
part §|y = daz"d/dz{" commutes, since all coefficients in the computation are constant on
the fiber: the commutator reduces to that of the bare partial derivatives, which graded
commute. For V| = d; + I'|y the computation of Lemma applies similarly and gives
[A, V] = 0 by (33). For the Hamiltonian part, the identity (f) in the proof of Lemma
uses only that the Laplacian generates the bracket, so [Ag'b,adSX‘H] = ad AR, (Sx )

e Hamiltonian Sx has the form

Sx = j da’ ry(z, 2).
b

Its restriction to the zero modes carries exactly one Zzj-leg due to the Berezin integral;
splitting this from the rest of the power series yields dxeéfdtgz%(x, Zo), and swapping the
0

order of the dt to the left, graded commuting with the field Z{“ and dzf, to integrate, we
obtain
Sx|n = (—=1)Pet )+ EetD) qpf ok a—:i(a:,ig).
0%
Acting with Al we get
AR (Sx|n) = Z(_l)pj(pkﬂ)(_1)(pk+1)(pe+1)(_1)pj(pe+1)(_1)(m+1)+(pk+1) %
k.j
(927‘5

0z ozk
Now because wy is even, I1¥(z) satisfies the conditions of Lemma m In particular,
from (1) we have py = p; and hence we obtain, ignoring the p, contributions which do not
matter, the total factor of (—1)®x+D®i+1) symmetric in k and j. Using now IV (z) =
—(—1)PiPilI% () by Lemma m (2), while the Hessian of r; is graded symmetric, the con-
traction cancels in pairs, the odd diagonal terms dying by 0% = 0. O

x dat 9% (1)

(1’,50).

The connection D carries its own Grothendieck SDR. Note that its leading term contracts
only part of the fiber: §|y = da"d/0zy" with m running over the directions of M. Hence
when we speak of global we mean global in = as the following Proposition makes precise.

Proposition 6.13. In analogy to Remark let I:|x c H, be the complement of the
HO(SY) ® T, M part, i.e. spanned by the zero modes of all superfields but & together with
all the zi; the sections of SH* are then exactly those not involving the zy'. With the Hodge
pair (dz™, z7) in place of (dz*,y"), Proposition applies verbatim and yields the strong
deformation retract
(T(SH*),0) <= (D(AT*M ® SH*), DY) © hg,
tel

where mg evaluates at do = Z{' = 0 and (g is the formal exponential map of DH. In
particular H),, = Im tc = I'(SH*) and H;,i =0.

Proof. Lemma holds verbatim for §|y with &} = Z{'ts,.., the counting operator now
being degg, + deggzn; the perturbative argument of Proposition @ then goes through un-
changed, the recursion raising the degree of z at every step. O
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Corollary 6.14. Since [DH,AEb] = 0, perturbing along —ihAE'b as in Lemma yields
the strong deformation retract
(D(SHH)[[K]], —ihAy) == (D(AT*M ® SH*)[[1]], DM —ihAf) © ha
LN
with unchanged inclusion, ma = >, - ﬁg(ihAE'bhg)", ha = 20 hg(ihAEbhg)”, and the
induced global BV Laplacian Aﬁ = WgAElbL(;. In particular

H
Aﬁb Lg = LG AF{

Proof. The proof of Lemma applies here as well: hg lowers the form degree while Agb
preserves it, so thE'bLG = (0 and the inclusion does not deform. The last identity is the
form degree zero part of the chain map property (DH —irAH Yo = 1q(—1hAy). O

Abbreviate for the rest of the section
A:= D" —inAl E = ¢S/, F:=RE,
so that A% = 0 by Lemma Corollary reads AE = —F, and consequently
AF = —A’E =0.

The components of F' sit in form degrees 2 < p < m := dim M. Indeed, a term of R without
any adg,, ends in Agpt = 2AH and dies by K7 =0. In a term with a single adg, , first note
that adg, has to sit at the rightmost position, otherwise the argument with Agpt = ?Ag'b
applies here as well and kills the contribution. Hence contract that adg, with the fields
being fed in. All legs except those of Sx are harmonic due to the beginning 7 and as such
all the coming K contractions must be made on Sx, as they die on harmonic fields. Now
the only surviving Agj, contractions to be made are between harmonic and harmonic fields;
these however do not consume a K-leg, and as such there will be a free K leg once p is
applied and hence the contribution dies. This is not the case if we instead have two adg,
as in that case the Agy, can contract these two together.
The defect F' can now be pushed down the form degrees via a Zig-Zag argument.

Proposition 6.15. Set ¢P) := 0 for p = m and define, descending in the form degree,
P = b (F®) 4 ihAR ), p=m,m—1,...,1.
Then o := E + ¢ with ¢ := Z;:ol cP) = O(h) satisfies

Ao = —ilugw),  w:=7e(Ad?) e DSHN[[R]],  Ajw=0.

Proof. Tn form degree p = 1 we need (Ag)®) = DHcP=) —jpAH ) — ) = 0, ie. that
h¢ in the recursion is a genuine inverse of DH. The SDR gives

D= — (1d —1gmg — ha DM (F®P + ihAR, ),
7w annihilates positive form degrees, and the last term vanishes by descending induction:
DH(F® inAl ¢y = pHE® _ip Al DHe®) — DHE®) _jpAl e+ — (4p)e+D) — o,

using [DH, Al ] =0, (AF)2 = 0, the recursion at p + 1 and AF = 0.
In degree zero only (Ac)©) = —ihAEbc(O) survives. It is DH-closed,

DHAR @ = _AH DHAO) — _AH () 1 pAH (1) = _AH P —

the last equality being the degree one component of AF = 0 together with F(© = 0. A
DH-closed element of form degree zero lies in Im v;: apply the retract relation y = tamay +
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DHhgy + hg DMy and note that he vanishes on form degree zero. Hence Ag'bc(o) = 1g(w)
with w = ﬂg(AEbC(O)>, and

6(Aqw) = Afl, w6 (w) = (Af)* =0

gives Ayw = 0, 1 being injective. O

Corollary 6.16. Assume the class of w in the Ay-cohomology Vanisheaﬂ w = Ayu. Then
0 := 0 — 1g(u) solves the modified QME on the zero modes exactly,

(D" —inAl) & = 0.

Proof. By Corollary and DHig = 0 we have Aug(u) = —ihAH 16(u) = —ihig(Ayu) =
—ihue(w), so A5 = Ao + ihug(w) = 0 by Proposition [6.15] O

The ¢ := eié;;f/h we have constructed is the analogous eiséff/h, with Sl = Sef — Sy |n that
we have obtained in the last chapter for free. To globalize it to a global Sg!f()b we can proceed
similarly, by first writing out the modified QME on the level of Seg, given by

o o ]' o o
(DM —ihAl,) St + 5 (e, S )b, = 0,

and then using BV canonical transformations or Lo, transfer to obtain a global (in M)
effective action. These apply unchanged because :S’;E carries the same h-structure as in
Section Indeed, both corrections are of order A relative to E. In Proposition [6.15] we
have seen that ¢ is O(h), while tg(u) is even of order #?: ¢(1) is of order A, hence by the
recursive formula c¢(® = hgihAH ¢V (using F1) = 0) is O(h?), and the same follows for w
and u. Together with the observation after Theorem that at order A° only the corollas
SP|n survive, we obtain

(0) (p)

Ser =8Pl +OM), S =O(h), p=1:

all classical data sits in form degree zero. This is precisely the situation of Section
(compare Remark with the degree one slot now even empty at order A"), and the
inductive collapse as well as the Lo, pushforward start at order A as before.

4The author believes that this is indeed the case for the spinning particle; in this case the proof would
be shown in a future publication.
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7 Cech globalization

In the following we shall see another technique to globalize effective actions. Before, we used
formal geometry to bring the effective action into a space where we have control over the
global objects via the Grothendieck connection, whose closed sections in degree zero were
precisely the global functions. Here we do the analogous thing with Cech machinery.

Concretely, we work with a cover U = {Uqy}qer of a (super)manifold M and place the
data (such as solutions of the master equation) on the Thom—Whitney totalization of its
Cech nerve, which carries a DGLA structure. We then again make use of the HPL and
transfer theorems of Section [2] to globalize the data back to the global complex, as we have
done for formal geometry.

7.1 Totalizations

The following totalization constructions are mainly taken from [19].

7.1.1 The Cech totalization

We will make extensive use of simplicial sets in the following sections, motivating a simplicial
approach to the Cech machinery.

Definition 7.1. We denote by A the category with

e objects: totally ordered sets [k] = (0 < ... < k) for k e N,

e morphisms: f : [k] — [¢] such that i < j = f(i) < f(j), for 4, j € [k],
In particular the morphisms are generated by the usual face maps d; : [k] — [k+1] which skip
i and the degeneracy maps s; : [k] — [k — 1] which send both s;(i) = s;(i +1) =i € [k —1].

Definition 7.2 (Simplicial set, [21]). A simplicial set is a functor X : A°? — Set. Con-
cretely, it consists of sets X for £ > 0 together with face maps d; : Xy — Xp_1 and
degeneracy maps s; : Xy — X1, for 0 <@ < k, satisfying the simplicial identities

didj = dj_1d;, 1<},

8i8j = S$j+18i, < J,

disj = sj_1d;, i <j,

d;s; = 1Id, it=jori=7+1,

diSj = dez'—h 1>7+ 1.

The category of simplicial sets is denoted sSet.

Definition 7.3 (Simplicial supermanifold). A simplicial supermanifold is a functor from A°P
to the category of graded supermanifolds. Denote the category of simplicial supermanifolds
as sSmfd.
The k-th space NipU of the nerve of a cover U is given by the disjoint union

Nt = || Uspocwr where Usgoay =Usy -0 Uy,

(ao...ak)eI?'l

and TEM = {(ag,...,ar) € IF*' | ap < --- < o} denotes the non-decreasing tuples
(repeated indices allowed). The Cech nerve N,U is precisely such a functor corresponding
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to a simplicial supermanifold, since deleting an index (d;) and repeating one (s;) both
preserve the non-decreasing order. The face maps d; and s; correspond to the inclusion
di : Nk+1u i Nku

— Uoz

Nk+1u ) Ua0~»~01k+1 - NkL{

and the identification s; : Np_1U — NyU
Nkflu - Uao...ak,l = Uag.‘.aiai...ak - Nkua

0...di...o¢k+1

respectively.
Definition 7.4. A cosimplicial object of a category C is a covariant functor X°® : A — C.

The field space functor F can be seen as a contravariant functor from the category of graded
supermanifolds to the category of graded Lie superalgebras (with the antibracket). Given
that N, is also a contravariant functor, its composition is a covariant functor and we
therefore obtain the cosimplicial object

VF = F(NU) = H F (Uag...or) 72
(a0, )ETET!

of the category of graded Lie superalgebras. An element is a tuple v consisting of data
Vao...ar fOr (00, ..., ) € Ig’l. It has the induced coface maps d’ : V=1 — vk

(diV)aO_”ak == VO(Q...OAZ»L'.A.OZ]@ |Ua0...ak ?

where the hatted index is omitted, and codegeneracy maps s : V¥ — V=1

(2
S V) =V, o .
( oQ...0—1 aQ...000...Olp 1

To eliminate the double indices, we normalize the cosimplicial object by taking
k—1
N* (V) = [ Ker (si VR V’H) .
=0

In our setting this just amounts to imposing that v, ..o, = 0 whenever o; = o1 for some
i.
We can now construct the usual Cech complex with differential
5 k+1 o
0= Y\ (=1)'d" : N*(V) - N** (V)
i=0

If V¥ is itself a complex with differential d : V7* — VITLE descending to a differential
d : N¥(V7) — N*(Vi*t!) we define the totalization of the double complex V** as the

graded superspace
0
|V|n _ H Nk <Vn—k>
k=0

with differential do; = 6 + (—1)Fd.

While this complex is itself a genuine cochain complex (with the differential 6 + (—1)*d
above), it is not a DGLA: the levelwise antibrackets do not assemble into a single strict
bracket on the totalization, since combining them across Cech degrees needs a graded-
commutative product on cochains and the natural (Alexander—Whitney cup) product is not
graded-commutative. The Thom—Whitney totalization supplies such a product (via Q(A*®)),
assembling the levelwise antibrackets into a single antibracket on the totalization and
making ||V a genuine DGLA.
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7.1.2 The Thom—Whitney totalization

Define the polynomial, free commutative algebra of differential forms on a simplex, denoted
by Q. = Q(AF). It has generators {t;}o<i<r of degree 0 satisfying Zf:o t; = 1 and the
generators {dt; }o<i<i of degree 1 satisfying Z?:o dt; = 0. Q° is a functor from A°P to the
category of differential graded commutative algebras and the morphisms f : [k] — [¢] act
on ) as
frti= >t 0<i<Lt.
fG)=i

For the Thom—Whitney totalization we take the simplicial 2, with maps f* : €, — Q and
a cosimplicial superspace V* with maps fi : V¥ — V*. From the big product

HQk@)Vk

k=0

with elements given by a tuple w = (wg, w1, ...) where wy € Qx ® V¥, we take the subspace
Nrw (V) = {w | (F* @D wr = (1® fi) wy in Q, @ VY, for every f : [k] — [¢] in A}.

This is nothing but imposing simplicial compatibility in a tuple, i.e. that the simplicial
operations match between the layers.

Each of the two factors carries a grading: the differential forms Qi by the form degree
p (with de Rham differential §) and the graded superspace V7* with differential d. Denote
by Niyw (V) the same subspace as above with the additional condition that w; € QF Vi. We
then define the Thom—Whitney totalization of V**

0
Ivim =TT New (V7).
p=0

with total differential dprw = d + d, the Koszul sign (—1)P being exhibited concretely in
below. For our purposes, we will always take the same V' as in .

The advantage of this totalization is that ||V|| can now be equipped with a differential
and an antibracket to form a DGLA. On Q; ® V¥ with 3, 51,3 € QF and v,v1,v9 € Vik
define the product

(81 ®@v1) (B2 ® v2) = (—1)P21"18) By v, (73)
the differential
D(B®v) =63@v + (—1)PF®dv, (74)
and the bracket
(B ®@v1, B2 ®@v2) = (—1)P211HD B By vy, v3). (75)

Given that this totalization has the structure of a DGLA, we can consider its MC set (Def.
[2.3), given by the clements S € [|[V|| whose components Sh,..a;, € 2 ® F 7 (Uqg...a,) Satisfy

_ 14, »
5550..1.0419 + dsgg...ak + 5 Z(S;zo.‘.ak’ Sgo.%.ak) =0
=0
on all intersections for all &.

We will soon see that the two complexes are quasi-isomorphic through an SDR and hence
contain the same information for our purposes.

Remark 7.5 (Functoriality under refinement). The TW totalization is functorial under
refinement of covers. If V = {Vj3} ge s is a refinement of i = {Uq }aer viaamap ¢ : J — I with
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Vs < Ug(g), then restriction of fields gives a morphism of cosimplicial DGLAs F(N.U) —
F(N.V), which in turn induces a DGLA quasi-isomorphism || F(NU)|| — [[F(NV)]|, see
[19] for details.

Remark 7.6. From now on we take (), to consist of all smooth forms on the simplices, not
just the polynomial ones. The constructions that follow are carried out in the literature for
the polynomial (Sullivan) forms, but they work just as well in the general smooth case.

7.2 BV in simplicial language

We will give some results of the BV theory we have established in the first chapter in
simplicial language. Before we do that, we must introduce some more simplicial machinery.

7.2.1 Simplicial homotopy theory

We give some important definitions and theorems in simplicial homotopy theory, mostly
taken from [21], where one can also find the details and proofs. Central are the definitions
of the simplicial category A (Def. and the definition of a simplicial set (Def. [7.2)).

Example 7.7. Define A™ as the object of the category sSet by

A" — Homa (-, [n]),
i.e. it is the functor A% — Set represented by [n]. We then denote A} to be the set
Homn ([£], [n]) and Id, to be the natural identity of the set A’.

Definition 7.8 (Simplicial maps). Let X,Y be objects of sSet. A natural transformation
¢ : X = Y (between functors A°? — Set) is called a simplicial map. These are the
morphisms of the category sSet. It consists of a family of maps ¢ : X — Y} satisfying
the usual commutative diagram.

Let Y be any simplicial set. Yoneda’s Lemma gives a natural bijection between the simplicial
maps A" — Y and the n-simplices of Y
Homgget (A", Y) = Y,
The bijection is given by identifying a simplicial map ¢ : A" — Y with the n-simplex
on(Idy,) =z €Y,.
Definition 7.9 (Boundary). The boundary of A™ is the simplicial subset 0A™ given by
0A} = {f € Homa([k], [n])| f is not surjective}.

The idea behind this definition is to keep all the elements of the set Homa ([k], []) except
Id,, € A

Definition 7.10 (Horn). The k-th horn of A", denoted A}, is the simplicial subset whose
set of j-simplices is

(Ag); = {f € (0A"); [ im f # [n]\{k}}.
In other words, among all boundary simplices we ban those whose image is exactly everything
except k.
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Definition 7.11 (Fibration). A simplicial map p : X — Y is called a fibration if for all
n = 1 and 0 < k < n, every commutative diagram of simplicial maps given by the left
diagram below admits a simplicial map h extending it to the commutative diagram on the
right:

a1 x A —L L x
P

i\[ ‘/p . ij }z/// Jp

A Y A Y

In very broad terms, what this diagram tells us, is that if we find a way to fill a shape
downstairs in the base space Y, a fibration guarantees that we can always lift that "filling
strategy" up to the total space X such that it glues onto whatever boundary information
(given by f) is present.

Definition 7.12 (Kan complex). A Kan complex is a simplicial set X such that the canon-
ical map p: X — AY is a fibration. In other words, for each horn f : A} — X, one can find
an extension h : A" — X such that hoi = f.

A Kan complex is therefore a space where one can draw any horn inside which is always
fillable. We will see that these are the complexes that enable us to define homotopies.

Definition 7.13 (Simplicial homotopy). We say that there is a simplicial homotopy between
two simplicial maps f, g : X — Y if there is a simplicial map h : X x A — Y such that the
diagram

X xAV=X
1xd! f
X x Al h Y
lxdoA g

X xA'=X

commutes.

We will first be interested in the homotopies of two vertices, i.e. the homotopies of two
simplicial maps AY — Y. It turns out that this is an equivalence relation if Y is a Kan
complex, as the following Lemma shows.

Lemma 7.14. If Y is a Kan complex, the simplicial homotopy of vertices A? — Y is an
equivalence relation.

Proof. Let d;, s; be the usual induced simplicial morphisms on the simplicial set Y. Let
z,y € Yy. We need to show that the existence of e € Y; with die = y and dpe = x is an
equivalence relation.

Reflexivity: Define e = sgz. By the simplicial identity djs; = dj;15; = Id we have
die = dpe = x.

Transitivity: Suppose that we have two edges ey and ey such that dopes = y,dies = =
and dpeg = z,d1eg = y. Given that dpes and dieg match, we have a well-defined map
f:A? - Y. For this we can choose an extension h : A% — Y and define e; = d1h; we get

d0€1 = dodlh = dodoh =z, d1€1 = dldlh = dldgh =T.
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Symmetry: Let es be an edge such that dies = y,dges = x. Define the edge e; = sgpx.
Due to die; = djes, we have again a well-defined map f : Ag — Y, for which we can extend
via h: A2 — Y and define ey = dph. Indeed,

doeo = dodoh = dodlh =T, d1€0 = dldoh = donh =Y. O
We can finally define the homotopy sets of a simplicial set.

Definition 7.15. For a Kan complex X, one defines mo(X) to be the set of vertices of X
modulo homotopy, i.e.
mo(X) = Xo/ ~

One could also define the higher homotopy groups; these are not of direct relevance for our
purposes and we will omit their definition. One last notion of importance is that of a weak
equivalence: a map f : X — Y between Kan complexes that induces an isomorphism on
the higher homotopy groups (c.f. [21I], equation (7.9)) and, importantly for us, a bijection
fo 2 mo(X) = mo(Y).

7.2.2 BV in simplicial terms

We have seen above that the tensor product of a DGLA L with a differential graded com-
mutative algebra such as Q° again yields a DGLA, with product, differential and brackets
given as in , and .

Furthermore it is, due to the contravariance of 2, a simplicial DGLA. Taking the MC
functor, we obtain a simplicial set Dely (L) = MC(Q(A*) ® L), often called the Deligne
groupoid [2]. The O-vertices are then the MC solutions of L, the 1-edges are homotopies
between them, and so on.

In the previous section we used the Kan property to define homotopy correctly. One
can indeed prove that Dely (L) is a Kan complex if L is nilpotent (|25] Prop. 2.2.3) or we
work with a complete L (where the filtration starts at F'' and not at F, as we have defined
it; [2] Cor. 2.11), since in these cases the infinite sums encountered in Section [2| converge
automatically.

We see from the proof of Lemma that we need to be able to fill the two horns to
define my. In our setting, this boils down to having a well-defined composition of gauge
actions (c.f. for transitivity, and inverse gauge actions for symmetry. Assuming their
convergence, we can define the following.

Definition 7.16. Let Sy, S; € MC(L). We say that Sy and S; are equivalent, if they are
in the same class of my(Dely (L)), that is, if 3A4; € Dely(L); = MC(Q2*(Al; L)) such that
d1At = S() and d()At = Sl.

Unpacking the definition, we observe that an element A; can be written as A; = Sy + Rydt
(where we take t := t; and to = 1 —t respectively, so that the face dy, i.e. {t; =0}, ist =0).
The MC equations for Sy and S; spell out

1 1
d50+§(SO,SO) =0, dSl+§(Sl,Sl) =0

and for A; .
0S; —dR; = (St, Rt), dsS; + Q(St’ St) =0,

with the condition dy A; = A¢li—0 = St|i=0 = So and dyA; = S1. This is exactly the content
of the BV canonical transformation (if we use d = —ihA).
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Definition 7.17. Let M be a manifold with odd-symplectic structure. Define the simplicial
set of families of Lagrangian submanifolds of M:

EM)e ={t: A* x L > M| 1(t,—) € M Lagrangian},
where L is a Lagrangian submanifold of M. The face and degeneracy maps are induced by

precomposition with the standard maps of A®, and the simplicial identities of Definition [7.2
are satisfied since A® itself satisfies them.

We will integrate over these Lagrangian families and hence form the free abelian group
ZE(M) on E(M) to define the differential complex (ZE(M), d) where d = > ,(—1)%d;.
Consider now again the half-densities Dens'/2(M). Denote the integration map

I,(1) = J *o, 1€ E(M),o e Dens"/?(M).
L

For a A-closed o we have then seen that, for any ¢ € 2(M); with djt = Lo and dot = Ly,
the BV integral of Definition satisfies I,(0t) = 0.

7.2.3 Effective action

We have seen that to define the effective action one usually has a splitting of fields given by
a cartesian product F = B x F, where one integrates the fluctuation fields in F' away by
choosing £ < F', see Definition [1.42] This setup can be generalized.

Definition 7.18 (BV hedgehog, [10, Rmk. 2.13|). A BV hedgehog is a submersion 7 :
F — B of odd symplectic supermanifolds, with typical fiber F = 7~!(z), z € B, also odd
symplectic, such that there is an open cover {U,}aer of B and symplectomorphisms

¢a:7r_1(UOé)_)UOCXF7 prBo(bOé:Fa

over Uy, pulling wp @ wp back to wr, and whose fiber transition maps R,s (see below) are
connected to the identity.

Since the fibers are odd symplectic, we have a decomposition T,F = V, @ H, with V,, =
Kerdm, and H, = V;DLW. For any ve H and we V,

w(d¢aﬁ(v)7 'IU) = w(v, d¢;ﬁl (w))7

by symplecticity. Since ¢,g covers Id, we have d¢;ﬁl (w) € V, and v e V1« kills any vertical
vector, so dgg(v) € H. In coordinates:

¢ap(2,y) = (2, Rag(y)); Rap = (¢a o ¢5")|r € Symp(F),
i.e. the transition maps act only in the fiber direction, and moreover independently of x, since

preserving H forces 0,Ros = 0. The R,g satisfy the usual cocycle conditions, R.sRg, =
R,y with Ryo = Id.

Let o € Densl/Q(}") be a global solution to the QME. Choosing £ < F and using each
trivialization ¢,, one defines a local effective action

oo .= J (071)*o € Dens'/?(U,),
L
which solves the QME on U, by Corollary On an overlap U, however,
of! — i = f (¢a ') o~ f (6a")"o.
R.s(L) L

a discrepancy since R,z need not preserve £. By Theorem the mismatch is controlled by
a Lagrangian homotopy between £ and R,(L) in F. Encoding such homotopies coherently
over the full Cech nerve requires some further constructions.
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Definition 7.19 (Simplicial group and action, [28] Def. 18.1). A simplicial group is a
simplicial set G : A — Grp. We write e, € G for the unit. A simplicial group G acts
from the left on a simplicial set E if there is a simplicial map ¢ : G x E — E, written
d(g,z) =g-x,such that ey, -z =z and g- (¢’ - z) = (9¢') - x

Definition 7.20 (Twisting function and twisted Cartesian product, [28] Def. 18.3). Let F, B
be simplicial sets and G a simplicial group acting on F' from the left. A twisting function is
a family of maps 7 : By — Gg_1, k = 1, satisfying

doT( ) = 7(dob) "' 7(drb), for b € Byxo,
d;7(b) = 7(d;;+1b), for i > 0,
() = 7(si10), for i > 0,
(sob) = eg.

The associated twisted Cartesian product F x. B is the simplicial set with (F' x, B), =
Fk X Bk and

di(f,b) = (d;f,d;b), >0, do(f,b)=(7(b)-dof, dob), si(f,b)= (sif,s:b), i = 0.

The identities on 7 are precisely the requirement that F' x.. B be a simplicial set.

We specialise to the hedgehog. The base is the Cech nerve B = N,U and the fiber is
the simplicial set E(F) of Lagrangian families in F' (Def. [7.17); the structure group is the
constant group complex G = Symp(F), i.e. Gy = Symp(F) with all d;,s; = Id. It acts on
Z(F) from the left by post-composition g - ¢ = g o¢. This is a simplicial map: the operator
induced on E(F’) by a morphism 6 of A is precomposition on the source, 0%t = 1o (0 x Id.)
so the square defining a simplicial map commutes; in particular this holds for every face d;
and degeneracy s;.

For the twisting function we take the transition cocycle of the hedgehog read off the
leading edge,

7 : NyU — Symp(F), T(ag...ap) = R;OOQ,

and we set Z(F) := Z(F) x; NJU.

Lemma 7.21. 7 is a twisting function, so Z,,(F) is a simplicial set, with
di(t, ) = (dit, d;) (i > 0), do(t,a) = (R,

aoay © dot, docr),  si(L, ) = (5L, sic).

Proof. As G is constant, d;7 = s;7 = T, so the four identities reduce to relations on R. The
first reads R}y, = RajasRaga,: i-¢. the cocycle relation Raga; Rajay = Ragas; the second
and third hold because deleting or repeating a vertex of index > 1 fixes the leading edge;

and 7(spa) = R, =1Id since Raq = Id. O

apao

Definition 7.22 (Simplicial section). A simplicial section of a simplicial map p: E — B is
a simplicial map s: B — F with pos =Idp.

A flexible Lagrangian is a simplicial section s : NgU — Z.44(F') of the projection, normalised
by to = Idz. Concretely it assigns to each a = (ap...ox) a Lagrangian family ¢, ., :
AF x £ — F with

Lao...ak|t¢:0 = Lao...a;...ak (Z = 1), Lao...ak|t0:O = Ra0a1 o Lal...aka

together with t5,o = S;Lo On degeneracies.
Fix a flexible Lagrangian. We construct its Hamiltonian one-form as in . On each simplex,
with a = (g ... ax) as above, the family ¢, (written ¢ when the simplex is fixed) has velocity
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fields X o := dia(0/0t5), 5 = 0,..., k. Since every v, (t,—) is Lagrangian, ¢4 (t, —)*wp = 0,
and differentiating along ¢; shows each

Bj,g = L;(ij’gwp) (S Ql(ﬁ)
is closed. Since gh(f3;,) = —1 and cohomology in nonzero ghost degree vanishes, we can
define the following.

Definition 7.23 (Hamiltonian one-form). The Hamiltonian one-form of the family is

k
Na = Z Njadt; € QG ®C*(L), denja = Bjas
§=0

Due to gh(n; ) = —1 it is unique.
Lemma 7.24. The Hamiltonian one-forms satisfy

Na

ti=0 Nag...a5...ay (7' = 1)7 ng‘tozo = Nay...ay-

Proof. Restriction to {t; = 0} commutes with differentiation with respect to the simplicial
coordinate t; with j # 4. Therefore the computation of X .|,—o for j # 4 is equivalent to
first setting ¢; = 0 on the family ¢, and then taking the simplicial differential. The term of
t = j does not contribute anyway, as it will get killed by dt; = 0.

Faces i > 1: The section condition gives tq |t,—0 = ¢ hence X o |t,—0 = X
and therefore Bj4lt,=0 = Bjag...a;...an-

Face i = 0: Set R := Rqga,. Here taltg—0 = R © tay..ap With R € Symp(F') constant
in ¢, so the velocities push forward, X;ali(,=0 = R«Xja,..ap- By naturality of the interior
product, R*(tp,vwr) = v (R*wr), together with R*wp = wp,

Bj,g|t0:0 = (R o Lal-nak)*(LR*Xj,almaka) = Lzl...ak (LXj,almak R*WF) = 5]',041~~ak‘

From f to n: Pullback along a coface commutes with dz, hence 74|¢,—0 satisfies the
equation dz(nalt;—0) = Balt;—0; as that primitive is unique, it equals 7., . o, for i > 1
and 7q,..q, for i =0. O

QQ...0G...a

With these, the patchwise effective action of a global o € Dens!/ 2(F), for a flexible La-
grangian with base Lagrangian L, is

off . . —inan...cp /B (1 * 1/2
Too.ag, *= T,00..0, 0 .zf e Mg,/ (P © tag..ap) 0 € Qp @ Dens / (Uag...ar,)-
L

Proposition 7.25. ¢%f  is an element of the Thom-Whitney complex ||Dens"/?(N,)].

aQ...ap

Proof. Bach o¢ff . lies in O ® Densl/z(Uaomak)7 so the collection is a point of [ [, O ®

ag...x
Dens'/?(Ny4). What remains is the Thom-Whitney matching (f* ® 1)wy = (1 ® fi)wy, for
every f : [k] — [¢] in A; since these are generated by the cofaces and codegeneracies, it
suffices to treat those.

Cofaces: For a coface f = d; the map f* restricts a form to the i-th face {t; = 0} and

f+ is the Cech coface, so the condition reads

eff

’ eff
QQ...Qk [t; =0

g Qg...05...a,

- —
Uao...ak

For i > 1 the face relations of the flexible Lagrangian and of n give tq..a) |t;=0 = tay..a5...0x

and Nag...ap[t:=0 = Nag...a5..a); SiNCE g survives, the reference trivialization ¢, is un-
changed and the whole integrand restricts to that of agf(f &’ For ¢ = 0 we instead
T

have Lao...ozk|to=0 = Raoa1 Olay...ay and 77|t0=0 = Nay...ap» SO

eff _ —May.ap /B 4—1 %
Uao...ak|t0:0 - Jﬁe Lk (¢a0 0 RozoOq o Loz1...ak) g.
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By definition of the transition map gb;ol o Ropay = gb;ll, so the right-hand side equals
ff
(63341...01}9’Ua0mak'

Codegeneracies: Here we observe that a codegeneracy can never change the first index

ap (it can double it but not replace it); the rest is tracking the simplicial maps s} through

the construction, which are all well-behaved, to show sz*aeff = o°ff

g

SiQ”

O

Theorem 7.26. The fiberwise BV integration 74, is a chain map between the complexes
(Dens'/?(M), —ihA) and (||[Dens?(NJU)||, 6 — ihAp), i.e.

(0 — 1hAB)Tx.00...00 T = Tx.00...0k (—ihAa). (76)

Proof. We adapt the proof of Theorem 4.1 of [20] for this case. Work in an adapted Darboux
chart (z4,Ca;9% &) around some point in F, with (z4,{4) on B and (y%,&,) on the fiber
F, wp = d¢, A dy“; these split coordinates are the ones furnished by the trivialization ¢q,.
As ¢q, is a (t-independent) symplectomorphism of F', the one-forms ;. (and hence 7,)
are read off gb;ol 0L just as off ¢, (naturality, as in Lemma . After a fiber-direction
reparametrization we may thus assume <Z>;01 0 14 is realized as a section of IIT*L in F:

Y =y, §a = &aly, 1), €a(y,0) = 0.

In this chart 3;, = 0;,§ady?, so the defining relation dznj. = Bj reads 0n;./0y" =
0&q/0t;. The components of 67, are then independent of y:

J (Oja  OMia 0%, 0%
@J&i_%>:%%_%%
so they are constant along £; being of ghost number —1 they vanish, i.e. 1, = 0.

Write o = f(z,(,y,&) dydz, so
(bay ©ta)*o = f(2,¢y,&(y, 1)) dy da.

Applying ¢ and using 67, = 0,

=0,

5(6—57@/71( ;01 o Lg)*o) _ e—ing/EZ 0&4(y, t) ;E t t)dy dx
The defining relation gives 6&,(y,t) = 0no/0y*, hence
i _ _ Ona 0f
e/l 1—1 * — e ma/h
(e /M g5 0 10)"0) e 0

To turn the integrand of (}) into a fiber Laplacian plus a total derivative, expand the latter

by Leibniz
. J | - of s ONa Of oy 3 o [ of
ihy —— e e/t ] = ¢ ma/h\ I 2 +ihe ma/ANY 7 2L .
2{1: oy" { 08 l€(y,t) ; 0y® 0&, le(y,t) Za: oy \ 0&, le(y.0)

The chain rule through &(y,t) splits the last sum into the ﬁber Laplacian and a cross term,

08
Z (%a E(y,t) ) Z (33/“55@

E(yt) Oy
The cross term vanishes: the Lagrangian condition ¢4 (?, —) wp = 0 reads aga * dyb A dy® = 0,

Z agbaga

i.e. 0&/0y® is symmetric in a,b, whereas 0% f/0£,0€, is antisymmetric as the &, are odd.
Solving the Leibniz identity for the integrand of (f) and using e_i"ﬁ/hAFﬂg(y,t) dydr =
e‘inﬂh(qﬁgol 0 1o)*Apo, equation (f) becomes

] dy dx.

5(675ﬁg/h(¢;010[/a)*0_) _ 6*i”ﬂh(¢;010La)*(—ihAFa) n ihZ aa [mjhag
o o 2 y* a
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Integrating the equation above over L (i.e. over the y®), the total y-derivative term vanishes
by Stokes, leaving

e en o wte = | 0 010" (inA o). ®
r L

Since Ag involves only (z,¢) it commutes with §, and (¢, © 1a)*. We have

f e~ M/l (oL 0 1y)* (—ihApo) = (-1)?(—;7@)ABJ e e/ (gl o) o = —ihAp ot
L L B

where on the right Ap acts on Qj, ® Dens'/? with its Koszul sign, i.e. the (—1)P is absorbed
into the differential of the totalization. Adding this to (f) and using A = Ap + Ap yields
the claim. O

If we now start with a global o = ¢/5/" € Dens?(F) which solves the quantum master
equation, the right-hand side of vanishes and hence o¢ff is a cocycle of the 6 —2hAp

Qag...a

complex. If we have a global Berezinian up € BER(B) with A,/up = 0, we can write

ppedeoar/h — agf(f._ak and obtain
1E& . .
-1 o —
5S§04..ak - ZhABSgO‘..ak + 5 Z(S}lo...ak’ Sgozak> = 0’
i=0

hence S, € MCr(||F(NU)[[A]]]])-

7.3 Strong deformation retractions

The first goal is to construct two SDRs
(FM)[[A]], —ihA) = (F(NU)[[A]]],6 = (=1)¥ihA), % (IFNU)[[A], 6 — ihA),

™

to compose them into a single SDR

(FM)[[A]], —ihA) % (IF N[, 6 = ihA).

The space F can be replaced by Dens'/? here; for F we assume throughout a global
Berezinian p with A,/p to define A = A, for Dens'/? we can keep using the canonical
BV Laplacian.

7.3.1 First SDR: global — Cech
We begin with an SDR between the algebra of global functions and the Cech totalization.
F(M)[[A]] Lf (F(NO[[A]]],0) O R (77)

This is a special case where F(M)[[1]] is simply the cohomology of (|F(NU)[[A]]], ), since
the global functions sit in cohomology degree 0 and the higher degrees vanish.

We define
o 12 F(M)[[A]] = |F(NU)[[R]]] by sending S € F(M)[[A]] to the Cech 0-cochain

Uf) = (S1va) ger
extended by 0 in higher Cech degrees.
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o m: |F(NJU)[[R]]] = F(M)[[h]] averaging the O-cochain part of a Cech cochain v with
a partition of unity
= Z PaVa-

ael
o h: |F(NU)[[R]]] — |[F(NU)[[R]]| of degree —1 by
(h(y))aom%_1 = Z PaVaag-ap_ for p =1,

ael

and h(v) := 0 on 0-cochains.

Throughout, the components v,,..q, are stored only on increasing strings ap < -+ < oy,
and we read them off on an arbitrary string by total antisymmetry: for any permutation
T € Sk+1,

Vo oy army *= SgH(T) Vag...ap»
and Vq,..q, = 0 whenever two indices coincide. In words, to evaluate v on an unordered
string one sorts the indices increasingly and multiplies by the sign of the sorting permutation;
for k = 1 this is just vg, = —Vag.

Lemma 7.27. The triple (¢, 7, h) defines an SDR as in ; that is,
(1) ™o v =Tdrumy;
(ii) 6h + hd = Id —um;
(iii) he =0, 7h =0, h%?=0.
Proof. (i) For f e F(M)[[AR]],
= paflve =F D pa=1

(ii) From [6]: For a Cech p-cochain v with p > 1 we use (0V)aag-ap = Vag-ap —

Y o(—1)"Vaqg--d--a, t0 compute
p
(5hy)ao~~-ap = 2(_ ) (hV ag--Gyap T ZZ pa Vaag:éi-aps
=0 a =0
p .
ao ap = Zpa aa0-~~o¢p = Vagap — Z Z(_l)lpa Vaag:aiaps

a =0
where in the second line we used ) po = 1. Addlng the two, the double sums cancel and
(6h + hd)v = v; since vr vanishes in positive Cech degree this is (Id —um)v.
For p = 0, h(v) = 0, so we only need to compute h(dv). Using the sign convention

(0V)ag = Vg — Va
(h(Su))B = Zpa(&/)aﬁ = Zpa(ug —vo) =vg—7(v) = (v— LT[‘(I/))B.
Hence (6h + hd)(v) = h(dv) = (Id —um)v, as required.

(iii) The identity he = 0 is immediate from h(rv) = 0 on 0O-cochains.
For mh = 0, let v be a Cech p-cochain with p > 1

V) =Y ps(hw)g =D ps Y Pavap = Y, Papsvas = 0,
B B « a,B
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where the last equality follows by antisymmetry of v,5 in (o, ) against the symmetry of
PapPp-
For h? = 0, applied to a p-cochain with p > 2
(h*V) ageays = Zpg(hu)gao...%_Q = Z PaPpVaBag-ap—o =0
B a,B

by the same antisymmetric/symmetric contraction argument. O

Next, we will introduce the BV Laplacian in the Cech complex. We want to use it as
a perturbation of the Cech differential and apply the homological perturbation lemma to
construct the updated SDR. Let the perturbation be the differential @ = —(—1)*ihA, where
k is the Cech degree. Care must be taken with the degree-dependent sign inside the geometric
series of Lemma every h lowers the Cech degree by one, so acting on a k-cochain the
successive A’s in w(—0h)"™ and h(—0h)™ sit in degrees k — 1,k —2,...,k —n and contribute

(_1)(k—1)+(k—2)+~~-+(k—n) _ ( 1)nk‘+"(n+1)‘

We then have that
d]_'(M)[[h]] wo da = —th A,

L ia = (i) (RA)™

n=0
T v TA = Z( 1)nl~c+ n(n+1) (Zﬁ)nW(Ah)n,
nz=0
nk+ n(n+1) n
howo ha = 35 (1) (ih)"h(AR)".
n =0

Now observe that in our case, we have that Ar = 1A, where the A on the right-hand side
is to be understood as the regular BV Laplacian on the global functions. Due to he = 0 we
therefore have that in fact tA = ¢. Using this in the formula for da, we obtain immediately
that da = —2hA on F(M)[[h]]. Hence the only two changes are ha and 7a.

All in all we upgraded the SDR to one which contains the BV Laplacian as differential

(FM)[LA]], —ihA) = (|7 (N WA, 0 — (~1)*irA) O ha (78)

7.3.2 Second SDR: Cech — Thom—Whitney

We now construct an SDR

([ FV)[[RN)], 6 = (=1)FinA) = = (IF(NLO[[P]]],0 = ihA) O s (79)
where the ¢ is the Cech differential and ¢ the de Rham operator on forms on the simplices.

We have the following constructions from [I§]:

e For a Cech k-cochain v = (Vag--a,,) we define the Whitney embedding w by
w(v) = Z €ag--ap @ Vag-ap» (80)
(evo,-+ ,ak)elé‘H

where €4...q,, is the Whitney elementary form
k

Capmay, = K1Y (=1)ta,dbay - dba, - -~ dta, . (81)
=0
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Equivalently, summing over arbitrary (k + 1)-tuples (and using the antisymmetric
convention),

k
wv) = = D1 D) e, Aty - - b, - - dbay, @ Vaga

ag,...,apelk+1i=0

One can easily show that w is a chain map. For the § and § we have that (]20]):
] 1 k41 k+1

w(dv) = — > D) Tt dtay Aty - Aty ® Vag.d.anss

QQ,...,0tp 1 €161 j=0i=0
Due to >, dts, = 0 only i = j terms survive. Using > . to, = 1 yields
w(dv) = > Atay - Abay,, Var..ap,1-
al,...,ak+1elk+1

which is exactly the same as dw(v). Similarly, we have

—(—1 k°h k . -
w(—(=1)*ihAv) = (k)ll N N 1)itadlay - A - dlay © Avag-ay
+ ag,...,apelk+11=0
—ihA k . -
B k+1 Z Z(_l) to‘idta(} e dtaz o dtak & Vag--ay,

Oz(),...,()tkEIkJrl =0
= —thAw(v)

where we have used the Koszul sign rule to push the A past the differential forms.

e The map p is defined via integration of differential forms over the simplices,

(pw)ao...ap = f Wagp...ap (82)
AP

where AP is the corresponding simplex of «ag...a,. It leaves the F(N,U)[[h]] part
untouched, picks the top form and integrates it to a number, such that the output is
in |F(N.U)[[A]]|.- Note that:

— For p = 0: p is evaluation at the vertex e,,, i.e. setting ¢,, = 1 and all other
equal to 0.

— For p > 1: only p-forms with exactly p differentials dt,, contribute. After elim-
inating to, via the relation to, + to; + -+ + ta, = 1 on the simplex, the basic
integral is (omitting the F(N,U)[[R]] part)

bylby! -+ - by!
th ~~tgf’dta - dty, )] = p .
[p(al pGlan ") lagecy (b1 +ba+ -+ by +p)!

The map p is a chain map: due to Stokes we have
p .
(péw)ag...ap = j (&-U)ao...ap = j Wag...ap = Z(_l)ZJ Wag...ap
AP OAP i=0 0; AP

where 0; AP is the i-th face of AP, ie. t; = 0. The TW simplicial compatibility
conditions force way...a,|0;AP = Wag...4;...a, and hence

p
S (1) f g, = S (1) f oy,
0; AP Ap—1

(=1)' (pw)ag...a5..ap = (0PW)arg....ap-

D= 1D

0

<.
Il
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For the same reason as for w, we also obtain —(—1)*ihApw = p(—ihAw).

e The homotopy s is the Dupont contraction. It is a degree —1 simplicial endomorphism
5e 1 QF — Q! which is defined as follows. Define for 0 < i < n the maps ¢; :
[0,1] x A™ — A" by

¢i(t,x) =tx + (1 —t)e;,
where e; is the i'th vertex. Denote my : Q* ([0, 1] x A") — Q*~1 (A") the integration
along t. Define the operator h?, : Q¥ — Q*~! by the formula

h (W) = T (¢fw).

The Dupont contraction s is then constructed as

n—1
_ N X" )
Sp = Z Z €ig.ighyf .. Ry, n = 0.

k=01ip<---<ig

The fact that this describes an SDR is stated in the Lemma below. The proofs are tedious
and not overly insightful, which is the reason why we reference to literature instead.

Lemma 7.28. The triple (w, p, s) defines an SDR as in ([79):

(1) pow = IdiF(vanmy;
(ii) (6 —ihA)s + s(6 —thA) = Id —wp;
(iii) sw =0, ps=0, s?=0.

Proof. Ttem (i) follows from the duality In...a) (€3,.--58,) = dap between elementary forms and
simplices (on the diagonal the k!-normalisation In..q, (€ag--a,) = 1, off it vanishing). For
(ii), note first that it reduces to the form-level statement ds + sé = Id —wp: s acts only on
the 2, factor and lowers the form degree by one, so it anticommutes with the Koszul-signed
Laplacian, A(sf®v) = (—1)P"1s3® Av = —s A(3®v), and the two A-terms cancel. The
form-level statement can then be found in [18], Theorem 3.7. For (iii), ps = 0 is Lemma 3.4,
i); 52 is the content of Theorem 3.11 and finally sw = 0 follows from s* = 0 and Lemma 3.4
if). 0

Remark 7.29. None of the three maps of this SDR really requires polynomiality of the
forms. Indeed Dupont’s contraction is originally defined on the full de Rham complex
Q°(A"™) of smooth forms, and the polynomial model of [I8] used here is a restriction of it.
Lemma [7.2§] therefore holds verbatim with €, taken to be the smooth de Rham complex
Q°(A*®) in place of the polynomial one, as anticipated in Remark and every construction
of this section carries over to smooth forms unchanged.

7.3.3 Composition of SDRs
We now compose the two SDRs to obtain a single SDR
o I o
(FMLR]], —ihA) = (IF(NZO[[A]], 6 — thA) O K. (83)

by defining
I:=wou, P :=7a op, K = s+ whap.

Proposition 7.30. The triple (I, P, K) is an SDR as given in (83).
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Proof. We first show the homotopy relation. For brevity and clarity we abbreviate for this
proof § := 0 — (—1)¥ihA in the Cech complex and 6§ := § — ihA in the TW complex. Using
that w and p are chain maps with wd = dw and dp = pd, we compute

IP = wimaAp
= w(Id —(0ha + had))p
= wp — wohap — whadp
= wp — §(whap) — (Whap)o.
Now using wp = Id —(ds + sd) from the second SDR,
IP =1d —6(s + whap) — (s + whap)d = Id —(dK + K9).

Thus K + K§ = 1Id —I P, as required.
The side conditions are then given by

PI = mapwe = ma(pw)e = me = 1d.

KI = (s + whap)(wt) = [sw]e + whapwe = w[hat] =0

PK = (map)(s + whap) = wa[ps] + mapwhap = [wahalp = 0.

K% = (s + whap)(s + whap)[s*] + [sw]hap + wha[ps] + whapwhap
= w[hAlp =0,

where bracketed terms vanish due to the side conditions on the individual SDRs. ]

7.4 Globalization
7.4.1 Globalization on the level of densities

The developed SDR in the previous sections is sufficient to globalize densities. In this case
we consider the complex ||[Dens?(N,i{)||. Convergence of ma and ta is automatic here, as
we will always assume a finite nerve NJU.

Take a cocycle o € ||Dens'/2(N,U)||. The components satisfy

5ob ! —ihAch =0, Vae NJU.
To apply P = wa op on o, we first note that p performs the simplicial integration, retaining
on the k-th Cech level the top form; thus po is a Cech cochain, which 7a then maps to a

global density. Now recall that ma = 27120(—1)"]H o )(zh) m(Ah)"™; on a k-cochain only
the term n = k survives, so

a0 = (—1) T2 (ih)F w(AR)Fo

Applying the definitions of A and 7 from the right, each h introduces a fresh summed index
B; € I weighted by pg,:

(ho)ro.mer = Z PBr 9Bk k—17

ﬂkEI
(hAhU)’Yom’kaz = Z [ A Z PBr OB Br—170- k-2
Br—1€l Brel

W(Ah)ka = Z o A Z P A A Z PBr 9Bk-Po-
Boel B1el Brel
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Hence, summing over the full nerve,

k(k—1)
mac = (=17 (i) > ps Aps A Dpg 058 s (84)
(B0, Br )l +1

the sum running over all (k + 1)-tuples in I¥*! with o read off antisymmetrically (so only
distinct indices with Ug,...3, # @ contribute). Grouping these by their underlying increasing
tuple ag < - -+ < ag, the coefficient of 0,,.., is the antisymmetrisation

Voo, = 1" Al(pay Apay_y A+ Apag) = R Z SE(T) Pa, gy DPar oy =+ Doy (85)
TESk+1
where p, is multiplication by the partition function. Using this on the entire o we obtain
the global A-cocycle P(c) € Dens'/?(M):

k(kt1) | 1 k even
ch Z j i ‘Pag...akaao...aka Ck 1= (_1) 2 Zk = { ,D ’

—1, k odd
(a0-..co)erEF 72 ’ ’

where, on top of the prefactor of 7a, another (—1)¥ factor is picked up by pushing the
simplicial integration in front of ¥ (which contains k Laplacians and hence has parity k).

In particular, this allows us to globalize the § — ihAp cocycle og f (ctf. (76)). The
partition function is then simply given as the BV integral

o)~ Po DY R (36)

(ag...op elk+1

for some Lagrangian £ < M.

Remark 7.31. For a cochain complex (V,dy) of R-modules, one can consider its dual
V* = Homp(V, R) with differential dy«p(v) = ¢(dyv). A partition function of V' can be
seen as a dy=-closed ¢ € V*. The construction above is then simply applying the quasi-
isomorphism 7* to the partition function Z of the global complex, obtaining a § —2hAA-closed
7 =7

We can even go further and globalize the cocycle over a Lagrangian submanifold of a sim-
plicial odd symplectic supermanifold (LSS), which replaces a global Lagrangian by a family
of Lagrangians which glue coherently. This idea is due to Getzler and Pohorence [20]. We
present the idea here with two major changes: first, our definition of the LSS is different
but equivalent, using simplicial machinery; second, we have chosen the Cech nerve to carry
ordered indices [ 2“.

Definition 7.32 (Bisimplicial set, [21]). A bisimplicial set X is a functor X : A°P — sSet.
Equivalently, it can be viewed as a functor X : A°? x A° — Set. It consists of sets X, ,,
with the appropriate face and degeneracy maps. The diagonal simplicial set is the composite
functor

A% 2, AP« AP X, Get
which has the n-simplices given by X, 5.

Let Z(M). be the simplicial set of families of Lagrangian submanifolds of M (see Definition
7.17). Then =Z(—) is a functor Z(—) : sSmfd — sSet. Composing this with the functor
NJU : A°? — sSmfd, we obtain the bisimplicial set Z(N¢/). Denote by Z; its diagonal
simplicial set, with



an element being a pair (a,¢) with ¢ € Z(U, ), and with

di(a, ) = (di, dit), si(a, 1) = (sia, sit).
This is well-defined: Uy S Ug,q, 50 dit € Z(Ua)k—1 S ZE(Ud,a)k—1, While U, = Uy; the
simplicial identities are inherited from N,U and from each =(U,). Forgetting the family
gives a simplicial projection

p: Zy — NJU, pla, ) = a.

Definition 7.33 (LSS). An LSS of N, is a simplicial section (Definition [7.22) of p. Ex-
plicitly, it assigns to each simplex o = (ap < -+ < ) a fiberwise Lagrangian family

Lo A X L = Usyooa
satisfying
ditg = tg,a (0< @< k), Sila = ls;a-
Its Hamiltonian one-form is 1, € Q} ® C*(L) (Definition [7.23).
Theorem 7.34 (|20], Thm 4.1). Let : € Z(M)y, with Hamiltonian one-form 7 (Def. [7.23),
and o € Densy* (M) ® Q. Then

5J e"hEg = f e (§ — ihA)o.
L L
The proof is the simpler version of Theorem

Getzler’s construction now builds a partition function Z : ||Dens/?(N,U)|| — C with
Z(Do) = 0 for a gauge-fixing LSS ¢ of NJU, where D := § — thA.
We start with the elements on the patches. Naively we would define

ZJ f Lo P T -

ag eIl

Writing pay, Do = D(pay,0) —[D, pay |0 and applying Thm. the first summand becomes
d-exact on AY and integrates to zero, leaving the defect

Zo(Do) - gf j (D, pogo (1)
g EIl
This must be cancelled one level up. Set
B == % | [ e, @)
(aoa1 612 £a0a1

with the operator @44, to be determined. It must have degree 1, @0, Do = [D, Poya, |0 —
D(®4ya,0); applying again Thm. 7 to the second term and Stokes on Al,

Z DU :_Z Z J f maoal/h:zozl([D (I)aocu] )

(a0a1 O‘Oo‘l

—1 h %
+ J j naoal/ apa (q)aOala)
oA Laoal

(o)

On 0A! the Hamiltonian Nag...a;, Testricts to a vertex, which vanishes. Letting ag be the
surviving index and using an antisymmetry notation convention for unordered indices on ®,

the Stokes term yields
—i Z J Lio(Z‘I’aoﬁ o).
B

(a0)ell Lag
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For this to cancel with (f), we need that —i ) 5 ®a,5 = [D, pa,] Voo € Il ie., as [D, po,] =
—ih[A, pael, when X5 @a0p = A[A, pa,]. Iterating between Zy and Zyi; works identi-
cally: on a (k + 1)-simplex ® contains k + 1 Laplacians and hence has parity k + 1, so
dDo = (—1)F+! (D((I)O') — [D, <I>]a), while regrouping the boundary faces of A¥*1 by their
surviving k-simplex (moving the summed index to the last slot by antisymmetry) produces
a compensating (—1)**!. The cancellation between the levels then reads

Ck-‘rl Z (I)ao...akﬁ = (_1)kck [-Dv (Pao...ak]'

B
We fix the normalization such that the operators satisfy the recursion relation
Z (I)ao...akﬂ =h [Aa q)ao...ak]v cI)Oco = Pag> (87)

B
with unordered indices reordered by antisymmetry. Using that [D, ®] = —ih[A, ®] implies
cry1 = (—1)**1icy. Telescoping up to k with ¢y = 1 yields

e = (_1)1+2+~~-+k‘ %k _ (_1) k(k2+1) ik _ 1,O k even,
—i, k odd.

We now claim that ¥, of ma from (85) solves the recursion relation. Set H, := [A, pa],

which is [A, —]-closed, [A, H,] = 0. The descending string of ¥ then collapses onto the

H’'s,

Dogap = Vagap = 1 Alt(pay Apay (A Apay) = 1 Alt(pa, Hayp \Hay o+ Hag)-

(88)

The second equality holds because under the antisymmetrisation any monomial with two

adjacent p’s vanishes; the p’s commute, 80 pq, pq, is symmetric against the alternating sign.

The lowest cases read ®o, = pag, Pager = PPayHay — PagHa, ) and

Pagarar = h’ (Paz [Hay, Haol = poay [Hass Haol + pag[Has Ha1])'
Lemma 7.35. The operators (88)) satisfy the recursion (87)).

Proof. As [A, —] is a graded derivation with [A, H,,] = 0 and [A, pa, | = Hq,, we obtain
[A, @0, ] = B Alt(Ha, H, Ha,),

PR
Appending one index, @ .08 = REHLALL (ngak e Hao), the antisymmetrisation running
over the k + 2 labels 5, ag,...,ap. Sum over S € I and group by the label carried by the
single p: the term with pg in that slot gives (Zﬁ p3)Alt(Hay, -+ - Hay) = Alt(Ha,, -+ Hay),
while every term in which 3 sits on an H-slot is linear in Hg and drops out, since P Hg =
[A, 25 p] = [A,1] = 0. Hence

D Papaps = BT AW Hoy -+ Hog) = B [A, @y o],
B

which is (87). O
Corollary 7.36. For o € ||Dens"?(N,)| the functional
U) = Z Z7’ Z Ck Z J f “7040 ak/h LZO Qe ((I)Oéo---o% 0-040---0416)7
7 k=0 (040 Qg ]k+1 £a0 .y

k(k+1)
5 k

with @, as in and ¢ = (—1) as before, satisfies Z(Do) = 0.
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Proof. By the constructions above the Z;, and Z;, terms cancel their contributions succes-
sively. The only term with no partner is the bracket of a top simplex a = (ag...ax) that
meets no further patch, i.e. Ugqy..ax = @ for every § ¢ a. Here the H-form (88)) makes the
vanishing immediate. Since [A, —] is a derivation with [A, H,,] = 0 and [A, payx| = Hay,
the leading p simply turns into an H,

[D, ®ay...ax] = —ih[A, @y ax] = =ik T Alt(Hy  Hy -+ Hay).

On Uyg...ap only the patches ag,...,ax are present, so the partition of unity restricts to
Zfio pa; = 1 there, whence

K K
M H,, = [A, 3 pai] = [A 1] =0.
=0 1=0

The K + 1 operators H,,,...,H,, are therefore linearly dependent; expanding H,, =

K-1"

Y [67:¢
— X<k Ha, in the last argument, multilinearity and the alternating property of Alt force
Alt(Hyy - - - Hopy) = 0. Hence the top bracket term vanishes and Z(Do) = 0. O

We note that the obtained partition function Z coincides, not surprisingly, with the one
in the case that our LSS is in fact a global Lagrangian, i.e. the patches and intersection
parts etc. are simply the global Lagrangian restricted to their respective domains. In this
case all 7, = 0 and we obtain equality.

Remark 7.37. In [20] Getzler works with the full, unordered Cech nerve, where the ®
operators are the symmetric

G hk : i
(I)ao...ak = k 4 1 (_1) HOCO e Hai—l pai Hai+1 o
=0

Hy,.

The functional Z is moreover independent of the chosen partition of unity. To see this one
lets it vary: introduce an auxiliary simplex A™ with de Rham differential d, allow the p, to
depend on A" (and the ¢, automatically as well), and adjoin d to the differential, so that the
®,, acquire coefficients in Q°(A™). The recursion and Corollary are unaffected. With
no change in the proof, Corollary becomes

Z((d+ 6 —ihA)o) +dZ(o) = 0.
Corollary 7.38. An observable is a bosonic, ghost-number-0 cocycle of the total differential,

(d+ 6 —2hA)o = 0. For such o the value Z(o) is unchanged by a change of the partition of
unity and is the same for homologous LSSs.

7.4.2 Globalization on the level of actions

We now place the additional g2 structure (i.e. the BV bracket) on the Thom-Whitney
totalization. We therefore equip ||F(N.U)[[A]]|| with the Lo, structure @ = (q1,¢2,4q3,-.-)
given by

q1(w1) = —(6 — thA)wy, g2(w1 Qws) = (—1)|w1|+1(w1,w2), g, =0 forall k> 3.
Theorem 7.39. Applying the transfer of Theorem to the contraction
o 1 o
(FAMILIAL], —thA) == (IF (N[ [AI]]], —ihA +0)O K

and additionally the Lo structure @ on || F(N.U)[[A]]|| given by the bracket (—,—), the
transferred Lo, structure R = (r1,72,73,...) on F(M)[[h]] has:
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(i) r1(51) = —(=1hA)Sh,
(i) r2(S1 ® Sy) = (—1)I¥11+1(Sy, Sy), the BV bracket on F(M)[[A]],
(iii) rp, =0 for all k >3

Proof. Using the recursive formulae of Theorem with the SDR , fi=1 g1 =P,
g2 = £(—,—) and ¢ = 0 for k > 3, they read
fi = K@F?,  r=PgpF? (i=2). (89)
For (ii) we now have that from and
F3(510 82) = f1(S1) © f1(S2) = I(S1) © I(S2),

S0
ra($10 8) = (=1)FHFP((I(51), 1(S5))-
On each simplex of the nerve, (1(51),1(S2)) restricts to (S1,52)|Ua,.., by locality of the

bracket. Applying P = mwap, the projection p keeps only the vertex evaluations (since the
input has de Rham degree 0) and 7a averages with the partition of unity:

ra(S1,52) = (=15 Y pa(S1, S2)lu, = (~1)511 (81, S).

Note that the sum of ma contributes in this case only for n =0 (i.e. ma = 7) as the parts
of Cech degree > 1 are all 0.
(iii) We first observe that f; = 0 for ¢ > 2. In fact, observe that

f2(S1, 82) = (1)K ((1(81), 1(S2)))

Now the inclusion I of a global S; into the TW complex yields 1 ® S; with the appropriate
restriction on every Cech level. The bracket therefore is of the from (1(S}),1(S2)) = 1®
(S1,52) = I((S1,52)) and because K1 = 0, we immediately obtain fo = 0.

For i > 3 we repeat the proof we have seen before. Assume fy = --- = f;_1 = 0. By
formula , every monomial in F? is of the form fj,(--+) ® fj,(--+) with j1 + jo = i and
Ji,j2 = 1; since © > 3, at least one of the indices j, is > 2, so f;, = 0 by the inductive
hypothesis. Therefore F? = 0, and in particular f; = KgF? = 0.

It now follows immediately from r; = Pga F; 2 = 0 and the fact that F; 2 = 0 for i > 3 that
r; =0 for i > 3. O

Recall the MC set of a Ly, algebra :

MC(V) := {x e Vo

Z 1|QZ( ) = 0} )
=1

which we can now consider on both (F(M)[[A]], R) and (||F(NU)[[R]]|l,@). The MC
equation is a finite sum, given that both r; = ¢; = 0 for ¢ = 3. We can use the pushforward
G to obtain solutions in the global complex, using again Lemma 1| (the proof goes
through in this case as well), which states that ¢g; = g;— 162Z LK, for i > 2

Remark 7.40 (A-convergence). The pushforward Gi(z) = >}, 29;(z®") is in general a
formal sum. As we saw in Remark [5.12] it converges in the h-adic topology once the higher
data are quantum, here every Cech component (™ of de Rham degree n > 1 being O(h).
The h-counting is the very same; only the ingredients change. We now grade by the simplicial
form degree, and the base homotopy is K = s+whap, whose block-free part s+whp (Dupont
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contraction and partition of unity) has deg-weight —1 and whose Ah insertions are the A~
blocks: each lowers the Cech degree, but the trailing w reconverts it into a simplicial drop,
so a block still carries deg-weight —1 and one A. With P retaining only the vertex part
and d = dim N,U, the budget and the estimate ord; g; = [(i — 1)/d]| are exactly those of
Remark so at order i* only the g; with i < dk + 1 contribute and the series converges
h-adically. For a cover with one dimensional nerve (no triple overlaps) d = 1, so h" sees g1
alone and h! sees g1, g2, as in the example below.

Example 7.41 (Three patches with only double overlaps). We carry out the pushforward
to first order on a three patch cover with all double overlaps but no triple one. Let U =
{Uo, U1, Uz} with Up1, Upa, U2 nonempty but Upi2 = &, and a partition of unity po + p1 +
p2 = 1. The nerve is then still one dimensional (three vertices and three edges, no 2-cell),
so d = dim NJU = 1. The Maurer—Cartan datum is

x = (S0, 51,825 So1(t)+ Ro1(t)dt, Soa(t)+ Roa(t)dt, Sia(t)+ Ria(t)dt) € MC||F(NU)([[A]]],
the S, on the patches and the three edge entries on the double overlaps; the de Rham degree
one parts R;;(t)dt are taken to be O(h).

Since the highest Cech degree is one, two simplifications occur: ha = h exactly (every
hAh string ends with h applied to a 0-cochain, which vanishes), and 7Ao = 7 up toits n = 1
term ihwAh, which acting on the O(h) edge data is O(h?) and can be dropped here; by
Remark only g; and g reach order h'. Integrating over the simplices,

1
p(x) = (S0, 51, 82; Ro1, Roz, R12),  Rij =J Ry;(t)dt,
0

the degree zero edge parts S;;(t) dropping out. The first term is the partition of unity
average

g1(x) = p(x) = poSo + p1.5S1 + p2.Sa.
For the second we use Ka(x ©z) = K(z) ®z + [P(x) ©® K(x). On the edge s annihilates
the de Rham degree zero part, and on a one form g(¢)dt it reads

t 1
s(g(t)dt) = fo sty —t | gt

0

which vanishes at the two vertices ¢ = 0 and ¢ = 1. Since the final P = wap keeps only the
vertex evaluations, the s part of K drops out and K(z) v~ whp(z), whose vertex values
(hp(x))5 = . poFoos awe, using R = —Ra,

(hp(x))o = —p1Ro1 — p2Roz2,  (hp(x))1 = poRor — paRiz,  (hp(x))2 = poRoz + p1 R
The mixed term I P(x)® K () dies under P. Here IP(x) = S with S = poSo + p1.51 + p252
is a global element, the same on every patch, so it factors out of the average and leaves
Pgy(IP(z) ® K(z)) = —(S,mhp(x)). This vanishes because mh = 0 (a side condition of the
first SDR, Lemma ; explicitly,

Thy = Zpg(hl/)g = Epapﬁyaﬁ =0,
B af
the symmetric weight p,pg contracting the antisymmetric v, = —vg, to zero. The
first term, in contrast, survives because its bare leg S, is patch dependent; it equals

Y Pal(hp(2))a; Sa), that is
po(_leol - /02R027 SO) + pl(P0R01 — p2R12’ Sl) + p2(p0R02 + lelQ, SQ)
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Collecting each Rij, which occurs once paired with S; and once with Sj,
g2(x @) = pop1(Ro1, S1 — So) + popz(Roz, S2 — So) + p1p2(Raz, S2 — S1)
= ZPin(Rij, Sj —Si).
i<j
Every gi>3 carries at least two of the R;; and is O(h?). Assembling G (z) = Y=, #9:(z®),
Gx(z) = poSo + p1.51 + p252 + % > pipi(Rij, Sj = Si) + O(R?).
1<j

Remark 7.42 (Moduli space). Up to canonical transformations, the real object of interest is
the set of MC solutions modulo BV equivalence (Definition [7.16]), that is mo(Dely (L)). Since
the SDR provides two Ly, weak equivalences F, G, applying the Dely, functor should (if Kan
property is satisfied) give a weak equivalence of the corresponding Deligne-Getzler groupoids
([18], Prop. 4.9), hence a bijection mo(Dely (F(M)[[R]])) = 7o (Dels (|| F(NeU)[[R]]]])) under
which G (S) represents [S].
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Conclusion

We have seen two methods to obtain a globalized effective action in the BV formalism.

At its core the globalization procedure is the same for both. We lift the action, a solution
of the quantum master equation (QME), into a resolution of the global functionals, in which
globality is encoded by an additional differential D, and compute the effective action there.
It is computed by a fiber BV integral, which is a chain map for the BV Laplacian, so the
effective action again satisfies a modified master equation. This is in fact a Maurer—Cartan
equation, whose bracket is the antibracket and whose differential is the BV Laplacian A of
that space together with the globality differential D; the ordinary QME is the case D = 0.
Since D is acyclic away from degree zero, where the global functionals sit, this solution can
be moved there, either by modified BV canonical transformations or, what amounts to the
same, by the Lo, homotopy-transfer projection formulae. The result is a genuinely global
effective action.

The first method is formal-geometric. We developed its odd-symplectic version (Sec-
tion and applied it to the AKSZ theory of the spinning particle: the action is lifted to
the tangent fibre and Taylor expanded there, and the resulting resolution is governed by the
Grothendieck differential D, acyclic except in degree zero. When the spacetime (M, g) is
two-dimensional the target is split, so the effective action solves the modified QME directly
(Section and globalizes with no further work. For a spacetime of general dimension the
target is no longer split, and the effective action solves the modified QME only up to a rest
term; removing that term meets a potential cohomological obstruction, but once a genuine
solution is at hand the globalization proceeds exactly as in the split case.

In the second method we used Cech cohomology. Here again the differential is the
Thom-Whitney de Rham differential §, which by construction acts as the Cech differential
on the complex, and is again acyclic except in degree zero for the global functions. As
the underlying splitting of the BV field space we used a BV hedgehog; constructing the
effective action on it turned out to be a chain map into the Thom—Whitney complex. The
globalization procedure is then again by L, transfer. It would be interesting to find an
example of a BV theory on which we could carry out this method explicitly.

110



References

[1]

2]

3]

4]

15]

[6]

7]

18]

19]

[10]

[11]

[12]

[13]

M. Alexandrov, M. Kontsevich, A. Schwarz, and O. Zaboronsky. The geometry of the
master equation and topological quantum field theory. International Journal of Modern
Physics A, 12(7):1405-1429, 1997. arXiv:hep-th/9502010.

Ruggero Bandiera. Descent of Deligne-Getzler oo-groupoids, October 2019.
arXiv:1705.02880 [math].

I. A. Batalin and G. A. Vilkovisky. Gauge algebra and quantization. Physics Letters
B, 102(1):27-31, 1981.

I. A. Batalin and G. A. Vilkovisky. Quantization of gauge theories with linearly depen-
dent generators. Physical Review D, 28(10):2567-2582, 1983.

Marjorie Batchelor. The structure of supermanifolds. Transactions of the American
Mathematical Society, 253:329-338, 1979.

Raoul Bott and Loring W Tu. Differential forms in algebraic topology, volume 82.
Springer-Verlag, New York, 1982.

Alberto S. Cattaneo, Francesco Bonechi, and Pavel Mnev. The Poisson sigma model
on closed surfaces. Journal of High Energy Physics, 2012(1):99, January 2012.
arXiv:1110.4850 [hep-th].

Alberto S. Cattaneo and Giovanni Felder. On the Globalization of Kontsevich’s Star
Product and the Perturbative Poisson Sigma Model. Progress of Theoretical Physics
Supplement, 144:38-53, December 2001. arXiv:hep-th/0111028.

Alberto S. Cattaneo and Giovanni Felder. Effective Batalin—Vilkovisky Theories, Equiv-
ariant Configuration Spaces and Cyclic Chains. In Alberto S. Cattaneo, Anthony Gi-
aquinto, and Ping Xu, editors, Higher Structures in Geometry and Physics, volume
287, pages 111-137. Birkh&duser Boston, Boston, MA, 2011. Series Title: Progress in
Mathematics.

Alberto S. Cattaneo, Pavel Mnev, and Nicolai Reshetikhin. Perturbative quantum
gauge theories on manifolds with boundary. Communications in Mathematical Physics,
357(2):631-730, 2018. arXiv:1507.01221 [math-ph]|.

Alberto S. Cattaneo, Nima Moshayedi, and Konstantin Wernli. Globalization for Per-
turbative Quantization of Nonlinear Split AKSZ Sigma Models on Manifolds with
Boundary. Communications in Mathematical Physics, 372(1):213-260, November 2019.
arXiv:1807.11782 [math-ph].

Alberto S. Cattaneo and Michele Schiavina. On time. Letters in Mathematical Physics,
107(2):375-408, February 2017. arXiv:1607.02412 [math-ph].

P. Deligne. Quantum Fields and Strings: A Course for Mathematicians. Number Bd. 1
in Quantum Fields and Strings: A Course for Mathematicians. American Mathematical
Society, 1999.

111



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

28]

[29]

Martin Doubek, Branislav Jur¢o, and Jan Pulmann. Quantum [,, Algebras and the
Homological Perturbation Lemma. Communications in Mathematical Physics, 367:215—
240, 2019. arXiv:1712.02696 [math-ph]|.

Claudio Emmrich and Alan Weinstein. The differential geometry of Fedosov’s quanti-
zation, November 1993. arXiv:hep-th/9311094.

L. D. Faddeev and V. N. Popov. Feynman diagrams for the yang—mills field. Physics
Letters B, 25(1):29-30, 1967.

Boris V. Fedosov. A simple geometrical construction of deformation quantization. Jour-
nal of Differential Geometry, 40(2), January 1994.

Ezra Getzler. Lie theory for nilpotent L-infinity algebras. Annals of Mathematics,
170(1):271-301, July 2009. arXiv:math/0404003.

Ezra Getzler. Covariance in the Batalin-Vilkovisky formalism and the Maurer-Cartan
equation for curved Lie algebras. Letters in Mathematical Physics, 109(1):187-224,
January 2019. arXiv:1801.04525 [math-ph)].

Ezra Getzler and Sean Weinz Pohorence. Global gauge conditions in the Batalin-
Vilkovisky formalism, August 2020. arXiv:1911.11269 [math-ph)].

P.G. Goerss and J.F. Jardine. Simplicial homotopy theory. Birkhauser Basel, 2009.

V. K. A. M. Gugenheim and L. A. Lambe. Perturbation theory in differential homo-
logical algebra. 1. Illinois Journal of Mathematics, 33(4):566-582, 1989.

V. K. A. M. Gugenheim, L. A. Lambe, and J. D. Stasheff. Perturbation theory in
differential homological algebra. II. [llinois Journal of Mathematics, 35(3):357-373,
1991.

Owen Gwilliam and Theo Johnson-Freyd. How to derive Feynman diagrams for finite-
dimensional integrals directly from the BV formalism, 2012. arXiv:1202.1554 [math-ph];
published in Contemporary Mathematics 718 (2018).

Vladimir Hinich. Descent of Deligne groupoids. International Mathematics Research
Notices, 1997(5):223-239, 1997. arXiv:alg-geom/9606010.

Hovhannes M. Khudaverdian. Semidensities on odd symplectic supermanifolds. Com-
munications in Mathematical Physics, 247(2):353-390, 2004.

Hsuan-Yi Liao and Mathieu Stiénon. Formal exponential map for graded mani-
folds. International Mathematics Research Notices, 2019(3):700-730, February 2019.
arXiv:1508.02780 [math].

J. Peter May. Simplicial Objects in Algebraic Topology. Number 11 in Van Nostrand
Mathematical Studies. Van Nostrand, Princeton, NJ, 1967. Reprinted by University of
Chicago Press, 1992.

Pavel Mnev. Quantum Field Theory: Batalin—Vilkovisky Formalism and Its Applica-
tions, volume 72 of University Lecture Series. American Mathematical Society, Provi-
dence, Rhode Island, August 2019.

112



[30] Pavel Mnev and Konstantin Wernli. Globalization of perturbative Chern-Simons theory
on the moduli space of flat connections in the BV formalism, 2025. arXiv:2510.18653
[math-ph].

[31] Albert Schwarz. Geometry of Batalin-Vilkovisky quantization. Communications in
Mathematical Physics, 155(2):249-260, 1993.

113



	Introduction
	BV formalism
	Motivation
	Supermanifolds
	Preliminary definitions
	Integration on supermanifolds
	Symplectic structure
	Algebraic structure
	Half-densities

	Fiber BV integrals
	BV formalism
	AKSZ construction

	Algebraic structures
	L algebras
	Homological algebra

	Formal geometry
	First construction
	Connection
	Formal exponential map

	Second construction
	Formal exponential map
	Connection

	Third variant
	Extension to other bundles
	Globality
	Symplectic structure
	Odd–symplectic structure
	Connection and FEM
	Antibracket
	BV Laplacian

	Choice of the formal exponential map

	The Spinning Particle I: AKSZ construction
	Target manifold
	Setting
	Constraint submanifold
	Coupling to supergravity

	Hamiltonian
	With magnetic field
	Two-dimensional case
	Summary of the target data
	AKSZ construction
	General case
	Two-dimensional case


	The Spinning Particle II: 2-dim globalization
	In formal geometry
	Feynman graphs
	BV Laplacian
	Globalization of the effective action
	Via canonical transformation
	Via L pushforward


	The Spinning Particle III: n-dim globalization
	In formal geometry
	Effective action
	Globalization

	Čech globalization
	Totalizations
	The Čech totalization
	The Thom–Whitney totalization

	BV in simplicial language
	Simplicial homotopy theory
	BV in simplicial terms
	Effective action

	Strong deformation retractions
	First SDR: global  Čech
	Second SDR: Čech  Thom–Whitney
	Composition of SDRs

	Globalization
	Globalization on the level of densities
	Globalization on the level of actions


	Conclusion
	References

