TQFTs in the BV-BFV Formalism and
Deformation Quantization

Habilitationsschrift

Submitted to the faculty of Science
of the University of Zurich

By

Dr. Nima Moshayedi

Institute of Mathematics
University of Zurich

Zurich, 2022



Abstract

This thesis consists of the collection of the papers [Mos2la; MS22; CMW21; Mos21b;
Mos20; MM22]. The results mainly consider the construction of (global) perturbative
topological quantum field theories (TQFTs) with symmetry (gauge theories) in the BV-
BFV formalism, i.e. on manifolds with boundary, and also higher codimension methods.
Some parts of the results consider the field of deformation quantization and its relation
to some algebraic properties derived from field-theoretic concepts.



Acknowledgements

First, I want to express my deepest gratitude to my advisor Alberto S. Cattaneo who
always supported my research and was there at all times when I needed advise for many
different things, either scientifically or for any questions about life. I want to especially
thank him for supporting this habilitation and for all the effort that comes together with
this duty. It seems that this is the final step in an unbelievably awesome journey of ed-
ucation and I want to thank Alberto for going these steps with me since the time when
I was an undergraduate student. There are no words to describe my gratitude for his
constant support and for being such a great advisor.

Special thanks goes to Nicolai Reshetikhin for supporting me and my research, accepting
me as a postdoc at UC Berkeley and being a mentor for me. Many thanks to Giovanni
Felder for his support and for agreeing to be one of my references for my applications. I
also want to thank Jiirg Frohlich for all the enjoyable discussions and for his advice in
some difficult situations.

I want to thank all the people that I have met during my journey as a researcher. In par-
ticular, I want to thank Nezhla Aghaei, Ivan Burbano, Giovanni Canepa, Nicola Capacci,
Ivan Contreras, Elba Garcia-Failde, Alev Hatay, Corina Keller, Bettina Kurth, Pavel
Mnev, Subhayan Roy Moulik, Eugene Rabinovich, Nathalie Rieger, Simone Steinbriichel,
Odiil Tetik, Fridrich Valach, Konstantin Wernli and Donald Youmans.

I want to thank all my master students. In particular, Raphaél Binda, Hugo Burkardt,
Fabio Musio, Davide Saccardo, Aurelia Schumacher and Xiangling Xu.

Many thanks to my parents who always supported me during my journey.

Last but not least, I want to thank my wife Manuela for going through this adventure, in
good times as well as in bad times. Thank you Mushak.

Nima Moshayedi,
Zurich, September 27, 2023

ii



Contents

I Preface

1

Introduction
1.1 Topological Quantum Field Theories (TQFTs) . .. ... ... ... ...
1.1.1  Perturbative TQFTs . . . . . . . . . . ... ... .. ...
1.1.2 Gauge theories . . . . . . . . ..
1.2 The Batalin—Vilkovisky (BV) formalism . . ... ... ... ... .....
1.2.1 Classical BV formalism . . . ... ... ... .. ..........
1.2.2  Quantum BV formalism . . . . ... ... ... ... ...
1.2.3  Example: 2D (abelian) BF theory . . . ... ... ... .. ....
1.2.4 Example: AKSZ theories . . . . . ... ... ... ... ......
1.3 Extension to Manifolds with Boundary: The BV-BFV Formalism . . . . .
1.3.1 Classical BV-BFV formalism . ... ... ... .. .. .......
1.3.2 Quantum BV-BFV formalism . . . .. ... ... ... .......
1.4 Deformation Quantization . . . . . . . . . .. ... ... .. ... ...,
Symplectic groupoids and reduction . . . . .. ..o

Paper Abstracts and Main Results

2.1 4-Manifold Topology, Donaldson—Witten Theory, Floer Homology and Higher
Gauge Theory Methods in the BV-BFV Formalism . . . ... ... ... ..
2.1.1 Abstract . . . . . . . ...
2.1.2 Mainvresults. . . . . . .. L

2.2 Formal Global Perturbative Quantization of the
Rozansky—Witten Model in the BV-BFV Formalism
(Joint with D. Saccardo) . . . . . . . . ...
2.2.1 Abstract . . . . . ...
2.2.2 Mainresults. . . . . . ...

2.3  Convolution Algebras for Relational Symplectic Groupoids and Reduction
(Joint with I. Contreras and K. Wernli) . . . ... .. ... ... .. ...
2.3.1 Abstract . . . . . . ...
2.3.2 Mainresults. . . . . . . . ...

2.4 On Quantum Obstruction Spaces and Higher Codimension Gauge Theories
24.1 Abstract . . . . . ...
2.4.2 Mainresults. . . . . . . ..

2.5 Formal Global AKSZ Gauge Observables and Generalized Wilson Surfaces

iii

[y

O 1O Ut Ut w NN

10

16
16
17

19
19
19
20
20
21
21



2.5.1 Abstract . . . . . . ... 21

252 Mainresults. . . . . . .. 22
2.6 Computation of Kontsevich Weights of Connection and Curvature Graphs

for Symplectic Poisson Structures

(Joint with F. Musio) . . . ... .. ... .. .. . 22
2.6.1 Abstract . . . . . . .. 22
2.6.2 Mainresults. . . . . . . e 22

II Collected Papers 32

4-Manifold Topology, Donaldson—Witten Theory, Floer Homology and
Higher Gauge Theory Methods in the BV-BFV Formalism
Reviews in Mathematical Physics, Volume 33, 2250029, (2022) 33

Formal Global Perturbative Quantization of the Rozansky—Witten Model
in the BV-BFV Formalism
Journal of Geometry and Physics, Volume 174, (2022) 122

Convolution Algebras for Relational Symplectic Groupoids and Reduc-
tion
Pacific Journal of Mathematics, Volume 313.1, pp. 75-102, (2021) 151

On Quantum Obstruction Spaces and Higher Codimension Gauge The-
ories
Physics Letters B, Volume 815, (2021) 183

Formal Global AKSZ Gauge Observables and Generalized Wilson Sur-
faces
Annales Henri Poincaré, Volume 21, pp. 2951-2995, (2020) 204

Computation of Kontsevich Weights of Connection and Curvature Graphs
for Symplectic Poisson Structures
Advances in Theoretical and Mathematical Physics, Volume 25.5, (2021)250

v



Part 1

Preface



Chapter 1

Introduction

1.1 Topological Quantum Field Theories (TQFTSs)

This thesis mainly deals with quantum field theories of topological type. The notion of
a quantum field theory can be understood in many different settings. Two of the most
important notions are perturbative and functorial (see [Ati88] for a detailed discussion).
In this thesis we are mainly interested in the perturbative approach.

1.1.1 Perturbative TQFTSs

In the perturbative setting, we consider functional integrals of the form
7= / et5@ g, (1.1.1)
PEFNM

where F; denotes some “space of fields” depending on some “space-time” manifold M, S
some function on Fy; (usually called the action functional), i the imaginary unit, i some
small parameter and 2 some (possibly ill-defined) measure! on Fy;. If the space of fields
Fyy is e.g. infinite-dimensional (which is the typical case in the setting of quantum field
theory), the measure Z is not defined and hence it is not clear how such an object can
be defined. The way out of this problem is usually to consider a perturbative expansion
in terms of Feynman diagrams (see e.g. [FH65; Pol05]), i.e. to write

7 =~ Zprh”,

n>0 I

where I' denotes a Feynman graph, wr € R denotes the weight associated to I' and ~
means the perturbative expansion when A — 0. In this approach, one considers the
method of stationary phase expansion to expand perturbatively around classical solutions
of S (i.e. solutions to the Euler-Lagrange equations §S = 0) to obtain a formal power
series in h with coefficients given by the weights of the Feynman diagrams. These weights
can be computed in terms of integrals involving a propagator (a.k.a. Green’s function,

!We will sometimes drop the measure & in the notation of such an integral whenever it is clear.



a.k.a. integral kernel) for the corresponding system. The action functional S is typically
assumed to be local, i.e. of the form

S(¢) = /M ZL(¢,00,...,0Np) (1.1.2)

for some integer N € Z~g, where .Z denotes a density on M called the Lagrangian. This
means that £ depends on the field ¢ and its higher derivatives. Let us give the definition
of a topological field theory in this setting:

Definition 1.1.1 (Topological field theory). A classical field theory, described by an
action functional S of the form (1.1.2), is said to be topological if it is independent of
reparametrization and has no local degrees of freedom. In particular, S is independent of
any metric.

Definition 1.1.2 (Topological quantum field theory). A topological quantum field theory
is a functional integral Z of the form (1.1.1), where the actional functional S describes a
classical topological field theory.

1.1.2 Gauge theories

If the classical system carries any symmetries, i.e. if the Lagrangian .Z is invariant under
the action of a Lie group G, we speak of a gauge theory. In this case, the formula for
the stationary phase expansion fails,> and one has to come up with more sophisticated
methods. One of the first developed methods is the Faddeev—Popov ghost method [FP67].
There, one introduces new type of fields, the ghost fields, and considers a graded configu-
ration space of fields in order to show that the integral Z reduces to an integral which is
indeed well-defined. However, this method is only restricted to the case of certain type of
theories (those where the gauge group acts linearly on the space of fields) and hence needs
to be enhanced. Another important approach was given in the construction of BRS(T)?
[BRS74; BRS75; BRS76; Tyu76]. There, one considers the methods of Faddeev—Popov
in a cohomological formalism by formulating the information of the symmetry into a co-
homological vector field ). The gauge invariance then reduce to the fact that the action
functional S is closed with respect to () and the cohomology can be considered since
Q? = 0. This leads to reducing Z to an integral of the form

/ ek (s+Q(D)

where Q(V) is some Q-exact term and ¥ denotes an odd function on the space of fields
Fyy called the gauge-fixing fermion. Actually, it can then happen that even though the

1
det(82S)
that the critical points of S around which we want to expand, all have to be isolated. Unfortunately, this
is never the case for gauge theories since all critical points appear in G-orbits.
3BRST stands for Becchi, Rouet, Stora and Tyutin. The papers by Becchi-Rouet-Stora are indepen-
dent from the work of Tyutin who developed the same formalism by himself. Thus, sometimes it is also
written BRS(T) instead of BRST in order to emphasize this independence.

2The reason is that in the stationary phase formula we have a term of the form . This means



critical points of S are all non-isolated, the ones of S + Q(¥) are all isolated and this is
a good choice of gauge-fixing.

Nevertheless, this method is again only applicable if the theory is of linear nature. As soon
as the theory gets more general both methods fail and need to be adapted. The formalism
that is suitable to use for the general case was provided by Batalin and Vilkovisky and
is called the the Batalin—Vilkovisky (BV) formalism [BV77; BV81; BV83]. There, one
considers a different space of fields Fjs, which is now a Z-graded supermanifold, instead of
Fyr, endowed with an odd symplectic form of degree —1. One also introduces additional
anti-fields which can be seen as the momentum variables for the fields*. In combination
with the cohomological methods of the BRST formalism and with the additional methods
of symplectic geometry, this formalism has proven to be the most powerful formalism in
order to treat gauge theories in the quantum setting. In particular, one can show that

the integral
I M

L

where S denotes an even function on Fj; of degree 0. The gauge-fixing consists in choos-
ing a Lagrangian submanifold L C Fps. The main theorem of Batalin—Vilkovisky (see
also the work of Schwarz [Sch93] for a more mathematical approach) states that under

can be replaced with an integral

certain circumstances, the integral || c erd is independent of the choice of the Lagrangian
submanifold £. In particular, if certain assumptions hold, we can replace

/ s [ ois
L L

whenever one can continuously deform the Lagrangian £ to the Lagrangian £ C Fyy.
The assumption for this is called the quantum master equation (QME) and describes an
algebraic closedness property for the function enS with respect to an operator A, called
the BV Laplacian. This means that if the integral [ c e is not well-defined for some
Lagrangian submanifold £ C Fjs (e.g. Fir), but the QME holds, we can continuously
deform £ to some Lagrangian £’ for which the integral |, o en® is well-defined without
changing the value of the original integral. The BV formalism is restricted to work on
closed space—time manifolds M. Nevertheless, it is important to also consider manifolds
with boundary in order to simplify the gauge formalism on complicated manifolds M by
using cutting—gluing techniques. Such a formalism was provided by Cattaneo, Mnev and
Reshetikhin [CMR14; CMR17]. They used the construction of Batalin—Vilkovisky in the
bulk and combined it with the Hamiltonian approach developed by Batalin, Fradkin and
Vilkovisky (BFV formalism) on the boundary [BF83; BF86; FV75; FV77; FF78]. They
formulated everything in a coherent setting in the classical as well as in the quantum
case for the symplectic cohomological formalism. This perturbative gauge formalism on
manifolds with boundary is known today as the BV-BFV formalism [CM20]. The BV-
BFV formalism is the main formalism considered in this thesis.

4The BV formalism is sometimes also called anti-field formalism.



1.2 The Batalin—Vilkovisky (BV) formalism

1.2.1 Classical BV formalism

Definition 1.2.1 (Lagrangian field theory). A d-dimensional Lagrangian field theory
assigns to a d-manifold M a pair (Fyr, Syr), where Fyy is some space of fields® and
Sy € C°(Fyy) is a function on F)yy, called the action (functional). We say that a
Lagrangian field theory is local if we can express Sys as

Su(6) = /M 2(*¢), ¢ € Fur.

where .Z denotes a Lagrangian density on M and j*¢ denotes the k-th jet prolongation
of the field ¢ € F); as a section of the jet bundle of Fyy.

Definition 1.2.2 (BV manifold). A BV manifold consists of a triple (F,S,w), where
F is a Z-graded® supermanifold”, S an even function on F of degree 0 and w and odd
symplectic form on F of degree —1, such that the classical master equation (CME) holds:

(S,S) = 0. (1.2.1)
Here, ( , ) denotes the odd Poisson bracket of degree +1 induced by w.

Remark 1.2.3. We call F the BV space of fields, S the BV action (functional) and w
the BV symplectic form. The odd Poisson bracket ( , ) is usually called the BV bracket
(or anti-bracket)®. If we consider a vector bundle over M and a section o, we will denote
by gh(o) € Z the Z-grading and by |o| € Zg the parity. If o is a differential form, we will
denote by deg o its form degree.

We also consider the Hamiltonian vector field @) of S, i.e. the unique vector field of degree
+1 satisfying the equation
Low = 0S8,
where § here denotes the de Rham differential on F. It is easy to see that the vector
field @ is actually cohomological, i.e. we have Q> = 0 and moreover, by definition, it
is symplectic, i.e. we have Low = 0. Here L denotes the Lie derivative. Note that, by
definition, we have that @) = (S, ) and hence by the CME (1.2.1) we get QS = 0. We
will call Q the BV charge®.

Definition 1.2.4 (BV theory). A d-dimensional BV theory is the assignment of a closed
compact, connected d-manifold M to a BV manifold (Fas, Spr, war).

5 An important class of examples of Fys is given by the space of sections of a vector bundle over M,
e.g. vector fields on M, differential forms on M. However, it can be much more complicated such as the
space of connections or metrics on M.

SThe Z-grading is called the ghost number in the physics literature according to the construction by
Faddeev—Popov [FP67].

"The supermanifold structure induces an additional Z-grading which is referred to as parity, often
called odd and even.

8The BV bracket is usually denoted by round brackets ( , ) instead of { , } in order to emphasize
the fact that it is an odd Poisson bracket. This notation is due to the original notation by Batalin and
Vilkovisky [BV8&1].

9The cohomological vector field @ is the same as the one in the BRST formalism [BRS74; BRS75;
Tyu76] measuring the symmetries of the theory, thus often also called the BRST charge.



1.2.2 Quantum BV formalism

In the quantum setting we consider an operator A on functions on the BV space of
fields F, denoted by Dens2(F), with the property that A? = 0. To be more precise,
let o € Dens%(]-' ) be some nowhere-vanishing reference half-density on F. We can then
define A, f = éA%(fa), where Az denotes the canonical operator on Dens%(]-“) that
squares to zero. Moreover, we have that

As(fg) =Dofg* fAcgE(fr9), f.g€CT(F).

This operator is canonical in the finite-dimensional case [Khu04] and needs to be properly
regularized in the infinite-dimensional setting. We will just write A instead of A, when-
ever ghe reference half-density is understood and sometimes we will also write A instead
of A2 whenever it is understood. The operator A is often called the BV Laplacian or
BYV operator. On an odd-symplectic supermanifold (M, w) with local coordinates (z;, 6%),
where z; denote the even coordinates and #° denote the odd coordinates, it is given by

In particular, we have
1
Af = idiv(f, ), f€CT(F). (1.2.2)

Theorem 1.2.5 (Batalin—Vilkovisky—Schwarz[BV81; Sch93]). Consider two half-densities
fyg on an odd-symplectic supermanifold (M,w). Then

(1) if f = Ag (BV exact), we get that

| i=] a0
LCM LCM

for any Lagrangian submanifold L C M.
(2) if Af =0 (BV closed), we get that

d
dt LiCM

f:07

for any continuous family (L) of Lagrangian submanifolds of M. In particular, when
two Lagrangian submanifolds £, C M and Lo C M can be continuously deformed

/ / .

Remark 1.2.6. Note that in the finite-dimensional case, when f is a half-density, then
its restriction to a Lagrangian submanifold £ makes it a density f| on L.



For the setting of quantum gauge field theories, we are mainly interested in the case
where our odd-symplectic supermanifold is given by a tuple (F,w) and the half-density f
is of the form en¥p € Dens? (F), where p denotes a reference A-closed, nowhere-vanishing
half-density on F. Then, when considering an integral of the form [ r en¥p, the choice of
Lagrangian submanifold corresponds to choosing a gauge!. Note that the second point of
Theorem 1.2.5 is then a condition for gauge-independence of the classical theory described
by the action S. In the case of interest, we want thus

i 1
Aer® =0 5(5,8) —ihAS =0. (1.2.3)

Equation (1.2.3) is called the quantum master equation (QME). Note that in the semi-
classical limit 2 — 0 we get the CME. When S depends on A as a formal power series
S = So+ hSy + h%Sy + .-+, we can try to solve the QME order by order in 4. When
we consider the BV action S, which gives a solution to the CME (1.2.1), we need to
make sure that AS = 0. This is true for many different theories of interest, but is not
immediate in general. In general, we need to find a suitable regularization in order to
make the QME hold. Note also that by Equation (1.2.2), we have

AS = %din.

1.2.3 Example: 2D (abelian) BF theory

Let M be a connected closed 2-manifold and let G be a Lie group with Lie algebra g.
Let P — M be a principal G-bundle over M. Consider the space of connection 1-forms
A = QY(M,adP) with values in the adjoint bundle of P. We define the space of fields
for 2-dimensional BF theory to be

Fy = A® QY (M, ad* P),

where ad* P denotes the coadjoint bundle of P. The BF action is given by

Sy = /M<B,FA> - /M ((B,dA> + ;(3,[A,A]>>, (1.2.4)

where (A, B) € Fiy and Fu := dA + [A, A] denotes the curvature 2-form of the connec-
tion 1-form A. We have denoted by ( , ) the pairing between the forms of adjoint and
coadjoint type as an extension of the pairing between g and g*. It is easy to see that
the critical points of Sy, are given by pairs (A, B) € Fj; where A is a flat connection
and d4B = 0, where d4 denotes the covariant derivative with respect to the connection
A. Denote by G the group of gauge transformations of the space of connection 1-forms
on P and let AY denote the gauge transformed connection for a gauge transformation
g € G. Then we can consider the extension to the space of fields Fjs by the semi-direct

0When choosing a gauge-fixing fermion ¥, the case where we can reduce to the cohomological setting
of the BRST formalism is given by taking the Lagrangian submanifold to be the graph of the differential
of the gauge-fixing fermion, i.e. we take £ = graph(dW¥).



product G := G x OO(M,ad* P), where G acts on Q°(M,ad*P) by coadjoint action. It is
then not hard to see that the BF' action (1.2.4) is invariant with respect to the gauge
transformation

A A9 (1.2.5)
B B = Ad? 1B+ dasf, (1.2.6)
i.e. we have
Sar(A9, B9 :/ ((B(g’f),dAg> + %(B(g,f)7 [Ag,Ag})>
M

* 1 *
_ /M <<Adg_1B Fdaf, dA9> +5 <Adg_1B +duo f, [A9, Ag]>>
1
— [ (1.4 + gy 1aa)) = s )
M
If g = R, we speak of abelian BF theory. In this case we have

Fy = Q1(M) @ Q°(M),

and

SM:/ B AdA.
M

The critical points here are pairs (A, B) € Fjs of the form dA = 0 and dB = 0. An
example of 2-dimensional abelian BF' theory is the trivial Poisson sigma model. There,
we consider a 2-dimensional source manifold!! 3 and some target manifold M. The space
of fields F); is given by vector bundle maps between the tangent bundle T of the source
and the cotangent bundle T*M of the target. The fields are thus tuples (X,n) where
X:Y¥— Misamapandn e I'(X, T"E® X*T*M) is a 1-form with values in the pullback
bundle X*T*M. The action is then of the form

Sx ZZ/??/\dX.
by

The BV formulation of 2-dimensional BF' theory is not hard to construct. The BV space
of fields associated to the 2-manifold M is given by

Far = Q% (M,adP)[1] ¢ Q°(M,ad*P),
where Q°® = @?:0 V. The superfields are tuples (A,B) € Fys of the form

A:=c+ A+ BT, (1.2.7)
B:=B+ A" +ct, (1.2.8)

1Note that here ¥ takes the place of M before. We have chosen this notation here because of historical
reasons.



where gh(c) = 1, gh(A) = gh(B) = 0, gh(A") = gh(B*) = —1, gh(c¢") = —2. Moreover,
deg(c) = deg(B) = 0, deg(A) = deg(A") = 1, deg(B") = deg(c™) = 2. For a classical
field ¢, we have denoted by ¢ its anti-field with the property gh(¢) + gh(¢™) = —1 and
deg(¢) + deg(¢™) = 2. Note that, we have denoted by c the ghost field. We can define
the curvature of the superconnection A by F A defined by

laal,

Fa = Fa, +da,a+ 5

where here [ , | denotes now the induced bracket on the super Lie algebra, Ay is some
reference connection 1-form and a := A — Ay € Q*(M,adP)[1]. The BV action is then
given by

Su(A,B) = /M<B, Fa), (1.2.9)

where ( , ) here denotes the pairing between the forms of adjoint and coadjoint type as
an extension of the pairing between g and g* with shifted degree, i.e. with additional
sign coming from the Z-grading. It is then not hard to see that Sjs satisfies the CME
(Sar, Savr) = 0. Note also that QaA = (Syr, A) = Fa and QB = (Sy,B) =daB. In
particular, the cohomological vector field of degree +1 is given by

5 5
Qum = (Sur, ) = /M (dAM +dB5B>

B 5 5 L 5 L6 5

The BV symplectic form of degree —1 is given by
W :/ 5A/\5B:/ (e Adct +6ANSAT +6BAGBT).
M M

Remark 1.2.7. The general structure of BF theory can be easily generalized to arbitrary
dimension.

1.2.4 Example: AKSZ theories

An important class of BV theories were developed by Alexandrov, Kontsevich, Schwarz
and Zaboronsky in [Ale+97] known today as AKSZ theories. They formulated a method
how to obtain a solution of the CME by considering a special form for the space of
fields, namely, mapping spaces between supermanifolds. Let us first describe the ingredi-
ents needed to formulate these type of theories. Let M be a closed, connected, oriented
d-manifold and consider a differential graded symplectic manifold (M, w) where the sym-
plectic form is exact, i.e. w = da, and of degree d — 1. Moreover, let © be a function
on M of degree d such that {©,0}, = 0, where { , }., denotes the Poisson bracket of
degree 1 + d induced by w. Moreover, consider the Hamiltonian vector field @) for the
Hamiltonian function © which is cohomological by definition, i.e. Q? = 0. Define the
space of fields as
FESZ .— Map(T[1]M, M).



Using the symplectic structure on M, we can construct a symplectic structure on F ](‘}KSZ
by transgression. Namely, we have a diagram

Map(T[1]M, M) x T[1]M % M

Map(T[1]M, M)

where ev denotes the evaluation map and p the projection onto the first factor. Thus, on
the level of forms, we can define a transgression map T: Q*(M) — Q°*(Map(T'[1|M, M))
by

T(n) := previn = / pev'n, n € Q' (M)
T[1M

where g is the standard Berezinian on T'[1]JM. Hence, we define a symplectic form on
fﬁKSZ by

wyr = T(w) = / pevw,
M

where w is the symplectic form on M. Note that since w was of degree d — 1, we get that
wyys is of degree (d — 1) —d = —1 which is the correct degree for a BV symplectic form.
We can define a cohomological vector field on the mapping space as the sum of the lift of
the de Rham differential on M and the lift of the cohomological vector field on M:

QM ::&]\\/[_{'@7

where the hats denote the lift to the mapping space. The BV action is then constructed
by using the primitive « of w and the Hamiltonian function ©. We define

SORSZ .= L@T(O&) + T(O).

It is then not difficult to see that S]‘\}KSZ is indeed of degree 0 and satisfies the CME.

Remark 1.2.8. Many interesting theories are of AKSZ type, such as e.g. Chern—Simons
theory [CS74; Wit89; AS91; AS94], the Poisson sigma model [Ike94; SS94; CFO0la], or
Witten’s A- and B-twisted sigma models [Wit88b; Ale+97]. The most important one
for the purposes of this thesis are so-called BF-like theories, which are deformations of
abelian BF theory.

1.3 Extension to Manifolds with Boundary: The BV-BFV
Formalism

1.3.1 Classical BV-BFYV formalism

In the BV formalism the source manifold M was always assumed to have empty boundary
(i.e. OM = @). In order to overcome this and still make sense of a gauge formalism for
manifolds with boundary, one couples the Lagrangian approach of the BV theory in

10



the bulk to the Hamiltonian approach of the BFV theory'? on the boundary such that
everything is coherent at the end. The coupling of bulk and boundary was considered in
the classical setting first in [CMR14].

Definition 1.3.1 (BFV manifold). A BFV manifold is a quadruple
(F2,w?,8%,Q%

such that F? is a Z-graded supermanifold, S? is an odd function on F? of degree +1, w is
an even symplectic form on F? of degree 0 and Q? is a cohomological vector field on F? of

degree +1 such that it LQawa = 689, Note that we than get that {S? S%} o = 0, where

{ , },o denotes the even Poisson bracket of degree 0 induced by the symplectic form w?.

We say that a BFV manifold is ezact, if the symplectic form is exact, i.e. w? = §a?.

Remark 1.3.2. We call 79 the BFV space of fields, S? the BFV action (functional), w®
the BFV symplectic form and Q° the BFV charge. If we consider the exact case, we will
call o the BFV 1-form.

Definition 1.3.3 (BV-BFV manifold over exact BFV manifold). A BV-BFV manifold
over an exact BFV manifold (F?,w? 89, Q%) is a quintuple

(F,W,S,Q,p),

where F is a Z-graded supermanifold, S is an even function on F of degree 0, w is an odd
symplectic form on F of degree —1, @) is the cohomological vector field of degree +1 and
p: F — F? is a surjective submersion, such that

(1) tow = 0S8 + p*a?,

(2) opQ = Q°.

Remark 1.3.4 (modified CME). It is easy to see that the conditions of Definition 1.3.3
implies the modified classical master equation (mCME)

QS =p* (287 — 1goa?). (1.3.1)

Note that in the closed setting, we have required the CME Q& = 0, whereas in the
setting with boundary it is not zero anymore, but given entirely in terms of boundary
data. We call condition (1) the modified CME [CMR14]. Condition (2) tells us that the
BV charge is projectable onto the BFV charge Q°. For examples and more insights on
the classical BV-BFV formalism we refer to [CMR14; CM20]. Note also that if 79 is a
point, Definition 1.3.3 reduces to the one of a BV manifold.

Definition 1.3.5 (BV-BFV theory). A BV-BFV theory assigns to each d-manifold M
with boundary (d — 1)-manifold OM a BV-BFV manifold

(FMawMusMaQM7pM)7

with pa: Fyu — ]:ng over an exact BV-BFV manifold (]:ngng = 5agM,SgM, QgM).

12The letters BFV stand for Batalin—Fradkin—Vilkovisky due to their work [BF83; BF86; FV75; FVT77]
where they developed the Hamiltonian setting.
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1.3.2 Quantum BV-BFV formalism

The quantum BV-BFYV formalism, for a given BV-BFV theory, is given by the following

data:

(4)

(i)

(iii)

(iv)

1.4

The state space HE, a graded vector space associated to some (d — 1)-manifold ¥
with a choice of a polarization™ P on ]:g . The state space is constructed through
the methods of geometric quantization (see e.g. [Kir85; Wo097; BW12]) for the
symplectic manifold (F2,w?).

The quantum BFYV operator Qg, a coboundary operator on the state space 7-[72)
which is determined as a quantization of the BFV action Sg.

The space of residual fields Vs, a finite-dimensional graded manifold endowed with
a symplectic form of degree —1 associated to a d-manifold M and a polarization P
on ]-"g 1+ Moreover, we can define the graded vector space

HY = HZ))M@Dens% V),

where Dens%(VM) denotes the space of half-densities on Vjs. This graded vector
space is endowed with two commuting coboundary operators

AZ\D/I =id® AVM,
where Ay, denotes the canonical BV Laplacian on half-densities on residual fields.

A state @M € ﬁﬂ that satisfies the modified quantum master equation (mQME)
(m@ + ﬁﬁ) -

This equation is the quantum version of Equation (1.3.1).

Deformation Quantization

The theory of deformation quantization was proposed by Dirac [Dir30] and Weyl [Wey31]
in order capture the mathematical transition form the commutative algebra of classical
observables to the non-commutative algebra of quantum observables. These ideas were
carried further by the operator quantization and the exact quantization question. It was
Groenewold [Gro46] who showed that an exact quantization is actually not possible in
general and thus the question for deformations came into play. These mathematical
questions have been made popular by Bayen—Flato—Fronsdal-Lichnerowicz—Sternheimer
[Bay+78a; Bay+78b]. In particular, one would like to map the classical commutative

13 A polarization is the choice of an involutive Lagrangian subbundle of the tangent bundle of a manifold.
In our case, P is an involutive Lagrangian subbundle of TF32.
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product on smooth functions to a deformation of it by a small deformation parameter.
Usually, the deformation parameter is A. Thus, for two smooth functions f and g we have

fg frg:=Ffg+ > Bilf 9)h",

k>0

where the By denote some bidifferential operators with certain additional properties. The
power series on the right has to be understood in a formal way, i.e. we are not interested
in convergence issues. The phase space arising in the classical setting is usually given
by a symplectic manifold (M,w). In particular, when considering the space of classical
observables C°°(M), it can be endowed with a Poisson bracket { , } induced by the
symplectic structure w. A requirement in the definition of a star product is that the By
are given in terms of the Poisson bracket { , }. We say that x is a deformation of the
pointwise product on C*°(M) in direction of { , }. The local case of (R?",wp), where
wo =D j<ic i<n dq’ Adp/ is the standard symplectic form with (g;, p;) coordinates in R?",
there is a construction of a star product proposed by Moyal [Moy49]. The globalization
to any symplectic manifold was constructed later independently by De Wilde-Lecomte
[DL83] and Fedosov [Fed94]. The general construction, i.e. the case when the Poisson
bracket is coming from a general Poisson structure 7, was given by Kontsevich [Kon03].
He gave an explicit formula for a star product which was formulated for the local case
when starting with a Poisson manifold (R, 7). The underlying objects in Kontsevich’s
formula are graphs (also called Kontsevich graphs), which in fact are related to Feynman
diagrams for a certain perturbative quantum field theory, in particular the Poisson sigma
model [Tke94; SS94; CF0lc| on the 2-dimensional disk, as it was shown by Cattaneo—
Felder [CF00]. Each graph contributes a weight (a real number), which is given in terms of
configuration space integrals, i.e. integrals over configuration spaces of points on the upper
half-plane. Actually, Kontsevich gave a much more general result in [Kon03], which is
known as formality. He showed that the differential graded Lie algebra of multidifferential
operators endowed with the Gerstenhaber bracket and the Hochschild differential is Lo-
quasi-isomorphic to the differential graded Lie algebra of multivector fields endowed with
the Schouten—Nijenhuis bracket and the zero differential. This result implies the result
for deformation quantization for the case of bidifferential operators and bivector fields.
Another approach to prove Kontsevich’s formality theorem was proposed by Kontsevich
and Tamarkin in [Kon99] and [Tam03], respectively, by using the notion of operads. This
method has several advantages and showed to be useful in order to prove (higher versions
of) Deligne’s conjecture [Del95]. The gobalization of Kontsevich’s star product to any
Poisson manifold (M, 7) was given by Cattaneo-Felder-Tomassini [CFT02]. In their
approach, they used similar techniques as Fedosov in [Fed94] for the Poisson case mixed
with methods of formal geometry developed by Gelfand—Fuks [GF69; GF70], Gelfand—
Kazhdan [GK71] and Bott [Bot10]. In particular, they used Kontsevich’s Ls,-morphism
to construct a connection and curvature term and showed that these satisfy a similar
globalization equation as in [Fed94].
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Symplectic groupoids and reduction

The field-theoretic formulation of Kontsevich’s star product leads to important insights
in the field of symplectic and Poisson geometry. In particular, the Poisson sigma model
turns out to carry interesting geometric structure when considering its phase space, as it
was shown by Cattaneo—Felder [CF01d]. They show that the phase space, given by the
space of leaves for a Hamiltonian foliation, has a natural groupoid structure and is in fact
given by a symplectic groupoid if it is a manifold. This is considered after gauge-reduction.
However, the case before reduction yields also an interesting structure as it was shown
by Cattaneo—Contreras [CC13; CC15]. They have formulated an axiomatic approach
to this construction and called the resulting mathematical object a relational symplectic
groupoid (RSG). An RSG is given by some (infinite-dimensional) Banach manifold G
together with some Lagrangian relations Ly C G,Ls C G X G, L3 C G X G X G and an
involution operation Z. Interpreting the Lagrangian relations as 2-dimensional disks with
a particular way of choosing polarization and boundary conditions on the boundary, it
was shown in [CMW17] that the quantization of the Moyal star product, following [CFO00],
can be constructed by using the BV-BFV formalism. It is expected that the general case
of Kontsevich’s star product can also be constructed with techniques of cutting—gluing.
In [Haw08], Hawkins showed how to quantize a symplectic groupoid using methods of
geometric quantization together with concepts of C*-algebras. A first step towards the
quantization for the relational case has been done in [CMW21] which is part of this thesis.
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Chapter 2

Paper Abstracts and Main Results

2.1 4-Manifold Topology, Donaldson—Witten Theory, Floer
Homology and Higher Gauge Theory Methods in the
BV-BFYV Formalism

2.1.1 Abstract

We study the behavior of Donaldson’s invariants of 4-manifolds [Don87] based on the
moduli space of anti self-dual connections (instantons) in the perturbative field theory
setting where the underlying source manifold has boundary. It is well-known that these
invariants take values in the instanton Floer homology groups of the boundary 3-manifold
[F10o89; Don02]. Gluing formulae for these constructions lead to a functorial topological
field theory description according to a system of axioms developed by Atiyah [Ati87],
which can be also regarded in the setting of perturbative quantum field theory, as it
was shown by Witten [Wit88a], using a version of supersymmetric Yang-Mills theory,
known today as Donaldson—Witten theory. One can actually formulate an AKSZ model
[Ale++97] which recovers this theory for a certain gauge-fixing. We consider these con-
structions in a perturbative quantum gauge formalism for manifolds with boundary that
is compatible with cutting and gluing, called the BV-BFV formalism [CMR14; CMR17],
which was recently developed by Cattaneo, Mnev and Reshetikhin. We prove that this
theory satisfies a modified Quantum Master Equation and extend the result to a global
picture when perturbing around constant background fields. These methods are expected
to extend to higher codimensions and thus might help getting a better understanding
for fully extendable n-dimensional field theories (in the sense of Baez—Dolan [BD95] and
Lurie [Lur09]) in the perturbative setting, especially when n < 4. Additionally, we relate
these constructions to Nekrasov’s partition function [Nek03] by treating an equivariant
version of Donaldson-Witten theory in the BV formalism [Bon+20]. Moreover, we discuss
the extension, as well as the relation, to higher gauge theory and enumerative geometry
methods, such as Gromov-Witten [Gro85; Wit91] and Donaldson-Thomas theory [DT98]
and recall their correspondence conjecture for general Calabi-Yau 3-folds. In particu-
lar, we discuss the corresponding (relative) partition functions, defined as the generating
function for the given invariants, and gluing phenomena.
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2.1.2 Main results

The purpose of this paper is to provide the reader with:

(1) a concise overview of the field of 4-manifold topology, both from the pure mathe-
matical and field-theoretic point of view. Especially, to explain some of the relations
of the literature as well as to new developements such as the BV-BFV techniques
developed recently.

(73) a concise overview of (instanton and Lagrangian [F1o88]) Floer (co)homology and
how it fits into the 4D-3D bulk-boundary correspondence through Chern—Simons
theory [CS74; AS91; AS94].

(7i7) a detailed formulation of a (global) perturbative quantization of the AKSZ for-
mulation of Donaldson—Witten theory on source manifolds with boundary which
fits into the gauge theory setting of the BV-BFV formalism by using methods of
configuration space integrals.

(iv) a short discussion of the quantization of higher defect theories through the recently
developed methods of shifted (symplectic or Poisson) structures.

(v) aconcise overview of the relation to Seiberg-Witten theory [SW94b; SW94a] through
Nekrasov’s construction by using equivariant methods of localization and an equiv-
ariant version of the BV formalism in combination with Donaldson-Witten theory
and a description of the relation with Donaldson’s invariants through an equivariant
version of instanton Floer (co)homology [AB96].

(vi) a description of the relation to constructions of Donaldson—-Thomas theory.

(vii) a concise overview of the conjectured correspondence of Donaldson—Thomas theory
and Gromov—Witten theory and connections to other fields, such as e.g. topological
recursion or supergeometry [BL75; Lei80; CS11; CM20].

2.2 Formal Global Perturbative Quantization of the
Rozansky—Witten Model in the BV-BFYV Formalism
(Joint with D. Saccardo)

2.2.1 Abstract

We describe a globalization construction for the Rozansky—Witten model in the BV-BFV
formalism for a source manifold with and without boundary in the classical and quantum
case. After having introduced the necessary background, we define an AKSZ sigma model,
which, upon globalization through notions of formal geometry extended appropriately to
our case, is shown to reduce to the Rozansky—Witten model. The relations with other
relevant constructions in the literature are discussed. Moreover, we split the model as a
BF-like theory and we construct a perturbative quantization of the model in the quan-
tum BV-BFV framework. In this context, we are able to prove the modified differential
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Quantum Master Equation and the flatness of the quantum Grothendieck BFV operator.
Additionally, we provide a construction of the BFV boundary operator in some cases.

2.2.2 Main results

In this paper, we continue the effort in analyzing TQFTs within the quantum BV-BFV
formalism by studying the Rozansky—Witten (RW) theory. The RW model is a topological
sigma model with a source 3-dimensional manifold Y3, which was introduced by Rozansky
and Witten in [RW97] through a topological twist of a 6-dimensional supersymmetric sigma
model with target a hyperKéahler manifold M. Of particular interest is the perturbative
expansion of the RW partition function. Rozansky and Witten obtained this expansion
as a combinatorial sum in terms of Feynman diagrams I', which are shown to be trivalent
graphs:

Zn(Ss) =Y br(M)Ip(Ss), (2.2.1)

r

the bp(M) are complex valued functions on trivalent graphs constructed from the target
manifold, while Ir(33) contains the integral over the propagators of the theory and de-
pends on the source manifold. There are evidences which suggest that Ir(X3) are the LMO
invariants of Le, Murakami and Ohtsuki [LMO98]. On the other hand, Rozansky and
Witten showed that br (M) satisfy the famous AS (which is reflected in the absence of tad-
poles diagrams) and IHX relations. As a result, bp(M) constitute the Rozansky—Witten
weight system for the graph homology, the space of linear combinations of equivalence
classes of trivalent graphs (modulo the AS and THX relations). This means that the RW
weights can be used to construct new finite type topological invariants for 3-dimensional
manifolds [Bar95].

The main contribution of this paper is to add the RW theory to the list of TQFTs which
have been studied successfully within the globalized version of the quantum BV-BFV
framework [CMW19]. This will be a step towards the higher codimension quantization of
RW theory, which will possibly lead to new insights towards the 3-dimensional correspon-
dence between CS theory [Wit89] and the Reshetikhin-Turaev construction [RT91] from
the point of view of (perturbative) extended field theories described by Baez—Dolan [BD95]
and Lurie [Lur09]. Moreover this could also help in understanding (generalizations of a
globalized version of the) Berezin—Toeplitz quantization (star product) [Sch10] through
field-theoretic methods using cutting and gluing similarly as it was done for Kontsevich’s
star product [Kon03] in the case of the Poisson sigma model in [CMW20].

We construct the BV-BFV extension of an AKSZ model having a 3-dimensional manifold
Y3 (possibly with boundary) as source and a holomorphic symplectic manifold M as target
with holomorphic symplectic form 2. Following [Kap99], we define a formal holomorphic
exponential map . This is used to linearize the space of fields of our model obtaining

Frpe =0 (83) @ THOM, (2.2.2)

where Q°(X3) denotes the complex of de Rham forms on the source manifold and T’ M
is the holomorphic tangent space on the target. In order to vary the constant solution
around which we perturb, we define a classical Grothendieck connection which can be
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seen as a complex extension of the Grothendieck connection used in [CMW19; CMW20].
In this way, we construct a formal global action for our model, i.e.

~ 1 n A . ~ ~ . . ~ ~ -
Svya = / <2QinZdXJ v (RZES) (23 X) QX! da? + ( gg),(x;X)Qiled:cj> (2.2.3)
33 J J

with X' the coordinates of the spaces of fields .7?23@ organized as superfields, x is the con-
stant map over which we expand, (le) ~and <R123>7 the components of the Grothendieck
J J

connection given by

i : 9o\ 11" 0P
Rj(z;y)da? := _[<8y) ] ——da’,

Ox)
R I;a ) (2.2.4)
Ri(z;y)da? := —[(90) ] idxj,
J dy p 0T

where {y’} are the generators of the fiber of S/yTn.(TVLOM ). The formal action is such
that the differential Classical Master Equation (ACME) is satisfied, namely

~ 1 ~ ~
dMSE:;,z + 5(823,177823,27) — 07 (225)

with dy; = d; + dz the sum of holomorphic and antiholomorphic Dolbeault differentials
on M. The dCME presented here is different from the one presented in e.g. [BCM12;
CMW19; CMW20] since there dj; was the de Rham differential on the body of the target
manifold.

The globalized model is then shown to be a globalization of the RW model [RW97],
which reduces to the RW model itself in the appropriate limits. Our globalization of the
RW model is compared with other globalization constructions as the one developed in
[CLL17] for a closed source manifold by using Costello’s approach [Cosllb; Coslla] to
derived geometry [Toé06; Toéld; Pan+13], the procedure in [Stel7] which extends the
work of [CLL17] to manifolds with boundary and the procedure in [QZ10; KQZ13]. In
general, our model is compatible with all these apparently different views. In particular,
we give a detailed account of the similarities between our method and the one in [CLL17],
thus confirming the claim in Remark 3.6 in [CMW19] about the equivalence between
Costello’s approach and ours.

In order to quantize the theory according to the quantum BV-BFV formalism, we formu-
late a split version of our globalized RW model. Since the globalization is controlled by
an L.o-algebra, following [Stel7] and inspired by the work of Cattaneo, Mnev and Wernli
for Chern—Simons theory [CMW17], we assume that we can split the Lo-algebra in two
isotropic subspaces. The action of the globalized split RW model is then

88,0 = <B, DA> + <<RZ3) (z;A +B)da? A + B> + <<RE3)T($; A +B)dd? A + B>,
J J

N (2.2.6)

where (—, —) denotes the BV symplectic form on the space of fields .7-"28337:0 with values in

the Dolbeault complex of M, A’ and B; are the fields found from the splitting of the field
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Xi, and D denotes the superdifferential. Note that d is the de Rham differential on the
target, not on the source.

Finally, we quantize the globalized split RW model within the quantum BV-BFV formal-
ism framework. Here, we obtained the following two theorems.

Theorem 2.2.1 (Flatness of the qGBFV operator). The quantum Grothendieck BFV
(qGBFV) operator Vg for the anomaly-free globalized split RW model squares to zero,
1.€.

(V)2 =0, (2.2.7)
where
‘ ‘
h h

with dys the sum of the holomorphic and antiholomorphic Dolbeault differentials on the
target M, AVSM the BV Laplacian and Qpx, the full BF'V boundary operator.

Vo =dy — ihAVz3,z + 9623 =d; +dz — ihAyzg’z + 9823, (2.2.8)

Theorem 2.2.2 (mdQME for anomaly-free globalized split RW model). Consider the
Jull covariant perturbative state s, , as a quantization of the anomaly-free globalized

split RW model. Then

7

(dM — iy, + hﬂazg>1l323,x =0. (2.2.9)
We also provide an explicit expression for the BFV boundary operator up to one bulk
vertices in the B-representation by adapting to our case the degree counting techniques of
[CMW19]. Unfortunately, due to some complications related to the number of Feynman

rules, we are not able to provide an explicit expression of the BFV boundary operator in
the B-representation in the case of a higher number of bulk vertices.

2.3 Convolution Algebras for Relational Symplectic Groupoids
and Reduction
(Joint with I. Contreras and K. Wernli)

2.3.1 Abstract

We introduce the notions of relational groupoids and relational convolution algebras. We
provide various examples arising from the group algebra of a group G and a given normal
subgroup H. We also give conditions for the existence of a Haar system of measures on a
relational groupoid compatible with the convolution, and we prove a reduction theorem
that recovers the usual convolution of a Lie groupoid.

2.3.2 Main results

We study various examples of relational convolution algebras that arise from extending
Haar systems of measures to relational groupoids, and we prove the main result: a re-
duction theorem for relational convolution algebras, which recovers the usual groupoid
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convolution algebra. This is also the first step towards proving the “quantization com-
mutes with reduction” conjecture by Guillemin and Sternberg [GS82] in the setting of
groupoid quantization.

In particular, this result serves as the first step towards reduction of its quantization
(convolution algebras for relational groupoids). The next step is to construct the po-
larized algebra for relational symplectic groupoids. In addition to this, we hope to use
relational convolution algebras to recover the C*-algebra quantization of Poisson pencils
via reduction, recovering the results obtained in [Bon+14] regarding the Bohr-Sommerfeld
groupoid.

The second main idea behind this paper is that the relational symplectic groupoids could
be used to study the relation between groupoid quantization and deformation quantization
in a field-theoretic way, as follows. Relational symplectic groupoids were introduced
in [CC15; CC13] in order to describe the groupoid structure of the phase space of a
2-dimensional topological field theory, the Poisson Sigma Model (PSM) [Ike94; SS94;
CFO01b], before gauge reduction [CF01d]. In [CF00], Cattaneo and Felder have shown that
the perturbative quantization of the PSM using the Batalin—Vilkovisky (BV) formalism
[BV77; BV81; BV83] yields Kontsevich’s star product [Kon03], a deformation quantization
associated to any Poisson manifold.

Recently [CMW17], this formalism has been applied to the relational symplectic groupoid
for constant Poisson structures, linking the BV-BFV perturbative quantization of the
relational symplectic groupoid and Kontsevich’s star product in this case by methods of
cutting and gluing for Lagrangian evolution relations. Another motivation to this paper is
the connection between groupoids and Frobenius objects in a dagger monoidal category.
For instance, a representative example of a relational convolution algebra is the relational
group algebra, a version up to equivalence, of the group algebra of a group G. Group
algebras are particular cases of Frobenius algebras, so relational convolution algebras
provide a new class of examples of Frobenius objects in the category of sets and relations,
which are also in correspondence with groupoids [HCC13; MZ20].

2.4 On Quantum Obstruction Spaces and Higher Codimen-
sion Gauge Theories

2.4.1 Abstract

Using the quantum construction of the BV-BFV method for perturbative gauge theories,
we show that the obstruction for quantizing a codimension 1 theory is given by the second
cohomology group with respect to the boundary BRST charge. Moreover, we give an idea
for the algebraic construction of codimension k quantizations in terms of Ej-algebras and
higher shifted Poisson structures by formulating a higher version of the quantum master
equation.
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2.4.2 Main results

We show that the obstruction for the quantization of manifolds with boundary is con-
trolled by the second cohomology group with respect to the cohomological vector field on
the boundary fields. Moreover, we formulate a classical extension of higher codimension
k theories as in [CMR14] which we call BF¥V theories. The coupling for each stratum,
in fact, is easily extended in the classical setting (BV-BF*V theories), whereas for the
quantum setting it might be rather involved. In order to formulate a fully extended
topological quantum field theory in the sense of Baez-Dolan [BD95] or Lurie [Lur09],
the coupling is indeed necessary. Since one layer of the quantum picture, namely the
quantum master equation, is described in terms of deformation quantization, we can for-
mulate an algebraic approach for the higher codimension extension in terms of Eg- and
Pi-algebras [Lurl7; Safl18]. Here Ej denotes the oc-operad of little k-dimensional disks
[Lurl7; Kon99; FW20]. Moving to one codimension higher corresponds to the shift of the
Poisson structure by —1 since the symplectic form is shifted by +1 (see [Pan+13] for the
shifted symplectic setting). This is controlled by the operad Py on codimension k& which
corresponds to (1 — k)-shifted Poisson structures [Cal417; Saf17]. Using this notion, we
give some ideas for the quantization in higher codimension. Moreover, if one uses the
notion of Beilinson-Drinfeld (BD) algebras [BD04; CG16], in particular BDg- and BD;-
algebras, one can try to consider the action of Py = BDy/h (for A — 0) on P; = BD; /h
(for A — 0) in order to capture the algebraic structure of the classical bulk-boundary
coupling (see also [Safl7, Section 5]). Here = denotes an isomorphism of operads. In
general, one can define the BID; operads to provide a certain interpolation between the
P, and Ey, operads in the sense that they are graded Hopf [LP08] differential graded (dg)
operads over K[Ah], where i is of weight +1 and K a field of characteristic zero, together
with the equivalences

BDy/h=2Pp,  BDy[h '] = E((R).

The formality of the E; operad [Tam03; Kon99; FW20] implies the equivalence BDy =
Pi[7]. There is a formulation of a BDs-algebra in terms of brace algebras [CW15; Safl8§]
and one can show that there is in fact a quasi-isomorphism Py = BDs/h (for A — 0).
However, the notion of a BDg-algebra for £ > 3 in terms of braces is currently not defined,
but there should not be any obstruction to do this. Using these operads, one can define
a deformation quantization of a Py i-algebra A to be a BDy, -algebra Aj; together with
an equivalence of Py j-algebras A;/h = A (see [Cal+17; MS18] for a detailed discussion).

2.5 Formal Global AKSZ Gauge Observables and General-
ized Wilson Surfaces

2.5.1 Abstract

We consider a construction of observables by using methods of supersymmetric field theo-
ries. In particular, we give an extension of AKSZ-type observables constructed in [Mnel5]
using the Batalin—Vilkovisky structure of AKSZ theories to a formal global version with
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methods of formal geometry. We will consider the case where the AKSZ theory is “split”
which will give an explicit construction for formal vector fields on base and fiber within
the formal global action. Moreover, we consider the example of formal global generalized
Wilson surface observables whose expectation values are invariants of higher-dimensional
knots by using BF field theory. These constructions give rise to interesting global gauge
conditions such as the differential Quantum Master Equation and further extensions.

2.5.2 Main results

The aim of this paper is to extend the constructions of [Mnel5] to a formal global con-
struction. In fact we will construct formal global observables by using the notion of a
Hamiltonian @-bundle [KS15] together with notions of formal geometry, and we will study
the formal global extension of Wilson loop type observables for the Poisson sigma model.
Additionally, we discuss the formal global extension of Wilson surface observables which
have been studied in [CRO5] by using the AKSZ formulation of BF theories. We will
show that these constructions lead to interesting gauge conditions such as the differential
Quantum Master Equation (and further extensions).

These constructions are expected to extend to manifolds with boundary by using the BV-
BFV formalism as the globalization constructions have been studied for nonlinear split
AKSZ theories on manifolds with boundary [CMW19].

2.6 Computation of Kontsevich Weights of Connection and
Curvature Graphs for Symplectic Poisson Structures
(Joint with F. Musio)

2.6.1 Abstract

We give a detailed explicit computation of weights of Kontsevich graphs which arise from
connection and curvature terms within the globalization picture as in [CMW20] for the
special case of symplectic manifolds. We will show how the weights for the curvature
graphs can be explicitly expressed in terms of the hypergeometric function as well as by
a much simpler formula combining it with the explicit expression for the weights of its
underlined connection graphs. Moreover, we consider the case of a cotangent bundle,
which will simplify the curvature expression significantly.

2.6.2 Main results

Let M be a smooth manifold and let ¢: TM — M be a formal exponential map and
consider the lift ¢: TN — N to the cotangent bundle N = T*M. We set = = (¢,p) € N
and y = (q,p) € T, N. Note that this is a particular case of a canonical symplectic
manifold. We will consider the lifted vector fields R to the cotangent case, which induce
lifted interaction vertices within the Feynman graphs which appear in the computation
of the connection 1-form and its curvature 2-form and see how these terms simplify. First
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we note that A(R, T¢ ) is still given by

[e.9]

W14 (- - e
(RxaTd) 7T U:p =dz’ Z onpl 2n+1 ) )(Tgb ) RS (Tgbxﬂ-) n]n(R )z Ji1e zn( 37)7kj1"'jn>

(2.6.1)

where T denotes the Taylor expansion around y = 0. The simplification in this case is
a small one: All summands containing a term (Rx)f,nzn with more than one derivative
with respect to p will vanish [Mos19]. For the case of the curvature 2-form F the
simplification is more interesting. Since for each non-vanishing coefficient (T@:w)’j one of
the two outgoing edges is always representing a g-derivative and the other corresponding
edge representing a p-derivative (since we work with Darboux coordinates around x € N),
we see that the sum of the Weyl curvature terminates at n = 2. Or put differently, we
only have to consider the graphs I';, up to n = 2, i.e. with at most two wedges attached
to the wheel consisting of two R-vertices. Moreover since the Kontsevich weights® wr,,
are, up to n = 2, given by wr, =0, wr, = ﬂ and wr, = 0, we get

FN = F(Ry, Ry, T, ) = 4—8(T¢I7r)”( )i (Ra) psda’ A da?, (2.6.2)

where we sum over the indices ¢, j,7, s, k, [ and where again summands containing a term
(R;,c)iC ;» With more than one derivative with respect to p vanish. So in the case of a

cotangent bundle we get a much simpler expression for the Weyl curvature FV.

!The weights wr,, are the weights of graphs of a wheel consisting of two points, i.e. two edges between
two points, and n wedge-graphs attached to it.
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4-MANIFOLD TOPOLOGY, DONALDSON-WITTEN THEORY, FLOER
HOMOLOGY AND HIGHER GAUGE THEORY METHODS IN THE
BV-BFV FORMALISM

NIMA MOSHAYEDI

Dedicated to Jirg Fréhlich on the occasion of his 75th birthday

ABSTRACT. We study the behavior of Donaldson’s invariants of 4-manifolds based on the
moduli space of anti self-dual connections (instantons) in the perturbative field theory
setting where the underlying source manifold has boundary. It is well-known that these
invariants take values in the instanton Floer homology groups of the boundary 3-manifold.
Gluing formulae for these constructions lead to a functorial topological field theory descrip-
tion according to a system of axioms developed by Atiyah, which can be also regarded in
the setting of perturbative quantum field theory, as it was shown by Witten, using a version
of supersymmetric Yang—Mills theory, known today as Donaldson—Witten theory. One can
actually formulate an AKSZ model which recovers this theory for a certain gauge-fixing.
We consider these constructions in a perturbative quantum gauge formalism for manifolds
with boundary that is compatible with cutting and gluing, called the BV-BFV formalism,
which was recently developed by Cattaneo, Mnev and Reshetikhin. We prove that this
theory satisfies a modified Quantum Master Equation and extend the result to a global
picture when perturbing around constant background fields. These methods are expected
to extend to higher codimensions and thus might help getting a better understanding for
fully extendable n-dimensional field theories (in the sense of Baez—Dolan and Lurie) in the
perturbative setting, especially when n < 4. Additionally, we relate these constructions
to Nekrasov’s partition function by treating an equivariant version of Donaldson—Witten
theory in the BV formalism. Moreover, we discuss the extension, as well as the relation,
to higher gauge theory and enumerative geometry methods, such as Gromov-Witten and
Donaldson-Thomas theory and recall their correspondence conjecture for general Calabi—
Yau 3-folds. In particular, we discuss the corresponding (relative) partition functions,
defined as the generating function for the given invariants, and gluing phenomena.
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1. INTRODUCTION

1.1. Overview and motivation. There is no doubt that the study of gauge theories had a
big influence on modern mathematics and physics. A particularly influential and important
one is the study of the topology of 4-manifolds by using Yang—Mills theory and the notion
of anti self-dual connections, also called instantons, which can be considered as a class of
critical points of the Yang—Mills action functional. An early attempt, maybe even one of
the starting points, was the construction of instantons given in [Ati+78|. Shortly thereafter,
Donaldson introduced in [Don83; Don84; Don90] his famous polynomial invariants which
are a type of topological invariants based on the theory of characteristic classes on vector
bundles (topological K-theory) and the construction of the moduli space of anti self-dual
connections. In particular, these invariants are described as integrals of a product of certain
cohomology classes over the moduli space. Thus, defining these invariants relies very much
on the behaviour of the moduli space as a sufficiently “nice” manifold. Many different people,
including Uhlenbeck [Uhl82a; UhI82b|, Freed |[FU84|, Freedman [Fre82| and Taubes [Tau82],
provided results which contributed to the fact that these moduli spaces are indeed “nice”
enough. However, at first, these invariants have been only defined for the case when the
4-manifold is closed.

A new drive came into play when Floer introduced in [Flo89a; Flo89b] a type of topological
invariant of closed 3-manifolds by using methods of gauge theories based on ideas of Witten
regarding the constructions of Morse theory in the setting of perturbative quantum field
theory [Wit82]. In particular, he constructed an infinite-dimensional version of Morse theory
based on the moduli space of anti self-dual connections together with the Chern—Simons
action functional playing the role of the Morse function. The main invariants are then given
by the homology groups, called instanton Floer homology groups, similarly as the Morse
homology groups in the finite setting. Braam and Donaldson then realized in [BD95b;
Don02] that the polynomial invariants defined by Donaldson can be extended to 4-manifolds
with boundary by imposing that the invariants are then exactly valued in these Floer groups.
Moreover, they proved a gluing formula which endows the invariant with the structure of a
functorial TQFT according to Atiyah’s axioms [Ati88].

Another type of a similar approach to a homology theory for Floer’s construction was consid-
ered in [F1o88| by using the symplectic manifolds and corresponding transversal Lagrangian
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submanifolds thereof. Besides important insights regarding the Arnold conjecture (see e.g.
[HZ94]), it was soon realized that this type of homology theory plays a fundamental role in
order to formulate and understand the mirror symmetry appearing in string theory [Yau92;
Hor+03] from a homological point of view. In particular, it was Fukaya who constructed an
Axo-category in [Fuk93] (see also [Fuk-+09a; Fuk+09b]) from out of this notion and Kontse-
vich who used these categories to formulate a conjecture which, for two mirror Calabi—Yau
manifolds, relates this category of one side of the mirror to the derived category of coherent
sheaves of the other side of the mirror through an equivalence of triangulated categories.
This is known famously today as the homological mirror symmetry conjecture [Kon94al.
On the other hand, based on ideas of Atiyah [Ati87], Witten gave a way of obtaining Donald-
son’s polynomials by considering the perturbative expansion of the expectation value (path
integral quantization) for a certain observable with respect to a local action functional.
He also gave an argument involving the case of manifolds with boundary by interpreting
the boundary states as the Floer groups in agreement with Donaldson’s observation. The
perturbative methods of treating quantum gauge theories have developed through time by
different approaches.

The Batalin—Vilkovisky (BV) formalism |[BV77; BV81; BV83a| provides a nice way of dealing
with quantum gauge theories in a cohomological symplectic formalism [KT79| by using
methods of functional integrals. In fact, the gauge-fixing there is equivalent to the choice of a
Lagrangian submanifold which, by similar methods as the BRST formalism [BRS74; BRS75;
Tyu76| and Faddeev—Popov ghosts [FP67|, gives a way of computing the partition function
by the perturbative expansion into Feynman graphs. The methods described by Batalin
and Vilkovisky are considered from a Lagrangian point of view, whereas the Hamiltonian
counterpart was described in the work of Batalin, Fradkin, Fradkina and Vilkovisky [BF83;
BF86; FV75; FET78|, usually called the BF'V formalism. Note that these constructions can
be considered separately for closed spacetime manifolds. However, one is often interested
in the quantization picture for manifolds with boundary in order to use the concept of
locality for the simplification through cutting and gluing properties. Additionally, everything
should be consistent with Atiyah’s TQFT axioms and Segal’s axioms regarding conformal
field theories [Seg88|. Such an extension has been recently provided by Cattaneo, Mnev
and Reshetikhin to deal with the classical and quantum formalism of local gauge theories
on manifolds with boundary in the cohomological symplectic setting by coupling the BV
construction in the bulk to the BFV construction on the boundary [CMR14; CMR17].
These constructions can be easily extended to higher codimensions in the classical setting,
but need more sophisticated techniques in the quantum setting. Nevertheless, this formalism
is expected to give a reasonable candidate for a perturbative formulation of (fully) extended
TQFTs (in the sense of Baez—Dolan [BD95a] or Lurie [Lur09]) for the case of interest.

As it was shown in [Ikell], it turns out that the field theory constructed by Witten can be
naturally formulated by using a type of BV theory developed by Alexandrov, Kontsevich,
Schwarz and Zaboronsky (AKSZ) in [Ale+97] for a special gauge-fixing. This formulation
extends in a nice way to the BV-BFV formalism since AKSZ theories often appear as suitable
deformations of abelian BF theory [Mnel9]. This is also the case for Donaldson-Witten
theory, formulated as a 4-dimensional AKSZ theory with target h[1] @ h[2] for some Lie
algebra h. An approach to globalize a special type of AKSZ theories has been given in
[CMW20]. There one starts with an AKSZ theory of any dimension which is of split-type.
Choosing a background field as an element of the moduli space of classical solutions, one can
vary the local theories over the target manifold by considering the Grothendieck connection
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as in the setting of formal geometry developed by Gelfand-Fuks [GF69; GF70|, Gelfand—
Kazhdan [GK71] and Bott [Bot10]. Within the BV-BFV formalism, this leads to more
general gauge conditions, such as the modified differential Quantum Master Equation.
Another approach, which is related to Donaldson’s construction, to obtain topological in-
variants of 4-manifolds is due to Seiberg and Witten [SW94b; SW94a] (see also [Nic00] for
a more mathematical introduction). They considered N' = 2 supersymmetric Yang—Mills
theory! and formulated a set of equations (Seiberg-Witten equations) which contains the
same information of the 4-manifold as the Yang-Mills equations but has the advantage that
it is much easier to deal with. Solutions of these equations are usually called monopoles?.
The field-theoretic approach of Seiberg—Witten theory is in its nature given by an A-model
as in [Wit88b]. The low energy effective action can actually be written in terms of a holo-
morphic function F, called the Seiberg—Witten prepotential. In [Nek03|, Nekrasov showed
how one can compute this prepotential F as a certain limit by using techniques of equivari-
ant localization for a given torus action to define a partition function proportional to the
volume of the moduli space of instantons. In particular, this partition function is given as a
generating function with coefficients given by the volumes of the connected components of
the moduli space of instantons controlled through the instanton numbers. This is achieved
by formulating a 6-dimensional theory (i.e. a given 4-manifold, or locally R*, times a torus
T) and then perform dimensional reduction. This is also called the N' = 2 supersymmetric
Yang—Mills theory in the Q-background, where €2 is a 4 X 4 matrix with entries given by one
of the two generators of the torus T with a sign or zero in a certain way. This background
in fact allows one to integrate out all the fluctuations (high energy modes) appearing in the
functional integral quantization, and hence get rid of any divergencies.

Since the underlying N = 2 supersymmetric Yang—Mills theory in this setting is based on the
techniques of equivariant localization, one can study an equivariant version of Donaldson—
Witten theory in the AKSZ-BV setting and consider a (regularized) perturbative quanti-
zation in order to obtain the mentioned partition function. In order to deal with with the
quantization of such an equivariant field theory, it is natural to formulate an equivariant
version of the BV formalism as it was developed in [Bon+20]. However, the extension to
manifolds with boundary is still open but following the constructions of Atiyah, Donald-
son and Witten for the non-equivariant setting, the boundary states, hence the geometric
quantization procedure for the state space in the BV-BFV formalism, should recover an
equivariant version of instanton Floer homology as discussed in [AB96].

An approach to the construction of Donaldson for higher dimensional gauge theories was
initiated through the work of Donaldson and Thomas in [DT98| and developed further by
Thomas in [Tho00]. In particular, using a holomorphic version of Chern—Simons theory
[CS74], Thomas constructed topological invariants for Calabi-Yau 3-folds by constructing
a holomorphic version of the Casson invariant [Sav99] which counts the bundles over the
given Calabi-Yau 3-fold and extends to the counting of curves in algebraic 3-folds. The
formulation of these invariants in terms of a weighted Euler characteristic was given by
Behrend in [Beh09]. One can consider the Donaldson-Thomas partition function, similarly
as for Gromov—Witten theory [Wit91; Beh97], as a generating function for the correspond-
ing invariants on any Calabi-Yau 3-fold X. Moreover, one can prove gluing formulae for
these partition functions, first considered in [LW15] by considering an associated divisor
and the properties of the Hilbert scheme of 1-dimensional subschemes of X. By the nature

1Recall that A denotes the number of irreducible real spin representations in a supersymmetry (SUSY)
algebra.
2According to the equations for magnetic monopoles in the theory of electromagnetism.
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of its construction, Donaldson—Thomas theory is related to the construction of Nekrasov
theory through its way of instanton counting (the modified moduli space of instantons in
Nekrasov’s theory is replaced by the Hilbert scheme of 1-dimensional subschemes of X in
Donaldson—Thomas theory). Moreover, it seems plausible that the Donaldson—Thomas par-
tition function is related to the Gromov—Witten partition function by a certain correspon-
dence. Such a correspondence for general Calabi—Yau 3-folds was conjectures by Maulik,
Nekrasov, Okounkov and Pandharipande in [Mau+t06a; Mau+06b| and proven for toric
3-folds in [Mau+11] by Maulik, Oblomkov, Okounkov and Pandharipande. The correspon-
dence seems to formulate a version of the homological mirror symmetry conjecture, which
was already known to be true for toric 3-folds.

[cq. ARSZDW] ¥ [ARSZDW] "5 [5W] — [Bonaldson]

lV w} N lm lXI
S

F\\

FIGURE 1.1.1. Diagrammatic illustration of the relations discussed in this paper.

Legend for Figure 1.1.1:

I Witten’s construction to obtain Donaldson polynomials via field theory,
IT AKSZ-BV formulation of Donaldson—Witten theory,
ITI When the source manifold has boundary. Boundary states are given by Floer groups,
IV Equivariant formulation of the AKSZ-BV formulation of Donaldson—Witten theory
through an equivariant BV construction,
V BV partition function of equivariant Donaldson—Witten theory cooresponds to Nekrasov’s
partition function,
VI BV-BFV quantization of equivariant Donaldson—-Witten theory produces equivariant
Floer groups on the boundary,
VII Equivariant formulation of Floer (co)homology,

VIII Through Taubes’ construction: the Euler characteristic with respect to Floer homol-
ogy for any homology 3-sphere coincides with its Casson invariant. In particular,
Donaldson-Thomas invariants are a complex version of such Euler characteristic when
using the Floer groups with respect to the holomorphic Chern—Simons action functional
for certain Calabi—Yau manifolds,

IX Through enumerative counting methods and the nature of its formulation,
X Conjectured correspondence by Maulik, Nekrasov, Okounkov and Pandharipande,
XI Higher gauge theory approach when passing to complex geometry,
XII Formulation of Gromov—Witten invariants through the moduli space of pseudo-holomorphic
curves as an A-model path integral,
XIIT The Atiyah—Floer conjecture,
XIV Ingredients for mirror symmetry,
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XV Ingredients for mirror symmetry,
XVI Ingredients for mirror symmetry.

1.2. Main purpose of the paper. The purpose of this paper is to provide the reader with:

(i)

(vi)

(vii)

a concise overview of the field of 4-manifold topology, both from the pure mathematical
and field-theoretic point of view. Especially, to explain some of the relations of the
literature as well as to new developements such as the BV-BFV techniques developed
recently.

a concise overview of (instanton and Lagrangian) Floer (co)homology and how it fits
into the 4D-3D bulk-boundary correspondence through Chern—Simons theory.

a detailed formulation of a (global) perturbative quantization of the AKSZ formulation
of Donaldson—Witten theory on source manifolds with boundary which fits into the
gauge theory setting of the BV-BFV formalism by using methods of configuration
space integrals.

a short discussion of the quantization of higher defect theories through the recently
developed methods of shifted (symplectic or Poisson) structures.

a concise overview of the relation to Seiberg—Witten theory through Nekrasov’s con-
struction by using equivariant methods of localization and an equivariant version of
the BV formalism in combination with Donaldson—Witten theory and a description of
the relation with Donaldson’s invariants through an equivariant version of instanton
Floer (co)homology.

a description of the relation to constructions of Donaldson—Thomas theory.

a concise overview of the conjectured correspondence of Donaldson—Thomas theory
and Gromov—Witten theory and connections to other fields, such as e.g. topological
recursion or supergeometry.

1.3. Structure of the paper. The paper is structured as follows:

e In Section 2 we recall the definition of the moduli space of anti self-dual connec-
tions (instantons) together with some properties and define Donaldson’s invariants.
Moreover, we briefly discuss Witten’s construction by using methods of field theory
in order to obtain the aforementioned invariants.

e In Section 3 we recall the construction of Morse theory and Morse homology in order
to construct instanton Floer homology by using the Chern—Simons action functional
as a Morse function. We describe the relation of Donaldson’s invariants with this
homology theory through the setting of 4-manifolds with boundary. Moreover, we
recall the construction of Lagrangian Floer homology, the Atiyah—Floer conjecture
and give a remark on an approach for proving it.

e In Section 4 we recall the classical and quantum BV-BFV formalism, the notion
of BV algebras and give the important examples of AKSZ theories and abelian
BF' theories. Moreover, we briefly discuss higher codimension (defects, branes)
extensions and give some ideas for the quantization approach.

e In Section 5 we give an AKSZ construction of Donaldson-Witten theory and show
how it fits into the classical BV-BFV setting.

e In Section 6 we consider the quantization of the classical setting obtained in Section
5 by describing the Feynman rules and the partition function. In particular, we
prove that the Donaldson—Witten partition function satisfies a modified version of
the Quantum Master Equation by using configuration space integrals and show that
we get a well-defined cohomology theory on the boundary state space. Moreover, we
construct a perturbative globalization approach by using methods of formal geometry
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and argue that the partition function constructed through the globalization approach
lies in the kernel of a certain operator that squares to zero which also leads to a
cohomology theory in this setting, similarly as for the nonglobal case.

e In Section 7 we introduce Nekrasov’s partition function in terms of polynomial counts
through the Hilbert scheme of monomial ideals in Cluy,us] and the Ext!-groups by
using the modular interpretation of the tangent bundle. We also consider an equivari-
ant version of the BV gauge formalism and hence consider an equivariant version of
Donaldson—Witten theory. On closed 4-manifolds the quantum picture corresponds
to Nekrasov’s partition function, whereas for 4-manifolds with boundary it induces
an equivariant version of instanton Floer (co)homology as the boundary state. We
describe the notion of equivariant Floer (co)homology following the construction of
Austin—Braam in the Cartan model. Moreover, we discuss its relation to Donaldson’s
invariants. In particular, we consider the fact that these equivariant (co)homology
groups appear as the (dual) image of the invariants.

e In Section 8 we recall Donaldson-Thomas invariants through their description as
the relative topological Euler characteristic of the Hilbert scheme of 1-dimensional
subschemes of a Calabi-Yau 3-fold by using Behrend’s construction. We also recall
Taubes’ construction for their relation to Floer homology by considering them as a
holomorphic version of the Casson invariant. Moreover, we construct the Donaldson—
Thomas partition function as a generating function with respect to the Donaldson—
Thomas invariants, extend it to a relative version when considering appropriate
divisors of the underlying Calabi—Yau 3-fold and describe their gluing properties.

e In Section 9 we recall Kontsevich’s moduli space of stable maps for a Calabi-Yau
3-fold and define the corresponding Gromov—Witten invariants. We also recall the
partition function for Gromov—Witten invariants, similarly as before, as a gener-
ating series for these invariants and extend also this to a relative version for ap-
propriate divisors. We briefly explain some ideas of topological recursion and its
connection to Gromov—Witten invariants. To close the circle, we recall the Gromov—
Witten/Donaldson-Thomas correspondence conjecture for Calabi-Yau 3-folds. Fi-
nally, we give some ideas for Gromov—Witten invariants on (graded) supermanifolds
by considering ideas of Kefler-Sheshmani—Yau in the case of super Riemann surfaces.

Notation. Throughout the paper, ¥ will denote a 4-manifold and N a 3-manifold. It
might happen that N appears as the boundary 3-manifold of a 4-manifold X, otherwise the
boundary of ¥ is denoted by 3. Riemann surfaces of genus g will be denoted by ¥,. Moduli
spaces, of different flavor however, will be denoted by the calligraphic letter M and specified
through different decorations. We will denote real numbers by R, complex numbers by C
and integers by Z. If a (co)homology group takes values in R, we will not further emphasize
it, i.e. we write H®*(X) instead of H*(3,R), whereas for integer-valued groups we will try
to indicate it, i.e. we write H*(X,Z). The exterior product between differential forms is
sometimes explicitly written and sometimes left out to avoid any cumbersome notation. The
Einstein summation convention is assumed, i.e. we sum over repeating indices, whenever
the summation sign is not written explicitly. Algebro-geometrical objects (e.g. (projective)
algebraic varieties, schemes, etc.) are usually denoted by X, which should be distinguished
from the classical base field in the AKSZ formulation of Donaldson-Witten theory, which
will be also denoted by X. Classical action functionals are usually denoted by S (with
additional decorations, depending on the given theory), whereas the BV action is denoted
by the calligraphic version §. The same holds for the space of fields, usually denoted by F,
and its BV counterpart F. The space of connections on some principal bundle P is usually
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denoted by A (sometimes also A(P) to emphasize the bundle). Smooth maps on a manifold
M will be denoted either by C*°(M) or by Oy (as the structure sheaf) depending on the
context. Sections of a bundle E are denoted by I'(E). The space of smooth differential forms
on a manifold M will be denoted by Q°*(M). Differential forms on M with values in some
bundle E will be denoted by Q°(M, E). Finally, we will denote by i := /=1 the imaginary

unit.
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N. Reshetikhin for discussions and comments. This research was supported by the NCCR
SwissMAP, funded by the Swiss National Science Foundation, and by the SNF grants No.
200020 192080 and P2ZHP2 199401.

2. DONALDSON—WITTEN THEORY

2.1. Moduli space of anti self-dual connections. Let (3, g) be a 4-dimensional Rie-
mannian manifold and let g = Lie(G) be the Lie algebra of a Lie group G. Moreover, let
P — ¥ be a principal G-bundle and consider its adjoint bundle ad P := P X g. Using the
Hodge star operator *, we can define for a 2-form y € Q?(X) its self-dual and anti self-dual
parts by

(2.1.1) Xt = %(Xi*x).

Note that in four dimensions we have x: H?(X) — H?(X). We can extend the splitting
of (2.1.1) naturally to differential forms with values in ad P. In particular we can extend
this to the curvature 2-form Fj4 of a connection 1-form A € Q'(X,ad P). A connection
A € QY(%,ad P) is called anti self-dual or instanton if F] = 0. We define the instanton
number of A to be

(2.1.2) Fa = 87172/2Tr(FA AFL).

This number is an integer only if G = SU(2). Moreover, if the corresponding SU(2)-bundle
lifts to a 2-dimensional complex vector bundle E, we have k4 = fE co(E) € Z, ie. the
instanton number is determined by the second Chern class since ¢1(F) = 0 (because in this
case Tr(Fa A Fa) = 0). Note that if A is an anti self-dual connection, the instanton number
is positive. Consider the Yang Mills action functional®

(2.1.3) SYM(A) = /E I Eall,

where we have considered the curvature locally as Fq = %Fijdmi Ada?. Hence, we get that

(2.1.4) SV (4) = /E |Fal2 = /Z IF5]? + /E IFEI2 > 872k,

This shows that the critical points of SgM are bounded by 872k, and in fact the minimum

is attained if A is anti self-dual, i.e. Ff = 0. Note that Tr(F4 A Fa) = —|Fal?* and

thus Tr(Fq A Fa) = — (||FXH2 — |[F7]1*). Let us denote by A := Q'(3,ad P) the space of

connections on P. One can check that this is an infinite-dimensional space. Define the map
5: A— Q3gp(X,ad P),

2.15
( ) AHFX,

3We will not always indicate the measure whenever it is clear. When we write J | Fa]l?, we actually mean
JIFa]*dp.



10 N. MOSHAYEDI

where we have denoted by Q%gp(2,ad P) the anti self-dual 2-forms on ¥ with values in
ad P. Moreover, denote by G := I'(Aut(ad P)) the infinite-dimensional Lie group of gauge
transformations of ad P. Then we can define the moduli space of anti self-dual connections®
by

(2.1.6) MEH(2,G) == 5710) = {[A] € A/G | s(A) =0, ks = k}.

2.2. Donaldson polynomials. In [Don83|, Donaldson defined topological invariants for
4-manifolds by using methods of gauge theory. If 3 is an oriented, compact and simply
connected 4-manifold, we can split H*(X) into eigenspaces H2 (X) & H?(X) by using the
Hodge star (dual and anti self-dual part). Let b% := dim H2(X), P — ¥ a principal SU(2)-
bundle with second Chern class c3(P) and k := [y, c2(P) € Z, the instanton number (2.1.2).
The moduli space of anti self-dual connections Magp in this setting®, as defined in (2.1.6),
is of dimension®

(2.2.1) dim Magp = 8k — 3(1 + b3),

which is even if bi is odd. Let us assume that bi is indeed odd and let dim M asp = 2d. We
also need the notion of an irreducible connection. A connection A € A is called irreducible, if
the image of the holonomy representation is not contained” in a one parameter subgroup of
SU(2). Denote the space of irreducible connections by A* C A. Consider the quotient A*/G
by the gauge transformations and note that Masp C A*/G is a subspace of the quotient.
Moreover, it is quite compact and almost defines an element of Hoy(A*/G,Z).

Let R denote the space of all Riemannian metrics on ¥ of class C" for some r > 0. Freed
and Uhlenbeck have shown in [FU84| that for all k£ > 0, the moduli space

Mg = (A*/G) x R

is in fact a manifold. Moreover, for k > 0, there exists a subset of R’ C R (elements of R’
are called generic metrics) such that Magp is a smooth submanifold of A*/G for all g € R’
and with virtual dimension equal to the expected dimension.

2.2.1. Uhlenbeck compactification. By a combination of two theorems in [Uhl82a; Uhl82b],
Uhlenbeck showed that there exists a natural compactification Magp of the moduli space
Masp. If we denote the moduli space of anti self-dual connections by MIXSD to indicate its

4Sometimes it is also called moduli space of instantons. Moreover, we drop the dependence on the
instanton number k, the 4-manifold ¥ and the group G from the notation and just write Masp whenever
it is clear.

5For k > 0, there is a more complicated notion of dimension called the virtual dimension (see Footnote
44 for more details on the virtual fundamental class) for the moduli space Masp. The virtual dimension
and the dimension might be different for certain metrics. However, it was argued in [FU84| that for the
subspace of Riemannian metrics on X consisting of generic metrics, the virtual dimension and the actual
dimension of Magsp coincide, i.e.

vdim Masp = dim Masp = 8k — 3(1 +b7).

6A general formula for the dimension is given by dim Masp = 4a(G)k — dim G(1 + b%), where a(G) € Z
is an integer depending on the group G (in our case a(SU(2)) = 2). Note that we have dimSU(2) = 3. A
first approach to the dimension was considered in [AHS77; AHS78] for S* which is given by 8k — 3 since
then b4 = 0.

"This is equivalent to saying that the holonomy group of the connection is precisely SU(2) and not a
proper subgroup.
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dependence of the instanton number k, we get that

k
(2.2.2) Masp € | Migh U Symd (%),
7=0
This holds for any generic metric g € R'. The following theorem due to Uhlenbeck will be
very important also for later constructions:

Theorem 2.2.1 (Uhlenbeck|UhI82b]|). Let A be an anti self-dual connection in a principal
bundle P over the punctured 4-ball B*\ {0}. If the L?>-norm of the curvature Fa of A is

finite, i.e. if
/ IFall? < oo,
B\ {0}

then there exists a gauge in which the bundle P extends to a smooth bundle P over B* and
the connection A extends to a smooth anti self-dual connection A in B*.

Note that Theorem 2.2.1 implies in particular that every anti self-dual connection over R4
with bounded Yang-Mills action functional with respect to the L?-norm can be obtained
from an anti self-dual connection over S* = R* U {o0}.

o0

FIGURE 2.2.1. Compactification of R* to 5%.

2.2.2. Construction of invariants. On (A*/G) x ¥ one can define a principal SO(3)-bundle
P as (m*P — A* x ©)/G with 7: A x ¥ — % being the projection onto the second factor.
Note that an SO(3)-bundle P — ¥ is classified by the second Stiefel-Whitney class wa(P) €
H2(¥,Z/2) and the first Pontryagin class pi(P) € H*(X,Z). When wq(P) = 0, then
the bundle lifts to an SU(2)-bundle with second Chern class c3(P) = —1pi(P). However,
also if we(P) # 0, everything can be done more or less similarly as before (although the
orientability of the moduli space will be more complicated®). Using the first Pontryagin
class py(P) € H*((A*/G) x ,Z), we can define a map

p: Hy(%,Z) — H*(A*/G,Z),

2.2.3 -
(223) mHémm

8In fact, if w is a class in H?(X,Z/2) and devide the integral lifts ¢ of w into equivalence classes through
the relation ¢ ~ ¢ if and only if %(c— ') is even. Note that when X is spin, then there is only one equivalence
class and there are two otherwise. The orientation on the moduli space is then induced by the orientation of
H i and a choice of equivalence class of the integral lifts of the second Stiefel-Whitney class ws of the given
SO(3)-bundle.
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Thus, one can define polynomials D(X) of degree d on Hy(X,Z) as a map
D(X): Ho(S,2Z) % - x Ha(S,2Z) — Z,

(2.2.4) ([C1], ..., [Ca]) = D(E)([C1], ..., [Ca]) _/ H“(

ASDZ 1

Theorem 2.2.2 (Donaldson[Don83]). Suppose that b2 > 1 and k > 3 (b+2+1). Then the

polynomials D(X) are independent of the metric and indeed only depend on the homology
classes of C1,...,Cyq, hence D(X) define topological invariants of X.

Theorem 2.2.3 (Donaldson|Don90|). Suppose ¥ is a simply connected, oriented 4-manifold
with bf_ odd and there is an orientation preserving diffeomorphism between 3 and an oriented
connected sum of manifolds £1, Xo both having b% > 0. Then D(X) =0 for all k.

2.3. Field theory formulation. In [Wit88a], Witten provided a way of obtaining the Don-
aldson polynomials by formulating a topological quantum field theory and using methods of
functional integrals. In particular, he computed the expectation value of a certain observable
by a perturbative expansion for a suitable Lagrangian density. The action that was used is
given in components by

(231) SDW — / d4u\fTr<3 FiyF 4 LoD mDimenpjx“—

- O] = A ] Solnal - S0 ).

where the fields are defined as in [Wit88a]. We will refer to this action as the classical
Donaldson—Witten (DW) action functional. Denote by ® the collection of all fields of the
theory. Then, Donaldson’s polynomials (2.2.4) can be obtained by using the correlation
function with respect to (2.3.1) as

d
(Ouy+++00) = [ exp(is®¥(@)/m) [ 0, (@)70),
j=1
for some observables Oy, ,...,Oq4,. The observables of interest are given by
(2.3.2) oW .= /Wkw,
¥
where v € H* (%, Z) and, for ky=0,...,4, we have Wy := %Tr(¢> A @), Wi = Tr(op A ),

Wo = Tr(3¢¥ Ay +ip A F), W3 :=iTr(p A F) and Wy := —1 Tr(F A F). To each OO, one
actually associates a (4 — k-)-form p(y) on Magp as in Section 2.2. Explicitly, we get

d
<O('Yl) : ..O(’Yd)> — /exp(isgw@)/h) Ho(w)(@)@[q)]
(2.3.3) /exp (1S2WV(®)/h) H/ Wi, (2) 7[®]

/M Hu %) =DE) ;- 7a)-
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Remark 2.3.1. The integral in (2.3.3) is rigorously defined since the differential forms p(7y)
can be obtained from each observable O() by integrating out the high energy modes.

3. INSTANTON AND LAGRANGIAN FLOER HOMOLOGY

3.1. Morse homology. Let us recall the construction of Morse homology. Fix a compact,
closed manifold ¥. A function f: ¥ — R is called Morse function, if all its critical points
are non-degenerate, i.e. for all critical points, the Hessian of f is invertible. In other words,
the section df is transverse to the zero section of T*3. Since the Hessian is self-adjoint, it
has real spectrum and hence we define ind, f to be the dimension of the sum of all negative
eigenspaces. Moreover, we assume that for any two critical points p,q of f we have that
ind, f > ind, f implies f(p) > f(¢). The function f is then said to be self-indexing. If we
choose a Riemannian metric on ¥, we can look at the gradient V f and the corresponding
flow equations

(3.1.1) () = =V f-

For two critical points p,q of f, we define the moduli space M(p, q) of solutions of (3.1.1)
such that

(3.1.2) lim ~(t) = p, lim ~(t) = q.

t——o0 t—+o00
Note that M(p, q) is empty unless f(p) > f(q). In fact, we have the following theorem:

Theorem 3.1.1 (Morse-Smale). Let p,q be two distinct critical points of a Morse function
f. Then M(p,q) is a manifold of dimension ind,f — ind, f.

There is a free and proper R-action on M(p, q) given by reparametrization vy(t) — y(t — a)
for some a € R. We consider then the quotient

M(p,q) == M(p,q)/R.

One can check that if ind, f = ind, f + 1, then M(p, q) is a compact, oriented 0-dimensional
manifold. Hence, by counting its points by signs, we can deduce

(3.1.3) #M(p,q) € Z.
We can now construct a chain complex as follows. Define the chain groups to be given by
(3.1.4) CMy(2, f) := D Z(p).
p critical point of f
ind, f=k

The boundary operator @ will be constructed by counting flow lines. Namely, for critical
points p of f with ind,f = k£ we define the boundary operator by

(3.1.5) dp = > #M(p.q) - q
q critical point of f
indg f=k—1

One can show (although it is non-trivial) that 9% = 0 and thus indeed defines a differential.
Finally, Morse homology is given by the homology of this complex, and we denote it by

HM,(%, f) :=ker9/im 0.
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3.2. The (holomorphic) Chern—Simons action functional. An important action func-
tional for further discussions is given by Chern—Simons theory [CS74], which is a topological
field theory on a 3-manifold with many connections to other mathematical theories [Wit89;
RT91; CMO08|]. Let us briefly recall its construction and extension to a holomorphic version
which will be important later (see Section 8). Let N be a real 3-manifold and consider a
vector bundle £ — N with structure group G. The curvature F4 of a connection A € A
defines a closed 1-form

1
(3.2.1) a|—>42/ Tr(a A Fy), a € QYN,ad E)
™ JN

on A. In fact, we can extend (3.2.1) to gauge equivalence classes since this expression is
gauge invariant. Fix a base point Ag in the space of gauge equivalence classes. One can show
that (3.2.1) actually appears as the exterior derivative of a local action functional given by

(3.2.2) SP(A) = /

2
Tr(dAOa/\a+3a/\aAa>, A=Ay+a.
N

This is the Chern—Simons action functional. One can check that this is gauge invari-
ant under transformations connected to the identity. Moreover, on the gauge equivalence
classes it is well-defined modulo Z. Note also that critical points are given by flat con-
nections. One can extend this picture to Calabi—Yau 3-folds, i.e. smooth compact Kéah-
ler 3-folds X with trivial canonical bundle Kx = Ox. Consider now the space Apq :=
{0-operators on a fixed smooth bundle £ — X} and the closed 1-form

1
(3.2.3) a— 42/ Tr (a A F2’2> Advoly,  ae Q" (X,adE),
™ Jx

where FE{Q denotes the antiholomorphic curvature (i.e. with respect to ) of a holomorphic
connection A € Ay, and dvolx denotes the complex volume form on X. similarly as before,
the 1-form (3.2.3) is gauge invariant and thus descends to the space of gauge equivalence
classes. Again, fixing a basepoint Ay € Aypol, (3.2.3) appears as the exterior derivative of a
local holomorphic action functional given by

1 = 2
(3.2.4)  SWMOS(A) = el (8,4061 Na+Zanan a) Advoly, A= Ay+a.
X

This the holomorphic Chern—Simons action functional. Again, one can check that (3.2.4)
is gauge invariant with respect to transformations connected to the identity. The critical
points of (3.2.4) are given by integrable holomorphic structures on the bundle E.

3.3. A 4D-3D bulk-boundary correspondence on (infinite) cylinders. Let X be a 4-
manifold. Moreover, let G = SU(2) and consider a principal G-bundle P — 3. Then P has
one characteristic class, the second Chern class co(P) € H*(X%,Z). Using the Chern—Weil
formalism [Weid9; Cheb2|, we can identify it with its de Rham cohomology representative
in the image of H?(X,R), which is given by

1
(3.3.1) co(P) = 3.2 Tr(Fa A Fa),
for some connection 1-form A € A on P and its corresponding curvature 2-form Fy =
dA+ %[A, A]. Indeed, this cohomology class is independent of the choice of connection and
it is a closed 2-form. Note also that its integral over any 4-manifold ¥ is an integer, since
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co(P) is an integral class. If G = SO(3), we get that the corresponding class is given by the
first Pontryagin class of the associated bundle PSOG) .= p X50(3) R3, which is given by

1
(3.3.2) 1 (PSOG)) = — 5.3 T(Fa A Fa).

Note that these classes vanish on 3-manifolds. However, there is a way how we can construct
invariants on 3-manifolds by using Chern—Simons theory (see Section 3.2). One can actually
check that

(3.3.3) </E Tr(Fy /\FA)> /87{22

depends only on the gauge equivalence class of A| sy, and not on ¥ nor on A in the bulk. If

A extends” to a connection A’ on an extended bundle P’ — ¥, then we can glue ¥ to ¥’
along their common boundary N and obtain a new bundle P” — X" := ¥ Uy ¥’. Hence

(3.3.4) [rEanr - |

Tr(Fa A Fy) = / Tr(Fan A Fan) € 87%Z.
E/

E//

Let B be a connection on P — N. Then the Chern-Simons action functional S{°(B) at B
is given by (3.3.3) where F}y is the curvature of a connection A that is given as an extension
of B to some bundle over . Let By be a fixed connection on P and consider a family
of connections (By)sc(o,1] such that By = B, which we can regard as a connection A on
I x P —IxN. Then we have

(3.3.5) S}@N,BO(B) :/ |FA|2:—/ Tr(Fa A Fy).
IxN IxN

Consider the path B; = By + tb for some b such that B = By + b, and assume that By is a
trivial connection by choosing a trivialization for G = SU(2). Then

2 2

t t
(3.3.6) FA:d(tb)+§[b/\b]:dt/\b+tdb+5[b/\b],
which gives
(3.3.7) Tr(Fa A Fa) = dt ATre(b A (2tdb 4 t2[b A D))).

Hence, we get the following chain of equality:
SItN(B) = — / Tr(Fa A Fa)
IxXN

(3.3.8) = —/IXthAﬂ(bA (2tdb + t2[b A b))

2
= —/ Tr (b/\db+3b/\b/\b> =-S5, (b).
N
Moreover, if By does not arise from a trivialization, we get
YM 2
(3.3.9) SMV(B):—/T&r<2b/\FBO+bAdb+3b/\bAb>,
N
where Fg, is the curvature of the connection By.

9n fact, one can always extend an SU(2)- or SO(3)-bundle on a closed oriented 3-manifold over some
compact oriented 4-manifold. In particular, this follows from the fact that for these groups the cobordism
group is given by the third homology group of their classifying spaces.
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3.4. Instanton Floer homology. We will restrict ourselves to the case where G = SU(2)
and N is an oriented integral homology 3-sphere!’ endowed with a Riemannian metric.
Denote by A the set of all connections on P — N, which is an affine space over Q' (N, ad P).
Recall that a gauge transformation g is a bundle automorphism of P covering the identity
map of X. For such a transformation g: P — P, we can construct a new map §: P — G
by g(p) = pg(p), with the property g(ph) = h=1g(p)h for all p € P and h € G. We call
the set of all gauge transformations G. The elements of G are identified with sections of
AdP = P xpq G. We would like to construct a Morse chain complex (as in Section 3.1)
over A/G. Indeed, this can be done since by completing A and G with respect to the Sobolev
norm topology*!, the spaces A and G have the structure of an infinite-dimensional manifold.
Passing to the quotient will produce a manifold by a local slice theorem for the natural
action of G on A, which is given by pulling back 1-forms on P, i.e. A — g*A. Note that the
curvature Fy of A would transform to the curvature of g*A by Fy«4 = Ady F)4. Denote by
A* C A the subspace of irreducible connections and consider the tangent space of A* at a
reference connection B, which is given by

(3.4.1) TpA* = QY(N,ad P).

Next, we would like to consider the tangent space at some equivalence class [B] € A*/G.
For this purpose, we use the Hodge star *: Q/(N) — Q377(N) induced by the metric on N.
Moreover, recall that on j-forms we have *? = (—=1)73=7), Denoting by dp: Q7(N,ad P) —
VTN, ad P) the covariant derivative with respect to B, we can define its formal adjoint
by d := — * dg*. Then we can obtain

(3.4.2) Tig(A*/G) = ker(d).

The key point for our Morse complex is that we want to consider the Chern—Simons action
functional
S$P: A% /G — R/8n%Z

to play the role of a Morse function'?. For convenience, we actually want to consider —S](\j,s.
Recall from Section 3.2 that critical points of the Chern—Simons action functional on A* are
given by flat connections and on A*/G by gauge equivalence classes of flat connections.
The Floer chains CF,(N) are given by the Z-module with generators [B] being gauge equiv-
alence classes of flat connections of the trivial SU(2)-bundle over N. For two flat connections
By, By consider a path ¢t — B; connecting them. The corresponding path of operators has
a spectral flow which is defined by pursuing the net number of eigenvalues crossing zero.
Denote by EigT(B;) the set of eigenvalues that pass along the path of operators By from
negative to positive and by Eigi(Bt) the set of eigenvalues that pass along the path of

10T his is a 3-manifold N whose homology groups are the same as for S°. Namely, Ho(N, Z) = Hs(N, Z) =
Z and H1(N,Z) = Hy(N,Z) = 0.

Uyor the analytic sides of the construction, one needs the notion of a Sobolev space L} of sections of
bundles associated to P, i.e. sections locally represented by functions with first ¢ derivatives in LP. There
one can define a norm || HL?(A) for any smooth connection A, for example, if p = 2 and £ = 1, we have

2 2 2 2 2
lollzz(a) = lldacllz2 +[lolz2 :/Edu (Idacll® + lloll®) -

120¢ course, this requires the Chern—Simons action functional to actually be Morse, i.e. with critical points
being nondegenerate. In particular, one can consider small perturbations e (holonomy perturbations) such
that S 4 ¢ is indeed sufficiently nice. Here, e: A*/G — R/872Z is some admissible perturbation function.
In particular, the existence of regular values for the perturbed action is connected to the properties of being
smooth and its differential to be a Fredholm operator.
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operators By from positive to negative. Following [APS76], we define the spectral flow to be
the number

(3.4.3) sf(By, B1) := #EigT (B;) — #Eig*(B).

Note that in finite dimensions, this corresponds to the difference of the index of critical
points. This will replace the grading of the Floer chains for the infinite-dimensional setting.
Consider the space of connections A on R x P, which is a bundle over R x N, satisfying:

(1) A is anti-self dual, i.e. Fq = — x Fljy,

(2) hmtafoo[A“t}xN} = A,,

(3) limy— oo Al ] =2 Ay,

(4) A has finite energy, i.e. the curvature F4 has finite Lo-norm:

1Falg = [ IFal? < oc.
RxN

If we denote the space of such connections by M (A_, Ay), we can define a moduli space

M(A_,Ay) = M(A_,A})/G,
where G := Aut(R x P) = {f: Rx N — SU(2)} denotes the gauge transformations. We can
define an R-action on M(A_, A1) by shifting the ¢ variable and define

M(A_, A+) = M(A_, A+)/R
In fact, there exists (see [FFlo89a; Don02; Sav01]) a small (holonomy) perturbation & > 0 of
S§® which leads to a moduli space M (A_, A ) such that M.(A_, A, ) is a smooth oriented
manifold with

dimMg(A_,A+) = Sf(A_7A+) — 1.

Moreover, if dim M.(A_, A;) = 0, then M.(A_, A;) is compact. Finally, the boundary
operator is defined through the counting of instantons as

DA = S #MAA AL Ay
Ay €Afat
sf(A_,Ay)=1
where Ajg,t denotes the space of flat connections. One can show that the resulting complex
CF,(N,0) is actually independent of the metric and the perturbation and that 92 = 0.
Therefore, we get a well-defined homology theory [Flo89a; Don02|. The corresponding
homology, denoted by HFy(N) := ker 9/im 9, is called instanton Floer homology*3.

3.5. Relation to Donaldson polynomials. After Floer defined his homology groups,
Donaldson soon realized how they were related to the polynomials he has constructed.
Good expositions can be also found in [Ati87; Bra9dl]. Assume that ¥ = ¥ Uy X9, where N
is an oriented homology 3-sphere and ¥; (resp. ¥9) is a simply connected 4-manifold with
boundary N (resp. N°PP)!4 By the assumption that bi > 0 for both ¥; and X5, Donaldson
defined polynomials

(3.5.1) D(X1): Ha(S1,Z) % -+ x Hy(S1,Z) — (HEW(N))*,
(3.5.2) D(X9): Ho(X2,Z) X - -+ x Ho(X2,Z) — (HF(NP))",

L3We will sometimes also just call it Floer homology, i.e. dropping the word instanton, whenever it is clear.
We mainly consider this type of Floer homology in this paper. There are different types of Floer homology
constructions such as e.g. Lagrangian Floer homology (see Section 3.7) which, e.g., plays an important role
in the formulation of Kontsevich’s homological mirror symmetry conjecture (Conjecture 3.8.6)

MHere we denote N°PP to be N with opposite orientation.
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that is that the polynomials D are valued in the dual of the Floer homology on the boundary.
In fact, one can define a pairing ( , )gr between elements of (HF(N))* and (HF(N°PP))*
(353) < s >HF: (HFJ(N))* X (Hngj(NOPP))* —Z

by using the fact that CF;(N) = CF3;_;(N°P) and for irreducible flat connections A €
CFj(N) and B € CF;_1(N), that both, (dyA, B) and (A, dnore B), are the number of flow
lines from A to B counted with sign. Here we have denoted by d the de Rham differential on
N and by dpyopr the de Rham differential on N°PP. In fact, the signs are the same and hence
these numbers do agree. Note that by defining a cochain complex CF? := Hom(CF},Z), we
get A

HF;(N) = HF3¥J(N°P),

Theorem 3.5.1 (Braam—Donaldson|BD95b; Don02|). We have
D(X1 Un 22) = (D(21), D(X2)) HFs
where (, Yur denotes the pairing as in (3.5.3).

Theorem 3.5.1 tells us how Donaldson polynomials glue along boundaries of 4-manifolds.
This will be interesting in connection to the perturbative field-theoretic approach of quantum
gauge theories on manifolds with boundary which in the cohomological symplectic setting
is compatible with cutting and gluing [CMR17]. We will see how this result fits into this
framework.

O = NOPP

0¥1 =N

FIGURE 3.5.1. Gluing of two manifolds along a common boundary with
opposite orientations. Think of 31 and ¥ as two 4-manifolds with boundary
3-manifolds %1 and 90X, respectively.

3.6. Field theory approach to instanton Floer homology. Based on ideas of Atiyah
[Ati87], Witten gave an approach for a quantum field theoretic construction regarding the ap-
pearance of Floer homology in Donaldson theory for 4-manifolds with boundary in [Wit88b].
His construction uses a supersymmetric field theory approach to Morse theory developed
in |Wit82]. Moreover, he gave a quantum field theoretic interpretation for the gluing of
4-manifolds along a common boundary 3-manifold with pairing ground states on the bound-
ary contained in the instanton Floer homology groups which recovers the result of Theorem
3.5.1. Recall that, in general, we are considering expectation values to be given by an
integral of the form

(3.6.1) (0) = / exp(iS(®)/B)0(®)7[®),

where S' is the action of the theory and ® denotes the collection of all integration variables.
Let ¥ be the underlying 4-manifold with boundary 0% and consider the field theory as in
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Section 2.3. Choosing boundary conditions on 9% is usually required for the computation
of a path integral as in (3.6.1). For the 3-manifold 9% (more precisely, the infinite cylinder
0% x R), we can consider the associated state space Hgy. Let ®|yx be the restriction of
all integration variables to 9% and note that then Hgy denotes the space of functionals
depending on ®|px and a state corresponds to a functional U(®|sx). If we consider the
state ¥(®|gx) to define a boundary condition, we can consider the path integral (3.6.1) in
terms of this condition to be

(3:62) (O(Blos)) = [ explisEY(@)/mO@)¥(®]5)7 (0],

where S2W is defined as in (2.3.1) and

d
(3.6.3) 0:= H/ Wi, ,
7.

with v; € Hy;(3,Z) and Wy, defined as in Section 2.3. In fact, (3.6.2) turns out to be a
topological invariant if W represents an instanton Floer cohomology class and it depends
only on the cohomology class represented by W. The observables are chosen similarly as for
the Donaldson polynomials (see Section 2.3). Hence, one obtains the Donaldson polynomials
with values in the (dual of the) instanton Floer cohomology groups as in Section 2.2.

3.7. Lagrangian Floer homology. Besides the instanton construction [Flo89b], there is
another type of Floer homology theory which uses the data of a symplectic manifold [F1o88].
We will mainly use the excellent introductory paper [Aurl4| for this section and we refer
to it and the references within for more details and further constructions using Lagrangian
Floer homology. We should remark that there the construction is dual to Floer’s original
construction and thus the grading convention will be reversed (so we should rather speak of
cohomology instead of homology, but we decide to keep the original term). Let (3,w) be a
compact symplectic manifold and consider two compact Lagrangian submanifolds Lo, £ C
Y. Then we can associate to the pair (Lo, £1) of Lagrangians a chain complex C'F(Lg, L1)
which is freely generated by the intersection points of £y and £; together with a differential
0: CF(Ly, L1) — CF(Lg, L) such that > = 0 and thus we can consider its corresponding
homology HF(Ly, L1) := ker 9/im 0. Moreover, if there is a Hamiltonian isotopy between
two compact Lagrangian submanifolds £1 and £}, we get an isomorphism HF(Lg, £1) =
HF(Ly, L)) and if there is a Hamiltonian isotopy between Ly and L£;, then HF (L, L1) =
H*(Lp). Similarly as before, Lagrangian Floer homology can be formally viewed as an
infinite version of Morse homology with respect to the Morse function given by the functional
defined on the universal cover of the path space Path(Lo,L1) := {7:[0,1] — X | v(0) €
Lo, v(1) € £1} which is given by

Sl == [ v,
r

with v € Path(Ly, £1) and [I'] the equivalence class of a homotopy I': [0,1] x [0,1] — X
between 7 and a fixed base point in the connected component of Path(Lg, £1) containing
~. Usually, we want that the two Lagrangian submanifolds intersect transversally, such that

there is a finite set of intersection points. The Lagrangian Floer chain complex is then given
by

CF(‘COle) = @ Ap7

pECoﬂL‘q
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where A == {3 .,a T | a; € K, A; € R, limj_oc = +0c} denotes the Novikov field for

some field K. Let J be a w-compatible almost-complex structure on Y. We can define the

differential 9 by counting pseudo-holomorphic strips in ¥ with boundary contained in Lg

and £1. This is parametrized through the following construction: Let p,q € Lo N L1. Then

the coefficient of ¢ in dp is given by the moduli space of maps u: R x [0, 1] — X such that:
(1) it solves the Cauchy-Riemann equation

= ou ou

with respect to the boundary conditions
u(s,0) € Lo and u(s, 1) € L1, Vs €R,
limg_s 400 (s, t) = p, lims, oo u(s,t) =¢q

(2) it has finite energy (symplectic area of the strip):

Jo-- 1yl

Let M (p, ¢; [u], J) denote the moduli space defined through the conditions (1) and (2) above
and M(p,q; [u],J) the moduli space after taking the quotient by the R-action given by
reparametrization (i.e. u(s,t) — u(s — a,t) for some a € R). We have denoted by [u] the
homotopy class of u in w3 (X, Lo N L1). Moreover, define the Maslov index of the homotopy
class [u] as

2
dsdt < .

ind([u]) := indr(Dy, ,) = dimker Dy, — dim coker Dy,

where Dj ,, denotes the linearization of dy at a given solution u. One can show that
Dj, ,, is indeed a Fredholm operator and thus one can compute its Fredholm index. In

particular, it can be shown that M (p, q; [u], J) is a smooth manifold of dimension ind([u])
if all solutions of (1) and (2) are regular, i.e. the operator Dg, ,, 1s surjective at each point

u € M(p,q;[u],J). Thus, M(p,q;[u],J) is an oriented O-dimensional manifold whenever
ind([u]) = 1. Compactness of the moduli space is given through Gromov’s compactness
theorem [Gro85|. Indeed, Gromov showed that any sequence of J-holomorphic curves with
uniformly bounded energy admits a subsequence which converges, up to reparametrization,
to a nodal tree of J-holomorphic curves. Denote by LGr(n) the Grassmannian of Lagrangian
n-planes in the standard symlectic space (R?*",wp) and by LGr(TX) the Grassmannian of
Lagrangian planes in 7% as an LGr(n)-bundle over ¥. The Z-grading of the complex is
obtained by ensuring that the difference of the index of a strip depends only on the difference
between the degrees of the two generators that it connects and not on its homotopy class'®.
Then we can construct the grading as follows: For all p € LN L] we can obtain a homotopy
class of a path connecting T,Ly and T,L; in LGr(7,X) by connecting the chosen graded

lifts of the tangent spaces at p through a path in LGr(7,Y). Composing this path with

D5 his is actually obstructed by the following two conditions: The first Chern class of ¥ has to be 2-torsion
and the Maslov class pc € Hom(mi(L),Z) = H(L,Z) of £ vanishes, i.e. 2¢1(TE) = 0, which allows to lift
the Grassmannian LGr(T'S) to a fiberwise universal cover LGr(T'S) given as the Grassmannian of graded
Lagrangian planes in TS. In particular, if we have a nowhere vanishing section o € T(ACT*E ® A¢ T™X),
the argument of ¢ assigns to each Lagrangian plane ¢ a phase ¢({) := arg(o|¢) € S* = R/2nZ. Thus, one
defines a graded lift of £ to be the choice of a real lift 3(¢) € R of p(¢). The Maslov class is defined as the
obstruction for choosing graded lifts of the tangent spaces to £, i.e. lifting the section of LGr(T'X) over £
given by p — T, L to a section of the infinite cyclic cover IT(\}/r(TE). The Lagrangian £ together with such a
choice of lift is called graded Lagrangian submanifold of X.
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the canonical short path from 7,Ly and T,L;, denoted by —\,, we get a closed loop in
LGr(T,X). We can then define the degree of p to be the Maslov index of this loop. One can
check that for any strip u connecting p and ¢, we get

ind(u) = deg(q) — deg(p),
The differential can be then defined as

op = E #M(p, q; [u], J)T (g,
qELYNLY
ind([u])=1

where #M(p, ¢; [u], J) € Z (or Z3) is the signed (or unsigned) count of pseudo-holomorphic
strips connecting p to ¢ in the class [u], and w([u]) = [u*w < oo is the symplectic area of
these strips. One can observe that 9 is indeed of degree +1. The fact that it squares to
zero is a non-trivial observation which requires some assumptions. Let us go back to the
compactness argument. In our case, we consider J-holomorphic strips u: R x [0,1] — X
with boundary on Lagrangian submanifolds £y and £;. Then we have three situations that
can appear: the first situation is called strip breaking (see Figure 3.7.1) and occurs if energy
concentrates at either end s — 00, i.e. there exists a sequence (a,) with a,, — £00 such
that the sequence of strips uy, (s — an,t) converges to a non-constant limit strip. The second
situation is called disk bubbling (see Figure 3.7.2) and occurs if energy concentrates at a
point on the boundary of the strip, i.e. when t € {0,1}, where suitable rescalings of w,,
converge to a J-holomorphic disk in ¥ with boundary completely contained in either £y or
L1. the third situation occurs if energy concentrates at an interior point of the strip, where
suitable rescalings of u, converge to a J-holomorphic sphere in .

£1 Cl

ﬁo £O

FIiGURE 3.7.1. Example of a broken strip situation.

Ly

Lo
FIGURE 3.7.2. Example of a disk bubbling situation.

Strip breaking is in fact the ingredient needed for the differential 0 to square to zero whenever
disk bubbling can be excluded. We can make sure that disk and sphere bubbles do not
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appear by imposing the condition [w] - mo(3, £;) = 0 for j € {0,1}. There are also other
more general ways to avoid disk and sphere bubbling, e.g. to impose a lower bound on the
Maslov index by considering the case when the symplectic area of disks and their Maslov
index are proportional to each other. One then speaks of monotone Lagrangian submanifolds
in monotone symplectic manifolds.

3.8. The Atiyah—Floer conjecture. In [Ati87], Atiyah conjectured that instanton Floer
homology should be related to Lagrangian Floer homology in the following way (see also
[Sal95; Weh05b; Weh05a; SWO08] for a slightly different approach to the same conjecture
using Lagrangian boundary conditions):

Conjecture 3.8.1 (Atiyah-Floer|Ati87]). Let ¥, be a Riemann surface of genus g > 1.

Then the space of flat SU(3)-connections on ¥, denoted by Afsigt@)(ilg), up to isomorphism
has a symplectic structure. Suppose N is an integral homology sphere with Heegaard split-
ting along the surface ¥4, given by

1 2
N = H} Us, HZ,

where H; denotes a handle-body of genus ¢g. Then the space Aggt@) (H;) of flat connec-
tions on ¥, which extend to flat connections on H; determines a Lagrangian subspace of

45U

ot (Bg). In particular, we have

~ SU(2 SU(2
HinstFO (N) = HLang'(Aﬂat( )(Hgl)7 Aﬁat( )(H!?))’

where HipsiFe denotes the instanton Floer homology and Hyag Fe denotes the Lagrangian
Floer homology. Here, AU@ (H,) and .Aﬁgt@)(H o) are considered as Lagrangian subman-

flat
ifolds of Aﬁi@)(ﬂg). Usually, HLang.(Afslgt(Q) (H;),Aﬁgt(z)(Hg)) is called the symplectic

instanton Floer homology of N.

Remark 3.8.2. The Atiyah—Floer conjecture leads to a better understanding of the instan-
ton Floer homology for 3-manifolds with boundary. In particular, for a 4-manifold together
with a principal PU(2)-bundle, where PU denotes the projective unitary group, one can de-
fine numerical invariants as in (2.2.4) due to Donaldson. For a 3-manifold together with
a principal PU(2)-bundle, one can define the instanton Floer homology group as in Sec-
tion 3.4. For a 2-manifold together with a principal PU(2)-bundle, we can construct an
Aqo-category'®. Moreover, as we have seen in Section 3.5, the Donaldson invariants of a
4-manifold ¥ with boundary is valued in the instanton Floer homology of 9%. Finally, it is
expected that the Floer homology of a 3-manifold N with boundary gives an object in the
Aso-category associated to ON.

Remark 3.8.3 (A way of proving Conjecture 3.8.1). In [DF17], Daemi and Fukaya have
proposed a proof for the Atiyah—Floer conjecture. In particular, they construct a different
version of Lagrangian Floer homology and translate the Atiyah—Floer conjecture to the
equivalent conjecture which states that this new version is actually isomorphic to Hingt Fe.
They proposed a solution to this equivalent conjecture by considering a mixture of the
moduli space of anti self-dual connections and the moduli space of pseudo-holomorphic
curves. Moreover, they gave a formulation in terms of A.-categories in order to state

160 Aso-category is, roughly speaking, a category whose associativity condition for the composition of
morphisms is relaxed in a higher unbounded homotopical way (see e.g. [KS08a]). Usually, the morphisms
are given by chain complexes as for the meaning of a linear category.
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conjectures for stronger versions of some properties for instanton Floer homology of 2- and
3-manifolds.

Remark 3.8.4 (Fukaya category). The A, -category whose objects are given by certain La-
grangian submanifolds of a given symplectic manifold (X, w) and morphisms between objects
are given by the Lagrangian Floer chain complexes is called the Fukaya category [Fuk93| and
is denoted by Fuk(X,w) (see also [Fuk{09a; Fuk+09b; Kon94a; Aurl4]). In particular, one
could also construct a more general version of this category by using Lagrangian foliations as
the objects. Such a construction would be interesting in order to understand the boundary
structure when combining with the methods of geometric quantization as for the bounary
state space construction in the BV-BFV setting.

Remark 3.8.5 (Homological mirror symmetry). Based on the mirror symmetry conjecture
(A- and B-model mirror construction) considered in string theory for Calabi-Yau 3-folds (see
e.g. [Yau92; Hor+03]), Kontsevich formulated a homological version in terms of equivalences
of triangulated categories. For some projective variety X, let D’Coh(X) denote the derived
category of coherent sheaves on X. Kontsevich’s conjecture is then formulated as follows:

Conjecture 3.8.6 (Homological mirror symmetry[Kon94al). Let X and Y be mirror dual
Calabi-Yau varieties. Then there is an equivalence of triangulated categories

(3.8.1) Fuk(X) = D’Coh(Y),

Conjecture 3.8.6 has been proven by various people for different types of mirror varieties
(e.g. toric 3-folds, quintic 3-folds). However, a general direct proof still remains open.

4. THE BV-BFV FORMALISM

In this section, we want to recall the most important concepts of [CMR17]. Good introduc-
tory references for the BV and BV-BFV formalisms are [Cos11; Mnel9; CM20]. In order to
avoid large formulae, we will not always write out the exterior product between differential
forms, hence we remark that from now on this is automatically understood.

4.1. BV formalism. Let us start with the BV construction on a closed d-dimensional
source manifold X.

Definition 4.1.1 (BV manifold). A BV manifold is a triple (F,w,S), where F is a Z-graded
supermanifold!”, w an odd symplectic form on F of degree —1 and S an even function on
F of degree 0 such that

(4.1.1) (8,8) =0,
where (, ) denotes the odd Poisson bracket induced by the odd symplectic form w.
Equation (4.1.1) is called Classical Master Equation (CME).

Remark 4.1.2. We call F the BV space of fields'®, w the BV symplectic form and S the
BV action (functional). Moreover, (, ) is often called BV bracket or anti-bracket. In the
physics literature, the Z-grading is called ghost number. We will denote the ghost number
by gh. When considering differential forms, we will denote the form degree by deg.

1TRecall that a supermanifold is a locally ringed space (F,OF) such that the structure sheaf is locally,
for some open set U C R, given by C*°(U) ® A\® V*, where V is some finite-dimensional real vector space.

18Usually7 the BV space of fields is given by the (—1)-shifted cotangent bundle of the BRST space of
fields, i.e. Fpy = T"[—1]Fsrst. The fiber fields are usually called anti-fields. For each field ®, there is
a corresponding notion of anti-field through duality, denoted by ®'. Recall that gh(®) + gh(®) = —1.
Moreover, if Fs = Q*(%), then deg(®) + deg(®T) = dim X.
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Definition 4.1.3 (BV theory). The assignment of a source manifold ¥ to a BV manifold
(Fo,ws, Sx)
is called a BV theory.

4.1.1. Quantization. For the quantum picture one considers a canonical second-order differ-
ential operator A on half-densities on F with the properties

(4.1.2) A% =0,
(4.1.3) A(fg) = Afg+ fAg+ (f,g), Vf,g € Dens?(F),

where Dens%(]: ) denotes the space of half-densities on F. The operator A is called BV
Laplacian. If ® and <I>;-r denote field and anti-field respectively, we have

— =
i o 0 1
_ _ 1\gh(®H)+1 9 1
Af_zl:( 1)g ( f<5q)“6c1>j>7 fGDenS2(f).
We denote by % and % the left- and right-derivatives. Namely, we have
ri ; 5
£ (—1)8h(@)(eh(N)+1) £ T
5<Iﬂf (=1) f5<I>“
5 | 5
7 (1) (eh(@)+D)(h(NH+) £ T
e =Y ol

Remark 4.1.4. In particular, one can show that for any odd symplectic supermanifold F,
there is a supermanifold N such that F = T*[1]N. Hence, functions on F are given by
multivector fields on N. Moreover, the Berezinian bundle on F is given by

top top
Ber(F) = /\T*N@ /\T*./\/.
Thus, half-densities on F are defined by

Densé(}") =T (Ber(]—')%) :

1 1
One can show that there exists a canonical operator A% on Dens2 (F) which squares to zero
1

[Khu04]. Then, fixing a non-vanishing, AZ%-closed reference half-density o € Dens? (F), one
can define a Laplacian on functions on F by

(4.1.4) Ay f = %Ai(f(;).

It is easy to check that A, squares to zero. For convenience, we write A when we actually
mean A, in order to not emphasize on the choice of reference half-density. It is important
to mention that this construction needs a suitable regularization in the case where F is
infinite-dimensional. See also [Sev06] for describing the BV Laplacian naturally through a
spectral sequence approach of a double complex using the odd symplectic structure.

Theorem 4.1.5 (Batalin—Vilkovisky—Schwarz[BV81; Sch93|). Let f,g € Dens%(]: ) be two
half-densities on F. Then
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(1) if f = Ag (BV exact), we get that

Af=&

for any Lagrangian submanifold L C F.
(2) if Af =0 (BV closed), we get that
d

& [:tf:O’

for any smooth family (L) of Lagrangian submanifolds of F.

For the application to quantum field theory, we want to consider!’

f =exp(iS/h).
The choice of Lagrangian submanifold is in fact equivalent to the choice of gauge-fixing.
Thus, the second point of Theorem 4.1.5 tells us that the the gauge-independence condition
is encoded in the equation
Aexp(iS/h) =0,
which is equivalent to

(4.1.5) (S,8) — 2ihAS = 0.

Equation (4.1.5) is called Quantum Master Equation (QME). Note that the QME reduces
to the CME for A — 0.

Example 4.1.6 (AKSZ theory[Ale +97]). A natural example of BV theories was formulated
by Alexandrov, Kontsevich, Schwarz and Zaboronsky in [Ale+97|. A differential graded
symplectic manifold of degree d consists of a graded manifold M endowed with an exact
symplectic form w = dya of degree d and a smooth Hamiltonian function © on M of degree
d + 1 satisfying
{97 @} =0,

where { , } is the Poisson bracket induced by w. Such a triple (M,w = dya,©) is
sometimes also called a Hamiltonian manifold. A d-dimensional AKSZ sigma model with
target a Hamiltonian manifold (M,w = dpa, ©) of degree d — 1 is the BV theory, which
associates to a d-manifold ¥ the BV manifold (Fx,ws, Sx), where?”

(4.1.6) Fx = Map(T[1]2, M),

the BV symplectic form wy; is of the form

(4.1.7) wy, = / udwwétb“éfb”,
TS

and the BV action is given by
(4.1.8) &:/ e (0 (@) ds B + O(®)) .
TS

we have denoted by ® € Fx, the superfields, by w,, the components of the symplectic form
w, by a, the components of o and ®* are the components of ® in local coordinates (u,6).
Moreover, pg := d%ud?@ denotes the measure on T[1]¥ and ¢ is the de Rham differential on

9\ ore precisely, we want to consider f = exp(iS/h)p, where p is some A-closed reference half-density
on F.
20This is the infinite-dimensional graded manifold adjoint to the Cartesian product (internal morphisms).
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Fyx. Indeed, one can check that wy, is symplectic of degree —1 and that Sy, is of degree 0
satisfying the CME

(Sx,Sx) =0.
This is obtained by considering the transgression map
T (M) — Q* (Map(T[1]5, M)),
given by the following diagram:
Map(7T'[1]3, M) x T[1]Z i,g M

7T1l /,/’//’
o

Map(T'[1]%, M)

where w1 denotes the projection to the first factor and ev denotes the evaluation map. The
transgression map is then defined as 7 := (m).«ev*. Note that the map (). denotes
fiber integration. The (—1)-shifted symplectic form on Map(7T'[1]X, M) is then given by
wy, = J(w) = (m)«evw. Many theories of interest are in fact of AKSZ-type such as
e.g. Chern—Simons theory [Wit89; AS91; AS94|, the Poisson sigma model [CF00; CFO1],
Witten’s A- and B-model [Wit88b; Ale+97] and 2-dimensional Yang—Mills theory [IM19].

4.2. BV algebras. We want to recall some notions on BV algebras as in [Get94], and how
it is related to the original BV formalism. A braid algebra Br is a commutative DG algebra
endowed with a Lie bracket [ , | of degree +1 satisfying the Poisson relations

(4.2.1) [a,bc] = [a, bl + (—1)1l0EI=Dp[q, ¢], Va,b,c € Br

An identity element in Br is an element 1 of degree 0 such that it is an identity for the
product and [1, ] = 0. A BV algebra BV is a commutative DG algebra endowed with an

operator A: BYe — BVe11 such that A2 =0 and
(42.2) A(abe) = Alab)e + (=DaA(be) + (=1)Iel=DIIpA(ac)
o — Aabe — (=1D)laAbe — (=1)ldHPlgpAc, Ya,b,c € BY.

An identity in BY is an element 1 of degree 0 such that it is an identity for the product and
A1 = 0. One can show that a BV algebra is in fact a special type of a braid algebra. More
precisely, a BV algebra is a braid algebra endowed with an operator A: BV, — BVe11 such
that A? = 0 and such that the bracket and A are related by

(4.2.3) [a,b] = (=119 A(ab) — (=1)19Aab — aAb,  Va,b e BY.
Moreover, in a BV algebra we have
(4.2.4) A([a,b]) = [Aa, b + (=1)9=1a, Ab),  Va,be BVY.

The motivation for such an algebra structure comes exactly from the approach of the BV
formalism in quantum field theory. Let (F,w) be an odd symplectic (super)manifold. Let
f € Ox, where Or denotes the space of functions on F, and consider its Hamiltonian vector
field Xy. One can check that Or endowed with the BV anti-bracket

(4.2.5) (f.9) = ()7 X (g)

is a braid algebra. Let p € I'(Ber(F)) be a nowhere-vanishing section of the Berezinian
bundle of F. As we have seen before, this represents a density which is characterized by the
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integration map f: [o(F,Ber(F)) — R, where T'y denotes sections with compact support.
Hence, i induces an integration map on functions with compact support

(4.2.6) Or> f+— f/j,l/Q’
LCF

for some Lagrangian submanifold £ C F, where the integral exists. Then one can define a
divergence operator div, X by

(12.7) [ v, 010 = [ x(o

Lemma 4.2.1. For a vector field X, define X* := —X —div, X. Then
4.2.8 X(g)p = ()M x= :

(4.2.8) /ff (9)p=(-1) /; (flgn

Moreover, div,(fX) = fdiv, X — (=D)VIXIX(f) and if S € OF is an even function, then
divexp(s)y X = div, X + X(S).

One can then define the BV Laplacian A to be the odd operator on O given by

(4.2.9) Af = div, X;.

A BV (super)manifold (F,w, u) is then an odd symplectic (super)manifold with Berezinian
p such that A? = 0.

Proposition 4.2.2 (Getzler|Get94]). Let (F,w,p) be a BV (super)manifold.
(1) The algebra (OF,( , ),A) is a BV algebra, where A is given as in (4.2.9) and ( , )
is the odd Poisson bracket coming from the odd symplectic form w as in (4.2.5).
(2) The Hamiltonian vector field associated to some f € O is given by the formula
Xy =—[A, fl+Af, where [ , | denotes the commutator of operators.
(8) If S € O and Ags is the operator associated to the Berezinian exp(S)u, then Ag =
_ 2 _

Note that point (3) of Proposition 4.2.2 is exactly the case that we have in quantum field
theory. Moreover, if

1
(4.2.10) AS +5(5.8) =0,

we get that A% = 0, which ensures a BV algebra structure. Note that here we have set
ih=1.

4.3. BFV formalism. We want to continue with the Hamiltonian approach of the BFV
formalism for closed source manifolds.

Definition 4.3.1 (BFV manifold). A BFV manifold is a triple (F2 w? Q%) such that
F9 is a Z-graded supermanifold, w? is an even symplectic form of degree 0 and Q7 is
a cohomological (Q? = 0) and symplectic (Lgw = 0) vector field on F of degree +1.
Moreover, the Hamiltonian function S? of Q2 defined by the equation LQawa = 68%, is
required to satisfy the CME

(4.3.1) {82,589} =0,

where { , } denotes the Poisson bracket of degree 0 induced by the even symplectic form
17}
w?.
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Note that we have denoted by § the de Rham differential on F 9 Moreover, we can, equiv-
alently, express Equation (4.3.1) as Q2S? = 0. Similarly, for a BV manifold (F,w,S) we
can consider the Hamiltonian vector field () associated to S through the equation tgw = 0S
(by abuse of notation, we also denote the de Rham differential on F by 0). Hence, we can
express Equation (4.1.1) as QS = 0.

Definition 4.3.2 (Exact BFV manifold). We call a BFV manifold (F?,w?, Q%) ezact, if
w? is exact, i.e. there is a 1-form o on F? such that w? = §a?.

Definition 4.3.3 (BFV theory). The assignment of a manifold ¥ to a BFV manifold

0 0 0
(Fox, wos, Qos)
is called a BF'V theory.
Remark 4.3.4. Given an AKSZ theory (Fx = Map(T[1]X, M),ws,Sy) as in Example

4.1.6 associated to a manifold with boundary ¥, we can easily construct its BFV data by
restriction to the boundary. The BFV action thus given by
0

Spz = Sv |az'

Similarly we can obtain the BFV space of boundary fields
Fhs. = Map(T[1]05, M) = Fs| 5

and the BFV symplectic form

“’gE = wﬁ}az'
4.4. BV-BFV formalism. Consider now a source manifold 3 with boundary 93.

Definition 4.4.1 (BV-BFV manifold). A BV-BFV manifold over an exact BF'V manifold
(F?,w? = §a?,Q%) is a quintuple (F,w,S, Q, ) such that F is a Z-graded supermanifold,
w is an odd symplectic form of degree —1 on F, S is an even functional of degree 0, @) is a
cohomological, symplectic vector field on F and 7: F — F9 a surjective submersion such
that

(1) 07Q = Q°,

(2) 1gw = S + 7*a?,
where 07 denotes the tangent map of 7. In fact, condition (1) and (2) together imply the
modified Classical Master Equation (mCME)

(4.4.1) QS = (287 — 150a?).

Definition 4.4.2 (BV-BFV theory). The assignment of a source manifold with boundary 3
to a BV-BFV manifold (Fx,ws, Ss, @x,mx) over an exact BFV manifold (]-'gz,wgz, ng)
is called a BV-BFV theory.

4.4.1. Quantization. For the quantization, one chooses a polarization®! P on the boundary
and assume a symplectic splitting?? of the BV space of fields with respect to it

(4.4.2) F=8B"xY.

21This is an involutive w®-Lagrangian subbundle of TF?.

22Actually, this is only needed locally, so one can also allow F to be a BV bundle over B”. A fiber
bundle F over a base B with odd-symplectic fiber (Y,w) is called a BV bundle if the transition maps of
F are given by locally constant fiberwise symplectomorphisms. An even more general setting is given by a
hedgehog fibration where the fibers of the fiber bundle are given by hedgehogs [CMR17].
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0%

BFV

FIGURE 4.4.1. The BV theory is associated to the bulk and the BFV theory
to the boundary such that we have a coherent coupling.

Here B denotes the leaf space for the polarization P which we assume to be smooth and Y
is a complement. Note that we can always split the BV space of fields in such a way but it
is important to assume that it is symplectic, i.e. that the BV symplectic form w is constant
on BF. In fact, we consider w to be a weakly nondegenerate®® 2-form on ) which extends
to the product BF x Y. For BF-like theories®*, which includes AKSZ-type theories, one can
think of B” to be the fields restricted to the boundary and ) to be the bulk part. Using the
fact that the BFV space of boundary fields (F?,w?) is a symplectic manifold, we consider
a geometric quantization (see e.g. [Woo97; BW12; Mos20a|) on the boundary to obtain a
vector space H”. In order to take care of regularization, we consider another splitting of
the bulk part

(4.4.3) Y=Vx)Y,

where V denotes the space of residual fields®>. Moreover, let Z := BP x V denote the bundle
of residual fields over BF. Note that we also assume a splitting of the symplectic manifold
(Y, w) into two symplectic manifolds

Yy=vxY,

w = wy + wyr.

Gauge-fixing is then equivalent to the choice of a Lagrangian submanifold £ of (), wyr).
Define H” := Dens%(Z) = Dens%(Bp)@)Dens%(V) and the BV Laplacian A? :=id ® Ay
on HP. We have denoted by Ay the BV Laplacian on V. Note that the space Dens%(Bp)

coincides with the vector space H” constructed by geometric quantization on the boundary.
Thus we have

HP = HP®Dens? V).

Remark 4.4.3. Another important assumption is that for any ® € Z, the restriction of the
action to {®} x L has isolated critical points on {®} x L.

23In the finite-dimensional case the BV-BFV formalism is not consistent with the nondegeneracy of w on
the whole space and thus one has to exactly assume nondegeneracy along the fibers.

24T hese are perturbations of BF' theories.

25y is often also called the space of low energy fields or zero modes which we assume to be finite-
dimensional. The complement ) is accordingly often called space of high energy fields or fluctuation fields
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The state is then defined through the perturbative expansion into Feynman graphs of the
BV integral

(4.4.4) ZEV-ErY () = / oxp (iS(®)/h) 2[8] € A®, ® € 2.
L

Remark 4.4.4. If one uses a different choice of residual fields V' such that V fibers over V' as
a hedgehog (see [CMR17] for the definition of a hedgehog fibration), then the corresponding
quantum theories are BV equivalent in the sense of [CMR17]. however, there is a minimal
choice for the residual fields for which the assumption in Remark 4.4.3 is satisfied by a good
choice of Lagrangian submanifold £. For the case of abelian BF' theory, the minimal space
of residual fields is given by the de Rham cohomology of the underlying source manifold.

If AS = 0, which we usually want to assume, the QME is replaced by the modified QME
(mQME)
(4.4.5) (R2A + Q7)) exp (iS/h) = 0,

where, for local coordinates (b;) € BF, we have that

, )
F =89 (b —1h5bi>
is the standard ordering quantization of S?. If S depends on 4 and (or) AS # 0, we get the

mQME from the assumption of the QME in the bulk by defining S? := §? + O(h) via the
equation

5 1
8P = 5(8.8) —ihAS

and setting Q7 to be the standard ordering quantization of S;? . Note that the operator
W2A + QF is of order +1. Moreover, we assume that the operator #2A + QF squares to
zero in order to have a well-defined BV cohomology. In the finite-dimensional setting we
automatically get that Z solves the mQME:

(4.4.6) (R2Ay +QF)Z =0.

In the infinite-dimensional setting, where we have to compute the Feynman graphs instead
of an integral, the mQME is only expected to hold and requires a separate checking.

4.5. Gluing of BV-BFYV partition functions. Let 3 be a d-manifold and consider two d-
manifolds X1, ¥y such that 3 = 31 Uy X9 where N is the (d — 1)-manifold which is identified
with the common boundaries 0%; and 0% (see Figure 4.5.1). Then in general, following
Atiyah’s TQFT axioms [Ati88], we can define the glued partition function by the pairing

(4.5.1) ZEZ/ 251,05, L5,,05,-
N

We want to see how this is adapted to the BV-BFV partition function. Let (),w) be a
direct product of two odd symplectic manifolds ()’,w’) and (V”,w"), ie. Y =YV x Y,
w = w' + w"”. Then the space of half-densities on ) factorizes as

Dens%(y) = Dens? ())@Dens? ()").
If we consider BV integration on the second factor for some Lagrangian submanifold £ C )",
we can define a pushforward map on half-densities
de [,

/: Dens%(y) e Dens%(y').
L
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FIGURE 4.5.1. Gluing of ¥; and 35 along N.

If we consider the space of fields 7 = Bx ) given by a product as in Section 4.4, and assuming
that Y splits into a product of two odd symplectic manifolds (V,wy) and (), wyr), we can
consider a version of the BV pushforward in terms of families over B by

/: Dens%(]-') Mok, Dens%(Z),
L

where Z = B? x V for some chosen polarization P and £ C )’ is a Lagrangian submanifold.
In particular, we have the coboundary operator 72Ay, +QF on Z, where Ay is the canonical
BV Laplacian on V. In fact, the BV-BFV partition function is then defined through the
family version of the BV pushforward.

The gluing of BV-BFV partition functions as in (4.4.4) is given by

- - 1
(452 o= [ (2, € e ),
where f r denotes the BV pushforward with respect to the map

Vz;l X Vz;2 — Vz;,

for some Lagrangian submanifold £ in the bulk complement of Vs, and ( , )y is the pairing
in 7—[]7\3, Note that the product of the space of residual fields Vs, x Vs, is a hedgehog fibration
as in [CMR17]. The BV-BFV partition function depends only on residual fields when ¥ is
closed. If we assume that the space of residual fields Vy is finite-dimensional, which is the
case for many theories of interest including AKSZ theories, we can compute the number
valued partition function by integrating out the residual fields fvz Z3V € C. If the glued
manifold 3 has boundary itself (see Figure 4.5.2), the BV-BFV partition function depends
on the boundary fields Bgz- In particular, we get

Zo5e = [ (2 ) € MEs@Denst ().
4.6. Example: abelian BF theory. Let ¥ be a d-manifold with compact boundary 0X.

The BV space of fields is then given by Fx, = Q*(X)[1] ® Q*(X)[d — 2]. Denote a field in
Fs by X @Y, where X € Q*(X)[1] and Y € Q°*(2)[d — 2]. The BV symplectic form is then

given by
wy, = 8Y 60X,
O3
the BV action by

Sg:/ZYingi,
DI
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FIGURE 4.5.3. Closing the manifold X.

and the cohomological vector field by

5 -
= Y,— X'— ),
Qs /E Z (dz v, 5Xz>

where ¢ denotes the de Rham differential on Fx. and dyx. the one on X. The exact BFV
manifold (.7-'682,f.ugZ = 50422, ng) assigned to the boundary 9% is given by the BFV space
of fields Fy. = Q*(0%)[1] ® Q*(0%)[d — 2], the primitive 1-form

ads = (—1)¢ /82 > VX,

the BFV boundary action
Soy, = / > Yidos XY,
os 5

and cohomological vector field

o ;0

9] i
Q=1 Y+ dpeXi—— ).
o /a _pa <daz 5Y, dos 55@)

We have denoted by X @Y = (X8 Y) € ]:gz for X @Y € Fy, where ix: 0¥ — X
denotes the inclusion. The surjective submersion 7wy : Fy — .ng is given by restricting to
the boundary, i.e. 75 = is..

Consider the case where 9% is given by the disjoint union of two compact manifolds 0%
and 0J9% such that we can consider a splitting ng = ‘Fg@ X ]:322. Then we can consider

a polarization P on fgz which is given by a direct product of polarizations on each factor.
One can choose the convenient %—polarization on 01 and identify the quotient leaf space
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with Ba,», = Q°(01X)[1] whose coordinates are given by the X fields. On 02X one can choose
the convenient (%X—polarization and similarly as before identify the quotient leaf space with
Ba,x = Q°(02X)[d—2] whose coordinates are given by the Y fields. The leaf space associated
to the boundary polarization is then given by Bgz = By, x X Ba,x.

812 82E

=
D
Ze

FIGURE 4.6.1. Example of ¥ with two boundaries 01X and d5X. On 01X we
choose the %—polarization (i.e. the X-representation) and on 023 we choose

the (%X—polarization (i.e. the Y-representation).

The case when we have more than two boundary components is illustrated and explained
in Figure 4.6.2. The case for boundary components with mixed polarization is explained in
Figure 4.6.3. However, we will not consider this case in this paper.

In particular, we want to assume for the leaf space BE)Z the property that for a suitably
chosen local functional fgz, the restriction of the adapted BFV 1-form agg = 0‘82 ) f62
to the fibers of the polarization P vanishes. In this case we can identify the space of
boundary states HJy, with Dens? (Bls,) by multiplying with exp(ifJ5,/h). Moreover, we can
then modify the BV action Sy to Sg = Sy +75, fgg. In our case, we consider the functional

s = (—1)¢ / Y, X7,
5 e Z
the adapted BFV 1-form

ag = (-1) /MZY(SXZ /MZ(SYXZ

and the modified BV action
SZ_/ZYd32X+ dl/ ZYX}
02X

Denote by XaY:= (X @ Y) an extension of X ® Y to Fx and denote by X @Y the
complement such that

X =X+X,

~

Y=Y+Y.

26This case was studied for the Poisson sigma model (2-dimensional AKSZ theory) in [CMW20] for the
quantization of the relational symplectic groupoid. Another (a bit different) approach was considered for
2-dimensional Yang—Mills theory in [IM19].
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oy

GIb>

FIGURE 4.6.2. Example of a manifold with three boundary components
where two components have the X-representation and one component has
the Y-representation. Note that in this case we have 01X = 8&1)2 u 89)2.
In general we can have r; boundary components in the X-representation
and re boundary components in the Y-representation. In this case we have

FIGURE 4.6.3. Example of a boundary component with mixed boundary
polarization.

Note that we require that z’{f( =0 and 2’2‘3? = 0, where i;: 9;X — X denotes the inclusion
of the corresponding boundary components for j = 1,2. Let us choose this section of the
bundle Fy — Bgz. The modified BV action is then given by

Sg = /E Z (Y?idagii + ?idzii + ?idazii + ?idEXi)
A

+ (—1)d_1/ Z (Ylgz —I—Yziz) .
05 5
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Consider the last bulk term which we denote by gg = fz Zl ?idgf(i. Note that, by the

vanishing boundary conditions, we get the critical points defined by the equations dxX =
dsY = 0. Moreover, consider the subcomplex of the de Rham complex Q°*(X) given by

Op;(3) == {y e @ (%) | ijy = 0},
where D stands for Dirichlet. The residual fields are then given by
Vs = Hp, (2)[1] © Hpy(X)[d - 2],

which is a finite-dimensional BV manifold. Note that we have a natural identification with
relative cohomology H]‘Dj(E) = H*(X,0;X%) for j = 1,2. Hence, we can define a canonical

BV Laplacian by choosing coordinates (zj,z;) on Vs;. Choosing a basis ([k;]) of Hp(X)
with representative r; € Q) (X) and the corresponding dual basis ([K7]) of HYy(X) with

representative k7 € QF),(¥) satisfying the relation fz k'kj = 0j, we can write the residual
fields as

(4.6.1) x:szmj, y:Zz;/@j.
J J

The BV Laplacian on Vx is given by

) 82
Ayy = S (—@nae L
125 - ( ) 82’82;

and the BV symplectic form on Vs is given by
wyy, = Z(—l)(d_l) gh(zj)ﬂéz;{ézj.

J
Note that gh(z7) = 1 — gh(k;) and gh(z;) = gh(k;) — 2. Consider another splitting of the
fields

~

X=x+2Z,
Y=y+%,

where Z" @ % denotes the corresponding complement of the field x ®y € Vy as elements of
a symplectic complement Y% of V5. Note that ij.2" = i5% = 0. Using this, we can see that
Sy = Js % ds 2 which can be regarded as a quadratic function on Q) (3)[1]&Qp), (3)[d—2]
and has critical points given by closed forms. One can now choose a Lagrangian submanifold
L of Y, where §2 has isolated critical points at the origin, which is to say that the de Rham
differential d has trivial kernel. This can be done by Hodge theory for manifolds with
boundary. Consider the Hodge star operator * for a chosen metric on ¥ with product
structure near the boundary, i.e. there is a diffeomorphism ¢: 0¥ D U — 90X x [0,¢) for
some € > 0 such that the restriction of ¢ to 0¥ is the identity on 0% and the metric on ¥
restricted to the neighborhood U has the form ¢*(gss + dt2), where ggy, denotes the metric
on the boundary and ¢ € [0, ¢) the coordinate on 0% X [0,¢). One can define the Lagrangian
submanifold

£ = (d"0%' (2) N (D)) @ (O} (2) N Qb (D)d - 2,
where d* := *dx* and
() =y € QD) | 7 = 0)
is the space of Neumann forms relative to 9;X. One can check that the restriction of Sy to L
is nondegenerate. Moreover, one can show (see [CMR17| for more details) that £ is is indeed
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Lagrangian in the symplectic complement )%, of Vs;. One can then construct a propagator
& as the integral of the chain contraction K of Qf,(X) onto Hp,(X). The gauge-fixing
Lagrangian is then given as

£ =im(K)[1] @ im(K*)[d — 2].

This can be done by choosing a Hodge chain contraction K : Qf), (%) — Q1 (2). We call a
differential form g € Q®*(X) ultra-Dirichlet relative to 0;X if the pullbacks to 9;% of all even
normal derivatives of 5 and pullbacks of all odd normal derivatives of % vanish. We call
a differential form § € Q°*(X) ultra-Neumann relative to 0;3 if pullbacks to 9;X of all even
normal derivatives of %3 and pullbacks of all odd normal derivatives of 8 vanish. Denote
by Q‘Bj(E) and QI'QU(E) the space of ultra-Dirichlet and ultra-Neumann forms, respectively.
We call a differential form g € Q*(X) ultra-harmonic if it is closed with respect to d and
d*. Denote by Harm (3) the space of ultra-harmonic forms on ¥. Note that Q]'sj(Z)
and Q'ﬁj(E) are both subcomplexes of °(X) with respect to d and d*, respectively. One
can eagsily see that ultra-harmonic Dirichlet forms are ultra-Dirichlet and ultra-harmonic
Neumann forms are ultra-Neumann. Let Agogge := dd* 4+ d*d denote the Hodge Laplacian.
The Hodge chain contraction is then given by K = d*/(AHodge + THarm), Where THarm
denotes the projection to (ultra-)harmonic forms. The propagator &2 is then a smooth
form on the compactified configuration space Confs(X) = {(u1,u2) € ¥ X ¥ | uy # us}.
Moreover, consider the space ® := {(uj,u2) € ("X x L) U (02X X X) | w1 # uz} (see
Appendix B for more on configuration spaces on manifolds with boundary). Then we get that
2 € Q17 YConfy(X),D) = {y € Q4 1(Confy(X)) | i%y = 0}, where in: D — Confy(2)
denotes the inclusion. We can write the propagator as a path integral
1 (-1)4
PERRC)
TE ih
where 7j: ¥ x ¥ — X for j = 1,2 denotes the projection onto the first and second factor,
respectively and Ty, = [, exp(iSy;/h) € C® Dens? (Vs)/{£1} is given in terms of the Ray—
Singer torsion |[RS71] which is defined through zeta regularization which does not depend
on the choice of £ since the Ray—Singer torsion does not depend on the choice of metric.
Let N be a (d — 1)-manifold and let H} , be the vector space of n-linear functionals on
Q°(N)[4] of the form

/ﬁ exp (132 /h) AT,

Q*(N){] 5D — ymiD - D
Nn”
up to multiplication with a term given by the Reidemeister torsion [Rei35| of N. We have
denoted by v a distributional form on N™. The boundary state space ng is then given by

)

P 1 S /Mn2

HaZ_ H H812,1®H622,d—2
ny,n2=0

and 7:[\5 = HZ;E@DGHS%(VZ). Perturbatively, the BV-BFV partition function is asymptoti-
cally given by

Ts exp(iSST /h) x
X Z i Z /((912)n1 X(02%)"2 Rﬁll”z (X’ y)ﬂilxu T 7r>1k7n1 inﬂilyil e W;7”2Yin’

J20  n1,n2>0
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where RJ,n, (x, y) denotes distributional forms on (8;3)™ x (853)"2 with values in Dens? (V).
Note that we sum over iy,...,%,. Moreover, we have denoted by Sgﬁ the effective action®”
given by

St = (=)t / Vix' — / yiX' | — (—1)2d/ Y P X
> 62227;: ’ 81227;: ' 822X6122i: ! ’ 2
The BFV boundary operator acting on 7—[752 is then given by the ordered standard quanti-
zation of the BFV boundary action ng:

) ,
Ob. = (—1)%h / donY;— + / dox X
oz = (1) ( 6222; "0Y; 812;

Suppose now that we have two smooth d-manifolds 37 and ¥ with common boundary
component (d — 1)-manifold N. We can then compute the glued partition function Z%" for
the glued manifold ¥ = 31 Uy X9 (see Figure 4.5.1) out of the BV-BFV partition functions
Zg\l”ngFlv on Y7 and Zg\;’;gzv on Yy. We consider the transversal polarization on F9. In
particular, we decompose the boundaries 9% = 0131 U 0531 and 9¥9 = 0139 LI 935 such
that N C 9131 and N°PP C 3p%5. Let XI¥ and Y2 be the coordinates on Q°(N)[1] and
Q°(N)[d — 2], respectively. The glued state is then given by

BV — l _1)¢-1 Ny . N\i BV—-BFV—ZBV-BFV
ZZ - /{\Xy’yé\f} exp (h( 1) /]\];(YQ )1(X1 ) ) 221,621 2227622 .

The glued partition function can be computed by considering the glued effective action and
then considering Z& = Tk, Tk, exp(iS& /h).

4]
X

Remark 4.6.1. This construction can be generalized to the case of BF-like theories (pertur-
bations of abelian BF theory), see [CMR17] for more details. In particular, this is important
since AKSZ theories often appear as BF-like theories. This will be relevant especially for
treating DW theory in the BV-BFV setting by regarding it as an AKSZ theory, which will
be the content of Section 5. An important result regarding the gluing for BF-like theories
is given by the following proposition.

Proposition 4.6.2 (Cattanco-Mnev—Reshetikhin| CMR17]). Let ¥ be cut along a codimension-
one submanifold N into Y1 and . Let Zg) " and Zy,) yop, be the boundary states for
Y1 and Xy with a choice of residual fields and propagators and transverse (X vs. Y ) polar-
izations on N. Then the gluing of Zy, "V and Zy) yop) is the state Zg'55" for ¥ with the
consequent choice of residual fields and propagators.

4.7. BV-BF*V extension and shifted symplectic structures. If we move to higher
defects, the symplectic form will be shifted by degree +1. In particular, if we consider a
codimension k£ submanifold N C %, then the symplectic gauge formalism associated to Vg
will be (k — 1)-shifted. We will call the theory associated to a codimension k& submanifold a
BF*V theory and the coupling for each contiguous codimension (fully extended) a BV-BFFV
theory associated to the d-manifold 3. The underlying mathematical theory for shifted
symplectic structures was developed first in [Pan+13] by using methods and the language
of derived algebraic geometry and studied further by various people. In [Pan+13], they
define first a symplectic form on a smooth scheme over some base ring k of characteristic

2T0ne can easily check that the partition function 235" = Twexp(iSe/h), defined through the
effective action S§, satisfies the mQME (4.4.5)
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zero to be a 2-form w € H(X, Qi;lk) which moreover is required to be nondegenerate, i.e.
it induces an isomorphism O, between the tangent and cotangent bundles of X. Then
one can define an n-shifted symplectic form on a derived Artin stack X (in particular,
they consider X to be the solution of a derived moduli problem (see also [Toél4])) to be a
closed 2-form w € H™(X, /\2 L x/x) of degree n on X such that the corresponding morphism
Ou: Tx/k — Lx/g[n] is an isomorphism in the derived category of quasi-coherent sheaves

DPQCoh(X) on X. Here we have denoted by L x/i the cotangent complex of X and by Ty,
its dual, the tangent complex of X. Of course, it is important to mention what closed in this
setting actually means. They define closedness of general p-forms by interpreting sections
of /\2 Lx/x as functions on the derived loop stack £X and consider it as some type of S L
equivariance property. An important result of [Pan-+13] is an existence result concerning a
derived algebraic version of the AKSZ formulation in this setting. In particular, they prove
the following theorem:

Theorem 4.7.1 (Pantev—Toén—Vaquié—Vezzosi[Pan+13|). Let X be a derived stack endowed
with an O-orientation of dimension d, and let (F,w) be a derived Artin stack with an n-
shifted symplectic structure w. Then the derived mapping stack Map(X, F) carries a natural
(n — d)-shifted symplectic structure.

The BV-BFV formalism, as described in Section 4, can be easily extended to higher codi-
mensions in the classical setting, but needs more sophisticated methods in the quantum
setting [CMR14; Mos21]. As discussed in [Mos21|, the quantum setting needs to couple
the methods of deformation quantization to the methods of geometric quantization, both in
the shifted setting. Fortunately, also the methods for shifted Poisson structures and shifted
deformation quantization have been developed in [Cal+17; Saf17]|. The setting of geometric
quantization in the shifted picture has been recently considered in [Saf20]. The methods
developed in [Pan+13] have been considered for the setting of codimension 1 structures
(BV-BFV) in [Call5] for the setting of AKSZ topological field theories by using Lagrangian
correspondences and have been recently (fully) extended by Calaque, Haugseng and Sche-
imbauer [CHS].

Example 4.7.2 (Chern—Simons theory). As an example we want to discuss the 3-dimensional
case of Chern—Simons theory (see Section 3.2). Recall that the phase space is given by the
moduli space of flat G connections for some compact Lie group G. In the codimension 0
case, we are working over a closed oriented 3-manifold 3 (see Figure 4.7.1) which carries the
induced BV symplectic structure, i.e. a (—1)-shifted structure. In the codimension 1 case
we are working over a closed oriented 2-manifold N C ¥ (e.g. some Riemann surface 3, of
genus g), to which we can associate a phase space endowed with the Atiyah—Bott symplectic
structure [AB83], which is a 0-shifted structure. In the codimension 2 case we are working
over a closed oriented 1-manifold S' = N, C X, for which the phase space is given by the
stack of conjugacy classes [G/G] and we can consider a 1-shifted symplectic structure by
the canonical 3-form on G. Finally, in the codimension 3 case we consider a point pt (0-
manifold), for which the phase space is given by the classifying stack BG = [pt/G] endowed
with the 2-shifted symplectic form given by the invariant pairing (Killing form) on the Lie
algebra g = Lie(G).



HIGHER GAUGE THEORY METHODS IN THE BV-BFV FORMALISM 39

FIGURE 4.7.1. Examples of 2-dimensional defects sitting inside the 3-ball.

5. AKSZ FORMULATION OF DW THEORY

In this section we want to describe a way of obtaining the DW action functional as in Section
2.3 in terms of an AKSZ theory by choosing a suitable gauge-fixing Lagrangian submanifold
L [BS89; Tkell; Bon+20].

5.1. AKSZ data. Let b be a Lie algebra and consider its Weil model®® (W (), dyy). Note
that W(h) can be endowed with a natural symplectic form of degree +3 if b is endowed with
an invariant, nondegenerate symmetric pairing ( , ). We want to consider this symplectic
manifold to be the target for a 4-dimensional AKSZ theory. The graded vector space h[1] &
h[2] is endowed with the symplectic structure

w = (6X,0Y),
where X denotes the coordinate of degree +1 and Y denotes the coordinate of degree +2.
We can define a Hamiltonian of degree +4 by
1
5
One can check that the Hamiltonian vector field of © with respect to w is given by the Weil
differential dyy. We have

O(X,Y) = %(Y, Y) + (Y, [X, X))

(5.1.1) dWX:Y+%[X,X], dwY = [X,Y].
Let now X be a 4-manifold and consider the BV space of fields

s = Map(T[1J%, b[1] © b[2]) = Q*(%) @ b[1] (%) @ b2,
The superfields are given by
(5.1.2) X(u,0) = X + A0 + x0"10%2 + Te119R20% 1 YTghgizgisgis
(5.1.3) Y (u,0) =Y + 90 + xT096%2 + ATe20% 4 XT1p200 0%
for local coordinates (u;, ") on T[1]¥X. The BV symplectic form is given by

s, = / 14 (6, 5Y),
TS

28For a Lie algebra b, the Weil model is given by the algebra W(h) := A®(h* @& b*[1]) together with
a differential dw: W(h) — W(h) such that (W(h),dw) is a differential graded algebra. The differential
is defined to act on h* as the differential for the Chevalley—Eilenberg algebra of h plus the degree shift
differential. In particular dyy = dcg(y) + ds, where ds acts by degree shift h* — h*[1] for elements in b and
by 0 for elements in §*[1].
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and the AKSZ-BV action is given by
1 1
So= [ (%) + S0 + SO IXXD )
TS 2 2

We have denoted by gy := d*ud*@ the supermeasure on T[1]¥. If we expand things into
components and perform Berezinian integration, we get

(5.1.4) wy = / au (5X5XT +SASAT 4 5yoxT + sutow + 5YT5Y)
>

and
5:.5) S = [ atu((.dan) + 30 o) + 6 @y + X 0)
O (Fa o+ X)) + (A1, (6 44 X)) + OV [X,Y)

n <XT’ <;[X,X]>> + ;<XT7XT>>7

where d4 = dy + [A4, | denotes the covariant derivative of A and Fy = ds A+ 1[4, A]. The
BV transformations on the superfields are then glven by

(5.1.6) QRQeX =dsX+Y + = [X X],
(5.1.7) RsY =dyY + [X,Y],
i.e., in superfield notation, the cohomological vector field is given by
1 ) 0
5.1.8 = de X+ Y + - X, X] | =+ (dgY + [X,Y

In component fields and after Berezinian integration, we get the cohomological vector field

(5.1.9) Qg:/d4u<<Y+ Lx, X]) S W+ daX) 4 (ot Fa+ X))

0X 0A ox
0 5
+ (dax + AT+ [X, qmw (At + XT+ [XYT]) o+ (X Y] 5
5
+(daY + [X, ¢]) 50 (dw+[X,XT]HX,Y])(;T(T

+ (daxt + [X, AT + [t v] + [Xw])aAT

+ (daAT + (X, XT) + (YT Y] + [f, ) + [mﬂ)(&)

where we have used the relation in (5.1.1).

5.2. A suitable gauge-fixing. Consider a Riemannian metric on ¥ such that we can take
a splitting of the fields y, x' into self-dual and anti self-dual parts

(5.2.1) x=x"+x",
(5.2.2) x'=xTT+xT
We can take the gauge-fixing where y~ = xT = 0 and all other forms are coexact when

using Hodge decomposition. This will imply that XT = Yt = 0. Introduce new fields X and
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b with deg(X) = deg(b) = 0 and gh(X) = —1 and gh(b) = 0 together with corresponding
anti-fields Xt and o' with deg(X1) = deg(b!) = 4, such that gh(XT) = 0 and gh(b!) = —1,
respectively. Moreover, we consider the term

s = [ (%04 X X)) + (01, (X8 - V. K1)

Additionally, introduce more new fields (Y, 7) with deg(Y') = deg(n) = 0 and gh(Y) = —2
and gh(n) = —1 together with corresponding anti-fields YT and ' with deg(YT) = deg(n!) =
4, such that gh(YT) = +1 and gh(n') = 0. We consider the term

9 _ _ _
SO = [ (7 tr+ X T+ (ol (X + 7, Y10))
The gauge-fixed BV action is then obtained by
S =8+ 8 + 87

with gauge-fixing fermion
(5.2.3) vt = /(X,d* A) + / (Y,d ).
b b

such that S%f = Sy, + Qx¥®. The auxiliary fields x~T have ghost number zero and can be
actually integrated out. One can check that the gauge-transformations for each field squares
to zero except the one for . Namely, we have

a*xt = (day)” + [V x"),
which is the equation of motion for this setting. Hence, the tuple
(A) Yra wa X+? Y) 77)
is the same as in the construction of Section 2.3.
5.3. BV-BFYV formulation. As an AKSZ theory, there a nice way of treating DW theory
as a gauge-theory on 4-manifolds with boundary. Let ¥ be a 4-manifold with 3-dimensional

boundary 9%. As obtained in Section 5.1, the BV theory of the AKSZ construction of DW
theory is given by

(Fs, ws, Sx).

One can then easily formulate a BFV theory on the boundary 0% by setting
(5:3.1) Fo = Map(TT1J0X, B[1] & b[2]) = Q*(95) @ b[1] & *(95) @ b[2],
(5.3.2) wis = / H3(6X, 0Y),

T[]os

1 1

(5.3.3) Sos = / M3 ((Y, dosX) + —(Y,Y) + (Y, [X,X])) ,

T[1)9% 2 2
where H3 := d3ud®@ denotes the supermeasure on T[1]0% for local coordinates (u;,8) on
T'[1]0%. The boundary superfields are given by
(5.3.4) X(u,8) = X + A" + x0716%2 + (Tp710267
(5.3.5) Y(u,8) =Y + g8 +x706% + ATe"17207s,

The cohomological vector field ng is given by the Hamiltonian vector field of ngz

o _ 0
LQgE(JJaz = 68@2
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It is easy to see that wgz is exact with primitive 1-form
ads —/ H3(Y, 0X).
T[1)0%
If we expand things into components and perform Berezinian integration, we get
(5.3.6) Wi = / aPu (SXOAT + SASK! + o5 + oyTaY )
[0)>

and

(5.3.7) ng = /82 d3u <<L|J, Fa) + <XT, daX) + (Y, daX)

(WY 50X + 00 0T+ XX )

where da = dgx + [A, | denotes the covariant derivative of A and Fa = dgsA+ 3[A,A]. The
BV transformations on the superfields are then given by

1
(5.3.8) QosX = dosX +Y + 51X, X],
(5.3.9) QfsY = dasY + [X, Y],
i.e., in superfield notation, the cohomological vector field is given by
(53100 Qdy = / s (daZX LY+ 1[X,X]> O (dpsY + XY

In component fields and after Berezinian integration, we get the cohomological vector field

1 5 5 b
(5.3.11) Qs = /82 d3u< <Y+ 2[X,X]> o T W+ daX) o+ (X" +Fa+ [X’X])?x

T (daX AT+ X (dal XY

Syt 5Y
5 5
- (daY o+ X, 4) g+ (dab + XX+ [, o

By setting ns: Fy — ]:882 to be the restriction of the fields to the boundary, we get that
the modified CME
QsSy = 7%(2805 — Lngagz)
is satisfied and that the cohomological vector field @)y, is indeed projectable, i.e. we have
0msQy = Qo
6. QUANTIZATION OF DW THEORY IN THE BV-BFV SETTING

6.1. The BFV boundary operator. Assume now that we can write the boundary as
a disjoint union 90X = 01X U 02X where 01X and 0»X have opposite orientation. We
choose the convenient polarization P on 0¥ consisting of choosing the %—polariza‘uion
(X-representation) on 0,3 and the g-polarization (Y-representation) on 0»% (see Fig-
ure 4.6.1). As we have seen in Section 4.4, we can compute the BFV boundary operator
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ng as the ordered standard quantization of the boundary action ng with respect to the
chosen polarization. We get

b, =af +

pert>
where
(6.1.1) Or = ih/ > dgeX 0 +ih/ > do Eyi
’ oz X PR O

::QSX ::QO\Y
and
(6.1.2) Q;Dert Q§ert + Qpert?
with
6.1.3 0X L XX
( T ) pert - Z IXEOXI T3 jz 5Xk ?
and

1 A

14 o =) SY Y, -

(6 ) pert - /822 9 izj:(s] L] EJ:CU (5Y (SY s
where (5} denotes the Kronecker delta and ci-“j the structure constants of the Lie bracket [ , ].

6.2. Composite fields. In order to regularize the higher functional derivatives, one needs
to introduce the concept of composite fields as in [CMR17]. In particular, we want to regard
the higher functional derivates as a single first order derivative with respect to the composite
field. In order to get it coherent to the naive interpretation where a higher functional
derivative concentrates the fields on some diagonal, we should also understand the product
of integrals as containing the diagonal contributions for the corresponding composite field.
We consider the following bullet product of integrals

(6.2.1) (/akzzalqﬂ) /MZ@@J =

(—1)h(#)(&h(5)~3)+3gh(a) /
Conf2(9,%)

O X i

where a and S are smooth forms which depend on the bulk and residual fields and we
denote by [<I>’<I>3 ] the composite field. We can now interpret the operator f oy Y

fakz o 5[@@]. Hence, we get

/8k§j ¢ 5@2‘;;@ <</8k2 aﬂ”) . (/M Bﬂﬂ)) = /akE ;3.

More general, let I := (i1,...,i,) be a multi-index and note that we can replace the higher

derivative Mﬁ by the first order derivative 5[(‘13),] = 6[@1?' ] with respect to the

composite field [®!] := [® ... Pin]. The higher functional derivatives appearing in the
BFV boundary operator are then regularized by using composite fields and it acts on the

5@5@ as
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state space given by regular functionals, i.e. on the algebra which is generated by linear
combinations of expressions of the form

7"m1

Jl ZlJl J/Q j * j
(6.2.2) / Zy i H[X[} . H[xfml} x

J Confpm, (015) x Confrn, (025) j=1 j=1

0
1 mo
* *
X T H [YJ{:| ...ﬁmQH [YJ#2:| s
j=1 7j=1

Jll...Jf1J21...Jl2...
JE RN SR £ Y SR
Conf,,, (01X) x Conf,,,(92X). If we denote by exp, the exponential defined through the
bullet product e constructed as in (6.2.1), we can see that

éb[ o7 < exp, (SI° + S%ource) </ ¢ 5(1)1 exp, (SI + S%ource)> :

where Il-j and Jl-j are multi-indices and Z is a smooth form on the product

where

S = / (4, X) - / (Y, %),
812 822

seve = [ - [ v,
812 822

The full boundary state is then defined through the regularization of composite fields by
using (6.2.2):

(623) Z%%\é BFV = Zg\/@;FV< exp, (Sres 4 S;ource) >’

where < > denotes the expectation value with respect to Sy, i.e. for an observable O € O,
we have

(0) = / exp(iSs (X, Y)/R)O(X, Y) 2[X] 2[Y].

Let I1,..., I, and Ji, ..., J;m, be multi-indices for my,mg > 1. Denote by I'}, for k = 1,2
the graphs with my vertices on 0%, where vertex s has valency |Is| > 1, with adjacent half-
edges oriented inwards and decorated with boundary fields [@il] Yy [q)éml} all evaluated
at the point of collapse U € 9 X. We also want them to have |Ji|+- - -+ |J,, | outward leaves

if k=1and |Ji| + -+ |Jm,| inward leaves if k = 2, decorated with functional derivatives
with respect to the boundary fields:
ih%, . ,ih+
oler]ole]

evaluated at the point of collapse U € 9. Moreover, there are no outward leaves if k = 2
and no inward leaves if k = 1. Denote by or the differential form given by

or ::/ wr
k CF;C(H4) k

where wry, denotes the product of limiting propagators at the point of collapse U € 9%
and vertex tensors. Then we can construct the corresponding full BF'V boundary operator
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through the regularization of composite fields as

(6.2.4) Q5 = QF + Q0 + o,
where
(6 2. 5)
_lh ((F ) Jl"'Jm2 m I 5|J1|++‘Jm2|
= o X5 [ (—=1)*m2 (i)™
p t ml%;>0 ; |Aut(F’ | oy ( Fl)ll"'l'ml ]1;[1 [ ] A [XJ1 e Xsz]
(6.2.6)
_ h (T, JiImy mi 6|J1|+'~~+\Jm2|
o | v, (-1
per m1%:>0 ; |Aut(F ‘ ( 2)114--17”1 jl_Il J 1) [le e 'YJmQ]

6.3. Feynman rules. In order to formulate a BV-BFV quantization, i.e. for the boundary
state and the BFV boundary operator, we need to consider the Feynman graphs on the source
manifold ¥ (see Figure 6.3.1 for an example) for DW theory. The graphs are determined
by the Feynman rules of the theory and the corresponding degree count (see Section 6.5).
The Feynman rules are determined by the AKSZ action functional Sx; of DW theory. In
particular, the interaction vertices are given by the ones as in Figure 6.3.2. The boundary
vertices are given by Figure 6.3.3 and 6.3.4.

oy

Dok

GISh)

FIGURE 6.3.1. Example of a Feynman graph on the source manifold.

6.4. The partition function. The partition function (or boundary state) is then formally
given by the functional integral where we integrate out the fluctuations, i.e. by

(6.4.1) ZEEV (X, Y, x, v ) = /£ e (iSe(X,Y)/h) 2|22 ]

where the Lagrangian submanifold is given by the gauge-fixing as in Section 5.2, i.e.

L = graph(dwe'),
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)

/\ *(X)
@.7

FIGURE 6.3.2. The Feynman rules for DW theory. The first type of vertex
corresponds to the term %(Y,Y) = %Zz Y;Y;. There are two outgoing
arrows and no incoming arrow for the first vertex type. The second type of

vertex corresponds to the term (Y, [X,X]) = 33, ik 2]XZXJYk, where

ckj are the structure constants of the Lie bracket and where we have denoted

F(X) = cf"szX] . There are at most two incoming arrows and exactly
one outgoing arrow for the second vertex type. Finally, we also have leaves
corresponding to the residual fields. Note that an arrow between vertices
represents the propagator from the starting to the end point.

X Uq

!

i

Uo Y

FIGURE 6.3.3. The Feynman rules for vertices on the boundary

(X Xn)

(Wi - Y, ]

FIGURE 6.3.4. The Feynman rules for composite field vertices on the boundary

where W& is the gauge-fixing fermion constructed as in (5.2.3). The integral (6.4.1) is defined
perturbatively as a formal power series in & in terms of the Feynman graphs given by the
according Feynman rules as in Section 6.3, i.e. we can rewrite it as a perturbative expansion
around critical points of Sy; as

(—ih) ()

(642) ZEVGSFV(X7Y7X7y; h) Ts exp (ﬁ Z |Aut WF(X7Y7X7 y)) ;

Confr(X)

where we sum over connected Feynman graphs I' and where ¢(T") denotes the number of
loops of I'. Moreover, the integral in (6.4.2) is over the configuration space of the vertex
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set of I' regarded as points in ¥ where we integrate a differential form wr depending on the
boundary fields and residual fields.

6.5. Degree count and Feynman graphs. Note that we want the dimension of the con-
figuration space Confr(X) to match the form degree of the differential form wr in order to
perform the integrals in (6.4.2). Note that the dimension of the configuration space is given
by

dim Confr(X) = 4n + 3m,

where n denotes the amount of vertices in the bulk and m the amount of vertices on the
boundary. Using the fact that the propagator & € Q3(Confy(¥)) is a 3-form on the
configuration space of two points, the form degree of the differential form wr is given by
6-#I1+3-#II, where #1 denotes the amount of first type vertices and #I1 the amount
of second type vertices as in Figure 6.3.2. Thus we get the system of equations

dn+3m =6 -#I1+3-#I1,
n=#I+#I1I.
Now if m = 0, we get 2 - #I = #11. Hence, one can check that the diagrams which give a

contribution are either wheels with an even amount of type I vertices and % - #1I vertices
attached to them as in Figure 6.5.1.

(6.5.1)

uy
Us U2 U2

us us
U1l

u1 Uz Ug
Ug

Ug Ug Us
U9

FIGURE 6.5.1. Example of wheel graphs appearing due to the degree count.
In the first graph we have #I1 = 2 and #I = 1, in the second graph we have
#I1I =4 and #1 = 2 and in the third graph we have #I1I = 6 and #I = 3.
In fact, the first graph does not give any contribution, since by Kontsevich’s
lemma [Kon03] all the graphs with double edges (i.e. graphs where there exist
two vertices which have exactly two arrows (propagators) connecting them)
vanish. This can be seen by using the angle form on H?.

When m # 0, the system of equations (6.5.1) gives us 2+ #I — #1I — 3m = 0. Example of
Feynman graphs in this setting are given in Figure 6.5.3.

6.6. The modified Quantum Master Equation. We can now prove the following theo-

rem:

Theorem 6.6.1 (mQME for DW theory). The BV-BFV partition function Z3\'5" for DW
theory satisfies the modified Quantum Master Equation, i.e.

2 o P\ —-0BV-BFV __
(h*Ayg + Q35 )Zz,az =0,
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u

FIGURE 6.5.2. Short loop graphs (tadpoles) are not allowed since the propa-
gator is singular on the diagonal. By a unimodularity condition which needs
to be satisfied on h[1] & h[2], one can actually exclude these graphs. The
condition is that the structure constants cfj of the Lie bracket on h[1] & h[2]
satisfy . cgj = 0. In fact, the unimodularity condition can be dropped if
the Euler characteristic of ¥ vanishes.

U2 us3 73
uz Uy U2
Uq Us
(1
u Uy Uo

FIGURE 6.5.3. Example of Feynman graphs when m # 0. In the left graph
we have m = 1, #1 = 2 and #II = 2. In the right graph we have m = 2,
#1 =4 and #11 = 2. Similarly as befor, the second graph does not give any
contribution since by Kontsevich’s lemma [Kon03| all the graphs with double
edges vanish.

¥
us ug

u3
u1l

Uq

Uy Uug “
ORNC)

FIGURE 6.5.4. Example of Feynman graphs with leaves (residual fields).
Note that the y-leaves give a contribution of form degree 2, whereas the x-
leaves give a contribution of form degree 1. Gluing residual fields will induce
a propagator of form degree 3.

where Qé’g =QF + Q;@Zit with QF being the unperturbed quantization part as defined in

(6.1.1) and Q;gft = Q;,gft + Q;gt is fully determined by the boundary configuration space
integrals.



HIGHER GAUGE THEORY METHODS IN THE BV-BFV FORMALISM 49

Proof of Theorem 6.6.1. The proof is on the level of graphs. First, we want to describe

the construction of Q;g;t in terms of boundary configuration space integrals. Consider

the compactified configuration space Confr and wr the corresponding differential form, for
some Feynman graph I'. Then, using Stokes’ theorem, we get fmr dwr = faﬁp wr.
When we apply the de Rham differential d to wpr on the left-hand-side, it can either act
on an X-field, Y-field or on the propagator . Clearly, the part acting on the X- or Y-
fields corresponds to the action of %Qg, whereas the part acting on the propagator will
correspond to the action of —ihAy, on the partition function Zg%\SBFV. The integral over
the boundary configuration space on the right-hand-side contains terms of different possible
strata for the corresponding manifold with corners. It either contains integrals over boundary
components where two vertices collapse in the bulk, which we denote as situation (a), or
integrals over boundary components where more than two vertices collapse in the bulk?,
which we denote by situation (b), or integrals over boundary components where two or more
(bulk and/or boundary) vertices collapse at the boundary or one single bulk vertex collapses
to the boundary, which we denoted by situation (c¢). For situation (a), we can note that
since we assume the CME to hold which equivalently translates to the fact that

4
53 s (Y Y+ XXD) - 50 (V.Y + X X)) = .

the combinatorics of the Feynman graphs in the perturbative expansion leads to the can-
cellation of such terms when summing over all graphs. For situation (b), one can use the
usual vanishing theorems [Kon03; Kon93; Bot96; BT94] in order to get rid of faces where
all vertices of a connected component of a Feynman graph collapse. For situation (c), note
that we can split such integrals into an integral over a subgraph IV C T and an integral over
the graph which can be obtained by identifying all the vertices of IV and deleting all edges
of I which we denote by I'/T”. Hence, one can define the action of %Q;gft as the sum of the

boundary contributions coming from the subgraphs IV C I" and thus we have

o P 50 BV-BFV  __ [
QpertZZ,aZ T Z Z I wr.
T I'cr JCrr(H )xConfp v/ (X)

O

Remark 6.6.2 (Principal part). It is important to note that in the setting of DW theory,
there are no higher corrections for the definition of the principal part of QE)’;, i.e. the term

Q;g:t which is in general of the form (6.2.5)+(6.2.6). This is due to the fact that we are

working with 4-dimensional source manifolds and by the result of the following lemma.
Lemma 6.6.3 (Cattanco-Mnev-Reshetikhin|CMR17|). Let ¥ be a d-dimensional source
manifold. If d is even, then the principal part of Qég is directly given by the ordered standard

quantization of the boundary action ng. If d is odd, the principal part of Qég s given by
the ordered standard quantization of the modified boundary action

(7]
50 . Qs d—4j
Shy = 855, — ik Z / v; Trady ™,
— Jox
J
where v is a closed 4j-form on 0% which is an invariant polynomial, with universal coeffi-

cients, of the curvature of the connection used in the construction of the propagator.

29Usually called hidden faces.
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Moreover, we can prove the following theorem:

Theorem 6.6.4 (Flatness of BFV boundary operator). The full BEV boundary operator
Qgg for DW theory squares to zero and hence we have a well-defined BV-BFV cohomology
for DW theory, i.e. the operator h2Ay, + Qég squares to zero.

Proof of Theorem 6.6.4. It is easy to see that if Qaz squares to zero, so does h2ZAy, + Q"p

since Ay, squares to zero and [Ay,,, 82} = 0. Consider again a subgraph IV C T" as in the
definition of Qgg in the proof of Theorem 6.6.1 with corresponding differential form o/ over
the configuration space Crs(H?). Using Stokes’ theorem, we get fm dop = fam orr.
Similarly as before, we can obtain that the part Where the de Rham differential acts on the
boundary fields in or corresponds to the action of Qp Moreover, we can obtain the similar
three situations as in the proof of Theorem 6.6. 1. In particular, the terms of situation (a)
cancel out when summing over all graphs, the terms of situation (b) are excluded by the
vanishing theorems and the terms of situation (c) lead to the action of Qpért when summing
over all graphs. Hence, we have
Qrast sl ol + (il =o,

pert pert pert
since (Q7)? = 0. O

Remark 6.6.5. Instead of considering the boundary operator in terms of boundary config-
uration space integrals, one can also take the explicit form of Qaz as in (6.2.4) in order to
prove that it squares to zero. In particular, for the full perturbation part, one can take the
sum of the corresponding full versions of (6.1.3) and (6.1.4).

Remark 6.6.6. By Witten’s approach [Wit88a] (see also Section 3.6), the expectation value
of the observable O as in (3.6.3) with respect the BV-BFV partition function for the DW
AKSZ-BV-action Sy, should be given by a Floer cohomology class associated to the boundary
after integrating out the residual fields (see [CMR17| for a possible integration theory on
Vs:). The resulting boundary state would then be of the form

U (X, V) = /V /L exp(iS (X, Y)/R)O(X, Y) 22| 2|%] € HF*(I%) © HPx

(110 0) (T £, s, )

For a particular polarization adapted to the boundary condition given by the Floer co-
homology class ¥ys, the boundary state space HZ;E in this case should include the Floer

cohomology classes and thus the BF'V boundary operator Q;g should be given in terms of
the Floer differential. Note that here we want b = su(2). The gauge-fixing Lagrangian £ is
given by the one considered in Section 5.2.

6.7. The modified differential Quantum Master Equation. Following the construc-
tion in [CMW19]|, we can perform globalization on the target of the DW AKSZ theory by
using methods of formal geometry as developed in [GF69; GF70; GK71; Botl0]. For a
manifold M and an open neighborhood U C T'M of the zero section, we can consider a
generalized exponential map p: U — M such that ¢(x,y) = ¢.(y), i.e. ¢ satisfies the
properties:

b @z(o):wv Ve € M,

o dy,(0) =idr, v, Vo€ M.
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Locally, we get
, . 1. , 1 . —
(6.7.1) ea(y) =2 +y' + S v’y + gtp;jkezﬂyky +o

where (z°) are coordinates on the base and (y') are coordinates on the fiber. A formal
exponential map is given by the equivalence class of generalized exponential maps with
respect to the equivalence relation which identifies two generalized exponential maps when
their jets agree to all orders. By abuse of notation, we will also denote formal exponential
maps by ¢. We can define a flat connection D on S/y-r\n(T*M ), where S/y-ﬁl denotes the
completed symmetric algebra. The connection is called Grothendieck connection |Gro68|
and can be locally written as D = d 4+ R, where d denotes the de Rham differential on M
and R denotes a 1-form with values in derivations of the completed symmetric algebra of
the cotangent bundle®’. For a section o € I'(Sym(T*M)), we get that R acts on o through
the Lie derivative, i.e. we have R(0) = Lro. Locally, we can express R = Rydzt, where
Ry = R)(z,y)52 and

Oy
; Ok oo\ ! g ;
Ry(z.y) = -5 ((ay) ) = —0; +O(y).

Thus, for a section o € F(S/y?n(T*M)), we have

do Ok Op 1’ ‘
= = é = e — .
R(0) = Lro = Ry(o)dx i oy ( ( y ) ) dx

Moreover, one can extend the Grothendieck connection D to the complex T'(A®*T*M ®
Sym(T*M)) consisting of Sym (7™M )-valued forms.

Proposition 6.7.1 (e.g. [Kon03; Fed94; BCM12; Mos20b]). A section o € F(S/y?n(T*M))
is D-closed if and only if o = T*f for some f € C°(M), where T denotes the Taylor
expansion around the fiber coordinates at zero. Moreover, the D-cohomology is concentrated
i degree zero and is given by

HY(Sym(T"M)) = Tg"C(M) = C*(M).

The main part of the proof of Proposition 6.7.1 uses methods from cohomological perturbation
theory. let us now consider the AKSZ construction of DW theory as in Section 5. In
particular, the techniques of [CMW19] can be used here since the target is of the form
h[1] @ h[2]. Consider a 4-dimensional source manifold (possibly with boundary) and recall
the BV space of fields of DW theory
Fs = Map(T[1]%, b[1] @ §[2]) = Map(T{1]3, (T[1]p)[1)).
Consider then the formal exponential map given by
p:Th=badbh—b,
(z,y) = @e(y) =z +y.
Note also that a particularly easy class of solutions of AKSZ theories is given by constant

ones of the type x = (z,0): T[1]X — b[1] ® h[2], where & = const. Thus, we can consider
the linearized space of fields at a constant solution z, given by

oz Fx = Map(T1]%, (T[1]T:h)[1]).

30Note that flatness of D is equivalent to the Maurer—Cartan equation dR + iR, R]=0.
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Let (X,Y) € Fx. Then the corresponding lifts by ¢, are given by
Xi=¢ /(X), Y :=(dg.)"Y.
The Grothendieck connection can be computed by noticing that R;(:ﬂ,y) = —5Z . We can
then define the formal global action by
- / (Vids&i +8,(X.¥) ~ Videca')
by

Here we have denoted 0,(X,Y) := T3:0(X,Y), where 3,: ¢*Fy — Fx. Note also that
der denotes the de Rham differential on the moduli space £L of classical solutions, which
can be identified with the target by considering constant solutions. One can then check that
the differential CME (dACME) holds:

~ 1 ~ ~
(6.7.2) deSy e + 5(82@,82,9:) =0.

If ¥ has boundary, one can show that a differential version of the mCME (4.4.1) is also
satisfied [CMW19]. For the quantum case, we have the following theorem:

Theorem 6.7.2 (mdQME for DW theory). The formal global BV-BFYV partition function
for DW theory, given formally by the functional integral

ZuY = /ﬁ exp(iSs,/h),

satisfies the modified differential QME (mdQME)

(6.7.3) <dx — ihAy, + ;Qég> 25%\/2—BFV —0.

Moreover, using similar methods as in [CMW19], we can show the following theorem:

Theorem 6.7.3 (Flatness of (GBFV operator for DW theory). The quantum Grothendieck
BFV (qGBFV) operator

Ve = d, — ihAy + %Q"P

18 flat and behaves well under change of data. Moreover, it defines a cohomology theory on
the globally extended state space.

Proof of Theorem 6.7.3. This proof is similar to the one in [CMW19|. In particular, the
flatness of Vg is equivalent to the equation

. o P 1 P ~e P
(6.7.4) ind, Q37 — 5 |57, 9% | = 0.
P

Using the explicit expression of 55, through configuration space integrals by using the
perturbed parts (6.2.5) and (6.2.6), we can apply Stokes’ theorem

(6.7.5) dw/ wr —/ dwrzl:/ wr,
Confr(X) Confr(X) OConfr(X)

where d = d,, +d; +dy is the differential on (h[1] ® h[2]) x Confr(X) with d; the differential
acting on the propagator, i.e. on the residual fields, and do the differential acting on the
boundary fields. Then by [CMW19, Lemma 4.9], we can observe that the boundary face
where more than two bulk vertices in a subgraph I C T" collapse to the boundary was shown

to be % [Q;)g:t, Q;ﬁ} (and similarly for the X-representation). For the case where exactly
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two bulk vertices collapse, we can observe that these faces cancel with d,wps by using the
dCME (6.7.2). O

Proof of Theorem 6.7.2. Again, using the configuration space integral formulation of the
partition function as in (6.4.2), we can apply Stokes’ theorem (6.7.5) in order to obtain
similar relations of d; with Ay, dy with sz and d, with the boundary contribution when

applied to the partition function 2%’%\5“\/ as in [CMW19]. O

7. NEKRASOV’S PARTITION FUNCTION, EQUIVARIANT BV FORMALISM AND
EQUIVARIANT FLOER (CO)HOMOLOGY

7.1. Seiberg—Witten theory. In [SW94b; SW94a|, Seiberg and Witten have formulated
a way of describing low-energy behaviour for special supersymmetric gauge field theories.
Moreover, they have formulated topological invariants of 4-manifolds which can be shown
to be equivalent to the Donaldson polynomials but in general easier to compute. The gauge
group is fixed to be SU(2) in this setting. Recall that an N = 2 chiral multiplet (or vector
multiplet) includes a gauge field A, two Weyl fermions®' X, and a scalar field ¢ in the
adjoint representation, i.e. we have something of the form

((A/M ()‘) 1/))7 ¢))7

where the brackets (( )) here indicate that we have singlets A,,, ¢ and a doublet (A,v). When
N =1, we can express this in one vector multiplet W, (containing A, and \) and a chiral
multiplet ® (containing ¢ and v). In N' = 1 superspace, one can express the fermionic
low-energy effective action in terms of a holomorphic function F as

- OF(A) 10%F(A)
SWeff _ 4 2 W. W<
(711) S -_— </d A—I—/d 2 5 !2 [ ) )

where 6 denotes the angle for the global SU(2)-action, A denotes the ' = 1 chiral multiplet
in the N' = 2 vector multiplet whose scalar component is given by some complex parameter
which labels the vacua. The holomorphic function F is in fact the free energy which can be
expressed in terms of the Seiberg-Witten formula for periods®? of some differential dS on
some algebraic curve C (Seiberg-Witten curve).

7.2. Nekrasov’s partition function. In [Nek03|, Nekrasov constructed a regularized par-
tition function ZN* for the supersymmetric gauge field theories appearing in the construc-
tion of Seiberg-Witten, i.e. based on N/ = 2 supersymmetric Yang—Mills theory. The idea
was to use equivariant integration with respect to a natural symmetry group for a long-
distance cut-off regularization with parameter e. Moreover, he proposed that for ¢ — 0,
asymptotically we get log ZNek ~ —E%F. The proof was given by Nekrasov and Okounkov
for U(r)-gauge theories with matter fields in fundamental and adjoint representations of the
gauge group and for 5-dimensional theories compactified on the circle. Consider a connection
A on a trivial rank r > 1 bundle over ¥ = R* such that the Yang-Mills action functional
SYM(A) = [g |Fall* < co. In this case, as we have seen in Section 2.1, it is bounded from
below

8mlka < SEM(A /||FA||2

31Recall that a Weyl fermion (or Weyl spinor) is a spinor which satisfies the Weyl equations "9, = 0,
where o* denotes the Pauli matrices for up =0,...,3.
32Recall that a period of a closed differential form w over some n-cycle C is given by | oW
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Moreover, as we have also seen in Section 2.1, if A is an instanton (anti self-dual connection),
we get equality. Donaldson showed in [Don84| that the moduli space of anti self-dual con-
nections Magp is equal to the moduli space of holomorphic bundles on ¥ = C? 2 R* which
are trivial at infinity. One can describe Nekrasov’s theory as a (Aut(3) x GL(r))-equivariant
integration over a certain partial compactification

Masp C M, = {framed torsion-free sheaves on ¥ of rank r}.

Note that each element of Aut(X) x GL(r) can always be considered in the form

(")

In particular, €; and €5 can be considered as two rotations of C? regarded as the generators
of a torus T. Let M be any smooth algebraic variety and consider a torus T acting on it and
£ a T-equivariant coherent sheaf on M. Furthermore, let ¥ be a projective surface, e.g. P2,
and choose an embedding ¥ < ¥ with a framing®® ¢: £|p — OF" of £ where D = ¥\ %.
Then one can consider the localization formula [CG97|, given by

ai

[e78

XM, E) = x(MT, &y @ Sym(N* (M/MT))) € Kr(pt) [1 — é_u} c Q(T),

where €” denote the weights of the normal bundle N (M / /\/lT) and where Sym denotes the
symmetric algebra. Here we have denoted by Kt(pt) the T-equivariant K-theory over a
point and Q(T) denotes the representation ring of T.

Remark 7.2.1. If a point p € M7 is isolated, and if the tangent space at that point is
given by T,M = )" " as a T-module, then

Sym(N*(M/p)) = H 7

(2

1
_E:Vi.

This product is given by the character of the T-action on functions on the formal neighbor-
hood of p € M.

We will only consider the case where all fixed points are isolated, hence X(MI) is a finite sum
over r-tuples of partitions. Consider the Hilbert scheme (see also [Nak99] for the definition
of a Hilbert scheme)

Hilb(X%, k) := {Z C Clu1,uz| | Z ideal of codimension k, uj,us € ¥}
and let ¢ := (1, 9) acting on it by f(u) — f(e' - w). In particular, if 7 is fixed, we get3*
Hilb(X, k) = {Z C Clu1, u2| | Z monomial ideal of codimension k, u,us € ¥}
= {partitions of k}.

Table 7.2.1 gives a good illustration for the relation between these ideals and the partitions.
Consider the collection

E=T0)D - DLy €M,

33Note that GL(r) Aut(OF") acts on ¢ which is the same as the action of constant gauge transforma-
tions on instantons.

34 partition of a number k is a monotone sequence A = (A1 > Ay > Ay 2 0) consisting of
nonnegative integers whose sum is equal to k. Most of the times, we denote by |\| := Zﬁ(:’\f Aj = k the size
and £(\) the length of a partition A.
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2 3 4 5 6 7 8 9
1 U1 uy uy uj Uy uy uq uj uy

(%) uUiU2 U%UQ u‘;’UQ U%UQ U?UQ u‘fuz UI’LLQ u?’LLQ U?UQ

Z o [l | &dd BB | bl |uled | B | e

3 3 2,3 3,,3 4,3 5,3 6,3 7,3 8,3 9,3

4,24 3.4 | 44 | 5 4 6.4 [ 7, 4, 8 4,0 1
uy | wauy | ujuy | ujuy | uuy | ujug | ujug | ujug | ufug | ujug

5 5 | 2,208 | 2,320 T.5 | 2525 | 2605 | 27728 | 2,508 | 4,92,0
uy | wiuy | wiuy | ujuy | ujuy | ujus | ujus | ujuy | ujus | ujug

§ 6 | 2,208 | 4340 4,6 | 5,6 | 6,6 [ 7,6 86, 00
Uy | wruy | ujus | ujuy | ujus | ujuy | uUs | UjUy | UTUS | UTUS

TABLE 7.2.1. Illustration for the ideal Z, C Osx generated by monomials
u?,u?u%...,ug which corresponds to the partition A = (8,6,4,3,1,1) of
k = 23. The entries in the table for A correspond to a basis of Ox/Z).

where Z,(;) denotes the ideal corresponding to the partition A9 To compute the tangent
space Te M, we can use the modular interpretation of M. Generally, we can compute the
tangent space to the moduli space of (coherent) sheaves by using the Ext!-groups®. So we
get

TeM = ExtL(&,£(-D))
(7.2.1) = @ aj/a; ® Extli(Ixi),IA(j)(*D))'

1<i,j<r
In fact, we get
Sym(TEM) = [TEOD, 2D, a;/a;) ",
4,3
with

(7.2.2) E(O\ gy u) == 11 (1—w™h).

w weights of u ® Extlf(l}\,l’“(—D))

Lemma 7.2.2. For a partition \, consider the generating function

Gy =S (0g/T) = > %"

ud ulj’ ZT

where the sum corresponds to the boxes O = (a + 1,b + 1) in the table of A\. Moreover,
define®® the arm-length for the partition A of a box O = (j,i) by ax(0d) := \; — j and the
leg-length by £, (00) := )\; —14, where N denotes the transposed table of X. Then the character

35Recall first that, for D = Spec(k[t]/t?), a deformation over D of a coherent sheaf £ over a scheme X is
defined to be a coherent sheaf £ on X’ := X x D, flat over D, together with a homomorphism £ — & such
that the induced map £ ®p k — £ is an isomorphism. Then there is a theorem (see e.g. [Har10]) which says
that deformations of £ over D are in natural one-to-one correspondence with elements of Ext’ (£, &), with
the zero element corresponding to the trivial deformation. Finally, by the universal property of the moduli
space M, its tangent space at £ consists of the deformations of £ over D.

36Note that these numbers will be negative for [J & .
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in (7.2.2) is given by

(7.2.3) Ethi(I/\,Iu(—D)) = G# + 81626)\ — (1 — 81)(1 — 82)G'ué)\
(7.2.4) =Y ey O pOF L S e @+ 6O,
Oep Oex
Proof. The proof of (7.2.3) is given in [Okol19, Lemma 3.1] and the proof of (7.2.4) is given
in [CO12, Lemma 3. O

Remark 7.2.3. Note that ¢4 = £ denotes the usual duality for representations and
characters. Moreover, in particular, there are |A| + |u| factors in (7.2.2).

Define now

(7.2.5) M= Hﬂri D Masp(E, U(r:)).
Then we can define a preliminary p;rtition function as
ZIE)re =X (M’ H Zz‘CQ(gi)Xtop(M)>
i
_ 3 O I1 E(n, v, ur)*,

r-tuple of partitions n,v r-tuples
interactions with mass uy

(7.2.6)

where 7 =), r; denotes the total rank and
: A X @)
Je S n Hzfz(sl) _ z?“ |ZQZ] IR
i
We have denoted by M in (7.2.6) the matter that is described by fermions which are defined

through their representations of the gauge group of the form (C™)* @ C'J.
Using the discussions before, we can define Nekrasov’s partition function by

(7.2.7) Z]ek .= zpertzbre

E—E

)

where E is defined as in (7.2.2),
/E\(Amuau) = H (w1/2 - w_1/2)

w weights of u ® Extlf(l}\, Iu(—D»
same W

and ZP°'* denotes a perturbation factor given by
(7.2.8) 27 (e an,. . a0) =[] II iCai, — ai + G — 42),
1<iyia<r j1,j221

where = denotes the equality up to regularization of the product on the right-hand-side. A
suitable regularization is given by (see e.g. [NO06; Oko06]|) using Barne’s double I'-function
[Rui00]. Define

exp(—wt)

1 [>dt,
(7.2.9)  GQ(s,w|ci,e2) = F(s)/o 7t [L(1 — exp(—c;t))’

which has a meromorphic extension in s with poles at s = 1,2. Define now

c1,c2 €R, Re(w) >0,

d
Fay(w | c1,c2) :=exp (ds@(s,w | cl,cz)>
s=0
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Using the difference equation
wly(w)a2(w + ¢1 + ¢2) = Ta(w + ¢1)Ta(w + ¢2),
we can see that it extends to a meromorphic function of w. Moreover, define
(7.2.10) A := exp(—4n?B/r)
for some parameter 8 > 0 and the scaled perturbation factor

(7'2'11) Zpert(&?, al,...,ar,A) = H Ty (1(%_%2)

1 A
1<iq,22<r

—1
e —ie
AA ’

Iy(w | ¢,—c), Va ¢ (—o0,0].

where 'y is analytically continued to imaginary arguments by using

w2

Day(zw | xe, —xc) = x22 1

Sl=

Note also that

Pa(0]1,1) = exp(—¢'(=1)).
The instanton equations (ASD equations) are conformally invariant and can be translated to
a punctured 4-sphere S* = R* U {co} by stereographic projection. Recall that Uhlenbeck’s

theorem for removing singularities (Theorem 2.2.1) implies that any instanton on R* extends
to one on S*. Hence, there is an interpretation for an instanton at co. Consider the group

Go :={g: 8" = U(r) | g(o0) =1}

and define M(r,k) = Mk (S%,U(r))/Go. Note that dimgr M(r,k) = 4rk < oo but
nevertheless M(r, k) is not compact and thus has infinite volume. This is basically due
to two problems: An element of M (r, k) is, roughly speaking, a nonlinear superposition of
k instantons with charge +1. Some can be point-like®”, others can go to co. Uhlenbeck’s
construction will only solve the first problem by replacing point-like instantons by points
in R%, but it does not solve the second problem, while Nekrasov’s idea of using equivariant
integration (see Appendix A) gives a suitable regularization procedure for those instantons.
We can rewrite Nekrasov’s partition function as

(7.2.12) Z8%u(e an, ... ar, A) = 2P (e, a1, . . . ap, A) ZAW/ 1,

k>0 M(rk)

where the integral can be computed via equivariant localization (see Appendix A, Equation

(A.1.2)) by using the formula
1
1= E _—.
/2 . det{|r,s
uexc

Here we consider the group C* acting on a complex manifold ¥ and ¢ denotes the isolated
fixed points with respect to this action. Moreover, & = (diag(—ie, i¢), diag(iay, .. .,ia,)) €
SU(2) x SU(r) and ZP*'* is defined as in (7.2.8).

Remark 7.2.4 (Gluing). A way of expressing the gluing of Nekrasov’s partition function
for 5-manifolds with boundary has been studied in [Qiu-+15].

37This means that their curvature might be concentrated in a peak with respect to the Dirac delta
function.
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7.3. Equivariant BV formalism. The equivariant formulation of DW theory and Nekrasov’s
construction are a main motivation to formulate a gauge formalism which deals with field
theories in the equivariant setting. The equivariant extension of the BV formalism, which
has been considered in [Bon+20], is a suitable method to deal with the AKSZ construction
of DW theory as in Section 5 by extending it naturally to equivariant solutions of the CME,
as it was also shown in [Bon+20]. We want to give the main ideas of this approach.

7.3.1. Equivariant (co)homology. consider a Lie algebra g and define a g-differential algebra
O to be a dg algebra (O,d) with Lie derivative and contraction L¢ € Der’O and i €
Der'O, respectively for all ¢ € g which is linear in ¢ and satisfies the usual equations
in Cartan’s calculus. Define the subalgebra O, := {O € O | L;O = 1O = 0, V¢ € g}.
Choosing a basis (e,) of g, we can define its Weil model W(g) := (A°® ¢* ® Sym(g*),dw)
where the differential is given by

. 1 .
(7.3.1) dwé' == u' + 5[0, 0],
(7.3.2) dyyu’ = [0, u]".

Here, 6 denote the odd coordinates of degree +1 on A°®g* and u the even coordinates of
degree +2 on Sym(g*). Moreover, we have ¢, = % and L., = {te;;dw}. Note that
the subcomplex Oy is given by g-invariant polynomials in u endowed with the differential
given by dyy restricted to Oy, i.e. we have (Clu|® = Sym(g*)?,dw|o,). Let H&(O) the
cohomology of the subcomplex Og = (O ® W(g))p. This is called the Weil model for
H?.(O). Similarly, we can consider the Cartan model for Hg(O) by considering the graded
algebra O[u] := O ® Sym(g*) together with the differential dg := d — u’t,, and the diagonal
g-action. It is easy to check that (dg)? = u’Le,. Thus, we have a dg algebra (O[u]?, dg)
with O[u]® := {O, € O[u] | L:O, = 0, V¢ € g}. In fact, we have an isomorphism between
the cohomology of (O[u]?,dg) and HE(O). Indeed, one can check that the map

Exp? := exp (—(te, ® 0")) : O @ W(g) — O @ W(g)

can be restricted to an isomorphism of dg-algebras Exp?: Og — O[u]®.

7.3.2. Equivariant extension for AKSZ-BV theories. We can formulate an equivariant ex-
tension of the AKSZ construction as follows: Let ¥ be a d-manifold togeher with a Lie
algebra g acting on it by the vector fields v¢ for some § € g. Let M be a graded manifold
together with a symplectic form w of degree d — 1 and a smooth Hamiltonian function © on
M of degree d. The Hamiltonian vector field of © is denoted by Dg. The space of fields is
given by Fy, = Map(T[1]%2, M) and the cohomological vector field by

Qs = ds + Do = (Syx, ),

where S, = Sy + Sg with Sg and Sg being the Hamiltonian functions of Elg and ﬁ@, re-
spectively. The “hat” denotes the lift to a vector field on the mapping space Map(T'[1]%2, M)
of the corresponding vector field either on the source or on the target. It is easy to check
that since (Dg)? = 0 and (Qx)? = 0, the CME (Sx,Ss) = 0 holds. Denote by O, the
g-dg algebra of functionals on Fy endowed with the differential ds + Q Consider then the
contraction i, and Lie derivative f’vs on O, for { € g and their corresponding Hamiltonian
functions ngg and S fug respectively. Define also Or [u] := Oz, ® Sym(g*). If we choose a

basis (e;) of g, we can consider the equivariant Cartan model of the BV action as

Cartan i
SE = Sz; —Uu ngi,
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and therefore we get an equivariant model for the cohomological vector field as
anrtan _ (‘S-gartan7 ) — 512 + ﬁE _ Uzzvz

Define now L¢ := —é"‘ci?“juji and L¢ := L¢ + IAL% and note that then £5Sgartan = 0. This

Ouk
implies that SSa" € O[u]¢ and it satisfies an equivariant version of the CME
1 ,
(7.3.3) 5(853“2"“,8%&”&“) + u’Sﬁvi =0.

We further define

1
7-2325

such that Ty, = —u’(S i FihAS;, ) — ihASS | If we apply A to Sp and S;,,» we can use
the fact that they are quadratic in the fields and thus we get

(7.3.4) (AS{), ) = (AS; ) =0, VXeg

(Sgartan’ Sgartan) - ihASgartan — _qui - ihASgartan,

’Ug )
This gives us that
A‘Sﬁv£ = A(Sp, Sz,,g) = (ASO,S;%) + (S, ASE%) =0,

which needs to hold for consistency with the definition of a BV algebra as in Section 4.2.
Hence, ATy, = 0 and thus [A, i’vs] = 0. We can then check that Qg"manTE =0.

Let us briefly consider a more general case. For an observable O, note that we want the
equation AO + %QEO = 0, with @y = (S, ), to be satisfied in order for point (2) of
Theorem 4.1.5 to hold. This equation can be rephrased by using the twisted BV Laplacian
As,, = exp(—iSx/h)A exp(iSs;/h) according to the definition of the BV Laplacian on func-
tions on the space of fields by Equation (4.1.4). In this case, O is called a BV observable.
However, without assuming the Quantum Master Equation, we can define

h

and note that the twisted operator is given by

s\ 2
Ty = <1> exp(—iSy/h)A exp(iSy /h) = %(82,82) — ihASy

. N
Asy, 75 = exp(—iSs/h)A(exp(iSz/h)0) = AO + %on + (;’) T=O.

The observation is that then )
ATz +3QsTs =0,
since Agy, 75, Ts = 0 and (7x)? = 0.
Moreover, if we apply A to (Siv_,ngj) we get CZ»AS[% = 0. Using (7.3.4), we also get
(T, 0) = (T3, O) with T, := —uiSﬁv_ —1hASg. Define now
N == {0 € O [u] | (T4,0) € T},
where Z7;, denotes the ideal generated by Ty in Oz [u] and consider the subalgebra
N7/—2 = {O S O;E[u] | ﬁgO =0, V¢ e g} CN’TE.
Then, one can show that if (7.3.4) holds, N/Tg is a Poisson subalgebra which is invariant

under both Q§¥% and Ag,, 75, and Tx € NZ... Moreover, it is easy to see that the ideal
I%-E C ./\/'7/-2 generated by 7y is a Ag,, 75,-invariant Poisson ideal. Now one can define the
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algebra of quantum equivariant preobservables as (’)']_-E = N7’-Z /IirZ together with the induced
differential

(7.3.5) Bsumf0] = [8s,7:0] = | (84 308" ) 0]

A quantum equivariant observable can then be defined as a quantum equivariant preobserv-
able which is additionally Ag,, 7;,-closed.

Remark 7.3.1 (Gauge-fixing for (graded) linear targets). If the target M is a graded vector
space V', we can write the space of fields as Fx, = Q°(X) ® V. Consider an invariant metric
on ¥ and define a the submanifold £ := Q2 .. (X) @ V', where Q2. (X) denotes the subspace

coex
of coexact forms. Note that, in general, £ is only isotropic due to harmonic forms. However,

by invariance of the metric, we have [ng,d*] =0, and thus i;S; =0, where ig: £ — Fyx.
ve

The foliation then defined by (7x, ) is the same as the infinitesimal g-action and hence we
have to require that the Lie group G is compact.

7.4. Equivariant DW theory. Consider the set-up of Section 5.1 and let g be the Lie
algebra of a Lie group G acting on the 4-manifold ¥ with vector fields v¢ for § € g. If we
replace now dy. with the equivariant differential dg := dx — u’lvi, we get the equivariant
extension of the action as

Cartan __ 1 1
(7.4.1) o B /T[l]z Ha (<Y’dGX> + 2<Y,Y> + 2<Y, [X,X]>>

=Sy — ul/ (wLUin + XTLUilﬁT + ATLUiX + XTLUZ,A> .
pX
The BV transformations of the superfields are then given by

(7.4.2) QSAtanX — dgX 4+ Y + [X X],
(7.4.3) QSMAY — dgY + [X,Y},

i.e. in superfield notation, the equivariant cohomological vector field is given by

(7.4.4) QSartan _ /TmE ((ch +Y + 2[X X]) % + (dgY + [X,Y]) 5(;)

In component fields and after Berezinian integration, we get the equivariant cohomological
vector field

) ) )
Cartan __ 7 _
(145) QS —/E(<Y+2[X X] -t A) 5 (04 daX = )
O+ Fa [ X] = g 8) 2+ (X, Y] = )
) a 6X ) 7 6Y

FdaY 4 X0~ x >5‘;>

7.4.1. Relation to Nekrasov’s partition function. We can construct then a gauge-fixed solu-
tion for the equivariant CME (7.3.3) similarly as before whenever the chosen metric on ¥ is
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invariant. In particular, we have

(7.4.6) Syl = sgartan 4 / (4T, b+ [X, X)) + (bF, (L, X + [X,0] - [Y, X))

)
[ (0 6TD) + (o (L + (X + (7, 1))
P

If we redefine the fields, we can see that the transformations are the same as in [Nek03;
NOO06]. In particular, one can take v* to be the two rotations of C? and consider instead of u
the parameters® ¢*. In fact, the (regularized) path integral quantization of this equivariant
theory leads to Nekrasov’s partition function (7.2.12), i.e. we have

Z8V — / exp(iSS™ (X, Y) /) 2( 2] 2] = 7N,
L

where £ denotes the gauge-fixing Lagrangian as in (7.4.6). It is important to note that in
the mentioned construction, we are considering the perturbation around constant solutions
rather than general instantons. Moreover, the methods presented in this section are only
considered for the finite-dimensional case.

Remark 7.4.1. Similar equivariant extensions have been studied e.g. in [CF10; Mos19] for
a (global) Sl-equivariant setting of the Poisson sigma model on the disk, and in [Get19]
where a classical BV-equivariance under source diffeomorphisms for 1-dimensional systems
is considered. Generalizations of this construction would lead to equivariant cohomological
methods similarly as for the methods which appear in [Pes12].

7.5. Equivariant Floer (co)homology and boundary structure. Since the perturba-
tive expectation value for DW theory of an observable as in [Wit88a] reproduces the Floer
(co)homology groups as the boundary states on the corresponding boundary 3-manifold (see
also Section 2.3), we expect to produce similarly in a perturbative way an equivariant ver-
sion of Floer (co)homology as the boundary state when considering equivariant DW theory
on a 4-manifold with boundary. An equivariant extension of Floer (co)homology groups in
the setting of 4-manifold topology was considered in [AB96]. The convenient model chosen
there is the Cartan model similarly as discussed in Section 7.3. In particular, for G = SU(2)
and g = Lie(G) = su(2) we can construct equivariant Floer homology and cohomology as
follows: For any G-manifold N, define complexes

Qc,o(N) := (Sym(g) ® Q™ V72 (N)),
Q& (N) = (Sym(g*) ® Q*(N)),

endowed with the boundary and coboundary operators dg and dg, respectively. They
define equivariant homology and cohomology Hg +(N) and HE(N), respectively. Consider
the SU(2)-invariant Chern—Simons action functional S{°: A/ Go — S, where Gy denotes
the group of based gauge transformations of degree 0 and denote by A and B critical orbits
of the perturbed action SZ(\j,S + f for which the moduli space of gradient lines between A

and B then becomes a smooth SU(2)-manifold Mg (A, B) (here f denotes an element of a
suitable class of perturbations). For 0 < p < oo and 6 € R, denote by LY(E), for some

38This is true whenever the evaluation map which evaluates u’ at €' commutes with the path integral
with the additional assumption that € are not on the support of the equivariant cohomology class induced
by the path integral.



62 N. MOSHAYEDI

bundle F — ¥ over a 4-manifold X, the Banach space completion of smooth and compactly
supported sections of E by using the norm

1/p
ol = </Edvolg(exp(75)|a|p)> ,

where 7: End(X) — (0,00) denotes a distance function on ¥ defined as in [Tau87]. Fur-
thermore, for 1 < p < 00, 0 < ¢ < oo and § € R, define the weighted Sobolev space L} ;(E)
to be the completion of smooth and compactly supported sections of E with respect to the

norm
1/p

HUHL’;’& = / dvoly, | exp(76) Z |VFa|P ,
= 0<k<t

where V¥ := VV ...V k-times and V: I§*(E ®, T*Y) — I'P®(E @441 T*Y) is the covariant
derivative from the end-periodic®® connections on E and T*¥. We have denoted by I'§° the
space of smooth sections with compact support.

We can then consider the Atiyah—Hitchin—Singer deformation theory [AHS77; AHS78] to
the moduli space M. (A, B) for € < 0, which is locally a smooth (G(N)4 x G(N)?)-manifold
whenever the cokernel of the following deformation operator vanishes. Define the deforma-
tion and gauge-firing operator at some instanton A; as

d d .
a s <dta +xda,a + 0% fa,a, T dAta>

and note that this indeed defines a Fredholm operator
Ly (YN xR,ad P)) — Lj_, (2° & Q") (N x R,ad P)).
Denote by sf(A, B) the index*” of this operator and note that we then get
dim My(A, B) = sf(A, B) + 3 — dim G(N)* — dim G(N).

Define then the index of a critical orbit A € A/ Q~0 of the perturbed Chern—Simons action
functional S° + f as

in(A) == —sf(h, A) + dim G(N)4,
where 6 denotes a preferred trivial connection in A/ g~0 and ¢ is chosen to be negative and

sufficiently small. Fix a homotopy of the corresponding principal SU(2)-bundle P over N
and note that

dim Mo (A, B) = in(A) —in(B) +dim A — 1.

For the 3-manifold N, we can then define graded vector spaces

CFgr= P Qa;4),
in(A)+ji=k

CFf = P L),
in(A)+i=k

39The definition of end-periodic connections is rather technical and we refer to [Tau87] for a definition of
end-periodic connections and manifolds. In fact, these objects are only defined for end-periodic 4-manifolds.
40This is again the spectral flow as defined in Section 3.4.
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with boundary and coboundary operators given by

gV, if A= B,

(7.5.1) (66)a,BY := ¢ (—1)48¥(ep)(el)* W, ifin(A4) > in(B),
0, otherwise.

and
dgV, if A= B,

(7.5.2) (Dg)a,B¥ := q (=1)de¥(eh), (ep)* ¥, ifin(A)>in(B),
0, otherwise.

We have used the endpoint maps
% .//\/lvo(A, B) — A,
¢z Mo(A, B) — B.
It is easy to see that the equivariant Floer complexes are actually filtered by index

(7.5.3) CRSY = P ey,
in(A)+i=k
in(A)<m

k,(m j

(7.5.4) Cry™ = P LA,
in(A)+i=k
in(A)zm

with the corresponding relative equivariant (co)homology groups
(7.5.5) HFY? = Ho(CFga/CESY),
(7.5.6) HFG"™ .= H*(CFg/CFS™).

Theorem 7.5.1 (Austin-Braam[AB96]). The operators 0g and Dg square to zero and define
equivariant Floer homology (resp. cohomology) HFg +(N) (resp. HEG(N)) of the 3-manifold
N. Moreover, there is a pairing HFge(N) x HFG(N) — R which is defined on the level
of chains by @ 4( , )a. Furthermore, these groups are independent of the metric on N
and the choice of perturbation withing a class of perturbations, up to natural isomorphisms.
An orientation preserving diffeomorphism of N induces a natural map on equivariant Floer
(co)homology.

Remark 7.5.2. Equivariant Floer homology and cohomology are both modules over equi-
variant polynomials Sym(g*)® = R[u] and the action of Sym(g*)¢ is symmetric with respect
to the pairing. Moreover, the complexes defining equivariant homology and cohomology are
filtered by index and there is an associated spectral sequence, whose E' and E; terms are
the equivariant (co)homology of the critical locus.

Example 7.5.3 (3-sphere). The equivariant Floer groups for S3 are simple since there is
only one flat connection, the trivial one. Hence, we get
HFga(S%) = He,e(pt) = R[ul,
HF§(S%) = Hg(pt) = R[a).
Example 7.5.4 (Poincaré 3-sphere). In the case of the Poincaré 3-sphere S%, there are two
irreducible flat connections A and B. These are indexed by ig3 (A)=0and ¢ s3, (B) =4 by

using the standard orientation induced from S3. The first term in the spectral sequence of
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the equivariant Floer cohomology complex has then generators endowed with index 0 and
4 coming from the connections A and B, together with a tower of H2(pt) at index 0 which
represents the trivial connection. Then the dimension of the nonzero terms will give lead to
the fact that all higher differentials vanish and thus, after taking the quotient with respect
to the Z-translations, we get

HF§(Sp) = He(pt) @ H* (pt) & H*(pt),
HFg,o(Sp) = He.o(pt) ® Hae(pt) & He—a(pt).
Consider now a U(2)-bundle P — ¥ = ¥;Ux 33 over an oriented 4-manifold ¥ with 03, = N
and 09 = N°PP. Moreover, consider the moduli space My(X,U(2)) of projectively anti
self-dual connections on P with fixed central parts. Moreover, assume that Mo (%, U(2)) is
compact. Define now Mo(P1, A) and Mo(Ps, A) to be the moduli spaces of anti self-dual
connections modulo gauge transformations asymptotic to the flat connection defined by A.
Then we have
(757) dimMo(Pl, A) = CEl - iN(A),
(7.5.8) dim Mo(P2, A) = Cs, +3 —in(A),
for some constants Cy, and Cy,. For the framed moduli space, we get the SU(2)-invariant
endpoint maps
el Mo(Pr,A) — A,
€4 Mo(Py, A) — A.
If Py and P, are trivial bundles such that ca(P1) 4 c2(P2) = c2(P), we get a gluing map with
open image
Mo(Pr, A) x Mo(P2, A) — Mo(2,U(2)).
Theorem 7.5.5 (Austin-Braam|[AB96]|). Let Mo(X,U(2)) be compact and let Py, Py Tun
over bundles such that co(P1) + c2(P2) = ca(P). Assume that for a generic one parameter

family of metrics on 31 no reducible connections exist on Py for any A. Assume further
that b2 (32) =0 or b%(Ss) > 1.

(1) Let a € HL(A(P1)/Go(P1)) and denote by v := [Mo(P1,A)] € Hg,o(Mo(Pr1,A))

the fundamental class. Then

Us,(a):= P (eh)(yNa) € CFga(N)

defines an element of HF(?:)(N) whenever m > Cx, — 8; that is, it is closed and,

up to boundaries, independent of the choice of metric on 3.
(2) Let b e HX(A(P2)/Go(FP2)). The integration over the fiber gives an element

D(22)(b) := EP(e%):b € CFG(N)
A

which is coclosed and up to coboundaries independent of the metric on Xo. Moreover,
it also defines an element of HFg"(m) (N) for allm < =3 —Cy,:

/ aUb = (U, (a), D)), -
Mo(2,U(2)) I3
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7.5.1. Irreducible connection on one side. Assume now that the 2d-dimensional moduli space
of anti self-dual connections on P splits uniquely as

Mo(Z,U(Q)) = Mo(Pl,A> X A Mo(PQ,A),

along a Z/2 connection A. Then, we get that HZ(A,R) = Rlu] such that u is of degree 4.
Moreover, suppose that Mo(Py, A) ~ S? only consists of a single reducible connection which
defines a line bundle reduction L @ L°PP — 5. Recall from Section 2.2 that the Donaldson
polynomials are given by

D)= [ o),

for a 2-dimensional homology class [C] € Hy(X,Z). Let us first look at the ¥g side. There,
we get that Mg(P2, A) ~ S? corresponds to a single reducible connection with endpoint
map e%: Mo(P2, A) — A which sends S? to one single point. We can extend the map p to
equivariant cohomology p1: Ho(32,Z) — HZ(A(P2)/Go(P2)) and hence

H(C) = =2 [ eilLjw € HE(Mo(Pa, 4)) =Rl
c

where v is of degree 2 and such that v? = u. Note that we have a push-forward (€% ).: R[v] —

R[u] such that

0, otherwise.

{vk — u=D/2 k odd,

Finally, the relative Donaldson polynomial in the equivariant Floer cohomology of N defined
by Yo is given by

d
— c wd=D/2 g
(7:5.9) D) () = (/C <L>> 02, d odd,

0, otherwise.

Now we look at the ¥ side. There we need Uy, (1) := (e!)).(y) € CFg.+(N) in the equi-
variant Floer homology of N. In particular, we get

od-1)/2 . A
Uy, (1) = / v = ﬁpﬁd D2q@-1/2 ¢ Hgo(A) = R[],
Mo(Py,A) ( )!

where Hg o(pt) = R[u]. In fact, the framed moduli space of anti self-dual connections on ¥;
is an SO(3)-bundle and thus has a Pontryagin class p;.

Remark 7.5.6. Note that the latter construction only holds if d < 4, otherwise the com-
pactness of the moduli spaces can be violated. Moreover, as it was mentioned in [AB96],
this construction also coincides with the Friedman-Morgan construction [FM94a| if 3 is the
blow-up of an algebraic surface, in particular, ¥5 = CP? and N = S3, thus the moduli space
on X has to split along the trivial connection.

Remark 7.5.7. Similarly as mentioned in Remark 6.6.6, this construction is expected to be
consistent with a possible equivariant extension of the BV-BFV formalism in parallel to the
BV case for closed manifolds. In the same way as the BV partition function of equivariant
DW theory on closed manifolds yields Nekrasov’s partition function, one should be able to
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produce the equivariant Floer groups as a BV-BFV partition function for equivariant DW
theory in the presence of boundary. This yields a boundary state of the form

VI (X, Y) = /v /E exp(iSS™H (X, Y) /W)O(X, Y)2( 22| € HFO5) C Hhx,

(10, (M, )
where 6, ~; and ij are equivariant extensions of the respective objects as in Section 3.6 and
( )eq. denotes the expectation for the BV-BFV partition function with respect to Sgarta“. In
particular, the boundary state space ng in this case should include the equivariant Floer
cohomology and thus a possible equivariant extension of the BFV boundary operator Q;’g
should be given in terms of the equivariant Floer differential. Moreover, the polarization
needs to be adapted to the boundary condition defined by the state \I/g%. Note that here
we want b = su(2).

8. RELATION TO DONALDSON—THOMAS THEORY

Donaldson—Thomas theory, starting first in [DT98], was motivated by formulating Donald-
son’s construction of invariants of 4-manifolds in higher dimensions. In [Tho00|, Thomas
constructed a holomorphic Casson invariant (see Definition8.1.2) counting bundles on a
Calabi-Yau 3-fold, by using the holomorphic Chern—Simons action functional (see Section
3.2). He developed the deformation theory necessary to obtain certain virtual moduli cy-
cles in moduli spaces of stable sheaves whose higher obstruction groups vanish, which gives
Donaldson- and Gromov—Witten- (see Section 9) like invariants of Fano 3-folds. Moreover,
he defined the holomorphic Casson invariant of a Calabi—Yau 3-fold X and proved that it is
deformation invariant. In particular, when considering real Chern—Simons theory as in Sec-
tion 3.2, one can show that the Hessian of the action functional is symmetric and hence the
deformation complex is defined by its critical locus, given by flat connections, is self-dual.
Thus, by Poincaré duality, we get

Hi(adE, A) = (H*> (ad E, A))*
and hence the virtual dimension of the moduli space of flat connections Mgy; is given by
3 . .
vdim Mgy = » (=1)"! dim H'(ad E, A) = 0.
i=0
A similar observation is also true when considering holomorphic Chern—Simons theory (see
Section 3.2). In particular, instead of Poincaré duality one can use Serre duality to obtain
that the virtual dimension of the moduli space of holomorphic bundles is zero. This obser-

vation in fact leads to the countig of bundles over Calabi—Yau 3-folds and more generally
curves in algebraic 3-folds.

8.1. DT invariants. Let X be a Calabi—Yau 3-fold. Define
Hﬂbg(X, kj) = {X() cX | [X()] = ﬂ, Xh01<0)(0) = k‘}
to be the Hilbert scheme depending on the 1-dimensional subschemes in the curve class § €

Hy(X, Z) with holomorphic* Euler characteristic k € Z. By Behrend’s construction [Beh09],

4URecall that this is defined through the alternating sum of the dimension of sheaf cohomology
Xnol(Ox ) := S X (—1)" dim H' (X, Ox).
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one can define the Donaldson-Thomas (DT) invariants as a weighted Euler characteristic
of the underlying moduli space. In particular, it is defined as

(8.1.1) DT[HC = Xtop (Hilbg(X, k) Vﬁk letol) I/ﬂk 1(l)),
lez

where xiop denotes the topological Euler characteristic and
(8.1.2) V5 Hilbg(X, k) — Z
denotes Behrend’s constructible*? function [Beh09).

Remark 8.1.1. A result of Brav, Bussi, Dupont and Joyce was to prove that the coarse
moduli space of simple perfect complexes of coherent sheaves, with fixed determinant, on a
Calabi-Yau 3-fold admits, locally, for the analytic topology, a potential, i.e. it is isomorphic
to the critical locus of a function. As it was shown in [PT14], such a result is not true
for general symmetric obstruction theories. Thus, the existence of such local potentials will
crucially depend on the existence of a (—1)-shifted symplectic structure (in the setting of
[Pan+13], see also Section 4.7) on the derived moduli stack of simple perfect complexes on a
Calabi-Yau 3-fold X. As it was shown in [Ben-+15; BBJ19], there is an étale local version of
Darboux’s theorem for k-shifted symplectic structures with k& < 0. However, extending such
a local structure theorem to general n-shifted symplectic structures, especially for the case
of interest where n > 0, might lead to the existence of DT invariants for higher dimensional
Calabi—Yau manifolds. Moreover, the results of [Ben+15] might lead to a categoryfied
version of DT theory and a motivic version of DT invariants similarly as in [KSO8b].

8.1.1. Relation to instanton Floer homology. DT invariants can be interpreted as a complex
version of a certain invariant of homology 3-spheres, called Casson invariant, and then
related to the instanton Floer homology construction as it was shown in [Tau90]. Let us
first recall the definition of a Casson invariant.

Definition 8.1.2 (Casson invariant[Sav99]). Let . be the class of oriented integral homol-
ogy 3-spheres. A Casson invariant is a map A: .¥ — Z such that:

(1) A(S?) =0, and \(.) is not contained in any proper subgroup of Z.
(2) For any homology sphere N and knot k C N, the difference

m

(8.1.3) A’(k)::A<N+L-k)—A(]\H—l-k), meZ,
m

is independent of m.
(3) Let k U/ be a link in a homology sphere N with linking number 1k(k,¢) = 0 and
note that then for any integers m,n the manifold
Nttt
m n
is a homology 3-sphere. We have

(8.1.4) N'(k, 0) := X (chJrl.k;) - X <£CN+1~k> =0,
m+1 m

for any boundary link £ U ¢ in a homology sphere N.
2That is to say for a quasi-projective proper moduli scheme with a symmetric obstruction theory, in

our case Hilbg(X, k), the weighted Euler characteristic xtop(Hilbg(X,k),v5) is the degree of the virtual
fundamental class [Hilbg(X, k)]"™ (see Footnote 44 for a definition of the virtual fundamental class).
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Theorem 8.1.3 (Casson). There is a Casson invariant X\ which is unique up to sign. More-
over, it has the following properties:

(i) N(ks,) = £1, where ks, denotes the trefoil knot.

(i1) N(k C N) = 3A] (1) N(ks,) for any knot k C N,
(#i7) AM(—N) = —A(N) where —N stands for N with reversed orientation,
(iv) A(N1#N2) = A(N1) + A(V2), ,

(v) M(N) = u(N) mod 2, where u denotes the Rohlin invariant*3.

In [Tau90], Taubes has shown that the Casson invariant as in Theorem 8.1.3 can be defined
by using an infinite-dimensional generalization of the topological Euler characteristic using
instanton Floer homology for an oriented homology 3-sphere. Let G be a finitely presented
group and N a homology 3-sphere. Denote by R(G) = Hom(G,SU(2)) where G is assumed
to have the discrete topology. Note that one can turn R(G) into a real algebraic variety by
regarding SU(2) as S*. The quotient R(G) := R(G)/SU(2) under the SU(2)-action given
by conjugation, is the SU(2)-character variety of G. Denote the open set of irreducible
representations by R*(G). Then we can consider the quotient R*(G) := R*(G)/SO(3) C
R(G). Now let R*(N) := R*(mi(N)), where m(N) denotes the fundamental group of
N. Moreover, for some admissible perturbation function f: A*/G — R/8m72Z, define the
perturbed moduli space

Ry(N):={A € A|xFy —47*(Vf)(A) = 0}/G.

Finally, define R}(NV) to be the subset of Ry(IV) consisting of the orbits of irreducible
perturbed flat connections. Then, we have the following theorem:;

Theorem 8.1.4 (Taubes|Tau90|). The Euler characteristic
1 A
Xop(N) =5 3 (-1

AER(N)

with Floer index pu(A) :=sf(0, A) mod8, where § denotes the trivial connection, is indepen-
dent of the holonomy perturbation f and the metric on N and equals up to an overall sign
the Casson invariant of N.

However, working with a homology 3-sphere does simplify things tremendously since it
prevents the existence of non-trivial reducible flat connections before and after small per-
turbations. In fact, this allows to use the standard cobordism argument to show that the
alternating sum is indeed independent of the choice of metric. We refer also to [Sav01]| for
an excellet overview.

8.2. DT partition function. Let X be a Calabi-Yau 3-fold. Using the DT invariants
(8.1.1), we can define the DT partition function as a generating function by

(8.2.1) ()= ), DT (—2)F,
(B,k)eH2(X,Z2)pZ

where ¢° = qfl . qﬁ” with 8 = 1C1 + - -+ + ,Cy, where {C1,...,C,} denotes a basis of
Hj(X,Z) which is chosen such that 3; > 0 for any effective curve class. Note that ZQT(q) is
a formal power series in q1, ..., g, with coefficients in formal Laurent series in the complex

43For an oriented integral homology 3-sphere N, there exists a smooth simply-connected oriented 4-
manifold ¥ with even intersection form such that 9% = N. Then the signature of ¥ is divisible by 8 and
w(N) := Lsign® mod 2 is independent of the choice of ¥ [Sav99]. The number pu(N) is called Rohlin

invariant of N.
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variable z. In particular, since X is a 3-fold, we can split the Hilbert scheme into components
according to the degree and the arithmetic genus of C' when g = [C]. We get

(IC], xno1(Oc)) € Ha(X,Z) ® Ho(X,Z).

Consider a smooth divisor D C X which algebraically takes the place of the boundary when
X is a smooth manifold. We can define the relative DT partition function corresponding to
the pair (X, D) as

(8.2.2) 2 (q) = 3 F2 [ =)
(Bk)EH2(X,Z)@Ho(X,2) Hilbg (X.k)

where Z(D) denotes a collection of forms constructed from the boundary conditions. We
need to make sense of the integral in (8.2.2). The integral localizes to a virtual fundamental
class™ [Mp1]"" € Hayqim(X), where Mpr denotes the moduli space of supersymmetric
configurations. In particular, for the Hilbert scheme, we get the virtual dimension®®

vdim Hilbg (X, k) :/cl(X).

B
Using this construction, we can formulate a more precise version of (8.2.2) by
s23)  Bpo- Y e Eo)
[Hilb (X, k)] vir

(B:k)eH2(X,Z)®Ho(X,Z)

where [Z](D) denotes the collection of cohomology classes constructed from the boundary
conditions.

Remark 8.2.1. Note that in fact, using the virtual fundamental class, we can equivalently
express the DT invariants (8.1.1) as a virtual count by

DT}, = / 1
ok [Hilbs (X k)]

8.3. Gluing of DT partition functions. We want to describe the gluing procedure for
partition functions in DT theory. Let X be given by two parts X; and Xs5. The Hilbert
scheme of the singular variety
Xo:=X1Up Xy
is not nice (although well-defined) since if C' intersects D in a nontransverse way, it will
lead to different problems including the failure for the obstruction theory. However, one can
resolve this by using expanded degenerations. There we allow Xg to insert bubbles B such
that
XOM =X1Up, BUp, - Up, BUD£+1X2,

l
where B := P(N(X;/D)®Op) is a Pl-bundle over D associated to the rank 2 vector bundle
N(X1/D) @ Op, where N(X1/D) denotes the normal bundle of D in X;. The divisors

“Following [Beh09], for a scheme (or Deligne-Mumford stack) X with cotangent complex L, the virtual
fundamental class is defined through a perfect obstruction theory of E — Lx, where E € D(Ox) (here
D(Ox) denotes the derived category of sheaves of Ox-modules). In particular, E defines a vector bundle
stack € over X. The virtual fundamental class [X]"'" € Au z(X) is then defined as the intersection of the
fundamental class of the intrinsic normal cone [€x] (the perfect obstruction theory F — Lx induces a
closed immersion of cone stacks €x < €) with the zero section of €, i.e. [X]*'" := 0k[€x]. Note that we
have denoted by A, (X) the Chow group of r-cycles modulo rational equivalence on X with values in Z.

45Typically computed by using some version of the Riemann—Roch theorem.
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Dy = Dy ... 2 Dy 2 D are all copies of D which appear together with the bubbles B.
We consider now subschemes C' C Xy[] of the form C = CoU Cy1 U --- U Cp U Cpyq with
components {C;} all being transverse to the divisors {D;}. We can glue them together by
the setting

CiNDiy1 =D;NCiy.

This produces a new bubble each time the intersection does not appear to be transversal.
The moduli spaces for different ¢ can be captured into one single orbifold

Hilb(Xo[e]) = _J Hilb(Xo [ semistaie / (€7
>0

where C* acts on the P!-bundle. Note that when talking about the smooth setting for
a manifold ¥, we consider tubular neighborhoods of the boundary 0% x [0,1] in order
to glue the two boundary pieces 0¥ x {0} and 0% x {1}, which in the algebraic setting
corresponds to the gluing of two distinguished divisors, namely Dy = P(N(X/D)) C B and
Dy, = P(Ox) C B. In fact, the C*-action on P! preserves the divisors Dy and Ds. The
DT gluing formula is then given by setting

(8.3.1) / [El(D) =/ =K
[Hilb(X)]vir [Hilb(Xo[e])]vi*

where [Z](D) denotes a cohomology class defined by using boundary conditions away from
D or in any other way such that it is well-defined as a cohomology class on the whole family
of the Hilbert schemes. Additionally, we need to require that the integral on the right-hand-
side of (8.3.1) can be computed in terms of DT counts in X; and X5 relative to the divisor
D. In particular, this means

(8.3.2) 20 = (2%, () 1280 )

(1]

D)?

H, (Hilb(D)) '

where Z)D(?/D fori =1, 2is defined as in (8.2.2) and | - | denotes the grading on He(Hilb(D)) =
@, He(Hilb(D, k)). We put the extra weight (—z)"| since

Xhol(Oc) = Xnol(Ocy ) + Xnol(Oc) = Xhot(Ocinp)

whenever C' = C Ug,np C2 is a transverse union along the common intersection with D.

9. RELATION TO GROMOV—WITTEN THEORY

9.1. The moduli space of stable maps. Gromov-Witten (GW) theory |Gro85; Wit91;
Beh97] of a non-singular projective variety X deals with the moduli spaces of stable maps*®
constructed by Kontsevich (first appeared in [Kon95; KM94|), which is a generalization
for the moduli space My ,, of n-pointed stable curves?” of genus g (see also [Pan99; FPIT7;
Hor+03]). As a set, Mg, is the set of isomorphism classes of n-pointed stable curves of
genus g. It actually turns out that M, is a quasi-projective variety of dimension 3g —3+n

46Recall that a stable map on a non-singular projective variety X is a morphism f from a pointed nodal
curve C' to X such that if f is constant on any component of C, then that component is required to have
at least three distinguished points. The distinguished points are either marked points, or points lying over
nodes in the normalization of C.

47This is a complete algebraic curve whose automorphism group, as an n-pointed curve, is finite.
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and is given as a projective compacification®® of the moduli space given by the isomorphism
classes of smooth n-pointed stable curves of genus g, which is usually denoted by M, .

In particular, the moduli space of stable maps from n-pointed nodal curves®® of genus g
to a non-singular projective variety X representing® the class 3 € Ho(X,Z) is denoted by
Mo (X, B). In fact, M, (X, 3) is a Deligne-Mumford stack. It is easy to see that if X is
a point, we get that

Mgn(X,0) = Mg,
A natural cohomology class on the moduli space of stable maps is given by the pull-
back of X (see below), i.e. ev}(y) where v € H*(X,Z) for i = 1,...,n. At each point
[C.p1,. .. pn, [l € Myn(X,B), the cotangent space to C at each point p; is a 1-dimensional
vector space. Gluing all these spaces together, we get a line bundle L; called i-th tautological
line bundle. Denote by v; := ¢1(L;) its first Chern class. Then we have the string equation
for My,

i i—1 '
(9.1.1) / I1v! :Z/ PP
Mgnt1 =1 i=1 7/ Mgn

One can then easily prove the dilaton equation for Mg,

(9.1.2) /M Yt [ [ = (29— 2+n) /M [T
g,n+1 i=1

g,m 4=1

for 2g — 2 +n > 0. Moreover, define

(TB1s- - TBalg = /M H"/J;Bl

The virtual dimension of the moduli space of stable maps [BF97] is given by

(9.1.3) vdim M, (X, B) = /Bcl(X) + (dim X —3)(1 —g) +n.

Similarly as for the DT construction, one can also consider the virtual fundamental class

[ﬂg,n(X, ﬁ)} ™ e Havdim (X, Q).

In particular, if there is no obstruction for all stable maps, we get that the virtual fundamen-
tal class is equal to the ordinary fundamental class. As already mentioned, for i = 1,...,n

there are evaluation maps ev;: M, (X, 5) — X such that ev;(f) = f(x;) for z; € C. Thus,

the classes v € H*(X,Z) can be pulled back to classes in H®*(M,,(X,),Q) by the map

eV;(Z H.(X7Z) - H.(Mg,n(Xvﬂ)7Q)'

480ne can show that Mg n is not compact by noticing that in general a family of smooth curves over a
noncomplete base is not extendable to a family of smooth curves over a completion of it. The completion
can be realized by allowing fibers that have nodes at worst and using the stable reduction theorem, hence
compactness of M, ..

Recall that a nodal curve is a complete algebraic curve such that each of its points is either smooth
or locally complex-analytically isomorphic to a neighborhood of the origin within the locus of the equation
zy =0 in C* [ACG11].

50Any stable map f: C — X represents a homology class 3 € Hy(X,Z) whenever f.[C] = 0.
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9.2. GW invariants. Given cohomology classes v1,...,v, € H*(X,Z), we can define the
GW invariants by

(9.2.1) GWX (v, ) = / m ev; (vi).
9 (M0 (X,6)] H

1=1
Remark 9.2.1. According to Witten’s notation, we may sometimes also write ([ 7", %>;(l3 -
{(y1 - -7n>§fﬁ instead of GWffﬁ(’h? Y-

One can also define a generalized version of the GW invariants, called the gravitational
descendant invariants or just descendant invariants, defined by

n X
(9.2.2) < Tai(%)> :—/ e | ] evi (i)
}:[1 op 7 [Man(X.8)] H

=1

where v; € H*(X,Z) and a; € Z>9. We can extend the string (9.1.1) and dilaton (9.1.2)
equations to the moduli space of stable maps M, (X, 8). The string equation is given by

X

n X n j—1
(9.2.3) <H%(%‘)1> = Z< Ta; (%) Ta; -1 (7)) H Tai (Vi >
i=1 9.8 = 9.8

j=1 i=j+1

where 1 € H*(X,Z) denotes the unit. The dilaton equation is given by

n X n X
(9.2.4) <H Ta; (%)71(1)> =(29-2+n) <H Ta, (%)> :

9.8 i=1 9.8

It is easy to see that (9.2.3) reduces to (9.1.1) and (9.2.4) to (9.1.2) if X is a point.

9.3. GW partition function. One can then define the GW partition function as

Z$V (q,u) == > GWE () e
(B.9)€Ha(X.2)3Z

_ 8,202
= o Tl

(8,9)€H2(X,Z2)®Z i=1

(9.3.1)

Remark 9.3.1. GW theory can be regarded as some A-mirror since the invariants can be
thought of an A-model with path integral over the space of fields given through pseudo-
holomorphic curves as for the construction of Lagrangian Floer homology (see Section 3.7).
We refer to the excellent reference [Hor-+03] for more details on GW theory and its connection
to mirror symmetry.

Remark 9.3.2 (Korteweg-de-Vries (KdV) hirarchy). Consider the generating series

(9.3.2) F(to,t1,...) := Z (/ H wﬁz) tﬁltﬁz . tﬁn
,5’1, +Bn>0

920,n2>0 Mg,n =1
29—24n2>0
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In [Wit91], Witten conjectured that the function u := P°F satisfies the KdV/ hirarchy, i.e.

ot3
1
U, = Uy + Euajzmv
(9.3.3) U, = lungc + i(2ugcuac:l: + Ulaggg) + Lumcm
2 12 240

where z := ty. Using the string equation (9.1.1), we get

OF OF t2
9.34 — = ti—+ -2
( ) Oto Z +l ot; + 2
>0
If F satisfies condition (9.3.3) together with (9.3.4), one can uniquely determine the gener-
ating series F. Witten’s conjecture was proven by Kontsevich in [Kon92].

9.4. Topological recursion. Topological recursion started with the work of Eynard—Orantin
in [EO09] which uses the recursive methods of symplectic invariants to solve matrix model
loop equations. In particular, as an application they show how one can obtain e.g. a
proof of Witten’s conjecture (see Remark 9.3.2), Mirzakhani’s recursive methods of deriving
Weil-Petersson volumes [Mir07] and certain constructions of topological string theories. In
particular, one is interested in the data given by a spectral curve C = (24, z,y, B), where
¥4 denotes a Riemann surface of genus g > 0, x,y are two meromorphic functions on %,
and B is some 2-form on ¥, x ¥ . Assume moreover that the zeros of dz are all simple and
do not coincide with the zeros of dy. Then, as a result of topological recusrsion, one obtains
symmetric multidifferentials wg, € H(Ky, (xD)®", ($4)")%" for ¢ > 0 and n > 1 such that
29 — 24+ n > 0. These differentials are usually called correlators. We have denoted by D
the divisor of zeros of dz = 0 and by S, the symmetric group of order n. Note that then
the multidifferentials wy , will be holomorphic outside of dz = 0 and can have poles of any
order when the given variables approach the divisor D. The key is to define the correlators
recursively. In particular, we define first the exceptional cases

(9.4.1) wo,1(p1) = y(p1)dz(p1),
(9.4.2) wo,2(p1,p2) = B(p1,p2).

Then, the recursive relation for the correlators in general is given by

(943) wg7n(p1,p1)= Z ReSp:aK(pl,p)X

dz(a)=0
Twor
X S Wy 1n11(P,0a(0),P1) + D Whiti)(2 POk 14107 (0a(D), D)
h+h/=g
JuJ'=1

We have used the notation I = {2,3,...,n} and py = {pj,,...,pj.} for J = {j1,J2,. .., jx} C
I. Note that the holomorphic function p — o4 (p) is the non-trivial involution which is lo-
cally defined at the ramification point o and satisfies x(o4(p)) = x(p). Moreover, we have

denoted by >“*! in the bracket the sum which leaves out the terms involving wgi. The
recursion kernel is given by

1 1 P
044 KD = S S ToaIE ) oy 02 )
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Note that the recursion will only depend on the local behaviour of y near the zeros of dz up
to functions which are even with respect to the involution o, and thus it only depends on
dy. If 29 —24n > 0, one can observe that wy ,(p1,...,p,) are meromorphic forms on (X4)"
with poles at p; € D. Therefore, they can be expressed in terms of polynomials for a basis
of 1-forms with poles only in D and divergent part being odd with respect to each local
involution 0. If we denote such a basis by (£), we can write down a partition function for
the spectral curve C as

Bt
(9.4.5) Ze({thih) =exp [ D —wonle g

9>0,n>1

2g—24+n>0
Remark 9.4.1. The relation to GW theory was considered in [Dun+14| and studied fur-
ther in [BN19|. In particular, in [Dun+14]|, they show how this construction fits into the
cohomological field theory encoding GW invariants of P! which corresponds to the spectral
curve given by

1 d dz; Ad
Cps = (pl,FH,dy:Z,B:@Z@)
z z (21 — 22)

Remark 9.4.2. An interesting approach to the formulation of topological recursion would
be to combine it with the methods of [Pan+13| (see Section 4.7) in order to talk about
a shifted version of the multidifferentials (9.4.3), i.e. to consider the behaviour of forms
in wy, € H* (Ks, (xD)®", (X4)™)%", or more generally a shifted version of the symplectic
invariants as defined in [EO09]. This would lead to a relation of the BV-BF¥V formalism by
considering enumerative methods, such as GW invariants, for stratified spaces in the setting
of perturbative gauge theories.

Remark 9.4.3. In [Bor{21], it was recently also shown how one can obtain Nekrasov’s
partition function by using methods of topological recursion.

9.5. GW /DT correspondence. Based on a duality construction involving topological
strings in the limit of the large string coupling constant described in terms of a classical
statistical mechanical model of crystal melting considered in [ORV06], Maulik, Nekrasov,
Okounkov and Panharipande have formulated a correspondence between GW and DT parti-
tion functions in [Mau-+06a; Mau+06b|. In particular, in [ORV06]| one considers the crystal
to be a discretization of the toric base of some Calabi—Yau manifold. Moreover, a more
general duality involving the A-model string on a toric 3-fold was proposed. For this, let X
be a nonsingular projective 3-fold and define the generating function

n n X
(9.5.1) 8V (u,Hmi(w)) :=Z<< m-(m«)>> u??
=1 1

B 9€Z \\i= 9.8

for a fixed nontrivial class 5 € Ha(X,Z). Here we have defined

n X n
a; \ i = vir : i w?i’
<<1;[17 " )>>g,ﬁ /[M;,mﬁ)} gev 0

with ﬂlg,n(X ,B) the moduli space of maps with possibly disconnected domain curves C
of genus g where there are no collapsed components, hence each component C' represents
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a nontrivial®! class 8 € Ho(X,Z). Let I(X, ) be the moduli space of ideal sheaves®
satisfying xno1(Oy) = k and [Y] = [ € Hy(X,Z) for some subscheme Y C X. The
descendent fields 7,(y) in DT theory correspond to (—1)%*!ch,;2(7), where

(952) Cha+2(’Y)3 H.(Ik(X,,B),Q) - o—2a+2—é(Ik(X’ B)7Q)

for v € HY(X,Z). One can express the map chyyo(7y) by considering the projections
and 72 to the first and second factor of I (X, ) x X, respectively and the universal sheaf
J — I(X,B) x X. One can show that there is®® a finite resolution of J by locally free
sheaves on Iy (X, 8) x X. This will guarantee that the Chern classes of J are well-defined
and thus one can express the map (9.5.2) by

cha+2(7) () = (m1)+ (chat2(3)(m2)" () N (71)(€))-

We can then define the descendent invariants by

n X n
9.5.3 Fay (Vi = D% eh,, o ().
95.3) <1211 (v)> /[Ik(w [0+ chasa()

kB i=1

Using this construction, and noticing that the moduli space I} (X, 8) is canonically isomor-
phic to the Hilbert scheme Hilbg(X, k), we can define the DT partition function by

n n X
zy" (%H%(%)) => <H %ai(%)> q*.
‘ 5

i=1 kezZ \i=1 k.8

We then define the reduced DT partition function by formally removing the degree zero

contributions b
~ n ZXT (Qa anl Ta; (’7@))
Zy" (qv % (%)) = l 2.
i=1 8

Z_]?(T(Q)o
For simplicity, we state the GW /DT correspondence for primary fields 7o(v) and 7o(7y).

Conjecture 9.5.1 (Maulik—Nekrasov—Okounkov—Pandharipande[Mau-+06a|). Considering
the change-of-variables exp(iu) = —¢, we have

(—iu)?Z§W (u,Hmm) = (—q)~¥?Z}T <q,Hfo<m> :
1=1 8

8 i=1
where d := [;e1(X).

Remark 9.5.2. Conjecture 9.5.1 has been proven for X being a toric 3-fold in [Mau-+11].

9.5.1. Relative GW/DT correspondence. An important concept for us is the case for relative
theories which corresponds to the algebraic case when considering defects of a manifold in
the smooth setting. Let X be a nonsingular projective 3-fold and let D C X be a nonsingular
divisor. The relative GW invariants are then defined by

n X/D n m
1 vt | | evi(6;
(954) <<];[1 Tai (’Y’L) 77>> lg = |A11t (n)| /tM;Tn(X/D,ﬁJ])] virt H ev’i (’Y’L)wz jE[l Vi (53)7

s i=1

5y particular, C has to represent a nonzero class.
52These are torsion-free sheaves of rank 1 with trivial determinant.
53This is due to the fact that J is mi-flat and X is nonsingular.
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where 5 € Hy(X,Z) is such that fﬁ[D] >0, n = (n;) a partition whose components satisfy
DM = / 5 [D] together with a certain ordering condition®® with respect to a basis d1, . . ., o
of H*(D,Q), ﬂ;,n(X/D, B,m) denotes the moduli of stable relative maps with possibly dis-

connected domains and relative multiplicities determined by 7, and ev;: ﬂlgﬂ(X /D, B,n) —
D are determined by the relative points. Hence, the relative GW partition function is given

by
X/D
>> 22
9,8

(9.5.5) 257 (u 1700 ) = <<Hm 7i)
Similarly as we have seen in Section 8.2, we can construct a relative version of the DT

Bm  9€Z
partition function by integration over the moduli space of relative ideal sheaves. Let 1 be
a cohomology weighted partition with respect to the basis d1,...,d, € H*(D,Q) and let
| :== >_;mj. The relative moduli space® I,(X/D, 3) in fact has still dimension fﬁ c1(X)
The relative DT partition function is then given by
77> ¢,
ks

n
(9.5.6) X/D (q, HTal Yi > = Z <H7-¢1i(7i)
i=1
where the descendent invariants in the relative DT theory are given by

B,n kezZ
n
<H Ta; (7@)
=1

with the canonical intersection map e: It (X/D, ) — Hilb (D, fﬁ [D]) to the Hilbert scheme

of points and

n

n :/ vir (_1)a2+1Cha1+2(71)06*C77
>kﬂ [10(x/D.8] Hl

1=

1
[T mil Aut(n)]

where we follow the notation of [Nak99]. The collection (Cy)py =k is called Nakajima basis
of the cohomology of the Hilbert scheme Hilb(D, k). The Nakajima basis is orthogonal with
respect to the Poincaré pairing on the cohomology

(—1)k—¢m)
C UC, = =——F———0,,v,
/Hilb(D,k) [T; ms| Aut(n)] ™"

C, = HRS ni] -1 € H* (Hilb (D, |n]),Q),

o1y fact, we can consider a weighted partition 1 which consists of tuples (n;,d¢;). One then chooses the
standard order, i.e. (n;,0¢;) > (njr,6¢,,) if (n; > ni) or if ni = ny and £i > £;;. Then 7 is basically the
partition (71,...,7m) that is obtained from the standard order.

55We can construct a proper moduli space I (X/D, 3) consisting of stable ideal sheaves relative on the
degenerations X[¢] of X. We define an ideal sheaf on X[{] to be predeformable if for each singular divisor
D; C X[{], the induces map

I Qo Ob, = Oxg Qoxyy O,

is injective. Moreover, we call an ideal sheaf .# on X[{] relative to D; stable if Aut(#) is finite. We can
then define the moduli space I(X/D, 3) by the parametrization of stable, predeformable, ideal sheaves .#
on degenerations X [¢] relative to D; satisfying xno1(Oy) = k and m.[Y] = 8 € Ho(X,Z) with m: X[{] - X
denoting the canonical stabilization map. In particular, Ix(X/D) is a complete Deligne-Mumford stack
together with a canonical perfect obstruction theory.
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where 1V denotes the dual®® partition to the weighted partition i and ¢(n) is the length of
the partition 7. We can define the reduced relative DT partition function by

5 g 20 (¢, TT7ey Fai (00))
9.5.7 70T RIENGT — _X/D i=1"ai B
( ) X/D (q Z]_;[1 (v )) 25T ()o

B X/D

Again, for simplicity, we restrict the relative GW /DT correspondence to primary fields.

Conjecture 9.5.3 (Maulik—Nekrasov—Okounkov—Pandharipande[Mau+06b|). Considering

the change-of-variables exp(iu) = —¢, we have
(_iu)d+e(n)_|nlz§% (U, H T0 (72)) = (_q)_d/QZ‘])){r/FD <Q7 H 7':0 (Wl)) )
i=1 Bn =1 B.n

where d := [ c1(X).

9.6. GW invariants on (graded) supermanifolds. Recall that in the BV-BFV formal-
ism we consider the space of boundary fields given by the BFV space (F; g A wg ) associated
to a smooth variety M, which is a graded symplectic supermanifold. It would be interesting
to understand the GW invariants on (graded) supermanifolds. Recently, an approach to this
aim has been done in [KSY20] for super Riemann surfaces, i.e. a complex supermanifold
M of dimension 1 | 1 endowed with a holomorphic distribution D C T'M of rank 0 | 1 such
that D ® D = TM/D (the isomorphism should be induced from the commutator of vector
fields). Denote by I the almost complex structure on TM. They define the the notion of
super J-holomorphic curve (recall Section 3.7 for the case of usual J-holomorphic curves)
to be a map ®: M — N for some almost Kéhler manifold (N,w,J), if the differential

Do :=11+1® J)dCD’D € I'(D* ® ®*T'N) vanishes. It was shown in [KSY20| that under

certain assumptions the moduli space of super J-holomorphic curves ®: M — N, denoted
by MW ([®], J) is a smooth supermanifold of dimension

2n<1—g>+2/cl<N> | 2/CC1<N>,

C
where g denotes the topological genus of M and C' € Hs(N) denotes the homology class
of the image of the reduction ®yeq: Myeq — N (see [KSY20| for a detailed discussion).
Using the construction of GW invariants through the moduli space of stable curves, it is
expected that also there we would be able to obtain a smooth supermanifold structure for
some non-singular projective variety X by using similar methods.

APPENDIX A. EQUIVARIANT LOCALIZATION

In this appendix we want to recall the most important notions on equivariant localization
techniques [Sza00; BV82; BV83b], notions of equivariant (co)homolgy according to [AB84]
and how they fit into the field theory setting, especially to the BV formalism [Ner93; Sza00].

A.1. The ABBYV method. A way of treating (finite-dimensional) path integrals in QFT,
similarly as through the saddle point approximation, is given by a construction that uses

the symplectic structure of the underlying manifold, which is known today as the Atiyah—
Bott-Berline-Vergne (ABBV) equivariant localization [AB84; BV82; BV83b| based on the

56\We define the dual partition by taking the Poincaré dual of the cohomology weights.
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Duistermaat—Heckman theorem [DHS82| for symplectic manifolds (see also [Sza00]). For-
mally, as already seen, we describe the partition function as a functional integral of the
form

Z(h) = /M Y exp(i/h)

where we consider a Hamiltonian G-space (M,w,©,G) . Assume moreover that the Hamil-
tonian © is a Morse function as in Section 3.1 and let vg be the Hamiltonian vector field of
©. Using the stationary phase expansion formula, we can expand Z around critical points
of © given by

det w(p)

n+1
detazo(p) O

Z(h) ~ (2mih)" > ()" exp(iO(p)/h)
D Criticglel:{\o/lint of ©

Ox' Oz
man found a class of Hamiltonian G-spaces for which the O(A""!) term vanishes in the
above formula. Suppose that M is a compact symplectic manifold of dimension 2n endowed
with a Riemannian metric and suppose that vg, the Hamiltonian vector field of ©, generates
the global Hamiltonian action of a torus T on M (we can also work with the circle S! for
simplicity) and is the Killing vector for the metric. The simplicity of considering the circle
action implies that w+ © is the equivariant extension of the symplectic form, i.e. it is closed
with respect to the equivariant differential d,g := d + ty. Then the partition function can

be written by
20 = [ o),
M

where 0%0(x) = ( 070 (J;)) denotes the Hessian of ©. In [DH82], Duistermaat and Heck-

where

n -\ k
i
h) := (—ih)"™ i 0)/h) = (—ih)" i0/h - —.
() == (~ih)" exp(i + ©)/1) = (~ih)" exp(i0) %(h) 4
Note that since w + © is equivariantly closed, we have d,,a = 0. This allows us to apply
the Berline-Vergne localization formula [BV82; BV83b| which gives

(A.1.1) /M a(h) = (2rih)" 3 exp(i0(p)/h)

p critical point of © Pfaff dV (p)

where dV (p) := w™!(p)8?0(p). Consider now the action of C* on some complex manifold
¥ and denote by ¢ the set of isolated fixed points. Moreover, assume that the action of
U(1) € C* is generated by some Hamiltonian © with respect to a symplectic form w. Then
the Atiyah—Bott—Duistermaat—Heckman equivariant localization formula is given by

(A.1.2) /Z exple — 2m0) = 3 expé;zré@;u))

uexcx

Here £ is considered to be an element of the Lie algebra of C* given by C, so it can act in
the complex tangent space T, to some fixed point v € ¥. An important remark is that
(A.1.2) can also work for non-compact manifolds X.
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A.2. Relation to the BV-BFV formalism. We have seen in Section 4.3 that in the
BFV formalism we are considering a Z-graded supermanifold F? together with a symplectic
form w? of degree 0, thus we have a usual symplectic manifold (Fa,wa). Hence, we can
use the equivariant localization construction without corrections. In the case of the BV
formalism the symplectic structure w is odd of degree —1 inducing the anti-bracket ( , )
which requires the equivariant localization construction to be adapted to this case. We refer
to [Ner93; Sza00] for such a BV formulation.

APPENDIX B. CONFIGURATION SPACES ON MANIFOLDS WITH BOUNDARY

In this appendix we want to recall some of the most important notions on configuration
spaces on manifolds with boundary and their compactification. We refer to [Cam+18; BT94;
Bot96; Kon93| for an excellent introduction on this subject.

B.1. Open configuration spaces. Let X be a closed d-manifold. Denote the open config-
uration space of n points in 3 by

(B.1.1) Conf, () := {(u1,...,un) € E" | u; # uj, for i # j}.

This is a manifold with corners of dimension d - n. If ¥ has boundary, we consider can
consider the configuration space of n points in the bulk and m points on the boundary given
by

(B.1.2)
Confy, p(X) == {(u1,...,up, U1, ..., Up) € "X (IX)™ | u; # uj, for i # j with 1 <i,5 <n

and Uy # Uy, for £ # k with 1 < 2,k < m}.

Moreover, we have
dim Confy, ,,(X) =d-n+(d—1)-m.

B.2. Local formulation. A special case is when we consider the configuration of points
locally on R%. In particular, there is a symmetry group acting on Confn(Rd), which is given
by the (d + 1)-dimensional Lie group G4+1) consisting of scaling and translation, i.e. u —
au+b with a € R and b € R%. The quotient C,,(R%) := Conf,(R?)/G@*1) is then a manifold
of dimension d-n+(d—1)-m—(d+1). For the case with boundary, i.e. when considering the
d-dimensional upper half-space H? = {(u1,...,uq) € R | uqg > 0}, one can see that there is
a d-dimensional Lie group G4 acting on Confn’m(Hd) also by scaling and translation, i.e.
u +— au + b with @ € R and b € R4, The quotient C,, ,,(H%) := Conf,, ,,(H?)/G® is then
a manifold of dimension d-n+ (d —1) - m — d.

B.3. Compactification. There is a natural way of compactifying the open configuration
space. The compactification construction was first formulated for algebraic varieties by
Fulton—-MacPherson [FM94b| and later adapted to the smooth setting of manifolds by
Axelrod—-Singer [AS91; AS94]. This compactification is often called FMAS compactifica-
tion (see also [Sin04| for an introduction for the approach on manifolds). Let us give some
ideas of the Fulton—-MacPherson construction. Let S be a finite set and consider the space
Map(S, ) of maps from S to X. Moreover, consider the smooth blow up B/(Map(S, %), Ag),
where Ag denotes the diagonal Ag C Map(S, 3), consisting of constant maps S — 3. De-
note by Confg(X) the space of embeddings of S into 3. One can then observe that for every
inclusion K C S there are natural projections Map(S,¥) — Map(K, ¥) and corresponding
arrows Confg(X) — Confg (X) by restriction of maps from S to K as a functorial approach.
Further, one can show that the inclusions Confg(3) C Map(S, ) can be lifted to inclusions
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Confg(X) C B{(Map(S,X),Ag) since these sets avoid all diagonals. Thus, for a finite set
X, we have a canonical inclusion

Confx(X) — ® B¢(Map(S,X), Ag) x Map(S,X).
SCX
[S1=22
The Fulton-MacPherson compactification, denoted by Confx(X), is then defined as the
closure of Confx(X) in this embedding. It turns out that the compactified configuration
space is a manifold with corners and comes with equivariant functorial properties under
embeddings and that the propagators do indeed extend smoothly to this compactification
in certain important cases, e.g. when ¥ = R?, and P Cn(R3) — S2, Pij(x1, ..., Tn) =
Tj—T;
T, =il
the theory of Vassiliev’s knot invariants arising from configuration space integrals [Kon93;
Kon94b; Bot96; BC9S§].

for 1 <14,j < n, such an extensions holds, which is important for different aspects in

Remark B.3.1 (Graphs). If we consider a graph I' in X, i.e. a graph whose vertex set
V(T') is contained in ¥, we will write Confp (%) := Confy, () for the configuration space
of points in ¥ which are vertices of I'. Moreover, if V/(I') = V(") U Vp(I") with V,(I") the set
of vertices of T lying in the bulk and Vj3(T') de set of vertices of " lying on the boundary, we
have COHfF(E) = Conf|Vb(F)|,|V3(F)|(E)'

B.4. Boundary structure. Since Conf, ,,,(3) is a manifold with corners, we can consider
its boundary. The boundary is given by the collapsing of points in different situations, which
we call boundary strata. In particular, since we have a manifold with corners, the boundary
of the configuration space will consist of two different types of strata:
e (Strata of type S1) These are strata where ¢ > 2 points in the bulk collapse to
a point in the bulk. Elements of such a stratum can be described as points in
CODfi(E) X Cn—i+1,m(H4)7
e (Strata of type S2) These are strata where ¢ > 0 points in the bulk and j > 0 points
on the boundary with 2i + j — 2 > 0 collapse to a point on the boundary. Elements
of such a stratum can be described as points in Conf; ;(X) x Cp—jm—j+1(H?).

REFERENCES
[ABS&3| M. F. Atiyah and R. Bott. “The Yang-Mills equations over Riemann surfaces”.
In: Phil. Trans. R. Soc. London 308 (1983), pp. 523-615.
[AB&4] M. F. Atiyah and R. Bott. “The moment map and equivariant cohomology”.
In: Topology 23 (1984), pp. 1-28.
[ABI6| D. M. Austin and P. J. Braam. “Equivariant Floer Theory and Gluing Don-

aldson Polynomials”. In: Topology 35.1 (1996), pp. 167-200.

[ACG11] E. Arbarello, M. Cornalba, and P. A. Griffiths. “Nodal Curves”. In: Geometry of
Algebraic Curves. Grundlehren der mathematischen Wissenschaft 268 (2011),
pp- 79-166.

[AHS77| M. F. Atiyah, N. J. Hitchin, and I. M. Singer. “Deformations of instantons”.
In: PNAS 47.7 (1977), pp. 2662-2663.

[AHST78| M. F. Atiyah, N. J. Hitchin, and I. M. Singer. “Self-duality in four-dimensional
Riemannian geometry”. In: Proceedings of the Royal Society A 362.1711 (1978),
pp- 425-461.



[Ale497]

[APST6)

[ASO1]

[AS94]
[Ati+78]

[Ati87]

|Ati88]

[Aurld]

[BBJ19)
[BCYS
[BCM12)]
[BD95a]

[BD95D)

[Beh09)]
[Beh97]

[Ben-+15]

[BF83)

[BF86]

[BF97]

REFERENCES 81

M. Alexandrov, M. Kontsevich, A. Schwarz, and O. Zaboronsky. “The geometry
of the master equation and topological quantum field theory”. In: Internat. J.
Modern Phys. A 12.7 (1997), pp. 1405-1429.

M. F. Atiyah, V. Patodi, and I. M. Singer. “Sepctral asymmetry and Rie-
mannian geometry I, II, II”. In: Math. Proc. Cambridge Philos. Soc. 78,79
(1975,1976), pp. 405-432, 71-99.

S. Axelrod and I. M. Singer. “Chern-Simons perturbation theory”. In: Differ-
ential geometric methods in theoretical physics, Proceedings, New York. Vol. 1.
1991, pp. 3-45.

S. Axelrod and I. M. Singer. “Chern-Simons perturbation theory. II”. In: J.
Differ. Geom. 39.1 (1994), pp. 173-213.

M. F. Atiyah, V. G. Drinfeld, N. J. Hitchin, and Y. I. Manin. “Construction of
Instantons”. In: Phys. Lett A 65 (1978), pp. 185-187.

M. F. Atiyah. “New invariants of three-dimensional and four-dimensional man-
ifolds”. In: The Mathematical Heritage of Hermann Weyl, Proceedings. 1987,
pp- 285-299.

M. F. Atiyah. “Topological quantum field theories”. In: Publ.math. IHES 68.1
(1988), pp. 175-186.

D. Auroux. A Beginner’s Introduction to Fukaya Categories. Vol. 26. Con-
tact and Symplectic Topology, Bolyai Society Mathematical Studies. Springer,
Cham., 2014, pp. 85-136.

C. Brav, V. Bussi, and D. Joyce. “A Darboux theorem for derived schemes with
shifted symplectic structure”. In: J. Amer. Math. Soc. 32 (2019), pp. 399-443.
R. Bott and A. S. Cattaneo. “Integral invariants of 3-manifolds”. In: J. Differ.
Geom. 48.1 (1998), pp. 91-133.

F. Bonechi, A. S. Cattaneo, and P. Mnev. “The Poisson sigma model on closed
surfaces”. In: J. High Energy Phys. 1 (2012), pp. 099, 26.

J. C. Baez and J. Dolan. “Higher dimensional algebra and topological quantum
field theory”. In: J. Math. Phys. 36 (1995), pp. 6073-6105.

P. J. Braam and S. K. Donaldson. Fukaya-Floer homology and gluing formulae
for polynomial invariants. Vol. 133. The Floer Memorial Volume. Progress in
Mathematics. Birkhéduser Basel, 1995, pp. 257-281.

K. Behrend. “Donaldson-Thomas type invariants via microlocal geometry”. In:
Ann. of Math. 170.3 (2009), pp. 1307-1338.

K. Behrend. “Gromov-Witten invariants in algebraic geometry”. In: Invent.
Math. 127 (1997), pp. 601-617.

O. Ben-Bassat, C. Brav, V. Bussi, and D. Joyce. “A ‘Darboux theorem’ for
shifted symplectic structures on derived Artin stacks, with applications”. In:
Geom. Topol. 19.3 (2015), pp. 1287-1359.

I. A. Batalin and E. S. Fradkin. “A generalized canonical formalism and quan-
tization of reducible gauge theories”. In: Phys. Lett. B 122.2 (1983), pp. 157—
164.

I. A. Batalin and E. S. Fradkin. “Operator quantization and abelization of
dynamical systems subject to first-class constraints”. In: La Rivista Del Nuovo
Cimento Series 3 9.10 (1986), pp. 1-48.

K. Behrend and B. Fantechi. “The intrinsic normal cone”. In: Invent. Math.
128 (1997), pp. 45-88.



82

[BN19]
[Bon+20]
[Bor+21]

[Bot10]

[Bot96]
[Bra91]
[BRST74]
[BRST5|
[BS89]
[BT94]

[BV77]

[BV8&1]
[BV&2]
[BV83al
[BV83b]
[BW12]

[Cal+17]

[Call5]

[Cam-+18]
[CFO00]

[CFO1]

REFERENCES

G. Borot and P. Norbury. “Loop Equations for Gromov-Witten Invariant of
P In: SIGMA 061 (2019), p. 29.

F. Bonechi, A. S. Cattaneo, J. Qiu, and M. Zabzine. “Equivariant Batalin-
Vilkovisky formalism”. In: J. Geom. Phys. 154 (2020).

G. Borot, V. Bouchard, N. K. Chidambaram, and T. Creutzig. Whittaker vec-
tors for W-algebras from topological recursion. 2021. arXiv: 2104.04516.

R. Bott. “Some Aspects of Invariant Theory in Differential Geometry”. In:
Differential Operators on Manifolds. Springer Berlin Heidelberg, 2010, pp. 49—
145.

R. Bott. “Configuration spaces and imbedding invariants”. In: Turkish Journal
of Mathematics 20 (1996), pp. 1-17.

P. J. Braam. “Floer homology groups for homology three-spheres”. In: Adv.
Math. 88.2 (1991), pp. 131-144.

C. Becchi, A. Rouet, and R. Stora. “The abelian Higgs Kibble model, unitarity
of the S-operator”. In: Phys. Lett. B 52.3 (1974), pp. 344-346.

C. Becchi, A. Rouet, and R. Stora. “Renormalization of the abelian Higgs-
Kibble model”. In: Commun. Math. Phys. 42.2 (1975), pp. 127-162.

L. Baulieu and I. M. Singer. “The topological sigma model”. In: Commun.
Math. Phys. 125.2 (1989), pp. 227-237.

R. Bott and C. Taubes. “On the self-linking of knots”. In: J. Math. Phys. 35
(1994), pp. 5247-5287.

I. A. Batalin and G. A. Vilkovisky. “Relativistic S-matrix of dynamical systems
with boson and fermion constraints”. In: Phys. Lett. B 69.3 (1977), pp. 309-
312.

I. A. Batalin and G. A. Vilkovisky. “Gauge algebra and quantization”. In: Phys.
Lett. B 102.1 (1981), pp. 27-31.

N. Berline and M. Vergne. “Classes Characteristiques Equivariantes”. In: C. R.
Acad. Sci. Paris 295 (1982), p. 513.

I. A. Batalin and G. A. Vilkovisky. “Quantization of gauge theories with lin-
early dependent generators”. In: Phys. Rev. D 28.10 (1983), pp. 2567-2582.
N. Berline and M. Vergne. “Zeros d’'un Champ de Vecteurs et Classes Charac-
teristiques Equivariantes”. In: Duke Math. J. 50.2 (1983), pp. 513-549.

S. Bates and A. Weinstein. Lectures on the Geometry of Quantization. Univer-
sity Reprints, 2012.

D. Calaque, T. Pantev, B. Toén, M. Vaquié, and G. Vezzosi. “Shifted Poisson
structures and deformation quantization”. In: J. Topol. 10.2 (2017), pp. 483~
584.

D. Calaque. “Lagrangian structures on mapping stacks and semi-classical TFTs”.
In: Stacks and Categories in Geometry, Topology, and Algebra, Contemp. Math.,
Amer. Math. Soc., Providence, RI 643 (2015), pp. 1-23.

R. Campos, N. Idrissi, P. Lambrechts, and T. Willwacher. Configuration Spaces
on Manifolds with Boundary. 2018. arXiv: 1802.00716.

A. S. Cattaneo and G. Felder. “A path integral approach to the Kontsevich
quantization formula”. In: Commun. Math. Phys. 212 (2000), pp. 591-611.

A. S. Cattaneo and G. Felder. “On the AKSZ formulation of the Poisson sigma
model”. In: Lett. Math. Phys. 56.2 (2001), pp. 163-179.



[CF10]

[CGIT]
[Cheb2]

[CHS]
|CMos]

[CM20]
[CMR14]

[CMR17]

[CMW19]

[CMW20]

[CO12]
[Cos11]
[CS74]
[DF17]

IDHS2]

[Don02]
[Don83]
[Dons4|
[Don90]
(DTS

[Dun+14]

REFERENCES 83

A. S. Cattaneo and G. Felder. “Effective Batalin—Vilkovisky Theories, Equi-
variant Configuration Spaces and Cyclic Chains”. In: Higher Structures in Ge-
ometry and Physics 287 (2010), pp. 111-137.

N. Chriss and V. Ginzburg. Representation Theory and Complexr Geometry.
Modern Birkh&user Classics. Birkhéuser, 1997.

S.-S. Chern. “Differential geometry of fiber bundles”. In: Amer. Math. Soc.,
Providence, R. I. 2 (1952), pp. 397-411.

D. Calaque, R. Haugseng, and C. Scheimbauer. In preparation.

A. S. Cattaneo and P. Mnev. “Remarks on Chern-Simons Invariants”. In: Com-
mun. Math. Phys. 293 (2008), pp. 803-836.

A. S. Cattaneo and N. Moshayedi. “Introduction to the BV-BFV formalism”.
In: Rev. Math. Phys. 32 (2020), p. 67.

A. S. Cattaneo, P. Mnev, and N. Reshetikhin. “Classical BV Theories on Man-
ifolds with Boundary”. In: Commun. Math. Phys. 332.2 (2014), pp. 535-603.
A. S. Cattaneo, P. Mnev, and N. Reshetikhin. “Perturbative Quantum Gauge
Theories on Manifolds with Boundary”. In: Commun. Math. Phys. 357.2 (2017),
pp. 631-730.

A. S. Cattaneo, N. Moshayedi, and K. Wernli. “Globalization for Perturba-
tive Quantization of Nonlinear Split AKSZ Sigma Models on Manifolds with
Boundary”. In: Commun. Math. Phys. 372.1 (2019), pp. 213-260.

A. S. Cattaneo, N. Moshayedi, and K. Wernli. “On the Globalization of the
Poisson Sigma Model in the BV-BFV Formalism”. In: Commun. Math. Phys.
375.1 (2020), pp. 41-103.

E. Carlsson and A. Okounkov. “Exts and vertex operators”. In: Duke Math. J.
161.9 (2012), pp. 1797-1815.

K. Costello. Renormalization and Effective Field Theory. Vol. 170. Mathemat-
ical Surveys and Monographs. American Mathematical Society (AMS), 2011.
S.-S. Chern and J. Simons. “Characteristic Forms and Geometric Invariants”.
In: Ann. of Math. (2) 99.1 (1974), pp. 48-69.

A. Daemi and K. Fukaya. Atiyah-Floer Conjecture: a Formulation, a Strategy
to Prove and Generalizations. 2017. arXiv: 1707.03924.

J. J. Duistermaat and G. Heckman. “On the variation in the cohomology of
the symplectic form of the reduced phase space”. In: Invent. Math. 69 (1982),
pp- 259-268.

S. K. Donaldson. Floer Homology Groups in Yang-Mills Theory. Cambridge
Tracts in Mathematics. Cambridge University Press, 2002.

S. K. Donaldson. “An Application of Gauge Theory to Four Dimensional Topol-
ogy”. In: J. Differ. Geom. 18.2 (1983), pp. 279-315.

S. K. Donaldson. “Instantons and Geometric Invariant Theory”. In: Commun.
Maith. Phys. 93.4 (1984), pp. 453-460.

S. K. Donaldson. “Polynomial invariants for smooth four-manifolds”. In: Topol-
ogy 29.3 (1990), pp. 257-315.

S. K. Donaldson and R. P. Thomas. “Gauge theory in higher dimensions”. In:
The geometric universe (Ozxford, 1996), Oxford Univ. Press (1998), pp. 31-47.
P. Dunin-Barkowski, N. Orantin, S. Shadrin, and L. Spitz. “Identification of
the Givental formula with the spectral curve topological recursion procedure”.
In: Commun. Math. Phys. 328 (2014), pp. 669-700.



84

[E009)]
[Fed94]

[FE78]

[Flo8s]
[Flo89al
[Flo89b)]

[FM94a)

[FM94b]
[FP67]

[FP97]

|[Fre82]
[FU84|

[Fuk+09a]

[Fuk-+09b)]

[Fuk93]
[FV75]

[Get19]

[Get94]
[GF69)

[GF70]

REFERENCES

B. Eynard and N. Orantin. “Topological recursion in enumerative geometry
and random matrices”. In: J. Phys. A: Math. Theor. 42 (2009), p. 117.

B. V. Fedosov. “A simple geometrical construction of deformation quantiza-
tion”. In: J. Differ. Geom. 40.2 (1994), pp. 213-238.

E. S. Fradkin and T. E. Fradkina. “Quantization of relativistic systems with
boson and fermion first- and second-class constraints”. In: Phys. Lett. B 72.3
(1978), pp. 343-348.

A. Floer. “Morse theory for Lagrangian intersections”. In: J. Differ. Geom. 28
(1988), pp. 513-547.

A. Floer. “An instanton-invariant for 3-manifolds”. In: Commun. Math. Phys.
118.2 (1989), pp. 215-240.

A. Floer. “Witten’s complex and infinite-dimensional Morse theory”. In: J.
Differ. Geom. 30 (1989), pp. 207-221.

R. Friedman and J. W. Morgan. Smooth Four-Manifolds and Complex Surfaces.
Vol. 27. Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge / A Series
of Modern Surveys in Mathematics. Springer-Verlag Berlin Heidelberg, 1994,
p. 522.

W. Fulton and R. MacPherson. “A compactification of configuration spaces”.
In: Ann. of Math. (2), 139.1 (1994), pp. 183-225.

L. D. Faddeev and V. N. Popov. “Feynman diagrams for the Yang-Mills field”.
In: Phys. Lett. B 25.1 (1967), pp. 29-30.

W. Fulton and R. Pandharipande. “Notes on stable maps and quantum coho-
mology”. In: Algebraic Geometry—Santa Cruz 1995, Part 2 of Proc. Sympos.
Pure Math., Amer. Math. Soc. 62 (1997), pp. 45-96.

M. H. Freedman. “The topology of four-dimensional manifold”. In: J. Differ.
Geom. 17 (1982), pp. 357-453.

D. S. Freed and K. K. Uhlenbeck. Instantons and four-manifolds. M. S. R. L.
publications, Springer, New York, 1984.

K. Fukaya, Y.-G. Oh, H. Ohta, and K. Ono. Lagrangian intersection Floer
theory: anomaly and obstruction. Part I. Vol. 46. AMS/IP Studies in Advanced
Mathematics. Amer. Math. Soc. (AMS), 2009.

K. Fukaya, Y.-G. Oh, H. Ohta, and K. Ono. Lagrangian intersection Floer
theory: anomaly and obstruction. Part II. Vol. 46. AMS /TP Studies in Advanced
Mathematics. Amer. Math. Soc. (AMS), 2009.

K. Fukaya. Morse Homotopy, As-category, and Floer Homologies. Vol. 94.
Math. Sciences Research Inst. (MSRI), 1993.

E. S. Fradkin and G. A. Vilkovisky. “Quantization of relativistic systems with
constraints”. In: Phys. Lett. B 55.2 (1975), pp. 224-226.

E. Getzler. “Covariance in the Batalin—Vilkovisky formalism and the Mau-
rer—Cartan equation for curved Lie algebras”. In: Lett. Math. Phys. 109 (2019),
pp. 187-224.

E. Getzler. “Batalin-Vilkovisky algebras and two-dimensional topological field
theories”. In: Commun. Math. Phys. 159.2 (1994), pp. 265-285.

I. M. Gelfand and D. B. Fuks. “The cohomology of the Lie algebra of vector
fields on a smooth manifold”. In: J. Funct. Analysis 33 (1969), pp. 194-210.
I. M. Gelfand and D. B. Fuks. “The cohomology of the Lie algebra of formal
vector fields”. In: Izv. AN SSR 34 (1970), pp. 110-116.



REFERENCES 85

[GKT1] I. M. Gelfand and D. A. Kazhdan. “Some problems of the differential geometry
and the calculation of cohomologies of Lie algebras of vector fields”. In: Dokl.
Akad. Nauk Ser. Fiz. 200 (1971), pp. 269-272.

[Gro68| A. Grothendieck. “Crystals and the de Rham cohomology of schemes”. In: Diz
exposes sur la cohomologie des schemas (1968), pp. 306-358.

[Gro85| M. Gromov. “Pseudo holomorphic curves in symplectic geometry”. In: Invent.
Math. 82 (1985), pp. 307-347.

[Har10| R. Hartshorne. Deformation Theory. Vol. 257. Graduate Texts in Mathematics.

Springer-Verlag New York, 2010.

[Hor+03] K. Hori et al. Mirror Symmetry. Vol. 1. Clay Mathematics Monographs. Amer-
ican Mathematical Society, Clay Mathematics Institute, 2003.

[HZ94] H. Hofer and E. Zehnder. The Arnold conjecture, Floer homology and symplec-
tic homology. Symplectic Invariants and Hamiltonian Dynamics. Birkh&user
Advanced Texts Basler Lehrbiicher, Birkhduser Basel, 1994, pp. 193-271.

[Tkell] N. Ikeda. Donaldson Invariants and Their Generalizations from AKSZ Topo-
logical Field Theories. 2011. arXiv: 1104.2100.

[IM19] R. Iraso and P. Mnev. “Two-Dimensional Yang-Mills Theory on Surfaces with
Corners in Batalin-Vilkovisky Formalism”. In: Commun. Math. Phys. 370 (2019),
pp. 637-702.

[Khu04] H. M. Khudaverdian. “Semidensities on Odd Symplectic Supermanifolds”. In:
Commun. Math. Phys. 247.2 (2004), pp. 353-390.

[KM94| M. Kontsevich and Y. Manin. “Gromov-Witten classes, quantum cohomology,
and enumerative geometry”. In: Commun. Math. Phys. 164.3 (1994), pp. 525—
562.

|[Kon03| M. Kontsevich. “Deformation quantization of Poisson manifolds”. In: Lett. Math.
Phys. 66.3 (2003), pp. 157-216.

|[Kon92| M. Kontsevich. “Intersection theory on the moduli space of curves and the
matrix Airy function”. In: Commun. Math. Phys. 147.1 (1992), pp. 1-23.

|[Kon93| M. Kontsevich. “Vassiliev’s Knot Invariants”. In: Advances in Soviet Mathe-

matics 16 (1993).

[Kon94al M. Kontsevich. Homological Algebra of Mirror Symmetry. 1994. arXiv: alg-
geom/9411018.

[Kon94b)| M. Kontsevich. “Feynman Diagrams and Low-Dimensional Topology”. English.
In: First European Congress of Mathematics Paris, July 6-10, 1992. Ed. by A.
Joseph, F. Mignot, F. Murat, B. Prum, and R. Rentschler. Vol. 120. Progress
in Mathematics. Birkhauser Basel, 1994, pp. 97-121.

[Kon95] M. Kontsevich. “Enumeration of Rational Curves Via Torus Actions”. In: The
Moduli Space of Curves. Progress in Mathematics 129 (1995), pp. 335-368.

[KS08a] M. Kontsevich and Y. Soibelman. “Notes on A,-Algebras, A.-Categories
and Non-Commutative Geometry”. In: Homological Mirror Symmetry. Lecture
Notes in Physics 757 (2008), pp. 1-67.

[KS08b| M. Kontsevich and Y. Soibelman. Stability structures, motivic Donaldson-Thomas
imvariants and cluster transformations. 2008. arXiv: 0811 .2435.

[KSY20] E. Kefler, A. Sheshmani, and S.-T. Yau. Super quantum cohomology I: Super
stable maps of genus zero with Neveu-Schwarz punctures. 2020. arXiv: 2010 .
15634.

[KT79] J. Kijowski and W. M. Tulczyjew. A Symplectic Framework for Field Theories.
Springer Lecture Notes in Physics, 1979.



86

[Lur09]
[LW15]

[Mau+06al

[Mau+06b]

[Mau+11]

[Mir07]

[Mnel9|

[Mos19]

[Mos20a]
[Mos20b)|

[Mos21]
[Nak99)]
[Nek03|
[Ner93]
[Nic00]

[NOO6]

[OkoO6]
[Oko19]

[ORVO06]

[Pan+13|

[Pan99]

REFERENCES

J. Lurie. “On the classification of topological field theories”. In: Current Devel-
opments in Mathematics 2008 (2009), pp. 129-280.

J. Li and B. Wu. “Good degeneration of Quot-schemes and coherent systems”.
In: Comm. Anal. Geom. 23.4 (2015), pp. 841-921.

D. Maulik, N. Nekrasov, A. Okounkov, and R. Pandharipande. “Gromov-Witten
theory and Donaldson-Thomas theory. I”. In: Compos. Math. 142.5 (2006),
pp. 1263-1285.

D. Maulik, N. Nekrasov, A. Okounkov, and R. Pandharipande. “Gromov-Witten
theory and Donaldson-Thomas theory. II". In: Compos. Math. 142.5 (2006),
pp. 1286-1304.

D. Maulik, A. Oblomkov, A. Okounkov, and R. Pandharipande. “Gromov-
Witten/Donaldson-Thomas correspondence for toric 3-folds”. In: Invent. Math.
186.2 (2011), pp. 435-479.

M. Mirzakhani. “Simple geodesics and Weil-Petersson volumes of moduli spaces
of bordered Riemann surfaces”. In: Invent. Math. 167 (2007), pp. 179-222.

P. Mnev. Quantum Field Theory: Batalin—Vilkovisky Formalism and Its Ap-
plications. Vol. 72. University Lecture Series. American Mathematical Society
(AMS), 2019, p. 192.

N. Moshayedi. On Globalized Traces for the Poisson Sigma Model. 2019. arXiv:
1912.02435.

N. Moshayedi. Notes on Geometric Quantization. 2020. arXiv: 2010.15419.
N. Moshayedi. “Formal Global AKSZ Gauge Observables and Generalized Wil-
son Surfaces”. In: Ann. Henri Poincaré 21 (2020), pp. 2951-2995.

N. Moshayedi. “On Quantum Obstruction Spaces and Higher Codimension
Gauge Theories”. In: Phys. Lett. B 815 (2021).

H. Nakajima. Lectures on Hilbert Scheme of Points on Surfaces. Vol. 18. Uni-
versity Lectures Series. AMS, 1999.

N. Nekrasov. “Seiberg-Witten prepotential from instanton counting”. In: Adwv.
Theor. Math. Phys. 7.5 (2003), pp. 831-864.

A. Neressian. “Antibrackets and Localization of (Path) Integrals”. In: JETP
Lett. 58 (1993), pp. 66-70.

L. I. Nicolaescu. Notes on Seiberg—Witten Theory. Vol. 28. Graduate Studies
in Mathematics. Amer. Math. Soc., 2000.

N. Nekrasov and A. Okounkov. Seiberg- Witten Theory and Random Partitions.
Vol. 244. The Unity of Mathematics, Progress in Mathematics. Birkh&user
Boston, 2006, pp. 525-596.

A. Okounkov. Random partitions and instanton counting. 2006. arXiv: math-
ph/0601062.

A. Okounkov. “Takagi Lectures on Donaldson—Thomas theory”. In: Jpn. J.
Math. 14 (2019), pp. 67-133.

A. Okounkov, N. Reshetikhin, and C. Vafa. “Quantum Calabi-Yau and Clas-
sical Crystals”. In: The Unity of Mathematics. Progress in Mathematics 244
(2006), pp. 597-618.

T. Pantev, B. Toén, M. Vaquié, and G. Vezzosi. “Shifted symplectic structures”.
In: Publications mathématiques de ’'THES 117 (2013), pp. 271-328.

R. Pandharipande. “Intersection of Q-divisors on Kontsevich’s moduli space
Mo, (P",d) and enumerative geometry”. In: Trans. Amer. Math. Soc. 351
(1999), pp. 1481-1505.



[Pes12]

[PT14]
[Qiu+15]
[Rei35)|
[RS71]
[RT91]
[Rui00]
[Saf17]
[Saf20]
Sal95]
[Sav01]
[Sav99)
[Sch93]
[Segss|
[Sev06]
[Sin04]
[SWOS]

[SW94a|

[SW94b]
[Sza00]
[Taug2]
[Taus?7|

[Tau90|

REFERENCES 87

V. Pestun. “Localization of Gauge Theory on a Four-Sphere and Supersym-
metric Wilson Loops”. In: Commun. Math. Phys. 313.71-129 (2012), pp. 785—
816.

R. Pandharipande and R. P. Thomas. “Almost closed 1-forms”. In: Glas. Math.
J. 56.1 (2014), pp. 169-182.

J. Qiu, L. Tizziano, J. Winding, and M. Zabzine. “Gluing Nekrasov Partition
Functions”. In: Commun. Math. Phys. 337 (2015), pp. 785-816.

K. Reidemeister. “Homotopieringe und Linsenrdume”. In: Abh. Math. Sem.
Univ. Hamburg 11 (1935), pp. 102-109.

D. B. Ray and I. M. Singer. “R-Torsion and the Laplacian on Riemannian
manifolds”. In: Adv. Math. 7.2 (1971), pp. 145-210.

N. Y. Reshetikhin and V. G. Turaev. “Invariants of 3-manifolds via link poly-
nomials and quantum groups”. In: Invent. Math. 103.1 (1991), pp. 547-597.
S. Ruijsenaars. “On Barnes’ multiple zeta and gamma functions”. In: Adwv.
Math. 156.1 (2000), pp. 107-132.

P. Safronov. Lectures on shifted Poisson geometry. 2017. arXiv: 1709.07698.
P. Safronov. Shifted geometric quantization. 2020. arXiv: 2011.05730.

D. Salamon. “Lagrangian intersections, 3-manifolds with boundary and the
Atiyah-Floer conjecture”. In: Proceedings of the International Congress of Math-
ematicians (Zirich 1994 ). Birkhduser, Basel 1,2 (1995), pp. 526-536.

N. Saveliev. Invariants for Homology 3-Spheres. Vol. 1. Encyclopaedia of Math-
ematical Sciences. Springer-Verlag Berlin Heidelberg, 2001, pp. XII, 223.

N. Saveliev. Lectures on the topology of 3-manifolds: An introduction to the
Casson Invariant. Graduate. de Gruyter, 1999.

A. Schwarz. “Geometry of Batalin-Vilkovisky quantization”. In: Commun. Math.
Phys. 155.2 (1993), pp. 249-260.

G. B. Segal. “The definition of conformal field theory”. In: Differential geomet-
rical methods in theoretical physics. Vol. 250. 1988, pp. 165—-171.

P. Severa. “On the Origin of the BV Operator on Odd Symplectic Supermani-
folds”. In: Lett. Math. Phys. 78.1 (2006), pp. 55-59.

D. P. Sinha. “Manifold-theoretic compactifications of configuration spaces”. In:
Sel. Math. 10.391 (2004).

D. Salamon and K. Wehrheim. “Instanton Floer homology with Lagrangian
boundary conditions”. In: Geom. Topol. 12.2 (2008), pp. 747-918.

N. Seiberg and E. Witten. “Monopole Condensation, And Confinement In N =
2 Supersymmetric Yang-Mills Theory”. In: Nucl. Phys. B 426 (1994), pp. 19—
52.

N. Seiberg and E. Witten. “Monopoles, duality and chiral symmetry breaking
in N' = 2 supersymmetric QCD”. In: Nucl. Phys. B 431 (1994), pp. 484-550.
R. J. Szabo. Equivariant Cohomology and Localization for Path Integrals. Vol. 63.
Lecture Notes in Physics Monographs. Springer-Verlag Berlin Heidelberg, 2000.
C. H. Taubes. “Self-dual connections on non-self-dual 4-manifolds”. In: J. Dif-
fer. Geom. 17 (1982), pp. 139-170.

C. H. Taubes. “Gauge theory on asymptotically periodic 4-manifold”. In: J.
Differ. Geom. 25 (1987), pp. 363-430.

C. H. Taubes. “Casson’s invariant and gauge theory”. In: J. Differ. Geom. 31.2
(1990), pp. 547-599.



88

[Tho00]
[Toé14]
[Tyu76]
[UhI82a]
[UhIS2b)
[Weh05al

[Weh05b|

[Wei49)]
[Wit82]
[Wit88a]
[Wit88b]
[Wit89)]
[Wit91]

[Wo0097|
[Yau92|

REFERENCES

R. P. Thomas. “A holomorphic Casson invariant for Calabi-Yau 3-folds, and
bundles on K3 fibrations”. In: J. Differ. Geom. 54.2 (2000), pp. 367-438.

B. Toén. Derived Algebraic Geometry. 2014. arXiv: 1401.1044.

I. V. Tyutin. “Gauge Invariance in Field Theory and Statistical Physics in
Operator Formalism”. In: Preprints of P.N. Lebedev Physical Institute, No. 39
(1976).

K. K. Uhlenbeck. “Connections with LP bounds on curvature”. In: Commun.
Math. Phys. 83.1 (1982), pp. 31-42.

K. K. Uhlenbeck. “Removable Singularities in Yang-Mills Fields”. In: Commun.
Math. Phys. 83.1 (1982), pp. 11-29.

K. Wehrheim. “Anti-self-dual instantons with Lagrangian boundary conditions.
I. Elliptic theory”. In: Commun. Math. Phys. 254.1 (2005), pp. 45-89.

K. Wehrheim. “Lagrangian boundary conditions for anti-self-dual instantons
and the Atiyah-Floer conjecture”. In: J. Symplectic Geom. 3.4 (2005), pp. 747—
918.

A. Weil. “Géométrie différentielle des espaces fibres”. In: André Weil Oeuvres
Scientifiques / Collected Papers, Springer 1 (1949), pp. 422-436.

E. Witten. “Supersymmetry and Morse theory”. In: J. Differ. Geom. 17.14
(1982), pp. 661-692.

E. Witten. “Topological quantum field theory”. In: Commun. Math. Phys. 117.3
(1988), pp. 353-386.

E. Witten. “Topological sigma models”. In: Commun. Math. Phys. 118.3 (1988),
pp. 411-449.

E. Witten. “Quantum field theory and the Jones polynomial”. In: Commun.
Math. Phys. 121.3 (1989), pp. 351-399.

E. Witten. “Two-dimensional gravity and intersection theory on moduli space”.
In: Surveys in differential geometry (1991), pp. 243-310.

N. Woodhouse. Geometric Quantization. Oxford University Press (OUP), 1997.
S.-T. Yau. Essays on mirror manifolds. Hong Kong: International Press, 1992.

INSTITUT FUR MATHEMATIK, UNIVERSITAT ZURICH, WINTERTHURERSTRASSE 190 CH-8057 ZURICH
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, BERKELEY CALIFORNIA 94305, USA
Email address, N. Moshayedi: nima.moshayedi@math.uzh.ch



Chapter 2

Formal GGlobal Perturbative

Quantization of the
Rozansky—Witten Model in the
BV-BFV Formalism

Journal of Geometry and Physics, Volume 174, (2022)

122



Journal of Geometry and Physics 174 (2022) 104454

Contents lists available at ScienceDirect

Journal of Geometry and Physics

www.elsevier.com/locate/geomphys

L)

Check for
updates

Formal global perturbative quantization of the
Rozansky-Witten model in the BV-BFV formalism

Nima Moshayedi®*, Davide Saccardo”

2 Department of Mathematics, University of California, Berkeley, CA 94305, USA
b Institut fiir Theoretische Physik, ETH Ziirich, Wolfgang-Pauli-Strasse 27, CH-8093 Ziirich, Switzerland

ARTICLE INFO ABSTRACT

Article history: We describe a globalization construction for the Rozansky-Witten model in the BV-BFV
Received 1 November 2021 formalism for a source manifold with and without boundary in the classical and quantum
Received in revised form 8 January 2022 case. We define an AKSZ sigma model, which, upon globalization through notions of formal

Accepted 9 January 2022

Available online 13 January 2022 geometry extended appropriately to our case, is shown to reduce to the Rozansky-Witten

model. The relations with other relevant constructions in the literature are discussed.
Moreover, we split the model as a BF-like theory and we construct a perturbative

Keywords:

Rozansky-Witten theory quantization of the model in the quantum BV-BFV framework. In this context, we are
BV-BFV formalims able to prove the modified differential Quantum Master Equation and the flatness of the
HyperKéhler geometry quantum Grothendieck BFV operator. Additionally, we provide a construction of the BFV
QFT boundary operator in some cases.

TQFT © 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the
Symplectic geometry CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction
1.1. Overview and motivation

An important class of field theories in physics is represented by gauge theories. These are theories containing a redundant
number of degrees of freedom which causes physical quantities to be invariant under certain local transformations, called
gauge symmetries. Indeed the presence of gauge symmetries lead to challenging problems from the definition of path integral
to the general problem of understanding the perturbative quantization of a gauge theory. Since the physical information
about a classical field theory is encoded in the set of solutions of the Euler-Lagrange equations (the critical locus), a possible
solution to deal with such problems is to consider the critical locus modulo the gauge symmetries. The fields are then
constructed as functions on this quotient. However, this is not feasible since it turns out that these quotients are, in general,
singular. Batalin and Vilkovisky introduced a method, which is known today as the BV formalism [10-12], that employs
symplectic (co)homological tools [48] to treat these field theories, in particular it overcomes difficulties connected to the
singularity of the quotient by taking homological resolution of the critical locus. A crucial observation in the BV formalism
is also that gauge-fixing then corresponds to the choice of a Lagrangian submanifold. Another method developed around
the same time is the BFV formalism by Batalin, Fradkin and Vilkovisky [8,9,36], which deals with gauge theories in the
Hamiltonian setting, while the BV construction is formulated in the Lagrangian approach.
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Recently, the study of gauge theories on spacetime manifolds with boundary lead Cattaneo, Mnev and Reshetikhin [22,23]
to relate these two formulations in order to develop the BV-BFV formalism. Their idea was that, under certain conditions, BV
theories in the bulk can induce a BFV theory on the boundary. This approach was successfully applied to a large number
of physical theories such as e.g. electrodynamics, Yang-Mills theory, scalar field theory and BF-theories [23]. In particular,
the AKSZ construction, developed in [2], produces naturally a large variety of theories which satisfy automatically the BV-BFV
axioms as it was shown in [23]. This is quite remarkable since many theories of interest are actually of AKSZ-type, such as
e.g. Chern-Simons (CS) theory, BF-theory and the Poisson sigma model (PSM) [23].

In [24], a perturbative quantization scheme for gauge theories in the BV-BFV framework was introduced, which was
called quantum BV-BFV formalism. The importance of this method relies on its compatibility with cutting and gluing in the
sense of topological quantum field theories (TQFTs). The quantum BV-BFV formalism has been applied successfully in various
physically relevant theories such as e.g. BF-theory and the PSM [24], split CS theory [25] and CS theory [18], the relational
symplectic groupoid' [26] and 2D Yang-Mills theory on manifolds with corners [41,42].

An important effort has been spent to study TQFT within the quantum BV-BFV framework. Indeed, the method has been
introduced to accomplish the goal of constructing perturbative topological invariants of manifolds with boundary compatible
with cutting and gluing for topological field theories. During the years, two prominent TQFTs have been studied in detail:
CS theory [4,5] in [25,73] and the PSM [40,67] in [28].

In [27] a globalized version of the (quantum) BV-BFV formalism in the context of nonlinear split AKSZ sigma models
on manifolds with and without boundary by using methods of formal geometry a la Bott [16], Gelfand and Kazhdan [37]
(see also [15] for an application of the globalization procedure for the PSM in the context of a closed source manifold) was
developed. Their construction is able to detect changes of the quantum state when one modifies the constant map around
which the perturbation is developed. This required them to formulate a “differential” version of the (modified) Classical
Master Equation and the (modified) Quantum Master Equation, which are the two key equations in the BV(-BFV) formalism. As
an example, this procedure was applied to the PSM on manifolds with boundary and extended to the case of corners in [28].

In this paper, we continue the effort in analyzing TQFTs within the quantum BV-BFV formalism by studying the Rozansky-
Witten (RW) theory. The RW model is a topological sigma model with a source 3-dimensional manifold X3, which was
introduced by Rozansky and Witten in [63] through a topological twist of a 6-dimensional supersymmetric sigma model
with target a hyperKdhler manifold M. Of particular interest is the perturbative expansion of the RW partition function.
Rozansky and Witten obtained this expansion as a combinatorial sum in terms of Feynman diagrams I', which are shown
to be trivalent graphs:

Zm(Z3) =Y br(M)Ir(Z3), (111)
r

the br(M) are complex valued functions on trivalent graphs constructed from the target manifold, while I-(X3) contains
the integral over the propagators of the theory and depends on the source manifold. There are evidences which suggest
that I (X3) are the LMO invariants of Le, Murakami and Ohtsuki [51]. On the other hand, Rozansky and Witten showed that
br(M) satisfy the famous AS (which is reflected in the absence of tadpoles diagrams) and IHX relations. As a result, br (M)
constitute the Rozansky-Witten weight system for the graph homology, the space of linear combinations of equivalence classes
of trivalent graphs (modulo the AS and IHX relations). This means that the RW weights can be used to construct new finite
type topological invariants for 3-dimensional manifolds [7].

The RW theory opened up a new branch of research which was undertaken by many mathematicians and physicists (e.g.
[39,70]). Shortly after the original paper, Kontsevich understood that the RW invariants could be obtained by the charac-
teristic classes of foliations and Gelfand-Fuks cohomology [49]. Inspired by the work of Kontsevich, Kapranov reformulated
the weight system in cohomological terms (instead of using differential forms) in [44]. This idea relies on the fact that
one can replace the Riemann curvature tensor by the Atiyah class [3], which is the obstruction to the existence of a global
holomorphic connection. As a consequence of Kontsevich’s and Kapranov’s approaches, the RW weights were understood
to be invariant under the hyperKédhler metric on M: in fact, the model could be constructed more generally with target a
holomorphic symplectic manifold. In this way, the RW weights were also called RW invariants® of M (see [66] for a detailed
exposition). On the other hand, the possibility to consider as target manifold a holomorphic symplectic manifold was later
interpreted in the context of topological sigma models by Rozansky and Witten in the appendix of [63].

In the last 20 years, the RW model has been the focus of intense research in order to formulate it as an extended TQFT
(see [62,65]), in order to investigate its boundary conditions and defects [46,47], and in order to construct its globalization
formulation [30,43,57].

1.2. Our contribution

The main contribution of this paper is to add the RW theory to the list of TQFTs which have been studied successfully
within the globalized version of the quantum BV-BFV framework [27]. This will be a step towards the higher codimension

1 The relational symplectic groupoid was first defined in [19].
2 The terminology is unfortunate as in reality the proper invariants should be the products of the weights with Ir(X3).
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quantization of RW theory, which will possibly lead to new insights towards the 3-dimensional correspondence between CS
theory [74] and the Reshetikhin-Turaev construction [60] from the point of view of (perturbative) extended field theories
described by Baez-Dolan [6] and Lurie [52]. Moreover this could also help in understanding (generalizations of a globalized
version of the) Berezin-Toeplitz quantization (star product) [68] through field-theoretic methods using cutting and gluing
similarly as it was done for Kontsevich’s star product [50] in the case of the PSM in [28].

We construct the BV-BFV extension of an AKSZ model having a 3-dimensional manifold X3 (possibly with boundary) as
source and a holomorphic symplectic manifold M as target with holomorphic symplectic form 2. Following [44], we define
a formal holomorphic exponential map ¢. This is used to linearize the space of fields of our model obtaining

Fryx=Q%(23) @ T°M, (12.1)

where Q°(X3) denotes the complex of de Rham forms on the source manifold and T,}‘OM is the holomorphic tangent
space on the target. In order to vary the constant solution around which we perturb, we define a classical Grothendieck
connection which can be seen as a complex extension of the Grothendieck connection used in [27,28]. In this way, we
construct a formal global action for our model, i.e.

~ 1 e A s N n . e A n -
Sy i= [ <§szi,-xldxf n (R’Eg)j(x; X Qi Xldx) + (R‘23>3(X; X)Q”X’dxf) (12.2)
X3

with X' the coordinates of the spaces of fields J:'ZM organized as superfields, x is the constant map over which we expand,

(IARi&) ~and (f%%)_, the components of the Grothendieck connection given by
j j

. . 1 gpP .
R';(x; y)dx’ :=—|:<8—¢> :| %dxf,

ay axJ
o ?a ) (1.2.3)
Ri-.(x; y)dxj = _[(_(p) } L__dxj,
j dy p X

where {y'} are the generators of the fiber of S/ya‘(TV]’OM). The formal action is such that the differential Classical Master
Equation (dCME) is satisfied, namely

- 1 - -
duSs; x + 5(823,)(’ Ss3.x) =0, (1.2.4)

with dy = dy + d3 the sum of holomorphic and antiholomorphic Dolbeault differentials on M. The dCME presented here is
different from the one presented in e.g. [15,27,28] since there dy; was the de Rham differential on the body of the target
manifold.

The globalized model is then shown to be a globalization of the RW model [63], which reduces to the RW model itself
in the appropriate limits. Our globalization of the RW model is compared with other globalization constructions as the
one developed in [30] for a closed source manifold by using Costello’s approach [31,32] to derived geometry [55,71,72], the
procedure in [69] which extends the work of [30] to manifolds with boundary and the procedure in [43,57]. In general, our
model is compatible with all these apparently different views. In particular, we give a detailed account of the similarities
between our method and the one in [30], thus confirming the claim in Remark 3.6 in [27] about the equivalence between
Costello’s approach and ours.

In order to quantize the theory according to the quantum BV-BFV formalism, we formulate a split version of our global-
ized RW model. Since the globalization is controlled by an Ly,-algebra, following [69] and inspired by the work of Cattaneo,
Mnev and Wernli for CS theory [25], we assume that we can split the L-algebra in two isotropic subspaces. The action of
the globalized split RW model is then

S5, = (B, DA) + <(fe23)j(x; A+Bydx, A+B)+ <(R23>](X2 A+Bydd A+B), (12.5)

where (—, —) denotes the BV symplectic form on the space of fields ]:'253!)( with values in the Dolbeault complex of M, A
and B; are the fields found from the splitting of the field X/, and D denotes the superdifferential. Note that d is the de
Rham differential on the target, not on the source.

Finally, we quantize the globalized split RW model within the quantum BV-BFV formalism framework. Here, we obtained
the following two theorems.

Theorem (Flatness of the qGBFV operator (Theorem 7.4.3)). The quantum Grothendieck BFV (qGBFV) operator V¢ for the anomaly-
free globalized split RW model squares to zero, i.e.
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(Ve)? =0, (1.2.6)

where
i i
h h

with dy; the sum of the holomorphic and antiholomorphic Dolbeault differentials on the target M, Avg, the BV Laplacian and 255,
the full BFV boundary operator.

Ve =dy — l.hAyz}x + 9323 =dy+dz — ihAV23,x + 9323, (1.2.7)

Theorem (mdQME for anomaly-free globalized split RW model (Theorem 7.5.1)). Consider the full covariant perturbative state 1}23, X
as a quantization of the anomaly-free globalized split RW model. Then

. i -
(dM — lﬁszN + 552323)%23’&13 =0. (1.2.8)

The proof of both the theorems is very similar to the ones exhibited in [27] for non linear split AKSZ sigma models.
Hence, we refer to [27] when the procedure is the same whereas we remark when there are differences (which are related
to the presence of the sum of the holomorphic and antiholomorphic Dolbeault differentials in the quantum Grothendieck
BFV operator instead of the de Rham differential as in [27]).

We provide an explicit expression for the BFV boundary operator up to one bulk vertices in the B-representation by
adapting to our case the degree counting techniques of [27]. Unfortunately, due to some complications related to the number
of Feynman rules, we are not able to provide an explicit expression of the BFV boundary operator in the B-representation
in the case of a higher number of bulk vertices. See [64] for a limited example of graphs that appear when there are three
bulk vertices.

This paper is structured as follows:

In Section 2 we define an AKSZ model which upon globalization can be reduced to the RW model.

In Section 3 we compare our construction to the original construction by Rozansky and Witten.

In Section 4 we compare our globalization construction with other globalization constructions of the RW model.

In Section 5 we give a BF-like formulation by a splitting of the fields of the RW model in order to be able to give a

suitable description of its quantization.

In Section 6 we quantize the globalized split RW model according to the quantum BV-BFV formalism.

e In Section 7 we introduce the quantum Grothendieck BFV operator for the globalized split RW model, we prove that it is
flat and, in the end, we use it to prove the modified differential Quantum Master Equation.

e Finally, in Section 8 we present some possible future directions.

Acknowledgments

We thank A. S. Cattaneo, I. Contreras, P. Mnev and T. Willwacher for comments and remarks. D. S. wants to thank
P. Steffens for sending him his master thesis and for valuable comments. This research was (partially) supported by
the NCCR SwissMAP, funded by the Swiss National Science Foundation, and by the SNF grants No. 200020_192080 and
P2ZHP2_199401. This paper is based on the master thesis of D. S. [64].

2. Classical formal globalization

The idea is to construct a 3-dimensional topological sigma model, which, when globalized, reduces to the original RW
model. In particular, we are interested in the formulation of the RW model with target a holomorphic symplectic manifold®
(i.e. a complex symplectic manifold with a holomorphic symplectic form, see also the appendix in [63]). In this case, the
space of maps is

Fx, :=Maps (T[1]23, M), (2.0.1)

with M a holomorphic symplectic manifold endowed with coordinates X' and X' and holomorphic symplectic form € =
Qij6X'8X/; T3 is a 3-dimensional manifold.

On the source manifold, we choose bosonic coordinates {u} (ghost degree 0) on X3 and fermionic odd coordinates {6}
(ghost degree 1) on the fibers of T[1]X3. Moreover, by picking up local coordinates X' on M, maps in Fy, can be described
by a superfield X, whose components are chosen as:

3 This construction reduces to the RW model considered in the bulk of [63], when we consider as target a hyperKahler manifold.
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o . 1 ‘ 1 ;
X! = XH) + 07X, () + o, 016" X, () + 5010707 X, , (1), (2.0.2)

where X' is a 0-form, XL is a 1-form etc. To these maps maps X, X;L we assign ghost degrees such that the ghost
degree of X is equal to the one of X' (that is 0), for example X;w has form degree 2 and ghost degree -2.
Now, by assigning ghost degree* 2 to Q;j, we can form a BV manifold

1 L
Wy, = / Uxs <§Q,_,3X15x]>

T[1]1%3
Sso= [ ms (52X DX (2.03)
T[1]1%3
)
QE3 = Mz, DX W
T[1]%3

where § denotes the de Rham differential on the space of fields, D = 9“8% is the differential on T[1]X3, ux, is the
canonical Berezinian on T[1]X3 of degree —3. When X3 is a closed manifold, the action Sy, satisfies the CME

(Sx;,Sx,) =0, (2.0.4)

where we denote the odd Poisson bracket associated to 2 with round brackets (—, —) and we call it the BV bracket (or anti
bracket). Equivalently the CME can be written as

LQy, Wss =0Ss;. (2.0.5)
In the presence of boundaries, the model can be extended to a BV-BFV theory by associating the BV-BFV manifold
] ] ] ] ]
(Fixys Oyz, =855, Sy, Qi) (2.0.6)
over the BV manifold (Fx;, ws,, Qx,), with the following set of data

Filg, =Maps(T[1]10%3, X),

0o _ (Yo xipxi
8323— Haxs ZQUX DX’ ],

T[1]9%5

ol = / Maza(%gijxiaxj) (2.0.7)
T[1]0%3

9 i 8

Qys, = / Maz;,(DXW),
T[1]0%3

with @y, the Berezinian on the boundary 0X3 of degree —2. The data is such that

LQy, Ws; =08y, + T )y, (2.0.8)

Remark 2.0.1. A possible modification of the model consists in coupling the target manifold with g¥[1] ® g[1] or g[1],
forming thus the “BF-RW” model and the “CS-RW” model [43], respectively. In this way, after globalization, one should get
an extension of the results obtained by Kéllén, Qiu and Zabzine [43].

2.1. Globalization

In the last section, we introduced a very simple AKSZ sigma model. Here we globalize that construction using methods
of formal geometry [16,37] following [27]. First, we expand around critical points of the kinetic part of the action. The
Euler-Lagrange equations for our model are simply dX' = 0, which means that the component of X' of ghost degree 0 is a
constant map: we denote it by x' and we think of it as a background field [53]. Moreover, since we want to vary x itself, we

lift the fields as the pullback of a formal exponential map at x. We also note that the fields X! are just spectators, which

4 More precisely, we add a formal parameter q of ghost degree 2 in front of Q;;. The parameter is immediately suppressed from the notation.

5
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means that they do not contribute to the action, hence we can think of taking constant maps also in the antiholomorphic
direction.

The above allows to linearize the space of fields Fx, by working in the formal neighborhoods of the constant map x € M.
We define the following holomorphic formal exponential map

¢: T"'M > M
, A P (2.1.1)
i i i i i yivygJaok
X Y) > @} y) =X +Y + @ XXy Ty

Remark 2.1.1. We think about the holomorphic formal exponential map here defined as an extension to the complex case
of the formal exponential map used in e.g. [21]. This notion should correspond to the “canonical coordinates” introduced in
[14] and the holomorphic exponential map applied by Kapranov to the RW case in [44].

The formal exponential map lifts F5, to

@x: Fuyx:=Maps(T[1]Z3, THOM) — Maps(T[1]Z3, M) 212)
)A(|—> X o

which is given by precomposition with ¢, T ie. ]323,,( =@y 1o Fx, and X = (px()A(). Now, since the target is linear, we can
write the space of fields as

Frox=0%(Z3) QT M. (2.13)

Consequently, we lift the BV action, the BV 2-form and the primitive 1-form obtaining:

3 1 i ns
Sy xi= T(p;sz3 = / 73R <§Qin1DXJ>,

T1]%s
e 1 o cioi
W3y x = Py W3y = 45> EQI’]'(SX 68X’ ), (2.14)
T[1]3
. e 1 o
OlgE3,x = @:0323 = / Moz, (591']')(18)(]),
T[1]0%3

where T denotes the Taylor expansion around the fiber coordinates {y} at zero. This set of data satisfies the mCME for any
xeM:

LQy, @530 =885 x + TF )5, . (2.1.5)
with Q23,X = fT[]]23 Uxs (D)A(l 5?@
The next remark introduces an important ingredient to write down the globalized action.

). Hence, we have a BV-BFV manifold associated to the space of fields ]?23,,(.

Remark 2.1.2. The constant map x: T[1]¥3 — M in Fx, can be thought of as an element in M. Hence, we have a natural
inclusion M < Fs,. Hence, we can define a 1-form:

Ry, = <R23) (% X)dxd + <R23>7(x; X)dx! € Q' (M, Der (s/yE'(TVLOM))). (2.1.6)
J J
As before, we lift this 1-form to .7?23’)(. This lift, denoted by ﬁza, is locally written as:
Ry, = (R23) (x: X)dx! + (iz&)_,(x; X)dx! . (2.1.7)
J j
2.2. Variation of the classical background
So far, the classical background x has been fixed. However, our aim is to vary x and construct a global formulation of the

action. Hence, we understand the collection {Sx, x}xem as a map 323 to be given by 5‘23 :X+> Sy, x and we compute how
it changes over M. In order to accomplish this task, inspired by [15,27,28,43], choosing a background field x € M, we define

Sx3.xR ZZ/ ((ﬁiz3)j(x; X)Qilﬁldxf + (&123>3(X, )A()Q”)A(’dxj) = SR + Si. (2.2.1)
3
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The integrand is a well defined term of degree 3, since we assigned degree 2 to the symplectic form and ﬁ23 is a 1-form
on M. After integration, Sy, g is then of total degree 0.

The term 1A223 has been introduced in Remark 2.1.2. However, its connection with the globalization procedure is not clear.
To explain it, we introduce the classical Grothendieck connection adapted to our case (see Appendix [21]).

Definition 2.2.1 (Classical Grothendieck Conrﬁct\ion ). Given a holomorphic formal exponential map ¢, we can define the asso-
ciated classical Grothendieck connection on Sym®(TV1-°M), given by D¢ :=dy + R, where dy is the sum of the holomorphic

and antiholomorphic Dolbeault differentials on M and R € Q' (M, Der (S/3IE°(TV1*0M))). By using local coordinates {x} on

the basis and {y} on the fibers, we have R = R;(x; y)dxJ + R;(x; y)dxJ, where Rj= Rz.(x; y)% and R; = R%,(x; y)% with

—1qi
. ‘ 9 JoP .
R’j(x; y)dx! = _[(_90) } L.dxf,
3y , OxJ

—1qi
. - 9 JoP -
RL(x; y)dx! := —|:<—¢> } def.
J 8y p ax’

(2.222)

Note that Rz.(x; y) and R%(x; y) are formal power series in the second argument, namely

o0

Ri; y)=Y RL, . oyl .y,
k=0
o0

R y)y=) Ro. . oyt ..y
k:O

(2.2.3)

Remark 2.2.2. The classical Grothendieck connection has a couple of important properties:

e It is flat, which can be rephrased by saying that the following equation is satisfied

1
duR + E[R’ R]1=0. (2.2.4)
e A section o is closed under D¢ i.e. Dgo =0 if and only if o =Tg; f, where f € C*(M).

In more down-to-Earth terms, the second property says that the classical Grothendieck connection selects those sections
which are global.
Finally, we can clarify the relation between §g3 and the Grothendieck connection. The components (f(”%) (x; X) and
j

(IA?"&)_‘(X; X) are given by the components of the classical Grothendieck connection R;(x; y) and R%(X; y) evaluated in the
j

second argument at X.
Having set up all the necessary tools, we can compute how Sy, varies when we change the background x € M. On a
closed manifold, we have

dM§23 = —(Ss3.x,R> 323), (2.2.5)

which follows from the Grothendieck connection and that Sy; x =Ty Ss,.
The above identities can be collected in a nicer way via the following definition.

Definition 2.2.3. (Formal global action) The formal global action for the model is defined by

~ 1 s A s ~ A ~ . A ~ ~ =
Sgyxi= / <5s2ijxldxf + (R’E3)j(x; X)QXldx! + (R'Ea)j(x; X)Qilxldx]>

>3 (2.2.6)
= 823 —|— SR + SR .
—_———
=S3%3 xR
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By using the formal global action, the differential Classical Master Equation (dCME) is satisfied

~ 1 -~ -
dySsy.x + 5(523,x1 Syy.x) =0. (2.2.7)

Remark 2.2.4. Note that 523,,( is an inhomogeneous form over M, where S ; is a O-form and Sy, x r is a 1-form. Therefore,
Eq. (2.2.7) has a O-form, a 1-form and a 2-form part. Specifically, the O-form part

(323 ’ 323) = 07 (2.2.8)

is the usual CME. The 1-form part:
dM323 + (Szy.x,R; 323) =0, (2.2.9)

means that 523 is a global object (see Remark 2.2.2). The 2-form part

1
duSs; xR + 5(823,X,R7 Sy;.x,R) =0, (2.2.10)

means that the operator Dg is flat connection (see Eq. (2.2.4)). Explicitly, we have

1

dxSg + i(SR, Sr) =0, (2.211)
1

dySi + E(SR, Sg) =0, (2.212)
1

dzSg + E(SR’ Sr) =0, (2.213)
1

dxSy + E(SR,SR) =0. (2.214)

Let X3 be (again) a manifold with boundary. The BV-BFV theory on ]}23,,( furnishes the cohomological vector field Q 5, «.
Moreover, by using the lift of Ry, we can define

Qsyx=Qyxyx+ Ry, (2.215)

Then, the modified differential Classical Master Equation (mdCME) is satisfied:
LQ231X61)23,)(:5<§23,X +7T*a§23,x’ (2.2.16)
where

3(1%1'23 (X

- . 8 . L8
Qss.x =/ (— dX— — QP —— O Xldx) — — (Rlz3) (% X)dx! Qip ——
6X 6XP 6X4 J SXp
3 (2.2.17)
5(1%1’23)__(&5() s o
— qu%JQiledXJ — — (RIES)_‘(X; X)dXJQ,‘p ~ )
8Xp 6X4 J SXP

In preparation for the comparisons we will draw in the following section, we redefine the components (IA?"&)_ and
j

(ki&)—. by a multiplicative factor 1/k! as
j

A n 1 N N B
1 : = — R J Jk
<RE3>](X’X)_Z(k—}—])'R]:]l ..... jk(x)xl ~-.X”

5 (2.218)

o0

" ~ 1 s s s
i . _ 3 J1 Jk
(R&)j(x,X)_;;(kH)!RMl ’’’’’ ORI Kk,
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Table 3.0.1
Comparison between kinetic term and interaction term for the RW theory and our model.
Kinetic term Interaction term
Original RW model %T l“’"SZ”X V\,Xp —%QURKLMXMXfX,%’?M
Our model §QiXidXI — T XkQXldx] 51 R X XoQ aXldxi

3. Comparison with the original Rozansky-Witten model

In this section, we show that the globalized model we have just constructed reduces to the RW model and, moreover it
provides a globalization of the former.

In order to compare effectively these models, we need to be more explicit about the terms involved in the classical
Grothendieck connection. First, we discuss the choice of holomorphic formal exponential map in more detail. Since our
target is a symplectic manifold, we choose the formal exponential map which preserves the symplectic form considered in
[58] and we adapt it to our case, i.e.

P i T ik 1 1 k
where RL, = (Q"1)YR, & Qqj.
The Grothendieck connection is then
De = dx' —+dx a_+dXJ<RE ),+dx3(Rz3)__, (3.02)
X! j
where the third term on the right hand side was computed in [58],
- —1qi
Ny : 0 dpP 1 _, 10\ & 0
1 J _—_ _r _r j J 1 _ - 1 _ 1 sy~
( E3>jdx - _(8y> = dx) = [dx (5 T (8R1k5+4Rﬂ<s)y ) st | (3.0.3)
whereas the fourth term is
- —1qi
s H 0 apP - 1 1 H
(R]E3>_'dXJ=— (_(,0> L__dxf = |: b bdX]][Sl ]:—|:— —F'b ybdx1+...]
j LNy /) dp oxJ 2w 2 @3 (3.04)
Rl _yaybdyl _
= Rabj.y y’dx

Considering the terms coming from the classical Grothendieck connection and the redefinition (2.2.18), we can re-write
the formal global action (2.2.6) as

~ 1 i A 1 . . ~ . . ~ , 1 . .4 ~ -
Syyx= / (59,-jxldxf - E1“'J‘kx’<szl',x’dxf — 8L QuXldx) + -+ 5R;Gj.xkaQi,xldxf +> (3.0.5)
23

For convenience, we recall the RW action [63]

11 1 1
Srw = / ETeW(qu,Qvux,{ 3911R,<LMxﬂx§xjnM+§<vLszu<><a,L¢>i)x§x§) (3.0.6)

where we refer to the original paper for an explanation of the various terms involved in the action. If we assume that the
connection is compatible with the symplectic form, the third term in the RW action (3.0.6) drops. We are left with the first
two terms. By associating X! <> x! and dx/ <> nM, we can sum up the comparison in Table 3.0.1.

The sign discrepancy comes from having defined the connection as V =d — I which gives a negative sign in front of the
rj.k (see Eq. (3.0.1)).

Moreover, when the curvature misses the (2,0)-part (which could happen when we have a Hermitian metric), the
remaining terms in our model are just the perturbative expansion of R;;S}, around x. If we cut off the expansion at the first

order, we are left with the original RW model.
4. Comparison with other globalization constructions

In the next sections, we are going to compare our globalization model with other three constructions: the first by
[30] uses tools of derived geometry to linearize the space of fields in the neighborhood of a constant map as well as the
Fedosov connection [35], the second [69] is an extension to a manifold with boundary of the first procedure, while the third
[43,56,57] uses an approach similar to ours.
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4.1. Comparison with the CLL construction

We compare our model with the formulation of the RW model constructed in [30] in the setting of derived geometry.

Let X3 be a closed 3 dimensional manifold and M be a holomorphic symplectic manifold with a non-degenerate holo-
morphic 2-form w.

To determine fields we use the language of L,-spaces (see [31,32] for an introduction) and we define the space of fields
as

Maps(Xs3, dr, M3), (4.1.1)

where X3 g is the elliptic ringed space equipped with a sheaf of differential forms over X3, i.e. 2*(X3) and M3 = (M, gm)
is a sheaf of L.-algebras, where gy = Q**(M) ® T°M[—1] with T1:OM the holomorphic tangent bundle. Since the critical
points of the action functional are constant maps from X3 to M, we are going to study Maps(X3 gr, M3) in the neighbor-
hood of a constant map x € Maps(X3, g, M3), namely

Fow = Maps(Zs,_ qr, Mj) = Q°(Z3) ® guml1], (41.2)

with I\Ta\ps(Eg,dR, Mj) defined as in [31,32].
Having specified the space of fields, the shifted symplectic structure is given by

(=, =) : FoL @qeemy Feir — 2 (M)[-1]

(@®g1,pR &)= (g, &) fozAﬁ, (413)
———

sympl. struct. on M X3

where Q**(M) =T (/\*TVM) is a section of the cotangent bundle.

—

Since C*(gum) := Symg.. iy, (G [1]) = (M) ®cm) S/yEEOC(M)(TV]’OM), to construct the action functional and to find
our L,-algebra we can use a procedure similar to the Fedosov’s construction of a connection on a symplectic manifold [34].
Let us denote the sections of the holomorphic Weyl bundle on M by

W = Q%* (M) ®co ) Sym® (T OM)[[A]] (4.1.4)

where S/ya'(TVLOM)[[h]] is the completed symmetric algebra over TVl*OM, the holomorphic cotangent bundle which has a
local basis {y'} with respect to the local holomorphic coordinates {x'}. We call the sub-bundle $P-9(M) ® Sym’(T¥1:°M) of
W its (p, q,r) component, in particular we refer to r as weight. To h is assigned a weight of 2.

Proposition 4.1.1 ([30]). There is a connection on the holomorphic Weyl bundle of the following form
1
DF:V_8+_[15 _]W’ (4'1'5)

h

which is flat modulo h and [—, —]yy is defined as in [30]. Here I is a 1-form valued section of the Weyl bundle of weight > 3, i.e.
Ie® s I'(Sym' (TV1.OM) ® TVM), V is the extension to W of a connection on T1-O°M which is compatible with the complex
structure as well as with the holomorphic symplectic form and torsion free, § = dx' A diy' is an operator on W.

The connection Dk is called Fedosov connection and it provides the L,-structure on gy. In these terms the action can be
written as

1 o0

SciL = 3 (dsya, o) + Z

k=0

(e (@®), ) (4.1.6)

1
(k+1)!

with o € F¢yp, (—, —) defined as in (4.1.3) and ¢ are the higher brackets in the L. -algebra, and dy, the de Rham differential
on the source X3. We can read ¢ from the Fedosov connection in (4.1.5), i.e.
;0
Lo = —dx' — (41.7)
ay!
The Lo-products ¢; and ¢, are computed in the next section, when we compare the Fedosov connection with the
classical Grothendieck connection.

Remark 4.1.2. The action in (4.1.6) satisfies the CME (Scrr, Scir) = 0 (see [30, Proposition 2.16]). Moreover, in [30] it was
observed that this construction is the formal version of the original RW model in the case when the (2, 0)-part of the
curvature is zero (see [30, Section 2.3]).

10
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4.1.1. Comparison between the Fedosov connection and the classical Grothendieck connection
The sufficient condition for the flatness of Dg (see the proof of Proposition 4.1.1 in [30]) implies that I satisfies

1
[=6"YR+VI+ E5—112, (4.1.8)
where §~1 = yi Lo (up to a normalization factor) is another operator on W and R is the curvature tensor.

Remark 4.1.3. Since I is a 1-form valued section of ¥V, we can decompose it into its holomorphic and antiholomorphic
component respectively. In particular the antiholomoprhic part component is the Taylor expansion of the Atiyah class as
noted in [30]. In the case R%? =0, the L.o-algebra is fully encoded by Taylor expansion of the Atiyah class as first noted by
Kapranov in [44].

Since the operator ! increases the weight by 1, while V preserves the weight and I has at least weight 3, we can find

a solution of the above equation with the following leading term (cubic term)’:

1 o 1 _
-1 l -1 -1
s IR = §[ —Tijpr + FsierijSP]y'nyrdx‘ +3 kmy Ly yrdx =8 'Ry +48'R. (4.1.9)

Since the Fedosov connection requires the computation of ﬁ[l , —l]w, we compute this commutator for the leading order
term of I, which is the cubic term we have just found. For the first term on the right hand side of Eq. (4.1.9) we have

S 1 1 k0
E[S Re, =lw = |:§< r]kq +FsquPJkQSP> + Z( QJkr+F p]TQsp)}quy yrdxcayl

1 1
= [8 ( QT g + Qor TG T 2 ) + 4( Qg + Qmg g Ty 27 )}

(41.10)
x QI yd yrdxk —
ay!
1. 1 o k0
= |:§Rklrj + Zer]’-]yfyrdx 3y
For the second term we have
1. 4= 1 ka0
E[S R, _]W EFle ry‘ly dzra—yi. (4.1.11)
After renaming some indices, the Fedosov connection is then
.0 i k0 (1 1. d a
Dr =dy + d —dxfﬁ —dxfr;q.y‘a—yi +dxf<§Rj’ks + ZRjk's>y Vi + d ir ks ]y y 5+ (4.1.12)
More explicitly,
; 0
— —dxJ i
1 = —dx Fk]y By'
(4.113)

1 1 d 1 ad
— i k.S -

Oy =dx (8 ]k5+4R]ks>yy ay zd lcs;yy 8y
Remark 4.1.4. The first terms in the Fedosov connection, explicitly written in (4.1.12) coincide with the first terms for the
classical Grothendieck connection (3.0.2). Furthermore, by substituting the explicit expressions of £; and £ in the action
Scur (4.1.6), we can see that it coincides with the action Sy, x (3.0.5).

4.1.2. Comparison between the CLL space of fields and globalization space of fields

By rephrasing the argument of [54, Section 6.1] to our context, we can extend the classical Grothendieck connection D¢
to the complex

F( N\ TVM ®§/B‘(TV1’OM)>, (41.14)

which is the algebra of functions on the formal graded manifold

5 See also [33,38].

11
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TIMEPT"OM. (4.1.15)

This graded manifold is turned into a differential graded manifold by the classical Grothendieck connection D¢. Moreover,
since D¢ vanishes on the body of the graded manifold, we can linearize at x € M and we get

TX[1]M@ T)-OM. (4.1.16)

On this graded manifold, we have a curved L.,-structure (which is the same as gy[1]) and Eq. (4.1.14) can be interpreted
as the Chevalley-Eilenberg complex of the aforementioned L..-algebra. Then, the space of fields for the globalized theory
can be rewritten as

Fryx=2"(Z3) @ Q" (M) @ T 'M (4117)

which is the same as F¢yp by linearizing at x € M the holomorphic tangent bundle as Df vanishes on M.

Remark 4.1.5. The idea that the classical Grothendieck connection and the Fedosov connection coincide is not new, in
particular see [27, Remark 3.6] and [30, Section 2.3].

Remark 4.1.6. Finally note that in [30] the source manifold X3 was considered to be a closed manifold. As explained above
(see Section 2.2) our construction is valid also when dX3 # @. In the next section, we tackle this last setting by comparing
our approach with [69], where the derived geometric framework was implemented for manifolds with boundary.

4.2. Comparison with Steffens’ construction

In [69], Steffens applied the same derived geometry approach we have seen in the last section to what he calls AKSZ
theories of Chern-Simons type: CS theory and RW theories. In particular, his BV formulation of the RW model is completely
analogue to the one in [30]: same space of fields, L,,-algebra, action, etc. However, he takes a step further. He proves a
formal AKSZ theorem [69, Theorem 2.4.1] in the context of derived geometry. His RW model is then shown to be an AKSZ
theory by attaching degree 2 to the holomorphic symplectic form (as we did ourselves in Section 2). Consequently, he
provides a BV-BFV formulation for the RW model. The BFV action found in [69] is analogous to the action in (4.1.6) in one
dimension less (as it is customary with AKSZ theories). Even if the L., products are not explicit in his construction, by using
the ones in (4.1.13), his BV-BFV formulation of the RW model is visibly identical to ours.

4.3. Comparison with the (K)QZ construction

Let X3 be a 3-dimensional manifold and M a hyperKdhler manifold with holomorphic symplectic form €. Consider
the symplectic graded manifold M := TY%1[2]TV01[1]M constructed out of M. It has the following coordinates: X!, X of
degree 0 parametrizing M, V! of degree 1 parametrizing the fiber T®!M and dual coordinates P;, Q; of degree 2 and 1,
respectively. The symplectic form is

: -1 . .
WM =dP;/\Xm+dQ;/\dVl+§QijXm/\dX]. (4.3.1)

In order to have a ghost degree 2 symplectic form, the authors assign degree 2 to 2. With this setup, in [43,56,57], Kdllén,
Qiu and Zabzine construct an AKSZ model

Foz :=Maps(T[1]1Z3, TVO1 21TV [1]1M) (4.3.2)
5 3 1 . . <
Sz = / d*zd6 (P;DX’ +QDV' + - ;X DX/ + P;V') (43.3)
T[1]1Z3

endowed with a cohomological vector field
0 d d d d d
= d*zd*0( DP; — + DQ; — DV‘— DX'— + DX ’— -+ V! 434
Q / ( ’3P+Q'Q,+ pre + DX o + +’3Q1+ ax1> (434)
T[1]Z3

where to the source manifold T[1]Z3, we assign coordinates {z'} of ghost degree 0 and coordinates {6'} of degree 1.

Remark 4.3.1. With a suitable gauge-fixing consisting on a particular choice of Lagrangian submanifolds, the action Sgz
reduces to the RW model up to a factor of h (see [56, Section 4]):

SQZ

1 3 ) Y oi 1
G 2 /d Z<Qifxl(1) AT XG) 3R;1]X(1) A Xy, /\X V(O) (4.3.5)

12
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0 (1) 0y’ M and the odd

scalar Vé‘o). A quick glance to our expression for the RW model in (3.0.5) (assume again the (2, 0) part of the curvature is

with dV X{;, = dX{;, + F;kde Xk . Note that the only fields left are the even scalar X/ , the odd 1-form X!

zero as well as we cut off the perturbative expansion of the (1, 1) part at the R;;sj) suggests the association Vé_‘o) & dxk. We
will comment more on this later.

By expanding X! through the geodesic exponential map and by pulling back w as well as Sqz through it, the authors
find

s s 1 . . n
exp* wp = dP; AdX 4 dQ; AdV! + EQij(X)dyl Ady! — 5X15®17 (4.3.6)
~ < < 1 . . -~ - <
exp* SQZL = / d*zd’0 (P;DX’ +QDV' + 5 Qijy' Dy — PV + O;(x; y)V') (43.7)
T[1]Z3

where ©; is of degree 2 and given by
=1
Oy =) — Vi Vi Ry, ’;3 Qup, (Y'Yt (4.3.8)
n=3

and 135 = P; + 6;.
After removing the spectator fields (see [43,57]), the action becomes

1 ., -
/ d3zd36 (5 Qijy' Dy’ + Os(x; y)V‘) , (4.3.9)
T[1]1Z3

which further reduces to

1 . . i
/ d3zd39(§sz,-jy’ Dy’ + ©;(x; y)V(‘0)> (4.3.10)
T[1]Z3

for degree reasons (VEO) is an odd scalar). This action fails the CME by a d-exact term due to © satisfying the Maurer-Cartan
equation

3[i®j] = —(0y, @j), (4.3.11)

where 9 is the Dolbeault differential and [ij] denotes antisymmetrization over the indices i and j.

The hyperKdhler structure is then relaxed. A new connection which still preserves 2 (crucial for the perturbative ap-
proach through the exponential map above) is found. However, since the connection is not Hermitian, the curvature of I
exhibits also a (2, 0)-component. This complicates the exponential map which can not be worked out at all orders as in
(4.3.8). In [43], the authors argue that a solution to this problem should originate from principles related to the global-
ization issues discussed in [13] and the application of Fedosov connection in order to deal with perturbation theory on
curved manifold [21]. In the realm of this paper, we furnish an affirmative answer to both their ideas. In particular, as we
have seen in Section 4.1, the Fedosov connection allowed to compute the terms in the L,,-algebra and thus to work out
the exponential map. In Section 2.2, we have seen the Grothendieck connection to accomplish the same in the context of
formal geometry.

Remark 4.3.2. We can compare the procedure above with our globalization construction by associating V(’_'O) with dx. First,
note that (R23)T in Eq. (4.3.8) matches with the second term in Eq. (2.2.1). Second, the action in (4.3.10) coincides with
1

our globalized action in (2.2.6) if we “forget” the (2, 0)-part of the curvature. In particular, by associating d with dx?%. we

can interpret the failure of (4.3.10) to satisfy the CME due to the term (4.3.11) as a consequence of the action satisfying the
(1, 1)-part of the dCME (Eq. (2.2.7)).

We reserve the last remark of the section to precise the association between V('_'O) and dx' as well as their “meaning” as
we promised in Remark 4.3.1.

Remark 4.3.3. As we have seen above, VEO) and dxg arise in two different contexts: the first is an odd scalar coordinate

parametrizing the fibers of T®1M, while the second is introduced through the classical Grothendieck connection as well as
the perturbative expansion.

13
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Nevertheless, the association makes sense considering that VEO) is interpreted as an odd harmonic zero mode in [43].
In fact, recall from Section 2.1, x is the zero mode obtained from the Euler-Lagrange equation DX = 0. If we enlarge the

complex (see Eq. (4.1.14)), the space of fields becomes (4.1.17) meaning that dx' € TVO1M, ie. an odd zero mode. This
association was pointed out first by Qiu and Zabzine in [59].

The presence of these quantities has been known in the literature since the early days of the RW model and has deep
consequences. Since they are odd, there can be as many as the dimension of M. As such, the perturbative expansion can not
be infinite, but it can only stop at a certain order. This is a crucial difference between the CS and the RW theory, which was
originally spotted in [63] and attributed to the need for the RW theory to saturate the zero modes. According to Kontsevich

in [49], as a result the RW model can be understood as an AKSZ model with “parameters” (these parameters are Véo) or

dxl_'). In the same article, he presented a different perspective on this subject by pointing out that the RW invariants come
from characteristic classes of holomorphic connections.

5. BF-like formulation of the Rozansky-Witten model

In order to quantize our globalized version of the RW model in the quantum BV-BFV framework [24], we need to
formulate the model as a BF-like theory. This can be done by exploiting the similarities between the RW theory and the
CS theory. These similarities have also been crucial in the construction of [69]. There it was argued that RW could be split
following a similar approach to the one of Cattaneo, Mnev and Wernli for the CS theory in [25] (see also [73] for a more
detailed exposition).

As shown in [30] (see Eq. (4.1. 3)) we have a pairing on }‘23 x given by the BV symplectic form which can be defined on
homogeneous elements Y ® g1 and Z® g3 as

<_a _> 3-7:—23,)( ®]}23,X - Q.’.(M)a

Vog1.208)= Qg.8) f s, (fMi). (5.0.1)
—_———
sympl. struct. on M T[1]Z3
By expanding X € ]?;3,,( as X = X'e;, we have
()A(, )A() = Q(ej, ej) / 7558 ()A(l A )A(-’) = / 7558 (Qijf(i A )A(J> . (5.0.2)
T[1]Z3 T[11Z3
We can rewrite the globalized action (2.2.6) in the same way as in [30] (see the action in (4.1.6)), we have
~ 1/~ ~ ~ ~ N N N = .
Sran= (X DR)+((R5, ) (x: R0 X) +((Rs, ) (xRl X), (50.3)
J J

with

(R23)j(x’ X) = g (k: 1! (R"),-(X@)k)’

(5.0.4)
. AR | N
R ) X, X) = (R ) X®ky,
(R, %= (Re) &9
k=2
Now, similarly to the approach in [25], we assume that we can split the L,,-algebra as
g11=Q** M QT 'M=Q** (M)QV P QL** (M)® W, (5.0.5)

with V and W two isotropic subspaces. We identify W = VV via the pairing (in particular thanks to the holomorphic
symplectic form). Consequently, the superfield splits as X = A+B= A’& + £'B; with & € V and &' € W. Concerning the
assignment of degrees, we make the following choices. Since  has ghost degree 2 (and as such ! has ghost degree
—2), we assign total degree 0 to A! and &;, total degree 2 to B; and total degree —2 to &!. We refer to Table 5.0.1 for an
explanation of the ghost degrees for the components of the superfields A’ and f;i. Then Al @ﬁi € Q°(X3) ® R (X3)[2], which
is a BF-like theory.

Remark 5.0.1. As explained in [69, Remark 4.2.2], the splitting of the target T, 19\ into two transversal holomorphic La-

grangian subbundles is not possible when M is a K3 surface. Instead, it is possible when M = TYY, with Y any complex
manifold. In this case M with the standard holomorphic symplectic form will have a vertical as well as a horizontal polar-
ization.

14
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Table 5.0.1
Explanation for the form degree and ghost dgf
gree Afor the components of the superfields A!

and B;.
Form degree Ghost degree
Al 0 0
Al 1 -1
Al 2 -2
Als) 3 -3
B 0 2
Bayi 1 1
B ()i 2 0
B(3)i 3 -2
To sum up, the space of fields is split as
Fex=0(T) 0" (M Ve (5210 Q" (M) ® W. (5.0.6)

Definition 5.0.2 (Globalized split RW action). The globalized split RW action is defined as

S X::(ﬁ, D.‘A\>+<<IA?E3>‘(X;A+l§)dxj,A+l§>+<(IA223>_.(x;A+ﬁ)dx7,A+l§>
o J j (5.0.7)
= 82533,)( +S§3,X,R +SES:3,X,R'

We refer to [64] for an explicit expression of the second and third terms in the action. We call the model associated with
the action (5.0.7), globalized split RW model.

If X3 is a closed manifold, the globalized split RW action satisfies the dCME:
~ 1 - ~
dMSéLX + E(SEM, SEM) =0,

with dy; = dy + d; the sum of the holomorphic and antiholomorphic Dolbeault differentials on the target manifold M. In
the presence of boundary, the globalized split action satisfies the mdCME:

. s __¢3s * S, 0
LQE&X&)Z&X—(SSZ&X-FJT Oy xo (5.0.8)

with

0= [ wn (a3 (R A e S
T ’ Al B; "/ sA!

SA! § k!
i i k=0
N 2 N T (O T
_Zk—.(Rl<).((A+B) )dx! Qi — +ZE(R1<)._((A+B) yx! —, (5.0.9)
k=0 " ! §Bi ok J SA
o
1 /N ~ 4 < $
- Z k! (Rk)-.((A + B)®k)dX]Qu—A>,
k=0 © J SB;
= / a E3<8ﬁi‘sAi>’ (5.0.10)
T[1]%3
ags = / M323<ﬁi3Ai)- (5.011)
T[1]0%Z3

6. Perturbative quantization of the globalized split Rozansky-Witten model

In the last section, we have formulated our globalized RW model as a BF-like theory. This allows us to quantize perturba-
tively the newly constructed globalized split RW model according to the Quantum BV-BFV framework [24]. The quantization
of the kinetic part of the action is analogous to the example of section 3 in [24], since the theory reduces to the abelian
BF theory. Hence we will be rather quick in the exposition referring to [24] for further details. We will focus our attention
to the interacting part of the action (in our case this is actually just the globalization term), which has a rich, as well as
complicated, structure. In particular, we will draw some comparison with the PSM, which has been considered in [27].
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6.1. Polarization

The recipe to perturbatively quantize a BF-like theory according to the quantum BV-BFV formalism starts by requiring
the data of a polarization.
Following the result of Section 5, in the globalized split RW theory, the space of boundary fields splits as

Fod =208 @ (M) @V & Q° (03210 Q" (M) @ W. (611)
Since we split T1:M into isotropic subspaces, by the isotropy condition the subspaces are, in particular, Lagrangian. There-

fore, either of them can be used as a base or fiber of the polarization.

Notation 6.1.1. From now on we will drop the hat from the notation of the “globalized” superfields (e.g. A!). Moreover, we
will denote the coordinates on the base of the polarization by A' or B' and refer to this choice as A- or B-representation.

Let us choose a decomposition of the boundary d%3 = 91 X3 L 9 X3, where 91 X3 and 9, X3 are two compact manifolds.
Here, we can define a polarization P by choosing the A-representation on 9; X3 and the B-representation on 9, X3. The
space of leaves of the associated foliations are By := Q°®(31X3) and B; := Q°(d2 X3)[2], respectively. The space of boundary
fields is B]y,, = Bi x By 3 (Al B)).

3
The BFV 1-form is
ajerl = / BiSA| — / SBiA! (6.1.2)
9133 923
and the quadratic part of the action (5.0.7) is
83, = / BidA! — / B:A.. (6.1.3)
X3 0 X3

6.2. Extraction of boundary fields

We split the space of fields as
Fiu— Bls, @Y (6.21)
(A',B) —~ (A", B)) & (A", By), B

where 337323 denotes the bulk extension of BBP23 to ﬁég,x with A and Iﬁ%,- the extensions of the boundary fields A’ and B
to the bulk space of fields ]:";M; A’ and B; are the bulk fields, which are required to restrict to zero on d;X3 and 92 X3,

respectively. Here, the extensions are chosen to be singular: Al and Iﬁ%i are required to restrict to zero outside the boundary
(a choice pointed out first in [24]). The action reduces to

S5 = / Bﬂé”—( / BiA' - / M"). (6.2.2)
X3 0223 0123
6.3. Construction of Q29

At this point, we can construct the coboundary operator 29 by canonical quantization: we consider the boundary action

and we replace any B; by (—ih%) on 9; X3, any Al by (—ih%i) on dX3. We obtain

1) )
Qo = —ih dB; — dA'— ). 6.3.1
o= ( / '5B; - / 5Al> (631
023 0123

6.4. Choice of residual fields

The bulk contribution in the space of fields ) is further split into the space of residual fields Vs, and a complement,
the space of fluctuations fields ), namely

Y - Vs, @) (6.4.1)
(A'B) > (a', b)) ® (@, Bi), (6.4.2)
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where a' and b; are the residual fields, whereas ! and g; are the fluctuations. Note that the fluctuation &' is required to
restrict to zero on 91 X3 while §; is required to restrict to zero on 9, X3. In our case, the minimal space of residual fields is
Vs, = H* (23, 81 23)[0] © H* (23, 9, 23)[2] > (8", by). (6.4.3)

Here we can also define the BV Laplacian. To do it, pick a basis {[x;]} of H*(X3,d1X3) and its 'dual basis {[Xi]} of
H*(X3, 0,X3) with representatives x; in 2°(X3,d1X3) and Xi in Q°%(X3, 02X3), with f23 Xin = 8{. We can write the
residual fields in a basis as

a' =) (2 x).
k

L (6.4.4)
bi =Y _(z; x")i,
k
where {z¥, z,j} are canonical coordinates on Vy; with BV symplectic form
k
wyy, =Y (=182 6z 57" (6.4.5)
i
Finally, the BV Laplacian on Vs, is
degz" 0
Ay, = Z( s o2 (6.4.6)

6.5. Gauge-fixing and propagator

We now have to fix a Lagrangian subspace £ of ). In the case of abelian BF theory, in [24], the authors proved that
such Lagrangian can be obtained from a contracting triple (¢, p, K) for the complex Q7,(X3).

In particular, the integral kernel of K is the propagator, which we call 5. Since K is actually the inverse of an elliptic
operator (as shown in [24]), the propagator is singular on the diagonal of X3 x X3. Hence, we will define it as follows. Let

Confy(X3) = {(x1,X2) € T3 | X1 # X2}, (6.5.1)
and let 15 be the inclusion of
D i={X1 XX €(01X3 X X3)U (T3 X 02X3) | X1 # X2} (6.5.2)

into Conf,(X3). Then the propagator is the 2-form n € Q%(Conf,(Z3), ), where

Q°*(Confy(X3), D) = {y € Q*(Conf(X3)) |ty =0} (6.5.3)
Explicitly,
1 1 igsP N
n(x1, Xz)——ﬁ en =X ral (1)1, Bi(x2), (6.5.4)

with 71, 7wy the projections from M x M to its first and second factor. The coefficient Ty, is related to the Reidemeister
torsion on X3 as shown in [24]. However, its precise nature is irrelevant for the purposes of the present paper.

6.6. The quantum state

We can sum up the splittings we have made so far as

P /
}—ng_>3323xv23xy

. ) (6.6.1)
(A, B;) > (A, B)) + (a', b)) + (', Bi).
Remark 6.6.1. As a result of the procedure detailed in [24], this is referred to as good splitting.
According to the splitting of the space of fields, the action decomposes as
S;:i S;:i 4 Spert | gres | gsource, (6.6.2)
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where
éégi:/ﬁidai’ (6.6.3)
33
épert=/V(A,§), (6.6.4)
23
Sres=_< / Bfai— / b,‘Ai>, (6.6.5)
02 X3 0123
Ssource=_< / B,‘Oli— / lgiAl)’ (6.6.6)
0 23 0123

where SPe't js an interacting term made up by a density-valued function V which depends on the fields but not on their
derivatives (by assumption).
The state is given by:
R igsP
V3, (A, B, a,b) = / e n BB g1 1]
(a,B)el
_ E%Slesfegsé3~xe%5pelte%8$0urce

L

(6.6.7)

’

where we denote by ¢ a formal measure on £. The idea here is to compute the integral through a perturbative expansion,
hence let us expand the exponentials as

k
A 1 . .
wz3<A,B,a,b)=Zk,l,m,(—l)k*m( [Ba- [ Ml) .

k.Lm 0223 0123

i8sn : . oy
x | ef™>3 V(A,B) Bia' — BiA" | .
L

33 %3 0123

(6.6.8)

In the globalized split RW model, the interaction term is actually given by the globalization terms (the second and third
terms in the action (5.0.7)). After having expanded the globalization terms in residual fields and in fluctuations, the integra-
tion over £ can be solved by using the Wick theorem.

6.7. Feynman rules

In this section, we are going to introduce the Feynman rules needed to define precisely the quantum state of our theory.
Before going into details, we take a short detour and we introduce the composite fields.

Since our aim is to prove the mdQME for the globalized split RW model, we will need to take care of the quantum
Grothendieck BFV operator. This is a coboundary operator in which higher functional derivatives may appear (and as we
will see they will indeed be present). As explained in [24], higher functional derivatives requires a sort of “regularization”.
This is provided by the composite fields, which we denote by square brackets [ ] (e.g. for the boundary field B, we will

write [B;, ...B;,1). The regularization works as follow: a higher functional W is replaced by a first order functional

derivative ik For further details see [24].

Sk
[BBil ‘..SBik

Definition 6.7.1 (Globalized split RW Feynman graph). A globalized split RW Feynman graph is an oriented graph with three types
of vertices V (I') = V(') L V, L1 Vy,, called bulk vertices and type 1 and 2 boundary vertices, such that

e bulk vertices can have any valence,
e type 1 boundary vertices carry any number of incoming half-edges (and no outgoing half-edges),

e type 2 boundary vertices carry any number of outgoing half-edges (and no incoming half-edges),
e multiple edges and loose half-edges (leaves) are allowed.

A labeling of a Feynman graph is a function from the set of half-edges to {1,...,dimV}.

18



N. Moshayedi and D. Saccardo Journal of Geometry and Physics 174 (2022) 104454

In our case our source manifold X3 has boundary dX3 = 01 X3 LI 92 X3, let " be a Feynman graph and define
COHfr(E3) = COvabulk(Eg,) X Confva] (81 23) X COIlfVa2 (82 23). (6.7.1)

The Feynman rules are given by a map associating to a Feynman graph I' a differential form wr € Q°(Confr(X3)).

Definition 6.7.2 (Globalized split RW Feynman rules). Let T" be a labeled Feynman graph. We choose a configuration ¢ : V(I') —
Conf(I"), such that decompositions are respected. Then, we decorate the graph according to the following rules, namely, the
Feynman rules:

e Bulk vertices in X3 decorated by “globalized vertex tensors”

NP . aS‘H AN\ I I .
(Re) ™ = (Re) (A+B))(@A +B))dx’
Jidte 0A" ...8515851-1 ... 0B; |a=B=0 j
t 'A=D
i1.. - 95+t ; ) (6.7.2)
(Re). " dxd o= (R)-(A+B®)(@uA' + B
JidteJe JA" ...3A58§j1 "‘BEJt A=B=0 J
where s, t are the out- and in-valencies of the vertex and iq,...,is and ji,..., j; are the labels of the out (respectively
in-)oriented half-edges.
e Boundary vertices v € Vj, (') with incoming half-edges labeled iy, ..., iy and no out-going half-edges are decorated by
a composite field [A"1 ... Alk] evaluated at the point (vertex location) ¢(v) on 91 X3.
e Boundary vertices v € V3, on 8;M with outgoing half-edges labeled ji,..., j; are decorated by [B;, ...B;,] evaluated

at the point on 9, X3.

e Edges between vertices v, v, are decorated with the propagator n(t(v1), t(v2)) - 8; with 7 the propagator induced by
L c ), the gauge-fixing Lagrangian.

e Loose half-edges (leaves) attached to a vertex v and labeled i are decorated with the residual fields a' (for out-
orientation), b; (for in-orientation) evaluated at the point ¢(v).

The Feynman Rules are represented in Figs. 6.7.1, 6.7.2 and 6.7.3.

X X

. i i ,
=a'(x) =b;(x) X—]Hy:(ss.n(x,y)
(a) (b) (c)

Fig. 6.7.1. Feynman rules for residual fields and propagator.
0123 2
0233

Jj2 Jj2

J1 Jt N s ) N .ds -
= (Re) " dx = (Re). " dx
. JiJ1-Je . . JiJreJe

s s

(c) (d)

Fig. 6.7.2. Feynman rules for boundary fields and interaction vertices: we denote with a black dot the vertices arising from the (2, 0) part of the curvature
(i.e. the terms corresponding to the term Sg in the action) and with a red dot the ones coming from the (1, 1) part (i.e. the terms corresponding to the
term Si in the action). Informally, we will call the first type of vertices “black” vertex and the second one “red” vertex. (For interpretation of the colors in
the figure(s), the reader is referred to the web version of this article.)

19



N. Moshayedi and D. Saccardo Journal of Geometry and Physics 174 (2022) 104454

2 i 2
ol T
LIPS - - yp>
143 [A” ...Alk] 253 [Bh IB]1]

(a) (b)

Fig. 6.7.3. Feynman rules for the composite fields.

The full covariant quantum state for globalized split RW theory is defined analogously as in [24].

Definition 6.7.3 (Full quantum state for the globalized split RW theory). Let X3 be a 3-dimensional manifold with boundary.
Consider the data of a globalized split RW theory which consists of the globalized split space of fields ]—'253’)( as in (5.0.6),

the globalized split space of boundary fields }N‘as’zz’x as in (6.1.1), a polarization P on fas’zz,x a good splitting fgw =

Bg’za X V£ x Y and L c ), the gauge-fixing Lagrangian. We can define the full quantum state for the globalized split RW
theory by the formal power series

~ i (_ih)loops(l")
'ﬁZg,X,R(A, B; a, b) = T23 exp <EZW / C()[‘(A,B;a, b)) (673)
r

Cr(X3)
7. Proof of the modified differential Quantum Master Equation

In the BV-BFV formalism on manifolds with boundary we expect the mQME to hold. This is a condition which requires
the quantum state to be closed under a certain coboundary operator (see [24]). However, in the context of a globalized AKSZ
theory, this condition becomes more complicated. The new condition is called modified differential Quantum Master Equation
(mdQME). We refer to [15,23] for a discussion of the classical and quantum aspects of this condition. An extension for this
discussion for manifolds with boundary was provided in [26]. Finally, in [27] the mdQME for anomaly-free, unimodular split
AKSZ theories was proven, and later on in [28] for the globalized PSM.

Our aim in this section is to prove the mdQME for the globalized split RW model, namely

VeV, vk =0, (70.1)

where Vg is the quantum Grothendieck BFV (qGBFV) operator and 1/7):3,,‘, r is the full covariant quantum state for the globalized
split RW theory. As we will see, the proof follows almost verbatim from the proof of the mdQME in [27]. Before addressing
the proof, we focus on the qGBFV operator and we discuss the construction of the full BFV boundary operator.

7.1. The quantum Grothendieck BFV operator

Definition 7.1.1 (qGBFV operator for the globalized split RW model). Inspired by [27], we define the qGBFV operator for the global-
ized split RW model as

. i
Vg = (dx +dyz — lhAVz3,x + E9323>, (71.1)

with 235, the full BFV boundary operator

9323 = Sl?z::, + SzIZ;BZg = QOA + SZI[}E[T + QE)E + Szlgert’ (712)
where
o8
Q= —ih f dAT—
SAI
nx
BV (71.3)
QB — _in / dB; — .
SB;
023

and Sll‘,%rt and SZ]FI?;“ are given by Feynman diagrams collapsing to the boundary in the A-representation and B-
representation, respectively.
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Remark 7.1.2. Note that Vg and Q,x, are inhomogeneous forms on the holomorphic symplectic manifold M since the
globalized term in the action is a 1-form on M. Explicitly, for example in the B-representation, we can decompose the
QB as

pert

ngert = 9]%0 + QBBH + 953,0 + 9 1+ 90 R (7.1.4)

=0B

._oB
=R )

(1)

and similarly in the A-representation.

In the next section, we proceed to give an explicit expression for the BFV boundary operator in the B and A represen-
tation. We start with the former.

7.2. BFV boundary operator in the B-representation

Let us remind the reader about the general form of the BFV boundary operator in the B-representation for a split AKSZ
theory [27]:

(m)loops I I...qn Kd ek 8|]1|+'“+|Jk|
. By A ABy ((—1yimk 721
orti= 2, Dty | [4 T AT T TN 72

nk>0 T JiJk

In order to find an explicit expression for the BFV boundary operator, we adopt the strategy in [28] to find the BFV boundary
operator in the [E-representation for the PSM. Their idea was to use the degree counting. Indeed, in general, the form or is
obtained as the integral over the compactification Cr(H¢) of the open configuration space modulo scaling and translation,
with H¢ the d-dimensional upper half-space:

or = / wr, (7.2.2)
Cr(]HId)

where wr is the product of limiting propagators at the point p of collapse and vertex tensors. Note that in order for the

integral (7.2.2) not to vanish the form degree of wr has to be the same as the dimension of Cr(H¢). This gives constraints to

the number of points in the bulk as well as points in the boundary admitted. We will apply this degree counting to our case,

where, since we have d = 3, the dimension of the compactified configuration space Cr(H3) is dim CF(H3) =3n+2m-3,

with n the number of bulk vertices and m the number of boundary vertices in I'.

By using this procedure, in [28] it was possible to find an explicit expression for the BFV boundary operator in the
E-representation for the PSM. As we will see, for us this is not possible. One could say that the cause is the nature of the
RW model reflected in a dramatic increment in the number of Feynman rules as we go on in the k-index for the globalized
terms in the action (see Eq. (5.0.4)). To see this in practice, let us show explicitly the Feynman rules for the globalization
terms in (5.0.7), which we sum up in Table 7.2.1. Notice how the structure of the Feynman rules repeats similarly at each
order (e.g. for Rg we have 2 Feynman rules with degrees 0 and 2, respectively, while for R; we have 3 graphs with degrees
0, 2, 4). Hence, it is easy to understand how this works for higher order terms. From there, one can notice that we have
two types of vertices:

e vertices which are 1-forms in dxf: we will denote them by a black dot (e) and refer to them as black vertices;
e vertices which are 1-forms in dx': we will denote them by a red dot (e) and refer to them as red vertices.

In our computations, we will limit ourselves to the Feynman rules in Table 7.2.1, these are already enough to get a feeling
about what is going on and even understand the behavior of higher order terms, when possible. By using the names in the
Table, since n =141+ I+ 1V 4+ V + VI + VII + VIII + IX + X + XI + XII + XIII is the sum of the vertices, the degree counting

produces the following equation
[+ 10+ +IV+V+ V4 VI 4+ VI 4 IX + X + XI + X[ 4+ XIII + 2m — 3 = (723)
211 + 21V + 4V + 2VII + 4VIII + 61X + 2XI + 4XII + 6XIII, o

where on the right hand side we are taking into account that in the B-representation, the arrows leaving the globalization
vertex have to stay inside the collapsing subgraph. If this is not the case, by the boundary conditions on the propagator
[24], the result would be zero.

First, let us focus on the black vertices (i.e. vertices I-IX). The equation reduces to

3[4+ 31 +1V -V 4 3VI+ VII - VIII - 3IX+2m — 3 =0. (7.2.4)
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Table 7.2.1
Feynman rules for the globalization terms in the action (5.0.7).

Vertex Feynman rule  Total degree  Name Vertex Feynman rule  Total degree ~ Name

(IAQO); ; 0 1 (Rz)sim
J

(Ro)' ; 2 Il

N )
(Rl)ﬁS i 0 11

| ().,
(fe])jl f 2 v

4 VIII

R e e

XI
(le)’; % 4 %
G (f?z);mi 4 XII
(Rz)j;sm 0 i
o (fez);sm 6 Xl
(Rz)j;s 2 Vil

The Feynman diagrams contributing to the BFV boundary operator are those whose vertices solve the equation (7.2.4).
Hence, let us solve the equation case-by-case. Up to one bulk vertex, with the Feynman rules [-IX we have one diagram
(see Fig. 7.2.1).

02%3
Fig. 7.2.1. First graph with a single black vertex contributing to the BFV boundary operator.
From Fig. 7.2.1, we notice that in order to have a degree 1 operator which satisfies the degree counting for higher order

terms we need vertices with an even number of heads and tails. We show the first higher order contributions in Fig. 7.2.2,
while a general diagram contributing to the BFV operator is exhibited in Fig. 7.2.3.

0223 0233
(a) (b)

Fig. 7.2.2. Second and third graph with a single black vertex contributing to the BFV boundary operator.
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033

Fig. 7.2.3. A general Feynman diagram contributing to the BFV operator in the B-representation up to one black bulk vertex.

Concerning the red vertices, the graphs contributing to the BFV operator up to one bulk vertex will start to appear from
the vertices associated to the term (R3)3-dxj (coming from the third term in the action (5.0.7)). Taking this into account, the
general term of the diagrams with a red vertex is shown in Fig. 7.2.4.

0233

Fig. 7.2.4. A general Feynman diagram contributing to the BFV operator in the B-representation up to one red bulk vertex. In particular, the graph with a
total number of 4 arrows (2 entering and 2 leaving the red vertex) is the first non-zero contribution.

These considerations prove the following proposition.

Proposition 7.2.1. Consider the globalized split RW model, in the B-representation, the first contribution to Sll”fert is given by SZ](B%) =
QB+ P with

(—ih)k / N i...0k :
QB — (R _) dx[B; Bs, ]. ..
1,0 ' Z k+S1+---+ Sp)! 2 Jidtedk (Biy Bs,
 k=1,51,...5¢ 0223
Wiy J1seen Jk

sl ikl +IS11++Skl
8[Bj, ... 1B ][6Bs, 1. [6Bs, ]

(—ih)k N i1...0g <
- Y (Ro1). ™ dxl[ByBs,]...
: ! i 1551
2SSt (k+S1+4+--+ Sk).8223 Jii1ee

sy J15eees Jk

x [Bj,Bs, ]
(7.2.5)

Sl ikl HIS1 [+ Sk
5[]3]'1 . B]‘,{][S]le] . [3]B%5k] ’

x [B;, Bs, 1

For n > 1, the situation gets more complicated. We solve equation (7.2.4) numerically. Empirically, for an even number
of bulk vertices, we witness the absence of solutions. This implies immediately szg) =0.

In the case n = 3, the number of Feynman diagrams for the vertices I-IX increases dramatically with respect to the n =1
case. This increment is tamed since the necessity of having a degree 1 operator will decrease their number. However, we
are not able to provide an explicit as well as general form for the BFV operator along the same lines as in Proposition 7.2.1.
We rely on examples which we show in [64].

Remark 7.2.2. Here we are assuming that the dimension of our target manifold M is at least 4, if this would not be the case,
then we would not have the 3 bulk vertices contribution to the BFV boundary operator. Hence, the number of bulk vertices
allowed is bounded by the dimension of M. This was already noticed in [28]. The difference here is that this reflects the
“odd Grassmanian nature” of the RW model with respect to CS theory (see Remark 4.3.3).

7.3. BFV boundary operator in the A-representation

In the A-representation, the arrows coming from the globalized vertices are allowed to leave the collapsing subgraph.
Therefore, our arguments about the degree counting are not valid here. However since the coboundary operator has a total

degree 1, while A’ has total degree 0, we can have at most 1 bulk vertex, i.e. Sll‘,%rt = Sl{% + Slé%l with
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r+s=k+1

(—im) T+l Sllsl
QA — / R dx’ Alr ,
1,0 Z Z L (|11|+"'+|Is|)!( k>j;]1...]r 1_[ [ ]S[AIS]

k=0 55, J1ss et r=1,s=1

7’ r+s=k+1 (7'3 1 )

(—ih)llltllsh s §lis!
Q) = / Ri). dx/ [A)r] ,
> Z Zl s (|Il|+"'+|15|)!< k)j;fl---]r 1_[ S[Als]

r:l,s:l

where we label by the multiindex J, the arrows emanating from a boundary vertex towards the globalized vertex, by the
multiindex Is the leaves emanating from the bulk vertex. The sum of r and s has to be k + 1 since these are the total

number of arrows leaving and arriving at a globalized vertex (Ry) jdxj (or (Rk)jdxj ).
7.4. Flatness of the qGBFV operator for the globalized split RW model

In this section, we prove that the qGBFV operator for the globalized split RW model squares to zero. The proof follows
along the same lines as in [27], we will remark where there are differences and refer to their work when the procedure is
identical. Before entering into the details of the proof, we should mention that their proof (and the proof of the mdQME)
depends on two assumptions: unimodularity and absence of hidden faces (anomaly-free condition). The first means that tad-
poles are not allowed. In the case of the globalized split RW model, we notice that this assumption is not needed since
tadpoles vanish [63].

Assumption 7.4.1. We assume that the globalized split RW model is anomaly-free, i.e. for every graph I", we have that

/ or =0, (7.4.1)

Fs3

where by F>3, we denote the union of the faces where at least three bulk vertices collapse in the bulk (also called hidden
faces [17]).

Remark 7.4.2. It is well known that Chern-Simons theory is not an anomaly-free theory [4,5]. The construction of the
quantum theory there depends on the choice of gauge-fixing. The appearance of anomalies can be resolve by choosing a
framing and framing-dependent counter terms for the gauge-fixing. A famous example of an anomaly-free theory is given
by the Poisson sigma model [20] since by the result of Kontsevich [50] any 2-dimensional theory is actually anomaly-free.
A general method for dealing with theories that do have anomalies is to add counter terms to the action. If the differential
form wr, which is integrated over the hidden faces, is exact, one can use the primitive form to cancel the anomalies by the
additional vertices that appear.

Since the integrals we will consider are fiber integrals, we will apply of Stokes’ theorem for integration along a compact
fiber with corners, i.e.

dm, =m.d — m?, (74.2)
where 7, denotes the fiber integration. In particular, the application of Stokes’ theorem to a fiber integral yields
@t dy) [or= [@+dpor - [ or. (743)
Cr Cr aCr

where d is the differential on M x Cr.

Theorem 7.4.3 (Flatness of the qGBFV operator). The qGBFV operator V for the anomaly-free globalized split RW model squares to
zero, i.e.

(Vo) =0, (7.4.4)
where
i

h

i

Ve =dy —iﬁAyz3~x+ P

Qys; =dx +dy —ihAy;, , + - Rjx;. (7.4.5)

Proof. According to [27], the flatness of V¢ is equivalent to the equation
. 1
ihdyRys, — 3 |:Slaz3, 9323:| =0. (7.4.6)
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This equation was proven for a globalized split AKSZ theory in [27], in which the dy; is just the de Rham differential on
the body of the target manifold. However, in our case, dy; is the sum of the holomorphic and antiholomorphic Dolbeault
differentials on M.

We prove Eq. (7.4.6) for B. For 24, the proof is analogous as discussed in [27]. Suppose we apply dy to a term of the
form

I
NN 5
Qf = / 0p<<Rk>jdx1;<Rk)jdxf)] ][Bh]...[B]S]a[Bl], (74.7)
1...Js

02%3

where k could be any number greater than 0. Here, we chose the easiest term to express with more clarity what is going
on. As in [27], we apply Stokes’ theorem. However, this is different to the corresponding situation in [27] since in our theory

we have also red vertices,® which is portrayed by the fact that o depends also on (IA%k)_'dxf . We obtain
j

)
S[B1]

- I
(dy+ dp) @ = / {(dx—i-d;)ar((&k)jdxj; (fek)_,dxf>}] ][[th]___[]g]s] 9B, @B (748)
1-Js

J
0223

where the second term is produced when dy acts on the B fields (we do not have a corresponding term for d; since we do
not have fields B' terms to act on). By applying again Stokes’ theorem, we have:

(e +d;<>ar((fek)jdxf : (Rk)jdxj) — G+ dy [ wr((ﬁk)jdxf : (fek)jdxf)

Cr

= | @ +dpw (fe ) dx’; (R )_dx3'
/( +dz) F( k j k ; (7.4.9)

Cr

s [ or((R) s () 0.

J J
aCr

Remark 7.4.4. In principle, d is the differential on M x Cr, hence it can be decomposed as d = dy + di + d, where d
denotes the part of the differential acting on the propagator and d; the part acting on B fields (and, more generally, on A

fields). We do not have a corresponding antiholomorphic differential on M x Cr since the propagators and the fields are all
holomorphic. This is different with respect to the case considered in [27].

As in [27], we have dwr = dywr and in the boundary integral we have three classes of faces. The first two types of faces,
where more than two bulk points collapse and where a subgraph I' collapse at the boundary, can be proved as in [27]. In
particular, the former vanishes by our assumptions that the theory is anomaly-free (see Assumption 7.4.1), while the second

B

produces exactly the term 5|22 .

Sll]?@ert by [27, Lemma 4.9]. On the other hand, the third case, when two bulk vertices

collapse, has some differences with respect to the analogous situation in [27] due to the already mentioned further presence
of red vertices. Here we distinguish four cases:

e when a red vertex collapses with a black vertex, then these faces cancel out with
dxwr<(fzk)_,dx3> by the dCME (2.2.12);
J
e when a black vertex collapses with a red vertex, then these faces cancel out with

d,-(wr<<f2k) _dxf> by the dCME (2.2.14);

j

e when two black vertices collapse, then these faces cancel out with dxa)p(@k) ‘dxj) by the dCME (2.2.11);
j

e when two red vertices collapse, then these faces cancel out with d;wr<<ﬁk)_‘dxf) by the dCME (2.2.13).
J

By wr(<ﬁ,<)7dxj) or wr(@k) dx/ ) we mean the part of the subgraph I/, which contains a red or black vertex.
J J
This proves (7.4.6), thus (V)2 =0. O

6 For the sake of clarity, we stress again that in [27], the vertices are only “black” since dy is the de Rham differential on the body of the target manifold.
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7.5. Proof of the mdQME for the globalized split RW model

In this section, we are going to prove the mdQME for the globalized split RW model. The proof follows similarly as in
[27]. As before, we will refer to their work when the situation is identical and point out eventual differences.

Theorem 7.5.1 (mdQME for anomaly-free globalized split RW model). Consider the full covariant perturbative state 1}23, x s a quan-
tization of the anomaly-free globalized split RW model. Then

; i -
(d}\/[ - lhAVZ3,x + 59823>w23’X’R =0. (751)

Proof. Let G denote the set of Feynman graphs of the theory. Then, we can write the full covariant quantum state for the
globalized split RW model as

y =1y a)rA‘X.;A"X‘, .
S50 R = T53 Rjdx’; Rydx! (7.5.2)
Fegcr
where the combinatorial prefactor % is included in wr (by loops we denote the number of loops of a graph I') and

we denote the configuration space Cr(X3) by Cr for simplicity. We note that wr is a (Vx, x-dependent) differential form
on Cr x M. Again, following [27], we can apply Stokes’ theorem (7.4.3) and we get

dM/wr(fzjdxf;R;dxf) =/(d+d,—<)wr(kjdxf;ﬁ;dx7) - / wr<kjdxj;ﬁjdxj). (75.3)
Cr Cr aCr

As mentioned in Remark 7.4.4, the d inside the integral is the total differential on Cr(X3) x M, and thus we can split it
as

d=dy+di +do, (7.5.4)

where d; denotes the part of the differential acting on the propagators in wr and d; is the part acting on B and A fields.
With this setup, which is basically analogous to the one in [27], except for the presence of the red vertices and d; already
extensively discussed, Eq. (7.5.1) is verified by proving three relations

e a relation between the application of d; and of Ayy, , O the quantum state,
e a relation between the application of d, and of ¢ to the quantum state,
e a relation between the application of dy; and of the boundary contributions to the quantum state.

The proofs of these relations can be carried from [27] over to the globalized split RW model without any problem. The only
difference is when they prove that the contributions in dCr consisting of diagrams with two bulk vertices collapsing vanish
(which is needed for the third relation). In our case one should consider again three contributions: when two bulk black
vertices collapse, when two bulk red vertices collapse, when a red vertex and a black one collapse. The vanishing of these
terms follows from Egs. (2.2.11), (2.2.12), (2.2.13), (2.2.14). The rest of the procedure is identical to [27]. O

8. Outlook and future direction

Our globalization construction leads to an interesting extension of some aspects in the program presented in [29] for
manifolds with boundary and cutting-gluing techniques. In particular, it would be of interest to understand some relations
to the deformation quantization of Kdhler manifolds in the guise of [61], especially using the constructions of [28], and
Berezin-Toeplitz quantization as presented in [68] (possibly for the noncompact case). It also leads to a more general
globalization construction of an algebraic index theory formulation by using the BV formalism together with Fedosov’s
globalization approach as presented in [38]. Moreover, it might also be related to a case of twisted topological field theories,
known as Chern-Simons-Rozansky-Witten TFTs, constructed by Kapustin and Saulina in [45]. In particular, they use the
BRST formalism to produce interesting observables as Wilson loops and thus one might be able to combine it with ideas
of [1,54]. Another direction would be the study of the RW invariants through our construction for hyperKéahler manifolds.
We guess that this would require studying observables of RW theory in the BV-BFV formulation, but the globalization
procedure should tell something about these 3-manifold invariants. We hope that this might also be compatible with some
generalizations of RW invariants in the non-hyperKahler case as discussed in [62].
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We introduce the notions of relational groupoids and relational convolution
algebras. We provide various examples arising from the group algebra of a
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1. Introduction

Motivation. Symplectic groupoids are fundamental objects in Poisson geometry.
Every symplectic groupoid G == M induces a Poisson structure on M [Coste
et al. 1987]. Such Poisson manifolds are called integrable, and G 1is also called a
symplectic realization of M. Itis a well-known fact that not all Poisson manifolds are
integrable and that there are explicit obstructions to the integration [Crainic and Fer-
nandes 2004]. However, one can associate to every Poisson manifold M a relational
symplectic groupoid [Contreras 2013; Cattaneo and Contreras 2015], which is an
infinite-dimensional symplectic manifold equipped with Lagrangian submanifolds
that model the structure maps of a symplectic groupoid. Hawkins [2008] showed
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that a Poisson manifold can be quantized' via a twisted polarized convolution
C*-algebra of a symplectic groupoid integrating that Poisson manifold.

The first main idea behind this paper is to generalize Hawkins’ approach to
arbitrary Poisson manifolds (integrable or not) by generalizing this construction to
relational symplectic groupoids. In order to achieve this objective, we introduce
the notion of relational groupoids and their corresponding relational convolution
algebras, which is an analogue of the convolution algebra in the partial category
Rel of sets and relations.

We study various examples of relational convolution algebras that arise from
extending Haar systems of measures to relational groupoids, and we prove our
main result: a reduction theorem for relational convolution algebras, which re-
covers the usual groupoid convolution algebra. This is also the first step towards
proving the “quantization commutes with reduction” conjecture by Guillemin and
Sternberg [1982] in the setting of groupoid quantization.

In particular, this result serves as the first step towards reduction of its quantization
(convolution algebras for relational groupoids). The next step is to construct the
polarized algebra for relational symplectic groupoids. In addition to this, we hope
to use relational convolution algebras to recover the C*-algebra quantization of
Poisson pencils via reduction, recovering the results obtained in [Bonechi et al.
2014] regarding the Bohr—Sommerfeld groupoid.

The second main idea in this paper is that the relational symplectic groupoids
could be used to study the relation between groupoid quantization and deformation
quantization in a field-theoretic way, as follows. Relational symplectic groupoids
were introduced in [Contreras 2013; Cattaneo and Contreras 2015] in order to
describe the groupoid structure of the phase space of a 2-dimensional topological
field theory, the Poisson Sigma Model (PSM) [Ikeda 1994; Schaller and Strobl 1994;
Cattaneo and Felder 2001a], before gauge reduction [Cattaneo and Felder 2001b].
Cattaneo and Felder [2000] have shown that the perturbative quantization of the PSM
using the Batalin—Vilkovisky (BV) formalism [Batalin and Vilkovisky 1977; Batalin
and Vilkovisky 1981; Batalin and Vilkovisky 1983] yields Kontsevich’s star product
[Kontsevich 2003], a deformation quantization associated to any Poisson manifold.

It was shown by Cattaneo, Mnev and Reshetikhin [Cattaneo et al. 2018] that
the BV formalism can be extended to deal with the perturbative quantization of
gauge theories on manifolds with boundary by coupling the Lagrangian approach
of the Batalin—Vilkovisky construction [Batalin and Vilkovisky 1977; Batalin and
Vilkovisky 1981; Batalin and Vilkovisky 1983] in the bulk to the Hamiltonian
approach of the Batalin—Fradkin—Vilkovisky construction [Fradkin and Vilkovisky

1Loosely speaking, a “quantization” of a Poisson manifold is a noncommutative deformation of
the algebra of functions, or a Lie subalgebra of it, subject to a subset of certain axioms put forward by
Dirac [1930].
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1975; Batalin and Fradkin 1983; Stasheff 1997] on the boundary. This is known
today as the BV-BFV formalism [Cattaneo and Moshayedi 2020]. Recently, this
formalism has been applied to the relational symplectic groupoid for constant
Poisson structures, linking the BV-BFV perturbative quantization of the relational
symplectic groupoid and Kontsevich’s star product in this case by methods of cutting
and gluing for Lagrangian evolution relations [Cattaneo et al. 2017].

These constructions have been partially extended to a wider class of Poisson
structures and source manifolds in [Cattaneo et al. 2020] and more general AKSZ
theories [Alexandrov et al. 1997] in [Cattaneo et al. 2019]. We expect these results to
be generalized to yield a BV-BFV description of a global deformation quantization
for general Poisson manifolds, not necessarily Kontsevich’s star product, which
might produce some interesting algebraic structures.

A clear and explicit connection between geometric quantization (in terms of
C*-algebras) of the reduced phase space and deformation quantization of Poisson
manifolds, via the PSM [Cattaneo and Felder 2000], remains an open question. By
constructing relational convolution algebras for the PSM, in the future we hope to
connect Kontsevich’s and Hawkins’ approaches via BV-BFV quantization of the
relational symplectic groupoid. Eventually, these techniques might also help to
generalize Kontsevich’s star product to higher genera. In particular, the convolution
algebra of a relational symplectic groupoid is the first step towards prescribing a
field-theoretic interpretation of the C*-algebra quantization of Poisson manifolds
in terms of the nonperturbative PSM [Bonechi et al. 2006].

Further motivation for this paper stems from the connection between groupoids
and Frobenius objects in a dagger monoidal category. For instance, a representative
example of a relational convolution algebra is the relational group algebra, a version
up to equivalence, of the group algebra of a group G. Group algebras are particular
cases of Frobenius algebras, so relational convolution algebras provide a new class
of examples of Frobenius objects in the category of sets and relations, which are
also in correspondence with groupoids [Heunen et al. 2013; Mehta and Zhang
2020]. In a recent work [Contreras et al. > 2021], Frobenius objects in the category
of spans are considered. A prominent class of examples comes from groupoids, via
simplicial sets.

Notation and conventions. We will denote groups or groupoids by usual letters
G, H, K and relational groups or relational groupoids by calligraphic letters G, H, .
Moreover, we will use Greek letters to denote elements in the set of morphisms
of a groupoid. Latin letters g, i, k (or g1, g2, ...) will be used for elements of a
relational groupoid (G, L, I'). We will put an underline for a (relational) group(oid)
to express the corresponding space observed after reduction. Underlined Latin letters
g, h,k(org 18y ) will denote that the given object is obtained by reduction.
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A slashed arrow between two sets A -~ B denotes a relation from A to B, i.e., a
subset of A x B. In this manuscript we treat relations as subsets of the Cartesian
product, and the domain and codomain of the relation are prescribed in case it is
ambiguous. Latin letters x, y, z (or x1, x2, ... ) will denote elements in the space of
objects (base) of a (relational) groupoid. Functions will be denoted by fi, f2, ...
to avoid confusion with elements of a (relational) group(oid).

2. Background material

Groupoids. Recall that a groupoid is a small category whose morphisms are in-
vertible. We denote a groupoid by G = M, endowed with source map s: G - M
and target map t: G — M, where G is the set of morphisms and M is the set of
objects. We denote by GX) ¢ G*¥ the subset of k-composable morphisms, that is,

(2-1) GP ={(ay,....,a0) e G** | t(jy) =s(), i=1,....k—1)
:g X (s,0) X =+ X(s,1) q

N~

k
We denote by m: G® — G the multiplication (composition of morphisms).

Definition 2.1. A Lie groupoid is a groupoid where M and G are smooth manifolds
and all structure maps are smooth. The source and target maps are surjective
submersions, which guarantees that the spaces of k-composable morphisms are
smooth manifolds.

A particular case of interest is Lie groupoids with a symplectic structure [Wein-
stein 1987].

Definition 2.2. A symplectic groupoid is a Lie groupoid G = M, where the space
of morphisms is endowed with a symplectic form w € Q2(G) such that the graph
of the multiplication m: G x G — G is a Lagrangian submanifold of (G, w) x
(G,w) x (G, —w).

The definition above is equivalent to saying that the symplectic form w is multi-
plicative, i.e.,

(2-2) m*(w) = 7{ (w) + 75 (w),
where | and m, are projections of G? =G X (s,1y G onto its first and second com-

ponent, respectively. Definition 2.2 is restrictive, e.g., one can show that there are
no symplectic groups. Furthermore, the next theorem [Weinstein 1987] holds:

Theorem 2.3. Let (G, w) = M be a symplectic groupoid.

(1) There is a unique Poisson structure I1 on M such that the source map s is a
Poisson map.

(1) If € denotes the unit map, then € (M) is a Lagrangian submanifold of G.
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(i11) If ¢ denotes the inverse map, then the graph of t is a Lagrangian submanifold
of G x G.

Groupoid convolution algebras. There are several equivalent ways to define a
convolution algebra on groupoids. They differ on the choice of the spaces in which
the measures are defined. We first recall the construction of a Haar system on source
fibers [Connes 1994; Higson 2004], and then we describe an equivalent system
of measures on (s x t)-fibers. The latter is more suitable for the generalization to
relational groupoids. In the sequel, C.(G) denotes the space of continuous functions
on G with compact support.

Definition 2.4. A right Haar system on a Lie groupoid G == M is a smooth family
of smooth measures (1, )yep on the source fibers G, := s~ !(x) such that:

(1) Forall f € C.(G), s« f(x) =fo f du, defines a smooth function s, f € C.(M).

(i1) For y: x — y, the right-multiplication diffeomorphism R,: G, — G, is
measure-preserving, i.e., (Ry )y = y.

Definition 2.5. Let G = M be a Lie groupoid with a right Haar system (uty)xepm.
Then its groupoid convolution algebra is (C.(G, C), x), continuous functions with
compact support on G with values in C, equipped with the groupoid convolution
product

(2-3) *: C.(G,0) xC.(G,C) - C.(G,0)
defined by
(2-4) (fix )= | filyo N~ fa(n) daseyy (n).

s(y)

Proposition 2.6. The convolution product *, defined as in (2-4), is associative.

Proof. Let fi, f2, f3 € C.(G, C) and consider, on the one hand,

((fl*fz)*fs)()/)=/ (fix f2)(y on™ D f5(0) disi) ()

Gsiy)

:/G )/G fl(yo??_loﬁ_l)fz(ﬂ)dMS(V)(ﬁ)J%(’?)dMs(y)(??)
s(y

syon—h

Now set t = Bon. We have Ry Gy, on-1) = Gy(y), and using right-invariance of
the measure, it follows that the above expression equals

e |,

[ fitvon"o(won )™ fatron™") dityyen-1)(B) Fr)dpasiy) ()

s(y)

- / Ay ot Y falt on ) digi (1) £5(0) ditsiyy ()
(;X(V) (;S(y)

s(y)
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On the other hand,
(fix(fox DW= | ity on™ D(fax f5)) dpssi (n)
s(y)
= / A on Dot ) fa(T) disiny () dissiy) ().
Gson Y Gs
This expression equals (2-5) upon exchanging n and 7. O

The following equivalent definition of groupoid Haar system can be found in
[Westman 1968]:

Definition 2.7. Let

Gu,y=1{geG|s(g)=x,1(g) =y}

A Haar system on these fibers is defined similarly as in Definition 2.4, with the
requirement that, for f € C.(G(y,y), C), if

Mxy(f) = /Gf(gx,y) d:u(gx,y),

the function
u(f):MxM—C, (x,y) pxy(fle,,)

isin C.(M x M) whenever f € C.(G).

Example 2.8. Let G be a locally compact group acting continuously on a locally
compact Hausdorff space X, then G x X (as an action groupoid) admits a (right)
Haar system {d,, i}, where u is a Haar measure on G and 4§, is the Dirac measure
atx € X.

Remark 2.9. The groupoid convolution algebra has an involutive x-operation
given by

(2-6) ffy=fyH.

In order to obtain groupoid C*-algebras, we need to use completion with respect to
a certain norm and a given convolution algebra representation.

Definition 2.10. The left regular representation of the groupoid convolution algebra
1s a map, for all x € M,

hx 1 Ce(G) = B(L*(Gy)),
which for f € C.(G), h € L>(G,) and y € G, is given by
A () = (f*h)(y)

— on V() dug .
G )f(y n~)h(m) disay(n)
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Definition 2.11. The reduced groupoid C*-algebra of G is the completion of a
groupoid convolution algebra C.(G) with respect to the norm

1Al = supllAc(Plls2,))-

3. Relational groupoids

The category of relational groupoids.
Definition 3.1. A relational groupoid is a triple (G, L, I) such that:

(1) G 1s a set,

(2) Lisasubsetof G x G x @G,

(3) I :G — G is a function,

satisfying the following axioms:

A.1: L is cyclically symmetric, i.e., if (g, h, k) € L, then (h,k, g) € L.
A.2: I is an involution (i.e., I? = id).

A.3: Let T denote the transposition map

T:GxG—>GxG, (g h > (h,g).

(3-1) IoL=LoTo(IxI).
A4: Let Ly:=1oL: G xG-»G. Then the following equality holds:
(3-2) L3o (L3 xid) = Lz o (id x L3).
A.5: Denoting by L the morphism L := L3 o[l: % -+ G, then
(3-3) L3o(Ly xLy)=1L.
A.6: If we define the morphism
Ly:=Lzo(L; xid): G - G,

then the following equations hold:

(3-4) Lry=Lz0(@d x Ly).

(3-5) LyoL; =1Ly,

(3-6) LyoL; =Ly,

(3-7) LyoLs=Lso(Lyx L) = Ls,
(3-8) ToLy=1Lyol,

where (3-5)—(3-7) shows that L, leaves L, L, and L3 invariant and (3-8)
shows that L, is a symmetric relation.
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Definition 3.2. A relational Lie groupoid is a relational groupoid (G, L, I') such
that G, L and I are smooth manifolds and smooth relations, respectively.

The next proposition says we can equally well define a relational groupoid
through the relations L, Ly, L3 defined in Definition 3.1 above.

Proposition 3.3. The data (G, L, 1) and (G, I, Ly, Ly, L3) are equivalent.

Proof. Clearly we are able to obtain the relations L; from (G, L, I'). Now, assume
that (G, I, Ly, Ly, L3) 1s given. Then L is recovered using that L = I o L3, and
therefore Axioms A.1-A.6 can be written just in terms of L; and /. 0

Definition 3.4. Let (G, L, I) be a relational groupoid. A relational groupoid
(H, Ly, Iy) 1s a relational subgroupoid of G, L, I if H C G, L3y € L and Iy C I.

Definition 3.5. Let (G, L1, I1) and (G3, Lo, I>) be two relational groupoids. A
morphism F : G; — G, is a relational subgroupoid of G x G,.

We can extend the category of groupoids Grpd to the category of relational
groupoids RelGrpd.

Remark 3.6. The category RelGrpd is endowed with an involution
T: (RelGrpd)”” — RelGrpd

that is the identity on objects and is the relational converse of morphisms, i.e., for
f:A-» B, weget fl:={(b,a)e BxA|(a,b)ec f].

Graphical interpretation of the axioms.

e The cyclicity axiom, Axiom A.l, encodes the cyclic behavior of the multi-
plication and inversion maps for groups, namely, if g, &, k are elements of a
group G with unit e such that ghk =e, then gh =k ', hk =g, kg=h""1.

Axiom A.2 encodes the involutivity property of the inversion map of a group,
ie, (g =g ,VgeaG.

Axiom A.3 encodes the compatibility between multiplication and inversion:

(ghy'=h"'g7", Vg, hed.

Axiom A.4 encodes the associativity of the product: g(hk)=(gh)k,Vg,h,keG.

Axiom A.5 encodes the property of the unit of a group being idempotent: ee =e.

Axiom A.6 states an important difference between the construction of relational
groupoids and usual groupoids. The compatibility between the multiplication
and the unit is defined up to an equivalence relation, denoted by L,, whereas
for groupoids such compatibility is strict; more precisely, for groupoids such
an equivalence relation is the identity. In addition, the multiplication and the
unit are equivalent with respect to L.
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ZNY D

Figure 1. The special relations L, I, T and id.

AX =1 I

Figure 2. The structure relations L, L, and Lj.
A2 A3
k h g
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A4 A5
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id

A.l

Figure 3. The axioms A.1-A.6.

Figures 1-3 illustrates the diagrammatics of the relational groupoid axioms.

Relational groups as relational groupoids. The next example is representative of
relational groupoids: it is given by a group G and a normal subgroup H of G.

Example 3.7. Let G be a group with multiplication defined by m: G x G — G
and ‘H <G a normal subgroup. Denote by ~4 C G x G the equivalence relation
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g1 ~# & < 3h € H such that m(h, g1) = g>. Moreover, define

(3-9) L3 :={(g1, &, m(m(g1,82),h)) 81,82 €6, heH} CGxGxG,
(3-10) Ly:=~4CGxG,

(3-11) Ly :=H<«G,

(3-12) =g+ g .

Then the quintuple (G, I, L1, L,, L3) defines a relational groupoid.

Proof. We need to check the axioms of a relational groupoid as in Definition 3.1
explicitly. We will not always write the multiplication map by m but instead g g; :=
m(gi, g2). To see Axiom A.1, let (g1, g2, g3) € L, we want to show (g3, g1, g2) € L
or (g3, g1, gz_l) € L3 Then g3 = (g122h)~! for some h € H and g3g| = h_lgz_l.
By normality, h_lgz_l = gz_lh/, with 1’ € H, and so (g3, g1, gz_l) € Lj. Clearly I
1s an involution, hence Axiom A.2 holds. Axiom A.3 follows from the fact that
L =1 o L3 and that for group elements gi, g», we have 7(g1g2) = (g182)" " =
g ! gl_1 = 1(g2)1(g1) and normality. Next we want to show Axiom A.4. Consider
an element (g1, g2, g182h) € L3 for some h € H. Consider the diagram of relations

Lixid GxG \i
(3-13) gxg xﬂm g
idx L3 GxG /[3

Let us first look at the relation L3 o (L3 x id). It follows that (g1, g2, g3) ~
(818201, 83) ~ g182h183h2, with hy, hy € H and g1, &2, 83 € G. Now using nor-
mality of 7 we get h1g3 = g3h/, for some h' € 1, and setting i := h'\h,, we get
g182h183h2 = g18283h € g18283H.

If we look at the relation L3 o (id x L3), we get (g1, g2, g3) ~ (g1, g283h3) ~

g18283h3hy € g1g2g3H. Next we show Axiom A.5. Consider the relations
Ly

m

(3-14) * ——> GxG ——= G

L3o(L1xLy)

¢

where we have x ~ (hy, hy) with hy, hp € H and then (hy, hy) ~ hihyhs =: heH.
On the other hand, we have a relation L for x ~ h for any element /& of H. Next
we show (3-4) of Axiom A.6. Let us look at
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L,

idXL1 L3

(3-15) Gx*x —F—= GxGg —+—= G

Liyo(idx L)

{

and consider first the relation L3 o (id x L{). Take g € G, then we get g ~ (g, h1)
for hy € H and (g, h1) ~ gh € gH with h = hihy € H. On the other hand, if we
consider the relation L, we get for g € G and h € H that g ~ gh € gH. Next we
show (3-5) of Axiom A.6. Consider the relations

(3-16) * —— G —— G

and let us look at the relation L,o L. The relation L is % ~ h for any element h € H.
Then by L, we get % ~h ~h:=hh € H. Since H is a subgroup, % ~ h for any h € H,
which is L;. Finally, we show (3-6) of Axiom A.6. Then we have the relations

L,
m
(3-17) G—~+—>G—F+=>g

W

and we have that L, gives for an element g € G that g ~ gh for h; € H; and then

ghi~ghih, = gi_z € g'H with h = hh, € H, which gives the same relation as just L.

Similarly, we can show for (3-7) of Axiom A.6 that the last diagram also commutes:
gxg

LZXLZ

Ls L3
(3-18)

which completes the proof. 0]
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For later use we record some simple examples of relational groups below.

Example 3.8 (a finite example). One can check that G = 74 with normal subgroup
H = 7, < /4, together with the canonical relations as in Example 3.7, is a relational
group and, hence, a relational groupoid.

Example 3.9 (discrete example: integers modulo n). We want to consider the
example of Z/nZ for some n > 2. Hence, let G = Z, L =nZ, Ly, = {(a, b) €
ZxZ|a—benl}and Lz ={(a,b,c) e xZ x 7|3k eZ:a+b+nk=-c}.

Example 3.10 (a continuous example). Let G = S! := {z € C | |z| = 1}, and let
Li={¢ eC|¢"=1}<S" be the normal subgroup of n-th roots of unity. We define
the relation

- {(Z’ w)e S xS Ik e(0, 1, ... n—1 such that arg(w)—arg(z)=27;_k}.

In particular, z ~ w if and only if 3¢ € L such that z- ¢ = w for z, w € S'. We
define Ly = {(z, w,z-w-2) e S! xS xS |z,we S, ce L} c S xSt xS
Moreover, we define the map / by complex conjugation z — z. Then one can check
that this is indeed a relational group as in Example 3.7 and, hence, a relational
groupoid.

Additional examples. Here are some other simple examples of relational groupoids
that are not relational groups.

Example 3.11. We can further extend Example 3.7 to a parametrized family of
relational groups. The local model in this example is G x R¥, where at each point
p in R* there is a fiber that we identify with G. For instance, Example 3.10 can be
extended to the relational bundle S! x R — R, where each fiber is isomorphic to
the relational group G = S! and at each fiber, the normal subgroup of n-th roots of
unity is chosen.

Example 3.12. Of course, groupoids are also examples of relational groupoids. If
(G, m) 1s a groupoid, then L := Graph(/om), I (g) = g~ ! makes G into a relational
groupoid. In this case, the special relations are given as follows: L C G is the unit
section, L, = diag; C G x G 1s the diagonal and L3 = Graph(m).

Relational symplectic groupoids.

Definition 3.13. A relational symplectic groupoid is arelational groupoid (G, L, I)
such that:

(1) G is a weak symplectic manifold,’

2In the infinite-dimensional setting we restrict to the case of Banach manifolds (when the regularity
type of fields is fixed) G endowed with a closed 2-form w, such that the induced map ' TG — T*G
is injective. The result also holds for smooth fields and Fréchet manifolds.
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(2) L is an immersed Lagrangian submanifold of G x G x G, where G denotes G
equipped with the negative of the given symplectic form,

(3) I 1s an antisymplectomorphism of G.

Example 3.14. In [Contreras 2013; Cattaneo and Contreras 2015] it is proven
that the phase space of the Poisson Sigma Model (PSM)’ is an example of a
infinite-dimensional relational symplectic groupoid.

Reduction of relational groupoids. One of the important properties of a relational
groupoid is the fact that L, encodes the information of an equivalence relation. In
general L, is not necessarily an equivalence relation on the whole of G, but on a
subset C, called the constraint set.

Proposition 3.15. Define
C .= L2 o g,
where G is considered as the relation * —+ G. Then L, is an equivalence relation on C.

Proof. The fact that L, is transitive and symmetric follows from Axiom A.6
(LroLy,= L, and Ll = L,). Reflexivity follows from the definition of C. ]

Theorem 3.16. Let (G, I, L1, L2, L3) be a relational groupoid. Then G =C/L; is
a groupoid, and the quotient map q is a morphism of relational groupoids.

Proof. First, let us consider the following relations, that are the relational analogues
of the source and target maps:

S:={(c,l)eCxL;|AgeGst. (L, c,g) e L3}
and
T :={(c, ) eCxL;|3geGs.t (c,t,g) € Ls}.

It follows from the definition that 7 = I o S, and furthermore, if M := L /L5:
s =8:G—>M
1s a surjective map, where S = g o S is the reduction of S. 0]

Example 3.17. Following Example 3.7, the reduction of a relational group is a (set
theoretical) group. If, in addition, we impose the condition that G is a Lie group
and H is closed subgroup, then the quotient is a Lie group.

Example 3.18. Let G be a set. Then one can define its pair groupoid by G x G = G,
where s and ¢ are given by projection to the first and second factor, respectively. For
two elements (g, i) and (h, k), composition is given by (g, h)(h, k) = (g, k). The
inverse is defined by (g, h)~! = (h, g). We can define a relational pair groupoid
in a similar way. For a relational version of this example, let G be a set and R

3Here, the source space is a disk, and the target space is a Poisson manifold.
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be an equivalence relation. We then define the relational groupoid G x G, where
L =G, L, =R x R and L3 is given by composition of relations. In the case
that the equivalence relation R is the identity, we recover the pair groupoid after
L,-reduction.

Example 3.19. If M is an integrable Poisson manifold, then the reduction of the
infinite-dimensional relational symplectic groupoid of Example 3.14 is a finite-
dimensional symplectic groupoid integrating the Poisson manifold M. See [Contr-
eras 2013; Cattaneo and Contreras 2015] for the details of the reduction procedure
and how it coincides with the gauge reduction of the Poisson Sigma Model.

The previous results and examples allow us to connect different constructions
on relational groupoids with standard notions on groupoids, via reduction. For
instance, in the next subsection we introduce actions of relational groupoids that
are necessary to describe the compatibility of measures (relational Haar systems)
and the structure relations in Section 4.

Relational groupoid actions. First, following the characterization of the Haar mea-
sure on groups via right-invariance, we introduce the notion of relational right
action. Right, left and adjoint group actions are natural examples of relational
group actions, and Haar measures (on groups and relational groups) are invariant
with respect to the right relational group action. Also, the conditions (i) and (ii)
of a relational Haar system in Definition 4.2 encode the invariance with respect to
relational right actions.

Definition 3.20. Let (G, L, I) be a relational groupoid, and let Z be a set with
an equivalence relation L. A relational right action of G on Z is a relation
p: Z x G- Z such that:

(1) We have
po(pxidg)=po(idz x L3),

as relations Z x G x G » Z.

(2) The relation py,: Z - Z given by

prL, ={(x,y)€ZxZ|3g €Ly, (x,8,y) €p}
coincides with the equivalence relation Lz on Z, i.e., pr, = Lz.

We also say that (G, L, I) acts on (Z, Lz) by relations from the right. Sometimes
we drop Lz notation.

An obvious example is the action of a relational groupoid on itself from the right.

Example 3.21. Let G be a relational groupoid. Then setting p = L3 defines a
relational right action of G on (G, Ly).
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Proof. This follows directly from Axiom A.4 (associativity) and Axiom A.6 (unital-
ity) of Definition 3.1. 0

Of course, there is an analogous definition of left relational action, and relational
groupoids also act on themselves from the left. We can generalize the relation py
defined above to an arbitrary subset of G.

Definition 3.22 (relational action). Let (G, L, I) be a relational groupoid and sup-
pose that G acts on Z by relations, and let S C G be any subset of G. Then we
define the relation Rg: Z -+ Z by

(3-19) Rs:={(z1,22) € Zx Z|3g €S, (z1, 8. 22) € p}.

For § = {g} C G, we write Rg = R,.

For g, h € G, we denote gh :={x € G| (g, h, x) € L3}. With this notation, we
have the following proposition:

Proposition 3.23. Let (G, L, I) be a relational groupoid, and let g, h € G, which
acts on a set Z from the right. Then

(3-20) RyoRy = Ry

4. Relational convolution algebras

Relational Haar systems. Let (G, L, I) be a relational groupoid. As for a usual
groupoid, we denote by

(4-1) G :={(g,h)eGxG|IkeGst (g, h k) e L)

the set of composable pairs in G. For k € G, we denote by Q,EZ) the set of pairs that
compose to k, i.e., we have

(4-2) G2 :={(g.h) €GxG|(g. h. k)€ Ls}.

Recall that we have the quotient groupoid G :=C/L,, and there is arelationg: G+ G
which, restricted to C x G, 1s the graph of a surjective map that we will also denote q.
It is clear from the definitions that for every g € C we have gg 2) / (L2 X L) = Q;z(?g),
and we denote* the quotient map ¢, : G, @ g¢ ) where ¢(g) =

We will need the following terminology from measure theory (see e.g., [Chang
and Pollard 1997; Ambrosio et al. 2005]).

Definition 4.1 (disintegrating measure). Let u be a measure on a set Y, and let
q: Y — X be a map. Moreover, let v = g, be the pushforward measure on X.
We say that  disintegrates with respect to q if there exists a family of probability
measures (i4y)yecx such that:

4We are slightly abusing notation here, g is actually the restriction of g x g to géz).
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e For all u-measurable sets E C Y, the function x — u,(FE) is v-measurable.
o uy(Y \cf1 (x)) = 0 for v-almost every x € X.

e For all p-measurable functions f: ¥ — R, we have

Jrdn= [ ] SO A v,

A measure p disintegrates under fairly general assumptions, e.g., when X, Y are
Radon spaces and ¢ is Borel-measurable. The family w, is uniquely determined
v-almost everywhere (and, in turn, determines the measure ). See [Pachl 1978]
for a detailed account.

We now define a relational Haar system as follows:

Definition 4.2. Let G be arelational groupoid, ¢ its quotient groupoidandg: C — G
the quotient map. A relational Haar system on G is a system of measures (o on
g;z), with g € G, such that u, =0 for g € G\ C and for g € C we have:

(i) If g(g) = q(g’), then (qg)«itg = (qg) ity

(i1) The system of measures vy := (gg)«Lg ON géz) defines a right Haar system on
the quotient groupoid G (recall that g =4q(g)).

(ii1) g disintegrates with respect to g,.

Equivalently, a relational Haar system on G is determined by a right Haar system
(vg)¢ € G on the quotient groupoid G and a family of probability measures (i) 2.8,
on the fibers ‘lg_l(é’l’ 52) for 8,8,=8

Remark 4.3. A relational Haar system is invariant under the relational right action
of the relational groupoid on itself, in the following sense. Let A C géz) be an
L,-saturated set, i.e., (L, x Ly) o A = A. Then, if we have (g, h, k) € L3, we have

mg(A) = i ((d x Rp) 0 A).

Notice also that the condition that p, vanishes for g ¢ C is automatic, because
in this case Qéz) = J (see also Proposition App.1). In some sense, the axioms
presented above are the weakest possible set of axioms that ensure existence of a
well-defined Haar system on the quotient. However, these measures can have extra
properties with regard to the structure relations that define a relational groupoid.

Definition 4.4 (L,-invariant measure). We say that a relational Haar system i, is
Ly-invariant if g, = pu, whenever (g, h) € L;.

Notice that this condition is stronger than condition (i) of Definition 4.2, which
merely demands that the pushforwards be the same.

Definition 4.5 (split relational Haar system). We say that a relational Haar system
wg splits if, for all g € C, there is a family of probability measures (t§l ) g,€g On g
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with tgl supported on q_l(gl) such that for all 8,58, € g, with 8,8,= q(2),

(4-3) (Mg)g - Tég] X T(égz

Definition 4.6 (strongly split relational Haar system). We say that a relational Haar
system u, splits strongly if there is a family of probability measures (rg ) g,€g
on G with Tg, supported on ¢ 1(g ) such that for all g € G and g 28, € g w1th

8,8, =4(8),
(4-4) (Mg)&é’z = Tg, X Tg,
In particular, a strongly split relational Haar system 1is split and L;-invariant.

Example 4.7. Consider the relational group G = Z4 with normal subgroup H =
Zy <Z4, as in Example 3.8. The sets Qéz) are given by

G =1{(0,0), (1,1), (2,2), (3,3), (0,2), (2,0), (1,3), 3, D} = G?,
G =1{(1,0), (0, 1), (1,2), 2, 1), (3,0), (0,3), 2,3), 3,2)} =G,

and in the quotient we have
go' =1(0,0). (1, D} and G;” ={(1.0). (0. D}.

Let ptcount denote the counting measure, eount(A) = #A. The unique Haar system
(up to normalization) on the quotient is given by letting vo = v| = %Mcounta and of
course, this corresponds to the natural Haar measure pt¢ount On Z>. A relational Haar
system can now be given by assigning, for g 8, = q(g) € G, probability measures
(,uug)é,lé,2 on the fibers

a9y (8,8, =g, 8, T2 x{g,. 8, +2}

for 8,8, = q(g). An obvious ch01ce is to assign (i) 8,8, = 4,ucoum This yields
the famlly of measures (1, = g ,ucoum) ¢ez,» Which is strongly split, with Tp =71 =
z,ucoum But other choices are p0351ble For instance, we can define a split, but
not L,-invariant measure by settlng rg = §,, the Dirac measure at g € g 1(g ),
whenever g (g) = g, and rg 2,ucoum 0therw1se Concretely, we have

0 0 2
‘L’Q = do, T = ZMcounta 7:(_) = 37, T = Zﬂcount,

and similarly for ‘L'g and ‘L'g Moreover, we can define an Lj-invariant system which
1 21

1s not split by letting (1) 8,8, = (u2) g,8, ANy probability measure on q_1 ((g r 52)

which is not a product measure, for instance

(10)00(0, 0) = (1£0)00(2, 0) = (0)0(0,2) =1 and  (10)po(2,2) =0

and similarly for the other probability measures.
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Example 4.8. Consider, again, the example of the relational group G corresponding
to nZ < Z as in Example 3.9. In this case, assigning for / € Z the counting measure
Mcount ON g}z) does not provide an example of a relational Haar system, since it
does not disintegrate in the sense of Definition 4.1. The point is that the fibers
are infinite, and thus the “measures along the fibers” (u;); ;, are not probability
measures. One possibility to define a (strongly split) relational Haar system is to
define probability measures 7; on [ +nZ, for [ € Z,, (for instance the Dirac measure
supported at some representative). However, these measures will necessarily fail to
be translation-invariant.

The relational convolution algebra. Given the definition of a relational Haar sys-
tem, we now define a generalization of the convolution algebra to the case of
relational groupoids. To define a set of functions on which the convolution product
is well-defined, we will from now on assume that our relational groupoids are
equipped with a topology. A relational Haar systems is assumed to be continuous’
and given by Radon measures with respect to this topology. The following subspace
of functions is a convenient one:

Definition 4.9. Let G be a topological relational groupoid and p = (tg)eg a Haar
system given by Radon measures. Denote by G the quotient groupoid of G equipped
with the quotient topology. Then a continuous function f is admissible if it is
bounded and there is a compact set £ C G such that supp(f)NC C g~ (K). The
set of admissible functions is denoted by A(G).

The point about admissible functions is that they have a well-defined convolution
product which is again an admissible function.

Proposition 4.10. Let f, f> € A(G). Then the convolution product defined by
(4-5) 2 @) = [ o 1) F20) dpg (. Ky
8

converges for all g € G and g — (f1 * f2)(g) € A)(G).

Proof. First, notice that (f; x f)(g) =0 1f g ¢ C. This follows from the fact that
g(éz) = & 1n this case (see Proposition App.1). Otherwise, we use the axiom that
the Haar measure u, disintegrates to write

@6 (fefr@=f . f e TS0 it g (1K) dvg(g,.8,).

f g2)€gq(g)

'

=:f(g,.8,)
Since f1 and f;, are bounded, 1ntegrat1ng fi- f2 along the fibers results in a bounded
continuous function f on the base g ( ) and | f | <|fill f2|. Let K; denote compact

One way to phrase this is that for every continuous function f on G the function k >
f(g meg® f(8 h, k) dpy is continuous
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sets containing ¢ (supp( f;)). The support of f is contained in K, x K,, which
is compact. Since u,(g) is also a Radon measure, the integral is finite and in
fact |(f1 * f2)(g)] < vo (K| X Ky)| f1 x f2|. Hence, fi x f> is defined pointwise.
By continuity of the Haar system, it follows that fi x f> is also continuous. It
remains to check that f; x f> is admissible. Let m denote the multiplication in
the quotient groupoid, and denote by K the set m((K; x K,) N Q(z)). Then K is
compact since the multiplication is continuous. The arguments above imply that
supp(f1 * f>) C ¢~ 1(K), and hence in the preimage of a compact set. To see that
J1* f2 is bounded, note that [(f1 * f2)| < | f1l|f2| sup,e vé,(/_C). By compactness,
the supremum is obtained and f; x f> is bounded, and hence admissible. ]

The definition of the convolution algebra is now straightforward.

Definition 4.11. Let (G, L, I') be a relational groupoid with a relational Haar sys-
tem (ug)goeg. Denote by A(G) the space of admissible functions. The relational
convolution algebra is then (A(G), %), with the convolution product defined in (4-5).

Remark 4.12. Another possible domain for the convolution product is given by
continuous functions which are just compactly supported. This is a subspace of the
space of admissible functions. However, below we want to consider L;-invariant
functions, to recover the algebra of functions on the quotient. If the L,-fibers are
not compact (for instance, this happens for the relational group associated to G = Z,
‘H = kZ), then such functions will never be compactly supported. This motivates
our choice of space of admissible functions. Of course, for compact relational
groupoids the spaces of admissible, compactly supported and continuous functions
all coincide.

Associativity. A natural question when defining an algebra is whether or not it
is associative. This is the question we investigate in this subsection. It turns out
that in general, the convolution is associative only when restricted to L;-invariant
functions, or when the Haar system satisfies some restrictive condition.

Proposition 4.13. The space of L,-invariant functions is an associative subalgebra
of (A(G), *).

Notice that for an Lj-invariant function f there is a well-defined continuous
function f on the quotient groupoid G, defined by f (g) = f(g). By Axiom (i1) of
Definition 4.2, to a Haar system p on G there is an associated Haar system v on G.
Let us denote its convolution product on compactly supported functions by xg. The
proof of Proposition 4.13 is a direct corollary of the following Lemma: )

Lemma 4.14. For Ly-invariant functions f1, f» € A(G), the convolution is given by

q*(fixg f2) onC,

(4-7) f1*f2={0 on G\ C.
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Proof. First, we recall that by definition the support of the convolution of any two
admissible functions is contained in C, since gf) = & for g € G. Notice further that
if f1, f» € A(G) are Lp-invariant, then by definition their associated functions on G
are compactly supported; hence, the right-hand side of (4-7) is defined. Now, we
use again the fact that the Haar system disintegrates to write

(fix &) = [ /q e oy TR it g (0K (g, )

(2
(8,:8,)€Y9(¢)

= filg ) falg)dvg(g . g)
(51’52)6922(17) -1 =2 e

= (f1*g f2)(8).
Here, the second equation follows from normalization of the disintegrating mea-
sures and the fact that L,-invariance is equivalent to being constant on fibers of g.

Integrating a constant function against a probability measure, we simply obtain that
constant. 0]

By associativity of the convolution in the quotient groupoid, Proposition 4.13
holds. Next, we give a sufficient criterion on the Haar system for the convolution
algebra to be associative.

Proposition 4.15. Suppose that the relational Haar system p is strongly split as in
Definition 4.6. Then the convolution algebra A(G) is associative.

Proof. Another way to write formula (4-7) is

(4-8) Ji* fo=q"(q« f1 %G 4+ 12),

where we denoted by f =:q.f the pushforward of L;-invariant functions. Asso-
ciativity of the convolution restricted to Ly-invariant functions follows from the

property
(4-9) gs+oq* =id,

i.e., g, is defined as the left inverse of the injective map g*: C.(G) — A(G) on
its image. Thus, the convolution is associative on all functions if we can find an
extension of the map ¢, to all of A(G) in such a way that property (4-8) is still true.
In this case, there is a family of probability measures 7, on G, and we can extend g
by setting )

g f(g) = /q | @A)

and again, we have properties (4-8) and (4-9). Thus, associativity follows from
associativity of the convolution algebra of the quotient. 0

Remark 4.16. In the two examples above, we were able to infer associativity
from the fact that the convolution algebra on the quotient is associative. However,
both of these examples are “well behaved” with respect to the quotient, since they
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satisfy the strongly split condition. Already on the simplest relational groupoid with
nontrivial L, relation, one can find examples of (split, invariant) relational Haar
systems such that the convolution algebra is not associative, see Example 4.17 below.
However, since the L3 relation in the relational groupoid is strictly associative, and
L>-invariant, one might ask whether there is a remnant of this fact that is visible
at the level of the convolution algebra, i.e., whether the algebra is “associative up
to homotopy” in general. This is an interesting question that the authors plan to
address in a future paper.

The relational convolution algebra associated to a split L,-invariant relational
Haar system which is not strongly split is not necessarily associative, which follows
from the counterexample below:

Example 4.17. We consider again the relational group given by G = 74, H = 7.
Denote by §, the function with §,(g) =1 and 6,(h) = 0 for & # g. Unraveling the
definitions, we can compute

80 %S0 = 1o(0, 0)80 + 12(0, 0)d2,
8o %81 = u1(0, 1)81 + n3(0, 1)d3,
Sp* 01 = wu1(2, 1)61 + pn3(2, 1)é3,
8o %83 = w1(0, 3)81 + 13(0, 3)d3,

8o * (80 * 1)
= (11(0, D2+ p3(0, Dper (0, 3)) - 81 + (1 (0, D3 (0, 1) + p3(0, Dus(0, 3)) - 83,
A B
(80 * 80) * 31
= (10(0,0) 11 (0,1)+12(0,0) 111 (2,1))-814+(10(0,0) pe3(0, 1) +102(0,0) 113 (2, 1) ) -83.
c D

The condition for u being a relational Haar system implies that

1 (81, 82) = vg(lg)g ¢ (81, 82) = 5 (1hg)g g, (81, 82),

where (pLg)glg2 (g1, g2) 1s some probability measure on q‘l(gl, (32). It is clear
that, in general, A, B, C, D are pairwise different. If we suppose the measure is
L,-invariant, we obtain

A=B=1(0,1)" 4 u1(0, D1 (0, 3),
C=D=puo0,0)ur(0, 1)+ 1 (2, 1).
Furthermore, if we suppose that i is split, we obtain (0, 0) = %rg (0)2. Letting 1:8
be the measure on {0, 2} supported at 2, we see that C = D =0 (in_ fact, in this case

30 * 89 = 0). On the other hand, A = B depends only on t(} and tll. Thus, this is an
example of a split L,-invariant Haar system with nonassociative convolution algebra.
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Reduction of the algebra of admissible functions. In this subsection, we show that
the reduction of the relational convolution algebra is isomorphic to the convolution
algebra of the groupoid which is the reduction of the relational groupoid. We
will obtain this result via a two-step reduction: one reduction with respect to the
constraint set, followed by a reduction with respect to the L, relation. Let (G, L, I)
be a relational groupoid, and let C be its constraint set. We denote by I the subset
of functions in C.(G) that vanish on C. The set I is usually called the vanishing
ideal, since it is an ideal inside C.(G) with the standard (commutative) product.
Furthermore we obtain the following isomorphism of convolution algebras:

Proposition 4.18. I is also an ideal in A(G), and

A(G)/1c = A(C).
Proof. The fact that I is an ideal of A(G) follows from the fact that if f; € I¢, then
f1 vanishes on C; and hence, fix f2|¢c =0, for all f, € A(G). Il

Definition 4.19. Denote by (A(C))%? C A(C) the subspace of admissible functions
on C that are constant along L», i.e., the subspace of functions f € A(C) satisfying
(h,k) € Ly = f(h) = f(k).

Proposition 4.20. (A(C)L2, %) is a subalgebra of (A(C), *).

Proof. 1t follows directly from Lemma 4.14. 0

Definition 4.21. Let G be a relational groupoid. Its reduced convolution algebra
(with respect to Lj) is

(4-10) A©G) = (AG)/Ie)"* = AC)".
We are now ready to state our main result.

Theorem 4.22. The reduced convolution algebra of a relational groupoid is iso-
morphic to the (groupoid) convolution algebra of its reduction:

(4-11) A(G) = A(G).

Proof. Since G =C/L,, it follows that the sets A(G) and A(G) are in bijection. The
fact that the map _
O:AG) > AG), [f=f

1s an isomorphism of convolution algebras follows from L,-invariance of functions
in A(G) and Proposition 4.20. ]

5. Future directions

Relational C*-algebras and higher structures. A natural next step is to introduce
the C*-completion of the relational convolution algebra. In particular, we will study
the relational analogue of the algebra M (n, C) of complex valued n x n-matrices
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and the algebra B(H) of bounded linear operators on a complex Hilbert space H.
We will also study the representations of relational convolution algebras and how
this construction relates to C*-algebras for 2-groups and higher-categorical versions
of relational groupoids.

Field theory. In a follow-up work, we intend to describe the groupoid convolution
algebra for the relational symplectic groupoid obtained via the Poisson Sigma Model.
This would provide a positive answer for the Guillemin—Sternberg conjecture for
this particular 2-dimensional TFT. In particular, we will use Hawkins’ approach to
C*-algebra quantization of symplectic groupoids [Hawkins 2008], in the context of
relational groupoids.

More precisely, Hawkins developed a C*-algebra quantization procedure that
is compatible with the groupoid structure maps, as well as with the multiplicative
symplectic structure on the space of morphisms. The construction is based on
prescribing the following data (each built based on the previous ones):

(1) a symplectic groupoid G = M integrating a Poisson manifold M,
(2) a prequantum line bundle (L, V) over G,

(3) a symplectic groupoid polarization P of G,

(4) a “half-form” bundle 9713/ 2,

(5) A twisted, polarized convolution algebra C3(G, o) (where o encodes the
twisting data).

Our construction serves as a first step towards a field theoretic interpretation of
the geometric quantization procedure introduced by Hawkins. In particular, we
conjecture that the final object in step (5) can be obtained via transgression in
the AKSZ formulation of the Poisson Sigma Model. A natural candidate for
the relational Haar system comes from the path space construction, analogous
to the Wiener measure on loop groups. This interpretation will help connect the
perturbative quantization of the Poisson Sigma Model via relational symplectic
groupoids [Cattaneo et al. 2017] and nonperturbative approaches, i.e., geometric
quantization [Bonechi et al. 2006]. Such interpretation will be independent of the
integrability of the Poisson manifold.

Relational convolution and split relations. In [Cattaneo and Contreras 2021], split
relations were studied in the context of relational symplectic groupoids. A relation
is called split if it is isotropic and it has a closed isotropic complement. It turns
out that the structure relations of every finite-dimensional symplectic groupoid is
split, as well as the infinite-dimensional relational symplectic groupoid obtained via
the PSM. We will study the relationship between split relations and the convolution
algebra for split relational groupoids.
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Relational convolution and Frobenius algebras. In [Heunen et al. 2013], it has
been proven that special dagger Frobenius objects in Rel (the category of sets and
relations) are in one-to-one correspondence with groupoids. Recently in [Mehta and
Zhang 2020], this result has been generalized using a characterization of Frobenius
objects in Rel using simplicial sets. Relational convolution algebras are natural
examples of Frobenius objects in Rel, in the same way that group algebras are a
special class of Frobenius algebras. We expect to have a simplicial interpretation of
these extension in the future [Contreras et al. > 2021].

Appendix: Some results on relational groupoids

We will prove some results about the structure of the sets
GP = {(h,k) €GP | (h, k, g) € L3).

Moreover, let C be defined as in Proposition 3.15. Then we have:
Proposition App.1. If gf) is nonempty, then g € C.

Proof. Let (h, k) € G{”. Then (h, k, g) € L3 = Ly o L3 by Ly-invariance (3-7). It
follows that there is g’ such that (g’, g) € L,. In particular, g € L, oG =C. O
For a usual groupoid G = M, these sets are the fibers of the fibration G® — G.

In a relational groupoid, this is no longer true. Instead we have the following
statement:

Proposition App.2. For two distinct elements g, g’ € G, the sets Qéz) and gg) are
equal if and only if (g, g') € L, and disjoint otherwise.

Proof. First, suppose that (g, g) € Ly, and let (h,k, g) € L3. Then (h,k, g') €
L, o L3y = Ls. Hence, Q - g 2) , and symmetry of L, implies the other direction.
Now, assume that (4, k) € G, ok N g ) 1t suffices to show that (g,¢') € Lp. Axiom
A.1 and Axiom A.3 imply that (4, k g) € Lz if and only if (g, I (k), h) € L3. Hence,
(g, I1(k),k,g') € Lyo (L3 xid) = L3 o (id x L3). Thus, there is e € G such that
(I(k),k,e) e Lz and (g, e, g’) € L3. By definition of L; and L,, we conclude that
e € Ly, and hence (g, g') € L». H

An immediate corollary is the following:

Corollary App.3. Let (h,k) € gé,z), then the set hk :=={g' € G| (h,k, g’) € L3}
satisfies hk = L,(g). In particular, we have

(2) ) 2
(App-1) g = | 65 =6
g'ehk
Analogous to the right relational action, we can define left relational actions. In
particular, a relational groupoid acts on itself by left and right multiplication, and
the sets gg?) behave nicely under this action.
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Proposition App.4. Let (G, L, I) be a relational groupoid, and let (g, h) € G®.
Then, we have

(App-2) (id x Ry) oG =Gy,
and similarly
(App-3) (Lg xid) 0 G2 =G5,

Proof. For the first equation, we have

(id x Rp) 0GP ={(g1, 82) | 3k, (g1, k) € G, (k, g2) € Ru}
={(21.82) | 3k, (1. k) € G, (g2. k) € (R))" = Ryy}
={(g1, &) | 3k, (81, k, ) € L3, (g2, I (h), k) € L3}
={(g1, 82) | (g1, 82, I(h), g) € L3o(id x L3)}
={(g1, 82) | (81, 82, I (h), g) € L3o (L3 xid)}
={(g1,82) | Ik €G: (g1, 82, k) € L3, (k, I(h), g) € L3}
={(g1,82) | Ik €G: (g1, 82, k) € L3, (k, I(h), 1(g)) € L}
={(g1,82) | Ik €G: (g1, 82, k) € L3, (I(h), 1(g), k) € L}
={(g1,82) 1 Fk € G: (g1, 82, k) € L3, (I(h), 1(g), I (k)) € L3}
={(g1,82) | Ik €G: (g1, 8. k) € L3, (g, h, k) € L3}
=G

The other equation is proven similarly. 0]
In particular, we have the following.

Corollary App.5. Let (G, L, I) be a relational groupoid, and let (g, h) € G®.
Then, we have

(App-4) (L1cg) X Rp)o gf) = Q;(lz).

Proof. By Proposition App.4, we have (L) X Rp) o géz) = gﬁ;)gh. By definition

of L,, this can be rewritten as Q;z(l,) oh = Y,m)- We conclude the proof using
Proposition App.4. 0
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1. Introduction

The Batalin-Vilkovisky formalism [11-13] is a powerful method to deal with perturbative quantizations of local gauge theories. The
extension of this formalism to manifolds with boundary combines the Lagrangian approach of the Batalin-Vilkovisky (BV) formalism in
the bulk with the Hamiltonian approach of the Batalin-Fradkin-Vilkovisky (BFV) formalism [10,33] on the boundary of the underlying
source (spacetime) manifold. This construction is known as the BV-BFV formalism [23,24,26]. In particular, it describes a codimension 1
quantum gauge formalism. Within a classical gauge theory one is interested in describing the obstructions for it to be quantizable. The
cohomological symplectic formulation suggests an operator quantization for the boundary action. To get a well-defined and consistent
cohomology theory, one has to require that this induced operator squares to zero. This will lead to obstruction spaces for boundary
theories by considering a deformation quantization of the boundary action in order to formulate a boundary version of the quantum
master equation as the gauge-independence condition. We will show that the obstruction for the quantization of manifolds with boundary
is controlled by the second cohomology group with respect to the cohomological vector field on the boundary fields. Moreover, we
formulate a classical extension of higher codimension k theories as in [23] which we call BF¥V theories. The coupling for each stratum, in
fact, is easily extended in the classical setting (BV-BF¥V theories), whereas for the quantum setting it might be rather involved. In order to
formulate a fully extended topological quantum field theory in the sense of Baez-Dolan [8] or Lurie [48], the coupling is indeed necessary.
Since one layer of the quantum picture, namely the quantum master equation, is described in terms of deformation quantization, we can
formulate an algebraic approach for the higher codimension extension in terms of Ej- and Py-algebras [49,61]. Here [E; denotes the co-
operad of little k-dimensional disks [35,44,49]. Moving to one codimension higher corresponds to the shift of the Poisson structure by —1
since the symplectic form is shifted by +1 (see [55] for the shifted symplectic setting). This is controlled by the operad P, on codimension
k which corresponds to (1 — k)-shifted Poisson structures [17,60]. Using this notion, we give some ideas for the quantization in higher
codimension. Moreover, if one uses the notion of Beilinson-Drinfeld (BD) algebras [15,29], in particular BDo- and BID-algebras, one
can try to consider the action of Py = BID¢/h (for h — 0) on Py =BID¢/h (for h — 0) in order to capture the algebraic structure of the

~

classical bulk-boundary coupling (see also [60, Section 5]). Here = denotes an isomorphism of operads. In general, one can define the
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B, operads to provide a certain interpolation between the P, and [E, operads in the sense that they are graded Hopf [47] differential
graded (dg) operads over K[Jii], where h is of weight +1 and K a field of characteristic zero, together with the equivalences

BDy/h =P, BD[a~'] = Er(h).

The formality of the E; operad [35,44,69] implies the equivalence B = IP;[i]. There is a formulation of a BID;-algebra in terms of
brace algebras [18,61] and one can show that there is in fact a quasi-isomorphism P, = BID,/h (for i — 0). However, the notion of a
BID-algebra for k > 3 in terms of braces is currently not defined, but there should not be any obstruction to do this. Using these operads,
one can define a deformation quantization of a Py, 1-algebra A to be a BID,-algebra A; together with an equivalence of P -algebras
Ap/h = A (see [17,53] for a detailed discussion).

Notation and conventions. We will denote functions on a manifold M by O(M). Vector fields on M will be denoted by X(M) and the
space of differential k-forms on M by Q(M). We denote by A[t] the space of formal power series in a formal parameter t with coefficients
in some algebra A. The imaginary unit is denoted by i := +/—1. If the manifolds are infinite-dimensional, they are usually Banach or Fréchet
manifolds. The ring of integers will be denoted by Z. Real and complex numbers will be denoted by R and C respectively. A general field
of characteristic zero will be denoted by K.

2. Obstruction spaces for quantization on manifolds with boundary
2.1. Classical BV theories

We start with the BV approach for the bulk theory. A BV manifold is a triple
(F, S, w)

such that F is a Z-graded supermanifold, S € O(F) is an even function of degree 0, and w € Q%(F) an odd symplectic form of degree
—1. The Z-grading corresponds to the ghost number which we will denote by “gh”. The BV space of fields F is usually given as the
(—1)-shifted cotangent bundle of the BRST space of fields, i.e. Fgy := T*[—1]Fpgrsr. In many cases, F is an infinite-dimensional Fréchet
manifold. Denote by Q the Hamiltonian vector field of S of degree +1, i.e. tq w =4S, where § denotes the de Rham differential on F. If
we denote by ( , ) the odd Poisson bracket induced by the odd symplectic form w (also called the anti bracket, or BV bracket), we get

Q=(S, ).

Note that, by definition, Q is cohomological, i.e. Q2 = 0. Moreover, Q is a symplectic vector field, i.e. Low =0, where L denotes the Lie
derivative. For a BV theory we require the classical master equation (CME)

Q) =(5,8=0 (2.1)
to hold. The assignment ¥ — (Fy, Sy, wx) of a (usually, closed compact oriented) manifold ¥ to a BV manifold is called a BV theory. By
the physical property of locality, given a BV theory, we usually want to work over local functions on Fyx, which we denote by O (Fx) C
O(Fx). These are defined by functions on Fy of the form

YN / L%, D), 1P (x), S PX), ..., "N dX)),

Xxex

where ® € Fx denotes some field configuration and .# denotes the Lagrangian density of the given theory which depends on & and
higher derivatives for N € Z. .

2.2. Examples of classical BV theories
We want to give some examples of non-reduced classical BV theories. For the reduced case see [23].

2.2.1. Electrodynamics

We want to consider the (minimal) BV extension of classical Euclidean electrodynamics for a trivial U(1)-bundle. Let X be a smooth
oriented n-dimensional Riemannian manifold. Denote by x: Q/(X) — Q"J(Z) the Hodge star induced by the metric on . The BV space
of fields is then given by the shifted cotangent bundle T*[—1]Ey, where

Ex:=Q' (D)@ Q" 2(2) @ Q2)[1].

The first term of Eyx denotes the space of connections A of a trivial U(1)-bundle over X, the second term denotes the space of the
Hamiltonian counterpart of those connections (i.e. the momentum), which we denote by B, and the third term denotes the space of ghost
fields c. Hence, we have

Fs =T -1Ex=Q' ()@ Q" 2(2) @ Q°(D)[1] 8 Q"' (D)[-11® Q*(D)[-1] & Q"(T)[-2]
We denote a field in Fx by (A, B,c, AT, BT, c™). Then the BV symplectic form is given by

a)):=/(5A/\8A++SBASB++3C/\8C+).
z
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The BV action is given by

1 +
Sy = B/\FA+EBA*B+A Adc ),

where F, :=dA, denotes the curvature of the connection A. The cohomological vector field is given by

1) ) ) )
= dcA — +dBA — B+dA)A — +dAT A — ).
Qs /( 6A+ 5A++(* +dA) (SB++ 8c+>
>

In particular, we have the following symmetries:

Qz(A)=dc,
Qx(A*) =dB,
Qxz(B*) =*B +dA,
Qx(ct)=dAT,

and Qx(B) =Qx(c) =0. It is easy to show that 02 =0 and that the CME is indeed satisfied, i.e. Q5(Sx)=0.

2.2.2. Yang-Mills theory
Consider an n-dimensional closed oriented compact smooth Riemannian manifold ¥. Let g be the Lie algebra of a finite-dimensional
simply connected Lie group G endowed with a g-invariant inner product given by (g, h) := Tr(gh). Moreover, let P be principal G-bundle
over X and assume for simplicity that P is trivial. The BV space of fields is given by
Fr=Q'®ese " (D) @ga’®alle Q" (D) ®a-118 (2 ®@a[-118 Q"(2) ® g[-2]

We denote a field in Fx, by components (A, B, c, A*, Bt, cT). The BV symplectic form is given by

ws = /Tr((SA ASAT +8B ASBY +8c AdcT)
b
and the BV action by

1 + + T+
Sy=|[Tr B/\FA+§B/\*B+A Adac+ B A[B,c]—i—ic Alc,cl),

where F4 :=dA + %[A, A] denotes the curvature of the connection A and da is the covariant derivative for A. The cohomological vector
field is given by

Q / dac A ) +[B,c]A ) +1[c cln 5 + (daB +[AT c])A—‘S + (Fa+#*B+[B" C])/\—(S +

= —_ _— — —_ *

> AR sa T s T2 e T A ’ sat A ’ SBT
p))

)
4+ (daAT +[B,BT]+[c,cT]D A —)
sct
In particular, we have the following symmetries:

Qx(A) =dac,
Qx(B)=I[B,cl,
1
Qx(0) = E[C’ cl,
Qs(AT)=daB +[A",cl,
Qx(BY)=Fa+=B+[B*,cl,
Qz(c)=daA" +[B,B*] +[c,c"].
2.2.3. Chern-Simons theory
Let ¥ be a 3-dimensional closed compact oriented smooth manifold and let g be the Lie algebra of a Lie group G endowed with an
invariant inner product (e.g. a simple Lie algebra). Denote by Tr(gh) the Killing form for two elements g, h € g. The space of fields is given
by graded connections on a principal G-bundle. For simplicity, we assume that the bundle is trivial. Then the BV space of fields is given
by
3

Fei=2"(0)@ell=P =) @9l
j=0
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A field in Fx, will be denoted by the tuple (c, A, AT, ct). Note that the ghost numbers are 1,0, —1, —2 respectively. Consider the superfield
A:=c+ A+ AT 4 cT. Then the BV symplectic form is given by

1
ws =3 /Tr(SA/\ SA) = /Tr(5c ASCT +8AANSAT).
= =
The cohomological vector field is given by

_ 1 5\ _ 8 i ) + . 8 1 )
QE_/Tr(<dA+2[A,A]>/\8A>_/Tr<dAC/\8A+(FA+[C,A ])/\MJr + (daA™ +[c,c ])/\8c++2[c’c]/\8c)'
p)) x

In particular, we have the following symmetries:
Qx(A) =dac,
Qz(0)= %[c, cl,
Qs(AT)=Fa+I[c, A"],
Qx(ch) =daAT +[c,c*].
The BV action is given by

1 1 1 1 1 1 1
Sy = /Tr(EA/\dA+ gA/\ [A, A]) = /Tr(EA AdA + 6A A[A, Al + EA+ Adac+ FEA daAT + §C+ Alc, c])

2.24. (Abelian) BF theory
Let us first consider abelian BF theory. Let ¥ be an n-dimensional closed compact oriented smooth manifold. The space of fields is
given by

Fy:=Q* (D)1 Q*(X)[n —2].
We denote the superfields by A € Q°*(X2)[1] and B € Q*(X)[n — 2]. The BV symplectic form is then given by
wy = / SA A 6B.

)
The BV action is given by

Sy = / B A dA.
)
The cohomological vector field is given by

5 5
— [ (dan > +dBA2).
Uz /( oA Aas)
D)

Note that Qx(A) =dA and Qx(B) = dB. Now let us consider the case of non-abelian BF theory, i.e. we consider a finite-dimensional Lie
algebra g with invariant inner product. The BV space of fields is then given by

Fr:=Q%(2) @g[1]1® Q*(X) ®gln —2] > (A, B).

The BV symplectic form is given by

wsy, :/Tr((SB/\rSA).
)

The cohomological vector field is given by

1 1) )
Q):=/Tr<<d/'\+ 5[A,A]> A 5_/-\ +daB A 5—3)
p

In particular, we have the following symmetries:

1
Qz(A) =dA+ S[A.Al,

Qx(B) =daB.
The BV action is given by
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Sy = /Tr(B/\ (dA—i— %[A,A])).
z

Remark 2.1. Note that non-abelian BF theory reduces to the abelian one when g =R. In fact, abelian BF theory is given by two copies
of abelian Chern-Simons theory (i.e. the theory described in 2.2.3 when g = R). Moreover, (abelian) BF theory and Chern-Simons theory
are examples of a more general type of theory, called AKSZ theory [1], which forms a subclass for BV theories. Other examples of AKSZ
theories include the Poisson sigma model [21,22,39,63], Witten’s A- and B-model [1,77], Rozansky-Witten theory [56,59], Donaldson-Witten
theory [40,78], the Courant sigma model [28,58], and 2D Yang-Mills theory [24,41],

2.3. Obstruction space in the bulk

It is well known that the obstruction space for quantization in the BV formalism is given by the first cohomology group with respect
to Q. See e.g. [9] and references therein.

Theorem 2.2. The obstruction space for a BV theory to be quantizable is given by

Hg (Oloc (7). (2.2)

Proof. Consider a deformation of the BV action S, denoted by Sj, depending on /i and consider its expansion as a formal power series

Spi= 8o +hS1 + 1Sy + 0 (%) = Y 0 Sy € Oy (F)[1], (2.3)
k>0

where each Sy € Ojoc(F) for all k>0 and limp_,o Sy = S, i.e. Sp:=S. Note that ghS, =0 for all k > 0 since ghS = 0. For the quantum
BV picture (see e.g. [57,64]) one should note that there is a canonical second order differential operator A on Op(F) such that A% =0.
It is called BV Laplacian (see [42,76] for a mathematical exposure). In particular, if ® and d:';r denote field and anti-field respectively, one
can define A as

55
_ _q\ghdip1 [ O
Af—Xi} 1) f<8¢i,3¢i+>, f € Otoe(F).
We have denoted by % and % the left and right derivatives with respect to ®!. An analogous version also holds for the anti-fields ¢>i+.
In fact, we have
5 - 5
—f=(=1)eh Pt 2.4
sl =D fsa (2.4)
5 - 5
— (—1)E&h®'+1)(gh f+1) ) 2.5
50T f=ED f 50T (2.5)

Remark 2.3. To be precise, for our constructions we want to consider a (global) BV Laplacian on half-densities on F. It can be shown that
for any odd symplectic supermanifold F there exists a supermanifold M such that F = T*[1]M. Then O(F) = O(T*[1]M) =T(\* TM).
The Berezinian bundle on F is given by

top top

Ber(F)= A T*M® /\ T*M.
The half-densities on F are defined by

Dens% (F):=T (Ber(]—')%) .

1
One can then show that there is a canonical operator A} on Dens%(]—') such that it squares to zero [42]. At this point one should
mention that this is only canonical in the finite-dimensional setting. For the infinite-dimensional case this only holds after a suitable
renormalization. We can define a Laplacian by

1 1
A(rf:=gA;:(fO')v feow),

1
where o is a non-vanishing reference half-density on F which is Azf—closed. Note that (A )% = 0. We usually just write A = A, without
mentioning o.

To observe gauge-independence in the BV formalism, one requires the quantum master equation (QME)

Aexp (Sp/h) =0 <> (Sy, Sp) + 2hAS; =0 (2.6)

to hold. Here we denote by A the BV Laplacian. Solving (2.6) for each order in i, we get the system of equations

5
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(S0, So0) =0, (2.7)
ASy = (So, S1),
1
A8y = (S0, S2) + 5(51, S1) (2.9)
(2.10)

Note that Equation (2.7) is the CME which we assume to hold. Then, using the CME and the formula
A(f.8) =(f.A2) — (—DE(Af. 8), Vf. g€ Op(F),

we get
0= A(S0, So) = (S0, ASp) = Q(ASp).

Hence ASy is closed with respect to the coboundary operator Q = (Sp, ). Moreover, if we assume that it is also Q -exact, we get that
there is some S1 € Opc(F) such that ASy = Q (S1) = (Sp, S1), which is exactly the statement of Equation (2.8). This will automatically
imply that all the higher order equations hold. Indeed, if AS; = (Sp, S1) for some S € Oj(F), we get

0= A (S, S1) = (ASo, 1) — (—1)E150(Sp, AS1) = ((So, S1), S1) — (S0, ASY), (211)
N——

ASy

where we used A% =0. Using the graded Jacobi formula for the BV bracket, we get

(S0, 81), 1) = (So, (81, 81)) — (~1)ESVESITV (5 (Sp, &1)). (212)
Furthermore, by graded commutativity of the BV bracket we have

(S0, 81), 1) = — (=) ENES=DES=D (5, (S, S1)). (213)
Now since

gh(So, S1) =ghSo +ghS1 +gh( , )
we get

2((So, S1), S1) = (So, (81, 81))-

Hence, using Equation (2.11), we get
1
(S0, AST) = <30, 5(51,31)> .
This will give us

1
AS] = 5(51,81) + Q -exact term,

so we can find some S; € O (F) such that the Q -exact term is given by Q (Sz) = (Sp, S2). This implies that Equation (2.9) holds. The
higher order equations hold in a similar iterative computation. 0O

2.4. Classical BV-BFV theories

Let us describe the BFV approach for the space of boundary fields. A BFV manifold is a triple
( FO d Qa)

where F? is a Z-graded supermanifold, w? € Q?(F?) an even symplectic form of ghost number 0 and Q? cohomological and symplectic
vector field of degree +1 with odd Hamiltonian function S? € Ojc(F?) of ghost number +1, i.e. tgaw? = 5S?, where § denotes the de
Rham differential on F?. Moreover, we want

Qs =1(s", 8" =0.

We say that a BFV manifold is exact, if there exists a primitive 1-form «?, such that w? = a®. A BV-BFV manifold over an exact BFV
manifold (F?, w? =8a?, Q?) is a quintuple

(F,w,8,Q,m),

where 7: F — F? is a surjective submersion such that
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e 8mQ =Q°,
o low=2058+m*al.

A consequence of this definition is
Q(S):n*(zsa —LQa(xa) (2.14)

which is called the modified classical master equation (mCME). The assignment X — (.7-'2,8;, Qs, s Fy — .7-"332) of a manifold X with
boundary 0% to a BV-BFV manifold is called a BV-BFV theory.

2.5. Examples of classical BV-BFV theories

2.5.1. Electrodynamics
Let everything be as in 2.2.1 with the difference that ¥ now has non-vanishing boundary dX. The boundary BFV space of fields is then
given by
Fls:=0'0D) e Q" 20) @ QD) 118 Q" (OX)[-1].

A field in F3x will be denoted by (A, B,c, A"). If we denote by i: 3% — X the inclusion of the boundary, the surjective submersion
7. Fy — Fyx acts on the component fields as

x(A) =1"(A) := A,

s (B) =i*(B) =B,

mx(c) =i*(c) :=c,
T(AT) =i*(AT) = AT,

and Bt :=75(BY) =0=mx(c") =: ¢T. The BFV symplectic form is given by

Wy =8y = / (8B ASA 4 8AY Adc),
X

where

O{gE:/(BA(SA+A+/\8®).
)

The BFV charge Qy, =67xQy is given by

] 8 8
d f— —_— —_—
Qaz_/<dBA5A++dCA5A>'
D>

It is easy to check that the boundary action is given by

Sds. :/e:/\dB.
X

Then the mCME is indeed satisfied, since we have

LQsz:/(dCA8A++5AAdB~|—5B/\(*B+dA)+dA+ASC)
D)

and

asE:f(53Ac1A+B/\daA+5BA*B+aA+Adc+A+Ad5c).
b
Putting everything together and using Stokes’ theorem, we get the claim.
2.5.2. Yang-Mills theory
Let everything be as in 2.2.2 with the difference that ¥ has non-vanishing boundary 9¥%. Let us denote the pullback of the forms

A, B, AT, c with respect to the inclusion i: 3% — X by A,B, AT, ¢ respectively. Note that here we have 7y :=i*: Fy — .ng. The BFV
space of fields is then given by

Fe=2'02) 011 Q" 2(0%)@gln —21® Q°0T) ® g Q"1 (3T) ® gln — 21.
The BFV symplectic form is given by
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Wiy = 8ol =/Tr (8B ASA +8AT Adc),
X

where
ozgzszr(B/\(SA—i—AJrAac).
ED>
The cohomological vector field is given by

. 1) 1) 1) 1 1)
Qs / rdAcB/\8 + [B, :1:]/\8 + (daB +1[ C])A8A++ [c, el A .
0

and the BFV action by

) 1
Sg): = /Tr (B Adgc+ EAJ" Ale, a:]) .
D)
2.5.3. Chern-Simons theory
Let everything be as in 2.2.3 with the difference that ¥ has non-vanishing boundary 9¥%. Let us denote the pullback of the forms

A, AT, c with respect to the inclusion i: 3% < X by A, A1, ¢ respectively. Note that here we have 7y :=i*: Fy — _7-'5’2. We will denote
the superfield on the boundary by 2 :=c + A + A*. The BFV space of boundary fields is then given by

2
Fly =00 @g1l=P 0D @gl1]52
j=0

The BFV symplectic form is then given by

) . 1 1
w)s =8l = 5 /Tr(am ASA) = /Tr(iaA ASA 4 8¢ A 6A+>,
0 X
where
1
agz_z/Tr(QlA(SQl) /Tr(AA8A+C/\8A++A+/\8@).
0 D>

The cohomological vector field is given by

, 1 B 8 B B
Q§z=/Tr<(§dm+ =2, 9l]> 591) /Tr(dA\C/\ A + (FaA +[c, ATD A AT T3 [C,C]/\ £>

EDy B
The BFV action is given by

1 1 1
ng=/Tr(§Ql/\dQ(+€Ql/\[Ql,Ql]>=/TF<CAFA+§[C,C]/\A+>.

X X

2.5.4. (Abelian) BF theory

Let everything be as in 2.2.4 with the difference that ¥ has non-vanishing boundary dX. Let i: X < X be the inclusion and denote
the pullback of the superfields to the boundary by 2 :=i*(A) and B :=i*(B). Note that here we have 7y :=i*: Fy — fé’z. Let us first
look at the boundary theory for abelian BF theory. The BFV space of fields is given by

_7-"dE =QOY)[1] L*(X)[n — 2] 3 (A, B).
The BFV symplectic form is given by
)y =8als = [ SAASDB
B E)) )
B

where

oy = / AN SB.
B
The cohomological vector field is given by

3 8
X
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The BFV action is given by

Sl = / B A d2A
E))
For the non-abelian case we have the BFV space of fields
Fls=0Q0%) Qg[11© Q%) ® gln — 2] 3 (A, B).
The BFV symplectic form is given by
w5 = ol :fTr(SQ[ A 8B),
E)>

where

agE:/Tr(Q[/\S%).
3>

The cohomological vector field is given by
1 ) 8
9
Seo= [ Tr{ (dA+ =[R2, A] )| A — +dyB A — ).
Qs f <( + 2[ ]) 59(—'_ A 5%)
E)>
The BFV action is given by

Sis = /Tr(% A (dm+ %[m, Ql]))

X

2.6. Obstruction space on the boundary

Similarly as for BV theories one can ask about the quantization obstruction for a BV-BFV theory, i.e. for a codimension 1 theory. In fact,
we get the following theorem.

Theorem 24. Let (F,w,S,Q,7: F — F°) be a BV-BFV manifold over an exact BFV manifold (F°, ®? = §a®, Q?). The obstruction space for
quantization on the underlying boundary BFV manifold F? is given by

H s (Oloc(F")), (2.15)
where
Q' =(s",}

with { , } the Poisson bracket induced by the symplectic form ?.

Proof. Consider a deformation of the BFV action S?, denoted by S?, depending on h and consider its expansion as a formal power series
Sy =80 + 18] + 18]+ 0(n?) = " 1*S{ € Opc(F) (1], (2.16)
k>0

where S,f € Ojoc(F?) for all k > 0 such that Sg :=&?. Note that gh S,f = +1 since ghS? = +1 and the corresponding symplectic form w?
is even of ghost number 0. In the BV-BFV construction one assumes a symplectic splitting of the BV space of fields

F=Bx)Y (217)
where the BV symplectic form w is constant on 5. One should think of 53 as the boundary part and ) as the bulk part of the fields. In
fact, the space B is constructed as the leaf space for a chosen polarization on the space of boundary fields F? (i.e. a Lagrangian subbundle
of TF? closed under the Lie bracket) and ) is just a symplectic complement. Using this splitting, we can write the mCME

dyS = loyw, (2.18)

85S = —a?, (2.19)

where Qy denotes the part of the cohomological vector field Q on ), 8y and 65 denote the corresponding parts of the de Rham
differential § on the BV space of fields F according to the splitting (2.17). Note that we have dropped the pullback *. These two
equations together with (2.14) imply

1 1 ,
(S 8)y= ELQyLQywzsd. (2.20)
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Choose Darboux coordinates (b', p;) on F? such that b’ denotes the coordinates on the base 3 and p; on the leaves. In the case of an
infinite-dimensional Banach manifold, locally one has Darboux’s theorem by using Moser’s trick, whenever the tangent spaces are split,
i.e. there are two Lagrangian subspaces L1, £; C T,g}'8 such that Tﬁ}"8 = L1 @ L, for some B € F?. This is in general not true for Fréchet
manifolds, even if the tangent spaces are split. Note that such a splitting is guaranteed if each fiber is a Hilbert space (see [20] for similar
discussions). However, for the quantization we want to perturb around each critical point, thus we only have to use the linear structure.
Additionally, we have to assume that the tangent spaces are split and that there is Darboux’s theorem if we work in the Fréchet setting
(see [31] for discussions about Darboux’s theorem on infinite-dimensional Fréchet manifolds). This allows us to write

o' ==Y pishi.
i

Using Equation (2.19), we get
5
shi

Denote by Ay the BV Laplacian restricted to ). We will assume that AyS = 0. For the closed case this means that we assume that S

solves both, the CME and the QME. For the case with boundary, the BV Laplacian anyway only makes sense on Y, so A = Ay,. Next, we

can obtain

S=p;, Vi

h
and by Equation (2.20), we get

. i\*1 .
Ayexp (iS/h) = (—) E(S,S)yexp(lé‘/h)

—h?Ayexp (iS/h) = 8% exp (iS/h) . (2.21)

Now consider the standard quantization p; := —ih%. If P; acts on a function S on B parametrized by ), we get

DiS=—ihp;, pie.

Finally, considering the ordered standard quantization of S? given by

Sh.=s? (b —in> ).
sbi

where all the derivatives are placed to the right, and using Equation (2.21), we get the modified quantum master equation (mQME) [24]
<h2Ay n 33) exp (iS/h) = 0. (2.22)

In order to get a well-defined cohomology theory, we require that
2 \?
(na+87) =o.
— —~\2
Since A2 =0 and obviously the commutator [A, 83] vanishes, we have to assume that (Sa) = 0. This clearly follows if

Sl x5l =0, (2.23)
where
*: O(F)[] x O(F)[R] — OF)[n]

denotes the star product (deformation quantization) induced by the BFV form @? and the standard ordering as mentioned above. Actually,
the construction with the star product does not require the notion of a BV-BFV manifold and thus can be also considered independently
for the BFV case. Moreover, the deformed boundary action Sg satisfying (2.23) might spoil the mQME (2.22). Note that we can endow the
deformed algebra Oy (F? )[h] with a dg structure by considering the differential given by

Q=8 *—. (2.24)

Then we have

QIS =8 xS§ =SSP+ > M Br(S), S =SS +1{SH, S} + 1 Ba(S), S + 0(h%), (2.25)
k>1

where By denotes some bidifferential operator for all k > 1 with By :={ , }. Moreover, note that we have
(Sh. i = (S5, S0} +1{SG, 87} + 1(ST, 85} +1P(S], ST} + 7*(S3, 85} + 0 () (2.26)
Using (2.16) and (2.26), we get

10
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S xS = (S§ +1S) +1*SY + 0 (1)) x (S§ +hSY + 2SS + 0(R%)) +h(S), SO + h{SS, S} + h{S), Sh)+
+h3(S?, 8T} + h*(SS, 89} + 0(R%) +h2B2(SY, SY) + 0 (k%)
= S3SY +N(SISY + S{SY + (S5, S +h*(S{ S + SIS+ SIS +1{S5, SIY + B2(SY, S + 0(R?)
=1{S5, S§} +h2 (1S5, 8%} + B2(SJ. 89 + 0(h3),  (2.27)

where we have used the graded commutativity relation

{f, g} =— (=) TDEhetDg )
the fact that { , } is even of ghost number 0 and that each S,f is odd of ghost number +1 for all k > 0. Note that by the CME for Sg the
first term in (2.27) vanishes. Moreover, by the associativity of the star product we get

(S5, B2(S5, S9)) = Q°(B2(S3, 59)) =0,
and thus B(S§, SY) is closed under the coboundary operator Q9 ={S?, }. If we assume that B;(S], Sj) is also Q?-exact, there exists
some S? € Ojpc(F?), such that

B2(Sp. Sp) = (85,51} = —Q (D).

Thus the coefficients in degree +2 vanish and one can check that by the construction of the star product all the higher coefficients will
also vanish using a similar iterative procedure as we have seen before. O

More generally, in the quantum BV-BFV construction [24] one can construct a geometric quantization [14,43,79] on the space of
boundary fields F? using the symplectic form w? and the chosen polarization. This will give a vector space H (actually a chain complex
(H,S") associated to the source boundary. In fact, we can construct H as the space of half-densities Dens%(B) on B. We call H :=
7—[®Dens%(V) the space of states. We have denoted by ® a certain completion of the tensor product in order to deal with the infinite-

dimensional case. Moreover, we have denoted by Dens? (V) the space of half-densities on V. In order to deal with high energy terms for
a functional integral quantization, we assume another splitting

y=vxY, (2.28)
where V denotes the space of classical solutions (critical points) of the quadratic part of the action modulo gauge symmetry and )’ is a
complement. In fact, we assume that the BV Laplacian and the BV symplectic form split accordingly as

A=Ay + Ay, (2.29)

w=wy +wy. (2.30)

Such a splitting is guaranteed for many important theories, such as (perturbations of) abelian BF theories, by methods of Hodge decom-
position [24]. In that special case, B is in fact given by the fields restricted to the boundary. The elements of V are given by the zero
modes of the bulk fields and the elements of ) are given by the high energy parts of the bulk fields. Choosing a gauge-fixing Lagrangian
submanifold £ C ), a boundary state is given by

U= / exp (iS/h) € 7, (2.31)
L£Lcy'

where the functional integral is defined by its perturbative expansion. One can then extend (2.22) to elements of H
(hZAV +§3)@=0. (2.32)

Note that a state W depends on leaves in B and zero modes in V. One can show that the space of zero modes is given by a finite-
dimensional BV manifold (V, Ay, wy) if we consider BF-like theories [24]. Note that in this case it makes sense to define Ay,. As it was
argued in [24], there is a way of integrating out the zero modes. Using cutting and gluing techniques on the source, motivated by the
constructions of [2,65], we will obtain a number which corresponds to the value of the partition function for a closed manifold. Moreover,

in [24] it was shown that there is always a quantization S9 of S that squares to zero and satisfies (2.32). It is fully described by integrals
over the boundary of suitable configuration spaces determined by the underlying Feynman graphs.

2.7. Examples of quantum BV-BFV theories

One can extract the axiomatics for a quantum BV-BFV theory out of the computations we have seen before. A quantum BV-BFV theory
consists of the following data:

(i) A graded vector space Hzx associated to each (n — 1)-dimensional manifold ¥ with a choice of polarization on }'%. It is constructed
by geometric quantization of the symplectic manifold (F%, a)‘%). The space Hs is called space of states.
(ii) A coboundary operator 5 on Hs which is a quantization of the BFV action S%. The operator Q3 is called quantum BFV operator.

11
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(iii) A finite-dimensional manifold Vs, associated to each n-dimensional manifold X, which is endowed with a degree —1 symplectic form
wyy and a polarization on ]—"5‘2. It is called the space of residual fields. Moreover, the space
~ A 1
Hy :=Hyz®Dens2 (Vy)

is endowed with two commuting coboundary operators Qag = Qs ®id and Kz :=1id ® Ayy, where Ay, denotes the canonical BV
Laplacian on half-densities on residual fields Vs.
(iv) A state Wy € Hy which satisfies the modified QVIE

(ﬁZZE + ﬁaz){i\/z =0.

2.7.1. Example: (perturbations of) abelian BF theory

Consider the abelian version of the classical BV theory as in 2.2.4 and its classical BV-BFV extension. Moreover, we want to consider
a source manifold ¥ whose boundary 90X splits into the disjoint union of two boundary components 9; X and 9, X representing the
incoming and outgoing boundary components respectively. On 9; X we choose the %—polarization such that the quotient (leaf space)
may be identified with 57 := Q°*(9;X)[1] > 2 and on 9, X we choose the %-polarization such that the quotient may be identified with
By :=Q*(8;X)[n — 2] > B. The whole leaf space is given by the product Byx = By x By. The space of residual fields is given by the
finite-dimensional BV manifold

Vs :=Hp (D)[1]1 @ Hp, (Z)[n — 2],

where Hl‘)j(E) denotes the de Rham cohomology of the space QBj(E) ={y € Q*(¥) | ity =0}, where i denotes the inclusion map
9;X < X. Here D stands for Dirichlet. Note that by Poincaré duality we get Vy = T*[—1](H};(2)[1]) = T*[-1](H},(Z)[n — 2]). The
BV Laplacian Ay, can be defined by using a basis ([x;]); of H},(¥) and its dual basis ([x'Di of Hp, () with chosen representatives
Xi € 2p;(2) and x' € Q},(X). Note that we have

/XiAXjZS},

=

and we can write the residual fields in Vx by
_ iy _ +.,
i J
with (Z, z;r) being canonical coordinates on Vy. The BV symplectic form on Vg is then given by

Wy, = 2:(—1)]‘*(”_”ghzi(ﬁzfr A8Z'.

1

The BV Laplacian on Vy is then given by

id 0
_ _1\1+(—-1)ghZ
Avy =2 (-1) 39z 97+
i i

The quantum BFV operator Qs acting on By x Vy, is given by the ordered standard quantization of 85’2 relative to the chosen polar-
ization:

—~ 1) 1)

Qax =iA(=1D" d — dAA —

sy =ih(—1) / %/\5%4—/ /\52[
> P>

Using the effective action given by

S = (—1)n-! /%Aa—/bwt — (=1 / By
0% 0 QXN Z

where 1 € Q"1(C3(X)) is a chosen propagator on the compactified configuration space

> FMAS
Co(2) :={(x1,%2) € X% | X1 # X2}

(here FMAS stands for the Fulton-MacPherson/Axelrod-Singer compactification of configuration spaces [4,36]), we get the state
62 =Ty exp (isgff/ﬁ) .

Here Ty € C denotes a coefficient expressed in terms of the Reidemeister torsion. Indeed, one can then immediately check that the mQME
is satisfied where Ay := Ay acts on the fibers of Byx x Vs. We can construct the state space to be

12
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e — Jan=2 54,11 | & 1
He=| [] #i% *onils | &Densz(vy),
J1,J2=0

where ’H ): is the vector space of j-linear functionals on Q°(dX)[¢] of the form

QO] >D— / ynf‘@/\m/\nfﬁ
@%))

times some prefactor (given in terms of the Reidemeister torsion), where y is some distributional form on (%)Y and m; denotes the
projection to the i-th component. Considering perturbations, we asymptotically get that states are of the form

- eff ! k
\llzfszexp(lsg /h)xZFz‘ > / RE @D AN AT AATS I BA AT B,
K20 TR0 sy sy

where 7; ; denotes the j-th projection of (3; %)% and R’j‘.”.2 denotes distributional forms on (3; )/ x (3, %)/ with values in Dens? (V).
Note that here S)e:ff is replaced by the corresponding zero-loop effective action. We refer the reader to [24] for more examples and a
detailed discussion of perturbative quantizations on manifolds with boundary.

An important version of a perturbation of abelian BF theory is given by split Chern-Simons theory [25]. Consider Chern-Simons theory
as in 2.2.3 for a Lie algebra g endowed with an invariant pairing ( , ). Moreover, consider a suitable 3-manifold ¥. As we have seen, for
A€ Q*(2) ® g[1], the BV action is given by

1 1
Sz :/<§(A, dA) + < (A, A, A]>>~
z

Assume that the Lie algebra splits as g =V @& W into maximally isotropic subspaces with respect to { , ), i.e. the pairing restricts to zero
on V and W and dimV =dim W = 1 dim g. Then one can identify W = V* by using the pairing and consider a decomposition A=V +W
with Ve Q*(2) ® V[1] and W € Q*(X) ® W[1]. Then we can decompose the action Sy = SK" + SIt into a kinetic and interaction part:

Skin _ ; f (A, dA) = / (W, dV),
)

sint— — [ (A, [A,A])

—_

(V+W,[V+W,V+Wj).

ml»—*
\M"\M

|

z

An important assumption on the theory is that (g, V, W) is in fact a Manin triple, i.e. V and W are actually Lie subalgebras of g. The
quantum picture is then similar to the one of abelian BF theory (see [25] for a detailed construction). More general perturbations of
abelian BF theory are given by AKSZ theories [1] as mentioned in Remark 2.1 (see also [23,24,27] for a detailed treatment of such theories
in the BV-BFV formalism).

3. Higher codimension
3.1. Higher codimension gauge theories: BV-BF¥V theories

Since the BV-BFV construction is a codimension 1 formulation, we have an action of a dg algebra of observables, coming from the
deformation quantization construction, to a chain complex (or vector space) associated to the boundary via geometrlc quantization with
respect to the symplectic manifold (F?, ?). This corresponds to the action of the operator Sa € End(H) on U e H. Classical BV-BFV
theories can be extended to higher codimension manifolds [23]. One can define an exact BF¥V manifold to be a triple (]-'" , o —

Saak, Q k) where 7% is a Z- -graded supermanifold, o’ " e QZ(Fak) is an exact symplectic form of ghost number k — 1 with primitive

1-form ®, and Q% € X(F?) is a cohomologlcal symplectlc vector field with Hamiltonian function S? of ghost number k. A BV-BFV
manifold over an exact BF¥V manifold (}"’ Lo = £ ) is a quintuple

k—1 k—1 k—1 k—1 ak—1 K
(F " ST QN e F —>f3‘)
such that 7 is a surjective submersion and
o 57QY " = Qf”‘
.[Q}klw =68"" 4 rrad
Again, this will lead to a higher codimension version of the mCME

Qak 1($3k 1) (283 —ankaa) (3.1)

13
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3.1.1. Example: classical codimension 2 theory
Consider Yang-Mills theory as in 2.2.2. Let 35 C X be a codimension 2 stratum. The BV-BFV theory on ¥ and 9% induces the following
data associated on X,: The space of fields

FL = Q" 2(5) @gln — 21 @ Q%(2) @ al1]3 (By, <),

with gh B, = 0 and ghcy = 1. The BF2V symplectic form is given by

a)%z2 = 80:%22 = /Tr (8B2 A 8cz),
b))

with

0[%22 =/Tl‘ (Ez /\5&:2).
P2}

The cohomological vector field is given by

o /Tr (B, 2] A o + ez, 2] A —

= ,C — 4+ =[e2, € — ).

b 25205, T 2 T S
P2}

The BF2V action (which one can obtain from Q%zz by using the construction of [58]) is given by

52 1
SZZ = Tr EBZ A e, c2] ).

P2}

Remark 3.1. The quantum extension is more difficult and requires certain algebraic constructions. Following the codimension 1 construc-
tion, one can try to formulate a similar procedure by considering a deformation quantization of Poisson structures with higher shifts.
However, we will not consider a general coupling of higher codimension theories here, but rather describe the idea for quantization of the
according BFXV theory for a codimension k stratum. It is expected that a coupling on each codimension for general geometric situations
is possible.

3.2. Algebraic and geometric structure for the quantization in higher codimension

3.2.1. Deformation quantization picture

Let us denote by E; the topological operad of little k-dimensional disks and let P, denote the operad controlling (1 — k)-shifted
(unbounded) Poisson dg algebras [49]. It is known that deformation quantization of IP;-algebras corresponds to [Eq-algebras [44], which
is the same as an Ay,-algebra (associative algebra). The higher codimension picture for deformation quantization is related to the higher
version of the Deligne conjecture [44]. The Deligne conjecture, which is related to usual deformation quantization, states that there is a
natural action of an IE,-algebra over the category of chains complexes to the Hochschild cohomology generated by an arbitrary associative
algebra (see e.g. [45,51] for a proof). This can be generalized to the [E; operad. Using the fact that the [E; operad is formal in the category
of chain complexes, i.e. equivalent to its homology and that its homology is given by the P, operad, there is an equivalence between the
E, and the P, operad [35,44,68,69]. Thus for all k > 2, there exists a deformation quantization for a Py-algebra and there is a canonical
Lie bracket [ , ], on an [E-algebra which corresponds to a (1 —k)-shifted Poisson structure through the equivalence. One can then view

Oloc (F é’k)[[h]] as an [Ey-algebra endowed with a dg structure induced by the differential

k. _ [ s ] 3.2
Qh . ’ ]Ek . ( . )
The higher shifted analog of the quantum master equation is then given by
[sgk, sgk] —o0. (3.3)
Eg

Note that for k =0, we obtain a +1-shifted Poisson structure ( , ):=[, ]g, as in the construction of a BV algebra, so there is an
equivalence of the operad BV, which controls the BV algebra structure, to the homology of the framed Eg-operad. Note the difference of
having a framing, i.e. we also allow rotations of little disks. The rotations indeed correspond to the BV Laplacian A in the homology of the
operad over chain complexes.

In the category of chain complexes we can observe a chain complex of observables O,.(F) with differential Q = (S, ). In fact, we
will have the operations given by the differential Q (degree +1), usual multiplication of functions (degree 0), the Poisson structure ( , )
(degree +1) and the BV Laplacian A (degree +1) such that for all f, g € Ojc(F) we have

A(fg)=Afg+ (=D fAag+ (-1DEI (£, g).

Deforming this operad will lead to the BIDg operad which is basically the same as the BV operad without emphasizing the BV Laplacian
A but, for the purpose of QFT, include it into the differential and where everything is now over chain complexes of K[h]-modules, i.e. we
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consider the algebra of deformed observables Ojoc(F)[h] together with the bracket fi( , ) and a differential D of degree +1 such that for
all f, g€ Opc(F)[r] we have

D(fg)=Dfg+ (-1 fDg+ (1) n(f, g).

In application to QFT we have D = Q + 1A and one can check that we indeed have D = 0 (see also [29] for the construction of Beilinson-
Drinfeld algebras in connection to QFT and factorization algebras).

Remark 3.2. It is important to mention that the usual convention for the degrees in the definition of a BV algebra is the one where the
Poisson bracket ( , ) is of degree —1 and hence A is also of degree —1. In this case the BV operad is equivalent to the homology of
the framed E, operad (little 2-disks) [37]. However, for BIDg-algebras one still requires that the bracket is of degree +1, so one assigns
a weight of +1 to A.

For k =1, this corresponds to usual deformation quantization [29]. In particular, for a Py-algebra (A, { , }), the lift to a BID-algebra,
which is flat over K[i], is the same as a deformation quantization of A in the usual sense. Indeed, to describe BID;-structures on A[h]
compatible with the given IP;-structure we can give an associative product on A[h], linear over K[i], and which modulo f is given by
the commutative product on A. The relations in the BID; operad imply that the IP;-structure on A is related to the associative product
on A[h] by

1
E(f*g—g*f)z{f,g} mod A.

The higher codimension k version of the quantum master equation follows the picture of BID,-algebras.

This construction is also consistent with the k-dimensional version of the Swiss-Cheese operad [44,75] SCy r—1 which couples the Ej
operad to the E;_; operad [44,50,71] by an action of [E,-algebras on [Ej_q-algebras. Describe it as an operad of sets. This colored operad
has two colors: points may be in the bulk or on the boundary. The set of colors is a poset, that is a category, rather than a set, and there
are only operations compatible with this structure. The Swiss-Cheese operad is important when dealing with the coupling in contiguous
codimension. A Swiss-Cheese algebra (i.e. an algebra over the Swiss-Cheese operad SCy x_1) consists of a triple (A, B, p) such that A is a(n)
(framed) Ey-algebra, B a(n) (framed) [Ej_q-algebra and p: A — HC® (B) the coupling action. Here HC® (B) denotes the Hochschild

Diskll | Diskll” |
cochain object of the E,_q-algebra B. In fact, HC® (B) carries the structure of an E-algebra. Thus, p is a map of (framed) E-algebras.
1

Disk!"

Unfortunately, it can be shown that the Swiss—Ckheese operad is not formal [46] (still, one can show that there is a higher codimension
version of the Swiss-Cheese operad which in fact is indeed formal [38]). However, there is an equivalence of SCy_1 to a classical
notion for coupling contiguous codimensions by the [Py x_; operad (see [52] for the definition of PPy x_1 and detailed discussions). Let
us briefly discuss the coupling in each codimension from the point of view of factorization homology for stratified spaces as in [6]. A very
good introduction to factorization homology in the topological field theory setting is [70]. Similarly, as the contiguous codimensions can
be coupled together by the Swiss-Cheese operad through the coupling action p, we can extend this to a generalization for the coupling
in each codimension. Denote by Disk‘fjr the oo-category with objects given by finite disjoint unions of framed d-dimensional disks and

morphisms being smooth embeddings equipped with a compatibility of framings. A Diskgr-algebra (or equivalently framed E4-algebra) A

in a monoidal symmetric co-category C® is a symmetric monoidal functor A: (Diskg)]‘I — C®, where | ] denotes the symmetric monoidal

structure given by disjoint union of topological spaces. Denote by Mnfldg the oco-category whose objects are smooth framed d-dimensional
manifolds and whose morphisms consist of all smooth embeddings equipped with a compatibility of framings.

Let C® be a symmetric monoidal co-category admitting all sifted colimits. Fix an Eg-algebra in C®, which we will denote by A. Then
factorization homology with coefficients in A is the left Kan extension,

Diskll —A— ¢®
P

£ 7 A

fi
MnfidT

and for a framed d-manifold X € Mnﬂdg, we denote by
/ A
X

the factorization homology of X with coefficients in A. It is called homology since it satisfies the Eilenberg-Steenrod axioms [32] for a homology
theory. Note that we can also fix a manifold Y € Mnfldrf{_d_l and consider a map

/: AlgDiskﬂr(C®) - AIgDiskfer €®).
Y

More general, for a symmetric monoidal co-category C® and an co-category B of basics, one can define the absolute factorization homology
to be the left adjoint to
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Fig. 1. Difference between the defect situation and the boundary situation.

S A

N | A

Fig. 2. Example of a 1-dimensional defect B sitting in R3. The orthogonal sphere is given by S! through homotopy equivalence of the tubular neighborhood around it.

A
/: AIngsk(B) (C®) Fun®(|\/|nﬂd(B)7 C®).

The basics for our construction are given by framed disks of a given dimension. Moreover, for our purpose we want to consider the cate-
gory C® to be given by chain complexes. For the situation where B = Diskgrcn is defined such that B-manifolds are framed n-dimensional

manifolds with a framed d-dimensional properly embedded submanifold such that the framing splits along this submanifold we have the
following:

For an [E,-algebra A and an [E;-algebra B, we can observe an action [6, Proposition 4.8]

pi [ A-nc B,
sn—d-1

where $"4-1 denotes the (n —d — 1)-sphere. Here we are considering a d-dimensional defect sitting inside an n-manifold as locally
described by the basics category Diskgrcn. Note that p has to be a map of E4;-algebras. This can be regarded as a higher version of
Deligne’s conjecture. In particular, for d =n — 1, we can obtain the action given by

p: /A =AQAP — HC g (B).
S0

Note that this is not exactly the Swiss-Cheese case since here the domain is given by A ® A°P where as in the Swiss-Cheese case it is
given by A. Intuitively, this is because the opposite half of the bulk is missing (see Fig. 1).

A nice interpretation for the integration was also given in [19,34]. The integral /snfdf' A is by definition given by fS”’d’l <Rrd+1 A, hence
an Eg,-algebra since =91 x R%*! is an E4,-algebra by considering the space of embeddings

]_[ Snfdfl X Rd+] N Sn7d71 X Rd+1.
I

This is in fact true for any (n — d — 1)-manifold not just for S"~¢~1, Thus, one may think of the action of A on the defect B to be given
by a fs"fdfl A-module structure. Consider the local situation when there is a defect B c R? sitting in R™. We can think of $"~¢-1 as

the orthogonal sphere and $"9-1 x R4t1 as some tubular neighborhood around R? without R?. Then fs"—d—l A is the global algebra
of observables on this neighborhood. In this interpretation, the action by f5n7d71 A is equivalent to restricting the bulk algebra to an
infinitesimal neighborhood of B where it acts (see Fig. 2 for an illustration).

For d =n — 2 we get an action

p: /A =A Qagar A — HC.Diskaz (B).
St

16



N. Moshayedi Physics Letters B 815 (2021) 136155

32
81

Fig. 3. A corner situation.

- O

Fig. 4. Situation of defects sitting inside some n-manifold for which the mentioned construction applies.

In fact, in [5,34] it has been proven that for any symmetric monoidal category C® there is an equivalence

ial T
Mod,""4(C®) = Mody, , , 4(C®).

which is used in the proof of [6, Proposition 4.8]. Note that in this picture, the d in E; denotes the dimension of the corresponding
submanifold (defect). For a classical theory on an n-manifold, the codimension k submanifolds of dimension d =n — k, give rise to E4-
algebras, and are endowed with an additional Py-structure. In this case (i.e. with additional structure) all of the previous constructions
hold but there will be extra constrains due to the Py-structure. In particular, it is not clear how the action is expressed in presence of
additional structure.

Remark 3.3. An important remark at this point is to emphasize that above mentioned construction for the action of a different codimen-
sion is in fact just pairwise. In order to describe the coupling action in each codimension (i.e. not just pairwise) some modification has to
be made. This means that a geometric situation as e.g. in Fig. 3 is not directly covered by the constructions of [6]. Note that the coupling
depends on the given geometry and how the defects are relative to each other. There has to be some compatibility of the action of the §°
part to the 3! parts where these have to have again a coupling to the 82 part. This has to be compatible with the action of the 9° to the
9% part. However, the extension to a situation as in Fig. 3 is known and a coupling on a general stratified space is expected to be possible
[19]. (See Fig. 4.)

3.2.2. Geometric quantization picture

The phase space of an n-dimensional classical field theory associated to a closed d-dimensional submanifold is endowed with a (n—d —
1)-shifted symplectic structure [55]. This also makes sense for the case when d =n, i.e. for the case of a (—1)-shifted symplectic structure
which corresponds to the case of the BV formalism. Let us briefly consider the example of 3-dimensional classical Chern-Simons theory
as in 2.2.3 [62]. For a compact Lie group G we associate the phase space which is given by the moduli space of flat G-connections. If X is
a closed oriented 3-manifold, the phase space is given by the critical locus of the Chern-Simons functional, so it carries the induced BV
symplectic structure. If ¥ is a closed oriented 2-manifold, the phase space is endowed with the Atiyah-Bott symplectic structure [3]. If
¥ = S! (1-dimensional closed compact oriented manifold), the phase space is the stack of conjugacy classes [G/G] and the corresponding
1-shifted symplectic structure is given in terms of the canonical 3-form on G. If ¥ = pt (0-dimensional case), the phase space is given
by the classifying stack BG = [pt/G] and the corresponding 2-shifted symplectic structure is given in terms of the invariant symmetric
bilinear form on the Lie algebra g := Lie(G) used in the definition of Chern-Simons theory (Killing form).

The analog of geometric quantization for k-shifted symplectic structures uses the notion of higher categories [49] and derived algebraic
geometry [55,73]. It was recently shown that it corresponds to the notion of an (oo, k)-category [62]. Let us give a bit more insights on this
construction. Recall that the data for geometric quantization of a symplectic manifold (M, w), is given by a prequantization, i.e. a line bun-
dle (usually called prequantum line bundle) (£, V) together with a connection on M with curvature w, and a polarization, i.e. a Lagrangian
foliation . C TM which is a subbundle closed with respect to the Lie bracket of vector fields which is Lagrangian with respect to w [43,54,
79]. The constructed vector space is then given by the space of V-flat sections 'y, (M, %) C I'(M, £) of £ along the foliation .%#. In the
k-shifted case, one defines the analog of a prequantum line bundle, called a prequantum k-shifted Lagrangian fibration, to be given by a k-
gerbe ¢ on the base manifold together with an extension of the natural relative flat connection on the pullback of ¢ to the fiber to a con-
nective structure V. The polarization is encoded in a k-shifted Lagrangian foliation (see [16,74]). For a 1-shifted symplectic structure we get
the oco-category QCohg of twisted quasi-coherent sheaves on the base and for the 2-shifted case the co-category of quasi-coherent sheaves
on a certain category and so on, such that the output for k-shifted structures gives an (oo, k)-category (see [62] for a detailed construction).

Note that this indeed is compatible with the quantum BV-BFV construction which assigns a chain complex (#, ©2) to the 0-shifted
case on the boundary (rather than a vector space). It is also compatible with the BV construction in the bulk, i.e. for a (—1)-shifted
symplectic structure. Namely, the constructions as in [64] give rise to a “geometric quantization”. The expectation value, assigning to an
observable a value in the ground field through a path integral of a half-density (usually exp(iS/h)o where o is some A-closed reference
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half-density) over a chosen Lagrangian submanifold (gauge-fixing), is considered as some analog for the polarization. This can be seen by
an extension of the result in [76]. The original form states that for an odd symplectic supermanifold (F, w) there is a quasi-isomorphism
between the complex (22°(F), wA), consisting of differential forms on F endowed with the differential given by wedging with w, and the
complex (Dens%(}"), A), consisting of half-densities on F endowed with the BV Laplacian (this is obviously related to the BV theorem
as in [64]). Moreover, it states that the de Rham differential vanishes on the cohomology of (22°(F), wA) and that the BV Laplacian is
given by A = (do (wA)~! o d). In fact, it is the third differential in the spectral sequence of the bicomplex (Q2*(F), wA,d) and all higher
differentials are zero. The shifted analog states a similar quasi-isomorphism [62, Proposition 2.34]. Hence, we want to extend the outcome
to “dg (oo, k)-categories”. Let us first talk about the 1-categorical picture and give an informal construction for it. One can regard a dg
k-category to be a k-category C [7] for which each set of morphisms Hom(X, Y) between two objects X,Y € C forms a dg module, i.e. it
is given by a direct sum

Hom(X, Y) = @) Homa (X, Y),
neZ
endowed with a differential
dS": Homy(X, Y) — Homp1(X, Y).

Composition of morphisms is given by maps of dg modules

Hom(X, Y) ® Hom(Y, Z) — Hom(X, Z), VX.,Y,ZeC

satisfying some additional relations [30,72]. One should think of Hom as the space of 1-morphisms. Denote by Hom® the space of k-
morphisms, which again forms a dg module. Below an illustration of a 2-morphism « between morphisms f, g € Hom™(X,Y) and a
3-morphism I' between two 2-morphisms «, .

f
; /\
x/ﬂa\y X ol =\ s y
~_v 7 \\/
g
g

We require that they satisfy the same conditions as Hom = Hom(", i.e. for two (k — 1)-morphisms f, g, we want that the space of
k-morphisms between them is given by a direct sum

Hom® (f. g) = @ Hom{"(f. &)

neZ

endowed with a differential
dd#: Hom® (f, g) — Hom® (£, g).

The composition of k-morphisms should then, similarly as for higher categories, satisfy some Stasheff pentagon identity [66,67]. Formally,
one can construct a strict dg k-category as an iteration (similarly as for defining higher categories) of enrichments over the category of
chain complexes. That is, one defines a dg k-category as a category enriched over dg (k — 1)-categories. This is more or less straightforward
since the category of chain complexes can be endowed with a symmetric monoidal structure. The more interesting notion in this setting
is the non-strict version. There one has to start with an oco-category for the enrichment instead of just chain complexes. Although there
should not be any obstacles in the construction, this will be rather involved. The diagram below illustrates the quantization for higher
codimensions where we denote by Ch the category of chain complexes, by AIQ%,: (Ch) := Algp, (AlgE, (Ch)) the category of P-algebras
over Eg-algebras in Ch and by dgCat, y, the category of dg (oo, k)-categories. One should think of the horizontal arrows as passing
to higher codimension and not as a functor in particular. The quantum picture on the level of deformation quantization focuses on the
algebraic structure (shifted Poisson structure) on the space of (higher codimension) observables, whereas the picture on the level of
geometric quantization focuses on the geometric structure induced by the space of (higher codimension) boundary fields, namely its
(shifted) symplectic manifold structure.

ok . 92 9! 30

L AlGEEECh) «— ... «— Alggh(Ch) +— Alggh! (Ch) <— Alggt, (Ch)

e dgCat(oo’kfl) — dgCat(Oo’]) Ch K
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3.3. Obstruction spaces

Recall that for codimension O theories the quantum obstruction space was given by the first cohomology group with respect to the
cohomological vector field in the bulk (Theorem 2.2) and for coboundary 1 theories it was given by the second cohomology group with
respect to the cohomological vector field on the boundary (Theorem 2.4). A natural question is whether the obstruction space for the
quantization of codimension k theories is given by

k+1 k

H i (Oac(F™).

This is not clear at the moment. We plan to consider this more carefully in the future.
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Abstract. We consider a construction of observables by using methods
of supersymmetric field theories. In particular, we give an extension of
AKSZ-type observables constructed in Mnev (Lett Math Phys 105:1735—
1783, 2015) using the Batalin—Vilkovisky structure of AKSZ theories to a
formal global version with methods of formal geometry. We will consider
the case where the AKSZ theory is “split” which will give an explicit
construction for formal vector fields on base and fiber within the formal
global action. Moreover, we consider the example of formal global general-
ized Wilson surface observables whose expectation values are invariants of
higher-dimensional knots by using BF' field theory. These constructions
give rise to interesting global gauge conditions such as the differential
quantum master equation and further extensions.
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1. Introduction

Observables play a fundamental role in theoretical and mathematical physics.
They are used in several constructions, e.g., deformation quantization and
factorization algebras. In [46], a method for constructing observables in the
setting of AKSZ theories was introduced, where several examples, including
Wilson-loop-type observables for different theories, have been addressed.

These constructions were given using the approach of supersymmetric
field theory and methods of functional integrals. In particular, the focus lies
within a special formalism dealing with gauge theories which is called the
Batalin—Vilkovisky (BV) formalism. This formalism was developed by Batalin
and Vilkovisky in a series of papers [5,7,8] during the 1970s and 1980s in
order to deal with the functional integral quantization approach where the La-
grangian is invariant under certain symmetries and the integral is ill-defined.
They have shown (later also formulated in a more mathematical language by
Schwarz) that these issues can be resolved by replacing the ill-defined integral
by a well-defined (after some regularization is also introduced) one without
changing the final value. The mathematical structures of this powerful formal-
ism have been studied since then by many different people.
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AKSZ theories [1] (named after Alexandrov, Kontsevich, Schwarz and
Zaboronsky) are a particular type of field theories where the space of fields
is given by a mapping space between manifolds. It can be shown that these
theories, regarded in a special setting, will give rise to field theories as formu-
lated in the BV setting. Many interesting theories are in fact of AKSZ-type,
e.g., Chern—Simons theory [3,4,18,22,58], the Poisson sigma model [16,35,51],
Rozansky—Witten theory [50], the Courant sigma model [49], BF theory [20,
47], Witten’s A- and B-twisted sigma models [59] and 2D Yang-Mills theory
[36].

The globalization idea originates from a field-theoretic approach to glob-
alization of Kontsevich’s star product [39] in deformation quantization. The
associated field theory is given by the Poisson sigma model. The Poisson sigma
model is a two-dimensional bosonic string theory with target a Poisson man-
ifold which was first considered by Ikeda [35] and Schaller—Strobl [51] by the
attempt of studying 2D gravity theories and combine them to a common form
with Yang—Mills theories. Using the Poisson sigma model on the disk, Catta-
neo and Felder have proven that Kontsevich’s star product is exactly given by
the perturbative expansion of its functional integral quantization [15]. Regard-
ing the fact that the Poisson sigma model is a gauge theory, it is interesting
to note that it is a fundamental non-trivial theory where the BRST gauge
formalism [9-11,56] does not work if the Poisson structure is not linear. In
fact, to treat the Poisson sigma model and its quantization, one has to use the
BV formalism. However, the field-theoretic construction of Kontsevich’s star
product was only considered locally since Kontsevich’s formula was only given
for the local picture on the upper half-plane. Later on, using techniques of
formal geometry, developed by, e.g., Gelfand—Fuks [32,33], Gelfand-Kazhdan
[34] or Bott [13], it was possible to construct a globalization, similar to the
approach of Fedosov for symplectic manifolds which only covers the case of
constant (symplectic) Poisson structures [30].

In [12,17], this approach was first extended to the field theoretic BV con-
struction of the Poisson sigma model for closed source manifolds. In recent
work [25] this construction was extended to the case of source manifolds with
boundary. There one has to extend the BV formalism to the BV-BFV for-
malism which couples the boundary BFV theory to the bulk BV theory such
that everything is consistent in the cohomological formalism. Here BFV stands
for Batalin—Fradkin—Vilkovisky which formulated a Hamiltonian version of the
BV construction in [6,31]. The bulk-boundary coupling (the BV-BFV formal-
ism) was first introduced classically in [19,20] and extended to the quantum
version in [21]. The globalization construction for the Poisson sigma model on
manifolds with boundary was more generally extended in [24] to a special class
of AKSZ theories which are called “split” where the case of the Poisson sigma
model is an example.

The aim of this paper is to extend the constructions of [46] to a formal
global construction. In fact, we will construct formal global observables by
using the notion of a Hamiltonian Q-bundle [41] together with notions of formal
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geometry, and we will study the formal global extension of Wilson loop type
observables for the Poisson sigma model.

Additionally, we discuss the formal global extension of Wilson surface
observables which have been studied in [27] by using the AKSZ formulation of
BF theories. We will show that these constructions lead to interesting gauge
conditions such as the differential quantum master equation (and further ex-
tensions).

These constructions are expected to extend to manifolds with boundary
by using the BV-BFYV formalism as the globalization constructions have been
studied for nonlinear split AKSZ theories on manifolds with boundary [24].

2. The Batalin—Vilkovisky (BV) Formalism

In this section, we will recall some aspects of the Batalin—Vilkovisky formalism
as in [21,48]. An introductory reference for learning about the formalism is [23],
which also covers the most important concepts of supergeometry and the case
of manifolds with boundary (BV-BFV).

2.1. Classical BV Picture

Let us start with the classical setting of the BV formalism.
Definition 2.1 (BV manifold). A BV manifold is a triple
(F,S,w)

such that ¥ is a Z-graded supermanifold!, S is an even function on F of degree
0 and w is an odd symplectic form on F of degree —1. Moreover, we want that
S satisfies the Classical Master Equation (CME)

{S>S}w =0, (1)

where { , }, denotes the odd Poisson bracket induced by the odd symplectic
form w. This odd Poisson bracket is also called BV bracket and, according to
Batalin and Vilkovisky, is often denoted by round brackets ( , ). We will call
F the BV space of fields?, S the BV action (sometimes also called the master
action) and w the BV symplectic form.

Remark 2.2. In physics, the Z-grading is called the ghost number. We will
denote the ghost number by gh and the form degree by deg.

Remark 2.3. The data of a BV manifold induces a symplectic cohomological
vector field Q of degree +1 which is given by the Hamiltonian vector field of
S, ie.,

lQw = (58, (2)

ITypically, this is an infinite-dimensional manifold. However, there are certain cases where
this is a finite-dimensional manifold, e.g., if we consider the moduli of flat connections on
a compact, oriented 2-manifold with holonomies on the boundary according to Atiyah and
Bott [2] which is of importance regarding BF theory.

2Usually, the BV space of fields is given by the (—1)-shifted cotangent bundle of the BRST
space of fields, i.e., Fgyv = T*[—1]FBRsT-
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wher § denotes the de Rham differential on #. The cohomological property
means that [@, Q] = 0 and the symplectic property means Low = 0, where L
denotes the Lie derivative. Moreover, note that by definition

Q= {Sv }w'

Definition 2.4 (Ezact BV manifold). A BV manifold is called ezact if w = da
for some primitive 1-form c.

In what will follow, we will mostly consider exact BV manifolds. Accord-
ing to the use of sigma models we want to consider space-time manifolds as
the source manifolds for our theory. Moreover, in this paper, we will restrict
ourself to topological theories.

Definition 2.5 (BV theory). A BV theory is an assignment of a manifold ¥ to
a BV manifold

Y= (Fx,Ss,ws, Q). (3)
2.2. Quantum BV Picture

We continue with the quantum setting of the BV formalism.

Definition 2.6 (Quantum BV manifold). A quantum BV manifold is a quadru-
ple (F,w, u,S) such that ¥ is a Z-graded supermanifold, w a symplectic form
on ¥ of degree —1, u a volume element® of F which is compatible with w in
the sense that the associated BV Laplacian

A f o S divdf, b (4)
satisfies
A% =0, ()
and S is a degree 0 function on ¥ such that it satisfies the QME (8).

Remark 2.7. The BV Laplacian satisfies a generalized BV Leibniz rule. For
two functions f,g on F, we have

A(fg) = A(f)g = fA(g) £{f, g}w-

see also [38,53] for a mathematical exposure to the origin of the BV Laplacian.

Moreover, define dgy to be the degree +1 operator given by
dpv := Q — ihA (6)
which satisfies
5}%\/ = 0. (7)

The following theorem is one of the main statements in the formalism
developed by Batalin and Vilkovisky. In its present form, it was stated by
Schwarz on general manifolds [52].

Theorem 2.8 (Batalin—Vilkovisky). For any half-density f on F, we have:

3We want the space of fields ¥ to be endowed with a natural measure.
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sz&

for a Lagrangian submanifold L C F,
(2) If Af =0, then

(1) If f = Ag, then

d
& Ltf_()?

for any continuous family (L) of Lagrangian submanifolds of F .

Remark 2.9. The choice of Lagrangian submanifold is in fact equivalent to
fixing a gauge. The second part of Theorem 2.8 tells us that if we have an
integral over a Lagrangian submanifold which is ill-defined, but on the other
hand A f = 0, then we can deform the Lagrangian submanifold £ continuously
to a Lagrangian submanifold £’ (choosing a different gauge) where the integral
is well-defined. In application to quantum field theory, we have f = e#S. Hence,
for gauge independence, we need to impose

AerS = 0 < {S,S}, — 2ihAS = 0. (8)

The condition (8) is called the Quantum Master Equation (QME). If we
let S depend on h, we can see that in order zero we get the CME {8, S}, = 0.
One can then solve (8) order by order.

2.3. L.-Structure

Recall that a ()-manifold with trivial body induces an L,-algebra structure
(see, e.g., [45]). More generally, a Q-manifold with non-trivial body induces an
L.-algebroid structure. Similarly, a BV manifold endowed with its ()-structure
induces an L..-algebra structure on ¥ [55]. This L,.-algebra encodes all the
relevant classical information of the field theory. Hence, at the classical level,
Lagrangian field theories can be equivalently described in terms of the un-
derlying (cyclict) L..-algebra structure. Moreover, equivalent theories induce
quasi-isomorphic L..-algebras. The unary operation ¢; is in fact encoded in
the linear part of the action @ = {8, }. on the field corresponding to the im-
age of /1. The higher brackets then make the linearized expressions covariant
and to allow for higher interaction terms. The operator gy in fact induces a
quantum L.-algebra (or loop homotopy algebra) on the same graded space. In
particular, by a direct application of the homological perturbation lemma, one
can prove a similar decomposition theorem and compute its minimal model as
for the classical case, which leads directly to a homotopy between a quantum
L.-algebra and its minimal model in which the non-triviality of the action

4A cyclic Loo-algebra [40] is an Loo-algebra g endowed with a non-degenerate, symmetric,
bilinear pairing ( , )g: g ® g — R such that

(X1, lns1 (X2, ..., Xn41))g = (_1)n+"(deg(X1)+deg(Xn+1))+deg(Xn+1) j=1 deg(X;)
<X7’L+17£n(X17 I Xn)>ga
for X1,...,Xn+1 € g and where (¢5,) denote the n-ary brackets on g. In the case of a

@-manifold the cyclic inner product corresponds to a symplectic structure.
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is fully absorbed in the higher brackets. Moreover, the homotopy Maurer—
Cartan theory® implies that for an arbitrary L..-algebra the BV complex of
fields, ghosts and anti fields is just the L..-algebra itself. See, e.g., [37,54,55]
for a more detailed discussion of L.-structures for BV field theories.

3. AKSZ Theories

3.1. Preliminaries

In [1], Alexandrov, Kontsevich, Schwarz, and Zaboronsky have proposed a
class of local field theories which are compatibel with the Batalin—Vilkovisky
gauge formalism construction, in the sense that the constructed local actions
are solutions to the Classical Master Equation. Hence, these theories give a
subclass of BV theories. In this section we want to recall the most important
notions of AKSZ sigma models. We start with defining the ingredients.

Definition 3.1 (Differential graded symplectic manifold). A differential graded
symplectic manifold of degree k is a triple

(M, Op, wpm = dpam)

such that M is a Z-graded manifold, ©y € C*°(M) is a function on M of
degree k + 1, and wy € Q%(M) is an exact symplectic form of degree k with
primitive 1-form ay € Q'(M), such that

{Om; OM},, =0, (9)

where { , },, is the odd Poisson bracket induced by wp. We have denoted
by da( the de Rham differential on M.

Remark 3.2. We denote by Qpa € X(M) the Hamiltonian vector field of © yy,
defined by the equation

LQuWm = d/\/[@M

with the properties [Qm, @m] = 0 (cohomological) and Lg,wm = 0 (symplec-
tic). Note that Qy is of degree +1. A quadruple (M, Qm, Opm, wm = dpam)
as in Definition 3.1 is also called a Hamiltonian Q-manifold.

5This is the theory induced by the action term Syic(¥) = > j>1 (J+1)' (W, 4;(¥,...,T))qg

for a cyclic Loo-algebra g endowed with an inner product ( , )g. Here (¢;) denotes the
family of j-ary brackets on g. The stationary locus of this action is given by solutions of
the homotopy Maurer—Cartan equation EjZl %Ej(\lf, ..., ¥) = 0. In fact, the deformed
Lagrangian (still classical)

S(¥) = (T, Q(¥)q +Y —

7j>1

( +1)' ’ J(\II "7\Il)>9

satisfies the CME.



2958 N. Moshayedi Ann. Henri Poincaré

3.2. AKSZ Sigma Models

Let ¥4 be a d-dimensional compact, oriented manifold (possibly with bound-
ary) and consider its shifted tangent bundle T'[1]X,;. Moreover, fix a Hamil-
tonian (Q-manifold

(M, Qm; Opm, wm = dpam)
of degree d — 1 for d > 0. We can consider the mapping space of graded
manifolds from T'[1]¥; to M to be our space of fields:

7L, = Mabgyns (1120, M), (10)

where Mapg, s denotes the mapping space between graded manifolds.® We
would like to endow Té\g with a @-manifold structure. This can be done by
considering the lifts of the de Rham differential dy,, on ¥4 and the cohomo-
logical vector field Q¢ on the target M to the mapping space. Hence, we get
a cohomological vector field

Qs, = ds, + Qp € X (FLY), (11)

where 82 , and @ m denote the corresponding lifts to the mapping space. Note
that we can regard dy, as a cohomological vector field on T'[1]¥,. Consider
the following push-pull diagram

FNE FM S TR)Z, <5 M, (12)
where p denotes the projection onto Té\g and ev is the evaluation map. We
can construct a transgression map

Ty 1= paev: Q* (M) = Q° (F2Y). (13)

Note that the map p. is given by fiber integration on T'[1]%,;. Now we
can endow the space of fields Té\;‘ with a symplectic structure wy,, by setting

ws, = (—1)"F, (wm) € Q* (F). (14)

Moreover, we will get a solution Sy, to the CME, the BV action func-
tional, by

Sy, = Lazdgzd(aM)-ngd(@M) e C™ (TZMCJ (15)
hv_/ target
::Slg;l ::Szd

Indeed, one can check that
{SEd ) SZd}wEd =0. (16)

Note that the symplectic form wy, is of degree (d — 1) —d = —1 as
expected. Moreover, the action Sy, is of degree 0. Thus this setting does
indeed induce a BV manifold (7’%‘3,82 WS d). Consider local coordinates (z*)
on M and let (u*) be local coordinates on ¥4 for 1 < i < d. Denote the odd

6More precisely, Mapgmns denotes the right adjoint functor to the Cartesian product
in the category of graded manifolds with a fixed factor. On objects X,Y,Z we have
Hom(X, Mapg,vnf(Y; Z)) = Hom(X x Y, Z), where Hom denotes the set of graded manifold
morphisms.
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fiber coordinates of degree +1 on T[1]X4 by 0° = dsx,u’. Then, for a field
A e 7‘%\:, we have the local expression

d
ﬂu(% 9) = Z Z ﬂiu (u)eil NN

=0 1<iy<---<ig<d

J/

.ﬂt};(ruﬂ)
d 0
c P e AT 5. (17)
£=0

The functions Aj; ;€ C°(X4) are of degree deg(z*) — £ on Té\:. The
local expression of the symplectic form wy( and its primitive 1-form axy; on M
are given by

apm = ay(x)dyat € Ql(M), (18)
WM = %Wumz (z)dpz"t A dpyat? € Q*(M). (19)

Locally, using the expressions above, we get the following expression for
the BV symplectic form, its primitive 1-form and the BV action functional:

as, = / au(ﬂ)5ﬂ“ S Ql (?’EMd) 5 (20)
g
wy, = (_1)%/ Wy s (A)SAM N SA* € Q2 (FL), (21)
g
Sy, = / a,(A)ds, A + Opm(A) € C (fé\g) . (22)
Zd z)d

Note that we have denoted by ¢ the de Rham differential on Té\g. If we
consider Darboux coordinates on M, we get that

1
WM = §wmmdM:c“1 A dpxh?,

where the w,,, ,, are constant implying that ay = %x“lwm e dmxt?. Hence we
get the BV symplectic form

1
wy, = 5/ 1259 (wmméﬂ‘“ AN 5;?[“2)
T[1]%4
1

=5 | b ndmeyr (23)

and the master action
1 1% 2 d *
Szd — lU’Ed Eﬂ wﬂ1N2D2dﬂ + (_1) MZdﬂ ®M7 (24)
T2, T[1]Zq

where py, is a canonical measure on T[1]X,; and Dy, = 67 % the superdif-
J
ferential on T[1]%,.
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4. Hamiltonian ()-Bundles

We want to construct a combination of the notion of ()-manifolds and the
concept of Hamiltonian vector fields together with the notion of vector bundles,
where we want to extend most of our constructions on the fiber (see also [41]).
We will see that the fiber will represent the target of an AKSZ theory for an
embedded source manifold when lifted to an AKSZ-BV theory. We will call
the fiber theory auxiliary. In this section we will give the main definitions as
in [46]. Let us start with the definition of the trivial case.

Definition 4.1 (Trivial Q-bundle). Let N be a graded manifold and (M, Q)
a graded @-manifold. A trivial Q-bundle is a trivial bundle

T:&E=MxN—->M (25)
such that dm(Qg) = Qm, where Qg denotes the Q-structure on the total space
&.

Remark 4.2. Note that this implies that

QSZQM_‘_(Vv

where V € ker dr =2 C®°(M)@X(N) denotes the vertical part of Qg. The fact
that [Qg, Qs] = 0 can be translated to

1
[Qm, Qm] +[Q@m, V] + 5[(", V] =0. (26)
———
=0
Definition 4.3 (Trivial Hamiltonian Q-bundle). A trivial Hamiltonian Q-bundle
of degree n € Z is a trivial Q-bundle

T:&E=MxN—-M

as in Definition 4.1 with Qg = Q+V such that the fiber N is endowed with an
exact symplectic structure wy = dyay € Q?(N) of degree n with ay € Q1(N)
and a Hamiltonian function ©g € C°°(E) of degree n + 1 satisfying

V= {@8’ }w/v (27)

1
Qm(Oe) + 5{Oe, Otuy = 0. (28)
We can now give the definition of a general Hamiltonian ()-bundle.

Definition 4.4. (Hamiltonian Q-bundle) A Hamiltonian Q-bundle is a Q-bundle
m: & — M where the total space & is endowed with a degree n exact pre-
symplectic form wg = dgag such that ker wg C T'E is transversal to the vertical
distribution 7V'*& and hence ker wg defines a flat Ehresmann connection V.
Moreover, there is a Hamiltonian function ©g € C*°(&) with

vert
LQSWS = dg @3,

where d¥*'* denotes the vertical part of the de Rham differential on & as a
pullback by the natural inclusion TV"'E — TE. Finally, we also want that

(@t + 3QE™) (0e) = (20)
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where we split Qg = ngr + Q¥ into its horizontal and vertical parts by using
the Ehresmann connection V,,, defined by ws.

5. Observables in the BV Formalism

We want to define certain classes of observables arising within the BV con-
struction which are compatible with the structure of an underlying -bundle.
We will start with the classical setting.

5.1. Observables for Classical BV Manifolds

Definition 5.1 (BYV classical observable) A classical observable for a BV man-
ifold (F,S8, Q,w) is defined as a function O € C*°(¥F) of degree 0 such that

Q(0) = 0. (30)

Definition 5.2 (FEquivalence of BV classical observables). Two BV classical ob-
servables O and O are said to be equivalent if

0-0=Q(¥), ¥eC™¥), (31)
or equivalently, O and O have the same (R-cohomology class.

Definition 5.3 (BV classical pre-observable). For a classical BV theory
(T7 S? Q? w)

we define a pre-observable to be a Hamiltonian (Q-bundle over ¥ of degree —1.
We denote the fiber by 2" and call them the space of auxiliary fields, which
itself is endowed with a symplectic structure w?"™* of degree —1 and an action
functional S € C°(F x F2"™*) of degree 0 such that

1
Q(Saux) + 5{Saux,Saux}waux —0. (32)

Using the notions of quantum BV manifolds as in Definition 2.6, we can
define a fiber auxiliary version which is compatible with the Hamiltonian Q-
bundle construction as in Definition 4.4.

Definition 5.4 (BV semi-quantum pre-observable). For a classical BV theory
(F,S,Q,w) we define a BV semi-quantum pre-observable to be a quadruple

(?~aux’8aux’waux’ ’uaux)

such that p®"™* is a volume form on F2"* compatible with w
ciated BV Laplacian on C*°(F2"*) given by

aux aux

, 1.e., the asso-

1
Aaux: f — §diV’uaux{f’ }waux (33)
satisfies (A®"X)2 = 0. Moreover, the action functional S*"* satisfies
1
Q(Saux) _|_ 5{8auX,Saux}waux _ ihAauXSauX — 0’ (34)

which is equivalent to

§ExenS™ = (Q — ihA™)erS™ = 0. (35)
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Remark 5.5. The name “semi-quantum” is chosen since it is not a quantum
observable yet, but rather the theory whose functional integral quantization
will lead to a quantum observable in the sense that it is closed with respect to
the infinitesimal symmetries.

We also want to extend the notion of equivalent pre-observables to the
case of semi-quantum pre-observables.

Definition 5.6 (FEquivalent BV semi-quantum pre-observables). Two BV semi-
quantum pre-observables

(jn_-aux’Saux’waux, Maux) and (Taux’Saux’ waux’ Maux)

are said to be equivalent if there exists a function f*"* € C'°°(F x F2**) such
that

eihga“" . eihsaux _ (Q - ihAaux) (eihSa“Xfaux) . (36)

Proposition 5.7 ([27,46]). Let (F2", 8", w®™> p2"%) be a BV semi-quantum
pre-observable. Define

Or:= / eS| € O (F), (37)
LoFaux

where L C F*** is a Lagrangian submanifold. Then Oy is an observable, i.e.,
Q(Oyr) = 0. Moreover, if for two Lagrangian submanifolds L and L there exists
a homotopy between them, then the observables Oy and O3 are equivalent.

Also for two equivalent BV semi-quantum pre-observables S*™ and gaux’ the
corresponding observables Oy and Oy are equivalent.

Definition 5.8 (Good auziliary splitting). We say that a semi-quantum pre-
observable (FauX SaUX (yaUX 2% hag a good splitting if there is a decompo-
sition

Taux — Faux X yaux

such that
waux — w?ux + wguX, (38)

P =y @ ™, (39)

aux aux

where wi"™ is a symplectic form on F*"* w3"™ is a symplectic form on .72
" is a volume form on gux

I8 Fau* and p5" is a volume form on %",

Remark 5.9. This is in fact the trivial case. The general version, called hedge-
hog, is discussed in [21].

Remark 5.10. We split the auxiliary fields into high energy modes F*"* and
low energy modes F*"*. This splitting can be done by using Hodge decomposi-
tion of differential forms into exact, coexact and harmonic forms (see Appendix
A of [21]). Note that, in addition, we might also have background fields™. If
>4 would have boundary, one can in general split the space of fields into three

"These are background choices for classical fields that are not fixed by the boundary condi-
tions and the Euler-Lagrange equations.
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parts, the low energy fields, the high energy fields and the boundary fields.
The boundary fields are generally given by techniques of symplectic reduction
as the leaves of a chosen polarization on the boundary. This is the content of
the BV-BFV formalism [20,21,23].

Proposition 5.11 ([46]). Let (F "™, S*"™, w®™, u®™) be a semi-quantum pre-
observable with a good splitting. Define S € C'*°(F x F*"™) by

9“:4Mg/ S g, (40)
& C.F anx

where £ is a Lagrangian submanifold of F3**. Then (Fa"X, SaUX dux 1 5ux)
defines a semi-quantum pre-observable for the same BV theory. Moreover, the
observable for the BV theory induced by S*™ using Equation (37) with a La-
grangian submanifold L C F*"™ is equivalent to the one induced by S*™ using

the Lagrangian submanifold L C F2"*, if there exists a homotopy between L
and L X & in Fa,

Remark 5.12. Note that Equation (40) means that S*** is the low energy ef-
fective action (zero modes).

5.2. Observables for Quantum BV Manifolds

Definition 5.13 (BV quantum observable). A BV quantum observable for a
quantum BV manifold is a function O on ¥ of degree 0 such that

Spv0 = 0 <= A (oe%s) —0. (41)

Definition 5.14 (FEquivalent BV quantum observables). Two BV quantum ob-
servables O and O are said to be equivalent if

0—0=1opyVl, UeC™F), (42)
or equivalently, O and O have the same dpv-cohomology class.

Definition 5.15 (BV quantum pre-observable). A BV quantum pre-observable
for a BV manifold is a BV semi-quantum pre-observable

(?aux’waux7 MauX,Saux)
where § 4+ S*"* satisfies the QME
(A + Aaux)elh(s—l—Saux) _ 0. (43)

Proposition 5.16 ([46]). Let (F*",w®™, u?"*,8*") be a BV quantum pre-
observable. Define

Oi= [ eS| e 0x(7), (44)
LCFaux

where L C F2 is a Lagrangian submanifold. Then Oy is an observable, i.e.,
ovOy = 0. Moreover, if for two Lagrangian submanifolds L and L there exists
a homotopy between them, then the observables Oy and OZ: are equivalent.
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6. Formal Global Split AKSZ Sigma Models

The formal global construction for ASKZ sigma models is given by using meth-
ods of formal geometry (see [13,34] for the formal geometry part, and [24] for
a detailed discussion of the formal global split AKSZ construction and its
quantization) where one constructs a BV action that depends on a choice of
classical background by adding an additional term to the AKSZ-BV action.
This construction leads to modifications in the usual BV gauge-fixing condi-
tion if we apply the BV construction to this new formal global action. The
globalization arises in an equivalent way as for the constructions involving the
underlying curved® L..-structure for the space of fields (see, e.g., [42] for an
exposition on curved oo-structures and [29] for the field-theoretic concept).
In this section we want to recall some notions of formal geometry and
describe the extension of AKSZ sigma models to a formal global version.

6.1. Notions of Formal Geometry

Let us introduce the main players.

Definition 6.1 (Generalized exponential map). Let M be a manifold and let
U C TM be an open neighborhood of the zero section of the tangent bundle.
A generalized exponential map is a map ¢: U — M such that ¢: (x,p) — ¢.(p)
with ¢,(0) = z and d¢,(0) = idg, ps. Locally, we have

% 7 % 1 7 ] 1 % ]
6x(p) = 7' + 9"+ 500 jwp P+ Gk nep PP+ (45)

where (2°) are coordinates on the base and (p’) are coordinates on the fiber.

Definition 6.2 (Formal exponential map). A formal exponential map is an equiv
alence class of generalized exponential maps, where we identify two generalized
exponential maps if their jets agree to all orders.

One can define a flat connection D on S/yHl(T*M ), where S/y?n denotes
the completed symmetric algebra. Such a flat connection D is called classical
Grothendieck connection [17] and it is locally given by D = dj; + R, where

Re ! (M, Der (Sy/\m(T*M)>)
is a 1-form with values in derivations of the completed symmetric algebra of

the cotangent bundle. Here R acts on sections o € T’ (S/yr\n(T*M)) by Lie

derivative, that is R(oc) = Lgro. Note that we have denoted by djs the de
Rham differential on M. In local coordinates we have R = R,d vzt, where
Ry = R)(z,p)+% and

op7

R)(z,p) = —% ((g—ﬁ)_ ) = =5, + O(p). (46)

k

8An Loo-algebra g is called curved if there exists an operation fo: R — g of degree 0. In
particular, the strong homotopy Jacobi identity implies that ¢; o £; = £¢5(£y, ), meaning
that the unary bracket £1 does not square to zero anymore, as it is the case for usual Lo-
algebras. In this case we say that ¢; has non-vanishing curvature, thus the name “curved”.
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Hence, for 0 € T (S/yzl(T*M)) we have

o O¢F -1\’
R(0) := Lr(0) = Re(o)dpa’ = —%% ((Z—i) ) dprzt.  (47)

k
Note that we can extend the connection D to the complex

r (/\ T*M ® S}E(T*M))

of S/YI\H(T*M )-valued differential forms®. The following proposition tells us
that the D-closed sections are exactly given by smooth functions.

Proposition 6.3. A section o € T (%(T*M)) is D-closed if and only if o0 =

To* f for some f € C°(M), where T denotes the Taylor expansion around the
fiber coordinates at zero. Moreover, the D-cohomology

1, (Sym(T" M)
18 concentrated in degree 0 and
HY, (S@R(T*M)) — T¢*C™ (M) = C®(M). (48)
Remark 6.4. Note that we use any representative of ¢ to define the pullback.

Proof of Proposition 6.3. 1f we use (45) and (47), We can see that R = 0 + R’

where § = dz’ a?pi and R’ is a 1-form with values in vector fields vanishing at

p = 0. Then we have D = § + D’ with

/ 7 0

D' =dx pye

One should note that ¢ is itself a differential and that it decreases the

polynomial degree in p, whereas D’ does not decrease the degree. We can show

that the cohomology of ¢ consists of 0-forms which are constant in p. To show
this, let

+ R (49)

§* =plL o

ozt

and note that
(60" 4+ 6%6)o = ko, (50)

where ¢ is an r-form of degree s in p such that r + s = k. By cohomological
perturbation theory the cohomology of D is isomorphic to the cohomology of
J. O

9Since T (/\' "M ® S/y?n(T*M)> is the algebra of functions on the formal graded manifold

T[1]M & T[0]M, the differential D turns this graded manifold into a differential graded
manifold. In particular, since D vanishes on the body of the graded manifold, we can linearize
at each © € M and obtain an Loo-structure on T, M[1] & T M.
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Note that in local coordinates we get for f € C>°(M)

TOLf = F@) + POf () + 5 P D0 f () + 6L 0uf )+ (51)

An interesting question is how the Grothendieck connection depends on
the choice of formal exponential map. Let I C R be an open interval and let ¢
be a family of formal exponential maps depending on a parameter ¢ € I. This

family may be associated to a family of formal exponential maps ¢» on M x I
by

¢(x,t,p,7) = (¢x,t(p)7t+7)7 (52)

where 7 denotes the tangent coordinate to t. The associated connection R is

defined by
B~ (dmds) o [([®)THO) (oo
R(c) = —(dpo,d,0) 0 < 0 el 1)
el (%(T*(M X I)) . (53)
Thus we can write R = R + Cdt + T with R defined as before with the
difference that it now depends on t, C' is given by
C(G) = —dyo o (dyp) ' 0 @, (54)
and T = —dt-Z. Note that d,7 = 0, d;T = 0 and [T, R] = 0, [T}, C] = 0. Thus,
using the Maurer—Cartan equation for R and for R, we get
R =4d,C +[R,C], (55)

which shows that under a change of formal exponential map, R changes by
a gauge transformation with generator C. Moreover, if 0 = T¢> f for some

feC>®(M x1I), we get
6 =—Lco. (56)
This can be thought of as an associated gauge transformation for sections.

6.2. Formal Global AKSZ Sigma Models

Let Y4 be a closed, oriented, compact d-manifold and consider a Hamiltonian
(Q-manifold

(M, wm = dpam, Om, Qm)
of degree d — 1. As described in Sect. 3.2, we can consider its induced AKSZ
theory with the space of fields

7%, = Mabgyns (T[1]2a, M). (57)

Consider now a formal exponential map ¢: TM — M. Then we can lift
the space of fields by ¢. For x € M we denote the lifted space of fields by

%é\:i( = MapGrMnf(T[l]Zda TxM) = Q.(Ed) ® T, M. (58)
Note that we have used the fact that
C(T[1]3q) = Q°(Za). (59)
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This construction gives us a linear space for the target and thus we can
identify the fields with differential forms on }; with values in the vector space
T, M for x € M. Consider the map

g&?: ?ZMd’x _> Téﬁ? (60)
which is given by composition with ¢ 1, i.e., %é\;(@ =¢, 1o 7"5\3. We can lift
the BV symplectic 2-form wy,, the primitive 1-form ayx, and the BV action
Ss, to the lifted space of fields. We will denote the lifts by

aEdw — (/Z;;Oézd 6 Ql (%é\:’x) Y (61)
Brye = Gym, € 92 (FR,), (62)
S — 13 31 T, (om) + T T, (On) € O (FRL,) . (63)

Note that we can regard a constant map z: T[1]3; — M in 7’5‘;‘ as an
element of M, hence there is a natural inclusion M — Té‘;‘. For a constant
field x and A € Té‘j We can construct a 1-form

Ry, = (Rg,)u(z, A)dpa” (64)
on M with values in differential operators on Té‘;‘. Moreover, we can lift this

1-form to %é\;( and we denote the lift by }A%z ,- Locally, we write
ﬁgd = (§2d> (a:,?’() dMCL'N. (65)
n

It is important to recall that classical solutions for AKSZ sigma models,
i.e., solutions of 4S8y, = 0, are given by differential graded maps

(T[]Eq,ds,) = (M, Qm)-
Hence we can consider the moduli space of classical solutions Mg, for AKSZ
theories which is given by constant maps z: T[1]X; — M and thus we get
an isomorphism M. = M. We will refer to this constant solutions as being

background fields. Choosing a background field x € M, we can define a formal
global AKSZ action.

Definition 6.5 (Formal global AKSZ action). The formal global AKSZ action
is given by

Sl = 15 31T om) + T T, (Op) + S, (66)

Ed,x

where Sy ..R,z 18 constructed locally such that

gzd,R,x (ﬁl) :/E (/de)u (.%‘,32\{) de“. (67)

Hence locally we get we get

s = [ 6, (@) as, 3+ [ By (@)
DIF) P

d

+/2 (ﬁzd)ﬂ (x?{) Ay, (68)
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where @, are the coefficients of ax, » := ¢jax, and Op, = TPLOM.

Remark 6.6. This construction has to be understood in a formal way. The
geometric meaning and the relation to a global construction is clear when
using the relation of Ry, to the Grothendieck connection D. This can be done
if we start with a theory called split which we will introduce now.

6.3. Formal Global Split AKSZ Sigma Models

AKSZ theories can generally be more difficult to work with depending on
the target differential graded symplectic manifold M. Recall that, using the
isomorphism (59), if the target is linear, we have an isomorphism

Mapg, vt (T[1]Ea, M) = Q°*(Eq) @ M. (69)

Moreover, we can split the space of fields by considering M to be the
shifted cotangent bundle of a linear space. At first, however, we only want M
to be the shifted cotangent bundle of any graded manifold M. This leads to
the following definition of AKSZ theories.

Definition 6.7 (Linear split AKSZ sigma model). We call a d-dimensional AKSZ
sigma model linear split if the target is of the form

M=VaV*

for some vector space V.

Definition 6.8 (Split AKSZ sigma model). We call a d-dimensional AKSZ sigma
model split if the target is of the form

M=T*d—- 1M
for some graded manifold M.

This space can be lifted to a formal construction using methods of formal
geometry as in Sect. 6.1 to the shifted cotangent bundle of the tangent space of
M at some constant background in M. Consider a d-dimensional split AKSZ
sigma model with space of fields given by

72, = Mapge (T[1Ea, T*[d — 1] M), (70)
for some graded manifold M, with its corresponding AKSZ-BV theory
(7'}/3\/[ SZd;WEd) .

d )
Note that, similarly as for general AKSZ theories, one type of classical solutions
to the Euler—Lagrange equations for split AKSZ theories are given by fields of
the form (x,0) where z: X5 — M is a constant background field. Note that
the classical space of fields F¥;, is given by vector bundle maps T%4 — T*M,
ie.,

FEd = MapVecBun(TEd7 T*M)

Then the BV space of fields is given by (70). Thus, for the classical space
of fields Fy;,, we have a moduli space of classical solutions

Mg ={(A,B) € Map(TX4, T"M) | A=z =const, B=0}y = M. (71)
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Moreover, for a chosen formal exponential map ¢: TM — M and a
constant background field x: ¥; — M regarded as an element of the moduli
space of classical solutions M, one can consider the lifted space of fields

9?2/3\3@ = MapGrMnf(T[l]Zda T* [d - 1]Ta:M)a (72)

which gives a linearization (or also coordinatization) of the space of fields in
the target as we have seen before. Let (A, B) € Té‘;‘, where A: T[1]X; - M
denotes the base superfield and B € T'(Xy4, T*%; ® A*T*[d — 1]M) the fiber
superfield. Consider the corresponding lifts by ¢ where the superfields are given
by

A:=¢,'(A), B:=(d¢,)'B (73)
The BV action functional Sy, then lifts to a formal global action.

Definition 6.9 (Formal global split AKSZ action). The formal global action for
the split AKSZ sigma model is given by

gt = | Bynds, A+ | Oy (4.B)+ / Rj (2,4) B, ndyat.
>

Ed,l‘
Ed Ed d

(74)

Remark 6.10. Note that in this case we get a lift of R as defined in Sect. 6.1
to the space of fields which splits into base and fiber fields by

~

FM =S @ T, M @ Q% (Sy) @ Th M[d —1]. (75)
Hence the induced 1-form Ry, , is indeed given by
Ry, = R (:c 21) B, A dyat, (76)
where Rz are the components of R € Q! (M, Der (S/yr\n(T*M)))

The Q-structure is given by the Hamiltonian vector field of 3%3}’;1. In-
deed, let ]?ig , denote the lift of the vector field Ry, to %é\;‘x and let

5857 .= [ B, ndg,A + / O (4.B) (77)
Ya DIP
32(17}2736 = /E RZ (:c, :4) ./B\j VAN dMZCé, (78)
d
such that
SgoP = SAKSZ 4 o ra (79)

Denote by Wy, » = QNS;wE , the lift of the symplectic form on Té\;‘ to a
symplectic form on 7?;: .- Then we can define a cohomological vector field
de,x on TZMd’x by

@Ed,w = @%EEZ + ﬁEd? (80)



2970 N. Moshayedi Ann. Henri Poincaré

where @AKSZ is the Hamiltonian vector field of

Yd,x
Backgggsz LT §g§§z, (81)
and hence we have
6y, P80 = 5SEP. (82)

This is in fact true if the source manifold is closed, i.e., 0% = &. We have
denoted the map by “Back” to indicate the variation of the “background”.

Proposition 6.11. If 0¥, = &, then
d,Backgyues = {Ezd, R7x,BaCk§AKSZ} : (83)

Zd aZd,m

where dy; denotes the de Rham differential on the moduli space space of clas-
stcal solutions Mg = M.

Using the formal global action, we get the following Proposition (see also
Proposition 8.4 for the quantum version)

Proposition 6.12 (dACME). The differential Classical Master Equation for the
formal global split AKSZ action holds:

~ 1 (~ ~
4, SE! + 5 {Sgehe, ng}’;l}az ~ 0. (84)
a- T

Definition 6.13 (Formal global split AKSZ sigma model). The formal global
split AKSZ sigma model is given by the AKSZ-BV theory for the quadruple
(%2/]\:7337 gél:})xalv @Zd,l‘v @me) . (85)

Remark 6.14. Note that the CME has to be replaced by the dCME as in (84)
in the formal global setting.

7. Pre-observables for AKSZ Theories
7.1. AKSZ Pre-observables

Let ¥, be a closed and oriented source d-manifold and for some differential
graded symplectic manifold (N,wy = dyay) let

T:E=MxN—-M

be a trivial Hamiltonian (-bundle of degree n over some Hamiltonian Q-
manifold (M,wm = dpma, Qum, Opm) of degree d — 1. Denote by Og € C*(E)
the Hamiltonian on the total space & and by Vg € ker dn the vertical part of
(s, such that

Qe = Qm+ Ve.
Consider the corresponding AKSZ-BV theory with BV manifold given by
(972/)\;(7 Szd y WXy Q2d>
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as it was constructed in Sect. 3. Let ¢: ¥, — X4 be the embedding of a closed
oriented submanifold of dimension £ < d and let the auxiliary space of fields
be given by

7'%\2 i= Mapgnins (T[1Zk, N). (86)

Moreover, consider the transgression maps
Tt QN) = Q° (FL), (87)
TS5, Q°(8) = Q° (Mapgynr (T[] 24, E)) (88)

corresponding to the fiber N and the total space &. Define!?
p = i MapGrMnf(T[l]ECb M)/ - MapGrMnf (T[l]ZkH M)j :

g g

_.gM
=

Furthermore, let Hgk eX (T%\Q C xvert (7‘%\;‘ X 7‘%\2 ), where X°'* denotes the
space of vertical vector fields, and let

Ve € X (Mapgint(T[155, €))
be the lift of Vg € X' (&) such that p*Vg € Xvert (Té\g X Té\;), where

p*: C™ (FR) = C (F£) .

Proposition 7.1 ([46]). Consider the data given by

Sgk = Lazk ygk (aN) —{-p*gzi (@5), (89)
wgk = (_1)ky2k (wN>7 (90)
(V(;k = azk +p*;‘\/5. (91)

Then the quadruple

Kk

defines a pre-observable for the AKSZ-BV theory as in (85), that is we have
1
Qs (%) + 5 {85, S8 )y =0 (93)

Remark 7.2. This pre-observable is invariant under reparamterizations of >
and under diffeomorphism of the ambient manifold 4. In fact, for (A, B) €
7—%‘;‘ X 7‘%\2, wq € Diff (X4) and ¢y, € Diff(X), one can immediately show that

SY (A, B;pg0i0¢pr) =88 (piA, (or) ' B;i) (94)

10Note that extending to the case with auxiliary fields ¥ x F2U¥, we can extend 7 to a map
N =7 x idTgk P FH ) FE = Mapgns (T[1Zk, 6).
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7.2. Formal Global AKSZ Pre-observables

We want to extend the constructions above to a formal global lift by using
methods of formal geometry as in Sect. 6. It turns out that the formal global lift
of the pre-observable constructed in the previous section is not automatically
a pre-observable. In particular, it is spoilt by an obstruction which can be
phrased as an equation that has to be satisfied. Hence we get the following
theorem.

Theorem 7.3. Let (?%,Sgd,wgd,di) be the AKSZ-BV theory constructed
as before and let 1: X — Xgq be a submanifold of 4. Moreover, consider
constant background fields x € M and y € N. Then its formal global AKSZ
construction

lobal o AN
(7:2d x78§)d z W42 de,x) 3 (95)

constructed by using a formal exponential map TM — M, together with the
formal global fiber

-~ oglobal ~N .
(?:Ek y’SZ by WSy = dNaZk Yo sz y) (96)

constructed using a formal exponential map TN — N, defines a pre-observable
if and only if

1 (~ ~
dSQEEZ 2{52k,R,y732k,R,y}A = 0. (97)

WL,y

Remark 7.4. Moreover, for an exponential map ¢: TN — N, we set

SAKSZ ¢> tay, Toi(an) + Topp* 9§k(68>, (98)
=:8in | = S;“,:gi“

and thus we have a decomposition, similarly as in (79), of the formal global
action as

oglobal _ 'GAKSZ o
Szkay o SZk:y + SZk’R’y' (99)

The following Lemma is going to be useful for the proof of Theorem 7.3.

Lemma 7.5. Let Y be a compact, connected manifold and let M be a diﬁerential
graded symplectic manifold. Moreover, let X € X(T[1]¥), Y € X(M), E

Q* (M) and denote the lifts of X and Y to the mapping space by X and Y
respectively. Then

L% (E)
Ly %(E) =

(1]

0, (100)
(—1)s()dimS g (7 =), (101)
Proof of Theorem 7.3. First we note that the lift

V8 = ds, + G50 Ve (102)
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of (V‘S to xvert (7:Ed 2 X %g@ 7 y>, the space of vertical vector fields on the lifted

mapping spaces, is the Hamiltonian vector field for gékKEZ, i.e., we have

AKSZ
Ve, ={Sase b (103)

WSy

Indeed, we have

g, B8y = tay, (“1)F0) T (wn) = Gjig, 55, (aw)

= ¢y Lg, Tonlan) +9,005, Ty (an) = XS
~0
_ 6vert:§l§:’y’ (104)

where we have used Cartan’s magic formula L = d¢ + ¢d, Lemma 7.5 and the
fact that ¢;ds, = ds,. We have denoted by §V"* the vertical part of the de

Rham differential § on the lifted total mapping space 7’};‘ X %gcy, ie., in
the fiber direction Tgﬁ . The last equality holds since Skm is constant in the

Tzd ,, direction. Similarly, we have
Lg;p*@sazk,y Tqbyp Ly, (— )kﬂfk (wn)
= (—1)*Teip* ZE (Lyson )
——

_6vert®8
__ svertT (%, * & vert ‘Qtarget
= GTT g T (Og) = 6V SEEY, (105)
Moreover, we have
global 1 ‘oglobal “Gglobal
Qse ( Sy ) RIS S AR oN
Ek,y
—~ A~ ~~ ~ 1 ~ ~
AKSZ AKSZ QAKSZ
= devw (SEk,y ) + de7m (SEk,R,y) _I_ 5 {SEk,y aSEk,y }’\N
@
PIFANT]
~ ~ 1
AKSZ
t {SzkyR,yaSEk,y }AN t3 {Szk,R v SR, y} : (106)
s 9 oy
N I<;’yJ koY
AKS
=d 825 W

The first two terms of the left hand side of (106) are given by
Qs (SEIS) = QUISE (SNSZ) + B, (SHI57)
= s, (SE5?) +0Qm (SE?) + B, (SE57) . 07)
@Ed,w (gEk,R,y) = @%532 (EER,R,O + fizd (gEk,R,y)
= azd (gEk,R,y) + 5;}@/\4 <:§Ek,R,y) + ﬁzd (gzk,&y)
(108)



2974 N. Moshayedi Ann. Henri Poincaré

Since Skm and 32k7 R,y are constant in direction of %ﬁ“ 20 We get
Qs (S%EEZ) = ds, (S ) +0,Qm (S55Y) + Ry, (SE157) . (109)
T
Qs (gzk,R,y> = 0. (110)
Using (107), (108) (109) and (110) we get

A global oglobal ‘3global
QZdJ <82k y + 2 SEk Y ’Szk Y JoN
ws

QAKSZ target D o
=d SZk y +5 9 {Sz:Iw 7978219, »y}w + ¢yQM ( koY ) + REd <SEk,R,y)
Eoy
1 okin okin okin tar 1yrs o
get target target
-I_E{Szk’y,SEk’y}AN +{Szkay’82ky }AN "F—{Szky ’SEky }A
w ’ w 2 ’ ’ oN
Yoy Tkoy Sk
SAKSZ o o
- d Szk Yy + 2 {SEk;»Rfy’SEk’R»y}AN

wzk,y

+ fzzd (ng,R,y>

1 kin  Qkin 3 arge [ A 1 .~ arge
+ = 5 {Szk y,Sgk y}w + dEkS%kgyt +¢y (QM + 5]9 (V8> (Stzk,gyt)
Sy N——
=0

~ 1 ~ ~
= dyngZZ 5 {SEk 7y782k R y} + REd (SZk,R,y)

wzk "

+ (—1)k<;;;p* «728k (QM(@S) + %(Vs(@s))

=(-1k¢rp* 7§ (QM(G)S)—Q—%{@S,@S}MN):O (by definition of Hamiltonian Q-bundle)

=d S%iizz + = 5 {Sz},€7 79’8219’ ’y} —|—§2d (gzk,R,y> (111)

Note that Eg , is a vector field on the lifted space %ﬁ‘;‘ . Which implies
that Ry, (§Ek7R,y) = 0 because ggk,Rw € C™ (Tzd . X %gﬂ y) is constant in

the direction of %é\;‘w and the claim follows. OJ

Corollary 7.6. An equivalent condition for the formal global AKSZ-BV theory
as in Theorem 7.3 to be a pre-observable is given by

Ve, (Soiny) = Ssia, o (112)
Proof. Note that we have

AKSZ
d Szky {Szk, 7y782k» ,y}

wzk y
~ ~ 1 ~
— {SZk,R,yy'Ska}@N + 5 {Szk7R7y7SEk7R,y}&}N
DIFANT] PR
~ ~ 1~
= (ng,y (Szk,R,y> + §Szk,[R,R],a:7 (113)
—

=Ss%,,dy R,y
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AKSZ

where we have used that (/‘\/%ky is the Hamiltonian vector field of 3
the fact that [12]

~

{Szk,R,yv Szk,R,y} = S5 [R.Rly- (114)

SN
wEkJJ

the last equality (under the braces) follows from the fact that D is a flat

—_

connection on Sym(7™*N) which can be translated into
1
dyR + §[R’ R] =0. (115)
Moreover, it is easy to see that ggk,m’y = Eggk,R,y for any ¢ € R. O

7.3. Formal Global Auxiliary Construction in Coordinates

We want to describe the auxiliary theory as well as its formal global extension
in terms of coordinates. The description follows similarly from the descrip-
tion of the ambient theory as in Sect. 3.2 and its formal global extension as
in Sect. 6.2. Let (v7) be even local coordinates on ¥ and consider the cor-
responding odd local coordinates & = dgkvj for 1 < j < k. Then we can
construct superfield coordinates

k
B"(v,§) = Z Z B?ujz (U)gjl A A Ejz

=1 1<j1<-<je<k

J/

:B’(/Z) (Uaf)

k y4
c P @ ATy (116)
£=0

associated to local homogeneous coordinates (") of N. Note that locally we
have

ay = oy (y)dny” € Q' (N), (117)
1
WN = sz,& (1)day”* A dyy™? € Q3(N). (118)
Hence we get
ol = /2 o ()58 € 0 (7)), (119)
k
1 v V2
wg, = (13 /E Wi, (B)OB™ NGB € Q% (7)), (120)
k

and thus we get an action for the auxiliary fields as

SY (A, B,4) = / ol (B)ds, B

Yk
+/ Og(i* A, B) € C™ (FA x FL ), (121)
Xk

These expressions can be lifted to the formal global construction. Indeed,
consider a formal exponential map ¢: TN — N. Let A = ¢, }(A) be the lift
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of A to é}é\:x and B = ¢, ' (B) be the lift of B to %Ej\;y forx € Mand y € N.
Then we get

ay = /E . (B)oB e (74,). (122)
o = (- 1)’% / Do (B) 587 0687 € 0 (7). (123)
Y

where @) and @), are the coefficients of ay € QY(TN) and Gy € Q*(TN)
respectively. If we set @8,y Td) Og, the auxiliary formal global AKSZ action

is then given by
Sgy (AB) = [l (8) B+ [ e, (i7B)
k

k

J/

g

—QAKSZ
SEk v

+ /E (s (98) dno (124)

7

g

=S5, ,Ry

7.4. Formal Global Split Auxiliary Construction in Coordinates

If we consider a split AKSZ model with target M = T*[d — 1]M, for some
graded manifold M, for the ambient theory associated to ¥4, we can consider a
split construction for the auxiliary theory associated to the embedding i: ¥ —
Y4. We set N = T*[k — 1]N for some graded manifold N. The description is
analogously given by the one of the ambient theory as in Sect. 6.3. Hence we
have

F& = Map(T[1]Zk, T*[k — 1]N), (125)

and choosing a formal exponential map ¢: TN — N together with y € N we
get

Tzk y = Map(T'[1]%, T* [k — 1]Ty N)

(126)
=~ 0° (%) ® T,N & Q*(Zx) @ T, N[k — 1].

Then we can write A = (;l, E) € 9%\:% and B = (&,,@) € %gﬁy, thus

we have an auxiliary formal global split AKSZ action given by
4 (AB.aBi) = [ Bondsa'+ [ e, (7AiB.a.pb)
k k
[ R@) B, A, (127)
Xk

where R € Q! (N, Der (%(T*N))).
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8. From Pre-observables to Observables

8.1. AKSZ-Observables

We want to construct the observables for the AKSZ theories out of pre-
obsrvables by integrating out means of auxiliary fields similarly as in Proposi-
tion 5.7. For a submanifold 7: ¥, < >, we set

Os,, (A, B; i) — / DBeFSEAB) ¢ oo (M) (128)
LCTEk

There are several things to note. First, Oy, depends only on the fields in
Té\;‘ via the pullback of i: ¥j, — 34, hence Qx,(Os, ) = 0 which is consistent
with the definition of an observable. Moreover, the (s, -cohomology class of
Os, does not depend on deformations of the Lagrangian submanifold £ C Fx,
and is invariant under isotopies of ¥;. We get the following Proposition.

Proposition 8.1. Let Diffo(3;) C Diff(Xy) be diffeomorphisms on ¥y which
are connected to the identity. Then for ¢ € Diff (X)) we have

Ox, (A, B;i0pr) =0, (A, B;i) + Qx, -ezact. (129)

Proof. Indeed, we have

Os, (A, Bsiopy) = / Q[B]e%sgk (A,Bsiopr)
LCTzk

:/@[B]eés)%/k(ﬂ(%:l)*ﬂ;i)

L

= [ty
(pr )L

:/ DB 55, (A5:)
(pr )L

= / @[B]e%sgk (A850) + Qs -exact
L

= O0s, (A, B;i) + Qx, -exact, (130)

where we think of [, Z[8] to be in fact given by [, \/u|z, with u being the
functional integral measure on 7‘%\; . Moreover, we have used the isotopy prop-
erty of  to make sure that £ and (go,:l)*lj are indeed homotopic. O

There is a similar invariance result for diffeomorphisms of the ambient
manifold Y4 which is the content of the following Proposition.

Proposition 8.2. For a diffeomorphism 4 € Diff (X4) we get
Ozk (‘?LB; Pd oi) = Ozk (SOZ?LB; Z) (131)
This is indeed true since Os;, only depends of the ambient field A via the
pullback by 2.

Another important property is that the correlator of an observable should
be invariant under ambient isotopies.



2978 N. Moshayedi Ann. Henri Poincaré

Proposition 8.3. For ¢, € Diffy(X4) we have
(05, (A, B; pa 01)) = (05, (A, B; 1)) (132)

Proof. Indeed, we have

<02k (ﬂa B; ©Pd © 7/>> = / .@[ﬂ]()gk (ﬂ, B; ©q © i)e%szd (A)
LC?’VEIQ

B / D[AOs,, (95A, B; i)erS2a P
L
— [ ¢ IAA0s, (A, Bi)ei sl
vl
= | 9[AOs, (A, B;i)er =)
wal
N / P AO0s, (A, B; i)e 52
L
= <02k (ﬂa B; Z)>, (133)

where we have used Proposition 8.2 and that the AKSZ action Sy, (see Re-
mark 7.2) and the functional integral measure Z[A| are invariant under dif-
feomorphisms for our theory is topological. O]

8.2. Formal Global AKSZ-QObservables

The construction above can be extended to a formal global one if we start with
a formal global pre-observable. Then we have

Os,y (7.8:1) = /.,;

If we start with a split AKSZ theory we get
52,“@/ (21,@,1)

7 [B] F 5T (5D g oo (F2) . (134)

TN
CTEk,y

_ /  2[a] 9 [p]FSET AR ¢ o= (7). (135)
LcFy,
We have the following proposition (quantum version of (84)).

Proposition 8.4 (dQME). The differential quantum master equation (dQMFE)
for the formal global split AKSZ-observable holds:

d,0s, 4 — (~1)%RAOg, ,, = 0. (136)

Proof. Note that we have
~ i ~ A~
405y =5 [ 2@7 3
LCFE
i oglobal/ X b ~ A.: -~ -~
eﬁS%k’y (A,B,Oé,ﬁ,’b) {SEk,R7y,S§£<’ZSJZ} N ’ (137)
W,y
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which we can write as

1 ~ i oglobal( 3 B ~ A.. -~ -~
_ l[ . 9[a2 [5] o# S5 (AB & Bri) {Szk,R,y,Séﬁz} )
h 'EC'}%V}«!/ “Eiy
~ i oglobal/ % T ~ 2.:\~
—-a [ oM@ Bl AP, L, (138)
LCFE,
if we assume that Aggh R,y = 0, which is true, e.g., if the Euler characteristic
of ¥, is zero or if divrg«, R = 0, where p is some volume form on N. Note
that d,T¢*n = —LrT¢*p which means that divyg-, R = 0 if and only if
dy T¢*p = 0. For any volume element g it is always possible to find a formal

exponential map ¢ such that the latter condition is satisfied. Note that this is
then also translated into the differential quantum master equation

(139)

‘oglobal 1 oglobal “Gglobal o oglobal
Zkoy

and by the assumption Aggzbyal = 0, we obtain the differential CME as in

(84). Hence the claim follows. O]

Remark 8.5. One can check that @zd@ <52kyy) = 0 and that Proposition 8.1

and 8.2 also hold for the formal global extension if we indeed start with a formal
global pre-observable, i.e., that the assumption of Theorem 7.3 is satisfied.

Remark 8.6. The dQME as in (136) can be thought of as a descent equation
for different form degrees. In fact we have

S\BvaEk,y = (—1)ddy52k,y (140)
since 5gk,y is a formal global observable. We have set SBV = @Z e (AY

Remark 8.7. Note that if N is a point, we have Vg = 0, wgk =0 and Og €
C>°(M). The associated pre-observable is then given by

FY =pt, V& =0, ol =0, S¥ (A)= [ Og(*A).  (141)
3k

Hence, since there are no auxiliary fields 8B, the constructed observable
is given by

Oy, (A;1) = et Jy, Oeli"A), (142)
This can be easily lifted to a formal global pre-observable by
F ,=pt, V5 =0 &F =0,
Sgt (A) = / O,y (i A)., (143)
Yk

Thus, we get a formal global observable by
Ora () =l 2507 "
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8.3. Loop Observables

Let us consider the case where S! is embedded into X4, i.e., i: 1 := St — ¥4
and assume that N is given by an ordinary symplectic manifold with symplectic
structure wy = dyay, which means that N is concentrated in degree zero. Let
o denote the coordinate on ;. Then we can write the auxiliary field as

BY(0,ds,0) = By (0) + B(1yds, 0, (145)
and hence we get a pre-observable by

7:2/]\1 = MapGrMnf(T[l]Eh N)? (146)

wgl = —\%; V1vs (B(O)) (SB /\ (5,81(1)
1

+ 72 B'{f)ay3wyly2 (B(0)) 3B N IBG), (147)
Sgl :j{ Oz)VV (B(m) dEIBl(/O) -l-}{ @g(i*ﬂ, B), (148)
21 E1
where w/Y, are the coefficients of wy and o) are the coefficients of ay. Note

that in this setting we have
7;2 {(B(o B(l) ‘B(()) X1 = N, B(l) el <21,T Y1 ® B(O)T*N) [—1]} .
(149)

Hence we can construct the observable as
Ox, (A;i) = / P [B(oy] eF o1 ¥ Bz Bt f, 0e("AB0) (150
L

where we have chosen the natural Lagrangian submanifold
L = Mapy(21,N) C 7, (151)
which is obtained by setting all odd variables 8By to zero.

Remark 8.8 (Bohr—Sommerfeld). If N is a differential graded symplectic man-
ifold of degree different from zero, we know that the symplectic form wy is
always exact since we can write it as

WN = dN(LEwN),
(see [49]) where E is the Euler vector field. For the degree zero case, the
symplectic form does not automatically have a primitive 1-form and hence
one can not immediately define Slg?. However, one can also assume that wy
satisfies the Bohr—-Sommerfeld condition, which says that
N e HX(N,Z).

2T

Then the primitive 1-form can be understood as a Hermitian line bundle

over N endowed with a U(1)-connection V such that its curvature is given
by (Vu)? = wy. Thus we can define

i Skln (B)



Vol. 21 (2020) Formal Global AKSZ Gauge Observables 2981

to be given by the holonomy of (B(O))* Vn around ¥;. Using Stokes’ theorem
we get

sgns) - [

i <B‘g§;})* Wy, (152)

where D is a disk with 0D = ¥; and B?g)t is any extension of B ) to D.

Remark 8.9. This construction can be obviously extended to the formal global
case. The case of a dimension 1 submanifold gives the same auxiliary theory
as for the case when our theory is split.

8.4. Formal Global Loop Observables

The following proposition is an extension of Proposition 5 in [46] to the formal
global case.

Proposition 8.10. Let (N,wy) be a symplectic manifold and assume that it
can be geometrically quantized to a complex vector space H, the state space,
and that the Hamiltonian ©g € C*°(&) can be quantized to an operator valued
function Og € C°(M) ® End(H). Moreover, for a formal exponential map

: TM—= M, let Og , := TP Og and assume that

g . . . 2

O (®s) + B, (85, +if (O, ) =0 (153)
for x € M. Then for X1 := S' we get that

(A)gl’m = Tryy Pexp (%7{ (:)&m (z*ﬁ()) (154)
1

15 a formal global observable, where we have denoted by Tres the trace map on
H and Pexp denotes the path-ordered exponential.

Remark 8.11. Note that (153) is the formal global quantum version of (28).

Proof of Proposition 8.10. Let v: ¥y := [0,1] — 34 be a path in ¥; which is
parametrized by t € [0, 1]. Denote by

~

¥ = Os., (V*ﬁ) € Q*([0,1]) ® C= (9?2?4) ® End(H).

Moreover denote by 171(0) (t) and 171(1)(15, dt) the 0- and 1-form part of 17: Then,
for the 1-form part, we get
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Then we get

@EM (V/@w) = —ih/1 P exp < /1 12(1)> @Ed’m (@ (t}dt)) P exp <% /t ¢(1)>
01 . tl 0
= —ih/o P exp (%/ﬁ (1))

(dt%@(o)(t) —ih [TZ(O)(t)a@(l)(t’dt)]) P exp (%/0 $(1)>

ST

<)

X H id +lL a{b\ (Ldt>
HT R v d " W A\N?
0<r<¥
= —if (o)W, , = Wi, .3 () (0)) (156)

We have used (154), which gives us
Qs (¥) = dn,® — 0 |$, 3] . (157)

where [ , ] denotes the commutator of operators. Now if ¥; := S! we have
v(0) = (1), and thus we get

@Ed,:{: (521,m) = TI'(H @Zd,x (ng,x>

= —ih Try [@p (A)(4(0))) , WY, | =0, (158)

where ﬁl(o) denotes the degree zero component of A. O

Remark 8.12. The construction in Proposition 8.10 does not require wy to be
exact. It is in fact enough to require that wy satisfies the Bohr-Sommerfeld
condition as discussed in Remark 8.8. This is necessary for the assumption
that NV can be geometrically quantized.

8.5. Formal Global Loop Observables for the Poisson Sigma Model

The Poisson sigma model is an example of a 2-dimensional AKSZ theory which
is split as in Definition 6.8. Let M be a Poisson manifold with Poisson bivector

mel (/\2 ™ ) Moreover, consider a 2-dimensional source 3s. Let (x,p) be

base and fiber coordinates on 7*[1] M. Then we can define a differential graded
symplectic manifold as the target of the AKSZ theory by the data
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M= T*[1]M, (159)
n= (g )+ 3 {gr@lGan ), (100
wm = (0p, dz), (161)
am = (p,6x), (162)
O = 3 (n(2).p A D). (163)

The corresponding 2-dimensional AKSZ-BV theory is given by the data
7:22 = Ma’pGrMnf (T[1]227 T [1]M)

~ 0% (50) @ Ty M @ Q°(Ss) @ X M[1] 3 (X, 1), (164)
we, = / (67, 6X), (165)
So, = [ s, X)+ 5 [ (w(X)mam) (166)

Choosing a formal exponential map ¢: TM — M together with a back-
ground field z: T'[1]¥Xs — M, the formal global action for the Poisson sigma
model is given by

S (Xoa) = [ aonan,X 40 [ (Toix)" (X) A Am
Yo,z 1) = 5 e 2o 2 5 =T n; 77]
+/2 R (a:fx?) A, A dara’. (167)
2

We want to construct a formal global Wilson loop like observables using
the Poisson sigma model toegtehr with an auxiliary theory for an embedding
i: 3 = St < ¥,. Consider an exact symplectic manifold (N,wy = dyan).
We can construct a vertical vector field V on the trivial bundle N x M — N
which can be viewed as a map N — X(M) with the property

1
5{(V,(V}wN + [W,(V]SN +RAV =0,

where [ , |sn denotes the Schouten—Nijenhuis bracket defined on polyvector
fields on M. We have a degree 0 Hamiltonian )-bundle structure on

T*[1|M x N — T*[1]M
with fiber N endowed with the structure

Ve = <p7 {(V7 }w/v>a (168)
O = (p, V), (169)

where & = T*[1]M x N. If we use the notation of Sect. 8.3, we can associate a
pre-observable to the Poisson sigma model given by the data (146) and (147)
together with the auxiliary action

SY,(X.n.5:0) = f

21

o/VV(B)dle”Jr]{ (i*n, V(i* X, 8)). (170)

21
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Choosing a formal exponential map ¢: TN — N together with local
coordinates we can lift this to a formal global auxiliary action

Selebel (iﬁ,@; z) - }é o (@) ds, B + f; Té: (i*n, V(i* X, B))

+% (Bs)v (1, 8) duy”. (171)
31
The corresponding auxiliary formal global observable is given by
521,y (‘/X\a n; Z) - [ 7 [ZA;(O)} eithzlf});l (X\ﬁ’@(o);i)a (172)
L

where we use the gauge-fixing Lagrangian

Z = Mapyoe (B, TyN) © Mapguyne (TS5, T,N) 2 Q*(S1) @ TN (173)

If we assume that (N,wy) can be geometrically quantized to a space of

states H and YV is quantized to an operator-valued vector field V € End(H)®
X(M) such that [, V]sn + RAV +ihV AV =0, then we get that

O, (X.ii) =Towposp (3 Gn VX)), (7)
b

which is, by Proposition 8.10, indeed a formal global observable. Here we have
chosen an exponential map for the base of the target of the Poisson sigma
model T'M — M with background field x € M.

9. Wilson Surfaces and Their Formal Global Extension

9.1. BF Theory and Wilson Surfaces

Let G be a Lie group and denote by g its Lie algebra. Moreover, consider
a principal G-bundle P over some d-manifold ¥; and construct the adjoint
bundle of P, denoted by adP, given as the frame bundle P x4 g with re-
spect to the adjoint representation Ad: G — Aut(g) and let ad” P denote its
coadjoint bundle. Let ./ be the affine space of connection 1-forms on P and
¢ the group of gauge transformations. For a connection A € o7, let d4 be
the covariant derivative on Q°®(X4,adP) and Q°(X4,ad"P). Let A € & and
B € Q42(M,ad* P) and define the BF action by

S(A, B) = / (B, Fa), (175)
PP}

where ( , ) denotes the extension of the adjoint and coadjoint type for the

canonical pairing between g and g* to differential forms.

Remark 9.1 (Abelian BF theory). The abelian BF action, i.e., the action for
the case where g = R, in fact arises as the unperturbed part of many different
AKSZ theories such as the Poisson sigma model or Chern—Simons theory. In
fact, for the abelian case we have (A4, B) € Q°*(34)[1] ®Q°*(X4)[d — 1] such that
Fs = dA and thus we get an action S = [;, BAdA.
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The solutions to the Euler-Lagrange equations 65 = 0 for S defined as
in (226) are given by

M = {(A, B) € o x Q472(84,ad* P) ‘FA =0,dyB = 0} (176)

Remark 9.2. One can check that the BF' action is invariant under the action
of

G =9 x Q43(34,ad* P), (177)

where ¢ acts on Q973(3y,ad” P) by the coadjoint action. For (g,0) € 4 and
(A, B) € o x Q%2(3,,ad” P) we have an action

A A9 Bw B99 = Ad! 1 B+daso. (178)
It is then easy to check that S(A9, B(9:9)) = S(A, B).

Consider an embedded submanifold 7: ¥;_9 < ¥4 and consider the pull-
back bundle of P by i according to the diagram

P — P

L

Ed_g L—£—+ Ed

We can now formulate an important type of classical action which is
important for the study of higher-dimensional knots [27].

Definition 9.3 ( Wilson surface action). The Wilson surface action is given by

W(a, B, A, B:i) ::/ (@, dg- a8 +i* B, (179)

Yg-_2
where a € Q°(X4_»,adi*P) and 8 € Q473(3y_2,ad™ i* P).

Definition 9.4 (Wilson surface observable). The Wilson surface observable is
given by

Wy, ,(A, B;i) = / Do) 7Bl W (@:5:4Bid) (180)

Remark 9.5. The expectation values of Wilson surface observables in fact give
certain higher-dimensional knot invariants [26]. These invariants are based on
the construction of invariants by Bott [14] giving the generalization to a family
of isotopy invariants for long knots R < R"*2 for odd n > 3, which are based
on constructions involving combinations of configuration space integrals. In
[57] it was proven that these invariants are of finite type for the case of long
ribbon knots and that they are related to the Alexander polynomial for these
type of knots. Further generalizations based on this construction, in particular
for rectifiable knots, have been given in [43,44].
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9.2. BV Formulation of BF' Theory

We can consider BF' theory in terms of its BV extension. The BV space of
fields is given by

Fx, = N°(Bg,ad P)[1] & Q° (X4, ad” P)[d — 2], (181)

where & = Q!(X4,ad P). We will denote the superfields in Fx, by (A, B).
Note that there is an induced Lie bracket [ , ]| on Q°*(X4,ad P)[1] which is
induced by the Lie bracket on g.

Remark 9.6. If we consider local coordinates on g with corresponding basis
(e;), we have

[a,b] = (—1)&"(@) deg(b)aibjfi@ek, (182)
where Z-"J? denotes the structure constants of g.
Moreover, for A € Q°(X4,ad P)[1] we get the curvature
F, :FAO+dAOa+%[[a,a]], (183)
where A is any reference connection and a := A — Ay € Q*(X4,ad P)[1].

Definition 9.7 (BV action for BF theory). The BV action for BF theory is
defined by

Ss,(A.B)= [ (B.Fa). (184)
Xa

where (( , )) is the extension to forms of the adjoint and coadjoint type of the

canonical pairing between g and g*. For two forms a,b we have

((a, b)) = (—1)8h(@) del(q p), (185)
We can see that
Fy, = T*[-1]Q2°%(X4,ad P)[1], (186)

hence we have a canonical symplectic structure wy,, on ¥y,. Similarly as before,
let us denote the odd Poisson bracket induced by ws, by { , }uy, and note
that Sy, satisfies the CME

{S54:S54} uy, = 0. (187)

The cohomological vector field ()x;, is given as the Hamiltonian vector
field of Sy, thus @s, = {Sx,, },, - Note that
d

w

Qs.(A) = (-1)Fa,  Qs,(B)=(-1)"daB. (188)
If we choose a volume element p which is compatible with wy,,, we can
define the BV Laplacian by

..
A: f— 3 div {f, }uos,- (189)
Then we can show that the QME holds:
opvSs, = {Szd,Szd}wzd — 2ihASy, = 0. (190)
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This is in fact true since ASy, = 0. Moreover, as expected, we have
5]23\/ — 0.
9.3. Formal Global BF Theory from the AKSZ Construction

Let us consider the case of abelian BF' theory. Note that in this case the Wilson
surface action is given by

Wi, B, A, B;i) = / a(df +i*B), (191)
g2

where d is the de Rham differential on R. Solving the Euler-Lagrange equations
for W = 0, we get that the ciritical points are solutions to

da =0, (192)

dg+i*B = 0. (193)

We want to deal with B perturbatively, that means we can consider
solutions to da = df = 0 instead and hence we look at solutions of the form
a = const and § = 0. This means that the constant field « is going to take

the place of the background field. The Wilson surface observable is then given
by

W, a4 Bii) = [ Fla)g(@et e [ uapet™ ey
zeR
where p is a volume element on the moduli space of classical solutions for the
auxiliary theory which is given by
Ma = {(a, B) € Q%(Sq_2) & Q¥ 3(X4_0) | v = const, B =0} = R. (195)

By abbuse of notation we will also denote the perturbation of a around
x € R by a. Moreover, if we assume that P is a trivial bundle, not for the
abelian case, we get

F, = Q°(Ea) @ g[1] ® Q°(Xa) @ g7[d — 2 (196)

= Mapg,ne (11124, 9[1] © g"[d — 2]). (197)

Remark 9.8. The assumption that P is trivial is similar to a formal lift, whereas
the background field is given by a constant critical point of the form (z,0) with

constant background field x: T[1]3; — g[1] @ g*[d — 2|. In fact, it induces a
linear split theory as in Definition 6.7.

Remark 9.9 (CE complex and Lo -structure). Let g be a Lie algebra and con-
sider the differential graded algebra

CE(g) := (/\ g" dCE> = (C™(g1]), Q) - (198)

This is called the Chevalley—Filenberg algebra of g [28]. The real valued
Chevalley—Filenberg complex is given by

0 1 2
0 — Hom (/\g,R) 98, Hom (/\g,R) 98, Hom (/\g,R) dew, . (199)
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endowed with the Chevalley—Eilenberg differential

n n+1
dcg: Hom (/\g,R) — Hom (/\ g,R)

given by

(deeF) (X1, Xny1)
n+1 ‘ N
=) ()X (X, X X)

+ > (CVTRR(XG X, X X X X)), (200)
1<j<k<n+1

where the hat means that these elements are omitted. Denote by (£°) the
coordinates on g[1] of degree +1. Then @ has to be of the form

Q= -5

where z’; are the structure constants of g. Note that a function F €

Hom (A" g, R) corresponds to an element in C>°(g[1]) such that the Chevalley—
Eilenberg differential is indeed mapped to ) under the isomorphism

1 .
F(Xﬁ A /\Xjn) Fjl gn S fjl ) 'gjnFjLnjn'

In fact, for a graded vector space g = EBkEZ gk, the differential graded
algebra (C*°(g), Q) corresponds to an L..-algebra which is actually given by
the Chevalley—Eilenberg algebra CE(g[—1]) of the L.-algebra g[—1]. The dual
of the cohomological vector field @) is given by a codifferential D of homogenous
degree +1 on S/yr\n(g) = S?/r\n(g[—l]). The isomorphism is induced by the shift
isomorphism s: g — g[1]. The codifferential D decomposes into a sum D =
>_,;>1 Dj such that the restrictions

. —
D; = Dj|S/y‘;nj(g): Sym’ (g) — ¢

satisfy
l; = (_1)%j(j—1)+15_1 oDjo s%7 Vi > 1.

Note that since Q% = 0, we get D? = 0. Such a codifferential induces a
classical Grothendieck connection as in Sect. 6.1.

Remark 9.10 (Loo-structure on Q°). If g is endowed with a (curved) Loo-
structure, we can view

O (Sa,9) = P (Za) @,
r+j=k
0<r<d
JEZ
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as a (curved) Loo-algebra. The L.,-structure arises as the linear extension of
the higher brackets

él (Oél X Xl) = dEdal X X1 + (_1)deg(o¢1)a1 & gl(Xl) (201)
D1 @ X1, ..., 0m @ Xn) 1= (—1)" Zi=1 desley)+ 175 deg(om—;) i ™ deg(Xi)
X (01 A Aam) @ La(Xa, ..., Xy) (202)

forn > 2, ag,...,a, € Q%°(Xy) and X1,...,X,, € g. If g is cyclic, and ¥, is
compact, oriented without boundary, there is a natural cyclic inner product
on Q°(X4,g) given by

(o1 @ X1, 02 ® X2)ae(s,.0)

- (_1)deg<a2>deg<Xl>/ a1 A ao(X1, Xa)g (203)
Yg

for ap,as € Q*(Xy) and X7, Xs € g.
9.4. BV Extension of Wilson Surfaces

We will now construct the BV extended observable for the auxiliary codimen-
sion 2 theory in the case where P is a trivial bundle. Let

7:2(172 = Q.(Zd—Z) ® g[l] SZ Q.(Ed—2) ® g*[d - 2] (204)

endowed with the symplectic form wy, , which induces the corresponding
BV bracket { , }uy, . For auxiliary superfields (o, 8) € Fx,_, and ambient

superfields (A, B) € x5, we have the following definition:
Definition 9.11 (BV extended Wilson surface action). The BV extended Wilson

surface action is given by

W (B, A, Bii) = /2 (c,ds- 4B +i*B)). (205)

Remark 9.12. As it was shown in [27], we can extend W% ,_,» regarded as a
function on embeddings i: X4_5 — X4, to a form-valued function Wy, , on
these embeddings by setting

Wzd—z(awgv A7 37 Z) =T <<O[7deV*AI8 + eV*B»? (206)

where ev denotes the evaluation map of embeddings ;o — ¥4 and 7, de-
notes the integration along the fiber ¥, .

Proposition 9.13 ([27]). The Wilson surface action satisfies a modified version
of the dCME, i.e., we have

1
AW, , = (D) Ws, . We, Lt — 5 {Wsan W, o} =0

WSy o
(207)
Remark 9.14. Proposition 9.13 is a consequense of the fact that

d/Z:(—l)d/Ed

and (188).
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Denote by Ay, , the BV Laplacian for the auxiliary theory. Then we get
the following proposition.

Proposition 9.15 ([27]). Define the vector field

Qs, , = {Wzd—27 } 5 (208)

Wy o

which acts on generators by

Qs, ,(a) = (-1)%dev-ac, Qs, ,(8) = (-1)"(dev-aB + ev*B).
(209)

Assume that the formal measure P 2[B] is invariant with respect to
the vector fields (209). Then we have

1
dWEdfz - <_1)d <5vazd2 + 5 {W2d727 WEdZ}UJEd)

1 .
+ E ({Wzd27 W2d72 }wX: - thAEd72 WZdz) =0 (210)

d—2

Remark 9.16. Note that the assumption of invariance of the formal measure
implies that Ay, ,Ws, , =0.

Definition 9.17 (BV extended Wilson surface observable). We define the BV
extended Wilson surface observable as

Wy, ,(A, B;i) /@ P[Ben W Ba-2(@8.A,Bii) (211)

9.5. Formulation by Hamiltonian (Q-Bundles

Let M = g[1]®g*[d—2]. Denote by z: g[1] — g the degree 1 g-valued coordinate
on g[1] and let x*: g*[d — 2] — g* be the g*-valued coordinate on g*[d — 2] of
degree d — 2.

Then we can consider a trivial Hamiltonian @)-bundle over M given by
the fiber data

N=g®g"[d- 3| (212)
o T 2 a * % i _1\d 27* a

%-<[ ,yJ,ay>+<dmy,ay*>+< ) < 6y> (213)

o = (89", 51 (214)

an = (4", 53), (215)
05 = (4", [o,9l) + (a3}, (216)

where y is the g-valued coordinate of degree 0 on g and y* is the g*-valued
coordinate of degree d — 3 on g*[d — 3]. For an embedding i: X435 < ¥, we
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get the auxiliary theory
T, = Q% (Ba-2) @ 00 Q(Sa—2) ® g*[d — 3], (217)

wN — (_ d *
Tas = (1) /2d2<5y ,0Y), (218)

st.- | s / WA+ [ @By ew)

g2
Note that M is a differential graded symplectic manifold with the follow-

ing data:
1 0 . . 0
QM—<§[x,x],£>+<adma: ’6w*>’ (220)
wpm = (0x™, dx), (221)
apm = (x*,dx), (222)
Opm = % (x*, [z, x]) . (223)
Hence the ambient theory is given by
F = Q*(Sg) @ gll] @ Q°(Sq) @ g°[d — 2] > (A, B), (224)
wxy, :/ <(5B,5A>, (225)
DI
1
Ss, :/ (B, Fy) :/ <B,d2dA+§[A,A]>. (226)
DI g

Note that (226) is exactly the BF action as in Definition 9.7. In the case
of abelian BF theory, i.e., when g = R, we get that Q= 0, Oy = 0 and the
ambient theory

Far =0 (S)[1] @ Q°(Sa)ld — 2], (227)

s, = / 5B AGA, (228)
g

Ss,= | BAds,A. (229)
g

Remark 9.18. The constructions presented in this paper are expected to ex-
tend to manifolds with boundary. Using the constructions as in [25] together
with the quantum BV-BFV formalism [21,23], one can show how the formal
global observables for split AKSZ sigma models on the boundary induce a
more general gauge condition as the dQME which is called modified differ-
ential Quantum Master Equation (mdQME). This condition also handles the
boundary part which arises as the ordered standard quantization €2 of the
boundary action 8? of dgeree +1, induced by the underlying BFV manifold,
plus some higher degree terms. The mdQME is then given as some annihi-
lation condition for the formal global boundary observable O?. In fact, it is
annihilated by the quantum Grothendieck BFV operator Vg := d —ihA + %Q
(see [24,25]), which means that V¢O? = 0.
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Computation of Kontsevich weights of

connection and curvature graphs for
symplectic Poisson structures
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We give a detailed explicit computation of weights of Kontsevich
graphs which arise from connection and curvature terms within
the globalization picture as in [12] for the special case of sym-
plectic manifolds. We will show how the weights for the curvature
graphs can be explicitly expressed in terms of the hypergeometric
function as well as by a much simpler formula combining it with
the explicit expression for the weights of its underlined connec-
tion graphs. Moreover, we consider the case of a cotangent bundle,
which will simplify the curvature expression significantly.

1 Introduction

2 Computation of Kontsevich weights
3 Including the weights

Appendix A Binomial sums
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1. Introduction
1.1. Motivation

In [17] Kontsevich proved that the differential graded Lie algebra (DGLA)?
of multivector fields on an open subset M C R¢ is L.o-quasi-isomorphic to
the DGLA? of multidifferential operators on functions on M, i.e. there exists
an L.-quasi-isomorphism

(1) W: Tyory (M) — Dypory (M),

such that its zeroth Taylor component U© g given by the Hochschild-
Kostant—Rosenberg map. This result is known as the formality theorem. If
one restricts to the case of bivector fields and bidifferential operators, one
can recover deformation quantization for Poisson manifolds. The resulting
star product was also constructed in [17] by an explicit formula. In [5, 7, 12]
a globalization picture was presented for this star product on any Poisson
manifold M, including the construction of the local star product by using
techniques of field theory, in particular the Poisson Sigma Model [4, 16, 20).
In [12] this construction was extended to manifolds with boundary as in
the BV-BFV formalism [8-10] which is a perturbative quantum gauge for-
malism compatible with cutting and gluing. A similar approach, as the one
presented by Fedosov in [13]| for symplectic manifolds, was used, by con-
sidering notions of formal geometry. In particular, one starts with a formal
exponential map ¢ on the manifold M and constructs a flat connection D,
called the classical Grothendieck connection, on the completed symmetric
algebra of the cotangent bundle Sym(7*M). This construction can be de-
formed to the Weyl bundle Sym(T*M)[[h]] and, as it was shown in [5, 6, 12],
it induces a similar equation as the one in Fedosov’s construction. In [12] it
was shown that the different terms of this equation are given by a certain
class of graphs. We want to give an explicit computation of the weights for
these graphs. Let G, ,,, denote the set of all admissible graphs as in [17] with
n vertices in the bulk of the upper half-plane H := {z € C| Im(z) > 0} and
m vertices on R. Define a map

(2) Ur: /\ Tpoly(M) - poly(M) [1 - n]

'Endowed with the zero differential and the Schouten—Nijenhuis bracket.
2Endowed with the Hochschild differential and the Gerstenhaber bracket.
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using the Loo-morphism U. Let 7 be a Poisson structure on R% and let &, ¢
be any two vector fields on R?. Let us define

(3) =y > —wpur AT,
n>0 I'eG, 2

(4) A m=>" Y %wpup(mm---m),
n>0 T€Grira

(5) F(¢,¢,m) ::Z Z %wpup(g/\g/\w/\~--/\7r),

7120 F€G7L+2,0

where wr € R denotes the Kontsevich weight of the graph I'. The term (3)
represents Kontsevich’s star product, (4) represents the deformed
Grothendieck connection Dg := Dg + O(h) (see construction below) and (5)
its curvature. Let us emphasize a bit more on the formal geometry construc-
tion.

1.2. Notions of formal geometry

Let M be a smooth manifold and let ¢: U — M be a map where U C T'M
is an open neighbourhood of the zero section. For x € M,y € T, M NU we
write ¢, (y) := ¢(z,y). We say that ¢ is a generalized exponential map if for
all z € M we have that ¢,(0) = z, and d¢,(0) = id7, ps. In local coordinates
we can write

i L [k
(6) Po(y) =" +y' + %]kyy +3, e k(Y Y Y+
where the z* are coordinates on the base and the y* are coordinates on the
fibers. We identify two generalized exponential maps if their jets agree to
all orders. A formal exponential map is an equivalence class of generalized
exponenti%g maps. It is completely specified by the sequence of functions

( fmlzk) . By abuse of notation, we will denote equivalence classes and
their representatives by ¢. From a formal exponential map ¢ and a function
f € C®(M), we can produce a section o € I'(Sym(7T*M)) by defining o, =
T¢r f, where T denotes the Taylor expansion in the fiber coordinates around
y = 0 and we use any representative of ¢ to define the pullback. We denote
this section by T¢* f, it is independent of the choice of representative, since
it only depends on the jets of the representative.

___As it was shown [3, 5, 11], one can define a flat connection D¢ on

Sym(T*M) with the property that Dgo = 0 if and only if o = T¢*f for
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some f € C°(M). As already mentioned before, this connection is called
the classical/gmthendieck connection. In fact, Dg =d, + Lg where R €
Q' (M, Der(Sym(T*M))) is a 1-form with values in derivations of Sym(T*M),
which we identify with I'(T'M ® Sym(T*M)). We have denoted by d, the
de Rham differential on M and by L the Lie derivative. In coordinates we
have

o0 [ 706\ "\’ a0k
o o= ((3) ), oo
k

Define R(z,y) := Re(x,y)da’, Re(x,y) = Rg(x,y)%, RI(z,y) = RZ(x,y)dxg,
and

. 1\ ek .
(8) Rz((g-j) ) %:—5%0@).
k

For o € F(S/y?n(T*M)), Lro is given by the Taylor expansion (in the y
coordinates) of

—dyo o (dy¢) " o dypg: T(TM) — T(Sym(T*M)),

where we denote by d, the de Rham differential on the fiber. This shows
that R does not depend on the choice of coordinates. One can generalize this

also for any fixed vector £ = 5%9&)% € T, M, instead of just considering the
de Rham differential d,, by

(9) Dg=¢+¢,
where
- . . 9

Here ¢'(x) would replace the 1-form part dz’.
This paper is based on the master thesis [19].
Acknowledgements

We would like to thank Alberto Cattaneo and Konstantin Wernli for useful
discussions.
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2. Computation of Kontsevich weights

Let (M,w) be a symplectic manifold regarded as a Poisson manifold with
Poisson structure 7 induced by the symplectic form w. Moreover let ¢: TM D
U — M be a formal exponential map and denote by T the Taylor expan-
sion in fiber coordinates around zero. Anticipating the computation of the
star product P(T¢*r), the connection 1-form A(R, T¢*m) and its curvature
2-form F(R, R, T¢*m) as in [12], we will explicitly compute the Kontsevich
weights of three families of graphs in this section. Throughout the paper we
use the harmonic angle function

(11) o(u,v) = arg (”_“) _ Llog((v—u)(ﬂ—u))

v—1u (v—1u)(v—1u)

which measures the angle on HU R as depicted in Figure 1.

Figure 1: Tlustartion of the angle function .

The propagator used in the computation of the Kontsevich weights is
then simply given by dp(u,v) and is usually called the Kontsevich propaga-
tor. Now let I' € G, , be an admissible graph with n vertices of first type,
m vertices of second type and 2n + m — 2 edges. We use this propagator to
compute the Kontsevich weight [17] wr of I" as

(12) wr = / or.

Cn.,m

Here C,,,, denotes the Fulton-MacPherson/Axelrod-Singer (FMAS) com-
pactification [1, 15] of the configuration space C,, ,, of n points in H and m
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points on R modulo scaling and translation. Let us briefly recall the construc-
tion of the needed configuration spaces. We define the open configuration
space

(13) Confym = {(z1,.- -, Zn,q1, -, qm) € H" x R™ |
i #F T, ViFEJ, < ... < Gm}

The 2-dimensional real Lie group of orientation preserving affine transfor-
mations of the real line

(14) GY ={z—az+b|a,beR, a>0}

acts freely on Conf, . One can check that the quotient space Cj, ,, 1=
Conf,, / GW is in fact a smooth manifold of dimension 2n + m — 2. The
differential form wr on C, ,, is given by

1
(15) R T A de,

edges e

where the wedge product is over all 2n + m — 2 edges e of the graph I'. Let
n > 2 and define

(16) Conf,, = {(z1,...,2n) € C" | ; # x5, Vi # j}.
We have an action on Conf,, by the 3-dimensional Lie group
(17) GY={z—az+blacR, beC,a>0}

Again, one can check that the quotient space C,, := Conf,,/ G®@ is a smooth
manifold of dimension 2n — 3. Also here, we will denote its FMAS com-
pactification by C,. We refer to [17] for a more detailed construction. To
simplify the notation we will use graphical language, where the figure below
corresponds to a factor of d(p(u,v)™)/(27)™ in wr. If there is no n above
the arrow it simply means that n = 1.

UGE—>—OV

We know that the dimension of the configuration space C), », is 2n +
m — 2, and since we work on a symplectic manifold M (with Darboux co-
ordinates around each point x € M), a vertex of first type is either a vertex
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representing the tensor T¢,m, which we will call a T} m-vertex, with pre-
cisely two outgoing and no incoming edges, or a vertex representing the
1-form R, which we will call an R-vertex, with precisely one outgoing edge
and arbitrarily many incoming edges [12, 18]. So we may write n =p +r,
where p is the number of T} m-vertices and r is the number of R-vertices.
We then have that deg(wr) = 2p + r, and in order for the integral (12) not
to vanish, we must have that wr is a top form, i.e. that 2n +m — 2 = 2p + r.
This then implies that

(18) r+m=2

So we have to distinguish three different cases, namely (r,m) = (2,0),
(r,m)=(1,1) and (r,m) = (0,2), which we will treat separately in what
follows.

Remark 2.1. Actually, we will see below that all the integrals over the
non-compactified configuration spaces C, ., of the graphs we are consider-
ing converge and are thus finite. So it is not necessary to work with the
compactifications.

2.1. Case 1: No boundary vertices

We will first treat the case (r,m) = (2,0), i.e. the case where we have no
boundary vertices and exactely two R-vertices. In that case we get a family
of graphs (I'y,)p>0, where I'y, is the graph with n wedges as in Figure 2(a)
(stemming from n T¢km-vertices) attached to the wheel as in Figure 2(b)
(stemming from the two R-vertices).

(a) wedge (b) wheel
Figure 2: Graphs in the case (r,m) = (2,0) consist of: (a) wedges stem-

ming from T¢km-vertices attached to (b) a wheel stemming from the two
R-vertices.

Examples of the graphs I';, are given in Figure 3 below for n = 0,1, 2.
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z 21

(a) n=0 (b)n =1 () n=2

Figure 3: Graphs I', for (a) n =0, (b) n =1 and (c) n = 2 wedges attached
to the wheel.

The Kontsevich weight of the graph I',, for n > 0 is given by

1

(19) wr, = s /dSD(%y)dSD(yax)d@(Zhiﬂ)

C7L+2,O

Remark 2.2. We will omit the wedge product if it is clear. Moreover,
for n =0 we simply set dp(z1,2)dp(z1,y) - dp(zn, x)de(z,,y) =1 in the
integral above.

Remark 2.3. The sign of the weight wr depends on the ordering of the
edges of the graph I' (i.e. the ordering of the propagator 1-forms in the
integrand), and thus the ordering must always be specified. Throughout
this whole section, we will stick to the ordering given in (19).

The goal now is to compute (19) explicitly. We will do this in several
steps, mainly using Stokes’ theorem as in [21].

2.1.1. Step 1. In a first step, we want to integrate out the wedges. More
precisely, for a wedge as in Figure 2(a) we want to compute the corresponding
integral

1
(2m)?

(20) / dp(z, 2)dp(z, 9),

z€H\{z,y}

i.e. we want to integrate out z (with z,y € H fixed). To do this we make a
branch cut such that ¢(z,x) € (0,27) and use Stokes’ theorem

(21) / do(z, z)dp(2,y) =/90(2,x)d90(2,y),

zeH\{z,y} 9
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where 0 is the boundary of the integration domain depicted in Figure 4
below.

H, H_

Figure 4: Boundary 0 of the integration domain: C is the half-circle at
infinity, By and B_ are infinitesimally close together, the circles C; and Cs
have infinitesimal radius and H; U H_ is the real line.

Now using (11) we can discuss the different boundary components:

On Hy UH_: z € R and hence dp(z,y) = darg(1l) =0

On By: ¢(z,x) =27
On B_: ¢(z,2) =0

OnCy: z=x+ee ™ fore — 0 = dip(z,y) = darg (Z:—i) =

OnCy:z=y+ece @ fore —» 0and f € [0,21) = o(z,2) — ©(y, ),
d(,O(Z,y) = —df

On C: z = Re" for R — oo and 0 € [0, 1] = ©(z,2) = ¢(z,y) = 26,
de(z,y) = 2d¢
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We then finally get

| wetndeey = [ ooy

z€H\{z,y} 9
(22) T 27
= 27r/dg0(z,y) +/40d0—g0(y, x)/d@
B, 0 0

=27 (¢ (,9) — (y, z) + [z;]7),

where

(23) wiy] = {—i—l, if Re(z) > Re(y)

—1, if Re(x) < Re(y)

Dividing the result (22) by (27)? (as in (20)), we get

1

which agrees with the result given in [2, Lemma 3.3].

Finally, consider the limit (z,y) — (p,q) for p,q € R with p < ¢. Using
(24) and the fact that ¢(p,q) = 27 and ¢(q,p) = 0, we can compute the
Kontsevich weight of the graph below.

4

A

p q

We get that the integral of the form representing this graph over Cf o is
equal to %, which agrees with the result in [17, Section 6.4.3].

2.1.2. Step 2. In a second step we want to compute the weight of the
graph
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where n,m > 1 and we use the notation introduced above, i.e. we want
to explicitly compute the integral

(25) Gy [ dele) ety a)"

(2m)
Cho

As before we make the branch cut such that ¢(z,y) € (0, 27) and use Stokes’
theorem

(26) / d@(ﬂf,y)md@(y,x)”:/w(x,y)mdw(y,ar)”

yeH\{x} 0]

with boundary 0 of the integration domain depicted in Figure 5 below.

C+

H

Figure 5: Boundary 0 of the integration domain: C_ U C'y is the half-circle
at infinity, B, and B_ are infinitesimally close together, the circle C; has
infinitesimal radius and H is the real line.

Again, we discuss the different boundary components:
e On H: ye R = dy(y,z) =darg(l) =0

e On B_UB;:dp(y,z) =0

e On C_:y= Re" for R — 0o = p(x,y) =27

e On Cy:y = Re? for R — 0o = p(x,9) =0
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1336
e OnCr:y=x+ce” Z9for5—>0and9€( %37”) — gp(a;,y):%”—
0 and
oy, 7) = %—9, for 0 € (-3, %)
771’_ y f0r9€(2,7)

With this, we compute the integral

/ ds@(w,y)mdw(y,fv)”I/w(x,y)mdw(y,x)”

yeH\{z} o
= (2m)"™ / dep(y, z)" + / ez, y)"dp(y, z)"
C_ ] Ch
27 — (27)"" —n / (37” - 9>m (g . e)n_l a9

Now we use the substitution a = § — 6 to compute

3 T n=b f m o1
/(7—0> (5—0) d@—/(w—l—a) a" “da
(28) "2 0
m 7 m m+n
. m k m+n—k—1 _ m ™
_Z<k)7r /a da_Z(k)—rrH—n—k

Similarly, we use the substitution a = 37” — 0 to compute

df = [ a™ (74 a)" 'da

n—1 m+n

=
gcl)ﬂko/amwz(wm-

k=0
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Putting everything together we get

(30) / dg(a,y)"dp(y, 2)"

yeH\{z}
( m m n—1 n—1
(e 2 ()
— k)m+4n—Ek — m4+n—1
It is not hard to see that for n = 1 the above formula simplifies to
(31) | avtymdpty e =2 (1- =) e
) 9 m +1 Y

yeH\{z}
which agrees with the result in [21, Section 4].

2.1.3. Step 3. In a third step we want to compute an integral similar to
(25), but with an additional factor [z;y] as defined in (23). So we want to
compute the integral

(27r)++m / [z; y]dp(x, y) " dp(y, z)"

yeH\{z}

(32)

As usual, we use Stokes’ theorem
(33)
[ lmsdete ) ety 2"
yeH\{z}

- [ e [ ey dele)”

yEH\{z} yeH\{x}
Re(y)<Re(z) Re(y)>Re(x)
= /w(x,y)mdw(y,x)” —/@(x,y)mdw(y,:v)”
o, a_

with boundaries d; and 0_ of the integration domain depicted in Figure 6
below.
As before, we discuss the different boundary components:

e On Hy UH_: dy(y,z) =0
e On By ULy: dp(y,x) =0
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. o

Figure 6: Boundaries 9 (on the left) and d_ (on the right) of the integration
domain: C_ U C4 is the half-circle at infinity, By and B_ as well as L and
L_ are infinitesimally close together, the circle D, U D_ has infinitesimal
radius and H4 U H_ is the real line.

On C_: p(x,y) =27
On Cy: p(z,y) =0

OnD_:y=z+ee @ fore —-0and 0 € (—2,2) = ¢(z,y) =32
0, p(y,z) =35 -0

OnDi:y=z+ece @ fore »0andb € (3,%) = o(z,y) = 3L -0,
ply,x) = 5 -

([ ]
8
<
I
|
|

With this we compute the integral

/ [z 9l (e, 5)di(y, )"

(34) yeH\{z}
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n—1 n
om m+n
(e (e 2 ()
where we used (28) and (29) in the last step.

2.1.4. Putting everything together. Finally, we are able to compute
the Kontsevich weight (19) of the graphs I',, described at the beginning of
Section 2.1. Integrating over z; for ¢ = 1,...,n, and applying the result for
(22) obtained in the first step we get

wr, = (zﬂ;znw / de(z,y)de(y, z)dp(z1, 2)de(21,y) - -
Cn+2,0
x dp(zn, v)de(zn,y)
1 n
= G / (o(2,y) — oy, 2) + [y y]m) "do(z, y)de(y, ©)
yeH\{z}
n n—=k
(35) B ”*2;};( >< >
><(—1)l / e(z,y)" "oy, ) ([z; ylm) de(z, y)de(y, =)
yeH\{z}
n n—k
(—1)!
2n+2k:z;)lz;<)< >7r”_k+2(n—k:—l+1)(l+1)

X / [z; Y] de(z, y)" F e (y, 2)

yeH\{z}
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Note that for even k we have

/ 3 y]" (2, y) " F " dep(y, 2)H!

yeH\{z}
= / de(z,y)" T dp(y, z)"
(36) yeH\{z}
n—k—I+1
_ 2n—k:—l+1_ Z n—k—l+1 l+1
— r n—k—r+2

_zl: l+1 7.‘_n—lH—Q
— n—k—s+2 ’

where we have used (30). Similarly, for odd & we get

/ [z y) oz, y)" e (y, )
yeH\{z}
= [ e ()

2nkl+1+"’“z:l“ n—k—1+1 [+1
n—k—r+2
i() [+1 ) n—k+2
\s/n— k—s+2

where we have used (34).

We will now simplify the expressions we got. We start by observing a
few things:

First of all, we clearly have that

(38) de(z, y)" F " dp(y, ) = —de(y, z) e (z, y)m R
Similarly, we also have that

(39) [z;y] = —[y; z].
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Furthermore, we can obviously swap x and y in the integral and get the
same result, i.e.

(40) / [z y] ™ de(z, )" dep(y, 2)
yeH\{z}
_ / [y; :L']mdgp(y, :U)n_k_l_Hng(:L’, y)H—l.

zeH\{y}

Now assume that n is even. Applying (38), (39) and (40) to the last line of
(35), it follows that

(41) wr,, = 2n—1+2 kzn::O <Z> (n”T_kk> n— k—E2 (7)1 j@ + 1)2

k even

n—=k n—=k
X / de(z,y) 2 Tde(y,z) = T
yeH\{z}

So most of the terms cancel for n even.
Now using (30) we observe that

1 m m
—5 / do(z,y)"de(y, x)

s
yEH\{z}
m—1
>2m k Z( >2m—l

=0

=0
2 (@) ("))
2

e £

k=0

iMs

i

3?
Ll

k=

O

Plugging this result into (41) with m = 2 we finally get that
(43) wr, =0 for even n > 0.

For n odd the different terms in the last line of (35) do not cancel anymore.
Instead, we will try to write (30) and (34) more compactly. To do this, let us
introduce the so-called hypergeometric function oFi(a,b;c;z). It is defined



1342 N. Moshayedi and F. Musio

by the series

o0
44 Fi(a, b; )i (b
(44) oF (a, b; z; ¢) ;O O

for z € C with |z| < 1, where (a)y is the Pochhammer symbol given by

1, ifk=0
(45) (a)k—{a(a+1)...(a+kz1), if k>0

It is not hard to see that the series terminates if either a or b is a non-positive
integer. In that case the hypergeometric function reduces to a polynomial
and can therefore also be defined for |z| > 1.

We can now use the hypergeometric function to write

w0 3 () =

— m+n—=k m-+n
and

— [n—1 1 oF1(1—n,—m—n;1—m—n;—1)
47 = )
(47) Z( )m—l—n—k m-+n

k=0

This allows us to write (30) as

/ do(z,y)"de(y, )"
yeH\{z}

(48) ( n
m—i—n(2 1(—m,—m — n; m—mn;—1)

+oFi(1—n,—m—n;1—m —n; —1)))7rm+",

/ [z; yldp(x, y) " de(y, )"

yeH\{z}

R

m-4+n

—9F(1—n,—m—n;1—m —mn; —1))>7rm+".
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Plugging those results into (35) we finally get for all n > 0

(50)
1 &N =k (—1)! .
wWZQMQZQZ;Q)< z)@pwpw+na+n«_”@ o
[+1

_ n——M(2F1(_l’_n+k_ 2:—n—+k—1;-1)

44—n%m¢m+k+Z—L—n+k—z—n+k—h—nn.

The Kontsevich weights of the first few graphs are given in Table 1 below.

n|0 1 2 3 4 5 6 7 8 9 |
1 1 1 1 1
wr, |0 57 0 555 0 5558 0 gy 0 1ysga0 |

Table 1: Kontsevich weights of the graphs I';, for n =0,1,...,9

As a sanity check we have the following: For n = 0 the graph I'y is just
a wheel with two vertices (see Figure 3(a)) and its weight is zero according
to [17, Lemma 7.3]. For n = 1 the graph T'y is just a wheel with two spokes
pointing outward (see Figure 3(b)) and its weight is ; according to [21,
Proposition 1.1]. So at least for n = 0, 1 our formula (50) for the Kontsevich

weights wr,, produces the correct values.

2.2. Case 2: One Boundary vertex

We will now treat the case (r,m) = (1,1), i.e. the case where we have one
boundary vertex and one R-vertex. In that case we get a family of graphs
(Yy)n>0, where Y, is the graph with n wedges as in Figure 7(a) (stemming
from n T¢}im-vertices) attached to the graph containing a single edge from
the R-vertex to the boundary vertex as in Figure 7(b) below.
Examples of the graphs T,, are given in Figure 8 below for n =0, 1, 2.
The Kontsevich weight of the graph T,, for n > 0 is given by

(51)
wr, = Gy [ det. 0ot 2)dp(en,a) -+ dplens 0)dpensa)

Chiy11
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x x
z
q q
(a) wedge (b) single edge

Figure 7: Graphs in the case (r,m) = (1, 1) consist of: (a) wedges stemming
from T¢im-vertices attached to (b) a single edge from the R-vertex to the
boundary vertex

1 <1 <

(a)yn=0 b)yn=1 (c)n=2

Figure 8: Graphs T,, for (a) n =0, (b) n =1 and (¢) n = 2 wedges attached
to the single edge from the R-vertex to the boundary vertex

Remark 2.4. As before, the ordering of the edges of the graph T,, specified
in (51) above determines the sign of wy, . Throughout this whole section we
will stick to this ordering.

Again, the goal is to compute (51) explicitly. As before, we will do this
in several steps.

2.2.1. Step 1. For a wedge as in Figure 7(a) we want to compute the
corresponding integral

(52) o [ deaela),

zeH\{x}

i.e. we want to integrate out z (with x,q € H fixed). The computation is
almost the same as the one we have already done in Section 2.1.1 above:
Again we make a branch cut such that ¢(z,z) € (0,27) and use Stokes’
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theorem
(53) / dp(z, 2)dp(z q) = / oz ) (2, q),
zeH\{z} 0

where 0 is the boundary of the integration domain depicted in Figure 9
below.

H., q H,, H_

Figure 9: Boundary O of the integration domain: C' is the half-circle at
infinity, By and B_ are infinitesimally close together, the (half-)circles C;
and Cq have infinitesimal radius and Hy 1 U H4 2 U H_ is the real line.

Let us have a look at the different boundary components:
e On Hy jUH, UH_: z € R and hence dy(z,q) =0
On By: ¢(z,x) =27

On B_: p(z,2) =0

On Cy: z=x+ee ¥ fore — 0 = dip(z,q) = darg (g:—;) =0

OnCyz=q+ee @ fore —»0andf € [-7,0] = o(z,2) — ©(q,x),
QO(Z,q) = —20
On C: z = Re for R — oo and 0 € [0,7] = ¢(z,2) = ¢(z,q) = 20
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We can then compute the integral

/ de(z, z)de(z, ) Z/w(z,fﬂ)dw(z,Q)

ZEH\{xﬂ} a
(54) [ 0
— 27r/dg0(z,q) +/40d0—2s0(q, x)/de
By 0 -
=27 (p(z, q) — (g, ) + [2; q]7)
where
+1, if Re(x) > ¢
(55) [z:q] = et
—1, if Re(z) <¢q

Dividing the result (54) by (2m)? we get

1 1
which agrees with the result in [21, Lemma 5.3].
Finally, observe that one obtains (54) by simply taking the limit y —
g € R in (22).

2.2.2. Step 2. In a second step we want to compute the integral

1

o @

/ ¢(q, z)"dp(z, q)"

1,1

for n > 1 and m > 0.

First note that C7 1, shown in Figure 10 below, is a smooth manifold of
dimension 1 which is homeomorphic to an open interval and C_'1,1 is homeo-
morphic to a closed interval.

Remark 2.5. We work with the standard orientation on Cj 1, which is
induced by the standard orientation on the plane R?.

It is not hard to see that the boundary 0C;; is just a two-element
set. More precisely 0C1,1 = {(¢,s), (q,t)} with s < g and t > ¢ (for a more
detailed treatment, see [10, 12, 17]).
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Figure 10: The manifold C ; is the product of a (fixed) single point ¢ on
the real line and an open half circle

But now we have to make a branch cut such that ¢(q,z) € (0,27). Then
the boundary O of the integration domain, depicted in Figure 11 below,
contains four points, namely

(58) 9 ={(q,9), (¢, 1), (¢, y+), (¢;y-)},

where y is the point on the half circle directly above g, i.e. with Re(y) = g,
and y4 and y_ are the limits z — y on the half circle from the left (i.e.
from the region Re(x) < ¢ of the half-circle) and from the right (i.e. from
the region Re(x) > q) respectively.

Figure 11: (4 with branch cut and its boundary 0 consisting of four points
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Finally, using Stokes’ theorem and the fact that dp(q,z) =0 for ¢ € R,
we get

/ p(g,z)"dp(z,q)" = /w(q, z)™p(x,q)"
Cia 0
= 0(q,8)"p(s,9)" — o(q, y+)"e(y+,9)"
+o(q,y-)"p(y—, 0)" — (g, t)"p(t, q)"
B {(%)n, if m =0

(59)

2MamEn - if > 0
2.2.3. Step 3. Let us start with writing (54) differently as

(60) 27 (o(z,q) — (g, ) + wlx;q]) = 27 (p(x,q) — (g, 2) — 7 + 2m(2;q))

where

o o= !

In this step we then want to compute an integral similar to (57), but with
an additional factor (x;y) as defined above. So we want to compute

1

- e

/ (z; 9)og, ) dep(z, @)

Cin

for n > 1 and m > 0.
As before we use Stokes’ theorem and find that

/ (z;9)p(q, )" dp(z, q)"
Cia

(63) _ / (g, 2)"dp(z, )"

Cia
Re(z)>q

= o(q,y-)"p(y—, )" — (g, t)"o(t, q)"

— Qmﬂ_m—i—n
for all m > 0 and all n > 1.

2.2.4. Putting everything together. Now we can use the results from
steps 1-3 to compute the Kontsevich weight (51) of the graphs Y,, n >0,



Computation of Kontsevich weights 1349

described at the beginning of Section 2.2. Integrating over z; fori =1,... n,
and applying (60), we get

(64)
wr, = o | 49 0o, 0)dplen,) - el 2)dp(n
Crnt11
:W [ (ela0) = vla.0) ~ 7+ 20(wi0)) (o)
Ci1
R L () e
< [l ol 0w (s 0) ()
Ci
n n—kn—k—lI . n—k—
> @0

(_1)l+s
gn—ktlpn—k—l+l(p —k — ] — s+ 1)

< [ @a)ela.o) dpte, g,
Ci1

We note that for £ = 0 we have

m)n i ifs=0
25pn—HL - if 5> 0

Cin

where we have used (59). Similarly, for £ > 1 we have

(66) / (2:9)* (g, ) dip(, g1+
Cia

— [ @aota.0) e gt ek,
Cia

where we have used (63).
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Plugging the above two results into the last line of (64) we get

(67)

- EEE Q0 et e

As shown in Appendix A, we have that

(="
An) = —————
()= ot 1y

(="
68 B(n)= —————

1L+ (=)™
Cn)=——"—"—.
Hence, we finally have
1+ (-1)

69 = >0
(69) S VA
In particular, we see that
(70) wy, =0 for odd n > 1.

The Kontsevich weights of the first few graphs are given in Table 2 below.

n [0 1 2 4 5 6 7 8 9|
1 1 1 1
wy 12 50 U mm U a3 O |

n

—

2

Table 2: Kontsevich weights of the graphs 1,, forn =0,1,...,9

As a sanity check we have the following: For n = 0 the graph T is just a
single edge as in Figure 7(b) and its weight is zero according to [17, Section
6.4.3]. For n = 1 the graph Y is just a single edge with one wedge attached
as in Figure 8(b) and its weight is 0 according to [14, Appendix B|. For n = 2
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the graph Y5 is a single edge with two wedges attached as in Figure 8(c) and
its weight is 1—12 according to [21, Appendix A]. So at least for n =0, 1,2 our
formula (69) for the Kontsevich weights wr produces the correct values.

2.3. Case 3: Two Boundary vertices

Finally, we will treat the case (r,m) = (0,2), i.e. the case where we have two
boundary vertices and no R-vertex. In that case we get a family of graphs
(An)n>0, where A, is the graph with n wedges as in Figure 12 (stemming
from n T} m-vertices) attached to the two boundary vertices.

z
p q

Figure 12: Graphs in the case (r,m) = (0,2) consist of wedges attached to
the two boundary vertices

Examples of the graphs A,, are given in Figure 13 below for n = 0, 1, 2.

z

———————eo—
p q q b

p q
(a)yn=0 (byn=1 (c)n=2

Figure 13: Graphs A, for (a) n =0, (b) n = 1 and (¢) n = 2 wedges attached
to the two boundary vertices

The Kontsevich weight of the graph A,, for n > 0 is given by

1
(27-(-)271

(1) wa, = / dg(z1,p)dg(z1,9) - dp(zn, )Ap(2n, q).

Cn,Q
Remark 2.6. For n = 0 we simply set
dp (21, p)de(21,q) - - - dp(2n, p)dep(2n, q) = 1

in the integral above.
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Remark 2.7. As before, the ordering of the edges of the graph A,, specified
in (71) above determines the sign of wy, . Throughout this whole section we
will stick to this ordering.

Remark 2.8. Since we work with the configuration space Conf, ,, as in
(13), and in particular with the quotient C, ,, = Confn,m/G(l), it follows
that Cp is a single point (and not a two-element set).

Finally, our goal is to compute (51) explicitly for the given family of
graphs. However, this time the computation is much easier and shorter than
before.

For the boundary vertices p, q, € R with p < ¢ we have already computed
the Kontsevich weight of a wedge as in Figure 12 at the end of Section 2.1.1.
Our result was

1

(72) oo

/ de(z, p)de(z, q) = %

Ci,2

For the sake of completeness and to make sure that we get the same result,
let us nonetheless do a direct computation. For a wedge as in Figure 12, we
compute the corresponding integral

1

(73) ek

/ dg(z, p)di(z ),

zeH

with p,q € R, p < ¢ fixed. As before, we use Stokes’ theorem

(74) / dp(z,p)dplz, q) = / oz p)de(z,0),

zeH 1o}

where 0 is the boundary of the integration domain depicted in Figure 14
below.
As usual, let us have a look at the different boundary components:

On H; U H U Hs: z € R and hence dy(z,q) =0

On Cp: z=p+ee ™ fore =0 = dp(z,q) = darg(1) =0

OnCy z=qg+cece @ fore -0 = ¢(z,p) = ¢(q,p) =0

On C: z = Re for R — 0o and 0 € [0,7] = ©(2,p) = p(2,q) = 20
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Cl C?
7\ 7
H 1 p H 2 q I—[.'S

Figure 14: Boundary O of the integration domain: C' is the half-circle at
infinity, the half circles C; and C have infinitesimal radius and H; U Ho U
Hy is the real line.

We can then compute the integral

T

(75) / dp(z,p)de(z, g) = / (2 p)de(z,q) = / 40d0 = 21,

zeH 0 0

which indeed agrees with (72) after dividing by (27)2.
With this result at hand, it is now easy to compute the Kontsevich
weight of the graph A,, for n > 1. We get

(76)  wa, = / dp(z1, p)dep(z1,9) - dp(2n p)dp(2n, q)

(27T)2n
C’n,2
1 1
— oI\ —
(27T)2n( @ ) an

For n = 0 it is not hard to see that

(77) WA, = / 1=1,
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since Cp 2 is a single point (cf Remark 2.8). So all in all we finally have
(78) wp, = — n > 0.

2.4. Another approach for the explicit computation of
wr, and wy,,

We want to give a more fast and explicit approach for the computation of
the weights wr, and wy,. The following approach has the advantage that
it doesn’t require the use of the hypergeometric function for wr, but rather
gives an explicit expression in terms of wy, . First note that

(79) do(z,x) = %dlog <E; : z)(z

T

), Vz,x € HUR.

Moreover, recall from [2, Lemma 5.3] the formula

T

1 y
d d =1 HUR.
(80) /ZEH p(z,2) Adp(z,y) = 5 log (y_x) Vz,y € HU

Integrating out the z; variables in wy, using (80), we get

1 — "1 —
(81) wy, = / (— log (x ]_?)> -d log <:f p)
Cia \ 270 p—T 271 T—0p
— / d —dlog [ =2
n+1Jc, 2mi p—z

because dlog (z — p) = dlog (p — ). Now recall that C; 1 = (H x R)/(R>? x
R) is isomorphic to R; for instance every point in the quotient can be repre-
sented uniquely by a pair (¢, p) with ¢ the imaginary unit and p € R. Hence

we get
1 /°° d (1., (i-p ”+1d
wy, = —(=—1lo
e T oo dp \ 273 & p+i P

1 - n+1 |P=
(52) ~ (5108 (252))
271 p+t

14+ (=)
~2ntl(n 4+ 1)’

p=—00
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where we have used the boundary values

p—=+o00 D+ p—+too

(83) lim log <Z —p) = lim log <—1 + 2 +O(1/p2)> = $im.
p

Now, using (80) and integrating out the z; variables of wr,_, we get

(84) UT":iA¥O<5;51 (i:i;))nd¢0my)Ad@@hw)

Note that do(z,y) = de(y,z) + 5= log ( ) and thus

1 “\\" 1 -
wr, :/ (—10 (x 3_/)) ——dlog (x y) A de(y, x)
Cao \ 271 y—=x 271 Yy—=x
1 1 z—g\\""
= d||=—1 d :
n+1/0270 [<2m 8 (y—i)) cp(y,a:)]

By Stokes’ theorem, the integral is reduced to the boundary of Kontsevich’s
eye Ca0 [17, Section 5.2.]. This boundary has three components:

(85)

e The iris of the eye which is isomorphic to S, corresponding to the
collision x — y. This gives zero contribution, since log ( ) =0 for
=Y.

e The upper eyelid, corresponding to the limit |z| — oo. This gives no
contribution, since dy(y,x) = 0 in the limit.

e The lower eyelid, corresponding to the collision x — z onto the real
line.

The lower eyelid is isomorphic to C 1 and by comparison with the integrand
of wy,,, in (81) with p := x =z, we get

1 1—(=1)"

86 _ _ _
(86) O = 1T T 9n 2 (4 1) (n - 2)

One can easily check that this formula produces the same values as in Table
1.
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3. Including the weights
3.1. The product P(T¢*m)

Let 0,7 € F(S/yzl(T*M)[[h]]) be sections and let z € M. Using the Kontse-
vich weights computed above, we get

(87) P(Tgym) (o ® Tx)

Z 22nn' T¢x lel e (T¢;7T)Zn=7" (g'w) J1in (Tm) JJ1Jn

where we sum over all the indices i1, ...,ip, j1, ..., jn. Moreover, we use the
notation, where the indices on the right of the comma denote derivatives
with respect to the corresponding variable, e.g.

(88) Ri,il-‘-ik = 8,~1 ce 8“RZ

3.2. The connection 1-form A(R, T¢*m)

In Section 2.2 we have obtained the Kontsevich weights

1+ (—l)n
&9 v = — - >0
( ) WL 2”+1(n—|— 1)’ "

of the family of graphs (Y,,),>0. Let o € F(S/y'?n(T*M)[[h]]) be a section and
fix z € M. For R as in Section 1.2 we set R, (y) := R(z,y) and (R.)¥(y) :=
RF¥(z,y). Using the Kontsevich weights above, we get

(90)
A(R,, T¢im)(0,) = datA ((Rx)f%, Tqb;;w) (02)

=R 14 (=)
—d
xZanmnH (n+1)

X (Tpm)d - (Topm) ™9 (Ra )i, i, (02) s

where we again sum over all indices ¢, k,41,...,%n,J1,- -+, Jn-
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This allows us to write down an explicit expression for the deformed
Grothendieck connection, namely

(91)
(Dg)z =do + A(Ry, Tom) = (aiz + A((Rx)i, Tgb;ﬂ')) dzt

[0 & A 1+ (-1
B (8:1;" +nz_%2”n! 2ntl(n + 1)

) (ToEm)i - (Tgom)dn (Ro)s, s = O )a

Ll ln 8y]n e 6y,]1 8yk
3.3. The curvature 2-form F (R, R, T¢*m)

In Section 2.1 we have obtained the Kontsevich weights in terms of the
hypergeometric function and gave a more explicit formula in Section 2.4

1_(_1) n>0

(92) 0= ont2(n + 1) (n + 2)° =

for the family of graphs (I'y,),>0. Using these weights above we then get for
reM

(93) F(Ry, Ry, Topm) = da’ Ada? F((Ry)i, (Ra)j, To3m)

= g 1l
= da' A da?
v $Z2”n'2"+2n+1)(n—|—2)

(quﬂ)zul...(T%ﬁ)wn (Rx)]? o (Rx)l~

’L,lh""bn _],kjl"'jn

where, as usual, we sum over the indices i, 7, k, [, i1, ..., %n, J1s- -+ Jn-
3.4. A Fedosov-type equation for Poisson manifolds

We can now write down the modified deformed Grothendieck connection as
defined in [5, 12], namely

(94) Da=Da+[r, I

where the deformed Grothendieck connection D¢ is explicitly given by (91),
the star product is explicitly given by (87), [ , ]« denotes the star commuta-
tor and vy € QY (M, Sym(T*M)[[h]]) is such that the following Fedosov-type
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equation holds:
(95) FM 4+ Day+yx7y =0,

with Weyl curvature FM = F(R, R, T¢*n) explicitly given by (93). This
equation appears in the globalization construction for deformation quanti-
zation of Poisson manifolds. The existence of such a v was given in [5, 6].
Let us emphasize a bit more on this existence result. Since ~y takes values in
Sym(T™* M )|[[h]] we may write

(96) v =0+ hy1 + Py + ...
Similarly, for the deformed Grothendieck connection we may write
(97) De = D + h2Dsy + WDy + ...

where D = d + Lp is the classical Grothendieck connection and where we
have used that the Kontsevich weights (89) satisfy wy, = 1 and wy, = 0 for
all odd n > 1.

Finally, for the curvature we can write

(98) FM = hPy + BB+ B Fs + . ..

where we have used that that the Kontsevich weights (92) satisfy wr, =0
for all even n > 0.

This now allows us to decompose Equation (95) into a system of equa-
tions depending on the order of h.

In order 7° we get the equation

(99) Dgro =0,

which, according to Section 1.2, can be solved by 79 = T¢* f for some smooth
function f € C*°(M), since the cohomology of the classical Grothendieck
connection Hp, (I'(Sym(T*M))) is concentrated in degree zero (by the
Poincaré Lemma) and

(100) Hp, (D(Sym(T*M))) = T¢*C>(M) = C>(M).
In order h' we get the equation

(101) Fi 4+ Dgm + (0 * 7)1 = 0.



Computation of Kontsevich weights 1359

Using the Bianchi identity we see that DgFy = 0 and by Equation (99) it also
immidiately follows that Dg (70 *70)1 = 0. So we get that Dg~; is equal to
a Dg-closed form, but the corresponding cohomology group is trivial. Hence
it follows that Dg~1 is equal to a Dg-exact form, and thus it is possible to
find a y; that solves Equation (101).

By induction, one can show that in each order A* for k > 1, Dgvy is
equal to a Dg-closed and hence Dg-exact form depending on the lower
order coefficients of FM and «. In particular it follows that there exists a 7y
solving the equation for the corresponding order.

Remark 3.1. Note that in order to globalize Kontsevich’s star product
one may be tempted to define a bullet product

(102) (f e g)(w) = (P(T¢"m)(To"f @ Tg"g)) (;0).

This is indeed a well-defined global product on C*°(M)[[A]], but it is in gen-
eral not associative. To make this product associative one has to introduce
a quantization map (see e.g. [5])

(103)  p: HY (D(Sym(T*M))) — HY_(D(Sym(T*M)[[H]]))
which then again leads to the global star product

(104) Frg:= (07 (p(T6" 1) % p(T6"0))) |
Here x denotes Kontsevich’s star product and %, its global version on M.
Using the weights, we can also get an explicit expression for the bullet prod-
uct (102) by

(105) (P(T¢"m)(To"f ® T¢"g))(x:0)

- (Z I (TOm) I o (T3 (TG sy, (T650) ) ).
n=0 )

3.5. The lifted curvature 2-form F(R,R,T¢ )

Let M be a smooth manifold and let ¢: TM — M be a formal exponential
map and consider the lift ¢: TN — N to the cotangent bundle N = T*M.
We set z = (¢,p) € N and y = (q,p) € T, N. Note that this is a particular
case of a canonical symplectic manifold.
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We will consider the lifted vector fields R to the cotangent case, which
induce lifted interaction vertices within the Feynman graphs which appear
in the computation of the connection 1-form and its curvature 2-form and
see how these terms simplify. First we note that A(R, Ta*w) is still given by

(106) A(Rxa Téxﬂ') (0-35) =dz Z 2mnl 2”"‘1((71 +)1)
n=0 ’

X (Tym)dt o (Thpm) I (Re)¥o s (02) g

The simplification in this case is a small one: All summands containing a
term (Ex) ﬁ iy, with more than one derivative with respect to p will vanish
[18].

For the case of the curvature 2-form F the simplification is more in-
teresting. Since for each non-vanishing coefficient (TEZW)U one of the two
outgoing edges is always representing a g-derivative and the other corre-
sponding edge representing a p-derivative (since we work with Darboux co-
ordinates around x € N), we see that the sum in (93) terminates at n = 2.
Or put differently, we only have to consider the graphs I';, up to n = 2, i.e.
with at most two wedges attached to the wheel consisting of two R-vertices
(cf. Figure 2 in Section 2.1). Moreover, since the Kontsevich weights (92)

are, up to n = 2, given by wr, =0, wr, = 2—14 and wr, = 0, we get

(107)  FN = F(Ry, Ry, Toom) = E(chxw)rs(Rx)ﬁlr(Rx)gksdx“ A da?

where we sum over the indices 7, j, 7, s, k, [ and where again summands con-
taining a term (Rw)f' ;» With more than one derivative with respect to p van-
ish. So in the case of a cotangent bundle we get a much simpler expression

for the Weyl curvature F'V.

Appendix A. Binomial sums

Here we will treat the binomial sums appearing in the expression (67) and
show that we indeed get the results stated in (68).
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A.1. B(n)
Let us start with
o (n (1)
(A1) B(n) = (l>2n+1(n—l+1)'

1=0
Using the well known identity
- n—+1 n\y n+1
A2 — 1) —1)"
R YE INE Z( () =

it immidiately follows that

(A.3) B(n) = %
A.2. C(n)

Let us continue with
~(n\ (-1

A4 = 7
(A4) cn) ;(l)Zl(n—l—l—l)
Using the identity (A.2), we can write

" /n+1 1\
A. = I
(A5) mevem =3 (") (+3)

Using the Binomial theorem we then find

O RO

and hence

14 (~1)"

(A.7) ) = 3oty 17
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A.3. A(n)
Finally, let us treat the case
(A.8)
n n—kn—k—I|
n\ (n—k\ (n—k—1I (—1)s
A(”):Z ()< )< )nks—i—l
i k l s 2 n—k—-1—s+1)
Write
(A.9)
n n—~k l n—k—l
n\ (n— n—k— (—2)°
A(n) = :
" k:m;(k)( == 2 G e

We first treat the innermost sum: Set m =n — k — [. Then

s=0

Using (mH) = m”j“;}rl (T), we find that

(A.11) i (?) (m<__i)i 1) m:- 1 z"; (m: 1><_2)S'

s=0 sS=
Applying the Binomial theorem we get that
L /m+1
A12 —2)* = (=1)™* (1 - 2mt1).
(A12) 3 O e

Plugging all of this into (A.9), we find

S8 () e

0 (=0

—k
n\ ()" S (n -k 1 k=41
—_— 1-2" 1.
(k) 2n—k+1 ; l n—k—l+1( )

(A.13)

§H

k=0
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Moreover, we have

— n—k
n— 1 n—k+1
(A.14) Z( >n—k—l+1_n—k¢—|—1 0( l )

=
- (2n~FH 1),

n—k+1
and
ko k gn—k—i+1 1 ko k +1 P
Al = A
(A.15) l—O( ! >n—k—l—|—1 n—k—l—l%( [ >
1
— —(Bn_k+1 _ 1)
n—k+1
Hence
n 1)n—k+1
Z (2n—k—|—1 o Sn_k+1)
prt on— k+1(n—k¢+ 1)
(A.16) -
_ n+1 Z n k 1 — § noh
- k)n— k + 1 2 '
Now

(A.17) i()n_kjl nHi:(nH)(—l)’“:E:):,

and
o B SR ()
(A.18) (-1 X -

n+1 _2n+1(n+1)Jr n+1’

Finally, we get

—-1)" 1 ~-1)" )"
(A19) A(n) = (-1)"*! <<n+)1 Ty 5%)1) B 2n+(1(n)+ o)
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