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Abstract

The BV formalism (cf. [BV81; BV83]) is a cohomological symplectic framework for the perturbative
quantization of gauge theories, generalizing the Faddeev—Popov method (cf. [FP67]) and the BRST for-
malism (cf. [BRS76; Tak79]). Its classical version is based on the graded symplectic structure of the BV
space of fields and the associated Cartan calculus.

The category SmthSet of smooth sets, namely the topos of sheaves on Cartesian spaces, naturally en-
codes many classical bosonic Lagrangian field-theoretic constructions (cf. [GS25a]), and, in particular,
the Cartan calculus on the field space when restricted to well-behaved de Rham forms. Its infinitesimal
thickening ThSmthSet (cf. [GS25b]), given by enlarging the site with an infinitesimal structure, recovers
all relevant tangent bundles via synthetic tangent bundle constructions. This framework naturally ex-
tends to fermionic Lagrangian field theories by further enriching the site with super-structure (cf. [Gio25;
GS26]).

In this thesis, we show how the local classical BV formalism is naturally described within the category
sThSmthSet of super thickened smooth sets. This yields a rigorous formulation of the Cartan calculus
on the infinite-dimensional BV space of fields. As an example, we present the AKSZ construction of the
BV extension of classical BF theory in d = 4. The AKSZ formalism provides a systematic construction
of topological field theories compatible with the BV formalism (cf. [Ale497]). BF theory is a topological
field theory that exists in any dimension and can be used to define invariants of knots and manifolds
(cf. [Cat97]). In different dimensions, it is related to different field theories (cf. [Mnel9][ft. 100, p. 140]).
However, both a complete treatment of the AKSZ formalism and a global formulation of BV theories
require further extensions of sThSmthSet, leaving several interesting questions open.
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Introduction

Modern classical field theories are typically formulated in the Lagrangian framework, where the action
principle determines the dynamics of fields. This principle, first applied to classical optical systems by
Hamilton (cf. [Ham34]), is grounded in the successive formulations of the principle of least action by
Maupertuis, Lagrange, and Euler, and ultimately traces its origins to Fermat’s principle (1662). The
latter states that light travels along the path that can be traversed in the shortest time. Hamilton’s idea
is that the Euler-Lagrange equations characterize the critical points of the action functional, thereby
describing the dynamics of a physical system entirely in terms of its Lagrangian.

In modern classical field theories, this formulation remains fundamental for four main reasons. First,
symmetries of physical systems are naturally encoded as symmetries of the action. Second, the manifest
covariance of the action ensures that the Euler-Lagrange equations take equivalent forms in different
coordinate systems. Third, within the Lagrangian framework, the potential replaces the force. While
the force is a classical concept that does not generalize naturally to quantum mechanics, the potential
does. Finally, it provides a natural route to quantization through Feynman’s path integral formulation,
which may be regarded as the quantum counterpart of the classical action principle (cf. [Fey48]).® The
latter heuristically describes the propagator of the quantum particle as a sum over classical paths, each
weighted by an exponential whose phase is the classical action of that path divided by #.

The path integral is not rigorously defined from a measure-theoretic perspective (cf. [Maz09]), but it
can be understood perturbatively around a classical configuration via the stationary phase formula. This
allows one to define the path integral as an asymptotic series in i — 0, whose coefficients are Feynman
diagrams. Crucially, the stationary phase formula requires critical points of the action, i.e. classical solu-
tions, to be isolated. This guarantees that the Hessian at a critical point is non-degenerate. However, if
the theory is a gauge theory, there exists a tangential distribution on the space of fields that preserves the
action. Consequently, critical points lie on gauge orbits generated by this distribution and are therefore
not isolated. The Faddeev—Popov method (cf. [FP67]), the BRST formalism (cf. [BRS76; Tak79]), and the
BV formalism (cf. [BV81; BV83]) allow one to solve this issue and perturbatively quantize gauge theories
whose gauge symmetry is described by a Lie group, a Lie algebroid, and a non-integrable distribution,
respectively. The BV formalism subsumes the other two. Although the last is rigorously understood
in the finite-dimensional case, the discussion becomes more delicate when the space of fields is infinite-
dimensional (cf. [CMS25]). In particular, one lacks the notion of Cartan calculus and of a measure on
the space of fields, essential for the classical and quantum versions of the BV formalism.

The category SmthSet of smooth sets, namely the topos of sheaves on Cartesian spaces, naturally en-
codes the action principle for local bosonic classical Lagrangian field theories together with many related
constructions (cf. [GS25a]). In particular, it allows one to formalize the Cartan calculus on the field
space when restricted to well-behaved de Rham forms. The underlying philosophy of this topos-theoretic
approach is operational: geometric spaces are not understood as sets of points equipped with additional
structure, but rather through the families of probes used to investigate them. In physics, these probes
may be particle trajectories or, more generally, extended objects such as branes. By taking Cartesian
spaces as probes, one can perform ordinary finite-dimensional differential-geometric constructions point-
wise and thereby extend them to smooth sets.

The infinitesimal thickening ThSmthSet (cf. [GS25b]), given by enlarging the site with an infinitesimal
structure, subsumes the SmthSet approach and further recovers all relevant tangent bundles via synthetic
tangent bundle constructions. The latter naturally extends to describe fermionic Lagrangian field theories

() Feynman was inspired by the idea, presented by Dirac in [Dir33], that the Lagrangian formulation of quantum mechanics
would have provided a way to interpret quantum dynamics as a superposition of classical paths.



by further enlarging the site with super-structure (cf. [Gio25; GS26]).

The aim of this thesis is to study the BV formalism (cf. [Mnel9]), the categories SmthSet and ThSmthSet
(cf. [GS25a; GS25b]) and to show how the super extension of the latter (cf. [Gio25; GS26]), needed to
describe the odd nature of ghost fields, encodes the local classical BV formalism (cf. [Gri23]). The goal
is to obtain a rigorous formulation of the Cartan calculus on the infinite-dimensional BV space of fields.
As an example, we present the AKSZ construction of the BV extension of classical BF theory in d = 4.
The AKSZ formalism is a systematic way to obtain topological field theories compatible with the BV
formalism (cf. [Ale+97]). BF theory is a topological field theory defined in arbitrary dimension and can
be used to construct invariants of knots and manifolds (cf. [Cat97]). In different dimensions, it is related
to different field theories (cf. [Mnel9][ft. 100, p. 140]). Unfortunately, the full treatment of the AKSZ
formalism (see Rmk. 3.4.3) and the global approach to BV theories (see Rmk. 3.4.2) both need further
generalization of sThSmthSet, leaving many interesting questions open.

We start in Chapter 1 with an overview of category theory, sheaf theory, graded geometry, and symplec-
tic geometry. The basic notions of category, functor, and natural transformation are presented to state
the fundamental Yoneda lemma (Prop. 1.1). This result is crucial to define smooth sets consistently in
Section 3.1. Then, the general definition of limits and colimits is provided, along with some examples,
and the relationships between limits and relevant functors are recalled. Consequently, petit and gros
sheaves and topoi, together with the Grothendieck topology, are introduced in Section 1.2. Some results
on categories of presheaves are stated. In Section 1.3, we build up to the notion of Cartan calculus
on graded manifolds starting from the basic definitions of graded algebra. Graded vector bundles are
introduced, and an extensive discussion regarding the Euler vector field and the total grading is given
for completeness. The latter will be crucial to define the ghost grading within sThSmthSet. Finally, the
basics of symplectic and graded symplectic geometry are introduced (see Sec. 1.4), together with some
results and a motivating example from classical mechanics.

Chapter 2 starts with recalling local Lagrangian bosonic theories and the action principle. The ab-
sence of a fully rigorous formalism motivates the structural requirements that the category of smooth
sets must satisfy to formalize the geometry of the action principle rigorously. Remark 2.1.1 discusses the
simplified treatment of gauge theories used in the thesis. In Section 2.2, we briefly recall the path integral
quantization and the degeneracy arising for gauge theories. Then, the finite-dimensional versions of the
Faddeev—Popov method, BRST formalism, and BV formalism are discussed together with their relations.
These are gauge-fixing formalisms that allow one to solve the degeneracy arising for gauge theories. While
the finite-dimensional case is well understood, the infinite-dimensional case is more delicate and relies on
the formal notion of Cartan calculus and of a measure on the infinite-dimensional space of fields. While
the latter is not discussed in this thesis, the first is rigorously understood within sThSmthSet. Finally,
we present the AKSZ formalism (see Sec. 2.3) and its application to BF theory in d = 4.

Chapter 3 introduces the category sThSmthSet of super thickened smooth sets and shows how it nat-
urally encodes the local BV formalism, rigorously making sense of the Cartan calculus on the space of
fields. In Section 3.1, we define the category SmthSet of smooth sets both heuristically and rigorously
and demonstrate how different field-theoretical objects are naturally encoded in it. In particular, the
field space, vector fields, and differential forms can be treated uniformly within SmthSet. However, while
the wedge product and the contraction are well defined, we lack a notion of de Rham differential. To
address this, we introduce the infinite jet bundle and the differential geometry on it. Starting from the
definition of finite order jet bundles, we then define the infinite jet bundle as their projective limit within
LocProMfd, a full subcategory of Fréchet manifolds (Def. 3.1.13), and consequently embed it into Smth-
Set. We then show that there is a canonical splitting of its tangent bundle into vertical and horizontal
subbundles by means of the Cartan connection (Prop. 3.1.9). The splitting is essential to formulate the
action principle via the local variational bicomplex and the related local Cartan calculus.® With some
extra restrictions, the latter can be transgressed to the space of fields (see Prop. 3.1.13). In section 3.2,
we present the thickened extension ThSmthSet and show how the ad hoc tangent bundle constructions
in SmthSet are rigorously recovered via synthetic tangent bundle constructions. Consequently, we hint
at the super extension of the latter (see Sec. 3.3) following [Gio25; GSS24]. sThSmthSet should be fully
presented in [GS26]. Finally, we use this setting to make a rigorous sense of the local BV formalism
(cf. [Gri23]) presenting the example of the local BV extension of the BF theory in d = 4 (see Sec. 3.4).

(3 The infinite jet bundle encodes an explicit global (i.e. chart-independent) description of local Lagrangians, fields, and
forms. We talk about local objects if they factor through the infinite jet bundle.



Chapter 1

Preliminaries

This chapter summarizes the notions and results of category theory, sheaf theory, graded geometry, and
symplectic geometry used in the thesis. We refer to [Leil4; Riel7] and to [MM12] for a detailed discussion
of category theory and sheaf theory, respectively. A detailed discussion of graded geometry and symplectic
geometry can be found, respectively, in [CS11; CM20; KeB19; Vys23; Sma24] and [Sil01].

1.1 Elements of Category Theory

In this section, the basic notions of category, functor, natural transformation, and the universal properties
of representable and adjoint functors are introduced to state the Yoneda lemma. Afterward, three useful
examples of limits are presented to build up to the general definition. Consequently, we state the relations
of the Yoneda embedding, the hom-functor, and adjoint functors with limits. Finally, some significant
results for categories of presheaves are recalled.

Categories, Functors, Adjoints, Natural Transformations and Yoneda Lemma
Definition 1.1.1. A category & consists of:

i. a class ob(&) of objects (we equivalently write A € & or A € ob(«));
ii. for each A, B € ob(&), a class Hom (A, B) of morphisms from A to B;
iii. for each A € ob(«/), an identity 14 € Hom. (A, A);
iv. for each A, B,C € ob(&) a composition map
Hom. (B, C) x Hom,/(A, B) — Hom, (4,C), (f.) — fog
such that for each f € Hom (A, B), g € Homy (B, C), h € Hom, (C, D), the following holds:
(hog)of=ho(gof) and foly=f=1gof.

A subcategory % of & is a sub-class of objects and morphisms closed under composition.

This definition enables a uniform treatment of mathematical entities that may be fundamentally different.
For instance, consider the class Set of sets together with maps, the class Grp of groups and group
homomorphisms, and the class SmthMfd of smooth manifolds and smooth maps. They all satisfy
Definition 1.1.1 and share universal properties that can be studied categorically.

More generally, category theory studies the universal properties of objects™ that are related to the
structure of the category, regardless of its specific realization. For this purpose, it is useful to introduce
commutative diagrams in which objects are connected by arrows representing morphisms. For example,
the diagram

(IThe classical approaches to describe a universal property are representables, adjoint functors, and limits. For a formal
definition and a detailed discussion, see [Riel7, Ch. 2.2] and [Leil4].



1.1. ELEMENTS OF CATEGORY THEORY

is said to commute if f = hog. It is straightforward to generalize the concepts of surjective and injective
morphisms between objects.

Definition 1.1.2. Let < be a category and f € Hom, (A, B).
Then f is called epic if for all C' € & and all g,¢': B — C, the following holds:

gof=gof = g=4.
In contrast, f is called monic if for all C € & and all h,h': C — A, the following holds:
foh=foh = h="H.
Finally, f is an isomorphism if there exists g € Hom (B, A) such that fog =15 and go f = 14. Then,
g = f~!is called the inverse of f and we write A =~ B.
There are two particularly relevant constructions: the dual or opposite category and the product category.

Definition 1.1.3. Given a category <7, the opposite category «/°P is such that ob(&/) = ob(&/°P) and
Hom, (A, B) = Homgep (B, A) for all A, B € ob(&7°P).

Definition 1.1.4. Given two categories %1 and %5, the product category %] x %> is such that:

i. ob(%1 x 62) = ob(%1) x ob(%2);

ii. for all A, B €ob(%) and A’, B’ € ob(%2),
Homg, x4, ((A, A"), (B, B")) = Homy, (A, B) x Homg, (A’, B);

iii. for all A € ob(%1) and A’ € ob(%2), 1(a,4y = (1a,14/);
iv. the composition is the componentwise composition from the contributing categories;

Remark 1.1.1. Informally, we can think of the opposite category as the original category with the
arrows reversed. This is an application of the principle of duality for which every categorical definition
or statement has a dual counterpart obtained by reversing the arrows.

We can further consider the category of categories® defining the morphisms between them as follows.

Definition 1.1.5. Let &/ and £ be categories. A covariant functor F': o/ — % consists of:

i. a function F': ob(«/) — ob(%), A — F(A);
ii. for each A, A’ € o7, a function F': Homy (A, A’) - Homg(F(A),F(4")), f— F(f);

such that F'(14) = 1p(a) for all Ae .o and F(f' o f) = F(f’) o F(f) whenever A RTINS
F is said to be faithful (full) if for all A, A’ € &7, the map

Hom (A, A') — Homg(F(A), F(A)), f— F(f)

is injective (surjective).
A contravariant functor F': &/ — % is a covariant functor F': &/°P — Z.

Functors can be composed, and the identity functor 1¢ can be trivially defined for each category €.
Hence, the class CAT of categories and functors forms indeed a category.® Some concrete examples of
functors are the forgetful functor Grp — Set, that forgets the group structure on the underlying set, and
the inclusion functor AbGrp — Grp, where AbGrp is the subcategory of abelian groups.

Many universal properties are described through adjoint functors, which also have relevant relations with
limits.®

() This idea conceals subtleties and set-theoretical issues related to the size of the considered categories (cf. [Leil4, Ch. 3.2]).
For the sake of simplicity, we ignore them throughout this thesis.

(3)CAT is a large 2-category whose 1-morphisms are functors and whose 2-morphisms are natural transformations.

4 Adjoints do not always exist, but if they do, they are unique up to isomorphism, i.e. if G and G’ are right adjoints to
F, there is a natural isomorphism G = G’ that preserves the adjoint structure.

4



1.1. ELEMENTS OF CATEGORY THEORY

Definition 1.1.6. Let F': &/ — % and G: & — o be categories and functors. We say that F is left
adjoint to G, and G is right adjoint to F', and write F' H G, if

Homg(F(A), B) ~ Hom,, (A, G(B)) (1.1)

naturally in A € & and B € #. Naturality here means that there is a specified bijection (see Eq. (1.1))
for each A € &/ and B € %, and that it satisfies the following:

(F(A) %> B 1 By = (A2 ¢(B) 29, G(B')) Vg e Homup(F(A), B), q € Homg(B, B),

(A 25 AL qB) = (FA) 22 p(a) L. B) Vpe Homy (A, A), fe Homy (A, G(B)),
where the bar denotes the correspondence of Equation (1.1):
(F(A) % B) - (AL G(B))
f f
(F(A) = B) < (A > G(B)).

In Set, for example, the Cartesian product (see Def. 1.1.10) is left adjoint to the exponential (see
Rmk. 1.1.4)

— X B: Set — Set = (—)P: Set — Set
A— Ax B A— AB,

The notion of a functor also enables us to establish some relationships between categories.

Definition 1.1.7.

1. A subcategory #Z < < is embedded in & if the inclusion functor i: 8 — & is fully faithful and
injective on objects, i.e. for every By, By € & with By # Ba, then i(B1) # i(Bs).

2. Two categories &7,  are isomorphic if they are isomorphic as objects in CAT. That is, there exist
two functors F': o — % and G: & — < that are mutually inverse, i.e. such that FG = 1, and
GF = 14. Here 1, and 14 are the identity functors respectively for .7 and Z.

3. Two categories o7, & are equivalent if there exists a fully faithful functor F': & — % such that
for all B € A, there is A € & with F(A) = B, i.e. F is essentially surjective on objects.

Since the conditions for a categorical isomorphism are often too restrictive, we are typically more inter-
ested in categorical equivalence instead. The latter can also be characterized via quasi-inverse functors
and natural isomorphisms, i.e. isomorphisms of functors (cf. [Leild, Def. 1.3.15 and Thm. 1.3.18]).

Definition 1.1.8. Let & and &£ be categories, and let F,G: o — % be functors. A natural trans-
formation 7: F' = G is a family of morphisms {na: F'(A) - G(A)} 4oy in &, called the components
of m, such that for every f: A - A’ in &, the following diagram commutes:

F(a) =8 Fa)

| [

G(4) 5 GA).

That is, na o F(f) = G(f) ona. We write the following diagram to indicate that 7 is a natural transfor-
mation from F to G:

7 is a natural isomorphism between F' and G if and only if all its components are isomorphisms in 4.



1.1. ELEMENTS OF CATEGORY THEORY

Consider the vertical composition of natural transformations, i.e. componentwise (cf. [Riel7, Lem. 1.7.1]),
and take the trivial natural transformation as the identity. This allows us to define the category of functors
[/, B] between two categories & and ZB. We say that two functors between & and % are naturally
isomorphic if they are isomorphic in this category.

To state the Yoneda lemma, we first need to introduce the following notions.

Definition 1.1.9. The hom-functor of % is the functor Home¢ : €°P x ¥ — Set, defined as follows:

i. it sends (C,C") € €°P x € to the set of morphisms Home (C, C');

ii. it sends (f,g): (C,C") — (D, D’) to Hom¢(C,C’") - Home (D, D), ¢ +— gogqo f, ie.

(C,C") —— Homg (C,C")

Tl |

(D, D'y — Hom (D, D).

It is said to be internal if it is of the form [—, —]: ¥°P x ¢ — ¥.
Given a hom-functor Homg : €°P x € — Set, for any object C' € €, one defines:

1. the functor HY :== Homg¢ (C, —): € — Set;

2. the functor He = Home(—, C): €°P — Set.

Functors ¢ — Set are called copresheaves, and those naturally isomorphic to Home (C, —) for some
C € € are called representable copresheaves.

Functors of the form ¢°P — Set are called presheaves, and those naturally isomorphic to Home (—, C)
for some C € ¥ are called representable presheaves.

Finally, we define the Yoneda embedding, H,: ¢ — [¢°P,Set], as H,(C) = Hc and H,.(f) = Hy
for all C,C’" € ¥ and f € Home (C,C"), where Hy: Hc = H¢r is the natural transformation defined by
post-composition via f.

It is injective on objects by construction and is fully faithful thanks to the following fundamental result
(cf. [Leild, Cor. 4.3.7]).

Theorem 1.1 (Yoneda Lemma). Let € be a category. For any presheaf F': €°P — Set and any object
C € €, there is a bijection

®: [He, F] — F(C)

o —> Oéc(lc)

where [Hg, F is the set of natural transformations between He and F.
Equivalently, [€°P,Set](He, F) = F(C) naturally in both C € € and F € [€°P, Set].

A proof can be found in [Leil4, Thm. 4.2.1]. The dual version follows by inverting the arrows.

This result tells us how any presheaf in [€°P, Set] relates to the representable presheaf He for any C' € €.
In particular, it shows how H¢ is mapped to any other presheaf F' via a natural transformation Ho = F.
It turns out that such natural transformations can be seen as elements of F'(C'). The naturality in the
statement amounts to the following pair of assertions, where upper and lower # denote precomposition
and postcomposition.

Naturality in F: for all 8: F = G, Naturality in C: for all f: C' — C,
the following diagram commutes: the following diagram commutes:
[%(_70%}7] % FC [%(_70)71?] q)g FC

ﬁ*l Jﬁc H}"l lFf
[€(-,C),G] % GC. [€¢(—,C"), F] % FC'.



1.1. ELEMENTS OF CATEGORY THEORY

Limits and Colimits

Let us now move to limits. We build up to the definition via three relevant examples.

Definition 1.1.10. Let & be a category and A, B € «/. The product of A and B consists of a triple
(P,p1,p2), where P is an object and py, po are maps from P to A, B respectively, such that for any other
such triple (C, f1, f2), there exists a unique map f: C' — P that makes the following diagram commute:

C
fi

f1 Ae f2
P

A B.

Examples of products include the Cartesian product in Set or the intersection in the poset of Set ordered
by inclusions. The dual concept can be thought of as a sum (cf. [Leil4, Ch. 5.2]).

Definition 1.1.11. Let & be a category, and s, t: A — B in «/. An equalizer of s and ¢ is a couple
(E,i) of an object ' and a map i: £ — A with soi =t o such that for any other such couple (C, f)
there exists a unique map f: C' — E that makes the following diagram commute:

Given a homomorphism 6: G — H, the kernel Kerf = {g € G|6(g) = Oy} is an equalizer in Grp.
Similarly for E = {x € A|s(z) = t(z)} € A in Set.

Definition 1.1.12. Let &7 be a category and B % C L Ao A pullback of this diagram is a triple
(P, p1,p2) of an object P € & and two maps p1: P — A and py: P — B with fop; = gops such that
for any other such triple (D, fi, f2), there is a unique map f: D — P that makes the following commute:

An example is the preimage in Set.

Remark 1.1.2. All of the above definitions dualize by inverting the arrows. Additionally, products,
equalizers, pullbacks, and their duals may not exist in some categories; however, when they do, they are
unique up to isomorphism. This observation holds in general for any limit (cf. [Riel7, Prop. 3.1.7]).

For each of the above definitions, the initial data can be represented as functors, respectively, from each
of the following three categories to the category ..

e —> o
—
° . e (e 1
°

Note that these categories are made of arrows and dots. Moreover, they are small, i.e. the class of objects
is a set, and for every two objects, the class of morphisms between them is also a set.

Definition 1.1.13. Let &/ be a category and I a small category of dots and arrows. A functor I — &
is called a diagram in 7 of shape I.



1.1. ELEMENTS OF CATEGORY THEORY

The next definition encompasses all three examples above, providing the general concept of a limit.

Definition 1.1.14. Let &/ be a category, I a small category of dots and arrows, and D: [ — & a
diagram in 7.

1. A cone on D is an object A € o/ (the vertex of the cone) together with a family
(A ELN (1))ier of maps in o7 such that for all maps i = j in I, the triangle

/\

j) ————————

commutes. The cocone is the dual concept. From now on D(i) = D;.

2. A limit® of D is a cone (L £ D(i));e; such that for any other cone (A iR D(i))ier on D, there
exists a unique map f: A — L with p;o f = f; for all i € I. The maps p; are called the projections
of the limit. The colimit is the dual concept.

Remark 1.1.3. We say that a category is (co)complete if it has all (co)limits. Interestingly, to assert
that a category is (co)complete, it is sufficient to show that it admits (co)products and (co)equalizers.
Indeed, any other limit can be constructed from these two (cf. [Leil4, Prop. 5.1.26]). Among the above
examples,® Set and Grp are (co)complete, while SmthMfd is not since the intersection, or pullback, of
two smooth manifolds does not need to be a smooth manifold.

It is relevant to understand the interactions between functors and limits.

Definition 1.1.15. Let I be a small category of dots and arrows, and F': &/ — % a functor between
the categories &/ and 4.

1. F preserves limits of shape I if the following holds: for all diagrams D: I — & and all cones
(A 25 D(i))ser on D, if (A 25 D(i))ies is a limit cone on D in o7, then (F(A) 225 F(D(i)))ies
is a limit cone on F o D in #. F preserves limits if it preserves limits of shape I for all small
categories I.

2. Reflection of limits is defined as in 1., but with the opposite implication in the condition.

3. F creates limits of shape [ if, whenever D: [ — & is a diagram in &/, for any limit cone
(B %5 F(D()))ier on the diagram F o D in 28, there exists a unique limit cone (A 2% D(i));er on
D in o such that F(A) = B and F(p;) = ¢; for all i € I. F creates limits if it creates limits of
shape I for all small categories I.

The same terminology applies to colimits. The following result is particularly useful.
Proposition 1.1.1. Let € be a category. Then:
1. The hom-functor Homg: €°P x € — Set (see Def. 1.1.9) preserves limits in both its arguments
recalling that a limit in €°P is a colimit in € .

2. If it exists, the internal hom-functor [—,—]: €°P x € — € (see Def. 1.1.9) preserves limits in the
second variable, and contravariantly sends colimits in the first variable to limits.

3. The Yoneda embedding Hy: € — [€°P,Set] (see Def. 1.1.9) preserves limits.
The first and last statements are proven in [Leil4, Prop. 6.2.2 & Rmk. 6.2.3] and [Leil4, Cor. 6.2.12]

respectively. For the second, one uses the fact that for all C € €, [C, —] is a right adjoint (cf. [Mac98,
Ch. IV, Sec. 6]), that right adjoints preserve limits (see Thm. 1.2) and conclude dually.

(5)The terminology can be understood showing that a limit is a terminal object in an opportune category, i.e. in the
category of cones over D (cf. [Riel7, Def. 3.1.6]).
(®For a proof, see [Riel7, Thm. 3.2.6] and [Leil4, Lem. 5.3.6] with the following comment.
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Remark 1.1.4. The basic arithmetic operations on numbers and sets are +, X, and exponentiation.
Categorically, + and x can be seen as coproduct and product, respectively. If it exists, the exponential
ZX in a category % can be described via the natural bijection

Home (Y x X, Z) = Home (Y, Z%). (1.2)

This bijection completely determines ZX up to isomorphism and defines the exponential functor
(=) P x € — € of the category €.

The following theorem states the relationship between adjoints and limits.

Theorem 1.2. Let F': &/ — % and G: o/ — B be categories and functors.

1. If F 4 G, then F preserves colimits and G preserves limits.

2. If # is complete and </ , B, and G satisfy certain further conditions, then G has left adjoint if and
only if G preserves limits.

The first statement is proved in [Leil4][Thm. 6.3.1] while the second, known as the adjoint functor
theorem, is proved in [Leil4][Thm. 6.3.10].

Finally, since we mainly work with categories of presheaves, let us understand limits in this context. In
particular, any category of presheaves is complete and cocomplete, with both limits and colimits being
computed objectwise.

Proposition 1.1.2. Let € be a category and write [€°P,Set] for its category of presheaves. Let I be a
small category and consider any functor F: I — [€°P,Set], that is, a I-shaped diagram in the category
of presheaves. Then:

1. The limit of I exists, and it is the presheaf that, for each object C' € €, is given by the limit in Set
of the values of F at C':

(1mlG" TP @) (©) = 1S FG)(C);

2. The colimit of I exists, and it is the presheaf that, for each object C € €, is given by the colimit
in Set of the values of F' at C':
i€l

(colim[%)op’SCt]F(iD (©) = colim>E F(3)(C).

A proof of the proposition can be found in [MM12, pp. 22-23].
Fortunately, representable presheaves characterize the entire category of presheaves.

Proposition 1.1.3. Let € be a category and write [€°P,Set] for its category of presheaves. FEuvery

[€°P Set] 7
C1 -

presheaf G € [€°P, Set] is a colimit of representable presheaves, i.e. G = colim;_;

A proof of the proposition can be found in [MM12, Ch. 1, Sec. 5, Prop. 1].

1.2 Elements of Sheaf Theory

In this section, the concepts of petit and gros sheaves are introduced along with the Grothendieck topology.
Afterward, some relevant properties are recalled.

Consider a fixed topological space X and the category X1 of open subsets of X together with inclusions
between them. We want to encode the data of X in the simpler category of sets Set via a presheaf
(see Def. 1.1.9) F: Xglp — Set. However, this alone does not guarantee consistency at the intersections
of open subsets. The additional locality and gluing conditions characterize sheaves and are necessary to
uniquely obtain global information from local data.

(M'The suffix cl stands for classical topology.
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Definition 1.2.1. Let X be a topological space. A presheaf of sets F' on X consists of a set F'(U) for
each open set U € X and a restriction map resy: F(U) — F(V) for each inclusion of open sets V < U,
satisfying the functoriality axioms:

i. for every open set U € X, the restriction map resg is the identity on F(U);

ii. for open sets W = V < U, we have res}, oresy = resy, .

A sheaf on X is a presheaf F': X — Set that satisfies two additional axioms:®

1. let U € X be open and {U;};e; an open cover of U. If s,¢t € F(U) satisfy s|y, = t|y, for all i € I,
then s = ¢; (Locality condition)

2. let {U;}icr be an open cover of U € X and {s; € F(U;)}ier be a family such that for all 4,5 € I,
silu,~u; = sjlu;~u;. Then there exists s € F(U) such that s|ly, = s; for all i € I. (Gluing
condition)

For instance, the presheaf C°(—) assigning to each open U < X the set C°(U) of real-valued continuous
functions, with restriction maps being the usual restriction of functions, is also a sheaf on X. On the
contrary, the constant presheaf RP*" which assigns to every open set U < X the set of constant functions
from U to R, does not satisfy the two additional sheaf axioms. For a smooth (C®) n-manifold M, we
need to consider smooth functions, instead of continuous ones, to capture the smooth structure. The
sheaf of C*™-functions on M with the usual restriction is denoted by Oyy.

We now need the notion of sheaf morphisms to construct the category of sheaves on X.

Definition 1.2.2. Let F' and G be two sheaves on a topological space X. A morphism ¢: F — G,
i.e. a natural transformation, consists of a morphism ¢y : F(U) — G(U) of sets for each open set U < X,
such that it is compatible with restrictions. Here compatibility means that for every open subset V < U,
the following diagram commutes:

For example, the derivative induces a morphism OF — Op~" of sheaves on R.

Consider the whole category Top of topological spaces and continuous functions between them. We can
think of a sheaf on it as a presheaf F': Top°® — Set such that for every X € Top, the restriction Fx to
the subcategory X is a sheaf in the sense of Definition 1.2.1. To formalize this, we need to introduce the
Grothendieck topology on the category Top°P. The idea is to equip a category with covering families.®

Definition 1.2.3. Let € be a category, C € Ob(%). A sieve S on C is a subfunctor S: €°P — Set of
Home (—,C). That is, for all C' € Ob(¥), S(C’) < Homg(C’,C) and for all arrows f: C” — C’, with
C',C" € Ob(¥), S(f) is the restriction to S(C") of Home(—, C)(f), where the latter is given by the
precomposition with f.

Alternatively, a sieve S on C' may be described as a family of morphisms in ¢, all having codomain C,
such that f o g e S whenever f € S and the composition f o g is defined. Moreover, if S is a sieve on C
and h: D — C is any arrow in €, then the pullback sieve h*(S) on D is defined by

h*S ={g|cod(g) =D, hoge S}.

Definition 1.2.4. A Grothendieck topology on a category ¥ is a function J that assigns to each
object C' € Ob(¥) a collection J(C) of sieves on C, in such a way that:

(®) These axioms can be encoded in an equalizer: in the literature this universal definition of sheaf is usually used (cf. [Vis07,
Ch. 2.3.3], [Riel7, App. E.4] and [MM12, Ch. 2]).

(9)We talk about open covers when working on a fixed topological space with traditional topology on it. We now introduce
the terminology of covering families (or coverings) to discuss the generalization introduced in Definition 1.2.5. This allows
us to define a “topology” on a general category. An open cover on X defines a covering family on X that we call the usual
Grothendieck pretopology.

10



1.2. ELEMENTS OF SHEAF THEORY

i the maximal sieve tc = {f | cod(f) = C} is in J(C);

ii if S € J(C), then the pullback sieve h*(S) € J(D) for any arrow h: D — C; (Stability under
pullback)

iii if S e J(C) and R is any sieve on C such that h*(R) € J(D) for all h: D — C' in S, then R € J(C).
(Transitivity)

A category ¥ equipped with a Grothendieck topology J is called a site. If a sieve S € J(C), we say that
S covers C. S on C is said to cover f: D — C if f*(S) covers D.

We now introduce the Grothendieck pretopology. As this notion is more intuitive, and every pretopol-
ogy induces"” a topology, we shall work with pretopologies to avoid unnecessary additional complexity
(cf. [MM12, Ch. 3, Sec. 2]).

Definition 1.2.5. Let ¥ be a category. A Grothendieck pretopology on % is the assignment to each
object U € € of a collection of families of morphisms {U; — U}, called coverings of U, satisfying the
following conditions:

i. if V— U is an isomorphism in &, then {V — U} is a covering; (Isomorphism condition)

ii. if {U; — U} is a covering and V' — U is any morphism in &, then the fiber products U; xy V, i.e. the
pullbacks of U; — U « V, exist and the family of projections {U; xy V' — V'} is a covering of V;
(Stability under pullback)

iii. if {U; — U} is a covering, and for each index ¢ there is a covering {V;; — U;}, then the collection of
composites {V;; — U; — U} is a covering of U. (Transitivity)

For any topological space X, the category X, with open cover, i.e. covering family of the usual Grothendieck
pretopology, is a site. Moreover, Top becomes a site if we take jointly surjective collections of local home-
omorphisms U; — U as coverings. For SmthMfd, a good choice of coverings is obtained by considering
jointly surjective collections of local diffeomorphisms; however, later we use a more convenient choice to
define the category of SmthSet (see Def. 3.1.1).

Definition 1.2.6. Let € be a site, F': €°P — Set™" be a presheaf and {U; > U}cr be a covering in €.
Consider a family {a; € F(U;)}ier and the canonical projections of the fibered product pr,: U; xy U; —
U; and pry: U; xy U; — Uj. Finally, assume pria; = pria; € F(U; xy Uj), for all 4,5 € I. Then F is
a sheaf over ¥ if there exists a unique® element a € F'(U) such that ufa = a; € FU, for all i € I.

Let F,G be sheaves on a site . A morphism of sheaves ¢: F' — G is a natural transformation of
functors. Sh(%¥) is the category of sheaves over the site ¥ with such morphisms.

This definition is a generalization of Definition 1.2.1 since the two coincide when specializing the second
to the site X..* We introduce the following terminology to highlight the qualitative differences between
these two cases of the same mathematical definition of a sheaf. A sheaf on a topological space X, i.e. over
the site X, is called petit, while a sheaf over a more general site is called gros. The category of petit
sheaves over X is a petit topos, while the category of sheaves over a more general site is a gros topos.
The following summarizes the most important properties of a category of sheaves over a site. As for
presheaves, (co)limits in the category of sheaves are computed objectwise.

Proposition 1.2.1. Let € be a site with fized Grothendieck topology and Sh(€) the category of sheaves
over it. Then:

1. Sh(€) is (co)complete and closed under limits. Moreover, if the site is subcanonical,™® every sheaf
is a colimit of representable sheaves;

2. Sh(¥) has an internal hom-functor and it has an exponential.

Proofs of the statements can be found in [MM12, Cor. 3, p. 42 & Ch. III, Sec. 4-6].

(19)Different pretopologies can give the same topology, but sheaf theory only depends on the topology. Therefore, we can
work with pretopologies up to a certain equivalence (cf. [Vis07, Rmk. 2.25]).

(DWe could alternatively store data defining a (pre)sheaf using a generic category instead of Set (cf. [Rot09, Ch. 5]).
(12)Here, existence and uniqueness correspond respectively to the gluing and locality conditions (Def. 1.2.1).

(13)The connection between Definition 1.2.1 and Definition 1.2.6 is more evident when stating the sheaf condition in terms
of an equalizer (cf. [Vis07, Ch. 2.3.3.]).

(14 A site is subcanonical if every representable presheaf on it is also a sheaf.

11
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1.3 Elements of Graded Geometry

In this section, some notions and results of graded geometry™® are recalled. Throughout the thesis, if
both gradings are present, they are compatible mod 2. Notice that the classical DeWitt concrete approach
to Zs-graded geometry, or super-geometry, is not the same as the algebraic approach described in this
section. Nevertheless, the two approaches are equivalent (cf. [Rog07][Ch. 8.4]). We refer to [Cat18; Lee03;
GSMO09; Nak18] for a full discussion of the equivalent non-graded notions of what follows.

Graded Algebra

We can obtain the graded version of any category built on sets by splitting any would-be graded structure
into minimally intersecting homogeneous-degree structures and prescribing a graded commutation rule.

Definition 1.3.1. A unital ring (R, +,-) is Z-graded commutative whenever

R = @Rl, Ri-Rj € Riyj Vi,j, RinR; =0VYi#j, R;+# 0 only for finitely many i € Z,
€7

and for all 7 € Ryeg (1), 8 € Raeg, (s) the following holds:
rs = (_l)degz(r)dEgz(S)Sr. (13)

Conventionally, deg;(0) = degy(1) = 0. Elements that (anti)commute are said to be of (odd) even
parity.

The Z4 case is given by substituting Z with Zo and understanding the sum of subscripts modulo 2.

A Zs-graded R-algebra A is a graded commutative ring homomorphism 7: R — A.9

When dealing with different gradings, it is convenient to consider the total degree.

Definition 1.3.2. Given n different gradings degy,...,deg,,, we define the total degree |- | as the sum
of all the individual gradings

L= Y ey ()

Importantly, the total degree always induces a Zs grading if understood modulo 2. In what follows, unless
otherwise specified, we define graded structures with respect to a total underlying grading that could be
Z, 72" or a sum of different gradings. In the thesis, we specify the grading in which we are working if
it is not evident from the context.

The following is the guiding idea to extend conventional structures to any graded setting. Whenever
two adjacent graded elements of any kind exchange position, the sign changes according to their total
degree, apart from any extra sign that the non-graded analogous structure includes. Furthermore, for
each individual grading that two graded elements have in common, each respective degree of their product
should be equal to the sum of their individual degrees. This also works for gradings that are not shared by
trivially extending the lacking grading structure. Indeed, any structure always admits a trivial grading,
so that any element in it has 0 degree in that specific grading.

Definition 1.3.3. A graded module V over a graded commutative ring R is a left and right module
such that for allre Rand ve V

|r| +|v] v#0andr#0
0 v=0orr=0.

(15 More generally, one may define a G-graded geometry, where G is a set. Then, all the definitions of this section make
sense if G is assumed to have some nice properties. In particular, G should be an abelian group (cf. [Cat18, Rmk. 9.28]).
(16)Since we are only considering unital Z2)-graded commutative rings R, this definition gives unital associative commuta-
tive Z(9)-graded algebras. They can alternatively be understood as a Z2)-graded module over R with additional associative
product compatible (i.e. such that Equation (1.3) holds and the grade of the product is the sum of the grades of the two
factors) with the graded structure and that distributes over the module operations. The associative product is induced by
the homomorphism as follows Rx A — A, (r,a) — n(r)a. The category of graded algebras over R, with structure preserving
morphisms, is denoted by Z ;) CAlgg.

(MWhen considering Zo-grading, every grading should be understood modulo 2.

ro = (=D)"Mlyr Jro| = {

12
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All the following discussion also works for Z,)-graded vector spaces defined as a collection of vector
spaces {Vk}kezw or, equivalently, as Z)-graded modules over a Z)-graded field, i.e. a Z)-graded
commutative ring whose non-zero homogeneous elements are invertible.

Definition 1.3.4. Given a Zj)-graded R-module V' and any k € Z, the k-shift of V' is a Z)-graded
R-module V[k] whose elements are the same as those of V', but with grading increased by k,*® that is:

veV, degy, (x) =n <= veVI[k], degz, (¥) = n+k (mod 2).

Definition 1.3.5. Given a graded R-module V, a linearly independent generating set {e:;} forms a
basis. We say that two subsets {I }; and {r{}; of R are respectively the left and right coordinates of

v whenever we have that . ‘
v = Zlie(z) = Ze(i)rf,.

A graded module with a basis is free, and the commutativity of R implies that all bases of V' have the
same cardinality, which we call its dimension."?.

From now on, we assume that modules are free and work exclusively with left coordinates.
Given any two graded objects, a graded map between them has homogeneous degree | f| if |f(-)| = | f|+]]-
With this in mind, we define the following.

Definition 1.3.6. Let Vi,...,V,,,W be graded R-modules. A map f: V; x ... x V;, > W is graded
n-linear if it is additive in each argument and Vr € R, v, € V}, the following holds:

Floyrvg, .. ) = (=D)Irlvletlonaa 1 Dy ).

If n =1, f is called graded linear.

This allows us to define the notion of dual of a graded R-module.

Definition 1.3.7. Let V be a graded R-module. Its dual V* is the graded module of graded linear
maps V — R. Given a basis {e;} of V, the associated dual basis {e'}, with |e’| = —|e;|, is defined by

e'(ej) =65 Vi,je{l,...,dimV}.

Once the grading and R are fixed, we consider the category of graded R-modules taking linear grading-
preserving maps (i.e. of zero degree) as morphisms. In this category, we define the direct sum and the
tensor product.®®

Definition 1.3.8. Given a grading (Z or Zs) and a graded ring R, consider two R-modules V, W. Then,

1. (VeW); = (V);® (W), defines the direct sum.
2. (VOW)i=@®i_piq mod 2)(V)p ®r (W)g defines the tensor product.
3. V,®@rW, - W,®rV,, vQw — (—1)P?w®v defines the symmetric braiding VW — WV.

4. When considering a Zs-grading, there exists an endofunctor II, called change of parity, defined
by I(V)g = V; and II(V); = V; for any V = V;, @ V5. On linear maps m: V — W, it acts by
defining a new map m: IV — IIW such that IIm(IIV) = (m(V)).

Remark 1.3.1. For any vector space V', the parity-shifted superspace IIV corresponds to the 1-shifted
superspace V[1].

The braiding supplies the notions of symmetric and exterior graded algebras.

(18) At the level of decomposition, this means (V[k])n = (V)n 1 (mod 2), for any n € Za).
(19) Considering Z2 grading, we say that V = Vo @ V4 has dimension (dimVp,dimV;) with dimVy + dimV; = dimV'.
(20 They are compatible, meaning the category is an additive symmetric monoidal category (cf. [Sac08]).

13
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Definition 1.3.9. Let V be a graded R-module.

k times

/_/%
1. The tensor algebra is given by T'(V) == @,_, V®*, where V& =V ®---®V and V& == R.
Besides any internal grading that V' might have, T(V) is endowed with an additional No-degree,
called tensor degree, such that

degpt = k <= ke VO,
The multiplication is the tensor product: t @ t' € V®™+m) for any t € VO, ¢/ ¢ V@™,
2. Consider the two-sided ideal®" generated by (anti-)symmetric elements of T'(V')
I = {u®v+ (- @u | u,v eV are homogeneous}).

Then, the symmetric algebra Sym(V) and exterior algebra A (V) of V are given by
Sym(V) = T(V)/[_ and /\ V= T(V)/I+.

Analogously, we define the two-sided I} within V®" and in particular the n-th symmetric and
exterior powers of V by

®n n ®n
Sym"(V) = |4 /v and /\ vV /If_'
The inherited products ® and A fulfill
tot = (=D ot and ¢t = (=D A, (1.4)

where || - || = |- | + degp(:) is introduced to distinguish the total grading that considers the
tensor degree from the intrinsic total grading | - | on V. Note that degp(t ©t') = degp(t A t') =
degp(t) + degp(t) and [t O] = [t A | = [t] + |¢/].**

Remark 1.3.2. Let V be a Zy-graded module, then Sym™ (Vo ®0) = Sym”™(Vp), Sym™ (0@ V1) = A"(V1)
and therefore

Sym"(Vo@ Vi) = P Sym*Vj ®/\n_k V1> .

0<k<n

Finally, we introduce the notion of graded Lie algebra.

Definition 1.3.10. A graded Lie algebra A is a graded R-module A with a bilinear product [—, —]: Ax
A — A that is graded antisymmetric, that is

[a7 b] = 7(71)‘(1”1)' [b, a]a
and satisfies the graded Jacobi identity, that is
[a, [, c]] + (_1)\a|(\b\+lc\)[b7 [¢,a]] + (_1)Icl(\b\+|a\)[67 [a,b]] = 0

for all a,b,c € A. Moreover, |[a,b]| = |a| + |b].

(2D This defines a two-sided ideal since it is an additive subgroup of the ring (T'(V),®,®) that is closed under left and
right multiplication by elements of T'(V).

(2)The definition of commutativity of the exterior product (see Eq. (1.4)) is conventional. If one wants to stick to the
guiding idea above (cf. [Kef19][Principle 2.0.1 & p. 30]), the appropriate rule would follow the Deligne and Freed convention
instead, that is t A t/ = (—1)‘t||t’\+degT<f)degT<t/)t' A t. The two conventions are actually equivalent (cf. [Del+99][App. to
Ch. 1, pp. 62-64]) and choosing one of the two is a matter of taste and convenience. Indeed, choosing one convention or
the other amounts to a different definition of braiding, resulting in a different additive symmetric monoidal category (this
is a category of graded objects on graded modules, and therefore this does not change the underlying structure of graded
modules defined in Definition 1.3.8). Crucially, there is an equivalence of categories given by a re-grading functor, and
therefore the two points of view are equivalent. For our purposes, the total grading convention is more convenient. Indeed,
the calculations we perform on the graded variational bicomplex (see Sec. 3.4) are drastically simplified by using the total
grading, since we have to deal with three gradings simultaneously.
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Graded Derivations and Differential Forms

Following the guiding idea above, we get the graded differential calculus as follows.

Definition 1.3.11. Let A be a graded R-algebra and V an R-module. A graded derivation from A
with values in V' is a graded linear map D: A — V satisfying the graded Leibniz rule:

D(ab) = D(a)b+ (—=1)!PllalaD(b), Va,be A. (1.5)

By the definition of a graded map, we have |Da| = |D| + |al.

The collection of such graded derivations forms a graded A-module Derg(A, E), which we denote by
Derg(A) if A = E. In this case, Derg(A) forms a graded Lie algebra (cf. [Ke19][Ex. 2.11.4]) with the
graded bracket

[X,Y](a) = X oY (a) — (=1)*WIy o X(a), VX,Y €Derg(A), ac A. (1.6)
Definition 1.3.12. A graded differential n-form on a graded R-algebra A is an element of
Q"(A) = (Der(4)*)""

[ee]

for any n € N. The exterior A-algebra of these spaces is Q°*(A) = @,,_, 2" (A) and to it we associate the
cohomological degree®® degq(w) =n < w e Q"(A).
We define three important derivations in Derg(Q°(A)).

Definition 1.3.13. Consider a graded R-algebra A with total intrinsic grading | - | = >, deg; ().
Define the total grading that considers the cohomological degree ||« || = | - | + deggq(+).

1. The de Rham differential is the unique dg € Derg(£2°(A4)) such that
degg(dq) =1, deg;(dga) = deg; () Vi,
daQ"(A) € Q" (A), g =0, dof(X)=X(f),

for all homogeneous o € Q°(A4), X € Der(A), fe Q°(A) = A. Note that, ||dg|| = 1. Furthermore,
for all homogeneous «a, 8 € Q°(A) it holds that

do(a A B) = da(a) A B+ (=1)I*lla A dg(B).
2. The contraction w.r.t. X € Der(A) is the unique tx € Derg(Q2°*(A)) such that
degg(ex) = =1, deg;(1x) = deg;(X) Vi,
LxQn(A) < Qn_l(A), ixf =0, ixdaof = X(f),

for all homogeneous f € A, X € Der(A). Note that, ||tx|] = ||X]|| — 1. Furthermore, for all
homogeneous «, 5 € 2°*(A) we have

ix(an B) =ix(a) n B+ (=D)lellliexllo Ay (8).
The associated map
t: Der(A) x Q°(4) - Q°(4), (X,w) —txw=w(X,— - ,—)
is called the contraction. It is graded 2-linear of degree deg,;(:) =0 Vi and degg(t) = —1.
3. The Lie derivative w.r.t. X € Der(A) is the unique Lx € Derg(Q2*(A)) defined by
Lx = [tx,do] = txdo — (—1>(|X|_1)1dQLX =1xdo + (—1)‘X‘dQLX,

where the bracket is defined as in Equation (1.6) with total grading ||-||. Furthermore, we have that
deg;(Lx) = deg,(X) Vi, degq(Lx) =0, ||[Lx|| = ||X]|| and LxQ"(A) < Q2"(A). Importantly, the
Lie derivative also acts on derivations via the Lie bracket Lx (Y) = [X, Y], for all X, Y € Der(A).®
(23)This is exactly the tensorial degree of Definition 1.3.9. Furthermore, once one sets all the underlying gradings of A to

zero, we recover the classical definition of differential forms.
(1) This can be checked by evaluating Lx (Y (f)) for all X,Y € Der(A) and f € A and using the graded Leibniz rule.
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1.3. ELEMENTS OF GRADED GEOMETRY

Crucially, these definitions and the following result match the classical case once we consider all the
gradings to be trivial except for the cohomological one.

Theorem 1.1. The following relations hold for all X,Y € Der(A):
[do,de] =0, [ix,de] =Lx, [Lx,do]=0,
[tx,tv] =0, [Lx,tyv]=1xyp, [Lx,Ly]=Lixy)

Proof. [da,dq] =0 and [tx,dq] = Lx are true by Definition 1.3.13.%
Using the total degree || - || = | - | + degn(*), ||da]l = 1, ||ex]|| = ||X]|] — 1, and ||Lx]|| = || X||- Then, by
graded Jacobi (see Def. 1.3.10) and assuming that the fifth relation holds, we get the following
[Lx,do] = — (_1)|\lxll\ldnll[dQ7LX] = _(_1)\IXIHIdQII[dm [tx,da]] =

= — (—1)lIXIldell ( — (=1)ldallClexli+lda D, o Tdg, dg]] — (—1)1dellllxI+ldall g, [dQ,LX]]) =

= — (—1)ldalllexlifdg, [y, de]] = —(—1)!1dallllex]l ( — (_1)||Lx||\|dm|[LX7dﬂ]) — [Lyx,do] =0,

Lix,y] =[x y), dal = —(=1)lexnillidel{ag Ly, iy ]] =
=— (_1)(IIXH+HY||—1)Hdsz|| ( _ (_1)\|(1Q\|(HLXH+HLYH)[]LX, [ty ,da]]+
— (=)l x| +dalD [dsz,le]]) = [Lx,Ly].

We show the third and the fifth on generators, i.e. f € A and exact 1-forms dgof € Q'(A). Using that

tx(f) =0, X(f)e A, and tx(dof) = X(f) for all fe A, X € Der(A), we get the following
[ox, ey ](f) = exoy (f) = (=Dl (7) = 0,

[tx,wy](daf) = LXLY(de) (—=))llexllllvllyy o (da f) = exY () = (=)l X (£) = 0,
[Lx,wy](f) = Lxey (f) — (—1 )IIJLxHHLyHLYLX(f) — —(—1)”]LXH”Ly”Ly(LXdQ(f) + (—1)”X”dQLX(f)) —

= — (=Dl i) [IXT,y (X () = 0 = ¢ v ()
[Lx,ty](daf) = Lxty (daf) — (= )HLXHHL’/HbyLX(de) (exda + (=1)Mdgu) Y (f)+
— (=lExllllrllyy (1 xdg + (=) M ldgux) (daf) = XY (f) — (-D)IFIINVIY X (£) = tx,yy(daf)-
|

Many properties of these three differentials are analogous to those in the non-graded context (cf. [Kef19]).
For more explicit expressions in the case of Z-grading, we refer to [GSMO09]. Mind that in this reference,
the Deligne and Freed convention is used (see ft. 2, p. 14).

Definition 1.3.14. A Z-graded R-module V with a linear graded map 0: V' — V of degree +1 is called
a complex. A Z-graded R-algebra A with a derivation §: A — A of degree +1 is called a differential
commutative graded algebra.

An example of a complex is the de Rham complex over A (Q°(A),dq). Importantly, (2°(A4), A) is a
Z-graded R-algebra, and therefore (Q2°(A), A,dq) forms a DGCA.

Graded Manifolds

Before giving the global definition of a Z3)-graded manifold, we present a short description of the local
picture for the super case.

The prototype for a smooth n-manifold is the Cartesian space R™. Locally, we consider coordinates (z?)
on an open U < R™, which is dually (see Prop. 3.2.1) described by the algebra of smooth maps C*(U).
The latter is algebraically characterized by the commutativity of the coordinates

r'r) = 22t

(25)One could define the graded Lie derivative by its action on functions, derivations, and forms. Then, the proof of the
Cartan magic formula, which we use here as a definition instead, follows verbatim the one in the non-graded setting, once
one keeps track of the gradings.
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1.3. ELEMENTS OF GRADED GEOMETRY

Working in this direction, we want to add odd (anti-commuting) coordinates such that algebraically we
have . 4
Otxt = x'0* and 640" = —6Y0H.

We define the algebra generated by such coordinates as Rz, 0] / ~. The quotient is with respect to
the equivalence relation ~ given by the (anti)-commutation of the generators. This algebra is called the
Grassmann algebra and can be written as

R[x,@]/~ — C™(U) @/\ V* = 0OU x V),

for some vector space V. More concretely, suppose dimV' = m. Then, any function f € O(U x IIV) is
locally of the form

f(z,0) = Z Z fl“#l"k(@@gm G (1.7)
0<ksm pi1,...,pup=1 .

for some collection of smooth®® real functions {f,, .., < C®(U)} that are fully antisymmetric in
Ui, ..., k. We want to define smooth supermanifolds as the globalization of this local model. Con-
sider a diffeomorphism between patches

©:UxTIV - U x IV, (1.8)
Tt is dually given by the graded R-algebra morphism defined on the generators (cf. [Mnel9][Ex. 4.2.7]) by
©*: O(U x IIV) — O(U x 1IV)

- pF (f;) even on U x IIV

0" s o* (67’1) odd on U x TIV.

Patching U x IIV together, we get an (n, m)-supermanifold, globally described as follows. The bridge
between the local and global pictures is described by Equation (1.9).

Definition 1.3.15. A supermanifold M of dimension (m,n) is a pair (M, Op), where the structure
sheaf O); is a sheaf®” of Zs-graded R-algebras on the smooth manifold M, the body of M, such that

Om(U) =z,0a18, C7(U) ®/\ (R™)* (1.9)

where U < R™ is open.®® The supercartesian space of dimension (n,m) is the supermanifold
(R™™, O,),) where Oy, = C*(R") ® A R™.

A morphism of supermanifolds (M, Oy;) — (N, Oy) is a pair (f, f#), where f: M — N is a smooth
map and f#: Oy — Oy a f-map of sheaves of local Zo-graded commutative rings.*® More concretely,
f# is a collection of morphisms of Z,-graded commutative rings {f‘#f ON(V) = On(fFH (V) ven open
that preserve the maximal ideal such that the following commutes for all V' < V < N open

Ox (V) 5 0w V)
resg,l lres'ff:ll((v",;
On(V) e Om(f~H(V")).

v’

We denote the category of supermanifolds by sSmthMfd and the category of supercartesian spaces by
sCartSp.

(26)One could alternatively, but not equivalently, define the category considering only polynomials in the even coordinates.
(Mn the sense of Definition 1.2.1, when enriching the set F/(U) with extra structure.

(28)This means that (M, Oyy) is locally isomorphic to (U, C®(U) ® A (R™)*) in the category of locally ringed spaces. In
particular, the parity @®,>,C*{U) ® NR™*  Zy, f®0 — |f@06] = 0] = k should be preserved. This means
that the algebra C®(M) of global sections of Oy is a Zz-graded R-algebra such that for two homogeneous elements
£,9 € Oar(M) =t C(M), one has fg = (~1)4e% (desz (@) g p.

(29 A Zg-graded commutative ring R = Ro @ R; is local if it has unique maximal homogeneous ideal I = Iy @ I;. Since
all the odd elements are nilpotent, they are in any homogeneous maximal ideal. Therefore, a Zo-graded commutative ring
R = Ro @ R is local if and only if its even part is local, i.e. if it has a unique maximal ideal (cf. [VarO4][Lemma 4.1.1]).
Similarly for the Z-case. From now on, when dually describing morphisms of graded manifolds as morphisms in Z>CAlgg,
we always assume them to preserve this local structure.
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1.3. ELEMENTS OF GRADED GEOMETRY

Observe that smooth n-manifolds are supermanifolds of dimension (n,0). Furthermore, in our setting,
that is the smooth setting, we can equivalently (dually) define morphisms of supermanifolds as Z,CAlgy
morphisms of the superalgebras of global sections of the corresponding structure sheaves [\'i\,r() 1][pp. 129,
138-143]. More explicitly, assume that locally M and N are given by U @ IV and U @ I1V. Then,
Homssmtthd(./\/l,N) x>~ HOIHZZCAlgR(COO(N), Cc*® (M)) x>~ ((U &) H‘_/) ® COC(M))

0

where C®(M) = Op (M) is the superalgebra of global sections of the structure sheaf and the last space
represents the even part of the corresponding superspace. In other words, it is sufficient to know the
restriction of a morphism C® (U @IIV) — C*(M) to the subspace of linear functions in order to recover
the morphism itself. This means that we can work in coordinates.

Two good examples are the odd tangent and cotangent bundles of a smooth manifold M. They are the
parity-reversed tangent and cotangent bundles IIT'M and IIT* M, dually described by their superalgebras

CP M) =Ty (N T*M) = (M) and COT*M) = Ty ( N\ TM) = X (M).

The symbol X,u1t (M) denotes the algebra of multivector fields in M. More generally, this holds for any
non-graded vector bundle £ — M of rank m over a smooth n-manifold M. In this case, we can define
CP(IIE) = Iy (/" E*) or equivalently we can take M as the body and Ong(U) = I'v (A" E|f;) as the
structure sheaf for any open U < M. In this case, dim(IIE) = (n,m). Any (real) supermanifold is
non-canonically isomorphic to ITE for some vector bundle E — M (cf. [Rog07][Batchelor’s Thm. 8.2.1]).
The definition of a Z-graded manifold is an extension of the previous definition.

Definition 1.3.16. A Z-graded manifold M is a pair (M, Oy;), where the structure sheaf O, is a
sheaf of Z-graded R-algebras on the smooth manifold M, the body of M, such that

Om(U) =zcalg, C*(U) ® Sym(V'*),

where U < R” is open and V is a Z-graded vector space.
A morphism of Z-graded manifolds (M,0,;) — (N,Oy) is a pair (f, f#), where f: M — N is a
smooth map and f#: On — Ojs an f-map of sheaves of local Z-graded commutative rings.

The algebra of smooth functions C* (M) of a graded manifold (M, Oyps) (i.e. algebra of global sections)
automatically inherits a Z-grading. In the smooth setting, we can equivalently consider morphisms of
the Z-graded algebra of smooth functions.

Any smooth Z-graded manifold is isomorphic to a Z-graded manifold associated to a Z-graded vector
bundle £ over a smooth manifold M, i.e. a collection of ordinary vector bundles @, ., Er over M. This
can be checked by noticing that the sheaf U — I'y;(Sym(E|[{;)) defines a Z-graded manifold. The example
above is a sub-example of the latter. Indeed, we recover (cf. [Mnel9][Ex. 4.2.14 & 4.2.15]) the odd
(co)tangent bundles above by

CP(T[M) = Q*(M) and  CP(T*[—1]M) = Xumare (M).

Remark 1.3.3. In all the following discussion the Z and Zs gradings are compatible. This means
that the Z grading modulo 2 gives the Z, grading. Practically, we achieve this by demanding that the
supermanifold is locally isomorphic to (U, C*(U) ® A V*) with

V=@ Vi and Span{z'(U)}= P Vi.
ke2Z+1 ke2Z

In any local chart, the local coordinates (z°,0") preserve this extra grading. This means that local
functions taking the form of Equation (1.7) are inhomogeneous in Z-degree, which we call ghost degree.
One could potentially write a similar expression that further restricts the ghost degree of the function so
that f becomes homogeneous in both gradings.

Graded Vector Bundles

We recall the notion of a conventional vector bundle and extend it to the graded setting.

Remark 1.3.4. Recall that a fiber bundle is a smooth manifold that locally looks like a Cartesian
product of smooth manifolds. More in detail, a fiber bundle (F, 7%, M, E) consists of three smooth
manifolds F', M and E, called the total space, base space , and typical fiber, and a smooth surjection
7kt F — M called the projection with (74,)~!(p) = E, =~ E, so that the following holds:
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1.3. ELEMENTS OF GRADED GEOMETRY

i. there exists an open covering®” {U;} of M with diffeomorphisms, called local trivialisations,
¢i: Ui x E — (7)1 (U;) such that 7t o ¢;(p,t) = p,

ii. At each point p € M, ¢; ,(t) = ¢i(p,t) is a diffeomorphism ¢; ,,: E — E,. On each overlap U; nU; #
&, we require the transition map g;;(p) = qbif; o ¢jp: E — E to be a diffeomorphism and

gij: D — gij(p) to be smooth such that ¢;(p,t) = ¢; (p, 95 (p) t).

If the typical fiber is a real k-dimensional vector space E =~ R¥, the restrictions of the local trivializations
¢ip are linear isomorphisms, and the transition maps g;; are smooth functions assigning to each point
p € U; n U; an invertible matrix in GL(k,R), then the fiber bundle is called a vector bundle. From
the definition, it follows that the functions g;; satisfy the cocycle condition g;;(p) = gir(p) o gx;(p) for
all p € Uy n U nUj. If the bundle is globally trivial, i.e. F =~ M x E, the fiber bundle is called a
trivial bundle. A global section s: M — F of a fiber bundle n4;: F — M is a smooth map that
satisfies 1} 0 s = idys. Clearly, s(p) = s|, is an element of E, = (7;)7(p). The set of smooth global
sections on M is denoted by T'p;(F) = I'(M, F). Not all fiber bundles admit global sections. If U ¢ M,
local sections are sections s: U — F defined only on U. The condition reads 7t; o s = idy. I'(U, F)
denotes the set of local sections on U. Note that 71} o s = idy; and compositions of sections preserve
smoothness. Remarkably, I'p/(F) is a C*(M)-module when F is a vector bundle. Moreover, it forms
a sheaf of C®(M)-modules over M in the sense of Definition 1.2.1" due to pointwise addition and
multiplication of sections, and compatibility with the usual restriction to subsets U < M.

Finally, we define the category of fiber (vector) bundles with the following morphisms. Let 7%, : F — M
and 7TAF/I,2 F" — M’ be fiber (vector) bundles. A smooth map f: F’ — F is called a bundle map if it
(linearly) maps each fiber E;) of F’ onto E, of F. Then f naturally induces a smooth map f: M’ — M
such that f(p) = ¢. That is, the following diagram commutes:

R . (.10)
M’ T M p ’f) q

A smooth map f: F/ — F is not necessarily a bundle map. It may map u,v € E/, of F’ to f(u) and f(v)
on different fibers of F, so that w4, (f(u)) # w4, (f(v)).
Working in this direction, we now define graded vector bundles from the local point of view.

Definition 1.3.17. Consider a Z)-graded vector space K, called the fiber, two Z)-graded manifolds
& and M, called the total manifold and the base manifold, and a morphism of Z)-graded manifolds
ﬂf/l: £ — M, called projection, such that 7’1'/5\4: E — M is surjective. A Z,)-graded vector bundle
(cf. [Vys22][Ch. 5.5]) is a tuple (£, 7§, M, K) such that the following holds:

i. There exists a collection {(U;, v;)}icr, called local trivialization, such that {(U;)}icr is an open
cover of M, and each ¢;: E[y;, — M|y, x K©®? is an isomorphism of Z)-graded manifolds satisfying
T 0 p; = w5 |vi, where V; == (75,)"H(U;) and 711: M|y, x K — M|y,.

ii. The transition maps
— —1.
vij = pilvinv; © (@jlviav,) Tt Mluau, x K= My, au, x K

are linear in the fiber coordinates.

(39 Strictly speaking, the definition of a fiber bundle should be independent of the special covering {U;} of M. In the
mathematical literature, this definition is employed to define a coordinate bundle (F, ﬂ{l,M, E,{U;},{¢i}). Then, two
coordinate bundles (F, ﬂﬁ, M, E {U;},{¢:}) and (F, ﬂﬂ, M, E,{V;},{1;}) are said to be equivalent if (F, ﬂﬂ, M,E {U;} v
{V;},{#i} U {¥;}) is again a coordinate bundle. A fiber bundle is defined as an equivalence class of coordinate bundles. We
shall assume a definite covering and make no distinction between a coordinate bundle and a fiber bundle.

(31)Even more, the category of real vector bundles M can be shown to be equivalent to the category of locally free and
finitely generated sheaves of C®(M)-modules. What follows is justified more properly if one works in this setting, but this
would exceed the intended goal of the thesis. We refer to [Vak25][Ch.14.1] for a detailed discussion of this.

(32)The product is understood in the category of Z2)-graded smooth manifolds. Indeed, K can be seen as a Zg)-graded

manifold locally isomorphic to (U < Xo, HZOZOC??O U) ®r Symp(Y)) , where Cg(oo is the sheaf of smooth functions over X

and Y is the graded vector space defined by Yy = {0}, Yy = (X_p)* for any k # 0 (cf. [Vys22][Ex. 3.23]). The product
takes the form M x N == (M x N, Cj.\oxtx/\f): an explicit construction of the sheaf can be found in [Vys22][Ch. 3.6].
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1.3. ELEMENTS OF GRADED GEOMETRY

A homogeneous section of degree n € Z) is a map s: M — £[n]® such that ”i/t [n] os = ida,
where 75,[n]: £[n] — M. The sheaf of sections is T'p = @, Tr(E)n, where T'nq(E), is the space of
sections of degree n (cf. [MehO6][Def. 2.2.14]).

Consider the trivial Z,)-graded vector bundles (£’ = M'x K’, Wﬁ/, M/ K')and (€ = MxK, 75, M,K),
and a morphism of Z,)-graded manifolds F': M'x K’ - M x K. Let ¢: M" - Mand h: M'xK' — K
be two morphisms of Z,-graded manifolds. In particular, h is such that for each m’ € M’ the map
h: {m'} x K" — K is a morphism of Z3)-graded vector spaces. Then, F is called a morphism of trivial

Z2)-graded vector bundles ¢: M' — M if F = (po 71'%1,, h) and the following diagram commutes

MxK —FY MxK

g’ £
| [

M —F M.

Morphisms of Z,)-graded vector bundles are locally morphisms of trivial Z3)-graded vector bundles
(cf. [KeB19][Def. 4.1.1 & 4.2.1] and [SV25][Def. 5.3]).

The definition of morphisms can be made more rigorous once one works dually (and globally) with the
sheaves of sections. To understand this, let us first go back to the category of conventional vector bundles.

Remark 1.3.5. In the spirit of Proposition 3.2.1 and in view of the Z)-graded extension, we would
like to dually characterize morphisms of vector bundles (see Eq. (1.10)) as morphisms of the appropriate
sheaves of sections. It turns out that the natural way to do so is to construct a map F': Ty, (F') — T'p(F)
given by a pair F' = (f, fT), where f: M’ — M is the above smooth map and fT is a morphism of sheaves
of C®(M)-modules®®

P T (F*) = fDan (F%), o flo) with fHo)(@) = o(f(@) o for Va' e M.

Here, F'* is the dual vector bundle obtained by taking the dual fiber-wise. fyI'ps (F/*) is the pushforward
sheaf over M defined by fyul'ar(F™*)(U) == Dpp(F*)(f~1(U)) = Ff—l(U)(Fl*)7 with U < M open and
faort Fl, — Fy). Note that f«Tar(F'*) is not automatically a sheaf of C®(M)-modules, but can be
made into one by setting, for any U ¢ M open, g € C®(M)|y, and s € fT' 3 (F'*), the product

gxs=[i(g)-s

where on the right-hand side there is the original C*(M’)|s-1(7)-module action.

Following the above remark (cf. [Vys22][Rmk. 5.9 & Def. 5.10]), we now globally define morphisms of
graded vector bundles.

Definition 1.3.18. Given two Z,)-graded vector bundles (Sl,ﬂi;l,,M',K/) and (€, 75, M, K), a Z9)-
graded vector bundle morphism F': £’ — £ over a morphism of Z,)-graded manifolds p: M’ — M
is a pair (¢, FT) such that

FUTaum(E) — pulan (E7)
is a morphism of sheaves of Z,)-graded C*(N)-modules. Here, £* is the dual Z)-graded vector bun-

dle obtained by taking the dual fiber-wise, @4 rq(E*) is the pushforward sheaf over M defined by
O Ca (E*)(U) = T (E*) (¢ 1 (U)) = Ty (€ *), with U < M open. Note that the latter is not
automatically a sheaf of Z)-graded C*(M)-modules, but can be made into one by setting, for any
U c M open, ge C*(M)|y, and s € @*FM/(EI*), the product

gxs=qp5(g)s

where on the right-hand side there is the original Z,)-graded C*(M’)|,-1(¢y-module action.

(33)The shift only acts on the fiber as in Definition 1.3.4. This produces a new Z,)-vector bundle 7§, [n]: £[n] — M.
(39)That means each f;; is C®(M)-linear, i.e. for each U € M, o € Ty (F*) and g € C®(U), then f;;(g co) = gfz,(a).
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The two notions of morphisms are compatible in the sense that they define equivalent categories
[SV25][Thm. 5.10]. In the category of Z(9)-graded vector bundles, the direct sum, the tensor product,
and the pull-back bundle can be defined as in the category of vector bundles, by the respective universal
properties. Working within this category amounts to using the same algebraic definitions once the grading
is properly accounted for. The following are local versions of the definitions; a more rigorous and global
description can be found in [Vys22][Ch. 5].

Definition 1.3.19. Let (M x K, 7, M, K), (M x K',m, M, K") be two trivial Z)-graded vector bundles

and (8’,7&;1,,./\/1, K'), (€,75%4, M, K) two more general Z2)-graded vector bundles. We omit the upper
and lower indices on 7, 7’ for ease of notation.

1. Given a morphism of Z)-graded manifolds ¢: N' — M, the trivial pullback Z,)-graded vector
bundle is (p* (M x K) =N x K, 7, N, K). We can further define the bundle map @ over ¢ by

M xK) —25 Mx K

m - lﬁ

N——— M,

where 71 is the projection into the first component of the direct product. The pullback Z)-

graded vector bundle is (@*(5),7Tf/*(5),N7 K) is locally given as a trivial pullback Z)-graded
vector bundle (cf. [Vys22][Prop. 5.15] and [SV25][Ex. 5.5]). For any s € I'y(€) there exists a
pullback section ¢*s = (idpr, s 0 @) in Tar(p*E).

2. The direct sum, tensor product, dual and k-shift of trivial Z)-graded vector bundles are
defined as one would expect, that is, acting fiberwise

MxK)@MxK')=Mx (K®K') with mg: Mx (K®K') > M,
MxEK)Q@MxK')=Mx (K®QK') with mg: M x (K®K') > M,
(M x K)* = Mx K* with 7*: M x K* > M,
M x K)[k] = M x K[k] with =[k]: M x K[k] —> M.

Then, EQE, ERQE’, £F and E[k] look locally as the trivial versions above.
Finally, it is possible to show that
FM(?: (—Dg/) =T m(E) (—DFM(S/), Cm(E ®5’) =T m(E) g (M) FM(5’)7
Cm(E¥) =Tm(E)*, Tam(E[k]) = Ta(E)[K].

Graded Vector Fields and Differential Forms

The differential calculus on smooth manifolds straightforwardly generalizes to the graded differential
calculus on graded manifolds.

Definition 1.3.20. Given a Z,)-graded manifold M = (M, Oyy), we define the following:

1. A Zy)-graded vector field of grade k (mod 2) is a derivation of grade k (mod 2) in Derg(Ox).
We denote the Lie graded algebra of vector fields by (X(M), [, ]x(a)), where the graded bracket is
defined as in Equation (1.6). The vector bundle whose sheaf of sections is Derg(Oy) is called the
graded tangent bundle T'M.

2. A graded n-differential form of degree k is an element of Q" (M) == (Derg(Op)*)"". It can
be viewed as a map
w: TM*™ - R[k (mod 2)]

where the n-folded cartesian product is understood as in footnote (s2) at page 17. The de Rham
differential, the contraction and the Lie derivative are defined as in Definition 1.3.13. Furthermore,
the full Cartan calculus holds (see Thm. 1.1). We denote by (2(M),d) the de Rham complex.
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Importantly, it can be equivalently described by C®(T[1]M)®® equipped with a cohomological
vector field @, i.e. a graded vector field of degree +1 such that [@Q, Q] = 2(Q o Q) = 0.9

Let us work out a local description of graded vector fields and differential forms. Consider a Z)-graded
manifold M with homogeneous local coordinates {z'} and total degree | - | = degy, () + degq ().

Remark 1.3.6. Recall that above, to gain full generality, we used |-| to denote the intrinsic total grading
and || - || = || + degq () to denote the total grading that further considers the cohomological grading.
For ease of notation, as the relevant intrinsic grading is Z or Zs, from now on we use the notation

|| = degg,, () + degq ().

We can locally define the Lie algebra of vector fields and the exterior algebra of differential forms. This

amounts to adding the coordinates {0,:} (|0.:| = —|2%|) and {dz’} (|dz?| = |2!| + 1) defined by
0,:(27) == 67 such that ,:(fg) = .:(f)g + (=)= VI fa..(g) (1.11)
dz"(0,) = Lo dz' = 6; (1.12)

By degree considerations (|5;| = 0), the contraction is required in Equation (1.12). Then, a graded vector
field of degree k (mod 2) is a linear combination of the form

X =) X0

where each X¢ e C® (M)k4)2¢| (mod 2) 15 a function of homogeneous degree k + |2!| (mod 2) such that
IX(f)| = [k[ + |f] (mod 2) for all homogeneous functions f € C®(M),, (mod 2) of degree m (mod 2).
Equation (1.11) ensures that X satisfies the graded Leibniz rule (see Eq. (1.5)). Furthermore, the graded
commutator takes the local expression

(X, Y] =) X'0.:(Y7)o. — (- vI0,,(X")a.. (1.13)

5] .9

A graded n-differential form of degree k (mod 2) locally takes the form

. Wiy i, (2) 1 in

w—vZ' szl/\---/\dz .
D1 yeeeyin

The coefficients w;, ., € C(M)i (mod 2) are fully antisymmetric in the indices 4y, ..., 4. The classical

Cartan calculus extends to the graded setting (see Def. 1.3.13). In particular, in local coordinates

d:= Zdziﬁzi, Lo_; dz? = ¢! with Lo, a graded derivation of Q(M), Lo, = [io,,d].

By the definition of the local coordinate, d and L; , are automatically graded derivations of Q*(M) of
the right degree, and |¢| = —1. The coordinate expressions of the action of d, tx, and Lx on forms are
the same as the usual ones, once one takes care of possible extra minus signs due to the grading structure
(cf. [GSMO9][Ch. 3] for the super case and [CS11; Meh(6] for the Z-graded case).

Remark 1.3.7.

1. If 2% is odd, then (dz%)? # 0. This means that, if there exists at least one odd coordinate, the degree
of the forms is unbounded since we may have a polynomial of every degree in that coordinate.
Moreover, it turns out that graded differential forms do not come along with a nice integration
theory. In the last part of this section, we introduce some basic notions of integration theory on a
supermanifold without referring to differential forms.

(35)The shift acts only on the fibers, after omitting the possible cohomological degree.
(36)One could define the category of dg-manifolds as the category of Z-graded manifolds equipped with a cohomological
vector field. A morphism (f, f#): (M, Q) — (N, Qar) is a morphism of Z-manifolds such that Qo f# = f# Q.

22



1.3. ELEMENTS OF GRADED GEOMETRY

2. Any cohomological vector field on a Z)-graded manifold M corresponds to a differential on
C*(M). For example, consider the odd tangent bundle T[1]M = IITM for some smooth manifold
M and the cohomological vector field Q € X(T[1]M);®" defined in local coordinates {z%,t'} by

Q = Z tl(}z?

Interpreting ¢ as dz?, one can see that the action of Q on C®(T[1]M) and that of d on Q°*(M)
are equivalent. The two points of view are equivalent, and choosing one is a matter of convenience.
For the general AKSZ model (see Sec. 2.3), working with functions over the shifted tangent bundle
is more convenient, while in the example of BV theory within sThSmthSet (see Sec. 3.4), we use
forms over M.

Many other constructions are identical to the ones in differential geometry, once one employs the graded
version of the corresponding algebraic structures. Some of the more relevant constructions for the thesis
are recalled in the super case in the following chapters. Before recalling the integration theory on a
supermanifold, let us define the Euler vector field.

Definition 1.3.21. Consider a Z,)-graded manifold M. The Euler vector field E € X(M), is the
even vector field defined by

E(f) = degs, (f)f

for any homogeneous function f e C*(M).

In local coordinates {z*}, it takes the form
E = Z degy, ,, (29)2"0,:. (1.14)

Furthermore, for any X € X(M)y (mod 2) and w € Q" (M)} (mod 2) it holds that
[E,X] = (k (mod 2)) X and Lgw = (k (mod 2))w.

Indeed, using Equations (1.13) and (1.14), and the Taylor expansion of the components, we have
[E, X] = Z degy,,, (2120, (X7)0,5 — Z X790, (degz(z) (21290, =
1,] %,

— Y(deg,, (X7) - degg,, (/) X7 = (k (mod 2)) X,

and on generators of forms, we get
Lg(z') = degy,, (22" and Lgdz' = dLgz’ = degy,, (z")d2".

This means that this Euler vector field sees only the underlying degree, and not the cohomological degree.
It is not possible to define a total Euler vector field E¢o; = E + D € X(M), that gives the total degree
|- | = degy, @ T degq. Indeed, asking for D to only see the cohomological degree implies D(f) = 0 for
all homogeneous functions f € C* (M), which in turns implies D = 0. Instead, recalling that Q°*(M) =~
C*®(T[1]M), we define the vector field D € X(T[1]M)q given in local coordinates (z¢,t*) € T[1]M by
D=>, t'0,i. Crucially, it only sees the cohomological degree, indeed

D(z") =0 and D(t") = t".

The action of D on C®(T[1]M) corresponds to a derivation of degree 0 on the algebra Q°*(M) that, by
abuse of notation, we also denote by D € Derg(2*(M))

D: Q"(M) - Q*"(M), w— D(w) = nw.
Therefore, to work in total degree, one considers the derivation Ly + ID such that
(Lg +D)w = (k (mod 2) + n)w = |w|w, Ywe Q"(M)y. (1.15)

From now on, we consider the total grading | - | as this greatly simplifies the calculations.

(37)The subscript means we are considering the space of vector fields of degree 1.
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Integration Theory

We now recall the basics of integration theory on superspaces and supermanifolds. For a more complete
exposition, we refer to [Rog07; Sch08]. When integrating over Z-graded manifolds, only the underlying
superstructure plays a role. For simplicity, we assume the base manifold M of any Z,)-graded manifold
to be orientable and equipped with orientation, that is, we assume M to be oriented.

Definition 1.3.22. Consider a Zg-graded commutative ring R. A matrix M of size (p+q) x (r + s) with
entries in R is called a supermatrix of size (p|q) x (r|s) if it has a decomposition in blocks

M—[g g] (1.16)

such that A, D consist of even entries and B,C consist of odd entries. The set Mat,|q)x (r|s) (1) of
supermatrices of size (p|q) x (r|s) forms a free Zs-graded R-module. When p = r and g = s, considering the
usual matrix multiplication, we denote the Zs-graded R-algebra of supermatrices of size (p|q) x (p|q)
by Mat,,(R) and the group of invertible supermatrices of size (p|q) x (p|q) by GL,|4(R) = Mat,,(R).

It turns out that a supermatrix M € Mat,,(R) is invertible if and only if the two even blocks are invertible
(cf. [KeB19][Lemma 2.3.4 & Cor. 2.3.5]). This is crucial for the definition of Berezinian, as it implies that
the even blocks of an invertible supermatrix are invertible and that their determinants are nonzero.

Definition 1.3.23. Let M € GL,,(R) be as in Equation (1.16). The Berezinian of M is given by

_ det(A - BDIC)
Ber(M) = det(D)

€ R()7

where the determinant is the usual one, since the entries in A — BD~'C and D are even.

Crucially, Berezinians behave well with respect to supermatrix multiplication (cf. [Kefi19][Lemma 2.3.8]).
Proposition 1.3.1. Let M, N € GL,,(R). Then Ber(M - N) = Ber(M)Ber(N).
To define the integration on supermanifolds, we start locally by considering integration over superspaces.

Let M 3 (2',0")1<;<nj1<u<m be a (n|m) supermanifold and define the Berezinian integration along
0" according to the following rules

J-de“ =0, J.G“dG” =0, Fubini’s theorem holds,

and deHl < d0™ = fuiue = frop

for any f € CP (M) given locally as Equation (1.7). Note that d6* is not a 1-form as in Definition 1.3.20,
but a measure that under change of coordinates transforms with the Berezinian (see Def. 1.3.23) of the
Jacobian of the coordinate change. It is called Berezinian, even though, strictly speaking, it is not a
Berezinian in the sense of Definition 1.3.23. Consider now a supermanifold of the form IIV where V is a
vector space. For any choice of coordinates on it, the integration defines a map

= N'VESR
.[HV JHV‘/\"‘V* /\ ’

since for any g € /\IKm V* we get SHV g = 0. Therefore, on a coordinate patch U x IIV of M, we get

JUXHV /= JU JHV = JU fropda! -+ - dz™.

To define how the integral map behaves under a change of coordinates (see Eq. (1.8)), first notice that
locally it can always be written as a linear isomorphism using its Jacobian J¢, which is a supermatrix.
Then, it is possible to prove (cf. [Rog07][Thm. 11.2.3]) that for any h € C (M) with compact support
in U x IIV, the following holds

ﬁ h(#, 6)d"idmd = J (0" F)(, 0)Ber(Jip(x, 0))d"zd™0.
UxITV UxITV

24
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This can be described globally by building the Berezin line bundle (cf. [Sch08]). Without loss of generality
(cf. [Rog07][Batchelor’s Thm. 8.2.1]), let us consider M = IIE for a vector bundle E — M of rank m

over a smooth n-manifold M. Then the Berezin line bundle is defined as
Ber(M) = N T*M® \" E — M.

The symbolic measure dz"df™ can be interpreted as a local section of such a bundle u € T'ps (Ber(M)).
Then, the R-linear integration map is given by

[ emeran—r w [ fu=| (o

where (,) is the fiberwise pairing between line bundles A" E and A" E*, and (f)top is the component
of fe C*(IIE) = Ty (A° E*) in the top exterior power of E*. After pairing, what remains is a top form
over M, which can be integrated in the usual way. This gives us measures that are constant along the
fiber directions of ITE — M. We can define more general measures as sections of the super vector bundle
Ber(M)® /\* E*, where the tensor product is taken in the category of super vector bundles over an even
base, which means defining the integration map as

J : BER(M) - R where (1.17)
M
BER(M) = Ty (Ber(/\/l) o A\ E*) ~ Ty (Ber(M)) ®@corar) C°(M).

This can also be understood as the space of sections of the pullback bundle p*Ber(M) along p: IIE — M.

Remark 1.3.8. The shifted tangent bundle T[1]M for a smooth oriented n-manifold M carries a canon-
ical Berezinian pppyy = d"zd" € BER(T[1]M). Observe that, for all f e C*(T[1]M) = Q*(M), the

latter satisfies
J f,uT[l]M = J ftop-
T[1M M
On the right-hand side, the integration is the ordinary integration over M.

Finally, we present the extended definition of divergence.

Definition 1.3.24. Consider a graded vector field X € X(M) and a Berezinian u € BER(M). The
divergence div,(X) € C*(M) of X with respect to p is defined by

| xthu== | am,c0)sm

M M

for any f e CP(M).

This definition is motivated by looking at the usual definition of divergence and the Stokes theorem

(cf. [Mnel9; Catl8]).

1.4 Elements of Symplectic Geometry

In this section, some basic notions and results of symplectic geometry are recalled, together with a
motivating example from classical mechanics. Afterward, the symplectic structure on graded manifolds
is defined.

Symplectic Geometry Rudiments

Definition 1.4.1. A symplectic vector space is a pair (V,w), where V is a finite-dimensional R-vector
space and the symplectic form w € /\2 V* is such that w’: V — V* v — w(v,—) is a vector space
isomorphism. A linear isomorphism ¢: V' — V'’ between symplectic vector spaces (V,w), (V’,w’) such
that p*w’ = w is called a symplectomorphism.
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Equivalently, we can impose w to be an antisymmetric, non-degenerate bilinear form on V.

Definition 1.4.2. Let (V,w) be a symplectic vector space. Let Y be a subspace of V' and define the
symplectic orthogonal complement of Y by

Yyt = {veV]w(v,y) =0, Vye Y}.

Then

1. Y is isotropic if Y € Y1, ie. wlyxy = 0.
2. Y is coisotropic if Y+ C Y, i.e. all elements annihilated by Y are in Y.

3. Y is Lagrangian if it is isotropic and coisotropic, or equivalently if Y is isotropic and dimY =
LdimVv
5 .

4. Y is symplectic if w|y xy is non-degenerate.

In a convenient basis, usually called the Darboux basis, w has a canonical expression.

Proposition 1.4.1. Let (V,w) be a symplectic vector space.
Then, there exists a basis, called Darbouzx basis, {e1,...,en, f1,..., fn} of V such that

w(ei,ej) = o.)(fi,fj) = 0 and w(ei,fj) = 5ij

foralli;je{1,2,...,n}. Hence, we can write w = Z;.Lzl eX A fF w.r.t. this basis.
A proof can be found in [Sil01][Thm. 1.1]. In particular, this result implies that a symplectic vector space

necessarily has an even dimension.
This notion can be straightforwardly generalized to smooth manifolds by defining a pointwise symplectic
structure on the tangent space.

Definition 1.4.3. A symplectic manifold is a pair (M,w), where M is a smooth manifold (dimM =
2n) and w is a 2-form on M such that

1. w is closed, i.e. dw =0,

2. w is non-degenerate, i.e. for all g € M, w’: oM — T;‘M is bijective.

A symplectomorphism is a diffeomorphism ¢: M — M’ such that p*w’ = w.
Definition 1.4.4. Let M = T*N. The tautological 1-form on M is defined by
*
Uop) = (A7) P E TG, )M,

where m: M =T*N — N.
In a local Darboux chart {z!,..., 2" p1,...,pn}, we can write
o= Zpidxi and w=—da= dei A dp;.

This means that pointwise {0,:, 0p, } forms a Darboux basis on the fiber T\, ;) M. Definition 1.4.2 extends
as follows.

Definition 1.4.5. Let (M,w) be a symplectic manifold and N € M be a submanifold. Then

1. N is isotropic if T, N is an isotropic subspace of T, M, for all z € M.
2. N is coisotropic if T, N is a coisotropic subspace of T, M, for all x € M.
3. N is Lagrangian if T, N is a Lagrangian subspace of T, M, for all z € M.

4. N is symplectic if w|y is symplectic.
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Definition 1.4.6. A vector field X on a symplectic manifold (M,w) is called Hamiltonian if there
exists a function Hx € C* (M), called Hamiltonian for X, such that txw = dHx.®®

Remark 1.4.1. Since w is not degenerate, every function is Hamiltonian and its Hamiltonian vector
field is uniquely determined.

The mathematical structure of classical mechanics in the Hamiltonian framework is characterized by the
symplectic structure in the phase space.

Example 1.4.1. In classical mechanics, the dynamics of a system is encoded in the action functional

S(q) = f " L(g(t), §(t)at

0

where L(q,¢) = 3m[g|* — V(q) is called the Lagrangian function of the path g: [to,t1] — R", with some
function V e C*(R"™) depending on ¢, which is called the potential energy. Physically, this is a particle of
mass m moving in a configuration space R™ where there is a potential V. Using variational calculus, it is
possible to show that the stationary point of S on the space of paths Pathgi‘ig)ﬂ (R™), such that ¢(tg) = x
and ¢(t1) = y, gives the classical trajectory of the system (see Principle 2.1.1). The resulting equations
are called the Euler-Lagrange equations, and in the case where the Lagrangian is as above, i.e. that of
a particle of mass m in a potential V', they are equivalent to Newton’s equations F = m{(t) = —VV
(cf. [Mor23]). Moving to the Hamiltonian picture means considering the space of all possible states of
the system, called phase space. This is given by T*R" 3 (¢, p), where p = %.(3*’), and it is endowed with
a symplectic form

n
w = Z dq’ A dp;.
i=1
This results in a Legendre transformation of the Lagrangian into the Hamiltonian function H(q,p) =

2
% + V(q). The trajectory of the system is a solution of the Hamilton equations, which are equivalent

to the Euler-Lagrange equations (cf. [Mor23][Thm. 11.6]). It can be expressed as an integral curve
of the Hamiltonian vector field associated with the Hamiltonian of the system. Indeed, if we define
X =2, (0p,HOy — 04, HOp,), then

n

LX W = Z [(LXqui) A dp; —dg" A (txydpi)] = Z (Op, Hdp; + 04, Hdg') = dH.
i=1

i=1
Then, the conditions for p; = (¢(t),p(t)) to be an integral curve for Xy are the Hamilton equations

dg¢’

() =3, H and Wiy _ o, .

dt

For the system above, Xy =Y, (B0, — 04,V 0p,).

7

A classical system described by an action functional as in the above example can be quantized via the
path-integral formalism (see Sec. 2.2). If the system exhibits redundancies, called gauge symmetries, this
formalism fails (see the discussion after Eq. (2.6)). As described in Section 2.2, we overcome this issue
by enlarging the space of configurations (or states) to obtain a graded symplectic structure. This is the
idea behind the BV formalism (see Def. 2.2.4 and the following discussion).

Graded Symplectic Geometry

Following Section 1.3, we generalize the above to the graded setting.

Definition 1.4.7. A Z)-graded symplectic form w € O2(M) of degree k on a Z2)y-graded manifold
M is a closed (dw = 0) non-degenerate 2-form

w: TM — T*[K]M, (1.18)

(3®)This structure can further be studied by considering the flow of X, called the Hamiltonian action (cf. [Sil01; CM20]).
(39)This defines a bundle map TM — T*R", (q,q) — (q,p) over M, called Legendre transformation.
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where non-degeneracy means requiring such a map to be bijective. In local coordinates {2z} it reads

w = Zdzi A wij(z) A d2?
i,

with (wi;(2)) an invertible matrix of local functions on M. The pair (M,w) is called Z)-graded
symplectic manifold. In the infinite-dimensional case, the non-degeneracy requirement is too strong:
we talk about weakly symplectic structure when the map in Equation (1.18) is only required to be
injective.

Remark 1.4.2. The results and definitions summarized above for non-graded symplectic geometry can
be straightforwardly extended to the graded setting. In particular, the extension of Proposition 1.4.1
implies that graded odd (even) symplectic Zs-graded vector space need to be of dimension (m|m) for
some m € N ((2k,n) for some k,n € N). Similarly, a Lagrangian submanifold of an odd-symplectic (n|n)-
supermanifold has dimension (k|n — k) for some k € N. Note that we define Hamiltonian vector fields
using the sign convention for which txw = dHx.

The following result is crucial for justifying the AKSZ formalism, as it shows that any odd symplectic
supermanifold can always be locally identified with the shifted cotangent bundle of a smooth manifold.

Theorem 1.1. Any odd-symplectic supermanifold (M, w) admits a system of local Darboux coordinates
(2%,0%), i.e. such that pointwise (Ogi,0gi) form a Darbouz basis on the fibers of TM. Furthermore, there
exists a global symplectomorphism to (IIT* M, wean = Y,; da* A d6"), where M is the body of M.

A proof can be found in [Sch93]. The graded structure imposes some additional constraints (cf. [Roy02]).

Proposition 1.4.2. Let (M,w) be a k-symplectic Zzy-graded manifold with k # 0. Then

1. w s exact.

2. If X € X(M); such that k +1 # 0 and Lxw = 0, then X is Hamiltonian.

Proof. To show the first statement, one computes

depw
k

kw=Lgw=digw = w=

where E is the Euler vector field. For the second, by definition
[E,X]=1X and Lxw=(-1)*ldixw =0.

Set H = (gtxw and observe that

dH
dH = diptxw = Lpixw — tgdixw = g xw + txLgw = ([ + k)ixw =  ixw= Tl

Note that any Hamiltonian vector field satisfies Ly, w = (71)‘Xf|dLXfw = (-D)IXsla2f =o. ]
Observe that the exceptional cases are the relevant ones. Indeed, in application to the BFV formalism,
one considers an even symplectic form of degree 0, while in the BV formalism, one considers an odd
symplectic form of degree —1 and a cohomological vector field @ of degree 1. Finally, we give an explicit

definition of the graded Poisson bracket induced by a graded symplectic form and state a proposition
that is a direct consequence of this structure.

Definition 1.4.8. Consider an k-symplectic Z,)-graded manifold (M, w). The graded Poisson bracket
{—, —}: CP (M) x C*(M) - C*(M) induced by w via

mod 2)

(1,9} = (-1 @ DX, (g) = (~1) BT, v WEge 0P (M)

where X is the Hamiltonian vector field associated with f.
It follows that [{—, —}[ = degz, ({—, —}) = —k. Finally, it satisfies

{f7g} _ _(_1>(d6gz(2) (f)+k)(degz(2) (Q)Jrk) {97 f}
(.49, b3} = {{f, g}, b} + (=1) 80 DT een 5B e (1.19)
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Proposition 1.4.3. Let (M, w) be a k-symplectic Z3)-graded manifold and f,g € C*(M). Then{f,g} =
const if and only if [X¢, Xy] = 0. This implies that, considering a cohomological vector field Q € X(M);
and its Hamiltonian S € C*(M)yy1 such that Q = (=1)S{S, =}, if k # —2 then

QR*=0<{S,S}=0.

Proof. The first statement is a consequence of Equation (1.19) and of the definition of the Hamiltonian
vector field. Indeed,

Xipg = (10 D (£, ), ) = (1) D80 O (5 gy
_ (_1)(degz(2) (f)+k:)(degz<2) (9)+k) {g) {f7 }}) _

_ (_1)k: (XfXg _ (_1)(dcgz(2) (f)+k)(dcgz(2) (g)+k)Xng) _ (—].)k[Xf7Xg] (120)

We conclude using Equation (1.19) and Equation (1.20).
Indeed, assuming {S,S} = 0 and using that Q(f) = (—1)IS{S, (—=D)ISS, f}} = {S,{S, f}} for any
feC®(M), we get

(1.19)

Qf) = {548, £33 =7 ({8, S}, £} + (F) DS S, 1)) = —{S.{S. 3} = 0.
Assuming instead Q? = 1[Q, Q] = 0, we get

_1\k
0= N =t "2l xeg,

for any f e C*(M). By the definition of a Hamiltonian vector field, this implies {S, S} = const. Since
constants are of degree 0, k # —2 implies {S, 5} = 0 by noticing that degy , {5, S} = 2(k +1) — k =
kE+2. |

29



Chapter 2

Bosonic Gauge Field Theories

In this chapter, we introduce classical Lagrangian bosonic field theories. We hint at the idea behind
path-integral quantization and explain the problems that arise when the theory exhibits redundancy in
the Lagrangian, known as gauge symmetries. Consequently, we present three methods for path-integral
quantization of gauge theories in the finite-dimensional setting: the Faddeev—Popov method, the BRST
formalism, and the BV formalism. Finally, we present the AKSZ formalism, a systematic way to obtain
topological field theories compatible with the BV formalism. As an example, we briefly discuss (non)-
abelian BF theory. The main reference for this chapter is [Mnel9][Ch. 4].

2.0.1 Conventions and Notation

For convenience, we recall here all the relevant conventions and notation for Chapters 2 and 3 (see Sec. 3.3,
Sec. 3.4 and Rmk. 3.4.1). Some of these conventions are discussed in Chapter 1. Note that some of the
references we refer to may use different conventions.

e The total degree is denoted by |- | = degg, ,, () + degq(+), where the second is the cohomological
degree (see Rmk. 1.3.6). This grading governs the Koszul sign, i.e. the parity is given by |- | mod 2.

e The derivations of the Cartan calculus on a graded manifold have total degree |d| = 1, |vx| = | X |1,
and |Lx| = |X]| for some graded vector field X (see ft. 2, p. 14). Moreover, Lx = [tx,d] (see
Prop. 1.1).

e Unless parentheses are present, derivations act on the first element to their right.

e The k-shift of a graded vector space V' (k € Z) is the graded vector space V[k] such that (V[k]), =
(V)n+k (mod 2), for any n € Z,y (see Def. 1.3.4). For any vector space V, the parity-shifted super-
space IIV corresponds to the 1-shifted superspace V[1]. On graded vector bundles, the shift only
acts on the fibers.

e Given a graded symplectic manifold (M,w) of degree k, the Hamiltonian vector field of a function
Hx € C*(M) is defined by txw = dHx. The induced graded Poisson bracket is given by

mod 2)

(.9} = (1) 0V X, (g) = (- T w E g e CF(M)

where Xy, is the Hamiltonian vector field associated with f(g). It follows that [{—, —}| = —k.

e We denote the lifted vector fields from M and A to Map(M,N') both by lift. More explicitly,
recalling that for any f € Map(M,N) the tangent space is TfMap(M,N) = Ty (f*TN), we get
for all D € X(M) and P € X(N)

D" (z) = dmf(z)(D;) and P (z) = P(f(x))
with |D‘ — |Dlift‘7 |P| — |P1ift| and [Dlift7Qlift] = 0.

e When used, Einstein summation is understood for repeated upper and lower indices ziy; = D zly;.
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e For an n-tuple of variables 2 = (71,...,2,) and a multi-index I € N, we write 2/ = x{l coogln

and 81 = (9,,)" -+ (8,,)" .

e Unless otherwise specified, M is an oriented closed d-manifold. In local coordinates, we write
dy = da¥d,» and, for some k-form w,
d

Ivfpnsmn] o L qpe

dgw = Z dz¥ A ]

I<v,pi,...,pe<d

Here, the anticommutation of the indices has a factor of (k + 1)! at the denominator.

2.1 Lagrangian Field Theories

In this section, we recall the Lagrangian approach to bosonic classical field theories and the classical
action principle (cf. [Blo24]). The absence of a rigorous formalism motivates the structural requirements
that the category of SmthSet must satisfy to rigorously formalize the geometry of the action principle.

Classically, the state of a system can be described by assigning the value of some physical observable to
any point of a geometric space, typically spacetime. This assignment is supposed to be smooth.

Definition 2.1.1. Let M be a smooth oriented compact d-manifold without boundary™ called space-
time. A bosonic field is a smooth section of a smooth fiber bundle (see Rmk. 1.3.4) 7, : F — M,
called configuration bundle. The space of fields is the space of sections F = I'j;(F).

The simplest example is the space of scalar fields F = C® (M) where the fields are sections of the trivial
fiber bundle F':= M x R — M.

Physical laws are usually expressed as field equations of the form f(y) = 0, where f: F — V is a map to
a vector space V' that is typically a differential operator. The solutions of the field equations are called
on-shell fields, and their set is denoted Fyhen © F. Fshen 1S usually complicated to study: the action
principle is particularly helpful in characterizing it.

Principle 2.1.1. There is a smooth function S: F — R, called the action, such that p € F is a solution
of the field equation if and only if it is a critical point of S.

The action allows us to study the field theory more easily, also exploiting the symmetries of the system
that are manifest as symmetries of the action. Physical action functionals are usually given in an integral
form:®

S(p) = fM £(y) (2.1)

where the Lagrangian £ is defined as follows.

Definition 2.1.2. A local Lagrangian £: F — Q%(M) is a smooth map of sections from the field space
to the space of d-differential forms on M (of dimension d), such that L£(y) at m € M depends smoothly
on m and on the partial derivatives of ¢ only up to order k for some k > 0.

Note that the degree of the Lagrangian form has to match the dimension of the manifold dim(M) = d
for S(¢) not to be trivially zero. The dynamics of a physical theory is characterized by the Lagrangian
and the type of fields we are considering in it.

(1) Unless otherwise specified, in these notes M is always assumed to have these properties. If the manifold is non-compact
the definitions involving an integral over M should be adjusted to only allow for integration of compactly supported
differential top forms, or more generally compactly supported densities (cf. [Cat18]).

()This definition should be extended to account for gauge fields defined as connection 1-forms on a principal G-bundle,
fermionic fields, and fields as elements in more general mapping spaces (cf. [Mnel9; Ham17]). In this thesis, we only consider
bosonic gauge theories whose gauge structure is described by trivial principal bundles (see Rmk. 2.1.1). Furthermore, we
do not consider fermionic theories with fields that are sections of a spinor bundle. Nevertheless, odd fields might still arise
from the gauge-fixing formalism we introduce in Section 1.2.

(3When the base manifold M is compact, this integral is well defined. If M is not compact, this integral is usually
divergent or not well defined (cf. [Blo24]), but in practice one does not need to compute it to characterize the on-shell field
space.

W The locality condition, here stated in a local chart, can be globally characterized using the infinite jet bundle (see
Def. 3.1.12 and Def. 3.1.21). It is necessary to ensure that the critical points are solutions of a PDE. Physically, this is
equivalent to asking the Lagrangian not to include non-local interactions.
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Definition 2.1.3. A Lagrangian field theory (LFT) consists of a smooth bundle F' — M and a local
Lagrangian £: F — Q4(M).

Examples of the Lagrangian formulation of bosonic theories, such as a particle in a potential and of

classical electromagnetism, can be found in [Blo24, Ch. 1].
Using the locality of the Lagrangian, the action principle translates to:

¢ € Fenen iff 08, = f (EL(p),0p) = 0.
M
Here £L is the Euler—Lagrange differential operator symbolically given in local coordinates by

5L () )
5(0rp) )’

s = 3 (-)lfa, (
11]=0

where I is the usual multi-index.®® Globally, this is a map of sections
EL=F —Ty(V¥*F® AIT*M),

where V*F — F' is the dual vertical bundle!® The infinitesimal variation d¢ is identified as a section
dp € ' (VF) to account only for the field variation along a fiber while the base manifold is kept fixed.
The natural pairing (—, —) is the one induced by the fiber-wise non-degenerate duality pairing of V F’ with
V*F. Thus, ¢ is critical if and only if it solves the following equations, called Euler-Lagrange equations:

EL(p) =0, e T (VFF ® AT*M).

The latter is the field equation mentioned above, and the shell space can be thought of as an intersection,
i.e. as the following pullback in some abstract category:

Fehell — F

_
\[ l&'ﬁ
F—Z L T*F

var °

Here T . F =Ty (V*F ® A9T*M) — F is the bundle of variational densities, not to be confused with
the cotangent bundle of F.

The above formulas and statements are not fully rigorous. Indeed, these results hold in the case where all
the spaces involved are nice smooth manifolds; however, F and Fy,en typically do not belong to SmthMfd.
Considering the simple case of scalar fields over a compact smooth manifold M, i.e. taking FF = M xR, F
is a Fréchet manifold (see Def. 3.1.2) and Fypnen = f~1(0) is generally even more complicated. Moreover,
physically we are usually interested in non-compact spacetime, and in this case F is not even a Fréchet
manifold. Finally, the action principle, as stated in Principle 2.1.1, is not rigorously true (cf. [Blo24,
Ch. 1.3]).

We aim to make sense of the above in terms of “smooth” spaces and maps within an appropriate category.
The following are some requirements that the category of such generalized smooth spaces must satisfy.

1. Smooth manifolds and field-theoretical spaces such as the bundle F, the field space F or the d-
dimensional differential forms Q¢(M) = I'p(A%T*M), should be objects of the category having
therefore a comparable smooth structure.” To encode locality in global terms, the infinite jet
bundle J37 F and its space of sections should also be objects in it (see Ch. 3).

2. The Lagrangian, the integral operation, and therefore the action, should be smooth maps in the
category. For the same reason as above, infinite jet prolongation j*: I (F) — I'pr(J57F) should
be smooth.

®)For simplicity of notation, we are assuming a simple scalar theory, i.e. ¢ € C®(M). Note that the infinite sum and the
functional derivative are used here informally and would require a rigorous definition.

®)Let 7T£F: TF — F be the tangent bundle of a fiber bundle 7r11\7/[: F — M. The vertical subbundle TF > VF =
ker(dnf}), where dnf,: TF — TM, consists of the vectors tangent to the fibers of F.

(M As recalled later, this is one of the advantages in considering the category of all sheaves SmthSet and not only the
concrete ones, i.e. the category DfISp (cf. [Blo24]).
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3. The category must include a notion of smooth path of fields ¢;: R — F, so that compositions
like S o ¢; are smooth in the classical sense.® The infinitesimal variation of the action functional
at ¢ = g should then be rigorously defined via the usual derivative. Consequently, the action
principle should be derived via the former so that

24(S 0 1)lio = j (EL(9), $0), (2.2)

where ¢ = O¢pili—0 € TpF — I'p(VF) defines the infinitesimal variation at ¢ € F as the cor-
responding vertical tangent vector over it. Note that the variation formula (2.2) is only formal
and becomes rigorous once I'j/(F) is interpreted as a smooth set and the integral as a natural
transformation.

4. Finen should inherit a natural smooth subspace structure, i.e. the category should have pullbacks.®

In Section 3.1, we introduce the category of smooth sets and demonstrate that it meets these demands.

Remark 2.1.1. Due to Principle 2.1.1, the dynamics of a theory depends only on the action. Therefore,
any symmetry of the latter leaves the physics unchanged. These symmetries are local (in the sense of
Definition 2.1.2) maps D: F — F such that D*S = S, or such that Do £ = L + dK for some local
map K: F — Q4~1(M). Some symmetries arise from physical principles, such as Lorentz symmetry, but
others are redundancies needed to formulate certain theories, such as Yang—Mills theory. We call the latter
gauge symmetries. In an important class of examples, they are described by the action of a Lie group
G on the space of fields. To be fully rigorous, we should extend Definition 2.1.1 to consider gauge fields,
i.e. connection 1-forms on principal G-bundles (cf. [Ham17]). In this setting, the gauge symmetries are
intrinsically described in the geometry of the principal G-bundle, as they correspond to principal bundle
automorphisms. They form a group and look locally like 6,: M 3 U, — G. For simplicity, we only
consider trivial principal G-bundles, meaning that the approach we are using is only local (perturbative)
for more general gauge theories. This greatly simplifies the definitions and computations. Indeed, consider
a compact Lie group G and the trivial principal G-bundle G x M — M. Then, 1-form connections on it
correspond to Lie algebra valued 1-forms over M

QM)@g=Tu(T*M (M x g)),
falling within Definition 2.1.1. Then the gauge transformations are (cf. [Ham17][Thm. 5.4.2 & Thm. 5.4.4])
A g7 Ag+ g7 g,
where Gauge,, ¢ = C*(M,G) 3 g: M — G. Locally, they take the form
A dga=dya+[A ],

where gauge ), = Tn(M x g) 3a: M — g.

This assumption can be relaxed in the classical setting by considering more general principal G-bundles.
However, to formulate a categorical description of gauge theories and the BV formalism, one should
extend SmthSet to the category of sheaves of groupoids (cf. [GS25a][Ch. 8]), which falls outside the scope
of this thesis (see Rmk. 3.4.2). Therefore, we already restrict ourselves to this simplified local setting.

2.2 Faddeev—Popov, BRST and BV Formalisms

In this section, we recall the path-integral quantization, the problems that arise when the theory exhibits
additional symmetries of the Lagrangian, and three methods to address them. We focus on the finite-
dimensional case as in [Mnel9][Ch. 4]. The rise of anti-commuting fields highlights the need to work in a
super extension of SmthSet. Note that the infinite-dimensional BV classical formalism relies on a rigorous
understanding of the infinite-dimensional Cartan calculus on the space of fields, which is addressed in
Chapter 3.

(8)This assumes that the Cartesian space R™, for all n € N, should also be viewed as a generalized smooth space.
M This is guaranteed for SmthSet since limits exist and are computed objectwise (see Prop. 1.2.1).
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Remark 2.2.1. The three formalisms we are presenting are rigorously defined in the finite-dimensional
case. The discussion is more delicate in the infinite-dimensional case, which is of interest for field-
theoretical applications. In particular, the classical BV formalism relies on the differential calculus on
the space of fields. On top of this, the quantum BV formalism requires a well-defined integration on
the space of fields. The category we introduce in the next chapter allows us to rigorously define the
relevant notions of differential geometry on the space of fields, in particular, the local Cartan calculus
and the relative variational bicomplex. This is enough to attempt a categorical description of the local
BV formalism. As there is no notion of measure on the infinite-dimensional space of fields, we should
make a formal sense of it by the perturbative expansion in the limit & — 0 (cf. [CMS25] and see Eq. (2.6)).
Similarly, the infinite-dimensional classical BRST formalism requires the notion of Cartan calculus on
the space of fields, while the infinite-dimensional Faddeev—Popov method and quantum BRST formalism
rely on a notion of measure on it. For clarity, we specify that the following parts of this section are based
on infinite-dimensional heuristic arguments of differential-geometry or measure theory:

e Equation (2.4), Equation (2.5) and the discussion following Equation (2.6). Indeed, while the latter
rigorously recall the stationary phase formula for the finite-dimensional case, the discussion later
heuristically extends it to the infinite-dimensional case;

e Remark 2.2.2;

e Definition 2.2.1 and Definition 2.2.3, unless F is finite dimensional. Consequently, Remark 2.2.3 is
fully rigorous only when F is finite-dimensional,;

e Definition 2.2.4, Remark 2.2.5, Definition 2.2.5 and following discussion, Definition 2.2.6, Theorem
2.1, Remark 2.2.6 and Definition 2.2.7, unless F is finite dimensional.

Path Integral Quantization

The first axiomatic formulation of quantum mechanics was developed by Dirac (cf. [Dir30]) and von
Neumann (cf. [Von32]) in analogy with classical Hamiltonian mechanics. In [Dir33], Dirac suggested an
alternative Lagrangian approach of quantum theory, later developed by Feynman (cf. [Fey48]) via the
path integral formulation. The idea was to generalize the concept of probability amplitude to a completely
specified trajectory. Consequently, exploiting the superposition of the probability amplitudes, Feynman
described the dynamics of the quantum particle as a sum over the classical paths, each weighted by an
exponential whose imaginary phase was the classical action of that path in units of &, the parameter of
quantization. More specifically, referring to Example 1.4.1, the canonical quantization of the system is
obtained by taking as the space of states the Hilbert space L?(R™) of square integrable functions, and
as observables the operators on it. In particular, the canonical quantization of the classical Hamiltonian
52

is the operator H == —2 A + V and the exponential exp({H) governs the dynamical evolution of the

2m

system. We define the quantum mechanical propagator K(z,y) by

(e410) (@) = [ K. ww
where 1 € L?(R™). This can be represented as a path integral

- #S(a)
K(z,y) fpath[m](w) e#*@Dg, (2.3)

(z,y)

where Dgq is a symbol for the reference measure on Path&o;)l](R"). This approach can also be used to
quantize classical field theories. The idea is to build the partition function of the theory over a fixed
spacetime M as

Z(h) = L e# 5Dy, (2.4)

Here Dy is a symbol for the reference measure on the space of fields F and S is the action of the theory
(see Eq. (2.1)). Then, given a collection of observables Oy,...,0n € C®(F), the expectation value is
given by

1 i
(O1---Op) = ZL (91...0Neﬁ5(so)1)¢, (2.5)
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Unfortunately, the above equations (see Eq. (2.3), Eq. (2.4), and Eq. (2.5)) are ill-defined from a measure-
theoretic point of view (cf. [Maz09]). We can still make sense of the path integral through its perturbative
expansion in formal power series. The latter are asymptotic series in i — 0 whose coefficients are Feynman
diagrams. To understand how this is done, let us consider the finite-dimensional case. Consider a manifold
X without boundary, a fixed volume form px on it, and a function f € C¥(X). The stationary phase
formula (cf. [Mnel9])

J- pxerf@ o Z e (@) det (1" (o)) | =3 T sien(f(#0) (9 p) B (2.6)

X =0 e(zeXTaf (2)=0}

is an asymptotical (A — 0) way of computing the value of the finite-dimensional oscillating integral
on the left-hand side. The idea is that the rapid change in the phase of the integrand when 7 — 0
cancels out all contributions but those around a critical point of f, where the oscillations slow down.
Following Principle 2.1.1, these are the classical solutions of the theory described by the action f. This
is the reason why we can understand the path integral as a way to interpret the semiclassical limit.
The formula can be improved considering corrections in powers of f, given diagrammatically in terms
of Feynman graphs (cf. [Mnel9][Ch. 3]). Then, we define the path integral as such a series in i, which
means that we expand perturbatively in # — 0 around a critical point of f. Crucially, the stationary
phase formula requires critical points to be isolated. This guarantees that the Hessian at a critical point
is non-degenerate. However, if the theory is a gauge theory, there exists a tangential distribution?
G © TX which preserves the action. In the simple case of Remark 2.1.1, this is described by the local
action of gauge, ;, but in more general cases it could be given by Lie algebroid (see Def. 2.2.2) or by
a non-integrable distribution. Then, critical points of f come in G-orbits and therefore they are not
isolated. That is, the Hessian is degenerate along G-orbits. To apply the stationary phase formula in this
case, we must first address this issue. The idea is that, since the gauge symmetry is a redundancy of the
theory, this can be solved by fixing the gauge parameter consistently with the path integral quantization.
Naively, we could think of doing so by working on the quotient /G, but F/G might not be smooth, that
is, a space of sections of a fiber bundle. Faddeev—Popov method, BRST formalism, and BV formalism
are gauge-fixing methods compatible with path-integral quantization for theories with gauge symmetry
respectively given by a Lie group, a Lie algebroid, or a non-integrable distribution. The advantage of the
last is that it subsumes the other two, it can be used in more general cases, and it can be extended to
the case of manifolds with boundaries (cf. [CM20; CMR14; CMR18]).

Faddeev—Popov method

This method was first developed in [FP67] to solve the problem of degeneracy of critical points of the
Yang—Mills action. We recall the finite-dimensional case. Let G be a finite-dimensional compact connected
semisimple Lie group of dimension m acting smoothly and freely™" on a closed oriented smooth n-
manifold X. The action is given by the map v: G x X — X, (g,z) — 74(x). Denote by {T,} the basis
of the Lie algebra g of G, and by v, € X(X) the fundamental vector fields defined by

d
Vg.gp = aLzo(exp(ftTa) -xz), VzelX. (2.7)

)

Note that by definition and by the Lie correspondence theorem, the Lie algebra is also finite-dimensional
and semisimple. Let S € C*(X)“ and px € QF(X)“ be G-invariant, that is, 7¥S = S and v} ux = px
for any g € G. Then, considering p: X — X/G*? it follows that

I :f e ux = Vol(G)f e%gﬂx.
X X/G

Here, S € C*(X/G) and fix € Q"™ (X /G) are defined by

S=p*S and px = p*iix A X

(19 A distribution is a smooth assignment of a vector subspace of the tangent space to each point of the manifold
r — Ay c TpX. It is said to be integrable if, through any point € X, there is an integral manifold, that is, a
submanifold N ¢ X such that T N = A, for any x € N.

ADWe refer to [Kir08; Ham17] for a complete exposition of Lie groups and Lie algebras, in which we assume the reader to
have basic knowledge.

(12) Note that the quotient X /G and the map p are respectively a smooth (n —m)-manifold and a submersion. This is due
to the action being free and proper (cf. [[Ham17][Cor. 3.7.30]), the latter being a consequence of the compactness of the Lie
group (cf. [Ham17][Prop. 3.7.22]).
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where y € Q™(X) satisfies ¢y, , - - - Ly, x = 1 and, when restricted to G-orbits in X, yields the volume form
on the orbits induced by the Haar measure on G.
Let the gauge-fixing function ¢: X — g be smooth and such that:

1. 0 € g is a regular value of ¢, that is, it is not the image of a critical point of ¢;

2. 0= ¢ 1(0) = X intersects every G-orbit transversally exactly N times for some N > 1.0®

Then, using the distributional m-form (™) (¢) == ¢*6p - /\, d¢” supported at o, we get"®

_ Vol(G) £5|g %~ _ Vol(G) 15 s(m) «- . Vol(G) i85k
I'=—5 Le Piiix = — L(e -0 (¢))puxf- N L(e - ¢*op - J) px,

where the latter is taken as a definition of J € C*(X).
Proposition 2.2.1. We can express the coefficient J € C*(X) by the Faddeev—Popov determinant
J(z) = dety(FP(x)),

where FP(x) = dgypodi z7v: g — g, with dy 7y the infinitesimal action of G on X viewed as a derivative
of the group action vy, and the determinant is calculated in the adjoint representation of g. In components,
we have

FP(z)j = (dg(x),vp(x)) = vp(¢7)], -
where the pairing is the dual pairing of T;*X and T, X. This implies that

1= [ et = S [ 0000 dety(FPG) x

A proof can be found in [Mnel9)[Lemma 4.1.2]. Note that the transversality condition is essential to
ensure non-degeneracy of the F'P matrix, which physically means that there is no residual gauge freedom
left.

Then, we introduce auxiliary integration variables A € g*, ¢ € Ilg and ¢ € TIg*, called respectively
Lagrange multiplier variable, ghost, and antighost. By standard Fourier analysis and using the
property of the graded integration recalled in Section 1.3, the following hold

! f cFAB@D gm )
g*

5D(¢(I)) = (27Th)m

h

m
detg(FP(.Z‘)) = (Z) JH( o) (& FP(@)e)qm . . ame,
g9

where the pairing is the dual pairing of g* and g. Using the above, we obtain
; 1
P [ e O
X N@mi)™ Jx xgxri(amg*)
with  Spp(z, A, ¢, ¢) = S(x) + N, é(x)) + (¢, FP(z)c).

et SrPlEAed) e dmN - d™Me - d™e (2.8)

The right-hand side of the latter has isolated critical points. As a consequence, the Hessian of the extended
Faddeev—Popov action Spp is non-degenerate and the stationary phase formula (see Eq. (2.6)) is appli-
cable (cf. [Mnel9][Thm. 4.1.5]). This gives a perturbative solution around a classical field configuration
solving the extended Faddeev—Popov Euler-Lagrange equations

c=¢=0, 0;,5x)+\0:,¢)=0, ¢x)=0.

Remark 2.2.2. In the infinite-dimensional case, the odd variables c, ¢ are sections of a Z)-graded vector
bundle Y — M with purely odd fiber Voqq (see Def. 1.3.18). To simultaneously consider bosonic and
ghost fields in a classical field theory, we should build the composite bundle ) — F — M as in Definition
3.3.3 (cf. [GSMO09]). In this case, the integral should be understood heuristically as an asymptotic series
in h — 0.

(135 can be understood as the image of a local section of the principal bundle p: X — X/G. Thanks to transversality,
every orbit sufficiently close to the base point intersects ¢ in exactly one point. In this sense, ¢ gives a way of gauge fixing,
that is, to locally pick a unique representative of the orbit.

(1Y) We are assuming a consistent orientation for all the intersections, but usually this is not the case. In general, the factor
in the denominator should be the algebraic sum of the number of intersections. Typically, this is less N and often 1.
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BRST formalism

The BRST formalism, which was independently developed in [Tyu75; BRS76], is a cohomological formal-
ism to treat gauge symmetry. Informally, one observes that, after gauge-fixing Yang—Mills theory via the
Faddeev—Popov method, there is an additional symmetry governed by the BRST operator. We can think
of the BRST formalism as a way to deal with both the gauge symmetry and this additional symmetry.

Definition 2.2.1. A classical BRST theory is a tuple (F, @, S) where F is a Z-graded manifold (see
Def. 1.3.16), the BRST operator @ € X(F); is a cohomological vector field (see Def. 1.3.20), and the
action S € C®(F)o is a gauge invariant even function, that is Q(S) = 0.

Starting from the finite-dimensional Faddeev—Popov data, the BRST classical package is given by
(F=Xxg[l], @ =der, SeC?(X)Y),

where deog is the Chevalley-Eilenberg differential of g twisted by C*(X) (see Eq. (2.13)). In local
coordinates (z°,c%) € X x g[1], we can write

Q= % D7 fact e —Zc (2.9)

a,b,c

where Y, f&,T. = [T,,T}] is the structure constant of g. Since degz(z') = 0 and degz(c®) = 1, it follows
that degz(Q) = 1. Note that S has degree 0 as it is zero along ¢® and Q(S) = 0 is equivalent to gauge
invariance of the action 7S = S. Indeed, using the definition of fundamental vector fields v, (see
Eq. (2.7)), the latter can be expressed in terms of local action as v,(S) = 0. The last thing to check is
that @2 = 0. To see this, let us recast the latter discussion in terms of a Lie algebroid.

Definition 2.2.2. A Lie algebroid is a vector bundle £ — M with an R-bilinear skew-symmetric map
[ —1: Tu(E) x Ty (E) — Py (B),

satisfying the Jacobi identity. Additionally, the vector bundle is endowed with a bundle map p: £ — T'M
over M, called anchor map, such that for all a, 8 € Ty (E), f € C®(M), the following holds

lo, f-B] = [ [, B] + p(a)(f) - B. (2.10)
This equation implies that the anchor map descends to a Lie algebra morphism p: I'y (E) — X(M), i.e.

p(lev, Bl) = [p(@), p(B)]. (2.11)
Indeed, for all o, 8,6 € T (E), f e C®(M), Jacobi identity and Equation (2.10) imply
flle, B1,6] + p(la, BD(F)6 = [[ev, B, 6] = [ev, [B, f6]] = [B, [, f0]] = [, f[B,6] + p(B)(f)d]+

(
=8 fle 8] + p(@)(£)8] = Fla, [8, 6]] + plofcfHB 3T + plBUA 3] + p() (p(B)(f))d+
— f18; [ev, 0]] = plBUFHE T — pladfHB0] — p(B) (p() ()6 = fllev, B1, 6] + [p(), p(B)](f)S-

Let us consider M = X, F = g x X, the Lie bracket of section defined as

[, B](2) = [a(), B(2)]g + pla(@))(B)(z) — p(B(x))(a)(x), (2.12)

where the anchor map is given by p == d; _v: £ = gx X — TX. This defines the action Lie algebroid.
The bracket is clearly bilinear and skew-symmetric. Moreover, using the definition of p and the fact that
the Lie brackets on g and X(X) satisfy the Jacobi identity, it is possible to show that the whole bracket
satisfies it. Finally, using the linearity of p in g and the Leibniz rule for the regular derivation induced
by p, we get for all x € X

l, f- Bl(2) = [a(@), f(z) - ﬂ( )] +p(a(@))(fB)(x) = p(f(z)B(x))(a)(x) =
= f(=z ( +pla(z ))(ﬁ)(w)—p(ﬁ(x))(a)(w)) +pla(@))(f)(x) - B(z) =
=f e ,ﬁ]ﬂ)( )(f)-ﬁ](x).
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Consider the corresponding Z»-graded manifold IIE >~ E[1] = X x g[1] defined by the Zs-graded algebra

of functions .
= N\ ¢ ®C*(X). (2.13)

On it, we can define a cohomological vector field that corresponds in local coordinates to Equation (2.9).
By doing so, we construct the Chevalley-Eilenberg complex (C*(E[1]), Q) of g with coefficients in the
module C®(X), where the module structure is given by T, ® f — v,(f). It is possible to see that Q2 = 0
is equivalent to the Jacobi identity for the Lie algebroid bracket (see Eq. (2.12)) and the fact that the
anchor map descends to a Lie algebra morphism (see Eq. (2.11)). Indeed, we get

QQ(CC>—Q<Z Factd) = % Gfalficed - e == ¥ Sfficed <0

a,b abde abde
@) - ( See)) = 3 i)~ 3 i -
7,a,d a,d,e

([va, ve]" () = vy e () = 0.

In the last step of the first equation, we anti-symmetrized in d, e, b obtaining the Jacobi identity at the
level of structure constants . (f5, fo. + fi.f&% + fS.fiy) = 0. In the second-to-last step of the second
equation, we anti-symmetrized in d, a and we used linearity of p in g to get

de,e] (1‘) ([Td7 7 Zfdep Taa I Zf:ilevtiz(x)

We concluded noticing that what we obtained is nothing more than Equation (2.11) in components.

Definition 2.2.3. A quantum BRST theory is a classical BRST theory (F,Q, S) with a Berezinian
@ on F such that

div,@ = 0.
Remark 2.2.3. The latter definition is rigorous if F is finite-dimensional, for which we can make proper
sense of the Berezinian. In this case, a direct consequence of Definition 1.3.24 is that

f QU )n =0, (2.14)
F

for any f e C®(F) compactly supported or such that it rapidly decays at infinity, which means that the
boundary contribution to the integral vanishes at infinity. We are interested in integrals of the form SF fu
where f € C®(F) is a gauge invariant function, i.e. Q(f) = 0. Such functions are also called Q-cocycles.
By Equation (2.14), the integral S]_. fu is invariant under shifts of the integrand by a Q-coboundary
Q(g), with g € C®(F). Then, the BRST integral is a map from the cohomology classes of @ to the
real or complex field

{f € C*(FQ) = 0} .
(7€ CP(FlQM) = J. g€ C(Fli)

for any k € Z. As a consequence, the partition function can be written as

Z:J e%suzf 5+,
F F

for some ¥ € C*(F)_;. Indeed, the difference of the two integrands is Q-exact

L s HE(C®(F)) = (or C), (2.15)

. . 0 RAN ) . QIR _ oo eQ@UBE)
i i i ' Q 3 i U, € n 1 igiP e~ h 1
ﬁ(SJrQ(\P)) ehS:eﬁSQ(%) E menSQ(l )Q(ehSZ > )

n=1
In the last equality, we used Q(S) = 0 and @* = 0. Observables"® in this formalism are Q-cocycles

O € C*®(F), as this ensures the integrand of Equation (2.5) to be a Q-cocycle.*® 1In the infinite-
dimensional case, one has to make sense of it via functional integral measure or via the stationary phase

(15)Observables are usually Q-cocycles of ghost degree 0. However, we could define observables as combinations of Q-
cocycles of non-null ghost degree such that the total ghost degree is 0. Examples of this are the surface observables in BF
theory (cf. [Cat97]).

(16) Multiplication of Q-cocycles is a Q-cocycle by Leibniz rule and induction.
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formula. In the latter case, one has to first take care of the degeneracy of the Hessian of S due to the
gauge symmetry. A good gauge-fixing is a choice of ¥, called gauge fixing fermion, so that the critical
points of S + Q(¥) are isolated. By Equation (2.14), the result is independent of this choice.

Let us consider the Faddeev—Popov data as above. The space of fields F = X x g[1] does not have a
non-zero element of degree —1 that could be taken as a gauge-fixing fermion. Furthermore, since S is
null along g[1], the would-be partition function

7 = J etSpuxd™e
F
is identically null. The solution is to consider the following system

(]:tot =F x ]:au)u Qtot = Q + Qau)ﬂ Se OOO(X)G7 M= ux d™c- ,U/aux) 3

where Foux = g*[—1] ® g% 3 (Ca, Aa)s Qaux = 2, Aale,, and plaux == d¢-d™\. Note that

2 _ 0
1. Qf,; = 0 since

Qi (2") = Q*(2") =0, QF(c") =Q*(c") =0
ngt(érﬁ = QO‘a) + QauX()‘a) =0 ngt@‘a) =0

2. Se C®(F)o and Qior(S) = Q(S) = 0 as above.

3. Tt is possible to check in coordinates (cf. [Mnel9][Sec. 4.2.6]) that
div,, Qror = > (2 2, — div,, (va)) -0
a b

since the two terms vanish independently. Indeed, px is G-invariant and thus fundamental vector
fields v, are divergence free w.r.t. it,"” and Y, fb, = try[Ty, —] vanishes since the Lie group G is
compact and connected.*®

4. Due to freeness"? of the G-action on X, the BRST cohomology Hg, =~ = H¢ (see Eq. (2.15)) is
concentrated in degree zero, with HY =~ C*(X)Y = C*(X/G). In this sense, we may say that
the BRST theory we just defined is a cohomological resolution of the quotient X /G. This can be
understood in the setting of equivariant cohomology (cf. [GS99; Tu20; Kal93]). Indeed, when the
G-action is free, the G-equivariant cohomology of X corresponds to the de Rham cohomology of
G-invariant forms (cf. [Tu20][Cor. 9.6]) on X. We now show this more explicitly, referring to [BT82;
Hat02] for a proper discussion of what follows.

To show that Hg, =~ = H¢), or equivalently that C*(Fiot), Qior and C*(F), Q are quasi-isomorphic,
we would like to show that the auxiliary part has no contribution.

(a) First, we show that C®(Fyuz), Qaus has the cohomology of a point,*” that is
HY. (C*(Faux)) =R and Hf  (C*(Faux)) =0, Vk#0.

In other words, we want to show that functions in C™(F,ux) contract to constants, which are
functions on a point. Using the Einstein summation convention, we write any function as
g (A)

C?(Faux) 3 f(\,€) = =———>€, -6, with n<m,
n:

(17 The divergence div,(v) measure how the flow by v locally changes volume, as measured using .

(18)The fact that the Lie group G is compact implies that G is unimodular (cf. [Kna05][Prop. 6.15]). G is unimodular,
i.e. its left and right Haar measures agree, if and only if |det(Ad(g))| = 1 for all g € G (cf. [Dow23]). If G is connected,
this condition needs only to be checked locally around the identity element of G and without absolute value. The fact that
det(Ad(g)) = 1 is constant near the identity is equivalent to ask tr(ad) = 0 at the level of Lie algebra g.

(19)Note that freeness ensures both the smoothness of X /G (see ft. (12), p. 35) and that the cohomology is concentrated in
degree zero. For example, consider the case of a Lie algebra acting trivially on a point. The latter is an extreme case of
non-freeness. Then, the cohomology of Q = %Zmb’c fgbc“cbagc is the Lie algebra cohomology of g with coefficients in the
trivial module, which is generally nontrivial (cf. [HS71][Ch. VII]).

(20)This point can be understood as a particular extension of the algebraic proof of the Poincaré Lemma [Cat18][Lemma
9.33], where instead of the exponential in the integral we use an appropriate power of the integral variable.
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where g'tn € C®(g*) are fully antisymmetric in the indices. Then, define

1 il‘..in t)\ 1 I t)\
h(f) = t”&t,\agi()dtéaéil c G, = t”&tAa Md CqCr,
0 n' n'

0
where I = (iy,...,14,) is the usual multi-index. This defines a map of degree —1. Then,
1 I biz...i
0 tA 2t ()
(Qauxh + hQaux) (f) = Q q t”t/\“i'()dtcaq) +h (ngn'()/\bciz c) =
o ! !
1 I 1 I
[ O8O gy o [ 08 N e )1
0 n! 0 n!
1 big...ip 1 aig...in
+J nt"_lat)‘“g—'wt)\bdtéaéiz G, +j nt”—lwdtéaéiZ gy, =
0 n. 0 n.
1 I I I =
:J d (tng (M))dtél _ [9 N i (tA)]EI _ 1o >0
o dt n! n! t—0 n! f(A€) — f(0,e), n=0

where we used n\yC;, - - - &, = Q(¢r) and the fundamental theorem of calculus. Therefore,
Qauxh + hQaux =id — ,

where w(f(\,¢)) = £(0,0) is the projection into constant part in A and ¢. Consequently, for
n > 1, any closed (Qauxf = 0) function f € C®(Faux)—n is also exact

f= (Qauxh + hQauX) (f) = Qauxh(f)a h(f) € Coo(faUX)f(n+1)-

Since this algebra is only negatively graded, this means that H(%a"x(COo (Faux)) =0, Vk #0.

All the cohomology is concentrated in n = 0. In particular, any closed function f € C®(Faux)o
is cohomologically characterized by its constant part

f = (Qauxh + hQaux + 7T> (f) = Qauxh(f) + f(07 0)

This means that the cohomological class of f is characterized by f(0,0) € R, as their difference
is exact. That is, Hg)a‘ (C®(Faux)) = R.

We want to extend this to show that functions C®(Fit) contracts to functions on the original
space of fields C*(F). To do this, define

H(f®g) = (-1)" %= f @ h(g)

for any f ® g € C®(Fiot) = CP(F) ® C®(Faux) of homogeneous degree deg,(f ® g)
degy(f) + degz(g). On it, the cohomological vector field acts as Qiot(f ® g9) = Q(f) ® g
(_1)d6g7‘(f)f®Qaux(g)~ Then,
(QeotH + HQrot) (f ® 9) = Quot (1)~ = f @ h(9)) + H(Q(f) ® g+
+ (=1)* = f @ Quux(9)) = (-1)7*=DQ(f) ® h(g) + f @ Qauxh(9)+
+ (=1)” *E=DHQ(f) @ h(g) + f © hQaux(9) = f ® (9 — 79) = [ ®¢(0,0).

+ |l

That is,
QtotH + HQtot = ld — idcoo(]:) ® .

In other words, the cohomological classes are defined by functions on the original space of
fields C*(F). Indeed, for any closed f ® g € C®(Fiot), we have

f®g— (deer) @m)(f®9) = Qo H(f ® g)-
Therefore, f ® g ~ (idc= 7)) @) (f ®g) ~ f®9(0,0) ~ g(0,0)f ®1. So H), == H},.

To show Hg >~ C°(X)% =~ C°(X/G), first notice that the second relation is automatically true
using p*: C°(X/G) — C®(X)% as isomorphism. To characterize HP, remember that, as argued
for the action S, for any zero degree function F' € C*(F), that is constant along c¢®, closeness
Q(F) = 0 is equivalent to G-invariance 73 F = F. Indeed, using the definition of fundamental
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vector fields v, (see Eq. (2.7)), the latter can be expressed in terms of local action as v, (F) = 0.
As C™(F) is positively graded there is no function such that Q(g) = f.

Finally, Hg(COO(}')) =0, Vk # 0 is true for any k < 0 as this algebra is positively graded. For
k > 0, we should repeat the steps of point (a) above with an appropriate h. Alternatively, we
could use the local triviality of X over X /G, given by freeness, and locally repeat the steps of point
(a) only along the orbits. Then, to conclude, this should be trivially extended in the considered
local patch of X /G. More generally, since the Lie algebra is finite-dimensional and semisimple, one
could use Whitehead’s theorem [AT95][Thm. 6.6.1]. Indeed, we are working over R or C, which are
fields of characteristic zero. Furthermore, we can split the g-module C*(X) as a sum of finite-
dimensional irreducible representations of g. This carries with it a direct decomposition of the
cohomology groups, to each of which we can apply the theorem if the representation is non-trivial.
Thinking of X as a G-bundle over X /G, thanks to the freeness of the action, we can locally write
C*(X) = C*(X/G) x C*(G). Then, we use the Peter-Weyl theorem®" to decompose C*(G) into
a sum of finite-dimensional irreducible representations of g. Notice that the trivial representation
appears once, corresponding to constant functions, while all other irreducibles are nontrivial and
hence acyclic by Whitehead. Gluing this together, one gets that globally

H) = C*(X/G) and H{" 0.

Then the integral
I= J iS5y = f eH(5+Quar(W2)) (2.16)
]:tot ]:tot

with Uy = (¢, ¢(x)) € CP(Fior)—1 0 that Quot(¥y) = A, ¢(z)) + (¢, FP(x)c), giving exactly Equa-
tion (2.8) up to a constant factor. Thanks to Equation (2.14), the result is invariant under change of the
gauge fixing fermion or of gauge fixing function ¢: X — g.

Remark 2.2.4. The above can be cast in terms of the infinitesimal gauge symmetry described by the
integrable distribution im(d; _vy) < TX of the anchor map of the action Lie algebroid g x X — X (see
around Eq. (2.12)). The BRST formalism allows us to treat gauge theories whose symmetries are described
by more general integrable distributions associated to certain Lie algebroids (cf. [Mnel9][Rmk. 4.3.7]).
In this sense, it subsumes the Faddeev—Popov method for gauge theories with symmetry groups given by
Lie groups, while also extending the formalism to a broader class of symmetries encoded by integrable
Lie algebroids. To consider even more complicated symmetries given by non-integrable distributions, we
have to resort to the BV formalism.

BV formalism

In [BV81; BV&3], Batalin and Vilkovisky developed a more general construction compatible with path-
integral quantization of gauge theories with local symmetry given by a non-integrable distribution. Clas-
sically, this amounts to finding a suitable odd-symplectic extension of the classical gauge theory by ghosts,
antifields, and antighosts. The gauge symmetry is given via a cohomological Hamiltonian vector field of
the proper extended action as in the BRST formalism, while the gauge fixing is described as a choice of
Lagrangian submanifold of the extended space of fields.®?

Definition 2.2.4. A classical BV theory is a tuple (F,w,S) where F is a Z-graded manifold (see
Def. 1.3.16), w € Q%(F)_; is an odd-symplectic form (see Def. 1.4.7) and the BV action S € C®(F)y is
an even function satisfying the classical master equation (CME)

{Sa S}w = 0, (217)

where the bracket is defined as in Equation (1.4.8) with respect to w.

(2UThis theorem gives a decomposition of L?(G) into a sum of finite-dimensional irreducible representations of g
(cf. [Kna&6][Thm. 1.12]). Assuming rapid-decay condition, one can also show it for C®°(G).

(22) This setting can be extended to a cohomological symplectic formalism (BV-BFV) that allows treating gauge theories on
spacetime manifolds with boundaries [CMR14]. Its quantum version [CMR18] is a powerful tool, compatible with cutting
and gluing, to quantize such gauge theories perturbatively.
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Remark 2.2.5.

1. The Hamiltonian vector field generated by S
Q = XS = {S,—}w € X(]:)l

squares to zero as a consequence of CME (see Prop. 1.4.3). We call it the BRST operator.
Moreover, Low = 0 follows from tqw = dS.

2. Equivalently (see Prop. 1.4.3), we can define a BV theory as a tuple (F,w,S,Q) where F is a
Z-graded manifold, w € Q%(F)_; is an odd-symplectic form, S € C*(F)y and Q € X(F); such that

ow=dS and [Q,Q] =0,
where the latter is the Lie bracket in X(F) (see Eq. (1.13)).

3. Using the odd-symplectic structure of F and the definition of @, it is possible to show in local
coordinates that the zero locus of @ is the critical locus of the BV action S. We speak of BV
extension (F,w,S) of a classical theory (Fe,Sc1) when F is the non @Q-exact ghost number zero
part of F and Sq = S|z,. Q-exact fields must be quotiented out, as they can only arise as
auxiliary fields and therefore do not correspond to physical fields in the BV/BRST formalism. To
understand this, see Theorem 2.1 (Equation (2.14)), and its role in defining physical BV (BRST)
classical observables (h — 0). Then Hg = C*({6Sa = 0}) corresponds to functions on the zero
locus of the classical action S¢®®. This means that {Q = 0} n Fg is the critical locus of S, that
is, the space of fields solving the Euler—Lagrange equations.

4. In the infinite-dimensional case, asking w to be non-degenerate is too restrictive. In general, it
is enough to ask for it to be a weakly-symplectic form (see Def. 1.4.7). This only ensures the
uniqueness of the Hamiltonian vector field, but not its existence. Therefore, the existence of the
cohomological vector field @ should be regarded as additional global data of the BV theory, and
the first condition in point 2. should be imposed to ensure that ) is the Hamiltonian vector field
for S. For the application we are presenting in Section 3.4, weak non-degeneracy alone does not
guarantee the existence of a Hamiltonian vector field for S, and therefore its existence is imposed
as additional global data (see Def. 3.4.1).

5. The Hamiltonian counterpart of this formalism, called the BFV formalism (cf. [BF83]), is given
considering w € Q2(F)o, S € C°(F);. Note that the space of fields is not the same as for BV.

Geometrically, the classical critical locus of a Lagrangian field theory is the zero locus of the variational
differential of the action functional (see Principle 2.1.1). For Lagrangian gauge field theories, this locus
is typically singular, and the BV formalism replaces it with a derived critical locus. To encode gauge
data, one considers the extended space of fields F that also include ghosts. Antifields then arise naturally
as coordinates on the shifted cotangent bundle of the latter T*[—1]F, and encode the equations of
motion together with their higher relations, including the Noether identities. More explicitly, considering
the initial Faddeev—Popov data, we can construct one of the two BRST systems described above and
further obtain their BV extensions as follows. Given a BRST system (Fgrst, @BRST, SBRST), this entails
considering

(J:BV = T*[—-1]FgrsT, wBv, SBv = p*Sprst + C};;?T) .

Here, wgy is the standard symplectic structure of the cotangent bundle and p: Fgy — Fprst is the
projection to the base of the cotangent bundle. Finally, Qggrst is the lifting of Qgrst from the base
of the cotangent bundle to a function on the total space which is linear in the fibers. In local Darboux
coordinates of fields and antifields (%, ¢t ) € T*[—1]FprsT, We get

wpv = Zd@a A dpg
[

Spv(p, ") = SprsT(p) + Z@gQ%RSTa (2.18)

(23)Note that this is only an heuristic identification in the regular case. Strictly speaking, one usually obtains functions on
the derived critical locus modulo gauge equivalence. Identifying this with ordinary functions on the Euler—Lagrange locus
requires additional regularity assumptions and absence of residual gauge phenomena.
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where Q%rsr = Loprsr@®. By definition, the above have the right grades. Moreover, Q4rqr = 0 and
QprsT(SBRST) = 0 imply the CME. Indeed, working in local Darboux coordinates, we get

(v, S0 )omy =2 28 (5502, (Sv) = 2( 32 (Sansr) Qe ()4 (219)

+ Z 03 0p QBRST( ))Q%RST(SO)) = 2QBrsT(SBRST) + ; ¢ QsrsT, Qsrst]’ (9) = 0.

The Hamiltonian vector field of Sgv, i.e. the BRST operator, has the form

— cot.lift
Qpv = XP*SBRST + QBRST >

where the second is the cotangent lift of QgrsT on the base of the cotangent bundle to a vector field on
the total space.®" In coordinates, we get

QBV*Za (SBRST($))0,+ +

s

T+ B 20 @0

To understand the quantum version, let us introduce the following definition and result.

Definition 2.2.5. Let (M,w) be an odd-symplectic Zo-graded (m|m)-manifold.*> A Berezinian p €
BER(M) (see Def. 1.3.23) is compatible with w if there exists an atlas of Darboux charts (z%,&;) on
M such that locally p = d™xd™¢ in all charts of the atlas, called special Darboux charts. Given
(M, w, 1) an odd-symplectic manifold with a compatible Berezinian, we define the Batalin—Vilkovisky
Laplacian as the odd second-order operator A, : C*(M) — C®(M) given by

Au(f) = gdiv(Xy)

The BV Laplacian squares to zero. Indeed, in local special Darboux coordinates, we get the following

AH:Zaﬂa& — AZ= Z%ax,aga@_o

,J

The latter expression is zero, since the summand changes sign under i < j, making the sum over i, j
vanish. In both the Zs-graded and Z-graded case (in which deg,(w) = —1) the BV Laplacian has degree
+1. The graded Poisson bracket with respect to w can be understood as the failure of the BV Laplacian
to be a derivative. Indeed, for all homogeneous f, g € C*(M), the following holds

deg, f de
Au(fg) = (Auf)g + (~D) P f(A,9) + (-1 D1 g},
as can be checked in local coordinates.

Definition 2.2.6. Consider an odd-symplectic manifold with a compatible Berezinian (M, w, ), a ho-
mogeneous function f € CP (M) and an odd function ¥ € C*(M) depending only on x-variables of a
local special Darboux chart (z%,¢;), called gauge-fixing fermion. Let us choose the Lagrangian sub-
manifold Lg < IIT*R™ defined by &; = 0,: ¥, which is projectable onto the space of the x-variables.®
Then the BV integration map®?” is defined by

L\p /= Jf §i=0

The following theorem is the main result of Batalin and Vilkovisky, which guarantees the independence
of the physical observables from the gauge fixing.

(et (M,w) be a symplectic manifold. The cotangent lift of a vector field v € X(M) is the unique vector field
vy € X(T*M) whose flow is the lift (cf. [Sil01][Sec. 2.4]) of the flow of v.

(9)If it is Z-graded, we consider only the underlying Zs-graded structure.

oLy isa prOJectable Lagrangian submanifold since it is the graph of d¥ over the z-space. Then, dim Lg = } dim [IT*R™,
Wean|Lg xLg = 2. 0 y i Ogi (¥)dz? Adad = 0, and Ly is projectable, that is, the projection (z, ) — z restricts to a bijection
when projecting Ly . Note that implicitly we are using Schwarz Theorem (see Thm. 1.1).

(M) To describe this globally, we should work with half-densities (cf. [Mne19][Sec. 4.6.2]).

43



2.2. FADDEEV-POPOV, BRST AND BV FORMALISMS

Theorem 2.1. The following holds:

1. If f = A,g, then Sﬁ\p f =0, for every U such that the integral is defined.

2. If A f =0, then % Sﬁ\p f =0, where {¥;} is a continuous family of gauge fixing fermions, such
that the integral is defined for every t.

A proof can be found in [CM20][Thm. 5.0.1] or [Mnel9][Thm. 4.4.12].

Remark 2.2.6. The above theorem indeed allows us to speak of gauge independence. To see this,
consider a continuous family {¥;} of gauge fixing fermions, let Ly, = R™™ < HT*R™™ such that
Sﬁ% f does not converge for f a given A-cocycle (Af = 0). Assume S\I}t f converges for all ¢ # 0 in a
neighborhood of 0. Then we define

| =] s

l:\po ‘C‘I’t

for some ¢ in this pointed neighborhood. The choice of Lagrangian submanifolds is equivalent to gauge-
fixing, and the integral above is independent of such a choice by Theorem 2.1. When f = e#° for some
even function S, the integral above becomes some partition function (see Eq. (2.4)). In order to apply
the stationary phase formula, we use the above as a gauge-fixing procedure to solve a potential Hessian
degeneracy arising from gauge freedom. Note that, using the Taylor expansion of the exponential, we get

7

. 2
, 1 ,
0=A,f= %AuSeﬁs + (h) §{S,S}weﬁ5. (2.20)

BV-observables O € C*(M) are dg-cocycles, with dg = {S,—}, — thA,. The latter condition is
equivalent to asking for the observable to be gauge-invariant, as it implies Au(eﬁs 0) =0.

Definition 2.2.7. A quantum BV theory is a tuple (F,w,u,S) where F is a Z-graded manifold,
w € Q%(F)_1 is an odd-symplectic form, p € BER(F) is a Berezinian compatible with w (see Def. 2.2.5)
and the BV action S € C*(F)y, that can be expanded as power series in —ifi, satisfies the quantum
master equation (QME)

1 ;
5{5, Sty —ihA,S =0 — A,erS=0. (2.21)
The bracket is defined as in Equation (1.4.8) with respect to w.®®

The latter definition is rigorous if F is finite-dimensional, for which we can make proper sense of the
Berezinian.

Given the initial finite-dimensional Faddeev-Popov data, let us consider the quantum BRST system as
above

(Frot = F X Fauxs  Qtot = Q + Qaux, S€CP(X)®, p=px-d"c-d™e-d™N).
We can build the classical BV extension following the general procedure described above. In particular,
Ty = T*[=1]Fror = T*[-1]X x g[1] x g*[-2] x g*[-1] x g x g* x g[~1]
with local special Darboux coordinates ~ Fgy 3 (¢, zf, el ea, et A, ATY),
wpy = > da’ Adaf + Y 1de Adef + ) deg A deT + ) dAg A AT,
i a a a
Spv = S(z) + gcavfl(x)xj + ;QZMC foclccer + ; Aacte.

The BV action contains the classical action as a term independent of antifields, and the gauge data,
i.e. the local gauge transformations on classical fields and the algebra of gauge transformations, as terms

(28)The QME comes from Equation (2.20). Moreover, we can expand the BV action as S = So + (—ih)S1 + (—ih)2S2 + . . ..
So is the classical action of the original classical BV theory, and it satisfies the CME {So, So} = 0. The QME can be
understood as an order-by-order (in /) condition on the quantum action: quantization then equates to finding the quantum
action expansion terms satisfying such conditions. For a more detailed discussion, we refer to [Mnel9; CMS25].
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linear in antifields. Higher terms in antifields would arise in the case we consider a non-integrable gauge
symmetry. Furthermore, {Qpy = 0} n X is precisely the critical locus of S. To see this, we need to build
the quantum BV theory. To this end, consider the compatible Berezinian

ppy = d"z-d"zt -d™c-d™ct -d™e-d™et - d™A-dMAT.

Note that Spy is independent of A, so the QME splits into CME, which holds as in Equation (2.19),
and A,,, Sy = 0, which follows from the definitions of A,, Qv and div,@prst = 0, as can be
checked in local coordinates. The gauge-fixing is given by the choice of the Lagrangian submanifold
Ly = graph(d¥) < Fpy for some ¥ € C®(Fior)—1. Choosing Uy = (¢, ¢(z)) as in the BRST case, locally
corresponds to imposing the following

x,c, \, ¢ are free

at = —(ds0)" ()

Ly: <ct =0
AT =0
¢t = ¢().

This yields exactly the right hand side of Equation (2.16), or of Equation (2.8) up to a constant factor,

j eiSBY :J e%(S(sza,babFP};(x)cuza ,\a¢(z)a)ﬂzf eH(5+Quor(¥9))
‘C\Il ]:tot ]:t

ot

The above integral is independent of the BV gauge-fixing (see Thm. 2.1), which, in this case, is equivalent
to the BRST or Faddeev—Popov gauge-fixing. Finally, we can write

- 1

QBv =Zaw-s*(a;)a%+ - Zcbug(x)azi +35 D fic O + D Nale, +

g i,b a,b,c a

+ Z :c;rcbﬁzwi(x)&mj - Exjvg(x)ac; + Z cjf{fcccﬁcg + ZEH’&)\H.

75t,b J,a a,b,c b

Therefore, {Qpyv = 0} N X = {dS = 0} as expected. In particular, restricting to the ghost number zero
in this case is not enough, since also A and ¢* have ghost number zero. However, they are Qpy-exact as
QBV(EU,) = )\, and QB\/()\J'_CL) =¢te,
For more general theories whose local gauge symmetry is given as a non-integrable distribution on the
space of classical fields, it is possible to extend the above to construct a BV classical and quantum
extension of the theory. We refer to [Mnel9][Sec. 4.8.4] for a discussion of how to approach this in a
general but simplified case.

Remark 2.2.7. In what follows, we only focus on classical infinite-dimensional BV theories, in particular
AKSZ theories. Indeed, the category of super thickened smooth sets allows us to locally mimic the finite-
dimensional case via the differential-geometry of the space of fields. However, this category does not
provide a notion of measure on the latter, preventing us from mimicking the finite-dimensional approach
to quantization, which we introduced in this chapter only for completeness. We do not discuss the
infinite-dimensional case of the Faddeev—Popov method or the quantum BRST formalism, since they
would also require a theory of integration on the infinite-dimensional space of fields. Also, we do not
describe infinite-dimensional classical BRST theories, since they can always be formulated as BV theories.

2.3 AKSZ Formalism and BF Theory

In this section, we show how the AKSZ formalism (cf. [Ale+97]) provides a systematic construction of
a solution of the classical master equation on the mapping space between two Z,)-graded manifolds
endowed with appropriate supergeometric data. As an example, we present (non)-abelian BF' theory.

Remark 2.3.1. As discussed in Remark 2.2.1 and Remark 2.2.7, the infinite-dimensional classical BV
formalism relies on a rigorous understanding of the Cartan calculus on the infinite-dimensional space
of fields, which is addressed in Chapter 3. The AKSZ formalism, which constructs a BV theory on a
mapping space between supermanifolds equipped with additional geometric structures (see Thm. 2.1),
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2.3. AKSZ FORMALISM AND BF THEORY

likewise relies on a notion of Cartan calculus on this infinite-dimensional mapping space. In this section
(see Def. 2.3.2) Thm. 2.1, and following discussion), we proceed as if such a notion were given. More
concretely, we do the usual graded Cartan calculus manipulations on the infinite-dimensional AKSZ space
of fields, i.e. a suitable mapping space, as if it were finite-dimensional.*® Assuming the target is a graded
vector space, we rigorously define this in Chapter 3 (see Rmk. 3.4.3). Note also that Definition 2.3.1 and
the following discussion rely on infinite-dimensional heuristic arguments that will be understood within
sThSmthSet (see Ex. 3.3.1 and proof of Prop. 3.3.2) Therefore, the infinite-dimensional constructions are
formal until Chapter 3 provides the right categorical framework.

Definition 2.3.1. Consider two Z)-graded manifolds M, N and the set of Z)-graded algebra mor-
phisms C*(N) — (M) denoted by Mor(M, N) = Homgz,,, smenmia (M, N) (see Def. 1.3.1). Informally,
the mapping space Map(M, N) is the extension of Mor(M, ) that includes non-zero graded maps.©®
More formally, the category of Z)-graded manifolds admits a monoidal structure given by the prod-
uct as in [Vys22][Ch. 3.6].%V Then, we can define®® Map(M,N) as the (usually infinite-dimensional)
Z2)-graded manifold such that

Mor(W x M, N) = Mor(W, Map(M, N)).

Note that Mor(M,N) is naturally identified with the degree zero submanifold of Map(M, N). If N is a
Z2y-graded vector space, then

Map(M,N) = CP(M)QN. (2.22)

As discussed in [CFO1; CS11], we can lift geometric structures from M and N to Map(M,N). In
particular, the groups of invertible maps Diff (M) and Diff (M) act on the mapping space by left and right
composition, respectively. Furthermore, these two actions commute. Differentiation yields commuting
infinitesimal left and right actions of X(M) and X(N), respectively, on X(Map(M,N)). This allows us
to lift vector fields as the image of such actions. More explicitly, recalling that for any f € Map(M,N)
the tangent space is TrMap(M,N) = Ty (f*TN),*® we get for all D € X(M) and P € X(N)

Df(2) = duuf(a)(Ds) and P} (a) = P(f(2))

with DUt QUft] = 0, degy,, (D) = degy,, (D'ft) and degy, (P) = degy,,, (P,

Before introducing the notion of AKSZ theory, we remark that the entire section is written within the
classical BV/AKSZ framework. The derived-geometric approach is not required for this discussion, even
though it provides a modern interpretation of the constructions above and below.

Definition 2.3.2. An AKSZ theory in d-dimensions is a tuple (M, N, Qn, war, anr, Oar) where the
source M is a closed (compact without boundaries) smooth oriented d-manifold and the target N
is a finite-dimensional Z)-graded manifold. The latter is endowed with a cohomological vector field
Qn € X(N); (see Def. 1.3.20), a symplectic form wpy € Q2(N)4_1 of total degree®® d+1 (see Def. 1.4.7)
such that wy = dyap, with an € Q1 (N)g_1 of total degree d, and a Hamiltonian ©r € C*(N)4 of total
degree d that generates Qs as its associated Hamiltonian vector field and such that {©xr, Opr}w, = 0.6

Then, consider the following mapping space as the AKSZ space of fields
F == Map(T[1]M,N).

If Visa Z2)-graded vector space, using Equation (2.22) we get N -valued differential forms

F = Map(T[1]M,N) =~ C*(T[1]M) @ N = Q°* (M, N) = FM(/\' T*M ® (M x N)). (2.23)

(29)Note that the Cartan calculus on the base and on the target is well defined, as they are both assumed to be finite
dimensional.

(391t is necessary to work with the full mapping space, not just the set of morphisms, because the mapping space naturally
inherits a graded structure. In contrast, the set of morphisms captures only degree-zero maps and thus does not contain
the higher-degree fields needed in the BV formalism.

(31)This can be equivalently given as a coproduct of locally ringed spaces.

(32)The mapping space is the right adjoint functor to the Cartesian product of graded manifolds, here given on objects.

(33)We can interpret this as follows: for each m € M the infinitesimal variation of f(z) is given by v(m) € Ty (;,)N. This
assignment should be smooth in m so that the infinitesimal variation of f is given by v € T\ (f*TN).

(3Y)We consider the total degree as in Remark 1.3.6.

(3%)Due to arbitrariness of d, we cannot use Proposition 1.4.3. The latter holds if d # —1.
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2.3. AKSZ FORMALISM AND BF THEORY

Fields are elements of the AKSZ space of fields. Locally, they can be viewed as differential forms on the
source manifold taking values in the graded vector space on which the target graded manifold is locally
modeled. Consider the evaluation map ev: T[1|M x F — N which, given a point (u,6) € T[1]M and
a field ¢ € F, assigns the value of ¢ at z, i.e. ev(z,p) = ¢(z) € N. Let mo: T[1]M x F — F be the
projection onto the second component. Then, following the push-pull diagram

T[1M x F =5 N

<

F

we can pullback a form € QP(N); to ev*f € QP(T[1]M x F) choosing the bi-degree (0, p) component
according to the bi-grading of the de Rham complex of a direct product. That is, choosing the component
n (C*(T[1]M) ® QP(N))J.. Define (m2)+ as the integration against the canonical Berezinian on T'[1]M

of the component of ev*§ in C®(T[1]M)q ® QP(F),—q. Then, the transgression map is given by
T = (ma)sev™: QP(N); — QP(F);_a

While both ev* and (m2)4 preserve the cohomological degree, the latter changes the internal degree by —d
as it assigns real numbers to elements of C*(T[1]M)g4, or equivalently integrates the top forms Q%(M)
over M. Working with total grading, |(m2)«| = |T| = —

Theorem 2.1. For any AKSZ theory (M,N, Qar,wn, an, Onr) there is a classical BV theory (F,w, @, S).

1. The graded manifold is the AKSZ space of fields F = Map(T[1]M,N).

2. The odd-symplectic structure is w = (—1)9Twx € Q2(F)_1. Furthermore, dra = w with
a = Tay € QH(F)_;1.

3. The cohomological vector field is Q = d}jff + QR € X(F)1, where dpy € X(T[1]M)1 and Qur € X(N )1
are cohomological vector fields.*®

4. The action is S = LdlliétTOéN + TOx € C*(F)o. Here, the source term LdIJgtTOZ‘/\/ can be understood
as the kinetic term, while the target term TO s is the interaction term.

Remark 2.3.2. It is useful to express the above definitions in local coordinates. Let {x®} be local
coordinates on A and {u’, 6" = du’} be local coordinates on T[1]M. We define the coordinate func-
tions X7 /k' € C*(M) on the mapping space so that they are fully antisymmetric in i1, ..., and

1,-

deg Z(2)( i /KD = degZg)(x*) — k. We can write the superfields

d
X2 . .
ev*xa - X% — Z 2 i1- kzlk (U> gir ... pix (224)

k=01<i1,...,ix<d

and understand them as coordinate functions on F taking values in forms on M. Consider

Wp = Zwab )de Adyz® and ap = Zaa Ydarz?®.

a,b a

Notice that each superfield X can be decomposed into components X7 ; (u)/k! of fixed cohomological
degree k. In local coordinates, following the push-pull diagram above corresponds to symbolically re-
placing the coordinates x® with their associated superfields (see Def. 2.24), expanding in components of
fixed degree and keeping only cohomological top-degree terms which are then integrated over M. More
explicitly, recalling the definition of lifting (see discussion after Eq. (2.22)), we get

w=(=1)T(wr) = J Zwab drX® A drX?;

(WQ)* ev¥war

(36)Note that it is natural to define the AKSZ formalism within the category of dg-manifolds.
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o =T(ay) = JM Dlaa(X)drXx"

Q- JM<dMX“>Z-1...Z-k (w)ixs

iqeeig

() T QN(X (1) 0xaqy with dy =) 070,
S = J Dl a(X)dy X + On(X).
M a
For an explicit low-dimensional example, see the case of Chern—Simon theory (cf. [Mnel9][Sec. 4.9.2]).

Proof. The grade of the objects is an immediate consequence of the definitions. The graded nature of F
is discussed in Definition 2.3.1. Since dj; and Qar are cohomological, Q2 = 0 follows by the definition
of the lift. Let us now show that Tdye = (—1)?d#Te for any € € QP(N);. By coordinate inspection, it
is clear that ev*(dye) = drev*e. The de Rham differential on T[1]M x F reads dy; ® id +id ® dr on
the relevant components of ev¥e in (C*(T[1]M) ® QP (F)); = (Q*(M) ® QP(F)),. Moreover, recall that

d®dr(8®7) = (~1)*%® 8@ dry. Then,

fM ev¥(dye) = JM(dM ®id)ev¥e + J

(id @ dr)evte B*&e (fl)dd}-f ev¥e.
M

M

It follows that dra = dzTay = (=1)Tdyay = (—1)9Twy = w, therefore w is exact and closed.
By inspection, it is evident that non-degeneracy of wxs implies that w is weakly non-degenerate. If we
show that S is the Hamiltonian of @ we conclude since this, together with Q% = 0, implies CME (see
Prop. 1.4.3). Using Lquse Twar = T(igwn) We get

LQw = (—1)d(Ld11iétTwN + LQ%t']I‘wN) = tqundrTay + (=) T (g wr) =
Cartan

= Ldl]\i}'tTaN +d]—'Ld1]ié’tTaN +drTON = d£S,
S —

0

Stokes
where we used that LaunT(--+) ~ §; dar(--+) =0. "]

The BV theory constructed from an AKSZ theory as above can be regarded as a BV extension of the
classical gauge theory®™

(.Fcl = Map(T[1]M,N)o = Mor(T[1]M,N), S = S|Xa_,Xgl).
Here, X is the zero ghost degree part of X (see Eq. (2.24)), that is,

u)

xXo , ,
o _ {Zicine Thowlpin e, i 0< degg, (@) =k <d
¢ 0, otherwise.

The gauge symmetry generators are in Map(T[1]M, N )1, and all the gauge data can be read from the
action S. Finally, as in point 3. of Remark 2.2.5, the Euler-Lagrange locus is given by {Q = 0} n F.
Elements in it can be thought of as anti-dg morphisms ¢: (T'[1]M,dy;) — (N, Q) such that ¢*¥*Qa =
—dpr¢*, by definition of lift vector fields and Q¢ = 0. This explicitly shows how the AKSZ formalism
is naturally understood within the category of dg-manifolds and how the AKSZ action geometrically
encodes both source and target cohomological structures. In particular, the kinetic term encodes the
source differential, while the interaction term encodes the target hamiltonian, or equivalently the source
cohomological vector field.

As an example, we discuss the BF theory in d-dimensions. It is an example of a Schwarz-type topo-
logical field theory which exists in any dimension (see [Mnel9][Ch. 4.9.4] for d = 0,1). Consider a
finite-dimensional compact Lie group G, its Lie algebra g, and a closed oriented smooth d-manifold M
with d > 2. The theory is defined by

Scl = <B /;FA>3
M

G7In case N is non negatively graded, that implies 0 < degZ(2) (z%) < degz(z) (wanr) = (d — 1), it is possible to obtain S
form S¢ by substituting X¢ — X, as we do for BF theory in d > 2 later on.
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2.3. AKSZ FORMALISM AND BF THEORY

where A € Q'(M, g) is a 1-form connection on the trivial G-bundle on M, Fy = dsA == dA+1[A, A] €
02(M, g) is its curvature, and B € Q972(M, g*). Note that [, —] is the Lie bracket and (—,—) is the
canonical pairing between g and g* that further computes the wedge product. The Euler-Lagrange
equations are®®

Fy=0 and dsaB:=(dy+ adj)B =0.

The gauge transformations leaving the action invariant are
(A,B) — (g " Ag + g~ 'dng,Ad} 1 (B)) and (A, B)— (a, B +dat), (2.25)

where C*(M,G) 3 g: M — G and t € Q?=3(M, g*). Recalling that the gauge action on A induces Fs
Adg-1Fa (cf. [Ham17][Thm. 5.6.3 & Thm. 7.3.2]), the first symmetry comes from (Ad}_,(B)5Adg-1F4) =
(B5AdgAd,-1Fa) = (B4 F4). To show the second symmetry, we first split dat = dast + adjt so that
the extra terms are (dst, Fa) and (ad’t, Fa). Then, we conclude by using the (graded) Leibniz rule for
das, the Stokes theorem, the definition of coadjoint action (see ft. 9, p. 49), and the Bianchi identity
daFy4 = 0 (cf. [Ham17][Thm. 5.14.2]). Thus, the gauge group acting on the classical space of fields
Fa = QY M, g)®042(M, g*) is the non-abelian group G = C*(M, G) x Q4=3(M, g*). We can go further
and, using d4t' = — £, F3t.T® (cf. [Ham17][Ex. 5.15.12]) and (graded) Jacobi, notice that the stabilizer
of a solution (A, B) contains the orbit of the unit of G given by the shift (g,t) — (§,f) = (g,t + dat),
with ¢ € Q9=4(M, g*) =: G5. Indeed,

Ga.p) = {(9:1) € Gl(g:t) - (A, B) = (A, B)} > {t'- (¢,0)|t’ € Ga}.

Furthermore, these shifts are the same under the shift ¢’ — #' = ' + dat”, with ¢’ € Q45 = G3. We can
continue like this up to G4_5 obtaining a tower of reducibility of gauge symmetry

GioC--CGCGCEL (2.26)

where Gi>o = Qd_Q_k(]W7 g*) are abelian and act on Gi_; by translation t5_; — tx_1 + datx. This
means that in the BV extension, we need to introduce higher ghosts for ghosts to deal with this tower of
gauge symmetries. The infinitesimal picture is given by an action Lie algebroid over F. whose anchor p
corresponds to the infinitesimal versions of the gauge transformations

(A,B) — (A+eday, B —eadi(B)) and (A, B)— (a,B + edat),

where (v,t) € QO(M, g) ® Q93(M, g*). The infinitesimal resolution of the tower above is a complex of
vector bundles on EL (cf. [Mnel9][Sec. 4.9.4] for more details)

OO(M, g*) 24 ... 24, Qd=4 (07, g*) 44 QO(M, g) @ Q43 (M, g*) > TEL.
—_—— —_—— -
Lie(Ggq_2) Lie(Ga) Lie(G)

Consider the AKSZ theory (M,N,Qn,wnr,an, Opn) where the source M is as above and the tar-
get is N' == g[1] @ g*[d — 2] with coordinates (¢*,&,) and generating functions ¢ = > ¢°T, €
C*N,g)1 and & = >, &T" € CP(N,g*)q—2. The cohomological vector field is the Chevalley-
Eilenberg differential in C*(N) = Cgp (g, Sym®(g*[d — 2])) explicitly given by

Q= 500420+ 36,00 = 3] gt e = 3] "l € XN

a,b,c a,b,c

It squares to zero by the Jacobi identity for the structure constants of g once we use the coadjoint action as
the anchor map of the Lie algebroid (see Eq. (2.13) and the following discussion). Finally, the symplectic
form and the Hamiltonian are given by

wir = (AN €hdn) = Y dnba A dat® = dy D &adyy® = dy (& dwt) € Q2N )a1;
¢ ¢ an€eQt(N)a—1

1 1
FE& WD = X S Fiav’vt € CP(V)a.

a,b,c

O = (~1) "5 (Qyr, — =

(38)More generally, we could consider a non-trivial principal G-bundle over M (cf. [Mnel9][Rmk. 4.9.6]).

(39 Recall that Adgh = ghg™!, (Ad¥k, hy = (K, Ad,-1hy, ad¢h = [t, h], and {ad¥k,h) = (k,—ad:h), forall ge G, t,h e g
and k € g*¥. Let {Tu} ({T}) be a basis for g(*), then adsh = Dabe fS,t2hPTe and adfk = — 3 fetokeTO. If g is
Z(2)-graded, the coordinate expressions remain valid as the Koszul sign appears twice.

a,b,c
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Since d # 1, Q% = 0 implies {Ox,Ox} = 0 (see Prop. 1.4.3). We could also show this by direct
inspection using the Jacobi identity for the structure constant of g. Then, following the AKSZ procedure,
we can build the BV extension of BF theory (d > 2). Consider the space of fields (see Eq. (2.22))

F =0 (M, g)[1]®Q° (M, g)[d—2] > (A, B) where (2.27)
A=ev*p=c+A+B T+ +-+7], B=ev* =149+ -+1+B+A" +c".

The ghost and the cohomological degree of the fields are such that |A] =1 and |B| = d — 2.

A| B |t |- TJ’_Q Ty o | | T B | AT | oF
dR [0 | 1 2 3 e d 0 - 1 d-3 | d-2 | d-1 d
gh [ 1]0 -1 2| - 1-d d-2 e 1 0 -1 -2

Ghost number 1 field components are the ghost fields for the gauge transformation (see Eq. (2.25)) of
the classical fields of the theory. The latter are those with ghost number 0. The higher ghosts are ghosts
for the translations given by Gr>o. Each field of degree (k,j) has an antifield of degree (d — k, —1 — j).
Then, the BV extension is

w= (-1 JM<d;B¢de> 9=t (1) JM<d;A¢de+> +{dxB5dFBT) + {dFerdret y+
+{dFm ddrr) + (dFrrdder ) (2.28)

S = J (Brdy A+ %[.A, Al d=4 f (BYFay+ (At 2dac) + (B rad¥(B) + dami )+
M M
1 1
+ (r{ radf(m1) + dam) + §<c+ﬁ[c, c]y + (g vadk () + §<7—2/,\[B+7 B*). (2.29)

Q- f (dpA + %[A, AL, 040 + (duB + ad® B, o) ‘=" J %<[c, o], 82 + (dac, da)+
M

M
+(Fa [, BYL,05) + (4B + [, 0,00 + Carf + [e757]+ 3[BT, B*],0,0)+
+ (ad¥ 1o, 0y ) + (ad¥T + daT2, 07y ) + {ad} B + dam + adji 72, dp)+
+{ad¥ AT +daB +adfg. + adi}Tg, Oa+ )+
+ {(ad¥ct + daAt +adf B + adj;rﬁ + adj; Tay Opt ), (2.30)

which means @ acts on fields as Q¢ = i[c, c], QA = dac and so on. To arrive at these explicit expressions,
we used degree considerations, the definition of (co)adjoint action (see ft. o), p. 49), the (graded) Leibniz
rule for dps, and the Stokes theorem. The case d = 4 is interesting: S contains a quadratic term in
the antifields, contrary to any BV action given by the extension of a BRST theory (see Eq. (2.18)).
Furthermore, the theory also contains one higher ghost 7. These characteristics are not present for d < 4
and only appear for d > 4. Notice that we could use the Faddeev—Popov method or the BRST formalism
to treat BF in d < 4. However, the emergence of these characteristics indicates that the BV formalism is
essential for treating BF in dimensions d > 4. This is ultimately because the gauge symmetry becomes
complicated (see Eq. (2.26)).

We now introduce the category of sThSmthSet. In this category, at least locally and with some reasonable
restriction, we can make sense of the notions of differential geometry on the infinite-dimensional space of
fields F, in particular the Cartan calculus, which so far we formally used as if F were finite-dimensional.
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Chapter 3

Super Thickened Smooth Set
Framework for (Gauge Field Theories

In this chapter, we introduce the category sThSmthSet and show how it provides a natural setting for
treating BV theories locally. In particular, working within this category, the differential geometry of
the field space emerges formally as we would expect if it were a finite-dimensional Zs-graded smooth
manifold.

First, following [GS25a], we lay out the natural formulation of bosonic variational field theory via the
functorial geometry of smooth sets (see Def. 3.1.1). The category of smooth sets, namely the topos over
the site of Cartesian spaces with smooth maps between them, is shown to satisfy the requirements in
Section 2.1. Crucially, it provides a notion of the local Cartan calculus on the space of fields and the
associated variational bicomplex.

Afterward, we recall how this category can be extended to the category ThSmthSet of infinitesimally
thickened smooth sets (cf. [GS25b]). This extension allows us to treat, at the same time, the smooth-
ness and the infinitesimal structure of the space of fields in a coordinate-free manner. Importantly, it
subsumes all the constructions previously formulated within SmthSet. In particular, it recovers the ad
hoc tangent bundles arising in traditional field-theoretic considerations via the synthetic tangent bundle
construction. It also suggests the rigorous formalization of perturbative field theory™ and further allows
for generalizations for field theories over manifolds with boundaries and corners (cf. [GS25b, App. 4.2]).
Consequently, we sketch how the natural extension to the category sThSmthSet of super infinitesimally
thickened smooth sets should unravel, following the hinted approach given in [Gio25; GSS24].

Finally, we use this setting to make a rigorous sense of the local picture of a BV system, taking the
(non)-abelian BF theory in d = 4 as an example.

3.1 Smooth Sets

In this section, we define the category of smooth sets and show how it incorporates many field theoretical
objects. In particular, the space of fields, the infinite jet bundle, the local variational bicomplex, and the
associated Cartan calculus that, once transgressed, gives the notion of Cartan calculus on the space of
fields. A complete description can be found in [GS25a].

Definition of Smooth Sets

An intuitive approach to smooth sets can be given from an operational physics perspective, in analogy
with the string-theoretical concept of probe branes. Crucially, the Yoneda lemma for smooth sets ensures
the consistency of the definition. The idea is that we can explore a generalized space G through the
trajectories, also called plots, of known probe branes.® In general, a brane of dimension p sweeps out

(MThis is sketched only for 0-dimensional field theory by restricting to a synthetic infinitesimal neighborhood around a
field configuration (cf. [GS25b, pp. 27-28]).

@ TFor instance, we can sample the structure and geometry of spacetime via a one-dimensional trajectory given by the
worldline of a point particle, which is a zero-dimensional brane.
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a (p + 1)-dimensional world volume. More formally, given any finite-dimensional manifold ¥, that is the
probe brane’s world volume, we call plot the smooth trajectory ¥ — G. Instead of defining G as a set
of points with extra structure, we follow the idea of characterizing G via the system of these plots. The
following heuristic requirements describe the minimum structure needed for this to be feasible. They are
formalized below by defining smooth sets as sheaves on the site CartSp.®

1. For each probe manifold X, there should be a set of X-shaped smooth plots Plots(X%, G).

2. Precomposition of a plot with a smooth map between probe manifolds should be a plot. Precomposition
with the identity map should be the identity on the set of plots, and precomposition with two successive
maps should satisfy the following:

SmthMfd? — 29, get
S PlOtS(E, g)
fT J{f*
fog Y ———— Plots(X,G) | (fog)*

[ [+

S Plots(Y, G).

We can recognize in the above the conditions characterizing a contravariant functor. Therefore,
Plots(—, G) should be a presheaf on SmthMfd.

3. We should have a notion of locality and a way of consistently gluing information to go from local to
global. Consider a differentiably-good open cover of the probe manifold {; <% %},c;, i.e. a collection
{¥; c X}ier of open subsets of ¥ such that ¥ = | J,.; £; and such that all ¥;, together with all their
inhabited finite intersections, are diffeomorphic to an open ball. Then, X-plots should be the same as
I-tuples of the overlapping ¥;-plots. That is, the following should be a bijective decomposition:

Plots(3,G) — {(p; € Plots(3;,G))ier | Vi, j € I with pi|s,ns, = pjlz.nx; (3.1)
(5 G)— (8 > T 5 G)ier.
The latter is the sheaf condition (see Def. 1.2.6) on the site SmthMfd with respect to the Grothendieck

topology (see Def. 1.2.4) induced by the pretopology of differentiably good open covers (see Def. 1.2.5).
The plots are maps from the defining site.

4. Morphisms should preserve the internal structure. Generalized spaces are fully determined by their
consistent system of plots. Therefore, a morphism h: G — H is completely characterized by a set of
maps between R¥-shaped plots hgx : G(RF) — H(R¥) that must be consistent with respect to pullback
of probes. That is, the diagram

GRF) — =5, 3/(RF)
a(f) JH(f)
G(RF) N H(RF)

should commute for all R*, R’kﬂ and f: RF — RF. This is precisely the definition of a natural trans-
formation.

Finally, note that by definition smooth n-manifolds are covered by Cartesian spaces R™. Therefore, using
the sheaf condition of Eq. (3.1), we can show the equivalence of categories Sh(SmthMfd)=~Sh(CartSp),
i.e. it is sufficient to probe G using R", n € N.

(3)CartSp is the category of Cartesian spaces with morphisms being smooth maps in the classical sense.
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Definition 3.1.1. The category of smooth sets is the category of sheaves over the site of Cartesian
spaces with respect to the differentiably-good open covers:

SmthSet := Sh(CartSp), G(—) = Plots(—, G).

Remark 3.1.1. We would like smooth manifolds to be smooth in the sense of SmthSet. This is true for
any M € SmthMfd by taking Plots(R¥, M) :== C*(R*, M), k € N, since for all f: R¥ — R* k' € N, the
corresponding pullback of plots is the usual precomposition (—)o f of smooth maps in SmthMfd. There is,
however, a potential inconsistency in the definition: we bootstrap Definition 3.1.1 assuming the existence
of a map ¥ — G, but now we know that these two objects live in the same category, so such map should
now consistently send R¥-plots of y(M) to R¥-plots of G. In other words, the defining plots G(M) should
coincide with the smooth maps Homgmtnset (¥(M), G), i.e. with the natural transformations between the
two sheaves. This is the case due to Proposition 3.1.1, that is, the Yoneda Lemma for smooth sets.

Proposition 3.1.1. For G € SmthSet and M € SmthMfd, there is a natural bijection between the M -plots
of G and the smooth maps of smooth sets from y(M) to G:

G(M) = Plots(M,G) = Homgmnset (y(M), G).

Here, y(M) = Homgmtnmted (—, M) is the image via Yoneda embedding of the smooth manifold M into
the category of smooth sets.

Choosing G = y(N) € SmthSet for an arbitrary manifold N, the above immediately implies that the
embedding functor

y: SmthMfd — SmthSet, M — y(M) = Homgmtnmea(—, M)

18 fully faithful. Hence, any results and constructions on finite-dimensional smooth manifolds may equiv-
alently be phrased in terms of their smooth set incarnation and vice versa.

A proof of the statement can be found in [GS25a, Prop. 2.5].

Consequently, Definition 3.1.1 is well posed and all the properties of categories of sheaves discussed in
Chapter 1 apply. Note that this means that all limits and colimits exist in SmthSet and they are computed
pointwise (see Prop. 1.2.1). Consequently, requirement 4 in Section 2.1 is already fulfilled as far as we
can express the critical locus as such a pullback.®

Vector Fields and Differential Forms on the Field Space

The traditional approach to formalizing field spaces is to model them as infinite-dimensional Fréchet
manifolds, i.e. modeled on Fréchet spaces instead of Cartesian spaces (cf. [IKM9I7]).

Definition 3.1.2. A Fréchet manifold is a Hausdorff topological space X with an atlas of coordinate
charts over Fréchet spaces whose transitions are smooth mappings in the sense of Michal-Bastiani calculus
(cf. [Ham82, Def. 3.6.1. and Ch. 1.4]). A Fréchet space is a Hausdorff topological vector space whose
topology may be induced by a countable family of semi-norms that are complete with respect to this
family.

Consider the trivial bundle F = M x N where N, M € SmthMfd. If M is compact, the space of fields
is inside the category of Fréchet manifolds C* (M, N) € FrMfd,® whereas if M is not compact, this is
not the case and the manifold description via infinite-dimensional charts becomes tricky (cf. [KM97]). In
this setting, one can give sense to the smoothness of field-theoretical tools as presented above; however,
this does not generalize straightforwardly to the non-compact case and brings heavy functional-analytical
baggage.

A way to bypass the problem of defining the smooth structure of the field space is to utilize the technology
of infinite jet bundles to encode local theories, which are more physically relevant. More recently, attention
has shifted to diffeological spaces (cf. [Blo24]), in which field theories and the technology of the infinite
jet bundle are better understood. The category of diffeological spaces is the category of concrete sheaves,

) This goes beyond the scope of this report, and it is properly done in [GS25a, Ch. 5]. An intuitive approach is given in
the example after Definition 3.1.4.

(®)One can see this considering the countable family of seminorms each given by the sum of the supremum norms of all
the derivatives up to some order k € N. M being compact ensures that these seminorms remain finite.
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i.e. with a notion of underlying set of points,® over CartSp with respect to the same Grothendieck
topology we used to define SmthSet. However, this brings two drawbacks: the categorical background
needed to work in DflSp is heavy and the latter does not allow for a uniform treatment of all field-
theoretical objects (cf. [GS25a, Rmk. 3.8]).

SmthSet is a further abstraction in which SmthMfd, FrMfd and DfiSp are fully faithfully included. It
should allow us to solve these drawbacks by subsuming and combining these approaches, and should
naturally generalize to include fermionic fields and infinitesimal structure (cf. [Gio25; GS25b]), as we
outline in the following sections.

To build up to the general definitions in SmthSet, we start from FrMfd and then use the following result.

Proposition 3.1.2. Consider the category FrMfd of infinite-dimensional Fréchet manifolds. The em-
bedding along CartSp < SmthMfd «— FrMfd defines a fully faithful embedding

y: FrMfd — SmthSet, G — Hompymsd (—, G)|cartsp (3.2)

where on the right-hand side we consider smooth Fréchet maps.
Moreover, let M, N be finite-dimensional manifolds, with M compact. Then there exists a canonical
bijection

Hompviza (S, C° (M, N)pemtd) =set Homgmenwsa (S x M, N),

for any smooth manifold S € SmthMfd, which is, moreover, natural in S.

For a proof of this proposition, see the references of [GS25a, Prop. 2.8 and Prop. 2.9].

The latter exponential law has to be consistent, via Yoneda embedding, with the one given by the honest
internal hom-function (see Def. 1.1.9) of SmthSet. This is true if the smooth structure in the sense of
Fréchet manifolds is equivalent to the one given by the hom-functor in SmthSet.

Definition 3.1.3. Let G, H € SmthSet, define the smooth mapping set [G, H] € SmthSet by

[gaH](y(Rk)) = HOInSmthSet(?J(Rk) X QfH)

The exponential property on SmthSet

Homgmtnset (X, [G, H]) =Zsmtnset Homgmenset (X x G, H),

descends from Yoneda lemma (see Prop. 3.1.1) and generalizes to all smooth sets using the relations
between hom-functor and limits and the fact that any sheaf is a colimit of representable presheaves (see
Prop. 1.1.1 and Prop. 1.2.1). Indeed, Yoneda preserves Fréchet mapping space.

Proposition 3.1.3. Let y(M),y(N) € SmthSet for M, N € SmthMfd with M compact. The embed-
ding of the Fréchet manifold C® (M, N)gma in smooth sets is isomorphic to the mapping smooth set

ly(M), y(N)]:

y(C* (M, N)pmtd) Zsmenses [Y(M), y(N)].

For a proof, see [GS25a, Prop. 2.11].

Thus, the internal hom-functor provides a means of defining the correct smooth structure within SmthSet,
thereby bypassing functional analytical technology and extending the Fréchet mapping space even to the
case when M is not compact.

We can now define smooth sets of smooth sections.

Definition 3.1.4. Let wl;: F — M be a fiber bundle of smooth manifolds, with set of smooth sections
'y (F). The smooth set of sections F = I'y;(F') € SmthSet is defined by

F(RF) = Do (F)(RY) = {*: R¥ x M — F |7y 0 0* = pry)

where R* € CartSp and pry: R¥ x M — M is projection onto M. That is, ¢*: R¥ x M — F is such that

(6)One can intuitively think of this as follows: the smooth set G is concrete if there exists a set of points G5 € Set such
that for each probe R € CartSp, G(R*) = Homs; (R, G5).
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F
VJ{F
™M

RF x M 225 M

commutes, and so equivalently F(R¥) ~g.; T'5s gk (priF) where pri F denotes the pullback bundle (see
Def. 1.3.19).

Remark 3.1.2. Note that, up to this point, F = I'j;(F) denotes the set-theoretic field space, i.e. the
set of smooth sections of the fiber bundle 71} : F — M, where F is the total space. From now on, unless
stated otherwise, F = I'j;(F') denotes the smooth set—theoretic field space. This is distinguished from
the mere set of sections (encoded as #-plot of this generalized space) by the use of bold notation.

In other words,™ F(R¥) is the set of smoothly R¥-parametrized sections of F — M.

As a motivating example, let us consider the trivial bundle F' = M x N, where M and N are smooth
manifolds, with M being compact. The space of off-shell fields is the Fréchet manifold C* (M, N),
i.e. the space of smooth functions from M to N. To see that this is indeed a smooth set, we need to
build R*-shaped plots into it. We define a plot as a smoothly R*-parametrized family of fields ¢*, that
is, via the map ©*: R¥ x M — N, (z,m) — ©¥(m) = ¢*(x,m), smooth in both variables. Therefore
©" € Plots(R*, y(C* (M, N))) = C*(R* x M, N).

This simple case hints at the next steps toward formalizing the variational approach to field theories.
Considering a smooth 1-parameter family of fields ¢; = p': R x M — N, (t,m) — ¢} (m), it is possible
to see that for an action functional to be a smooth map, it must take 1-parameter families of fields to
1-parameter families of real numbers:

y(C*(MN) = y([R)
SR C®(R x M,N) — C*(R,R)
Pt — (to — S(pt=t,)) -

Through the usual derivative on R, we can define the variation 0.5 at ¢g, along the family ¢, as 6,,5 =
LSy +—o- Consequently, the critical locus is the following:

Crit(S) = {gp e C*(M, N)’ %S(%)

=0, Yo € COO(R x M, N) such that @;—¢ = 90}.
t=0

More generally, the notion of smooth sets allows us to perform standard operations of finite-dimensional
differential geometry pointwise on ordinary manifolds, and thereby extend these notions to smooth sets
like 'y (F). This idea is used in [GS25a] to construct the variation of the action and demonstrate how
the action can indeed be viewed as a smooth map of smooth sets. In [GS25a, Ch. 5] the critical locus is
also shown to have a natural smooth subset structure, in more detail, satisfying requirements 3 in Section
2.1.

Remark 3.1.3. An arbitrary fiber bundle ¥ — M might have no global sections, so Definition 3.1.4
might be null. However, noticing that the assignment of local smooth sections U — 'y (F) defines a petit
sheaf on M with values in SmthSet, we might instead consider the functor
Ty (F): MJP x CartSp®® — Set
(U x R¥) = Tt (F)(R") = Ty g (pr3 F).

Since all statements and definitions regarding the smooth set of fields F = IT'j;(F') functorially apply for
each such open set U, we can continue to work with Definition 3.1.4.

We would now like to define the tangent vectors intuitively as first-order infinitesimal smooth curves®
in the field space. First, notice that smooth real-valued functions on F are defined as maps of smooth

(M) This interpretation holds only for concrete smooth sets.
(®)This intuition is incorporated in a rigorous definition enriching the category with infinitesimal structure (see Def. 3.2.4).
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sets C®(F) = Homgpmenset (F, y(R)) and therefore the algebra structure of C*(F) follows pointwise from
that of y(R). Moreover, we can define the induced derivation

COO(‘F) ‘)Ra .fH at(fosat”t:()v

since for any ¢; € Ty (F)(R) = Homgmenset (¥ (R), Tar(F)), the composition f o ¢; defines a smooth map
R — R. Note that, by the section condition, for each m € M we have a smooth curve ¢;(m): Ry —» F
whose image is contained in the fiber over m. Thus,

6,5 O (m) |t:0 € V@o (m) F

defines a vertical tangent vector at ¢o(m) € F. Varying over m € M, we get a smooth section of the
vertical bundle 75F: TF — F (see ft. (o) p. 32)

Equivalently, the above diagram defines a section of the pullback bundle ¢V F. We therefore interpret
I'ym(pEVF) as the tangent space at ¢g getting the following:

TCu(F) = ) Tu(@iVF) =g Tu(VF).
po€ln (F)

The next result ensures that any tangent vector field is represented by a line-plot.

Proposition 3.1.4. For any Z, € Ty (VF) covering ¢ = 7t o Z,, nLF': TF — F, i.e. such that

commutes, there exists a pi: R x M — F such that oo = ¢ and épptli—0 = Zy. That is, the following
map 1S surjective:
Ly (F)R) = T(Tm(F)), ¢t — Otpli=o-

A proof can be found in [GS25a, Lem. 2.18]. The existence of ¢;, and hence the surjectivity of the above
map, is guaranteed under suitable regularity assumptions on F' — M. In particular, since F© — M is
a fiber bundle, the result holds due to the geometrical and topological properties of its sections and its
vector fields.

Remark 3.1.4. Unlike the finite-dimensional case, there is no obvious reason why the derivation should
depend only on the corresponding tangent vector. More explicitly, the derivation might depend on
the representative R-plot (cf. [GS25a][Rmk. 2.19]). This highlights that our naive treatment of tangent
bundles, vector fields, and, consequently, differential forms on the full space of fields is insufficient. In
particular, it motivates the introduction of local structure and infinitesimally thickened smooth sets.
First, this issue is resolved by working with local vector fields (see Def. 3.1.24) and local differential
forms (see Def. 3.1.26). Indeed, the introduction of the infinite jet bundle allows us to restore a usable
Cartan calculus (see Prop. 3.1.12). Second, the synthetic geometry within ThSmthSet provides a more
natural understanding of the ad hoc tangent bundle (see Def. 3.1.5) via the synthetic tangent bundle (see
Prop. 3.2.3). In this setting, path derivations depend only on tangent vectors (cf. [GS25b][Lemma 2.32]).
Consequently, ThSmthSet yields a more intrinsic understanding of the local Cartan calculus.

This directly leads to the definition of the smooth tangent bundle to the field space.
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Definition 3.1.5. The smooth tangent bundle to a field space F = I'),(F) is defined by
TF =Ty (VF), (3.3)

as the smooth set of sections of V' F' via Definition 3.1.4.

More concretely, RF-plots of the tangent bundle TF correspond to pairs (ng,gp’g) of RF-parametrized
sections over M such that the following commutes:

P VF
4 L
F
ok

RF x M —2— F.

From this, we can see that the fiber-wise R-linear structure of the plain set bundle I'p;(VF) — T'p(F)
extends plot-wise to a smooth R-linear map

+77: TF xzg TF — TF, (Z;g,zig) — Z;g + Zig. (3.4)

Similarly for the scalar multiplication. Furthermore, the projection I'y;(VEF) — 'y (F') extends to the
smooth projection map

T TF - F, (ng,golg) — oF.
This allows us to define vector fields on the field space as geometrical smooth sections of the tangent
bundle.

Definition 3.1.6. The set of smooth vector fields on the field space F = I'j;(F) is defined as smooth
sections of its tangent bundle

X(F)={Z: F >TF | & oZ =idz}.

That is, smooth maps Z: F — T'F such that the following diagram of smooth sets commutes:

TF
7 lﬂJTTF (3.5)

F

In concrete smooth sets, one can understand this as follows. On *-plots, such a section defines a vector field
in the usual sense, i.e. a map of sets Z: I'p;(F) — T'p(VF) which assigns to every field configuration
¢ € Ty (F) a tangent vector Z, € T, (' (F)) = Ia(¢*VF). Being a smooth map, the section also
sends smooth R¥-plots of field configurations, i.e. smoothly R¥-parametrized sections ©*: R¥ x M — F,
to smooth R*-plots of tangent vectors, i.e. smoothly R*-parametrized sections Lk : R*¥ x M — VF.
Vector fields on the field space F should be interpreted as infinitesimal smooth diffeomorphisms, in direct
analogy with the finite-dimensional case. This would allow the symmetries of the field theory to be
discussed within this setting. This can be done (cf. [GS25a, Ch. 2]), but it goes beyond the scope of
these notes. Moreover, physically relevant smooth vector fields on field spaces are local vector fields (see
Def. 3.1.24). We refer to [GS25a, Ch. 6] for an in-depth analysis of their role in infinitesimal symmetries
and Noether theorems.

The fiber-wise linear structure (see Eq. (3.4)) of the smooth tangent bundle T'F on a field space F allows
us to define differential forms as fiber-wise linear and antisymmetric maps out of T'F.

Definition 3.1.7. The set of differential m-forms on F = I'y;(F) is defined as
Q"(F) = Homgyigs” (T F.y(R)) .

That is, m-forms are smooth real-valued, fiber-wise linear antisymmetric maps with respect to the fiber-
wise linear structure (see Eq. (3.4)) on the m-fold fiber product®

T""F=TFxx- - xrTF

of the tangent bundle over F.

TF TF
(®Here the product is the pullback (see Def. 1.1.12) of TF L rETF
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The collection of differential forms of all degrees forms a graded R-vector space (see Def. 1.3.3)

0 (F) = @ Q™ (F).

meN

The latter has a well-defined notion of a wedge product A and contraction ¢z along any vector field
Z € X(F).“” However, there is no obvious definition for a de Rham differential dz: Q™ (F) — Q™ 1(F).
Indeed, if there were one, it would define a derivative on C*(F) through the Lie derivative, in contrast
with Remark 3.1.4.

We want to solve this by noticing that, practically speaking, one often uses local forms and local fields™"
in a local Lagrangian field theory. That is, the variation of the action functional in a local theory only
requires the existence of a bi-complex structure and Cartan calculus on the subset of local forms and
local vector fields on F x M. Through the technology associated with the infinite jet bundle J35 F', which
encodes locality in a globalized fashion, we build the complete Cartan calculus, with respect to local
vector fields, on local forms in the sense of Definition 3.1.7.¢%

Infinite Jet Bundle as a Smooth Set

We provide a brief overview of finite jet bundles. We refer to [Blo24] for a more detailed discussion.
Consequently, we introduce the infinite jet bundle as a smooth set exploiting the category LocProMfd of
local pro-manifolds (cf. [GP17; DGV16; KS17]).

Definition 3.1.8. Let 7f,: ' — M be a smooth fiber bundle. Two local sections of it, defined on a
neighborhood of m, have the same k-jet at m, denoted by j¥ ¢ = j ¢/, if they have the same value and
partial derivatives up to k-th order at m.

This is a good definition, i.e. independent of the chosen chart, since if the derivatives agree in one chart,
they agree in any due to the chain rule. Moreover, it is an equivalence relation on local sections in a
neighborhood of m with k-jets j¥ ¢ = [] being the equivalence classes:

o~¢ eT(UF) < 0rp*(m) = ore’(m) YO<|I| <k.

Here, I denotes a symmetric multi-index and a is the index of the coordinate chart {m*,u®} in a trivial-
ization of the fiber bundle 7%, : FF — M.

We can now define the set of k-jets at m and the jet bundle as generalizations of the tangent space and
tangent bundle. Indeed, first-order jets describe tangent planes, while higher-order jets correspond to
higher-degree polynomial approximations of submanifolds through m.

Definition 3.1.9. The set of k-jets at m is defined as
JEF = {j% o = [p] |V open U 3m, and all p € T(U, F)}.

The k-jet bundle is given by
TyF = | JkF eSmthMfd
meM

: : (13) “w a - B0 a4 ,a . a :
with induced® charts {m*, {uf};<x} = {m" u®, ug,uf, ., - ,uj, .} The extra coordinates are

the partial derivatives of ¢ at m. In other words, the k-jet bundle represents k-jets of local sections of
F — M.

(10 Thanks to the fiber-wise linear structure of TF and graded structure of Q°(F), they can be defined as usual (Def. 1.3.13).

(D The term “local” gains a rigorous meaning in Definition 3.1.24 and Definition 3.1.26.

(2)One could also define de Rham forms abstractly in SmthSet, i.e. via a notion that naturally allows one to consider an
m-form on an arbitrary smooth set. This requires the notion of moduli space of de Rham forms (cf. [GS25a][Def. 2.30]).
This allows us to define the wedge product and differential naturally. However, there is no notion of contraction. This is
solved again by moving to the infinite jet bundle and showing that the space of local forms on y(J{}F) in the sense of
Definition 3.1.7, for which we have a notion of Cartan calculus, is canonically identified with the smooth set-theoretical
forms defined via the moduli space on it [GS25a][Lemma 4.15]. However, this is not yet proven in the most general case,
and therefore this setting cannot yet be applied straightforwardly. The authors of [GS25a] suggest that the solution to this
issue and a complete proof of this identification might be found once the category is enriched with infinitesimal structure
via synthetic geometry technology. However, as for our purposes it is enough to work at the level of forms as in Definition
3.1.7, we do not delve into this in this thesis.

(13)The charts are induced by the above chart on the trivialization of the fiber bundle.
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One can also see J¥ F as the fiber over m of n%,: JEF — M (cf. [Blo24, Prop. 3.1.10]). There are two
important maps that one can define on jet bundles.

Definition 3.1.10. Let 7¥,: F — M be a fiber bundle, I'y;(F) the set of its global sections and fix
k € N. Then, we define the following maps:

1. The k, I-forgetful map for all k > [ > 0 is the projection 7F: J& F — JL, F, jk o — jl o

2. The k-th jet prolongation map is defined as j*: 'y (F) — Tp (JEF), ¢ — 5% such that j*p(m) =
&
Jm®-

Note that all the forgetful maps are surjective submersions, i.e. smooth surjective maps whose pushforward
is an everywhere surjective linear map, whereas in general prolongation maps are not even surjective
(cf. [Blo24, Ch. 3]). Moreover, we get the diagram of smooth manifolds

- JNF > JNVF s JYUF — JYF = F. (3.6)

The arrows are the appropriate forgetful maps and therefore they are all surjective submersions.
To better work with jet bundles of finite but arbitrarily large order, we introduce the following definition.

Definition 3.1.11. Let 7, : F — M be a smooth fiber bundle. Two local sections of it ¢ and ¢’, defined
on a neighborhood of m, have the same oo-jet at m, denoted by jory = j2¢', if they have the same k-jet
at m for all £ > 0.

Then, everything follows as before except for the smooth structure of the co-jet bundle J37F. Indeed,
the above definition can be given as a projective limit of the diagram (3.6) within Set, but the limit does
not exist in SmthMfd. This can be seen by noticing that for every k > 0, the forgetful maps of sets
Tl JPF — JEE, %P0 — R o, satisfying 7 o = 7 |, define the commutative diagram

JGF

oe] o
Tk o] To
Tk—1

k

SN [ LS [ O a  } o}

As can be checked in jet coordinates, any other cone over the diagram (3.6) induces a unique map to
J®F, which shows that J®F is the categorical limit of the sequence (3.6). However, the limit does
not exist in SmthMfd, since it is necessarily infinite-dimensional. Therefore, projections and infinite jet
prolongations at this level exist only set-theoretically.

To give a smooth structure to this limit, we therefore have to embed SmthMfd as a subcategory into
an ambient category in which such limits exist compatibly with the set-theoretical limits. Moreover,
morphisms out of J37F should descend to a finite jet bundle, i.e. they should factor through a classically
smooth map out of a finite jet bundle in the sequence (3.6). While in [Blo24; Le618] the co-jet bundle is
studied within the category of pro-manifolds (see Rmk. 3.1.5), in our setting it is more natural to work in
the category of locally pro-manifolds. The latter is a full subcategory of FrMfd where the limit exists as
an infinite-dimensional paracompact manifold, as proven in [Sau89, Prop. 7.2.6] and [Tak79, Prop. 2.1].
The fact that the maps in diagram (3.6) are surjective submersions is essential for the existence of the
limit within FrMfd.

Definition 3.1.12. The infinite jet bundle J}; F is the paracompact and Hausdorff Fréchet manifold
defined by the limit
JG(F) = limf™M gk (F) e FrMfd,

whose local model is R® = limj"™@ R* € FrMfd, with the following local coordinates

{z#, {utogin} = {2, Ut ug U 3.

Consequently, the forgetful maps defining the cone of the projective limit are smooth Fréchet maps. In
particular, the limit lives in LocProMfd, a full subcategory of FrMfd (c.f. [G525a, Sec. 3.1]).

Definition 3.1.13. We define the category of locally pro-manifolds, LocProMfd — FrMfd, to be
the full subcategory of Fréchet manifolds consisting of projective limits of finite-dimensional manifolds.
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Note that LocProMfd, being a full subcategory of FrMfd, is also fully faithfully embedded into SmthSet
via the Yoneda embedding of FrMfd into SmthSet (see Prop. 3.1.2). Therefore, Ji5F € LocProMfd —
FrMfd % SmthSet where the first arrow is an inclusion and the second is the Yoneda embedding (see
Eq. (3.2)). Also, finite order jet bundles are objects of SmthMfd, and hence can be viewed in SmthSet
through the Yoneda embedding (see Prop. 3.1.1). Then, smooth maps between jet bundles, whether
of finite or infinite order, correspond to morphisms of sheaves. This, together with the smooth set
characterizations of field space, vector bundles, and forms, shows that SmthSet satisfies requirement 1 of
Section 2.1.

We have restricted ourselves to this subcategory because it is enough to describe the infinite jet bundle
and to embed it into SmthSet, allowing at the same time to easily characterize smooth Fréchet maps into
the infinite jet bundle and out of it.

Proposition 3.1.5. Let ¥ € SmthMfd be a finite-dimensional manifold. This proposition characterize
Homprneg (JAOSI(F), E) and Homprwieg (E, J]i'/C[(F))7 respectively in 1. and 2..

1. A map of sets f: ¥ —> J5LF is smooth if and only if, for every k € N, the composite tof: ¥ — J F
is smooth. Furthermore, smooth maps f: ¥ — Ji7F are in one-to-one correspondence with families
of smooth maps {fi: ¥ — J¥ F}ren such that for all ke = k; the following commutes:

b))
szl frq
ko
ko Tk k1
Sy ——— Jy F

2. Let mf: JGF — J%F be the canonical projection for each k € N. A function of sets f: JoF — R
is smooth if and only if, locally around every point x € J31F, it factors through some projection wj°.
Equivalently, for each x € JGF there exists k € N, a neighborhood U = JX F of () € J¥F, and a
smooth function of SmthMfd f(’} J¥ Flu — R such that the following diagram commutes:

It Flxey-1w

)
”’“OOJ f
k i

JyFly ———— R.
The result is readily extended if the target manifold R is replaced by R™, and consequently by any
finite-dimensional manifold ¥ € SmthMfd.

The first part follows directly from the universal cone property of the limit of the sequence (3.6), whereas
the proof of the second is a bit trickier and can be found in [KS17, Prop. 2.29].

In particular, the result . holds for all ¥ € CartSp < SmthMfd, allowing us to describe the smooth set
incarnation of J3; F' via the embedding of Proposition 3.1.2:

y(J5F) = Hompmia (—, T35 F) | cartsp = Hm™ 5t (g8, F).

Here, the morphism in FrMfd is the one in Proposition 3.1.5 and the second equivalence comes from the
fact that the limit is computed objectwise. Therefore, R™-plots of y(J33 F') are

y(J3 F)(R™) = {{s}: R — Jy F|my_y o s = s bren)-

One can show (cf. [GS25a]) that the infinite jet prolongation is smooth and uniquely extends to a smooth
map

§%: T (F) —> Tp (JSF) (3.7)

Finally, we can characterize smooth maps of locally pro-manifolds Homy,ccpromsd (J57 F, G), with G* =
lim?erd GY, as follows. The proof of the following proposition can be found in [GS25a, Prop. 3.7].

60



3.1. SMOOTH SETS

Proposition 3.1.6. Let G* = limerfd G7 be any locally pro-manifold.

1. A map of sets f: J3F — G* is smooth if and only if

p;OOf:JﬁFﬁGOO&—»Gj
is smooth for each j € N, and hence if each py o f factors locally around every x € JGF through
P JEF — JNF for some k € N, where py: G* — G’ denotes the universal cone projections of

G*.

2. Furthermore, smooth maps f: Ji7F' — G* are in one-to-one correspondence with compatible families
of smooth maps {f;j: JGF — G’ | j € N} such that for each pair j» > ji the diagram

JGF

fj{ X

Gz — 5 Gi
J2
Pjy

commutes, and hence, such that furthermore each f; locally factors through wf: JiGF — JEF for
some k € N.

Remark 3.1.5. In [Blo24; Le618], the infinite jet bundle is studied within the category of pro-manifolds
ProMfd. ProMfd can be informally thought of as an extension of SmthMfd, adding only well-behaved
limits. Then, JF is not thought of as a Fréchet manifold, but simply as a formal limit of finite-
dimensional manifolds. Smooth functions on it are those that globally factor through some J& F
(cf. [Led18, Sec. 1.2]), i.e. the smooth functions Cgh, (J37F) on the formal limit are the union over k € N
of those on J¥ F. Note that the latter is a subalgebra of the algebra of locally finite order functions that
we characterized via Proposition 3.1.5:

b (JrF) = CP(I F).

This somehow justifies (cf. [IKS17, Sec. 2.2]) the name of the category LocProMfd, which is, however,
really different from ProMfd, being a full subcategory of FrMfd.

Moreover, in [Blo24; Led18] the smooth structure of the space of sections of smooth fiber bundles is de-
scribed within the category of concrete smooth sets, i.e. DfiSp. Therefore, to obtain a uniform description
of the relevant field-theoretical objects, the two approaches must be combined in the category ProDflSp
of pro-diffeological spaces.

This approach has the following three main drawbacks (cf. [GS25a, Rmk. 3.8]).

1. Cgfb(JAogF) do not form a petit sheaf on the underlying topological space, in contrast to C*(J3GF).

2. Contrary to what we will show in the next sections, concrete sheaves do not naturally generalize to
include fermionic fields or infinitesimal structure (cf. [GS25b; GS26; Gio25]).

3. Treating the relevant field-theoretical objects in different categorical footing results in the intro-
duction of heavy categorical machinery that can be avoided within the more natural setting of
SmthSet.

Tangent Bundle, Vector Fields and Cartan Connection

We rigorously define the tangent bundle, vector fields, and classical forms on the infinite jet bundle.
We then show that the tangent bundle has a canonical smooth horizontal splitting that is essential for
building the variational bi-complex (see Def. 3.1.20)).

The definition of the infinite jet tangent bundle is analogous to the definition of the infinite jet bundle in
SmthSet. First, notice that the diagram (3.6) induces the diagram of finite-dimensional tangent bundles

ko 9T k-1 1 dmg 0
—>T(JyF)——TJy F)—> - >T(JyF) —T(JyF)=TF

with the maps being the pushforwards of the projections {7‘(,’3_1: JNF — Jf’[lF}keN. The diagram is in
SmthMfd and can be embedded in SmthSet by the Yoneda embedding (see Prop. 3.1.1).
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Definition 3.1.14. The smooth infinite jet tangent bundle T(y(JA“/}F)) € SmthSet is defined by

T (y(J33F)) = Hmpi"® y (T (T3 F)). (3.8)

The latter is a concrete smooth set. Indeed, T(y(J5F))(x) = lim{e T(J%, F) is represented by

U 70k = | {{XFe Tapo (TR P)ldnf_ XE = X5 bpen}

seJGF seJG F

That is, each point, or tangent vector, X € Ts(Jy7F) at s = j°p € JF is represented by a family
of tangent vectors {X* € Tﬂzo(s)(JJ’&F)}keN on each finite order tangent bundle at m°(s) = 7 (5, p) =
jkp € JyF. Such a family is compatible along the pushforward projections, i.e. drf_; XF = XF=!. In
a local coordinate chart {x#, {uf}o<|s} of J37F € LocProMfd, we can think of this family as the formal
sum

o8]
s + Z Ylaauﬂs :
|I|=0

X = X" Opn

Here {X*, Y} ¢ R, with each X* corresponding to the case where the sum is terminated at order |I| = k.
From this definition one can recover the notion of tangent vectors as infinitesimal curves.

Proposition 3.1.7. The set of tangent vectors T (y(J3GF))(x) is in bijection with equivalence classes of
curves in J33 F € LocProMfd:

T (y(J37F))(*) = Hompmu (R, J37F)/ ~o@y = y(J3F)R)/ ~ow), (3.9)

where the equivalence relation is agreement up to first-order derivatives at 0 € R.

A proof can be found in [GS25a, Lem. 4.2].
Even if the latter approach is more intuitive, we would rather use Definition 3.1.14 since it allows us to
consider not only points, but any R™-plot of the tangent bundle of J3; F

T (y(J35F))(R™) = Hmy™ 5 o (T(J5,F)) (R™) = lim}*" Homgmenura(R"™, T(J5 F)). (3.10)
This is represented by

Te(5F) = | {(Xh: R = T F) [ drnfy o XE = X5 b},
sneJ% F(RM) sneJ F(R™)

where XE, (z) e T,TchSn(I)(Jﬁ[F) Yz € R™. In local charts, we can write the formal sum

o0
Xon = Xh Oan| 0 + Y Vi gnOus
|11=0

sn?

where now {X gn,Yffsn}Og 1| are smooth functions on R", with X k. corresponding to the case where the
sum is terminated at order |I] = k.
We now define fiberwise addition and y(R)-multiplication as the natural transformations

+: T(y(J5F) % gz e TWIE) = T(y(J5F)), ({XE ren AX 5 Sren) = { X5 + Xiidkern (3.11)

y(R) x T(y(J35F)) = T(y(Ji ), (far {X & nen) = {fa - Xinfren

where f,: R™ — R is a plot of y(R). This is possible thanks to the C*(R™)-linear structure on the fiber
R™-plots over each R™-plot of y(J% F) that is induced by the linear structures on each T'(J¥, F'), natural
in R™. To understand this, note that there is a canonical smooth bundle projection

i T(Y(J3F)) = y( T3 F).

We have dropped the Yoneda embedding y from the notation for readability. From now on, we do the
same for any new object defined on y(J35F). Then, the above means that the R"-plots of T'(y(JGF))
over a single R"-plot of y(J35F) have a C*(R™)-linear structure. Naturality ensures that the operations
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of the module commute with pulling back along a smooth change of plots f: R™ — R™, allowing us to
define the two above morphisms of smooth sets.

We now define vector fields on the infinite jet bundle, internally to SmthSet, as the geometrical smooth
sections of its tangent bundle. Consequently, we show that this recovers the usual algebraic definition as
derivatives on C®(JF).0%

Definition 3.1.15. The set of smooth vector fields on the infinite jet bundle y(J37 F) is defined as
smooth sections of its tangent bundle:

X(J5F) = Tyozmy (TG F)) = {X: y(J5F) = T(y(J55F) | w2’ o X =idy e p }-

By the limit property for T(y(]‘]?j}F)), a vector field X corresponds to a compatible family { X*: y(J]i‘?[F) —
y(T(J§ F))}ken such that the following commutes for all k € N:

Since the embedding of LocProMfd into SmthSet is fully faithful, each map of such a family can be
thought of as a smooth map in LocProMfd. The latter is, via Proposition 3.1.5, locally of finite order. In
other words, it is, locally around each s € J33 F, the pullback of some smooth function of a finite-order
jet bundle via the appropriate projection. In particular, such a family {X*: JGF — T(J%,F)}ren may
be represented in a local chart of Ji7F by the formal sum

0
X = X" + Z Y Ous.
|1|=0

Here { X", {Y'}o<1} © C*(J3GF) is a family of locally defined smooth functions, with each X* corre-
sponding to the truncation of the sum at order |I| = k.

We denote the vector subspace of globally finite order vector fields,** i.e. those that correspond to a
compatible family in which every map X*: J3F — T(J F) is globally of finite order, by

:fglb(JﬁF) c :f(JRgF)

Note that, X(JGF) has a C*(JGF)-module structure induced by the fiber-wise y(IR)-linear structure on
T(y(J‘Xj}F)) through the composition with the operations in Equation (3.11). In local coordinates, this
is represented as a formal sum of indices and multiplication by C®(J37F'). Similarly, Xgm, (J57F') inherit
the structure of a Cgf, (J37F)-module.

The following result establishes a connection between our definition of a vector space and the more
intuitive interpretation of vector fields as derivations on the jet bundle.

Proposition 3.1.8. Vector fields on J3GF are in 1-1 correspondence with derivations of the algebra of

smooth functions:
X(J§7F) = Der(C*(J3F)).

For the proof, see [GS25a, Lem. 4.5].
The latter result restricts to the global case Xg1, (J37F)
allows to define a Lie algebra structure on X(J3 F) (cf. [GS2!

[X, X](f) = X(X(f)) = X(X(f)) (3.12)

for any f e CP(JGF) and X, X € X(JGF).
Remarkably,® the infinite jet tangent bundle T'(y(J33F)) — y(J33F') has a smooth canonical horizontal
splitting.

= Der (C’gfb(J]??IF)). Notably, this point of view
325a]) with the usual bracket defined by

(1Y) Once the spaces are enriched with infinitesimal structure, this definition is naturally recovered as the synthetic tangent
bundle of the infinite jet bundle (see Def. 3.2.4).

(15)These are the vector fields that usually appear in field-theoretic examples, but restricting to them is not enough for
some applications.

(16)This is not true in general for infinite-dimensional manifolds, and even if the split always exists in the finite-dimensional
case (cf. [GSMO09, Thm. 1.1.12]) this is not canonical because it corresponds to an arbitrary choice of connection.
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Remark 3.1.6. We recall the vertical tangent bundle and the splitting of an exact sequence of vector
bundles, and heuristically show how the latter is related to a connection, namely the Cartan connection.
Let 7LF: TF — F be the tangent bundle of a fiber bundle 7i;: F — M, and consider its vertical
subbundle®” VF = ker(drl}), where dnf,: TF — TM, consists of the vectors tangent to fibers of F.
One can show that it fits in the following short exact sequence of vector bundles over F

3
dmy,

0->VFLTF 5 (b )*TM — 0

where (W]}CI)*TM ~ F xp TM. A short exact sequence here means that the arrows are bundle maps
such that the image of each morphism is the kernel of the next morphism.

The sequence is said to split if there exist a bundle map H: (7f,)*TM — TF such that drljoH =
id(rr sy Or equivalently TF = (VF) @ H((wd;)*TM), where the sum has to be interpreted as direct
sum compatible with the vector bundle structure (cf. Whitney sum [GSMO09, Sec. 1.1.3]). The latter
direct sum suggests identifying (7%,)*T'M with the horizontal tangent subbundle HF, that is, the image
of the lifting map H. In other words, the splitting is used to lift tangent vectors from M to horizontal
vectors in T'F, consistently with the bundle structure.*® Such a lift can be described explicitly as

T F 3 X' = 0(u)(Xpr ) = H(u, Xpr () with  Xpr ) € Tor ()M,

where the connection split o: F — Hom(TM,TF) assigns to each point v € F a bundle map in
Hom(TM,TF).

This splitting is essential for comparing vertical field variations, which are useful for formalizing the ac-
tion principle in field theories, separately from horizontal variations. It ensures that when one computes
the variation of the action, the change of fields can be decomposed into genuine field transformation
contributions (vertical) and variation solely due to a diffeomorphism of the base (horizontal).

The theorem [GSMO09, Thm 1.1.12] states that every exact sequence of vector bundles is split in the case
of finite-dimensional manifolds, even if the splitting is not canonical,™® but this is not always true for
the infinite-dimensional case.

The choice of a complementary horizontal bundle defines an Ehresmann connection on the bundle.
It can be shown that an Ehresmann connection uniquely determines a horizontal lift and therefore the
splitting. That is, for a fiber bundle 7, : F'— M, a connection defines a splitting of the tangent bundle
TF ~ VF@® HF, that is a vector bundle over F. VF denotes the vertical bundle, and HF is the
horizontal distribution determined by the connection, called Cartan connection.

Such a connection is more general than a linear one, but it coincides with a linear connection, when con-
sidering a vector bundle ¥, : F — M, if the horizontal distribution is linear in the fibers, i.e. compatible
with the vector space structure of each fiber. Nevertheless, the two concepts are analogous in the scope:
determining the parallel transport along M. Presenting the relation between the two type of connections
goes beyond the ambit of the project.®” Still, it can be intuitively understood by defining the horizontal
lift as follows, showing an analogy with parallel transport (cf. [Tec19]). Let p € M and f € F such that
7E (f) = p. Given a smooth curve v: R — M such that v(0) = p, we define a lift of  through f as the
curve 7, satisfying 7(0) = f and 7%, (3(t)) = y(t) Vt. Then a lift is horizontal if every tangent to 7 lies
in a fiber of HF, namely 7(t) € HFyq for all t € R.

The splitting of the tangent bundle induces a splitting of the smooth vector fields into vertical or hori-
zontal, depending on whether they belong to T'r(V F) or I'r(HF), respectively. That is a splitting of the
C*®(F)-module® X(F) = Xy (F)®Xu(F).

The splitting of the tangent bundle induces also a splitting of differential forms into vertical and hori-
zontal forms. The former are those forms on F' that vanish when contracted with vectors tangent to the
base M, i.e. when restricted to the horizontal subbundle. They are usually denoted by Q°(F/M). The
latter are those that vanish when restricted to the vertical subbundle. When the de Rham differential
itself decomposes into horizontal and vertical parts, this structure endows the space of differential forms
on F' with the structure of a bicomplex.

(AT A subbundle of a given vector bundle is a submanifold of the total space with vector bundle structure over the same
base.

(18)This is used to depict how fields change under a spacetime diffeomorphism described by fields in T M.

(19)The connection becomes canonical only after fixing additional geometric data, such as a metric.

(20)The properties of the infinite jet bundle ensure the existence of a canonical splitting of its tangent bundle.

(2D For an extensive treatment of connections on fiber bundles see [Tecl19; GSMO09).

(22) One can show that C®(F) forms a ring and that the action (f-X)(p) = f(p) Xp, for all f € C®(M), X € X(M), pe M,
makes X(M) into a C®°(M)-module. Equivalently for X(F).
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Once the vertical subbundle is introduced, we prove that it fits into a short exact sequence (see Eq. (3.14))
that has a canonical splitting induced by the Cartan connection (see Prop. 3.1.9).

7'|':D TrF
To this end, first notice that the total projection 73 : y(J35F) —— y(F) —5 y(M) induces the following
smooth pushforward
driy: T(y(J37F)) — y(TM). (3.13)

The action of this map on R"-plots is given by

{XE R > T(J5F) | drp_y o X5 = XET1 Y, — drf o XE e y(TM)(R™),

where X%, is a representative in the representing set of the plots and dz%,: T(J¥ F) — TM is the
pushforward of 7} o nf = 7k,: J&,F — M. In local coordinates, we can concretely understand the

action of the map on X, € T'(y(J33F))(x) at s € J33 F writing

o0
s + Z Yla au(II|s .—)X‘uaw“
|I]=0

X, = X" 0pn

w31 ()

This, in turn, allows us to define the smooth vertical subbundle.

Definition 3.1.16. The smooth vertical subbundle of T(y(JAOSIF)) is defined as the equalizer of dnf;
and the canonical zero map 0y : T (y(J33F)) — y(TM):

VIGE = eq (T(y(5F)) %”; y(TM)).

R™-plots of the above are represented by compatible families

{an; R" — T(J%, F) ‘ drk_ o XE = XF1 drk o XE = (23 0 sp, 0)}k .
: €

For instance, a vertical tangent vector at s € J3;F, namely X, € VJ3;F (%), is represented in a local
coordinate chart by

o0
Xy =0+ ) Yiu|
|1]=0

Furthermore, note that smooth sections of the vertical subbundle VJGF — y(JGF) (see Def. 3.1.15),
define the subbundle of vertical vector fields on J37F":

S

In a local chart, these are represented by
0
X =0+ > Yf'du where Y eCP(JHF).
17]=0

It follows that Xy (J35F) is closed under the Lie bracket of X(J{GF) (see Eq. (3.12)).
Finally, we write the following natural short exact sequence of smooth sets®* over y(JGF)

This is a short exact sequence of C*°(R"™)-modules of fiber R™-plots over each R™-plot of y(J3;F').** The
third map is naturally given on R™-plots by

{(XER" > T(J5F) |drf_y o X8 = X571 — (™, dml 0 XE).
The crucial property of the infinite jet bundle is that the above sequence has a canonical splitting

H:y(J3F) <y y(TM) — T(y(J35F)).

(23)The fibered product is in SmthSet, with R”-plots being pairs of plots that project to the same plot in M. The coordinate
charts take the form {z#,&#, u® uf, uf, . ,---}, with {#*} denoting the fiber coordinates on T'M.
(24)More concretely, exactness is checked plotwise: for each plot s™ of J$G F, the R™-plots of the smooth sets in the sequence

above it, i.e. in the fiber of s™, form a short exact sequence of C*(R™)-modules.
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That is, there exists a canonical connection on y(J35 F'), usually referred to as the Cartan connection.*
Before stating and proving Proposition 3.1.9, let us work out the description of the splitting at the point
set level.

Let j;fgo € J¥ F and choose a representative local section ¢: U =« M — F such that j*@(p) = j}’;cp (see
Def. 3.1.10). The induced pushforward map

d(5%¢),: TyM — T (5 F)

is given in local coordinates by the usual Cartan horizontal lift

XH 0,
P

k
o T aﬁ“'aw"f’a(p)'au?|j§so>

P
[1]=0

—x# (0

k
- <a’6“|js«: + 20 () dug |j1:so)'
[1]=0

Here {z#} and {z*,{u$} <k} are the local coordinates of M and Jj F respectively. The expression
depicts how a vector over the base manifold M is horizontally lifted to a vector over the infinite jet
bundle, compatibly with respect to the structure of the latter. Note that, such a map depends smoothly
only on the (k+ 1)-jet at p € M of the chosen representative section ¢. Therefore the assignment defines,
for each k € N, a smooth map of bundles over J§,F

HE: Ty UF < TM — T(I3 F), (e Xp) — d(i%0) (X5). (3.15)

Here ¢: U € M — F on the right-hand side is any representative local section with j*+!

the given jet. This fits inside the following commutative diagram:

»(p) equal to

JERLR s TM 25 T(JE, F)
ﬂ;;ﬂxidl ldﬂg_l (3.16)

T F x0 TM 2 (k.
Notably, there is an injective point-set map
TGF xar TM — T(y(TGE) (), (779, X,) = A7) (X,) = {d(*¢), (Xp) by (317)

which splits the =-plot sequence of Equation (3.14). Again, ¢: U <€ M — F is a representative local
section of j,°p. In the coordinate representation of points in szcmAO?[F , the map takes the form

0
(30Xt ) X (2l + D G700 gl ).
11]=0

where and {z*, {uf}o<|7} are the local coordinates of J37F'. More generally, the map of Equation (3.17)
extends to a smooth splitting of the corresponding smooth sets. Note that such splitting is not global on
arbitrary jet bundles, but is canonical on J3 F due to its properties.*®

Proposition 3.1.9. The family of smooth bundle maps {H" : J]’fle xTM — T(JY F)}ren determines
a map, called Cartan connection, of smooth sets

H: y(J3F) yan) y(TM) — T(y(J5F)). (3.18)

which splits the corresponding exact sequence in Equation (3.14).
Moreover, the split is canonical, i.e. there is a canonical isomorphism of smooth sets over y(J3GF)

VIGF <y ry (Y5 F) xyan y(TM)) = T (y(J37F)).

(25)The Cartan connection is the Ehresmann connection that chooses the complementary horizontal subbundle as HIGF.
This is canonical for the infinite jet bundle, but it is not when considering a finite order jet bundle. In any case, it is
possible to equivalently describe HJ’]f{F7 with k € Nu {00}, in terms of Cartan distribution (see ft. (27), p. 67) or associated
foliation. However, the Cartan distribution has desirable properties only on the infinite jet bundle, and not on the finite
order ones (cf. [Led18; Blo24]).

(26)In particular, this is due to the contact structure of JGF, i.e. the one forms annihilating the Cartan distribution.
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The induced splitting is T(y(JA‘f}F)) =~ VJGF®HJGF, where the plots of the smooth subbundle HJ3GF,
called Cartan distribution,®” are given by the image of the Cartan connection®® (see Eq. (3.18)).

Proof. We prove only the first part of the proposition, since the second comes as a corollary.
The proof is a variation of Proposition 3.1.6. By the limit property of the infinite jet tangent bundle (see
Eq. (3.8)) and the fully faithful embedding of LocProMfd into SmthSet, we compute
HomSmthSet (y(J]OV(}F) ><y(M) y(TM)a T(y(JJi?F))) =

~ Homgymenses (y(J37 F % ar TM), Bm™ "5 (T (I}, F))) =

~ 1im}® Homsmenser (Y(J37 F xar TM),y(TJ5, F)) =

~ 1im}® Hompowea (J35 F x ar TM, T 5 F).
In particular, in the second line we used the fact that the Yoneda embedding preserves limits. In
the third line we applied the property of the hom-functor (see Prop. 1.1.1). Hence a smooth map
fry(JGF xuTM) — T(y(JX?IF)Q corresponds to a family of smooth Fréchet maps {f*: JGF x yy TM —

T(J¥ F)}ken such that drf_ o f& = f*=1 and vice versa.
By Proposition 3.1.5, the set-theoretic maps

(nify x id) H*: J5F x 3 TM — J5'F x 3 TM — T(J*F)

are smooth Fréchet maps for each k € N, being the pullback of globally®® finite order maps. Furthermore,
by the commutativity of diagram (3.16), they satisfy

drf_q o (nify x id)*H* = drf_; o H* o (7,1 x id) = H* L o (np ™ x id) o (77, x id)
=H" o (xf xid) = (7 x id)*H" 1.
Thus the family {(7%, x id)*Hk: JOF xp TM — T(JX,F)}ken uniquely corresponds to a map

H: y(JGF xpu TM) — T(y(J5F)). The underlying point set map is that of Equation (3.17), and
since this splits the *-plot sequence, it follows that the R™-plot sequences split too. ]

In a local coordinate chart for J3;F, the explicit action on R™-plots may be seen as

o0
”w a n
mﬁos”) X (az“|s" + Z Ul4p ©S au?|s“)
|7]=0

(5300

Here s™: R™ — J3F is an R*-plot of the infinite jet bundle, and {X*: R™ — M} are the components of
the corresponding plot in T'M.

The second part of the above proposition implies the splitting, in the sense of C*(J3F)-modules, of
smooth vector fields X(J5 F) = Xy (JGF)@Xu (J33F), where the two components denote smooth sections
of the corresponding bundles (see Def. 3.1.15). Hence, any vector field X on y(J33 F') decomposes uniquely
as X = Xy + Xy, where Xy and Xy are sections of the vertical and horizontal smooth subbundles,
respectively. The latter can be represented in local coordinates as

0 - e)
a a 0 a
Xy = 3 (Y- X" ug,,) qug Al Xir = X <amu + ) uwau?).
|I]=0 [1]=0
In particular, if X#d,. € Tpr(TM), its horizontal lift is (75)* X (Opn + Z\O(I)|=0 uf,,Ous) € Xp(J37F). It
is helpful to denote the local basis for horizontal vector fields on y(J55F), i.e. the horizontal lifts of the
local coordinate vector fields {0,.} on M, by

Dy = 0w + Yy, 0us. (3.19)
|1]=0

(2T A distribution is a smooth assignment of a vector subspace of the tangent space to each point of the manifold m >
Am € T M (see ft. (25), p. 66).

(28)The direct sum here is the fibered product VJHF Xy (I F) (Y(JGF) xyary y(TM)) computed in SmthSet, with
the linear structure being fiberwise for each R™-plot over the induced plot of the base y(J{GF), i.e. the direct sum of
C*(R™)-modules of fiber R™-plots over each R™-plot of y(J3F).

(29)1n this particular case, the maps are globally of finite order, but this more generally works for locally finite order maps.
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If f: JGF — R is a smooth function and ¢ € I'y/(F) is a smooth section, then f o j%p e C*®(M). The
vector fields {D,,} encode the action of {a%} on f o j®¢ via the chain rule, that is:

0]
Du(f) 0 % = (awf - umau?f) 0 %

|1]=0

0
= 0unf 00+ Y, OpnOpr® - (Bus f 0§ 70) = uu (f 0§ 70).
171=0

By construction, the vertical vector fields Xy (J35 F') are closed under the Lie bracket defined in Equation
(3.12). Crucially, the Cartan connection is flat. That is, the horizontal vector fields are closed under the
Lie bracket

(X, XHl e Xu(JGF), VXy,XjeXu(JGF), (3.20)

as can be checked in local coordinates. This means that the Cartan distribution has zero curvature
and that fields over the infinite jet bundle behave well when parallelly transported along a local path of
the base manifold M, i.e. the transport is locally independent of the path. This greatly simplifies the
horizontal lifting. Note that the splitting descends to the subspace of global finite order vector fields
Xaib (J33F) = Xao, v (JGF) @ Xgib, u (J37F), with the same local representation formulas and properties.

Differential Forms and Variational Bi-complex

We now classically define differential forms on the infinite jet bundle as smooth antisymmetric y(R)-linear
maps T'(y(J35F)) — y(R), exploiting the fiber-wise linear structure of T'(y(J37F)). Finally, we define
the Cartan calculus and the relative variational bi-complex.

Definition 3.1.17. The set of differential m-forms on the infinite jet bundle y(J37 F) is defined by
Q"(J55F) = HomEar (T (J5F), y(R)).

That is, m-forms are smooth real-valued, fiber-wise linear antisymmetric maps, with respect to the fiber-
wise linear structure induced by the operations in Equation (3.11), on the m-fold fiber product

T3 F) = Ty(JInl) <yuer - Xyuznr Ty F))

of the infinite jet tangent bundle over the infinite jet bundle.

Concretely, the above m-fold fiber product is the smooth set with R™-plots given by m-tuples of plots
covering the same plot in y(J3 F'). Explicitly, the plots are

T (JEF)RY) = {(Xon, -, X0) € T(y(J3g F))R™) x - x T(y(J37F)(R™)},

where po X}, = - =po X = s" € y(JGF)(R"), with X!, € T(y(JSF))(R™) (see Eq. (3.10)). Note
that sections of such m-fold fibered product are m-tuples of vector fields (see Def. 3.1.15). Accordingly,
any w € Q™ (JGF) defines, via pre-composition, a map of C*(J37 F')-modules
w: X(JGF) x - xX(JgF) — C*(JGF)
(XL, X™): y(IEF) — T (JGF)) — (wo (XL, X™): y(JEF) — y(R)).
On the right-hand side, we identify C*(J5F) = Hompymea (J37 F, R) since the Yoneda embedding is fully

faithful.
Consider now w € Q! (JGF). In local coordinates around s € J{SF, we can write

0 [ee]
X“&xu + Z Y]a 8u? — XH 'W(axu) + Z YIa w(&u?)
1]=0 11]=0
The right-hand side sum, to be a well-defined smooth function on J37F for all vector fields X, must
terminate for some finite [I| = ks € N, i.e. w(0us) = 0 for |I| > k. By further restricting to a smaller
neighborhood U, < J3; F around s, without loss of generality, we write

ks
_ 7 I a
w = wydz" + Z w, du;
[1]=0
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where {wy,, {wl} 1<k, } © CP(J33F) are locally defined and of finite order k,. Extending this reasoning to
the general case, we represent w € Q™ (JGF), in local coordinates in a neighborhood Uy around a point
se JGF, by

I-1,

w

Z Z de‘“ A ndatr Aduft A A du‘}j
p+g=m Iy,....I1,=0 p ¢
Here the sum terminates at some finite order kg, the coefficients are locally defined functions on J]]fj F', and
the wedge is the usual exterior product.®” That is, the map w: X(JGF) x---x X(J3F) — C*(J9F)
is locally, for any s’ € Us < J3F, necessarily of the form

w(Xl7 . ,Xm) (s") = wi, (71',22 (3’)) (dw,ios (Xl(s’)), o dm? (Xm(s’))) (3.21)

for some local form wy, € Q™(JF;F) and k, € N. Therefore, we can interpret m-forms on y(J35F) as
being locally the pullback of finite order forms, and represent them by compatible families of locally
defined m-forms on finite order jet bundles

{wi, Q™ (Uw""( ))|U7r (s) & JJI\C/ISF}seJﬁF'

Compatible here means that for any two s,s" € JGF with ks > ks such that®? (Wks')*l(Uk ) N Uk,

o c J "F, we have (71']]: )¥wr, = wy,,. Equation (3.21) determines the form of the corresponding map
out of the tangent bundle (see Def. 3. 1. 17) on #-plots

w: T*"™(JGF)(x) > R, (Xsl,~~ LX) > wi, (ﬂ'k (s )) (dwk (xXh,- - dmg (Xm))

for some locally defined form wy,, € Q™ (J]’\Z F') around e (s) € J]’\“j F. The action on any R™-plot follows
immediately by substituting the #-plots denoted by s with R™-plots s™.

Note that the globally finite order m-forms, i.e. those determined as a pullback of a single globally defined
m-form wy, € Q™ (J¥ F), fit in the above description. They form a vector subspace that we denote by
Qg (37 F) = QM(J37F) in analogy to the case of smooth functions (or 0-forms).*

Remark 3.1.7. Equivalently, one could define the above within LocProMfd and consequently embed it in

SmthSet. Recall that the local pro-manifold J37F is paracompact and has partitions of unity (cf. [Tak79]).

By extending tangent vectors to vector fields, via a partition of unity, it follows that any C*®(J3; F')-linear

map X(JGF) x -+ x X(JGF) — C*(J3F) defines a fiberwise linear smooth map T*™(JGF) — R.
Thus, there is in fact a bijection

QI3 F) = Hom gl (T (J37F), R) (3.22)

~ Homacno?fmF)_Mod (X(JF) x -+ x X(JJpF), C* (I F)), (3.23)

where “antis.” denotes the fact that the morphisms are antisymmetric.

Note that the wedge product can be defined as for Definition 3.1.7. Furthermore, it is possible to
algebraically define the Cartan calculus®® on Q°*(JGF) = @, .5 Q" (J 51 F).

Definition 3.1.18. Let w € Q™(JGF), o' € Q™ (JSF) (see Def. 3.1.17) for some m, m’ € N, f €
C®(JEF) and X € X(JHF).

1. The contraction is defined as txw = w(X,—, -+, —) € Q™ 1 (JGF).

(39)1n this case it is the usual wedge product since in the local coordinates we are considering forms locally of finite order,
i.e. over the smooth manifold Jk‘F

(31)(7Tk )~1 is the preimage of (Uk ) via the projection.

(32)Both Qn L (I3 F) and Q™ (J35 F) have a natural C®(J3; F)-module structure, but only the latter also defines a petit
sheaf on the topological space J}7 F' € LocProMfd.

(33)The Cartan calculus also naturally descends to Qe (J37 F)-
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2. The de Rham differential d: Q™ (JZF) — QmTY(JLF) is given by

m

deo(X0, oo X = D (1) X (X0, X X)) (3.24)
i=0
+ Z(—l)i+jw([Xi,Xj],X0,~-~ ’)/(\z"... 7)/(\j,... ’XM).
1<j

It follows that d® = 0, and so (Q’(JAO?[F),d) defines a cochain complex.®*

3. The Lie derivative of a function f € C*(J}F) along X is defined by Lx(f) = X(f) € C*(JGF).
It extends to m-forms by Lx = [1x,d], that is:

Lx: Q™(JgF) — Q™(JygF), w— ix(dw) + d(txw).

The maps d, Lx and ¢x take the usual coordinate form around any point s € J3;F, whereby w and
X are locally of finite order. One can show that the de Rham differential, the contraction by a vector
field, and the Lie derivative with respect to a vector field are graded derivations of degree +1, —1, and
0, respectively. The usual Cartan calculus identities (see Thm. 1.1) between them also follow, since they
hold locally around every point s € J35 F' for the corresponding finite order representatives.

The splitting of the tangent bundle (see Prop. 3.1.9), induces a splitting on the set of forms Q°(J3 F),
that is a decomposition®® on m-forms, for all m € N,

QUURF) = @ QPUJIGF)

ptgq=m
with w e QP9(JGF) if and only if
w(X‘l/,...,X"},—,...,—) =0 and w(—...,— Xp,...,X})=0

for any vertical {X{,,..., XV} c Xy (JGF) and {X};,..., X0} € Xg(JGF).
Locally around s € Ji7F, w can be written as

R S
M1..-fpai...Q
w = Z %dfm‘“ A...Andgxtr /\dvu‘}l1 Ao dyule
_ pq: K
Iy, Ig=0

where the horizontal and vertical differentials are defined as follows.
Definition 3.1.19. The horizontal and vertical (p, ¢)-differentials
dy?: QPI(JRF) —» QPTYU(JEF) and AP QPI(JGF) — QPTG F)
are defined by
d?jq = prPJqu o d|Qp,q and d{)/’q = pI‘p’qul o d|Qp,q
where pr,, ,: QPTI(JGF) — QP4(J37F) denotes the subspace projection.
The involutive properties of the vertical and horizontal subbundles (see Eq. 3.20) imply that the de Rham

differential decomposes as
d|Qp1q = d%q + dz‘;’q (325)

Indeed, by projecting the de Rham differential onto each of the subspaces, the decomposition on functions

is exactly
Ao (g = A% +d%0s C2(JHF) — Qb (JGF) @ Qb (J5 F),

where in local coordinates

o

A (f) = de*Du(f) and dy(f) = ' (dug — g, ,da) dye f. (3.26)
=

(39Tt turns out that the global and local cohomologies are isomorphic, since the relative cochains are quasi-isomorphic
(cf. [Tak79] and [GS25a, Prop. 4.14]).

(35)To show this, one first shows it for m = 1, where the uniqueness of the decomposition is due to C®(J3; F)-linearity
(cf. [GS25a][Def. 5.1]). Then it follows for m > 2 by Q™ (JEF) x A" QN JGLF) = A\™ (QL,(JSF) @ QL (JGF)).
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A priori, the discussion is different on (1,0)-forms. Indeed, d|qi.0 could create 2-forms and therefore
decompose as
del,o = dllL}O + d%/’o + Prgg © d‘Ql,O.

Then, to get the correct decomposition, we need to show that given any form wy € QMO (JHF) =
QL (JGF), dwy has zero (0,2)-component. This amounts to show that dwy (X1, X&) = 0 for all wy €
QUOJGFE) = QL (JEF), and X{,, X2 € Xy (J3GF). It is immediate to see that

dwp (Xy, X¥) = Xy (wn (X7)) = X3 (wrr (X)) — wa ([Xy, X§]) = 0

by horizontality of wgy and the involutive property of the vertical subbundle. A similar argument shows
that d|qos = d' + dy;'. Since the bigraded algebra Q**(JHF) = D, .y Dprgem W U(J3;F) is gener-
ated by C*(JEF), QL (J5F), and Q,(JGF), it follows that the decomposition Equation (3.25) holds.
Then, omitting the reference to (p,q), 0 = d* = dy; + d} + (dgdy + dydg) implies

d3; =0, d} =0, and dgdy = —dydy.

This is the case since each of the terms maps into different subspaces of the bigraded algebra Q**(JGF).
Then, the action on local coordinates and local basis of horizontal and vertical 1-forms is given by

dg(z") =daz", dy(a") =0, dg(uf)=datuj,,, dv(u])=du]—u7,,dz" (3.27)
dH(dI#) = O, dv(dx“) = O, dH(qu?) =dz¥ A dvu?+u, dv(dvu‘}) =0

and hence on any (p, ¢)-form, by derivation properties of the differentials and their action on functions
(see Eq. (3.26)).

Note that any smooth bundle map JGF — A’ T*M over M is equivalently a (p,0)-form on the infinite
jet bundle.

Definition 3.1.20. The variational bi-complex of a fiber bundle F* — M is the bi-complex
(9.7.(J]OLOTF)7 dH7 dV) )

graphically depicted as

dy dy dy a.]
o2y r) Sy grege ) i, geagepy o, diuy gas e
dy dy dy a.]
a0 (ger) Y, guigery i, guigep) e, ey gar e py
dy dy dy a.]

QG F) 31 orogr) -, 2oe ) e, Ay gaoge )

A full description of the properties of the variational bicomplex can be found in [Sau89; Tak79; Led18],
and the discussion naturally fits into SmthSet (cf. [GS25a, Ch. 5]). We here only report an important
result: Takens’ acyclicity theorem.

Proposition 3.1.10. The horizontal rows (Q*97ZY(J5F), dy) are exact, apart from degrees (d,q). Sim-
ilarly the vertical columns (QP*(J3GF), dv), apart from (p,q < f), where f is the dimension of the fiber
(dimF = f +d).

Local Cartan Calculus and Variational Bicomplex and Transgression

We introduce local vector fields and forms to demonstrate how the infinite jet bundle technology can
be utilized to globally discuss locality, i.e. without referring to a specific local coordinate chart, and to
define the local Cartan calculus on F x M. Such a description is crucial for the formal implementation
of the action principle in classical local field theories. This can also be implemented in other settings,
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for instance within ProDflSp (cf. [Blo24]). However, SmthSet affords a more natural treatment of all
field-theoretic objects within a single category (see Rmk. 3.1.5). In particular, the local Lagrangian den-
sity and local vector fields are morphisms in SmthSet, i.e. natural transformations between sheaves, that
factor through the infinite jet bundle. Since the integration over M can also be viewed as a morphism of
sheaves, the action functional itself defines a smooth map in SmthSet. Crucially, local vector fields form
a Lie algebra with an appropriate bracket. Finally, local forms are morphisms in SmthSet obtained as
pullbacks, along an appropriate smooth map, of differential forms on the infinite jet bundle; these, too,
are natural transformations. Restricting to these local objects, one can define the local Cartan calculus
and local variational bi-complex on M x F and further transgress it to F. For a more detailed treatment,
we refer to [GS25a, Ch. 3, 5, 6 and Ch. 7].

Definition 3.1.21. A local Lagrangian density is a map of smooth sections £: T/ (F) — Q%(M), o
L o j®¢ where j%: T'p(F) — T (JGF) is the set-theoretic jet prolongation, d is the dimension of M,
and L is a smooth bundle map

JF -t /\ T*M.
m /

The Lagrangian form is local if it locally factors through finite order jet bundles. This definition does
indeed reflect the formulas written in the physics literature (see Def. 2.1.2). Locally, the value of the local
Lagrangian density £(p) on a field ¢ € T'j;(F) may be represented by

,C(QO) =L Ojooso = L(xuvcpav {&I@a}|1|<k}) = [(1’”790&, {afsoa}|1|<k) : dxl o 'dxdv

for some smooth function L € C*(J5F). One can show that it canonically extends to a smooth map
of smooth sets £: T'p(F) — I‘M(/\d T*M), where the latter is the smooth set whose plots can be
interpreted as R¥-parametrized d-forms on M (cf. [GS25a, Lem. 3.11)).

Then, we define a bosonic smooth, local Lagrangian field theory to be a pair (F, £).

F =T (F) € SmthSet is the smooth field space of sections of a finite-dimensional fiber bundle F' over
the spacetime M, and £ = L o j® is the smooth Lagrangian density defined by a smooth bundle map
L: JgF — /\d T*M or, equivalently, by L € Q40(JF). Note that the majority of fundamental physical
theories are described by Lagrangians that factor globally through a finite-degree jet bundle. However,
generic algebraic operations on fixed order Lagrangians result in objects that necessarily factor through
higher jet bundles, and so it is natural not to fix an order in the jet bundle and consider the infinite limit
instead.

Integration defines another natural map of smooth sets. More precisely, if the base spacetime M is
closed®® and oriented, then integration along M defines a smooth map

JM; Tor( N\ T*M) — y(R). (3.28)

Here, the integration is plot-wise along M while keeping the R¥-dependence fixed. Explicitly, for any
wgr € QM )(RF), the value of §, wgs € y(R)(R¥) is given by

(JM ka) () = fM Ly WRE

where 1*: M = {2} x M < R* x M. The composition of a smooth Lagrangian £ with the smooth
integration map defines the action functional as a map of smooth sets

S:J oL: Ty (F) — y(R). (3.29)
M

Therefore, SmthSet also satisfies requirement 2 in Section 2.1. S is a local functional in the following
sense.

(36)For a non-compact manifold, we can restrict to closed submanifolds X4 = M. If 0M # &, or 0¥4 # &, we should also
take care of the boundary. A way of dealing with this at the level of the critical locus can be found in [GS25a][Def. 5.37
& Rmk. 5.38 ]. To apply the Cartan calculus on the boundary and, by means of it, formulate BV-BFV, one should first
understand how the infinite jet bundle behaves in the presence of a boundary. This is an interesting question that, however,
we do not delve into as it goes beyond the scope of the thesis.
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Definition 3.1.22. The algebra of smooth local real-valued functionals C5.(F) — C*(F) on
the field space F is the minimal subalgebra generated by integrating P == P o j%: F — Ty (AP T*M),
with P € QP0(J F), over compact oriented submanifolds 7 = M of dimension p.®"

The appropriate notion of a symmetry of a Lagrangian field theory is the following.

Definition 3.1.23.

1. Consider a Lagrangian field theory (F, L) and a local diffeomorphism
D € Diff)oe (F) = {Homgmnset (F, F) 2D =D oj*: F - F|3ID' =D"'0j®: F - F},

where D, D! are bundle maps®® J33F — F over M. D is a local symmetry of (F, L) if there
exist a map K = Ko j®: F — I‘M(/\CF1 T*M), for some bundle map K: JGF — /\d*1 T*M,
such that the following diagram commutes:

F—2 L F

a+dM\ /

2. Consider a local Lagrangian field theory (F,L) and a local diffeomorphism Diffjo.(F) 3 D :
Do j®(—) o (id, f~!) induced by the bundle map D: JF — F covering Diff(M) 5 f: M —
i.e. such that the following commutes

M,

JoF — P2 L F

w© F
WMJ/ J’TM

M—t

D is a spacetime covariant symmetry for (F, £) if there exists K := Koj®: F — Ty (A T* M),
for some bundle map K: JiGF — /\Ul*1 T*M, such that the following diagram commutes:

F D F

[:erM’Cl l[l

Ty (A T M) — L T (AT TR,

Remark 3.1.8. This discussion applies verbatim for Yang-Mills, Chern-—Simons, and BF only if the set-
theoretic field space is taken to be F = QY (M, g) = T'p(T*M x 5r g), that means considering connections
on the trivial G-bundle M x G — M. Generally, however, the field space consists of connections A €
Conn(P) on an arbitrary principal G-bundle over M, which are not canonically the set of sections of a
fiber bundle over M. With some restriction, one can choose a reference connection Ay to yield a bijection
Conn(P) =4, I'pr(ad(P)) where ad(P) = P x¢ g is the adjoint bundle. The jet bundle formalism
then applies to the corresponding smooth set of the right-hand side, therefore all diffeomorphisms and
symmetries defined necessarily preserve Ag. Namely, such an approach treats the perturbation theory
around a fixed connection Ag. A nonperturbative global approach to this requires a further natural
generalization of smooth sets (cf. [G525a][ft. 31, p. 32 & Rmk. 6.37]).

To properly treat the infinitesimal version of local symmetry and state Noether theorems®®, one needs
the notion of local vector fields. We now introduce them as they are relevant to build the local variational
bicomplex, but the full discussion on symmetries is out of the scope of this thesis and can be found in
[GS25a][Ch. 6].

(3TIf the submanifolds is non compact, we extend the definition by integrating against bump functions.

(38)One can show that bundle maps out of the infinite jet bundle naturally define a differential operator that extend to a
smooth map (cf. [GS25a, Lemma 3.15]).

(39)[(S25a, Prop. 6.17] shows that local vector fields do capture the infinitesimal version of spacetime covariant symmetries,
thus justifying the focus solely on local vector fields.
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Definition 3.1.24. A smooth vector field Z € X(F) = I'#(TF) on the field space is local if it is given
by Z = Z o j* for some smooth bundle map, called evolutionary vector field Z € X, (JG F),

JOF — % L VF

AN

over the total space F' of the field bundle FF — M. The subset of local vector fields is denoted by
Xioc(F) € X(F).

For each ¢ € I'j/(F), the value of the tangent vector Z, depends only locally on ¢ via its jet j ¢ at each
x € M. By Proposition 3.1.5, evolutionary vector fields are locally represented by finite sums

Z =70, (3.30)

where {Z%} < C*®(J33F) are locally defined smooth functions on the infinite jet bundle, and {0y} is
the local coordinate basis for vertical tangent vectors on F'. This allows us to make sense of the field
theoretical way of writing vector fields on the space of fields I'p;(F') 3 ¢

Z(p) = 2°(¢) - Ope = Z%(p, {01} 11<k}) - O

Strictly speaking, evolutionary vector fields are not vector fields, but they can be uniquely prolonged to
a Lie subalgebra of VJGF (cf. [GS25a][Prop. 6.4 and Cor. 6.6]).

Proposition 3.1.11. For any Z € Xe (J33 F), there exists a unique prolonged vertical vector field prZ €
Xy (JGF) such that dn oprZ = Z and [iprz, du] = 0. Vice versa, any vertical vector field Z € Xy (Jy F)
such that [tz,dg] = 0 defines an evolutionary vector field Z == dn® o Z. The two processes are inverse
to each other. Furthermore,

1. Lprz = [Lprz,dv] satisﬁes ]LperV/H = dV/H]LprZ~

2. [prZy,prZs] = prZs where Xey(J3GF) 2 Z3 = (D;Z} O Ly - D;Z8 Oyt Z$) - Oy in local coordinates.

The condition [ipyz, d] = 0 implies that, in local coordinates, we can write

I, times

e}
prZ = Z D;(Z%)0ys, where Dy = DI 6.0 DId with le =D oD

1 d ur © Lk (331)
|T|=0

for every multi-index I = (I1,..., 1) (see Eq. (3.19)). Crucially, this allows us to define the Lie algebra
of local vector fields via the bracket

[Z1,25] = [Z10j%,Z10 %] =Z30j% € Xioe(F) (3.32)

where [prZy,prZs] = prZs. Finally, a local vector field Z = Z o j® € Xj.(F) acts on a local functional
S50 P = {5y Poj® € CF (F), where P e QPO(JF), (see Def. 3.1.22) as

loc

Z(Psy) — LP L,z (P) 0 j° € C2.(F). (3.33)

In local coordinates such that P = >}, 5Py, (0, {010} 1<) -datt Ao A dat», we can write
Pruyp
L,z(P) = lem,.u,upsd prZ(ip! ) sdabt AL A date,

To define local forms, we first consider F x y(M) € SmthSet and define the tangent bundle on it to
be T(F x y(M)) = T(F) x y(T(M)) € SmthSet. For readability, we drop the Yoneda embedding y for M
and T'M until the end of this section, since it is clear from the context whether they should be interpreted
in SmthMfd or SmthSet. Then, the by definition splitting can be thought of as horizontal splitting along
pro: Fx M — M, ie.

V(F x M) xpeps H(F x M) = (TF x M) xpyn (Fx TM) = TF x TM. (3.34)
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By definition, differential m-forms on the spacetime manifold M, the field space F and the infinite jet
bundle y(J37 F') are given by fiber-wise linear bundle maps out of their tangent bundle in SmthSet (see
Def. 3.1.7). We therefore use this definition for differential forms on F x M as well. As usual, the
collection of differential forms of all degrees forms a graded R-vector space

QY (F x M) = P Q™(F x M).

meN

At this point, the development of Cartan calculus on F x M reaches the same problems that we en-
counter for F. Namely, sticking to this definition of forms, we lack of a notion of differential. Moreover,
even though there is a natural notion of horizontal/vertical 1-forms on F x M as the ones that van-
ish respectively on the vertical/horizontal subbundle, it is not obvious that every 1-form w on F x M
splits accordingly. Similarly for any m-form, creating a non-trivial obstacle toward building the varia-
tional bicomplex (cf. [GS25a][Rmk. 7.2]). The resolution is that local classical field theory only requires
the existence of the Cartan calculus and the corresponding bicomplex structure on the classical forms
over y(JGF) (see Def. 3.1.18 and Def. 3.1.20). This structure can then be pulled back along ev® (see
Eq. (3.1.25)) to the subset of local forms on F x M (see Def. 3.1.26). Then, since field theories are local,
the usual field-theoretical manipulations may be concisely expressed via this local bicomplex and the
related Cartan calculus.

More explicitly, consider the smooth evaluation map

ev: Tay(J37F) x M — y(J57F), (¢",p") — ¢" o (idgr, p") € y(J37 F)(RY)

where ©* and p* are R¥-plots of Ty (J33 F) and y(M) respectively. Precomposing along the smooth jet
prolongation j*: F — I'p(J37 F), we may define the smooth prolongated evaluation map with values in
y(J3rF).

Definition 3.1.25. The prolongated evaluation map ev®: F x M — y(J33F) is defined as the
composition of maps of smooth sets

(5%,idr)
-

P Fx M Ty (JGF) x M =5 y(JGF). (3.35)

At the level of #—plots this is given by ev® (¢, p) = j%¢(p) € y(J33F)(*), and similarly for higher plots.

Differentiating the latter, we can define the pushforward map along ev® on x—plots as
dev®: TFxTM —» VJGF® HJGF = T(y(J]\”?[F)) (3.36)
(ZLP?XP) = joczw(p) + (djOOQD)poa
and similarly for higher plots. In local compatible coordinates around p, we can write it as
(Z;; Oue, XM+ Oy ) |I|Z Oy p) Ouglyn, + X ( Orn] oy + ”2 Bprin( : au7|j;%>.
0 0

By construction, the pushforward dev™ respects the natural splitting of the tangent bundles TF x TM
from Equation (3.34), and that of T'(y(J35F)) from Proposition 3.1.9, as bundles over M:

(‘FXM)X_FXMH.F'XM —>VJMF><J00FHJM

\ — o

Thanks to this, we can define the bicomplex of local forms as follows.

Definition 3.1.26. The bicomplex of local forms on F x M is defined as the image of the variational
bicomplex on y(J35 F) under the pullback along ev®: F x M — y(J3GF). That is,
M (Fx M) = Im((evw)*: QS (JGF) — Q°(F x M)),

equipped with the horizontal and vertical differentials

dar((ev®)*w) = (ev®)*(dgw) and dr((ev®)*w) = (ev®)*(dyw).

(6]



3.1. SMOOTH SETS

By definition, the local bicomplex has a module structure over CZ,(F x M) = QV(F x M). More

loc

explicitly, the local pullback form (ev®)*w € Q'9(F x M) of a differential form w € QP4(J35F') is defined

loc
by the composition
dev®

(ev®)*w: TF xTM T(y(J33F)) —> R,
and, using the Einstein summation convention, takes the local form

T
2 Wull---;fpal---aq (xv{aJ¢}|J\<k)

o ~dpa!t A A dytt AdE(0r ") A - AdF(0r,0"). (3.38)
I, I,=0 p-q:

Here, for all f € C®(J5F), the differentials of f = (ev®)* f are locally given by

dar(f) = dat - Op (f (2, {00} ia1<r)),  dr(f) = D) dr(0r9®) - 0a,pn (2, {010} 151<))-
|I]=0

Crucially, the local variational bicomplex admits a full local Cartan calculus (cf. [GS25a][pp. 98-100])
upon restriction to local vector fields (Xjoc(F), [ ,]) (see Def. 3.1.24 and Eq. (3.32)).

Proposition 3.1.12. Consider any local form ((ev*)*w) € QVY(F x M) and any local vector field

Z =70j% € Xioo(F) — X(F x M) viewed as a vector field (¢, p) — (Z(p),0,) on F x M with a constant
vanishing horizontal component. Then,

1. the contraction by Z satisfies .z ((ev®)*w)) = (ev®)* (tprzw) and it is a graded derivation vz : Q.3 (F x
M) — QP4 (F x M);

2. The horizontal and vertical differentials are graded derivations dpr: QP9(F x M) — QPFM4(F x M)
and dy: QUY(F x M) — QPITHF x M);

loc

3. The Lie derivative along Z is a graded derivation Ly = [1z,d]: QP9(F x M) — QPITL(F x M )@

loc loc

satisfying Lz((ev®)*w)) = (ev®)*(Lprz) and Lzdyr = daryrlz;

4. All the rest of the commutation relations between these derivations still hold (see Prop. 1.1).

The proof of the above statements can be found in (cf. [GS25a][pp. 98-100]). In particular, it is based on
Definition 3.1.18, the pullback properties, and Proposition 3.1.11.

We now introduce the transgression map, defined as the composition of pullback along the prolongated
evaluation map and integration over a closed submanifold of M. We also introduce a suitable notion of
weakly symplectic form on F x M, which induces a weakly symplectic structure on F via transgression.

Definition 3.1.27. Let ¥? < M be a closed? submanifold. The transgression 7s»: Q¢(F x M) —
Q4(F) of local (p, q)-forms on F x M to g-forms on F is defined by

Tse ((ev®)*w): (TF)*?1 — y(R)

(Zo s Z) > | (V)" )o(Z . 2)

and similarly for higher plots. We denote Qf ., (F) < Q°*(F) the subalgebra of forms generated by
transgressed local forms along X7 and by Q) _(F) the one generated by transgressed local forms along
arbitrary closed submanifolds. Note that, for p = 0 this corresponds to local functionals of Definition

3.1.22.

The following result gives us a notion of de Rham differential on F when restricted to local vector fields
and local transgressed forms. The caveat is that the latter should be interpreted as maps of local vector
fields (Xioc(F))*? — CP.(F), and not as bundle maps (T'F)*? — y(R) (cf. [GS25a][Rmk. 7.39]). Note
that for our application, this is enough.

(OWe could have used L, == [1z,da + dF] = [tz,dm] + [tz,dF], but this would be redundant since [1z,da] = 0, as
can be seen in local coordinates.

“DFor non-closed manifolds, one has to generalize this definition. For example, see [GS25a][Rmk. 7.35] for non-compact
submanifolds.
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3.1. SMOOTH SETS

Proposition 3.1.13. The vertical differential dz: QUI(F x M) — QP9 F x M) transgresses to a
well-defined map

d]: Qloc P (‘7:) - Qfotlﬁp (]:) (339)
Tsp ((ev®)*w) — dr (150 ((ev®)*w)) = T (dr(ev™®)*w)

that extends to a well-defined derivation Qf, (F) — QuE!(F).

Proof. There might exist (ev®)*w # (ev®)*w’ € QFY(F x M) with 7s» ((ev®)* ) 5o ((ev®)*w’). So,
for Equation (3.39) to be well defined, we need dr (Tgp((e w)) = dr(rsr((ev®)*w')). We prove that
this is the case by induction on gq.

For g = 0, consider (ev®)*w # (ev®)*w’ e Q0

for any 1-parameter family of fields ¢; we have (g, ((ev®)*w)(¢;)
derivative evaluated at ¢t = 0 reads

| drtew) @ @pilin) = [ dr(ev)"w)onlCrsrlino) € C2(®)
3P »p

and thanks to Proposition 3.1.4 the result follows for ¢ = 0.

For a generic ¢, assuming the case ¢ — 1 to hold, we proceed as follows. Consider Z7, Zs € X1o.(F) and
(ev®)*w # (ev®)*w' € QI(F x M) with 7s» ((ev®)*w) = 7 ((ev®)*w’). By definition of contraction
along 77, we can write

(F x M) with TEP( *w) = v ((evoo)*w’). Then,
= S »((ev¥)*w’) () € C*(R). The

5w (L7, (evP)*w) = 750 (12, (ev®)*w').
By the ¢ — 1 case, we get dz(7sr (12, (ev®)*w)) = dr(7er (12, (ev?)*w’)). Further contracting the latter
equality along Z> and recalling that Lz, = [tz,,dr], we get

| Lz (o) = | ndmater o) = [ zdra(@®)) = [ Lao(er)),

If we invert the role of Z; and Zs, the result is the same with Z; < Z5. Then, combining the above and
using the local Cartan calculus (see Prop. 3.1.12), we get the following

| asteyu)ziz2) = | Laaler)w) - Lo (@0%)0) - 4z, 2 (e)"w) =
3P »p
= J Lz, tz,((ev®)*w') = Lz,tz, ((ev*)*W') — 11z, 2,1 ((evF)*w') = f dr((ev®)*w')(Z1, Z2).
3P »p
By generality of Zy, Zs € Xjoc(F), we obtain dz (7s» ((ev®)*w)) = dr (150 ((ev®)*w’)). [ ]

Note that, for any local vector field Z € Xjoc(F) and local form (ev*®)*w € QP4 (F x M) the following
holds

vz (e ((ev™)*w)) = 750 (12((ev™)*w))
Ly (sz((eVOO)*w)) = [1z,dF] (TEP((GVOO)*Q})) = Tsw» (]LZ((GVOO)*CU)) (3.40)

In particular, the first holds by Definition 3.1.27 and Proposition 3.1.12 and the second follows from the
first and Proposition 3.1.13. Finally, the following definition gives us the notion of symplectic and Poisson
structure on F.

Definition 3.1.28. Consider a closed submanifold ¥? ¢ M. A (weakly) symplectic local form on F
is given by Qs = 750 ((ev®)*w) where QP2 (F x M) 3 (ev®)*w = dra + (dp-exact terms) is vertically
closed and such that Qs |, (7): X1oc(F) = Qi (F) is (injective) bijective. For any local vector field
Z € Xioc(F), a local functional Hzsr = Tswhy = Szp hz € CE.(F), where hy € on(]-" x M), is the
Hamiltonian functional“? for Z with respect to Qs» if 12Q5p = drHz sr. The (weakly) symplec-
tic structure defines a Poisson structure“® (cf. [GS25a][Def. 7.47 & Lemma 7.48]) on Hamiltonian
functionals (for a fixed ¥P) with bracket defined by

{Hz, 5w, Hzy 50, bose = Lz, 02,50,

(42)Strictly speaking, we should talk about Hamiltonian pairs (Hz sr,Z) € CP.(F) x Xipc(F) as for every Z there is a
family of local functionals that are Hamiltonian for Z parametrized by the freedom of adding any (p, 0) form to the integrand
whose vertical differential vanishes up to horizontally exact terms. We omit this and think of the Hamiltonian Hz s» as a
representative of such a family.

(43)The product of Hamiltonian functionals is Hamiltonian, but not necessarily for a local vector field
(cf. [GS25a][Lemma 7.46)).
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3.2. THICKENED SMOOTH SETS

All the structure in the above definition can be understood at the level of F x M up to horizontally exact
terms (cf. [GS25a][Def. 7.10, Def. 7.28, Def. 7.29 & Lemma 7.31]). As this is not strictly relevant for us,
we omit this discussion.

In summary, SmthSet provides field spaces and local jet geometry; LocProMfd gives a workable infi-
nite jet bundle; the variational bicomplex provides local Cartan calculus.

3.2 Thickened Smooth Sets

In this section, we recall the definition of the category ThSmthSet of infinitesimally thickened smooth
sets (cf. [GS25b]). This setting subsumes all previous constructions. In particular, it recovers the ad
hoc tangent bundles arising in traditional field-theoretic considerations via the synthetic tangent bundle
construction.

Definition of Thickened Smooth Sets

Consider the category of associative commutative unital real algebras CAlgy. The objects are
real unital associative commutative (a-b = b - a) algebras, and the morphisms are structure-preserving
maps, i.e. unital associative commutative algebras’ morphisms.

Definition 3.2.1. The category ThCartSp of thickened Cartesian spaces is defined as

ThCartSp — CAlgy”
RF x D C*(RF) ® O(D) = O(RF x D).
Here, O(D) :== R® V, with V a finite-dimensional vector space containing only nilpotent elements, is

the Weil algebra associated to the infinitesimal point D.“* Morphisms in ThCartSp are equivalently
described as morphisms between the corresponding opposite unital commutative associative algebras

Homrhcarsp(RF x D,RF x D) = Hom Alg (ORF x D), O(R* x D)).
R

The latter definition can be understood in light of the following proposition. Intuitively, one can fully
characterize a smooth manifold by considering the algebra of smooth functions on it. This is known as
Milnor’s Exercise (cf. [KMS93, Ch. 35]) and a generalized proof for manifolds with corners can be found
in [GS25b, Prop. 4.13].

Proposition 3.2.1. The functor

C*(—): SmthMfd — CAlgy

M — C*(M)
sending a finite-dimensional smooth second countable and Hausdorff manifold to its function algebra is
fully faithful, in that for any pair N, M € SmthMfd the smooth functions f: N — M biject onto the algebra

homomorphisms f*: C*(M) — C®(N). Hence also the composite C*(—): CartSp — SmthMfd —
CAlgg is fully faithful.

The category of ThCartSp is a site when endowed with the Grothendieck pretopology given by the
trivially extended differentiably good open covers {U; SN Rk}ie Ja

(U; x D 429, RF « DYy (3.41)

(4 We stress that infinitesimally thickened points are taken to be the formal duals of arbitrary Weil algebras (also known
as finite-dimensional real Artinian local algebras), i.e. finite-dimensional commutative local R-algebras with residue field R
and nilpotent maximal ideal. The infinitesimal disks Dz’ll), whose defining algebras form a subclass of the Weil algebras, are
used primarily for convenience of exposition, since any infinitesimal point embeds into an infinitesimal disk (see point 1. of
Rmk. 3.2.1).

(45)That is, a collection {U; = R¥};c1 of open subsets of R* such that R* = |
their inhabited finite intersections, are diffeomorphic to an open ball.

U; and such that all U;, together with all

el
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3.2. THICKENED SMOOTH SETS

To check this, notice that isomorphisms are coverings,“® coverings are stable under pullbacks“” and
transitivity holds trivially. The chosen Grothendieck topology is generated only by covers in the smooth
even component, while the infinitesimal direction is carried along unchanged. This means that all the
presheaves in the infinitesimal component are also sheaves. One needs to check the locality and gluing
conditions only in the smooth component: a presheaf G: ThCartSp°® — Set is a sheaf if and only if
G(R* x D) is a sheaf in the petit sense when restricted along R¥ < R¥ x D for any R* x D € ThCartSp.

Remark 3.2.1.

1. One can work with infinitesimal m-disks of order [ instead, since any infinitesimal point embeds
into an infinitesimal disk (cf. [GS25b, Lemma 2.8 & Rmk. 2.9]). These are similarly defined by

OM™(1)) = R[e',...em]/(e, ..., em)“r1 >~ C'OO(Rm)/(:rl, . ,xm)lﬂ,

where the last canonical identification follows from Hadamard’s Lemma (cf. [GS25b, Lemma 2.6]).
Every infinitesimal disk D™ () also embeds into the corresponding m-dimensional Cartesian space
R™ around its origin. More explicitly, we can understand ¢o: D™ () — R™ in the formal dual sense
of the algebra projection map defined by the l-order Taylor expansion

c*(M) — od™(1))

[ f(0) + €0, £(0) + %eiejaiajf(o) + 4 ll' Z € €0y, - 0;, £(0).
T in =1
2. The archetypical example of infinitesimal space is D*(1) = R[e]/e2, which may be thought of as
the smooth functions on the first order infinitesimal neighborhood D!(1) < R of the origin 0 € R.
€€ O(D'(1)) can be interpreted as a coordinate function on D!(1) that squares to zero since all the
points in it are infinitesimally close to the origin. Crucially, for any smooth manifold M, potentially
with corners, there is a canonical bijection (cf. [GS25b, Lemma 2.2])

TM =gy Homcalg, (C*(M),0(D'(1))).

That is, the formal dual map D!(1) — M is a first order infinitesimal curve segment in M. For the
case of manifolds with corners, this notion rightfully substitutes the intuitive idea of considering
tangent vectors as equivalence classes of smooth curves, allowing us to describe also vectors that
point outside the boundary (cf. [GS25b, Rmk. 2.3]).

Then, the idea is to capture both the infinitesimal and smooth structure by probing (see discussion before
Def. 3.1.1) the generalized spaces with ThCartSp instead of only with CartSp.

Definition 3.2.2. The category of thickened smooth sets
ThSmthSet := Sh(ThCartSp)

is the sheaf category over the site ThCartSp w.r.t. the Grothendieck topology induced by the pretopology
defined by Equation (3.41). The morphisms are natural transformations between sheaves.

The Yoneda Lemma applies as the ThCartSp is subcanonical (cf. [GS25D, ft. 4, p. 9]).

Proposition 3.2.2. For G € ThSmthSet and R¥ x I € ThCartSp, there is a natural bijection between
the R* x D-plots of G and the smooth maps of ThSmthSet from y(R* x D) to G:

G(R* x D) = Plots(R¥ x D, G) =~ Homppgmenses (¥(RF x D), G).

Here, y(RF xD) = Homrhcartsp(—; R* x D) is the image via Yoneda embedding of R¥ xD into the category

ThSmthSet. Choosing G = y(RF x ]f))) € ThCartSp for an arbitrary RF x D, the above immediately implies
that the embedding functor

y: ThCartSp <> ThSmthSet, R* x D — y(R* x D) :== Homrycarsp(—, R x D)

is fully faithful. Hence, any results and constructions on ThCartSp may equivalently be phrased in terms
of their thickened smooth set incarnation and vice versa.

(46)For thickened points one can restrict to identity maps to describe isomorphisms.
(1) To see this, one can dually compute the pushout in CAlgg, that is, a tensor product of algebras.
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3.2. THICKENED SMOOTH SETS

Remark 3.2.2. If one defines the category of ThSmthMfd“® following Definition 3.2.1, the above result
still works with y(M x D) = Homrngmenmed(—, M x D)|rhcartsp essentially by the same arguments of
[GS25Dh, Ex. 2.13].? This means that ThSmthMfd are representable.”

Note that all the properties of categories of sheaves discussed in Chapter 1 apply. This means that all
limits and colimits exist in ThSmthSet and they are computed pointwise (see Prop. 1.2.1).

Remark 3.2.3. SmthSet is fully faithfully embedded in ThSmthSet. Indeed, SmthSet— ThSmthSet,
G — G with G(R* xD) := G(R¥) given by precomposing with ¢; : CartSp <> ThCartSp, R* — R* xD°(0).
The ¢1 has right adjoints given by the appropriate forgetful functor. Indeed, this is due to the fact that the
only even-nilpotent element in C*(IR*) is the zero function (cf. [S25b, Eq. (8) & following discussion]).

Vector Fields and Differential Forms on the Field Space

As for any (pre-)sheaf category (cf. [MM12, Prop. 1, p. 97]), ThSmthSet has an internal hom functor
[—, —]: ThSmthSet°® x ThSmthSet — ThSmthSet,
defined as follows for all G, H € ThSmthSet
[G, H](RFI4 x D) := Homrhsminset (y(RFY x D) x G, ). (3.42)
The exponential property for ThSmthSet

Homrhsmenset (I, [G, H]) = Homrhgmenset (K X G, H) (3.43)

follows from the Yoneda lemma (see Prop. 3.2.2) and from the fact that any sheaf is a colimit of a
representable sheaves X' = colim; ">™™S¢ty (Rki x ;) (see Prop. 1.1.1 and Prop. 1.2.1).

i
In field theoretic terms, the mapping space [y(M), y(IN)] describes the smooth and infinitesimal structure

of the off-shell space of fields for a c—model with domain M and target V. For more general field spaces
consisting of sections of a fiber bundle, we introduce the following object.®"

Definition 3.2.3. Consider fiber bundle
i F—> M

over a closed oriented d-manifold M. The thickened smooth space of off-shell fields on M is defined
by
FRF x D) =Ty (F)(RF x D) == {pF: R¥ x D x M — Fl|nk} 0 oF¢ = w5/} (3.44)

where mp7: R¥ x D x M — M can be understood as a map of ThSmthMfd (see Rmk. 3.2.2). Explicitly,
these (R* x D)-plots, or (RF x D)-parametrized sections of F' — M, consist of formal dual of algebra
maps (¢*€)*: O(F) — O(R* x D x M) such that the following commutes

k,e\k (F
(™) o
M

O(F)
(5%
™M *
ORF x D x M) ™" oo,

(48) There is a more general definition of thickened manifolds which are only (petit) locally isomorphic to the product form
R* x D. Tt is possible to show that sheaves over these also yield an equivalent topos (cf. [(1S25b, ft. 5, p. 9]).

“9Tn more detail, the pullback along the inclusion ¢: ThCartSp — ThSmthMfd defines an equivalence of categories
¢*: Sh(ThSmthMfd) — Sh(ThCartSp) essentially because any thickened smooth manifold M x D (dimM = m) is always
covered by a (trivially extended) differentiably good open cover {U; x D < M X D};c; of thickened Cartesian spaces. It

follows that the composition ThSmthMfd < Sh(ThSmthMfd) a, Sh(ThCartSp) is also fully faithful.

(39 An analogous argument allows to see also manifolds with corners and therefore also manifolds with boundaries, as
“representables” (cf. [GS25b, Prop. 4.13 & Prop. 4.14]).

(1 This can be generalized to field spaces of connections of a non-trivial principal bundle (cf. [GSM09; FF03]).

(52)This interpretation holds only for concrete thickened smooth sets.
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Remark 3.2.4. An arbitrary bundle F' — M might not have global sections, so Definition 3.2.3 might be
null. However, noticing that the assignment of local smooth sections U — T'yy(F), U € M open, defines
a petit sheaf on M with values in ThSmthSet, one might instead consider the functor

Ty (F): M x ThCartSp®® — Set
(U X Rk X D) — FU(F)(Rk X D)

Since all statements and definitions regarding the thickened smooth set of fields F = I'y;(F') functorially
apply for each such open set U, we can continue to work with Definition 3.2.3.

lle

Following the intuition of Remark 3.2.1 (point 2.), one can prove that y(TM) =~ [y(D'(1)),y(M)] €

ThSmthSet (cf. [GS25b, Prop. 2.22]). This suggests the following definition.

Definition 3.2.4. The synthetic tangent bundle TG of G € ThSmthSet is defined as the mapping
thickened smooth set
TG = [D'(1),G] € ThSmthSet,
1

where we omit the Yoneda embedding y for D(1)* for readability.
The unique embedding map ¢o: * < D*(1) defines, by precomposition, the projection

TG — [DY(1),6] 22 [+,6] ~ G.

In the case of M € SmthMfd, the latter is the usual bundle projection.
Furthermore, the construction above forms a functor

T = [D'(1), —]: ThSmthSet — ThSmthSet,

with smooth maps f: G — H mapped to T'f: TG — TH,v* — f ov<. The latter can be interpreted
as the pushforward of any map f. Indeed, in the case of G = y(M), H = y(N), one can check that
Tf=df: y(TM)— y(TN).

Crucially, by its definition and by internal hom property (see Eq. (3.43)), it has a left-adjoint functor®®

(D'(1) x =) 4 T(-). (3.45)

Remark 3.2.5. Note that in full generality TG = [D!(1), G] does not have a fiber-wise R-linear structure
(cf. [GS25b, Rmk. 2.25]), that is fiberwise addition and y(R)-multiplication

+: TG xgTG —>TG and < y(R) x TG — TG. (3.46)

In the field-theoretically relevant cases, this structure is guaranteed by the R-linearity of the targets, as
it is evident in what follows.

Proposition 3.2.3. The synthetic tangent bundle TF = [D*(1),F| of a thickened smooth field space

TF

F = Ty (F) is canonically isomorphic to Ty (VF) € ThSmthSet, where the vertical bundle VEF ~£—

F

F M, M s defined by (see ft. © p. 32)

dn¥
VF = eq (TF — TM).
M

For a proof, see [GS25b][Lemma 2.28].
Composing the projection 7=f: VF — F with TF(RF x D) 3 Z gk,e yields (R¥-€)-parametrized sections
of F — M, o€ = 7LF o Z k. That is, any Z k. covers a unique plot of fields "€, which realizes the
projection
TF

77 TF =Ty (VF) T22%5 1) (F) = F.
Furthermore, plots of a tangent bundle can be represented via paths of plots (cf. [GS25b][Lemma 2.29]
extending Thm. 3.1.4) and path derivations depend only on tangent vectors (cf. [GS25b][Lemma 2.32]).
This latter result means that any tangent vector and vector field, defined as a section of the bundle
77 TF — F (see diagram (3.5)), defines a unique real-valued derivation (see Rmk. 3.1.4). Forms are
defined as in SmthSet.

(53) One should also use the monoidal structure of ThSmthSet via the direct product.
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Definition 3.2.5. The set of differential m-forms on F = I'j;(F) is defined as
Q™ (F) = Homppgminger (T F, y(R)) -

That is, m-forms are smooth real-valued, fiber-wise linear antisymmetric maps with respect to the fiber-
wise linear structure (see Eq. (3.46)) on the m-fold fiber product®*

T""F=TFxg--xgTF

of the tangent bundle over F.

The collection of differential forms of all degrees forms a graded R-vector space (see Def. 1.3.3)

Q*(F) = @ Q™(F).

meN

The latter has a well-defined notion of a wedge product A and contraction ¢z along any vector field
Z € X(F).®® Moreover, there is a good notion of Lie derivative along Z € X(F) given by the unique
derivation on C®(F) associated with the vector field Z. However, there is no obvious definition for
a de Rham differential dz: Q™ — Q™*! This is because, given the Lie derivative, Cartan’s magic
formula alone does not uniquely determine the de Rham differential. Indeed, there remain infinitely
many possible choices, since the formula cannot distinguish between two candidate differentials whose
difference commutes with the contraction. We overcome this issue by employing the geometry of the
infinite jet bundle as done in SmthSet.

Infinite Jet Bundle Technology and Local Lagrangian Field Theory

Using Definition 3.1.9 and Remark 3.2.2, one can compute the defining limit (see Def. 3.1.12) of the
infinite jet bundle within ThSmthSet®®

JGF = limj pSmthSety ( 7k F) e ThSmthSet. (3.47)

By construction, the limit comes with thickened smooth projection maps 7: J35F — y(JY F). The
synthetic tangent bundle recovers the ad hoc definition of tangent bundle of the infinite jet bundle (see
Def. 3.1.14).

Proposition 3.2.4. The tangent bundle TJGF = [D'(1), J35F] is isomorphic to lim} ™Sty (7 gk [,

Proof. This can be computed plotwise using that y(TJ5, F) =~ [D'(1), y(J%,F)] (cf. [GS25b, Prop. 2.22))
and that T := [D!(1), —] has a left adjoint and hence preserves limits (see Thm. 1.2). Indeed, recalling
the definition of mapping space (see Def. 3.42), the exponential property for ThSmthSet (see Eq. (3.43))
and that limits commute with the hom functor (see Prop. 1.2), we get

DY (1), y(JGF)](R* x D) = lim;* " Hom(R* x D x D'(1), y(J%,F)) = lim?* Hom(R* x D, y(TJ% F)) =~
=~ Hom(RF x D, lim} "5™Sety (7 g8, F)) = lim}"SmthSety (7 7k F)(R* x D),

where Hom = HomrysmehSet- "

Similarly, one can show that the corresponding limit of the pushforward projection maps dny°: TJ3 F —
y(TJ ]’(”'4F ) coincides with the synthetic pushforwards of 7;°. Moreover, Proposition 3.1.7 and Proposition
3.1.8 are corollaries of [GS25b][Lemma 2.32]). Note that the limit characterization of both J33F and
TJGF means that their plots may be formally represented and manipulated precisely as in the purely
smooth setting, essentially by carrying along the dependence on nilpotent elements corresponding to

TF TF
(3O Here the product is the pullback (see Def. 1.1.12) of TF —£— F &£ TF.

(33)Thanks to the fiber-wise linear structure of TF and graded structure of Q°(F), they can be defined as usual (see
Def. 1.3.13).

(9In [GS25b][Sec. 2.4], the synthetic infinitesimal neighborhood is introduced to fully describe the infinite jet bundle
within ThSmthSet in a chart-reference-free manner (cf. [GS25b, App. 4.3]). This is not necessary if one works locally
and with finite-dimensional fiber bundles, but it is necessary for a rigorous global approach to perturbative field theory
(cf. [GS25Db, pp. 27-28]). This can also be done for a submanifold of M to rigorously treat initial conditions of PDEs.
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the infinitesimal thickening of the Cartesian probes. This can be done in local coordinates by dually
defining the action on the algebra generators (cf. [GS25b][pp. 22-23]). Finally, notice that TJ33 F has a
fiber-wise and plot-wise R-linear structure as in SmthSet (see Eq. (3.11)). The latter allows us to define
m-differential forms as in SmthSet by

Q" (I F) = Homfrdma, (T (5 F), y(R))

That is, m-forms are thickened smooth real-valued, fiber-wise linear antisymmetric maps on the m-fold
fiber product of the tangent bundle. The discussion on the Cartan calculus follows verbatim the one
given for SmthSet (see Def. 3.1.18), thanks to the following remark.

Remark 3.2.6. This discussion in SmthSet is heavily based on the point-set characterization of forms
as those of locally finite order, which in turn follows from Propositions 3.1.5 and 3.1.6. In particu-
lar, these include those of globally finite order, which are the only ones appearing in examples from
field theory. The fact that we can do the same in ThSmthSet is not trivial. Indeed, there exists a
fully faithful functor ¢;: SmthSet — ThSmthSet, which hence fully faithfully embeds also FrMfd, and
LocProMfd, into ThSmthSet and so produces a potentially different version of the thickened infinite jet
bundle ¢ (lim{™"5°* 7k F). In [Gio+26], it is proven that such passage from FrMfd to ThSmthSet pre-
serves the projective limits that define infinite jet bundles. Therefore, ¢ (limy™ 5" 7% F) coincides with
Equation (3.47) and smooth functions on the jet bundle defined in ThSmthSet. Similarly, differential
forms on it are also fully characterized as being exhausted by the point-set locally finite order functions
and differential forms on J33 F (cf. [GS25b][Rmk. 3.5]). This also applies to each component of the family
characterizing a vector field on the infinite jet bundle (see Def. 3.1.15).

All the discussion in Section 3.1 on the horizontal splitting depends only on universal properties, so it
applies verbatim in ThSmthSet (cf. [GS25b][Sec. 3.1]). Consequently, the characterization of the varia-
tional bicomplex also follows as in Definition 3.1.20.

Similarly, all the discussion about Local Lagrangian field theories, local Cartan calculus and local Vari-
ational bicomplex follows the path outlined in Section 3.1, provided that the prolongation map (see
Eq. (3.7)), the prolongated evaluation map (see Def. 3.1.25), and the integration map (see Eq. (3.28)) are
well-defined maps of ThSmthSet. In particular, the synthetic pushforward of the first two should yield
the ad-hoc definitions of their pushforward (see Eq. 3.15 and Eq. (3.36)).

Proposition 3.2.5. The following statements hold.

1. The infinite jet prolongation j°: T'p(F) x M — Ty (J3GF) exists as a map in ThSmthSet and its
synthetic pushforward Tj*: TT y(F) — TTp (J37F) is given by jiip: Ty (VE) - Ty (JHVE).

2. The prolongated evaluation ev®: I'p(F) — J35F exists as a map in ThSmthSet and its synthetic
pushforward Tev®: TT p(F) — TJGF is given by Equation (3.36).

8. For any closed oriented submanifold P < M, the integration defines a map of thickened smooth

sets

that is defined by plot-wise SmthSet integration (see Eq. (3.28)), carrying along the finite-polynomial
dependence on nilpotent coordinates.

The proof of the three above statements can be found respectively in [GS525b][Lemma 3.1, Lemma 3.8,
Lemma 3.10 & Prop. 3.11], [GS25b][Prop. 3.12 & Cor. 3.13] and in [GS25b][Sec. 3.3]. Note that the
prolongation and the prolonged evaluation are essentially the same as in SmthSet once one considers
higher plots not only in R*, but also in D, which can be dually defined by their action on generators of
the proper algebras. Finally, note that the discussion on local symmetries (cf. [GS25a, Ch. 6]) and on the
critical locus (cf. [GS25a, Ch. 5]) are subsumed within ThSmthSet, with the advantage that the latter
gives a more natural description of the ad hoc definitions used in SmthSet (cf. [GS25b, Ch. 3.3]).

In summary, the thickened category ThSmthSet provides synthetic tangent bundles and naturally re-
covers all constructions available in SmthSet.
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3.3 Super Thickened Smooth Sets

Following the hinted approach to the super version of ThSmthSet presented in [GS25b; Gio25; GSS24],
we generalize ThSmthSet to sThSmthSet by considering the sheaf category over the site sSThCartSp. The
latter is given as the opposite category to an appropriate full subcategory of Z,-CAlg®P, using the fact
that we have the following fully faithful embeddings

CartSp — ThCartSp — CAlg®® — Z,CAlg°P.

What follows is a tentative exposition of the constructions in sThSmthSet that we need for our application,
all of which should be fully explained and proved in [GS26].
For clarity, we emphasize the following points:

e Proposition 3.3.1 is conjectural and relies on the assumption that the site sSThCartSp (see Def. 3.3.1)
is subcanonical, which is needed for the purpose of the thesis. A similar caveat applies to Remark
3.3.1 and Remark 3.3.2;

e The exponential property for sThSmthSet has a sketched proof (see Eq. (3.50)), which likewise
depends on the subcanonicality assumption;

e Example 3.3.2 is taken from [Gio25][Ex. 3.6];

e Proposition 3.3.2 is proven by closely following the proof of the analogous result for ThSmthSet
(cf. [GS25b][Lemma 2.28));

e The entire discussion concerning graded infinite jet bundle technology and local geometric struc-
tures, leading to the development of the graded local Cartan calculus and the graded local variational
bicomplex, is treated as a working assumption for the purposes of this thesis;

e Under the above assumptions and the hypothesis listed in Definition 3.4.1, a local BV system is
shown to transgress to the BV theory described by Equation (3.58). Remark 3.4.2 and Remark
3.4.3 discuss the limitations of this framework and indicate possible outlooks;

e As an illustrative example, the Ansatz for (non-)abelian BF' theory in dimension d = 4 is shown to
define a local BV system in the sense of Definition 3.4.1.

The Category sThSmthSet

Consider the category of Zs commutative real algebras ZsCAlgy. The objects are real Zs-graded
unital associative commutative (a-b = (71)|a”b|b~ a) algebras, and the morphisms are structure-preserving
maps, i.e. grading-preserving unital commutative algebras’ morphisms. Following the intuition given by
Milnor’s exercise, we define sThCartSp as follows.

Definition 3.3.1. The category of super thickened Cartesian spaces is given by

sThCartSp < Z,CAlgp”
R¥I7 x D =RF x RV x D — C*(R*) ® O(RY7) @ O(D) = O(R¥? x D)

where O(RY9) := R[0y,...,0,] is the Grassmann algebra associated to the superpoint R°1? and O(D) =
R®V as in Definition 3.2.1. Morphisms in sThCartSp are equivalently described as a morphism between
the corresponding opposite Zy-graded commutative algebras

Homgrncarsy (R¥1 x D, R¥1 x D) = Homy, 41, (ORM? x V), O(RM? x D).
R

The category of sThCartSp is a site when endowed with the Grothendieck pretopology given by the
trivially extended differentiably good open covers {U; <> RF}c;

i xid id,
(U; x R x D w0l X0 Rk RO D}ier. (3.48)
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To check this, notice that isomorphisms are coverings,®” coverings are stable under pullbacks®® and
transitivity holds trivially. The chosen Grothendieck topology is generated only by covers in the smooth
even component, while the odd and infinitesimal directions are carried along unchanged. This means
that all the presheaves in those components are also sheaves. One needs to check the locality and gluing
conditions only in the smooth component: a presheaf G: sThCartSp°® — Set is a sheaf if and only if
Q(Rk‘q x D) is a sheaf in the petit sense when restricted along R¥ < R¥17 %D for any R*l9 xD € sThCartSp.

Definition 3.3.2. The category of super thickened smooth sets
sThSmthSet := Sh(sThCartSp)

is the sheaf category over the site sSThCartSp w.r.t. the Grothendieck topology induced by the pretopology
defined by Equation (3.48). The morphisms are natural transformations between sheaves.

The intuition is that, enlarging the site CartSp both with infinitesimal and super structure, we are
able to probe simultaneously the smooth, infinitesimal and super structure of the generalized space, the
second one giving us all the necessary tangent bundle constructions for free via synthetic geometry (see
Sec. 3.2).¢9. By the Yoneda lemma for sThSmthSet, sSmthMfd are representable in sThSmthSet.

Proposition 3.3.1. For G € sThSmthSet and R¥!9 x D € sThCartSp, there is a natural bijection between
the R¥19 x D-plots of G and the smooth maps of super thickened smooth sets from y(R¥I9 x D) to G:

G(RF17 x D) = Plots(RFI7 x D, G) =~ Homgrgmenset (y(RF17 x D), G).

Here, y(R*9 x D) = HomSThCartsp(—7Rk|q x D) is the image via Yoneda embedding of R4 x D into the
category sThSmthSet. i

Choosing G = y(R¥I9 x ]]3)) € sSThCartSp for an arbitrary R¥14 x D, the above immediately implies that the
embedding functor

y: sThCartSp < sThSmthSet, R*l7 x D — y(R*7 x D) := Homyrncarssp(—, RF17 x D)

is fully faithful. Hence, any results and constructions on sThCartSp may equivalently be phrased in terms
of their super thickened smooth set incarnation and vice versa.

A proof of the statement should appear in [GS26] and should follow from the fact that sThCartSp should
be subcanonical as ThCartSp since the Grothendieck topology on these two sites is morally the same
(cf. [GS25b, ft. 4, p. 9]).

Remark 3.3.1. If one defines the category of sThSmthMfd following Def. 3.3.1, the above result still
works with y(M xD) == Homgrhsmthmtd (—, M XD)|srhcartsp essentially by the same arguments of [GS25D,
Ex. 2.13] adapted to the case of super manifolds (M € sSmthMfd).“” This means that sThSmthMfd are
representable.

By Definition 3.3.2, all the properties of categories of sheaves discussed in Chapter 1 apply. Note that this
means that all limits and colimits exist in sThSmthSet and they are computed pointwise (Prop. 1.2.1).

Remark 3.3.2. SmthSet, ThSmthSet, and sSmthSet®" should be fully faithfully embedded in sThSmth-
Set. Furthermore, each embedding functor should have right adjoint given by the appropriate forgetful
functor. The embeddings and the adjunctions should follow as in the case of ThSmthSet (see Rmk. 3.2.3
and [GS25b, Eq. (8) & following discussion]).

(7 For super points one can restrict to identity maps (c.f. [Sac08, Prop. 2.4]), and similarly for thickened points.

(38)To see this, one can dually compute the pushout in ZoCAlgg, that is, a tensor product of algebras.

(59)To have non-trivial fermionic fields, one usually adds ad hoc odd auxiliary coordinates. Then, to display a fermionic
Lagrangian, or any related observable functional, of polynomial order ¢ € N as a non-trivial map requires the introduction
of ¢ auxiliary odd coordinates (cf. [Gio25, Ch. 3]). In sThSmthSet, this is taken care of automatically by odd-probes plots
(cf. [GSS24, Rmk. 2.51]). Indeed, the auxiliary coordinates are nothing but the content of odd plots of the corresponding
sheaf, that is, they correspond to a certain ROl9-parametrization. It follows that the symbol used for fermionic fields
implicitly refers to an arbitrary RPI9-plot of the super thickened smooth field space. Formulas, like a Lagrangian, made
out of these are implicitly functorial under maps in the probe site, that is, they may naturally be interpreted as natural
transformations within the category sThSmthSet.

(69)In more detail, the pullback along the inclusion ¢: sThCartSp — sThSmthMfd defines an equivalence of categories
¢*: Sh(sThSmthMfd) — Sh(sThCartSp) essentially because any super thickened smooth manifold M x D (dimM = (m,n))
is always covered by a (trivially extended) differentiably good open cover {U; x ROI™ x D M x D};er of super thickened

;3%
Cartesian spaces. It follows that the composition sThSmthMfd < Sh(sThSmthMfd) ~—— Sh(sThCartSp) is also fully
faithful.

(6D sSmthSet is the sheaf category over the site sCartSp w.r.t. the Grothendieck topology induced by the opportunely
restricted pretopology defined by Equation (3.48).
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Mapping Spaces, Synthetic Super Tangent Bundle and Differential Forms

As for any (pre-)sheaf category (cf. [MM12, Prop. 1, p. 97]), sThSmthSet has an internal hom functor
[, —]: sThSmthSet°” x sThSmthSet — sThSmthSet,
defined as follows for all G, H € sThSmthSet
[G, H](RM? x D) == Homgrhsmenset (y(R¥4 x D) x G, H). (3.49)

The exponential property for sThSmthSet follows from the Yoneda lemma (see Prop. 3.3.1) and from
the fact that, if the site is subcanonical, any sheaf can be written as a colimit of representable sheaves
X = colim;ThSmthSety (Rkilai ;) (see Prop. 1.2.1):

i
Homgrhgmthset (X [G, H]) = HomgThsmthset (COlimiThsmthsety(Rkim x D), [, H])
= lim] "™ Homgppsmenses (y(R™1% x ;). [G, H])
= Jim] " Homgppsmenses (Y (R x Dy) x G, H) (3.50)
~ Homgrhsmenset (colim$ T PSmhSety (REilai » ) x G, )
=~ Homgrnsmenset (X x G, H).

In the second and second-to-last equalities, we used the fact that the internal hom functor contravariantly
sends colimits in the first variable to limits (see 2. of Prop. 1.1.1), and in the third equality we used the
plotwise definition of the internal Hom-functor for sThSmthSet (see Eq. (3.49)).

Example 3.3.1. The mapping space between M, N € sSmthMfd, is naturally encoded by the internal
hom functor

[y(M), yW)I(RH x D) = Homgppgmenset (4R x D x M), y(N)
=~ HomZQCalgR(O(N)’ O(Rk\q x D x M)).

Notice that #-plots are morphisms in Grassmann-graded algebras
[y(M), y(N)](#) = Homgy, calg, (OWN), O(M)) = Homssmennsa (M, N) = Mor(M, N).

However, the exponential property (see Eq. (3.50)) suggests that higher plots of this object describe
Map(M,N) (see Def. 2.3.1), i.e. the space of grading non-preserving maps from M to N. Therefore,
the sThSmthSet above encodes, by probing it with different sThCartSp, both morphisms and grading
non-preserving maps.

To describe both bosonic (even) and fermionic (odd) fields simultaneously, we introduce the following.*

Definition 3.3.3. Let M be a closed oriented smooth d-manifold. Consider the composite bundle
F E
FI2 B m

where FF — FE is an odd vector bundle and F — M is a fiber bundle. The full composite bundle
7t 1 F — M encodes both bosonic and fermionic fields simultaneously. The thickened smooth super
space of off-shell fields on M is defined by

F(RM4 x D) = Ty (F)(RFIT x D) = {pFl0e: RO« D x M — Flak, o oFloe = 731 (3.51)

where 77 : RFI9 x D x M — M can be understood as a map of sThSmthMfd (see Rmk. 3.3.1). Explicitly,
these (RFl9 x D)-plots, or (RH‘I x D)-parametrized sections of the bundle 71, : F — M, consist of
formal dual of algebra maps (¢*l9€)*: O(F) — O(R¥9 x D x M) such that the following commutes

k|q,e)*

o(r)
(¢
(71
%

et
(7o)

ORI x D x M) +———— C®(M).

(62)This can be generalized to field spaces of connections of a non-trivial principal bundle (cf. [GSM09; FF03]).
(63)This interpretation holds only for concrete thickened smooth super sets.
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Remark 3.3.3.

1. The above can be equivalently defined as the pullback in sThSmthSet

F—— [y(M), y(F)]
J l(”f”)* (3.52)
idy =+ —— [y(M),y(M)],

where (71}), denotes post-composition and the bottom embedding is defined probe-wise by sending
the unique (R*1¢ x D)-plot of the point # = idy; to the projection-plot [y(M),y(M)](RFI4 x D) 3
7y RFIC D x M — M for each R¥I9 x . Remembering that limits in sheaf categories are
computed objectwise, it is easy to compute the above diagram plotwise in Set and recover the set
of plot-parametrized sections as in Equation (3.51).

2. An arbitrary bundle 74} : F — M might not have global sections, so Definition 3.3.3 might be null.
However, noticing that the assignment of local smooth sections U — TI't;(F'), U € M open, defines
a petit sheaf on M with values in sThSmthSet, one might instead consider the functor

Ty (F): M3P x sThCartSp®® — Set
(U x RFIZ x D) — Ty (F)(R*I9 x D).

Since all statements and definitions regarding the thickened smooth super set of fields F = Ty (F)
functorially apply for each such open set U, we can continue to work with Definition 3.3.3.

Example 3.3.2. Consider the simple case (cf. [Gio25]) where the composite bundle is given by the
pullback®® of a separate odd vector bundle Voqq — M over M

F = (7TAE/[)*VOdd.
It follows that©>
F(#) = Ty (F).

Forgetting for a moment about the infinitesimal structure, one can show that

FRYY = Ty (F) x (Tar(Voaa) - )
FRM) = Tronr (7§, F) x (Crscar (1 Voaa) - 0)

where 6 is the coordinate in RO and we used that the following diagram commutes

™Y —— Y

I
idrx M

Rx M —5% Rx M 5 M,

both for Y = F or F' = V,qq. The arrow Y — M is the projection of the considered bundle. In
particular, the R''-plots are pairs of smoothly R-parametrized families of a bosonic field configuration
and a fermionic field configuration (of linear order).® This is the basic notion for implementing the
variational principle in bosonic and (first-order) fermionic Lagrangian field theories.®”. Finally, the
D-plots encode the infinitesimal structure of such generalized space (cf. [GS25b]).

A full treatment of the field-theoretic framework within sThSmthSet lies beyond the scope of this the-
sis. Nevertheless, the guiding idea behind such an extension can already be illustrated in the following
discussion. Since we require a notion of Cartan calculus on the space of fields, we outline how such a

(64)This is not the case when considering a gravitational theory with coupled fermionic spinorial fields, as the latter depends
on the choice of metric and hence the fully general composite description is necessary (cf. [Gio25; GSS24]).

(65)This is actually the case for any general composite bundle: the infinitesimal and fermionic structures are encoded only
in higher infinitesimal and odd plots of the thickened smooth super space of fields.

(66)See ft. (59) at p. 85.

(6 For a Lagrangian of polynomial order k in the fermionic field, we would need Rl‘k-plots.
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structure may arise by relying on two observations. First, the category sThSmthSet behaves in many
respects similarly to ThSmthSet, since the underlying Grothendieck topology is essentially the same. Sec-
ond, provided that the grading is handled appropriately, the definitions from super differential geometry
that we employ are straightforward generalizations of the corresponding notions in ordinary differential
geometry. For these reasons, it is reasonable to expect that the material presented in [GS26] will extend
the constructions of [GS25a; GS25b] in a direct manner.

Definition 3.3.4. The synthetic tangent bundle TG of G € sSThSmthSet is defined as the mapping
thickened smooth super set
TG = [D*(1),G] € sThSmthSet,

where we omit the Yoneda embedding y for D(1)! for readability.
The unique embedding map ¢o: * < D'(1) defines, by precomposition, the projection

TG — [DY(1),6] 220 [+,6] ~ G.

In the case of M e sSmthMfd, the latter is the usual bundle projection.
Furthermore, the construction above forms a functor

T = [D'(1), —]: sThSmthSet — sThSmthSet,

with smooth maps f: G — H mapped to Tf: TG — TH,v*9¢ — fov*l9c The latter can be interpreted
as the pushforward of any map f. Indeed, in the case of G = y(M), H = y(N), one can check that
Tf=df: y(TM)— y(TN).

Crucially, by its definition and by internal hom property (see Eq. (3.50)), it has a left-adjoint functor®®

(D'(1) x =) 4 T(-). (3.53)

Remark 3.3.4. Note that in full generality TG == [D!(1), G] does not have a fiber-wise R-linear structure,
that is fiberwise addition and y(R)-multiplication

+:TGxgTG—>TG and - y(R) x TG — TG. (3.54)

In the field-theoretically relevant cases, this structure is guaranteed by the R-linearity of the targets, as
it is evident in what follows.

Proposition 3.3.2. The synthetic tangent bundle TF = [D'(1),F] of a thickened smooth super field
space F = Ty (F) is canonically isomorphic to Ty (VF) € sThSmthSet, where the vertical bundle
T F

i F i
VF £ F 2 M is defined by
dTrIIC[
VF = eq (TF —0 TM).
Onm

Proof. In the proof, we omit the Yoneda embedding y for M, N, TN, M, TM, F and TF. First, we
prove that T[M, N]| = [M,TN] by the internal hom property and the symmetric monoidal structure of
sThSmthSet via the direct product.

TIM,NT] = [D'(1), [ M,N]] = [D'(1) x M,N] = [N x D*(1),N] = [M, [D'(1),N]] = [M,TN].

Note that in this case the fiberwise y(R)-linear structure in T[M,N] is inherited from the R-linear
structure of TN (cf. [GS25h, Prop. 2.27]).

Secondly, we apply the synthetic tangent functor to diagram (3.52) and obtain, using the computation
above,

TF — [M,TF]

i - l(TWﬂ)*

T(idy) = % — [M,TM],

(68) One should also use monoidal structure of sThSmthSet via the direct product.
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where the bottom embedding is identified with the embedding defined probe-wise by sending the unique
(R x D)-plot of the point * to the zero plot [M, TM](R*l7 x D) 5 (R¥4 x D x M T4 M 2, T)f),
for each R¥l9 x D € sThCartSp. This means that TF plots are given by

TFRM? x D) = {Z wia.c € [M,TF|(RF9 x D) | Trk; 0 Zpiac = 0pr 0 war}.

These maps are exactly the maps factoring through the vertical subbundle VF — TF (cf. [GS25b,
Prop. 2.28]), that is, (R¥17 x D)-plots of T'y;(V F). Note that the y(R)-linear structure in TF is inherited
from the R-linear structure of V' F. |

Composing the projection 7LF': VF — F with Z gkiae yields (RF|9:¢)—parametrized sections of F — M,
pFlae — W%?FOZ@Mq,s. That is, any Z ¢, covers a unique plot of fields k1€ which realizes the projection

ﬂ,TF
7l7 . TF =Ty (VF) "% 1y (F) = F.

Vector fields are sections of this tangent bundle as in Diagram (3.5). As in ThSmthSet, vector fields
should be in one-to-one relation with derivatives on the algebra of smooth functions, connecting this
definition with Definition 1.3.20. Forms are defined in the usual fashion, once one takes into account the
Zs-graded structure (cf. [GSS24])).

Definition 3.3.5. The set of differential m-forms on F = T'j;(F) is defined as
Q"(F) = Hompitliatise, (T F y(®'1)).

That is, m-forms are smooth real-valued, fiber-wise linear antisymmetric maps with respect to the fiber-
wise linear structure (see Eq. (3.54)) on the m-fold fiber product®

Txm}—::T.FX}"-'X]-'T.F

of the tangent bundle over F.

Homogeneous form of degree 0 and 1 (see Def. 1.3.20) are given by maps into y(R) and y(R°), respectively
(cf. [GSS24][Ex. 2.36]). The total degree of an homogeneous m-form w of degree k = 0,1, i.e. w € Q™ (F)y
is |w| = m+ k. The collection of differential forms of all (cohomological) degrees forms a graded R-vector
space (see Def. 1.3.3)
Q' (F) = @ Q™ (F).
meN

The latter has a well-defined notion of a wedge product A and contraction ¢z along any vector field
Z € X(F). However, there is no obvious definition for a de Rham differential dz: Q™ — Q™1 as in
the case of ThSmthSet. We can resolve this via infinite jet bundle technologies.

Super Infinite Jet Bundle Technology and Local Lagrangian Field Theory

F E

For F 22 E ™, )M as in Definition 3.3.3, we can define the super infinite jet bundle J37 F' following the
construction in [GSMO09][Ch. 3].

The idea is to define the infinite jet bundle algebraically, starting from the construction of its algebra of
forms. Via Batchelor theorem (see Ch. 1), any odd vector bundle bundle ' — E can be described as the
Zs-graded manifold IIF" modeled over the classical vector bundle 7£: FF — E. That is, [IF = (E, Oy p)
with Opp(E) = Tr(/\ F*). The latter has local coordinates {z*,y*,0} where the first two are even
and only the last is odd. Alternatively, we do not distinguish E and F-fibers coordinates and write
{z#,u®}. Second, notice that the k-jet manifold J§ F is a vector bundle J¥ F — JX E over the k-jet
manifold J¥ E (see Def. 3.1.9). Define the Zs-graded manifold ILJ}, F = (J}, E, Onyr, 7) with Oy 5 =

<TF <TF
(69 Here the product is the pullback (see Def. 1.1.12) of TF —L— F «Z— TF.

(") Thanks to the fiber-wise linear structure of TF and graded structure of Q°®(F), they can be defined as usual (see
Def. 1.3.13). Note that the wedge product commutation relation is governed by the total degree, while in [GSS24] the
Deligne and Freed convention is used (see ft. (22), p. 14).
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Ty 5( A3 F)*) and local coordinates {a*, {yi', 0} 1<} = {2, {u"}j11<,}. We can associate the Zs-
graded Lie algebra of derivations Der((’)H I, p) and the algebra of Z-graded forms (see Def. 1.3.20)

O (ILT5, F) = ((Der(om& )" (3.55)

The surjection 7/ +1: J}\"le — JiE yields dually a morphism of the corresponding graded algebras
Q*(ILJ;, F) — Q’(HJleﬁ'). Taking the projective limit of this system, we get the algebra of forms on
the would-be infinite jet bundle that we denote by Q*(I1J35F). The latter is C®(E)-algebra locally gen-
erated by {0, dz*, du§ —uf, Mdm“}. It is possible to recover from it the sheaf of graded functions defining
the graded infinite jet bundle J3; F' == (J37E,O 2z ). The splitting of the infinite jet bundle tangent
space is shown at the level of this algebra, as it decomposes into horizontal and vertical forms. The latter
is the notion of graded variational bicomplex (see Def. 3.1.20). All the properties of the horizontal and
vertical differential remain the same (see Egs. (3.26) and (3.27)). Instead of building the algebra of forms
as above, to cast this in sSThSmthSet we can take the projective limit of the algebras FJX/IE(/\(JX{F)*)
in ZyCAlgg and dually use it to define the infinite graded smooth jet bundle (cf. [Gio25; GS26]).

The discussion of infinite jet bundle technology and local structure should then follow by universal prop-
erties as in (Th)SmthSet (see Prop. 3.2.5).

Developing all this goes far beyond the scope of the thesis and it should appear in [GS26]. This section
only provides a justification for the following section, which is based on this future work by Sati and
Giotopoulos.

In summary, the super-thickened category sThSmthSet is proposed as the setting that combines smooth-
ness, infinitesimals, and parity.

3.4 Local BV System via Super Thickened Smooth Set

The motivation behind this thesis is to find a categorical setting in which the field-theoretic objects
relevant to the BV formalism appear on equal footing. In this section, we show how sThSmthSet provides
this setting when working locally. In particular, the existence of the local Cartan calculus allows us to
mimic the finite-dimensional case (see Sec. 2.2) and make rigorous sense of the expressions in Section
2.3, where we assumed this calculus to exist. Since the category does not provide a notion of measure
on the space of fields, which is necessary to mimic the finite-dimensional quantum BV formalism,™ we
focus only on the classical case. For ease of notation, we henceforth suppress the Yoneda embedding y
whenever it is implicitly understood from the context.

Grading

The classical BV formalism relies on symplectic Z-graded geometry and the existence of the infinite-
dimensional Cartan calculus (see Sec. 2.2). Note that, the nature of the anticommuting structure needed
to describe ghost fields and antifields is intrinsically different from the anticommuting nature of fermionic
fields, which we do not consider. However, if one works locally, the results related to the BV formalism
(see for example Prop. 1.4.2 and Prop. 1.4.3) only need the compatible(™ Zs underlying structure, the
full Cartan calculus, and the existence of an even vector field that tracks the ghost Z-grading.™
Therefore, working within sThSmthSet should be enough. Indeed, in this category, we have an intrinsic
notion of superstructure and a good notion of local Cartan calculus on the infinite-dimensional space of
fields. Note that restricting to the local setting is not an issue, as all the relevant field theories are local.
Finally, we can postulate the existence of a local even vector field E (see Def. 3.1.24) on the space of
fields that keeps track of the ghost Z-grading.

In particular, let F be the super thickened smooth space of fields for some composite bundle 71, : F —
M (see Def. 3.3.3) over a closed oriented smooth d-manifold M. Let {z*,u®} and {z",{uf} =0} be

(") Note that there exist different approaches to the quantum BV formalism (cf. [CMS25]).

(72 Compatibility implies that the Koszul sign in the graded commutation rule is actually governed by the underlying Zo
structure. That is, what actually governs the signs is the Z-grading modulo 2.

(73)Strictly speaking, we can think of a BV system just as an odd symplectic supermanifold with an even function satisfying
the master equation (cf. [Sch93]). The Z-grading facilitates bookkeeping and becomes important when considering theories
with boundaries and corners (cf. [CMR14; CMR18]).
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local coordinates on F' and J33F (see discussion around Eq. (3.55)). Note that, since the base is even,
degy, (u®) = degg, (u}). Then we define™

E:=Eoj® € Xjoc(F)o, where Ee€ X (J57F) st. E* =E(z") =0 and E* = E(u®) = gh(u®)u®.

Importantly, gh(u®) mod 2 = degy, (u®). Note that, the prolongation of the latter (see Eq. (3.35)) is
given by prE(u}) = gh(u®)u§ as one would expect, since the derivatives along the base bring zero degree.
To see it, we used that Dy, (E*) = (0g + 2150 U4, 0ug )JE" = ujigh(u®) (see Eq. (3.19)) and concluded by
induction. While Ly.g gives the ghost Z-grading on J{;F, Lg reads the ghost Z-grading of local objects
on F x M and F. Importantly, these gradings coincide (see Prop. 3.1.11, Prop. 3.1.12 and Eq. (3.40)).

Remark 3.4.1. From now on, we consider the ghost Z-grading defined in this way, keeping in mind
that, at the level of sSThSmthSet, we only have an underlying Z,-grading. The latter is given by the ghost
Z-grading modulo 2. Also, the definitions and results we take from Section 3.1 have to be modified with
the correct Koszul sign as done in Chapter 1 and Chapter 2. This is always the case from now on: we
explicitly state it only when strictly necessary to understand the computations.

To work with the total degree, we should define two derivations Dy, Dy € Der(X(Q**(J3 F)) that count
horizontal and vertical cohomological degree (see Eq. (1.15)), and consider D := Ly,g + Dg + Dy . Since
the pullback along ev® preserves the cohomological bigrading (see Diagram (3.37)), it has zero total
degree and there exist compatible derivations Dy, D € Der(Q;.°(F x M)). By abuse of notation, we
denote the total grading derivation on F x M by D = Lg + Dy + D#. Finally, note that transgressing to
F along 7 (see Def. 3.1.27) kills the component Dy, and preserves the other. Therefore, 75, has total
degree —d. We also denote by D = Lg + D the total grading after the transgression. The total grading
defined like this is denoted by | - |

Local BV System

The idea is to define a local BV system at the level of the super infinite jet bundle. This system, once
pulled back along ev® and transgressed to F, should yield a local classical BV theory on F (see Def. 2.2.4).
BV results should then follow by the existence of Cartan calculus.

Definition 3.4.1. Let us consider the following;:

1. M is a closed oriented smooth d-manifold. As it has no boundary, horizontally exact terms vanish
after integration and therefore along the transgression 7,s;

2. 7l: F — E — M is a globally defined composite fiber bundle (see Def. 3.3.3). Assume the
existence of a local Cartan calculus given within sThSmthSet introducing the graded infinite jet
bundle J3;F. Furthermore, assume compatibility of the ghost Z-grading given by Lg with the
intrinsic Zo-grading (see Rmk. 3.4.1);

3. Globally defined local finite-order data on the graded infinite jet bundle encoded by:
a. An evolutionary vector field Q € Xo, (J37 F) of total degree D(Q) = 1@ such that [prQ,prQ] =0
(see Prop. 3.1.11 with extra Koszul sign (—1)/%1/1Z2| in the local expression as in Eq. (1.13));
b. A local Lagrangian L € Qd’O(JX/O[F)O given by a local (d,0)-form of total degree DL = dL;

loc

c. Alocal (d,2)-form w € Q22 (JHF)_; of total degree Dw = (=1 + d + 2)w locally of the form

loc
w = (dur)?wapdyi?ddyy®

with wap invertible. This ensures the weak non-degeneracy of the local symplectic form after
the transgression 7.

("9)The fact that evolutionary vector fields are zero on the base might be an obstruction to treating in a similar way the
general case where the base is a supermanifold (see Rmk. 3.4.3), since in this case the Euler vector would have non-zero
horizontal components. In this case, working with a derivation, as for the cohomological degree, might be the solution.

(75 The latter holds when restricting to local transgressed forms interpreted as maps of local vector fields (X1¢(F))*? —
C® (F), and not as bundle maps (T'F)*? — y(R) (cf. [GS25a][Rmk. 7.39]). Note that for our application, this is enough.

loc
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The tuple (J33F,w,L, Q) is a local BV system (cf. [Gri23]) if, up to horizontally exact terms, it satisfies
the following:

tprqw —dyL =0 (3.56)
1
§LprQLprQw =0. (3.57)

Consider the transgression 7 : Qldo’g (F x M) — QI(F) of local (d,q)-forms on F x M to g-forms on F

(see Def. 3.1.27). Under the hypotheses listed in Definition 3.4.1, the local BV system (J33F,w,L,Q)
transgresses to the following BV theory:

(F=Txy(F), D, Q= (=) ((ev®)*w), S = 1ar((ev®)*L, Q == Qo j®). (3.58)

The derivation D defines the total grading as in Remark 3.4.1. Recall the conventions in Subsection 2.0.1.
Since the transgression sends top forms to real numbers, it has total degree |7as| = —d. By definition,
Qe 02 (F)_1 has total degree DQ = 1Q, S € CZ.(F)o has zero total degree, and Q € Xjoe(F); has
total degree DQ = 1Q. In what follows, we use the local Cartan calculus and the transgressed one (see
Prop. 3.1.12, Prop. 3.1.13 and Eq. (3.40)). The transgressed de Rham differential comes with the extra
Koszul sign (—1)~% given by exchanging dz (|dz| = 1) with 7as (|7ar| = —d)). The extra sign (—1)? is
added to Q to cancel the Koszul sign coming from the transgressed Cartan calculus in Equation (3.59).
The tuple (3.58) is a classical BV theory in sThSmthSet, indeed

1. The space of fields F € sThSmthSet has a smooth superstructure compatible (modulo 2) with the
ghost Z-grading given by Lg in D.

2. Given the local expression of w and invertibility of wap, 2 € QIQOC(]:)_l can be shown to be odd-
weakly symplectic as a map (Xjoe(F))*? — CZ(F)_1.

loc

3. Q € Xjoc(F)1 is cohomological by [prQ,prQ] = 0 and Equation (3.32). Furthermore, it is the
Hamiltonian vector field of S by Equation (3.56) (see Def. 3.1.28). Indeed, recalling the discussion
around Remark 3.4.1 and that |ig| = |@Q| — 1 = 0, we get

3.56
1% = (1) ar (1((ev)*w)) = (1) Tar (ev™)* (1prqw)) *=" (=1)7as (ev)* (dvL)) =
= () (A (ev) L) = (~1)*dprar((ev) L) = d S, (359)
where the potential horizontally exact terms do not contribute by Stokes theorem and M = (.

4. The BV action S € C2 (F)o satisfies the CME by Equation (3.57) and Definition 3.1.28 (modified

loc

with the appropriate Koszul sign as in Def. 1.4.8). Indeed, recalling that |cqg| = |Q] —1 = 0, we get

(5.8)0 = (-1/% Jig10f = F(-1"muare((ex)*w)) = (~1)'rur ((ev)* (Gipmarmaw) ) =0

where the potential horizontally exact terms do not contribute by Stokes theorem and dM = .

BV results follow from the existence of Cartan calculus. For example, under opportune regularity condi-
tions, it should be possible to characterize the Euler locus of the classical theory via H % and confront it
with the characterization as a pullback within sThSmthSet (cf. [GS25a][Ch. 5]).

Remark 3.4.2. In general, the description of the local BV theory above is heavily based on the bundle
structure defining the space of fields. The assumption to work with gauge theories described by a trivial
principal G-bundle (see Rmk. 2.1.1) allows us to describe the fields of BV extension of the theory as sec-
tions of a composite bundle F' — M.™ Thanks to this caveat, we can apply all the technology developed
in the previous sections of this chapter and describe gauge symmetries as natural transformations F — F
that preserve the action (see Def. 3.1.23). This means that for more general theories, we can only work
locally. To formulate a categorical description of gauge theories and the BV formalism, one should enrich
sThSmthSet with higher structure, considering a category of sheaves of groupoids (cf. [GS25a][Rmk. 6.37
& Ch. 8]). A derived approach to the global description of BV/AKSZ theory can be found in (cf. [Ste24]).
Along these lines, a possibility might be considering a derived extension of the category of SmthSet, using
the universal property of derived manifolds and their relation with dg-manifolds (cf. [CS19; Car23]).

(76)In particular, the gauge fields, which are 1-form connections, can be described as forms on the base taking values into
the Lie algebra of G. For the more general case of a non-trivial G-bundle, when working locally, we can always reduce to
the triviality hypothesis by working around a trivial connection (see Rmk. 3.1.8).
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Before passing to the example of BF theory, let us make the following remark regarding the limitations
of our framework and a possible outlook.

Remark 3.4.3. As discussed in Section 2.3, the AKSZ formalism allows to automatically generate BV
theories on the mapping space Map(T[1]M, '), when the target is equipped with some supergeometric
data. We would like to find a categorical description of it within sThSmthSet. For simplicity, assume N
to be a superspace. Already at this level, some problems arise when trying to use a general perspective
as in Section 2.3.

Indeed, although the mapping space is well understood in sThSmthSet (see Def. 3.3.1), the infinite jet
bundle technology developed above strictly relies on a bundle structure that a general mapping space
does not have. A possible solution to this problem, which we present as an outlook, is the following.

If it were possible to extend Definition 3.3.3 to the case in which the base is a finite-dimensional super-
manifold M (see Def. 1.3.18) and show that all the results that lead us to the local Cartan calculus
above also hold in this extension, we would have a usable notion of Cartan calculus on the mapping
space.(™ Indeed, notice that in this case the mapping space of Example 3.3.1 would be isomorphic in
sThSmthSet to the thickened smooth superspace of sections of the trivial bundle M x A/ 2L M. Indeed,
we would have that plotwise

T (M x N)(RFIT x D) o= {QF19€: REIC 5 D x M — M x Npr; 0 o*19¢ = 7043
= (M7 RMT X D x M — N} = [y(M), y(V)](RM? x D),

where 7y RFI9 x D x M — M. Then, the local Cartan calculus on the first might induce one on the
second. Note that the definition of infinite supergraded jet bundle we use (see around Eq. (3.55)) relies
on the base being even. More general notions of infinite jet bundles are described in [GK19; Vys23] from
a local and global perspective, respectively. This would allow us to mimic the proof of Theorem 2.1
within sThSmthSet (following the Diagram (3.60)), giving a systematic way to build a local BV theory
(see Eq. (3.58)). In this case, locality would follow directly from the definition of T and the fact that the
supergeometric data we start with are defined on a finite-dimensional superspace N.

Alternatively, since the target is assumed to be a superspace, we can make sense of the mapping space
by Map(T[1]M,N) =~ Q*(M,N) (see Eq. (2.22)). Thanks to this, we can describe the fields of the BV
extension as sections of a composite bundle F' — E — M. This forces us to work with forms over M
rather than with functions over T[1]M (see Rmk. 1.3.7). The drawback of this approach is that there is
no canonical map from J3F (or from M x I'p/(F) as in Diagram (3.61)) to N along which consistently
pull back the supergeometric data of the AKSZ theory. Therefore, we cannot mimic the proof of Theorem
2.1. What we can do is start from a good Ansatz for a local BV system on JiGF (see Def. 3.4.1), show
that it is well defined and build the BV theory as in Equation (3.58). The Ansatz can be obtained by
grading considerations and by working formally as in Section 2.3.

Diagram with Diagram with
f%FT[l]M(T[].]MXN)I f%l-‘]y[(/\.T*M@(MXN))EPM(F)
T[M x F - N MxF -2 JeF -2 N

ml (3.60) TMl (3.61)
F F

Abelian BF Theory in d = 4

From now on, we use Einstein summation convention. Moreover, recall that dg = dz¥d,» and dgw =
da¥ Lopwy, .. gdatt ---daz#* .7 The classical abelian®” BF' theory in d = 4 (see Sec. 2.3) can be
understood within SmthSet. Let M be a closed oriented smooth 4-manifold. The space of fields of the

(") Actually, showing this for a base of the form T[1]M should be enough for the purposes of AKSZ theory.

("8 The integral map then would be defined as in Equation (3.28), using super integration theory (see Eq. (1.17)) instead
of classical integration theory.

("9)Where we omitted the wedge product for readability and we use the convention for which the anticommutation of the
indices has a factor of (k + 1)! at denominator.

(89)Since we are in the abelian case, g = R. We can drop the dual g* = R*, as we can interpret any dual element as a
multiplication by an element in R. Implicitly, we are choosing a basis of R.
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bundle Foj == T*M @& N T*M > {A.,, Bu,u,/2!} is the smooth set (see Def. 3.1.4)
Fua=Ty (T*M o N\ T*M>7

with the original fields (A, B) € Q'(M) @ Q*(M) = Fq(x). Considering the infinite jet bundle JiGFe 3

{2, {Au 11, Buypsl1/2 1150}, we can write the classical lagrangian as Lo = L o 7 (see Def. 3.1.21).
Here L is the (d,0)-form on J37 Fy locally given by
L(2m A, B = (B g0 n dyate ) A (dga oy, Ay A dgats) = B A dy A
T, mill —or <1 =\ 7o HIT™" ANAHT AN\AHZ™ Oy Apy) AN AHT =B AndgA.

Notice that it globally factors through the 1-jet. Then, working within SmthSet, one can recover the
BF action as a natural transformation of smooth sets (see Eq. (3.29)) and describe the smooth structure
of the Euler-Lagrange locus (cf. [GS525a][Ch. 5]). Also, the gauge symmetries (see Eq. (2.25)) can be
understood via point 1. of Definition 3.1.23. In particular, the first symmetry in Equation (2.25) can be
extended to a smooth map Dy : F. — Fq factoring through the 0-jet bundle such that £ oDy = L. The
second one, at the level of #-plots, acts on the Lagrangian by L — Lo +das(t A Fa). The latter extends
to a smooth map K: F — I‘M(/\3 T* M) factoring through the 1-jet such that £ 0 Dy = L + dy K.
Here, Dy: F. — JF is the extension of the second symmetry, which also factors through the 0-jet. The
latter discussion applies similarly to the higher translations in the tower (see Eq. (2.26)), which, for
d = 4, terminates at Gy. Alternatively, we can build the BV extension of this theory, following the AKSZ
construction, as the latter intrinsically describes the gauge symmetries of the original theory. To do so,
odd fields arise as ghost fields and antifields, as discussed in Chapter 2.

Following Section 2.3, consider the AKSZ theory (M, N, Qar,wnr, s, O nr) where the source M € SmthMfd
is as above and the target is N := R[1] @ R[2] with coordinate functions ¢ € C*(N); = Mor(N, R")
and £ € CP(N)z = Mor(N, R'%). We can think of the target as a super vector space N =~ R € sCartSp
considering Z-grading modulo 2. As it is important to keep track of the ghost Z-grading, we postulate (see
Rmk. 3.4.1) the existence of an even vector field Exr € X(A)p and an even derivation Dy € Derg(Q°*(N))
(see discussion after Def. 1.3.21) and define Dyr == Lg,, + Dy such that

Dyt = Lgyt) = 1¢p  abd Dyé = Lig,§ = 2€.

The latter keeps track of the ghost Z-grading, which coincides modulo 2 with the underlying Zs-structure
of NV, and the cohomological degree. Since we are in the abelian case (fS, = 0), the cohomological vector
field and the Hamiltonian on the target are null. Finally, the symplectic form is given by

wy = dn€ A dyt = dy (€day) = dyan € Q3N ) a1,
where an € Q1(N)g_1. Note that Dywy = 5wa and Dyan = 4anr. This AKSZ theory can be fully

described within sSmthMfd and is therefore naturally encoded in sThSmthSet. We want to build the
BV extension of this theory within sThSmthSet. Consider the following composite bundle over M (see

Diagram (3.61)) .
F=@ (/\ T*M & (M x/\/))
k=0

with the following local coordinates.

H 1R+ 1.t 1.t 1 1At 1et
e A/“ 2!BM1/~02 31 pipzps | A 2p1pzpspg || 72 | Tl 2!BN1/~‘2 3!AM1H2M3 T popizpa
ghjof1] o] 4 -2 -3 2] 1 0 1 D)

where the ghost Z-grading is defined as above. That is, the total grading is given by D(z#) = (0+0+0)z*,
D(c) = (14 0+ 0)c, D(A,,dga*) = (0+ 1 + 0)A and so on. The relation between D and D is evident
if one notice that the first five fiber components are form components with values in R[1] (Dp = 1¢
with ¢ = ¢, A, B*, 7", 7;7) and the last five as form components with values in R[2] (D = 2¢ with
Y = T2,T1,B,A+,C+).

Then, the super thickened smooth space of fields is defined as in Definition 3.3.3.
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Remark 3.4.4. Note that, we are considering a Zs-graded vector bundle F' — M (see Def. 1.3.18). That
is, the supermanifold locally looking like M x K. Here, K is some supervector space and M can be seen
as a purely even supermanifold. Supposing N' = Ny + N1, we can write

F= ((/\'T*M@(MxNO))@(/\'T*M®(MxN1))) — (N T*M® (M x Np)) > M

E

to reconduct explicitly to the composite bundle of Definition 3.3.3 (cf. [GSMO09][Notation 4.1.1]). This is

possible by noticing that F is naturally isomorphic to the pullback along %, of the odd graded bundle
(/\'T*M@(M x/\fl)) — M.

The AKSZ mapping space corresponds to the set of #-plots of the latter
F(x) = Q2 (M)[1] @ Q° (M)[2].
where the gradings are given by ID. We can define the super infinite jet bundle J37 F with local coordinates

{x“,{cI,A lp+ L+ Lo+ !B L+ Lo+ }

10T 575 1y o | 1 31 T propas | 10 41 2 praprs | 1 7200 Thpa | T 98 pio |15 5743 g g | 10 Icuwwwd[}m?o
where the grading is as above for every I. Indeed, 0; = 8£}L1 ~~~(7£‘,£4, with I = I1 + --- + Iy, has zero
degree since L.ex* = 0. The local BV system is given in local coordinates by the following Ansatz®"

= dyA A dvAJr +dyB A d\/B+ +dye A d\/c+ +dym A dvar +dym A dvT2+,

dvAAA++B/\de++chAC++’TlAdvT1++T2/\dv7'2+,

—s Q& &»
ii

=B AdyA+ AT ndgc+ BT Adym + 71 Adyme,

Ly A 4 o4 4 4 A~
with Dw = (-1 + 4+ 2)w, Da = (-1 +4 + 1) and DL = (0 + 4 + 0)L. Finally, we locally define
Q€ Xy (JGF) by

By Tltthus B[Zzw\m]
Q(c) =0 Q(Au) = —¢u Q 21 = Apl) Q 31 == 21

+

By, A By, .
Q) =0 Q) =7 Q2] = g Qg ) < P

+ + + +
Q <7'2u1u2u3u4) — Tl[u2u3u4\u1] Q (Cu1u2u3u4) _ 7A[u2u3u4\u1]
4! 3! 4! 3!

Note that @ € Qgii(JﬁF)_l, ae Qéié(]‘fé}F)_l and ﬁ € ing(J]{‘j}F)o depend globally only on the 0-jet
or 1-jet. Furthermore, the components in the fibers coordinates form an invertible supermatrix and
dvé — . The evolutionary vector field Q € Xey(J37F) only depends on the 1-jet and it can be checked
that DQ = (1+0+0)Q and DprQ = (14 0+ 0)prQ.®» To prove that this is indeed a local BV system, it
remains to show that [prQ, prQ] = 0, Equation (3.56) and Equation (3.57). First, we show [prQ, prQ] = 0.
By modifying the local expression of [prZ;, prZs] = prZs in Proposition 3.1.11 with the right Koszul rule,
we get
Z3 = DrZ§ - 043250, — (—1)/21 11221 D; 78 - 0,0 780,.

From now on, we write 0, = a—a. for readability. Using that |Q| = 1 and that it only depends on the first
jet, we can write

b b a b a b
y _opqe. 27 _2[<Qa.acz)+<acz ac>)+(m oQ _5Q>] o 562)

ous dub ou® ot ous, R Quy ous oub”

. PR 4 4 4

(8)We could start from an Ansatz on F and pull it back to the infinite jet bundle along 7 : J35F — F to get w, o, L (see
[Gri23]).

(82) Comparing the components of Q with the abelian (f¢, = 0) case of Equation (2.30), one can interpret the integration
over M in terms of the action of the local vector field Q = Q o 7% on local coordinate functionals (see Eq. (3.33)). More
concretely, local functionals with values in R need to combine fields so that the total ghost Z-grading is zero. For BF
theory, this means building top forms that then need to be integrated to give a real value.
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Noticing that 0,.Q = 0, we can expand the second and third term to obtain

+0+

7 +0)+

b 0Ap b OB /9 b
Z, _2l<0_ o, 0Q L+ Al | 0Q OB )/ oQ

our Ay, | oww 2B], ol o orf 3

67_21’ . aQb _ aTl[th’] . aQb + aB[ulug\u]/2! . aQb
ozt 0Ty, oxh OBy, /2! oxh 0AT

Vi 2| p
( 0Q(Ay)  oQ QB . /21 oQ’
+ | cop .

A .
de, Ay AL eBE

AT

+ 0+

B sl QT /3Y) QP oQ(ry)  0Q°

. 0+0 v
ol oB'  j21 o, a0 0T
pipz|v 1ph py s p

aQ(Bp/lué/2') ) aQb Bullu\l/,u aQ(A;:iNéN,s/?)') . aQb +0+ O) i —
OT 14 v aBu’lu’zlu/Q! 2! OBy s /2! OA L '|H/3! ou?

HiHaHs

+ +

872y (37-1#““

+ i |vp

+
2 0 _ 2B,u1;¢2|l/,u 0

palvp A +
(371“”“1/3! 2! aT?/Wuluz /4!

0 . 2Bmu2|w 0 -0
‘DH aAlﬁwul/g! 2' actl/,ulllz/z“ .

0
=2[—2CVHW— +

0
- 27—21’”W - 27—1N1

In the first equality we used the component-wise definition of Q and the fact that it does not depend
on T;;Ll popispis OF clfl popspa- 10 the second equality, we antisymmetrized, computed the derivatives, and
contracted the resulting Kronecker delta. In the last equality, we used the fact that the inner product of
symmetric and antisymmetric tensors gives a null contribution.

Let us check Equation (3.56). Recall that the degree 1 differentials satisfy df, = d2, = dy (dgz*) = 0

and that dydyg = —dgdy. Furthermore, |¢prq] =1 — 1 = 0. Then,

LprQ(j.l} = dgc A dvA+ + dyAAdgB+dgm A de+ +dyBAdgA+0+dyen (1HA++

+dHT2/\dvT1++ +0+dv7‘2/\dy7‘1++
+ B A dv(dHA) — B A d\/(d][/l) + AT A dv(dHC) — At A dy (d[](i)—l-
— Bt /\dv(dHTl)+ —7'1+ Adv(dHTQ)+Tf_ Adv(dHTg)I

—dv|BAdyA+ A" Adyet+ BY Adpm + 71 A dym |+
4
—|—dH[(1VA/\B+dV(1/\A+— —dym /\Tfr] =dVL—|—dH)3(,

where )?2 € iné(JX/C[‘F )o- In the first equality we computed the contraction using that dyu®(0,.) = 62

(first two lines) and summed and subtracted the extra terms (second two lines). The second equality can
be checked backward by explicitly computing it. Let us now check the Equation (3.57).

1 1
5o Qlpr QY :inrQ[ dpe ndy At + dyA AdgB +dgm A dy BT +dyB A dyA+ 0+

+dvendg At +dgm A dyr +dyr A dgBT 40+ dym A dHrj] -

3
:[dHc AdgB +dgm A dgA+ 0+ dgm A dHB+] — dyl,

2 3.0/ 100
for some L € Qi (J37F)1.

Remark 3.4.5. This is compatible with a full lax presentation (cf. [Gri23; SS525; MSW19]). The first

. . d d— d— d—1 . . d— _
step consists of checking that dy tprqw = dy wl and that dy Xl =— wl, with wl € lebl’z(JAOj}F)o. Then

. . d— a-1 d—
the above arguments can be iterated, potentially only locally, to check that ¢prq W = dy L +dg X2 for

d—2 . . . .
some x € lebQ’l (J35F)1 and so on, finally arriving to the full lax presentation. This is the structure one
should consider to treat the case with boundaries, corners, and higher co-dimensions structures [MSW19].
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In our case, it is straightforward to see that dv)3< — O for & satisfying
v ipr Qi :dv[ dge A dyAt + dyA AdgB +dgm A dyBY +dyB A dgA + 0+

+dyeadgAt +dgm Adyr +dym AdgBT +0+dym A dHTf] =

= — d]—[(dv(f) 7AN dvA+ — d\/A 7AN dH(de) — + de AN dH(dVA)-‘r
—dyena (1[.[((1\/A+) — d[-[(dng) A (‘1\/7’1Jr + +dym A dy(dvar) =
=dH[ —dyendy AT —dyAAdyB— —dym A dv'rf] = dH(fJ.
This follows from direct computations, |dy| =1, and dydy = —dgdy.

Finally, transgressing this structure on the infinite jet bundle to the space of fields via the map
4,0 .
T = | ofen™)*: QY EF) — (P,
we obtain the local BV structure on F (see Eq. (3.58)). Note that the transgression changes the total

degree by —4, as the top-horizontal component, which contributes with a degree of 4 at the level of J37 F'
is sent to a real number of degree 0. Explicitly, Xjoc(F)1 3 Q = Qo j* and®® L

Q="To = fM drA A drAY +drB A deBY +dre adret +dem Adrr +drm A dery € Q3 (F)
S = TL — JMB Ady A+ AT Adye+ BT adym + 1 A dym € CE.(F)o
The form is closed because it is exact, with primitive

a=Ta = JM drAAN AT+ BAdrBT +drcanct + 1 aderf + 1 Adrry € QL (F) 1.
Conditions (3.57) and (3.56) are satisfied by construction as above. That is

0S8 = LQQ and {S,S}Q =0.

The latter is the rigorous understanding of the formal manipulations we did for the (abelian) BF theory
in Section 2.3 (see Rmk. 2.3.1 and Eqgs. (2.28), (2.29) and (2.30)). We now discuss the non-abelian case.

Non-abelian BF Theory in d =4

As for the abelian case, the classical non-abelian BF' theory in d = 4 (see Sec. 2.3) can be understood
within SmthSet. Let M be a closed oriented smooth 4-manifold and G a finite-dimensional compact Lie
group with Lie algebra g (with basis {T,}). The space of fields of the bundle Fy) = (T*M ® (M x g)) @
(NT*M @ (M x g*)) 3 {Af,, B, ,,,/2"} is the smooth set (see Def. 3.1.4)

Fa=Ty <(T*M®(M xg)) ® (/\QT*M®(M x g*))),

with the original fields (A4, B) € QY(M,g) ® Q*(M,g*) =~ Fq(x). Considering the infinite jet bundle
J5GFa with local coordinates {z*, {Au I By oi1,0/2"} 1150}, We can write the classical Lagrangian as
Lo = Laoj® (see Def. 3.1.21). Here L is the (d,0)-form on J3j Fe locally given by

B a
( ’{AH1|I’ “”‘ }‘I|<1) —<’“2’:2d Mt A dH;v“Q) (de“3 Al z4] A dgatt+

b TAL A diats A A5 A duatt) = By & (dnd® 4 L[ASA]) = (B3 Fw).

Notice that it globally factors through the 1-jet. Then, working within SmthSet, one can recover the
BF action as a natural transformation of smooth sets (see Eq. (3.29)) and describe the smooth structure

(83) Pulling back along the infinite evaluation locally means substituting dy /g with dz/pr-
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of the Euler-Lagrange locus (cf. [GS525a][Ch. 5]). Also, the gauge symmetries (see Eq. (2.25)) can be
understood via point 1. of Definition 3.1.23, as discussed for the abelian case. We can build the BV
extension of this theory, following the AKSZ construction, as the latter intrinsically describes the gauge
symmetries of the original theory. To do so, odd fields arise as ghost fields and antifields, as discussed in
Chapter 2.

Following (see Sec. 2.3), consider the AKSZ theory (M, N, Qn,wn, an,On) where the source M €
SmthMId is as above and the target is N = g[1] ® g*[2] with coordinate functions ¢ € C* (N, g); and
£e C®(N,g*)s. As it is important to keep track of the ghost Z-grading, we postulate (see Rmk. 3.4.1)
the existence of an even vector field Ex € X(N)o and an even derivation Dy € Derg(Q*(AN)) and define
DN = Lg,, + Dy such that

Dytp = Lgyth = 14 abd  Dp€ = Li, & = 2¢.

The latter keeps track of the ghost Z-grading, which coincides modulo 2 with the underlying Zs-structure
of NV, and the cohomological degree. Finally, the symplectic form, the cohomological vector field, and
the Hamiltonian are given by (see Sec. 2.3)

wrr = (AN €hdny = ) dnba A dyt® = dy D &adpt® = dy (€, dy) € Q3(N)s;
. p N———

an€eQL(N)3
Q1= [ 1, ) + (a3 (€, = 3 3t 9°0un — 3 Fiot"Eude, € XA,
a,b,c a,b,c
O = {Qn—} = 56 [ 0] = 3 2 it € O (W),

a,b,c

Note that ]]j),\/w/\/ = bWy, DNOZN = 4dayy, DNQN = 1Qn and @NGN = 40 ,s. This AKSZ theory can be
fully described within sSmthMfd and is therefore naturally encoded in sThSmthSet. We want to build
the BV extension of this theory within sThSmthSet. Consider the following composite (see Rmk. 3.4.4)
bundle over M (see Diagram (3.61))

F=@ (/\kT*M®(MxN))

with the following local coordinates.

K| ee a | 1 p+a 1-ta 1.-ta 1 1A+ 10t
e AM 2zBu1p2 3T g pops | T 2p1popspa || 720 | Tlpa,a 5B s ,a :;!Amugm,a TCu1popspa,a
ghjof1] o] 4 -2 -3 2| 1 0 1 )

where the ghost Z-grading is defined as above. That is, the total grading is given by I@)(;U“) = (04+0+0)xH,
D(c*) = (1+0+0)c, D(Azlde“l) — (04+1+0)A% and so on. The relation between ID and Dy is evident
if one notice that the first five fiber components are form components with values in g[1] (]ﬁkpa = 1p®
with ¢ = ¢%, A% BT 7,7* 7,5%) and the last five as form components with values in g*[2] (]ﬁ)@a = 20,
with @4 = Toq, T1,a, Ba, AL, ¢F).

Then, the super thickened smooth space of fields is defined as in Definition 3.3.3. The AKSZ mapping
space corresponds to the set of =-plots of F(x) = Q*(M,g)[1] ® Q*(M, g*)[2], where the gradings are
given by D. We can define the super infinite jet bundle J3; F' with local coordinates

1 1 1 1 1 1
”w a a L B+a L ta + ta B L 4+ St
{‘T Aets a0 912 o | 10 31 T papas | 10 41 20 papspal 10 720000 Tl | Lao o Ppapa|as 3144 popus| 1 4!%1#2#3#4\17&}}

where the grading is as above for every I (see analogous discussion in the abelian case). The local BV
system is given in local coordinates by the following Ansatz®*

dy Ardy A*) 4+ (dy B4dy BY) + (dyerdye®) + (dym pdy ) + (dymeddery);

& i=(
& =( dy AYAYY +(B5dy BYY + (dyere™ + (rady ity + (raddy s )

4 4
(8)We could start from an Ansatz on F and pull it back to the infinite jet bundle along 7 : J$3F — F to get : ,a, L (see
[Gri23]).
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4 1
LBy Fa)+ (A" 2dac) + (B 1ad?(B) + dari) + (ri" tadi (n) + dama) + 5{c* 1 ere])+
1
+ (g had(r2)) + S(mt [BTABT]).

Using the notation introduced above, recall (9, @) = p® A g and (P2 @) = @4 A %, dap = dge +adap
and dap = du@+adip, ady(¢) = [p5¢] = (f540° A ¢"")T. and ady () = (—f4¢" A @e)T?, with {T}

~ ~ 4 4
a basis of g*. Note that, D = (—1 + 4 + 2)0, Da = (—1 + 4 + 1)a and DL = (0 + 4 + 0)L.
Finally, we locally define Q € Xev(J3F) by

Q(c?) l?ccbcc
( ) fbc

(5 ) iy + A 05

(Tmumu) [/tzus\m] — fLA qus + fie bT mmzm
c #1

Af,

[papr

7_2 1[ ] 1+C b 2 +b BTtec
IMIQMMM .“zll3.“4 H1 Mz/u/h; M1M2M3M4 muz M3 g
( +fbc 1 Jrf + fbc 21 21
(T2a) =0 - fbac T2¢
c Ab
(Tlﬂh ) 2#17 fbac TlMl c fbaA T2¢
/tluz a f bB.uluz c + f f }11}12
— T1pz|p1],a baC ba 7_1/12, ba 2c
By B b
.“1/12/1.3 a HZHB‘#I] a }‘1/12.”3 c b H2H3,C Illﬂz C lpypaps
( ) fba [ fba B1 o fba Mps,ec fba 31 Toc+
;u,uzus/u a [#2#3#4|H1] a fc bcpluz;m;m,c + fC b ;Jtrzpd;t.q c f //.1112 B/Lg[lq.,(: +
ST ba ba ol 2
+b
C Tlu, 42 L TQ;L }L ;t n
A - B,

Note that & € Qgii(J]\"f[‘ )—1 a € lei(Jj\of[‘F) 1 and L € leb(JOC F)o and they depend globally only on the
0-jet or 1-jet. Furthermore, the components in the fibers coordinates form an invertible supermatrix and
dvé — (. The vector field Q %oy (J5F) only depends on the 1-jet and it is such that DQ = (1+0+0)Q
and DprQ = (1+ 0+ 0)prQ.®» Tt remains to show that [prQ, prQ| = 0, Equation (3.56) and Equation
(3.57). First, we show [prQ, prQ] = prZs = 0. As for the abelian case (see Eq. 3.62), we can write
b b a b a b
Zs — 2D,;Q% - 19Q 0 [(Q“ oQ ) N <(3Q 0Q ) N (“ZMZSZ 0Q >] i (3.63)

(? dxk  dul, ous oub

The third component goes away with a calculation similar to the abelian case. We now expand the first
and second contributions componentwise. The more relevant manipulations are done using Jacobi identity
(Jac.) fe.fe + fofS + fS. £ = 0 and antisymmetrization with respect to some indices, for example
(ant. (a,b,c)). We also use the redefinition of summed indices, for example (a < b), and f5, = —f5,. In
general, we use the total degree |- | (|0s] = —| o |). Finally, all the terms involving a second-order partial
derivative (from the second term in Eq. (3.63)) vanish independently as in the abelian case (Sym — Ant).
The components coming from dif* are already antisymmetrized.

ant.

a’ aQ( ) 0 a b c° c 0 baﬁcl 1 a ra a’ ra a’ pa \,.b,.c.c J Jac.
¢ Q( ) oc® o fac’ bcC ocd’ - 6(fc’afbc+fba cc’ + cafc’b)c cc Oce =0
a7 ] o (Qen 2 | gae )5Q(Afia> L Q) RUN o0 .
" dct ml oAy ort dch ) AT
1 1 | S —
Jac.+ant. (b,c)
+ a(,cm(‘ "+ — ’%CZQCC>aZI’ -0

(8%) Comparing the components of Q with the Equation (2.30), one can interpret the integration over M in terms of the
action of the local vector field Q = Qo 3% on local coordinate functionals (see Eq. (3.33)). More concretely, local functionals
with values in R need to combine fields so that the total ghost Z-grading is zero. For BF theory, this means building top
forms that then need to be integrated to give a real value.
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2! e L OQ Bta’, )
Q( #1#2/ )+Q(BM) ( /2!)

QB /2
B“il“ —><Q(Ca) Wipy +Q( )

+
! !
2! oct aAzl 2 H1H2/2
a +a’ | 3
+ aQ(Aul) aQ(B /2 )> 0 _ (_ i/'u/ ge’ (,/’(/ [/’ 1 _rd o Ac’ +
" +a’ o1 9/ c'albe By ac’ Ty Tugy
oo o, )aBm T\ T2
Jac.+ant. (b,c)
ra’ ra ¢ Ab c a ga b’ 1 ~a’ b c // ))/j’L/\l/”/: a’
+fc’afbcc A/t’lA;sz _fb’aA;L’Q\;L’lC - ifb/a beC A A ity +7LI; a- ) ’ o1 - C#él‘/l +
& ——
Jac.+ant. (b,c) Sym—Ant
0
fbcA 5 ’C fbc wh u >8B+“ /2| =0

QTS /3) e \ QT L /3))
Q(%5) =

H1p2
M1M2/2

a’ oQ(r"% /3!
o 1u1u2u3
5 —><Q(c )—a - + QA7) oAz

2!

’
oQ(r+e 3! 1 0Q(T 3!
i Q(Tﬁﬁw,‘g) Q( 1pg u’zu’a/ ) n oQ(B w1 u2/2) Q(r, lu Moy / )) 0 _
3! ! h +a ] +a’ 1
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7 B+( B+c d
a’ pa b 1BIpS K c ng Bl |y Jac.
+ fratpeC c 31 M |M wh fbc | MllA,U. fbc wh fb( 21 orTe /3| =0
N ’ T ity
Sym—Ant
+a’ +a’
pa’ 0Q(r. 4! 0Q(. 4! oQ(r. 4!
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%/_’ (I AT
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’
b cd a
fu’u. beC € pf e +faa’cp’17-20' - fa a fb( ’ c TQ(’+

aQ(TQa) aC‘)(Tlldq )> a _ (l ¢’ ra b c
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+ foaly ,A /c "Toc + forarTou, o Lo = f ,A /(' Ta — ffa/CZ/szc‘i‘
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In the latter equality we used Jac. + Jac. + Jac. + Jac. + Jac. + Jac..
Let us check Equation (3.56). Recall that the degree 1 differentials satisfy df, = d3;, = dy (dgz*) = 0
and that dydg = —dgdy. Furthermore, |iprq| =1 —1 = 0. Then,
4
Lpr Q[il) —dyL = lprQ [< dvA/,\dvA+> + <de/,\de+> + <de/,\dvc+> + <dv7’1/,‘dv7'1 > + <dv7'2/,\dv7'2 >]
+ + A + A L, +
— v [(BAFa) + (AT 5da0) + (B 1ad(B) + darn) + (i Sad? (1) + dara) + S(c™ 4 [ede])+
1 , ;
+ <7'2+/,\ad>ck(7'2)> + §<T2/,\[B+/,\B+]>] = [\ dachdy A7) + < dyArdyaB + adffﬁ + adE+Tl + ad;k+72>+

. 1
+{da7 +adiB +adl midy BY) +(dy B4 Fa + [eABY]) + 7<[c§c]¢dvc+>+

+{dyverda AT +adfet + adhy B + ad”® T + ad® +7‘2> + {damy + adim 2 dy )+

1
+ Ay hdaBY + [ehrt ] + +{dymoidart + [ehry ] + [B+AB+]>]
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+ [ —{dyB4Fpy —(B)dyFa) — (dy AT ydac) — (A4 [dy Are] —da(dye)y — (dy BT yad®(B) + daTi )+
+ <B+§add‘ .(B) —ad’(dyB) + adjVA(Tl) — Y —{dyr tad¥(r) + daTe)+

1 1
+ (i hadd, (1) — +adg, 4(m2) — dady ) — *<dvc+?[C?C]> - *<f7+fdv([(‘f?f])>+

- + (g hady, o (72) — ad? (dv7'2)>—*<dsz,[B+AB+]>+ <T> dy ([BﬂBﬂ);] -

=dy [<dvA?B> + <dv('t/.\/1+> — — <dv7’2?7’1 >] = dHX

where >3< € Qgii(JJi‘E}F )o- In the first equality we computed the contraction using that dyu®(0,.) = 62
and the derivative dy. Expanding the above in components, the second equality can be checked with
manipulations similar to those used for the components of [prQ, prQ].

Let us now check the Equation (3.57).

1 1
§LprQLprQ£:1) =§LprQ|:< dAC’,\dvA+> + < dvA’,\dAB + ade+ + adEJrTl + adj;r72>+

+dam + ad? B + adj 7o 5dy BY) + (v BaFa+ [0 B + 2([ercl2dvet )+

+ {dverda AT +adict +adf. B + ad® T ad* +7'2> +{dama + ad¥m 2 dy i H+

+{dym 2daBt + [err D + adintdy ) + (dvmesdat + [edm ] + ;[BJ”B*D] =

_ [< dactdaB +adfA" +adfimi +adfi7) + (dami + adfB + adfy 20 Fa + [e5 BT ]+

+ %<[c?c]CdAA+ +adfct +adf B + adj_}ﬁ + adj;7'2>+

+{damy +ad¥r 2da BT + [e)m ) + (adimadar + [, ] + 2[B+AB+]>] =

— [CduesdnB +adi B +ad? A% +adfom + S+ ([A2e]rdaB + ad* A* + ad%. 7 + >+
+{dgmydy A+ + e BT +adimd Fa + [eh BTy +{adfBYFy + [ BT )+

1
+ {adgsmy Fa + [ BTy + §<[c§c]¢dAA+ + adict +adl. B+ adirﬁ +adl m)+
ant.+Jac.  Jac.tant. Jac.+ant.  Jac.+ant

+<dH’7'2 dH.BJr [AABJr] >—|—<adA7'2 (14BJr >+<adj7'1/,\(1‘,1/))+ +[C?T1+]>
+ <adj7'2/,\ =+ [(' Ty ] =+ ;[BJr B+]>:| = (<dHC/,\dHB> + <d117’1/,\d11A> + <d]17'2/,\dHB+>+
| S —
Jac.+ant.
# + 1 +
- —dyg({adimtB™)) + +(1H(§<[(:¢(:]¢A >>+
3

+ dH<<[(,/,\A]/\B> + (111 (<Tl/\[(/\b)+]\) = dHL,

for some L € Q3 0 b (J37F)1. In the first and second equality, we computed the first and second contractions.
In the third, We expanded the result. The final equality can be checked in components with usual

3
manipulations. Note that the first three terms of dgL are the ones that we also encounter in the abelian
case.

Remark 3.4.6. As in Remark 3.4.5, it is possible to see that dv)3< — O for satisfying
v tpr o =dy [< dachdy AT) + (dyA2daB + adf A* + adly, i + ad¥ )+
1

1
+{dam1 +ad’B + adfimdyBY) + (dy B4 Fa + [¢4BT]) + §<[c§c]§dvc+>+

+ {dyeyda AT +adfet + adle B + adjf+ T+ adj+7'2> +{daTe +ad’m pdy )+

1
+{dym2daBT + [ehr ) + adimtdy )y + (dymetdaryt + [erm ] + §[B+QB+]>] =
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= [<dv (dac)ydy AT) +(dy Asdy (daB) + dy (adi AY) + +dv (adj; T2))+
+ + {dy(ad¥B))dy BT) + (dy (ad s 72) 2 dy BT )+
—{dvBydy(Fa) +dv ([t BT])) + +
+{dyehdy (daA™) + + dy (adf+ B) + dy (adfrﬂ) + )+
+ {dy (dame)tdy ) + (dy(adim) s dy 7 — Ay ) + dy ([err )+
+ ~{dyratdy (dati) + +dv( [B*1B*] ) ]
:dH[ —{dyerdy AT — {dy Ardy B — s >] = dyd.
This follows from direct computations, |dy| =1, and dydyg = —dgdy.

Finally, transgressing this structure on the infinite jet bundle to the space of fields via the map
T = | ofer)*: O HF) — (P,

we obtain the local BV structure on F (see Eq. (3.58)). Note that the transgression changes the total
degree by —4, as the top-horizontal component, which contributes with a degree of 4 at the level of J37 F,
is sent to a real number of degree 0. Explicitly, Xjoc(F)1 3 Q = Qo j* and®®

Q=T0 = J drAYdrA*) + (drB4drB*) + (drehdre™) + {drmider ) + (drmddrrs )
M
STl - J (BAFA) + (A" 5dac) + (B 1ad*(B) + dar) + (i had*(my) + dama)+
M
1
+ §<C+ [ere]) + (75 vady (12)) + <T [BT$B*]) € Cis(F)o-

Note that, € Q2

oo (F)-1 and it is closed because it is exact, with primitive

o a—J CdpAd ATy + (BAdEBYY + (drehety + (rademty + (raderd) € Qb (F) 1

Conditions (3.57) and (3.56) are satisfied by construction as above. That is
08 =100 and {S,S}q=0.

The latter is the rigorous understanding of the formal manipulations we did for BF' theory in Section
2.3 (see Rmk. 2.3.1 and Egs. (2.28), (2.29) and (2.30)). In particular, now the Cartan calculus is well
defined.

Remark 3.4.7. Notice that the resulting structure is local and globally of finite order. That is, at the
level of infinite jet bundles, the forms and vector fields we consider always factor globally through a finite
order jet bundle of fixed degree. This is usually the case for physically relevant theories. In SmthSet, the
subalgebra of globally of local order differential forms on the infinite jet bundle is canonically identified
with a subalgebra of de Rham forms on the infinite jet bundle (cf. [GS25a][Lemma 4.15]). The latter is a
categorical notion of forms defined as natural transformations into the smooth moduli space of de Rham
forms (cf. [GS25a][Def. 2.30] and see ft. a2 at p. 58). Working within this subalgebra would provide
a cleaner categorical approach to the full Cartan calculus (cf. [GS25a][Def. 2.33]), with the contraction
induced by the contraction on globally finite-order forms. If adapted to the smooth and thickened
structure, this could be a direction to investigate, as it would provide a nice functorial approach for
locally describing classical BV theories.

In summary, under specific assumptions, sThSmthSet locally allows for a categorical approach to the BV
formalism via the notion of local BV systems.

(86) Pulling back along the infinite evaluation locally means substituting dy /g with dr/pr-
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Conclusions

This thesis studies the BV formalism (cf. [Mnel9]), the categories SmthSet and ThSmthSet (cf. [GS25a;
GS25b]), and explains how the super extension of the latter (cf. [Gio25; GS26]) naturally encodes the
local classical BV formalism (cf. [Gri23]). This yields a rigorous understanding of the Cartan calculus on
the infinite-dimensional BV space of fields.

As an example, we present the AKSZ construction of the BV extension of classical BF theory in d = 4.
Unfortunately, both a complete treatment of the AKSZ formalism (see Rmk. 3.4.3) and a global formu-
lation of BV theories (see Rmk. 3.4.2) require further extensions of sThSmthSet.

Three gauge-fixing methods are introduced in the finite-dimensional case to address the degeneracy aris-
ing in the perturbative path integral quantization of gauge theories (see Sec. 2.2): the Faddeev—Popov
method, the BRST formalism, and the BV formalism. Being the most general, the BV formalism sub-
sumes the other two. Although the latter is well understood in the finite-dimensional case, the discussion
becomes more delicate when the space of fields is infinite-dimensional (cf. [CMS25]). In particular, one
lacks the notion of Cartan calculus and of a measure on the space of fields, essential for the classical and
quantum versions of the BV formalism. Although the measure-theoretic issues are not resolved within
sThSmthSet, the Cartan calculus is rigorously understood upon restriction to the local setting.

To establish this result, we show that SmthSet naturally incorporates the action principle and many fun-
damental field-theoretic constructions, with a focus on bosonic Lagrangian field theories (see Sec. 3.1).
The strength of this framework lies in its ability to perform the standard operations of finite-dimensional
differential geometry pointwise on ordinary manifolds, thereby extending them to smooth sets. In partic-
ular, through the use of the infinite jet bundle, it allows one to formalize the local Cartan calculus on the
field space when restricted to well-behaved de Rham forms (see Prop. 3.1.13). Its thickening ThSmth-
Set is introduced to recover ad hoc tangent bundle constructions via the synthetic tangent bundle (see
Sec. 3.2). Following [Gio25; GSS24], the super extension sThSmthSet is briefly outlined (see Sec. 3.3).
This is needed to describe the odd nature of ghost fields. sThSmthSet should be fully presented in [GS26].
Finally, this setting is used to rigorously formulate the local BV formalism. As an example, the local BV
extension of the BF theory in d = 4 is explicitly given (see Sec. 3.4).

We emphasize that the approach we use is purely local, meaning that the gauge structure is described via
a trivial G-bundle (see Rmk. 2.1.1). This allows one to describe gauge fields, i.e. 1-form connections, as
g-valued 1-forms over the base manifold M and to describe the BV space of fields within Definition 3.3.3.
To formulate a global categorical description of gauge theories and the BV formalism, one should enrich
sThSmthSet with higher structure, considering a category of sheaves of groupoids (cf. [GS25a][Rmk. 6.37
& Ch. 8]). A derived approach to the global description of BV/AKSZ theory can be found in (cf. [Ste24]).
Along these lines, a possible direction is to consider a derived extension of SmthSet, using the universal
property of derived manifolds and their relation to dg-manifolds (cf. [CS19; Car23]).

Furthermore, the general AKSZ formalism is not yet described in this setting. Indeed, although the
mapping space is well understood in sThSmthSet (see Def. 3.3.1), the category still does not provide it
with the full Cartan calculus. This difficulty can be circumvented by assuming that the target is a graded
vector space (see Eq. (2.22)), but this means that the AKSZ formal construction can only be used as
an Ansatz for the local BV system, which then has to be checked to be well defined (see Sec. 3.4). A
general description of the AKSZ formalism could be gained once the notion of graded infinite jet bundle
is extended to also allow a graded base (see Rmk. 3.4.3 and [Vys23]).

Finally, while this framework is powerful and promising, it does not yet provide a straightforward way to
define the Cartan calculus universally on forms defined via the de Rham moduli space (see Rmk. 3.4.7),
which would give a cleaner universal description of local BV systems. These questions remain open and
motivate further research in this direction.
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