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Abstract

The BV formalism (cf. [BV81; BV83]) is a cohomological symplectic framework for the perturbative
quantization of gauge theories, generalizing the Faddeev–Popov method (cf. [FP67]) and the BRST for-
malism (cf. [BRS76; Tak79]). Its classical version is based on the graded symplectic structure of the BV
space of fields and the associated Cartan calculus.

The category SmthSet of smooth sets, namely the topos of sheaves on Cartesian spaces, naturally en-
codes many classical bosonic Lagrangian field-theoretic constructions (cf. [GS25a]), and, in particular,
the Cartan calculus on the field space when restricted to well-behaved de Rham forms. Its infinitesimal
thickening ThSmthSet (cf. [GS25b]), given by enlarging the site with an infinitesimal structure, recovers
all relevant tangent bundles via synthetic tangent bundle constructions. This framework naturally ex-
tends to fermionic Lagrangian field theories by further enriching the site with super-structure (cf. [Gio25;
GS26]).

In this thesis, we show how the local classical BV formalism is naturally described within the category
sThSmthSet of super thickened smooth sets. This yields a rigorous formulation of the Cartan calculus
on the infinite-dimensional BV space of fields. As an example, we present the AKSZ construction of the
BV extension of classical BF theory in d “ 4. The AKSZ formalism provides a systematic construction
of topological field theories compatible with the BV formalism (cf. [Ale+97]). BF theory is a topological
field theory that exists in any dimension and can be used to define invariants of knots and manifolds
(cf. [Cat97]). In different dimensions, it is related to different field theories (cf. [Mne19][ft. 100, p. 140]).
However, both a complete treatment of the AKSZ formalism and a global formulation of BV theories
require further extensions of sThSmthSet, leaving several interesting questions open.
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Introduction

Modern classical field theories are typically formulated in the Lagrangian framework, where the action
principle determines the dynamics of fields. This principle, first applied to classical optical systems by
Hamilton (cf. [Ham34]), is grounded in the successive formulations of the principle of least action by
Maupertuis, Lagrange, and Euler, and ultimately traces its origins to Fermat’s principle (1662). The
latter states that light travels along the path that can be traversed in the shortest time. Hamilton’s idea
is that the Euler–Lagrange equations characterize the critical points of the action functional, thereby
describing the dynamics of a physical system entirely in terms of its Lagrangian.
In modern classical field theories, this formulation remains fundamental for four main reasons. First,
symmetries of physical systems are naturally encoded as symmetries of the action. Second, the manifest
covariance of the action ensures that the Euler–Lagrange equations take equivalent forms in different
coordinate systems. Third, within the Lagrangian framework, the potential replaces the force. While
the force is a classical concept that does not generalize naturally to quantum mechanics, the potential
does. Finally, it provides a natural route to quantization through Feynman’s path integral formulation,
which may be regarded as the quantum counterpart of the classical action principle (cf. [Fey48]).(2) The
latter heuristically describes the propagator of the quantum particle as a sum over classical paths, each
weighted by an exponential whose phase is the classical action of that path divided by ℏ.

The path integral is not rigorously defined from a measure-theoretic perspective (cf. [Maz09]), but it
can be understood perturbatively around a classical configuration via the stationary phase formula. This
allows one to define the path integral as an asymptotic series in ℏ Ñ 0, whose coefficients are Feynman
diagrams. Crucially, the stationary phase formula requires critical points of the action, i.e. classical solu-
tions, to be isolated. This guarantees that the Hessian at a critical point is non-degenerate. However, if
the theory is a gauge theory, there exists a tangential distribution on the space of fields that preserves the
action. Consequently, critical points lie on gauge orbits generated by this distribution and are therefore
not isolated. The Faddeev–Popov method (cf. [FP67]), the BRST formalism (cf. [BRS76; Tak79]), and the
BV formalism (cf. [BV81; BV83]) allow one to solve this issue and perturbatively quantize gauge theories
whose gauge symmetry is described by a Lie group, a Lie algebroid, and a non-integrable distribution,
respectively. The BV formalism subsumes the other two. Although the last is rigorously understood
in the finite-dimensional case, the discussion becomes more delicate when the space of fields is infinite-
dimensional (cf. [CMS25]). In particular, one lacks the notion of Cartan calculus and of a measure on
the space of fields, essential for the classical and quantum versions of the BV formalism.

The category SmthSet of smooth sets, namely the topos of sheaves on Cartesian spaces, naturally en-
codes the action principle for local bosonic classical Lagrangian field theories together with many related
constructions (cf. [GS25a]). In particular, it allows one to formalize the Cartan calculus on the field
space when restricted to well-behaved de Rham forms. The underlying philosophy of this topos-theoretic
approach is operational: geometric spaces are not understood as sets of points equipped with additional
structure, but rather through the families of probes used to investigate them. In physics, these probes
may be particle trajectories or, more generally, extended objects such as branes. By taking Cartesian
spaces as probes, one can perform ordinary finite-dimensional differential-geometric constructions point-
wise and thereby extend them to smooth sets.
The infinitesimal thickening ThSmthSet (cf. [GS25b]), given by enlarging the site with an infinitesimal
structure, subsumes the SmthSet approach and further recovers all relevant tangent bundles via synthetic
tangent bundle constructions. The latter naturally extends to describe fermionic Lagrangian field theories

(2)Feynman was inspired by the idea, presented by Dirac in [Dir33], that the Lagrangian formulation of quantum mechanics
would have provided a way to interpret quantum dynamics as a superposition of classical paths.
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by further enlarging the site with super-structure (cf. [Gio25; GS26]).
The aim of this thesis is to study the BV formalism (cf. [Mne19]), the categories SmthSet and ThSmthSet
(cf. [GS25a; GS25b]) and to show how the super extension of the latter (cf. [Gio25; GS26]), needed to
describe the odd nature of ghost fields, encodes the local classical BV formalism (cf. [Gri23]). The goal
is to obtain a rigorous formulation of the Cartan calculus on the infinite-dimensional BV space of fields.
As an example, we present the AKSZ construction of the BV extension of classical BF theory in d “ 4.
The AKSZ formalism is a systematic way to obtain topological field theories compatible with the BV
formalism (cf. [Ale+97]). BF theory is a topological field theory defined in arbitrary dimension and can
be used to construct invariants of knots and manifolds (cf. [Cat97]). In different dimensions, it is related
to different field theories (cf. [Mne19][ft. 100, p. 140]). Unfortunately, the full treatment of the AKSZ
formalism (see Rmk. 3.4.3) and the global approach to BV theories (see Rmk. 3.4.2) both need further
generalization of sThSmthSet, leaving many interesting questions open.

We start in Chapter 1 with an overview of category theory, sheaf theory, graded geometry, and symplec-
tic geometry. The basic notions of category, functor, and natural transformation are presented to state
the fundamental Yoneda lemma (Prop. 1.1). This result is crucial to define smooth sets consistently in
Section 3.1. Then, the general definition of limits and colimits is provided, along with some examples,
and the relationships between limits and relevant functors are recalled. Consequently, petit and gros
sheaves and topoi, together with the Grothendieck topology, are introduced in Section 1.2. Some results
on categories of presheaves are stated. In Section 1.3, we build up to the notion of Cartan calculus
on graded manifolds starting from the basic definitions of graded algebra. Graded vector bundles are
introduced, and an extensive discussion regarding the Euler vector field and the total grading is given
for completeness. The latter will be crucial to define the ghost grading within sThSmthSet. Finally, the
basics of symplectic and graded symplectic geometry are introduced (see Sec. 1.4), together with some
results and a motivating example from classical mechanics.

Chapter 2 starts with recalling local Lagrangian bosonic theories and the action principle. The ab-
sence of a fully rigorous formalism motivates the structural requirements that the category of smooth
sets must satisfy to formalize the geometry of the action principle rigorously. Remark 2.1.1 discusses the
simplified treatment of gauge theories used in the thesis. In Section 2.2, we briefly recall the path integral
quantization and the degeneracy arising for gauge theories. Then, the finite-dimensional versions of the
Faddeev–Popov method, BRST formalism, and BV formalism are discussed together with their relations.
These are gauge-fixing formalisms that allow one to solve the degeneracy arising for gauge theories. While
the finite-dimensional case is well understood, the infinite-dimensional case is more delicate and relies on
the formal notion of Cartan calculus and of a measure on the infinite-dimensional space of fields. While
the latter is not discussed in this thesis, the first is rigorously understood within sThSmthSet. Finally,
we present the AKSZ formalism (see Sec. 2.3) and its application to BF theory in d “ 4.

Chapter 3 introduces the category sThSmthSet of super thickened smooth sets and shows how it nat-
urally encodes the local BV formalism, rigorously making sense of the Cartan calculus on the space of
fields. In Section 3.1, we define the category SmthSet of smooth sets both heuristically and rigorously
and demonstrate how different field-theoretical objects are naturally encoded in it. In particular, the
field space, vector fields, and differential forms can be treated uniformly within SmthSet. However, while
the wedge product and the contraction are well defined, we lack a notion of de Rham differential. To
address this, we introduce the infinite jet bundle and the differential geometry on it. Starting from the
definition of finite order jet bundles, we then define the infinite jet bundle as their projective limit within
LocProMfd, a full subcategory of Fréchet manifolds (Def. 3.1.13), and consequently embed it into Smth-
Set. We then show that there is a canonical splitting of its tangent bundle into vertical and horizontal
subbundles by means of the Cartan connection (Prop. 3.1.9). The splitting is essential to formulate the
action principle via the local variational bicomplex and the related local Cartan calculus.(3) With some
extra restrictions, the latter can be transgressed to the space of fields (see Prop. 3.1.13). In section 3.2,
we present the thickened extension ThSmthSet and show how the ad hoc tangent bundle constructions
in SmthSet are rigorously recovered via synthetic tangent bundle constructions. Consequently, we hint
at the super extension of the latter (see Sec. 3.3) following [Gio25; GSS24]. sThSmthSet should be fully
presented in [GS26]. Finally, we use this setting to make a rigorous sense of the local BV formalism
(cf. [Gri23]) presenting the example of the local BV extension of the BF theory in d “ 4 (see Sec. 3.4).

(3)The infinite jet bundle encodes an explicit global (i.e. chart-independent) description of local Lagrangians, fields, and
forms. We talk about local objects if they factor through the infinite jet bundle.
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Chapter 1

Preliminaries

This chapter summarizes the notions and results of category theory, sheaf theory, graded geometry, and
symplectic geometry used in the thesis. We refer to [Lei14; Rie17] and to [MM12] for a detailed discussion
of category theory and sheaf theory, respectively. A detailed discussion of graded geometry and symplectic
geometry can be found, respectively, in [CS11; CM20; Keß19; Vys23; Sma24] and [Sil01].

1.1 Elements of Category Theory

In this section, the basic notions of category, functor, natural transformation, and the universal properties
of representable and adjoint functors are introduced to state the Yoneda lemma. Afterward, three useful
examples of limits are presented to build up to the general definition. Consequently, we state the relations
of the Yoneda embedding, the hom-functor, and adjoint functors with limits. Finally, some significant
results for categories of presheaves are recalled.

Categories, Functors, Adjoints, Natural Transformations and Yoneda Lemma

Definition 1.1.1. A category A consists of:

i. a class obpA q of objects (we equivalently write A P A or A P obpA q);

ii. for each A,B P obpA q, a class HomA pA,Bq of morphisms from A to B;

iii. for each A P obpA q, an identity 1A P HomA pA,Aq;

iv. for each A,B,C P obpA q a composition map

HomA pB,Cq ˆ HomA pA,Bq Ñ HomA pA,Cq, pf, gq ÞÑ f ˝ g

such that for each f P HomA pA,Bq, g P HomA pB,Cq, h P HomA pC,Dq, the following holds:

ph ˝ gq ˝ f “ h ˝ pg ˝ fq and f ˝ 1A “ f “ 1B ˝ f.

A subcategory B of A is a sub-class of objects and morphisms closed under composition.

This definition enables a uniform treatment of mathematical entities that may be fundamentally different.
For instance, consider the class Set of sets together with maps, the class Grp of groups and group
homomorphisms, and the class SmthMfd of smooth manifolds and smooth maps. They all satisfy
Definition 1.1.1 and share universal properties that can be studied categorically.
More generally, category theory studies the universal properties of objects(1) that are related to the
structure of the category, regardless of its specific realization. For this purpose, it is useful to introduce
commutative diagrams in which objects are connected by arrows representing morphisms. For example,
the diagram

(1)The classical approaches to describe a universal property are representables, adjoint functors, and limits. For a formal
definition and a detailed discussion, see [Rie17, Ch. 2.2] and [Lei14].
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1.1. ELEMENTS OF CATEGORY THEORY

A

B C

g f

h

is said to commute if f “ h ˝ g. It is straightforward to generalize the concepts of surjective and injective
morphisms between objects.

Definition 1.1.2. Let A be a category and f P HomA pA,Bq.
Then f is called epic if for all C P A and all g, g1 : B Ñ C, the following holds:

g ˝ f “ g1 ˝ f ñ g “ g1.

In contrast, f is called monic if for all C P A and all h, h1 : C Ñ A, the following holds:

f ˝ h “ f ˝ h1 ñ h “ h1.

Finally, f is an isomorphism if there exists g P HomA pB,Aq such that f ˝g “ 1B and g ˝f “ 1A. Then,
g “ f´1 is called the inverse of f and we write A – B.

There are two particularly relevant constructions: the dual or opposite category and the product category.

Definition 1.1.3. Given a category A , the opposite category A op is such that obpA q “ obpA opq and
HomA pA,Bq “ HomA oppB,Aq for all A,B P obpA opq.

Definition 1.1.4. Given two categories C1 and C2, the product category C1 ˆ C2 is such that:

i. obpC1 ˆ C2q “ obpC1q ˆ obpC2q;

ii. for all A,B P obpC1q and A1, B1 P obpC2q,
HomC1ˆC2

ppA,A1q, pB,B1qq “ HomC1
pA,Bq ˆ HomC2

pA1, B1q;

iii. for all A P obpC1q and A1 P obpC2q, 1pA,A1q “ p1A, 1A1 q;

iv. the composition is the componentwise composition from the contributing categories;

Remark 1.1.1. Informally, we can think of the opposite category as the original category with the
arrows reversed. This is an application of the principle of duality for which every categorical definition
or statement has a dual counterpart obtained by reversing the arrows.

We can further consider the category of categories(2) defining the morphisms between them as follows.

Definition 1.1.5. Let A and B be categories. A covariant functor F : A Ñ B consists of:

i. a function F : obpA q Ñ obpBq, A ÞÑ F pAq;

ii. for each A,A1 P A , a function F : HomA pA,A1q Ñ HomBpF pAq, F pA1qq, f ÞÑ F pfq;

such that F p1Aq “ 1F pAq for all A P A and F pf 1 ˝ fq “ F pf 1q ˝ F pfq whenever A
f

ÝÑ A1 f 1

ÝÑ A2 in A .
F is said to be faithful (full) if for all A,A1 P A , the map

HomA pA,A1q Ñ HomBpF pAq, F pA1qq, f ÞÑ F pfq

is injective (surjective).
A contravariant functor F : A Ñ B is a covariant functor F : A op Ñ B.

Functors can be composed, and the identity functor 1C can be trivially defined for each category C .
Hence, the class CAT of categories and functors forms indeed a category.(3) Some concrete examples of
functors are the forgetful functor Grp Ñ Set, that forgets the group structure on the underlying set, and
the inclusion functor AbGrp Ñ Grp, where AbGrp is the subcategory of abelian groups.
Many universal properties are described through adjoint functors, which also have relevant relations with
limits.(4)

(2)This idea conceals subtleties and set-theoretical issues related to the size of the considered categories (cf. [Lei14, Ch. 3.2]).
For the sake of simplicity, we ignore them throughout this thesis.

(3)CAT is a large 2-category whose 1-morphisms are functors and whose 2-morphisms are natural transformations.
(4)Adjoints do not always exist, but if they do, they are unique up to isomorphism, i.e. if G and G1 are right adjoints to

F , there is a natural isomorphism G ñ G1 that preserves the adjoint structure.
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1.1. ELEMENTS OF CATEGORY THEORY

Definition 1.1.6. Let F : A Ñ B and G : B Ñ A be categories and functors. We say that F is left
adjoint to G, and G is right adjoint to F , and write F % G, if

HomBpF pAq, Bq – HomA pA,GpBqq (1.1)

naturally in A P A and B P B. Naturality here means that there is a specified bijection (see Eq. (1.1))
for each A P A and B P B, and that it satisfies the following:

pF pAq
g

ÝÝÑ B
q

ÝÝÑ B1q “ pA
ḡ

ÝÝÑ GpBq
Gpqq

ÝÝÝÑ GpB1qq @g P HomBpF pAq, Bq, q P HomBpB,B1q,

pA1
p

ÝÝÑ A
f

ÝÝÑ GpBqq “ pF pA1q
F ppq

ÝÝÝÑ F pAq
f̄

ÝÝÑ Bq @p P HomA pA1, Aq, f P HomA pA,GpBqq,

where the bar denotes the correspondence of Equation (1.1):

pF pAq
g

ÝÑ Bq ÞÑ pA
ḡ

ÝÑ GpBqq

pF pAq
f̄

ÝÑ Bq ÞÑpA
f

ÝÑ GpBqq.

In Set, for example, the Cartesian product (see Def. 1.1.10) is left adjoint to the exponential (see
Rmk. 1.1.4)

´ ˆB : Set Ñ Set % p´qB : Set Ñ Set

A ÞÑ AˆB A ÞÑ AB .

The notion of a functor also enables us to establish some relationships between categories.

Definition 1.1.7.

1. A subcategory B Ď A is embedded in A if the inclusion functor i : B Ñ A is fully faithful and
injective on objects, i.e. for every B1, B2 P B with B1 ‰ B2, then ipB1q ‰ ipB2q.

2. Two categories A ,B are isomorphic if they are isomorphic as objects in CAT. That is, there exist
two functors F : A Ñ B and G : B Ñ A that are mutually inverse, i.e. such that FG “ 1A and
GF “ 1B. Here 1A and 1B are the identity functors respectively for A and B.

3. Two categories A , B are equivalent if there exists a fully faithful functor F : A Ñ B such that
for all B P B, there is A P A with F pAq – B, i.e. F is essentially surjective on objects.

Since the conditions for a categorical isomorphism are often too restrictive, we are typically more inter-
ested in categorical equivalence instead. The latter can also be characterized via quasi-inverse functors
and natural isomorphisms, i.e. isomorphisms of functors (cf. [Lei14, Def. 1.3.15 and Thm. 1.3.18]).

Definition 1.1.8. Let A and B be categories, and let F,G : A Ñ B be functors. A natural trans-
formation η : F ñ G is a family of morphisms tηA : F pAq Ñ GpAquAPA in B, called the components
of η, such that for every f : A Ñ A1 in A , the following diagram commutes:

F pAq F pA1q

GpAq GpA1q.

F pfq

ηA ηA1

Gpfq

That is, ηA1 ˝ F pfq “ Gpfq ˝ ηA. We write the following diagram to indicate that η is a natural transfor-
mation from F to G:

A B.
F

G

η

η is a natural isomorphism between F and G if and only if all its components are isomorphisms in B.

5



1.1. ELEMENTS OF CATEGORY THEORY

Consider the vertical composition of natural transformations, i.e. componentwise (cf. [Rie17, Lem. 1.7.1]),
and take the trivial natural transformation as the identity. This allows us to define the category of functors
rA ,Bs between two categories A and B. We say that two functors between A and B are naturally
isomorphic if they are isomorphic in this category.
To state the Yoneda lemma, we first need to introduce the following notions.

Definition 1.1.9. The hom-functor of C is the functor HomC : C op ˆ C Ñ Set, defined as follows:

i. it sends pC,C 1q P C op ˆ C to the set of morphisms HomC pC,C 1q;

ii. it sends pf, gq : pC,C 1q Ñ pD,D1q to HomC pC,C 1q Ñ HomC pD,D1q, q ÞÑ g ˝ q ˝ f , i.e.

pC,C 1q HomC pC,C 1q

pD,D1q HomC pD,D1q.

g g˝´˝ff

It is said to be internal if it is of the form r´,´s : C op ˆ C Ñ C .
Given a hom-functor HomC : C op ˆ C Ñ Set, for any object C P C , one defines:

1. the functor HC – HomC pC,´q : C Ñ Set;

2. the functor HC – HomC p´, Cq : C op Ñ Set.

Functors C Ñ Set are called copresheaves, and those naturally isomorphic to HomC pC,´q for some
C P C are called representable copresheaves.
Functors of the form C op Ñ Set are called presheaves, and those naturally isomorphic to HomC p´, Cq

for some C P C are called representable presheaves.
Finally, we define the Yoneda embedding, H‚ : C Ñ rC op, Sets, as H‚pCq – HC and H‚pfq – Hf

for all C,C 1 P C and f P HomC pC,C 1q, where Hf : HC ñ HC1 is the natural transformation defined by
post-composition via f .

It is injective on objects by construction and is fully faithful thanks to the following fundamental result
(cf. [Lei14, Cor. 4.3.7]).

Theorem 1.1 (Yoneda Lemma). Let C be a category. For any presheaf F : C op Ñ Set and any object
C P C , there is a bijection

Φ: rHC , F s ÝÑ F pCq

α ÞÝÑ αCp1Cq

where rHC , F s is the set of natural transformations between HC and F .
Equivalently, rC op, SetspHC , F q – F pCq naturally in both C P C and F P rC op, Sets.

A proof can be found in [Lei14, Thm. 4.2.1]. The dual version follows by inverting the arrows.
This result tells us how any presheaf in rC op, Sets relates to the representable presheaf HC for any C P C .
In particular, it shows how HC is mapped to any other presheaf F via a natural transformation HC ñ F .
It turns out that such natural transformations can be seen as elements of F pCq. The naturality in the
statement amounts to the following pair of assertions, where upper and lower ˚ denote precomposition
and postcomposition.

Naturality in F : for all β : F ñ G,
the following diagram commutes:

rC p´, Cq, F s FC

rC p´, Cq, Gs GC.

–

ΦF

β˚ βC

–

ΦG

Naturality in C: for all f : C 1 Ñ C,
the following diagram commutes:

rC p´, Cq, F s FC

rC p´, C 1q, F s FC 1.

H˚
f

–

ΦF

Ff

–

ΦF

6



1.1. ELEMENTS OF CATEGORY THEORY

Limits and Colimits

Let us now move to limits. We build up to the definition via three relevant examples.

Definition 1.1.10. Let A be a category and A,B P A . The product of A and B consists of a triple
pP, p1, p2q, where P is an object and p1, p2 are maps from P to A, B respectively, such that for any other
such triple pC, f1, f2q, there exists a unique map f̄ : C Ñ P that makes the following diagram commute:

C

P

A B.

f̄
f1 f2

p1 p2

Examples of products include the Cartesian product in Set or the intersection in the poset of Set ordered
by inclusions. The dual concept can be thought of as a sum (cf. [Lei14, Ch. 5.2]).

Definition 1.1.11. Let A be a category, and s, t : A Ñ B in A . An equalizer of s and t is a couple
pE, iq of an object E and a map i : E Ñ A with s ˝ i “ t ˝ i such that for any other such couple pC, fq

there exists a unique map f̄ : C Ñ E that makes the following diagram commute:

C

E A B.

f̄
f

i s

t

Given a homomorphism θ : G Ñ H, the kernel Ker θ “ tg P G | θpgq “ 0Hu is an equalizer in Grp.
Similarly for E “ tx P A|spxq “ tpxqu Ď A in Set.

Definition 1.1.12. Let A be a category and B
g

ÝÑ C
f

ÐÝ A in A . A pullback of this diagram is a triple
pP, p1, p2q of an object P P A and two maps p1 : P Ñ A and p2 : P Ñ B with f ˝ p1 “ g ˝ p2 such that
for any other such triple pD, f1, f2q, there is a unique map f̄ : D Ñ P that makes the following commute:

D

P B

A C.

f2

f1

f̄

p2

p1 g

f

An example is the preimage in Set.

Remark 1.1.2. All of the above definitions dualize by inverting the arrows. Additionally, products,
equalizers, pullbacks, and their duals may not exist in some categories; however, when they do, they are
unique up to isomorphism. This observation holds in general for any limit (cf. [Rie17, Prop. 3.1.7]).

For each of the above definitions, the initial data can be represented as functors, respectively, from each
of the following three categories to the category A .

‚ ‚ ‚ ‚
‚ ‚

‚

Note that these categories are made of arrows and dots. Moreover, they are small, i.e. the class of objects
is a set, and for every two objects, the class of morphisms between them is also a set.

Definition 1.1.13. Let A be a category and I a small category of dots and arrows. A functor I Ñ A
is called a diagram in A of shape I.
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1.1. ELEMENTS OF CATEGORY THEORY

The next definition encompasses all three examples above, providing the general concept of a limit.

Definition 1.1.14. Let A be a category, I a small category of dots and arrows, and D : I Ñ A a
diagram in A .

1. A cone on D is an object A P A (the vertex of the cone) together with a family

pA
fi

ÝÑ DpiqqiPI of maps in A such that for all maps i
α

ÝÑ j in I, the triangle

A

Dpiq Dpjq

fi fj

Dpαq

commutes. The cocone is the dual concept. From now on Dpiq “ Di.

2. A limit(5) of D is a cone pL
pi

ÝÑ DpiqqiPI such that for any other cone pA
fi

ÝÑ DpiqqiPI on D, there
exists a unique map f̄ : A Ñ L with pi ˝ f̄ “ fi for all i P I. The maps pi are called the projections
of the limit. The colimit is the dual concept.

Remark 1.1.3. We say that a category is (co)complete if it has all (co)limits. Interestingly, to assert
that a category is (co)complete, it is sufficient to show that it admits (co)products and (co)equalizers.
Indeed, any other limit can be constructed from these two (cf. [Lei14, Prop. 5.1.26]). Among the above
examples,(6) Set and Grp are (co)complete, while SmthMfd is not since the intersection, or pullback, of
two smooth manifolds does not need to be a smooth manifold.

It is relevant to understand the interactions between functors and limits.

Definition 1.1.15. Let I be a small category of dots and arrows, and F : A Ñ B a functor between
the categories A and B.

1. F preserves limits of shape I if the following holds: for all diagrams D : I Ñ A and all cones

pA
λi

ÝÑ DpiqqiPI on D, if pA
λi

ÝÑ DpiqqiPI is a limit cone on D in A , then pF pAq
Fλi

ÝÝÑ F pDpiqqqiPI

is a limit cone on F ˝ D in B. F preserves limits if it preserves limits of shape I for all small
categories I.

2. Reflection of limits is defined as in 1., but with the opposite implication in the condition.

3. F creates limits of shape I if, whenever D : I Ñ A is a diagram in A , for any limit cone
pB

qi
ÝÑ F pDpiqqqiPI on the diagram F ˝D in B, there exists a unique limit cone pA

pi
ÝÑ DpiqqiPI on

D in A such that F pAq “ B and F ppiq “ qi for all i P I. F creates limits if it creates limits of
shape I for all small categories I.

The same terminology applies to colimits. The following result is particularly useful.

Proposition 1.1.1. Let C be a category. Then:

1. The hom-functor HomC : C op ˆ C Ñ Set (see Def. 1.1.9) preserves limits in both its arguments
recalling that a limit in C op is a colimit in C .

2. If it exists, the internal hom-functor r´,´s : C op ˆ C Ñ C (see Def. 1.1.9) preserves limits in the
second variable, and contravariantly sends colimits in the first variable to limits.

3. The Yoneda embedding H‚ : C Ñ rC op, Sets (see Def. 1.1.9) preserves limits.

The first and last statements are proven in [Lei14, Prop. 6.2.2 & Rmk. 6.2.3] and [Lei14, Cor. 6.2.12]
respectively. For the second, one uses the fact that for all C P C , rC,´s is a right adjoint (cf. [Mac98,
Ch. IV, Sec. 6]), that right adjoints preserve limits (see Thm. 1.2) and conclude dually.

(5)The terminology can be understood showing that a limit is a terminal object in an opportune category, i.e. in the
category of cones over D (cf. [Rie17, Def. 3.1.6]).

(6)For a proof, see [Rie17, Thm. 3.2.6] and [Lei14, Lem. 5.3.6] with the following comment.

8



1.2. ELEMENTS OF SHEAF THEORY

Remark 1.1.4. The basic arithmetic operations on numbers and sets are `, ˆ, and exponentiation.
Categorically, ` and ˆ can be seen as coproduct and product, respectively. If it exists, the exponential
ZX in a category C can be described via the natural bijection

HomC pY ˆX,Zq – HomC pY,ZXq. (1.2)

This bijection completely determines ZX up to isomorphism and defines the exponential functor
p´qp´q : C op ˆ C Ñ C of the category C .

The following theorem states the relationship between adjoints and limits.

Theorem 1.2. Let F : A Ñ B and G : A Ñ B be categories and functors.

1. If F % G, then F preserves colimits and G preserves limits.

2. If B is complete and A ,B, and G satisfy certain further conditions, then G has left adjoint if and
only if G preserves limits.

The first statement is proved in [Lei14][Thm. 6.3.1] while the second, known as the adjoint functor
theorem, is proved in [Lei14][Thm. 6.3.10].
Finally, since we mainly work with categories of presheaves, let us understand limits in this context. In
particular, any category of presheaves is complete and cocomplete, with both limits and colimits being
computed objectwise.

Proposition 1.1.2. Let C be a category and write rC op, Sets for its category of presheaves. Let I be a
small category and consider any functor F : I ÝÑ rC op, Sets, that is, a I-shaped diagram in the category
of presheaves. Then:

1. The limit of F exists, and it is the presheaf that, for each object C P C , is given by the limit in Set
of the values of F at C:

´

lim
rC op,Sets

iPI F piq
¯

pCq – limSet
iPI F piqpCq;

2. The colimit of F exists, and it is the presheaf that, for each object C P C , is given by the colimit
in Set of the values of F at C:

´

colim
rC op,Sets

iPI F piq
¯

pCq – colimSet
iPI F piqpCq.

A proof of the proposition can be found in [MM12, pp. 22-23].
Fortunately, representable presheaves characterize the entire category of presheaves.

Proposition 1.1.3. Let C be a category and write rC op, Sets for its category of presheaves. Every

presheaf G P rC op, Sets is a colimit of representable presheaves, i.e. G – colim
rC op,Sets

iPI HCi
.

A proof of the proposition can be found in [MM12, Ch. 1, Sec. 5, Prop. 1].

1.2 Elements of Sheaf Theory

In this section, the concepts of petit and gros sheaves are introduced along with the Grothendieck topology.
Afterward, some relevant properties are recalled.

Consider a fixed topological space X and the category Xcl
(7) of open subsets of X together with inclusions

between them. We want to encode the data of Xcl in the simpler category of sets Set via a presheaf
(see Def. 1.1.9) F : Xop

cl Ñ Set. However, this alone does not guarantee consistency at the intersections
of open subsets. The additional locality and gluing conditions characterize sheaves and are necessary to
uniquely obtain global information from local data.

(7)The suffix cl stands for classical topology.
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1.2. ELEMENTS OF SHEAF THEORY

Definition 1.2.1. Let X be a topological space. A presheaf of sets F on X consists of a set F pUq for
each open set U Ď X and a restriction map resUV : F pUq Ñ F pV q for each inclusion of open sets V Ď U ,
satisfying the functoriality axioms:

i. for every open set U Ď X, the restriction map resUU is the identity on F pUq;

ii. for open sets W Ď V Ď U , we have resVW ˝ resUV “ resUW .

A sheaf on X is a presheaf F : Xop
cl Ñ Set that satisfies two additional axioms:(8)

1. let U Ď X be open and tUiuiPI an open cover of U . If s, t P F pUq satisfy s|Ui
“ t|Ui

for all i P I,
then s “ t; (Locality condition)

2. let tUiuiPI be an open cover of U Ď X and tsi P F pUiquiPI be a family such that for all i, j P I,
si|UiXUj “ sj |UiXUj . Then there exists s P F pUq such that s|Ui “ si for all i P I. (Gluing
condition)

For instance, the presheaf C0p´q assigning to each open U Ď X the set C0pUq of real-valued continuous
functions, with restriction maps being the usual restriction of functions, is also a sheaf on X. On the
contrary, the constant presheaf Rpsh, which assigns to every open set U Ď X the set of constant functions
from U to R, does not satisfy the two additional sheaf axioms. For a smooth (C8) n-manifold M , we
need to consider smooth functions, instead of continuous ones, to capture the smooth structure. The
sheaf of C8-functions on M with the usual restriction is denoted by OM .
We now need the notion of sheaf morphisms to construct the category of sheaves on X.

Definition 1.2.2. Let F and G be two sheaves on a topological space X. A morphism φ : F Ñ G,
i.e. a natural transformation, consists of a morphism φU : F pUq Ñ GpUq of sets for each open set U Ď X,
such that it is compatible with restrictions. Here compatibility means that for every open subset V Ď U ,
the following diagram commutes:

F pUq GpUq

F pV q GpV q.

φU

resUV res1U
V

φV

For example, the derivative induces a morphism On
R Ñ On´1

R of sheaves on R.
Consider the whole category Top of topological spaces and continuous functions between them. We can
think of a sheaf on it as a presheaf F : Topop Ñ Set such that for every X P Top, the restriction FX to
the subcategory Xcl is a sheaf in the sense of Definition 1.2.1. To formalize this, we need to introduce the
Grothendieck topology on the category Topop. The idea is to equip a category with covering families.(9)

Definition 1.2.3. Let C be a category, C P ObpC q. A sieve S on C is a subfunctor S : C op Ñ Set of
HomC p´, Cq. That is, for all C 1 P ObpC q, SpC 1q Ď HomC pC 1, Cq and for all arrows f : C2 Ñ C 1, with
C 1, C2 P ObpC ), Spfq is the restriction to SpC 1q of HomC p´, Cqpfq, where the latter is given by the
precomposition with f .

Alternatively, a sieve S on C may be described as a family of morphisms in C , all having codomain C,
such that f ˝ g P S whenever f P S and the composition f ˝ g is defined. Moreover, if S is a sieve on C
and h : D Ñ C is any arrow in C , then the pullback sieve h˚pSq on D is defined by

h˚S “ t g | codpgq “ D, h ˝ g P S u.

Definition 1.2.4. A Grothendieck topology on a category C is a function J that assigns to each
object C P ObpC q a collection JpCq of sieves on C, in such a way that:

(8)These axioms can be encoded in an equalizer: in the literature this universal definition of sheaf is usually used (cf. [Vis07,
Ch. 2.3.3], [Rie17, App. E.4] and [MM12, Ch. 2]).

(9)We talk about open covers when working on a fixed topological space with traditional topology on it. We now introduce
the terminology of covering families (or coverings) to discuss the generalization introduced in Definition 1.2.5. This allows
us to define a “topology” on a general category. An open cover on X defines a covering family on Xcl that we call the usual
Grothendieck pretopology.

10
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i the maximal sieve tC “ tf | codpfq “ Cu is in JpCq;

ii if S P JpCq, then the pullback sieve h˚pSq P JpDq for any arrow h : D Ñ C; (Stability under
pullback)

iii if S P JpCq and R is any sieve on C such that h˚pRq P JpDq for all h : D Ñ C in S, then R P JpCq.
(Transitivity)

A category C equipped with a Grothendieck topology J is called a site. If a sieve S P JpCq, we say that
S covers C. S on C is said to cover f : D Ñ C if f˚pSq covers D.

We now introduce the Grothendieck pretopology. As this notion is more intuitive, and every pretopol-
ogy induces(10) a topology, we shall work with pretopologies to avoid unnecessary additional complexity
(cf. [MM12, Ch. 3, Sec. 2]).

Definition 1.2.5. Let C be a category. A Grothendieck pretopology on C is the assignment to each
object U P C of a collection of families of morphisms tUi Ñ Uu, called coverings of U , satisfying the
following conditions:

i. if V Ñ U is an isomorphism in C , then tV Ñ Uu is a covering; (Isomorphism condition)

ii. if tUi Ñ Uu is a covering and V Ñ U is any morphism in C , then the fiber products UiˆU V , i.e. the
pullbacks of Ui Ñ U Ð V , exist and the family of projections tUi ˆU V Ñ V u is a covering of V ;
(Stability under pullback)

iii. if tUi Ñ Uu is a covering, and for each index i there is a covering tVij Ñ Uiu, then the collection of
composites tVij Ñ Ui Ñ Uu is a covering of U . (Transitivity)

For any topological spaceX, the categoryXcl with open cover, i.e. covering family of the usual Grothendieck
pretopology, is a site. Moreover, Top becomes a site if we take jointly surjective collections of local home-
omorphisms Ui Ñ U as coverings. For SmthMfd, a good choice of coverings is obtained by considering
jointly surjective collections of local diffeomorphisms; however, later we use a more convenient choice to
define the category of SmthSet (see Def. 3.1.1).

Definition 1.2.6. Let C be a site, F : C op Ñ Set(11) be a presheaf and tUi
ui

ÝÑ UuiPI be a covering in C .
Consider a family tai P F pUiquiPI and the canonical projections of the fibered product pr1 : Ui ˆU Uj Ñ

Ui and pr2 : Ui ˆU Uj Ñ Uj . Finally, assume pr˚
1ai “ pr˚

2aj P F pUi ˆU Ujq, for all i, j P I. Then F is
a sheaf over C if there exists a unique(12) element a P F pUq such that u˚

i a “ ai P FUi for all i P I.
Let F,G be sheaves on a site C . A morphism of sheaves φ : F Ñ G is a natural transformation of
functors. ShpC q is the category of sheaves over the site C with such morphisms.

This definition is a generalization of Definition 1.2.1 since the two coincide when specializing the second
to the site Xcl.

(13) We introduce the following terminology to highlight the qualitative differences between
these two cases of the same mathematical definition of a sheaf. A sheaf on a topological space X, i.e. over
the site Xcl, is called petit, while a sheaf over a more general site is called gros. The category of petit
sheaves over Xcl is a petit topos, while the category of sheaves over a more general site is a gros topos.
The following summarizes the most important properties of a category of sheaves over a site. As for
presheaves, (co)limits in the category of sheaves are computed objectwise.

Proposition 1.2.1. Let C be a site with fixed Grothendieck topology and ShpC q the category of sheaves
over it. Then:

1. ShpC q is (co)complete and closed under limits. Moreover, if the site is subcanonical,(14) every sheaf
is a colimit of representable sheaves;

2. ShpC q has an internal hom-functor and it has an exponential.

Proofs of the statements can be found in [MM12, Cor. 3, p. 42 & Ch. III, Sec. 4-6].

(10)Different pretopologies can give the same topology, but sheaf theory only depends on the topology. Therefore, we can
work with pretopologies up to a certain equivalence (cf. [Vis07, Rmk. 2.25]).
(11)We could alternatively store data defining a (pre)sheaf using a generic category instead of Set (cf. [Rot09, Ch. 5]).
(12)Here, existence and uniqueness correspond respectively to the gluing and locality conditions (Def. 1.2.1).
(13)The connection between Definition 1.2.1 and Definition 1.2.6 is more evident when stating the sheaf condition in terms
of an equalizer (cf. [Vis07, Ch. 2.3.3.]).
(14)A site is subcanonical if every representable presheaf on it is also a sheaf.
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1.3 Elements of Graded Geometry

In this section, some notions and results of graded geometry(15) are recalled. Throughout the thesis, if
both gradings are present, they are compatible mod 2. Notice that the classical DeWitt concrete approach
to Z2-graded geometry, or super-geometry, is not the same as the algebraic approach described in this
section. Nevertheless, the two approaches are equivalent (cf. [Rog07][Ch. 8.4]). We refer to [Cat18; Lee03;
GSM09; Nak18] for a full discussion of the equivalent non-graded notions of what follows.

Graded Algebra

We can obtain the graded version of any category built on sets by splitting any would-be graded structure
into minimally intersecting homogeneous-degree structures and prescribing a graded commutation rule.

Definition 1.3.1. A unital ring pR,`, ¨q is Z-graded commutative whenever

R “
à

iPZ
R1, Ri ¨Rj Ď Ri`j @i, j, Ri XRj “ 0 @i ‰ j, Ri ‰ 0 only for finitely many i P Z,

and for all r P RdegZprq, s P RdegZpsq the following holds:

rs “ p´1qdegZprqdegZpsqsr. (1.3)

Conventionally, degZp0q “ degZp1q “ 0. Elements that (anti)commute are said to be of (odd) even
parity.
The Z2 case is given by substituting Z with Z2 and understanding the sum of subscripts modulo 2.
A Z2-graded R-algebra A is a graded commutative ring homomorphism η : R Ñ A.(16)

When dealing with different gradings, it is convenient to consider the total degree.

Definition 1.3.2. Given n different gradings deg1, . . . ,degn, we define the total degree | ¨ | as the sum
of all the individual gradings

| ¨ | –

n
ÿ

i“1

degip¨q.

Importantly, the total degree always induces a Z2 grading if understood modulo 2. In what follows, unless
otherwise specified, we define graded structures with respect to a total underlying grading that could be
Z, Z2

(17) or a sum of different gradings. In the thesis, we specify the grading in which we are working if
it is not evident from the context.
The following is the guiding idea to extend conventional structures to any graded setting. Whenever
two adjacent graded elements of any kind exchange position, the sign changes according to their total
degree, apart from any extra sign that the non-graded analogous structure includes. Furthermore, for
each individual grading that two graded elements have in common, each respective degree of their product
should be equal to the sum of their individual degrees. This also works for gradings that are not shared by
trivially extending the lacking grading structure. Indeed, any structure always admits a trivial grading,
so that any element in it has 0 degree in that specific grading.

Definition 1.3.3. A graded module V over a graded commutative ring R is a left and right module
such that for all r P R and v P V

rv “ p´1q|r||v|vr, |rv| “

#

|r| ` |v| v ‰ 0 and r ‰ 0

0 v “ 0 or r “ 0.

(15)More generally, one may define a G-graded geometry, where G is a set. Then, all the definitions of this section make
sense if G is assumed to have some nice properties. In particular, G should be an abelian group (cf. [Cat18, Rmk. 9.28]).
(16)Since we are only considering unital Zp2q-graded commutative rings R, this definition gives unital associative commuta-
tive Zp2q-graded algebras. They can alternatively be understood as a Zp2q-graded module over R with additional associative
product compatible (i.e. such that Equation (1.3) holds and the grade of the product is the sum of the grades of the two
factors) with the graded structure and that distributes over the module operations. The associative product is induced by
the homomorphism as follows RˆA Ñ A, pr, aq ÞÑ ηprqa. The category of graded algebras over R, with structure preserving
morphisms, is denoted by Zp2qCAlgR.
(17)When considering Z2-grading, every grading should be understood modulo 2.
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1.3. ELEMENTS OF GRADED GEOMETRY

All the following discussion also works for Zp2q-graded vector spaces defined as a collection of vector
spaces tVkukPZp2q

or, equivalently, as Zp2q-graded modules over a Zp2q-graded field, i.e. a Zp2q-graded
commutative ring whose non-zero homogeneous elements are invertible.

Definition 1.3.4. Given a Zp2q-graded R-module V and any k P Z, the k-shift of V is a Zp2q-graded
R-module V rks whose elements are the same as those of V , but with grading increased by k,(18) that is:

v P V, degZp2q
pxq “ n ðñ v P V rks, degZp2q

pxq “ n` k pmod 2q.

Definition 1.3.5. Given a graded R-module V , a linearly independent generating set tepiqu forms a
basis. We say that two subsets tlivui and trivui of R are respectively the left and right coordinates of
v whenever we have that

v “
ÿ

i

livepiq “
ÿ

i

epiqr
i
v.

A graded module with a basis is free, and the commutativity of R implies that all bases of V have the
same cardinality, which we call its dimension.(19).

From now on, we assume that modules are free and work exclusively with left coordinates.
Given any two graded objects, a graded map between them has homogeneous degree |f | if |fp¨q| “ |f |`|¨|.
With this in mind, we define the following.

Definition 1.3.6. Let V1, . . . , Vn,W be graded R-modules. A map f : V1 ˆ . . . ˆ Vn Ñ W is graded
n-linear if it is additive in each argument and @r P R, vk P Vk the following holds:

fp. . . , rvk, . . .q “ p´1q|r|p|v1|`¨¨¨`|vk´1|`|f |qrfp. . . , vk, . . .q.

If n “ 1, f is called graded linear.

This allows us to define the notion of dual of a graded R-module.

Definition 1.3.7. Let V be a graded R-module. Its dual V ˚ is the graded module of graded linear
maps V Ñ R. Given a basis teiu of V , the associated dual basis teiu, with |ei| “ ´|ei|, is defined by

eipejq “ δij @i, j P t1, . . . , dimV u.

Once the grading and R are fixed, we consider the category of graded R-modules taking linear grading-
preserving maps (i.e. of zero degree) as morphisms. In this category, we define the direct sum and the
tensor product.(20)

Definition 1.3.8. Given a grading (Z or Z2) and a graded ring R, consider two R-modules V,W . Then,

1. pV ‘W qi – pV qi ‘ pW qi defines the direct sum.

2. pV bW qi –
À

i“p`q pmod 2qpV qp bR pW qq defines the tensor product.

3. Vp bRWq Ñ Wq bR Vp, vbw ÞÑ p´1qpqwb v defines the symmetric braiding V bW Ñ W bV .

4. When considering a Z2-grading, there exists an endofunctor Π, called change of parity, defined
by ΠpV q0 – V1 and ΠpV q1 – V0 for any V “ V0 ‘ V1. On linear maps m : V Ñ W , it acts by
defining a new map Πm : ΠV Ñ ΠW such that ΠmpΠV q – ΠpmpV qq.

Remark 1.3.1. For any vector space V , the parity-shifted superspace ΠV corresponds to the 1-shifted
superspace V r1s.

The braiding supplies the notions of symmetric and exterior graded algebras.

(18)At the level of decomposition, this means pV rksqn – pV qn`k pmod 2q, for any n P Zp2q.
(19)Considering Z2 grading, we say that V “ V0 ‘ V1 has dimension pdimV0,dimV1q with dimV0 ` dimV1 “ dimV .
(20)They are compatible, meaning the category is an additive symmetric monoidal category (cf. [Sac08]).
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Definition 1.3.9. Let V be a graded R-module.

1. The tensor algebra is given by T pV q –
À8

k“0 V
bk, where V bk –

k times
hkkkkkkikkkkkkj

V b ¨ ¨ ¨ b V and V b0 – R.
Besides any internal grading that V might have, T pV q is endowed with an additional N0-degree,
called tensor degree, such that

degT t “ k ðñ k P V bk.

The multiplication is the tensor product: tb t1 P V bpn`mq for any t P V bn, t1 P V bm.

2. Consider the two-sided ideal(21) generated by (anti-)symmetric elements of T pV q

I˘ – xtub v ˘ p´1q|u||v|v b u | u, v P V are homogeneousuy.

Then, the symmetric algebra SympV q and exterior algebra
Ź

pV q of V are given by

SympV q – T pV qäI´
and

ľ

V – T pV qäI`
.

Analogously, we define the two-sided In˘ within V bn, and in particular the n-th symmetric and
exterior powers of V by

Symn
pV q –

V bn
äIn´

and
ľn

V –
V bn

äIn`
.

The inherited products d and ^ fulfill

td t1 “ p´1q|t||t1
|t1 d t and t^ t1 “ p´1q||t||||t1

||t1 ^ t. (1.4)

where || ¨ || “ | ¨ | ` degT p¨q is introduced to distinguish the total grading that considers the
tensor degree from the intrinsic total grading | ¨ | on V . Note that degT pt d t1q “ degT pt ^ t1q “

degT ptq ` degT pt1q and |td t1| “ |t^ t1| “ |t| ` |t1|.(22)

Remark 1.3.2. Let V be a Z2-graded module, then Symn
pV0 ‘0q “ Symn

pV0q, Symn
p0‘V1q “

Źn
pV1q

and therefore

Symn
pV0 ‘ V1q “

à

0ďkďn

´

SymkV0 b
ľn´k

V1

¯

.

Finally, we introduce the notion of graded Lie algebra.

Definition 1.3.10. A graded Lie algebra A is a graded R-module A with a bilinear product r´,´s : Aˆ

A Ñ A that is graded antisymmetric, that is

ra, bs “ ´p´1q|a||b|rb, as,

and satisfies the graded Jacobi identity, that is

ra, rb, css ` p´1q|a|p|b|`|c|qrb, rc, ass ` p´1q|c|p|b|`|a|qrc, ra, bss “ 0

for all a, b, c P A. Moreover, |ra, bs| “ |a| ` |b|.

(21)This defines a two-sided ideal since it is an additive subgroup of the ring pT pV q,‘,bq that is closed under left and
right multiplication by elements of T pV q.
(22)The definition of commutativity of the exterior product (see Eq. (1.4)) is conventional. If one wants to stick to the
guiding idea above (cf. [Keß19][Principle 2.0.1 & p. 30]), the appropriate rule would follow the Deligne and Freed convention

instead, that is t ^ t1 “ p´1q|t||t1|`degT ptqdegT pt1qt1 ^ t. The two conventions are actually equivalent (cf. [Del+99][App. to
Ch. 1, pp. 62-64]) and choosing one of the two is a matter of taste and convenience. Indeed, choosing one convention or
the other amounts to a different definition of braiding, resulting in a different additive symmetric monoidal category (this
is a category of graded objects on graded modules, and therefore this does not change the underlying structure of graded
modules defined in Definition 1.3.8). Crucially, there is an equivalence of categories given by a re-grading functor, and
therefore the two points of view are equivalent. For our purposes, the total grading convention is more convenient. Indeed,
the calculations we perform on the graded variational bicomplex (see Sec. 3.4) are drastically simplified by using the total
grading, since we have to deal with three gradings simultaneously.
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1.3. ELEMENTS OF GRADED GEOMETRY

Graded Derivations and Differential Forms

Following the guiding idea above, we get the graded differential calculus as follows.

Definition 1.3.11. Let A be a graded R-algebra and V an R-module. A graded derivation from A
with values in V is a graded linear map D : A Ñ V satisfying the graded Leibniz rule:

Dpabq “ Dpaqb` p´1q|D||a|aDpbq, @a, b P A. (1.5)

By the definition of a graded map, we have |Da| “ |D| ` |a|.

The collection of such graded derivations forms a graded A-module DerRpA,Eq, which we denote by
DerRpAq if A “ E. In this case, DerRpAq forms a graded Lie algebra (cf. [Keß19][Ex. 2.11.4]) with the
graded bracket

rX,Y spaq – X ˝ Y paq ´ p´1q|X||Y |Y ˝Xpaq, @X,Y P DerRpAq, a P A. (1.6)

Definition 1.3.12. A graded differential n-form on a graded R-algebra A is an element of

ΩnpAq – pDerpAq˚q
^n

for any n P N. The exterior A-algebra of these spaces is Ω‚pAq –
À8

n“0 Ω
npAq and to it we associate the

cohomological degree(23) degΩpωq “ n ô ω P ΩnpAq.

We define three important derivations in DerRpΩ‚pAqq.

Definition 1.3.13. Consider a graded R-algebra A with total intrinsic grading | ¨ | –
řn
i“1 degip¨q.

Define the total grading that considers the cohomological degree || ¨ || “ | ¨ | ` degΩp¨q.

1. The de Rham differential is the unique dΩ P DerRpΩ‚pAqq such that

degΩpdΩq “ 1, degipdΩαq “ degipαq @i,

dΩΩ
npAq Ď Ωn`1pAq, d2Ω “ 0, dΩfpXq “ Xpfq,

for all homogeneous α P Ω‚pAq, X P DerpAq, f P Ω0pAq “ A. Note that, ||dΩ|| “ 1. Furthermore,
for all homogeneous α, β P Ω‚pAq it holds that

dΩpα ^ βq “ dΩpαq ^ β ` p´1q||α||α ^ dΩpβq.

2. The contraction w.r.t. X P DerpAq is the unique ιX P DerRpΩ‚pAqq such that

degΩpιXq “ ´1, degipιXq “ degipXq @i,

ιXΩnpAq Ď Ωn´1pAq, ιXf “ 0, ιXdΩf “ Xpfq,

for all homogeneous f P A, X P DerpAq. Note that, ||ιX || “ ||X|| ´ 1. Furthermore, for all
homogeneous α, β P Ω‚pAq we have

ιXpα ^ βq “ ιXpαq ^ β ` p´1q||α||||ιX ||α ^ ιXpβq.

The associated map

ι : DerpAq ˆ Ω‚pAq Ñ Ω‚pAq, pX,ωq ÞÑ ιXω “ ωpX,´, ¨ ¨ ¨ ,´q

is called the contraction. It is graded 2-linear of degree degipιq “ 0 @i and degΩpιq “ ´1.

3. The Lie derivative w.r.t. X P DerpAq is the unique LX P DerRpΩ‚pAqq defined by

LX – rιX , dΩs “ ιXdΩ ´ p´1qp|X|´1q1dΩιX “ ιXdΩ ` p´1q|X|dΩιX ,

where the bracket is defined as in Equation (1.6) with total grading || ¨ ||. Furthermore, we have that
degipLXq “ degipXq @i, degΩpLXq “ 0, ||LX || “ ||X|| and LXΩnpAq Ď ΩnpAq. Importantly, the
Lie derivative also acts on derivations via the Lie bracket LXpY q “ rX,Y s, for all X,Y P DerpAq.(24)

(23)This is exactly the tensorial degree of Definition 1.3.9. Furthermore, once one sets all the underlying gradings of A to
zero, we recover the classical definition of differential forms.
(24)This can be checked by evaluating LXpY pfqq for all X,Y P DerpAq and f P A and using the graded Leibniz rule.
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1.3. ELEMENTS OF GRADED GEOMETRY

Crucially, these definitions and the following result match the classical case once we consider all the
gradings to be trivial except for the cohomological one.

Theorem 1.1. The following relations hold for all X,Y P DerpAq:

rdΩ, dΩs “ 0, rιX , dΩs “ LX , rLX , dΩs “ 0,

rιX , ιY s “ 0, rLX , ιY s “ ιrX,Y s, rLX ,LY s “ LrX,Y s.

Proof. rdΩ, dΩs “ 0 and rιX , dΩs “ LX are true by Definition 1.3.13.(25)

Using the total degree || ¨ || “ | ¨ | ` degΩp¨q, ||dΩ|| “ 1, ||ιX || “ ||X|| ´ 1, and ||LX || “ ||X||. Then, by
graded Jacobi (see Def. 1.3.10) and assuming that the fifth relation holds, we get the following

rLX , dΩs “ ´ p´1q||LX ||||dΩ||rdΩ,LX s “ ´p´1q||X||||dΩ||rdΩ, rιX , dΩss “

“ ´ p´1q||X||||dΩ||
´

´ p´1q||dΩ||p||ιX ||`||dΩ||qrιX , rdΩ, dΩss ´ p´1q||dΩ||p||ιX ||`||dΩ||qrdΩ, rdΩ, ιX ss

¯

“

“ ´ p´1q||dΩ||||ιX ||rdΩ, rιX , dΩss “ ´p´1q||dΩ||||ιX ||
´

´ p´1q||LX ||||dΩ||rLX , dΩs

¯

“ ´rLX , dΩs “ 0,

LrX,Y s “rιrX,Y s, dΩs “ ´p´1q||ιrX,Y s||||dΩ||rdΩ, rLX , ιY ss “

“ ´ p´1qp||X||`||Y ||´1q||dΩ||
´

´ p´1q||dΩ||p||LX ||`||ιY ||qrLX , rιY , dΩss`

´ p´1q||ιY ||p||LX ||`||dΩ||qrιY , rdΩ,LX ss

¯

“ rLX ,LY s.

We show the third and the fifth on generators, i.e. f P A and exact 1-forms dΩf P Ω1pAq. Using that
ιXpfq “ 0, Xpfq P A, and ιXpdΩfq “ Xpfq for all f P A, X P DerpAq, we get the following

rιX , ιY spfq “ ιXιY pfq ´ p´1q||ιX ||||ιY ||ιY ιXpfq “ 0,

rιX , ιY spdΩfq “ ιXιY pdΩfq ´ p´1q||ιX ||||ιY ||ιY ιXpdΩfq “ ιXY pfq ´ p´1q||ιX ||||ιY ||ιYXpfq “ 0,

rLX , ιY spfq “ LXιY pfq ´ p´1q||LX ||||ιY ||ιY LXpfq “ ´p´1q||LX ||||ιY ||ιY pιXdΩpfq ` p´1q||X||dΩιXpfqq “

“ ´p´1q||LX ||||ιY ||p´1q||X||ιY pXpfqq “ 0 “ ιrX,Y spfq.

rLX , ιY spdΩfq “ LXιY pdΩfq ´ p´1q||LX ||||ιY ||ιY LXpdΩfq “ pιXdΩ ` p´1q||X||dΩιxqY pfq`

´ p´1q||LX ||||ιY ||ιY pιXdΩ ` p´1q||X||dΩιXqpdΩfq “ XY pfq ´ p´1q||X||||Y ||Y Xpfq “ ιrX,Y spdΩfq.

■

Many properties of these three differentials are analogous to those in the non-graded context (cf. [Keß19]).
For more explicit expressions in the case of Z2-grading, we refer to [GSM09]. Mind that in this reference,
the Deligne and Freed convention is used (see ft. (22), p. 14).

Definition 1.3.14. A Z-graded R-module V with a linear graded map δ : V Ñ V of degree ˘1 is called
a complex. A Z-graded R-algebra A with a derivation δ : A Ñ A of degree ˘1 is called a differential
commutative graded algebra.

An example of a complex is the de Rham complex over A pΩ‚pAq, dΩq. Importantly, pΩ‚pAq,^q is a
Z-graded R-algebra, and therefore pΩ‚pAq,^,dΩq forms a DGCA.

Graded Manifolds

Before giving the global definition of a Zp2q-graded manifold, we present a short description of the local
picture for the super case.
The prototype for a smooth n-manifold is the Cartesian space Rn. Locally, we consider coordinates pxiq
on an open U Ă Rn, which is dually (see Prop. 3.2.1) described by the algebra of smooth maps C8pUq.
The latter is algebraically characterized by the commutativity of the coordinates

xixj “ xjxi.
(25)One could define the graded Lie derivative by its action on functions, derivations, and forms. Then, the proof of the
Cartan magic formula, which we use here as a definition instead, follows verbatim the one in the non-graded setting, once
one keeps track of the gradings.
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1.3. ELEMENTS OF GRADED GEOMETRY

Working in this direction, we want to add odd (anti-commuting) coordinates such that algebraically we
have

θµxi “ xiθµ and θµθν “ ´θνθµ.

We define the algebra generated by such coordinates as Rrx, θsä„. The quotient is with respect to
the equivalence relation „ given by the (anti)-commutation of the generators. This algebra is called the
Grassmann algebra and can be written as

Rrx, θsä„ “ C8pUq b
ľ

V ˚ “: OpU ˆ ΠV q,

for some vector space V . More concretely, suppose dimV “ m. Then, any function f P OpU ˆ ΠV q is
locally of the form

fpx, θq “
ÿ

0ďkďm

m
ÿ

µ1,...,µk“1

fµ1...µk
pxq

k!
b θµ1 ¨ ¨ ¨ θµk (1.7)

for some collection of smooth(26) real functions tfµ1...µk
Ă C8pUqu that are fully antisymmetric in

µ1, . . . , µk. We want to define smooth supermanifolds as the globalization of this local model. Con-
sider a diffeomorphism between patches

φ : U ˆ ΠV Ñ Ũ ˆ ΠṼ . (1.8)

It is dually given by the graded R-algebra morphism defined on the generators (cf. [Mne19][Ex. 4.2.7]) by

φ˚ : OpŨ ˆ ΠṼ q Ñ OpU ˆ ΠV q

x̃ĩ ÞÑ φ˚
`

x̃ĩ
˘

even on U ˆ ΠV

θ̃µ̃ ÞÑ φ˚
`

θ̃µ̃
˘

odd on U ˆ ΠV.

Patching U ˆ ΠV together, we get an pn,mq-supermanifold, globally described as follows. The bridge
between the local and global pictures is described by Equation (1.9).

Definition 1.3.15. A supermanifold M of dimension pm,nq is a pair pM,OM q, where the structure
sheaf OM is a sheaf(27) of Z2-graded R-algebras on the smooth manifold M , the body of M, such that

OM pUq –Z2CAlgR C
8pUq b

ľ

`

Rm
˘˚

(1.9)

where U Ă Rn is open.(28) The supercartesian space of dimension pn,mq is the supermanifold
pRn|m,On|mq where On|m – C8pRnq b

Ź

Rm.

A morphism of supermanifolds pM,OM q Ñ pN,ON q is a pair pf, f#q, where f : M Ñ N is a smooth
map and f# : ON Ñ OM a f -map of sheaves of local Z2-graded commutative rings.(29) More concretely,
f# is a collection of morphisms of Z2-graded commutative rings tf#V : ON pV q Ñ OM pf´1pV qquVĂN open
that preserve the maximal ideal such that the following commutes for all V 1 Ă V Ă N open

ON pV q OM pf´1pV qq

ON pV q OM pf´1pV 1qq.

f#
V

resV
V 1 res

1f´1pV q

f´1pV 1q

f#

V 1

We denote the category of supermanifolds by sSmthMfd and the category of supercartesian spaces by
sCartSp.

(26)One could alternatively, but not equivalently, define the category considering only polynomials in the even coordinates.
(27)In the sense of Definition 1.2.1, when enriching the set F pUq with extra structure.
(28)This means that pM,OM q is locally isomorphic to pU,C8pUq b

Ź

pRmq˚q in the category of locally ringed spaces. In

particular, the parity
À

kě0 C
8pUq b

Źk
pRmq˚ Ñ Z2, f b θ ÞÑ |f b θ| – |θ| “ k should be preserved. This means

that the algebra C8pMq of global sections of OM is a Z2-graded R-algebra such that for two homogeneous elements

f, g P OM pMq “: C8pMq, one has fg “ p´1q
degZ2 pfqdegZ2 pgq

gf .
(29)A Z2-graded commutative ring R “ R0 ‘ R1 is local if it has unique maximal homogeneous ideal I “ I0 ‘ I1. Since
all the odd elements are nilpotent, they are in any homogeneous maximal ideal. Therefore, a Z2-graded commutative ring
R “ R0 ‘ R1 is local if and only if its even part is local, i.e. if it has a unique maximal ideal (cf. [Var04][Lemma 4.1.1]).
Similarly for the Z-case. From now on, when dually describing morphisms of graded manifolds as morphisms in Z2CAlgR,
we always assume them to preserve this local structure.
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1.3. ELEMENTS OF GRADED GEOMETRY

Observe that smooth n-manifolds are supermanifolds of dimension pn, 0q. Furthermore, in our setting,
that is the smooth setting, we can equivalently (dually) define morphisms of supermanifolds as Z2CAlgR
morphisms of the superalgebras of global sections of the corresponding structure sheaves [Var04][pp. 129,
138-143]. More explicitly, assume that locally M and N are given by U ‘ ΠV and Ū ‘ ΠV̄ . Then,

HomsSmthMfdpM,N q – HomZ2CAlgRpC8pN q, C8pMqq –
`

pŪ ‘ ΠV̄ q b C8pMq
˘

0

where C8pMq – OM pMq is the superalgebra of global sections of the structure sheaf and the last space
represents the even part of the corresponding superspace. In other words, it is sufficient to know the
restriction of a morphism C8pŪ ‘ΠV̄ q Ñ C8pMq to the subspace of linear functions in order to recover
the morphism itself. This means that we can work in coordinates.
Two good examples are the odd tangent and cotangent bundles of a smooth manifold M . They are the
parity-reversed tangent and cotangent bundles ΠTM and ΠT˚M , dually described by their superalgebras

C8pΠTMq “ ΓM

´

ľ‚

T˚M
¯

“ Ω‚pMq and C8pΠT˚Mq “ ΓM

´

ľ‚

TM
¯

“ XmultpMq.

The symbol XmultpMq denotes the algebra of multivector fields in M . More generally, this holds for any
non-graded vector bundle E Ñ M of rank m over a smooth n-manifold M . In this case, we can define
C8pΠEq – ΓM p

Ź‚
E˚q or equivalently we can take M as the body and OΠEpUq – ΓU p

Ź‚
E|˚U q as the

structure sheaf for any open U Ă M . In this case, dimpΠEq “ pn,mq. Any (real) supermanifold is
non-canonically isomorphic to ΠE for some vector bundle E Ñ M (cf. [Rog07][Batchelor’s Thm. 8.2.1]).
The definition of a Z-graded manifold is an extension of the previous definition.

Definition 1.3.16. A Z-graded manifold M is a pair pM,OM q, where the structure sheaf OM is a
sheaf of Z-graded R-algebras on the smooth manifold M , the body of M, such that

OM pUq –ZCAlgR , C
8pUq b SympV ˚q,

where U Ă Rn is open and V is a Z-graded vector space.
A morphism of Z-graded manifolds pM,OM q Ñ pN,ON q is a pair pf, f#q, where f : M Ñ N is a
smooth map and f# : ON Ñ OM an f -map of sheaves of local Z-graded commutative rings.

The algebra of smooth functions C8pMq of a graded manifold pM,OM q (i.e. algebra of global sections)
automatically inherits a Z-grading. In the smooth setting, we can equivalently consider morphisms of
the Z-graded algebra of smooth functions.
Any smooth Z-graded manifold is isomorphic to a Z-graded manifold associated to a Z-graded vector
bundle E over a smooth manifold M , i.e. a collection of ordinary vector bundles

À

kPZEk over M . This
can be checked by noticing that the sheaf U ÞÑ ΓU pSympE|˚Uqq defines a Z-graded manifold. The example
above is a sub-example of the latter. Indeed, we recover (cf. [Mne19][Ex. 4.2.14 & 4.2.15]) the odd
(co)tangent bundles above by

C8pT r1sMq – Ω‚pMq and C8pT˚r´1sMq – XmultpMq.

Remark 1.3.3. In all the following discussion the Z and Z2 gradings are compatible. This means
that the Z grading modulo 2 gives the Z2 grading. Practically, we achieve this by demanding that the
supermanifold is locally isomorphic to pU,C8pUq b

Ź

V ˚q with

V “
à

kP2Z`1

Vk and SpantxipUqu –
à

kP2Z
Vk.

In any local chart, the local coordinates pxi, θµq preserve this extra grading. This means that local
functions taking the form of Equation (1.7) are inhomogeneous in Z-degree, which we call ghost degree.
One could potentially write a similar expression that further restricts the ghost degree of the function so
that f becomes homogeneous in both gradings.

Graded Vector Bundles

We recall the notion of a conventional vector bundle and extend it to the graded setting.

Remark 1.3.4. Recall that a fiber bundle is a smooth manifold that locally looks like a Cartesian
product of smooth manifolds. More in detail, a fiber bundle pF, πFM ,M,Eq consists of three smooth
manifolds F ,M and E, called the total space, base space , and typical fiber, and a smooth surjection
πFM : F Ñ M called the projection with pπFM q´1ppq “ Ep – E, so that the following holds:
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1.3. ELEMENTS OF GRADED GEOMETRY

i. there exists an open covering(30) tUiu of M with diffeomorphisms, called local trivialisations,
ϕi : Ui ˆ E ÝÑ pπFM q´1pUiq such that πFM ˝ ϕipp, tq “ p,

ii. At each point p P M , ϕi,pptq ” ϕipp, tq is a diffeomorphism ϕi,p : E ÝÑ Ep. On each overlap UiXUj ‰

∅, we require the transition map gijppq – ϕ´1
i,p ˝ ϕj,p : E ÝÑ E to be a diffeomorphism and

gij : p ÞÑ gijppq to be smooth such that ϕjpp, tq “ ϕi
`

p, gijppq t
˘

.

If the typical fiber is a real k-dimensional vector space E – Rk, the restrictions of the local trivializations
ϕi,p are linear isomorphisms, and the transition maps gij are smooth functions assigning to each point
p P Ui X Uj an invertible matrix in GLpk,Rq, then the fiber bundle is called a vector bundle. From
the definition, it follows that the functions gij satisfy the cocycle condition gijppq “ gikppq ˝ gkjppq for
all p P Ui X Uk X Uj . If the bundle is globally trivial, i.e. F – M ˆ E, the fiber bundle is called a
trivial bundle. A global section s : M Ñ F of a fiber bundle πFM : F Ñ M is a smooth map that
satisfies πFM ˝ s “ idM . Clearly, sppq “ s|p is an element of Ep “ pπFM q´1ppq. The set of smooth global
sections on M is denoted by ΓM pF q “ ΓpM,F q. Not all fiber bundles admit global sections. If U Ă M ,
local sections are sections s : U Ñ F defined only on U. The condition reads πFM ˝ s “ idU . ΓpU,F q

denotes the set of local sections on U. Note that πFM ˝ s “ idM and compositions of sections preserve
smoothness. Remarkably, ΓM pF q is a C8pMq-module when F is a vector bundle. Moreover, it forms
a sheaf of C8pMq-modules over M in the sense of Definition 1.2.1(31) due to pointwise addition and
multiplication of sections, and compatibility with the usual restriction to subsets U Ă M .
Finally, we define the category of fiber (vector) bundles with the following morphisms. Let πFM : F Ñ M

and πF
1

M : F 1 Ñ M 1 be fiber (vector) bundles. A smooth map f̄ : F 1 Ñ F is called a bundle map if it
(linearly) maps each fiber E1

p of F 1 onto Eq of F . Then f̄ naturally induces a smooth map f : M 1 Ñ M
such that fppq “ q. That is, the following diagram commutes:

F 1 F

M 1 M

f̄

πF 1

M πF
M

f

¨

˚

˚

˚

˚

˝

u f̄puq

p q

f̄

πF 1

M πF
M

f

˛

‹

‹

‹

‹

‚

(1.10)

A smooth map f̄ : F 1 Ñ F is not necessarily a bundle map. It may map u, v P E1
p of F 1 to f̄puq and f̄pvq

on different fibers of F , so that πFM pf̄puqq ‰ πFM pf̄pvqq.

Working in this direction, we now define graded vector bundles from the local point of view.

Definition 1.3.17. Consider a Zp2q-graded vector space K, called the fiber, two Zp2q-graded manifolds
E and M, called the total manifold and the base manifold, and a morphism of Zp2q-graded manifolds

πE
M : E Ñ M, called projection, such that π̄E

M : E Ñ M is surjective. A Zp2q-graded vector bundle

(cf. [Vys22][Ch. 5.5]) is a tuple pE , πE
M,M,Kq such that the following holds:

i. There exists a collection tpUi, φiquiPI , called local trivialization, such that tpUiquiPI is an open
cover of M , and each φi : E |Vi

Ñ M|Ui
ˆK(32) is an isomorphism of Zp2q-graded manifolds satisfying

π1 ˝ φi “ πE
M|Vi

, where Vi – pπ̄E
Mq´1pUiq and π1 : M|Ui

ˆK Ñ M|Ui
.

ii. The transition maps

φij – φi|ViXVj ˝ pφj |ViXVj q´1 : M|UiXUj ˆK Ñ M|UiXUj ˆK

are linear in the fiber coordinates.
(30)Strictly speaking, the definition of a fiber bundle should be independent of the special covering tUiu of M . In the
mathematical literature, this definition is employed to define a coordinate bundle pF, πF

M ,M,E, tUiu, tϕiuq. Then, two

coordinate bundles pF, πF
M ,M,E, tUiu, tϕiuq and pF, πF

M ,M,E, tVju, tψjuq are said to be equivalent if pF, πF
M ,M,E, tUiu Y

tVju, tϕiu Y tψjuq is again a coordinate bundle. A fiber bundle is defined as an equivalence class of coordinate bundles. We
shall assume a definite covering and make no distinction between a coordinate bundle and a fiber bundle.
(31)Even more, the category of real vector bundles M can be shown to be equivalent to the category of locally free and
finitely generated sheaves of C8pMq-modules. What follows is justified more properly if one works in this setting, but this
would exceed the intended goal of the thesis. We refer to [Vak25][Ch.14.1] for a detailed discussion of this.
(32)The product is understood in the category of Zp2q-graded smooth manifolds. Indeed, K can be seen as a Zp2q-graded

manifold locally isomorphic to
´

U Ă X0,Π8
p“0C

8
X0

pUq bR SymppY q

¯

, where C8
X0

is the sheaf of smooth functions over X0

and Y is the graded vector space defined by Y0 – t0u, Yk – pX´kq˚ for any k ‰ 0 (cf. [Vys22][Ex. 3.23]). The product
takes the form M ˆ N –

`

M ˆN,C8
MˆN

˘

: an explicit construction of the sheaf can be found in [Vys22][Ch. 3.6].
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A homogeneous section of degree n P Zp2q is a map s : M Ñ Erns(33) such that πE
Mrns ˝ s “ idM,

where πE
Mrns : Erns Ñ M. The sheaf of sections is ΓM –

À

n ΓMpEqn, where ΓMpEqn is the space of
sections of degree n (cf. [Meh06][Def. 2.2.14]).
Consider the trivial Zp2q-graded vector bundles pE 1 “ M1ˆK 1, πE 1

M1 ,M1,K 1q and pE “ MˆK,πE
M,M,Kq,

and a morphism of Zp2q-graded manifolds F : M1 ˆK 1 Ñ MˆK. Let φ : M1 Ñ M and h : M1 ˆK 1 Ñ K
be two morphisms of Zp2q-graded manifolds. In particular, h is such that for each m1 P M1 the map
h : tm1uˆK 1 Ñ K is a morphism of Zp2q-graded vector spaces. Then, F is called a morphism of trivial

Zp2q-graded vector bundles φ : M1 Ñ M if F “ pφ ˝ πE 1

M1 , hq and the following diagram commutes

M1 ˆK 1 M ˆK

M1 M.

F

πE1

M1 πE
M

φ

Morphisms of Zp2q-graded vector bundles are locally morphisms of trivial Zp2q-graded vector bundles

(cf. [Keß19][Def. 4.1.1 & 4.2.1] and [ŠV25][Def. 5.3]).

The definition of morphisms can be made more rigorous once one works dually (and globally) with the
sheaves of sections. To understand this, let us first go back to the category of conventional vector bundles.

Remark 1.3.5. In the spirit of Proposition 3.2.1 and in view of the Zp2q-graded extension, we would
like to dually characterize morphisms of vector bundles (see Eq. (1.10)) as morphisms of the appropriate
sheaves of sections. It turns out that the natural way to do so is to construct a map F : Γ1

M pF 1q Ñ ΓM pF q

given by a pair F “ pf, f :q, where f : M 1 Ñ M is the above smooth map and f : is a morphism of sheaves
of C8pMq-modules(34)

f : : ΓM pF˚q Ñ f˚ΓM 1 pF
1
˚q, σ ÞÑ f :pσq with f :pσqpx1q – σ

`

fpx1q
˘

˝ f̄x1 @x1 P M 1.

Here, F˚ is the dual vector bundle obtained by taking the dual fiber-wise. f˚ΓM 1 pF
1
˚q is the pushforward

sheaf over M defined by f˚ΓM 1 pF
1
˚qpUq – ΓM 1 pF

1
˚qpf´1pUqq ” Γf´1pUqpF

1
˚q, with U Ă M open and

f̄x1 : F 1
x1 Ñ Ffpx1q. Note that f˚ΓM 1 pF

1
˚q is not automatically a sheaf of C8pMq-modules, but can be

made into one by setting, for any U Ă M open, g P C8pMq|U , and s P f˚ΓM 1 pF
1
˚q, the product

g ˚ s – f˚
U pgq ¨ s

where on the right-hand side there is the original C8pM 1q|f´1pUq-module action.

Following the above remark (cf. [Vys22][Rmk. 5.9 & Def. 5.10]), we now globally define morphisms of
graded vector bundles.

Definition 1.3.18. Given two Zp2q-graded vector bundles pE 1, πE 1

M1 ,M1,K 1q and pE , πE
M,M,Kq, a Zp2q-

graded vector bundle morphism F : E 1 Ñ E over a morphism of Zp2q-graded manifolds φ : M1 Ñ M
is a pair pφ, F :q such that

F : : ΓMpE˚q Ñ φ˚ΓM1 pE
1
˚q

is a morphism of sheaves of Zp2q-graded C
8pN q-modules. Here, E˚ is the dual Zp2q-graded vector bun-

dle obtained by taking the dual fiber-wise, φ˚ΓM1 pE 1
˚q is the pushforward sheaf over M defined by

φ˚ΓM1 pE 1
˚qpUq – ΓM1 pE 1

˚qpφ´1pUqq ” Γφ´1pUqpE 1
˚q, with U Ă M open. Note that the latter is not

automatically a sheaf of Zp2q-graded C8pMq-modules, but can be made into one by setting, for any

U Ă M open, g P C8pMq|U , and s P φ˚ΓM1 pE 1
˚q, the product

g ˚ s – φ˚
U pgq ¨ s

where on the right-hand side there is the original Zp2q-graded C
8pM1q|φ´1pUq-module action.

(33)The shift only acts on the fiber as in Definition 1.3.4. This produces a new Zp2q-vector bundle πE
Mrns : Erns Ñ M.

(34)That means each f:

U is C8pMq-linear, i.e. for each U P M , σ P ΓU pF˚q and g P C8pUq, then f:

U pg ¨ σq “ gf:

U pσq.
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1.3. ELEMENTS OF GRADED GEOMETRY

The two notions of morphisms are compatible in the sense that they define equivalent categories
[ŠV25][Thm. 5.10]. In the category of Zp2q-graded vector bundles, the direct sum, the tensor product,
and the pull-back bundle can be defined as in the category of vector bundles, by the respective universal
properties. Working within this category amounts to using the same algebraic definitions once the grading
is properly accounted for. The following are local versions of the definitions; a more rigorous and global
description can be found in [Vys22][Ch. 5].

Definition 1.3.19. Let pMˆK,π,M,Kq, pMˆK 1, π,M,K 1q be two trivial Zp2q-graded vector bundles

and pE 1, πE 1

M1 ,M,K 1q, pE , πE
M,M,Kq two more general Zp2q-graded vector bundles. We omit the upper

and lower indices on π, π1 for ease of notation.

1. Given a morphism of Zp2q-graded manifolds φ : N Ñ M, the trivial pullback Zp2q-graded vector
bundle is pφ˚pM ˆKq – N ˆK,π1,N ,Kq. We can further define the bundle map φ̄ over φ by

φ˚pM ˆKq M ˆK

N M,

φ̄

π1 π

φ

where π1 is the projection into the first component of the direct product. The pullback Zp2q-

graded vector bundle is pφ˚pEq, π
φ˚

pEq

N ,N ,Kq is locally given as a trivial pullback Zp2q-graded

vector bundle (cf. [Vys22][Prop. 5.15] and [ŠV25][Ex. 5.5]). For any s P ΓMpEq there exists a
pullback section φ˚s “ pidN , s ˝ φq in ΓN pφ˚Eq.

2. The direct sum, tensor product, dual and k-shift of trivial Zp2q-graded vector bundles are
defined as one would expect, that is, acting fiberwise

pM ˆKq ‘ pM ˆK 1q – M ˆ pK ‘K 1q with π‘ : M ˆ pK ‘K 1q Ñ M,

pM ˆKq b pM ˆK 1q – M ˆ pK bK 1q with πb : M ˆ pK bK 1q Ñ M,

pM ˆKq˚ – M ˆK˚ with π˚ : M ˆK˚ Ñ M,

pM ˆKqrks – M ˆKrks with πrks : M ˆKrks Ñ M.

Then, E ‘ E 1, E b E 1, E˚ and Erks look locally as the trivial versions above.
Finally, it is possible to show that

ΓMpE ‘ E 1q “ ΓMpEq ‘ ΓMpE 1q, ΓMpE b E 1q “ ΓMpEq bC8pMq ΓMpE 1q,

ΓMpE˚q “ ΓMpEq˚, ΓMpErksq “ ΓMpEqrks.

Graded Vector Fields and Differential Forms

The differential calculus on smooth manifolds straightforwardly generalizes to the graded differential
calculus on graded manifolds.

Definition 1.3.20. Given a Zp2q-graded manifold M “ pM,OM q, we define the following:

1. A Zp2q-graded vector field of grade k pmod 2q is a derivation of grade k (mod 2) in DerRpOM q.
We denote the Lie graded algebra of vector fields by pXpMq, r , sXpMqq, where the graded bracket is
defined as in Equation (1.6). The vector bundle whose sheaf of sections is DerRpOM q is called the
graded tangent bundle TM.

2. A graded n-differential form of degree k is an element of ΩnpMq – pDerRpOM q˚q
^n

. It can
be viewed as a map

ω : TMˆn Ñ Rrk pmod 2qs

where the n-folded cartesian product is understood as in footnote (32) at page 17. The de Rham
differential, the contraction and the Lie derivative are defined as in Definition 1.3.13. Furthermore,
the full Cartan calculus holds (see Thm. 1.1). We denote by pΩpMq, dq the de Rham complex.
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1.3. ELEMENTS OF GRADED GEOMETRY

Importantly, it can be equivalently described by C8pT r1sMq(35) equipped with a cohomological
vector field Q, i.e. a graded vector field of degree `1 such that rQ,Qs “ 2pQ ˝Qq “ 0.(36)

Let us work out a local description of graded vector fields and differential forms. Consider a Zp2q-graded
manifold M with homogeneous local coordinates tziu and total degree | ¨ | “ degZp2q

p¨q ` degΩp¨q.

Remark 1.3.6. Recall that above, to gain full generality, we used | ¨ | to denote the intrinsic total grading
and || ¨ || “ | ¨ | ` degΩp¨q to denote the total grading that further considers the cohomological grading.
For ease of notation, as the relevant intrinsic grading is Z or Z2, from now on we use the notation
| ¨ | “ degZp2q

p¨q ` degΩp¨q.

We can locally define the Lie algebra of vector fields and the exterior algebra of differential forms. This
amounts to adding the coordinates tBziu (|Bzi | “ ´|zi|) and tdziu (|dzi| “ |zi| ` 1) defined by

Bzipz
jq – δji such that Bzipfgq “ Bzipfqg ` p´1q´|zi||f |fBzipgq (1.11)

dzipBzj q – ιBzj
dzi – δij . (1.12)

By degree considerations (|δij | “ 0), the contraction is required in Equation (1.12). Then, a graded vector
field of degree k pmod 2q is a linear combination of the form

X “
ÿ

i

XiBzi

where each Xi P C8pMqk`|zi| pmod 2q is a function of homogeneous degree k ` |zi| pmod 2q such that
|Xpfq| “ |k| ` |f | pmod 2q for all homogeneous functions f P C8pMqm pmod 2q of degree m pmod 2q.
Equation (1.11) ensures that X satisfies the graded Leibniz rule (see Eq. (1.5)). Furthermore, the graded
commutator takes the local expression

rX,Y s “
ÿ

i,j

XiBzipY
jqBzj ´ p´1q|X||Y |

ÿ

i,j

Y jBzj pXiqBzi . (1.13)

A graded n-differential form of degree k pmod 2q locally takes the form

ω “
ÿ

i1,...,in

ωi1...inpzq

n!
dzi1 ^ ¨ ¨ ¨ ^ dzin .

The coefficients ωi1...ik P C8pMqk pmod 2q are fully antisymmetric in the indices i1, . . . , ik. The classical
Cartan calculus extends to the graded setting (see Def. 1.3.13). In particular, in local coordinates

d –
ÿ

i

dziBzi , ιBzi
dzj – δji with ιBzi

a graded derivation of ΩpMq, LBzi
– rιBzi

, ds.

By the definition of the local coordinate, d and LBzi
are automatically graded derivations of Ω‚pMq of

the right degree, and |ι| “ ´1. The coordinate expressions of the action of d, ιX , and LX on forms are
the same as the usual ones, once one takes care of possible extra minus signs due to the grading structure
(cf. [GSM09][Ch. 3] for the super case and [CS11; Meh06] for the Z-graded case).

Remark 1.3.7.

1. If zi is odd, then pdziq2 ‰ 0. This means that, if there exists at least one odd coordinate, the degree
of the forms is unbounded since we may have a polynomial of every degree in that coordinate.
Moreover, it turns out that graded differential forms do not come along with a nice integration
theory. In the last part of this section, we introduce some basic notions of integration theory on a
supermanifold without referring to differential forms.

(35)The shift acts only on the fibers, after omitting the possible cohomological degree.
(36)One could define the category of dg-manifolds as the category of Z-graded manifolds equipped with a cohomological
vector field. A morphism pf, f#q : pM, QMq Ñ pN , QN q is a morphism of Z-manifolds such that QMf# “ f#QN .
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1.3. ELEMENTS OF GRADED GEOMETRY

2. Any cohomological vector field on a Zp2q-graded manifold M corresponds to a differential on
C8pMq. For example, consider the odd tangent bundle T r1sM – ΠTM for some smooth manifold
M and the cohomological vector field Q P XpT r1sMq1

(37) defined in local coordinates tzi, tiu by

Q –
ÿ

i

tiBzi .

Interpreting ti as dzi, one can see that the action of Q on C8pT r1sMq and that of d on Ω‚pMq

are equivalent. The two points of view are equivalent, and choosing one is a matter of convenience.
For the general AKSZ model (see Sec. 2.3), working with functions over the shifted tangent bundle
is more convenient, while in the example of BV theory within sThSmthSet (see Sec. 3.4), we use
forms over M .

Many other constructions are identical to the ones in differential geometry, once one employs the graded
version of the corresponding algebraic structures. Some of the more relevant constructions for the thesis
are recalled in the super case in the following chapters. Before recalling the integration theory on a
supermanifold, let us define the Euler vector field.

Definition 1.3.21. Consider a Zp2q-graded manifold M. The Euler vector field E P XpMq0 is the
even vector field defined by

Epfq – degZp2q
pfqf

for any homogeneous function f P C8pMq.

In local coordinates tziu, it takes the form

E “
ÿ

i

degZp2q
pziqziBzi . (1.14)

Furthermore, for any X P XpMqk pmod 2q and ω P ΩnpMqk pmod 2q it holds that

rE, Xs “ pk pmod 2qqX and LEω “ pk pmod 2qqω.

Indeed, using Equations (1.13) and (1.14), and the Taylor expansion of the components, we have

rE, Xs “
ÿ

i,j

degZp2q
pziqziBzipX

jqBzj ´
ÿ

i,j

XjBzj pdegZp2q
pziqziqBzi “

“
ÿ

j

pdegZp2q
pXjq ´ degZp2q

pzjqqXjBzj “ pk pmod 2qqX,

and on generators of forms, we get

LEpziq “ degZp2q
pziqzi and LEdz

i “ dLEz
i “ degZp2q

pziqdzi.

This means that this Euler vector field sees only the underlying degree, and not the cohomological degree.
It is not possible to define a total Euler vector field Etot “ E ` D P XpMq0 that gives the total degree
| ¨ | “ degZp2q

` degΩ. Indeed, asking for D to only see the cohomological degree implies Dpfq “ 0 for

all homogeneous functions f P C8pMq, which in turns implies D ” 0. Instead, recalling that Ω‚pMq –

C8pT r1sMq, we define the vector field D P XpT r1sMq0 given in local coordinates pzi, tiq P T r1sM by
D –

ř

i t
iBti . Crucially, it only sees the cohomological degree, indeed

Dpziq “ 0 and Dptiq “ ti.

The action of D on C8pT r1sMq corresponds to a derivation of degree 0 on the algebra Ω‚pMq that, by
abuse of notation, we also denote by D P DerRpΩ‚pMqq

D : ΩnpMq Ñ ΩnpMq, ω ÞÑ Dpωq “ nω.

Therefore, to work in total degree, one considers the derivation LE ` D such that

pLE ` Dqω “ pk pmod 2q ` nqω “ |ω|ω, @ω P ΩnpMqk. (1.15)

From now on, we consider the total grading | ¨ | as this greatly simplifies the calculations.

(37)The subscript means we are considering the space of vector fields of degree 1.
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Integration Theory

We now recall the basics of integration theory on superspaces and supermanifolds. For a more complete
exposition, we refer to [Rog07; Sch08]. When integrating over Z-graded manifolds, only the underlying
superstructure plays a role. For simplicity, we assume the base manifold M of any Zp2q-graded manifold
to be orientable and equipped with orientation, that is, we assume M to be oriented.

Definition 1.3.22. Consider a Z2-graded commutative ring R. A matrix M of size pp` qq ˆ pr`sq with
entries in R is called a supermatrix of size pp|qq ˆ pr|sq if it has a decomposition in blocks

M “

„

A B
C D

ȷ

(1.16)

such that A,D consist of even entries and B,C consist of odd entries. The set Matpp|qqˆpr|sqpRq of
supermatrices of size pp|qqˆpr|sq forms a free Z2-graded R-module. When p “ r and q “ s, considering the
usual matrix multiplication, we denote the Z2-graded R-algebra of supermatrices of size pp|qqˆpp|qq

by Matp|qpRq and the group of invertible supermatrices of size pp|qqˆpp|qq by GLp|qpRq Ă Matp|qpRq.

It turns out that a supermatrixM P Matp|qpRq is invertible if and only if the two even blocks are invertible
(cf. [Keß19][Lemma 2.3.4 & Cor. 2.3.5]). This is crucial for the definition of Berezinian, as it implies that
the even blocks of an invertible supermatrix are invertible and that their determinants are nonzero.

Definition 1.3.23. Let M P GLp|qpRq be as in Equation (1.16). The Berezinian of M is given by

BerpMq –
det

`

A´BD´1C
˘

detpDq
P R0,

where the determinant is the usual one, since the entries in A´BD´1C and D are even.

Crucially, Berezinians behave well with respect to supermatrix multiplication (cf. [Keß19][Lemma 2.3.8]).

Proposition 1.3.1. Let M,N P GLp|qpRq. Then BerpM ¨Nq “ BerpMqBerpNq.

To define the integration on supermanifolds, we start locally by considering integration over superspaces.
Let M Q pxi, θµq1ďiďn|1ďµďm be a pn|mq supermanifold and define the Berezinian integration along
θµ according to the following rules

ż

dθµ “ 0,

ż

θµdθν “ δµν , Fubini’s theorem holds,

and

ż

fdθ1 ¨ ¨ ¨ dθm “ fµ1...µk
“: ftop

for any f P C8
c pMq given locally as Equation (1.7). Note that dθµ is not a 1-form as in Definition 1.3.20,

but a measure that under change of coordinates transforms with the Berezinian (see Def. 1.3.23) of the
Jacobian of the coordinate change. It is called Berezinian, even though, strictly speaking, it is not a
Berezinian in the sense of Definition 1.3.23. Consider now a supermanifold of the form ΠV where V is a
vector space. For any choice of coordinates on it, the integration defines a map

ż

ΠV

“

ż

ΠV

ˇ

ˇ

ˇ

Źm V ˚
:
ľm

V ˚ Ñ R,

since for any g P
Źkăm

V ˚ we get
ş

ΠV
g “ 0. Therefore, on a coordinate patch U ˆ ΠV of M, we get

ż

UˆΠV

f –

ż

U

ż

ΠV

f “

ż

U

ftopdx
1 ¨ ¨ ¨ dxn.

To define how the integral map behaves under a change of coordinates (see Eq. (1.8)), first notice that
locally it can always be written as a linear isomorphism using its Jacobian Jφ, which is a supermatrix.
Then, it is possible to prove (cf. [Rog07][Thm. 11.2.3]) that for any h P C8

c pMq with compact support
in Ũ ˆ ΠṼ , the following holds

ż

ŨˆΠṼ

hpx̃, θ̃qdnx̃dmθ̃ “

ż

UˆΠV

pφ˚fqpx, θqBerpJφpx, θqqdnxdmθ.
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This can be described globally by building the Berezin line bundle (cf. [Sch08]). Without loss of generality
(cf. [Rog07][Batchelor’s Thm. 8.2.1]), let us consider M “ ΠE for a vector bundle E Ñ M of rank m
over a smooth n-manifold M . Then the Berezin line bundle is defined as

BerpMq –
ľn

T˚M b
ľm

E Ñ M.

The symbolic measure dxndθm can be interpreted as a local section of such a bundle µ P ΓM pBerpMqq.
Then, the R-linear integration map is given by

ż

M
‚ ¨ µ : C8

c pMq Ñ R by

ż

M
fµ –

ż

M
xpfqtop, µy

where x, y is the fiberwise pairing between line bundles
Źm

E and
Źm

E˚, and pfqtop is the component
of f P C8pΠEq – ΓM p

Ź‚
E˚q in the top exterior power of E˚. After pairing, what remains is a top form

over M , which can be integrated in the usual way. This gives us measures that are constant along the
fiber directions of ΠE Ñ M . We can define more general measures as sections of the super vector bundle
BerpMq b

Ź‚
E˚, where the tensor product is taken in the category of super vector bundles over an even

base, which means defining the integration map as

ż

M
: BERpMq Ñ R where (1.17)

BERpMq – ΓM

´

BerpMq b
ľ‚

E˚
¯

– ΓM pBerpMqq bC8pMq C
8pMq.

This can also be understood as the space of sections of the pullback bundle p˚BerpMq along p : ΠE Ñ M .

Remark 1.3.8. The shifted tangent bundle T r1sM for a smooth oriented n-manifoldM carries a canon-
ical Berezinian µT r1sM “ dnxdnθ P BERpT r1sMq. Observe that, for all f P C8pT r1sMq – Ω‚pMq, the
latter satisfies

ż

T r1sM

fµT r1sM “

ż

M

ftop.

On the right-hand side, the integration is the ordinary integration over M .

Finally, we present the extended definition of divergence.

Definition 1.3.24. Consider a graded vector field X P XpMq and a Berezinian µ P BERpMq. The
divergence divµpXq P C8pMq of X with respect to µ is defined by

ż

M
Xpfqµ “ ´

ż

M
divµpXqfµ

for any f P C8
c pMq.

This definition is motivated by looking at the usual definition of divergence and the Stokes theorem
(cf. [Mne19; Cat18]).

1.4 Elements of Symplectic Geometry

In this section, some basic notions and results of symplectic geometry are recalled, together with a
motivating example from classical mechanics. Afterward, the symplectic structure on graded manifolds
is defined.

Symplectic Geometry Rudiments

Definition 1.4.1. A symplectic vector space is a pair pV, ωq, where V is a finite-dimensional R-vector
space and the symplectic form ω P

Ź2
V ˚ is such that ω5 : V Ñ V ˚, v ÞÑ ωpv,´q is a vector space

isomorphism. A linear isomorphism φ : V Ñ V 1 between symplectic vector spaces pV, ωq, pV 1, ω1q such
that φ˚ω1 “ ω is called a symplectomorphism.
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Equivalently, we can impose ω to be an antisymmetric, non-degenerate bilinear form on V .

Definition 1.4.2. Let pV, ωq be a symplectic vector space. Let Y be a subspace of V and define the
symplectic orthogonal complement of Y by

Y K – tv P V |ωpv, yq “ 0, @y P Y u.

Then

1. Y is isotropic if Y Ď Y K, i.e. ω|YˆY “ 0.

2. Y is coisotropic if Y K Ď Y , i.e. all elements annihilated by Y are in Y .

3. Y is Lagrangian if it is isotropic and coisotropic, or equivalently if Y is isotropic and dimY “
1
2dimV .

4. Y is symplectic if ω|YˆY is non-degenerate.

In a convenient basis, usually called the Darboux basis, ω has a canonical expression.

Proposition 1.4.1. Let pV, ωq be a symplectic vector space.
Then, there exists a basis, called Darboux basis, te1, . . . , en, f1, . . . , fnu of V such that

ωpei, ejq “ ωpfi, fjq “ 0 and ωpei, fjq “ δij

for all i, j P t1, 2, . . . , nu. Hence, we can write ω “
řn
j“1 e

˚
j ^ f˚

j w.r.t. this basis.

A proof can be found in [Sil01][Thm. 1.1]. In particular, this result implies that a symplectic vector space
necessarily has an even dimension.
This notion can be straightforwardly generalized to smooth manifolds by defining a pointwise symplectic
structure on the tangent space.

Definition 1.4.3. A symplectic manifold is a pair pM,ωq, where M is a smooth manifold (dimM “

2n) and ω is a 2-form on M such that

1. ω is closed, i.e. dω “ 0,

2. ω is non-degenerate, i.e. for all q P M , ω5 : TqM Ñ T˚
q M is bijective.

A symplectomorphism is a diffeomorphism φ : M Ñ M 1 such that φ˚ω1 “ ω.

Definition 1.4.4. Let M “ T˚N . The tautological 1-form on M is defined by

αpx,pq –
`

dπpx,pq

˘˚
p P T˚

px,pq
M,

where π : M “ T˚N Ñ N .

In a local Darboux chart tx1, . . . , xn, p1, . . . , pnu, we can write

α “
ÿ

i

pidx
i and ω “ ´dα “

ÿ

i

dxi ^ dpi.

This means that pointwise tBxi , Bpiu forms a Darboux basis on the fiber Tpx,pqM . Definition 1.4.2 extends
as follows.

Definition 1.4.5. Let pM,ωq be a symplectic manifold and N Ď M be a submanifold. Then

1. N is isotropic if TxN is an isotropic subspace of TxM , for all x P M .

2. N is coisotropic if TxN is a coisotropic subspace of TxM , for all x P M .

3. N is Lagrangian if TxN is a Lagrangian subspace of TxM , for all x P M .

4. N is symplectic if ω|N is symplectic.
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Definition 1.4.6. A vector field X on a symplectic manifold pM,ωq is called Hamiltonian if there
exists a function HX P C8pMq, called Hamiltonian for X, such that ιXω “ dHX .(38)

Remark 1.4.1. Since ω is not degenerate, every function is Hamiltonian and its Hamiltonian vector
field is uniquely determined.

The mathematical structure of classical mechanics in the Hamiltonian framework is characterized by the
symplectic structure in the phase space.

Example 1.4.1. In classical mechanics, the dynamics of a system is encoded in the action functional

Spqq “

ż t1

t0

Lpqptq, 9qptqqdt

where Lpq, 9qq “ 1
2m} 9q}2 ´ V pqq is called the Lagrangian function of the path q : rt0, t1s Ñ Rn, with some

function V P C8pRnq depending on q, which is called the potential energy. Physically, this is a particle of
mass m moving in a configuration space Rn where there is a potential V . Using variational calculus, it is

possible to show that the stationary point of S on the space of paths Path
rt0,t1s

px,yq
pRnq, such that qpt0q “ x

and qpt1q “ y, gives the classical trajectory of the system (see Principle 2.1.1). The resulting equations
are called the Euler–Lagrange equations, and in the case where the Lagrangian is as above, i.e. that of
a particle of mass m in a potential V , they are equivalent to Newton’s equations F “ m:qptq “ ´∇V
(cf. [Mor23]). Moving to the Hamiltonian picture means considering the space of all possible states of
the system, called phase space. This is given by T˚Rn Q pq, pq, where p “ BL

B 9q .
(39), and it is endowed with

a symplectic form

ω “

n
ÿ

i“1

dqi ^ dpi.

This results in a Legendre transformation of the Lagrangian into the Hamiltonian function Hpq, pq “
}p}

2

2m ` V pqq. The trajectory of the system is a solution of the Hamilton equations, which are equivalent
to the Euler–Lagrange equations (cf. [Mor23][Thm. 11.6]). It can be expressed as an integral curve
of the Hamiltonian vector field associated with the Hamiltonian of the system. Indeed, if we define
XH –

ř

i

`

BpiHBqi ´ BqiHBpi

˘

, then

ιXH
ω “

n
ÿ

i“1

“

pιXH
dqiq ^ dpi ´ dqi ^ pιXH

dpiq
‰

“

n
ÿ

i“1

`

BpiHdpi ` BqiHdqi
˘

“ dH.

Then, the conditions for ρt “ pqptq, pptqq to be an integral curve for XH are the Hamilton equations

dqi

dt
ptq “ BpiH and

dpi
dt

ptq “ ´BqiH.

For the system above, XH “
ř

i

`

pi
mBqi ´ BqiV Bpi

˘

.

A classical system described by an action functional as in the above example can be quantized via the
path-integral formalism (see Sec. 2.2). If the system exhibits redundancies, called gauge symmetries, this
formalism fails (see the discussion after Eq. (2.6)). As described in Section 2.2, we overcome this issue
by enlarging the space of configurations (or states) to obtain a graded symplectic structure. This is the
idea behind the BV formalism (see Def. 2.2.4 and the following discussion).

Graded Symplectic Geometry

Following Section 1.3, we generalize the above to the graded setting.

Definition 1.4.7. A Zp2q-graded symplectic form ω P Ω2pMq of degree k on a Zp2q-graded manifold
M is a closed pdω “ 0q non-degenerate 2-form

ω : TM Ñ T˚rksM, (1.18)

(38)This structure can further be studied by considering the flow of X, called the Hamiltonian action (cf. [Sil01; CM20]).
(39)This defines a bundle map TM Ñ T˚Rn, pq, 9qq ÞÑ pq, pq over M , called Legendre transformation.
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where non-degeneracy means requiring such a map to be bijective. In local coordinates tziu it reads

ω “
ÿ

i,j

dzi ^ ωijpzq ^ dzj

with pωijpzqq an invertible matrix of local functions on M. The pair pM, ωq is called Zp2q-graded
symplectic manifold. In the infinite-dimensional case, the non-degeneracy requirement is too strong:
we talk about weakly symplectic structure when the map in Equation (1.18) is only required to be
injective.

Remark 1.4.2. The results and definitions summarized above for non-graded symplectic geometry can
be straightforwardly extended to the graded setting. In particular, the extension of Proposition 1.4.1
implies that graded odd (even) symplectic Z2-graded vector space need to be of dimension pm|mq for
some m P N (p2k, nq for some k, n P N). Similarly, a Lagrangian submanifold of an odd-symplectic pn|nq-
supermanifold has dimension pk|n ´ kq for some k P N. Note that we define Hamiltonian vector fields
using the sign convention for which ιXω “ dHX .

The following result is crucial for justifying the AKSZ formalism, as it shows that any odd symplectic
supermanifold can always be locally identified with the shifted cotangent bundle of a smooth manifold.

Theorem 1.1. Any odd-symplectic supermanifold pM, ωq admits a system of local Darboux coordinates
pxi, θiq, i.e. such that pointwise pBxi , Bθiq form a Darboux basis on the fibers of TM. Furthermore, there
exists a global symplectomorphism to pΠT˚M,ωcan “

ř

i dx
i ^ dθiq, where M is the body of M.

A proof can be found in [Sch93]. The graded structure imposes some additional constraints (cf. [Roy02]).

Proposition 1.4.2. Let pM, ωq be a k-symplectic Zp2q-graded manifold with k ‰ 0. Then

1. ω is exact.

2. If X P XpMql such that k ` l ‰ 0 and LXω “ 0, then X is Hamiltonian.

Proof. To show the first statement, one computes

kω “ LEω “ dιEω ñ ω “
dιEω

k

where E is the Euler vector field. For the second, by definition

rE, Xs “ lX and LXω “ p´1q|X|dιXω “ 0.

Set H – ιEιXω and observe that

dH “ dιEιXω “ LEιXω ´ ιEdιXω “ ιrE,Xsω ` ιXLEω “ pl ` kqιXω ñ ιXω “
dH

k ` l
.

Note that any Hamiltonian vector field satisfies LXf
ω “ p´1q|Xf |dιXf

ω “ p´1q|Xf |d2f “ 0. ■

Observe that the exceptional cases are the relevant ones. Indeed, in application to the BFV formalism,
one considers an even symplectic form of degree 0, while in the BV formalism, one considers an odd
symplectic form of degree ´1 and a cohomological vector field Q of degree 1. Finally, we give an explicit
definition of the graded Poisson bracket induced by a graded symplectic form and state a proposition
that is a direct consequence of this structure.

Definition 1.4.8. Consider an k-symplectic Zp2q-graded manifold pM, ωq. The graded Poisson bracket
t´,´u : C8pMq ˆ C8pMq Ñ C8pMq induced by ω via

tf, gu – p´1q
degZp2q

pfq
Xf pgq “ p´1q

degZp2q
pXf q`k pmod 2q

ιXf
ιXgω @f, g P C8pMq

where Xf is the Hamiltonian vector field associated with f .
It follows that |t´,´u| “ degZp2q

pt´,´uq “ ´k. Finally, it satisfies

tf, gu “ ´p´1q
pdegZp2q

pfq`kqpdegZp2q
pgq`kq

tg, fu

tf, tg, huu “ ttf, gu, hu ` p´1q
pdegZp2q

pfq`kqpdegZp2q
pgq`kq

tg, tf, huu (1.19)
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Proposition 1.4.3. Let pM, ωq be a k-symplectic Zp2q-graded manifold and f, g P C8pMq. Then tf, gu “

const if and only if rXf , Xgs “ 0. This implies that, considering a cohomological vector field Q P XpMq1

and its Hamiltonian S P C8pMqk`1 such that Q “ p´1q|S|tS,´u, if k ‰ ´2 then

Q2 “ 0 ô tS, Su “ 0.

Proof. The first statement is a consequence of Equation (1.19) and of the definition of the Hamiltonian
vector field. Indeed,

Xtf,gu “ p´1q
degZp2q

ptf,guq
pttf, gu, ¨uq “ p´1q

degZp2q
pfq`degZp2q

pgq`k
´

tf, tg, ¨uu`

´ p´1q
pdegZp2q

pfq`kqpdegZp2q
pgq`kq

tg, tf, ¨uu

¯

“

“ p´1qk
´

XfXg ´ p´1q
pdegZp2q

pfq`kqpdegZp2q
pgq`kq

XgXf

¯

“ p´1qkrXf , Xgs. (1.20)

We conclude using Equation (1.19) and Equation (1.20).
Indeed, assuming tS, Su “ 0 and using that Q2pfq “ p´1q|S|tS, p´1q|S|tS, fuu “ tS, tS, fuu for any
f P C8pMq, we get

Q2pfq “ tS, tS, fuu
p1.19q

“

´

ttS, Su, fu ` p´1qp2k`1qp2k`1qtS, tS, fuu

¯

“ ´tS, tS, fuu “ 0.

Assuming instead Q2 “ 1
2rQ,Qs “ 0, we get

0 “ Q2pfq “
1

2
rQ,Qs

p1.20q
“

p´1qk

2
XtS,Su,

for any f P C8pMq. By the definition of a Hamiltonian vector field, this implies tS, Su “ const. Since
constants are of degree 0, k ‰ ´2 implies tS, Su “ 0 by noticing that degZp2q

tS, Su “ 2pk ` 1q ´ k “

k ` 2. ■
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Chapter 2

Bosonic Gauge Field Theories

In this chapter, we introduce classical Lagrangian bosonic field theories. We hint at the idea behind
path-integral quantization and explain the problems that arise when the theory exhibits redundancy in
the Lagrangian, known as gauge symmetries. Consequently, we present three methods for path-integral
quantization of gauge theories in the finite-dimensional setting: the Faddeev–Popov method, the BRST
formalism, and the BV formalism. Finally, we present the AKSZ formalism, a systematic way to obtain
topological field theories compatible with the BV formalism. As an example, we briefly discuss (non)-
abelian BF theory. The main reference for this chapter is [Mne19][Ch. 4].

2.0.1 Conventions and Notation

For convenience, we recall here all the relevant conventions and notation for Chapters 2 and 3 (see Sec. 3.3,
Sec. 3.4 and Rmk. 3.4.1). Some of these conventions are discussed in Chapter 1. Note that some of the
references we refer to may use different conventions.

• The total degree is denoted by | ¨ | “ degZp2q
p¨q ` degΩp¨q, where the second is the cohomological

degree (see Rmk. 1.3.6). This grading governs the Koszul sign, i.e. the parity is given by | ¨ | mod 2.

• The derivations of the Cartan calculus on a graded manifold have total degree |d| “ 1, |ιX | “ |X|´1,
and |LX | “ |X| for some graded vector field X (see ft. (22), p. 14). Moreover, LX – rιX , ds (see
Prop. 1.1).

• Unless parentheses are present, derivations act on the first element to their right.

• The k-shift of a graded vector space V (k P Z) is the graded vector space V rks such that pV rksqn –

pV qn`k pmod 2q, for any n P Zp2q (see Def. 1.3.4). For any vector space V , the parity-shifted super-
space ΠV corresponds to the 1-shifted superspace V r1s. On graded vector bundles, the shift only
acts on the fibers.

• Given a graded symplectic manifold pM, ωq of degree k, the Hamiltonian vector field of a function
HX P C8pMq is defined by ιXω “ dHX . The induced graded Poisson bracket is given by

tf, gu – p´1q
degZp2q

pfq
Xf pgq “ p´1q

degZp2q
pXf q`k pmod 2q

ιXf
ιXgω @f, g P C8pMq

where Xfpgq is the Hamiltonian vector field associated with fpgq. It follows that |t´,´u| “ ´k.

• We denote the lifted vector fields from M and N to MappM,N q both by lift. More explicitly,
recalling that for any f P MappM,N q the tangent space is TfMappM,N q – ΓMpf˚TN q, we get
for all D P XpMq and P P XpN q

Dlift
f pxq – dMfpxqpDxq and P lift

f pxq – P pfpxqq

with |D| “ |Dlift|, |P | “ |P lift| and rDlift, Qlifts “ 0.

• When used, Einstein summation is understood for repeated upper and lower indices xiyi “
ř

i x
iyi.

30



2.1. LAGRANGIAN FIELD THEORIES

• For an n-tuple of variables x “ px1, . . . , xnq and a multi-index I P Nn, we write xI “ xI11 ¨ ¨ ¨xInn
and BIx “ pBx1

q
I1 ¨ ¨ ¨ pBxn

q
In .

• Unless otherwise specified, M is an oriented closed d-manifold. In local coordinates, we write
dH “ dxνBxν and, for some k-form ω,

dHω “
ÿ

1ďν,µ1,...,µkďd

dxν ^
Brνωµ1,...,µks

k!
^ dxµ1 ^ ¨ ¨ ¨ ^ dxµk .

Here, the anticommutation of the indices has a factor of pk ` 1q! at the denominator.

2.1 Lagrangian Field Theories

In this section, we recall the Lagrangian approach to bosonic classical field theories and the classical
action principle (cf. [Blo24]). The absence of a rigorous formalism motivates the structural requirements
that the category of SmthSet must satisfy to rigorously formalize the geometry of the action principle.

Classically, the state of a system can be described by assigning the value of some physical observable to
any point of a geometric space, typically spacetime. This assignment is supposed to be smooth.

Definition 2.1.1. Let M be a smooth oriented compact d-manifold without boundary(1) called space-
time. A bosonic field is a smooth section of a smooth fiber bundle (see Rmk. 1.3.4) πFM : F Ñ M ,
called configuration bundle. The space of fields is the space of sections F – ΓM pF q. (2)

The simplest example is the space of scalar fields F “ C8pMq where the fields are sections of the trivial
fiber bundle F – M ˆ R Ñ M .
Physical laws are usually expressed as field equations of the form fpφq “ 0, where f : F Ñ V is a map to
a vector space V that is typically a differential operator. The solutions of the field equations are called
on-shell fields, and their set is denoted Fshell Ă F . Fshell is usually complicated to study: the action
principle is particularly helpful in characterizing it.

Principle 2.1.1. There is a smooth function S : F Ñ R, called the action, such that φ P F is a solution
of the field equation if and only if it is a critical point of S.

The action allows us to study the field theory more easily, also exploiting the symmetries of the system
that are manifest as symmetries of the action. Physical action functionals are usually given in an integral
form:(3)

Spφq –

ż

M

Lpφq (2.1)

where the Lagrangian L is defined as follows.

Definition 2.1.2. A local Lagrangian L : F Ñ ΩdpMq is a smooth map of sections from the field space
to the space of d-differential forms on M (of dimension d), such that Lpφq at m P M depends smoothly
on m and on the partial derivatives of φ only up to order k for some k ě 0.(4)

Note that the degree of the Lagrangian form has to match the dimension of the manifold dimpMq “ d
for Spφq not to be trivially zero. The dynamics of a physical theory is characterized by the Lagrangian
and the type of fields we are considering in it.

(1)Unless otherwise specified, in these notes M is always assumed to have these properties. If the manifold is non-compact
the definitions involving an integral over M should be adjusted to only allow for integration of compactly supported
differential top forms, or more generally compactly supported densities (cf. [Cat18]).

(2)This definition should be extended to account for gauge fields defined as connection 1-forms on a principal G-bundle,
fermionic fields, and fields as elements in more general mapping spaces (cf. [Mne19; Ham17]). In this thesis, we only consider
bosonic gauge theories whose gauge structure is described by trivial principal bundles (see Rmk. 2.1.1). Furthermore, we
do not consider fermionic theories with fields that are sections of a spinor bundle. Nevertheless, odd fields might still arise
from the gauge-fixing formalism we introduce in Section 1.2.

(3)When the base manifold M is compact, this integral is well defined. If M is not compact, this integral is usually
divergent or not well defined (cf. [Blo24]), but in practice one does not need to compute it to characterize the on-shell field
space.

(4)The locality condition, here stated in a local chart, can be globally characterized using the infinite jet bundle (see
Def. 3.1.12 and Def. 3.1.21). It is necessary to ensure that the critical points are solutions of a PDE. Physically, this is
equivalent to asking the Lagrangian not to include non-local interactions.
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Definition 2.1.3. A Lagrangian field theory (LFT) consists of a smooth bundle F Ñ M and a local
Lagrangian L : F Ñ ΩdpMq.

Examples of the Lagrangian formulation of bosonic theories, such as a particle in a potential and of
classical electromagnetism, can be found in [Blo24, Ch. 1].
Using the locality of the Lagrangian, the action principle translates to:

φ P Fshell iff δS|φ “

ż

M

xELpφq, δφy “ 0.

Here EL is the Euler–Lagrange differential operator symbolically given in local coordinates by

ELpφq “

8
ÿ

|I|“0

p´1q|I|BI

ˆ

δLpφq

δpBIφq

˙

,

where I is the usual multi-index.(5) Globally, this is a map of sections

EL – F ÝÑ ΓM pV ˚F b ^dT˚Mq,

where V ˚F Ñ F is the dual vertical bundle(6) The infinitesimal variation δφ is identified as a section
δφ P ΓM pV F q to account only for the field variation along a fiber while the base manifold is kept fixed.
The natural pairing x´,´y is the one induced by the fiber-wise non-degenerate duality pairing of V F with
V ˚F . Thus, φ is critical if and only if it solves the following equations, called Euler–Lagrange equations:

ELpφq “ 0φ P ΓM pV ˚F b ^dT˚Mq.

The latter is the field equation mentioned above, and the shell space can be thought of as an intersection,
i.e. as the following pullback in some abstract category:

Fshell F

F T˚
varF .

EL

0F

Here T˚
varF – ΓM pV ˚F b ^dT˚Mq Ñ F is the bundle of variational densities, not to be confused with

the cotangent bundle of F .
The above formulas and statements are not fully rigorous. Indeed, these results hold in the case where all
the spaces involved are nice smooth manifolds; however, F and Fshell typically do not belong to SmthMfd.
Considering the simple case of scalar fields over a compact smooth manifoldM , i.e. taking F “ MˆR, F
is a Fréchet manifold (see Def. 3.1.2) and Fshell “ f´1p0q is generally even more complicated. Moreover,
physically we are usually interested in non-compact spacetime, and in this case F is not even a Fréchet
manifold. Finally, the action principle, as stated in Principle 2.1.1, is not rigorously true (cf. [Blo24,
Ch. 1.3]).
We aim to make sense of the above in terms of “smooth” spaces and maps within an appropriate category.
The following are some requirements that the category of such generalized smooth spaces must satisfy.

1. Smooth manifolds and field-theoretical spaces such as the bundle F , the field space F or the d-
dimensional differential forms ΩdpMq “ ΓM p^dT˚Mq, should be objects of the category having
therefore a comparable smooth structure.(7) To encode locality in global terms, the infinite jet
bundle J8

MF and its space of sections should also be objects in it (see Ch. 3).

2. The Lagrangian, the integral operation, and therefore the action, should be smooth maps in the
category. For the same reason as above, infinite jet prolongation j8 : ΓM pF q Ñ ΓM pJ8

MF q should
be smooth.

(5)For simplicity of notation, we are assuming a simple scalar theory, i.e. φ P C8pMq. Note that the infinite sum and the
functional derivative are used here informally and would require a rigorous definition.

(6)Let πTF
F : TF Ñ F be the tangent bundle of a fiber bundle πF

M : F Ñ M . The vertical subbundle TF Ą V F “

kerpdπF
M q, where dπF

M : TF Ñ TM , consists of the vectors tangent to the fibers of F.
(7)As recalled later, this is one of the advantages in considering the category of all sheaves SmthSet and not only the

concrete ones, i.e. the category DflSp (cf. [Blo24]).
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3. The category must include a notion of smooth path of fields φt : R Ñ F , so that compositions
like S ˝ φt are smooth in the classical sense.(8) The infinitesimal variation of the action functional
at φ “ φ0 should then be rigorously defined via the usual derivative. Consequently, the action
principle should be derived via the former so that

BtpS ˝ φtq|t“0 “

ż

xELpφq, 9φ0y , (2.2)

where 9φ0 “ Btφt|t“0 P TφF Ñ ΓM pV F q defines the infinitesimal variation at φ P F as the cor-
responding vertical tangent vector over it. Note that the variation formula (2.2) is only formal
and becomes rigorous once ΓM pF q is interpreted as a smooth set and the integral as a natural
transformation.

4. Fshell should inherit a natural smooth subspace structure, i.e. the category should have pullbacks.(9)

In Section 3.1, we introduce the category of smooth sets and demonstrate that it meets these demands.

Remark 2.1.1. Due to Principle 2.1.1, the dynamics of a theory depends only on the action. Therefore,
any symmetry of the latter leaves the physics unchanged. These symmetries are local (in the sense of
Definition 2.1.2) maps D : F Ñ F such that D˚S “ S, or such that D ˝ L “ L ` dMK for some local
map K : F Ñ Ωd´1pMq. Some symmetries arise from physical principles, such as Lorentz symmetry, but
others are redundancies needed to formulate certain theories, such as Yang–Mills theory. We call the latter
gauge symmetries. In an important class of examples, they are described by the action of a Lie group
G on the space of fields. To be fully rigorous, we should extend Definition 2.1.1 to consider gauge fields,
i.e. connection 1-forms on principal G-bundles (cf. [Ham17]). In this setting, the gauge symmetries are
intrinsically described in the geometry of the principal G-bundle, as they correspond to principal bundle
automorphisms. They form a group and look locally like θα : M Q Uα Ñ G. For simplicity, we only
consider trivial principal G-bundles, meaning that the approach we are using is only local (perturbative)
for more general gauge theories. This greatly simplifies the definitions and computations. Indeed, consider
a compact Lie group G and the trivial principal G-bundle GˆM Ñ M . Then, 1-form connections on it
correspond to Lie algebra valued 1-forms over M

Ω1pMq b g – ΓM pT˚M b pM ˆ gqq,

falling within Definition 2.1.1. Then the gauge transformations are (cf. [Ham17][Thm. 5.4.2 & Thm. 5.4.4])

A ÞÑ g´1Ag ` g´1dMg,

where GaugeM,G – C8pM,Gq Q g : M Ñ G. Locally, they take the form

A ÞÑ dAα – dMα ` rA,αs,

where gaugeM,G – ΓM pM ˆ gq Q α : M Ñ g.
This assumption can be relaxed in the classical setting by considering more general principal G-bundles.
However, to formulate a categorical description of gauge theories and the BV formalism, one should
extend SmthSet to the category of sheaves of groupoids (cf. [GS25a][Ch. 8]), which falls outside the scope
of this thesis (see Rmk. 3.4.2). Therefore, we already restrict ourselves to this simplified local setting.

2.2 Faddeev–Popov, BRST and BV Formalisms

In this section, we recall the path-integral quantization, the problems that arise when the theory exhibits
additional symmetries of the Lagrangian, and three methods to address them. We focus on the finite-
dimensional case as in [Mne19][Ch. 4]. The rise of anti-commuting fields highlights the need to work in a
super extension of SmthSet. Note that the infinite-dimensional BV classical formalism relies on a rigorous
understanding of the infinite-dimensional Cartan calculus on the space of fields, which is addressed in
Chapter 3.

(8)This assumes that the Cartesian space Rn, for all n P N, should also be viewed as a generalized smooth space.
(9)This is guaranteed for SmthSet since limits exist and are computed objectwise (see Prop. 1.2.1).

33



2.2. FADDEEV–POPOV, BRST AND BV FORMALISMS

Remark 2.2.1. The three formalisms we are presenting are rigorously defined in the finite-dimensional
case. The discussion is more delicate in the infinite-dimensional case, which is of interest for field-
theoretical applications. In particular, the classical BV formalism relies on the differential calculus on
the space of fields. On top of this, the quantum BV formalism requires a well-defined integration on
the space of fields. The category we introduce in the next chapter allows us to rigorously define the
relevant notions of differential geometry on the space of fields, in particular, the local Cartan calculus
and the relative variational bicomplex. This is enough to attempt a categorical description of the local
BV formalism. As there is no notion of measure on the infinite-dimensional space of fields, we should
make a formal sense of it by the perturbative expansion in the limit ℏ Ñ 0 (cf. [CMS25] and see Eq. (2.6)).
Similarly, the infinite-dimensional classical BRST formalism requires the notion of Cartan calculus on
the space of fields, while the infinite-dimensional Faddeev–Popov method and quantum BRST formalism
rely on a notion of measure on it. For clarity, we specify that the following parts of this section are based
on infinite-dimensional heuristic arguments of differential-geometry or measure theory:

• Equation (2.4), Equation (2.5) and the discussion following Equation (2.6). Indeed, while the latter
rigorously recall the stationary phase formula for the finite-dimensional case, the discussion later
heuristically extends it to the infinite-dimensional case;

• Remark 2.2.2;

• Definition 2.2.1 and Definition 2.2.3, unless F is finite dimensional. Consequently, Remark 2.2.3 is
fully rigorous only when F is finite-dimensional;

• Definition 2.2.4, Remark 2.2.5, Definition 2.2.5 and following discussion, Definition 2.2.6, Theorem
2.1, Remark 2.2.6 and Definition 2.2.7, unless F is finite dimensional.

Path Integral Quantization

The first axiomatic formulation of quantum mechanics was developed by Dirac (cf. [Dir30]) and von
Neumann (cf. [Von32]) in analogy with classical Hamiltonian mechanics. In [Dir33], Dirac suggested an
alternative Lagrangian approach of quantum theory, later developed by Feynman (cf. [Fey48]) via the
path integral formulation. The idea was to generalize the concept of probability amplitude to a completely
specified trajectory. Consequently, exploiting the superposition of the probability amplitudes, Feynman
described the dynamics of the quantum particle as a sum over the classical paths, each weighted by an
exponential whose imaginary phase was the classical action of that path in units of ℏ, the parameter of
quantization. More specifically, referring to Example 1.4.1, the canonical quantization of the system is
obtained by taking as the space of states the Hilbert space L2pRnq of square integrable functions, and
as observables the operators on it. In particular, the canonical quantization of the classical Hamiltonian
is the operator Ĥ – ´ ℏ2

2m∆ ` V and the exponential expp iℏĤq governs the dynamical evolution of the
system. We define the quantum mechanical propagator Kpx, yq by

´

e
i
ℏ Ĥψ

¯

pxq “

ż

Kpx, yqψpyqdy,

where ψ P L2pRnq. This can be represented as a path integral

Kpx, yq “

ż

Pathrt0,t1s

px,yq pRnq

e
i
ℏSpqqDq, (2.3)

where Dq is a symbol for the reference measure on Path
rt0,t1s

px,yq
pRnq. This approach can also be used to

quantize classical field theories. The idea is to build the partition function of the theory over a fixed
spacetime M as

Zpℏq –

ż

F
e

i
ℏSpφqDφ. (2.4)

Here Dφ is a symbol for the reference measure on the space of fields F and S is the action of the theory
(see Eq. (2.1)). Then, given a collection of observables O1, . . . ,ON P C8pFq, the expectation value is
given by

xO1 ¨ ¨ ¨ON y –
1

Z

ż

F
O1 ¨ ¨ ¨ONe

i
ℏSpφqDφ. (2.5)
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Unfortunately, the above equations (see Eq. (2.3), Eq. (2.4), and Eq. (2.5)) are ill-defined from a measure-
theoretic point of view (cf. [Maz09]). We can still make sense of the path integral through its perturbative
expansion in formal power series. The latter are asymptotic series in ℏ Ñ 0 whose coefficients are Feynman
diagrams. To understand how this is done, let us consider the finite-dimensional case. Consider a manifold
X without boundary, a fixed volume form µX on it, and a function f P C8

c pXq. The stationary phase
formula (cf. [Mne19])

ż

X

µXe
i
ℏ fpxq „

ℏÑ0

ÿ

x0PtxPX|dfpxq“0u

e
i
ℏ fpx0q| det

`

f2px0q
˘

|´
1
2 e

πi
4 signpf2

px0qqp2πℏq
dimX

2 (2.6)

is an asymptotical (ℏ Ñ 0) way of computing the value of the finite-dimensional oscillating integral
on the left-hand side. The idea is that the rapid change in the phase of the integrand when ℏ Ñ 0
cancels out all contributions but those around a critical point of f , where the oscillations slow down.
Following Principle 2.1.1, these are the classical solutions of the theory described by the action f . This
is the reason why we can understand the path integral as a way to interpret the semiclassical limit.
The formula can be improved considering corrections in powers of ℏ, given diagrammatically in terms
of Feynman graphs (cf. [Mne19][Ch. 3]). Then, we define the path integral as such a series in ℏ, which
means that we expand perturbatively in ℏ Ñ 0 around a critical point of f . Crucially, the stationary
phase formula requires critical points to be isolated. This guarantees that the Hessian at a critical point
is non-degenerate. However, if the theory is a gauge theory, there exists a tangential distribution(10)

G Ă TX which preserves the action. In the simple case of Remark 2.1.1, this is described by the local
action of gaugeM,G, but in more general cases it could be given by Lie algebroid (see Def. 2.2.2) or by
a non-integrable distribution. Then, critical points of f come in G-orbits and therefore they are not
isolated. That is, the Hessian is degenerate along G-orbits. To apply the stationary phase formula in this
case, we must first address this issue. The idea is that, since the gauge symmetry is a redundancy of the
theory, this can be solved by fixing the gauge parameter consistently with the path integral quantization.
Naively, we could think of doing so by working on the quotient F{G, but F{G might not be smooth, that
is, a space of sections of a fiber bundle. Faddeev–Popov method, BRST formalism, and BV formalism
are gauge-fixing methods compatible with path-integral quantization for theories with gauge symmetry
respectively given by a Lie group, a Lie algebroid, or a non-integrable distribution. The advantage of the
last is that it subsumes the other two, it can be used in more general cases, and it can be extended to
the case of manifolds with boundaries (cf. [CM20; CMR14; CMR18]).

Faddeev–Popov method

This method was first developed in [FP67] to solve the problem of degeneracy of critical points of the
Yang–Mills action. We recall the finite-dimensional case. LetG be a finite-dimensional compact connected
semisimple Lie group of dimension m acting smoothly and freely(11) on a closed oriented smooth n-
manifold X. The action is given by the map γ : G ˆ X Ñ X, pg, xq ÞÑ γgpxq. Denote by tTau the basis
of the Lie algebra g of G, and by va P XpXq the fundamental vector fields defined by

va,x –
d

dt

ˇ

ˇ

ˇ

t“0

`

expp´tTaq ¨ x
˘

, @x P X. (2.7)

Note that by definition and by the Lie correspondence theorem, the Lie algebra is also finite-dimensional
and semisimple. Let S P C8pXqG and µX P Ωnc pXqG be G-invariant, that is, γ˚

g S “ S and γ˚
g µX “ µX

for any g P G. Then, considering p : X Ñ X{G(12), it follows that

I “

ż

X

e
i
ℏSµX “ VolpGq

ż

X{G

e
i
ℏ S̃µ̃X .

Here, S̃ P C8pX{Gq and µ̃X P Ωn´mpX{Gq are defined by

S “: p˚S̃ and µX “: p˚µ̃X ^ χ,

(10)A distribution is a smooth assignment of a vector subspace of the tangent space to each point of the manifold
x ÞÑ ∆x Ă TxX. It is said to be integrable if, through any point x P X, there is an integral manifold, that is, a
submanifold N Ă X such that TxN “ ∆x for any x P N .
(11)We refer to [Kir08; Ham17] for a complete exposition of Lie groups and Lie algebras, in which we assume the reader to
have basic knowledge.
(12) Note that the quotient X{G and the map p are respectively a smooth pn´mq-manifold and a submersion. This is due
to the action being free and proper (cf. [Ham17][Cor. 3.7.30]), the latter being a consequence of the compactness of the Lie
group (cf. [Ham17][Prop. 3.7.22]).
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where χ P ΩmpXq satisfies ιvm ¨ ¨ ¨ ιv1χ “ 1 and, when restricted to G-orbits in X, yields the volume form
on the orbits induced by the Haar measure on G.
Let the gauge-fixing function ϕ : X Ñ g be smooth and such that:

1. 0 P g is a regular value of ϕ, that is, it is not the image of a critical point of ϕ;

2. σ – ϕ´1p0q Ă X intersects every G-orbit transversally exactly N times for some N ě 1.(13)

Then, using the distributional m-form δpmqpϕq – ϕ˚δD ¨
Ź

a dϕ
a supported at σ, we get(14)

I “
VolpGq

N

ż

σ

e
i
ℏS|σp˚µ̃X “

VolpGq

N

ż

X

´

e
i
ℏS ¨ δpmqpϕq

¯

p˚µ̃X “:
VolpGq

N

ż

X

`

e
i
ℏS ¨ ϕ˚δD ¨ J

˘

µX ,

where the latter is taken as a definition of J P C8pXq.

Proposition 2.2.1. We can express the coefficient J P C8pXq by the Faddeev–Popov determinant

Jpxq “ detgpFP pxqq,

where FP pxq “ dxϕ ˝ d1,xγ : g Ñ g, with d1,xγ the infinitesimal action of G on X viewed as a derivative
of the group action γ, and the determinant is calculated in the adjoint representation of g. In components,
we have

FP pxqab “ xdϕpxqa, vbpxqy “ vbpϕ
aq
ˇ

ˇ

x
.

where the pairing is the dual pairing of T˚
xX and TxX. This implies that

I “

ż

X

e
i
ℏµX “

VolpGq

N

ż

X

`

e
i
ℏS ¨ ϕ˚δD ¨ detgpFP pxqq

˘

µX .

A proof can be found in [Mne19][Lemma 4.1.2]. Note that the transversality condition is essential to
ensure non-degeneracy of the FP matrix, which physically means that there is no residual gauge freedom
left.
Then, we introduce auxiliary integration variables λ P g˚, c P Πg and c̄ P Πg˚, called respectively
Lagrange multiplier variable, ghost, and antighost. By standard Fourier analysis and using the
property of the graded integration recalled in Section 1.3, the following hold

δDpϕpxqq “
1

p2πℏqm

ż

g˚

e
i
ℏ xλ,ϕpxqydmλ,

detgpFP pxqq “

ˆ

ℏ
i

˙m ż

Πpg‘g˚q

e
i
ℏ xc̄,FP pxqcydmc ¨ dmc̄,

where the pairing is the dual pairing of g˚ and g. Using the above, we obtain

I “

ż

X

e
i
ℏSµX “

VolpGq

Np2πiqm

ż

XˆgˆΠpg‘g˚q

e
i
ℏSFP px,λ,c,c̄qµX ¨ dmλ ¨ dmc ¨ dmc̄ (2.8)

with SFP px, λ, c, c̄q – Spxq ` xλ, ϕpxqy ` xc̄, FP pxqcy.

The right-hand side of the latter has isolated critical points. As a consequence, the Hessian of the extended
Faddeev–Popov action SFP is non-degenerate and the stationary phase formula (see Eq. (2.6)) is appli-
cable (cf. [Mne19][Thm. 4.1.5]). This gives a perturbative solution around a classical field configuration
solving the extended Faddeev–Popov Euler–Lagrange equations

c “ c̄ “ 0, Bxi
Spxq ` xλ, Bxi

ϕy “ 0, ϕpxq “ 0.

Remark 2.2.2. In the infinite-dimensional case, the odd variables c, c̄ are sections of a Zp2q-graded vector
bundle Y Ñ M with purely odd fiber Vodd (see Def. 1.3.18). To simultaneously consider bosonic and
ghost fields in a classical field theory, we should build the composite bundle Y Ñ F Ñ M as in Definition
3.3.3 (cf. [GSM09]). In this case, the integral should be understood heuristically as an asymptotic series
in ℏ Ñ 0.
(13)σ can be understood as the image of a local section of the principal bundle p : X Ñ X{G. Thanks to transversality,
every orbit sufficiently close to the base point intersects σ in exactly one point. In this sense, ϕ gives a way of gauge fixing,
that is, to locally pick a unique representative of the orbit.
(14)We are assuming a consistent orientation for all the intersections, but usually this is not the case. In general, the factor
in the denominator should be the algebraic sum of the number of intersections. Typically, this is less N and often 1.
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BRST formalism

The BRST formalism, which was independently developed in [Tyu75; BRS76], is a cohomological formal-
ism to treat gauge symmetry. Informally, one observes that, after gauge-fixing Yang–Mills theory via the
Faddeev–Popov method, there is an additional symmetry governed by the BRST operator. We can think
of the BRST formalism as a way to deal with both the gauge symmetry and this additional symmetry.

Definition 2.2.1. A classical BRST theory is a tuple pF , Q, Sq where F is a Z-graded manifold (see
Def. 1.3.16), the BRST operator Q P XpFq1 is a cohomological vector field (see Def. 1.3.20), and the
action S P C8pFq0 is a gauge invariant even function, that is QpSq “ 0.

Starting from the finite-dimensional Faddeev–Popov data, the BRST classical package is given by

`

F “ X ˆ gr1s, Q “ dCE , S P C8pXqG
˘

,

where dCE is the Chevalley-Eilenberg differential of g twisted by C8pXq (see Eq. (2.13)). In local
coordinates pxi, caq P X ˆ gr1s, we can write

Q “
1

2

ÿ

a,b,c

f cabc
acbBcc ´

ÿ

a,i

caviapxqBxi , (2.9)

where
ř

c f
c
abTc “ rTa, Tbs is the structure constant of g. Since degZpxiq “ 0 and degZpcaq “ 1, it follows

that degZpQq “ 1. Note that S has degree 0 as it is zero along ca and QpSq “ 0 is equivalent to gauge
invariance of the action γ˚

g S “ S. Indeed, using the definition of fundamental vector fields va (see
Eq. (2.7)), the latter can be expressed in terms of local action as vapSq “ 0. The last thing to check is
that Q2 “ 0. To see this, let us recast the latter discussion in terms of a Lie algebroid.

Definition 2.2.2. A Lie algebroid is a vector bundle E Ñ M with an R-bilinear skew-symmetric map

r´,´s : ΓM pEq ˆ ΓM pEq Ñ ΓM pEq,

satisfying the Jacobi identity. Additionally, the vector bundle is endowed with a bundle map ρ : E Ñ TM
over M , called anchor map, such that for all α, β P ΓM pEq, f P C8pMq, the following holds

rα, f ¨ βs “ f ¨ rα, βs ` ρpαqpfq ¨ β. (2.10)

This equation implies that the anchor map descends to a Lie algebra morphism ρ : ΓM pEq Ñ XpMq, i.e.

ρprα, βsq “ rρpαq, ρpβqs. (2.11)

Indeed, for all α, β, δ P ΓM pEq, f P C8pMq, Jacobi identity and Equation (2.10) imply

f rrα, βs, δs ` ρprα, βsqpfqδ “ rrα, βs, fδs “ rα, rβ, fδss ´ rβ, rα, fδss “ rα, f rβ, δs ` ρpβqpfqδs`

´ rβ, f rα, δs ` ρpαqpfqδs “ f rα, rβ, δss `((((((ρpαqpfqrβ, δs `((((((ρpβqpfqrα, δs ` ρpαqpρpβqpfqqδ`

´ f rβ, rα, δss ´((((((ρpβqpfqrα, δs ´((((((ρpαqpfqrβ, δs ´ ρpβqpρpαqpfqqδ “ f rrα, βs, δs ` rρpαq, ρpβqspfqδ.

Let us consider M “ X, E “ g ˆX, the Lie bracket of section defined as

rα, βspxq – rαpxq, βpxqsg ` ρpαpxqqpβqpxq ´ ρpβpxqqpαqpxq, (2.12)

where the anchor map is given by ρ – d1,´γ : E “ gˆX Ñ TX. This defines the action Lie algebroid.
The bracket is clearly bilinear and skew-symmetric. Moreover, using the definition of ρ and the fact that
the Lie brackets on g and XpXq satisfy the Jacobi identity, it is possible to show that the whole bracket
satisfies it. Finally, using the linearity of ρ in g and the Leibniz rule for the regular derivation induced
by ρ, we get for all x P X

rα, f ¨ βspxq “ rαpxq, fpxq ¨ βpxqsg ` ρpαpxqqpfβqpxq ´ ρpfpxqβpxqqpαqpxq “

“ fpxq ¨

´

rαpxq, βpxqsg ` ρpαpxqqpβqpxq ´ ρpβpxqqpαqpxq

¯

` ρpαpxqqpfqpxq ¨ βpxq “

“ rf ¨ rα, βs ` ρpαqpfq ¨ βspxq.
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Consider the corresponding Z2-graded manifold ΠE – Er1s “ X ˆ gr1s defined by the Z2-graded algebra
of functions

C8pEr1sq “
ľ‚

g˚ b C8pXq. (2.13)

On it, we can define a cohomological vector field that corresponds in local coordinates to Equation (2.9).
By doing so, we construct the Chevalley-Eilenberg complex pC8pEr1sq, Qq of g with coefficients in the
module C8pXq, where the module structure is given by Ta b f ÞÑ vapfq. It is possible to see that Q2 “ 0
is equivalent to the Jacobi identity for the Lie algebroid bracket (see Eq. (2.12)) and the fact that the
anchor map descends to a Lie algebra morphism (see Eq. (2.11)). Indeed, we get

Q2pccq “ Q

ˆ

ÿ

a,b

1

2
f cabc

acb
˙

“
ÿ

a,b,d,e

1

4
f cabpf

a
dec

dcecb ´ f bdec
dcecaq “ ´

ÿ

a,b,d,e

1

2
f cbaf

a
dec

dcecb “ 0

Q2pxiq “ Q

ˆ

´
ÿ

a

caviapxq

˙

“
ÿ

j,a,d

cdvjdpxqcaBxjviapxq ´
ÿ

a,d,e

fade
2
cdceviapxq “

“
ÿ

d,e

cdce

2
prvd, ves

ipxq ´ vird,espxqq “ 0.

In the last step of the first equation, we anti-symmetrized in d, e, b obtaining the Jacobi identity at the
level of structure constants

ř

apf cbaf
a
de ` f cdaf

a
eb ` f ceaf

a
bdq “ 0. In the second-to-last step of the second

equation, we anti-symmetrized in d, a and we used linearity of ρ in g to get

vird,espxq “ ρiprTd, Tes, xq “
ÿ

a

fadeρ
ipTa, xq “

ÿ

a

fadev
i
apxq.

We concluded noticing that what we obtained is nothing more than Equation (2.11) in components.

Definition 2.2.3. A quantum BRST theory is a classical BRST theory pF , Q, Sq with a Berezinian
µ on F such that

divµQ “ 0.

Remark 2.2.3. The latter definition is rigorous if F is finite-dimensional, for which we can make proper
sense of the Berezinian. In this case, a direct consequence of Definition 1.3.24 is that

ż

F
Qpfqµ “ 0, (2.14)

for any f P C8pFq compactly supported or such that it rapidly decays at infinity, which means that the
boundary contribution to the integral vanishes at infinity. We are interested in integrals of the form

ş

F fµ
where f P C8pFq is a gauge invariant function, i.e. Qpfq “ 0. Such functions are also called Q-cocycles.
By Equation (2.14), the integral

ş

F fµ is invariant under shifts of the integrand by a Q-coboundary
Qpgq, with g P C8pFq. Then, the BRST integral is a map from the cohomology classes of Q to the
real or complex field

ż

F
µ : Hk

QpC8pFqq –
tf P C8pFqk|Qpfq “ 0u

tf P C8pFqk|Qpgq “ f, g P C8pFqk´1u
Ñ R por Cq, (2.15)

for any k P Z. As a consequence, the partition function can be written as

Z “

ż

F
e

i
ℏSµ “

ż

F
e

i
ℏ pS`QpΨqqµ

for some Ψ P C8pFq´1. Indeed, the difference of the two integrands is Q-exact

e
i
ℏ pS`QpΨqq ´ e

i
ℏS “ e

i
ℏSQ

` iΨ

ℏ

˘

8
ÿ

n“1

`

Q
`

iΨ
ℏ

˘˘n

pn` 1q!
“ e

i
ℏSQ

` iΨ

ℏ

˘eQp iΨ
ℏ q ´ 1

Q
`

iΨ
ℏ

˘ “ Q

˜

e
i
ℏS

iΨ

ℏ
eQp iΨ

ℏ q ´ 1

Q
`

iΨ
ℏ

˘

¸

.

In the last equality, we used QpSq “ 0 and Q2 “ 0. Observables(15) in this formalism are Q-cocycles
O P C8pFq, as this ensures the integrand of Equation (2.5) to be a Q-cocycle.(16) In the infinite-
dimensional case, one has to make sense of it via functional integral measure or via the stationary phase

(15)Observables are usually Q-cocycles of ghost degree 0. However, we could define observables as combinations of Q-
cocycles of non-null ghost degree such that the total ghost degree is 0. Examples of this are the surface observables in BF
theory (cf. [Cat97]).
(16)Multiplication of Q-cocycles is a Q-cocycle by Leibniz rule and induction.
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formula. In the latter case, one has to first take care of the degeneracy of the Hessian of S due to the
gauge symmetry. A good gauge-fixing is a choice of Ψ, called gauge fixing fermion, so that the critical
points of S `QpΨq are isolated. By Equation (2.14), the result is independent of this choice.

Let us consider the Faddeev–Popov data as above. The space of fields F “ X ˆ gr1s does not have a
non-zero element of degree ´1 that could be taken as a gauge-fixing fermion. Furthermore, since S is
null along gr1s, the would-be partition function

Z “

ż

F
e

i
ℏSµXdmc

is identically null. The solution is to consider the following system

`

Ftot – F ˆ Faux, Qtot – Q`Qaux, S P C8pXqG, µ – µX ¨ dmc ¨ µaux

˘

,

where Faux – g˚r´1s ‘ g˚ Q pc̄a, λaq, Qaux –
ř

a λaBc̄a , and µaux – dmc̄ ¨ dmλ. Note that

1. Q2
tot “ 0 since

Q2
totpx

iq “ Q2pxiq “ 0, Q2
totpc

aq “ Q2pcaq “ 0

Q2
totpc̄aq “ Qpλaq `Qauxpλaq “ 0 Q2

totpλaq “ 0

2. S P C8pFq0 and QtotpSq “ QpSq “ 0 as above.

3. It is possible to check in coordinates (cf. [Mne19][Sec. 4.2.6]) that

divµQtot “
ÿ

a

ca
´

ÿ

b

f bab ´ divµX
pvaq

¯

“ 0

since the two terms vanish independently. Indeed, µX is G-invariant and thus fundamental vector
fields va are divergence free w.r.t. it,(17) and

ř

b f
b
ab “ trgrTa,´s vanishes since the Lie group G is

compact and connected.(18)

4. Due to freeness(19) of the G-action on X, the BRST cohomology H‚
Qtot

– H‚
Q (see Eq. (2.15)) is

concentrated in degree zero, with H0
Q – C8pXqG – C8pX{Gq. In this sense, we may say that

the BRST theory we just defined is a cohomological resolution of the quotient X{G. This can be
understood in the setting of equivariant cohomology (cf. [GS99; Tu20; Kal93]). Indeed, when the
G-action is free, the G-equivariant cohomology of X corresponds to the de Rham cohomology of
G-invariant forms (cf. [Tu20][Cor. 9.6]) on X. We now show this more explicitly, referring to [BT82;
Hat02] for a proper discussion of what follows.
To show that H‚

Qtot
– H‚

Q, or equivalently that C8pFtotq, Qtot and C
8pFq, Q are quasi-isomorphic,

we would like to show that the auxiliary part has no contribution.

(a) First, we show that C8pFauxq, Qaux has the cohomology of a point,(20) that is

H0
Qaux

pC8pFauxqq “ R and Hk
Qaux

pC8pFauxqq “ 0, @k ‰ 0.

In other words, we want to show that functions in C8pFauxq contract to constants, which are
functions on a point. Using the Einstein summation convention, we write any function as

C8pFauxq Q fpλ, c̄q “
gi1...inpλq

n!
c̄i1 ¨ ¨ ¨ c̄in with n ď m,

(17)The divergence divµpvq measure how the flow by v locally changes volume, as measured using µ.
(18)The fact that the Lie group G is compact implies that G is unimodular (cf. [Kna05][Prop. 6.15]). G is unimodular,
i.e. its left and right Haar measures agree, if and only if |detpAdpgqq| “ 1 for all g P G (cf. [Dow23]). If G is connected,
this condition needs only to be checked locally around the identity element of G and without absolute value. The fact that
detpAdpgqq “ 1 is constant near the identity is equivalent to ask trpadq “ 0 at the level of Lie algebra g.
(19)Note that freeness ensures both the smoothness of X{G (see ft. (12), p. 35) and that the cohomology is concentrated in
degree zero. For example, consider the case of a Lie algebra acting trivially on a point. The latter is an extreme case of
non-freeness. Then, the cohomology of Q “ 1

2

ř

a,b,c f
c
abc

acbBcc is the Lie algebra cohomology of g with coefficients in the

trivial module, which is generally nontrivial (cf. [HS71][Ch. VII]).
(20)This point can be understood as a particular extension of the algebraic proof of the Poincarè Lemma [Cat18][Lemma
9.33], where instead of the exponential in the integral we use an appropriate power of the integral variable.

39



2.2. FADDEEV–POPOV, BRST AND BV FORMALISMS

where gi1...in P C8pg˚q are fully antisymmetric in the indices. Then, define

hpfq –

ż 1

0

tnBtλa

gi1...inptλq

n!
dtc̄ac̄i1 ¨ ¨ ¨ c̄in “

ż 1

0

tnBtλa

gIptλq

n!
dtc̄ac̄I ,

where I “ pi1, . . . , inq is the usual multi-index. This defines a map of degree ´1. Then,

`

Qauxh` hQaux

˘

pfq “ Q

ˆ
ż 1

0

tn
Btλa

gIptλq

n!
dtc̄ac̄I

˙

` h

ˆ

n
gbi2...inpλq

n!
λbc̄i2 ¨ ¨ ¨ c̄in

˙

“

“

ż 1

0

tn
Btλag

Iptλq

n!
dtλac̄I ´

ż 1

0

tn
Btλag

Iptλq

n!
dtc̄aQpc̄Iq`

`

ż 1

0

ntn´1 Btλag
bi2...inptλq

n!
tλbdtc̄ac̄i2 ¨ ¨ ¨ c̄in `

ż 1

0

ntn´1 g
ai2...inptλq

n!
dtc̄ac̄i2 ¨ ¨ ¨ c̄in “

“

ż 1

0

d

dt

ˆ

tn
gIptλq

n!

˙

dtc̄I “

„

gIpλq

n!
´ lim
tÑ0

tn
gIptλq

n!

ȷ

c̄I “

#

fpλ, c̄q , n ą 0

fpλ, c̄q ´ fp0, c̄q, n “ 0

where we used nλbc̄i2 ¨ ¨ ¨ c̄in “ Qpc̄Iq and the fundamental theorem of calculus. Therefore,

Qauxh` hQaux “ id ´ π,

where πpfpλ, c̄qq “ fp0, 0q is the projection into constant part in λ and c̄. Consequently, for
n ą 1, any closed (Qauxf “ 0) function f P C8pFauxq´n is also exact

f “
`

Qauxh` hQaux

˘

pfq “ Qauxhpfq, hpfq P C8pFauxq´pn`1q.

Since this algebra is only negatively graded, this means that Hk
Qaux

pC8pFauxqq “ 0, @k ‰ 0.
All the cohomology is concentrated in n “ 0. In particular, any closed function f P C8pFauxq0

is cohomologically characterized by its constant part

f “
`

Qauxh` hQaux ` π
˘

pfq “ Qauxhpfq ` fp0, 0q.

This means that the cohomological class of f is characterized by fp0, 0q P R, as their difference
is exact. That is, H0

Qaux
pC8pFauxqq “ R.

(b) We want to extend this to show that functions C8pFtotq contracts to functions on the original
space of fields C8pFq. To do this, define

Hpf b gq – p´1q´ degZpfqf b hpgq

for any f b g P C8pFtotq “ C8pFq b C8pFauxq of homogeneous degree degZpf b gq “

degZpfq ` degZpgq. On it, the cohomological vector field acts as Qtotpf b gq “ Qpfq b g `

p´1qdegZpfqf bQauxpgq. Then,

`

QtotH `HQtot

˘

pf b gq “ Qtot

`

p´1q´ degZpfqf b hpgq
˘

`H
`

Qpfq b g`

` p´1qdegZpfqf bQauxpgq
˘

“ p´1q´ degZpfqQpfq b hpgq ` f bQauxhpgq`

` p´1q´ degZpfq`1Qpfq b hpgq ` f b hQauxpgq “ f b pg ´ πgq “ f b gp0, 0q.

That is,
QtotH `HQtot “ id ´ idC8pFq b π.

In other words, the cohomological classes are defined by functions on the original space of
fields C8pFq. Indeed, for any closed f b g P C8pFtotq, we have

f b g ´ pidC8pFq b πqpf b gq “ QtotHpf b gq.

Therefore, f b g „ pidC8pFq b πqpf b gq „ f b gp0, 0q „ gp0, 0qf b 1. So H‚
Qtot

– H‚
Q.

To show H0
Q – C8pXqG – C8pX{Gq, first notice that the second relation is automatically true

using p˚ : C8pX{Gq Ñ C8pXqG as isomorphism. To characterize H0
Q remember that, as argued

for the action S, for any zero degree function F P C8pFq0, that is constant along ca, closeness
QpF q “ 0 is equivalent to G-invariance γ˚

g F “ F . Indeed, using the definition of fundamental
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vector fields va (see Eq. (2.7)), the latter can be expressed in terms of local action as vapF q “ 0.
As C8pFq is positively graded there is no function such that Qpgq “ f .
Finally, Hk

QpC8pFqq “ 0, @k ‰ 0 is true for any k ă 0 as this algebra is positively graded. For
k ą 0, we should repeat the steps of point (a) above with an appropriate h. Alternatively, we
could use the local triviality of X over X{G, given by freeness, and locally repeat the steps of point
(a) only along the orbits. Then, to conclude, this should be trivially extended in the considered
local patch of X{G. More generally, since the Lie algebra is finite-dimensional and semisimple, one
could use Whitehead’s theorem [AI95][Thm. 6.6.1]. Indeed, we are working over R or C, which are
fields of characteristic zero. Furthermore, we can split the g-module C8pXq as a sum of finite-
dimensional irreducible representations of g. This carries with it a direct decomposition of the
cohomology groups, to each of which we can apply the theorem if the representation is non-trivial.
Thinking of X as a G-bundle over X{G, thanks to the freeness of the action, we can locally write
C8pXq – C8pX{Gq ˆC8pGq. Then, we use the Peter-Weyl theorem(21) to decompose C8pGq into
a sum of finite-dimensional irreducible representations of g. Notice that the trivial representation
appears once, corresponding to constant functions, while all other irreducibles are nontrivial and
hence acyclic by Whitehead. Gluing this together, one gets that globally

H0
Q – C8pX{Gq and Hk‰0

Q – 0.

Then the integral

I “

ż

Ftot

e
i
ℏSµ “

ż

Ftot

e
i
ℏ pS`QtotpΨϕqqµ (2.16)

with Ψϕ – xc̄, ϕpxqy P C8pFtotq´1 so that QtotpΨϕq “ xλ, ϕpxqy ` xc̄, FP pxqcy, giving exactly Equa-
tion (2.8) up to a constant factor. Thanks to Equation (2.14), the result is invariant under change of the
gauge fixing fermion or of gauge fixing function ϕ : X Ñ g.

Remark 2.2.4. The above can be cast in terms of the infinitesimal gauge symmetry described by the
integrable distribution impd1,´γq Ă TX of the anchor map of the action Lie algebroid g ˆ X Ñ X (see
around Eq. (2.12)). The BRST formalism allows us to treat gauge theories whose symmetries are described
by more general integrable distributions associated to certain Lie algebroids (cf. [Mne19][Rmk. 4.3.7]).
In this sense, it subsumes the Faddeev–Popov method for gauge theories with symmetry groups given by
Lie groups, while also extending the formalism to a broader class of symmetries encoded by integrable
Lie algebroids. To consider even more complicated symmetries given by non-integrable distributions, we
have to resort to the BV formalism.

BV formalism

In [BV81; BV83], Batalin and Vilkovisky developed a more general construction compatible with path-
integral quantization of gauge theories with local symmetry given by a non-integrable distribution. Clas-
sically, this amounts to finding a suitable odd-symplectic extension of the classical gauge theory by ghosts,
antifields, and antighosts. The gauge symmetry is given via a cohomological Hamiltonian vector field of
the proper extended action as in the BRST formalism, while the gauge fixing is described as a choice of
Lagrangian submanifold of the extended space of fields.(22)

Definition 2.2.4. A classical BV theory is a tuple pF , ω, Sq where F is a Z-graded manifold (see
Def. 1.3.16), ω P Ω2pFq´1 is an odd-symplectic form (see Def. 1.4.7) and the BV action S P C8pFq0 is
an even function satisfying the classical master equation (CME)

tS, Suω “ 0, (2.17)

where the bracket is defined as in Equation (1.4.8) with respect to ω.

(21)This theorem gives a decomposition of L2pGq into a sum of finite-dimensional irreducible representations of g
(cf. [Kna86][Thm. 1.12]). Assuming rapid-decay condition, one can also show it for C8pGq.
(22)This setting can be extended to a cohomological symplectic formalism (BV–BFV) that allows treating gauge theories on
spacetime manifolds with boundaries [CMR14]. Its quantum version [CMR18] is a powerful tool, compatible with cutting
and gluing, to quantize such gauge theories perturbatively.
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Remark 2.2.5.

1. The Hamiltonian vector field generated by S

Q – XS “ tS,´uω P XpFq1

squares to zero as a consequence of CME (see Prop. 1.4.3). We call it the BRST operator.
Moreover, LQω “ 0 follows from ιQω “ dS.

2. Equivalently (see Prop. 1.4.3), we can define a BV theory as a tuple pF , ω, S,Qq where F is a
Z-graded manifold, ω P Ω2pFq´1 is an odd-symplectic form, S P C8pFq0 and Q P XpFq1 such that

ιQω “ dS and rQ,Qs “ 0,

where the latter is the Lie bracket in XpFq (see Eq. (1.13)).

3. Using the odd-symplectic structure of F and the definition of Q, it is possible to show in local
coordinates that the zero locus of Q is the critical locus of the BV action S. We speak of BV
extension pF , ω, Sq of a classical theory pFcl, Sclq when Fcl is the non Q-exact ghost number zero
part of F and Scl “ S|Fcl

. Q-exact fields must be quotiented out, as they can only arise as
auxiliary fields and therefore do not correspond to physical fields in the BV/BRST formalism. To
understand this, see Theorem 2.1 (Equation (2.14)), and its role in defining physical BV (BRST)
classical observables (ℏ Ñ 0). Then H0

Q “ C8ptδScl “ 0uq corresponds to functions on the zero
locus of the classical action Scl

(23). This means that tQ “ 0u X Fcl is the critical locus of Scl, that
is, the space of fields solving the Euler–Lagrange equations.

4. In the infinite-dimensional case, asking ω to be non-degenerate is too restrictive. In general, it
is enough to ask for it to be a weakly-symplectic form (see Def. 1.4.7). This only ensures the
uniqueness of the Hamiltonian vector field, but not its existence. Therefore, the existence of the
cohomological vector field Q should be regarded as additional global data of the BV theory, and
the first condition in point 2. should be imposed to ensure that Q is the Hamiltonian vector field
for S. For the application we are presenting in Section 3.4, weak non-degeneracy alone does not
guarantee the existence of a Hamiltonian vector field for S, and therefore its existence is imposed
as additional global data (see Def. 3.4.1).

5. The Hamiltonian counterpart of this formalism, called the BFV formalism (cf. [BF83]), is given
considering ω P Ω2pFq0, S P C8pFq1. Note that the space of fields is not the same as for BV.

Geometrically, the classical critical locus of a Lagrangian field theory is the zero locus of the variational
differential of the action functional (see Principle 2.1.1). For Lagrangian gauge field theories, this locus
is typically singular, and the BV formalism replaces it with a derived critical locus. To encode gauge
data, one considers the extended space of fields F that also include ghosts. Antifields then arise naturally
as coordinates on the shifted cotangent bundle of the latter T˚r´1sF , and encode the equations of
motion together with their higher relations, including the Noether identities. More explicitly, considering
the initial Faddeev–Popov data, we can construct one of the two BRST systems described above and
further obtain their BV extensions as follows. Given a BRST system pFBRST, QBRST, SBRSTq, this entails
considering

´

FBV – T˚r´1sFBRST, ωBV, SBV – p˚SBRST ` ČQBRST

¯

.

Here, ωBV is the standard symplectic structure of the cotangent bundle and p : FBV Ñ FBRST is the
projection to the base of the cotangent bundle. Finally, ČQBRST is the lifting of QBRST from the base
of the cotangent bundle to a function on the total space which is linear in the fibers. In local Darboux
coordinates of fields and antifields pφα, φ`

α q P T˚r´1sFBRST, we get

ωBV “
ÿ

α

dφα ^ dφ`
α

SBVpφ,φ`q “ SBRSTpφq `
ÿ

α

φ`
αQ

α
BRST, (2.18)

(23)Note that this is only an heuristic identification in the regular case. Strictly speaking, one usually obtains functions on
the derived critical locus modulo gauge equivalence. Identifying this with ordinary functions on the Euler—Lagrange locus
requires additional regularity assumptions and absence of residual gauge phenomena.
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where QαBRST “ LQBRST
φα. By definition, the above have the right grades. Moreover, Q2

BRST “ 0 and
QBRSTpSBRSTq “ 0 imply the CME. Indeed, working in local Darboux coordinates, we get

tSBV, SBV uωBV
“ 2

ÿ

α

BφαpSBVqBφ`
α

pSBVq “ 2

ˆ

ÿ

α

BφαpSBRSTqQαBRSTpφq` (2.19)

`
ÿ

β,α

φ`
β BφαpQβBRSTpφqqQαBRSTpφq

˙

“ 2QBRSTpSBRSTq `
ÿ

β

φ`
β rQBRST, QBRSTsβpφq “ 0.

The Hamiltonian vector field of SBV, i.e. the BRST operator, has the form

QBV “ Xp˚SBRST
`Qcot.lift

BRST ,

where the second is the cotangent lift of QBRST on the base of the cotangent bundle to a vector field on
the total space.(24) In coordinates, we get

QBV “
ÿ

α

BφαpSBRSTpφqqBφ`
α

`

`
ÿ

α

QαpφqBφα `
ÿ

α,β

p´1qpdegZpφα
q`1q degZpφβ

qφ`
αBφβ

`

Qαpφq
˘

Bφ`
β
.

To understand the quantum version, let us introduce the following definition and result.

Definition 2.2.5. Let pM, ωq be an odd-symplectic Z2-graded pm|mq-manifold.(25) A Berezinian µ P

BERpMq (see Def. 1.3.23) is compatible with ω if there exists an atlas of Darboux charts pxi, ξiq on
M such that locally µ “ dmxdmξ in all charts of the atlas, called special Darboux charts. Given
pM, ω, µq an odd-symplectic manifold with a compatible Berezinian, we define the Batalin–Vilkovisky
Laplacian as the odd second-order operator ∆µ : C

8pMq Ñ C8pMq given by

∆µpfq –
1

2
divµpXf q.

The BV Laplacian squares to zero. Indeed, in local special Darboux coordinates, we get the following

∆µ “
ÿ

i

BxiBξi ùñ ∆2
µ “

ÿ

i,j

BxiBxj BξiBξj “ 0.

The latter expression is zero, since the summand changes sign under i Ø j, making the sum over i, j
vanish. In both the Z2-graded and Z-graded case (in which degZpωq “ ´1) the BV Laplacian has degree
`1. The graded Poisson bracket with respect to ω can be understood as the failure of the BV Laplacian
to be a derivative. Indeed, for all homogeneous f, g P C8pMq, the following holds

∆µpfgq “ p∆µfqg ` p´1q
degZp2q

pfq
fp∆µgq ` p´1q

degZp2q
pfq

tf, gu,

as can be checked in local coordinates.

Definition 2.2.6. Consider an odd-symplectic manifold with a compatible Berezinian pM, ω, µq, a ho-
mogeneous function f P C8

c pMq and an odd function Ψ P C8pMq depending only on x-variables of a
local special Darboux chart pxi, ξiq, called gauge-fixing fermion. Let us choose the Lagrangian sub-
manifold LΨ Ă ΠT˚Rm defined by ξi “ BxiΨ, which is projectable onto the space of the x-variables.(26)

Then the BV integration map(27) is defined by
ż

LΨ

f –

ż

f
ˇ

ˇ

ˇ

ξi“BxiΨ
dmx.

The following theorem is the main result of Batalin and Vilkovisky, which guarantees the independence
of the physical observables from the gauge fixing.

(24)Let pM,ωq be a symplectic manifold. The cotangent lift of a vector field v P XpMq is the unique vector field
v# P XpT˚Mq whose flow is the lift (cf. [Sil01][Sec. 2.4]) of the flow of v.
(25)If it is Z-graded, we consider only the underlying Z2-graded structure.
(26)LΨ is a projectable Lagrangian submanifold since it is the graph of dΨ over the x-space. Then, dimLΨ “ 1

2
dimΠT˚Rm,

ωcan|LΨˆLΨ
“

ř

i,j Bxj Bxi pΨqdxi ^dxj “ 0, and LΨ is projectable, that is, the projection px, ξq ÞÑ x restricts to a bijection

when projecting LΨ. Note that implicitly we are using Schwarz Theorem (see Thm. 1.1).
(27)To describe this globally, we should work with half-densities (cf. [Mne19][Sec. 4.6.2]).

43



2.2. FADDEEV–POPOV, BRST AND BV FORMALISMS

Theorem 2.1. The following holds:

1. If f “ ∆µg, then
ş

LΨ
f “ 0, for every Ψ such that the integral is defined.

2. If ∆µf “ 0, then d
dt

ş

LΨt
f “ 0, where tΨtu is a continuous family of gauge fixing fermions, such

that the integral is defined for every t.

A proof can be found in [CM20][Thm. 5.0.1] or [Mne19][Thm. 4.4.12].

Remark 2.2.6. The above theorem indeed allows us to speak of gauge independence. To see this,
consider a continuous family tΨtu of gauge fixing fermions, let LΨ0

“ Rn|m Ă ΠT˚Rn|m such that
ş

LΨ0
f does not converge for f a given ∆-cocycle p∆f “ 0q. Assume

ş

Ψt
f converges for all t ‰ 0 in a

neighborhood of 0. Then we define
ż

LΨ0

f –

ż

LΨt

f

for some t in this pointed neighborhood. The choice of Lagrangian submanifolds is equivalent to gauge-
fixing, and the integral above is independent of such a choice by Theorem 2.1. When f “ e

i
ℏS for some

even function S, the integral above becomes some partition function (see Eq. (2.4)). In order to apply
the stationary phase formula, we use the above as a gauge-fixing procedure to solve a potential Hessian
degeneracy arising from gauge freedom. Note that, using the Taylor expansion of the exponential, we get

0 “ ∆µf “
i

ℏ
∆µSe

i
ℏS `

ˆ

i

ℏ

˙2
1

2
tS, Suωe

i
ℏS . (2.20)

BV-observables O P C8pMq are δS-cocycles, with δS – tS,´uω ´ iℏ∆µ. The latter condition is
equivalent to asking for the observable to be gauge-invariant, as it implies ∆µpe

i
ℏSOq “ 0.

Definition 2.2.7. A quantum BV theory is a tuple pF , ω, µ, Sq where F is a Z-graded manifold,
ω P Ω2pFq´1 is an odd-symplectic form, µ P BERpFq is a Berezinian compatible with ω (see Def. 2.2.5)
and the BV action S P C8pFq0, that can be expanded as power series in ´iℏ, satisfies the quantum
master equation (QME)

1

2
tS, Suω ´ iℏ∆µS “ 0 ðñ ∆µe

i
ℏS “ 0. (2.21)

The bracket is defined as in Equation (1.4.8) with respect to ω.(28)

The latter definition is rigorous if F is finite-dimensional, for which we can make proper sense of the
Berezinian.
Given the initial finite-dimensional Faddeev–Popov data, let us consider the quantum BRST system as
above

`

Ftot – F ˆ Faux, Qtot – Q`Qaux, S P C8pXqG, µ – µX ¨ dmc ¨ dmc̄ ¨ dmλ
˘

.

We can build the classical BV extension following the general procedure described above. In particular,

FBV – T˚r´1sFtot “ T˚r´1sX ˆ gr1s ˆ g˚r´2s ˆ g˚r´1s ˆ g ˆ g˚ ˆ gr´1s

with local special Darboux coordinates FBV Q pxi, x`
i , c

a, c`
a , c̄a, c̄

`a, λa, λ
`aq,

ωBV –
ÿ

i

dxi ^ dx`
i `

ÿ

a

dca ^ dc`
a `

ÿ

a

dc̄a ^ dc̄`a `
ÿ

a

dλa ^ dλ`a,

SBV – Spxq `
ÿ

i,a

caviapxqx`
i `

1

2

ÿ

a,b,c

f cabc
bccc`

a `
ÿ

a

λac̄
`a.

The BV action contains the classical action as a term independent of antifields, and the gauge data,
i.e. the local gauge transformations on classical fields and the algebra of gauge transformations, as terms

(28)The QME comes from Equation (2.20). Moreover, we can expand the BV action as S “ S0 ` p´iℏqS1 ` p´iℏq2S2 ` . . ..
S0 is the classical action of the original classical BV theory, and it satisfies the CME tS0, S0u “ 0. The QME can be
understood as an order-by-order (in ℏ) condition on the quantum action: quantization then equates to finding the quantum
action expansion terms satisfying such conditions. For a more detailed discussion, we refer to [Mne19; CMS25].
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linear in antifields. Higher terms in antifields would arise in the case we consider a non-integrable gauge
symmetry. Furthermore, tQBV “ 0u XX is precisely the critical locus of S. To see this, we need to build
the quantum BV theory. To this end, consider the compatible Berezinian

µBV “ dnx ¨ dnx` ¨ dmc ¨ dmc` ¨ dmc̄ ¨ dmc̄` ¨ dmλ ¨ dmλ`.

Note that SBV is independent of ℏ, so the QME splits into CME, which holds as in Equation (2.19),
and ∆µBV

SBV “ 0, which follows from the definitions of ∆µ, QBV and divµQBRST “ 0, as can be
checked in local coordinates. The gauge-fixing is given by the choice of the Lagrangian submanifold
LΨ “ graphpdΨq Ă FBV for some Ψ P C8pFtotq´1. Choosing Ψϕ “ xc̄, ϕpxqy as in the BRST case, locally
corresponds to imposing the following

LΨ :

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

x, c, λ, c̄ are free

x` “ ´pdxϕqT pc̄q

c` “ 0

λ` “ 0

c̄` “ ϕpxq.

This yields exactly the right hand side of Equation (2.16), or of Equation (2.8) up to a constant factor,

ż

LΨ

e
i
ℏSBV “

ż

Ftot

e
i
ℏ

`

Spxq`
ř

a,b c̄bFP
b
apxqca`

ř

a λaϕpxq
a
˘

µ “

ż

Ftot

e
i
ℏ pS`QtotpΨϕqqµ.

The above integral is independent of the BV gauge-fixing (see Thm. 2.1), which, in this case, is equivalent
to the BRST or Faddeev–Popov gauge-fixing. Finally, we can write

QBV “
ÿ

i

BxiSpxqBx`
i

´
ÿ

i,b

cbvibpxqBxi `
1

2

ÿ

a,b,c

fabcc
bccBca `

ÿ

a

λaBc̄a`

`
ÿ

j,i,b

x`
j c

bBxivjbpxqBx`
i

´
ÿ

j,a

x`
j v

j
apxqBc`

a
`

ÿ

a,b,c

c`
a f

a
bcc

cBc`
b

`
ÿ

b

c̄`bBλ`b .

Therefore, tQBV “ 0u X X “ tdS “ 0u as expected. In particular, restricting to the ghost number zero
in this case is not enough, since also λ and c` have ghost number zero. However, they are QBV-exact as
QBVpc̄aq “ λa and QBVpλ`aq “ c̄`a.
For more general theories whose local gauge symmetry is given as a non-integrable distribution on the
space of classical fields, it is possible to extend the above to construct a BV classical and quantum
extension of the theory. We refer to [Mne19][Sec. 4.8.4] for a discussion of how to approach this in a
general but simplified case.

Remark 2.2.7. In what follows, we only focus on classical infinite-dimensional BV theories, in particular
AKSZ theories. Indeed, the category of super thickened smooth sets allows us to locally mimic the finite-
dimensional case via the differential-geometry of the space of fields. However, this category does not
provide a notion of measure on the latter, preventing us from mimicking the finite-dimensional approach
to quantization, which we introduced in this chapter only for completeness. We do not discuss the
infinite-dimensional case of the Faddeev–Popov method or the quantum BRST formalism, since they
would also require a theory of integration on the infinite-dimensional space of fields. Also, we do not
describe infinite-dimensional classical BRST theories, since they can always be formulated as BV theories.

2.3 AKSZ Formalism and BF Theory

In this section, we show how the AKSZ formalism (cf. [Ale+97]) provides a systematic construction of
a solution of the classical master equation on the mapping space between two Zp2q-graded manifolds
endowed with appropriate supergeometric data. As an example, we present (non)-abelian BF theory.

Remark 2.3.1. As discussed in Remark 2.2.1 and Remark 2.2.7, the infinite-dimensional classical BV
formalism relies on a rigorous understanding of the Cartan calculus on the infinite-dimensional space
of fields, which is addressed in Chapter 3. The AKSZ formalism, which constructs a BV theory on a
mapping space between supermanifolds equipped with additional geometric structures (see Thm. 2.1),
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likewise relies on a notion of Cartan calculus on this infinite-dimensional mapping space. In this section
(see Def. 2.3.2, Thm. 2.1, and following discussion), we proceed as if such a notion were given. More
concretely, we do the usual graded Cartan calculus manipulations on the infinite-dimensional AKSZ space
of fields, i.e. a suitable mapping space, as if it were finite-dimensional.(29) Assuming the target is a graded
vector space, we rigorously define this in Chapter 3 (see Rmk. 3.4.3). Note also that Definition 2.3.1 and
the following discussion rely on infinite-dimensional heuristic arguments that will be understood within
sThSmthSet (see Ex. 3.3.1 and proof of Prop. 3.3.2) Therefore, the infinite-dimensional constructions are
formal until Chapter 3 provides the right categorical framework.

Definition 2.3.1. Consider two Zp2q-graded manifolds M,N and the set of Zp2q-graded algebra mor-
phisms C8pN q Ñ C8pMq denoted by MorpM,N q “ HomZp2qSmthMfdpM,N q (see Def. 1.3.1). Informally,
the mapping space MappM,N q is the extension of MorpM,N q that includes non-zero graded maps.(30)

More formally, the category of Zp2q-graded manifolds admits a monoidal structure given by the prod-
uct as in [Vys22][Ch. 3.6].(31) Then, we can define(32) MappM,N q as the (usually infinite-dimensional)
Zp2q-graded manifold such that

MorpW ˆ M,N q “: MorpW,MappM,N qq.

Note that MorpM,N q is naturally identified with the degree zero submanifold of MappM,N q. If N is a
Zp2q-graded vector space, then

MappM,N q “ C8pMq b N . (2.22)

As discussed in [CF01; CS11], we can lift geometric structures from M and N to MappM,N q. In
particular, the groups of invertible maps DiffpMq and DiffpN q act on the mapping space by left and right
composition, respectively. Furthermore, these two actions commute. Differentiation yields commuting
infinitesimal left and right actions of XpMq and XpN q, respectively, on XpMappM,N qq. This allows us
to lift vector fields as the image of such actions. More explicitly, recalling that for any f P MappM,N q

the tangent space is TfMappM,N q – ΓMpf˚TN q,(33) we get for all D P XpMq and P P XpN q

Dlift
f pxq – dMfpxqpDxq and P lift

f pxq – P pfpxqq

with rDlift, Qlifts “ 0, degZp2q
pDq “ degZp2q

pDliftq and degZp2q
pP q “ degZp2q

pP liftq.
Before introducing the notion of AKSZ theory, we remark that the entire section is written within the
classical BV/AKSZ framework. The derived-geometric approach is not required for this discussion, even
though it provides a modern interpretation of the constructions above and below.

Definition 2.3.2. An AKSZ theory in d-dimensions is a tuple pM,N , QN , ωN , αN ,ΘN q where the
source M is a closed (compact without boundaries) smooth oriented d-manifold and the target N
is a finite-dimensional Zp2q-graded manifold. The latter is endowed with a cohomological vector field
QN P XpN q1 (see Def. 1.3.20), a symplectic form ωN P Ω2pN qd´1 of total degree(34) d` 1 (see Def. 1.4.7)
such that ωN “ dNαN , with αN P Ω1pN qd´1 of total degree d, and a Hamiltonian ΘN P C8pN qd of total
degree d that generates QN as its associated Hamiltonian vector field and such that tΘN ,ΘN uωN “ 0.(35)

Then, consider the following mapping space as the AKSZ space of fields

F – MappT r1sM,N q.

If N is a Zp2q-graded vector space, using Equation (2.22) we get N -valued differential forms

F – MappT r1sM,N q – C8pT r1sMq b N – Ω‚pM,N q – ΓM

´

ľ‚

T˚M b pM ˆ N q

¯

. (2.23)

(29)Note that the Cartan calculus on the base and on the target is well defined, as they are both assumed to be finite
dimensional.
(30)It is necessary to work with the full mapping space, not just the set of morphisms, because the mapping space naturally
inherits a graded structure. In contrast, the set of morphisms captures only degree-zero maps and thus does not contain
the higher-degree fields needed in the BV formalism.
(31)This can be equivalently given as a coproduct of locally ringed spaces.
(32)The mapping space is the right adjoint functor to the Cartesian product of graded manifolds, here given on objects.
(33)We can interpret this as follows: for each m P M the infinitesimal variation of fpxq is given by vpmq P TfpmqN . This
assignment should be smooth in m so that the infinitesimal variation of f is given by v P ΓMpf˚TN q.
(34)We consider the total degree as in Remark 1.3.6.
(35)Due to arbitrariness of d, we cannot use Proposition 1.4.3. The latter holds if d ‰ ´1.
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2.3. AKSZ FORMALISM AND BF THEORY

Fields are elements of the AKSZ space of fields. Locally, they can be viewed as differential forms on the
source manifold taking values in the graded vector space on which the target graded manifold is locally
modeled. Consider the evaluation map ev : T r1sM ˆ F Ñ N which, given a point pu, θq P T r1sM and
a field φ P F , assigns the value of φ at x, i.e. evpx, φq “ φpxq P N . Let π2 : T r1sM ˆ F Ñ F be the
projection onto the second component. Then, following the push-pull diagram

T r1sM ˆ F N

F

π2

ev

we can pullback a form β P ΩppN qj to ev˚β P ΩppT r1sM ˆ Fq choosing the bi-degree p0, pq component
according to the bi-grading of the de Rham complex of a direct product. That is, choosing the component
in

`

C8pT r1sMq b ΩppN q
˘

j
. Define pπ2q˚ as the integration against the canonical Berezinian on T r1sM

of the component of ev˚β in C8pT r1sMqd b ΩppFqj´d. Then, the transgression map is given by

T – pπ2q˚ev
˚ : ΩppN qj Ñ ΩppFqj´d.

While both ev˚ and pπ2q˚ preserve the cohomological degree, the latter changes the internal degree by ´d
as it assigns real numbers to elements of C8pT r1sMqd, or equivalently integrates the top forms ΩdpMq

over M . Working with total grading, |pπ2q˚| “ |T| “ ´d.

Theorem 2.1. For any AKSZ theory pM,N , QN , ωN , αN ,ΘN q there is a classical BV theory pF , ω,Q, Sq.

1. The graded manifold is the AKSZ space of fields F – MappT r1sM,N q.

2. The odd-symplectic structure is ω – p´1qdTωN P Ω2pFq´1. Furthermore, dFα “ ω with
α – TαN P Ω1pFq´1.

3. The cohomological vector field is Q – dliftM `Qlift
N P XpFq1, where dM P XpT r1sMq1 and QN P XpN q1

are cohomological vector fields.(36)

4. The action is S – ιdlift
M
TαN ` TΘN P C8pFq0. Here, the source term ιdlift

M
TαN can be understood

as the kinetic term, while the target term TΘN is the interaction term.

Remark 2.3.2. It is useful to express the above definitions in local coordinates. Let txau be local
coordinates on N and tui, θi ” duiu be local coordinates on T r1sM . We define the coordinate func-
tions Xa

i1,...,ik
{k! P C8pMq on the mapping space so that they are fully antisymmetric in i1, . . . , ik and

degZp2qpXa
i1,...,ik

{k!q “ degZp2qpxaq ´ k. We can write the superfields

ev˚xa “ Xa “

d
ÿ

k“0

ÿ

1ďi1,...,ikďd

Xa
i1¨¨¨ik

puq

k!
θi1 ¨ ¨ ¨ θik (2.24)

and understand them as coordinate functions on F taking values in forms on M . Consider

ωN –
ÿ

a,b

ωabpxq

2
dNx

a ^ dNx
b and αN –

ÿ

a

αapxqdNx
a.

Notice that each superfield Xa can be decomposed into components Xa
i1¨¨¨ik

puq{k! of fixed cohomological
degree k. In local coordinates, following the push-pull diagram above corresponds to symbolically re-
placing the coordinates xa with their associated superfields (see Def. 2.24), expanding in components of
fixed degree and keeping only cohomological top-degree terms which are then integrated over M . More
explicitly, recalling the definition of lifting (see discussion after Eq. (2.22)), we get

ω “ p´1qdTpωN q “ p´1qd
ż

M
loomoon

pπ2q˚

ÿ

a,b

ωabpXq

2
dFX

a ^ dFX
b

loooooooooooooooomoooooooooooooooon

ev˚ωN

;

(36)Note that it is natural to define the AKSZ formalism within the category of dg-manifolds.
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2.3. AKSZ FORMALISM AND BF THEORY

α “ TpαN q “

ż

M

ÿ

a

αapXqdFX
a

Q “

ż

M

pdMX
aqi1¨¨¨ikpuqBXa

i1¨¨¨ik
puq `QN pXpuqqaBXapuq with dM “

ÿ

i

θiBui ;

S “

ż

M

ÿ

a

αapXqdMX
a ` ΘN pXq.

For an explicit low-dimensional example, see the case of Chern–Simon theory (cf. [Mne19][Sec. 4.9.2]).

Proof. The grade of the objects is an immediate consequence of the definitions. The graded nature of F
is discussed in Definition 2.3.1. Since dM and QN are cohomological, Q2 “ 0 follows by the definition
of the lift. Let us now show that TdN ε “ p´1qddFTε for any ε P ΩppN qj . By coordinate inspection, it
is clear that ev˚pdN εq “ dFev

˚ε. The de Rham differential on T r1sM ˆ F reads dM b id ` id b dF on
the relevant components of ev˚ε in pC8pT r1sMq b ΩppFqqj – pΩ‚pMq b ΩppFqqj . Moreover, recall that

id b dF pβ b γq “ p´1q
degZp2q

pβq
β b dFγ. Then,

ż

M

ev˚pdN εq “

ż

M

pdM b idqev˚ε`

ż

M

pid b dF qev˚ε
Stokes

“ p´1qddF

ż

M

ev˚ε.

It follows that dFα – dFTαN “ p´1qdTdNαN “ p´1qdTωN “ ω, therefore ω is exact and closed.
By inspection, it is evident that non-degeneracy of ωN implies that ω is weakly non-degenerate. If we
show that S is the Hamiltonian of Q we conclude since this, together with Q2 “ 0, implies CME (see
Prop. 1.4.3). Using ιQlift

N
TωN “ TpιQNωN q we get

ιQω “ p´1qd
`

ιdlift
M
TωN ` ιQlift

N
TωN

˘

“ ιdlift
M
dFTαN ` p´1qdTpιQNωN q “

Cartan
“ Ldlift

M
TαN

loooomoooon

0

`dF ιdlift
M
TαN ` dFTΘN “ dFS,

where we used that Ldlift
M
Tp¨ ¨ ¨ q „

ş

M
dM p¨ ¨ ¨ q

Stokes
“ 0. ■

The BV theory constructed from an AKSZ theory as above can be regarded as a BV extension of the
classical gauge theory(37)

`

Fcl – MappT r1sM,N q0 – MorpTr1sM,N q, Scl – S|XaÑXa
cl

˘

.

Here, Xa
cl is the zero ghost degree part of Xa (see Eq. (2.24)), that is,

Xa
cl “

#

ř

1ďi1,...,ikďd

Xa
i1¨¨¨ik

puq

k! θi1 ¨ ¨ ¨ θik , if 0 ď degZp2q
pxaq “ k ď d

0, otherwise.

The gauge symmetry generators are in MappT r1sM,N q1, and all the gauge data can be read from the
action S. Finally, as in point 3. of Remark 2.2.5, the Euler–Lagrange locus is given by tQ “ 0u X Fcl.
Elements in it can be thought of as anti-dg morphisms ϕ : pT r1sM,dM q Ñ pN , QN q such that ϕ˚QN “

´dMϕ
˚, by definition of lift vector fields and Qϕ “ 0. This explicitly shows how the AKSZ formalism

is naturally understood within the category of dg-manifolds and how the AKSZ action geometrically
encodes both source and target cohomological structures. In particular, the kinetic term encodes the
source differential, while the interaction term encodes the target hamiltonian, or equivalently the source
cohomological vector field.

As an example, we discuss the BF theory in d-dimensions. It is an example of a Schwarz-type topo-
logical field theory which exists in any dimension (see [Mne19][Ch. 4.9.4] for d “ 0, 1). Consider a
finite-dimensional compact Lie group G, its Lie algebra g, and a closed oriented smooth d-manifold M
with d ě 2. The theory is defined by

Scl –

ż

M

xB ^, FAy,

(37)In case N is non negatively graded, that implies 0 ď degZp2q
pxaq ď degZp2q

pωN q “ pd ´ 1q, it is possible to obtain S

form Scl by substituting Xa
cl Ñ Xa, as we do for BF theory in d ě 2 later on.
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where A P Ω1pM, gq is a 1-form connection on the trivial G-bundle onM ,(38) FA “ dAA – dA` 1
2rA,As P

Ω2pM, gq is its curvature, and B P Ωd´2pM, g˚q. Note that r´,´s is the Lie bracket and x´^,´y is the
canonical pairing between g and g˚ that further computes the wedge product. The Euler–Lagrange
equations are(39)

FA “ 0 and dAB – pdM ` ad˚
AqB “ 0.

The gauge transformations leaving the action invariant are

pA,Bq ÞÑ pg´1Ag ` g´1dMg,Ad˚
g´1pBqq and pA,Bq ÞÑ pa,B ` dAtq, (2.25)

where C8pM,Gq Q g : M Ñ G and t P Ωd´3pM, g˚q. Recalling that the gauge action on A induces FA ÞÑ

Adg´1FA (cf. [Ham17][Thm. 5.6.3 & Thm. 7.3.2]), the first symmetry comes from xAd˚
g´1pBq^,Adg´1FAy “

xB^,AdgAdg´1FAy “ xB^, FAy. To show the second symmetry, we first split dAt “ dM t ` ad˚
At so that

the extra terms are xdM t, FAy and xad˚
At, FAy. Then, we conclude by using the (graded) Leibniz rule for

dM , the Stokes theorem, the definition of coadjoint action (see ft. (39), p. 49), and the Bianchi identity
dAFA “ 0 (cf. [Ham17][Thm. 5.14.2]). Thus, the gauge group acting on the classical space of fields
Fcl “ Ω1pM, gq‘Ωd´2pM, g˚q is the non-abelian group G “ C8pM,Gq˙Ωd´3pM, g˚q. We can go further
and, using d2At

1 “ ´f cabF
a
At

1
cT

b (cf. [Ham17][Ex. 5.15.12]) and (graded) Jacobi, notice that the stabilizer
of a solution pA,Bq contains the orbit of the unit of G given by the shift pg, tq ÞÑ pg̃, t̃q “ pg, t ` dAt

1q,
with t1 P Ωd´4pM, g˚q “: G2. Indeed,

GpA,Bq – tpg, tq P G|pg, tq ¨ pA,Bq “ pA,Bqu Ą tt1 ¨ pe, 0q|t1 P G2u.

Furthermore, these shifts are the same under the shift t1 ÞÑ t̃1 “ t1 ` dAt
2, with t2 P Ωd´5 “: G3. We can

continue like this up to Gd´2 obtaining a tower of reducibility of gauge symmetry

Gd´2 ý̈̈ ¨ ýG2 ýG ýEL (2.26)

where Gkě2 “ Ωd´2´kpM, g˚q are abelian and act on Gk´1 by translation tk´1 ÞÑ tk´1 ` dAtk. This
means that in the BV extension, we need to introduce higher ghosts for ghosts to deal with this tower of
gauge symmetries. The infinitesimal picture is given by an action Lie algebroid over Fcl whose anchor ρ
corresponds to the infinitesimal versions of the gauge transformations

pA,Bq ÞÑ pA` ϵdAγ,B ´ ϵad˚
γpBqq and pA,Bq ÞÑ pa,B ` ϵdAtq,

where pγ, tq P Ω0pM, gq ‘ Ωd´3pM, g˚q. The infinitesimal resolution of the tower above is a complex of
vector bundles on EL (cf. [Mne19][Sec. 4.9.4] for more details)

Ω0pM, g˚q
loooomoooon

LiepGd´2q

dA
ÝÝÑ ¨ ¨ ¨

dA
ÝÝÑ Ωd´4pM, g˚q

loooooomoooooon

LiepG2q

dA
ÝÝÑ Ω0pM, gq b Ωd´3pM, g˚q

looooooooooooooomooooooooooooooon

LiepGq

ρ
ÝÑ TEL.

Consider the AKSZ theory pM,N , QN , ωN , αN ,ΘN q where the source M is as above and the tar-
get is N – gr1s ‘ g˚rd ´ 2s with coordinates pψa, ξaq and generating functions ψ “

ř

a ψ
aTa P

C8pN , gq1 and ξ “
ř

a ξaT
a P C8pN , g˚qd´2. The cohomological vector field is the Chevalley-

Eilenberg differential in C8pN q – C‚
CE

`

g, Sym‚
pg˚rd´ 2sq

˘

explicitly given by

QN –
1

2
xrψ,ψs, Bψy ` xad˚

ψpξq, Bξy “
ÿ

a,b,c

1

2
fabcψ

bψcBψa ´
ÿ

a,b,c

fab,cψ
bξaBξc P XpN q1.

It squares to zero by the Jacobi identity for the structure constants of g once we use the coadjoint action as
the anchor map of the Lie algebroid (see Eq. (2.13) and the following discussion). Finally, the symplectic
form and the Hamiltonian are given by

ωN – xdN ξ^, dNψy “
ÿ

a

dN ξa ^ dNψ
a “ dN

ÿ

a

ξadNψ
a “ dN xξ, dNψy

looomooon

αN PΩ1pN qd´1

P Ω2pN qd´1;

ΘN – p´1qdegZpθN qtQN ,´uωN “
1

2
xξ, rψ,ψsy “

ÿ

a,b,c

1

2
fabcξaψ

bψc P C8pN qd.

(38)More generally, we could consider a non-trivial principal G-bundle over M (cf. [Mne19][Rmk. 4.9.6]).
(39)Recall that Adgh – ghg´1, xAd˚

g k, hy – xk,Adg´1hy, adth “ rt, hs, and xad˚
t k, hy – xk,´adthy, for all g P G, t, h P g

and k P g˚. Let tTau (tTau) be a basis for gp˚q, then adth “
ř

a,b,c f
c
abt

ahbTc and ad˚
t k “ ´

ř

a,b,c f
c
abt

akcT b. If g is
Zp2q-graded, the coordinate expressions remain valid as the Koszul sign appears twice.
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Since d ‰ 1, Q2
N “ 0 implies tΘN ,ΘN u “ 0 (see Prop. 1.4.3). We could also show this by direct

inspection using the Jacobi identity for the structure constant of g. Then, following the AKSZ procedure,
we can build the BV extension of BF theory (d ě 2). Consider the space of fields (see Eq. (2.22))

F “ Ω‚pM, gqr1s ‘ Ω‚pM, gqrd´ 2s Q pA,Bq where (2.27)

A – ev˚ψ “ c`A`B` ` τ`
1 ` ¨ ¨ ¨ ` τ`

d´2, B – ev˚ξ “ τd´2 ` ¨ ¨ ¨ ` τ1 `B `A` ` c`.

The ghost and the cohomological degree of the fields are such that |A| “ 1 and |B| “ d´ 2.

c A B` τ`
1 ¨ ¨ ¨ τ`

d´2 τd´2 ¨ ¨ ¨ τ1 B A` c`

dR 0 1 2 3 ¨ ¨ ¨ d 0 ¨ ¨ ¨ d-3 d-2 d-1 d

gh 1 0 -1 -2 ¨ ¨ ¨ 1-d d-2 ¨ ¨ ¨ 1 0 -1 -2

Ghost number 1 field components are the ghost fields for the gauge transformation (see Eq. (2.25)) of
the classical fields of the theory. The latter are those with ghost number 0. The higher ghosts are ghosts
for the translations given by Gkě2. Each field of degree pk, jq has an antifield of degree pd ´ k,´1 ´ jq.
Then, the BV extension is

ω “ p´1qd
ż

M

xdFB^, dFAy
d“4
“ p´1qd

ż

M

xdFA^, dFA
`y ` xdFB^, dFB

`y ` xdFc^, dFc
`y`

` xdFτ1^, dFτ
`
1 y ` xdFτ2^, dFτ

`
2 y; (2.28)

S “

ż

M

xB^, dMA `
1

2
rA,Asy

d“4
“

ż

M

xB^, FAy ` xA`^, dAcy ` xB`^, ad˚
c pBq ` dAτ1y`

` xτ`
1

^, ad˚
c pτ1q ` dAτ2y `

1

2
xc`^, rc, csy ` xτ`

2
^, ad˚

c pτ2qy `
1

2
xτ2^, rB`, B`sy. (2.29)

Q “

ż

M

xdMA `
1

2
rA,As, BAy ` xdMB ` ad˚

AB, BBy
d“4
“

ż

M

1

2
xrc, cs, Bcy ` xdAc, BAy`

` xFA ` rc,B`s, B`
By ` xdAB

` ` rc, τ`
1 s, Bτ`

1
y ` xdAτ

`
1 ` rc, τ`

2 s `
1

2
rB`, B`s, Bτ`

2
y`

` xad˚
c τ2, Bτ2y ` xad˚

c τ1 ` dAτ2, Bτ1y ` xad˚
cB ` dAτ1 ` ad˚

B`τ2, BBy`

` xad˚
cA

` ` dAB ` ad˚
B`τ1 ` ad˚

τ`
1
τ2, BA` y`

` xad˚
c c

` ` dAA
` ` ad˚

B`B ` ad˚

τ`
1
τ1 ` ad˚

τ`
2
τ2, Bc` y, (2.30)

which means Q acts on fields as Qc “ 1
2rc, cs, QA “ dAc and so on. To arrive at these explicit expressions,

we used degree considerations, the definition of (co)adjoint action (see ft. (39), p. 49), the (graded) Leibniz
rule for dM , and the Stokes theorem. The case d “ 4 is interesting: S contains a quadratic term in
the antifields, contrary to any BV action given by the extension of a BRST theory (see Eq. (2.18)).
Furthermore, the theory also contains one higher ghost τ2. These characteristics are not present for d ă 4
and only appear for d ě 4. Notice that we could use the Faddeev–Popov method or the BRST formalism
to treat BF in d ă 4. However, the emergence of these characteristics indicates that the BV formalism is
essential for treating BF in dimensions d ě 4. This is ultimately because the gauge symmetry becomes
complicated (see Eq. (2.26)).
We now introduce the category of sThSmthSet. In this category, at least locally and with some reasonable
restriction, we can make sense of the notions of differential geometry on the infinite-dimensional space of
fields F , in particular the Cartan calculus, which so far we formally used as if F were finite-dimensional.
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Chapter 3

Super Thickened Smooth Set
Framework for Gauge Field Theories

In this chapter, we introduce the category sThSmthSet and show how it provides a natural setting for
treating BV theories locally. In particular, working within this category, the differential geometry of
the field space emerges formally as we would expect if it were a finite-dimensional Z2-graded smooth
manifold.
First, following [GS25a], we lay out the natural formulation of bosonic variational field theory via the
functorial geometry of smooth sets (see Def. 3.1.1). The category of smooth sets, namely the topos over
the site of Cartesian spaces with smooth maps between them, is shown to satisfy the requirements in
Section 2.1. Crucially, it provides a notion of the local Cartan calculus on the space of fields and the
associated variational bicomplex.
Afterward, we recall how this category can be extended to the category ThSmthSet of infinitesimally
thickened smooth sets (cf. [GS25b]). This extension allows us to treat, at the same time, the smooth-
ness and the infinitesimal structure of the space of fields in a coordinate-free manner. Importantly, it
subsumes all the constructions previously formulated within SmthSet. In particular, it recovers the ad
hoc tangent bundles arising in traditional field-theoretic considerations via the synthetic tangent bundle
construction. It also suggests the rigorous formalization of perturbative field theory(1) and further allows
for generalizations for field theories over manifolds with boundaries and corners (cf. [GS25b, App. 4.2]).
Consequently, we sketch how the natural extension to the category sThSmthSet of super infinitesimally
thickened smooth sets should unravel, following the hinted approach given in [Gio25; GSS24].
Finally, we use this setting to make a rigorous sense of the local picture of a BV system, taking the
(non)-abelian BF theory in d “ 4 as an example.

3.1 Smooth Sets

In this section, we define the category of smooth sets and show how it incorporates many field theoretical
objects. In particular, the space of fields, the infinite jet bundle, the local variational bicomplex, and the
associated Cartan calculus that, once transgressed, gives the notion of Cartan calculus on the space of
fields. A complete description can be found in [GS25a].

Definition of Smooth Sets

An intuitive approach to smooth sets can be given from an operational physics perspective, in analogy
with the string-theoretical concept of probe branes. Crucially, the Yoneda lemma for smooth sets ensures
the consistency of the definition. The idea is that we can explore a generalized space G through the
trajectories, also called plots, of known probe branes.(2) In general, a brane of dimension p sweeps out

(1)This is sketched only for 0-dimensional field theory by restricting to a synthetic infinitesimal neighborhood around a
field configuration (cf. [GS25b, pp. 27-28]).

(2)For instance, we can sample the structure and geometry of spacetime via a one-dimensional trajectory given by the
worldline of a point particle, which is a zero-dimensional brane.
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a pp` 1q-dimensional world volume. More formally, given any finite-dimensional manifold Σ, that is the
probe brane’s world volume, we call plot the smooth trajectory Σ Ñ G. Instead of defining G as a set
of points with extra structure, we follow the idea of characterizing G via the system of these plots. The
following heuristic requirements describe the minimum structure needed for this to be feasible. They are
formalized below by defining smooth sets as sheaves on the site CartSp.(3)

1. For each probe manifold Σ, there should be a set of Σ-shaped smooth plots PlotspΣ,Gq.

2. Precomposition of a plot with a smooth map between probe manifolds should be a plot. Precomposition
with the identity map should be the identity on the set of plots, and precomposition with two successive
maps should satisfy the following:

SmthMfdop Set

Σ PlotspΣ,Gq

Σ1 PlotspΣ1,Gq

Σ2 PlotspΣ2,Gq.

Plotsp´,Gq

pf˝gq
˚

f˚f

g˚g

f˝g

We can recognize in the above the conditions characterizing a contravariant functor. Therefore,
Plotsp´,Gq should be a presheaf on SmthMfd.

3. We should have a notion of locality and a way of consistently gluing information to go from local to
global. Consider a differentiably-good open cover of the probe manifold tΣi

ιi
ãÝÑ ΣuiPI , i.e. a collection

tΣi Ă ΣuiPI of open subsets of Σ such that Σ “
Ť

iPI Σi and such that all Σi, together with all their
inhabited finite intersections, are diffeomorphic to an open ball. Then, Σ-plots should be the same as
I-tuples of the overlapping Σi-plots. That is, the following should be a bijective decomposition:

PlotspΣ,Gq ÝÑ
␣

ppi P PlotspΣi,GqqiPI
ˇ

ˇ@i, j P I with pi|ΣiXΣj
“ pj |ΣiXΣj

(

(3.1)

pΣ
p

ÝÑ Gq ÞÝÑ pΣi
ιi

ãÝÑ Σ
p

ÝÑ GqiPI .

The latter is the sheaf condition (see Def. 1.2.6) on the site SmthMfd with respect to the Grothendieck
topology (see Def. 1.2.4) induced by the pretopology of differentiably good open covers (see Def. 1.2.5).
The plots are maps from the defining site.

4. Morphisms should preserve the internal structure. Generalized spaces are fully determined by their
consistent system of plots. Therefore, a morphism h : G Ñ H is completely characterized by a set of
maps between Rk-shaped plots hRk : GpRkq Ñ HpRkq that must be consistent with respect to pullback
of probes. That is, the diagram

GpRkq HpRkq

GpRk̃q HpRk̃q

hRk

Gpfq Hpfq

h
Rk̃

should commute for all Rk, Rk̃, and f : Rk̃ Ñ Rk. This is precisely the definition of a natural trans-
formation.

Finally, note that by definition smooth n-manifolds are covered by Cartesian spaces Rn. Therefore, using
the sheaf condition of Eq. (3.1), we can show the equivalence of categories Sh(SmthMfd)–Sh(CartSp),
i.e. it is sufficient to probe G using Rn, n P N.

(3)CartSp is the category of Cartesian spaces with morphisms being smooth maps in the classical sense.
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Definition 3.1.1. The category of smooth sets is the category of sheaves over the site of Cartesian
spaces with respect to the differentiably-good open covers:

SmthSet – Sh(CartSp), Gp´q – Plotsp´,Gq.

Remark 3.1.1. We would like smooth manifolds to be smooth in the sense of SmthSet. This is true for
any M P SmthMfd by taking PlotspRk,Mq – C8pRk,Mq, k P N, since for all f : Rk1

Ñ Rk, k1 P N, the
corresponding pullback of plots is the usual precomposition p´q˝f of smooth maps in SmthMfd. There is,
however, a potential inconsistency in the definition: we bootstrap Definition 3.1.1 assuming the existence
of a map Σ Ñ G, but now we know that these two objects live in the same category, so such map should
now consistently send Rk-plots of ypMq to Rk-plots of G. In other words, the defining plots GpMq should
coincide with the smooth maps HomSmthSetpypMq,Gq, i.e. with the natural transformations between the
two sheaves. This is the case due to Proposition 3.1.1, that is, the Yoneda Lemma for smooth sets.

Proposition 3.1.1. For G P SmthSet andM P SmthMfd, there is a natural bijection between theM -plots
of G and the smooth maps of smooth sets from ypMq to G:

GpMq ” PlotspM,Gq – HomSmthSetpypMq, Gq.

Here, ypMq – HomSmthMfdp´,Mq is the image via Yoneda embedding of the smooth manifold M into
the category of smooth sets.
Choosing G “ ypNq P SmthSet for an arbitrary manifold N , the above immediately implies that the
embedding functor

y : SmthMfd ãÑ SmthSet, M ÞÑ ypMq – HomSmthMfdp´,Mq

is fully faithful. Hence, any results and constructions on finite-dimensional smooth manifolds may equiv-
alently be phrased in terms of their smooth set incarnation and vice versa.

A proof of the statement can be found in [GS25a, Prop. 2.5].
Consequently, Definition 3.1.1 is well posed and all the properties of categories of sheaves discussed in
Chapter 1 apply. Note that this means that all limits and colimits exist in SmthSet and they are computed
pointwise (see Prop. 1.2.1). Consequently, requirement 4 in Section 2.1 is already fulfilled as far as we
can express the critical locus as such a pullback.(4)

Vector Fields and Differential Forms on the Field Space

The traditional approach to formalizing field spaces is to model them as infinite-dimensional Fréchet
manifolds, i.e. modeled on Fréchet spaces instead of Cartesian spaces (cf. [KM97]).

Definition 3.1.2. A Fréchet manifold is a Hausdorff topological space X with an atlas of coordinate
charts over Fréchet spaces whose transitions are smooth mappings in the sense of Michal–Bastiani calculus
(cf. [Ham82, Def. 3.6.1. and Ch. I.4]). A Fréchet space is a Hausdorff topological vector space whose
topology may be induced by a countable family of semi-norms that are complete with respect to this
family.

Consider the trivial bundle F “ M ˆ N where N,M P SmthMfd. If M is compact, the space of fields
is inside the category of Fréchet manifolds C8pM,Nq P FrMfd,(5) whereas if M is not compact, this is
not the case and the manifold description via infinite-dimensional charts becomes tricky (cf. [KM97]). In
this setting, one can give sense to the smoothness of field-theoretical tools as presented above; however,
this does not generalize straightforwardly to the non-compact case and brings heavy functional-analytical
baggage.
A way to bypass the problem of defining the smooth structure of the field space is to utilize the technology
of infinite jet bundles to encode local theories, which are more physically relevant. More recently, attention
has shifted to diffeological spaces (cf. [Blo24]), in which field theories and the technology of the infinite
jet bundle are better understood. The category of diffeological spaces is the category of concrete sheaves,

(4)This goes beyond the scope of this report, and it is properly done in [GS25a, Ch. 5]. An intuitive approach is given in
the example after Definition 3.1.4.

(5)One can see this considering the countable family of seminorms each given by the sum of the supremum norms of all
the derivatives up to some order k P N. M being compact ensures that these seminorms remain finite.
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i.e. with a notion of underlying set of points,(6) over CartSp with respect to the same Grothendieck
topology we used to define SmthSet. However, this brings two drawbacks: the categorical background
needed to work in DflSp is heavy and the latter does not allow for a uniform treatment of all field-
theoretical objects (cf. [GS25a, Rmk. 3.8]).
SmthSet is a further abstraction in which SmthMfd, FrMfd and DflSp are fully faithfully included. It
should allow us to solve these drawbacks by subsuming and combining these approaches, and should
naturally generalize to include fermionic fields and infinitesimal structure (cf. [Gio25; GS25b]), as we
outline in the following sections.
To build up to the general definitions in SmthSet, we start from FrMfd and then use the following result.

Proposition 3.1.2. Consider the category FrMfd of infinite-dimensional Fréchet manifolds. The em-
bedding along CartSp ãÑ SmthMfd ãÑ FrMfd defines a fully faithful embedding

y : FrMfd ÝÑ SmthSet, G ÞÝÑ HomFrMfdp´, Gq|CartSp (3.2)

where on the right-hand side we consider smooth Fréchet maps.
Moreover, let M,N be finite-dimensional manifolds, with M compact. Then there exists a canonical
bijection

HomFrMfdpS,C8pM,NqFrMfdq –Set HomSmthMfdpS ˆM,Nq,

for any smooth manifold S P SmthMfd, which is, moreover, natural in S.

For a proof of this proposition, see the references of [GS25a, Prop. 2.8 and Prop. 2.9].
The latter exponential law has to be consistent, via Yoneda embedding, with the one given by the honest
internal hom-function (see Def. 1.1.9) of SmthSet. This is true if the smooth structure in the sense of
Fréchet manifolds is equivalent to the one given by the hom-functor in SmthSet.

Definition 3.1.3. Let G,H P SmthSet, define the smooth mapping set rG,Hs P SmthSet by

rG,HspypRkqq – HomSmthSetpypRkq ˆ G,Hq.

The exponential property on SmthSet

HomSmthSetpX , rG,Hsq –SmthSet HomSmthSetpX ˆ G,Hq,

descends from Yoneda lemma (see Prop. 3.1.1) and generalizes to all smooth sets using the relations
between hom-functor and limits and the fact that any sheaf is a colimit of representable presheaves (see
Prop. 1.1.1 and Prop. 1.2.1). Indeed, Yoneda preserves Fréchet mapping space.

Proposition 3.1.3. Let ypMq, ypNq P SmthSet for M,N P SmthMfd with M compact. The embed-
ding of the Fréchet manifold C8pM,NqFrMfd in smooth sets is isomorphic to the mapping smooth set
rypMq, ypNqs:

ypC8pM,NqFrMfdq –SmthSet rypMq, ypNqs.

For a proof, see [GS25a, Prop. 2.11].
Thus, the internal hom-functor provides a means of defining the correct smooth structure within SmthSet,
thereby bypassing functional analytical technology and extending the Fréchet mapping space even to the
case when M is not compact.
We can now define smooth sets of smooth sections.

Definition 3.1.4. Let πFM : F Ñ M be a fiber bundle of smooth manifolds, with set of smooth sections
ΓM pF q. The smooth set of sections F “ ΓM pF q P SmthSet is defined by

FpRkq ” ΓM pF qpRkq – tφk : Rk ˆM Ñ F |πFM ˝ φk “ pr2u

where Rk P CartSp and pr2 : Rk ˆM Ñ M is projection onto M . That is, φk : Rk ˆM Ñ F is such that

(6)One can intuitively think of this as follows: the smooth set G is concrete if there exists a set of points Gs P Set such
that for each probe Rk P CartSp, GpRkq Ă HomSetpRk, Gsq.
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F

Rk ˆM M

πF
M

φk

pr2

commutes, and so equivalently FpRkq –Set ΓMˆRkppr˚
2F q where pr˚

2F denotes the pullback bundle (see
Def. 1.3.19).

Remark 3.1.2. Note that, up to this point, F ” ΓM pF q denotes the set-theoretic field space, i.e. the
set of smooth sections of the fiber bundle πFM : F Ñ M , where F is the total space. From now on, unless
stated otherwise, F ” ΓM pF q denotes the smooth set–theoretic field space. This is distinguished from
the mere set of sections (encoded as ˚-plot of this generalized space) by the use of bold notation.

In other words,(7) FpRkq is the set of smoothly Rk-parametrized sections of F Ñ M .
As a motivating example, let us consider the trivial bundle F “ M ˆ N , where M and N are smooth
manifolds, with M being compact. The space of off-shell fields is the Fréchet manifold C8pM,Nq,
i.e. the space of smooth functions from M to N . To see that this is indeed a smooth set, we need to
build Rk-shaped plots into it. We define a plot as a smoothly Rk-parametrized family of fields φk, that
is, via the map φk : Rk ˆ M Ñ N, px,mq ÞÑ φkxpmq ” φkpx,mq, smooth in both variables. Therefore
φk P Plots

`

Rk, ypC8pM,Nqq
˘

– C8pRk ˆM,Nq.
This simple case hints at the next steps toward formalizing the variational approach to field theories.
Considering a smooth 1-parameter family of fields φt ” φ1 : R ˆM Ñ N, pt,mq ÞÑ φ1

t pmq, it is possible
to see that for an action functional to be a smooth map, it must take 1-parameter families of fields to
1-parameter families of real numbers:

ypC8pM,Nqq
S

ÝÑ ypRq

SR
˚ : C8pR ˆM,Nq ÝÑ C8pR,Rq

φt ÞÝÑ pt0 ÞÑ Spφt“t0qq .

Through the usual derivative on R, we can define the variation δS at φ0, along the family φt, as δφt
S –

d
dtSpφtq

ˇ

ˇ

t“0
. Consequently, the critical locus is the following:

CritpSq “

"

φ P C8pM,Nq

ˇ

ˇ

ˇ

ˇ

d

dt
Spφtq

ˇ

ˇ

ˇ

ˇ

t“0

“ 0, @φt P C8pR ˆM,Nq such that φt“0 “ φ

*

.

More generally, the notion of smooth sets allows us to perform standard operations of finite-dimensional
differential geometry pointwise on ordinary manifolds, and thereby extend these notions to smooth sets
like ΓM pF q. This idea is used in [GS25a] to construct the variation of the action and demonstrate how
the action can indeed be viewed as a smooth map of smooth sets. In [GS25a, Ch. 5] the critical locus is
also shown to have a natural smooth subset structure, in more detail, satisfying requirements 3 in Section
2.1.

Remark 3.1.3. An arbitrary fiber bundle F Ñ M might have no global sections, so Definition 3.1.4
might be null. However, noticing that the assignment of local smooth sections U ÞÑ ΓU pF q defines a petit
sheaf on M with values in SmthSet, we might instead consider the functor

Γp´qpF q : Mop
cl ˆ CartSpop ÝÑ Set

pU ˆ Rkq ÞÝÑ ΓU pF qpRkq – ΓUˆRkppr˚
2F q.

Since all statements and definitions regarding the smooth set of fields F “ ΓM pF q functorially apply for
each such open set U , we can continue to work with Definition 3.1.4.

We would now like to define the tangent vectors intuitively as first-order infinitesimal smooth curves(8)

in the field space. First, notice that smooth real-valued functions on F are defined as maps of smooth

(7)This interpretation holds only for concrete smooth sets.
(8)This intuition is incorporated in a rigorous definition enriching the category with infinitesimal structure (see Def. 3.2.4).
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sets C8pFq “ HomSmthSetpF , ypRqq and therefore the algebra structure of C8pFq follows pointwise from
that of ypRq. Moreover, we can define the induced derivation

C8pFq ÝÑ R, f ÞÑ Btpf ˝ φtq|t“0,

since for any φt P ΓM pF qpRq “ HomSmthSetpypRq,ΓM pF qq, the composition f ˝φt defines a smooth map
R Ñ R. Note that, by the section condition, for each m P M we have a smooth curve φtpmq : Rt Ñ F
whose image is contained in the fiber over m. Thus,

Btφtpmq|t“0 P Vφ0pmqF

defines a vertical tangent vector at φ0pmq P F . Varying over m P M , we get a smooth section of the
vertical bundle πTFF : TF Ñ F (see ft. (6) p. 32)

V F

M F.

πTF
F

Btφt|t“0

φ0

Equivalently, the above diagram defines a section of the pullback bundle φ˚
0V F . We therefore interpret

ΓM pφ˚
0V F q as the tangent space at φ0 getting the following:

T pΓM pF qq –
ď

φ0PΓM pF q

ΓM pφ˚
0V F q –Set ΓM pV F q.

The next result ensures that any tangent vector field is represented by a line-plot.

Proposition 3.1.4. For any Zφ P ΓM pV F q covering φ “ πTFF ˝ Zφ, π
TF
F : TF Ñ F , i.e. such that

V F

F

M M

πTF
F

πF
M

Zφ

φ

idM

commutes, there exists a φt : R ˆ M Ñ F such that φ0 “ φ and Btφt|t“0 “ Zφ. That is, the following
map is surjective:

ΓM pF qpRq Ñ T pΓM pF qq, φt ÞÑ Btφt|t“0.

A proof can be found in [GS25a, Lem. 2.18]. The existence of φt, and hence the surjectivity of the above
map, is guaranteed under suitable regularity assumptions on F Ñ M . In particular, since F Ñ M is
a fiber bundle, the result holds due to the geometrical and topological properties of its sections and its
vector fields.

Remark 3.1.4. Unlike the finite-dimensional case, there is no obvious reason why the derivation should
depend only on the corresponding tangent vector. More explicitly, the derivation might depend on
the representative R-plot (cf. [GS25a][Rmk. 2.19]). This highlights that our naive treatment of tangent
bundles, vector fields, and, consequently, differential forms on the full space of fields is insufficient. In
particular, it motivates the introduction of local structure and infinitesimally thickened smooth sets.
First, this issue is resolved by working with local vector fields (see Def. 3.1.24) and local differential
forms (see Def. 3.1.26). Indeed, the introduction of the infinite jet bundle allows us to restore a usable
Cartan calculus (see Prop. 3.1.12). Second, the synthetic geometry within ThSmthSet provides a more
natural understanding of the ad hoc tangent bundle (see Def. 3.1.5) via the synthetic tangent bundle (see
Prop. 3.2.3). In this setting, path derivations depend only on tangent vectors (cf. [GS25b][Lemma 2.32]).
Consequently, ThSmthSet yields a more intrinsic understanding of the local Cartan calculus.

This directly leads to the definition of the smooth tangent bundle to the field space.
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Definition 3.1.5. The smooth tangent bundle to a field space F “ ΓM pF q is defined by

TF – ΓM pV F q, (3.3)

as the smooth set of sections of V F via Definition 3.1.4.

More concretely, Rk-plots of the tangent bundle TF correspond to pairs pZφk
0
, φk0q of Rk-parametrized

sections over M such that the following commutes:

V F

Rk ˆM F.

πTF
F

Z
φk
0

φk
0

From this, we can see that the fiber-wise R-linear structure of the plain set bundle ΓM pV F q Ñ ΓM pF q

extends plot-wise to a smooth R-linear map

`TF : TF ˆF TF ÝÑ TF , pZ1
φk

0
, Z2

φk
0
q ÞÑ Z1

φk
0

` Z2
φk

0
. (3.4)

Similarly for the scalar multiplication. Furthermore, the projection ΓM pV F q Ñ ΓM pF q extends to the
smooth projection map

πTF
F : TF Ñ F , pZφk

0
, φk0q ÞÑ φk0 .

This allows us to define vector fields on the field space as geometrical smooth sections of the tangent
bundle.

Definition 3.1.6. The set of smooth vector fields on the field space F “ ΓM pF q is defined as smooth
sections of its tangent bundle

XpFq :“ tZ : F Ñ TF | πTF
F ˝ Z “ idFu.

That is, smooth maps Z : F Ñ TF such that the following diagram of smooth sets commutes:

TF

F F .

πTF
F

Z

idF

(3.5)

In concrete smooth sets, one can understand this as follows. On ˚-plots, such a section defines a vector field
in the usual sense, i.e. a map of sets Z : ΓM pF q ÝÑ ΓM pV F q which assigns to every field configuration
φ P ΓM pF q a tangent vector Zφ P Tφ

`

ΓM pF q
˘

“ ΓM pφ˚V F q. Being a smooth map, the section also
sends smooth Rk-plots of field configurations, i.e. smoothly Rk-parametrized sections φk : Rk ˆ M Ñ F,
to smooth Rk-plots of tangent vectors, i.e. smoothly Rk-parametrized sections Zφk : Rk ˆM Ñ V F.
Vector fields on the field space F should be interpreted as infinitesimal smooth diffeomorphisms, in direct
analogy with the finite-dimensional case. This would allow the symmetries of the field theory to be
discussed within this setting. This can be done (cf. [GS25a, Ch. 2]), but it goes beyond the scope of
these notes. Moreover, physically relevant smooth vector fields on field spaces are local vector fields (see
Def. 3.1.24). We refer to [GS25a, Ch. 6] for an in-depth analysis of their role in infinitesimal symmetries
and Noether theorems.
The fiber-wise linear structure (see Eq. (3.4)) of the smooth tangent bundle TF on a field space F allows
us to define differential forms as fiber-wise linear and antisymmetric maps out of TF .

Definition 3.1.7. The set of differential m-forms on F “ ΓM pF q is defined as

ΩmpFq – Homfib.lin.an.
SmthSet

`

TˆmF , ypRq
˘

.

That is, m-forms are smooth real-valued, fiber-wise linear antisymmetric maps with respect to the fiber-
wise linear structure (see Eq. (3.4)) on the m-fold fiber product(9)

TˆmF – TF ˆF ¨ ¨ ¨ ˆF TF

of the tangent bundle over F .

(9)Here the product is the pullback (see Def. 1.1.12) of TF
πTF
F

ÝÝÝÑ F
πTF
F

ÐÝÝÝ TF .
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The collection of differential forms of all degrees forms a graded R-vector space (see Def. 1.3.3)

Ω‚pFq –
à

mPN
ΩmpFq.

The latter has a well-defined notion of a wedge product ^ and contraction ιZ along any vector field
Z P XpFq.(10) However, there is no obvious definition for a de Rham differential dF : ΩmpFq Ñ Ωm`1pFq.
Indeed, if there were one, it would define a derivative on C8pFq through the Lie derivative, in contrast
with Remark 3.1.4.
We want to solve this by noticing that, practically speaking, one often uses local forms and local fields(11)

in a local Lagrangian field theory. That is, the variation of the action functional in a local theory only
requires the existence of a bi-complex structure and Cartan calculus on the subset of local forms and
local vector fields on F ˆM . Through the technology associated with the infinite jet bundle J8

MF , which
encodes locality in a globalized fashion, we build the complete Cartan calculus, with respect to local
vector fields, on local forms in the sense of Definition 3.1.7.(12)

Infinite Jet Bundle as a Smooth Set

We provide a brief overview of finite jet bundles. We refer to [Blo24] for a more detailed discussion.
Consequently, we introduce the infinite jet bundle as a smooth set exploiting the category LocProMfd of
local pro-manifolds (cf. [GP17; DGV16; KS17]).

Definition 3.1.8. Let πFM : F Ñ M be a smooth fiber bundle. Two local sections of it, defined on a
neighborhood of m, have the same k-jet at m, denoted by jkmφ “ jkmφ

1, if they have the same value and
partial derivatives up to k-th order at m.

This is a good definition, i.e. independent of the chosen chart, since if the derivatives agree in one chart,
they agree in any due to the chain rule. Moreover, it is an equivalence relation on local sections in a
neighborhood of m with k-jets jkmφ “ rφs being the equivalence classes:

φ „ φ1 P ΓpU,F q ô BIφ
apmq “ BIφ

1apmq @0 ď |I| ď k.

Here, I denotes a symmetric multi-index and a is the index of the coordinate chart tmµ, uau in a trivial-
ization of the fiber bundle πFM : F Ñ M .
We can now define the set of k-jets at m and the jet bundle as generalizations of the tangent space and
tangent bundle. Indeed, first-order jets describe tangent planes, while higher-order jets correspond to
higher-degree polynomial approximations of submanifolds through m.

Definition 3.1.9. The set of k-jets at m is defined as

JkmF – tjkmφ “ rφs | @ open U Q m, and all φ P ΓpU,F qu.

The k-jet bundle is given by
JkMF –

ď

mPM

JkmF P SmthMfd

with induced(13) charts tmµ, tuaIu|I|ďku – tmµ, ua, uaµ, u
a
µ1µ2

, ¨ ¨ ¨ , uaµ1...µk
u. The extra coordinates are

the partial derivatives of φ at m. In other words, the k-jet bundle represents k-jets of local sections of
F Ñ M .

(10)Thanks to the fiber-wise linear structure of TF and graded structure of Ω‚pFq, they can be defined as usual (Def. 1.3.13).
(11)The term “local” gains a rigorous meaning in Definition 3.1.24 and Definition 3.1.26.
(12)One could also define de Rham forms abstractly in SmthSet, i.e. via a notion that naturally allows one to consider an
m-form on an arbitrary smooth set. This requires the notion of moduli space of de Rham forms (cf. [GS25a][Def. 2.30]).
This allows us to define the wedge product and differential naturally. However, there is no notion of contraction. This is
solved again by moving to the infinite jet bundle and showing that the space of local forms on ypJ8

MF q in the sense of
Definition 3.1.7, for which we have a notion of Cartan calculus, is canonically identified with the smooth set-theoretical
forms defined via the moduli space on it [GS25a][Lemma 4.15]. However, this is not yet proven in the most general case,
and therefore this setting cannot yet be applied straightforwardly. The authors of [GS25a] suggest that the solution to this
issue and a complete proof of this identification might be found once the category is enriched with infinitesimal structure
via synthetic geometry technology. However, as for our purposes it is enough to work at the level of forms as in Definition
3.1.7, we do not delve into this in this thesis.
(13)The charts are induced by the above chart on the trivialization of the fiber bundle.
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One can also see JkmF as the fiber over m of πkM : JkF Ñ M (cf. [Blo24, Prop. 3.1.10]). There are two
important maps that one can define on jet bundles.

Definition 3.1.10. Let πFM : F Ñ M be a fiber bundle, ΓM pF q the set of its global sections and fix
k P N. Then, we define the following maps:

1. The k, l-forgetful map for all k ą l ě 0 is the projection πkl : J
k
MF Ñ J lMF , j

k
mφ ÞÑ jlmφ;

2. The k-th jet prolongation map is defined as jk : ΓM pF q Ñ ΓM pJkF q, φ ÞÑ jkφ such that jkφpmq –

jkmφ.

Note that all the forgetful maps are surjective submersions, i.e. smooth surjective maps whose pushforward
is an everywhere surjective linear map, whereas in general prolongation maps are not even surjective
(cf. [Blo24, Ch. 3]). Moreover, we get the diagram of smooth manifolds

Ñ JkMF Ñ Jk´1
M F Ñ ¨ ¨ ¨ Ñ J1

MF Ñ J0
MF – F. (3.6)

The arrows are the appropriate forgetful maps and therefore they are all surjective submersions.
To better work with jet bundles of finite but arbitrarily large order, we introduce the following definition.

Definition 3.1.11. Let πFM : F Ñ M be a smooth fiber bundle. Two local sections of it φ and φ1, defined
on a neighborhood of m, have the same 8-jet at m, denoted by j8

mφ “ j8
mφ

1, if they have the same k-jet
at m for all k ě 0.

Then, everything follows as before except for the smooth structure of the 8-jet bundle J8
MF . Indeed,

the above definition can be given as a projective limit of the diagram (3.6) within Set, but the limit does
not exist in SmthMfd. This can be seen by noticing that for every k ě 0, the forgetful maps of sets
π8
k : J8F Ñ JkF , j8

mφ ÞÑ jkmφ, satisfying π
k
k´1 ˝ π8

k “ π8
k´1, define the commutative diagram

J8
MF

JkMF Jk´1
M F ¨ ¨ ¨ J0

MF.

π8
k π8

k´1

π8
0

πk
k´1

As can be checked in jet coordinates, any other cone over the diagram (3.6) induces a unique map to
J8F , which shows that J8F is the categorical limit of the sequence (3.6). However, the limit does
not exist in SmthMfd, since it is necessarily infinite-dimensional. Therefore, projections and infinite jet
prolongations at this level exist only set-theoretically.
To give a smooth structure to this limit, we therefore have to embed SmthMfd as a subcategory into
an ambient category in which such limits exist compatibly with the set-theoretical limits. Moreover,
morphisms out of J8

MF should descend to a finite jet bundle, i.e. they should factor through a classically
smooth map out of a finite jet bundle in the sequence (3.6). While in [Blo24; Leó18] the 8-jet bundle is
studied within the category of pro-manifolds (see Rmk. 3.1.5), in our setting it is more natural to work in
the category of locally pro-manifolds. The latter is a full subcategory of FrMfd where the limit exists as
an infinite-dimensional paracompact manifold, as proven in [Sau89, Prop. 7.2.6] and [Tak79, Prop. 2.1].
The fact that the maps in diagram (3.6) are surjective submersions is essential for the existence of the
limit within FrMfd.

Definition 3.1.12. The infinite jet bundle J8
MF is the paracompact and Hausdorff Fréchet manifold

defined by the limit
J8
M pF q – limFrMfd

k JkM pF q P FrMfd,

whose local model is R8 “ limFrMfd
k Rk P FrMfd, with the following local coordinates

txµ, tuaIu0ď|I|u – txµ, ua, uaµ1
, uaµ1µ2

, . . .u .

Consequently, the forgetful maps defining the cone of the projective limit are smooth Fréchet maps. In
particular, the limit lives in LocProMfd, a full subcategory of FrMfd (c.f. [GS25a, Sec. 3.1]).

Definition 3.1.13. We define the category of locally pro-manifolds, LocProMfd ãÑ FrMfd, to be
the full subcategory of Fréchet manifolds consisting of projective limits of finite-dimensional manifolds.
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Note that LocProMfd, being a full subcategory of FrMfd, is also fully faithfully embedded into SmthSet
via the Yoneda embedding of FrMfd into SmthSet (see Prop. 3.1.2). Therefore, J8

MF P LocProMfd ãÑ

FrMfd
y

ÝÑ SmthSet where the first arrow is an inclusion and the second is the Yoneda embedding (see
Eq. (3.2)). Also, finite order jet bundles are objects of SmthMfd, and hence can be viewed in SmthSet
through the Yoneda embedding (see Prop. 3.1.1). Then, smooth maps between jet bundles, whether
of finite or infinite order, correspond to morphisms of sheaves. This, together with the smooth set
characterizations of field space, vector bundles, and forms, shows that SmthSet satisfies requirement 1 of
Section 2.1.
We have restricted ourselves to this subcategory because it is enough to describe the infinite jet bundle
and to embed it into SmthSet, allowing at the same time to easily characterize smooth Fréchet maps into
the infinite jet bundle and out of it.

Proposition 3.1.5. Let Σ P SmthMfd be a finite-dimensional manifold. This proposition characterize
HomFrMfd

`

J8
M pF q,Σ

˘

and HomFrMfd

`

Σ, J8
M pF q

˘

, respectively in 1. and 2..

1. A map of sets f : Σ ÝÑ J8
MF is smooth if and only if, for every k P N, the composite π8

k ˝f : Σ Ñ JkMF
is smooth. Furthermore, smooth maps f : Σ Ñ J8

MF are in one-to-one correspondence with families
of smooth maps tfk : Σ Ñ JkMF ukPN such that for all k2 ě k1 the following commutes:

Σ

Jk2M F Jk1M F.

fk2

fk1

π
k2
k1

2. Let π8
k : J8

MF Ñ JkMF be the canonical projection for each k P N. A function of sets f : J8
MF Ñ R

is smooth if and only if, locally around every point x P J8
MF , it factors through some projection π8

k .
Equivalently, for each x P J8

MF there exists k P N, a neighborhood U Ă JkMF of π8
k pxq P JkMF , and a

smooth function of SmthMfd f̃kU : JkMF |U Ñ R such that the following diagram commutes:

J8
MF |pπ8

k q´1pUq

JkMF |U R.

π8
k

f

f̃k
U

The result is readily extended if the target manifold R is replaced by Rn, and consequently by any
finite-dimensional manifold Σ P SmthMfd.

The first part follows directly from the universal cone property of the limit of the sequence (3.6), whereas
the proof of the second is a bit trickier and can be found in [KS17, Prop. 2.29].
In particular, the result 1. holds for all Σ P CartSp ãÑ SmthMfd, allowing us to describe the smooth set
incarnation of J8

MF via the embedding of Proposition 3.1.2:

ypJ8
MF q – HomFrMfdp´, J8

MF q|CartSp – limSmthSet
k ypJkMF q.

Here, the morphism in FrMfd is the one in Proposition 3.1.5 and the second equivalence comes from the
fact that the limit is computed objectwise. Therefore, Rn-plots of ypJ8

MF q are

ypJ8
MF qpRnq – ttsnk : Rn Ñ JkMF |πkk´1 ˝ snk “ snk´1ukPNu.

One can show (cf. [GS25a]) that the infinite jet prolongation is smooth and uniquely extends to a smooth
map

j8 : ΓM pF q ÝÑ ΓM pJ8
MF q (3.7)

φk ÞÝÑ j8φk.

Finally, we can characterize smooth maps of locally pro-manifolds HomLocProMfdpJ8
MF,G

8q, with G8 “

limFrMfd
j Gj , as follows. The proof of the following proposition can be found in [GS25a, Prop. 3.7].
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Proposition 3.1.6. Let G8 “ limFrMfd
j Gj be any locally pro-manifold.

1. A map of sets f : J8
MF Ñ G8 is smooth if and only if

p8
j ˝ f : J8

MF Ñ G8
p8
j

ÝÝÑ Gj

is smooth for each j P N, and hence if each p8
j ˝ f factors locally around every x P J8

MF through

π8
k : J8

MF Ñ JkMF for some k P N, where p8
j : G8 Ñ Gj denotes the universal cone projections of

G8.

2. Furthermore, smooth maps f : J8
MF Ñ G8 are in one-to-one correspondence with compatible families

of smooth maps tfj : J
8
MF Ñ Gj | j P Nu such that for each pair j2 ě j1 the diagram

J8
MF

Gj2 Gj1

fj2
fj1

p
j2
j1

commutes, and hence, such that furthermore each fj locally factors through π8
k : J8

MF Ñ JkMF for
some k P N.

Remark 3.1.5. In [Blo24; Leó18], the infinite jet bundle is studied within the category of pro-manifolds
ProMfd. ProMfd can be informally thought of as an extension of SmthMfd, adding only well-behaved
limits. Then, J8

MF is not thought of as a Fréchet manifold, but simply as a formal limit of finite-
dimensional manifolds. Smooth functions on it are those that globally factor through some JkMF
(cf. [Leó18, Sec. 1.2]), i.e. the smooth functions C8

glbpJ8
MF q on the formal limit are the union over k P N

of those on JkMF . Note that the latter is a subalgebra of the algebra of locally finite order functions that
we characterized via Proposition 3.1.5:

C8
glbpJ8

MF q ãÑ C8pJ8
MF q.

This somehow justifies (cf. [KS17, Sec. 2.2]) the name of the category LocProMfd, which is, however,
really different from ProMfd, being a full subcategory of FrMfd.
Moreover, in [Blo24; Leó18] the smooth structure of the space of sections of smooth fiber bundles is de-
scribed within the category of concrete smooth sets, i.e. DflSp. Therefore, to obtain a uniform description
of the relevant field-theoretical objects, the two approaches must be combined in the category ProDflSp
of pro-diffeological spaces.
This approach has the following three main drawbacks (cf. [GS25a, Rmk. 3.8]).

1. C8
glbpJ8

MF q do not form a petit sheaf on the underlying topological space, in contrast to C8pJ8
MF q.

2. Contrary to what we will show in the next sections, concrete sheaves do not naturally generalize to
include fermionic fields or infinitesimal structure (cf. [GS25b; GS26; Gio25]).

3. Treating the relevant field-theoretical objects in different categorical footing results in the intro-
duction of heavy categorical machinery that can be avoided within the more natural setting of
SmthSet.

Tangent Bundle, Vector Fields and Cartan Connection

We rigorously define the tangent bundle, vector fields, and classical forms on the infinite jet bundle.
We then show that the tangent bundle has a canonical smooth horizontal splitting that is essential for
building the variational bi-complex (see Def. 3.1.20)).
The definition of the infinite jet tangent bundle is analogous to the definition of the infinite jet bundle in
SmthSet. First, notice that the diagram (3.6) induces the diagram of finite-dimensional tangent bundles

Ñ T pJkMF q
dπk

k´1
ÝÝÝÝÑ T pJk´1

M F q Ñ ¨ ¨ ¨ Ñ T pJ1
MF q

dπ1
0

ÝÝÑ T pJ0
MF q – TF

with the maps being the pushforwards of the projections tπkk´1 : J
k
MF Ñ Jk´1

M F ukPN. The diagram is in
SmthMfd and can be embedded in SmthSet by the Yoneda embedding (see Prop. 3.1.1).
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Definition 3.1.14. The smooth infinite jet tangent bundle T
`

ypJ8
MF q

˘

P SmthSet is defined by

T
`

ypJ8
MF q

˘

– limSmthSet
kPN y

`

T pJkMF q
˘

. (3.8)

The latter is a concrete smooth set. Indeed, T pypJ8
MF qqp˚q – limSet

kPN T pJkMF q is represented by

ď

sPJ8
MF

TspJ
8
MF q –

ď

sPJ8
MF

␣

tXk
s P Tπ8

k psqpJkMF q|dπkk´1X
k
s “ Xk´1

s ukPN
(

.

That is, each point, or tangent vector, Xs P TspJ
8
MF q at s “ j8

p φ P J8
MF is represented by a family

of tangent vectors tXk
s P Tπ8

k psqpJkMF qukPN on each finite order tangent bundle at π8
k psq “ π8

k pj8
p φq “

jkpφ P JkMF . Such a family is compatible along the pushforward projections, i.e. dπkk´1X
k
s “ Xk´1

s . In
a local coordinate chart txµ, tuaIu0ď|I|u of J8

MF P LocProMfd, we can think of this family as the formal
sum

Xs “ Xµ Bxµ

ˇ

ˇ

s
`

8
ÿ

|I|“0

Y aI Bua
I

ˇ

ˇ

s
.

Here tXµ, Y aI u Ă R, with each Xk corresponding to the case where the sum is terminated at order |I| “ k.
From this definition one can recover the notion of tangent vectors as infinitesimal curves.

Proposition 3.1.7. The set of tangent vectors T
`

ypJ8
MF q

˘

p˚q is in bijection with equivalence classes of
curves in J8

MF P LocProMfd:

T
`

ypJ8
MF q

˘

p˚q – HomFrMfdpR, J8
MF q

L

„Opt1q – ypJ8
MF qpRq

L

„Opt1q, (3.9)

where the equivalence relation is agreement up to first-order derivatives at 0 P R.

A proof can be found in [GS25a, Lem. 4.2].
Even if the latter approach is more intuitive, we would rather use Definition 3.1.14 since it allows us to
consider not only points, but any Rn-plot of the tangent bundle of J8

MF

T
`

ypJ8
MF q

˘

pRnq “ limSmthSet
k y

`

T pJkMF q
˘

pRnq – limSet
k HomSmthMfd

`

Rn, T pJkMF q
˘

. (3.10)

This is represented by

ď

snPJ8
MF pRnq

TsnpJ8
MF q –

ď

snPJ8
MF pRnq

!

tXk
sn : Rn Ñ T pJkMF q | dπkk´1 ˝Xk

sn “ Xk´1
sn ukPN

)

,

where Xk
snpxq P Tπ8

k ˝snpxqpJkMF q @x P Rn. In local charts, we can write the formal sum

Xsn “ Xµ
sn Bxµ

ˇ

ˇ

sn
`

8
ÿ

|I|“0

Y aI,snBua
I

ˇ

ˇ

sn
,

where now tXµ
sn , Y

a
I,snu0ď|I| are smooth functions on Rn, with Xk

sn corresponding to the case where the
sum is terminated at order |I| “ k.
We now define fiberwise addition and ypRq-multiplication as the natural transformations

` : T
`

ypJ8
MF q

˘

ˆ ypJ8
MF q T

`

ypJ8
MF q

˘

Ñ T
`

ypJ8
MF q

˘

,
`

tXk
snukPN, tX̃

k
snukPN

˘

ÞÑ tXk
sn ` X̃k

snukPN (3.11)

¨ : ypRq ˆ T
`

ypJ8
MF q

˘

Ñ T
`

ypJ8
MF q

˘

, pfn, tX
k
snukPNq ÞÑ tfn ¨Xk

snukPN

where fn : Rn Ñ R is a plot of ypRq. This is possible thanks to the C8pRnq-linear structure on the fiber
Rn-plots over each Rn-plot of ypJ8

MF q that is induced by the linear structures on each T pJkMF q, natural
in Rn. To understand this, note that there is a canonical smooth bundle projection

π
TJ8

MF
J8
MF : T

`

ypJ8
MF q

˘

Ñ ypJ8
MF q.

We have dropped the Yoneda embedding y from the notation for readability. From now on, we do the
same for any new object defined on ypJ8

MF q. Then, the above means that the Rn-plots of T pypJ8
MF qq

over a single Rn-plot of ypJ8
MF q have a C8pRnq-linear structure. Naturality ensures that the operations
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of the module commute with pulling back along a smooth change of plots f : Rn Ñ Rm, allowing us to
define the two above morphisms of smooth sets.
We now define vector fields on the infinite jet bundle, internally to SmthSet, as the geometrical smooth
sections of its tangent bundle. Consequently, we show that this recovers the usual algebraic definition as
derivatives on C8pJ8

MF q.(14)

Definition 3.1.15. The set of smooth vector fields on the infinite jet bundle ypJ8
MF q is defined as

smooth sections of its tangent bundle:

X
`

J8
MF

˘

– ΓypJ8
MF q

`

T pypJ8
MF qq

˘

“
␣

X : ypJ8
MF q Ñ T pypJ8

MF qq
ˇ

ˇ π
TJ8

MF
J8
MF ˝X “ idypJ8

MF q

(

.

By the limit property for T
`

ypJ8
MF q

˘

, a vector fieldX corresponds to a compatible family tXk : y
`

J8
MF

˘

Ñ

y
`

T pJkMF q
˘

ukPN such that the following commutes for all k P N:

y
`

T pJkMF q
˘

ypJ8
MF q y

`

T pJk´1
M F q

˘

.

dπk
k´1

Xk

Xk´1

Since the embedding of LocProMfd into SmthSet is fully faithful, each map of such a family can be
thought of as a smooth map in LocProMfd. The latter is, via Proposition 3.1.5, locally of finite order. In
other words, it is, locally around each s P J8

MF , the pullback of some smooth function of a finite-order
jet bundle via the appropriate projection. In particular, such a family tXk : J8

MF Ñ T pJkMF qukPN may
be represented in a local chart of J8

MF by the formal sum

X “ XµBxµ `

8
ÿ

|I|“0

Y aI Bua
I
.

Here
␣

Xµ, tY aI u0ď|I|

(

Ă C8pJ8
MF q is a family of locally defined smooth functions, with each Xk corre-

sponding to the truncation of the sum at order |I| “ k.
We denote the vector subspace of globally finite order vector fields,(15) i.e. those that correspond to a
compatible family in which every map Xk : J8

MF Ñ T pJkMF q is globally of finite order, by

XglbpJ8
MF q Ă XpJ8

MF q.

Note that, XpJ8
MF q has a C8pJ8

MF q-module structure induced by the fiber-wise ypRq-linear structure on
T
`

ypJ8
MF q

˘

through the composition with the operations in Equation (3.11). In local coordinates, this
is represented as a formal sum of indices and multiplication by C8pJ8

MF q. Similarly, XglbpJ8
MF q inherit

the structure of a C8
glbpJ8

MF q-module.
The following result establishes a connection between our definition of a vector space and the more
intuitive interpretation of vector fields as derivations on the jet bundle.

Proposition 3.1.8. Vector fields on J8
MF are in 1-1 correspondence with derivations of the algebra of

smooth functions:
XpJ8

MF q – Der
`

C8pJ8
MF q

˘

.

For the proof, see [GS25a, Lem. 4.5].
The latter result restricts to the global case XglbpJ8

MF q “ Der
`

C8
glbpJ8

MF q
˘

. Notably, this point of view
allows to define a Lie algebra structure on XpJ8

MF q (cf. [GS25a]) with the usual bracket defined by

rX, X̃spfq – XpX̃pfqq ´ X̃pXpfqq (3.12)

for any f P C8pJ8
MF q and X, X̃ P XpJ8

MF q.
Remarkably,(16) the infinite jet tangent bundle T pypJ8

MF qq Ñ ypJ8
MF q has a smooth canonical horizontal

splitting.

(14)Once the spaces are enriched with infinitesimal structure, this definition is naturally recovered as the synthetic tangent
bundle of the infinite jet bundle (see Def. 3.2.4).
(15)These are the vector fields that usually appear in field-theoretic examples, but restricting to them is not enough for
some applications.
(16)This is not true in general for infinite-dimensional manifolds, and even if the split always exists in the finite-dimensional
case (cf. [GSM09, Thm. 1.1.12]) this is not canonical because it corresponds to an arbitrary choice of connection.

63



3.1. SMOOTH SETS

Remark 3.1.6. We recall the vertical tangent bundle and the splitting of an exact sequence of vector
bundles, and heuristically show how the latter is related to a connection, namely the Cartan connection.
Let πTFF : TF Ñ F be the tangent bundle of a fiber bundle πFM : F Ñ M , and consider its vertical
subbundle(17) V F “ kerpdπFM q, where dπFM : TF Ñ TM , consists of the vectors tangent to fibers of F .
One can show that it fits in the following short exact sequence of vector bundles over F

0 Ñ V F
ι

ÝÑ TF
dπF

M
ÝÝÝÑ pπFM q˚TM Ñ 0

where pπFM q˚TM – F ˆM TM . A short exact sequence here means that the arrows are bundle maps
such that the image of each morphism is the kernel of the next morphism.
The sequence is said to split if there exist a bundle map H : pπFM q˚TM Ñ TF such that dπF

M ˝H “

idpπF
M q˚TM or equivalently TF – ιpV F q ‘ HppπFM q˚TMq, where the sum has to be interpreted as direct

sum compatible with the vector bundle structure (cf. Whitney sum [GSM09, Sec. 1.1.3]). The latter
direct sum suggests identifying pπFM q˚TM with the horizontal tangent subbundle HF , that is, the image
of the lifting map H. In other words, the splitting is used to lift tangent vectors from M to horizontal
vectors in TF , consistently with the bundle structure.(18) Such a lift can be described explicitly as

TuF Q XH
u – σpuq

`

XπF
M puq

˘

“ H
`

u,XπF
M puq

˘

with XπF
M puq P TπF

M puqM,

where the connection split σ : F Ñ HompTM,TF q assigns to each point u P F a bundle map in
HompTM, TF q.
This splitting is essential for comparing vertical field variations, which are useful for formalizing the ac-
tion principle in field theories, separately from horizontal variations. It ensures that when one computes
the variation of the action, the change of fields can be decomposed into genuine field transformation
contributions (vertical) and variation solely due to a diffeomorphism of the base (horizontal).
The theorem [GSM09, Thm 1.1.12] states that every exact sequence of vector bundles is split in the case
of finite-dimensional manifolds, even if the splitting is not canonical,(19) but this is not always true for
the infinite-dimensional case.(20)

The choice of a complementary horizontal bundle defines an Ehresmann connection on the bundle.
It can be shown that an Ehresmann connection uniquely determines a horizontal lift and therefore the
splitting. That is, for a fiber bundle πFM : F Ñ M , a connection defines a splitting of the tangent bundle
TF – V F ‘ HF, that is a vector bundle over F . V F denotes the vertical bundle, and HF is the
horizontal distribution determined by the connection, called Cartan connection.
Such a connection is more general than a linear one, but it coincides with a linear connection, when con-
sidering a vector bundle πFM : F Ñ M , if the horizontal distribution is linear in the fibers, i.e. compatible
with the vector space structure of each fiber. Nevertheless, the two concepts are analogous in the scope:
determining the parallel transport along M . Presenting the relation between the two type of connections
goes beyond the ambit of the project.(21) Still, it can be intuitively understood by defining the horizontal
lift as follows, showing an analogy with parallel transport (cf. [Tec19]). Let p P M and f P F such that
πFM pfq “ p. Given a smooth curve γ : R Ñ M such that γp0q “ p, we define a lift of γ through f as the
curve γ̃, satisfying γ̃p0q “ f and πFM pγ̃ptqq “ γptq @t. Then a lift is horizontal if every tangent to γ̃ lies

in a fiber of HF , namely 9̃γptq P HFγ̃ptq for all t P R.
The splitting of the tangent bundle induces a splitting of the smooth vector fields into vertical or hori-
zontal, depending on whether they belong to ΓF pV F q or ΓF pHF q, respectively. That is a splitting of the
C8pF q-module(22) XpF q – XV pF q ‘ XHpF q.
The splitting of the tangent bundle induces also a splitting of differential forms into vertical and hori-
zontal forms. The former are those forms on F that vanish when contracted with vectors tangent to the
base M , i.e. when restricted to the horizontal subbundle. They are usually denoted by Ω‚pF {Mq. The
latter are those that vanish when restricted to the vertical subbundle. When the de Rham differential
itself decomposes into horizontal and vertical parts, this structure endows the space of differential forms
on F with the structure of a bicomplex.

(17)A subbundle of a given vector bundle is a submanifold of the total space with vector bundle structure over the same
base.
(18)This is used to depict how fields change under a spacetime diffeomorphism described by fields in TM .
(19)The connection becomes canonical only after fixing additional geometric data, such as a metric.
(20)The properties of the infinite jet bundle ensure the existence of a canonical splitting of its tangent bundle.
(21)For an extensive treatment of connections on fiber bundles see [Tec19; GSM09].
(22)One can show that C8pF q forms a ring and that the action pf ¨Xqppq “ fppqXp, for all f P C8pMq, X P XpMq, p P M,
makes XpMq into a C8pMq-module. Equivalently for XpF q.
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Once the vertical subbundle is introduced, we prove that it fits into a short exact sequence (see Eq. (3.14))
that has a canonical splitting induced by the Cartan connection (see Prop. 3.1.9).

To this end, first notice that the total projection π8
M : ypJ8

MF q
π8
0

ÝÝÑ ypF q
πF
M

ÝÝÑ ypMq induces the following
smooth pushforward

dπ8
M : T

`

ypJ8
MF q

˘

ÝÑ ypTMq. (3.13)

The action of this map on Rn-plots is given by
␣

Xk
sn : Rn Ñ T pJkMF q

ˇ

ˇ dπkk´1 ˝Xk
sn “ Xk´1

sn
(

kPN ÞÝÑ dπkM ˝Xk
sn P ypTMqpRnq,

where Xk
sn is a representative in the representing set of the plots and dπkM : T pJkMF q Ñ TM is the

pushforward of πFM ˝ πk0 “: πkM : JkMF Ñ M . In local coordinates, we can concretely understand the
action of the map on Xs P T

`

ypJ8
MF q

˘

p˚q at s P J8
MF writing

Xs “ Xµ Bxµ

ˇ

ˇ

s
`

8
ÿ

|I|“0

Y aI Bua
I

ˇ

ˇ

s
ÞÝÑ XµBxµ

ˇ

ˇ

π8
M psq

.

This, in turn, allows us to define the smooth vertical subbundle.

Definition 3.1.16. The smooth vertical subbundle of T
`

ypJ8
MF q

˘

is defined as the equalizer of dπ8
M

and the canonical zero map 0M : T
`

ypJ8
MF q

˘

Ñ ypTMq:

V J8
MF – eq

´

T
`

ypJ8
MF q

˘

ypTMq

¯

.
dπ8

M

0M

Rn-plots of the above are represented by compatible families
!

Xk
sn : R

n Ñ T pJkMF q

ˇ

ˇ

ˇ
dπkk´1 ˝Xk

sn “ Xk´1
sn , dπkM ˝Xk

sn “ pπ8
M ˝ sn, 0q

)

kPN
.

For instance, a vertical tangent vector at s P J8
MF , namely Xs P V J8

MF p˚q, is represented in a local
coordinate chart by

Xs “ 0 `

8
ÿ

|I|“0

Y aI Bua
I

ˇ

ˇ

ˇ

s
.

Furthermore, note that smooth sections of the vertical subbundle V J8
MF Ñ ypJ8

MF q (see Def. 3.1.15),
define the subbundle of vertical vector fields on J8

MF :

XV pJ8
MF q – ΓypJ8

MF q

`

V J8
MF

˘

.

In a local chart, these are represented by

X “ 0 `

8
ÿ

|I|“0

Y aI Bua
I

where Y aI P C8pJ8
MF q.

It follows that XV pJ8
MF q is closed under the Lie bracket of XpJ8

MF q (see Eq. (3.12)).
Finally, we write the following natural short exact sequence of smooth sets(23) over ypJ8

MF q

0J8
MF ÝÑ V J8

MF ÝÑ T py
`

J8
MF q

˘

Ñ y
`

J8
MF

˘

ˆypMq ypTMq ÝÑ 0J8
MF . (3.14)

This is a short exact sequence of C8pRnq-modules of fiber Rn-plots over each Rn-plot of ypJ8
MF q.(24) The

third map is naturally given on Rn-plots by

tXk
sn : Rn Ñ T

`

JkMF
˘

| dπkk´1 ˝Xk
sn “ Xk´1

sn u ÞÝÑ psn, dπkM ˝Xk
snq.

The crucial property of the infinite jet bundle is that the above sequence has a canonical splitting

H : y
`

J8
MF q ˆypMq y

`

TMq ÝÑ T
`

ypJ8
MF q

˘

.

(23)The fibered product is in SmthSet, with Rn-plots being pairs of plots that project to the same plot inM . The coordinate
charts take the form txµ, 9xµ, ua, uaµ, u

a
µ1µ2

, ¨ ¨ ¨ u, with t 9xµu denoting the fiber coordinates on TM .
(24)More concretely, exactness is checked plotwise: for each plot sn of J8

MF , the Rn-plots of the smooth sets in the sequence
above it, i.e. in the fiber of sn, form a short exact sequence of C8pRnq-modules.
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That is, there exists a canonical connection on ypJ8
MF q, usually referred to as the Cartan connection.(25)

Before stating and proving Proposition 3.1.9, let us work out the description of the splitting at the point
set level.
Let jkpφ P JkMF and choose a representative local section φ̃ : U Ă M Ñ F such that jkφ̃ppq “ jkpφ (see
Def. 3.1.10). The induced pushforward map

d
`

jkφ̃
˘

p
: TpM ÝÑ TjkpφpJkMF q

is given in local coordinates by the usual Cartan horizontal lift

XµBxµ

ˇ

ˇ

p
ÞÝÑXµ

ˆ

Bxµ

ˇ

ˇ

jkpφ
`

k
ÿ

|I|“0

BxµBxI φ̃appq ¨ Bua
I

ˇ

ˇ

jkpφ

˙

“ Xµ

ˆ

Bxµ

ˇ

ˇ

jkpφ
`

k
ÿ

|I|“0

uaI`µpJk`1
p φ̃q ¨ Bua

I

ˇ

ˇ

jkpφ

˙

.

Here txµu and txµ, tuaIu|I|ďku are the local coordinates of M and JkMF respectively. The expression
depicts how a vector over the base manifold M is horizontally lifted to a vector over the infinite jet
bundle, compatibly with respect to the structure of the latter. Note that, such a map depends smoothly
only on the pk`1q-jet at p P M of the chosen representative section φ̃. Therefore the assignment defines,
for each k P N, a smooth map of bundles over JkMF

Hk : Jk`1
M F ˆM TM ÝÑ T pJkMF q,

`

jk`1
p φ,Xp

˘

ÞÝÑ d
`

jkφ
˘

p
pXpq. (3.15)

Here φ : U Ă M Ñ F on the right-hand side is any representative local section with jk`1φppq equal to
the given jet. This fits inside the following commutative diagram:

Jk`1
M F ˆM TM T pJkMF q

JkMF ˆM TM T pJk´1
F q.

Hk

πk`1
k ˆid dπk

k´1

Hk´1

(3.16)

Notably, there is an injective point-set map

J8
MF ˆM TM Ñ T

`

ypJ8
MF q

˘

p˚q,
`

j8
p φ,Xp

˘

ÞÑ d
`

j8φ
˘

p
pXpq –

␣

d
`

jkφ
˘

p
pXpq

(

kPN (3.17)

which splits the ˚-plot sequence of Equation (3.14). Again, φ : U Ă M Ñ F is a representative local
section of j8

p φ. In the coordinate representation of points in Tj8
p φ
J8
MF , the map takes the form

ˆ

j8
p φ,X

µBxµ

ˇ

ˇ

p

˙

ÞÝÑ Xµ

ˆ

Bxµ

ˇ

ˇ

j8
p φ

`

8
ÿ

|I|“0

uaI`µpj8
p φq ¨ Bua

I

ˇ

ˇ

j8
p φ

˙

,

where and txµ, tuaIu0ď|I|u are the local coordinates of J8
MF . More generally, the map of Equation (3.17)

extends to a smooth splitting of the corresponding smooth sets. Note that such splitting is not global on
arbitrary jet bundles, but is canonical on J8

MF due to its properties.(26)

Proposition 3.1.9. The family of smooth bundle maps tHk : Jk`1
M FˆM TM Ñ T pJkMF qukPN determines

a map, called Cartan connection, of smooth sets

H : ypJ8
MF q ˆypMq ypTMq ÝÑ T

`

ypJ8
MF q

˘

, (3.18)

which splits the corresponding exact sequence in Equation (3.14).
Moreover, the split is canonical, i.e. there is a canonical isomorphism of smooth sets over ypJ8

MF q

V J8
MF ˆypJ8

MF q

`

ypJ8
MF q ˆypMq ypTMq

˘ „
ÝÑ T

`

ypJ8
MF q

˘

.

(25)The Cartan connection is the Ehresmann connection that chooses the complementary horizontal subbundle as HJ8
MF .

This is canonical for the infinite jet bundle, but it is not when considering a finite order jet bundle. In any case, it is
possible to equivalently describe HJk

MF , with k P NY t8u, in terms of Cartan distribution (see ft. (27), p. 67) or associated
foliation. However, the Cartan distribution has desirable properties only on the infinite jet bundle, and not on the finite
order ones (cf. [Leó18; Blo24]).
(26)In particular, this is due to the contact structure of J8

MF , i.e. the one forms annihilating the Cartan distribution.
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The induced splitting is T
`

ypJ8
MF q

˘

– V J8
MF ‘HJ8

MF, where the plots of the smooth subbundle HJ8
MF ,

called Cartan distribution,(27) are given by the image of the Cartan connection(28) (see Eq. (3.18)).

Proof. We prove only the first part of the proposition, since the second comes as a corollary.
The proof is a variation of Proposition 3.1.6. By the limit property of the infinite jet tangent bundle (see
Eq. (3.8)) and the fully faithful embedding of LocProMfd into SmthSet, we compute

HomSmthSet

`

ypJ8
MF q ˆypMq ypTMq, T

`

ypJ8
MF q

˘˘

–

– HomSmthSet

`

ypJ8
MF ˆM TMq, limSmthSet

k ypT pJkMF qq
˘

–

– limSet
k HomSmthSet

`

ypJ8
MF ˆM TMq, ypTJkMF q

˘

–

– limSet
k HomFrMfd

`

J8
MF ˆM TM, TJkMF

˘

.

In particular, in the second line we used the fact that the Yoneda embedding preserves limits. In
the third line we applied the property of the hom-functor (see Prop. 1.1.1). Hence a smooth map
f : ypJ8

MFˆM TMq Ñ T
`

ypJ8
MF q

˘

corresponds to a family of smooth Fréchet maps tfk : J8
MFˆM TM Ñ

T pJkMF qukPN such that dπkk´1 ˝ fk “ fk´1, and vice versa.
By Proposition 3.1.5, the set-theoretic maps

`

π8
k`1 ˆ id

˘˚
Hk : J8

MF ˆM TM ÝÑ Jk`1
M F ˆM TM ÝÑ T pJkF q

are smooth Fréchet maps for each k P N, being the pullback of globally(29) finite order maps. Furthermore,
by the commutativity of diagram (3.16), they satisfy

dπkk´1 ˝ pπ8
k`1 ˆ idq˚Hk “ dπkk´1 ˝Hk ˝ pπ8

k`1 ˆ idq “ Hk´1 ˝ pπk`1
k ˆ id

˘

˝ pπ8
k`1 ˆ idq

“ Hk´1 ˝ pπ8
k ˆ id

˘

“ pπ8
k ˆ idq˚Hk´1.

Thus the family tpπ8
k`1 ˆ idq˚Hk : J8

MF ˆM TM ÝÑ T pJkMF qukPN uniquely corresponds to a map

H : ypJ8
MF ˆM TMq Ñ T

`

ypJ8
MF q

˘

. The underlying point set map is that of Equation (3.17), and
since this splits the ˚-plot sequence, it follows that the Rn-plot sequences split too. ■

In a local coordinate chart for J8
MF , the explicit action on Rn-plots may be seen as

ˆ

sn, XµBxµ

ˇ

ˇ

π8
M˝sn

˙

ÞÝÑ Xµ

ˆ

Bxµ

ˇ

ˇ

sn
`

8
ÿ

|I|“0

uaI`µ ˝ sn ¨ Bua
I

ˇ

ˇ

sn

˙

.

Here sn : Rn Ñ J8
MF is an Rk-plot of the infinite jet bundle, and tXµ : Rn Ñ Mu are the components of

the corresponding plot in TM .
The second part of the above proposition implies the splitting, in the sense of C8pJ8

MF q-modules, of
smooth vector fields XpJ8

MF q – XV pJ8
MF q‘XHpJ8

MF q, where the two components denote smooth sections
of the corresponding bundles (see Def. 3.1.15). Hence, any vector field X on ypJ8

MF q decomposes uniquely
as X “ XV ` XH , where XV and XH are sections of the vertical and horizontal smooth subbundles,
respectively. The latter can be represented in local coordinates as

XV “

8
ÿ

|I|“0

´

Y aI ´Xµ ¨ uaI`µ

¯

¨
B

BuaI
and XH “ Xµ

ˆ

Bxµ `

8
ÿ

|I|“0

uaI`µBua
I

˙

.

In particular, if X̃µBxµ P ΓM pTMq, its horizontal lift is pπ8
M q˚X̃pBxµ `

ř8

|I|“0 u
a
I`µBua

I
q P XHpJ8

MF q. It

is helpful to denote the local basis for horizontal vector fields on ypJ8
MF q, i.e. the horizontal lifts of the

local coordinate vector fields tBxµu on M , by

Dµ – Bxµ `
ÿ

|I|ě0

uaI`µBua
I
. (3.19)

(27)A distribution is a smooth assignment of a vector subspace of the tangent space to each point of the manifold m ÞÑ

∆m Ď TmM (see ft. (25), p. 66).
(28)The direct sum here is the fibered product V J8

MF ˆypJ8
M

F q

`

ypJ8
MF q ˆypMq ypTMq

˘

computed in SmthSet, with

the linear structure being fiberwise for each Rn-plot over the induced plot of the base ypJ8
MF q, i.e. the direct sum of

C8pRnq-modules of fiber Rn-plots over each Rn-plot of ypJ8
MF q.

(29)In this particular case, the maps are globally of finite order, but this more generally works for locally finite order maps.
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If f : J8
MF Ñ R is a smooth function and φ P ΓM pF q is a smooth section, then f ˝ j8φ P C8pMq. The

vector fields tDµu encode the action of t B
Bxµ u on f ˝ j8φ via the chain rule, that is:

Dµpfq ˝ j8φ “

ˆ

Bxµf `

8
ÿ

|I|“0

uaI`µBua
I
f

˙

˝ j8φ

“ Bxµf ˝ j8φ`

8
ÿ

|I|“0

BxµBxIφa ¨
`

Bua
I
f ˝ j8φ

˘

“ Bxµ

`

f ˝ j8φ
˘

.

By construction, the vertical vector fields XV pJ8
MF q are closed under the Lie bracket defined in Equation

(3.12). Crucially, the Cartan connection is flat. That is, the horizontal vector fields are closed under the
Lie bracket

rX1
H , X

2
H s P XHpJ8

MF q, @X1
H , X

2
H P XHpJ8

MF q, (3.20)

as can be checked in local coordinates. This means that the Cartan distribution has zero curvature
and that fields over the infinite jet bundle behave well when parallelly transported along a local path of
the base manifold M , i.e. the transport is locally independent of the path. This greatly simplifies the
horizontal lifting. Note that the splitting descends to the subspace of global finite order vector fields
XglbpJ8

MF q – Xglb,V pJ8
MF q ‘ Xglb,HpJ8

MF q, with the same local representation formulas and properties.

Differential Forms and Variational Bi-complex

We now classically define differential forms on the infinite jet bundle as smooth antisymmetric ypRq-linear
maps T

`

ypJ8
MF q

˘

Ñ ypRq, exploiting the fiber-wise linear structure of T pypJ8
MF qq. Finally, we define

the Cartan calculus and the relative variational bi-complex.

Definition 3.1.17. The set of differential m-forms on the infinite jet bundle ypJ8
MF q is defined by

ΩmpJ8
MF q – Homfib.lin.an.

SmthSet

´

TˆmpJ8
MF q, ypRq

¯

.

That is, m-forms are smooth real-valued, fiber-wise linear antisymmetric maps, with respect to the fiber-
wise linear structure induced by the operations in Equation (3.11), on the m-fold fiber product

TˆmpJ8
MF q – T pypJ8

MF qq ˆypJ8
MF q ¨ ¨ ¨ ˆypJ8

MF q T pypJ8
MF qq

of the infinite jet tangent bundle over the infinite jet bundle.

Concretely, the above m-fold fiber product is the smooth set with Rn-plots given by m-tuples of plots
covering the same plot in ypJ8

MF q. Explicitly, the plots are

TˆmpJ8
MF qpRnq “

␣

pX1
sn , ¨ ¨ ¨ , Xm

snq P T pypJ8
MF qqpRnq ˆ ¨ ¨ ¨ ˆ T pypJ8

MF qqpRnq
(

,

where p ˝ X1
sn “ ¨ ¨ ¨ “ p ˝ Xm

sn “ sn P ypJ8
MF qpRnq, with Xi

sn P T pypJ8
MF qqpRnq (see Eq. (3.10)). Note

that sections of such m-fold fibered product are m-tuples of vector fields (see Def. 3.1.15). Accordingly,
any ω P ΩmpJ8

MF q defines, via pre-composition, a map of C8pJ8
MF q-modules

ω : XpJ8
MF q ˆ ¨ ¨ ¨ ˆ XpJ8

MF q ÝÑ C8pJ8
MF q

`

pX1, . . . , Xmq : ypJ8
MF q Ñ TˆmpJ8

MF q
˘

ÞÝÑ
`

ω ˝ pX1, . . . , Xmq : ypJ8
MF q Ñ ypRq

˘

.

On the right-hand side, we identify C8pJ8
MF q “ HomFrMfdpJ8

MF,Rq since the Yoneda embedding is fully
faithful.
Consider now ω P Ω1pJ8

MF q. In local coordinates around s P J8
MF , we can write

XµBxµ `

8
ÿ

|I|“0

Y aI Bua
I

ÞÑ Xµ ¨ ω
`

Bxµ

˘

`

8
ÿ

|I|“0

Y aI ¨ ω
`

Bua
I

˘

.

The right-hand side sum, to be a well-defined smooth function on J8
MF for all vector fields X, must

terminate for some finite |I| “ ks P N, i.e. ωpBua
I
q “ 0 for |I| ě ks. By further restricting to a smaller

neighborhood Us Ă J8
MF around s, without loss of generality, we write

ω “ ωµdx
µ `

ks
ÿ

|I|“0

ωIadu
a
i
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where tωµ, tω
I
au|I|ďksu Ă C8pJ8

MF q are locally defined and of finite order ks. Extending this reasoning to
the general case, we represent ω P ΩmpJ8

MF q, in local coordinates in a neighborhood Us around a point
s P J8

MF , by

ω “
ÿ

p`q“m

ks
ÿ

I1,...,Iq“0

ω
I1¨¨¨Iq
µ1¨¨¨µp a1¨¨¨aq

p!q!
dxµ1 ^ ¨ ¨ ¨ ^ dxµp ^ dua1I1 ^ ¨ ¨ ¨ ^ du

aq
Iq
.

Here the sum terminates at some finite order ks, the coefficients are locally defined functions on JksM F , and
the wedge is the usual exterior product.(30) That is, the map ω : XpJ8

MF q ˆ ¨ ¨ ¨ ˆXpJ8
MF q ÝÑ C8pJ8

MF q

is locally, for any s1 P Us Ă J8
MF , necessarily of the form

ω
`

X1, ¨ ¨ ¨ , Xm
˘

ps1q “ ωks
`

π8
ksps1q

˘

´

dπ8
ks

`

X1ps1q
˘

, ¨ ¨ ¨ , dπ8
ks

`

Xmps1q
˘

¯

(3.21)

for some local form ωks P ΩmpJksM F q and ks P N. Therefore, we can interpret m-forms on ypJ8
MF q as

being locally the pullback of finite order forms, and represent them by compatible families of locally
defined m-forms on finite order jet bundles

␣

ωks P Ωm
`

Uπ8
ks

psq

˘
ˇ

ˇUπ8
ks

psq Ă JksM F
(

sPJ8
MF

.

Compatible here means that for any two s, s1 P J8
MF with ks1 ě ks such that(31) pπ

ks1

ks
q´1

`

Uks
˘

X Uks1 ‰

∅ Ă J
ks1

M F , we have pπ
ks1

ks
q˚ωks “ ωks1 . Equation (3.21) determines the form of the corresponding map

out of the tangent bundle (see Def. 3.1.17) on ˚-plots

ω : TˆmpJ8
MF qp˚q Ñ R, pX1

s , ¨ ¨ ¨ , Xm
s q ÞÑ ωks

`

π8
kspsq

˘`

dπ8
kspX1

s q, ¨ ¨ ¨ , dπ8
kspXm

s q
˘

,

for some locally defined form ωks P Ωm
`

JksM F
˘

around π8
ks

psq P JksM F . The action on any Rn-plot follows
immediately by substituting the ˚-plots denoted by s with Rn-plots sn.
Note that the globally finite order m-forms, i.e. those determined as a pullback of a single globally defined
m-form ωk P ΩmpJkMF q, fit in the above description. They form a vector subspace that we denote by
ΩmglbpJ8

MF q Ă ΩmpJ8
MF q in analogy to the case of smooth functions (or 0-forms).(32)

Remark 3.1.7. Equivalently, one could define the above within LocProMfd and consequently embed it in
SmthSet. Recall that the local pro-manifold J8

MF is paracompact and has partitions of unity (cf. [Tak79]).
By extending tangent vectors to vector fields, via a partition of unity, it follows that any C8pJ8

MF q-linear
map XpJ8

MF q ˆ ¨ ¨ ¨ ˆ XpJ8
MF q Ñ C8pJ8

MF q defines a fiberwise linear smooth map TˆmpJ8
MF q Ñ R.

Thus, there is in fact a bijection

ΩmpJ8
MF q “ Homfib.lin.an.

SmthSet

`

TˆmpJ8
MF q,R

˘

(3.22)

– Homantis.
C8pJ8

MF q-Mod

`

XpJ8
MF q ˆ ¨ ¨ ¨ ˆ XpJ8

MF q, C8pJ8
MF q

˘

, (3.23)

where “antis.” denotes the fact that the morphisms are antisymmetric.

Note that the wedge product can be defined as for Definition 3.1.7. Furthermore, it is possible to
algebraically define the Cartan calculus(33) on Ω‚pJ8

MF q –
À

mPN ΩmpJ8
MF q.

Definition 3.1.18. Let ω P ΩmpJ8
MF q, ω1 P Ωm

1

pJ8
MF q (see Def. 3.1.17) for some m, m1 P N, f P

C8pJ8
MF q and X P XpJ8

MF q.

1. The contraction is defined as ιXω – ωpX,´, ¨ ¨ ¨ ,´q P Ωm´1pJ8
MF q.

(30)In this case it is the usual wedge product since in the local coordinates we are considering forms locally of finite order,
i.e. over the smooth manifold Jks

M F .
(31)pπ

ks1

ks
q´1 is the preimage of

`

Uks

˘

via the projection.
(32)Both Ωm

glbpJ8
MF q and ΩmpJ8

MF q have a natural C8pJ8
MF q-module structure, but only the latter also defines a petit

sheaf on the topological space J8
MF P LocProMfd.

(33)The Cartan calculus also naturally descends to Ω‚
glbpJ8

MF q.
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2. The de Rham differential d: ΩmpJ8
MF q Ñ Ωm`1pJ8

MF q is given by

dωpX0, ¨ ¨ ¨ , Xmq “

m
ÿ

i“0

p´1qiXi
´

ωpX0, ¨ ¨ ¨ ,xXi, ¨ ¨ ¨ , Xmq

¯

(3.24)

`
ÿ

iăj

p´1qi`jω
`

rXi, Xjs, X0, ¨ ¨ ¨ ,xXi, ¨ ¨ ¨ , xXj , ¨ ¨ ¨ , Xm
˘

.

It follows that d2 “ 0, and so
`

Ω‚pJ8
MF q, d

˘

defines a cochain complex.(34)

3. The Lie derivative of a function f P C8pJ8
MF q along X is defined by LXpfq – Xpfq P C8pJ8

MF q.
It extends to m-forms by LX – rιX , ds, that is:

LX : ΩmpJ8
MF q Ñ ΩmpJ8

MF q, ω ÞÑ ιXpdωq ` dpιXωq.

The maps d, LX and ιX take the usual coordinate form around any point s P J8
MF , whereby ω and

X are locally of finite order. One can show that the de Rham differential, the contraction by a vector
field, and the Lie derivative with respect to a vector field are graded derivations of degree +1, ´1, and
0, respectively. The usual Cartan calculus identities (see Thm. 1.1) between them also follow, since they
hold locally around every point s P J8

MF for the corresponding finite order representatives.
The splitting of the tangent bundle (see Prop. 3.1.9), induces a splitting on the set of forms Ω‚pJ8

MF q,
that is a decomposition(35) on m-forms, for all m P N,

ΩmpJ8
MF q –

à

p`q“m

Ωp,qpJ8
MF q

with ω P Ωp,qpJ8
MF q if and only if

ωpX1
V , . . . , X

p
V ,´, . . . ,´q “ 0 and ωp´, . . . ,´, X1

H , . . . , X
q
Hq “ 0

for any vertical tX1
V , . . . , X

p
V u Ă XV pJ8

MF q and tX1
H , . . . , X

p
Hu Ă XHpJ8

MF q.
Locally around s P J8

MF , ω can be written as

ω “

ks
ÿ

I1,...,Iq“0

ω
I1...Iq
µ1...µpa1...aq

p!q!
dHx

µ1 ^ . . .^ dHx
µp ^ dV u

a1
I1

^ . . .^ dV u
µq

Iq

where the horizontal and vertical differentials are defined as follows.

Definition 3.1.19. The horizontal and vertical pp, qq-differentials

dp,qH : Ωp,qpJ8
MF q Ñ Ωp`1,qpJ8

MF q and dp,qV : Ωp,qpJ8
MF q Ñ Ωp,q`1pJ8

MF q

are defined by
dp,qH – prp`1,q ˝ d|Ωp,q and dp,qV – prp,q`1 ˝ d|Ωp,q

where prp,q : Ω
p`qpJ8

MF q Ñ Ωp,qpJ8
MF q denotes the subspace projection.

The involutive properties of the vertical and horizontal subbundles (see Eq. 3.20) imply that the de Rham
differential decomposes as

d|Ωp,q “ dp,qH ` dp,qV . (3.25)

Indeed, by projecting the de Rham differential onto each of the subspaces, the decomposition on functions
is exactly

d|C8pJ8
MF q “: d0,0H ` d0,0V : C8pJ8

MF q Ñ Ω1
HpJ8

MF q ‘ Ω1
V pJ8

MF q,

where in local coordinates

dHpfq “ dxµDµpfq and dV pfq “

ks
ÿ

|I|“0

`

duaI ´ uaI`µdx
µ
˘

Bua
I
f. (3.26)

(34)It turns out that the global and local cohomologies are isomorphic, since the relative cochains are quasi-isomorphic
(cf. [Tak79] and [GS25a, Prop. 4.14]).
(35)To show this, one first shows it for m “ 1, where the uniqueness of the decomposition is due to C8pJ8

MF q-linearity

(cf. [GS25a][Def. 5.1]). Then it follows for m ě 2 by ΩmpJ8
MF q –

Źm Ω1pJ8
MF q –

Źm
`

Ω1
HpJ8

MF q ‘ Ω1
V pJ8

MF q
˘

.
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A priori, the discussion is different on p1, 0q-forms. Indeed, d|Ω1,0 could create 2-forms and therefore
decompose as

d|Ω1,0 “ d1,0H ` d1,0V ` pr0,2 ˝ d|Ω1,0 .

Then, to get the correct decomposition, we need to show that given any form ωH P Ω1,0pJ8
MF q “

Ω1
HpJ8

MF q, dωH has zero p0, 2q-component. This amounts to show that dωHpX1
V , X

2
V q “ 0 for all ωH P

Ω1,0pJ8
MF q “ Ω1

HpJ8
MF q, and X1

V , X
2
V P XV pJ8

MF q. It is immediate to see that

dωHpX1
V , X

2
V q “ X1

V pωHpX2
V qq ´X2

V pωHpX1
V qq ´ ωHprX1

V , X
2
V sq “ 0

by horizontality of ωH and the involutive property of the vertical subbundle. A similar argument shows
that d|Ω0,1 “ d0,1H ` d0,1V . Since the bigraded algebra Ω‚,‚pJ8

MF q –
À

mPN
À

p`q“mΩp,qpJ8
MF q is gener-

ated by C8pJ8
MF q, Ω1

HpJ8
MF q, and Ω1

V pJ8
MF q, it follows that the decomposition Equation (3.25) holds.

Then, omitting the reference to pp, qq, 0 “ d2 “ d2H ` d2V ` pdHdV ` dV dHq implies

d2H “ 0, d2V “ 0, and dHdV “ ´dV dH .

This is the case since each of the terms maps into different subspaces of the bigraded algebra Ω‚,‚pJ8
MF q.

Then, the action on local coordinates and local basis of horizontal and vertical 1-forms is given by

dHpxµq “ dxµ, dV pxµq “ 0, dHpuaI q “ dxµuaI`µ, dV puaI q “ duaI ´ uaI`µdx
µ (3.27)

dHpdxµq “ 0, dV pdxµq “ 0, dHpdV u
a
I q “ dxµ ^ dV u

a
I`µ, dV pdV u

a
I q “ 0

and hence on any pp, qq-form, by derivation properties of the differentials and their action on functions
(see Eq. (3.26)).
Note that any smooth bundle map J8

MF Ñ
Źp

T˚M over M is equivalently a pp, 0q-form on the infinite
jet bundle.

Definition 3.1.20. The variational bi-complex of a fiber bundle F Ñ M is the bi-complex

pΩ‚,‚pJ8
MF q,dH , dV q ,

graphically depicted as

...
...

...
...

Ω0,2pJ8
MF q Ω1,2pJ8

MF q Ω2,2pJ8
MF q ¨ ¨ ¨ Ωd,2pJ8

MF q

Ω0,1pJ8
MF q Ω1,1pJ8

MF q Ω2,1pJ8
MF q ¨ ¨ ¨ Ωd,1pJ8

MF q

Ω0pJ8
MF q Ω1,0pJ8

MF q Ω2,0pJ8
MF q ¨ ¨ ¨ Ωd,0pJ8

MF q.

dV

dH

dV

dH

dV

dH dH

dV

dV

dH

dV

dH

dV

dH dH

dV

dV

dH

dV

dH

dV

dH dH

dV

A full description of the properties of the variational bicomplex can be found in [Sau89; Tak79; Leó18],
and the discussion naturally fits into SmthSet (cf. [GS25a, Ch. 5]). We here only report an important
result: Takens’ acyclicity theorem.

Proposition 3.1.10. The horizontal rows pΩ‚,qě1pJ8
MF q, dHq are exact, apart from degrees pd, qq. Sim-

ilarly the vertical columns pΩp,‚pJ8
MF q, dV q, apart from pp, q ď fq, where f is the dimension of the fiber

pdimF “ f ` dq.

Local Cartan Calculus and Variational Bicomplex and Transgression

We introduce local vector fields and forms to demonstrate how the infinite jet bundle technology can
be utilized to globally discuss locality, i.e. without referring to a specific local coordinate chart, and to
define the local Cartan calculus on F ˆ M . Such a description is crucial for the formal implementation
of the action principle in classical local field theories. This can also be implemented in other settings,
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3.1. SMOOTH SETS

for instance within ProDflSp (cf. [Blo24]). However, SmthSet affords a more natural treatment of all
field-theoretic objects within a single category (see Rmk. 3.1.5). In particular, the local Lagrangian den-
sity and local vector fields are morphisms in SmthSet, i.e. natural transformations between sheaves, that
factor through the infinite jet bundle. Since the integration over M can also be viewed as a morphism of
sheaves, the action functional itself defines a smooth map in SmthSet. Crucially, local vector fields form
a Lie algebra with an appropriate bracket. Finally, local forms are morphisms in SmthSet obtained as
pullbacks, along an appropriate smooth map, of differential forms on the infinite jet bundle; these, too,
are natural transformations. Restricting to these local objects, one can define the local Cartan calculus
and local variational bi-complex onM ˆF and further transgress it to F . For a more detailed treatment,
we refer to [GS25a, Ch. 3, 5, 6 and Ch. 7].

Definition 3.1.21. A local Lagrangian density is a map of smooth sections L : ΓM pF q Ñ ΩdpMq, φ ÞÑ

L ˝ j8φ where j8 : ΓM pF q Ñ ΓM pJ8
MF q is the set-theoretic jet prolongation, d is the dimension of M ,

and L is a smooth bundle map

J8
MF

Źd
T˚M.

M
π8
M

L

The Lagrangian form is local if it locally factors through finite order jet bundles. This definition does
indeed reflect the formulas written in the physics literature (see Def. 2.1.2). Locally, the value of the local
Lagrangian density Lpφq on a field φ P ΓM pF q may be represented by

Lpφq “ L ˝ j8φ “ L
`

xµ, φa, tBIφ
au|I|ďk

˘

“ L̄
`

xµ, φa, tBIφ
au|I|ďk

˘

¨ dx1 ¨ ¨ ¨ dxd,

for some smooth function L̄ P C8pJ8
MF q. One can show that it canonically extends to a smooth map

of smooth sets L : ΓM pF q ÝÑ ΓM p
Źd

T˚Mq, where the latter is the smooth set whose plots can be
interpreted as Rk-parametrized d-forms on M (cf. [GS25a, Lem. 3.11]).
Then, we define a bosonic smooth, local Lagrangian field theory to be a pair pF ,Lq.
F – ΓM pF q P SmthSet is the smooth field space of sections of a finite–dimensional fiber bundle F over
the spacetime M , and L “ L ˝ j8 is the smooth Lagrangian density defined by a smooth bundle map
L : J8

MF Ñ
Źd

T˚M or, equivalently, by L P Ωd,0pJ8
MF q. Note that the majority of fundamental physical

theories are described by Lagrangians that factor globally through a finite-degree jet bundle. However,
generic algebraic operations on fixed order Lagrangians result in objects that necessarily factor through
higher jet bundles, and so it is natural not to fix an order in the jet bundle and consider the infinite limit
instead.
Integration defines another natural map of smooth sets. More precisely, if the base spacetime M is
closed(36) and oriented, then integration along M defines a smooth map

ż

M

: ΓM
`

ľd
T˚M

˘

ÝÑ ypRq. (3.28)

Here, the integration is plot-wise along M while keeping the Rk-dependence fixed. Explicitly, for any
ωRk P ΩdpMqpRkq, the value of

ş

M
ωRk P ypRqpRkq is given by

ˆ
ż

M

ωRk

˙

pxq –

ż

M

ι˚xωRk

where ι˚x : M – txu ˆ M ãÑ Rk ˆ M . The composition of a smooth Lagrangian L with the smooth
integration map defines the action functional as a map of smooth sets

S “

ż

M

˝L : ΓM pF q ÝÑ ypRq. (3.29)

Therefore, SmthSet also satisfies requirement 2 in Section 2.1. S is a local functional in the following
sense.
(36)For a non-compact manifold, we can restrict to closed submanifolds Σd Ă M . If BM ‰ H, or BΣd ‰ H, we should also
take care of the boundary. A way of dealing with this at the level of the critical locus can be found in [GS25a][Def. 5.37
& Rmk. 5.38 ]. To apply the Cartan calculus on the boundary and, by means of it, formulate BV-BFV, one should first
understand how the infinite jet bundle behaves in the presence of a boundary. This is an interesting question that, however,
we do not delve into as it goes beyond the scope of the thesis.

72
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Definition 3.1.22. The algebra of smooth local real-valued functionals C8
locpFq ãÑ C8pFq on

the field space F is the minimal subalgebra generated by integrating P – P ˝ j8 : F Ñ ΓM p
Źp

T˚Mq,
with P P Ωp,0pJ8

MF q, over compact oriented submanifolds Σp Ă M of dimension p.(37)

The appropriate notion of a symmetry of a Lagrangian field theory is the following.

Definition 3.1.23.

1. Consider a Lagrangian field theory pF ,Lq and a local diffeomorphism

D P Diff locpFq – tHomSmthSetpF ,Fq Q D – D ˝ j8 : F Ñ F |DD´1 – D´1 ˝ j8 : F Ñ Fu,

where D,D´1 are bundle maps(38) J8
MF Ñ F over M . D is a local symmetry of pF ,Lq if there

exist a map K – K ˝ j8 : F Ñ ΓM p
Źd´1

T˚Mq, for some bundle map K : J8
MF Ñ

Źd´1
T˚M ,

such that the following diagram commutes:

F F.

M
L`dMK

D

L

2. Consider a local Lagrangian field theory pF ,Lq and a local diffeomorphism Diff locpFq Q D –

D ˝ j8p´q ˝ pid, f´1q induced by the bundle map D : J8
MF Ñ F covering DiffpMq Q f : M Ñ M ,

i.e. such that the following commutes

J8
MF F

M M.

π8
M

D

πF
M

f

D is a spacetime covariant symmetry for pF ,Lq if there existsK – K˝j8 : F Ñ ΓM p
Źd´1

T˚Mq,

for some bundle map K : J8
MF Ñ

Źd´1
T˚M , such that the following diagram commutes:

F F

ΓM
`
Źd´1

T˚M
˘

ΓM
`
Źd´1

T˚M
˘

.

L`dMK

D

L

f˚

Remark 3.1.8. This discussion applies verbatim for Yang–Mills, Chern-–Simons, and BF only if the set-
theoretic field space is taken to be F “ Ω1pM, gq “ ΓM pT˚M ˆM gq, that means considering connections
on the trivial G-bundle M ˆ G Ñ M . Generally, however, the field space consists of connections A P

ConnpP q on an arbitrary principal G-bundle over M , which are not canonically the set of sections of a
fiber bundle overM . With some restriction, one can choose a reference connection A0 to yield a bijection
ConnpP q –A0 ΓM padpP qq where adpP q “ P ˆG g is the adjoint bundle. The jet bundle formalism
then applies to the corresponding smooth set of the right-hand side, therefore all diffeomorphisms and
symmetries defined necessarily preserve A0. Namely, such an approach treats the perturbation theory
around a fixed connection A0. A nonperturbative global approach to this requires a further natural
generalization of smooth sets (cf. [GS25a][ft. 31, p. 32 & Rmk. 6.37]).

To properly treat the infinitesimal version of local symmetry and state Noether theorems(39), one needs
the notion of local vector fields. We now introduce them as they are relevant to build the local variational
bicomplex, but the full discussion on symmetries is out of the scope of this thesis and can be found in
[GS25a][Ch. 6].

(37)If the submanifolds is non compact, we extend the definition by integrating against bump functions.
(38)One can show that bundle maps out of the infinite jet bundle naturally define a differential operator that extend to a
smooth map (cf. [GS25a, Lemma 3.15]).
(39)[GS25a, Prop. 6.17] shows that local vector fields do capture the infinitesimal version of spacetime covariant symmetries,
thus justifying the focus solely on local vector fields.
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Definition 3.1.24. A smooth vector field Z P XpFq “ ΓF pTFq on the field space is local if it is given
by Z “ Z ˝ j8 for some smooth bundle map, called evolutionary vector field Z P XevpJ8

MF q,

J8
MF V F

F
π8
0

Z

πTF
F

over the total space F of the field bundle F Ñ M . The subset of local vector fields is denoted by
XlocpF q Ă XpF q.

For each φ P ΓM pF q, the value of the tangent vector Zφ depends only locally on φ via its jet j8
x φ at each

x P M . By Proposition 3.1.5, evolutionary vector fields are locally represented by finite sums

Z “ Za Bua , (3.30)

where tZau Ă C8pJ8
MF q are locally defined smooth functions on the infinite jet bundle, and tBuau is

the local coordinate basis for vertical tangent vectors on F . This allows us to make sense of the field
theoretical way of writing vector fields on the space of fields ΓM pF q Q φ

Zpφq “ Zapφq ¨ Bφa “ Zapφ, tBIφu|I|ďkuq ¨ Bφa

Strictly speaking, evolutionary vector fields are not vector fields, but they can be uniquely prolonged to
a Lie subalgebra of V J8

MF (cf. [GS25a][Prop. 6.4 and Cor. 6.6]).

Proposition 3.1.11. For any Z P XevpJ8
MF q, there exists a unique prolonged vertical vector field prZ P

XV pJ8
MF q such that dπ8

0 ˝prZ “ Z and rιprZ, dH s “ 0. Vice versa, any vertical vector field Z P XV pJ8
MF q

such that rιZ , dH s “ 0 defines an evolutionary vector field Z – dπ8
0 ˝ Z. The two processes are inverse

to each other. Furthermore,

1. LprZ “ rιprZ, dV s satisfies LprZdV {H “ dV {HLprZ.

2. rprZ1, prZ2s “ prZ3 where XevpJ8
MF q Q Z3 “

`

DIZ
b
1 ¨Bub

I
Za2 ´DIZ

b
2 ¨Bub

I
Za1

˘

¨Bua in local coordinates.

The condition rιprZ, dH s “ 0 implies that, in local coordinates, we can write

prZ “

8
ÿ

|I|“0

DIpZaqBua
I
, where DI “ DI1

µ1
˝ ¨ ¨ ¨ ˝DId

µd
with DIk

µk
“

Ik times
hkkkkkkkkikkkkkkkkj

Dµk
˝ ¨ ¨ ¨ ˝Dµk

(3.31)

for every multi-index I “ pI1, . . . , Idq (see Eq. (3.19)). Crucially, this allows us to define the Lie algebra
of local vector fields via the bracket

rZ1, Z2s “ rZ1 ˝ j8,Z1 ˝ j8s – Z3 ˝ j8 P XlocpFq (3.32)

where rprZ1, prZ2s “ prZ3. Finally, a local vector field Z “ Z ˝ j8 P XlocpFq acts on a local functional
ş

Σp P “
ş

Σp P ˝ j8 P C8
locpFq, where P P Ωp,0pJ8

MF q, (see Def. 3.1.22) as

ZpPΣpq –

ż

Σp

LprZpPq ˝ j8 P C8
locpFq. (3.33)

In local coordinates such that P “
ř

1ďµ1,...,µpďd
1
p!Pµ1¨¨¨µp

pφ, tBIφu|I|ďkq ¨dxµ1 ^ . . .^dxµp , we can write

LprZpPq “
ř

1ďµ1,...,µpďd prZ
`

Pµ1¨¨¨µp

p!

˘

¨ dxµ1 ^ . . .^ dxµp .

To define local forms, we first consider F ˆ ypMq P SmthSet and define the tangent bundle on it to
be T pF ˆypMqq – T pFq ˆypT pMqq P SmthSet. For readability, we drop the Yoneda embedding y for M
and TM until the end of this section, since it is clear from the context whether they should be interpreted
in SmthMfd or SmthSet. Then, the by definition splitting can be thought of as horizontal splitting along
pr2 : F ˆM Ñ M , i.e.

V pF ˆMq ˆFˆM HpF ˆMq –
`

TF ˆM
˘

ˆFˆM

`

F ˆ TM
˘

– TF ˆ TM. (3.34)
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By definition, differential m-forms on the spacetime manifold M , the field space F and the infinite jet
bundle ypJ8

MF q are given by fiber-wise linear bundle maps out of their tangent bundle in SmthSet (see
Def. 3.1.7). We therefore use this definition for differential forms on F ˆ M as well. As usual, the
collection of differential forms of all degrees forms a graded R-vector space

Ω‚pF ˆMq –
à

mPN
ΩmpF ˆMq.

At this point, the development of Cartan calculus on F ˆ M reaches the same problems that we en-
counter for F . Namely, sticking to this definition of forms, we lack of a notion of differential. Moreover,
even though there is a natural notion of horizontal/vertical 1-forms on F ˆ M as the ones that van-
ish respectively on the vertical/horizontal subbundle, it is not obvious that every 1-form ω on F ˆ M
splits accordingly. Similarly for any m-form, creating a non-trivial obstacle toward building the varia-
tional bicomplex (cf. [GS25a][Rmk. 7.2]). The resolution is that local classical field theory only requires
the existence of the Cartan calculus and the corresponding bicomplex structure on the classical forms
over ypJ8

MF q (see Def. 3.1.18 and Def. 3.1.20). This structure can then be pulled back along ev8 (see
Eq. (3.1.25)) to the subset of local forms on F ˆM (see Def. 3.1.26). Then, since field theories are local,
the usual field-theoretical manipulations may be concisely expressed via this local bicomplex and the
related Cartan calculus.
More explicitly, consider the smooth evaluation map

ev : ΓM pJ8
MF q ˆM ÝÑ ypJ8

MF q, pφ̃k, pkq ÞÝÑ φ̃k ˝ pidRk , pkq P ypJ8
MF qpRkq

where φk and pk are Rk-plots of ΓM pJ8
MF q and ypMq respectively. Precomposing along the smooth jet

prolongation j8 : F Ñ ΓM pJ8
MF q, we may define the smooth prolongated evaluation map with values in

ypJ8
MF q.

Definition 3.1.25. The prolongated evaluation map ev8 : F ˆ M Ñ ypJ8
MF q is defined as the

composition of maps of smooth sets

ev8 : F ˆM
pj8,idM q

ÝÝÝÝÝÝÑ ΓM pJ8
MF q ˆM

ev
ÝÑ ypJ8

MF q. (3.35)

At the level of ˚–plots this is given by ev8pφ, pq “ j8φppq P ypJ8
MF qp˚q, and similarly for higher plots.

Differentiating the latter, we can define the pushforward map along ev8 on ˚–plots as

dev8 : TF ˆ TM Ñ V J8
MF ‘HJ8

MF – T
`

ypJ8
MF q

˘

(3.36)

pZφ, Xpq ÞÑ j8Zφppq `
`

dj8φ
˘

p
Xp,

and similarly for higher plots. In local compatible coordinates around p, we can write it as

ˆ

Zaφ ¨ Bua , Xµ ¨ Bxµ

ˇ

ˇ

p

˙

ÞÑ

8
ÿ

|I|“0

BxI pZaφqppq ¨ Bua
I

ˇ

ˇ

j8
p φ

`Xµ

ˆ

Bxµ

ˇ

ˇ

j8
p φ

`

8
ÿ

|I|“0

BxI`µpφaqppq ¨ Bua
I

ˇ

ˇ

j8
p φ

˙

.

By construction, the pushforward dev8 respects the natural splitting of the tangent bundles TF ˆ TM
from Equation (3.34), and that of T

`

ypJ8
MF q

˘

from Proposition 3.1.9, as bundles over M :

V pF ˆMq ˆFˆM HpF ˆMq V J8
MF ˆJ8

MF HJ
8
MF.

M

def8

(3.37)

Thanks to this, we can define the bicomplex of local forms as follows.

Definition 3.1.26. The bicomplex of local forms on F ˆM is defined as the image of the variational
bicomplex on ypJ8

MF q under the pullback along ev8 : F ˆM Ñ ypJ8
MF q. That is,

Ω‚,‚
locpF ˆMq – Im

`

pev8q˚ : Ω‚,‚pJ8
MF q Ñ Ω‚pF ˆMq

˘

,

equipped with the horizontal and vertical differentials

dM ppev8q˚ωq – pev8q˚pdHωq and dF ppev8q˚ωq – pev8q˚pdV ωq.
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By definition, the local bicomplex has a module structure over C8
locpF ˆ Mq – Ω0,0

locpF ˆ Mq. More
explicitly, the local pullback form pev8q˚ω P Ωp,qlocpF ˆMq of a differential form ω P Ωp,qpJ8

MF q is defined
by the composition

pev8q˚ω : TF ˆ TM
dev8

ÝÝÝÝÑ T
`

ypJ8
MF q

˘ ω
ÝÝÑ R,

and, using the Einstein summation convention, takes the local form

ÿ

I1,...,Ip“0

ω
I1¨¨¨Iq
µ1¨¨¨µpa1¨¨¨aq px, tBJφu|J|ďkq

p!q!
¨ dMx

µ1 ^ ¨ ¨ ¨ ^ dMx
µp ^ dF pBI1φ

a1q ^ ¨ ¨ ¨ ^ dF pBIqφ
aq q. (3.38)

Here, for all f P C8pJ8
MF q, the differentials of f̄ ” pev8q˚f are locally given by

dM pf̄q “ dxµ ¨ Bxµ

`

fpx, tBJφu|J|ďkq
˘

, dF pf̄q “

8
ÿ

|I|“0

dF pBIφ
aq ¨ BBIφa

`

fpx, tBJφu|J|ďkq
˘

.

Crucially, the local variational bicomplex admits a full local Cartan calculus (cf. [GS25a][pp. 98-100])
upon restriction to local vector fields pXlocpFq, r , sq (see Def. 3.1.24 and Eq. (3.32)).

Proposition 3.1.12. Consider any local form ppev8q˚ωq P Ωp,qlocpF ˆ Mq and any local vector field
Z “ Z˝ j8 P XlocpFq ãÑ XpF ˆMq viewed as a vector field pφ, pq ÞÑ pZpφq, 0pq on F ˆM with a constant
vanishing horizontal component. Then,

1. the contraction by Z satisfies ιZppev8q˚ωqq “ pev8q˚pιprZωq and it is a graded derivation ιZ : Ω
p,q
locpFˆ

Mq Ñ Ωp,q´1
loc pF ˆMq;

2. The horizontal and vertical differentials are graded derivations dM : Ωp,qlocpF ˆMq Ñ Ωp`1,q
loc pF ˆMq

and dF : Ωp,qlocpF ˆMq Ñ Ωp,q`1
loc pF ˆMq;

3. The Lie derivative along Z is a graded derivation LZ – rιZ , ds : Ωp,qlocpF ˆMq Ñ Ωp,q`1
loc pF ˆMq(40)

satisfying LZppev8q˚ωqq “ pev8q˚pLprZq and LZdM{F “ dM{FLZ ;

4. All the rest of the commutation relations between these derivations still hold (see Prop. 1.1).

The proof of the above statements can be found in (cf. [GS25a][pp. 98-100]). In particular, it is based on
Definition 3.1.18, the pullback properties, and Proposition 3.1.11.
We now introduce the transgression map, defined as the composition of pullback along the prolongated
evaluation map and integration over a closed submanifold of M . We also introduce a suitable notion of
weakly symplectic form on F ˆM , which induces a weakly symplectic structure on F via transgression.

Definition 3.1.27. Let Σp Ă M be a closed(41) submanifold. The transgression τΣp : Ωp,qlocpF ˆMq Ñ

ΩqpFq of local pp, qq-forms on F ˆM to q-forms on F is defined by

τΣpppev8q˚ωq : pTFqˆq ÝÑ ypRq

pZ1
φ, . . . , Z

q
φq ÞÝÑ

ż

Σp

ppev8q˚ωqφpZ1
φ, . . . , Z

q
φq

and similarly for higher plots. We denote Ω‚
loc,ΣppFq ãÑ Ω‚pFq the subalgebra of forms generated by

transgressed local forms along Σp and by Ω‚
locpFq the one generated by transgressed local forms along

arbitrary closed submanifolds. Note that, for p “ 0 this corresponds to local functionals of Definition
3.1.22.

The following result gives us a notion of de Rham differential on F when restricted to local vector fields
and local transgressed forms. The caveat is that the latter should be interpreted as maps of local vector
fields pXlocpFqqˆq Ñ C8

locpFq, and not as bundle maps pTFqˆq Ñ ypRq (cf. [GS25a][Rmk. 7.39]). Note
that for our application, this is enough.

(40)We could have used L1
Z – rιZ ,dM ` dF s “ rιZ ,dM s ` rιZ ,dF s, but this would be redundant since rιZ ,dM s “ 0, as

can be seen in local coordinates.
(41)For non-closed manifolds, one has to generalize this definition. For example, see [GS25a][Rmk. 7.35] for non-compact
submanifolds.
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Proposition 3.1.13. The vertical differential dF : Ωp,qlocpF ˆ Mq Ñ Ωp,q`1
loc pF ˆ Mq transgresses to a

well-defined map

dF : Ωqloc,ΣppFq ÝÑ Ωq`1
loc,ΣppFq (3.39)

τΣp

`

pev8q˚ω
˘

ÞÝÑ dF
`

τΣpppev8q˚ωq
˘

– τΣp

`

dF pev8q˚ω
˘

that extends to a well-defined derivation Ω‚
locpFq Ñ Ω‚`1

loc pFq.

Proof. There might exist pev8q˚ω ‰ pev8q˚ω1 P Ωp,qlocpF ˆMq with τΣp

`

pev8q˚ω
˘

“ τΣp

`

pev8q˚ω1
˘

. So,

for Equation (3.39) to be well defined, we need dF
`

τΣpppev8q˚ωq
˘

“ dF
`

τΣpppev8q˚ω1q
˘

. We prove that
this is the case by induction on q.
For q “ 0, consider pev8q˚ω ‰ pev8q˚ω1 P Ωp,0locpF ˆ Mq with τΣp

`

pev8q˚ω
˘

“ τΣp

`

pev8q˚ω1
˘

. Then,
for any 1-parameter family of fields φt we have

ş

Σpppev8q˚ωqpφtq “
ş

Σpppev8q˚ω1qpφtq P C8pRq. The
derivative evaluated at t “ 0 reads

ż

Σp

dF ppev8q˚ωqφ0
pBtφt|t“0q “

ż

Σp

dF ppev8q˚ω1qφ0
pBtφt|t“0q P C8pRq

and thanks to Proposition 3.1.4 the result follows for q “ 0.
For a generic q, assuming the case q ´ 1 to hold, we proceed as follows. Consider Z1, Z2 P XlocpFq and
pev8q˚ω ‰ pev8q˚ω1 P Ωp,qlocpF ˆ Mq with τΣp

`

pev8q˚ω
˘

“ τΣp

`

pev8q˚ω1
˘

. By definition of contraction
along Z1, we can write

τΣp

`

ιZ1pev8q˚ω
˘

“ τΣp

`

ιZ1pev8q˚ω1
˘

.

By the q ´ 1 case, we get dF
`

τΣppιZ1
pev8q˚ωq

˘

“ dF
`

τΣppιZ1
pev8q˚ω1q

˘

. Further contracting the latter
equality along Z2 and recalling that LZ2 “ rιZ2 , dF s, we get

ż

Σp

LZ2ιZ1ppev8q˚ωq “

ż

Σp

ιZ2dF ιZ1ppev8q˚ωq “

ż

Σp

ιZ2dF ιZ1ppev8q˚ω1q “

ż

Σp

LZ2ιZ1ppev8q˚ω1q.

If we invert the role of Z1 and Z2, the result is the same with Z1 Ø Z2. Then, combining the above and
using the local Cartan calculus (see Prop. 3.1.12), we get the following

ż

Σp

dF ppev8q˚ωqpZ1, Z2q “

ż

Σp

LZ1
ιZ2

ppev8q˚ωq ´ LZ2
ιZ1

ppev8q˚ωq ´ ιrZ1,Z2sppev8q˚ωq “

“

ż

Σp

LZ1ιZ2ppev8q˚ω1q ´ LZ2ιZ1ppev8q˚ω1q ´ ιrZ1,Z2sppev8q˚ω1q “

ż

Σp

dF ppev8q˚ω1qpZ1, Z2q.

By generality of Z1, Z2 P XlocpFq, we obtain dF
`

τΣpppev8q˚ωq
˘

“ dF
`

τΣpppev8q˚ω1q
˘

. ■

Note that, for any local vector field Z P XlocpFq and local form pev8q˚ω P Ωp,qlocpF ˆ Mq the following
holds

ιZ
`

τΣpppev8q˚ωq
˘

“ τΣp

`

ιZppev8q˚ωq
˘

LZ
`

τΣpppev8q˚ωq
˘

– rιZ , dF s
`

τΣpppev8q˚ωq
˘

“ τΣp

`

LZppev8q˚ωq
˘

(3.40)

In particular, the first holds by Definition 3.1.27 and Proposition 3.1.12 and the second follows from the
first and Proposition 3.1.13. Finally, the following definition gives us the notion of symplectic and Poisson
structure on F .

Definition 3.1.28. Consider a closed submanifold Σp Ă M . A (weakly) symplectic local form on F
is given by ΩΣp – τΣpppev8q˚ωq where Ωp,2locpF ˆMq Q pev8q˚ω – dFα` pdM -exact termsq is vertically
closed and such that ΩΣp |XlocpFq : XlocpFq Ñ Ω1

locpFq is (injective) bijective. For any local vector field

Z P XlocpFq, a local functional HZ,Σp – τΣphZ “
ş

Σp hZ P C8
locpFq, where hZ P Ωp,0locpF ˆ Mq, is the

Hamiltonian functional(42) for Z with respect to ΩΣp if ιZΩΣp “ dFHZ,Σp . The (weakly) symplec-
tic structure defines a Poisson structure(43) (cf. [GS25a][Def. 7.47 & Lemma 7.48]) on Hamiltonian
functionals (for a fixed Σp) with bracket defined by

tHZ1,Σp ,HZ2,Σp , uΩΣp – ιZ1ιZ2ΩΣp .
(42)Strictly speaking, we should talk about Hamiltonian pairs pHZ,Σp , Zq P C8

locpFq ˆ XlocpFq as for every Z there is a
family of local functionals that are Hamiltonian for Z parametrized by the freedom of adding any pp, 0q form to the integrand
whose vertical differential vanishes up to horizontally exact terms. We omit this and think of the Hamiltonian HZ,Σp as a
representative of such a family.
(43)The product of Hamiltonian functionals is Hamiltonian, but not necessarily for a local vector field
(cf. [GS25a][Lemma 7.46]).
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3.2. THICKENED SMOOTH SETS

All the structure in the above definition can be understood at the level of F ˆM up to horizontally exact
terms (cf. [GS25a][Def. 7.10, Def. 7.28, Def. 7.29 & Lemma 7.31]). As this is not strictly relevant for us,
we omit this discussion.

In summary, SmthSet provides field spaces and local jet geometry; LocProMfd gives a workable infi-
nite jet bundle; the variational bicomplex provides local Cartan calculus.

3.2 Thickened Smooth Sets

In this section, we recall the definition of the category ThSmthSet of infinitesimally thickened smooth
sets (cf. [GS25b]). This setting subsumes all previous constructions. In particular, it recovers the ad
hoc tangent bundles arising in traditional field-theoretic considerations via the synthetic tangent bundle
construction.

Definition of Thickened Smooth Sets

Consider the category of associative commutative unital real algebras CAlgR. The objects are
real unital associative commutative (a ¨ b “ b ¨ a) algebras, and the morphisms are structure-preserving
maps, i.e. unital associative commutative algebras’ morphisms.

Definition 3.2.1. The category ThCartSp of thickened Cartesian spaces is defined as

ThCartSp ãÑ CAlgopR

Rk ˆ D ÞÑ C8pRkq b OpDq ” OpRk ˆ Dq.

Here, OpDq – R ‘ V , with V a finite-dimensional vector space containing only nilpotent elements, is
the Weil algebra associated to the infinitesimal point D.(44) Morphisms in ThCartSp are equivalently
described as morphisms between the corresponding opposite unital commutative associative algebras

HomThCartSppRk ˆ D,Rk
1

ˆ D1q – HomCAlgR
pOpRk

1

ˆ D1q,OpRk ˆ Dqq.

The latter definition can be understood in light of the following proposition. Intuitively, one can fully
characterize a smooth manifold by considering the algebra of smooth functions on it. This is known as
Milnor’s Exercise (cf. [KMS93, Ch. 35]) and a generalized proof for manifolds with corners can be found
in [GS25b, Prop. 4.13].

Proposition 3.2.1. The functor

C8p´q : SmthMfd ãÑ CAlgR

M ÞÑ C8pMq

sending a finite-dimensional smooth second countable and Hausdorff manifold to its function algebra is
fully faithful, in that for any pair N,M P SmthMfd the smooth functions f : N Ñ M biject onto the algebra
homomorphisms f˚ : C8pMq ÞÑ C8pNq. Hence also the composite C8p´q : CartSp ãÑ SmthMfd ãÑ

CAlgR is fully faithful.

The category of ThCartSp is a site when endowed with the Grothendieck pretopology given by the
trivially extended differentiably good open covers tUi

ιi
ÝÑ RkuiPI

(45)

tUi ˆ D ιiˆidD
ÝÝÝÝÑ Rk ˆ DuiPI . (3.41)

(44)We stress that infinitesimally thickened points are taken to be the formal duals of arbitrary Weil algebras (also known
as finite-dimensional real Artinian local algebras), i.e. finite-dimensional commutative local R-algebras with residue field R
and nilpotent maximal ideal. The infinitesimal disks Dm

plq
, whose defining algebras form a subclass of the Weil algebras, are

used primarily for convenience of exposition, since any infinitesimal point embeds into an infinitesimal disk (see point 1. of
Rmk. 3.2.1).
(45)That is, a collection tUi Ă RkuiPI of open subsets of Rk such that Rk “

Ť

iPI Ui and such that all Ui, together with all
their inhabited finite intersections, are diffeomorphic to an open ball.
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3.2. THICKENED SMOOTH SETS

To check this, notice that isomorphisms are coverings,(46) coverings are stable under pullbacks(47) and
transitivity holds trivially. The chosen Grothendieck topology is generated only by covers in the smooth
even component, while the infinitesimal direction is carried along unchanged. This means that all the
presheaves in the infinitesimal component are also sheaves. One needs to check the locality and gluing
conditions only in the smooth component: a presheaf G : ThCartSpop Ñ Set is a sheaf if and only if
GpRk ˆ Dq is a sheaf in the petit sense when restricted along Rk ãÑ Rk ˆ D for any Rk ˆ D P ThCartSp.

Remark 3.2.1.

1. One can work with infinitesimal m-disks of order l instead, since any infinitesimal point embeds
into an infinitesimal disk (cf. [GS25b, Lemma 2.8 & Rmk. 2.9]). These are similarly defined by

OpDmplqq – Rrϵ1, . . . ϵms{pϵ1, . . . , ϵmql`1 – C8pRmq{px1, . . . , xmql`1,

where the last canonical identification follows from Hadamard’s Lemma (cf. [GS25b, Lemma 2.6]).
Every infinitesimal disk Dmplq also embeds into the corresponding m-dimensional Cartesian space
Rm, around its origin. More explicitly, we can understand ι0 : Dmplq Ñ Rm in the formal dual sense
of the algebra projection map defined by the l-order Taylor expansion

C8pMq Ñ OpDmplqq

f ÞÑ fp0q ` ϵiBifp0q `
1

2
ϵiϵjBiBjfp0q ` ¨ ¨ ¨ `

1

l!

m
ÿ

i1,...,il“1

ϵi1 ¨ ¨ ¨ ϵilBi1 ¨ ¨ ¨ Bilfp0q.

2. The archetypical example of infinitesimal space is D1p1q – Rrϵs{ϵ2, which may be thought of as
the smooth functions on the first order infinitesimal neighborhood D1p1q ãÑ R of the origin 0 P R.
ϵ P OpD1p1qq can be interpreted as a coordinate function on D1p1q that squares to zero since all the
points in it are infinitesimally close to the origin. Crucially, for any smooth manifoldM , potentially
with corners, there is a canonical bijection (cf. [GS25b, Lemma 2.2])

TM –Set HomCalgRpC8pMq,OpD1p1qqq.

That is, the formal dual map D1p1q Ñ M is a first order infinitesimal curve segment in M. For the
case of manifolds with corners, this notion rightfully substitutes the intuitive idea of considering
tangent vectors as equivalence classes of smooth curves, allowing us to describe also vectors that
point outside the boundary (cf. [GS25b, Rmk. 2.3]).

Then, the idea is to capture both the infinitesimal and smooth structure by probing (see discussion before
Def. 3.1.1) the generalized spaces with ThCartSp instead of only with CartSp.

Definition 3.2.2. The category of thickened smooth sets

ThSmthSet – ShpThCartSpq

is the sheaf category over the site ThCartSp w.r.t. the Grothendieck topology induced by the pretopology
defined by Equation (3.41). The morphisms are natural transformations between sheaves.

The Yoneda Lemma applies as the ThCartSp is subcanonical (cf. [GS25b, ft. 4, p. 9]).

Proposition 3.2.2. For G P ThSmthSet and Rk ˆ D P ThCartSp, there is a natural bijection between
the Rk ˆ D-plots of G and the smooth maps of ThSmthSet from ypRk ˆ Dq to G:

GpRk ˆ Dq ” PlotspRk ˆ D,Gq – HomThSmthSetpypRk ˆ Dq, Gq.

Here, ypRkˆDq – HomThCartSpp´,RkˆDq is the image via Yoneda embedding of RkˆD into the category

ThSmthSet. Choosing G “ ypRk̃ˆ D̃q P ThCartSp for an arbitrary Rk̃ˆ D̃, the above immediately implies
that the embedding functor

y : ThCartSp ãÑ ThSmthSet, Rk ˆ D ÞÑ ypRk ˆ Dq – HomThCartSpp´,Rk ˆ Dq

is fully faithful. Hence, any results and constructions on ThCartSp may equivalently be phrased in terms
of their thickened smooth set incarnation and vice versa.
(46)For thickened points one can restrict to identity maps to describe isomorphisms.
(47)To see this, one can dually compute the pushout in CAlgR, that is, a tensor product of algebras.
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3.2. THICKENED SMOOTH SETS

Remark 3.2.2. If one defines the category of ThSmthMfd(48) following Definition 3.2.1, the above result
still works with ypM ˆ Dq – HomThSmthMfdp´,M ˆ Dq|ThCartSp essentially by the same arguments of
[GS25b, Ex. 2.13].(49) This means that ThSmthMfd are representable.(50)

Note that all the properties of categories of sheaves discussed in Chapter 1 apply. This means that all
limits and colimits exist in ThSmthSet and they are computed pointwise (see Prop. 1.2.1).

Remark 3.2.3. SmthSet is fully faithfully embedded in ThSmthSet. Indeed, SmthSetãÑ ThSmthSet,
G ÞÑ G̃ with G̃pRkˆDq – GpRkq given by precomposing with ι1 : CartSp ãÑ ThCartSp, Rk ÞÑ RkˆD0p0q.
The ι1 has right adjoints given by the appropriate forgetful functor. Indeed, this is due to the fact that the
only even-nilpotent element in C8pRkq is the zero function (cf. [GS25b, Eq. (8) & following discussion]).

Vector Fields and Differential Forms on the Field Space

As for any (pre-)sheaf category (cf. [MM12, Prop. 1, p. 97]), ThSmthSet has an internal hom functor

r´,´s : ThSmthSetop ˆ ThSmthSet Ñ ThSmthSet,

defined as follows for all G,H P ThSmthSet

rG,HspRk|q ˆ Dq – HomThSmthSetpypRk|q ˆ Dq ˆ G,Hq. (3.42)

The exponential property for ThSmthSet

HomThSmthSetpK, rG,Hsq “ HomThSmthSetpK ˆ G,Hq (3.43)

follows from the Yoneda lemma (see Prop. 3.2.2) and from the fact that any sheaf is a colimit of a
representable sheaves X – colimThSmthSet

i ypRki ˆ Diq (see Prop. 1.1.1 and Prop. 1.2.1).

In field theoretic terms, the mapping space rypMq, ypNqs describes the smooth and infinitesimal structure
of the off-shell space of fields for a σ´model with domain M and target N . For more general field spaces
consisting of sections of a fiber bundle, we introduce the following object.(51)

Definition 3.2.3. Consider fiber bundle

πFM : F Ñ M

over a closed oriented d-manifoldM . The thickened smooth space of off-shell fields onM is defined
by

FpRk ˆ Dq ” ΓM pF qpRk ˆ Dq – tφk,ϵ : Rk ˆ D ˆM Ñ F |πFM ˝ φk,ϵ “ πMu (3.44)

where πM : Rk ˆ D ˆ M Ñ M can be understood as a map of ThSmthMfd (see Rmk. 3.2.2). Explicitly,
these pRk ˆ Dq-plots, or pRk ˆ Dq-parametrized sections of F Ñ M ,(52) consist of formal dual of algebra
maps pφk,ϵq˚ : OpF q Ñ OpRk ˆ D ˆMq such that the following commutes

OpF q

OpRk ˆ D ˆMq C8pMq.

pφk,ϵ
q

˚

pπM q
˚

pπF
M q

˚

(48)There is a more general definition of thickened manifolds which are only (petit) locally isomorphic to the product form
Rk ˆ D. It is possible to show that sheaves over these also yield an equivalent topos (cf. [GS25b, ft. 5, p. 9]).
(49)In more detail, the pullback along the inclusion ι : ThCartSp Ñ ThSmthMfd defines an equivalence of categories
ι˚ : ShpThSmthMfdq Ñ ShpThCartSpq essentially because any thickened smooth manifold M ˆ D (dimM “ m) is always
covered by a (trivially extended) differentiably good open cover tUi ˆ D ãÑ M ˆ DuiPI of thickened Cartesian spaces. It

follows that the composition ThSmthMfd
y

ÝÑ ShpThSmthMfdq
i˚

ÝÝÑ ShpThCartSpq is also fully faithful.
(50)An analogous argument allows to see also manifolds with corners and therefore also manifolds with boundaries, as
“representables” (cf. [GS25b, Prop. 4.13 & Prop. 4.14]).
(51)This can be generalized to field spaces of connections of a non-trivial principal bundle (cf. [GSM09; FF03]).
(52)This interpretation holds only for concrete thickened smooth sets.
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Remark 3.2.4. An arbitrary bundle F Ñ M might not have global sections, so Definition 3.2.3 might be
null. However, noticing that the assignment of local smooth sections U ÞÑ ΓU pF q, U P M open, defines
a petit sheaf on M with values in ThSmthSet, one might instead consider the functor

Γp´qpF q : Mop
cl ˆ ThCartSpop ÝÑ Set

pU ˆ Rk ˆ Dq ÞÝÑ ΓU pF qpRk ˆ Dq.

Since all statements and definitions regarding the thickened smooth set of fields F “ ΓM pF q functorially
apply for each such open set U , we can continue to work with Definition 3.2.3.

Following the intuition of Remark 3.2.1 (point 2.), one can prove that ypTMq – rypD1p1qq, ypMqs P

ThSmthSet (cf. [GS25b, Prop. 2.22]). This suggests the following definition.

Definition 3.2.4. The synthetic tangent bundle TG of G P ThSmthSet is defined as the mapping
thickened smooth set

TG – rD1p1q,Gs P ThSmthSet,

where we omit the Yoneda embedding y for Dp1q1 for readability.

The unique embedding map ι0 : ˚ ãÑ D1p1q defines, by precomposition, the projection

TG – rD1p1q,Gs
p´q˝ι0

ÝÝÝÝÑ r˚,Gs – G.

In the case of M P SmthMfd, the latter is the usual bundle projection.
Furthermore, the construction above forms a functor

T – rD1p1q,´s : ThSmthSet Ñ ThSmthSet,

with smooth maps f : G Ñ H mapped to Tf : TG Ñ TH, vk,ϵ ÞÑ f ˝ vk,ϵ. The latter can be interpreted
as the pushforward of any map f . Indeed, in the case of G “ ypMq, H “ ypNq, one can check that
Tf ” df : ypTMq Ñ ypTNq.
Crucially, by its definition and by internal hom property (see Eq. (3.43)), it has a left-adjoint functor(53)

pD1p1q ˆ ´q % T p´q. (3.45)

Remark 3.2.5. Note that in full generality TG – rD1p1q,Gs does not have a fiber-wise R-linear structure
(cf. [GS25b, Rmk. 2.25]), that is fiberwise addition and ypRq-multiplication

` : TG ˆG TG Ñ TG and ¨ : ypRq ˆ TG Ñ TG. (3.46)

In the field-theoretically relevant cases, this structure is guaranteed by the R-linearity of the targets, as
it is evident in what follows.

Proposition 3.2.3. The synthetic tangent bundle TF “ rD1p1q,Fs of a thickened smooth field space

F “ ΓM pF q is canonically isomorphic to ΓM pV F q P ThSmthSet, where the vertical bundle V F
πTF
F

ÝÝÝÑ

F
πF
M

ÝÝÑ M is defined by (see ft. (6) p. 32)

V F – eq
´

TF TM
¯

.
dπF

M

0M

For a proof, see [GS25b][Lemma 2.28].
Composing the projection πTFF : V F Ñ F with TFpRk ˆ Dq Q Zφk,ϵ yields pRk,ϵq-parametrized sections
of F Ñ M , φk,ϵ – πTFF ˝ Zφk,ϵ . That is, any Zφk,ϵ covers a unique plot of fields φk,ϵ, which realizes the
projection

πTF
F : TF – ΓM pV F q

pπTF
F q˚

ÝÝÝÝÝÑ ΓM pF q – F .
Furthermore, plots of a tangent bundle can be represented via paths of plots (cf. [GS25b][Lemma 2.29]
extending Thm. 3.1.4) and path derivations depend only on tangent vectors (cf. [GS25b][Lemma 2.32]).
This latter result means that any tangent vector and vector field, defined as a section of the bundle
πTF
F : TF Ñ F (see diagram (3.5)), defines a unique real-valued derivation (see Rmk. 3.1.4). Forms are

defined as in SmthSet.
(53)One should also use the monoidal structure of ThSmthSet via the direct product.
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Definition 3.2.5. The set of differential m-forms on F “ ΓM pF q is defined as

ΩmpFq – Homfib.lin.an.
ThSmthSet

`

TˆmF , ypRq
˘

.

That is, m-forms are smooth real-valued, fiber-wise linear antisymmetric maps with respect to the fiber-
wise linear structure (see Eq. (3.46)) on the m-fold fiber product(54)

TˆmF – TF ˆF ¨ ¨ ¨ ˆF TF

of the tangent bundle over F .

The collection of differential forms of all degrees forms a graded R-vector space (see Def. 1.3.3)

Ω‚pFq –
à

mPN
ΩmpFq.

The latter has a well-defined notion of a wedge product ^ and contraction ιZ along any vector field
Z P XpFq.(55) Moreover, there is a good notion of Lie derivative along Z P XpFq given by the unique
derivation on C8pFq associated with the vector field Z. However, there is no obvious definition for
a de Rham differential dF : Ωm Ñ Ωm`1. This is because, given the Lie derivative, Cartan’s magic
formula alone does not uniquely determine the de Rham differential. Indeed, there remain infinitely
many possible choices, since the formula cannot distinguish between two candidate differentials whose
difference commutes with the contraction. We overcome this issue by employing the geometry of the
infinite jet bundle as done in SmthSet.

Infinite Jet Bundle Technology and Local Lagrangian Field Theory

Using Definition 3.1.9 and Remark 3.2.2, one can compute the defining limit (see Def. 3.1.12) of the
infinite jet bundle within ThSmthSet(56)

J8
MF – limThSmthSet

k ypJkMF q P ThSmthSet. (3.47)

By construction, the limit comes with thickened smooth projection maps π8
k : J8

MF Ñ ypJkMF q. The
synthetic tangent bundle recovers the ad hoc definition of tangent bundle of the infinite jet bundle (see
Def. 3.1.14).

Proposition 3.2.4. The tangent bundle TJ8
MF – rD1p1q, J8

MF s is isomorphic to limThSmthSet
k ypTJkMF q.

Proof. This can be computed plotwise using that ypTJkMF q – rD1p1q, ypJkMF qs (cf. [GS25b, Prop. 2.22])
and that T – rD1p1q,´s has a left adjoint and hence preserves limits (see Thm. 1.2). Indeed, recalling
the definition of mapping space (see Def. 3.42), the exponential property for ThSmthSet (see Eq. (3.43))
and that limits commute with the hom functor (see Prop. 1.2), we get

rD1p1q, ypJ8
MF qspRk ˆ Dq – limSet

k HompRk ˆ D ˆ D1p1q, ypJkMF qq – limSet
k HompRk ˆ D, ypTJkMF qq –

– HompRk ˆ D, limThSmthSet
k ypTJkMF qq – limThSmthSet

k ypTJkMF qpRk ˆ Dq,

where Hom ” HomThSmthSet. ■

Similarly, one can show that the corresponding limit of the pushforward projection maps dπ8
k : TJ8

MF Ñ

ypTJkMF q coincides with the synthetic pushforwards of π8
k . Moreover, Proposition 3.1.7 and Proposition

3.1.8 are corollaries of [GS25b][Lemma 2.32]). Note that the limit characterization of both J8
MF and

TJ8
MF means that their plots may be formally represented and manipulated precisely as in the purely

smooth setting, essentially by carrying along the dependence on nilpotent elements corresponding to

(54)Here the product is the pullback (see Def. 1.1.12) of TF
πTF
F

ÝÝÝÑ F
πTF
F

ÐÝÝÝ TF .
(55)Thanks to the fiber-wise linear structure of TF and graded structure of Ω‚pFq, they can be defined as usual (see
Def. 1.3.13).
(56)In [GS25b][Sec. 2.4], the synthetic infinitesimal neighborhood is introduced to fully describe the infinite jet bundle
within ThSmthSet in a chart-reference-free manner (cf. [GS25b, App. 4.3]). This is not necessary if one works locally
and with finite-dimensional fiber bundles, but it is necessary for a rigorous global approach to perturbative field theory
(cf. [GS25b, pp. 27-28]). This can also be done for a submanifold of M to rigorously treat initial conditions of PDEs.
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the infinitesimal thickening of the Cartesian probes. This can be done in local coordinates by dually
defining the action on the algebra generators (cf. [GS25b][pp. 22-23]). Finally, notice that TJ8

MF has a
fiber-wise and plot-wise R-linear structure as in SmthSet (see Eq. (3.11)). The latter allows us to define
m-differential forms as in SmthSet by

ΩmpJ8
MF q – Homfib.lin.an.

ThSmthSet

´

TˆmpJ8
MF q, ypRq

¯

That is, m-forms are thickened smooth real-valued, fiber-wise linear antisymmetric maps on the m-fold
fiber product of the tangent bundle. The discussion on the Cartan calculus follows verbatim the one
given for SmthSet (see Def. 3.1.18), thanks to the following remark.

Remark 3.2.6. This discussion in SmthSet is heavily based on the point-set characterization of forms
as those of locally finite order, which in turn follows from Propositions 3.1.5 and 3.1.6. In particu-
lar, these include those of globally finite order, which are the only ones appearing in examples from
field theory. The fact that we can do the same in ThSmthSet is not trivial. Indeed, there exists a
fully faithful functor ι! : SmthSet Ñ ThSmthSet, which hence fully faithfully embeds also FrMfd, and
LocProMfd, into ThSmthSet and so produces a potentially different version of the thickened infinite jet
bundle ι!plim

SmthSet
k JkMF q. In [Gio+26], it is proven that such passage from FrMfd to ThSmthSet pre-

serves the projective limits that define infinite jet bundles. Therefore, ι!plim
SmthSet
k JkMF q coincides with

Equation (3.47) and smooth functions on the jet bundle defined in ThSmthSet. Similarly, differential
forms on it are also fully characterized as being exhausted by the point-set locally finite order functions
and differential forms on J8

MF (cf. [GS25b][Rmk. 3.5]). This also applies to each component of the family
characterizing a vector field on the infinite jet bundle (see Def. 3.1.15).

All the discussion in Section 3.1 on the horizontal splitting depends only on universal properties, so it
applies verbatim in ThSmthSet (cf. [GS25b][Sec. 3.1]). Consequently, the characterization of the varia-
tional bicomplex also follows as in Definition 3.1.20.
Similarly, all the discussion about Local Lagrangian field theories, local Cartan calculus and local Vari-
ational bicomplex follows the path outlined in Section 3.1, provided that the prolongation map (see
Eq. (3.7)), the prolongated evaluation map (see Def. 3.1.25), and the integration map (see Eq. (3.28)) are
well-defined maps of ThSmthSet. In particular, the synthetic pushforward of the first two should yield
the ad-hoc definitions of their pushforward (see Eq. 3.15 and Eq. (3.36)).

Proposition 3.2.5. The following statements hold.

1. The infinite jet prolongation j8 : ΓM pF q ˆM Ñ ΓM pJ8
MF q exists as a map in ThSmthSet and its

synthetic pushforward Tj8 : TΓM pF q Ñ TΓM pJ8
MF q is given by j8

V F : ΓM pV F q Ñ ΓM pJ8
MV F q.

2. The prolongated evaluation ev8 : ΓM pF q Ñ J8
MF exists as a map in ThSmthSet and its synthetic

pushforward T ev8 : TΓM pF q Ñ TJ8
MF is given by Equation (3.36).

3. For any closed oriented submanifold Σp Ă M , the integration defines a map of thickened smooth
sets

ż

Σp

: Γ
`

ľp
T˚M

˘

Ñ ypRq,

that is defined by plot-wise SmthSet integration (see Eq. (3.28)), carrying along the finite-polynomial
dependence on nilpotent coordinates.

The proof of the three above statements can be found respectively in [GS25b][Lemma 3.1, Lemma 3.8,
Lemma 3.10 & Prop. 3.11], [GS25b][Prop. 3.12 & Cor. 3.13] and in [GS25b][Sec. 3.3]. Note that the
prolongation and the prolonged evaluation are essentially the same as in SmthSet once one considers
higher plots not only in Rk, but also in D, which can be dually defined by their action on generators of
the proper algebras. Finally, note that the discussion on local symmetries (cf. [GS25a, Ch. 6]) and on the
critical locus (cf. [GS25a, Ch. 5]) are subsumed within ThSmthSet, with the advantage that the latter
gives a more natural description of the ad hoc definitions used in SmthSet (cf. [GS25b, Ch. 3.3]).

In summary, the thickened category ThSmthSet provides synthetic tangent bundles and naturally re-
covers all constructions available in SmthSet.
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3.3 Super Thickened Smooth Sets

Following the hinted approach to the super version of ThSmthSet presented in [GS25b; Gio25; GSS24],
we generalize ThSmthSet to sThSmthSet by considering the sheaf category over the site sThCartSp. The
latter is given as the opposite category to an appropriate full subcategory of Z2-CAlgop, using the fact
that we have the following fully faithful embeddings

CartSp ãÑ ThCartSp ãÑ CAlgop ãÑ Z2CAlgop.

What follows is a tentative exposition of the constructions in sThSmthSet that we need for our application,
all of which should be fully explained and proved in [GS26].
For clarity, we emphasize the following points:

• Proposition 3.3.1 is conjectural and relies on the assumption that the site sThCartSp (see Def. 3.3.1)
is subcanonical, which is needed for the purpose of the thesis. A similar caveat applies to Remark
3.3.1 and Remark 3.3.2;

• The exponential property for sThSmthSet has a sketched proof (see Eq. (3.50)), which likewise
depends on the subcanonicality assumption;

• Example 3.3.2 is taken from [Gio25][Ex. 3.6];

• Proposition 3.3.2 is proven by closely following the proof of the analogous result for ThSmthSet
(cf. [GS25b][Lemma 2.28]);

• The entire discussion concerning graded infinite jet bundle technology and local geometric struc-
tures, leading to the development of the graded local Cartan calculus and the graded local variational
bicomplex, is treated as a working assumption for the purposes of this thesis;

• Under the above assumptions and the hypothesis listed in Definition 3.4.1, a local BV system is
shown to transgress to the BV theory described by Equation (3.58). Remark 3.4.2 and Remark
3.4.3 discuss the limitations of this framework and indicate possible outlooks;

• As an illustrative example, the Ansatz for (non-)abelian BF theory in dimension d “ 4 is shown to
define a local BV system in the sense of Definition 3.4.1.

The Category sThSmthSet

Consider the category of Z2 commutative real algebras Z2CAlgR. The objects are real Z2-graded
unital associative commutative (a¨b “ p´1q|a||b|b¨a) algebras, and the morphisms are structure-preserving
maps, i.e. grading-preserving unital commutative algebras’ morphisms. Following the intuition given by
Milnor’s exercise, we define sThCartSp as follows.

Definition 3.3.1. The category of super thickened Cartesian spaces is given by

sThCartSp ãÑ Z2CAlgopR

Rk|q ˆ D ” Rk ˆ R0|q ˆ D ÞÑ C8pRkq b OpR0|qq b OpDq ” OpRk|q ˆ Dq

where OpR0|qq – Rrθ1, . . . , θqs is the Grassmann algebra associated to the superpoint R0|q and OpDq –

R‘V as in Definition 3.2.1. Morphisms in sThCartSp are equivalently described as a morphism between
the corresponding opposite Z2-graded commutative algebras

HomsThCartSppRk|q ˆ D,Rk
1
|q1

ˆ D1q – HomZ2CAlgR
pOpRk

1
|q1

ˆ D1q,OpRk|q ˆ Dqq.

The category of sThCartSp is a site when endowed with the Grothendieck pretopology given by the
trivially extended differentiably good open covers tUi

ιi
ÝÑ RkuiPI

tUi ˆ R0|q ˆ D
ιiˆidR0|q ˆidD

ÝÝÝÝÝÝÝÝÝÑ Rk ˆ R0|q ˆ DuiPI . (3.48)
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To check this, notice that isomorphisms are coverings,(57) coverings are stable under pullbacks(58) and
transitivity holds trivially. The chosen Grothendieck topology is generated only by covers in the smooth
even component, while the odd and infinitesimal directions are carried along unchanged. This means
that all the presheaves in those components are also sheaves. One needs to check the locality and gluing
conditions only in the smooth component: a presheaf G : sThCartSpop Ñ Set is a sheaf if and only if
GpRk|qˆDq is a sheaf in the petit sense when restricted along Rk ãÑ Rk|qˆD for any Rk|qˆD P sThCartSp.

Definition 3.3.2. The category of super thickened smooth sets

sThSmthSet – ShpsThCartSpq

is the sheaf category over the site sThCartSp w.r.t. the Grothendieck topology induced by the pretopology
defined by Equation (3.48). The morphisms are natural transformations between sheaves.

The intuition is that, enlarging the site CartSp both with infinitesimal and super structure, we are
able to probe simultaneously the smooth, infinitesimal and super structure of the generalized space, the
second one giving us all the necessary tangent bundle constructions for free via synthetic geometry (see
Sec. 3.2).(59). By the Yoneda lemma for sThSmthSet, sSmthMfd are representable in sThSmthSet.

Proposition 3.3.1. For G P sThSmthSet and Rk|q ˆD P sThCartSp, there is a natural bijection between
the Rk|q ˆ D-plots of G and the smooth maps of super thickened smooth sets from ypRk|q ˆ Dq to G:

GpRk|q ˆ Dq ” PlotspRk|q ˆ D,Gq – HomsThSmthSetpypRk|q ˆ Dq, Gq.

Here, ypRk|q ˆ Dq – HomsThCartSpp´,Rk|q ˆ Dq is the image via Yoneda embedding of Rk|q ˆ D into the
category sThSmthSet.

Choosing G “ ypRk̃|q̃ ˆ D̃q P sThCartSp for an arbitrary Rk̃|q̃ ˆ D̃, the above immediately implies that the
embedding functor

y : sThCartSp ãÑ sThSmthSet, Rk|q ˆ D ÞÑ ypRk|q ˆ Dq – HomsThCartSpp´,Rk|q ˆ Dq

is fully faithful. Hence, any results and constructions on sThCartSp may equivalently be phrased in terms
of their super thickened smooth set incarnation and vice versa.

A proof of the statement should appear in [GS26] and should follow from the fact that sThCartSp should
be subcanonical as ThCartSp since the Grothendieck topology on these two sites is morally the same
(cf. [GS25b, ft. 4, p. 9]).

Remark 3.3.1. If one defines the category of sThSmthMfd following Def. 3.3.1, the above result still
works with ypMˆDq – HomsThSmthMfdp´,MˆDq|sThCartSp essentially by the same arguments of [GS25b,
Ex. 2.13] adapted to the case of super manifolds (M P sSmthMfd).(60) This means that sThSmthMfd are
representable.

By Definition 3.3.2, all the properties of categories of sheaves discussed in Chapter 1 apply. Note that this
means that all limits and colimits exist in sThSmthSet and they are computed pointwise (Prop. 1.2.1).

Remark 3.3.2. SmthSet, ThSmthSet, and sSmthSet(61) should be fully faithfully embedded in sThSmth-
Set. Furthermore, each embedding functor should have right adjoint given by the appropriate forgetful
functor. The embeddings and the adjunctions should follow as in the case of ThSmthSet (see Rmk. 3.2.3
and [GS25b, Eq. (8) & following discussion]).
(57)For super points one can restrict to identity maps (c.f. [Sac08, Prop. 2.4]), and similarly for thickened points.
(58)To see this, one can dually compute the pushout in Z2CAlgR, that is, a tensor product of algebras.
(59)To have non-trivial fermionic fields, one usually adds ad hoc odd auxiliary coordinates. Then, to display a fermionic
Lagrangian, or any related observable functional, of polynomial order q P N as a non-trivial map requires the introduction
of q auxiliary odd coordinates (cf. [Gio25, Ch. 3]). In sThSmthSet, this is taken care of automatically by odd-probes plots
(cf. [GSS24, Rmk. 2.51]). Indeed, the auxiliary coordinates are nothing but the content of odd plots of the corresponding
sheaf, that is, they correspond to a certain R0|q-parametrization. It follows that the symbol used for fermionic fields
implicitly refers to an arbitrary Rp|q-plot of the super thickened smooth field space. Formulas, like a Lagrangian, made
out of these are implicitly functorial under maps in the probe site, that is, they may naturally be interpreted as natural
transformations within the category sThSmthSet.
(60)In more detail, the pullback along the inclusion ι : sThCartSp Ñ sThSmthMfd defines an equivalence of categories
ι˚ : ShpsThSmthMfdq Ñ ShpsThCartSpq essentially because any super thickened smooth manifold MˆD (dimM “ pm,nq)
is always covered by a (trivially extended) differentiably good open cover tUi ˆ R0|n ˆ D ãÑ M ˆ DuiPI of super thickened

Cartesian spaces. It follows that the composition sThSmthMfd
y

ÝÑ ShpsThSmthMfdq
i˚

ÝÝÑ ShpsThCartSpq is also fully
faithful.
(61)sSmthSet is the sheaf category over the site sCartSp w.r.t. the Grothendieck topology induced by the opportunely
restricted pretopology defined by Equation (3.48).
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Mapping Spaces, Synthetic Super Tangent Bundle and Differential Forms

As for any (pre-)sheaf category (cf. [MM12, Prop. 1, p. 97]), sThSmthSet has an internal hom functor

r´,´s : sThSmthSetop ˆ sThSmthSet Ñ sThSmthSet,

defined as follows for all G,H P sThSmthSet

rG,HspRk|q ˆ Dq – HomsThSmthSetpypRk|q ˆ Dq ˆ G,Hq. (3.49)

The exponential property for sThSmthSet follows from the Yoneda lemma (see Prop. 3.3.1) and from
the fact that, if the site is subcanonical, any sheaf can be written as a colimit of representable sheaves
X – colimsThSmthSet

i ypRki|qi ˆ Diq (see Prop. 1.2.1):

HomsThSmthSetpX , rG,Hsq – HomsThSmthSetpcolim
sThSmthSet
i ypRki|qi ˆ Diq, rG,Hsq

– limsThSmthSet
i HomsThSmthSetpypRki|qi ˆ Diq, rG,Hsq

– limsThSmthSet
i HomsThSmthSetpypRki|qi ˆ Diq ˆ G,Hq (3.50)

– HomsThSmthSetpcolim
sThSmthSet
i ypRki|qi ˆ Diq ˆ G,Hq

– HomsThSmthSetpX ˆ G,Hq.

In the second and second-to-last equalities, we used the fact that the internal hom functor contravariantly
sends colimits in the first variable to limits (see 2. of Prop. 1.1.1), and in the third equality we used the
plotwise definition of the internal Hom-functor for sThSmthSet (see Eq. (3.49)).

Example 3.3.1. The mapping space between M,N P sSmthMfd, is naturally encoded by the internal
hom functor

rypMq, ypN qspRk|q ˆ Dq – HomsThSmthSetpypRk|q ˆ D ˆ Mq, ypN qq

– HomZ2CalgR
pOpN q,OpRk|q ˆ D ˆ Mqq.

Notice that ˚-plots are morphisms in Grassmann-graded algebras

rypMq, ypN qsp˚q – HomZ2CalgR
pOpN q,OpMqq – HomsSmthMfdpM,N q – MorpM,N q.

However, the exponential property (see Eq. (3.50)) suggests that higher plots of this object describe
MappM,N q (see Def. 2.3.1), i.e. the space of grading non-preserving maps from M to N . Therefore,
the sThSmthSet above encodes, by probing it with different sThCartSp, both morphisms and grading
non-preserving maps.

To describe both bosonic (even) and fermionic (odd) fields simultaneously, we introduce the following.(62)

Definition 3.3.3. Let M be a closed oriented smooth d-manifold. Consider the composite bundle

F
πF
E

ÝÝÑ E
πE
M

ÝÝÑ M

where F Ñ E is an odd vector bundle and E Ñ M is a fiber bundle. The full composite bundle
πFM : F Ñ M encodes both bosonic and fermionic fields simultaneously. The thickened smooth super
space of off-shell fields on M is defined by

FpRk|q ˆ Dq ” ΓM pF qpRk|q ˆ Dq – tφk|q,ϵ : Rk|q ˆ D ˆM Ñ F |πFM ˝ φk|q,ϵ “ πMu (3.51)

where πM : Rk|q ˆDˆM Ñ M can be understood as a map of sThSmthMfd (see Rmk. 3.3.1). Explicitly,
these pRk|q ˆ Dq-plots, or pRk|q ˆ Dq-parametrized sections of the bundle πFM : F Ñ M ,(63) consist of
formal dual of algebra maps pφk|q,ϵq˚ : OpF q Ñ OpRk|q ˆ D ˆMq such that the following commutes

OpF q

OpRk|q ˆ D ˆMq C8pMq.

pφk|q,ϵ
q

˚

pπM q
˚

pπF
M q

˚

(62)This can be generalized to field spaces of connections of a non-trivial principal bundle (cf. [GSM09; FF03]).
(63)This interpretation holds only for concrete thickened smooth super sets.
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Remark 3.3.3.

1. The above can be equivalently defined as the pullback in sThSmthSet

F rypMq, ypF qs

idM – ˚ rypMq, ypMqs,

pπF
M q˚

(3.52)

where pπFM q˚ denotes post-composition and the bottom embedding is defined probe-wise by sending
the unique pRk|q ˆ Dq-plot of the point ˚ – idM to the projection-plot rypMq, ypMqspRk|q ˆ Dq Q

πM : Rk|q ˆ D ˆ M Ñ M for each Rk|q ˆ D. Remembering that limits in sheaf categories are
computed objectwise, it is easy to compute the above diagram plotwise in Set and recover the set
of plot-parametrized sections as in Equation (3.51).

2. An arbitrary bundle πFM : F Ñ M might not have global sections, so Definition 3.3.3 might be null.
However, noticing that the assignment of local smooth sections U ÞÑ ΓU pF q, U P M open, defines
a petit sheaf on M with values in sThSmthSet, one might instead consider the functor

Γp´qpF q : Mop
cl ˆ sThCartSpop ÝÑ Set

pU ˆ Rk|q ˆ Dq ÞÝÑ ΓU pF qpRk|q ˆ Dq.

Since all statements and definitions regarding the thickened smooth super set of fields F “ ΓM pF q

functorially apply for each such open set U , we can continue to work with Definition 3.3.3.

Example 3.3.2. Consider the simple case (cf. [Gio25]) where the composite bundle is given by the
pullback(64) of a separate odd vector bundle Vodd Ñ M over M

F “ pπEM q˚Vodd.

It follows that(65)

Fp˚q – ΓM pF q.

Forgetting for a moment about the infinitesimal structure, one can show that

FpR0|1q – ΓM pF q ˆ pΓM pVoddq ¨ θq

FpR1|1q – ΓRˆM pπ˚
MF q ˆ pΓRˆM pπ˚

MVoddq ¨ θq

where θ is the coordinate in R0|1 and we used that the following diagram commutes

π˚
MY Y

R ˆM R ˆM M,
idRˆM πM

both for Y “ F or F “ Vodd. The arrow Y Ñ M is the projection of the considered bundle. In
particular, the R1|1-plots are pairs of smoothly R-parametrized families of a bosonic field configuration
and a fermionic field configuration (of linear order).(66) This is the basic notion for implementing the
variational principle in bosonic and (first-order) fermionic Lagrangian field theories.(67). Finally, the
D-plots encode the infinitesimal structure of such generalized space (cf. [GS25b]).

A full treatment of the field-theoretic framework within sThSmthSet lies beyond the scope of this the-
sis. Nevertheless, the guiding idea behind such an extension can already be illustrated in the following
discussion. Since we require a notion of Cartan calculus on the space of fields, we outline how such a

(64)This is not the case when considering a gravitational theory with coupled fermionic spinorial fields, as the latter depends
on the choice of metric and hence the fully general composite description is necessary (cf. [Gio25; GSS24]).
(65)This is actually the case for any general composite bundle: the infinitesimal and fermionic structures are encoded only
in higher infinitesimal and odd plots of the thickened smooth super space of fields.
(66)See ft. (59) at p. 85.
(67)For a Lagrangian of polynomial order k in the fermionic field, we would need R1|k-plots.
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structure may arise by relying on two observations. First, the category sThSmthSet behaves in many
respects similarly to ThSmthSet, since the underlying Grothendieck topology is essentially the same. Sec-
ond, provided that the grading is handled appropriately, the definitions from super differential geometry
that we employ are straightforward generalizations of the corresponding notions in ordinary differential
geometry. For these reasons, it is reasonable to expect that the material presented in [GS26] will extend
the constructions of [GS25a; GS25b] in a direct manner.

Definition 3.3.4. The synthetic tangent bundle TG of G P sThSmthSet is defined as the mapping
thickened smooth super set

TG – rD1p1q,Gs P sThSmthSet,

where we omit the Yoneda embedding y for Dp1q1 for readability.

The unique embedding map ι0 : ˚ ãÑ D1p1q defines, by precomposition, the projection

TG – rD1p1q,Gs
p´q˝ι0

ÝÝÝÝÑ r˚,Gs – G.

In the case of M P sSmthMfd, the latter is the usual bundle projection.
Furthermore, the construction above forms a functor

T – rD1p1q,´s : sThSmthSet Ñ sThSmthSet,

with smooth maps f : G Ñ H mapped to Tf : TG Ñ TH, vk|q,ϵ ÞÑ f ˝vk|q,ϵ. The latter can be interpreted
as the pushforward of any map f . Indeed, in the case of G “ ypMq, H “ ypN q, one can check that
Tf ” df : ypTMq Ñ ypTN q.
Crucially, by its definition and by internal hom property (see Eq. (3.50)), it has a left-adjoint functor(68)

pD1p1q ˆ ´q % T p´q. (3.53)

Remark 3.3.4. Note that in full generality TG – rD1p1q,Gs does not have a fiber-wise R-linear structure,
that is fiberwise addition and ypRq-multiplication

` : TG ˆG TG Ñ TG and ¨ : ypRq ˆ TG Ñ TG. (3.54)

In the field-theoretically relevant cases, this structure is guaranteed by the R-linearity of the targets, as
it is evident in what follows.

Proposition 3.3.2. The synthetic tangent bundle TF – rD1p1q,Fs of a thickened smooth super field
space F “ ΓM pF q is canonically isomorphic to ΓM pV F q P sThSmthSet, where the vertical bundle

V F
πTF
F

ÝÝÝÑ F
πF
M

ÝÝÑ M is defined by

V F – eq
´

TF TM
¯

.
dπF

M

0M

Proof. In the proof, we omit the Yoneda embedding y for M, N , TN , M , TM , F and TF . First, we
prove that T rM,N s – rM, TN s by the internal hom property and the symmetric monoidal structure of
sThSmthSet via the direct product.

T rM,N s – rD1p1q, rM,N ss – rD1p1q ˆ M,N s – rN ˆ D1p1q,N s – rM, rD1p1q,N ss – rM, TN s.

Note that in this case the fiberwise ypRq-linear structure in T rM,N s is inherited from the R-linear
structure of TN (cf. [GS25b, Prop. 2.27]).
Secondly, we apply the synthetic tangent functor to diagram (3.52) and obtain, using the computation
above,

TF rM,TF s

T pidM q – ˚ rM,TM s,

pTπF
M q˚

(68)One should also use monoidal structure of sThSmthSet via the direct product.
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where the bottom embedding is identified with the embedding defined probe-wise by sending the unique

pRk|q ˆ Dq-plot of the point ˚ to the zero plot rM,TM spRk|q ˆ Dq Q pRk|q ˆ D ˆ M
πM

ÝÝÑ M
0M

ÝÝÑ TMq,
for each Rk|q ˆ D P sThCartSp. This means that TF plots are given by

TFpRk|q ˆ Dq “ tZφk|q,ϵ P rM,TF spRk|q ˆ Dq | TπFM ˝ Zφk|q,ϵ “ 0M ˝ πMu.

These maps are exactly the maps factoring through the vertical subbundle V F ãÑ TF (cf. [GS25b,
Prop. 2.28]), that is, pRk|qˆDq-plots of ΓM pV F q. Note that the ypRq-linear structure in TF is inherited
from the R-linear structure of V F . ■

Composing the projection πTFF : V F Ñ F with Zφk|q,ϵ yields pRk|q,ϵq´parametrized sections of F Ñ M ,

φk|q,ϵ – πTFF ˝Zφk|q,ϵ . That is, any Zφk|q,ϵ covers a unique plot of fields φk|q,ϵ, which realizes the projection

πTF
F : TF – ΓM pV F q

pπTF
F q˚

ÝÝÝÝÝÑ ΓM pF q – F .

Vector fields are sections of this tangent bundle as in Diagram (3.5). As in ThSmthSet, vector fields
should be in one-to-one relation with derivatives on the algebra of smooth functions, connecting this
definition with Definition 1.3.20. Forms are defined in the usual fashion, once one takes into account the
Z2-graded structure (cf. [GSS24]).

Definition 3.3.5. The set of differential m-forms on F “ ΓM pF q is defined as

ΩmpFq – Homfib.lin.an.
sThSmthSet

´

TˆmF , ypR1|1q

¯

.

That is, m-forms are smooth real-valued, fiber-wise linear antisymmetric maps with respect to the fiber-
wise linear structure (see Eq. (3.54)) on the m-fold fiber product(69)

TˆmF – TF ˆF ¨ ¨ ¨ ˆF TF

of the tangent bundle over F .

Homogeneous form of degree 0 and 1 (see Def. 1.3.20) are given by maps into ypRq and ypR0|1q, respectively
(cf. [GSS24][Ex. 2.36]). The total degree of an homogeneous m-form ω of degree k “ 0, 1, i.e. ω P ΩmpFqk

is |ω| “ m`k. The collection of differential forms of all (cohomological) degrees forms a graded R-vector
space (see Def. 1.3.3)

Ω‚pFq –
à

mPN
ΩmpFq.

The latter has a well-defined notion of a wedge product ^ and contraction ιZ along any vector field
Z P XpFq.(70) However, there is no obvious definition for a de Rham differential dF : Ωm Ñ Ωm`1 as in
the case of ThSmthSet. We can resolve this via infinite jet bundle technologies.

Super Infinite Jet Bundle Technology and Local Lagrangian Field Theory

For F
πF
E

ÝÝÑ E
πE
M

ÝÝÑ M as in Definition 3.3.3, we can define the super infinite jet bundle J8
MF following the

construction in [GSM09][Ch. 3].
The idea is to define the infinite jet bundle algebraically, starting from the construction of its algebra of
forms. Via Batchelor theorem (see Ch. 1), any odd vector bundle bundle F Ñ E can be described as the
Z2-graded manifold ΠF̄ modeled over the classical vector bundle πF̄E : F̄ Ñ E. That is, ΠF̄ – pE,OΠF̄ q

with OΠF̄ pEq “ ΓEp
Ź

F̄˚q. The latter has local coordinates txµ, yA, θiu where the first two are even
and only the last is odd. Alternatively, we do not distinguish E and F -fibers coordinates and write
txµ, uau. Second, notice that the k-jet manifold JkM F̄ is a vector bundle JkM F̄ Ñ JkME over the k-jet
manifold JkME (see Def. 3.1.9). Define the Z2-graded manifold ΠJrM F̄ – pJrME,OΠJr

M F̄ q with OΠJr
M F̄ “

(69)Here the product is the pullback (see Def. 1.1.12) of TF
πTF
F

ÝÝÝÑ F
πTF
F

ÐÝÝÝ TF .
(70)Thanks to the fiber-wise linear structure of TF and graded structure of Ω‚pFq, they can be defined as usual (see
Def. 1.3.13). Note that the wedge product commutation relation is governed by the total degree, while in [GSS24] the
Deligne and Freed convention is used (see ft. (22), p. 14).
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ΓJr
ME

`
Ź

pJrM F̄ q˚
˘

and local coordinates txµ, tyAI , θ
i
Iu|I|ďru “ txµ, tuau|I|ďru. We can associate the Z2-

graded Lie algebra of derivations Der
`

OΠJr
M F̄

˘

and the algebra of Z-graded forms (see Def. 1.3.20)

Ω‚pΠJrM F̄ q “

ˆ

`

DerpOΠJr
M F̄ q

˘˚
¯^‚

. (3.55)

The surjection πr`1
r : Jr`1

M E Ñ JrME yields dually a morphism of the corresponding graded algebras
Ω‚pΠJrM F̄ q Ñ Ω‚pΠJr`1

M F̄ q. Taking the projective limit of this system, we get the algebra of forms on
the would-be infinite jet bundle that we denote by Ω‚pΠJ8

M F̄ q. The latter is C8pEq-algebra locally gen-
erated by tθiI , dx

µ, duaI ´uaI`µdx
µu. It is possible to recover from it the sheaf of graded functions defining

the graded infinite jet bundle J8
MF – pJ8

ME,OJ8
MF q. The splitting of the infinite jet bundle tangent

space is shown at the level of this algebra, as it decomposes into horizontal and vertical forms. The latter
is the notion of graded variational bicomplex (see Def. 3.1.20). All the properties of the horizontal and
vertical differential remain the same (see Eqs. (3.26) and (3.27)). Instead of building the algebra of forms
as above, to cast this in sThSmthSet we can take the projective limit of the algebras ΓJr

ME

`
Ź

pJrM F̄ q˚
˘

in Z2CAlgR and dually use it to define the infinite graded smooth jet bundle (cf. [Gio25; GS26]).
The discussion of infinite jet bundle technology and local structure should then follow by universal prop-
erties as in (Th)SmthSet (see Prop. 3.2.5).
Developing all this goes far beyond the scope of the thesis and it should appear in [GS26]. This section
only provides a justification for the following section, which is based on this future work by Sati and
Giotopoulos.

In summary, the super-thickened category sThSmthSet is proposed as the setting that combines smooth-
ness, infinitesimals, and parity.

3.4 Local BV System via Super Thickened Smooth Set

The motivation behind this thesis is to find a categorical setting in which the field-theoretic objects
relevant to the BV formalism appear on equal footing. In this section, we show how sThSmthSet provides
this setting when working locally. In particular, the existence of the local Cartan calculus allows us to
mimic the finite-dimensional case (see Sec. 2.2) and make rigorous sense of the expressions in Section
2.3, where we assumed this calculus to exist. Since the category does not provide a notion of measure
on the space of fields, which is necessary to mimic the finite-dimensional quantum BV formalism,(71) we
focus only on the classical case. For ease of notation, we henceforth suppress the Yoneda embedding y
whenever it is implicitly understood from the context.

Grading

The classical BV formalism relies on symplectic Z-graded geometry and the existence of the infinite-
dimensional Cartan calculus (see Sec. 2.2). Note that, the nature of the anticommuting structure needed
to describe ghost fields and antifields is intrinsically different from the anticommuting nature of fermionic
fields, which we do not consider. However, if one works locally, the results related to the BV formalism
(see for example Prop. 1.4.2 and Prop. 1.4.3) only need the compatible(72) Z2 underlying structure, the
full Cartan calculus, and the existence of an even vector field that tracks the ghost Z-grading.(73)
Therefore, working within sThSmthSet should be enough. Indeed, in this category, we have an intrinsic
notion of superstructure and a good notion of local Cartan calculus on the infinite-dimensional space of
fields. Note that restricting to the local setting is not an issue, as all the relevant field theories are local.
Finally, we can postulate the existence of a local even vector field E (see Def. 3.1.24) on the space of
fields that keeps track of the ghost Z-grading.
In particular, let F be the super thickened smooth space of fields for some composite bundle πFM : F Ñ

M (see Def. 3.3.3) over a closed oriented smooth d-manifold M . Let txµ, uau and txµ, tuaIu|I|ě0u be

(71)Note that there exist different approaches to the quantum BV formalism (cf. [CMS25]).
(72)Compatibility implies that the Koszul sign in the graded commutation rule is actually governed by the underlying Z2

structure. That is, what actually governs the signs is the Z-grading modulo 2.
(73)Strictly speaking, we can think of a BV system just as an odd symplectic supermanifold with an even function satisfying
the master equation (cf. [Sch93]). The Z-grading facilitates bookkeeping and becomes important when considering theories
with boundaries and corners (cf. [CMR14; CMR18]).

90



3.4. LOCAL BV SYSTEM VIA SUPER THICKENED SMOOTH SET

local coordinates on F and J8
MF (see discussion around Eq. (3.55)). Note that, since the base is even,

degZ2
puaq “ degZ2

puaI q. Then we define(74)

E – E ˝ j8 P XlocpFq0, where E P XevpJ8
MF q s.t. Eµ “ Epxµq “ 0 and Ea “ Epuaq “ ghpuaqua.

Importantly, ghpuaq mod 2 “ degZ2
puaq. Note that, the prolongation of the latter (see Eq. (3.35)) is

given by prEpuaI q “ ghpuaquaI as one would expect, since the derivatives along the base bring zero degree.
To see it, we used that DµpEaq “ pBxµ `

ř

|I|ě0 u
a
I`µBua

I
qEa “ uaµghpuaq (see Eq. (3.19)) and concluded by

induction. While LprE gives the ghost Z-grading on J8
MF , LE reads the ghost Z-grading of local objects

on F ˆM and F . Importantly, these gradings coincide (see Prop. 3.1.11, Prop. 3.1.12 and Eq. (3.40)(75)).

Remark 3.4.1. From now on, we consider the ghost Z-grading defined in this way, keeping in mind
that, at the level of sThSmthSet, we only have an underlying Z2-grading. The latter is given by the ghost
Z-grading modulo 2. Also, the definitions and results we take from Section 3.1 have to be modified with
the correct Koszul sign as done in Chapter 1 and Chapter 2. This is always the case from now on: we
explicitly state it only when strictly necessary to understand the computations.

To work with the total degree, we should define two derivations DH ,DV P DerpXpΩ‚,‚pJ8
MF qq that count

horizontal and vertical cohomological degree (see Eq. (1.15)), and consider D̂ – LprE ` DH ` DV . Since
the pullback along ev8 preserves the cohomological bigrading (see Diagram (3.37)), it has zero total
degree and there exist compatible derivations DM ,DF P DerpΩ‚,‚

locpF ˆ Mqq. By abuse of notation, we

denote the total grading derivation on F ˆM by D̂ – LE `DM `DF . Finally, note that transgressing to
F along τM (see Def. 3.1.27) kills the component DM and preserves the other. Therefore, τM has total

degree ´d. We also denote by D̂ “ LE ` DF the total grading after the transgression. The total grading
defined like this is denoted by | ¨ |

Local BV System

The idea is to define a local BV system at the level of the super infinite jet bundle. This system, once
pulled back along ev8 and transgressed to F , should yield a local classical BV theory on F (see Def. 2.2.4).
BV results should then follow by the existence of Cartan calculus.

Definition 3.4.1. Let us consider the following:

1. M is a closed oriented smooth d-manifold. As it has no boundary, horizontally exact terms vanish
after integration and therefore along the transgression τM ;

2. πFM : F Ñ E Ñ M is a globally defined composite fiber bundle (see Def. 3.3.3). Assume the
existence of a local Cartan calculus given within sThSmthSet introducing the graded infinite jet
bundle J8

MF . Furthermore, assume compatibility of the ghost Z-grading given by LE with the
intrinsic Z2-grading (see Rmk. 3.4.1);

3. Globally defined local finite-order data on the graded infinite jet bundle encoded by:

a. An evolutionary vector field Q P XevpJ8
MF q of total degree D̂pQq “ 1Q such that rprQ,prQs “ 0

(see Prop. 3.1.11 with extra Koszul sign p´1q|Z1||Z2| in the local expression as in Eq. (1.13));

b. A local Lagrangian L P Ωd,0locpJ8
MF q0 given by a local pd, 0q-form of total degree D̂L “ dL;

c. A local pd, 2q-form ω P Ωd,2locpJ8
MF q´1 of total degree D̂ω “ p´1 ` d` 2qω locally of the form

ω “ pdHxqdωABdVψ
AdVψ

B

with ωAB invertible. This ensures the weak non-degeneracy of the local symplectic form after
the transgression τM .

(74)The fact that evolutionary vector fields are zero on the base might be an obstruction to treating in a similar way the
general case where the base is a supermanifold (see Rmk. 3.4.3), since in this case the Euler vector would have non-zero
horizontal components. In this case, working with a derivation, as for the cohomological degree, might be the solution.
(75)The latter holds when restricting to local transgressed forms interpreted as maps of local vector fields pXlocpFqqˆq Ñ

C8
locpFq, and not as bundle maps pTFqˆq Ñ ypRq (cf. [GS25a][Rmk. 7.39]). Note that for our application, this is enough.
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The tuple pJ8
MF, ω, L,Qq is a local BV system (cf. [Gri23]) if, up to horizontally exact terms, it satisfies

the following:

ιprQω ´ dV L “ 0 (3.56)

1

2
ιprQιprQω “ 0. (3.57)

Consider the transgression τM : Ωd,qlocpF ˆ Mq Ñ ΩqpFq of local pd, qq-forms on F ˆ M to q-forms on F
(see Def. 3.1.27). Under the hypotheses listed in Definition 3.4.1, the local BV system pJ8

MF, ω, L,Qq

transgresses to the following BV theory:

pF – ΓM pF q, D̂, Ω – p´1qdτM ppev8q˚ωq, S – τM ppev8q˚L, Q – Q ˝ j8q. (3.58)

The derivation D̂ defines the total grading as in Remark 3.4.1. Recall the conventions in Subsection 2.0.1.
Since the transgression sends top forms to real numbers, it has total degree |τM | “ ´d. By definition,

Ω P Ω2
locpFq´1 has total degree D̂Ω “ 1Ω, S P C8

locpFq0 has zero total degree, and Q P XlocpFq1 has

total degree D̂Q “ 1Q. In what follows, we use the local Cartan calculus and the transgressed one (see
Prop. 3.1.12, Prop. 3.1.13 and Eq. (3.40)). The transgressed de Rham differential comes with the extra
Koszul sign p´1q´d given by exchanging dF (|dF | “ 1) with τM (|τM | “ ´d)). The extra sign p´1qd is
added to Ω to cancel the Koszul sign coming from the transgressed Cartan calculus in Equation (3.59).
The tuple (3.58) is a classical BV theory in sThSmthSet, indeed

1. The space of fields F P sThSmthSet has a smooth superstructure compatible (modulo 2) with the

ghost Z-grading given by LE in D̂.

2. Given the local expression of ω and invertibility of ωAB , Ω P Ω2
locpFq´1 can be shown to be odd-

weakly symplectic as a map pXlocpFqqˆ2 Ñ C8
locpFq´1.

3. Q P XlocpFq1 is cohomological by rprQ, prQs “ 0 and Equation (3.32). Furthermore, it is the
Hamiltonian vector field of S by Equation (3.56) (see Def. 3.1.28). Indeed, recalling the discussion
around Remark 3.4.1 and that |ιQ| “ |Q| ´ 1 “ 0, we get

ιQΩ “ p´1qdτM pιQppevq˚ωqq “ p´1qdτM ppev8q˚pιprQωqq
p3.56q

“ p´1qdτM ppev8q˚pdV Lqq “

“ p´1qdτM pdF pev8q˚Lq “ p´1qd´ddFτM ppev8q˚Lq “ dFS, (3.59)

where the potential horizontally exact terms do not contribute by Stokes theorem and BM “ H.

4. The BV action S P C8
locpFq0 satisfies the CME by Equation (3.57) and Definition 3.1.28 (modified

with the appropriate Koszul sign as in Def. 1.4.8). Indeed, recalling that |ιQ| “ |Q| ´ 1 “ 0, we get

tS, SuΩ “ p´1q|Q|´1 1

2
ιQιQΩ “

1

2
p´1qdτM pιQιQppevq˚ωqq “ p´1qdτM

ˆ

pev8q˚
´1

2
ιprQιprQω

¯

˙

“ 0,

where the potential horizontally exact terms do not contribute by Stokes theorem and BM “ H.

BV results follow from the existence of Cartan calculus. For example, under opportune regularity condi-
tions, it should be possible to characterize the Euler locus of the classical theory via H0

Q and confront it
with the characterization as a pullback within sThSmthSet (cf. [GS25a][Ch. 5]).

Remark 3.4.2. In general, the description of the local BV theory above is heavily based on the bundle
structure defining the space of fields. The assumption to work with gauge theories described by a trivial
principal G-bundle (see Rmk. 2.1.1) allows us to describe the fields of BV extension of the theory as sec-
tions of a composite bundle F Ñ M .(76) Thanks to this caveat, we can apply all the technology developed
in the previous sections of this chapter and describe gauge symmetries as natural transformations F Ñ F
that preserve the action (see Def. 3.1.23). This means that for more general theories, we can only work
locally. To formulate a categorical description of gauge theories and the BV formalism, one should enrich
sThSmthSet with higher structure, considering a category of sheaves of groupoids (cf. [GS25a][Rmk. 6.37
& Ch. 8]). A derived approach to the global description of BV/AKSZ theory can be found in (cf. [Ste24]).
Along these lines, a possibility might be considering a derived extension of the category of SmthSet, using
the universal property of derived manifolds and their relation with dg-manifolds (cf. [CS19; Car23]).

(76)In particular, the gauge fields, which are 1-form connections, can be described as forms on the base taking values into
the Lie algebra of G. For the more general case of a non-trivial G-bundle, when working locally, we can always reduce to
the triviality hypothesis by working around a trivial connection (see Rmk. 3.1.8).
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Before passing to the example of BF theory, let us make the following remark regarding the limitations
of our framework and a possible outlook.

Remark 3.4.3. As discussed in Section 2.3, the AKSZ formalism allows to automatically generate BV
theories on the mapping space MappT r1sM,N q, when the target is equipped with some supergeometric
data. We would like to find a categorical description of it within sThSmthSet. For simplicity, assume N
to be a superspace. Already at this level, some problems arise when trying to use a general perspective
as in Section 2.3.
Indeed, although the mapping space is well understood in sThSmthSet (see Def. 3.3.1), the infinite jet
bundle technology developed above strictly relies on a bundle structure that a general mapping space
does not have. A possible solution to this problem, which we present as an outlook, is the following.
If it were possible to extend Definition 3.3.3 to the case in which the base is a finite-dimensional super-
manifold M(77) (see Def. 1.3.18) and show that all the results that lead us to the local Cartan calculus
above also hold in this extension, we would have a usable notion of Cartan calculus on the mapping
space.(78) Indeed, notice that in this case the mapping space of Example 3.3.1 would be isomorphic in

sThSmthSet to the thickened smooth superspace of sections of the trivial bundle MˆN pr1
ÝÝÑ M. Indeed,

we would have that plotwise

ΓMpM ˆ N qpRk|q ˆ Dq – tφk|q,ϵ : Rk|q ˆ D ˆ M Ñ M ˆ N |pr1 ˝ φk|q,ϵ “ πMu

– tφ̃k|q,ϵ : Rk|q ˆ D ˆ M Ñ N u – rypMq, ypN qspRk|q ˆ Dq,

where πM : Rk|q ˆ D ˆ M Ñ M . Then, the local Cartan calculus on the first might induce one on the
second. Note that the definition of infinite supergraded jet bundle we use (see around Eq. (3.55)) relies
on the base being even. More general notions of infinite jet bundles are described in [GK19; Vys23] from
a local and global perspective, respectively. This would allow us to mimic the proof of Theorem 2.1
within sThSmthSet (following the Diagram (3.60)), giving a systematic way to build a local BV theory
(see Eq. (3.58)). In this case, locality would follow directly from the definition of T and the fact that the
supergeometric data we start with are defined on a finite-dimensional superspace N .
Alternatively, since the target is assumed to be a superspace, we can make sense of the mapping space
by MappT r1sM,N q – Ω‚pM,N q (see Eq. (2.22)). Thanks to this, we can describe the fields of the BV
extension as sections of a composite bundle F Ñ E Ñ M . This forces us to work with forms over M
rather than with functions over T r1sM (see Rmk. 1.3.7). The drawback of this approach is that there is
no canonical map from J8

MF (or from M ˆ ΓM pF q as in Diagram (3.61)) to N along which consistently
pull back the supergeometric data of the AKSZ theory. Therefore, we cannot mimic the proof of Theorem
2.1. What we can do is start from a good Ansatz for a local BV system on J8

MF (see Def. 3.4.1), show
that it is well defined and build the BV theory as in Equation (3.58). The Ansatz can be obtained by
grading considerations and by working formally as in Section 2.3.

Diagram with
F – ΓT r1sM pT r1sM ˆ N q:

T r1sM ˆ F N

F

π2

ev

(3.60)

Diagram with
F – ΓM p

Ź‚
T˚M b pM ˆ N qq ” ΓM pF q:

M ˆ F J8
MF N

F

τM

ev8 ?

(3.61)

Abelian BF Theory in d “ 4

From now on, we use Einstein summation convention. Moreover, recall that dH “ dxνBxν and dHω “

dxν 1
k!Brνωµ1,...,µksdx

µ1 ¨ ¨ ¨ dxµk .(79) The classical abelian(80) BF theory in d “ 4 (see Sec. 2.3) can be
understood within SmthSet. Let M be a closed oriented smooth 4-manifold. The space of fields of the

(77)Actually, showing this for a base of the form T r1sM should be enough for the purposes of AKSZ theory.
(78)The integral map then would be defined as in Equation (3.28), using super integration theory (see Eq. (1.17)) instead
of classical integration theory.
(79)Where we omitted the wedge product for readability and we use the convention for which the anticommutation of the
indices has a factor of pk ` 1q! at denominator.
(80)Since we are in the abelian case, g “ R. We can drop the dual g˚ “ R˚, as we can interpret any dual element as a
multiplication by an element in R. Implicitly, we are choosing a basis of R.
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bundle Fcl – T˚M ‘
Ź2

T˚M Q tAµ1
, Bµ1µ2

{2!u is the smooth set (see Def. 3.1.4)

Fcl – ΓM

ˆ

T˚M ‘
ľ2

T˚M

˙

,

with the original fields pA,Bq P Ω1pMq ‘ Ω2pMq – Fclp˚q. Considering the infinite jet bundle J8
MFcl Q

txµ, tAµ1|I , Bµ1µ2|I{2!u|I|ě0u, we can write the classical lagrangian as Lcl “ Lcl ˝ j8 (see Def. 3.1.21).
Here Lcl is the pd, 0q-form on J8

MFcl locally given by

L

ˆ

xµ,
!

Aµ1|I ,
Bµ1µ2|I

2!

)

|I|ď1

˙

“

ˆ

Bµ1µ2

2!
dHx

µ1 ^ dHx
µ2

˙

^

´

dHx
µ3Brµ3

Aµ4s ^ dHx
µ4

¯

“ B ^ dHA.

Notice that it globally factors through the 1-jet. Then, working within SmthSet, one can recover the
BF action as a natural transformation of smooth sets (see Eq. (3.29)) and describe the smooth structure
of the Euler–Lagrange locus (cf. [GS25a][Ch. 5]). Also, the gauge symmetries (see Eq. (2.25)) can be
understood via point 1. of Definition 3.1.23. In particular, the first symmetry in Equation (2.25) can be
extended to a smooth map D1 : Fcl Ñ Fcl factoring through the 0-jet bundle such that L ˝ D1 “ L. The
second one, at the level of ˚-plots, acts on the Lagrangian by Lcl ÞÑ Lcl `dM pt^FAq. The latter extends

to a smooth map K : Fcl Ñ ΓM p
Ź3

T˚Mq factoring through the 1-jet such that Lcl ˝ D2 “ Lcl ` dMK.
Here, D2 : Fcl Ñ Fcl is the extension of the second symmetry, which also factors through the 0-jet. The
latter discussion applies similarly to the higher translations in the tower (see Eq. (2.26)), which, for
d “ 4, terminates at G2. Alternatively, we can build the BV extension of this theory, following the AKSZ
construction, as the latter intrinsically describes the gauge symmetries of the original theory. To do so,
odd fields arise as ghost fields and antifields, as discussed in Chapter 2.
Following Section 2.3, consider the AKSZ theory pM,N , QN , ωN , αN ,ΘN q where the sourceM P SmthMfd
is as above and the target is N – Rr1s ‘ Rr2s with coordinate functions ψ P C8pN q1 – MorpN ,R0|1q

and ξ P C8pN q2 – MorpN ,R1|0q. We can think of the target as a super vector space N – R1|1 P sCartSp
considering Z-grading modulo 2. As it is important to keep track of the ghost Z-grading, we postulate (see
Rmk. 3.4.1) the existence of an even vector field EN P XpN q0 and an even derivation DN P DerRpΩ‚pN qq

(see discussion after Def. 1.3.21) and define D̂N – LEN ` DN such that

D̂Nψ “ LENψ “ 1ψ abd D̂N ξ “ LEN ξ “ 2ξ.

The latter keeps track of the ghost Z-grading, which coincides modulo 2 with the underlying Z2-structure
of N , and the cohomological degree. Since we are in the abelian case (f cab “ 0), the cohomological vector
field and the Hamiltonian on the target are null. Finally, the symplectic form is given by

ωN – dN ξ ^ dNψ “ dN
`

ξdNψ
˘

“: dNαN P Ω2pN qd´1,

where αN P Ω1pN qd´1. Note that D̂NωN “ 5ωN and D̂NαN “ 4αN . This AKSZ theory can be fully
described within sSmthMfd and is therefore naturally encoded in sThSmthSet. We want to build the
BV extension of this theory within sThSmthSet. Consider the following composite bundle over M (see
Diagram (3.61))

F –
à

k“0

´

ľk
T˚M b pM ˆ N q

¯

with the following local coordinates.

xµ c Aµ1
1
2!B

`
µ1µ2

1
3!τ

`
1µ1µ2µ3

1
4!τ

`
2µ1µ2µ3µ4

τ2 τ1µ1
1
2!Bµ1µ2

1
3!A

`
µ1µ2µ3

1
4!c

`
µ1µ2µ3µ4

gh 0 1 0 -1 -2 -3 2 1 0 -1 -2

where the ghost Z-grading is defined as above. That is, the total grading is given by D̂pxµq “ p0`0`0qxµ,

D̂pcq “ p1 ` 0 ` 0qc, D̂pAµ1
dHx

µ1q “ p0 ` 1 ` 0qA and so on. The relation between D̂ and D̂N is evident

if one notice that the first five fiber components are form components with values in Rr1s (D̂φ “ 1φ

with φ “ c, A,B`, τ`
1 , τ

`
2 ) and the last five as form components with values in Rr2s (D̂φ “ 2φ with

φ “ τ2, τ1, B,A
`, c`).

Then, the super thickened smooth space of fields is defined as in Definition 3.3.3.
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Remark 3.4.4. Note that, we are considering a Z2-graded vector bundle F Ñ M (see Def. 1.3.18). That
is, the supermanifold locally looking like M ˆK. Here, K is some supervector space and M can be seen
as a purely even supermanifold. Supposing N “ N0 ` N1, we can write

F “

´

`

ľ‚

T˚M b pM ˆ N0q
˘

‘
`

ľ‚

T˚M b pM ˆ N1q
˘

¯

Ñ
`

ľ‚

T˚M b pM ˆ N0q
˘

looooooooooooooomooooooooooooooon

E

Ñ M

to reconduct explicitly to the composite bundle of Definition 3.3.3 (cf. [GSM09][Notation 4.1.1]). This is
possible by noticing that F is naturally isomorphic to the pullback along πEM of the odd graded bundle
`
Ź‚

T˚M b pM ˆ N1q
˘

Ñ M .

The AKSZ mapping space corresponds to the set of ˚-plots of the latter

Fp˚q “ Ω‚pMqr1s ‘ Ω‚pMqr2s.

where the gradings are given by D̂. We can define the super infinite jet bundle J8
MF with local coordinates

!

xµ, tcI , Aµ1|I ,
1

2!
B`

µ1µ2|I ,
1

3!
τ`

1µ1µ2µ3|I ,
1

4!
τ`

2µ1µ2µ3µ4|I , τ2I , τ1µ1|I ,
1

2!
Bµ1µ2|I ,

1

3!
A`

µ1µ2µ3|I ,
1

4!
c`

µ1µ2µ3µ4|Iu|I|ě0

)

where the grading is as above for every I. Indeed, BI – B
I1
xµ1 ¨ ¨ ¨ B

I4
xµ4 , with I “ I1 ` ¨ ¨ ¨ ` I4, has zero

degree since LprEx
µ “ 0. The local BV system is given in local coordinates by the following Ansatz(81)

4
ω – dVA^ dVA

` ` dVB ^ dVB
` ` dV c^ dV c

` ` dV τ1 ^ dV τ
`
1 ` dV τ2 ^ dV τ

`
2 ,

4
α – dVA^A` `B ^ dVB

` ` dV c^ c` ` τ1 ^ dV τ
`
1 ` τ2 ^ dV τ

`
2 ,

4

L – B ^ dHA`A` ^ dHc`B` ^ dHτ1 ` τ`
1 ^ dHτ2,

with D̂ 4
ω “ p´1 ` 4 ` 2q

4
ω, D̂ 4

α “ p´1 ` 4 ` 1q
4
α and D̂

4

L “ p0 ` 4 ` 0q
4

L. Finally, we locally define
Q P XevpJ8

MF q by

Q pcq “ 0 Q pAµ1
q “ ´cµ1 Q

ˆ

B`
µ1µ2

2!

˙

“ Arµ2|µ1s Q

ˆ

τ`
1µ1µ2µ3

3!

˙

“ ´
B`

rµ2µ3|µ1s

2!

Q pτ2q “ 0 Q pτ1µ1
q “ τ2µ1

Q
´

Bµ1µ2

2!

¯

“ ´τ1rµ2|µ1s Q

ˆ

A`
µ1µ2µ3

3!

˙

“
Brµ2µ3|µ1s

2!

Q

ˆ

τ`
2µ1µ2µ3µ4

4!

˙

“
τ`

1rµ2µ3µ4|µ1s

3! Q

ˆ

c`
µ1µ2µ3µ4

4!

˙

“ ´
A`

rµ2µ3µ4|µ1s

3!

Note that
4
ω P Ω4,2

glbpJ8
MF q´1,

4
α P Ω4,1

glbpJ8
MF q´1 and

4

L P Ω4,0
glbpJ8

MF q0 depend globally only on the 0-jet
or 1-jet. Furthermore, the components in the fibers coordinates form an invertible supermatrix and

dV
4
α “

4
ω. The evolutionary vector field Q P XevpJ8

MF q only depends on the 1-jet and it can be checked

that D̂Q “ p1` 0` 0qQ and D̂prQ “ p1` 0` 0qprQ.(82) To prove that this is indeed a local BV system, it
remains to show that rprQ, prQs “ 0, Equation (3.56) and Equation (3.57). First, we show rprQ, prQs “ 0.
By modifying the local expression of rprZ1, prZ2s “ prZ3 in Proposition 3.1.11 with the right Koszul rule,
we get

Z3 “ DIZ
a
1 ¨ Bua

I
Zb2Bub ´ p´1q|Z1||Z2|DIZ

a
2 ¨ Bua

I
Zb1Bub .

From now on, we write B‚ “ B
B‚

for readability. Using that |Q| “ 1 and that it only depends on the first
jet, we can write

Z3 “ 2DIQ
a ¨

BQb

BuaI

B

Bub
“ 2

„ˆ

Qa ¨
BQb

Bua

˙

`

ˆ

BQa

Bxµ
¨

BQb

Buaµ

˙

`

ˆ

uγνµ
BQa

Buγν
¨

BQb

Buaµ

˙ȷ

B

Bub
. (3.62)

(81)We could start from an Ansatz on F and pull it back to the infinite jet bundle along π8
0 : J8

MF Ñ F to get
4
ω,

4
α,

4
L (see

[Gri23]).
(82)Comparing the components of Q with the abelian (fcab “ 0) case of Equation (2.30), one can interpret the integration
over M in terms of the action of the local vector field Q “ Q ˝ j8 on local coordinate functionals (see Eq. (3.33)). More
concretely, local functionals with values in R need to combine fields so that the total ghost Z-grading is zero. For BF
theory, this means building top forms that then need to be integrated to give a real value.
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Noticing that BuaQ “ 0, we can expand the second and third term to obtain

Z3 “2

«

ˆ

0 ´
Bcν
Bxµ

¨
BQb

BAν|µ
`

BArµ1|νs

Bxµ
¨

BQb

BB`

νµ1|µ{2!
´

BB`

rµ1µ2|νs
{2!

Bxµ
¨

BQb

Bτ`

1νµ1µ2|µ{3!
` 0 `

` 0 `
Bτ2ν
Bxµ

¨
BQb

Bτ1ν|µ
´

Bτ1rµ1|νs

Bxµ
¨

BQb

BBνµ1|µ{2!
`

BBrµ1µ2|νs{2!

Bxµ
¨

BQb

BA`

νµ1µ2|µ{3!
` 0

˙

`

`

ˆ

cνµ
BQpAµ1

1
q

Bcν
¨

BQb

BAµ1
1|µ

`Aµ1|νµ

BQpB`

µ1
1µ

1
2
{2!q

BAµ1|ν
¨

BQb

BB`

µ1
1µ

1
2|µ{2!

`

`
B`

µ1µ2|νµ

2!

BQpτ`

1µ1
1µ

1
2µ

1
3
{3!q

BB`

µ1µ2|ν{2!
¨

BQb

Bτ`

1µ1
1µ

1
2µ

1
3|µ{3!

` 0 ` 0 ` τ2νµ
BQpτ1µ1

1
q

Bτ2ν
¨

BQb

Bτ1µ1
1|µ

`

` τ1µ1|νµ

BQpBµ1
1µ

1
2
{2!q

Bτ1µ1|ν
¨

BQb

BBµ1
1µ

1
2|µ{2!

`
Bµ1µ2|νµ

2!

BQpA`

µ1
1µ

1
2µ

1
3
{3!q

BBµ1µ2|ν{2!
¨

BQb

BA`

µ1
1µ

1
2µ

1
3|µ{3!

` 0 ` 0

˙

ff

B

Bub
“

“2

«

´ 2cνµ
B

BB`
µν{2!

´ 2Aµ1|νµ
B

Bτ`
1µνµ1

{3!
´ 2

B`

µ1µ2|νµ

2!

B

Bτ`
2µνµ1µ2

{4!
`

´ 2τ2νµ
B

BBµν{2!
´ 2τ1µ1|νµ

B

BA`
1µνµ1

{3!
´ 2

Bµ1µ2|νµ

2!

B

Bc`
µνµ1µ2{4!

ff

“ 0.

In the first equality we used the component-wise definition of Q and the fact that it does not depend
on τ`

2µ1µ2µ3µ4
or c`

µ1µ2µ3µ4
. In the second equality, we antisymmetrized, computed the derivatives, and

contracted the resulting Kronecker delta. In the last equality, we used the fact that the inner product of
symmetric and antisymmetric tensors gives a null contribution.
Let us check Equation (3.56). Recall that the degree 1 differentials satisfy d2V “ d2H “ dV pdHx

µq “ 0
and that dV dH “ ´dHdV . Furthermore, |ιprQ| “ 1 ´ 1 “ 0. Then,

ιprQ
4
ω “ dHc^ dVA

` ` dVA^ dHB ` dHτ1 ^ dVB
` ` dVB ^ dHA` 0 ` dV c^ dHA

``

` dHτ2 ^ dV τ
`
1 ` dV τ1 ^ dHB

` ` 0 ` dV τ2 ^ dHτ
`
1 `

`B ^ dV pdHAq ´B ^ dV pdHAq `A` ^ dV pdHcq ´A` ^ dV pdHcq`

´B` ^ dV pdHτ1q `B` ^ dV pdHτ1q ´ τ`
1 ^ dV pdHτ2q ` τ`

1 ^ dV pdHτ2q “

“dV

”

B ^ dHA`A` ^ dHc`B` ^ dHτ1 ` τ`
1 ^ dHτ2

ı

`

` dH

”

dVA^B ` dV c^A` ´ dV τ1 ^B` ´ dV τ2 ^ τ`
1

ı

“ dV
4

L ` dH
3
χ,

where
3
χ P Ω3,1

glbpJ8
MF q0. In the first equality we computed the contraction using that dV u

bpBuaq “ δba
(first two lines) and summed and subtracted the extra terms (second two lines). The second equality can
be checked backward by explicitly computing it. Let us now check the Equation (3.57).

1

2
ιprQιprQ

4
ω “

1

2
ιprQ

”

dHc^ dVA
` ` dVA^ dHB ` dHτ1 ^ dVB

` ` dVB ^ dHA` 0`

` dV c^ dHA
` ` dHτ2 ^ dV τ

`
1 ` dV τ1 ^ dHB

` ` 0 ` dV τ2 ^ dHτ
`
1

ı

“

“

”

dHc^ dHB ` dHτ1 ^ dHA` 0 ` dHτ2 ^ dHB
`
ı

“ dH
3

L,

for some
3

L P Ω3,0
glbpJ8

MF q1.

Remark 3.4.5. This is compatible with a full lax presentation (cf. [Gri23; SS25; MSW19]). The first

step consists of checking that dV ιprQ
d
ω “ dH

d´1
ω and that dV

d´1
χ “ ´

d´1
ω , with

d´1
ω P Ωd´1,2

glb pJ8
MF q0. Then

the above arguments can be iterated, potentially only locally, to check that ιprQ
d´1
ω “ dV

d´1

L ` dH
d´2
χ for

some
d´2
χ P Ωd´2,1

glb pJ8
MF q1 and so on, finally arriving to the full lax presentation. This is the structure one

should consider to treat the case with boundaries, corners, and higher co-dimensions structures [MSW19].
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In our case, it is straightforward to see that dV
3
χ “ ´

3
ω for

3
ω satisfying

dV ιprQ
4
ω “dV

”

dHc^ dVA
` ` dVA^ dHB ` dHτ1 ^ dVB

` ` dVB ^ dHA` 0`

` dV c^ dHA
` ` dHτ2 ^ dV τ

`
1 ` dV τ1 ^ dHB

` ` 0 ` dV τ2 ^ dHτ
`
1

ı

“

“ ´ dHpdV cq ^ dVA
` ´ dVA^ dHpdVBq ´ dHpdV τ1q ^ dVB

` ` dVB ^ dHpdVAq`

´ dV c^ dHpdVA
`q ´ dHpdV τ2q ^ dV τ

`
1 ` dV τ1 ^ dHpdVB

`q ` dV τ2 ^ dHpdV τ
`
1 q “

“dH

”

´ dV c^ dVA
` ´ dVA^ dVB ´ dV τ1 ^ dVB

` ´ dV τ2 ^ dV τ
`
1

ı

“ dH
3
ω.

This follows from direct computations, |dV | “ 1, and dV dH “ ´dHdV .

Finally, transgressing this structure on the infinite jet bundle to the space of fields via the map

T “

ż

M

˝pev8q˚ : Ω4,‚
glbpJ8

MF q ÝÑ Ω‚
glbpFq,

we obtain the local BV structure on F (see Eq. (3.58)). Note that the transgression changes the total
degree by ´4, as the top-horizontal component, which contributes with a degree of 4 at the level of J8

MF ,
is sent to a real number of degree 0. Explicitly, XlocpFq1 Q Q “ Q ˝ j8 and(83) L

Ω – Tnω “

ż

M

dFA^ dFA
` ` dFB ^ dFB

` ` dFc^ dFc
` ` dFτ1 ^ dFτ

`
1 ` dFτ2 ^ dFτ

`
2 P Ω2

locpFq´1

S – T
n

L “

ż

M

B ^ dMA`A` ^ dMc`B` ^ dMτ1 ` τ`
1 ^ dMτ2 P C8

locpFq0

The form is closed because it is exact, with primitive

α – Tnα “

ż

M

dFA^A` `B ^ dFB
` ` dFc^ c` ` τ1 ^ dFτ

`
1 ` τ2 ^ dFτ

`
2 P Ω1

locpFq´1.

Conditions (3.57) and (3.56) are satisfied by construction as above. That is

δS “ ιQΩ and tS, SuΩ “ 0.

The latter is the rigorous understanding of the formal manipulations we did for the (abelian) BF theory
in Section 2.3 (see Rmk. 2.3.1 and Eqs. (2.28), (2.29) and (2.30)). We now discuss the non-abelian case.

Non-abelian BF Theory in d “ 4

As for the abelian case, the classical non-abelian BF theory in d “ 4 (see Sec. 2.3) can be understood
within SmthSet. Let M be a closed oriented smooth 4-manifold and G a finite-dimensional compact Lie
group with Lie algebra g (with basis tTau). The space of fields of the bundle Fcl – pT˚M b pM ˆ gqq ‘

p
Ź2

T˚M b pM ˆ g˚qq Q tAaµ1
, Baµ1µ2

{2!u is the smooth set (see Def. 3.1.4)

Fcl – ΓM

ˆ

pT˚M b pM ˆ gqq ‘

´

ľ2
T˚M b pM ˆ g˚q

¯

˙

,

with the original fields pA,Bq P Ω1pM, gq ‘ Ω2pM, g˚q – Fclp˚q. Considering the infinite jet bundle
J8
MFcl with local coordinates txµ, tAaµ1|I , Bµ1µ2|I,a{2!u|I|ě0u, we can write the classical Lagrangian as

Lcl “ Lcl ˝ j8 (see Def. 3.1.21). Here Lcl is the pd, 0q-form on J8
MFcl locally given by

L
`

xµ, tAaµ1|I ,
Bµ1µ2,a|I

2!
u|I|ď1

˘

“

ˆ

Bµ1µ2,a

2!
dHx

µ1 ^ dHx
µ2

˙

^

´

dHx
µ3 ^ Brµ3

Aaµ4s ^ dHx
µ4`

`
1

2
fabcA

b
µ3

^ dHx
µ3 ^Acµ4

^ dHx
µ4

¯

“ Ba ^

´

dHA
a `

1

2
rA^, Asa

¯

“ xB^, FAy.

Notice that it globally factors through the 1-jet. Then, working within SmthSet, one can recover the
BF action as a natural transformation of smooth sets (see Eq. (3.29)) and describe the smooth structure

(83)Pulling back along the infinite evaluation locally means substituting dV {H with dF{M .
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of the Euler–Lagrange locus (cf. [GS25a][Ch. 5]). Also, the gauge symmetries (see Eq. (2.25)) can be
understood via point 1. of Definition 3.1.23, as discussed for the abelian case. We can build the BV
extension of this theory, following the AKSZ construction, as the latter intrinsically describes the gauge
symmetries of the original theory. To do so, odd fields arise as ghost fields and antifields, as discussed in
Chapter 2.
Following (see Sec. 2.3), consider the AKSZ theory pM,N , QN , ωN , αN ,ΘN q where the source M P

SmthMfd is as above and the target is N – gr1s ‘ g˚r2s with coordinate functions ψ P C8pN , gq1 and
ξ P C8pN , g˚q2. As it is important to keep track of the ghost Z-grading, we postulate (see Rmk. 3.4.1)
the existence of an even vector field EN P XpN q0 and an even derivation DN P DerRpΩ‚pN qq and define

D̂N – LEN ` DN such that

D̂Nψ “ LENψ “ 1ψ abd D̂N ξ “ LEN ξ “ 2ξ.

The latter keeps track of the ghost Z-grading, which coincides modulo 2 with the underlying Z2-structure
of N , and the cohomological degree. Finally, the symplectic form, the cohomological vector field, and
the Hamiltonian are given by (see Sec. 2.3)

ωN – xdN ξ^, dNψy “
ÿ

a

dN ξa ^ dNψ
a “ dN

ÿ

a

ξadNψ
a “ dN xξ, dNψy

looomooon

αN PΩ1pN q3

P Ω2pN q3;

QN –
1

2
xrψ,ψs, Bψy ` xad˚

ψpξq, Bξy “
ÿ

a,b,c

1

2
fabcψ

bψcBψa ´
ÿ

a,b,c

fab,cψ
bξaBξc P XpN q1

ΘN – tQN ,´u “
1

2
xξ, rψ,ψsy “

ÿ

a,b,c

1

2
fabcξaψ

bψc P C8pN q4.

Note that D̂NωN “ 5ωN , D̂NαN “ 4αN , D̂NQN “ 1QN and D̂NΘN “ 4ΘN . This AKSZ theory can be
fully described within sSmthMfd and is therefore naturally encoded in sThSmthSet. We want to build
the BV extension of this theory within sThSmthSet. Consider the following composite (see Rmk. 3.4.4)
bundle over M (see Diagram (3.61))

F –
à

k“0

´

ľk
T˚M b pM ˆ N q

¯

with the following local coordinates.

xµ ca Aaµ1

1
2!B

`a
µ1µ2

1
3!τ

`a
1µ1µ2µ3

1
4!τ

`a
2µ1µ2µ3µ4

τ2a τ1µ1,a
1
2!Bµ1µ2,a

1
3!A

`
µ1µ2µ3,a

1
4!c

`
µ1µ2µ3µ4,a

gh 0 1 0 -1 -2 -3 2 1 0 -1 -2

where the ghost Z-grading is defined as above. That is, the total grading is given by D̂pxµq “ p0`0`0qxµ,

D̂pcaq “ p1`0`0qca, D̂pAaµ1
dHx

µ1q “ p0`1`0qAa and so on. The relation between D̂ and D̂N is evident

if one notice that the first five fiber components are form components with values in gr1s (D̂φa “ 1φa

with φa “ ca, Aa, B`a, τ`a
1 , τ`a

2 ) and the last five as form components with values in g˚r2s (D̂φ̄a “ 2φ̄a
with φ̄a “ τ2a, τ1,a, Ba, A

`
a , c

`
a ).

Then, the super thickened smooth space of fields is defined as in Definition 3.3.3. The AKSZ mapping
space corresponds to the set of ˚-plots of Fp˚q “ Ω‚pM, gqr1s ‘ Ω‚pM, g˚qr2s, where the gradings are

given by D̂. We can define the super infinite jet bundle J8
MF with local coordinates

!

xµ, tcaI , A
a
µ1|I ,

1

2!
B`a
µ1µ2|I ,

1

3!
τ`a
1µ1µ2µ3|I ,

1

4!
τ`a
2µ1µ2µ3µ4|I , τ2I,a, τ1µ1|I,a,

1

2!
Bµ1µ2|I,a,

1

3!
A`

µ1µ2µ3|I,a,
1

4!
c`

µ1µ2µ3µ4|I,au

)

where the grading is as above for every I (see analogous discussion in the abelian case). The local BV
system is given in local coordinates by the following Ansatz(84)

4
ω –x dVA^, dVA

`y ` xdVB^, dVB
`y ` xdV c^, dV c

`y ` xdV τ1^, dV τ
`
1 y ` xdV τ2^, dV τ

`
2 y;

4
α –x dVA^, A`y ` xB^, dVB

`y ` xdV c^, c`y ` xτ1^, dV τ
`
1 y ` xτ2^, dV τ

`
2 y;

(84)We could start from an Ansatz on F and pull it back to the infinite jet bundle along π8
0 : J8

MF Ñ F to get
4
ω,

4
α,

4
L (see

[Gri23]).
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4

L –xB^, FAy ` xA`^, dAcy ` xB`^, ad˚
c pBq ` dAτ1y ` xτ`

1
^, ad˚

c pτ1q ` dAτ2y `
1

2
xc`^, rc^, csy`

` xτ`
2

^, ad˚
c pτ2qy `

1

2
xτ2^, rB`^, B`sy.

Using the notation introduced above, recall xφ^, φ̄y “ φa ^φa and xφ̄^, φy “ φ̄a ^φa, dAφ “ dHφ` adAφ

and dAφ̄ “ dH φ̄` ad˚
Aφ̄, adφpφ1q “ rφ^, φ1s “ pf cabφ

a ^φ1bqTc and adφpφ̄q “ p´f cabφ
a ^ φ̄cqT

b, with tT au

a basis of g˚. Note that, D̂ 4
ω “ p´1 ` 4 ` 2q

4
ω, D̂ 4

α “ p´1 ` 4 ` 1q
4
α and D̂

4

L “ p0 ` 4 ` 0q
4

L.
Finally, we locally define Q P XevpJ8

MF q by

Qpcaq “0 `
1

2
fabcc

bcc

QpAaµ1
q “ ´ caµ1

´ fabcA
b
µ1
cc

Q
´

B`a
µ1µ2

2!

¯

“Aarµ2|µ1s `
1

2
fabcA

b
µ1
Acµ2

` fabcc
bB

`c
µ1µ2

2!

Q
´

τ`a
1µ1µ2µ3

3!

¯

“ ´
B`a

rµ2µ3|µ1s

2!
´ fabcA

b
µ1

B`c
µ2µ3

2!
` fabcc

b τ
`c
1µ1µ2µ3

3!

Q
´

τ`a
2µ1µ2µ3µ4

4!

¯

“
τ`a
1rµ2µ3µ4|µ1s

3!
` fabcA

b
µ1

τ`c
1µ2µ3µ4

3!
` fabcc

b τ
`c
2µ1µ2µ3µ4

4!
`

1

2
fabc

B`b
µ1µ2

2!

B`c
µ3µ4

2!

Qpτ2aq “0 ´ f cbac
bτ2c

Qpτ1µ1,aq “τ2µ1,a ´ f cbac
bτ1µ1,c ´ f cbaA

b
µ1
τ2c

Q
´

Bµ1µ2,a

2!

¯

“ ´ τ1rµ2|µ1s,a ´ f cbac
bBµ1µ2,c

2!
` f cbaA

b
µ1
τ1µ2,c ´ f cba

B`b
µ1µ2

2!
τ2c

Q
´

A`
µ1µ2µ3,a

3!

¯

“
B1rµ2µ3|µ1s,a

2!
´ f cbac

bA
`
µ1µ2µ3,c

3!
´ f cbaA

b
µ1

Bµ2µ3,c

2!
´ f cba

B`b
µ1µ2

2!
τ1µ3,c ´ f cba

τ`b
1µ1µ2µ3

3!
τ2c`

Q
´

c`
µ1µ2µ3µ4,a

4!

¯

“ ´
A`

rµ2µ3µ4|µ1s,a

3!
´ f cbac

b c
`
µ1µ2µ3µ4,c

4!
` f cbaA

b
µ1

A`
µ2µ3µ4,c

3!
´ f cba

B`b
µ1µ2

2!

Bµ3µ4,c

2!
`

` f cba
τ`b
1µ1µ2µ3

3!
τ1µ4,c ´ f cba

τ`b
2µ1µ2µ3µ4

4!
τ2c.

Note that
4
ω P Ω4,2

glbpJ8
MF q´1,

4
α P Ω4,1

glbpJ8
MF q´1 and

4

L P Ω4,0
glbpJ8

MF q0 and they depend globally only on the
0-jet or 1-jet. Furthermore, the components in the fibers coordinates form an invertible supermatrix and

dV
4
α “

4
ω. The vector field Q P XevpJ8

MF q only depends on the 1-jet and it is such that D̂Q “ p1`0`0qQ

and D̂prQ “ p1 ` 0 ` 0qprQ.(85) It remains to show that rprQ, prQs “ 0, Equation (3.56) and Equation
(3.57). First, we show rprQ,prQs “ prZ3 “ 0. As for the abelian case (see Eq. 3.62), we can write

Z3 “ 2DIQ
a ¨

BQb

BuaI

B

Bub
“ 2

„ˆ

Qa ¨
BQb

Bua

˙

`

ˆ

BQa

Bxµ
¨

BQb

Buaµ

˙

`

ˆ

uγνµ
BQa

Buγν
¨

BQb

Buaµ

˙ȷ

B

Bub
. (3.63)

The third component goes away with a calculation similar to the abelian case. We now expand the first
and second contributions componentwise. The more relevant manipulations are done using Jacobi identity
(Jac.) febaf

a
cd ` fecaf

a
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a
bc “ 0 and antisymmetrization with respect to some indices, for example

pant. pa, b, cqq. We also use the redefinition of summed indices, for example pa Ø bq, and f cab “ ´f cba. In
general, we use the total degree | ¨ | (|B‚| “ ´| ‚ |). Finally, all the terms involving a second-order partial
derivative (from the second term in Eq. (3.63)) vanish independently as in the abelian case (Sym ´ Ant).
The components coming from dliftM are already antisymmetrized.
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(85)Comparing the components of Q with the Equation (2.30), one can interpret the integration over M in terms of the
action of the local vector field Q “ Q˝j8 on local coordinate functionals (see Eq. (3.33)). More concretely, local functionals
with values in R need to combine fields so that the total ghost Z-grading is zero. For BF theory, this means building top
forms that then need to be integrated to give a real value.
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BQpc`

µ1
1µ

1
2µ

1
3µ

1
4,a

1 {4!q

Bca
` QpAaµ1

q
BQpc`

µ1
1µ

1
2µ

1
3µ

1
4,a

1 {4!q

BAaµ1

` Q
´

B`a
µ1µ2

2!

¯BQpc`

µ1
1µ

1
2µ

1
3µ

1
4,a

1 {4!q

BB`a
µ1µ2{2!

`

` Q
´

τ`a
1µ1µ2µ3

3!

¯BQpc`

µ1
1µ

1
2µ

1
3µ

1
4,a

1 {4!q

Bτ`a
1µ1µ2µ3

{3!
` Q

´

τ`a
2µ1µ2µ3µ4

4!

¯BQpc`

µ1
1µ

1
2µ

1
3µ

1
4,a

1 {4!q

Bτ`a
2µ1µ2µ3µ4

{4!
` Qpτ2aq

BQpc`

µ1
1µ

1
2µ

1
3µ

1
4,a

1 {4!q

Bτ2a
`

` Qpτ1µ1,aq
BQpc`

µ1
1µ

1
2µ

1
3µ

1
4,a

1 {4!q

Bτ1µ1,a
` Q

´

Bµ1µ2,a

2!

¯BQpc`

µ1
1µ

1
2µ

1
3µ

1
4,a

1 {4!q

BBµ1µ2,a{2!
` Q

´

A`
µ1µ2µ3,a

3!

¯BQpc`

µ1
1µ

1
2µ

1
3µ

1
4,a

1 {4!q

BA`
µ1µ2µ3,a{3!

`

` Q
´

c`
µ1µ2µ3µ4,a

4!

¯BQpc`

µ1
1µ

1
2µ

1
3µ

1
4,a

1 {4!q

Bc`
µ1µ2µ3µ4,a{4!

`
BQpA`

µ1µ2µ3,a{3!q

Bxµ

BQpc`

µ1
1µ

1
2µ

1
3µ

1
4,a

1 {4!q

BA`

µ1µ2µ3|µ,a{3!

˙

B

Bc`

µ1
1µ

1
2µ

1
3µ

1
4,a

1 {4!
“

“

ˆ

1

2
f c

1

a1af
a
bcc

bcc
c`

µ1
1µ

1
2µ

1
3µ

1
4,c

1

4!
loooooooooooooomoooooooooooooon

Jac.`ant. pb,cq

´f c
1

aa1caµ1
1

A`

µ1
2µ

1
3µ

1
4,c

1

3!
` f c

1

a1af
a
bcA

b
µ1
1
cc
A`

µ1
2µ

1
3µ

1
4,c

1

3!
` f c

1

aa1Aaµ1
2|µ1

1

Bµ1
3µ

1
4,c

1

2!
`

`
1

2
f c

1

a1af
a
bcA

b
µ1
1
Acµ1

2
Bµ1

3µ
1
4,c

1

loooooooooooooomoooooooooooooon

Jac.`ant. pb,cq

`f c
1

a1af
a
bcc

b
B`c
µ1
1µ

1
2

2!

Bµ1
3µ

1
4,c

1

2!
´ f c

1

a1a

B`a
µ1
2µ

1
3|µ1

1

2!
τ1µ1

4,c
1 ` f c

1

a1af
a
bcA

b
µ1
1

B`c
µ1
2µ

1
3

2!
τ1µ1

4,c
1 `

´ f c
1

a1af
a
bcc

b
τ`c
1µ1

1µ
1
2µ

1
3

3!
τ1µ1

4,c
1 ` f c

1

a1a

τ`a
1µ1

2µ
1
3µ

1
4|µ1

1

3!
τ2c1 ` f c

1

a1af
a
bcA

b
µ1
1

τ`c
1µ1

2µ
1
3µ

1
4

3!
τ2c1 ` f c

1

a1af
a
bcc

b
τ`c
2µ1

1µ
1
2µ

1
3µ

1
4

4!
τ2c1 `

`
1

2
f c

1

a1af
a
bc

B`b
µ1
1µ

1
2

2!

B`c
µ1
3µ

1
4

2!
τ2c1

looooooooooooooomooooooooooooooon

Jac.`ant. pb,cq

`f cbaf
a
b1a1cb

τ`b1

2µ1
1µ

1
2µ

1
3µ

1
4

4!
τ2c ` fab1a1τ2µ1

4,a

τ`b1

1µ1
1µ

1
2µ

1
3

3!
loooooooooomoooooooooon

µ1
1Øµ1

2Øµ1
3Øµ1

4

´f cbaf
a
b1a1cb

τ`b1

1µ1
1µ

1
2µ

1
3

3!
τ1µ1

4,c
`

´ f cbaf
a
b1a1Abµ1

4

τ`b1

1µ1
1µ

1
2µ

1
3

3!
τ2c

looooooooooooomooooooooooooon

µ1
1Øµ1

2Øµ1
3Øµ1

4

`fab1a1τ1µ1
4|µ1

3,a

B`b1

µ1
1µ

1
2

2
` f cbaf

a
b1a1cb

B`b1

µ1
1µ

1
2

2!

Bµ1
3µ

1
4,c

2!
` f cbaf

a
b1a1Abµ1

3

B`b1

µ1
1µ

1
2

2!
τ1µ1

4,c
loooooooooooooomoooooooooooooon

µ1
1Øµ1

2Øµ1
3

`

´ f cbaf
a
b1a1

B`b1

µ1
1µ

1
2

2!

B`b
µ1
3µ

1
4

2!
τ2c ` fab1a1

Bµ1
3µ

1
4|µ1

2,a

2!
Ab

1

µ1
1

´ f cbaf
a
b1a1Ab

1

µ1
1
cb
A`

µ1
2µ

1
3µ

1
4,c

3!
´ f cbaf

a
b1a1Ab

1

µ1
1
Abµ1

2

Bµ1
3µ

1
4,c

2!
`

´ f cbaf
a
b1a1Ab

1

µ1
1

B`b
µ1
2µ

1
3

2!
τ1µ1

4,c
´ f cbaf

a
b1a1Ab

1

µ1
1

τ`b
1µ1

2µ
1
3µ

1
4

3!
τ2c ´ fab1a1cb

1
A`

µ1
2µ

1
3µ

1
4|µ1

1,a

3!
` f cbaf

a
b1a1cbcb

1 c
`

µ1
1µ

1
2µ

1
3µ

1
4,c

4!
`

` f cbaf
a
b1a1Abµ1

1
cb

1 A
`

µ1
2µ

1
3µ

1
4,c

3!
´ f cbaf

a
b1a1cb

1 B
`b
µ1
1µ

1
2

2!

Bµ1
3µ

1
4,c

2!
` f cbaf

a
b1a1cb

1 τ
`b
1µ1

1µ
1
2µ

1
3

3!
τ1µ1

4,c
´ f cbaf

a
b1a1cb

1 τ
`b
2µ1

1µ
1
2µ

1
3µ

1
4

4!
τ2c`

´
Bµ1

3µ
1
4|µ1

2µ
1
1,a

1

2!
looooooomooooooon

Sym´Ant

`f cba1cbµ1
1

A`

µ1
2µ

1
3µ

1
4,c

3!
` f cba1cb

A`
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2µ

1
3µ

1
4|µ1

1,c

3!
` f cba1Abµ1

2|µ1
1

Bµ1
3µ

1
4,c

2!
` f cba1Abµ1

2

Bµ1
3µ

1
4|µ1

1c

2!
loooooooooomoooooooooon

µ1
1Øµ1

2

`

` f cba1

B`b
µ1
2µ

1
3|µ1

1

2!
τ1µ1

4,c
` f cba1

B`b
µ1
2µ

1
3

2!
τ1µ1

4|µ1
1,c

loooooooooomoooooooooon

µ1
1Øµ1

3Øµ1
2

`f cba1

τ`b
1µ1

2µ
1
3µ

1
4|µ1

1

3!
τ2c ` f cba1

τ`b
1µ1

2µ
1
3µ

1
4

3!
τ2µ1

1,c

˙

B

BA`

µ1
1µ

1
2µ

1
3,a

1 {3!
“ 0.

In the latter equality we used Jac.` Jac.` Jac.` Jac.` Jac.` Jac..
Let us check Equation (3.56). Recall that the degree 1 differentials satisfy d2V “ d2H “ dV pdHx

µq “ 0
and that dV dH “ ´dHdV . Furthermore, |ιprQ| “ 1 ´ 1 “ 0. Then,

ιprQ
4
ω ´ dV

4

L “ ιprQ

”

x dVA^, dVA
`y ` xdVB^, dVB

`y ` xdV c^, dV c
`y ` xdV τ1^, dV τ

`
1 y ` xdV τ2^, dV τ

`
2 y

ı

`

´ dV

”

xB^, FAy ` xA`^, dAcy ` xB`^, ad˚
c pBq ` dAτ1y ` xτ`

1
^, ad˚

c pτ1q ` dAτ2y `
1

2
xc`^, rc^, csy`

` xτ`
2

^, ad˚
c pτ2qy `

1

2
xτ2^, rB`^, B`sy

ı

“

”

x dAc^, dVA
`y ` x dVA^, dAB ` ad˚

cA
` ` ad˚

B`τ1 ` ad˚

τ`
1
τ2y`

` xdAτ1 ` ad˚
cB ` ad˚

B`τ2^, dVB
`y ` xdVB^, FA ` rc^, B`sy `

1

2
xrc^, cs^, dV c

`y`

` xdVc^, dAA
` ` ad˚

c c
` ` ad˚

B`B ` ad˚

τ`
1
τ1 ` ad˚

τ`
2
τ2y ` xdAτ2 ` ad˚

c τ1
^, dV τ

`
1 y`

` xdV τ1^, dAB
` ` rc^, τ`

1 sy ` xad˚
c τ2

^, dV τ
`
2 y ` xdV τ2^, dAτ

`
1 ` rc^, τ`

2 s `
1

2
rB`^, B`sy

ı

`
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`

”

´ xdVB^, FAy ´ xB^, dV FAy ´ xdVA
`^, dAcy ´ xA`^, rdVA^, cs ´ dApdV cqy ´ xdVB

`^, ad˚
c pBq ` dAτ1y`

` xB`^, ad˚
dV cpBq ´ ad˚

c pdVBq ` ad˚
dV Apτ1q ´ dApdV τ1qy ´ xdV τ

`
1

^, ad˚
c pτ1q ` dAτ2y`

` xτ`
1

^, ad˚
dV cpτ1q ´ ad˚

c pdV τ1q ` ad˚
dV Apτ2q ´ dAdV τ2y ´

1

2
xdV c

`^, rc^, csy ´
1

2
xc`^, dV prc^, csqy`

´ xdV τ
`
2

^, ad˚
c pτ2qy ` xτ`

2
^, ad˚

dV cpτ2q ´ ad˚
c pdV τ2qy ´

1

2
xdV τ2^, rB`^, B`sy `

1

2
xτ2^, dV prB`^, B`sqy

ı

“

“ dH

”

xdVA^, By ` xdV c^, A`y ´ xdV τ1^, B`y ´ xdV τ2^, τ`
1 y

ı

“ dH
3
χ

where
3
χ P Ω3,1

glbpJ8
MF q0. In the first equality we computed the contraction using that dV u

bpBuaq “ δba
and the derivative dV . Expanding the above in components, the second equality can be checked with
manipulations similar to those used for the components of rprQ,prQs.
Let us now check the Equation (3.57).

1

2
ιprQιprQ

4
ω “

1

2
ιprQ

”

x dAc^, dVA
`y ` x dVA^, dAB ` ad˚

cA
` ` ad˚

B`τ1 ` ad˚

τ`
1
τ2y`

` xdAτ1 ` ad˚
cB ` ad˚

B`τ2^, dVB
`y ` xdVB^, FA ` rc^, B`sy `

1

2
xrc^, cs^, dV c

`y`

` xdVc^, dAA
` ` ad˚

c c
` ` ad˚

B`B ` ad˚

τ`
1
τ1 ` ad˚

τ`
2
τ2y ` xdAτ2 ` ad˚

c τ1
^, dV τ

`
1 y`

` xdV τ1^, dAB
` ` rc^, τ`

1 sy ` xad˚
c τ2

^, dV τ
`
2 y ` xdV τ2^, dAτ

`
1 ` rc^, τ`

2 s `
1

2
rB`^, B`sy

ı

“

“

”

x dAc^, dAB ` ad˚
cA

` ` ad˚
B`τ1 ` ad˚

τ`
1
τ2y ` xdAτ1 ` ad˚

cB ` ad˚
B`τ2^, FA ` rc^, B`sy`

`
1

2
xrc^, cs^, dAA

` ` ad˚
c c

` ` ad˚
B`B ` ad˚

τ`
1
τ1 ` ad˚

τ`
2
τ2y`

` xdAτ2 ` ad˚
c τ1

^, dAB
` ` rc^, τ`

1 sy ` xad˚
c τ2

^, dAτ
`
1 ` rc, τ`

2 s `
1

2
rB`^, B`sy

ı

“

“

”

x dHc^, dHB ` ad˚
AB ` ad˚

cA
` ` ad˚

B`τ1 ` ad˚

τ`
1
τ2y ` xrA^, cs^, dAB ` ad˚

cA
` ` ad˚

B`τ1 ` ad˚

τ`
1
τ2y`

` xdHτ1^, dHA`
1

2
rA^, As ` rc^, B`sy ` xad˚

Aτ1
^, FA ` rc^, B`sy ` xad˚

cB
^, FA ` rc^, B`sy`

` xad˚
B`τ2^, FA ` rc^, B`sy `

1

2
xrc^, cs^, dAA

` ` ad˚
c c

`
loomoon

ant.`Jac.

` ad˚
B`B

loomoon

Jac.`ant.

` ad˚

τ`
1
τ1

loomoon

Jac.`ant.

` ad˚

τ`
2
τ2

loomoon

Jac.`ant

y`

` xdHτ2^, dHB
` ` rA^, B`s ` rc^, τ`

1 sy ` xad˚
Aτ2

^, dAB
` ` rc^, τ`

1 sy ` xad˚
c τ1

^, dAB
` ` rc^, τ`

1 sy

` xad˚
c τ2

^, dAτ
`
1 ` rc^, τ`

2 s `
1

2
rB`^, B`s

looooomooooon

Jac.`ant.

y

ı

“
`

xdHc^, dHBy ` xdHτ1^, dHAy ` xdHτ2^, dHB
`y`

´ dHpxad˚
c τ2

^, τ`
1 yq ´ dHpxad˚

Aτ2
^, B`yq ` dH

´1

2
xrA^, As^, τ1y

¯

` dH

´1

2
xrc^, cs^, A`y

¯

`

` dHpxrc^, As^, By ` dHpxτ1^, rc^, B`sy
˘

“ dH
3

L,

for some
3

L P Ω3,0
glbpJ8

MF q1. In the first and second equality, we computed the first and second contractions.
In the third, we expanded the result. The final equality can be checked in components with usual

manipulations. Note that the first three terms of dH
3

L are the ones that we also encounter in the abelian
case.

Remark 3.4.6. As in Remark 3.4.5, it is possible to see that dV
3
χ “ ´

3
ω for

3
ω satisfying

dV ιprQ
4
ω “dV

”

x dAc^, dVA
`y ` x dVA^, dAB ` ad˚

cA
` ` ad˚

B`τ1 ` ad˚

τ`
1
τ2y`

` xdAτ1 ` ad˚
cB ` ad˚

B`τ2^, dVB
`y ` xdVB^, FA ` rc^, B`sy `

1

2
xrc^, cs^, dV c

`y`

` xdVc^, dAA
` ` ad˚

c c
` ` ad˚

B`B ` ad˚

τ`
1
τ1 ` ad˚

τ`
2
τ2y ` xdAτ2 ` ad˚

c τ1
^, dV τ

`
1 y`

` xdV τ1^, dAB
` ` rc^, τ`

1 sy ` xad˚
c τ2

^, dV τ
`
2 y ` xdV τ2^, dAτ

`
1 ` rc^, τ`

2 s `
1

2
rB`^, B`sy

ı

“
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“

”

xdV pdAcq^, dVA
`y ` x dVA^, dV pdABq ` dV pad˚

cA
`q ` dV pad˚

B`τ1q ` dV pad˚

τ`
1
τ2qy`

` xdV pdAτ1q^, dVB
`y ` xdV pad˚

cBq^, dVB
`y ` xdV pad˚

B`τ2q^, dVB
`y`

´ xdVB^, dV pFAq ` dV prc^, B`sqy `
1

2
xdV prc^, csq^, dV c

`y`

` xdVc^, dV pdAA
`q ` dV pad˚

c c
`q ` dV pad˚

B`Bq ` dV pad˚

τ`
1
τ1q ` dV pad˚

τ`
2
τ2qy`

` xdV pdAτ2q^, dV τ
`
1 y ` xdV pad˚

c τ1q^, dV τ
`
1 y ´ xdV τ1^, dV pdAB

`q ` dV prc^, τ`
1 sqy`

` xdV pad˚
c τ2q^, dV τ

`
2 y ´ xdV τ2^, dV pdAτ

`
1 q ` dV prc^, τ`

2 sq ` dV

´1

2
rB`^, B`s

¯

y

ı

“

“dH

”

´ xdV c^, dVA
`y ´ xdVA^, dVBy ´ xdV τ1^, dVB

`y ´ xdV τ2^, dV τ
`
1 y

ı

“ dH
3
ω.

This follows from direct computations, |dV | “ 1, and dV dH “ ´dHdV .

Finally, transgressing this structure on the infinite jet bundle to the space of fields via the map

T “

ż

M

˝pev8q˚ : Ω4,‚
glbpJ8

MF q ÝÑ Ω‚
glbpFq,

we obtain the local BV structure on F (see Eq. (3.58)). Note that the transgression changes the total
degree by ´4, as the top-horizontal component, which contributes with a degree of 4 at the level of J8

MF ,
is sent to a real number of degree 0. Explicitly, XlocpFq1 Q Q “ Q ˝ j8 and(86)

Ω – Tnω “

ż

M

xdFA^, dFA
`y ` xdFB^, dFB

`y ` xdFc^, dFc
`y ` xdFτ1^, dFτ

`
1 y ` xdFτ2^, dFτ

`
2 y;

S – T
n

L “

ż

M

xB^, FAy ` xA`^, dAcy ` xB`^, ad˚
c pBq ` dAτ1y ` xτ`

1
^, ad˚

c pτ1q ` dAτ2y`

`
1

2
xc`^, rc^, csy ` xτ`

2
^, ad˚

c pτ2qy `
1

2
xτ2^, rB`^, B`sy P C8

locpFq0.

Note that, Ω P Ω2
locpFq´1 and it is closed because it is exact, with primitive

α – Tnα “

ż

M

x dFA^, A`y ` xB^, dFB
`y ` xdFc^, c`y ` xτ1^, dFτ

`
1 y ` xτ2^, dFτ

`
2 y P Ω1

locpFq´1.

Conditions (3.57) and (3.56) are satisfied by construction as above. That is

δS “ ιQΩ and tS, SuΩ “ 0.

The latter is the rigorous understanding of the formal manipulations we did for BF theory in Section
2.3 (see Rmk. 2.3.1 and Eqs. (2.28), (2.29) and (2.30)). In particular, now the Cartan calculus is well
defined.

Remark 3.4.7. Notice that the resulting structure is local and globally of finite order. That is, at the
level of infinite jet bundles, the forms and vector fields we consider always factor globally through a finite
order jet bundle of fixed degree. This is usually the case for physically relevant theories. In SmthSet, the
subalgebra of globally of local order differential forms on the infinite jet bundle is canonically identified
with a subalgebra of de Rham forms on the infinite jet bundle (cf. [GS25a][Lemma 4.15]). The latter is a
categorical notion of forms defined as natural transformations into the smooth moduli space of de Rham
forms (cf. [GS25a][Def. 2.30] and see ft. (12) at p. 58). Working within this subalgebra would provide
a cleaner categorical approach to the full Cartan calculus (cf. [GS25a][Def. 2.33]), with the contraction
induced by the contraction on globally finite-order forms. If adapted to the smooth and thickened
structure, this could be a direction to investigate, as it would provide a nice functorial approach for
locally describing classical BV theories.

In summary, under specific assumptions, sThSmthSet locally allows for a categorical approach to the BV
formalism via the notion of local BV systems.

(86)Pulling back along the infinite evaluation locally means substituting dV {H with dF{M .
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Conclusions

This thesis studies the BV formalism (cf. [Mne19]), the categories SmthSet and ThSmthSet (cf. [GS25a;
GS25b]), and explains how the super extension of the latter (cf. [Gio25; GS26]) naturally encodes the
local classical BV formalism (cf. [Gri23]). This yields a rigorous understanding of the Cartan calculus on
the infinite-dimensional BV space of fields.
As an example, we present the AKSZ construction of the BV extension of classical BF theory in d “ 4.
Unfortunately, both a complete treatment of the AKSZ formalism (see Rmk. 3.4.3) and a global formu-
lation of BV theories (see Rmk. 3.4.2) require further extensions of sThSmthSet.

Three gauge-fixing methods are introduced in the finite-dimensional case to address the degeneracy aris-
ing in the perturbative path integral quantization of gauge theories (see Sec. 2.2): the Faddeev–Popov
method, the BRST formalism, and the BV formalism. Being the most general, the BV formalism sub-
sumes the other two. Although the latter is well understood in the finite-dimensional case, the discussion
becomes more delicate when the space of fields is infinite-dimensional (cf. [CMS25]). In particular, one
lacks the notion of Cartan calculus and of a measure on the space of fields, essential for the classical and
quantum versions of the BV formalism. Although the measure-theoretic issues are not resolved within
sThSmthSet, the Cartan calculus is rigorously understood upon restriction to the local setting.
To establish this result, we show that SmthSet naturally incorporates the action principle and many fun-
damental field-theoretic constructions, with a focus on bosonic Lagrangian field theories (see Sec. 3.1).
The strength of this framework lies in its ability to perform the standard operations of finite-dimensional
differential geometry pointwise on ordinary manifolds, thereby extending them to smooth sets. In partic-
ular, through the use of the infinite jet bundle, it allows one to formalize the local Cartan calculus on the
field space when restricted to well-behaved de Rham forms (see Prop. 3.1.13). Its thickening ThSmth-
Set is introduced to recover ad hoc tangent bundle constructions via the synthetic tangent bundle (see
Sec. 3.2). Following [Gio25; GSS24], the super extension sThSmthSet is briefly outlined (see Sec. 3.3).
This is needed to describe the odd nature of ghost fields. sThSmthSet should be fully presented in [GS26].
Finally, this setting is used to rigorously formulate the local BV formalism. As an example, the local BV
extension of the BF theory in d “ 4 is explicitly given (see Sec. 3.4).

We emphasize that the approach we use is purely local, meaning that the gauge structure is described via
a trivial G-bundle (see Rmk. 2.1.1). This allows one to describe gauge fields, i.e. 1-form connections, as
g-valued 1-forms over the base manifold M and to describe the BV space of fields within Definition 3.3.3.
To formulate a global categorical description of gauge theories and the BV formalism, one should enrich
sThSmthSet with higher structure, considering a category of sheaves of groupoids (cf. [GS25a][Rmk. 6.37
& Ch. 8]). A derived approach to the global description of BV/AKSZ theory can be found in (cf. [Ste24]).
Along these lines, a possible direction is to consider a derived extension of SmthSet, using the universal
property of derived manifolds and their relation to dg-manifolds (cf. [CS19; Car23]).
Furthermore, the general AKSZ formalism is not yet described in this setting. Indeed, although the
mapping space is well understood in sThSmthSet (see Def. 3.3.1), the category still does not provide it
with the full Cartan calculus. This difficulty can be circumvented by assuming that the target is a graded
vector space (see Eq. (2.22)), but this means that the AKSZ formal construction can only be used as
an Ansatz for the local BV system, which then has to be checked to be well defined (see Sec. 3.4). A
general description of the AKSZ formalism could be gained once the notion of graded infinite jet bundle
is extended to also allow a graded base (see Rmk. 3.4.3 and [Vys23]).
Finally, while this framework is powerful and promising, it does not yet provide a straightforward way to
define the Cartan calculus universally on forms defined via the de Rham moduli space (see Rmk. 3.4.7),
which would give a cleaner universal description of local BV systems. These questions remain open and
motivate further research in this direction.
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