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Abstract

This thesis is comprised of 8 papers where we develop different aspects of pertur-
bative topological field theory revolving around the Batalin-Vilkovisky framework
for cohomological treatment of gauge symmetry in the perturbative path integral.
In particular, we present interesting examples of the pushforward construction for
solutions of the Batalin-Vilkovisky quantum master equation; we develop an ex-
tension of the Batalin-Vilkovisky formalism to topological field theories (in fact,
to general gauge theories) on spacetime manifolds with boundary. We also de-
velop an algebraic version of a special class of topological field theories – the AKSZ
sigma models – based on differential graded Frobenius algebras, with the example
of Chern-Simons theory studied in particular detail.
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Preface

Here we sum up some basic background material on topological field theories
and on the Batalin-Vilkovisky formalism and give a brief account of the results of
the papers included in the present Habilitationsschrift.
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1. Introduction

1.1. Topological quantum field theory: historical background. Topological
quantum field theory was conceived in the works of A. S. Schwarz [43] and E.
Witten [49] as a tool for constructing invariants of manifolds and knots. It arose
as a spin-off of the quantum field theoretic idea of the integral of the exponential
of a local (and diffeomorphism-invariant, in case of a topological theory) action
functional over a space of local fields over the spacetime manifold – the functional
integral (or “path integral” by analogy with Feynman’s path integrals representing
evolution kernels in quantum mechanics). The path integral studied by Schwarz in
[43] corresponds to the so-called “abelian BF theory” and produces the Ray-Singer
torsion of a manifold, which is known, by comparison to Reidemeister torsion via
the Cheeger-Müller theorem, to be invariant under simple homotopy equivalences.
In [49], Witten studied the path integral over the space of connections in a principal
bundle over a closed oriented 3-manifold with the action given by the integral of
the Chern-Simons 3-form associated to the connection. Witten showed that the
value of the path integral in this case is a diffeomorphism invariant of framed
oriented closed 3-manifolds and presented a way to calculate this invariant through
surgery. He also suggested a deformation of this path integral by the product of
holonomies of the connection along components of a fixed link and showed that this
deformation yields the Jones polynomial of the link evaluated at a root of unity (in
the case of connections in principal SU(2)-bundles and with holonomy evaluated
in the fundamental representation).

Based on the axiomatic definition of conformal field theory by G. Segal [45], M.
Atiyah [5] suggested an axiomatic definition of an (n + 1)-dimensional topological
quantum field theory (TQFT) as an association, mapping every closed n-manifold
to a vector space (the “space of states”) and every (n + 1)-manifold with bound-
ary to a vector (the “partition function”) in the space of states associated to the
boundary n-manifold. This association has to satisfy a set of axioms, in particular
the multiplicativity axiom and the gluing axiom, expressing the partition function
of an (n+1)-manifold with two diffeomorphic boundary components glued together
in terms of the partition function for the original (n + 1)-manifold. An immediate
consequence of the axioms is that the partition function for a closed (n+1)-manifold
is a number, invariant under diffeomorphisms of the manifold; using the gluing ax-
iom this number can be recovered, once the manifold is cut into simpler pieces,
from values of the TQFT on the pieces. In algebraic language, Atiyah’s topolog-
ical quantum field theory is a functor of symmetric monoidal categories from the
category of (n + 1)-cobordisms to the category of vector spaces. Atiyah’s defini-
tion summarized the known properties of a collection of manifold invariants, e.g.
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Floer-Gromov theory (n = 1) and Donaldson-Floer invariants (n = 3), as well as
properties of the Chern-Simons path integral (n = 2) studied by Witten.

The idea of constructing topological quantum field theories via path integrals
immediately runs into a number of problems:

(I) Path integrals over spaces of local fields typically cannot be defined as mea-
sure theoretic integrals. Instead one can try to define the “perturbative”
path integral by postulating the stationary phase approximation formula as
the definition of the path integral, giving the latter as a sum over critical
points of the action of sums of contributions of Feynman diagrams evaluated
at a critical point (cf. e.g. [27], see also [39] for a modern exposition).

(II) To apply, even formally, the stationary phase formula, one needs the criti-
cal points of the action to be isolated. Typically this is not the case with
topological Lagrangians due to the presence of a local symmetry – the gauge
symmetry. There are several ways out: Faddeev-Popov [25], BRST [12, 48]
and Batalin-Vilkovisky [10, 11] constructions of gauge-fixing (in the chrono-
logical order, each a generalization of previous one). Generally they amount
to extending the space of fields to a superspace and extending the action by
additional terms depending on the newly introduced fields in such a way that
the critical points of the new action are isolated and thus one can proceed
with the stationary phase formula.

(III) The gauge fixing procedure needed to define Feynman diagrams for the path
integral typically destroys the manifest diffeomorphism invariance of the La-
grangian by introducing dependence on an additional geometric structure,
e.g. a Riemannian metric on the spacetime manifold (chosen arbitrarily for
the gauge fixing). One has to prove then that the resulting partition functions
are independent on the chosen geometric structure. (In fact, the situation
can be more subtle, e.g. Witten [49] discovered that the phase of the 1-loop
Chern-Simons partition function is metric-dependent, though the metric de-
pendence can be cancelled by a local counterterm, at the cost of introducing
dependence on the framing.)

(IV) Values of Feynman diagrams in the perturbative path integral contain inte-
grals over configuration spaces of points on the spacetime manifold, with the
integrand a product of propagators, singular on diagonals. One has to prove
finiteness (convergence) of the Feynman diagrams, possibly after a suitable
renormalization procedure.

(V) Finally, one has to extend the path integral construction of TQFT partition
functions to allow the spacetime manifold to have a boundary, in such a way
that Atiyah’s gluing axiom is satisfied.

A purely perturbative treatment of the Chern-Simons path integral (as opposed
to Witten’s treatment of [49], where certain properties of the path integral, e.g.
extendability to an Atiyah’s TQFT on 3-manifolds with boundary and relation
to 2-dimensional conformal field theory on the boundary, are assumed, instead of
being derived from some definition) was given by S. Axelrod and I. M. Singer in
[6, 7]. They constructed the perturbative Chern-Simons partition function on a
closed oriented 3-manifold on the background of a fixed acyclic flat connection
(a chosen critical point of the Chern-Simons action functional) as a formal power
series in formal parameter ~, with finitely many Feynman graphs contributing to
each order in ~. Feynman diagrams depend explicitly, via the propagator, on the
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choice of an arbitrary Riemannian metric on the 3-manifold, necessary to do the
Faddeev-Popov gauge fixing. The main results of Axelrod and Singer are:

• Finiteness of Feynman diagrams – Axelrod and Singer proved that the
products of propagators involved lift to smooth differential forms on the
Fulton-Macpherson compactification of the configuration space of points
on the 3-manifold.

• Metric independence of the resulting partition function. More precisely,
Axelrod and Singer proved (extending Witten’s 1-loop result to higher loop
corrections) that there is metric dependence, but it can be cancelled by
a local counterterm, proportional to the Chern-Simons action functional
evaluated on the Levi-Civita connection, dependent on the choice of an
arbitrary framing of the 3-manifold.

Another important example of topological quantum field theory constructed via
path integral quantization is the 2-dimensional Poisson sigma model (originally
considered in [29, 42]) which, in the case when the spacetime manifold is a disk, with
certain boundary condition for fields imposed at the boundary circle, plays a crucial
role in Kontsevich’s deformation quantization of Poisson manifolds [32, 17]. Here,
in order to make sense of perturbation theory for the path integral, one is forced
to employ the Batalin-Vilkovisky (BV) formalism [10], since the gauge symmetry
is not given by a group action on the space of fields, but is instead a non-integrable
distribution on the space of fields, and thus the less general Faddeev-Popov and
BRST constructions do not work.

We should stress that neither quantum Chern-Simons theory, nor quantum Pois-
son sigma model are constructed by a perturbative path integral on manifolds with
boundary, as an Atiyah’s TQFT (in Poisson sigma model on a disk one does indeed
have a boundary, but fixing one boundary condition is not enough to be able to glue;
one should instead allow a family of boundary conditions given by a Lagrangian
foliation of the boundary phase space). In fact, the only example of perturbative
Atiyah’s TQFT constructed so far seems to be the 1-dimensional Chern-Simons
theory [4]. Papers [4, 21, 22, 3] are the first steps in the project of the author
together with A. S. Cattaneo and N. Reshetikhin, aimed at constructing Atiyah’s
TQFTs by path integral quantization of diffeomorphism-invariant Lagrangians (e.g.
those provided by the AKSZ construction [1]) on manifolds with boundary. One
outcome of the project would be the extension of Axelrod-Singer’s construction of
the Chern-Simons path integral on closed 3-manifolds to a full Atiyah’s TQFT.

We should also mention that there are well known constructions of Atiyah’s
TQFTs not coming from quantization (of a classical field theory) and not rely-
ing on perturbative path integrals. In particular, there are Turaev-Viro [47] and
Reshetikhin-Turaev [40] constructions of 3-dimensional Atiyah’s TQFTs based on
the representation theory of quantum groups.

In [1], Aleksandrov, Kontsevich, Schwarz and Zaboronsky (AKSZ) suggested a
geometric construction of local diffeomorphism-invariant functionals on mapping
spaces of the form Map(T [1]Σ,M) where Σ is a manifold (the spacetime) and the
target M is a graded supermanifold endowed with differential graded symplectic
structure of appropriate degree; T [1]Σ stands for the tangent bundle to Σ with
fiber coordinates prescribed degree 1. The AKSZ construction is from the start
consistent with the Batalin-Vilkovisky formalism: the resulting action functionals
automatically satisfy the classical master equation. As particular examples of the
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AKSZ construction, one gets Batalin-Vilkovisky extensions of the Chern-Simons
action, the Poisson sigma model, the BF theory, the Courant sigma model [41],
Witten’s A and B models and more.

1.2. What is done in the papers. We will give a more detailed account of the
results in Section 4, here we just outline the general logic of the development.

• In [20] we construct a finite-dimensional algebraic model for Chern-Simons
action on closed 3-manifolds, based on differential graded Frobenius alge-
bras (in [15] this construction is extended to general AKSZ sigma models).
We study the BV pushforward to cohomology in this model and the aris-
ing invariants of dg Frobenius algebras. Then we apply this construction
in the case of standard Chern-Simons theory, obtaining a generalization of
Axelrod-Singer’s treatment of Chern-Simons path integral to non-acyclic
flat background connections.

• In [13] we study the BV pushforward to zero modes for the Poisson sigma
model on a closed surface. We prove that in genus 1 or for a regular
unimodular target Poisson structure there are no quantum corrections in
the effective action on zero modes. In genus 1 case, we perform the non-
perturbative integration over zero-modes, yielding (under further assump-
tions on the target Poisson structure) the Euler characteristic of the target.

• In [4] we construct simplicial 1-dimensional Chern-Simons theory as Atiyah’s
TQFT on triangulated 1-cobordisms. Two definitions of the partition func-
tions are given (and proven to coincide): a perturbative path integral defi-
nition and a non-perturbative one, expressing partition functions in terms
of exponentials in Clifford algebra of the gauge Lie algebra. The parti-
tion functions are proven to satisfy the Batalin-Vilkovisky quantum master
equation extended by boundary terms. The space of states associated to
a point here is the spinor module, which arises as the geometric quanti-
zation of the parity-shifted gauge Lie algebra in operator formalism and
as the space of functions on the parameter space of the chosen family of
boundary conditions in the path integral formulation. It is an important
observation that the cubic Dirac operator on the spinor module arising as
the boundary term of the quantum master equation in this model is the
geometric quantization of the target Hamiltonian in the AKSZ formulation
of 1-dimensional Chern-Simons theory.

• In [21, 22] we extend the classical Batalin-Vilkovisky formalism to gauge
theories on manifolds with boundary. In this formalism, the graded phase
space (the space of boundary fields) associated to the boundary of the
spacetime manifold carries a Batalin-Fradkin-Vilkovisky structure, i.e. is
equipped with a degree 0 symplectic form and a degree 1 function (the
BFV action) generating, as its Hamiltonian vector field, the cohomological
vector field. This structure is in perfect accord with the quantum structure
appearing in [4]. The work [21] is the first step in constructing perturbative
Atiyah’s TQFTs, e.g. starting from AKSZ Lagrangians.

• In [3] we apply the construction of [21] to Chern-Simons theory on a 3-
manifold with boundary. We also incorporate the Wilson lines, possibly
ending on the boundary, using the enhancement of AKSZ sigma models by
observables suggested in [37]. Then we proceed with geometric quantization
of the boundary BFV phase space. The cohomology in degree 0 of the



v

corresponding quantized BFV action is, at least in the case of a boundary
surface of genus 0 or 1, the space of conformal blocks of the Wess-Zumino-
Witten model.

Overall, the results group around the following subjects:
(i) Effective BV actions for topological field theories (examples of pushforward

construction for solutions of the master equation), [20, 13, 4, 37].
(ii) Incorporation of spacetime boundary and Atiyah’s gluing in the BV formalism,

[4, 21, 22, 3].
(iii) Algebraic finite-dimensional models for topological actions, [20, 15].
(iv) Observables in AKSZ theories [37, 3].

1.3. Prospects. The results of the papers presented in this thesis (in particular,
[4, 21, 22, 3]) can be regarded as steps towards the construction of a class of ex-
amples of functorial topological quantum field theories in the sense of Atiyah (and,
more ambitiously, extended TQFTs in the sense of Baez-Dolan-Lurie) from per-
turbative path integral quantization of gauge- and diffeomorphism-invariant action
functionals (in particular, AKSZ sigma models provide natural testing grounds
for such a quantization) on manifolds with boundary or corners, in a way consis-
tent with gluing. The natural framework for the treatment of gauge symmetry is
provided by the Batalin-Vilkovisky formalism, extended to the setting with bound-
ary/corners as in [21].

As a part of this program, Axelrod-Singer’s perturbative treatment of Chern-
Simons theory on closed 3-manifolds [6, 7] can be extended to 3-manifolds with
boundary, constructing Chern-Simons theory as Atiyah’s TQFT by the pertur-
bative path integral and providing a mathematically transparent explanation for
Witten’s non-perturbative results of [49]. Another anticipated result is the proof of
a long-standing conjecture that the k →∞ asymptotics of the Reshetikhin-Turaev
invariant [40] coincides with the perturbative partition function in Chern-Simons
theory (with Atiyah’s canonical framing on the 3-manifold).

The output of the quantization program outlined above in algebraic topology
would be in constructing the gluing-cutting formulae for invariants of manifolds
and knots.

1.4. Acknowledgements. I am deeply grateful to my collaborators A. Alekseev,
Y. Barmaz, F. Bonechi, A. Cattaneo, N. Reshetikhin, M. Zabzine for the work we
did together. I am also very grateful to A. Losev and N. Mnev for their invaluable
scientific input.

2. Papers included

Here we list the abstracts of the papers comprising the thesis.
1. [20] Remarks on Chern-Simons invariants, with A. S. Cattaneo.

The perturbative Chern-Simons theory is studied in a finite-dimensional ver-
sion or assuming that the propagator satisfies certain properties (as is the case,
e.g., with the propagator defined by Axelrod and Singer). It turns out that
the effective BV action is a function on cohomology (with shifted degrees) that
solves the quantum master equation and is defined modulo certain canonical
transformations that can be characterized completely. Out of it one obtains
invariants.
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2. [15] Finite-dimensional AKSZ-BV theories, with F. Bonechi and M. Zabzine.
We describe a canonical reduction of AKSZ-BV theories to the cohomology of

the source manifold. We get a finite-dimensional BV theory that describes the
contribution of the zero modes to the full QFT. Integration can be defined and
correlators can be computed. As an illustration of the general construction, we
consider two-dimensional Poisson sigma model and three-dimensional Courant
sigma model. When the source manifold is compact, the reduced theory is a
generalization of the AKSZ construction where we take as source the cohomology
ring. We present the possible generalizations of the AKSZ theory.

3. [4] One-dimensional Chern-Simons theory, with A. Alekseev.
We study a one-dimensional toy version of the Chern-Simons theory. We

construct its simplicial version which comprises features of a low-energy effective
gauge theory and of a topological quantum field theory in the sense of Atiyah.

4. [13] The Poisson sigma model on closed surfaces, with F. Bonechi and A. S.
Cattaneo.

Using methods of formal geometry, the Poisson sigma model on a closed
surface is studied in perturbation theory. The effective action, as a function on
vacua, is shown to have no quantum corrections if the surface is a torus or if the
Poisson structure is regular and unimodular (e.g., symplectic). In the case of a
Kähler structure or of a trivial Poisson structure, the partition function on the
torus is shown to be the Euler characteristic of the target; some evidence is given
for this to happen more generally. The methods of formal geometry introduced
in this paper might be applicable to other sigma models, at least of the AKSZ
type.

5. [21] Classical BV theories on manifolds with boundary, with A. S. Cattaneo and
N. Reshetikhin.

In this paper we extend the classical BV framework to gauge theories on
spacetime manifolds with boundary. In particular, we connect the BV construc-
tion in the bulk with the BFV construction on the boundary and we develop its
extension to strata of higher codimension in the case of manifolds with corners.
We present several examples including electrodynamics, Yang-Mills theory and
topological field theories coming from the AKSZ construction, in particular, the
Chern-Simons theory, the BF theory, and the Poisson sigma model. This paper
is the first step towards developing the perturbative quantization of such theories
on manifolds with boundary in a way consistent with gluing.

6. [22] Classical and quantum Lagrangian field theories with boundary, with A. S.
Cattaneo and N. Reshetikhin.

This note gives an introduction to Lagrangian field theories in the presence
of boundaries. After an overview of the classical aspects, the cohomological
formalisms to resolve singularities in the bulk and in the boundary theories (the
BV and the BFV formalisms, respectively) are recalled. One of the goals here
(and in [21]) is to show how the latter two formalisms can be put together in a
consistent way, also in view of perturbative quantization.

7. [37] A construction of observables for AKSZ sigma models.
A construction of gauge-invariant observables is suggested for a class of topo-

logical field theories, the AKSZ sigma-models. The observables are associated
to extensions of the target Q-manifold of the sigma model to a Q-bundle over it
with additional Hamiltonian structure in fibers.
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8. [3] Chern-Simons theory with Wilson lines and boundary in the BV-BFV for-
malism, with A. Alekseev and Y. Barmaz.

We consider the Chern-Simons theory with Wilson lines in 3D and in 1D
in the BV-BFV formalism of Cattaneo-Mnev-Reshetikhin. In particular, we
allow for Wilson lines to end on the boundary of the spacetime manifold. In
the toy model of 1D Chern-Simons theory, the quantized BFV boundary action
coincides with the Kostant cubic Dirac operator which plays an important role
in representation theory. In the case of 3D Chern-Simons theory, the boundary
action turns out to be the odd (degree 1) version of the BF model with source
terms for the B field at the points where the Wilson lines meet the boundary.
The boundary space of states arising as the cohomology of the quantized BFV
action coincides with the space of conformal blocks of the corresponding WZW
model.

3. Background

3.1. Batalin-Vilkovisky formalism. The Batalin-Vilkovisky formalism [10, 11],
sometimes also referred to as “symplectic BRST formalism”, was suggested as an
enhancement of the BRST formalism [12, 48] for the gauge fixing of Lagrangian
field theories with local symmetry, thus curing the problem of non-isolated critical
points of the action obstructing the construction of the perturbative path integral.
The Batalin-Vilkovisky formalism is applicable to a larger class of field theories than
the BRST formalism and is the most general known method of gauge-fixing. Apart
from being unavoidable in some examples (e.g. in case of the Poisson sigma model
[32, 17] and in non-abelian BF theory in dimension ≥ 4, cf. [23]), the BV formalism
turned out to be a particularly elegant language in case of topological field theories,
emphasizing the supergeometric origins (and permitting the superfield formulation)
of diffeomorphism-invariant Lagrangians [1]. The geometric structure underlying
the Batalin-Vilkovisky formalism was elucidated in the works of E. Witten [50], A.
Schwarz [44], H. Khudaverdian [30], P. Ševera [46].

3.1.1. BV algebra. One can summarize the structure of the BV formalism as follows.
First, one defines a BV algebra as a quadruple {A•, ·, {, }, ∆} consisting of:

• A Z-graded vector space A•.1
• A degree 0 multiplication · : Ap ⊗ Aq → Ap+q satisfying supercommuta-

tivity yx = (−1)pqxy and associativity (xy)z = x(yz) properties; one also
assumes that the multiplication possesses a unit.

• A degree 1 bi-derivation, the “odd Poisson bracket”2 {•, •} : Ap ⊗ Aq →
Ap+q+1 satisfying

{y, x} = −(−1)(p+1)(q+1){x, y},
{xy, z} = x{y, z}+ (−1)q(r+1){x, z}y,

{x, {y, z}} = {{x, y}, z}+ (−1)(p+1)(q+1){y, {x, z}}
– graded skew-symmetry, derivation property and Jacobi identity. Here we
assume that x ∈ Ap, y ∈ Aq, z ∈ Ar are homogeneous elements.

1I.e. a collection of vector spaces Ap indexed by p ∈ Z.
2Also known as “anti-bracket”, “BV bracket” or “Gerstenhaber bracket”.
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• A degree 1 linear operator ∆ : Ap → Ap+1 (the “BV Laplacian”) squaring
to zero

∆2 = 0

satisfying the second order derivation property

∆(xyz) = ∆(xy)z+(−1)qr∆(xz)y+(−1)px∆(yz)−(∆x)yz−(−1)px(∆y)z−(−1)p+qxy(∆z)

and the normalization property ∆(1) = 0, and generating the odd Poisson
bracket as the defect of the first order Leibnitz identity:

∆(xy) = (∆x)y + (−1)px(∆y) + (−1)p{x, y}
(The set of axioms above is redundant: properties of {, } follow from axioms for ∆;
excessive axioms are provided for exposition purposes.) The set of data (A•, ·, {, })
comprises the so-called Gerstenhaber (or odd Poisson) algebra. Thus a BV algebra
is in particular a Gerstenhaber algebra enriched by an additional structure – the BV
Laplacian. Another remark is that, by forgetting the multiplication, a BV algebra
(A•, ·, {, },∆) induces a differential graded Lie algebra (dgLa) (A•−1, {, }, ∆).

3.1.2. Quantum and classical master equation. Given a BV algebra (A•, ·, {, }, ∆)
one calls the equation

{S, S} = 0

for an element S ∈ A0 the classical master equation (CME).
The equation

∆e
i
~S = 0

for an element S ∈ A0[[~]] in the ring of formal power series in a formal variable ~
with coefficients in A0 is called the quantum master equation (QME). Equivalently,
it can be written in the Maurer-Cartan form:

(1)
1
2
{S, S} − i~∆S = 0

Given a solution S = S(0) + ~S(1) + ~2S(2) + · · · of the quantum master equation
with S(k) ∈ A0, the zeroth term S(0) automatically satifies the classical master
equation and the higher order corrections satisfy the sequence of equations

{S(0), S(1)} − i∆S(0) = 0, {S(0), S(2)}+
1
2
{S(1), S(1)} − i∆S(1) = 0, · · ·

The obstructions to order-by-order extension of a solution S(0) of CME to a solution
of S = S(0)+O(~) of QME lie in cohomology of the coboundary operator {S(0), •} :
Ap → Ap+1 in degree 1. (Hence if this obstruction space vanishes, all solutions of
CME extend to solutions of QME.) In the special case S = S(0) – a solution of QME
independent of ~ – QME is equivalent to the pair of equations {S(0), S(0)} = 0,
∆S(0) = 0 holding simultaneously.

For a solution S(0) of the classical master equation, the corresponding degree
1 derivation Q = {S(0), •} ∈ Der(A•)1 (sometimes called the BRST operator)
automatically satisfies the property Q2 = 0.

If S, S′ are two solutions of QME related by

e
i
~S′ = e

i
~S + ∆

(
e

i
~SR

)
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one says that S and S′ are equivalent, or related by a (quantum) canonical BV trans-
formation with generator R ∈ A−1[[~]]. An infinitesimal canonical transformation
(i.e. with an infinitesimal generator) can be expressed as3

S′ = S + {S,R} − i~∆R + O(R2)

3.1.3. Examples of BV algebras. The main source of examples of BV algebras is
the following construction [44]: assume that F is a finite-dimensional4 graded su-
permanifold endowed with a degree −1 symplectic structure ω ∈ Ω2(F) (the BV
2-form) and a volume element (Berezinian) µ. Then one constructs the BV algebra
structure A• = C∞(F) with grading coming from the grading of F ; the prod-
uct is the pointwise product of functions, the odd Poisson bracket {, } is induced
from ω by {f, g} = f̌g where the Hamiltonian vector field f̌ ∈ X(F) is defined by
ιf̌ω = δf .5 The BV Laplacian is constructed as

∆f =
1
2

divµf̌

where divµ : X(F) → C∞(F) is the divergence of a vector field associated to the
chosen volume element µ by

∫
F µ v(g) = − ∫

F µ (divµv) g for a fixed vector field v

and any test function g. The requirement that ∆2 = 0 imposes a restriction on
ω and µ. Following [44], we will call the set of data (F , ω, µ) (assuming that the
induced BV Laplacian does square to zero) an SP manifold.

In this example, if S(0) is a solution of CME, the degree 1 Hamiltonian vector
field Q = {S(0), •} ∈ X(F)1 satisfies Q2 = 1

2 [Q,Q] = 0, i.e. it is (by definition) a
cohomological vector field on F .

A special example of the construction above arises when one takes M an (ordi-
nary) manifold with a volume form ν ∈ Ωtop(M) and constructs the BV algebra
V−•(M) – polyvector fields on M with reversed grading. The product is the wedge
product of polyvectors, the odd Poisson bracket {, } = [, ]NS is the Nijenhuis-
Schouten bracket of polyvectors and the BV Laplacian is ∆ = divν : V−•(M) →
V−•−1(M) – the divergence of a polyvector field with respect to ν, lowering the
degree of a polyvector by 1. This example embeds into the construction above
by setting F = T ∗[−1]M – the cotangent bundle with shifted homological degree
of the fiber coordinates, carrying a canonical degree −1 symplectic form ω (as a
cotangent bundle) and endowed with the Berezinian µ = ν⊗2 (we are using here
the canonical isomorphism of line bundles over M , Ber(T ∗[−1]M) ∼= Det(M)⊗2).

Another important special case is when F is a graded vector space F• with
a translation-invariant symplectic form ω ∈ Ω2(F•). Then there is a canonical
choice of translation-invariant volume element µ, defined up to normalization. This
induces a canonical BV algebra structure on C∞(F•).

3Note that modulo ~, this is a Hamiltonian transformation of S with generator R (hence the
name “canonical transformation”.

4Finite-dimensionality is an important simplifying assumption that we will make to clarify
the structure, despite the fact that it excludes spaces of fields of local field theories (which are
typically Fréchet manifolds). Local field theories can be cast in BV formalism with an appropriate
renormalization procedure, cf. e.g. the approaches of [24, 35, 36].

5We denote the de Rham differential on (forms on) F by δ, since we want to reserve d for the
de Rham differential on spacetime manifolds.
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3.1.4. BV integrals. Let (F , ω, µ) be an SP manifold and S ∈ C∞(F)0 (subscript
denotes the degree of the function) a solution of the quantum master equation in
the associated BV algebra. A BV integral is an expression of the form

ZS,L =
∫

L⊂F
e

i
~S √µ|L

where L is a Lagrangian submanifold of F with respect to the odd symplectic
structure ω and

√
µ|L is the volume element on L canonically induced from µ, cf.

[44]. We assume that S and L are such that the integral converges. The crucial
properties of the BV integral (known as the BV-Stokes theorem, [10, 44]) are:

(i) For two solutions S, S′ of QME related by a canonical transformation and
L ⊂ F a fixed Lagrangian, one has ZS,L = ZS′,L.

(ii) For S a fixed solution of QME and L,L′ ⊂ F two Lagrangians which can
be connected by a smooth family of Lagrangians in F (we will call, some-
what abusively, the corresponding equivalence relation on Lagrangians the
Lagrangian homotopy), one has ZS,L = ZS,L′ .

3.1.5. Fiber BV integrals (pushforward of solutions of the quantum master equa-
tion). Assume F = F ′ × F ′′ is a direct product of two SP manifolds, with ω =
ω′ + ω′′ and µ = µ′ · µ′′. The corresponding BV algebra is the (completed) tensor
product A = A′⊗̂A′′ of the BV algebras for F ′, F ′′, with BV Laplacian on F
splitting as ∆ = ∆′ + ∆′′. Then, given a solution S of QME on F can construct
a solution of QME on F ′, S′ ∈ C∞(F ′)0[[~]] by means of the fiber BV integral
[33, 36, 37]:

(2) e
i
~S′ =

∫

L′′⊂F ′′
e

i
~S

√
µ′′|L′′

Here L′′ is a Lagrangian submanifold of F ′′ and the r.h.s. is to be understood as
an integral over a Lagrangian submanifold of the fiber of the bundle F ′×F ′′ → F ′
parameterized by a point of F ′. One calls S′ an effective BV action induced from S
on F ′. The main properties of this construction (cf. [36, 37] for details), generalizing
the properties of the BV integrals (the BV-Stokes theorem) are:

(i) The effective action S′ as defined by (2) is indeed a solution of QME on F ′,
provided that S is a solution of QME on F .

(ii) If L′′ and L̃′′ are two Lagrangian submanifolds of F ′′ connected by a La-
grangian homotopy and S is a solution of QME on F , then the two correspond-
ing effective actions S′, S̃′ are related by a quantum BV canonical transforma-
tion. Moreover, if L̃′′ is a graph of the 1-form δΨ for Ψ ∈ C∞(L′′)−1, then one
can write the generator of the canonical transformation R′ ∈ C∞(F ′)−1[[~]]
explicitly in terms of Ψ:

(3) R′ = e−
i
~S′

∫

L′′
Ψ e

i
~S

√
µ′′|L′′

(iii) If S and S̃ are two solutions of QME on F related by a canonical transfor-
mation with generator R and the Lagrangian L′′ is fixed, then the two cor-
responding effective actions S′, S̃′ are related by a canonical transformation
with generator given again by formula (3) where one substitutes Ψ 7→ R.

Thus the fiber BV integral construction is a pushforward, mapping solutions of
QME on F modulo canonical transformations to solutions of QME on F ′ modulo
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canonical transformation. The pushforward depends on a choice of Lagrangian
L′′ ⊂ F ′′ modulo Lagrangian homotopy.

3.1.6. The BV formalism and gauge-fixing. The general abstract setup for a gauge
system is a manifold Fcl – the “space of classical fields” (for a bosonic theory, this
is an ordinary, non-super, manifold; we are assuming finite-dimensionality here to
elucidate the geometric content of the formalism) endowed with a volume form µcl,
a function Scl and a distribution E – a subbundle

E
↪→−−−−→
ρ

TFcl

y
y

Fcl Fcl

– the gauge symmetry. One requires that the following conditions hold:

• Scl and µcl are E-invariant,
• distribution E is integrable on the critical locus of Scl.

One is interested in the integral

(4) Z =
∫

Fcl

e
i
~Scl µcl

Due to E-invariance of the integrand, critical points are not isolated and the sta-
tionary phase formula is not applicable.

One solution of the problem is to extend the space of fields Fcl to the “space of
BV fields” – an SP manifold

(5) F = T ∗[−1](E[1])

where E[1] is the total space of the vector bundle E → Fcl with fiber coordinates
prescribed degree (“ghost number”) 1. The BV 2-form is the canonical symplectic
structure on the cotangent bundle, the Berezinian is constructed as (µcl · µghost)⊗2

where µghost is a fiber Berezinian on E[1]. If xi are local coordinates on Fcl (“clas-
sical fields”) and ca are fiber coordinates on E[1] (“ghosts”), associated to a choice
of basis {ea} in the fibers of E → Fcl, then on F one has coordinates ca, xi, x+

i , c+
a

(plus denotes the canonically conjugate coordinate on the cotangent fiber; the co-
ordinates x+

i , c+
a are called “anti-fields” and “anti-ghosts”, respectively) of degrees

1, 0,−1,−2 respectively. The BV 2-form is locally written as

ω = δx+
i ∧ δxi + δc+

a ∧ δca

Next, one constructs a solution of the classical master equation S(0) ∈ C∞(F)0
satisfying the properties

• The restriction of S(0) to Fcl ⊂ F is the original classical action Scl.
• The cohomological vector field Q = {S(0), •} ∈ X(F)1 induces6 the distri-

bution E on Fcl ⊂ F .

6In the sense that, locally, Q =
∑

a caρ(ea) + higher order monomials in fields of degree 6= 0.
Here ρ is the inclusion of E as a subbundle of TFcl (the “anchor map” in the terminology of Lie
algebroids).
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The construction of S(0) proceeds by adding corrections order by order in anti-
fields, cf. [10] (see also [26]7). The next step is to extend S(0) to a solution of the
quantum master equation S = S(0) + ~S(1) + ~2S(2) + · · · order by order in ~.

Then one regularizes the expression (4) to the BV integral

(6) ZBV =
∫

L⊂F
e

i
~S √µ|L

over a Lagrangian submanifold L ⊂ F , which now plays the role of the gauge-fixing
condition. If L is such that the critical points of the integrand of (6) are isolated, one
can proceed with the stationary phase formula and construct Feynman diagrams
for the BV integral.

An important special case is when the gauge symmetry is given by a faithful
action of a Lie group G on Fcl. Here E is a trivial bundle over Fcl with fiber the
Lie algebra g = Lie(G) and the anchor map ρ is the differential of the group action.
In this case, the BV action is, locally:

(7) S = Scl(x) + x+
i cavi

a(x) +
1
2
fa

bcc
+
a cbcc

where va = ρ(ea) are the vector fields on Fcl representing the infinitesimal action of
the chosen generators of g; fa

bc are the structure constants of g. The quantum master
equation for S follows from: G-invariance of Scl, the fact that ρ : g → X(Fcl) is a Lie
algebra homomorphism, the Jacobi identity for structure constants g, G-invariance
of the volume form µcl (or equivalently, divergence-free property of vector fields va),
unimodularity of g (following from existence of a Haar measure on G). Choosing
L ⊂ F = T ∗[−1](Fcl⊕ g[1]) to be the conormal bundle to φ−1(0)⊕ g[1] ⊂ Fcl⊕ g[1]
with φ : Fcl → g the gauge-fixing function (in the Faddeev-Popov sense), reduces
the BV integral (6) to the Faddeev-Popov gauge-fixing of the integral (4). In this
case the BV integral (6) coincides, up to a factor of the volume of G, with the
original integral (4).

In the more general case, when the gauge symmetry does not come from a group
action, one cannot directly compare (6) with (4), rather one should view the BV
integral as a redefinition/regularization of (4).

An important generalization of the construction, see [11], is to allow the anchor
map ρ : E → TFcl to be non-injective and to introduce a resolution of the gauge
symmetry – an exact8 sequence of vector bundles 0 → Ek → · · · → E1 = E → TFcl.
Then one constructs the space of BV fields as

(8) F = T ∗[−1](E1[1]⊕ · · · ⊕ Ek[k])

The fiber coordinates of Ei[i] are called “i-th ghosts”. Examples of gauge systems
where higher ghosts appear include the BF theory in dimension ≥ 4 [23] and the
Courant sigma model [41].

7In the setting we outlined here, there may be obstructions for the construction of S(0) order
by order in anti-fields as a solution of the classical master equation. Felder and Kazhdan [26]
consider a different setup where the distribution E is not a part of initial data, but is recovered as
the “maximal” symmetry of S. In this setting they prove existence and uniqueness (up to stable
equivalence) of the solution of CME compatible with given initial data.

8In fact, in the context of local field theory, when each Ei is required to be the space of sections
of some locally free sheaf over the spacetime manifold, one has to allow the resolution to have
finite-dimensional cohomology.
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In case when the gauge system has zero-modes, i.e. (set of critical points of Scl)/E
is not a discrete set of points, the procedure above does not lead directly to a per-
turbatively well-defined integral. Instead, one should use the construction of fiber
BV integral (2) to pushforward the action S to zero-modes and then integrate over
the zero-modes non-perturbatively (thus the problem of defining the path integral
in this case becomes split into a perturbatively well-defined fiber BV integral, pa-
rameterized by zero-modes, and a finite-dimensional non-perturbative integral over
zero-modes).

3.1.7. The classical part of the BV formalism. The classical part of the BV formal-
ism, i.e. the structure modulo ~-corrections is as follows:

• The space of BV fields F is a graded supermanifold with a degree −1
symplectic form ω. Functions on F form a Gerstenhaber (odd Poisson)
algebra (C∞(F), ·, {, }).

• The BV action S ∈ C∞(F) is a solution of CME: {S, S} = 0. The Hamil-
tonian vector field Q = {S, •} on F is a cohomological vector field, Q2 = 0.

3.1.8. Remarks.
(i) Above we defined, following [44], the BV Laplacian ∆ on an SP manifold F

as an operator acting on functions and depending on a choice of a Berezinian
µ. An alternative viewpoint developed in [30, 46] is to define a canonical
(independent on a choice of a Berezinian) BV Laplacian ∆can acting on semi-
densities on F (which is just required to be an odd-symplectic supermanifold
in this setting), i.e. on sections of Ber(F)⊗

1
2 . The drawback of this approach

is that there is no natural BV algebra associated to ∆can.
(ii) The fiber BV integral can be viewed as a quantum version of the homological

perturbation theory ([28]): the classical part of the induced BRST operator Q′

on F ′ can be recovered from the classical part of the original BRST operator
Q on F by means of homological perturbation theory, which corresponds to
the tree-level approximation to the fiber BV integral (see [36, 20] for details).

(iii) For F a graded vector space with constant BV 2-form, a solution of the
classical master equation is a generating function for a cyclic L∞ algebra
structure on F [−1], see [20].

(iv) In much of the discussion in this section we were working on the premise
that F is a finite-dimensional supermanifold and BV integrals make sense
as measure-theoretic integrals. In the context of local field theory this is no
longer true and certain corrections have to be made to the discussion. In
particular, the BV Laplacian is not defined on local functionals, thus the clas-
sical master equation makes sense right away, but QME has to be understood
in a regularized/renormalized sense, see [24]. BV integrals over Lagrangian
submanifolds L ⊂ F now become perturbative path integrals and the Stokes’
theorem (independence on deformations of L) for them has to be verified via
the definition through Feynman diagrams. In the cases of Chern-Simons the-
ory on closed 3-manifolds and Poisson sigma model on a disk, this analysis
was performed in [7, 32, 17]. The analysis showed that arguments proving
the Stokes’ theorem for measure-theoretic BV integrals translate, in the setup
of path integrals, to cancellation of the contribution of part of the bound-
ary (so-called principal boundary strata) of configuration spaces of points on
the spacetime manifold to the variation of partition function. Cancellation
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of the contribution of rest of the boundary (the hidden boundary strata) has
to be checked separately and does not hold automatically. In case of Chern-
Simons theory with Hodge-theoretic propagator [7], certain hidden strata do
contribute and lead to the “gravitational anomaly” in Chern-Simons theory
– dependence of the partition function on the choice of a Riemannian metric,
which can be cancelled at the cost of introducing framing on the spacetime
manifold [49, 7]. Different constructions of propagator in Chern-Simons the-
ory were suggested by Kontsevich [31] and by Bott and Cattaneo [14]. In the
first case, the propagator depends on a choice of framing from the start, but
leads to hidden strata not contributing to the variation of the partition func-
tion. In the construction of [14], one constructs the propagator using a choice
of metric connection on the 3-manifold and corrects for the contributions of
the hidden strata using a framing (see e.g. [20] for an in-depth discussion).

(v) The classical BV formalism of Section 3.1.7 makes sense in the context of local
field theory on closed spacetime manifolds without any regularization, if one
restricts to variation calculus type functionals on the space of fields.

3.2. Chern-Simons theory.

3.2.1. Classical Chern-Simons theory on closed 3-manifolds. For M a closed 3-
manifold and G a compact simply-connected Lie group with Lie algebra g, one
defines the space of classical fields of Chern-Simons theory to be the space of con-
nections in the trivial G-bundle over M , Conn(M) ' g ⊗ Ω1(M). The action
functional is

(9) SCS(A) =
∫

M

trg

(
1
2
A ∧ dA +

1
3
A ∧A ∧A

)

where A ∈ Conn(M) is a connection viewed as a 1-form on M with values in g, and
we view g as a matrix Lie algebra using the fundamental representation of G.

The critical point equation (Euler-Lagrange equation) for the action (9) is the
zero curvature equation for the connection:

FA = dA + A ∧A = 0

Gauge transformations are given by the action of Map(M,G) on the connection.
For g : M → G, the transformation is:

(10) A 7→ Ag = g−1Ag + g−1dg

Infinitesimal gauge transformations are given by

(11) A 7→ A + ε(dα + [A,α]) + O(ε2)

for the generator α : M → g.
Gauge transformations preserve the zero curvature condition and, moreover, pre-

serve the action SCS, provided that the generator g ∈ Map(M, G) is in the connected
component of identity in the mapping space. For a general gauge transformation,
one has (with conventional normalization of trace in (9)):

SCS(Ag) = SCS(A) + 4π2n

with n an integer, n = 〈g∗[θ], [M ]〉 where [M ] is the fundamental class of M and
θ = 1

24π2 tr(g−1dg)∧3 ∈ Ω3(G) is the Cartan integral 3-form on the Lie group G
with [θ] its cohomology class.
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The space of critical points of the action modulo gauge transformations is the
moduli space of flat G-connections on M and is, generally, a finite-dimensional
singular variety M(M, G) ' Hom(π1(M), G)/G.

3.2.2. Chern-Simons theory in the Batalin-Vilkovisky formalism. The (minimal)
space of BV fields is, by construction (5):

F = T ∗[−1](g⊗ Ω1(M)⊕ g⊗ Ω0(M)[1]) '
' g⊗ Ω0(M)[1]⊕ g⊗ Ω1(M)⊕ g⊗ Ω2(M)[−1]⊕ g⊗ Ω3(M)[−2]

where we identify g∗ with g using the non-degenerate pairing trg XY . A point in
F is a quadruple (c, A, A+, c+) of a ghost, a connection, an anti-field and an anti-
ghost, i.e., g-valued differential forms on M of degrees 0, 1, 2, 3 with ghost number
1, 0,−1,−2 respectively. The BV 2-form is:

ω =
∫

M

tr
(
δA ∧ δA+ + δc ∧ δc+

)

and the BV action (7) is:

(12) SBV CS =
∫

M

tr
(

1
2

A ∧ dA +
1
6

A ∧ [A,A] + A+ ∧ dAc +
1
2

c+ ∧ [c, c]
)

where dAc = dc+[A, c] is the de Rham differential twisted by connection A. Lorentz
gauge-fixing employed in [49, 6, 7] consists in choosing a Riemannian metric g on
M and defining the gauge-fixing Lagrangian subspace L ⊂ F as

(13) L = {(c, A,A+, c+) ∈ F | d∗A = 0 , A+ = d∗c̄ , c+ = 0}
Here d∗ = − ∗ d∗ is the Hodge adjoint to the de Rham operator, and c̄ ∈ g ⊗
Ω3(M)[−1] is a new field introduced to parameterize the allowed values of the
antifield A+ on L. Restriction of the BV action (12) to the Lagrangian L yields

SBV CS|L =
∫

M

tr
(

1
2

A ∧ dA +
1
6

A ∧ [A,A] + c̄ ∧ d∗dAc

)

the Faddeev-Popov action for Chern-Simons theory in Lorentz gauge.

3.2.3. The perturbative Chern-Simons path integral on closed 3-manifolds. Witten’s
idea in [49] was to use the action (9) to define diffeomorphism invariants of oriented
3-manifolds as

(14) Z(M) =
∫

Conn(M)

DA e
i
~SCS(A) ∈ C

where
∫ DA should be understood as a single symbol for the path integral, which

is to be made sense of. The integrand in (14) is manifestly independent on any
geometric structure on M other than the orientation, so it is reasonable to expect
Z(M) to be a diffeomorphism invariant of M .

Under the simplifying assumption that the moduli space of flat connections
M(M, G) is a discrete set of points (e.g. for M a rational homology sphere, for
instance a lens space L(p, q)), the perturbative Chern-Simons path integral (14)
splits into contributions of the points α of M(M, G):

Z(M) =
∑

α∈M(M,G)

Z(M, A(α))

where A(α) are some flat connections representing points α ∈M(M, G).
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The contribution of a flat connection A(α) to the perturbative partition function
can be evaluated through the BV formalism as

(15) Z(M,A(α)) =
∫

L
A(α)

e
i
~SBV CS

where

LA(α) = {(c , A(α) + a , A+ , c+) ∈ F | d∗A(α)a = 0 , A+ = d∗Aα c̄ , c+ = 0}
– the construction (13) twisted by the flat connection A(α). In (15), the right
hand side is understood as the perturbative contribution of a single critical point,
c = a = A+ = c+ = 0.

The analysis of the semiclassical approximation of the r.h.s. of (15) was done
in [49] and extended to higher loop corrections in [6, 7] (without using the BV
language explicitly), in case of an acyclic flat connection A(α). The result is:

(16) Z(M,A(α), s) = e
i
~SCS(A(α)) τ(M, A(α)) e

iπ
4 η(M,A(α),g) eic(~)Sgrav(g,s)·

· exp


 i

~
∑

connected 3−valent graphs Γ

(i~)l(Γ)

|Aut(Γ)|
∫

ConfV (Γ)(M)

∏

edges e of Γ

π∗e1e2
η




Here the notations are as follows:
• τ(M, A(α)) is the Ray-Singer torsion of M with respect to the local system

defined by A(α).
• η(M, A(α), g) is the Atiyah η-invariant of the elliptic operator L− = ∗dA(α)+

dA(α)∗ : g⊗Ωodd(M) → g⊗Ωodd(M). It depends explicitly on the chosen
Riemannian metric on M . By the Atiyah-Patodi-Singer theorem [49], the
dependence of η(M, A(α), g) on the flat connection A(α) can be spelled out
explicitly: π

4 (η(M, A(α), g)−η(M, 0, g)) = h
2π SCS(A(α)) where h is the dual

Coxeter number of the Lie algebra g.
• V (Γ) and l(Γ) are the number of vertices and the number of loops in the

graph Γ; |Aut(Γ)| is the order of the automorphism group of Γ.
• Confn(M) is the Fullton-Macpherson-Axelrod-Singer compactification of

the configuration space of n-tuples of distinct points on M .
• η ∈ Ω2(Conf2(M)) is the parametrix for the Hodge-theoretic inverse for

the de Rham operator twisted by the flat connection,
d∗

A(α)

[d
A(α) ,d∗

A(α) ]
.

• πij : Confn(M) → Conf2(M) is the projection by forgetting all points
except the i-th and j-th.

• Sgrav(g, s) is the Chern-Simons invariant of the Levi-Civita connection on
the spin bundle over M ; it depends on the trivialization of TM up to
homotopy, i.e. on a choice of framing s of the 3-manifold M . c(~) ∈ C[[~]]
is some universal power series.

The term eic(~)Sgrav(g,s) in (16) is a local counterterm introduced by hand to
cancel the dependence of the result on the choice of metric g on M , which comes
in in 1-loop approximation because of Atiyah’s η-invariant and in higher loops due
to the contribution of certain hidden boundary strata of Confn(M) (namely, those
corresponding to collapse of all n points together) to the variation of Z(M,A(α))
with the variation of the metric. A theorem of Axelrod and Singer [7] asserts
the existence of such a power series c(~) that the r.h.s. of (16) becomes metric
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independent. However, this metric independence comes at the cost of introducing
an explicit dependence on the choice of a framing s of M .

An important result of Axelrod and Singer implicit in (16) is the finiteness
of Chern-Simons perturbation theory: in each order in ~ in (16) only finitely
many Feynman graphs Γ contribute, and their contributions are given by inte-
grals of smooth differential forms (products of propagators) over compact manifolds
Confn(M).

3.2.4. The boundary structure of classical Chern-Simons theory. The phase space
associated to a closed 2-dimensional surface Σ in Chern-Simons theory is the space
ΦΣ = Conn(Σ) of G-connections on Σ and the constraint subspace is the subspace
of flat G-connections CΣ = FlatConn(Σ) ⊂ Conn(Σ). The symplectic structure on
ΦΣ is given by

(17) ωΣ =
1
2

∫

Σ

tr δA ∧ δA

The subspace of flat connections is coisotropic with respect to ωΣ and the charac-
teristic foliation is given by gauge transformations (11) on Σ.

One construction leading to this phase space is through the Hamiltonian for-
malism for Chern-Simons theory on a cylinder Σ × [0, 1] (as e.g. in [49]). The
coisotropic CΣ arises in this approach as the image of the Legendre transform of
the axial density of Chern-Simons action.

The other construction (cf. e.g. [22]) is by regarding Σ as a component of the
boundary of some 3-manifold M (not necessarily a cylinder) and then constructing
ΦΣ as the space of pullbacks of bulk fields to the boundary; in this approach the
symplectic form ωΣ is constructed as the differential of

(18) αΣ =
1
2

∫

Σ

tr A ∧ δA ∈ Ω1(ΦΣ)

– the 1-form arising from the boundary term of the variation of the action SCS.The
coisotropic CΣ arises as the subspace of boundary fields which can be extended to
a solution of the Euler-Lagrange equation in a neighborhood of Σ in M .

The space of leaves of the characteristic foliation of CΣ (i.e. the symplectic
reduction of CΣ) constitutes the reduced phase space of Chern-Simons theory,
Φred

Σ = CΣ = M(Σ, G) – the moduli space of flat connections on Σ. The symplec-
tic structure (17) induces the Atiyah-Bott symplectic structure ωΣ on the moduli
space M(Σ, G) via symplectic reduction.

The trivial U(1)-bundle L over ΦΣ with connection ∇ defined by the 1-form 1
~αΣ

pushes forward to the reduction in case ~ = 2π/k with k a nonzero integer (the
“level” of Chern-Simons theory) by identifying the U(1)-fibers of L over gauge orbits
in CΣ (integrality condition for the level exactly ensures that the monodromy of ∇
in gauge orbits in CΣ is trivial, thus the identification of fibers can be performed
globally). The pushforward of L to the reduction is the Quillen U(1)-bundle Lk =
(L1)

⊗k over the moduli space M(Σ, G). By construction, it is endowed with a
connection ∇k of curvature k

2π ωΣ.
If Σ is the boundary of a 3-manifold M , one has a restriction map between

the moduli space of flat connections π : M(M,G) → M(Σ, G) with Lagrangian
image – the “evolution relation” (cf. e.g. [21]), and the exponential of the Chern-
Simons action restricted to flat connections on M defines a horizontal section of
the pullback U(1)-bundle π∗Lk over M(M,G) – the “Hamilton-Jacobi action”.
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Another important remark on classical Chern-Simons theory on manifolds with
boundary is that if ∂M = Σ 6= ∅, then the action (9) is not gauge-invariant. Instead
one has

SCS(Ag) = SCS(A) +
1
2

∫

Σ

tr A ∧ dg g−1 − 1
6

∫

M

tr (g−1dg)∧3

where a Wess-Zumino term makes an appearance. Under infinitesimal gauge trans-
formations (11), the action transforms as

SCS → SCS + ε
1
2

∫

Σ

tr A ∧ dα + O(ε2)

3.2.5. The space of states. The space of states HΣ that Chern-Simons quantum
theory associates to a surface Σ is the geometric quantization of the moduli space
M(Σ, G) of flat connections on the surface, endowed with the Atiyah-Bott symplec-
tic form ωΣ and a prequantum Hermitian line bundle Lk with unitary connection
∇k with k ∈ Z−{0} the fixed level of Chern-Simons theory. A complex polarization
on M(Σ, G) required for the geometric quantization is inferred from an arbitrary
choice of a complex structure J on Σ, which induces a splitting of 1-forms on Σ
into (1, 0)- and (0, 1)-forms:

gC ⊗ Ω1(Σ) = g⊗ Ω1,0(Σ)⊕ g⊗ Ω0,1(Σ)

where gC = C⊗ g the complexified Lie algebra. Performing the Marsden-Weinstein
reduction with the moment map g ⊗ Ω1(Σ) → g ⊗ Ω2(Σ), sending a connection
to its curvature 2-form, one obtains as the symplectic quotient the moduli space
M(Σ, G) endowed with a Kähler structure (dependent on the choice of complex
structure J on Σ). The output of geometric quantization of M(Σ, G) with this
structure (cf. [8] for details) is the space of holomorphic sections of Lk.

Let us summarize some properties of HΣ.
• HΣ is a finite-dimensional Hilbert space (we are assuming that G is com-

pact), with dimension depending on the level k. In particular, for G =
SU(2) the dimension is given by the Verlinde formula:

dimHΣ =
(

k + 2
2

)g−1 k∑

j=0

1(
sin π(j+1)

k+2

)2g−2

where g is the genus of Σ.
• On the other hand, dimHΣ coincides with the Euler characteristic of the

complex Ω0,•(M(Σ, G), Lk) with Dolbeault differential twisted by the con-
nection ∇k and is given by the Riemann-Roch-Hirzebruch formula as

dimHΣ =
∫

M(Σ,G)

Td(M) ekω

with Td(M) the Todd class of the tangent bundle of M(Σ, G). Thus
dimHΣ is a polynomial in k of degree 1

2 dimM = (g− 1) dim(G) for g ≥ 2,
with the leading coefficient given by the symplectic volume of the moduli
space of flat connections. This volume was separately calculated in [51] as

Vol(M(Σ, G)) =
#Z(G) ·Vol(G)2g−2

(2π)dimM ·
∑

R

1
(dimR)2g−2
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where the sum is over irreducible unitary representations of G and Z(G)
stands for the center of G.

• HΣ coincides with the space of conformal blocks of the Wess-Zumino-
Witten model of conformal field theory on the Riemann surface (Σ, J),
with affine Lie algebra ĝ acting on the (chiral) space of states for a circle
HWZW

S1 .
• HΣ is endowed with a projective representation of the mapping class group

of Σ. In the non-perturbative approach to Chern-Simons theory [49] this
representation is used to relate Chern-Simons partition functions for 3-
manifolds related by surgery.

• One can consider HΣ for a surface Σ with boundary (or punctures), which
corresponds to the inclusion of Wilson line observables supported on a
tangle in the 3-manifold in Chern-Simons theory. Then in addition, HΣ

carries an action of the affine Lie algebra ĝ for each boundary component
of Σ.

• Varying the complex structure J on Σ, one obtains a Hermitian vector
bundle over the moduli space of complex structures on Σ with fiber HΣ.
This vector bundle is endowed with a canonical projective connection –
the Hitchin’s connection (corresponding to the stress-energy tensor of the
WZW model).

3.3. AKSZ construction. In this Section we give a brief review of the Aleksandrov-
Kontsevich-Schwarz-Zaboronsky (AKSZ) construction of topological sigma models
in the Batalin-Vilkovisky formalism. This account is taken from [37]; we refer the
reader to the original paper [1] and the later expositions in [18], [41] for details.

3.3.1. Target data. Let M be a degree n symplectic Q-manifold, i.e. a Z-graded
manifold endowed with a degree 1 vector field Q satisfying Q2 = 0 (the cohomo-
logical vector field) and with a degree n symplectic form ω ∈ Ω2(M)n which is
compatible with Q, i.e. LQω = 0.

Assume9 that Q has a Hamiltonian function Θ ∈ C∞(M)n+1 with {Θ, •}ω = Q
satisfying

(19) {Θ, Θ}ω = 0

Also assume that ω is exact, with α ∈ Ω1(M)n a primitive.
We call the set of data (M, Q, ω = δα,Θ) a Hamiltonian Q-manifold of degree

n.

3.3.2. AKSZ sigma model. Fix a Hamiltonian Q-manifold M of degree n ≥ −1
and let Σ be an oriented closed manifold, dim Σ = n + 1. Then one constructs
the space of fields as the space of graded maps between graded manifolds from the
degree-shifted tangent bundle T [1]Σ to M:

(20) FΣ = Map(T [1]Σ,M)

9In fact (cf. [41]), for n 6= −1 the symplectic property of the cohomological vector field

(LQω = 0) implies existence and uniqueness of the Hamiltonian Θ = 1
n+1

ιEιQω where E is the

Euler vector field. The Maurer-Cartan equation (19) follows from Q2 = 0 for n 6= −2. Also, for
n 6= 0, a closed form ω is automatically exact.
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It is a Q-manifold with the cohomological vector field coming from the lifting of Q
on the target and of the de Rham operator dΣ on Σ (viewed as a cohomological
vector field on T [1]Σ) to the mapping space:

(21) QΣ = (dΣ)lifted + (Q)lifted ∈ X(FΣ)1

The transgression map. The following natural maps

(22)

FΣ × T [1]Σ ev−−−−→ M
p

y
FΣ

(where p is the projection to the first factor) allow us to define the transgression
map

(23) τΣ = p∗ev∗ : Ω•(M) → Ω•(FΣ)

Here p∗ is the fiber integration over T [1]Σ (with the canonical integration measure).
The map τΣ preserves the de Rham degree of a form, but changes the internal
grading (the ghost number) by − dimΣ.

If u ∈ X(T [1]Σ), v ∈ X(M) are any vector fields on the source and the target and
ψ ∈ Ω•(M) is a form on the target, then for the Lie derivatives of the transgressed
form along the lifted vector fields we have

LuliftedτΣ(ψ) = 0(24)

LvliftedτΣ(ψ) = (−1)|v| dim ΣτΣ(Lvψ)(25)

The integrated version of (24) is that for Φ : T [1]Σ → T [1]Σ a diffeomorphism of
the source, we have

(26) (Φ∗)∗τΣ(ψ) = τΣ(ψ)

where Φ∗ : FΣ → FΣ is the lifting of Φ to the mapping space and (Φ∗)∗ : Ω•(FΣ) →
Ω•(FΣ) is the pull-back by Φ∗.

The BV 2-form and the master action. One obtains the degree −1 symplectic
form (the “BV 2-form”) on FΣ from the target by transgression10:

(27) ΩΣ = (−1)dim ΣτΣ(ω) ∈ Ω2(FΣ)−1

The Hamiltonian function for QΣ (the master action) is constructed as

(28) SΣ = ιdlifted
Σ

τΣ(α)
︸ ︷︷ ︸

Skin
Σ

+ τΣ(Θ)︸ ︷︷ ︸
Starget

Σ

∈ C∞(FΣ)0

It automatically satisfies the classical master equation

{SΣ, SΣ}ΩΣ = 0

One can summarize the construction above by saying that we have a degree −1
Hamiltonian Q-manifold structure on the mapping space (20): (FΣ, QΣ, ΩΣ, SΣ).
The primitive 1-form for the BV 2-form can also be constructed by transgression
as τΣ(α).

10We introduce the sign (−1)dim Σ in this definition to avoid signs in the formula for the
action below. The reader may encounter different sign conventions for the AKSZ construction in
the literature.
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Note that exact shifts of the target 1-form, α 7→ α + δf , with f ∈ C∞(M) leave
SΣ unchanged.

Why AKSZ theory is topological. For φ ∈ Diff(Σ) a diffeomorphism of Σ, denote
φ̃ ∈ Diff(T [1]Σ) the tangent lift of φ to T [1]Σ. Then

(29) (φ̃∗)∗SΣ = SΣ, (φ̃∗)∗ΩΣ = ΩΣ

because of (26) and because dΣ ∈ X(T [1]Σ) commutes with φ̃, since the latter is a
tangent lift.

In coordinates. Let xa be local homogeneous coordinates on the target M, let uµ

be local coordinates on Σ and θµ = duµ be the associated degree 1 fiber coordinates
on T [1]Σ. Then locally an element of FΣ is parameterized by:

(30) Xa(u, θ) =
dim Σ∑

k=0

∑

1≤µ1<···<µk≤dim Σ

Xa
µ1···µk

(u) θµ1 · · · θµk

︸ ︷︷ ︸
Xa

(k)(u,θ)

The coefficient functions Xa
µ1···µk

(u) are local coordinates of degree |xa| − k on
the mapping space FΣ. The expression (30) is known as (the component of) the
superfield, and it can be regarded as a generating function for the coordinates on
the mapping space FΣ.

For any function f ∈ C∞(M), we have

(31) ev∗f = f(X) =

= f(X(0)) + Xa
≥1 · (∂af)(X(0)) +

1
2
Xa
≥1X

b
≥1 · (∂b∂af)(X(0)) + · · ·

∈ C∞(FΣ × T [1]Σ)

where we denote by Xa
≥1 =

∑
k≥1 Xa

(k) the part of the superfield of positive de
Rham degree with respect to Σ; ev is the horizontal arrow in (22).

Let α and ω be locally given as α = αa(x) δxa and ω = 1
2 ωab(x) δxa∧ δxb. Then

the BV 2-form and its primitive are:

ΩΣ = (−1)dim Σ

∫

Σ

1
2

ωab(X) δXa ∧ δXb, αΣ =
∫

Σ

αa(X) δXa

(Note that we use δ to denote the de Rham differential on the target M and on
the mapping space FΣ. We reserve symbol d for the de Rham differential on the
source Σ.)

The master action is:

SΣ(X) =
∫

Σ

αa(X) dXa

︸ ︷︷ ︸
Skin

Σ

+
∫

Σ

Θ(X)
︸ ︷︷ ︸

Starget
Σ

If the cohomological vector field on the target is locally written as Q = Qa(x) ∂
∂xa

then the cohomological vector field (21) is determined by its action on the compo-
nents of the superfield:

QΣXa = dXa + Qa(X)

The critical points of SΣ are (with our sign conventions) Q-anti-morphisms be-
tween T [1]Σ and M, i.e. Q-morphisms between (T [1]Σ, d) and (M,−Q).
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3.3.3. Examples. Here we recall some of the standard examples of the AKSZ con-
struction.

Chern-Simons theory [1]. Let g be a quadratic Lie algebra, i.e. a Lie algebra
with a non-degenerate invariant pairing (, ). Denote by ψ : g[1] → g the degree
1 g-valued coordinate on g[1]. We choose the target Hamiltonian Q-manifold of
degree 2 as

(32) M = g[1], Q =
〈

1
2
[ψ, ψ],

∂

∂ψ

〉
,

ω =
1
2
(δψ, δψ), α =

1
2
(ψ, δψ), Θ =

1
6
(ψ, [ψ, ψ])

where 〈, 〉 is the canonical pairing between g and g∗. The associated AKSZ sigma
model on a closed oriented 3-manifold Σ has the space of fields

FΣ = Map(T [1]Σ, g[1]) ∼= g[1]⊗ Ω•(Σ)

The superfield is

(33) A = A(0) + A(1) + A(2) + A(3)

with A(k) a coordinate on FΣ with values in g-valued k-forms on Σ, with internal
degree (ghost number) 1− k, for k = 0, 1, 2, 3. The BV 2-form is

ΩΣ = −1
2

∫

Σ

(δA, δA)

and the action is
SΣ =

∫

Σ

1
2
(A, dA) +

1
6
(A, [A,A])

This is the action of Chern-Simons theory in the Batalin-Vilkovisky formalism (12)
written in terms of the superfield (33).

In case g = R with abelian Lie algebra structure, we have Q = Θ = 0 on the
target and

(34) FΣ = Ω•(Σ)[1], ΩΣ = −1
2

∫

Σ

δA ∧ δA, SΣ =
1
2

∫

Σ

A ∧ dA

This is the abelian Chern-Simons theory in the BV formalism.
BF theory. For g a Lie algebra (not necessarily quadratic11) and D a non-

negative integer, we define the target Hamiltonian Q-manifold of degree D − 1
as

(35) M = g[1]⊕ g∗[D − 2], Q =
〈

1
2
[ψ, ψ],

∂

∂ψ

〉
+

〈
ad∗ψξ,

∂

∂ξ

〉
,

ω = 〈δξ, δψ〉, α = 〈ξ, δψ〉, Θ =
1
2
〈ξ, [ψ, ψ]〉

Here ψ : g[1] → g is as before and ξ : g∗[D − 2] → g∗ is the g∗-valued coordinate
on g∗[D − 2] of degree D − 2; ad∗ is the coadjoint action of g on g∗.

The associated AKSZ sigma model on a closed oriented D-manifold Σ has the
space of fields:

(36) FΣ = g[1]⊗ Ω•(Σ)⊕ g∗[D − 2]⊗ Ω•(Σ)

11However, for the consistency of quantization, in particular for the quantum master equation
(1), one should require that g is unimodular.
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The superfields associated to ψ and ξ are respectively

A =
D∑

k=0

A(k), B =
D∑

k=0

B(k)

with A(k) a g-valued k-form on Σ of internal degree 1−k; B(k) is a g∗-valued k-form
of internal degree D − 2− k. The BV 2-form and the action are:

(37) ΩΣ = (−1)D

∫

Σ

〈δB, δA〉, SΣ =
∫

Σ

〈
B, dA +

1
2
[A,A]

〉

This is the BF theory in BV formalism.
In the abelian case, g = R, we have Q = Θ = 0 on the target and

(38) FΣ = Ω•(Σ)[1]⊕ Ω•(Σ)[D − 2],

ΩΣ = (−1)D

∫

Σ

δB ∧ δA, SΣ =
∫

Σ

B ∧ dA

The Poisson sigma model [18]. Let M be a manifold endowed with a Poisson
bivector π ∈ Γ(M,∧2TM). We construct the target Hamiltonian Q-manifold of
degree 1 as

(39) M = T ∗[1]M,

Q =
〈

π(x), p ∧ ∂

∂x

〉

∧2TxM

+
1
2

〈
∂

∂x
π(x), (p ∧ p)⊗ ∂

∂p

〉

(∧2T⊗T∗)xM

,

ω = 〈δp, δx〉, α = 〈p, δx〉, Θ =
1
2
〈π(x), p ∧ p〉∧2TxM

Here x and p stand for the local base and fiber coordinates on T ∗[1]M respectively.
Note that all objects in (39) are globally well defined.

The corresponding AKSZ sigma model on an oriented closed surface Σ has the
space of fields

FΣ = Map(T [1]Σ, T ∗[1]M)
with superfields

X = X(0) + X(1) + X(2), η = η(0) + η(1) + η(2)

associated to local coordinates x and p on the target, respectively. Here X(k) and
η(k) are k-forms on Σ with internal degrees −k and 1 − k respectively. The BV
2-form and the action are:

ΩΣ =
∫

Σ

〈δη, δX〉, SΣ =
∫

Σ

〈η, dX〉+
1
2
〈π(X), η ∧ η〉

3.4. Functorial topological field theory. In Atiyah’s axiomatic approach [5],
an (n + 1)-dimensional topological quantum field theory associates:

• To a closed oriented n-manifold Σ – a Hilbert spaceHΣ (the space of states).
• To an oriented (n + 1)-cobordism M from Σin to Σout (i.e. with a splitting

of the boundary as ∂M = Σ̄in t Σout) – a linear map of vector spaces
ZM : HΣin → HΣout (the partition function).

• Orientation-preserving diffeomorphisms φ : Σ → Σ′ act on the spaces of
states by unitary maps ρ(φ) : HΣ → HΣ′ . The orientation-reversing iden-
tity diffeomorhpism sΣ : Σ → Σ̄ (the bar denotes the opposite orientation)
acts by a C-anti-linear map σΣ = ρ(sΣ) : HΣ → HΣ̄.
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One requires this association to satisfy the following axioms:

(i) (Multiplicativity) HΣtΣ′ = HΣ ⊗HΣ′ for the spaces of states and

ZMtM ′ = ZM ⊗ ZM ′ : HΣin ⊗HΣ′in → HΣout ⊗HΣ′out

for the partition functions.
(ii) (Gluing) For two cobordisms M1 : Σ1 → Σ2 and M2 : Σ2 → Σ3, one can

construct the glued cobordism M1 ∪Σ2 M2 : Σ1 → Σ3 and the corresponding
partition function is the composition of partition functions for M1 and M2 as
linear maps:

ZM1∪Σ2M2 = ZM2 ◦ ZM1 : HΣ1 → HΣ3

(iii) (Normalization) H∅ = C, ZΣ×[0,1] = id : HΣ → HΣ.
(iv) For φ : M → M ′ a diffeomorphism, the following diagram commutes:

HΣin

ZM−−−−→ HΣout

ρ(φ|Σin )

y
yρ(φ|Σout )

HΣ′in

ZM′−−−−→ HΣ′out

(In particular, ZM is invariant under diffeomorphisms of M relative to the
boundary of M .)

(v) (Symmetry) The natural diffeomorphism Σ tΣ′ → Σ′ tΣ is sent by ρ to the
natural isomorphism HΣ ⊗HΣ′ → HΣ′ ⊗HΣ.

(vi) The partition function for the cylinder Σ × [0, 1], regarded as a cobordism
Σ× Σ̄ → ∅, together with the anti-linear map (σΣ)−1 : HΣ̄ → HΣ, yields the
Hermitian inner product 〈, 〉 : HΣ ×HΣ → C.

The following are immediate consequences of the axioms:

• For M a closed (n+1)-manifold, regarded as a cobordism ∅→ ∅, the par-
tition function ZM ∈ C is a number invariant under orientation-preserving
diffeomorphisms of M .

• ZΣ×S1 = dimHΣ ∈ Z. In particular, this implies that spaces of states have
to be finite-dimensional. More generally, for a mapping torus Σ×[0,1]

Σ×{0}φ∼Σ×{1}
with φ : Σ → Σ a gluing diffeomorphism, the partition function is Z =
TrHΣ ρ(φ).

A short way to formulate Atiyah’s axioms is to say that a TQFT is a functor
of symmetric monoidal categories from the category of oriented cobordisms (with
composition given by gluing and monoidal structure given by disjoint unions) to
the category of Hilbert spaces, and diffeomorphisms act by natural transformations
of the functor (alternatively, one can view diffeomorphisms as 2-morphisms; then
(H, Z, ρ) becomes a functor of 2-categories).

In dimensions 1 and 2, Atiyah’s TQFTs admit a straightforward complete clas-
sification. For n+1 = 1, a TQFT, up to equivalence, is specified by a non-negative
integer – the dimension of the space of states for a point. For n + 1 = 2, the
classification of TQFTs is given by a result of Dijkgraaf by isomorphism classes of
unital Frobenius algebras (in particular, the underlying vector space of the algebra
is HS1 , multiplication is the partition function for a pair of pants regarded as a
cobordism S1 t S1 → S1, the unit is the partition function for the disk viewed as
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a cobordism ∅→ S1 etc.) In dimension 3 and above the complete classification of
Atiyah’s TQFTs is not known.

Baez and Dolan [9] suggested an enhancement of Atiyah’s notion of TQFT as
a functor from the (∞, n)-extension of the cobordism category (which essentially
allows gluing-cutting with higher codimension strata) – the “extended” TQFT.
Lurie proved in [34] that a fully extended TQFT (i.e. extended down to strata of
maximal codimension – points) is determined by its values on points, thus providing
a complete classification result for fully extended TQFTs. It is not known however
whether e.g. Chern-Simons theory can be embedded in a fully extended TQFT.

4. Main results

4.1. Paper “Remarks on Chern-Simons invariants” [20], with A. S. Cat-
taneo. Given a differential graded Frobenius algebra C• with invariant pairing of
degree −3, and a quadratic Lie algebra g, we construct the algebraic model for
Chern-Simons theory in the framework of the Batalin-Vilkovisky formalism, with
the space of BV fields F = g ⊗ C•[1], with BV 2-form coming from the pairing
on C• tensored with the ad-invariant pairing on g. Out of the structure constants
of algebraic operations on C• and g, we construct the BV action S ∈ C∞(F)0
– a cubic polynomial in fields solving the quantum master equation. In the case
C• = Ω•(M), the de Rham algebra of M , the action S becomes the master action
for Chern-Simons theory (12).

In case of a finite-dimensional dg Frobenius algebra C•, we analyze in detail the
effective BV action induced on the cohomology g⊗H•(C•)[1] via the pushforward
construction (2), and the canonical transformations induced by the deformations of
the induction data (deformations of the gauge-fixing Lagrangian and of the choice
of representatives of cohomology classes of H•(C•) in C•). Then we analyze the
invariants coming from the effective action on cohomology by considering it modulo
canonical transformations coming from deformations of the induction data (taking
a quotient over all canonical transformation, one would kill interesting invariants).

In the special case of H1(C•) = 0, we prove that the effective action is of the
form Wprod +F (~) where Wprod is a cubic polynomial on g⊗H•(C•)[1] correspond-
ing to the Lie bracket on g-valued cohomology of C•, while F (~) ∈ ~2C[[~]] is a
formal power series, comprising the complete invariant of the effective action under
admissible (in the sense above) canonical transformations.

In the case when dim H1(C•) = 1 and C• is a formal dg algebra, we prove that
the 1-loop part of the effective action restricted to the Maurer-Cartan set of the
graded Lie algebra g⊗H•(C•) is an invariant.

Then we extend the results developed for C• finite-dimensional, to the differential-
geometric Chern-Simons theory with C• = Ω•(M), taking care of the translation
of proofs valid for finite-dimensional BV integrals in the language of perturbative
path integrals, with Feynman diagrams given by integrals over configuration spaces.
We prove that one gets invariants of closed, oriented, framed 3-manifolds from the
effective BV action for Chern-Simons theory induced on de Rham cohomology of
the 3-manifold.

This treatment generalizes Axelrod-Singer’s treatment of perturbative Chern-
Simons path integral to the case of non-acyclic flat background connections.
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4.2. Paper “Finite-dimensional AKSZ-BV theories” [15], with F. Bonechi
and M. Zabzine. In the framework of AKSZ sigma models, we consider the sym-
plectic reduction of the coisotropic subspace of the mapping space Map(T [1]Σ,M)
given by the zero locus of Q0 – the lifting of the de Rham differential on Σ to a
cohomological vector field on the mapping space (the source term of the full AKSZ
cohomological vector field (21)). The action of the sigma model is a reducible
function with respect to this reduction. The reduced theory provides the leading
term in the perturbation expansion for the zero-mode effective action for the AKSZ
sigma model. The reduced mapping space is finite-dimensional and can be viewed
as a mapping space of sheaves from the de Rham cohomology of Σ as a sheaf over
a point to the structure sheaf of M. We develop the corresponding generalization
of the AKSZ construction, based on replacing the source by a differential graded
Frobenius algebra. We also consider in detail two examples of the symplectic re-
duction to source zero-modes: the Poisson sigma model (on closed surfaces and on
surfaces with boundary, with coisotropic boundary conditions introduced in [19])
and the Courant sigma-model.

4.3. Paper “One-dimensional Chern-Simons theory” [4], with A. Alek-
seev. We start by considering the “1-dimensional Chern-Simons theory” on a cir-
cle, a model in BV formalism with Z2-graded space of BV fields F = Πg⊗Ω0(S1)⊕
g ⊗ Ω1(S1) (where Π is the parity-reversal operation and g a fixed quadratic Lie
algebra) and the action S =

∫
S1〈ψ, dψ + [A,ψ]〉 with ψ and A the odd 0-form field

and the even 1-form field, respectively. This theory arises from the AKSZ con-
struction (Section 3.3) with the target supermanifold Πg (same as in 3-dimensional
Chern-Simons theory), but 1-dimensional source instead of a 3-dimensional one.

We calculate the BV pushforward to simplicial cochains of a polygon (triangu-
lation of S1), in the spirit of the work [35, 36], obtaining an explicit result. The
resulting effective action on cochains depends on the simplicial fields non-locally.

The problem of splitting the result for the polygon into contributions of indi-
vidual 1-simplices is solved by going to operator formalism and constructing 1-
dimensional simplicial Chern-Simons theory as Atiyah’s topological quantum field
theory on the monoidal category of triangulated 1-cobordisms with additional op-
erations given by merging of neighboring 1-simplices (simplicial aggregations). The
value of 1-dimensional Chern-Simons theory on a point (the space of states) is the
spinor module and the value on a triangulated 1-cobordism (the partition func-
tion) is given in terms of Clifford exponentials. Concatenation of triangulated
1-cobordisms corresponds to the multiplication in the Clifford algebra Cl(g) and
simplicial aggregations corresponds to certain finite-dimensional fiber BV integrals.
Moreover, the resulting partition functions satisfy a version of the quantum master
equation extended by boundary terms.

We prove that the value of 1-dimensional Chern-Simons theory, as constructed
via Clifford exponentials, on a polygon (triangulated circle) is the same as calcu-
lated originally via perturbative path integral. Also, we prove that the partition
function for a triangulated interval can be written as a path integral with boundary
conditions given by a complex Lagrangian foliation of Πg imposed on the restric-
tions of field ψ to the boundary points of the interval. In the usual way for the BV
formalism, one also imposes the gauge-fixing for fields in the bulk by specifying a
Lagrangian subspace in the bulk fields (with fixed boundary conditions).
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4.4. Paper “The Poisson sigma model on closed surfaces” [13], with F.
Bonechi and A. S. Cattaneo. We study the effective action of the Poisson
sigma model on a closed 2-dimensional surface, regarding the Poisson structure
as a perturbation, induced on the zero-modes of the unperturbed theory. The
perturbation theory is developed around constant maps and we employ the tools
of formal geometry of the target to glue the perturbative results into the global
effective action.

In two important cases, the case of the surface being a torus and the case of a
regular unimodular Poisson structure, we manage to prove vanishing of the quantum
corrections in the effective action. In the case of a torus we employ a version of the
axial gauge, while in the case of a regular unimodular Poisson structure we make
use of the appropriate local normal form theorem.

In the case of a torus, with additional assumption that the target Poisson struc-
ture is Kähler, we are able to prove that the partition function (obtained from the
effective action by evaluating the BV integral over the zero-mode space) is the Euler
characteristic of the target. We also present an argument, using a regularization
of the effective action based on the source supersymmetry, that the same result for
the torus partition function holds for a broader class of Poisson structures.

Finally, in the case of a general surface and a general Poisson structure, we prove
that perturbative effective actions constructed in formal neighborhoods of points
of the target can indeed be glued, using quantum canonical transformations, into
a global object.

4.5. Papers “Classical BV theories on manifolds with boundary” [21] and
“Classical and quantum Lagrangian field theories with boundary” [22],
with A. S. Cattaneo and N. Reshetikhin. We extend the Batalin-Vilkovisky
formalism for gauge theories to spacetime manifolds with boundary (and corners)
in a way consistent with gluing.

In this setup to a boundary component Σ of the spacetime one associates a
phase space FΣ – a Hamiltonian Q-manifold with an exact degree 0 symplectic
form ωΣ = δαΣ (this set of data is known as a BFV manifold, for the Batalin-
Fradkin-Vilkovisky cohomological resolution of coisotropic reductions in symplectic
geometry). To the spacetime manifold M one associates a Q-manifold FM with a
degree −1 symplectic form ω and an action function S which, instead of being a
Hamiltonian for the cohomological vector field, satisfies the equation ιQω = dS +
π∗α∂ where π : FM → F∂M is a surjective submersion – the pullback of bulk fields
to the boundary (in first-order theories; more generally F∂M is constructed as a
symplectic reduction of the space of normal jets of bulk fields at the boundary and
thus by construction comes with a surjective submersion π). Instead of the classical
master equation in the bulk, one has the equation ιQιQω = π∗S∂ where S∂ is the
BFV action on the boundary – the degree 1 Hamiltonian for Q∂ .

A classical gauge theory in this setup is therefore a functor of symmetric monoidal
categories from the category of spacetime cobordisms (endowed with the local geo-
metric data appropriate to the model in question) to the BFV category. On the
target side, the objects are the BFV phase spaces and the morphisms are the BV
spaces of bulk fields. Composition is given by fiber products and monoidal structure
is given by Cartesian products of BFV manifolds. This functorial picture admits
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a higher category extension (where on the source side one essentially allows space-
time manifolds with corners); we construct the appropriate extension of the target
category.

All AKSZ sigma models fit naturally in the BV-BFV formalism which we de-
velop. In particular, the boundary BFV phase space is also a mapping space with
the same AKSZ target, FΣ = Map(T [1]Σ,M), and the BFV action is again given
by the formula (28), where one replaces the bulk by the boundary. We also an-
alyze several other examples of non-topological gauge theories, in particular the
electrodynamics and the pure Yang-Mills theory on Riemannian manifolds with
boundary.

We also analyze the reduced picture where to a bulk manifold and to its bound-
ary components one associates the “Euler-Lagrange moduli spaces” arising as a
reduction of the zero locus of the cohomological vector field Q on the space of fields
(or the boundary phase space) by the distribution induced by Q. Under a certain
Hodge-theoretic assumption, which holds for a broad class of gauge theories, we
prove a version of Lefschetz duality for the moduli spaces. In particular, for a
bulk manifold M , denoting the bulk moduli space MM and the boundary moduli
space M∂M , we have a degree 0 symplectic structure on M∂M , a degree 1 Poisson
structure on MM and a map π∗ : MM → M∂M whose image is Lagrangian in
M∂M and whose fibers are the symplectic leaves of the Poisson structure on MM .
In the case of Chern-Simons theory, the Euler-Lagrange moduli spaces are certain
natural graded enhancements of the moduli spaces of flat connections on the bulk
3-manifold and the boundary surface. In the simplest example, the abelian Chern-
Simons theory with gauge group R, the moduli spaces are given by the de Rham
cohomology (in all degrees) of the bulk and the boundary.

Our results in the case of AKSZ sigma models were subsequently generalized in
the context of derived symplectic geometry of mapping stacks in [16, 38].

The formalism developed in [21, 22] is a step towards perturbative quantization
of gauge theories on manifolds with boundary consistent with the Atiyah-Segal
axiomatic. The motivating quantum example, where the interaction of bulk BV
and boundary BFV structures was first noticed, was constructed by the author and
A. Alekseev in [4].

4.6. Paper “A construction of observables for AKSZ sigma models” [37].
We present a general construction of observables for BV theories based on the
construction of BV pushforward. Namely, one extends a BV theory by auxiliary
fields and extends the original BV action by a term depending on the original and
auxiliary fields, so that the extended action still satisfies the master equation (we
call this auxiliary data a pre-observable). One then produces an observable out of
the pre-observable by performing the BV integral over auxiliary fields.

The construction is then specialized to the setting of AKSZ theories where it
is shown that pre-observables can be constructed out of Hamiltonian Q-bundles
over the AKSZ target. The corresponding observables are associated to embedded
submanifolds of the source manifolds and their expectation values are expected to
produce higher-dimensional generalized knot invariants (or more generally, cocylces
on the spaces of embeddings).

As a special case, the construction produces the Alekseev-Faddeev-Shatashvili
path integral representation [2] for the Wilson loop observable in Chern-Simons
theory, associated to a knot in a 3-manifold. Another special case is the observable
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in BF theory associated to codimension 2 “long knots” in Rn, constructed by
Cattaneo and Rossi [23].

4.7. Paper “Chern-Simons theory with Wilson lines and boundary in the
BV-BFV formalism” [3], with A. Alekseev and Y. Barmaz. We analyze the
Chern-Simons theory on 3-manifolds with boundary enriched by Wilson lines which
are allowed to end on the boundary in the BV-BFV formalism developed in [21].
Wilson lines are represented by BV integrals over auxiliary fields supported on a
tangle in the 3-manifold by specialization of the construction of [37]. We study
the toy example of a 1-dimensional Chern-Simons theory of [4] with a Wilson line
where the quantized BFV operator on the space of states turns out to be the
Kostant’s cubic Dirac operator. In the case of 3-dimensional Chern-Simons theory
with Wilson lines ending on the boundary, we construct the quantum BFV operator
on the space of states. Its cohomology in degree zero yields the space of conformal
blocks of the Wess-Zumino-Witten model on the boundary (or equivalently the
geometric quantization of the moduli space of flat connections on the boundary
[8]), at least in genera 0 and 1.
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REMARKS ON CHERN–SIMONS INVARIANTS

ALBERTO S. CATTANEO AND PAVEL MNËV

Abstract. The perturbative Chern–Simons theory is studied in a finite-di-
mensional version or assuming that the propagator satisfies certain properties
(as is the case, e.g., with the propagator defined by Axelrod and Singer). It
turns out that the effective BV action is a function on cohomology (with shifted
degrees) that solves the quantum master equation and is defined modulo cer-
tain canonical transformations that can be characterized completely. Out of
it one obtains invariants.
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1. Introduction

Since its proposal in Witten’s paper [18], Chern–Simons theory has been a source
of fruitful constructions for 3-manifold invariants. In the perturbative framework
one would like to get the invariants from the Feynman diagrams of the theory. These
may be shown to be finite, see [2]. However, as in every gauge theory, one has to fix
a gauge and then one has to show that the result, the invariant, is independent of
the gauge fixing. In the case when one works around an acyclic connection, this was
proved in [2], but this assumption rules out the trivial connection. Gauge-fixing
independence for perturbation theory around the trivial connection of a rational
homology sphere was proved in [1] and, for more general definitions for the prop-
agator, in [11] and in [3]. The flexibility in the choice of propagator allows one to
show that the invariant is of finite type [13].

The case of general 3-manifolds was not treated in detail, even though the propa-
gators described in [2, 11, 3] are defined in general. The main point is the presence of
zero modes, namely—working around the trivial connection—elements of de Rham
cohomology (with shifted degree) of the manifold tensor the given Lie algebra. Out
of formal properties of the BV formalism, it is however clear [14, 15, 7, 6] what the
invariant in the general case (of a compact manifold) should be: a solution of the
quantum master equation on the space of zero modes modulo certain BV canonical
transformations. This effective action has already been studied—but only modulo
constants—in [7], which has been a source of inspiration for us.

In the first part of this note, we make this precise and mathematically rigorous
working with a finite-dimensional version [17] of Chern–Simons theory, where the
algebra of smooth functions on the manifold is replaced by an arbitrary finite-
dimensional dg Frobenius algebra (of appropriate degrees). We are able to produce
the solution to the quantum master equation on cohomology and to describe the
BV canonical transformations that occur. Out of this we are able to describe the
invariant in the case of cohomology concentrated in degree zero and three (the
algebraic version of a rational homology sphere) and to extract invariants in case
the first Betti number is one or, more generally, when the Frobenius algebra is
formal.

In the second part we revert to the infinite-dimensional case and show that what-
ever we did in the finite-dimensional case actually goes through if the propagator
satisfies certain properties. It is good news that the propagator introduced by Ax-
elrod and Singer in [2] does indeed satisfy them. In particular, we get an invariant
for framed 3-manifolds as described in Theorem 1 on page 29.

The problems with this scheme are that there is little flexibility in the choice
of propagator and that the invariants are defined up to a universal constant that
is very difficult to compute. (Notice that this constant is the same that appears
anyway in the case of rational homology spheres in [2, 3]). For the general case,
that is of a propagator as in [11] or [3], we are able to show that all properties but
one can easily be achieved. We reduce the last property to Conjecture 1 on page 27
which we hope to be able to prove in a forthcoming paper.

During the preparation of this note, we have become aware of independent work
by Iacovino [10] on the same topic.

Acknowledgements. We are grateful to K. Costello and D. Sinha for insightful
discussions. We also thank C. Rossi and J. Stasheff for useful remarks.
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2. Effective BV action

Let1 (F , σ) be a finite-dimensional graded vector space endowed with an odd
symplectic form σ ∈ Λ2F∗ of degree -1, which means σ(u, v) 6= 0 ⇒ |u|+ |v| = 1 for
u, v ∈ F . The space of polynomial functions Fun(F) := S•F∗ is a BV algebra with
anti-bracket {•, •} and BV Laplacian2 ∆ generated by the odd symplectic form σ.

In coordinates: let {ui} be a basis in F and {xi} be the dual basis in F∗. Let
us denote σij = σ(ui, uj). Then

σ =
∑

i,j

(−1)gh(xi)σij δxi ∧ δxj

∆f =
1
2

∑

i,j

(−1)gh(xi)(σ−1)ij ∂

∂xi

∂

∂xj
f

{f, g} = f


∑

i,j

(σ−1)ij

←−
∂

∂xi

−→
∂

∂xj


 g

In our convention σij = −σji and we call grading on Fun(F) the “ghost number”:
gh(xi) = −|ui|.

Suppose (F ′, σ′) is another odd symplectic vector space and ι : F ′ ↪→ F is an
embedding (injective linear map of degree 0) that agrees with the odd symplectic
structure:

σ′(u′, v′) = σ(ι(u′), ι(v′))
for u′, v′ ∈ F ′. Then F can be represented as

(1) F = ι(F ′)⊕F ′′
where F ′′ := ι(F ′)⊥ is the symplectic complement of the image of ι in F with
respect to σ. Hence the algebra of functions on F factors

Fun(F) ∼= Fun(F ′)⊗ Fun(F ′′)
(the isomorphism depends on the embedding ι). Since (1) is an (orthogonal) de-
composition of odd symplectic vector spaces, the BV Laplacian also splits:

(2) ∆ = ∆′ + ∆′′

Here ∆′ is the BV Laplacian on Fun(F ′), associated to the odd symplectic form
σ′, and ∆′′ is the BV Laplacian on F ′′ associated to the restricted odd symplectic
form σ|F ′′ .

Let S ∈ Fun(F)[[~]] be a solution to the quantum master equation (QME):

∆eS/~ = 0 ⇔ 1
2
{S, S}+ ~ ∆S = 0

(the BV action on F). Let also L ⊂ F ′′ be a Lagrangian subspace in F ′′. We define
the effective (or “induced”) BV action S′ ∈ Fun(F ′)[[~]] by the fiber BV integral

(3) eS′(x′)/~ =
∫

L
eS(ι(x′)+x′′)/~µL

1This Section is an adaptation of Section 4.2 from [16].
2In the general case, on an odd-symplectic graded manifold, the BV Laplacian ∆ is constructed

from the symplectic form and a consistent measure (the “SP -structure”). But here we treat only
the linear case, and an odd-symplectic graded vector space (F , σ) is automatically an SP -manifold
with Lebesgue measure (the constant Berezinian) µF .
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where µL is the Lebesgue measure on L and we use the notation x =
∑

i uix
i for

the canonical element of F ⊗ Fun(F), corresponding to the identity map F → F ,
and analogously for x′ ∈ F ′ ⊗ Fun(F ′), x′′ ∈ F ′′ ⊗ Fun(F ′′)
Proposition 1. The Effective action S′ defined by (3) satisfies the QME on F ′,
i.e.

∆′eS′/~ = 0

Proof. This is a direct consequence of (2) and the BV-Stokes theorem (integrals
over Lagrangian submanifolds of BV coboundaries vanish):

∆′eS′(x′)/~ = ∆′
∫

L
eS(ι(x′)+x′′)/~µL =

∫

L
(∆−∆′′)eS(ι(x′)+x′′)/~µL =

=
∫

L
∆eS(ι(x′)+x′′)/~µL −

∫

L
∆′′eS(ι(x′)+x′′)/~µL = 0

In the last line the first term vanishes due to QME for S, while the second term is
zero due to the BV-Stokes theorem. ¤

The BV integral (3) depends on a choice of embedding ι : F ′ ↪→ F and La-
grangian subspace L ⊂ F ′′ (notice that F ′′ = ι(F ′)⊥ itself depends on ι). We
call the pair (ι,L) the “induction data” in this setting. We are interested in the
dependence of the effective BV action S′ on deformations of induction data.

Recall that a generic small Lagrangian deformation LΨ of a Lagrangian subman-
ifold L ⊂ F ′′ is given by a gauge fixing fermion Ψ ∈ Fun(L) of ghost number -1. If
(qa, pa) are Darboux coordinates on F ′′ such that L is given by p = 0, then LΨ is

LΨ =
{

(q, p) : pa = − ∂

∂qa
Ψ

}
⊂ F ′′

In our case we are interested in linear Lagrangian subspaces and thus only allow
quadratic gauge fixing fermions.

A general small deformation of induction data (ι,L) from (F , σ) to (F ′, σ′) can
be written as

(4) ι 7→ ι + δι⊥ + δι|| , L 7→ (idF − ι ◦ (δι⊥)T )LΨ

where the “perpendicular part” of the deformation of the embedding δι⊥ : F ′ → F
is a linear map of degree 0 satisfying δι⊥(F ′) ⊂ F ′′, while the “parallel part” is
of the form δι|| = ι ◦ δφ|| with δφ|| : F ′ → F ′ a linear map of degree 0 satisfying
(δφ||)T = −δφ|| (i.e. δφ|| lies in the Lie algebra of the group of linear symplecto-
morphisms δφ|| ∈ sp(F ′, σ′)). We use superscript T to denote transposition w.r.t.
symplectic structure. Thus it is reasonable to classify small deformations into the
three following types:

• Type I: small Lagrangian deformations of Lagrangian subspace L 7→ LΨ

leaving the embedding ι intact.
• Type II: small perpendicular deformations of the embedding ι 7→ ι + δι⊥

accompanied by an associated deformation3 of the Lagrangian subspace

(5) L 7→ (idF − ι ◦ (δι⊥)T )L
3Formula (5) is explained as follows: one can express the deformation of the embedding as

ι + δι⊥ = (idF + δΦ) ◦ ι, where δΦ = δι⊥ ◦ ιT − ι ◦ διT⊥ ∈ sp(F , σ), so that idF + δΦ is an
infinitesimal symplectomorphism of the space F , accounting for the deformation of ι. Then (5)
just means L 7→ (idF + δΦ) ◦ L.
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(this is necessary since here we deform the splitting (1) and L is supposed
to be a subspace of the deformed F ′′).

• Type III: small parallel deformations of the embedding

ι 7→ ι + δι|| = ι ◦ (idF ′ + δφ||)

leaving L intact.
A general small deformation (4) is the sum of deformations of types I, II, III.

We call the following transformation of the action

(6) S 7→ S̃ = S + {S, R}+ ~∆R

(regarded in first order in R) the infinitesimal canonical transformation of the action
with (infinitesimal) generator R ∈ Fun(F)[[~]] of ghost number -1. Equivalently

(7) eS/~ 7→ eS̃/~ = eS/~ + ∆(eS/~R)

The transformed action also solves the QME (in first order in R). Infinitesimal
canonical transformations generate the equivalence relation on solutions of QME.

Lemma 1. If the action S is changed by an infinitesimal canonical transforma-
tion S 7→ S + {S, R} + ~∆R, then the effective BV action is also changed by an
infinitesimal canonical transformation

(8) S′ 7→ S′ + {S′, R′}′ + ~∆′R′

with generator R′ ∈ Fun(F ′)[[~]] given by fiber BV integral

(9) R′ = e−S′/~
∫

L
eS/~R µL

Proof. This follows straightforwardly from (2), the BV-Stokes theorem and the
exponential form of canonical transformations (7):

eS′/~ 7→ eS̃′/~ =
∫

L
(eS/~ + ∆(eS/~R))µL =

= eS′/~ + ∆′
∫

L
eS/~R µL +

∫

L
∆′′(eS/~R) µL

︸ ︷︷ ︸
0

= eS′/~ + ∆′(eS′/~R′)

with R′ given by (9). ¤
Proposition 2. Under general infinitesimal deformation of the induction data
(ι,L) as in (4) the effective BV action S′ is transformed canonically (up to constant
shift):

(10) S′ 7→ S′ + {S′, R′}′ + ~∆′(R′ −R′III)

with generator

(11) R′ = σ′(x′, δφ|| x′)︸ ︷︷ ︸
R′III

+e−S′/~
∫

L
eS/~(Ψ + σ(x′′, δι⊥ x′)) µL

Proof. The deformation (4) can be represented in the form

ι 7→ (idF + δΦ) ◦ ι , L 7→ (idF + δΦ)L
where δΦ ∈ sp(F , σ) is the infinitesimal symplectomorphism given by

δΦ = {•, Ψ}+ (δι⊥ ◦ ιT − ι ◦ διT⊥) + δι|| ◦ ιT
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Here {•, Ψ} = exp({•, Ψ}) − idF is understood as the (infinitesimal) flow gener-
ated by Hamiltonian vector field {•, Ψ} in unit time. The pull-back (idF + δΦ)∗ :
Fun(F) → Fun(F) acts on functions as canonical transformation

(12) f 7→ f + {f, R}
with generator given by

R =
1
2
σ(x, δΦ x) = Ψ︸︷︷︸

RI

+ σ(x, (δι⊥ ◦ ιT )x)︸ ︷︷ ︸
RII

+
1
2
σ(x, (δι|| ◦ ιT )x)

︸ ︷︷ ︸
RIII

It is important to note that only the third term (the effect of type III deformation)
contributes to ∆R:

∆R = ∆′R = ∆RIII =
1
2

StrF ′δφ||

(StrF ′ denotes supertrace over F ′) and ∆′′R = 0. The latter implies that (idF +
δΦ)∗µL = µL. Now we can compute the transformation of the effective BV action
S′ due to infinitesimal change of induction data:

(13) eS′/~ 7→ eS̃′/~ =
∫

L
(idF + δΦ)∗eS/~µL =

= e−StrF′δφ||

∫

L
e(S+{S,R}+~∆R)/~µL = e−StrF′δφ||e(S′+{S′,R′}′+~∆′R′)/~

Here we used Lemma 1 and the generator is given by (9):

R′ = e−S′/~
∫

L
eS/~RµL = e−S′/~

∫

L
eS/~(Ψ+σ(x, (δι⊥◦ιT )x)+

1
2
σ(x, (δι||◦ιT )x))µL

which yields (11). At last note that 1
2 StrF ′δφ|| = ∆′ 1

2σ′(x′, δφ||x′) = ∆′R′III which
explains the constant shift in (10). ¤

Remark 1. If we were treating BV actions as log-half-densities (meaning that eS/~

is a half-density), we would write an honest canonical transformation (8) instead
of (10), with no −~∆′R′III shift. This is because the pull-back (idF + δΦ)∗ would
then be acting on S by transformation (6) instead of (12). But in practice one
works with effective BV actions defined by a normalized BV integral: if the initial
BV action is of the form S = S0 + Sint with S0 quadratic in fields (the “free part”
of BV action) and Sint the “interaction part”, one usually defines

eS′(x′)/~ =
1
N

∫

L
eS(ι(x′)+x′′)/~µL

with the normalization factor N =
∫
L eS0(x

′′)/~µL. The effective action defined
via a normalized BV integral is indeed a function rather than log-half-density, and
transforms according to (10) under change of induction data.

3. Toy model for effective Chern–Simons theory on zero-modes:
effective BV action on cohomology of dg Frobenius algebras

By a dg Frobenius algebra (C, d,m, π) we mean a unital differential graded com-
mutative algebra C with differential d : C• → C•+1 and (super-commutative, asso-
ciative) product m : S2C → C, endowed in addition with a non-degenerate pairing
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π : S2C → R of degree −k (which means π(a, b) 6= 0 ⇒ |a|+ |b| = k; and k is some
fixed integer), satisfying the following consistency conditions:

π(da, b) + (−1)|a|π(a, db) = 0(14)
π(a,m(b, c)) = π(m(a, b), c)(15)

for a, b, c ∈ C.
By a dg Frobenius–Lie4 algebra (A, d, l, π) we mean a differential graded Lie

algebra A with differential d : A• → A•+1 and Lie bracket l : ∧2A → A, endowed
with a non-degenerate pairing π : S2A → R of degree −k satisfying the conditions

π(A, l(B,C)) = π(l(A,B), C)(16)

π(dA, B) + (−1)|A|π(A, dB) = 0(17)

for A,B, C ∈ A.
If g is an (ordinary) Lie algebra with non-degenerate ad-invariant inner product

πg : S2g → R (one calls such Lie algebras “quadratic”) and (C, d,m, π) is a dg
Frobenius algebra, then (g⊗ C, d, l, πg⊗C) is a dg Frobenius–Lie algebra. Here one
defines d(X⊗a) := X⊗da, l(X⊗a, Y ⊗ b) := [X, Y ]⊗m(a, b), πg⊗C(X⊗a, Y ⊗
b) := πg(X, Y ) π(a, b). We will usually write π instead of πg⊗C .

Example 1. If M is a closed (compact, without boundary) orientable smooth
manifold of dimension D, then de Rham algebra Ω•(M) is a dg Frobenius algebra
with de Rham differential, wedge product and Poincare pairing

∫
M
• ∧ • of degree

−D. If g is a finite-dimensional Lie algebra with invariant non-degenerate trace tr,
then the algebra Ω•(M, g) = g⊗Ω•(M) of g-valued differential forms on M is a dg
Frobenius–Lie algebra with pairing tr

∫
M
• ∧ • of degree −D.

3.1. Abstract Chern–Simons action from a dg Frobenius algebra. Let
(C, d,m, π) be a finite dimensional non-negatively graded dg Frobenius algebra with
pairing π of degree -3

C = C0 ⊕ C1[−1]⊕ C2[−2]⊕ C3[−3]

We denote by Bi = dim Hi(C) the Betti numbers. Due to non-degeneracy of π, there
is an isomorphism π[ : C• ∼= (C3−•)∗ (the Poincare duality). Induced pairing on
cohomology is also automatically non-degenerate, and so Poincare duality descends
to cohomology: π[ : H•(C) ∼= (H3−•(C))∗. Hence B0 = B3, B1 = B2. We will
suppose in addition that B0 = B3 = 1 (so that C models the de Rham algebra of a
connected manifold).

Let g be a finite dimensional quadratic Lie algebra of coefficients and let (g ⊗
C, d, l, π) be the corresponding dg Frobenius–Lie structure on g ⊗ C. Then we can
construct an odd symplectic space of BV fields

F = g⊗ C[1]

with odd symplectic structure of degree -1 given by

(18) σ(sA, sB) = (−1)|A|π(A, B)

Here s : g⊗C → g⊗C[1] is the suspension map. Let us also introduce the notation
ω for the canonical element of (g⊗C)⊗Fun(F) corresponding to the desuspension

4Alternatively one could use the term “cyclic dg Lie algebra”.
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map s−1 : F → g ⊗ C. If {eI} is a basis in C and {Ta} is an orthonormal basis in
g, then we can write

ω =
∑

I,a

TaeI ωIa

where {ωIa} are the corresponding coordinates on F . By abuse of terminology
we call ω the “BV field”. Let us introduce notations for the structure constants:
πIJ = π(eI , eJ), mIJK = π(eI ,m(eJ , eK)), fabc = πg(Ta, [Tb, Tc]), dIJ = π(eI , deJ).
We will also use the shorthand notation for degrees |I| = |eI |. In terms of π the
BV Laplacian and the anti-bracket are

∆f =
1
2

∑

I,J,a

(π−1)IJ ∂

∂ωIa

∂

∂ωJa
f

{f, g} = f


∑

I,J,a

(−1)|I|+1(π−1)IJ

←−
∂

∂ωIa

−→
∂

∂ωJa


 g

Proposition 3. The action S ∈ Fun(F) defined as

(19) S :=
1
2
π(ω, dω) +

1
6
π(ω, l(ω, ω)) =

=
1
2

∑

I,J,a

(−1)|I|+1dIJωIaωJa +
1
6

∑

I,J,K,a,b,c

(−1)|J| (|K|+1)fabcmIJKωIaωJbωKc

satisfies the QME with BV Laplacian defined by the odd symplectic structure (18)
on F .

Proof. Indeed, let us check the CME:

1
2
{S, S} =

1
8
{π(ω, dω), π(ω, dω)}+ 1

12
{π(ω, dω), π(ω, l(ω, ω))}+ 1

72
{π(ω, l(ω, ω)), π(ω, l(ω, ω))}

= −1
2
π(ω, d2ω)− 1

2
π(ω, dl(ω, ω))− 1

8
π(ω, l(ω, l(ω, ω))) = 0

The first term vanishes due to d2 = 0, the second — due to the Leibniz identity for
g⊗ C, since property (16) implies

1
2
π(ω, dl(ω, ω)) =

1
6
π (ω, dl(ω, ω)− l(dω, ω) + l(ω, dω)) ,

and the third term is zero due to the Jacobi identity for g ⊗ C. Next, check the
quantum part of the QME:

~ ∆S = −~ 1
2

Strg⊗C d− ~ 1
2

Strg⊗C l(ω, •) = 0

Here the first term vanishes since d raises degree and the second term vanishes due
to unimodularity of Lie algebra g. ¤

The BV action (19) can be viewed as an abstract model (or toy model, since
C is finite dimensional) for Chern–Simons theory on a connected closed orientable
3-manifold. We associate such a model to any finite dimensional non-negatively
graded dg Frobenius algebra C with pairing of degree −3 and B0 = B3 = 1, and
arbitrary finite dimensional quadratic Lie algebra of coefficients g. We are interested
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in the effective BV action for (19) induced on cohomology F ′ = H•(C, g)[1]. We
will now specialize the general induction procedure sketched in Section 2 to this
case.

3.2. Effective action on cohomology. Let ι : H•(C) ↪→ C• be an embedding of
cohomology into C. Note that ι is not just an arbitrary chain map between two
fixed complexes, but is also subject to condition ι([a]) = a + d(. . .) for any cocycle
a ∈ C. This implies in particular that the only allowed deformations of ι are of the
form ι 7→ ι + d δI where δI : H•(C) → C•−1 is an arbitrary degree -1 linear map.
This is indeed a type II deformation (in the terminology of Section 2), while type
III deformations are prohibited in this setting.

Let also K : C• → C•−1 be a symmetric chain homotopy retracting C• to H•(C),
that is a degree -1 linear map satisfying

dK + Kd = idC − P ′(20)

π(Ka, b) + (−1)|a|π(a,Kb) = 0(21)
K ◦ ι = 0(22)

where P ′ = ι ◦ ιT : C → C is the orthogonal (w.r.t. π) projection to the representa-
tives of cohomology in C. We require the additional property

(23) K2 = 0

Remark 2 (cf. [9]). An arbitrary linear map K0 : C• → C•−1 satisfying just (20)
can be transformed into a chain homotopy K with all the properties (20,21,22,23)
via a chain of transformations K0 7→ K1 7→ K2 7→ K3 = K where

K1 =
1
2
(K0 −KT

0 )

K2 = (idC −P ′) K1 (idC − P ′)(24)
K3 = K2 d K2(25)

Having ι and K we can define a Hodge decomposition for C into representatives
of cohomology, d-exact part and K-exact part:

(26) C = im(ι)⊕ Cd−ex︸ ︷︷ ︸
im(d)

⊕CK−ex︸ ︷︷ ︸
im(K)

Properties (21), (22), (23) and skew-symmetry of differential (14) imply the orthog-
onality properties for Hodge decomposition (26):

im(ι)⊥ = Cd−ex⊕CK−ex , (Cd−ex)⊥ = im(ι)⊕Cd−ex , (CK−ex)⊥ = im(ι)⊕CK−ex

In terms of Hodge decomposition (26) the splitting (1) of the space of BV fields
F = g⊗ C[1] is given by

g⊗ C[1]︸ ︷︷ ︸
F

= ι(H•(C, g)[1])︸ ︷︷ ︸
ι(F ′)

⊕ g⊗ Cd−ex[1]⊕ g⊗ CK−ex[1]︸ ︷︷ ︸
F ′′

and we choose the Lagrangian subspace

(27) LK = g⊗ CK−ex[1] ⊂ F ′′

We define the “effective BV action on cohomology” (or “on zero-modes”) W ∈
Fun(F ′)[[~]] for an abstract Chern–Simons action (19) by a normalized fiber BV
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integral

(28) eW (α)/~ =
1
N

∫

LK

eS(ι(α)+ω′′)/~µLK

where

(29) N =
∫

LK

eS0(ω
′′)/~µLK

is the normalization factor and

S0(ω′′) =
1
2
π(ω′′, dω′′)

is the free part of the action S. To lighten somewhat the notation, we denoted the
effective action by W instead of S′ and the BV field associated to F ′ = H•(C, g)[1]
by α instead of ω′. Let {ep} be a basis of the cohomology H•(C). Then α =∑

a,p Taepα
pa where αpa are coordinates on F ′ with ghost numbers gh(αpa) =

1− |ep|. We have the following decomposition of S(ι(α) + ω′′):

(30) S(ι(α) + ω′′) =
1
6
π(ι(α), l(ι(α), ι(α)))

︸ ︷︷ ︸
Wprod(α)

+
1
2
π(ω′′, dω′′)

︸ ︷︷ ︸
S0(ω′′)

+

+
1
2
π(ω′′, l(ι(α), ι(α))) +

1
2
π(ι(α), l(ω′′, ω′′)) +

1
6
π(ω′′, l(ω′′, ω′′))

︸ ︷︷ ︸
Sint(α,ω′′)

The perturbation expansion for (28) is obtained in a standard way and can be
written as

(31) W (α) = Wprod(α) + ~ log
(
e−~

1
2 π−1( ∂

∂ω′′ ,K
∂

∂ω′′ )|ω′′=0 ◦ eSint(α,ω′′)/~
)

=

=
∞∑

l=0

~l
∞∑

n=0

∑

Γ∈Gl,n

1
|Aut(Γ)|WΓ(α)

Where Gl,n denotes the set of connected non-oriented Feynman graphs with vertices
of valence 1 and 3 (we would like to understand them as trivalent graphs with
“leaves” allowed, i.e. external edges), with l loops and n leaves. The contribution
WΓ(α) of each Feynman graph Γ ∈ Gl,n is a homogeneous polynomial of degree n
in {αpa} and of ghost number 0 obtained by decorating each leaf of Γ by ιIpα

pa,
each trivalent vertex by fabcmIJK and each (internal) edge by δabKIJ , and taking
contraction of all indices, corresponding to incidence of vertices and edges in Γ.
One should also take into account signs for contributions, which can be obtained
from the exponential formula for perturbation series (31). The cubic term

(32) Wprod(α) =
1
6
π(ι(α), l(ι(α), ι(α))) =

=
1
6

∑

a,b,c

∑
p,q,r

(−1)|eq| (|er|+1)fabcµpqrα
paαqbαrc

is the contribution of the simplest Feynman diagram Γ0,3, the only element of
G0,3. Here µpqr = π(ι(ep),m(ι(eq), ι(er))) are structure constants of the induced
associative product on H•(C) (hence the notation Wprod).
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Remark 3. The perturbative expansion (31) is related to homological perturbation
theory (HPT) in the following way. Denote by cl,n(α) = n!

∑
Γ∈Gl,n

1
|Aut(Γ)|WΓ(α)

the total contribution of Feynman graphs with l loops and n leaves to the effective
action (31), with additional factor n!. Then each

cl,n ∈ Sn(F ′∗) ∼= Hom(∧n(H•(C, g)),R)

can be understood as a (super-)anti-symmetric n-ary operation on cohomology
H•(C, g), taking values in numbers. Now suppose ln ∈ Hom(∧n(H•(C, g)),H•(C, g))
are the L∞ operations on cohomology, induced from dg Lie algebra g⊗C (by means
of HPT). Then it is easy to see that c0,n+1(α0, . . . , αn) = π′(α0, ln(α1, . . . , αn)) and
trees for HPT (the Lie version of trees from [12], cf. also [9]) are obtained from
Feynman trees for W (α) by assigning one leaf as a root and inserting the inverse
of pairing5 (π′)−1 there, or vice versa: Feynman trees are obtained from trees of
HPT by reverting the root6 with π′ and forgetting the orientation of edges (cf.
Section 7.2.1 of [16]). Thus we can loosely say that the BV integral (28) defines
a sort of “loop enhancement” of HPT for a cyclic dg Lie algebra g ⊗ C. Also,
in this language (due to A. Losev), using the BV-Stokes theorem to prove that
the effective action W satisfies the quantum master equation can be viewed as the
loop-enhanced version of using the HPT machinery to prove the system of quadratic
relations (homotopy Jacobi identities) on induced L∞ operations ln.

Let us introduce a Darboux basis in H•(C). Namely, let e(0) = [1] be the basis
vector in H0(C), the cohomology class of unit 1 ∈ C0 (recall that we assume B0 =
dim H0(C) = 1) and let e(3) be the basis vector in H3(C), satisfying π′(e(0), e(3)) = 1
(i.e. e(3) is represented by some top-degree element v = ι(e(3)) ∈ C3, normalized by
the condition π(1, v) = 1). Let also {e(1)i} be some basis in H1(C) and {ei

(2)} the

dual basis in H2(C), so that π′(e(1)i, e
j
(2)) = δj

i . The BV field α is then represented
as

α =
∑

a

e(0)Taαa
(0) +

∑

a,i

e(1)iTaαia
(1) +

∑

a,i

ei
(2)Taαa

(2)i +
∑

a

e(3)Taαa
(3)

In Darboux coordinates {αa
0 , αia

(1), α
a
(2)i, α

a
(3)} the BV Laplacian on F ′ is

∆′ =
∑

a

∂

∂αa
(0)

∂

∂αa
(3)

+
∑

a,i

∂

∂αia
(1)

∂

∂αa
(2)i

It is also convenient to introduce g-valued coordinates on F ′:
α(0) =

∑
a

Taαa
(0) , αi

(1) =
∑

a

Taαia
(1) , α(2)i =

∑
a

Taαa
(2)i , α(3) =

∑
a

Taαa
(3)

5We use notation π′ = π(ι(•), ι(•)) : C ⊗C → R for the induced pairing on cohomology H•(C).
By a slight abuse of notation, we also use π′ to denote the pairing on H•(C, g) induced from πg⊗C .

6This means the following: let T be a binary rooted tree with n leaves, oriented towards the
root; let T̄ be the non-oriented (and non-rooted) tree with n + 1 leaves, obtained from T by
forgetting the orientation (and treating the root as additional leaf). Then the weight WT̄ (α)
of T̄ as a Feynman graph and the contribution lT of tree T (without the symmetry factor) to
the induced L∞ operation ln are related by WT̄ (α) = π′(α, lT (α, . . . , α︸ ︷︷ ︸

n

)). Pictorially this is

represented by inserting a bivalent vertex (associated to the operation π′(•, •)) at the root of T .
Both edges incident to this vertex are incoming, thus we say that the root becomes reverted.
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The ghost numbers of α(0), α
i
(1), α(2)i, α(3) are 1, 0, -1, -2 respectively. In terms of

this Darboux basis, the trivial part (32) of the effective action is

Wprod(α) =

=
1
2

∑

a,b,c

fabcα
a
(0)α

b
(0)α

c
(3)−

∑

a,b,c

∑

i

fabcα
a
(0)α

ib
(1)α

c
(2)i+

1
6

∑

a,b,c

∑

i,j,k

fabcµijkαia
(1)α

jb
(1)α

kc
(1) =

=
1
2
πg(α(3), [α(0), α(0)])

︸ ︷︷ ︸
W 003

prod

−
∑

i

πg(α(0), [αi
1, α(2)i])

︸ ︷︷ ︸
W 012

prod

+
1
6

∑

i,j,k

µijk πg(αi
(1), [α

j
(1), α

k
(1)])

︸ ︷︷ ︸
W 111

prod

Here µijk is the totally antisymmetric tensor of structure constants of multiplication
of 1-cohomologies: µijk = π(ι(e(1)i),m(ι(e(1)j), ι(e(1)k))).

Proposition 4. The effective BV action W , induced from the abstract Chern–
Simons action (19) on F ′ = H•(C, g)[1] has the form

(33) W (α) = Wprod(α) + F (α1
(1), . . . , α

B1
(1); ~)

where F ∈ (
Fun(gB1)[[~]]

)g is some ~-dependent function on H1(C, g)[1] ∼= gB1 ,
invariant under the diagonal adjoint action of g, i.e.

(34) F (α1
(1) + [X, α1

(1)], . . . , α
B1
(1) + [X,αB1

(1)]; ~) = F (α1
(1), . . . , α

B1
(1); ~) mod X2

at the first order in X ∈ g.

Proof. Ansatz (33) follows from the observation that the values of individual Feyn-
man graphs Γ 6= Γ0,3 in (31) depend only on the 1-cohomology: WΓ = WΓ({αi

(1)}).
The argument is as follows: suppose not all leaves of Γ are decorated with insertions
of 1-cohomology. Then, since gh(WΓ) = 0, there is at least one leaf decorated with
insertion of 0-cohomology. Since ι(H0(C)) = R · 1, the value of Γ will contain one
of the expressions K2(· · · ), K(ι(· · · )). Hence Feynman diagrams with insertion of
cohomology of degree 6= 1 vanish due to (22), (23). This proves (33).

By construction, W has to satisfy the QME (Proposition 1). The QME for an
action satifying ansatz (33) is equivalent to ad-invariance of F (34):

1
2
{W,W}′ + ~∆′W = {W 012

prod, F}′ =
∑

i

∑

a,b,c

fabcα
a
(0)α

ib
(1)

∂

∂αic
(1)

F =

=
∑

i

〈
[α(0), α

i
(1)],

∂

∂αi
(1)

〉

g

F

where < •, • >g denotes the canonical pairing between g and g∗.
Another explanation of (34) is the following: if g is the Lie algebra of the Lie

group G, then the original abstract Chern–Simons action (19) is invariant under the
adjoint action of G, i.e. ω 7→ gωg−1 for g ∈ G. The embedding ι and the choice of
the Lagrangian subspace L ⊂ F ′′ are also compatible with this symmetry. Hence
W (α) is also invariant under the adjoint action of G: α 7→ gαg−1, and (34) is the
infinitesimal form of this symmetry. ¤

Remark 4. There is another argument for ansatz (33) that can be formulated on
the level of BV integral (28) itself, rather than on the level of Feynman diagrams.
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Namely, the restriction of Sint(α, ω′′) (we refer to decomposition (30)) to the La-
grangian subspace LK does not depend on α(0). This means that the only term
depending on α(0) in (30) is the trivial one Wprod(α), constant on LK . Hence the
non-trivial part of the effective action W (α) −Wprod(α) does not depend on α(0).
Since it also has to be of ghost number zero, it can only depend on α(1).

3.3. Dependence of the effective action on cohomology on induction data.
The effective action W (α) depends on induction data (ι, K), and we are interested
in describing how W (α) changes due to the deformation of (ι,K).

In the terminology of Section 2, the type I deformations of induction data are of
the form ι 7→ ι, K 7→ K + [d, δκ] where δκ : C•d−ex → C•−2

K−ex is a skew-symmetric
linear map of degree -2. The corresponding deformation of the Lagrangian sub-
space LK is described by the gauge fixing fermion Ψ = 1

2π(ω, d δκ d ω). Type II
deformations change embedding as ι 7→ ι + d δI where δI : H•(C) → C•−1

K−ex, and
change chain homotopy in a minimal way (so as not to spoil properties (22), (20)):
K 7→ K + ι δIT − δI ιT . Type III transformations are forbidden in this setting, as
discussed above (we have a canonical surjective map from ker d ⊂ C to H•(C) that
sends the cocycle α to its cohomology class [α]).

Due to Proposition 2, an infinitesimal deformation of (ι,K) induces an infinites-
imal canonical transformation of W (α)

W 7→ W + {W,R′}′ + ~∆′R′

with generator given by the fiber BV integral
(35)

R′(α) = e−W (α)/~
∫

LK

eS(ι(α)+ω′′)/~
(

1
2
π(ω′′, d δκ dω′′) + π(ω′′, d δIα)

)
µLK

This integral is evaluated perturbatively in analogy with (31):

(36) R′(α) =

e−W (α)/~ · e−~
1
2 π−1( ∂

∂ω′′ ,K
∂

∂ω′′ )
∣∣∣
ω′′=0

◦

◦
(

eSint(α,ω′′)/~ · (1
2
π(ω′′, d δκ dω′′) + π(ω′′, d δIα))

)
=

∞∑

l=0

~l
∞∑

n=0

∑

ΓM∈GM
l,n

1
|Aut(ΓM )|R

′
ΓM (α)

Here the superscript M stands for “marked edge”, GM
l,n is the set of connected

non-oriented trivalent graphs with l loops and n leaves and either one leaf or one
internal edge marked. Values of Feynman graphs R′ΓM (α) are now homogeneous
polynomials of degree n and ghost number -1 on F ′, obtained by the same Feynman
rules as for WΓ(α), supplemented with a Feynman rule for marked edge: we decorate
the marked leaf with δII

pαpa and marked internal edge with δabδκIJ .

Proposition 5. The generator of the the infinitesimal canonical transformation
induced on the effective BV action W (α) by the infinitesimal change of induction
data (ι, K) has the following form:

(37) R′(α) =
∑

a,i

αa
(2)iG

ia(α1
(1), . . . , α

B1
(1); ~)
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where G =
∑

a,i Gia ∂
∂αia

(1)
∈ (Vect(gB1)[[~]])g is some ~-dependent vector field on

H1(C, g)[1] ∼= gB1 , equivariant under the diagonal adjoint action of g, i.e.
(38)

Gi(α1
(1) + [X, α1

(1)], . . . , α
B1
(1) + [X, αB1

(1)]; ~) = [X,Gi(α1
(1), . . . , α

B1
(1); ~)] mod X2

at first order in X ∈ g, for all i = 1, . . . , B1 (and we set Gi :=
∑

a TaGia). The
canonical transformation with generator (37) in terms of ansatz (33) is

(39) F 7→ F + G ◦ (W 111
prod + F ) + ~ div(G)

Proof. The argumentat for ansatz (37) is pretty much the same as for (33): the
value R′ΓM (α) of each Feynman graph ΓM ∈ GM

l,n is linear in α(2) and does not
depend on α(0), α(3) for the following reason: Unless we decorate one leaf of ΓM

by α(2) and all other leaves by α(1), some leaf has to be decorated by α(0) (since
the total ghost number of R′ΓM (α) has to be -1). Then the contribution of this
decoration of ΓM vanishes due to ι(H0(C)) = R · 1 and the vanishing of the ex-
pressions δI(e(0)), K2, K δκ, δκ K, Kι, δκ ι, one of which necessarily appears
as contribution of a neighborhood of the place of insertion of 0-cohomology on the
Feynman graph. This proves ansatz (37).

The equivariance of G (38) is equivalent to the fact that a canonical transfor-
mation with generator (37) preserves ansatz (33) for W (α). Indeed, if G were not
equivariant, the term {W 012

prod, R′}′ would produce α(0)-dependence for the canoni-
cally transformed effective action. The other explanation is that the equivariance
of G is due to the invariance of R′ under the adjoint action of the group G, which
is due to the fact that a deformation of (ι,K) is trivial in g-coefficients and hence
consistent with the adjoint G-action.

Rewriting the canonical transformation of the effective action (33) with generator
(37) as (39) is straightforward. ¤
Remark 5. Analogously to Proposition 4, one can prove ansatz (37) on the level of
BV integral (35) instead of using Feynman diagrams. Namely, expressions S(ι(α)+
ω′′)−Wprod(α), W (α)−Wprod(α) and the expression in parentheses in (35) all do
not depend on α(0). Hence R′ does not depend on α(0). But it also has to be of
ghost number -1, which can only be achieved if it is of form (37).

3.4. Invariants. We are interested in describing the effective action W (α) on co-
homology modulo changes of induction data (ι, K). Due to Propositions 4, 5, we
can give a complete solution (i.e. describe the complete invariant) in case B1 = 0,
and find some partial solution (i.e. describe some, probably incomplete, invariant)
for the case of a formal Frobenius algebra C, meaning that we can find representa-
tives for cohomology ι : H•(C) ↪→ C closed under multiplication. In particular, in
case B1 = 1 the algebra C is necessarily formal.

Proposition 6. If B1 = 0, the effective action on cohomology is

(40) W (α) = W 003
prod(α) + F (~)

where W 003
prod(α) = 1

2πg(α(3), [α(0), α(0)]) and F (~) is an ~-dependent constant, in-
variant under deformations of induction data (ι,K).

Proof. Ansatz (40) is a restriction of (33) to the case B1 = 0. Due to (37) and
B1 = 0, the generator of induced canonical transformation necessarily vanishes
R′ = 0. Hence F (~) is invariant under deformation of (ι,K). ¤
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So F (~) is the complete invariant of W (α) for the B1 = 0 case (which is an
abstract model for Chern–Simons theory on a rational homology sphere) and is
given by

(41) F (~) = ~ log
(
e−~

1
2 π−1( ∂

∂ω′′ ,K
∂

∂ω′′ )|ω′′=0 ◦ e
1
~

1
6 π(ω′′,l(ω′′,ω′′))

)
=

=
∞∑

l=2

~l
∑

Γvac∈Gl,0

1
|Aut(Γvac)|FΓvac

Where we sum over trivalent connected non-oriented graphs without leaves Γvac (the
“vacuum loops”). The contribution of a Feynman graph FΓvac ∈ R is a number,
computed by the same Feynman rules as for (31), just without the insertions of α.

Example 2 (Chevalley–Eilenberg complex of su(2)). We obtain an interesting
example of abstract Chern-Simons theory with B1 = 0 if we choose

C = S•(su(2)∗[−1]) = R⊕ su(2)∗[−1]⊕ (∧2su(2)∗
)
[−2]⊕ (∧3su(2)∗

)
[−3]

— the Chevalley-Eilenberg complex of the Lie algebra su(2). This C is naturally a
dg Frobenius algebra with super-commutative wedge product, Chevalley–Eilenberg
differential

d : e1 7→ e2e3, e2 7→ e3e1, e3 7→ e1e2

and pairing

π(1, e1e2e3) = π(e1, e2e3) = π(e2, e3e1) = π(e3, e1e2) = 1

Here {e1, e2, e3} is the basis in su(2)∗, dual to the basis {− i
2σ1,− i

2σ2,− i
2σ3} in

su(2), where {σi} are the Pauli matrices; 1 is the unit in C0 = R. This C can
be understood as the algebra of left-invariant differential forms on the Lie group
SU(2) ∼ S3 which is indeed quasi-isomorphic (as a dg algebra) to the whole de
Rham algebra of the sphere S3; thus the abstract Chern–Simons theory associated
to this C is in a sense a toy model for true Chern–Simons theory on S3. The Hodge
decomposition (26) for C is unique:

C = R⊕ (∧3su(2)∗
)
[−3]︸ ︷︷ ︸

H•(C)

⊕ su(2)∗[−1]︸ ︷︷ ︸
CK−ex

⊕ (∧2su(2)∗
)
[−2]︸ ︷︷ ︸

Cd−ex

and the BV field ω is

ω = α(0)1 + α(3)e1e2e3︸ ︷︷ ︸
α

+ω1e1 + ω2e2 + ω3e3︸ ︷︷ ︸
ω′′K−ex

+ ω23e2e3 + ω31e3e1 + ω12e1e2︸ ︷︷ ︸
ω′′d−ex

Here α(0), α(3) are g-valued coordinates on F ′ = g⊗H•(C)[1] and {ωI}, {ωIJ} are
g-valued coordinates on F ′′ ⊂ g ⊗ C[1]. The Lagrangian subspace (27) is L =
g ⊗ su(2)∗. The effective action on cohomology, as defined by the integral (28),
satisfies the ansatz (40) with F (~) given by

(42) F (~) = ~ log

∫
g⊗su(2)∗ e

1
~ ( 1

2

∑3
I=1 πg(ωI ,ωI)+πg(ω1,[ω2,ω3]))dω1dω2dω3

∫
g⊗su(2)∗ e

1
~ · 12

∑3
I=1 πg(ωI ,ωI)dω1dω2dω3

The perturbative expansion (41) now reads

(43) F (~) = ~ log
(

e−~
1
2

∑3
I=1 π−1

g ( ∂

∂ωI , ∂

∂ωI )
∣∣∣
ωI=0

◦ e
1
~ πg(ω1,[ω2,ω3])

)
=
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=
∞∑

l=2

(−1)l+1~l
∑

Γvac∈Gl,0

1
|Aut(Γvac)|L

su(2)
Γvac · Lg

Γvac

Here Lg
Γvac denotes the “Lie algebra graph” (or the “Jacobi graph”), i.e. the num-

ber7 obtained by decorating vertices of Γvac with the structure constants fabc of the
Lie algebra g and taking contraction of indices over edges of Γvac. In particular,
for L

su(2)
Γvac vertices are decorated with structure costants of su(2) — the Levi-Civita

symbol8 εIJK ∈ {±1, 0}. First terms in the series (43) are:

F (~) = −~2 1
12
·6·fabcfabc+~3

(
1
16
· 12 · facdfbcdfaeffbef +

1
24
· 6 · fabcfadefbeffcfd

)
+· · ·

In particular, for g = su(N) we have

F (~) = −~2 1
2
(N3 −N) + ~3 7

8
(N4 −N2)− ~4 23

8
(N5 −N3) + · · ·

As a side note, L
su(2)
Γvac can be interpreted combinatorially as the number of ways to

decorate edges of Γvac with 3 colors, such that in each vertex edges of all 3 colors
meet (these decorations should be counted with signes, determined by the cyclic
order of colors in each vertex). Thus for g = su(2) the invariant F (~) is given by

F (~) =
∞∑

l=2

(−1)l+1~l
∑

Γvac∈Gl,0

1
|Aut(Γvac)| (L

su(2)
Γvac )2

and it can be viewed as a generating function for certain interesting combinatorial
quantities (and on the other hand, there is an “explicit” integral formula (42) for
F (~) in terms of a 9-dimensional Airy-type integral).

Proposition 7. Suppose C is formal and the embedding ι : H•(C) ↪→ C is an
algebra homomorphism, then:

• The tree part of the effective action on cohomology contains only the trivial
Wprod term, i.e.

(44) W (α) = Wprod(α) + ~F (1)(α1
(1), . . . , α

B1
(1)) +

∞∑

l=2

~lF (l)(α1
(1), . . . , α

B1
(1))

where F (l) ∈ (Fun(gB1))g for l = 1, 2, . . ..
• The 1-loop part of effective action can be written as

(45) F (1)(α(1)) =
1
2

Strg⊗C log
(
1 + K ◦ l(ι(α(1)), •)

)

7Strictly speaking, one also has to choose a cyclic ordering of half-edges for each vertex of
Γvac, and this choice affects the total sign of Lg

Γvac . But this ambiguity is cancelled in (43) since

the factors Lg
Γvac and L

su(2)
Γvac change their signs simultaneously if we change the cyclic ordering of

half-edges in any vertex of Γvac.
8We assume that the inner product on su(2) is normalized as πsu(2)(x, y) = −2 tr(xy) (in the

fundamental representation of su(2)), so that the structure constants for the orthonormal basis
are really εIJK .
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• Restriction of the 1-loop part of the effective action F (1)|MC to the Maurer-
Cartan set is invariant under deformations of (ι,K) (preserving the homo-
morphism condition for ι). Here MC ⊂ H1(C, g)[1] is given by

∑

j,k

µijk[αj
(1), α

k
(1)] = 0.

Proof. The fact that ι is a homomorphism implies

(46) K ◦ l(ι(α), ι(α)) = 0

This means that all Feynman diagrams for W (α) that contain a vertex adjacent
to two leaves and one internal edge, vanish. In particular, all tree diagrams except
Γ0,3 vanish. Together with Proposition 4 this implies (44). Also (46) implies that
among 1-loop diagrams only “wheels” survive, and they are summed up to form
(45) in standard way.

The next observation is that the tree part R′0 of the generator of the canonical
transformation (36) induced by changing (ι,K) vanishes. This is a consequence
of properties (46), δκ ◦ l(ι(α), ι(α)) = 0 and π(δI(α), l(ι(α), ι(α))) = 0 (which all
follow from the fact that ι is a homomorphism). In terms of the vector field G (37),
we have G =

∑∞
l=1 ~lG(l) and the l-loop part of effective action is transformed

according to (39) as

F (l) 7→ F (l) + G(l) ◦W 111
prod +

l−1∑

i=1

G(l−i) ◦ F (i) + div G(l−1)

In particular, the 1-loop part is transformed as

F (1) 7→ F (1) + G(1) ◦W 111
prod

Since the Maurer-Cartan set is precisely the locus of stationary points of W 111
prod,

the restriction F (1)|MC is invariant. This finishes the proof. ¤

Special case of formal C is the case B1 = 1. Here the Maurer-Cartan set is
MC = H1(C, g)[1] ∼= g, so the 1-loop part of effective action F (1) ∈ Fun(g)g is
invariant (without any restriction).

3.5. Comments on relaxing the condition K2 = 0 for chain homotopy. Let
us introduce the notation

(47) Indι,K(S̄)(α) := ~ log
(
e−~

1
2 π−1( ∂

∂ω′′ ,K
∂

∂ω′′ )|ω′′=0 ◦ e(S̄(ι(α)+ω′′)−S0(ω
′′))/~

)

∈ Fun(F ′)[[~]]
for the “effective action” for some (not necessarily abstract Chern–Simons) action
S̄ ∈ Fun(F)[[~]], defined by perturbation series, rather than by BV integral itself.
Expression (47) is indeed the perturbation series generated by the BV integral

(48) eIndι,K(S̄)(α)/~ =
1
N

∫

LK

eS̄(ι(α)+ω′′)/~µLK

with normalization N as before (29). In particular for abstract Chern–Simons
action S̄ = S we recover the definition of W : Indι,K(S)(α) = W (α).

The important observation with which we are concerned here is that definition
(47) makes sense for a chain homotopy K not necessarily satisfying property K2 = 0
(we assume that the other properties we demanded (20,21,22) hold), while the
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definition via BV integral (48) is less general and uses essentially K2 = 0 property
for construction of Lagrangian subspace LK . To avoid confusion we will denote
by K̂ the chain homotopy without property (23) and reserve notation K for the
“honest” chain homotopy with property (23). We will call the effective action
defined via (47) with K̂ as chain homotopy the “relaxed” effective action, while for
an honest chain homotopy K we call the effective action (defined equivalently by
(47) or by BV integral (48)) “strict”.

Proposition 8. Let K̂ : C• → C•−1 be a chain homotopy satisfying properties
(20,21,22), but with K̂2 6= 0, and let K = K̂dK̂ be the construction (25) applied
to K̂ (i.e. K satisfies all the properties (20,21,22,23)). Then the relaxed effective
action Indι,K̂(S) is equivalent (i.e. connected by a canonical transformation) to the
strict effective action Indι,K(S).

Proof. The first observation is that since K = K̂dK̂, we can write the relaxed chain
homotopy as

(49) K̂ = K + dΛd

where Λ = K̂3 : C3 → C0. In fact, formula (49), with arbitrary skew-symmetric, de-
gree -3 linear map Λ : C3 → C0, gives a general (finite) deformation of honest chain
homotopy K, preserving properties (20,21,22), but violating (23) and satisfying in
addition K = K̂dK̂. In other words, deformation (49) is the inverse of projection
(25).

Second, we interpret the Feynman diagram decomposition for Indι,K̂ with prop-
agator K̂ given by (49) as sum over graphs with edges decorated either by K or
by dΛd, and then raise the Feynman subgraphs with edges decorated only by dΛd
into action. I.e. we obtain

(50) Indι,K̂(S) = Indι,K(S + ΦΛ)

where

(51) ΦΛ =
1
8
π(l(ω, ω), dΛd l(ω, ω)) +

1
8
π(l(ω, ω), dΛd l(ω, dΛd l(ω, ω)))+

+
1
8
π(l(ω, ω), dΛd l(ω, dΛd l(ω, dΛd l(ω, ω)))) + · · ·+

+~
1
2
·1
2
StrF dΛd l(ω, dΛd l(ω, •))+~ 1

2
·1
3
StrF dΛd l(ω, dΛd l(ω, dΛd l(ω, •)))+· · ·

Only the simplest trees (“branches”) and only the simplest one-loop diagrams
(“wheels”) contribute to ΦΛ, because any diagram with 3 incident internal edges
decorated by dΛd automatically vanishes due to

π(dΛd(· · · ), l(dΛd(· · · ), dΛd(· · · ))) = 0

(which is implied by Leibniz identity in g⊗C, by d2 = 0 and skew-symmetry of d).
Third, we notice that there is a canonical transformation from S to S + ΦΛ. A

convenient way to describe a finite canonical transformation is to present a “homo-
topy”

SΛ(t, dt) = SΛ(t) + dt ·RΛ(t) ∈ Fun(F)[[~]]⊗ Ω•([0, 1])

— a differential form on interval [0, 1] with values in functions on F (t ∈ [0, 1]
is a coordinate on the interval), satisfying the QME on the extended space F ⊕
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T [1]([0, 1]):

(52) (dt + ~∆)SΛ(t, dt) +
1
2
{SΛ(t, dt), SΛ(t, dt)} = 0

(where dt = dt ∂
∂t is the de Rham differential on the interval), and satisfying bound-

ary conditions
SΛ(t)|t=0 = S, SΛ(t)|t=1 = S + ΦΛ

The extended QME is equivalent to the fact that SΛ(t) is a solution to the QME on
F for any given t ∈ [0, 1] plus the fact that SΛ(t+ δt) is obtained from SΛ(t) by the
infinitesimal canonical transformation with generator δt ·RΛ(t). In our case it is a
straightforward exercise to present the desired homotopy between S and S + ΦΛ:

SΛ(t, dt) = S + ΦtΛ + dt
1
t
RtΛ

where ΦtΛ is defined by (51) with Λ rescaled by t, and RΛ is given by

RΛ =
1
4
π(dΛd ω, l(ω, ω)) +

1
4
π(dΛd ω, l(ω, dΛd l(ω, ω)))+

+
1
4
π(dΛd ω, l(ω, dΛd l(ω, dΛd l(ω, ω)))) + · · ·

We showed that S and S+ΦΛ are connected by a homotopy. Due to Proposition 1
and Lemma 1 the effective actions Indι,K(S) and Indι,K(S+ΦΛ) are also connected
by a homotopy defined by

(53) eWΛ(t,dt)(α)/~ =
1
N

∫

LK

eSΛ(t,dt)(ι(α)+ω′′)/~µLK

Together with (50) this finishes the proof. ¤

Remark 6. An immediate consequence of Proposition 8 is that the relaxed effective
action Indι,K̂(S) satisfies the QME on F ′.
Remark 7. Expression (51) suggests that it is itself the value of a certain Gaussian
integral. Namely, the restriction of S + ΦΛ to the subspace ι(F ′)⊕LK ⊂ F can be
written as a fiber integral over fibers g ⊗ C1

d−ex[1] of vector bundle ι(F ′) ⊕ LK ⊕
g⊗ C1

d−ex[1] → ι(F ′)⊕ LK (which is a sub-bundle of F → ι(F ′)⊕ LK):

e(S+ΦΛ)/~
∣∣∣
ι(F ′)⊕LK

=
∫

g⊗C1
d−ex[1]

e(S+ 1
2 π(ω,KΛ−1Kω))/~µg⊗C1

d−ex[1]

(by µ(··· ) we always mean the Lebesgue measure on the vector space). Here we
assume for simplicity that Λ : C3 → C0 is an isomorphism, and we denote Λ−1 :
C0 → C3 its inverse. Now we can write the relaxed effective action as
(54)

eIndι,K̂(S)(α)/~ =
∫

LK⊕g⊗C1
d−ex[1]

eS(ι(α)+ω′′)/~ e
1
2~π(ω′′,KΛ−1Kω′′)µLK⊕g⊗C1

d−ex[1]

where we integrate over the coisotropic subspace LK⊕g⊗C1
d−ex[1] ⊂ F ′′ instead of

just the Lagrangian subspace LK ⊂ F ′′, with measure e
1
2~π(ω,KΛ−1Kω)µLK⊕g⊗C1

d−ex[1]

that is constant in direction of LK and is Gaussian in direction of g⊗ C1
d−ex[1]. So

expression (54) gives an elegant interpretation of the relaxed effective action via a
“thick” fiber BV integral (over a Gaussian-smeared Lagrangian subspace). In the
case of Λ of general rank (not necessarily an isomorphism), we should replace C1

d−ex
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by im(dΛ) ⊂ C1
d−ex in this discussion, which leads to a thick fiber BV integral over

a smaller coisotropic LK ⊕ g⊗ im(dΛ)[1] ⊂ F ′′.
3.5.1. Invariants from the relaxed effective action. We are interested in describing
the invariants of the relaxed effective action Indι,K̂(S) modulo deformations of the
“relaxed induction data” (ι, K̂). Since we have a general description (49) for a non-
strict chain homotopy, a general (infinitesimal) deformation of the relaxed induction
data (ι, K̂) can be described as a deformation of the underlying strict induction data
(ι,K) studied in the beginning of Section 3.3, plus a deformation of Λ. Now we can
restate some weak version of Proposition 6 for the case of relaxed induction, where
we make a special choice for the Lie algebra of coefficients: g = su(2) (we generalize
this in the Remark afterwards). We are able to recover only the two-loop part of
the complete invariant F (~) of the strict effective action in this discussion.

Proposition 9. If B1 = 0 and g = su(2), the relaxed effective action on cohomology
has the form

(55) Indι,K̂(S)(α) = A(~) ·W 003
prod(α) + B(~)

where W 003
prod = 1

2

∑
a,b,c εabcα

a
(0)α

b
(0)α

c
(3), and A(~) = 1 + ~A(1) + ~2A(2) + · · · ,

B(~) = ~2B(2) + ~3B(3) + · · · are some ~-dependent constants. The number

(56) F (2) = 3A(1) + B(2)

is invariant under deformations of the relaxed induction data (ι, K̂).

Proof. Ansatz (55) follows from the following argument. Since the relaxed effective
action Ŵ = Indι,K̂(S) ∈ Fun (g[1]⊕ g[−2]) [[~]] is a function of ghost number zero
and g = su(2) is 3-dimensional (and hence an at most cubic dependence on α(0) is
possible), it has to be of the form

Ŵ (α) =
1
2

∑

a,b,c

Aabc(~)αa
(0)α

b
(0)α

c
(3) + B(~)

Since Ŵ also inherits the invariance under adjoint action of G = SU(2): α 7→
gαg−1 for g ∈ G from the ad-invariance of the original abstract Chern–Simons
action S, the tensor Aabc(~) has to be of the form Aabc(~) = A(~)εabc. This proves
(55). The fact that the series for A(~) starts as A(~) = 1 + O(~) is due to the
vanishing of all tree diagrams Γ 6= Γ0,3 which follows from formality of C (it is
automatic for the B1 = 0 case) and K̂ ◦ ι = 0. The series for B(~) starts with an
O(~2)-term just because Gl,0 is empty for n = 0, 1.

Next, we know from Proposition 8 that there is a homotopy WΛ(t, dt)(α) con-
necting the strict effective action W = Indι,K(S) = W 003

prod(α) + F (~) (ansatz (40))
and the relaxed one Ŵ = Indι,K̂(S). The general ansatz for WΛ(t, dt), taking into
account that g = su(2) and that construction (53) is compatible with ad-invariance
α 7→ gαg−1, is the following:

(57) WΛ(t, dt)(α) = A(~; t)W 003
prod(α) + B(~; t)+

+ dt ·

C(~; t)

1
12

∑

a,b,c,d,e

εabcδdeα
a
(0)α

b
(0)α

c
(0)α

d
(3)α

e
(3) + D(~; t)

∑

a,b

δabα
a
(0)α

b
(3)
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where A,B, C,D are some functions of ~ and the homotopy parameter t ∈ [0, 1].
The boundary conditions are:

A(~; 0) = 1, A(~; 1) = A(~), B(~; 0) = F (~), B(~; 1) = B(~)
The extended QME (52) for homotopy WΛ(t, dt) is equivalent to the system

∂

∂t
A(~; t) = ~ C(~; t)−A(~; t) ·D(~; t)(58)

∂

∂t
B(~; t) = 3~ D(~; t)(59)

Next, the argument of vanishing of non-trivial trees (due to formality of C, K◦ι =
0 and d ◦ ι = 0) applies again to construction (53). Hence, we have

A(~; t) = 1+~A(1)(t)+O(~2), C(~; t) = ~C(1)(t)+O(~2), D(~; t) = ~D(1)(t)+O(~2)

And due to G0,0 = G1,0 = ∅, we again have B(~; t) = ~2B(2)(t)+O(~3). Equation
(58) in order O(~) together with (59) in order O(~2) yield

∂

∂t
A(1)(t) = −D(1)(t),

∂

∂t
B(2)(t) = 3D(1)(t)

Hence the expression 3A(1)(t) + B(2)(t) does not depend on t. For t = 0 it is the
two-loop part of the invariant F (~) from (40), while for t = 1 it is the right hand
side of (56). This concludes the proof. ¤
Remark 8 (Generalization). The generalization of Proposition 9 to an arbitrary
(quadratic) g is straightforward. We no longer have ansatz (55) for Ŵ , since there
might be more ad-invariant functions on g[1]⊕ g[−2], but we still can write

Ŵ (α) = (1 + ~A(1))W 003
prod(α) + ~2B(2) + O(~3 + ~2(α(0))2α(3) + ~(α(0))4(α(3))2)

(we could prescribe weight 1 to ~ and weight 1/3 to α(0) and α(3), then we write
explicitly terms with weight ≤ 2). The fact that O(~α(0)α(0)α(3))-contribution
is proportional to W 003

prod (in principle there could be some other invariant tensor
of rank 3) is explained by the fact that it is given by a single Feynman diagram
Γ ∈ G1,3 — the wheel with 3 leaves — and the Lie algebra part of this diagram is
described by contraction

∑
d,e,f fadefbeffcfd ∝ fabc. Following the proof of Propo-

sition 9, for the homotopy we have

WΛ(t, dt)(α) =

(1 + ~A(1)(t)) W 003
prod(α) + ~2B(2)(t) + O(~3 + ~2(α(0))2α(3) + ~(α(0))4(α(3))2)+

+ dt ·
(
~ D(1)(t)

∑
a

αa
(0)α

a
(3) + O

(
~2α(0)α(3) + ~(α(0))3(α(3))2

)
)

The extended QME at order O(dt ~ (α(0))2α(3) + dt ~2) yields

∂

∂t
A(1)(t) = −D(1)(t),

∂

∂t
B(2)(t) = dim g ·D(1)(t)

Hence the two-loop part of the invariant F (~) is expressed in terms of coefficients
of the relaxed effective action Ŵ as

(60) F (2) = dim g ·A(1) + B(2)

The other case discussed in Section 3.4, the case of formal C with general B1, is
translated straightforwardly into the setting of relaxed effective actions.
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Proposition 10. Suppose C is formal and ι : H•(C) ↪→ C is an algebra homomor-
phism. Then the relaxed effective action has the form

(61) Indι,K̂(S)(α) = Wprod(α) + ~F̂ (1)(α) + O(~2)

where the one-loop part can be expressed as a super-trace:

(62) F̂ (1)(α) =
1
2

Strg⊗C log
(
1 + K̂ ◦ l(ι(α), •)

)

The restriction of the one-loop relaxed effective action to the Maurer-Cartan set
F̂ (1)|MC is invariant under deformations of (ι, K̂), preserving the homomorphism
property of ι.

Proof. Analogously to the case of a strict chain homotopy K (Proposition 7), for-
mality of C together with K̂ ◦ ι = 0 imply vanishing of non-trivial trees (hence the
ansatz (61)) and that the only possibly non-vanishing one-loop diagrams are wheels
(hence the super-trace formula (62)).

Second, we know that there is a homotopy WΛ(t, dt)(α) connecting the strict
effective action W (α) = Wprod(α) + ~F (1)(α(1)) + · · · to the relaxed one Ŵ (α) =
Wprod(α) + ~F̂ (1)(α) + · · · :

WΛ(t, dt)(α) =
(
Wprod(α) + ~ F (1)(t)(α) + O(~2)

)
+ dt ·

(
~ R

′(1)
Λ (t)(α) + O(~2)

)

(here we again exploit the vanishing of trees implied by construction (53), formality
of C and K ◦ ι = d ◦ ι = 0). The extended QME for the homotopy at order O(dt ·~)
is

∂

∂t
F (1)(t)(α) = {Wprod(α), R′(1)Λ (t)(α)}′

Hence the restriction F (1)(t)|MC does not depend on t, where

MC = {α| l(ι(α), ι(α)) = 0} ⊂ F ′

is the set of critical points of Wprod (the “non-homogeneous Maurer-Cartan set”).
As MC ⊂ MC, the restriction F (1)(t)|MC also does not depend on t, hence

F̂ (1)|MC = F (1)|MC

As the right hand side is invariant (Proposition 7), so is the left hand side. This
concludes the proof. ¤

Obviously, going from the restriction to MC to the restriction to MC, we do not
lose any invariant information, since F (1) depends only on α(1) and not on other
components of α, which implies F̂ (1)|MC = F̂ (1)|MC. Note also that in Proposition 9
we managed to reconstruct only the two-loop part of the invariant F (~) (Proposition
6) in the relaxed setting. On the other hand, we can completely reconstruct the
invariant F (1)|MC of Proposition 7 in the relaxed setting.

3.6. Examples of dg Frobenius algebras. In this Section we will provide some
examples of non-negatively graded dg Frobenius algebras with pairing of degree −3
and zeroth Betti number B0 = 1, i.e. algebras suitable for constructing abstract
Chern–Simons actions.
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Example 1: minimal dg Frobenius algebra. Let V be a vector space and
µ ∈ ∧3V ∗ an arbitrary exterior 3-form on V . Then we construct the dg Frobenius
algebra C from this data as

C := R · 1⊕ V [−1]⊕ V ∗[−2]⊕ R · v
where v is a degree 3 element. The pairing π is defined to be the canonical pairing
between V [−1] and V ∗[−2], and also we set π(1, v) := 1. We define the product m
as

m(1, x) = x, m(x(1), y(1)) =< µ, x̄(1) ∧ ȳ(1) >, m(x(1), z(2)) =< x̄(1), z̄(2) >

where x ∈ C (element of arbitrary degree), x(1), y(1) ∈ V [−1], z(2) ∈ V ∗[−2] and
bar means shifting an element to degree zero, e.g. x̄(1) = sx(1) ∈ V , z̄(2) = s2z(2) ∈
V ∗; < •, • > denotes the canonical pairing. The differential d is set to zero. This
construction gives the most general minimal (i.e. with zero differential) dg Frobenius
algebra (non-negatively graded, with pairing of degree -3 and B0 = 1). Abstract
Chern–Simons action associated to a minimal algebra is a purely cubic polynomial
in the fields, with coefficients being the components of µ. Inducing the effective
action on cohomology is the identity operation, since here C = H•(C).

Example 2: differential concentrated in degree C1 → C2. Let V be a vector
space, µ ∈ ∧3V ∗ be some 3-form on V and δ : S2V → R some symmetric pairing
on V (not necessarily non-degenerate). We define C, the pairing π and product m
as in Example 1, but now we construct the differential d : V [−1] → V ∗[−2] from δ
as x(1) 7→ s−2δ(x̄(1), •). The two other components of the differential R ·1 → V [−1]
and V ∗[−2] → R ·v are set to zero as before. This construction gives the general dg
Frobenius algebra with differential concentrated in degree C1[−1] → C2[−2] only.

Here the Hodge decomposition C = ι(H•(C)) ⊕ Cd−ex ⊕ CK−ex is defined by a
choice of projection p : V → ker δ or equivalently by choosing a complement V ′′ of
ker δ ⊂ V in V (here we understand δ as the self-dual map V → V ∗). We set

H•(C) = R · 1⊕ (ker δ)[−1]⊕ (ker δ)∗[−2]⊕ R · v,

Cd−ex = (imδ)[−2], CK−ex = V ′′[−1]

The embedding ι : H•(C) ↪→ C is canonical in degrees 0,1,3 and given by p∗ :
(ker δ)∗ ↪→ V ∗ in degree 2. The (non-vanishing part of the) chain homotopy K is
the inverse map for the isomorphism d : V ′′[−1] → (imδ)[−2]. So the induction data
(ι,K) is completely determined by the choice of p. This means in particular that
only the deformations of induction data of type II are possible here. Also there
are no relaxed chain homotopies K̂ (other than the strict one described above),
which is obvious from (49). Despite these simplifications, the effective action on
cohomology for such C is in general non-trivial. A particular example here is the
case C = S•(su(2)∗[−1]) discussed in section 3.4.

Example 3: “doubled” commutative dga. Let V = V 0 ⊕ V 1[−1] be a
unital commutative associative dg algebra, concentrated in degrees 0 and 1, with
differential dV and multiplication mV , and satisfying dimH0(V) = 1. Then we set

C := V ⊕ V∗[−3] = V 0 ⊕ V 1[−1]⊕ (V 1)∗[−2]⊕ (V 0)∗[−3]

with pairing π generated by the canonical pairing between V and V∗. The com-
ponent of differential V 0 → V 1[−1] is given by dV , the component (V 1)∗[−2] →
(V 0)∗[−3] — by the dual map (dV)∗, and the component V 1[−1] → (V 1)∗[−2] is
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set to zero. Multiplication for elements of C of degrees 0 and 1 is given by mV and
is extended to other degrees by the cyclicity property (15):

m(x(0,1), y(0,1)) := mV(x(0,1), y(0,1)), m(x(0,1), z(2,3)) :=< mV(•, x(0,1)), z(2,3) >

for x(0,1), y(0,1) ∈ V and z(2,3) ∈ V∗[−3]. In particular, the product of elements of
degree 1 in C is zero.

Hodge decomposition for C is fixed by choosing an embedding ιV : H•(V) ↪→ V
(it is canonical in degree zero since H0(V) = R · 1, but non-canonical in degree
one) and a retraction rV : V → H•(V ). Equivalently, we choose a splitting of V
into representatives of cohomology and the complement V = ιV(H•(V)) ⊕ V ′′, i.e.
V 0 = R · 1⊕ V 0′′, V 1 = ιV(H1(V))⊕ V 1′′. Then the Hodge decomposition for C is
C = ι(H•(C))⊕ Cd−ex ⊕ CK−ex with

H•(C) = R⊕H1(V)[−1]⊕ (H1(V))∗[−2]⊕ R · v,

Cd−ex = V 1′′[−1]⊕ (V 0′′)∗[−3], CK−ex = V 0′′ ⊕ (V 1′′)∗[−2]

Here v ∈ (V 0)∗[−3] is the element defined by the component of retraction rV :
V 0 → R · 1. The embedding ι : H•(C) → C is given by ιV in degrees 0,1 and
by (rV)∗ in degrees 2,3. As in the Example 2, only type II deformations of the
induction data (ι,K) are possible here. However, one can introduce the relaxed
chain homotopy (49) here with Λ : (V 0′′)∗[−3] → V 0′′.

The BV integral (28) is Gaussian in this example since the cyclic product
π(•,m(•, •)) vanishes on (CK−ex)⊗3 (for trivial degree reasons). Hence, the only
Feynman graphs contributing to W (α) are wheels and the trivial tree Γ0,3 (“branches”
could also contribute, but they vanish since the component of the multiplication
ι(H1(C))⊗ ι(H1(C)) → C2 vanishes and the non-trivial part of W (α) depends only
on α(1) due to Proposition 4). The effective action can be written as

W (α) = W 003
prod(α) + W 012

prod(α) + 2 · 1
2
~ trg⊗V 0 log

(
1 + K ◦ l(ι(α(1)), •)

)

(the factor 2 accounts for the contribution of the trace over g⊗ (V 1′′)∗ — the other
half of the Lagrangian subspace LK).

4. Three-manifold invariants

We now wish to extend the results of the previous Sections to the Frobenius
algebra Ω•(M) of differential forms on a smooth compact 3-manifold M (with
de Rham differential, wedge product and integration pairing). This will provide us
with the effective action (around the trivial connection) of Chern–Simons theory
[18]. The invariant of this Frobenius algebra will also constitute an invariant of
3-manifolds modulo diffeomorphisms.

The discussion of the previous Sections, however, does not go through automat-
ically since Ω•(M) is infinite dimensional. As in previous works [2, 11, 3] the way
out is to restrict oneself to a special class of chain homotopies K for which the finite
dimensional arguments are simply replaced by the application of Stokes’ theorem.
However, at some point of the construction we have to choose a framing and hence
we get invariants of framed 3-manifolds.
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4.1. Induction data and the propagator. As in the finite-dimensional case we
fix an embedding ι : H•(M) ↪→ Ω•(M). By χ ∈ Ω3(M × M) we will denote the
representative of the Poincaré dual of the diagonal ∆ determined by this embedding.
Namely, if

{
1, {αi, β

i}i=1,...,B1 , v
}

is a basis of ι(H•(M)) (with 1 the constant
function, αi ∈ Ω1, βi ∈ Ω2, v ∈ Ω3 and

∫
M

αi βj = δj
i ,

∫
M

v = 1), then

χ = v2 − αi,1β
i
2 + βi

1αi,2 − v1,

where we have used Einstein’s convention over repeated indices and for any form
γ ∈ Ω•(M) we write γi for π∗i γ with π1 and π2 the two projections M ×M → M .

The chain homotopy K is assumed to be determined by a smooth integral kernel
η̂. Namely, let C0

2 (M) := M ×M \∆ = {(x1, x2) ∈ M ×M : x1 6= x2} be the open
configuration space of two points in M and let C2(M) be its Fulton–MacPherson–
Axelrod–Singer (FMAS) compactification [8, 2] obtained by replacing the diagonal
∆ with its unit normal bundle. Let π1,2 be the extensions to the compactification
of the projection maps πi(x1, x2) = xi. Then η̂ is a smooth 2-form on C2(M) and
the chain homotopy K is defined by

Kα = −π2∗(η̂ π∗1α), α ∈ Ω•(M),

where a lower ∗ denotes integration along the fiber.
For K to be a symmetric chain homotopy satisfying (20), η̂ must satisfy the

following properties (see [3, 5] for more details):
P1: dη̂ = π∗χ, with π the extension to C2(M) of the inclusion of C0

2 (M) into
M ×M .

P2:
∫

∂C2(M)
η̂ = −1.

P3: T ∗η̂ = −η̂, where T is the extension to C2(M) of the involution (x1, x2) 7→
(x2, x1) of C0

2 (M).
Observe that ∂C2(M) is canonically diffeomorphic to the sphere tangent bundle

STM of M (STM is the quotient of TM by the action (x, v) 7→ (x, λv), λ ∈ R+
∗ ).

Condition P2 may then be refined to
P2’: ι∗∂ η̂ = −η, where ι∂ is the inclusion map STM = ∂C2(M) ↪→ C2(M)

and η is a given odd global angular form on STM .
Recall that a global angular form on a sphere bundle S → M is a differential form
on the total space S whose restriction to each fiber generates its cohomology and
whose differential is minus the pullback of a representative of the Euler class (in our
case zero). These two properties are consistent with the restriction to the boundary
of P1 and P2. Odd here means T ∗η = −η where T is the antipodal map on each
fiber, and this is compatible with the restrictions to the boundary of P3. Global
angular forms always exist.

Remark 9 (Kontsevich [11]). Since STM is trivial for every 3-manifold, there is a
simple choice for η only depending on a choice of framing or, equivalently, a choice
of trivialization f : STM

∼→ M × S2. One simply sets η = f∗ω where ω is the
normalized SO(3)-invariant volume form on S2 (tensor 1 ∈ Ω0(M)).

Remark 10 ([3]). It is also possible to construct an odd global angular form de-
pending on the choice of a connection but not on a framing. Namely, realize STM
as the S2-bundle associated to the frame bundle F (M):

STM = F (M)×SO(3) S2
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(we reduce the structure group of the frame bundle to SO(3) by picking a Riemann-
ian metric). By choosing a metric connection θ (e.g., the Levi-Civita connection),
one defines η̄ := ω + d(θix

i)/(2π); here the xis, i = 1, 2, 3, are the homogeneous
coordinates on S2, while the θis are the coefficients of the connection in the basis
{ξi} of so(3) given by (ξi)jk = εijk. It is then easy to show that η̄ is a global angular
form on F (M) × S2 and that it is basic. Hence it defines a global angular form η
on STM .

Lemma 2 ([3]). For any given odd global angular form η on STM , there exists a
propagator η̂ ∈ Ω2(C2(M)) satisfying P1, P2’, P3.

Proof. The complete proof in the case of a rational homology sphere is contained
in [3]. (The general case, whose proof is a straightforward generalization of the
previous case, is spelled out in [5].) For completeness, we briefly recall the idea of the
proof. One chooses a tubular neighborhhood U of ∂C2(M) and a subneighborhood
V . One picks a compactly supported function ρ which is constant and equal to −1
on V and is even under the action of T . Let p be the projection U → ∂C2(M). The
differential of the form ρp∗η is a representative of the Thom class of the normal
bundle of ∆. The form ρp∗η may be extended by zero to the whole of C2(M) and its
differential is then a representative of the Poincaré dual of ∆. Thus, its difference
from the given representative χ will be exact and actually regular on the diagonal
(see Appendix B for the definition). Namely, dρp∗η = π∗(χ+dα), α ∈ Ω3(M×M).
Since both ρp∗η and χ are odd under the action of T , one may also choose α to be
odd. Finally, one sets η̂ := ρp∗η − π∗α. ¤

4.2. The improved propagator. In the previous Sections it was also important
to assume the conditions K ◦ ι = 0 and K2 = 0. In terms of the propagator η̂ they
correspond to additional conditions that are easily expressed by using the

Definition 1 (Compactification of configuration spaces). The FMAS compacti-
fication Cn(M) of the configuration space C0

n(M) := {(x1, . . . , xn) ∈ Mn : xi 6=
xj ∀i 6= j} is obtained by taking the closure

Cn(M) := C0
n(M) ⊂ Mn ×

∏

S⊂{1,...,n}:|S|≥2

Bl(MS , ∆S),

where Bl(MS ,∆S) denotes the differential-geometric blowup obtained by replacing
the principal diagonal ∆S in MS with its unit normal bundle N(∆S)/R+

∗ . See
[2, 4].

We recall that the Cn(M) are smooth manifolds with corners.

Notation 1. Given a differential form γ on M , we write γi := π∗i γ where πi is
the extension to Cn(M) of the projection C0

n(M) → M , (x1, . . . , xn) 7→ xi. We
also set η̂ij := π∗ij η̂, where πij is the extension to the compactifications of the
projection C0

n(M) → C0
2 (M), (x1, . . . , xn) 7→ (xi, xj). Given a product of such

forms on a compactified configuration space and a set of indices i, j, . . ., we denote
by

∫
i,j,...

the fiber integral over the points xi, xj , . . .. This notation also takes care
of orientation. Namely, if i, j, . . . are not odered, the integral carries the sign of the
permutation to order them.

We are finally ready to list the two simple properties corresponding to K ◦ ι = 0
and K2 = 0:
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P4:
∫
2
η̂12 γ2 = 0 for all γ ∈ ι(H•(M)).

P5:
∫
2
η̂12 η̂23 = 0.

Lemma 3. For any given odd global angular form η on STM , there exists a prop-
agator η̂ ∈ Ω2(C2(M)) satisfying P1, P2’, P3, P4.

Proof. The idea is to apply transformation (24) to a propagator as the one con-
structed in Lemma 2. This must however be reformulated in terms of integral
kernels. Namely, let η̂ satisfy P1,P2’,P3. Set

λ12 :=
∫

3

η13 v3 −
∫

3

η23v3 +
∫

3

η13α3,iβ
i
2 − βi

1

∫

3

η23α3,i +
∫

3

η13β
i
3α2,i+

+ α1,i

∫

3

η23β
i
3 − α1,i

∫

3,4

βi
3η34β

j
4α2,j − βi

1

∫

3,4

α3,iη34v4 −
∫

3,4

v3η34α4,iβ
i
2.

By construction the new propagator η̂− λ satisfies P3 and P4. It is not difficult to
check that λ is closed, so P1 is still satisfied. Finally observe that the integrals on
one argument simply produce a form on M , while the integrals on two arguments
simply produce a number. As a consequence, λ is (the pullback by π of) a form on
M ×M . As it is also T -odd, its restriction to the boundary vanishes. Thus, P2’
still holds. ¤
4.3. On property P5.

Lemma 4. For any given odd global angular form η on STM , there exists a prop-
agator η̂ ∈ Ω2(C2(M)) satisfying P1, P2, P3, P4, P5.

Proof. We apply transformation (25) in the equivalent form

K3 = K2 + [d,dK3
2 ]

to the propagator η̂ constructed in Lemma 3. In terms of integral kernels, the new
propagator is η̂ + γ with γ12 := dd1f12 and

f12 :=
∫

3,4

η̂13η̂34η̂42.

Properties P1 and P2 are obviously satisfied as we have changed the propagator
by an exact term. As for property P3, observe that equivalently γ may be written
as d2d1f12 and that f is even under the action of T . Finally property P4 is easily
checked by integration. ¤

It would be very useful to prove the following

Conjecture 1. The propagator constructed in Lemma 4 also satisfies property P2’.

Observe that since γ is T -odd, it would suffice to show that it is regular on the
diagonal (i.e., a pullback from M ×M). For this it would suffice to show that f or
at least df has this property. By its definition f looks rather regular, but at the
moment we have no complete proof of this fact.

Remark 11 (The Riemannian propagator). The physicists’ treatment of Chern–
Simons theory would simply be to choose a Riemannian metric g and use it to
impose the Lorentz gauge-fixing. Out of this one gets the propagator d∗ ◦G, where
G is the Green function for ∆ +P ′, where ∆ is the Laplace operator and P ′ is the
projection to harmonic forms in the Hodge decomposition. The integral kernel of
this propagator is a smooth two-form η̂ on C2(M) satisfying properties P1, P2’, P3,
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P4, P5 with odd angular form on the boundary of the type described in Remark 10.
In this case, the metric connection is actually the Levi-Civita connection for the
chosen Riemannian metric. See [2] and [3, Remark 3.6].

4.4. The construction of the invariant by a framed propagator. We now
fix the boundary value of the propagator as in Remark 9 for a given choice f of
framing. We also choose an embedding ι of cohomology and denote by Pι,f the
space of propagators satisfying properties P1,P2’,P3. Observe that, by Lemma 3,
Pι,f is not empty. For η̂ ∈ Pι,f we define Indι,η̂ ∈ Fun(F ′)[[~]], F ′ = H•(M, g)[1] =
H•(M)[1] ⊗ g, analogously to Indι,K as at the beginning of subsection 3.5 by the
following obvious changes of notations:

(1) Every chain homotopy K is replaced by a propagator η̂;
(2) every vertex is replaced by a point in the compactified configuration space

over which we eventually integrate.
Signs may be taken care of by choosing an ordering of vertices and of half edges at
each vertex (see, e.g., [3]).

All computations in Section 3 go through as they are simply replaced by Stokes
theorem:

d
∫

Cn(M)

= (−1)n

∫

Cn(M)

d +
∫

∂Cn(M)

.

Among the codimension-one boundary components of Cn(M) we distinguish be-
tween principal and hidden faces: the former correspond to the collapse of exactly
two points, the latter to the collapse of more than two points. Principal faces
contribute by the same combinatorics as in Section 3, whereas hidden faces do not
contribute by our choice of propagators because of Kontsevich’s vanishing Lemmata
[11]. As a result we conclude that Indι,η̂ satisfies the quantum master equation for
every choice of induction data as above. For more details, we refer to Appendix A.

By the same reasoning and by the arguments of subsection 3.5, we may prove
that Indι,η̂ is canonically equivalent to a strict effective action. This allows us to
recover at least the two-loop part of the complete invariant of a rational homology
sphere as discussed in subsection 3.5.1.

Remark 12. If Conjecture 1 were true, the space P ′ι,f of propagators satisfying
properties P1,P2’,P3,P4,P5 would not be empty. We could then repeat the above
construction using P ′ι,f instead of Pι,f and get a strict effective action directly. The
discussions of subsections 3.2, 3.3 and 3.4 would then go through and, in particular,
Propositions 4, 5, 6, 7 would hold.

Remark 13. In [3] an invariant for framed rational homology spheres was intro-
duced. The boundary condition for the propagator was different (see next subsec-
tion), but this is immaterial for the present discussion. Namely, choose a propagator
in Pι,f and define η̃123 := η̂12 + η̂23 + η̂31. If M is a rational homology sphere, η̃123

is closed. Now take the graphs appearing in the constant part of the strict effective
action and reinterpret them as follows:

(1) Each vertex is replaced by a point in the compactified configuration space;
(2) an extra point x0 is added on which one puts the representative v ∈

ι(H3(M)) with
∫

v = 1;
(3) each chain homotopy is replaced by η̃ (more precisely, the chain homotopy

between vertices i and j is replaced by η̃ij0).
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It is now possible to show that this produces an invariant of (M, f). This is a
different way of getting the invariant corresponding to the constant part of the
strict effective action for a choice of propagator not necessarily satisfying property
P5. We do not have a direct proof that this invariant is the same. The indirect proof
consists of showing that both invariants are finite type with the same normalizations
along the lines of [13].

If Conjecture 1 were true, then it would immediately follow that this invariant
is exactly the constant part of the strict effective action. In fact, for a propagator
as in the Conjecture, it is not difficult to show that only the term η̂ij in each η̃ij0

would contribute (and the integration over x0 would then decouple). Since the
induced action is constant on Pι,f , by restriction to P ′ι,f ⊂ Pι,f we would prove the
claim.

4.5. The unframed propagator. Instead of using Kontsevich’s propagator, one
may proceed as in [3] and define the propagator by choosing the global angular
form on ∂C2(M) as in Remark 10. Recall that in this case no choice of framing is
required. On the other hand, one needs to specify a Riemannian metric g and a
metric connection θ. We denote by Pι,g,θ the space of propagators corresponding
to these choices.

We proceed exactly as in the previous subsection to define the effective action
(see Appendix A for more details). In particular we want to check independence on
the induction data; so we choose a path in Pι,g,θ and consider the effective action
W as a function on the shifted cohomology tensor the differential forms on [0, 1]
and check whether the extended QME (d + ~∆)W + {W,W}/2 = 0 holds. The
only difference with respect to the previous subsection is that there is an extra set
of boundary components of the configuration spaces that may appear: namely, the
most degenerate faces corresponding to the collapse of all points. These faces may
be treated exactly as in [2, 3] and one shows that their contribution is a multiple
of the first Pontryagin form − trF 2

θ /(8π2), where Fθ is the curvature of θ. The
important point is that the coefficient depends only on the graph involved but not
on the 3-manifold M . As a result the effective action might not satisfy the extended
quantum master equation. However, one may easily compensate for this by adding
to it the integral over M of the Chern–Simons 3-form of the connection θ pulled
back from F (M) to M by choosing a section f (i.e., a framing). The framing now
appears because of this correction but is not present in the propagator.

The main disadvantage of this approach is that one does not know how to com-
pute the universal coefficients. (It is known that the coefficients vanish for graphs
with an odd number of loops, while for the graph with two loops one may compute
the coefficient explicitly and see that it is not zero.) The advantage is that Pι,g,θ

contains a subspace of propagators satisfying also property P5: These are the inte-
gral kernels constructed in [2], see Remark 11. With these choices, and the addition
of the frame-dependent constant as in the previous paragraph, one gets an induced
effective action satisfying all properties stated in subsections 3.2, 3.3 and 3.4. More
precisely, let

CS(M, θ, f) := − 1
8π2

∫

M

f∗ Tr
(

θ dθ +
2
3
θ3

)

be the Chern–Simons integral for a connection θ on the frame bundle F (M) of M
and a framing f (regarded here as a section of F (M)).

Theorem 1. Let M be a compact 3-manifold and g a quadratic Lie algebra. Then
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(1) For every choice of Riemannian metric g on M , the effective action W
constructed using the Riemannian propagator of Remark 11 is a function
on H•(M, g)[1], solves the quantum master equation and has the properties
described in Proposition 4. In addition it has the form given in (40) in case
B1(M) = 0 and in (44) in case M is formal.

(2) There is a universal element φ ∈ ~2R[[~2]], depending only on the choice of
Lie algebra g, such that the modified effective action

W̃ (M, g, f) := W (M, g) + φCS(M, θg, f),

where θg is the Levi-Civita connection for g, solves the QME and is in-
dependent of g modulo canonical transformations as in Proposition 5. In
particular we get invariants for the framed 3-manifold (M, f) as in Propo-
sitions 6 and 7.

Remark 14. The leading contribution to φ may be explicitly computed and yields

φ = C2(g)~2/48 + O(~4)

with C2(g) = fabcfabc, where the fabc are the structure constants of g in an or-
thonormal basis. It is not known whether there are nonvanishing higher order
corrections.

Appendix A. The Chern–Simons manifold invariant

In this Appendix we give more details on the construction outlined in subsec-
tion 4.5. To a graph Γ with |Γ| vertices we associate an element ωΓ of Ω•(C|Γ|(M))⊗
Fun(F ′) as follows:9

• to each edge we associate the pullback of a propagator by the corresponding
projection from C|Γ|(M) to C2(M);

• to each leaf we associate the pullback (by the corresponding projection from
C|Γ|(M) to M) of

∑
za
µγµea, where {γµ} is the chosen basis of H•(M), {ea}

is an orthonormal basis of g, and the {za
µ}s are the corresponding coordinate

functions on F ′;
• on each vertex we put a structure constant in the orthonormal basis chosen

above.
Then we take the wedge product of the differential forms and sum over Lie algebra
indices for each edge. The result does not depend on the choice of orthonormal
basis for g but depends on a choice of numbering of the vertices and of orientation
of the edges. If we however make the same choice also to orient C|Γ|(M), then

∫

C|Γ|(M)

ωΓ ∈ Fun(F ′)

is well defined. We define Z (the exponential of W ) to be the sum of ω|Γ|/| aut Γ|
over all trivalent graphs, where | aut Γ| is the order or the group of automorphisms
of Γ. Proving the QME for W is equivalent to proving ∆Z = 0.

The main observation is that Property P1 of the propagator and the same com-
binatorics as in the toy model imply that ∆Z is obtained by replacing the ωΓs
by dωΓs one by one. We then use Stokes theorem. The contributions of princi-
pal faces (i.e., boundary faces of configuration spaces corresponding to the collapse

9Here and in the rest of the Appendix, the symbol ⊗ is understood as the completed tensor
product: i.e., the space of functions on the Cartesian product of the corresponding supermanifolds.
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of two vertices) sum up to zero thanks to the Lie algebra contributions (this is
also the same combinatorics as in the toy model). Hidden faces (i.e., the other
boundary faces) may in principle contribute. Let γ be the subgraph corresponding
to a hidden face (i.e., the vertices of γ are those that collapse and its edges are
the edges between such vertices). By simple dimensional reasons, the hidden faces
corresponding to γ vanishes if γ has a univalent vertex; if γ has a bivalent vertex,
its contribution also vanishes by Kontsevich’s lemma thanks to Property P3. Since
we only consider trivalent graphs, we are left with contributions coming from the
collapse of all vertices of a connected component of Γs with no leaves. These are
the graphs that contribute to the constant part of Z and thus of W . The latter
contributions also vanish by a simple dimensional argument.

More generally, to keep track of the choices involved in the propagator, we con-
sider a one parameter family of choices with parameter t ∈ I := [0, 1] and show
∆′Z̃ = 0 with ∆′ := ∆ + dt d

dt and Z̃ ∈ Fun(F ′) ⊗ Ω•(I) constructed as fol-
lows. Let η̂ be a one-parameter family of propagators regarded as an element of
Ω2(C2(M)× I) related, at every t ∈ I, by Property P1 to the one parameter family
{γµ} of bases of Ω•(M). Let η̇ ∈ Ω2(C2(M) × I) and γ̇µ ∈ Ω•(M × I) be their
t-derivatives. We may assume

∫
M

γµγ̇ν = 0, ∀µ, ν, for more general choices may be
compensated by a linear transformation of H•(M). Observe that by Property P2’,
the restriction of η̂ to the boundary is fixed, so the restriction of η̇ vanishes. Actu-
ally, by construction η̇ vanishes in a whole neighborhood of the boundary, so it is
a regular form. Let

λ13 :=

∫
2
η̂12 η̇23 − η̇12 η̂23

2
,

which is regular by Lemma 5 in Appendix B. Also set ξµ
1 := (

∫
η̂12γ̇

µ
2 ). We define

η̃ := η̂ − λ dt,

γ̃µ := γµ + ξµ dt,

χ̃ := gµν γ̃µ γ̃ν = χ + O(dt),

where gµν is the metric on H•(M) in the given basis. A simple computation then
shows D η̃ = χ̃ and D γ̃µ = 0 with D := d + dt d

dt . Finally, we define Z̃ as above by
using η̃ and γ̃ instead of η̂ and γ, respectively. We now observe that applying ∆′

to Z̃ is the same as applying D to the propagators. Reasoning as above by Stokes
theorem, we see that the only possible nonvanishing contributions come from hidden
faces corresponding to the collapse of all vertices of a connected component with no
leaves.10 These contributions also vanish if one uses a framed propagator, whereas
the choice of an unframed propagator yields some constant times the integral of
the Pontryagin form on M as a one-form on I, see [3].

By writing Z̃ = Z + ζdt, we may see that the equivalences are produced by ζ.
These are very particular kinds of BV equivalences as ζ consists of graphs decorated
by propagators and generators of cohomology classes with the exception of one edge
that is decorated by λ or one leaf that is decorated by ξ.

If Property P5 holds, the computation of Z̃ simplifies drastically. By construction
we obtain

∫
2
η̂12λ23 =

∫
2
λ12η̂23 = 0 and

∫
2
η12ξ

µ
2 = 0. As a result, whenever a

vertex is decorated by 1 ∈ Ω0(M) the corresponding integral vanishes. Thus, Z̃,
as a function on H•(M, g)[1] is independent of the coordinates in degree 1 apart

10Observe that, since λ is regular, only η will appear in the boundary computations.
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from the trivial classical term. Since Z is of degree zero, it will only depend on
the coordinates of degree zero. Since ζ is of degree −1, it will be linear in the
coordinates of degree −1 with coefficients depending on the coordinates of degree
zero.

Appendix B. Regular forms

Let $ : Cn(M) → Mn be the extension to the compactification of the inclusion
Cn(M)0 → Mn. We call a form on Cn(M) regular if it is a pullback by $. Recall
the maps πis and πijs defined in Notation 1 on page 26.

Lemma 5. Let α and β be differential forms on C2(M) and let at least one of
them be regular. Then their convolution α ∗ β :=

∫
2
α12 β23 := π13,∗(π∗12α π∗23β) is

regular.

Proof. Suppose that, e.g., α is regular; i.e., α = $∗α′, α′ ∈ Ω•(M ×M). Define

γ = (pr1×π2)∗ ((pr1×π1)∗α′ pr∗2 β) ∈ Ω•(M ×M),

where pr1 and pr2 are the projections from M ×C2(M) to the two factors. It then
follows that α ∗ β = $∗γ. ¤
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Abstract

We describe a canonical reduction of AKSZ-BV theories to the cohomology of the source

manifold. We get a finite dimensional BV theory that describes the contribution of the

zero modes to the full QFT. Integration can be defined and correlators can be computed.

As an illustration of the general construction we consider two dimensional Poisson sigma

model and three dimensional Courant sigma model. When the source manifold is compact,

the reduced theory is a generalization of the AKSZ construction where we take as source

the cohomology ring. We present the possible generalizations of the AKSZ theory.
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1 Introduction

The Batalin-Vylkovisky (BV) formalism [2] is widely regarded as the most powerful and

general approach to the quantization of gauge theories. The idea is to extend the space

of fields of the original gauge theory by auxiliary fields (ghosts, antighosts, Lagrangian

multipliers etc.) and their conjugate antifields in such way that the total field-antifield

space is equipped with two canonical structures: an odd Poisson bracket (antibracket)

and an odd second order differential operator ∆ (BV Laplacian). The original gauge

action should be extended to master action defined on the total field-antifield space in

such way that the master action satisfies the master equation (the equation involving

antibracket and BV Laplacian). The path integral is defined as an appropriate integral

over half of the field-antifield space. The master action can be computed within the

homological perturbation theory which can be very difficult to carry out in general. In [1]

Alexandrov, Kontsevich, Schwarz and Zaboronsky (AKSZ) proposed a way to construct

solutions of the BV classical master equation directly, without any reference to a classical

action with a set of gauge symmetries. Their approach (AKSZ method) uses mapping

spaces of supermanifolds equipped with the additional structures. The AKSZ method was

applied in [1] to the Chern-Simons theory, the Witten A- and B-models. Furthermore

the AKSZ approach was applied to two-dimensional Poisson sigma model in [7] and to

three-dimensional Courant sigma model in [17], [24]. Moreover the higher dimensional

case of open p-branes were discussed in [22, 15, 16].

In the present work we propose the reduction within the AKSZ framework to a finite

dimensional BV theory which governs the zero mode contribution and is responsible for

the semiclassical approximation in the full theory. These finite dimensional BV theories

offer interesting perspective on some of the standard geometry. The proposed reduction

naturally suggests a generalization of AKSZ framework.

The paper is organized as follows. In Section 2 we sketch the essentials of the BV

formalism. Section 3 reviews the AKSZ formalism and discusses its reduction in general

terms. The rest of the paper is devoted to the consideration of the examples of this

reduction and to the discussion of finite dimensional BV theories arising as a result of the

reduction. Section 4 treats the Poisson sigma model defined over a closed Riemann surface

of genus g. Section 5 considers the Courant sigma model, a three dimensional topological

sigma model. Section 6 considers the more involved setup of the Poisson sigma model

on the Riemann surface with a boundary. In Section 7 we discuss the generalization

of the AKSZ construction. In Section 8 we give a summary and discuss the possible

developments. In Appendix A we calculate the Berezinian measure for the reduced BV

manifold of the Courant sigma model. In Appendix B we collect some facts on the relative
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cohomology of the manifolds with boundaries.

2 Summary of BV formalism

In this Section we recall the basic notions of BV formalism and fix the notation. For

further details the reader may consult the following reviews [9, 12].

The BV algebra can be defined in many different but equivalent ways. In particular, a

Gerstenhaber algebra (odd Poisson algebra) (A, { , }) together with an odd R–linear map

∆ : A −→ A ,

which squares to zero ∆2 = 0 and generates the bracket { , } as

{f, g} = (−1)|f |∆(fg) + (−1)|f |+1(∆f)g − f(∆g) ,

is called a BV-algebra. ∆ is called odd Laplace operator (odd Laplacian). Quite often

such odd Poisson bracket is called antibracket.

The canonical example of BV algebra is given by the space of functions on W ⊕ΠW ∗,

where W is a superspace, W ∗ is its dual and Π stands for the reversed parity functor.

W ⊕ ΠW ∗ is equipped with an odd non-degenerate pairing. Let ya be the coordinates

on W (the fields) and y+
a be the corresponding coordinates on ΠW ∗ (the antifields). We

denote the parity of ya as (−1)|y
a| and that of y+

a as (−1)|y
+
a | = (−1)|y

a|+1. Then the odd

Laplacian is defined as follows

∆ = (−1)|ya| ∂

∂y+
a

∂

∂ya
. (2.1)

It generates the canonical antibracket on C∞(W ⊕ ΠW ∗)

{f, g} = (−1)|y
a|
←−
∂ f

∂y+
a

−→
∂ g

∂ya
+ (−1)|y

a|
←−
∂ f

∂ya

−→
∂ g

∂y+
a

, (2.2)

where we use the notation
−→
∂ vf = ∂vf and

←−
∂ vf = (−1)|v||f |∂vf . Indeed the bracket (2.2)

is non degenerate and defines the canonical odd symplectic structure on W ⊕ ΠW ∗.

A Lagrangian submanifold L ⊂ W ⊕ ΠW ∗ is an isotropic supermanifold of maximal

dimension. The volume form dy1...dyndy+
1 ...dy+

n induces a well defined volume form on L.

Thus the integral ∫

L

f, f ∈ C∞(W ⊕ ΠW ∗) (2.3)

is defined for any L. If ∆f = 0, then then the integral (2.3) depends only on the homology

class of L. Moreover the integral (2.3) is zero for any Lagrangian L if f = ∆g.
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The canonical example W⊕ΠW ∗ can be generalized to the cotangent bundle T ∗[−1]M
of any graded manifold M [25]. By a graded manifold we mean a sheaf of freely generated

Z-graded commutative algebras over a smooth manifold [26]. As a cotangent bundle,

T ∗[−1]M is naturally equipped with an odd Poisson bracket that makes C∞(T ∗[−1]M)

to a Gerstenhaber algebra. The idea is that locally one can map T ∗[−1]M to W ⊕ΠW ∗,

define the bracket on coordinates with (2.2) and then glue the patches in a consistent

manner.

Now in order to define the odd Laplacian ∆ we need an integration over T ∗[−1]M.

Namely, the choice of a volume form v on M produces the corresponding volume1 form

µv on T ∗[−1]M. The divergence operator is defined as a map from the vector fields on

T ∗[−1]M to C∞(T ∗[−1]M) through the following integral relation

∫

T ∗[−1]M

X(f) µv = −
∫

T ∗[−1]M

divµvX f µv , ∀f ∈ C∞(T ∗[−1]M) , (2.4)

with X being a vector field. As one can easily check, for any function f and vector field

X the divergence satisfies

divµv(fX) = fdivµv(X) + (−1)|f ||X|X(f) . (2.5)

Now the odd Laplacian of f ∈ C∞(T ∗[−1]M) is defined through the divergence of the

corresponding Hamiltonian vector field as

∆vf =
(−1)|f |

2
divµvXf , {f, g} = Xf (g) . (2.6)

Indeed one can check that thanks to (2.5) ∆v generates the bracket and ∆2
v = 0. Thus

C∞(T ∗[−1]M) is a BV-algebra as defined above, see [18] for the explicit calculations. If

the volume form is written in terms of an even density ρv as

µv = ρvdy1 · · · dyndy+
1 · · · dy+

n ,

then the Laplacian can be written as

∆v = (−1)|ya| ∂

∂y+
a

∂

∂ya
+

1

2
{log ρv,−} . (2.7)

This Laplacian squares to zero since we take a specific Berezinian measure ρv which orig-

inates from the measure on M. Thus T ∗[−1]M is equipped with the SP-structure in the

1We require that the measure is well-defined functional on the space of compactly supported functions
and locally it is Berezinian measure.
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Schwarz’s terminology [25] (also see [19] for a nice review of the related issues) and in

what follows we refer to them simply as BV-manifolds.

There exists a canonical way (up to a sign) of restricting a volume form µv on T ∗[−1]M
to a volume form on a Lagrangian submanifold L. We denote such restriction as

√
µv and

consider the integrals of the form
∫

L

√
µv f , f ∈ C∞(T ∗[−1]M) . (2.8)

Again if f is ∆-closed then the integral depends only on homology class of L and if f is

∆-exact then the integral is zero. In particular we are interested in the situation when the

integrands in (2.8) are of the form
∫

L

√
µv ΨeS ≡ 〈Ψ〉 , (2.9)

where we assume naturally that ∆v(ΨeS) = 0. If Ψ = 1 then we get the following relation

∆v

(
eS

)
= 0 ⇐⇒ ∆vS +

1

2
{S, S} = 0 , (2.10)

which is known as the quantum master equation. In the general case we have

∆v

(
ΨeS

)
= 0 ⇐⇒ ∆(v,S)Ψ = ∆vΨ + {S, Ψ} = 0 , (2.11)

where we refer to ∆(v,S) as the quantum Laplacian. In the derivation of (2.11) we have

used the quantum master equation (2.10). A function S that satisfies the quantum master

equation is called a quantum BV action and Ψ satisfying (2.11) is a quantum observable.

Indeed the quantum observables are elements of the cohomology H(∆(v,S)); by the above

construction it is clear that S defines the isomorphism

H•(∆v) ≈ H•(∆(v,S)) . (2.12)

The integral (2.9) defines a trace (H•(∆(v,S)) → C) on this cohomology.

If we change S to S/~, we see that in the classical limit (~ → 0) S must satisfy

the classical master equation {S, S} = 0 and the classical observables Ψ are such that

δBV Ψ ≡ {S, Ψ} = 0. Due to the classical master equation the vector field δBV squares to

zero and defines the cohomology H(δBV ) of classical observables.

If M is a finite dimensional manifold then everything is well-defined. In the following

Sections we provide several finite dimensional BV manifolds equipped with a solution of

the classical (quantum) master equation. However in field theory one deals with M being

infinite dimensional. In fact, M is usually the space of the physical fields, ghosts and
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Lagrange multipliers, that is infinite dimensional. This set of fields is then extended by

adding antifields such that together they form T ∗[−1]M, where an odd Poisson bracket

is well-defined on large enough class of functions, as described above. However there is

no well-defined measure on M and thus there is no well-defined odd Laplace operators.

In physics literature, the naive Laplacian of the form (2.2) is used. Moreover the field

theory suffers from the problems with renormalization which can be resolved within the

perturbative setup.

3 AKSZ formalism and its reduction

In this Section we review the AKSZ construction [1] of the solutions of the classical master

equation. Here we will follow the presentation given in [24] and we use the language of

graded manifolds. Relevant definitions are postponed to Section 7. For further details the

reader may consult [26].

The AKSZ solution of the classical master equation is defined starting from the fol-

lowing data:

The source: A graded manifold N endowed with a cohomological vector field D and a

measure
∫
N

µ of degree −n− 1 for some positive integer n. In what follows the source will

be N = T [1]N0, for any smooth manifold N0 of dimension n+1, with D = d the de Rham

differential over N0 and the canonical coordinate measure.

The target: A graded symplectic manifold (M, ω) with deg(ω) = n and an homological

vector field Q preserving ω. We require that Q is Hamiltonian, i.e. it exists Θ ∈ Cn+1(M)

(functions of degree n + 1) such that Q = {Θ,−}. Therefore Θ satisfies the following

Maurer-Cartan equation

{Θ, Θ} = 0 .

Since graded manifolds are ringed spaces, we consider the space Maps(N ,M) to be

the space of morphisms of ringed spaces (see Definition 9). We choose a set of coordinates

XA = {xµ; ξm} on the target M, where {xµ} are the coordinates for an open U ⊂M0 and

{ξm} are the coordinates in the formal directions. We also choose the coordinates {uα; θa}
on the source N correspondently. Let (φ, Φ) ∈ Maps(N ,M), where φ : N0 →M0. The

superfield Φ is defined as an expansion over the formal coordinates of N for φ−1(U)

ΦA = ΦA
0 (u) + ΦA

a (u)θa + ΦA
a1a2

(u)θa1θa2 + . . . , (3.13)

such that Φµ
0 = xµ ◦ φ. The symplectic form ω of degree n on M can be written in the

Darboux coordinates ω = dXAωABdXB. Using this form we define the symplectic form of
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degree −1 on Maps(N ,M) as

Ω =

∫

N

µ δΦA ωAB δΦB . (3.14)

Thus the space of maps Maps(N ,M) is naturally equipped with the odd Poisson bracket

{ , }. Since the space Maps(N ,M) is infinite dimensional we cannot define the BV

Laplacian properly. We can only talk about the naive Laplacian adapted to the local

field-antifield splitting, given by the formula (2.1). However on Maps(N ,M) we can

discuss the solutions of the classical master equation. The AKSZ action then reads

SBV [Φ] = Skin[Φ] + Sint[Φ] =

∫

N

µ

(
1

2
ΦAωABDΦB + (−1)n+1Φ∗(Θ)

)
. (3.15)

and solves the classical master equation {SBV , SBV } = 0 with respect to the bracket

defined by the symplectic structure (3.14). We denote with δBV the Hamiltonian vector

field for SBV , which is homological as a consequence of classical master equation. The

action (3.15) is invariant under all orientation preserving diffeomorphisms of N0 and thus

defines a topological field theory. The solutions of the classical field equations of (3.15)

are graded differentiable maps (N , D) → (M, Q), i.e. maps which commute with the

homological vector fields.

The homological vector field Q on M defines a complex on C∞(M) whose cohomology

we denote with HQ(M). Take f ∈ C∞(M) and expand Φ∗f in the formal variables on

N , i.e.

Φ∗f = O(0)(f) + O(1)
a (f)θa + O(2)

a1a2
(f)θa1θa2 + . . . .

We compute

δBV (Φ∗f) = {SBV , Φ∗f} = DΦ∗f + Φ∗Qf ,

so that, if Qf = 0 and µk is a D-invariant linear functional on Ck(N ), i.e. a representative

of a homology class of N0, then µk(O
(k)(f)) is δBV -closed, i.e. it is a classical observable.

Therefore HQ(M) naturally defines a set of classical observables in the theory.

Like in the smooth case, the symplectic reduction of the odd symplectic manifold

Maps(N ,M) is specified by the choice of a coisotropic submanifold. The reduced space

naturally inherits the odd symplectic structure and any function on Maps(N ,M) descends

to the quotient provided it is invariant once restricted to the coisotropic submanifold.

In this paper we consider the symplectic reduction of Maps(N ,M) to the cohomology

HD(N ) = HdR(N0) of the source. We consider the constraint

Λ =

∫

N

µ ΛADΦA ,
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which defines the coisotropic submanifold DΦ = 0 of Maps(N ,M) (the constrained sur-

face). The corresponding infinitesimal gauge transformations

δΛΦA = DΛA (3.16)

identify two configurations which differ by a D-exact term. If N0 has a boundary then

boundary conditions must be discussed. We leave the case with boundary to Section 6

and for now we assume that N0 does not have boundary. The reduced odd symplectic

manifold is finite dimensional and can be globally described as the space of maps from the

cohomology of N0 to M. More precisely, we can consider a generalized AKSZ construc-

tion where the source is the cohomology of N0 seen as a sheaf XN0 of graded commutative

algebras over a point, equipped with the zero homological vector field and the integra-

tion naturally induced on cohomology. The source is not anymore a graded manifold

since the cohomology ring is not freely generated in general. However the space of maps

Maps(XN0 ,M) is still defined; this simply corresponds to interpret {θa} in the superfield

(3.13) as the generators of the cohomology ring HdR(N0). The simplest case is when N0

has cohomology ring concentrated in degree zero and top degree. In this case the reduced

theory will be simply T ∗[−1]M.

For any f ∈ C∞(M), Φ∗f−(Φ+DΛ)∗f is D-exact. Thus any observable µk(O
(k)(f)) in

the full theory is invariant under the gauge transformations (3.16) and defines a function on

the reduced odd symplectic manifold. In particular, the BV-action (3.15) SBV =
∫
N

µ Φ∗(Θ)

defines a solution of the classical master equation that coincides with the AKSZ action on

Maps(XN0 ,M).

It is crucial that the reduced odd symplectic manifold is finite dimensional so that

integration and BV Laplacian can be well defined. Thus we can define properly the

quantum master equation and discuss the possible obstructions to satisfy it. The rest of

the paper consists of a detailed account of these reduced BV-theories in several examples.

4 Two dimensional case: Poisson sigma model

Let us consider the AKSZ construction described in the previous section with source

N = T [1]Σg, where Σg is the two dimensional compact surface of genus g. Then the

target M is a symplectic graded manifold of degree 1 with a homological vector field Q

preserving the symplectic structure. It must be necessarily of the formM = T ∗[1]M where

M is a Poisson manifold with Poisson tensor α. By choosing coordinates {xµ, βµ}, the

Hamiltonian for Q is Θ = αµνβµβν ∈ C2(M). We have that C∞(M) = C∞(ΛTM) and the

cohomology HQ(M) of the complex (C∞(M), Q) coincides with the usual Lichnerowicz-

Poisson cohomology HLP (M ; α). This is the case studied in [6] as a BV quantization of
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the Poisson Sigma Model. We will first review the relevant results from [6] and [7] and

then study the reduction procedure to the finite dimensional BV -manifold outilined in the

previous section. In the case of Σ0 = S2 the reduction to the finite dimensional theory has

been studied in [3].

The Poisson Sigma Model covers many interesting geometrical structures. For example,

if A is a Lie algebroid then the dual vector bundle A∗ regarded as a manifold is naturally

equipped with a Poisson structure. This is an example of a non-compact Poisson manifold

where some issues related to the integration require extra care. We assume that for non-

compact case the integration is defined as functional over the space of functions with

compact support (or with exponential decay along the non-compact directions) and thus

formally all our considerations are equally applicable both for compact and non-compact

cases.

4.1 BV action

Let {uα} be coordinates on Σg and {xµ} on M . The superfields read as

Xµ = Xµ + θαη+µ
α − 1

2
θαθββ+µ

αβ ,

ηµ = βµ + θαηαµ +
1

2
θαθβX+

αβµ ,

with {θα} being the odd coordinates on T [1]Σg. In the BV language, the components of

ghost number 0, X and η are the classical fields, β is a ghost with the ghost number 1,

while η+, β+ and X+ are antifields of ghost number −1, −2 and −1 respectively. The

space of maps Map(T [1]Σg, T
∗[1]M) can be seen as T ∗[−1]M, where M is the infinite

dimensional manifold corresponding to the fields (X, η, β).

If we change coordinates yi = yi(x), the superfields transform as

Yi = yi(X) , ηi =
∂xµ

∂yi

(X)ηµ . (4.17)

For later utility we add the explicit component content of (4.17)

η+i
α =

∂yi

∂xµ
η+µ

α , β+i
αβ =

∂yi

∂xµ
β+µ

αβ +
∂2yi

∂xµ∂xν
η+µ

α η+ν
β , βi =

∂xµ

∂yi
βµ , (4.18)

ηi =
∂xµ

∂yi
ηµ +

∂

∂xν

∂xµ

∂yi
η+νβµ ,

X+
iαβ =

∂xµ

∂yi
X+

µαβ − 2
∂

∂xν

∂xµ

∂yi
η+ν

α ηµβ − ∂

∂xν

∂xµ

∂yi
β+ν

αβ βµ − ∂2

∂xν∂xρ

∂xµ

∂yi
η+ν

α η+ρ
β βµ .
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The AKSZ action defined in (3.15) reads

SBV =

∫
d2θd2u

(
ηµDXµ +

1

2
αµν(X)ηµην

)
, (4.19)

where D = θα∂α. The odd symplectic structure is

ω =

∫

Σg

(
δX ∧ δX+ + δη ∧ δη+ + δβ ∧ δβ+

)
. (4.20)

The action (4.19) satisfies both classical and naive quantum master equations [6]. The

corresponding BV operator δBV acts on the superfields as follows

δBV Xµ = DXµ + αµν(X)ην , (4.21)

δBV ηµ = Dηµ +
1

2
∂µα

νρ(X)ηνηρ . (4.22)

The local and non-local classical observables are labelled by the Lichnerowicz- Poisson

cohomology [3]. In components the AKSZ-BV action (4.19) has the form

SBV =

∫

Σg

ηµ ∧ dXµ +
1

2
αµν(X)ηµ ∧ ην + X+

µ αµν(X)βν − η+µ ∧ (dβµ + ∂µα
ρν(X)ηρβν)−

−1

2
β+µ∂µα

ρν(X)βρβν − 1

4
η+µ ∧ η+ν∂µ∂να

ρσ(X)βρβσ . (4.23)

4.2 The reduced BV-AKSZ theory

In this subsection we describe the reduction of the BV manifold Maps(T [1]Σg, T
∗[1]M)

down to ”the constant configurations” as described in Section 3. We obtain a solution of

the classical master equation on the finite dimensional BV manifold. Namely we define

the reduction with respect to the following constraints

Λ =

∫

T [1]Σ

ΛµDXµ , T =

∫

T [1]Σ

T µDηµ , (4.24)

with Λµ(u, θ) = Λ
(0)
µ + Λ

(1)
µαθα + Λ

(2)
µαβθαθβ and T µ(u, θ) = T µ

(0) + T µ
(1)αθα + T µ

(2)αβθαθβ. We

assign |Λµ| = 0 and |T µ| = −1. After a short computation one gets

δΛ,T Xµ = {T, Xµ} = DT µ , δΛ,T ην = {Λ,ην} = DΛµ , (4.25)

or in components

δΛ,T Xµ = 0 , δΛ,T η+µ = dT µ
(0) , δΛ,T β+µ = dT µ

(1)
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δΛ,T βµ = 0 , δΛ,T ηµ = dΛ(0)
µ , δΛ,T X+

µ = dΛ(1)
µ . (4.26)

We see that the reduction with respect to the constraints DX = Dη = 0 consists in

identifying (X, η) with (X + DT, η + DΛ) and then in going to the cohomology of Σg.

In order to define the reduced variables, let us choose a basis for the homology H•(Σg).

Let u0 ∈ Σg be a generator in degree zero and the whole surface Σg be the generator in

degree two and consider the canonical basis {cI , c
J} in H1(Σg), in degree one, with the

following intersection numbers

#(cI , cJ) = #(cI , cJ) = 0 , #(cI , c
J) = −#(cJ , cI) = δJ

I .

The Poincaré dual basis {eJ , eI} in H1(Σg) is defined as

∫

cI

eJ =

∫

cJ

eI = δJ
I ,

∫

cI

eJ =

∫

cI

eJ = 0 ,

and satisfies ∫

Σg

eJ ∧ eI = δJ
I .

Let us introduce the reduced coordinates obtained from the zero form fields

xµ = Xµ(u0) , bµ = βµ(u0) ,

from the one form fields

ηI =

∫

cI

η , ηJ =

∫

cJ

η η+
I =

∫

cI

η+ η+J =

∫

cJ

η+ .

and finally from the two forms fields

x+
µ =

∫

Σg

X+
µ , b+µ =

∫

Σg

β+µ .

The global structure, i.e. the change of coordinates under the change yi = yi(x) can

be obtained from (4.18). One explicitly gets

η+i
I =

∂yi

∂xµ
η+µ

I , η+iI =
∂yi

∂xµ
η+µI , bi =

∂xµ

∂yi
bµ , b+i =

∂yi

∂xµ
b+µ +

∂2yi

∂xµ∂xν
η+µ

I η+νI ,

(4.27)

ηIi =
∂xµ

∂yi
ηIµ +

∂

∂xν

∂xµ

∂yi
η+ν

I bµ , ηI
i =

∂xµ

∂yi
ηI

µ +
∂

∂xν

∂xµ

∂yi
η+Iνbµ ,

x+
i =

∂xµ

∂yi
x+

µ −
∂

∂xν

∂xµ

∂yi
(η+ν

I ηI
µ − η+IνηIµ)− ∂

∂xν

∂xµ

∂yi
b+νbµ − ∂2

∂xν∂xρ

∂xµ

∂yi
η+ν

I η+ρIbµ .
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All the BV structure goes to the quotient which is a finite dimensional BV manifold.

The odd symplectic structure (4.20) reads

ω = dxµdx+
µ + dηIµdη+Iµ − dηI

µdη+µ
I + dbµdb+µ . (4.28)

Moreover, the BV action SBV defined in (4.23) when restricted to the constraint surface

depends only on the reduced variables, i.e. it is a pull-back of a function on the reduced

manifold. We use the same notation SBV for the reduced action. The reduced BV action

is computed from (4.23) as

SBV = αµν(x)ηIµη
I
ν + x+

µ αµν(x)bν − η+µ
I ∂µα

ρν(x)ηI
ρbν+

+η+Iµ∂µα
ρν(x)ηIρbν − 1

2
b+µ∂µα

ρν(x)bρbν − 1

2
η+µ

I η+Iν∂µ∂να
ρσ(x)bρbσ , (4.29)

which obviously satisfies the classical master equation.

The reduced variables can be assembled in the superfields Φ = (xµ, eµ)

xµ = xµ + eJη+µ
J + eJη+Jµ − sb+µ , eν = bν + eIη

I
ν + eIηIν + sx+

ν , (4.30)

where s is the generator of H2
dR(Σg) normalized to

∫
Σ

s = 1. The ring structure for g > 0 is

defined by eJ ∧ eI = δJ
I s and by s2 = 0 for g = 0. One can check that the transformations

of coordinates (4.18) can be deduced from the transformations of superfields

yi = yi(x) , ei =
∂xµ

∂yi
(x)eµ .

The action (4.29) can be written as

SBV =

∫
ds αµν(x)eµeν , (4.31)

where
∫

ds is the induced integral on H•
dR(Σg). We easily see that this is an AKSZ formu-

lation of the reduced theory, where we take as “coordinates” on the source the generators

of the ring HdR(Σg). Compared with the discussion in Section 3, here coordinates {eJ , eJ}
on the source for g 6= 1 are not free but simply generate the commutative graded alge-

bra HdR(Σg). We may regard it as the sheaf XΣg obtained by putting over a point the

commutative graded algebra HdR(Σg) such that that the reduced manifold is the space

Maps(XΣg , T
∗[1]M) of morphisms between XΣg and T ∗[1]M . The case g = 1 is spe-

cial since the cohomology ring is freely generated and we have a true graded manifold

XΣ1 = R2[1]. We will comment more on this in Section 8.
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Remark 1 For g = 0, Maps(XS2 , T
∗[1]M) can be equivalently described as T ∗[−1]T ∗[1]M ,

see [3]. For g > 0 the BV manifold can be described as

Maps(XΣg , T
∗[1]M) = T ∗[−1] (Maps(XL, T ∗[1]M)) ,

where XL is the subsheaf over a point generated by (1, eI). The total dimension of the

BV manifold is given by the following formula

dim Maps(XΣg , T
∗[1]M) = 4(g + 1) dim M .

Since the reduced BV-manifold is finite dimensional we can introduce an integral. Let

Ω = ρΩ dx1 . . . dxn be a volume form on M . It defines the generator of the Schouten

bracket DΩ on ΛTM = C∞(T ∗[1]M). Moreover it defines a Berezinian integration on the

reduced BV manifold Maps(XΣg , T
∗[1]M) as

µΩ = ρ
2(2−2g)
Ω Dz ,

where Dz = dx . . . dx+ . . . db . . . . . . db+ . . . dη . . . dη+ is the coordinate volume form. Since

under the change of coordinates z̃ = z̃(z) the coordinate volume form transforms as

Dz̃ = Ber
∂z̃

∂z
Dz , Ber

(
I00 I01

I10 I11

)
=

det(I00 − I01I
−1
11 I10)

det I11

(4.32)

it is a tedious but straightforward computation to put (4.27) in (4.32) and check that µΩ

is well defined.

The corresponding generator of the BV-bracket is

∆Ω =
∂

∂x+
µ

∂

∂xµ
− ∂

∂b+µ

∂

∂bµ

− ∂

∂η+µ
I

∂

∂ηI
µ

+
∂

∂η+Iµ

∂

∂ηIµ

+ (2− 2g){log ρΩ,−} . (4.33)

We then compute

∆ΩSBV = (g − 1)(DΩα)µbµ = (g − 1)χµ
Ωbµ ,

where χΩ = DΩα is the modular vector field that satisfies dLP χΩ = 0. The class [χΩ] ∈
HLP (M ; α) is called modular class and it is independent from the choice of the volume

form Ω. The modular class represents an obstruction for SBV to satisfy the quantum

master equation for any genus g 6= 1. This extends to any genus the construction in [3];

the result has been already observed in [10]. In order to understand from the point of

view of QFT this dependence on the genus, we recall the renormalization of the PSM

on the disk in [6]; in fact in the expansion on Feynman graphs, the modular vector field

appeared as a factor of the divergent graphs with self insertions. Their renormalization
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was obtained by introducing a non vanishing vector field, which in the compact case is

possible only for g = 1.

Any w = wµ1...µkβµ1 . . . βµk
representing a class in Lichnerowicz-Poisson cohomology

defines the chain of observables Φ∗w = wµ1...µk(X)ηµ1
. . .ηµk

= O(0)(w) + O
(1)
α (w)θα + . . .

of the full theory. They are invariant with respect to gauge transformations (4.25) and

correspond to the observables Φ∗w = wµ1...µk(x)eµ1 . . . eµk
= O(0)(w) + O

(1)
I (w)eI + . . . of

the reduced AKSZ theory. By using (4.33) we compute the following relation

∆ΩΦ∗w = 2s(1− g)Φ∗DΩw .

We conclude that, given a unimodular Poisson structure α, for any genus g 6= 1 the

finite dimensional BV theory maps any class [w] ∈ HLP (M ; α) represented by a divergence-

less vector field w to the class represented by eSBV Φ∗w in the cohomology of the complex

(C∞(Maps(XΣg , T
∗[1]M)), ∆Ω). For g = 1 the hypothesis of unimodularity is not needed

and such invariants are defined for any class in Lichnerowicz Poisson cohomology. The

main point is now to characterize these invariants in terms of more canonical cohomologies

and mainly understand when they are not trivial. Here we simply sketch some obvious

considerations and leave a more systematic analysis for further investigations.

One has to compute the correlators of such observables by choosing a gauge fixing, i.e.

a lagrangian submanifold L. There is always one canonical choice which consists simply

in putting all antifields equal to zero, i.e. x+ = η+ = b+ = 0. The case g = 0 has been

studied in [3] and we refer to it for the result. The case g > 0 is badly defined due to

fibrewise integration along η in the degenerate directions of the Poisson tensor.

If one allows on the target M a complex structure and introduces complex coordinates

{za, zā}, then one can define a gauge fixing by putting x+ = b+ = 0 and ηIa = ηI
ā =

η+Iā = η+a
I = 0. By looking at (4.18) one can easily check that this is invariant under

holomorphic transformation of variables. In the symplectic case the computation of the

partition function in this gauge fixing gives the Euler number of M ; due to degeneracy

of the Poisson tensor it is not clear how to give a meaning to this integral in the general

Poisson case.

5 Three dimensional case: Courant sigma model

In this Section we consider the reduction of three dimensional topological theory associated

to any Courant algebroid, the Courant sigma model. We follow closely the presentation

given in [24] (see also for the related discussion [17, 15, 16]).

We follow notations of Section 4 of [24]. Let E → M be a vector bundle equipped with

a fiberwise nondegenerate symmetric inner product 〈, 〉, of arbitrary signature. A Courant
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algebroid structure on (E, 〈, 〉) is a a bilinear operation ◦ on sections of E and a bundle

map (the anchor) a : E → TM satisfying the following properties

i) s ◦ (s1 ◦ s2) = (s ◦ s1) ◦ s2 + s1 ◦ (s ◦ s2);

ii) a(s1 ◦ s2) = [a(s1), a(s2)];

iii) s1 ◦ (fs2) = f(s1 ◦ s2) + (a(s1)(f))s2;

iv) 〈s, s1 ◦ s2 + s2 ◦ s1〉 = a(s)(〈s1, s2〉);

v) a(e)(〈s1, s2〉) = 〈s ◦ s1, s2〉+ 〈s1, s ◦ s2〉,

for s, s1, s2 ∈ Γ(E) and f ∈ C∞(M).

We can associate to these data a symplectic graded manifold (M, ω) with deg ω = 2.

Locally we introduce a set of coordinates {xµ} on M and the local basis {ea} of sections

of E such that 〈ea, eb〉 = gab, with constant gab. Then the symplectic non negatively

graded manifold (M, ω) is described in terms of the local coordinates {xµ, pµ, ξ
a}, with

deg(x) = 0, deg(p) = 2 and deg(ξ) = 1 with the symplectic form of degree 2

ω = dpµdxµ +
1

2
dξagabdξb .

Globally M can be interpreted as the symplectic submanifold of T ∗[2]E[1] defined by

θa = 1
2
gabξ

b with θ being a momentum for ξ. As shown in [23] the Hamiltonian function

of degree 3

Θ = ξaP µ
a pµ − 1

6
Tabcξ

aξbξc , (5.34)

where the structure constants Tabc = 〈ea ◦ eb, ec〉 and the anchor a(ea) = P µ
a ∂µ defines

on (E, 〈, 〉) a Courant algebroid structure if and only if {Θ, Θ} = 0. Due to the AKSZ

logic reviewed in Section 3 one can define a three dimensional theory whose space of

fields is Maps(T [1]Σ,M) with Σ being any three dimensional manifold. Introducing the

superfields (Xµ, P µ, ξ
a) corresponding to the local description of M the Courant sigma

model is defined by the following BV action

SBV =

∫
d3θd3u

(
P µDXµ +

1

2
ξagabDξb − ξaP µ

a P µ +
1

6
Tabcξ

aξbξc

)
. (5.35)

The AKSZ construction guarantees that (5.35) is a solution of the classical master equa-

tion associated to any three dimensional manifold Σ and the Courant algebroid E. The

reader may consult [24] for the explicit expression of this BV action in components of the

superfield.
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Here we are interested in the finite dimensional BV theory obtained through the sym-

plectic reduction of the AKSZ theory described above. The whole construction is done

in complete analogy with the two dimensional case, see subsection 4.2. Thus we skip the

details of the actual reduction and present the final answer. Introduce the basis in HdR(Σ)

such that {eI} is a basis in H1
dR(Σ), eI is the dual basis in H2

dR(Σ), 1 basis element in

H0
dR(Σ) and s is a basis element in H3

dR(Σ). With this choice the natural ring structure

on HdR(Σ) is given

eI ∧ eJ = δI
Js , eI ∧ eJ = fIJKeK

and also it follows that

eI ∧ eJ ∧ eK = fIJKs .

The constants fIJK have the interpretation as intersection numbers of one cycles. Define

the sheaf XΣ by putting over a point the commutative graded algebra HdR(Σ). The

space of maps (i.e. morphisms of ringed spaces) Maps(XΣ,M) is equipped with an odd

symplectic structure. We can introduce the superfields expanded in (1, eI , e
I , s)

Xµ = xµ + F+µIeI + α+µ
I eI + γ+µs ,

ξa = βa + AaIeI + gabA+
bIe

I + gabβ+
b s , (5.36)

P µ = γµ + αI
µeI + FµIe

I + X+
µ s ,

which correspond to the local description of element from Maps(XΣ,M) . The integration

is naturally defined by the relation
∫

ds s = 1 and all other integrals are zero (modulo

ring relations). The odd symplectic structure is

ω =

∫
ds

(
δXµδP µ +

1

2
δξagabδξ

b

)
. (5.37)

Upon the reduction the action (5.35) gives rise to the following BV action

SBV = −AaIP ν
a (x)FµI +

1

6
Tabc(x)fIJKAaIAbJAcK − βaP µ

a (x)X+
µ

+(−gacP µ
a (x)αI

µ − βaAbITabrg
rc)A+

cI

+(−βa∂µP
ν
a FνI + fJKIA

aJ∂µP
ν
a αK

ν +
1

2
fJKI∂µTabcβ

aAbJAcK)F+µI

+(−βa∂µP
ν
a αI

ν − AaI∂µP
ν
a γν +

1

2
∂µTabcβ

aβbAcI)α+µ
I (5.38)

+(
1

2
Tabrg

rcβaβb − gacP µ
a γµ)β+

c + (
1

6
∂µTabcβ

aβbβc − βa∂µP
ν
a γν)γ

+µ

−(
1

2
∂µTabrg

rcβaβb − gac∂µP
ν
a γν)F

+µIA+
cI +

1

2
(βa∂µ∂νP

ρ
a αK

ρ + AaK∂µ∂νP
ρ
a γρ

−1

2
∂µ∂νTabcβ

aβbAcK)F+µIF+νJfKIJ − (βa∂µ∂νP
ρ
a γρ − 1

6
∂µ∂νTabcβ

aβbβc)F+µIα+ν
I

−1

6
(−βa∂µ∂ν∂ρP

σ
a γσ +

1

6
∂µ∂ν∂ρTabcβ

aβbβc)F+µIF+νJF+ρKfIJK ,
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hich automatically satisfies the classical master equation if E is equipped with the structure

of a Courant algebroid.

On the given BV-manifold Maps(XΣ,M) the Berezinian integration can be defined as

µ = g1−b1Dz , (5.39)

where b1 = dim H1
dR(Σ), Dz is the canonical volume form with respect to the coordinates

introduced in (5.36) and g = det(gab). The Berezinian integration is canonically defined

(see Appendix A for the details). Thus the corresponding generator (odd Laplacian) of

the BV bracket coincides with the naive one

∆µ =
∂

∂x+
µ

∂

∂xµ
− ∂

∂β+
a

∂

∂βa
+

∂

∂AaI

∂

∂A+
aI

+
∂

∂γ+µ

∂

∂γµ

− ∂

∂α+µ
I

∂

∂αI
µ

− ∂

∂F+µI

∂

∂FµI

(5.40)

Using the explicit expression (5.38) and the axioms of Courant algebroid we easily check

that

∆µSBV = 0 ,

i.e. SBV satisfies the quantum master equation.

As an example we can consider the case when the source manifold Σ is a three sphere

S3. In this case the reduced BV manifold Maps(XΣ,M) corresponds to T ∗[−1]M since

HdR(S3) has only elements of degree 0 and 3. To describe the reduced BV theory for S3

we have to set fields AaI , αa
µ, FµI together with their antifields A+

bI , α+µ
I , F+µI to zero in

(5.36), (5.37), (5.38) and remove them from the measure (5.39) and Laplacian (5.40). It

is easy to describe the observables and the correlators in this theory. The Hamiltonian

(5.34) defines an homological vector field Q = {Θ,−}. The complex (C∞(M)pol, Q) of

functions polynomial in p is called the standard complex and we denote its cohomology

with HQ(M)pol. However in what follows we need to consider the complex (C∞(M)exp, Q)

of functions with exponential decay in p directions. We have to use this complex in order

to make sense of the integrals. For f ∈ C∞(M)exp, Q(f) = 0 the corresponding observable

is

Φ∗(f) = O(0)(f) + sO(3)(f) ,

which satisfies by construction

δBV (Φ∗(f)) = {SBV , Φ∗(f)} = 0 ,

where Φ ∈ Maps(XS3 ,M). For T ∗[−1]M we choose M as a Lagrangian submanifold

defined by setting all antifields to zero, i.e. X+ = γ+ = β+ = 0. Thus on M we have that

Φ∗(f) = O(0)(f) = f and the berezinian measure on M reads

√
µ =

√
g dx dγ dβ .
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The correlator is defined as integral over the Lagrangian submanifold

〈Φ∗(f)〉 =

∫

M

√
µ f . (5.41)

To make this integral well-defined we have to assume that f decays fast enough along

non-compact directions. By construction the correlator (5.41) satisfies the version of the

Stokes theorem with respect to BV-differential and odd Laplacian.

Example 2 Consider E to be a Lie algebra with invariant metric interpreted as a vector

bundle over a point. In this case the Courant sigma model is just standard Chern-Simons

theory. The reduced finite dimensional theory is BV version of the matrix theory. The

standard complex is just ΛE∗ equipped with the Chevalley-Eilenberg differential. The

integral defined in (5.41) is different from zero only on top forms.

Example 3 Consider E = TM +T ∗M with the canonical inner product and the Dorfman

bracket

[X1 ⊕ ω1, X2 ⊕ ω2] = [X1, X2]⊕ LX1ω2 − ιX2dω1 .

The coordinates on the fiber now split ξ → {ψµ, θµ} and the corresponding graded manifold

is described as the even symplectic manifold M = T ∗[2]T [1]M . The Hamiltonian (5.34)

reads Θ = ψµpµ giving rise to the homological vector field

Q = ψµ ∂

∂xµ
+ pµ

∂

∂θµ

.

As shown in [23], Q commutes with

ε = pµ
∂

∂pµ

+ θµ
∂

∂θµ

.

The complex of polynomial functions in p (C∞(M)pol, Q) then decomposes according to

the ε-degree, i.e. C∞(M)pol = ⊕k≥0C
∞(M)(k), with the subcomplex of degree zero is

(C∞(M)(0), Q) = (Ω(M), d) being the de Rham complex for M . Moreover, since ε =

Qι + ιQ with ι = θµ
∂

∂pµ
the cohomology HQ(M)pol is concentrated in degree zero and

isomorphic to the de Rham cohomology HdR(M). However for the BV theory we need

the complex (C∞(M)exp, Q) of functions with the exponential decay in p. It is not clear

how the corresponding cohomology is related to HdR(M). Otherwise the correlators can

be defined in the way we described above.
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6 Two dimensional case with boundary

In this section we discuss the reduction of PSM on the surface with a boundary. Take a

surface Σg,n, of genus g and n boundary components. We consider the boundary conditions

for PSM that have been introduced in [8]. Let ∂iΣg,n the i-th boundary component of Σg,n

and let Ci a coisotropic submanifold of the Poisson manifold (M,α). We recall that a

submanifold C of M is coisotropic if α(N∗C) ⊂ TC, where N∗C is the conormal bundle

of C. We assume that the superfields (X,η) restrict to Maps(T [1]∂iΣ, N∗[1]Ci) for any

i = 1, . . . n. More general boundary conditions have been introduced in [4], where it is

required that the rank of α(N∗
xC) + TxC ⊂ TxM is constant as x varies over C.

We apply the same construction as in the closed case, i.e. we perform the reduction

with respect to the constraints defined in (4.24). Since the bracket between the constraints

has now a boundary contribution

{Λ, T} =

∫

T [1]∂Σ

ΛµDT µ ,

we require that

Λ|∂iΣg,n ∈ Γ(ΛT ∗∂iΣg,n ⊗X∗N∗Ci) , T |∂iΣg,n ∈ Γ(ΛT ∗∂iΣg,n ⊗X∗TCi) . (6.42)

in order to have a consistent reduction. Due to the presence of the boundary conditions for

fields and constraints, cohomologies of Σg,n relative to boundary components will appear

in the description of the reduced BV-manifolds. In Appendix B we collect the relevant

facts about relative (co)homology.

6.1 The case with one boundary component

Consider the case of a surface Σg,1 with one boundary component with the boundary con-

dition corresponding to a coisotropic submanifold C. Let us introduce a set of coordinates

of M adapted to C with {xa} tangent to C and {xn} normal. Coisotropy of C is then

simply expressed by the condition αmn = 0.

The gauge transformations (4.25) defined by the constraints together with boundary

conditions (6.42) imply that the reduced BV manifold is described by the following vari-

ables

Xa ∈ HdR(Σg,1) , Xn ∈ HdR(Σg,1, ∂Σg,1) , ηa ∈ HdR(Σg,1, ∂Σg,1) , ηn ∈ HdR(Σg,1) .

The covariant meaning of the above statements and the gluing data of the reduced BV-

manifold are better understood once that we introduce the reduced variables.
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We recall from Appendix B that H2(Σg,1) = H0(Σg,1, ∂Σg,1) = 0. In order to define

the reduced coordinates, let us choose a set of representatives defining a basis of the

relevant homologies. Let u0 ∈ Σg,1 be a representative generating H0(Σg,1), {cI} for

H1(Σg,1), {gI′} for H1(Σg,1, ∂Σg,1) and the whole surface Σg,1 for H2(Σg,1, ∂Σg,1). Let {cI}
and {gI′} be the dual basis for H1

dR(Σg,1) and H1
dR(Σg,1, ∂Σg,1) respectively. Remark that

beyond the natural pairings between homology and cohomology one can pair H1(Σg,1)

with H1
dR(Σg,1, ∂Σg,1). The matrix

λI
I′ =

∫

cI

gI′

describes the natural homomorphism H1
dR(Σg,1, ∂Σg,1) → H1

dR(Σg,1) as gI′ → λI
I′cI . Finally

we define the following matrices

B
(g,1)
I′J ′ =

∫

Σg,1

gI′ ∧ gJ ′ , A
(g,1)
II′ =

∫

Σg,1

cI ∧ gI′ ,

where A(g,1) is non degenerate matrix.

Then we define

xa = Xa(u0) , bn = βn(u0) ,

ηI′
a =

∫

gI′

ηa , ηI
n =

∫

cI

ηn , η+aI =

∫

cI

η+a , η+nI′ =

∫

gI′

η+n

x+
a =

∫

Σ

X+
a , b+n =

∫

Σ

β+n .

The reduced odd symplectic form reads

ω = dxadx+
a + dηI′

a dη+aIA
(g,1)
II′ + dηI

ndη+nI′A
(g,1)
II′ + dbndb+n . (6.43)

If we take another adapted system of coordinates {yα = yα(xa, xn), yν = yν(xa, xn)}
with yα being the coordinates along C and yν transverse to C, then the law for the

corresponding transformation of the reduced coordinates can be derived from (4.18). We

will not explicitly write it here; we simply remark that beyond the matrix (∂y/∂x), it

involves all matrices A
(g,1)
IJ ′ , B

(g,1)
I′J ′ and λJ ′

J introduced above.

We give here a non canonical description of the reduced BV manifold that depends

on the choice of a tubular neighborhood for C. We recall that a tubular neighborhood for

C is an embedding j : NC → M , where NC is the normal bundle of C inside M , such

that j(C) = C. Let XΣg,1 be the sheaf obtained by putting over a point the commutative

graded algebra HdR(Σg,1).
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Proposition 4 For any choice of a tubular neighborhood of C inside M , there exists an

isomorphism between the reduced BV-manifold and T ∗[−1](Maps(XΣg,1 , N
∗[1]C)). Such

isomorphism is canonical in the case g = 0, i.e. Σ = D1, when the reduced BV manifold

is T ∗[−1]N∗[1]C.

Proof. The superfields for the graded manifold Maps(XΣg,1 , N
∗[1]C) are

xa = xa + cIη
+Ia , en = bn + cIη

I
n .

One can easily check that the degree of the momenta are correct. Let us choose the tubular

neighborhood of C. A trivialization of NC with (tνn) as transition functions of NC, defines

the atlas of adapted coodinates {xa, xn}, where {xa} are coordinates of C and {xn} are

coordinates on the fibre. The change of coordinates is given by

yα = yα(xa), yν = tνn(xa)xn .

It is tedious but straightforward to check that the rules of change of variables defined

in Maps(XΣg,1 , N
∗[1]C) together with those of momenta are the same that we get from

(4.18). ¤
The reduced BV action reads as

SBV = x+
a αanbn − 1

2
b+m∂mαnpbnbp +

1

2
αabηI′

a ηJ ′
b B

(g,1)
I′J ′ + αamηI′

a ηJ
mA

(g,1)
I′J +

∂bα
naη+bIηJ ′

a bnA
(g,1)
IJ ′ + ∂mαnaη+mI′ηJ ′

a bnB
(g,1)
I′J ′ − ∂mαnpη+mI′ηJ

p bnA
(g,1)
JI′ +

−1

4
∂p∂qα

mnbmbnη
+pI′η+qJ ′B

(g,1)
I′J ′ −

1

2
∂a∂pα

mnbmbnη+aIηpI′A
(g,1)
IJ ′ ,

which automatically satisfies the classical master equation.

Remark 5 Apparently, there is no natural description of these solutions of BV equation

as AKSZ-actions.

Recall that dim H1
dR(Σg,n) = dim H1

dR(Σg,n, ∂Σg,n) = 2g + n− 1. Any choice of volume

form Ω = ρΩdxadxn on M defines the berezinian

µΩ = ρ
2(1−2g)
Ω dxadx+

a dbndb+ndηdη+

and the BV-generator

∆Ω =
∂

∂x+
a

∂

∂xa
− ∂

∂b+n

∂

∂bn

+ A(g,1)I′J
(

∂

∂ηI′
a

∂

∂η+aJ
− ∂

∂ηJ
m

∂

∂η+mI′

)
+ (1− 2g){log ρΩ,−} .

We easily compute

∆ΩSBV = (1− 2g)(∂aα
an + ∂mαmn + ∂a log ρΩαan)bn = (1− 2g)χn

Ω,N∗Cbn ,

where χΩ,N∗C ∈ NC = TCM/TC is a representative of the modular class of the Lie

algebroid N∗C. We conclude that the solution of the classical master equation SBV satisfies

the quantum master equation if and only if N∗C is unimodular.
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7 Abstract AKSZ models from dg Frobenius algebras

Inspired by the previous consideration we suggest the extension of the AKSZ idea. The

AKSZ construction admits the following straightforward generalization: loosely, one can

use any differential graded (“dg”) Frobenius algebra (or a sheaf of dg algebras such that

the global sections carry the structure of the Frobenius algebra) instead of differential

forms on the worldsheet. In this section we sketch two versions of the construction —

vector space version and sheaf version.

7.1 Vector space version

The source: A unital dg Frobenius algebra C, i.e. a Z-graded vector space2 C = C0 ⊕
· · · ⊕ Cn+1 endowed with (super-)commutative associative multiplication m : S2C → C of

degree 0, differential D : C• → C•+1 of degree 1 and non-degenerate symmetric pairing

Π : S2C → R of degree −n− 1, satisfying the following axioms:

• Degree properties:

|m(u, v)| = |u|+ |v|
|Du| = |u|+ 1

Π(u, v) 6= 0 implies |u|+ |v| = n + 1

• Symmetry properties:

m(u, v) = (−1)|u|·|v|m(v, u)

Π(u, v) = (−1)|u|·|v|Π(v, u)

• Poincaré, Leibniz and associativity identities for differential and multiplication:

D2 = 0

Dm(u, v) = m(Du, v) + (−1)|u|m(u,Dv)

m(m(u, v), w) = m(u,m(v, w))

• Multiplication is cyclic w.r.t. the pairing:

Π(u,m(v, w)) = Π(m(u, v), w)

2Our convention is that elements of Ci have degree i (not coordinates on Ci).
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• Differential is skew-symmetric w.r.t. the pairing:

Π(Du, v) + (−1)|u|Π(u, Dv) = 0

• Pairing Π is non-degenerate, i.e. induces an isomorphism

C• ∼−→ (Cn+1−•)∗

Here we assume that u, v, w ∈ C are homogeneous elements and | · · · | denotes the degree

of an element. Also, we denote the unit of C by 1 ∈ C0.

Equivalently, one can describe C as a unital (super-)commutative dg algebra with trace

Tr : Cn+1 → R (and extended by zero on lower degree components of C) satisfying

Tr(Du) = 0

and such that the pairing Tr(m(•, •)) is non-degenerate. The trace is constructed from

the pairing as Tr(u) = Π(1, u) (and vice versa, pairing can be constructed from the trace

as Π(u, v) = Tr(m(u, v)) ).

The target: A Z-graded vector space W endowed with a (constant) symplectic form

ω ∈ S2(W [1])∗ of degree n and a function Θ ∈ S•(W∗) of degree n+1, satisfying {Θ, Θ} =

0.

The space of BV fields of abstract AKSZ model is defined in this setting to be the

Z-graded vector space

F = C ⊗W . (7.44)

Let {eζ} be a basis in C and {τA} be a basis inW (we denote the corresponding coordinates

on W by {XA}). Then {eζ ⊗ τA} is the basis in F and we denote the corresponding

coordinates on F by {ΦAζ}. The degree (ghost number) of ΦAζ is −|eζ | + |XA|. If the

symplectic form ω on W is ω = dXAωABdXB, then the degree -1 symplectic form Ω on

F is defined as

Ω = Tr(δΦA ωAB δΦB) = (−1)(|A|+1)·|ζ|+n+1δΦAζ Π(eζ , eη) ωAB δΦBη ,

where ΦA := ΦAζeζ (and we use multiplication m under trace implicitly) and we use the

obvious shorthand notation |A| = |XA|, |ζ| = |eζ |. The abstract AKSZ action is

S = Skin + Sint =
1

2
Tr(ΦA ωAB DΦB)

︸ ︷︷ ︸
=(−1)|A|·(|ζ|+1) 1

2
ΦAζ Π(eζ ,Deη) ωAB ΦBη

+(−1)n+1Tr(Φ∗(Θ)) , (7.45)

where Φ∗ : S•(W∗) → C is the ring homomorphism induced by the field Φ ∈ C ⊗ W ∼=
Hom(W∗, C) (i.e. we first interpret Φ as a map of graded vector spaces from W∗ to C and
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then extend it as a ring homomorphism, according to free multiplication in S•(W∗) and

multiplication m in C). In coordinates: if

Θ = ΘAXA +
1

2
ΘABXAXB + · · · (7.46)

then

Sint = (−1)n+1ΘATr(eζ) ΦAζ + (−1)(|A|+1)·|ζ|+n+1 1

2
ΘABTr(m(eζ , eη)) ΦAζΦBη + · · · (7.47)

We claim that the action (7.45) satisfies classical master equation {S, S} = 0 w.r.t.

the anti-bracket on F associated to the odd symplectic form Ω.

Remark 6 The coordinate-free version of the construction above is as follows. We have

a ring homomorphism ev∗ : S•(W∗) → S•(F∗)⊗ C defined on generators as the canonical

map W∗ → F∗ ⊗ C associated to the identity F → C ⊗ W = F . (Notation ev∗ should

remind of the pull-back by evaluation map ev : Maps(N ,M) ×N → M in usual AKSZ

construction which goes as ev∗ : C∞(M) → C∞(Maps(N ,M))⊗C∞(N ).) The interaction

part of action (7.45) is then

Sint = (id⊗ Tr) ◦ ev∗(Θ) .

We can also formally extend ev∗ to differential forms on W as a homomorphism of dg

algebras ev∗ : Ω•(W) → Ω•(F) ⊗ C (here C is treated as an algebra with zero de Rham

differential). Then the odd symplectic form on F is given by

Ω = (id⊗ Tr) ◦ ev∗(ω) .

The kinetic part of action (7.45) is defined as the Hamiltonian function for the cohomo-

logical vector field on F , induced by the differential D : C• → C•+1.

Example 7 (AKSZ with target a vector space.) Usual AKSZ models on the space Maps(N ,M),

in the case when M is a graded vector space with constant symplectic form, can be inter-

preted as abstract AKSZ with W = M and C = C∞(N ).

Example 8 (abstract Chern-Simons.) Taking arbitrary C with n = 2 (i.e. concentrated

in degrees 0,1,2,3 and with pairing of degree -3), taking W = g[1] for a quadratic Lie

algebra g with invariant pairing πg and setting

ω = dXA πg(τA, τB) dXB , Θ =
1

6
πg(τA, [τB, τC ]) XAXBXC

we obtain abstract Chern-Simons in the sense of [11].

In general, in this way (i.e. by allowing C to be an arbitrary dg Frobenius algebra with

pairing of appropriate degree, instead of demanding that it is of form C∞(N )) we can

construct abstract versions of AKSZ models with vector space targets.
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7.2 Sheaf version

We recall first some basic definition that can be found in [13]. A ringed space is a couple

(X,OX) where X is a topological space and OX is sheaf of rings on X, see [13]. We denote

with OX(U) the local sections on the open U ⊂ X. A graded manifold M is a ringed

space (M0,M) such that M(U) is locally isomorphic to C∞(U)⊗ S(V ∗), for some open

U ⊂M0 and graded vector space V .

Definition 9 A morphism of ringed spaces from (X,OX) to (Y,OY ) is a couple (φ, Φ),

where φ : X → Y and Φ : OY → φ∗OX is a morphism of sheaves on Y.

The pushforward sheaf is defined as the sheaf on Y with local sections φ∗OX(U) =

OX(φ−1U), for any open U ⊂ Y . The morphism (φ, Φ) assigns to any open U ⊂ Y a ring

morphism Φ∗(U) : OY (U) → OX(φ−1U).

The abstract AKSZ construction depends on the following data.

The source: A sheaf J of dg supercommutative algebras over some closed manifold N0,

such that locally, for some open U ⊂ N0, we have

J (U) ∼= Ω•(U)⊗ C , (7.48)

where Ω•(U) is the algebra of differential forms on U , C is some fixed finite dimensional

unital dg Frobenius algebra with differential D, product m and pairing Π of degree −nC
(with Tr the corresponding trace). We denote the unit of C by 1 and impose that C is

equipped with the splitting

C = R · 1⊕ C̄ , (7.49)

where C̄ is an ideal. The ring Ω•(U) ⊗ C = C∞(U) ⊕ . . . inherits the splitting and the

restriction homomorphisms must respect the splitting. Moreover we require the existence

of a morphism of sheaves of complexes

TrJ : J → Ω• ,

where Ω• is sheaf of differential forms. This morphism has a degree −nC and locally has

the form idU ⊗ Tr. Therefore the set of the global sections of J is equipped with the

structure of dg Frobenius algebra with the trace given by the composition of TrJ and

integration of differential forms over N0 and with total differential dN0 + D.

The target: A Z-graded manifold M with body M0, equipped with symplectic form

ω ∈ Ω2(M) of degree n and a function Θ ∈ C∞(M) of degree n+1, satisfying {Θ, Θ} = 0.

Here n := dimN0 + nC − 1.
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We define the space of BV fields F = Maps(J ,M) as the space of morphisms of

ringed spaces from (N0,J ) to (M0,M). Let (φ, Φ) ∈ F and let U ⊂M0 be a coordinate

neighborhood such that M(U) ∼ C∞(U) ⊗ S(V ∗). Let {eζ} be some basis in C with

e0 = 1 and eζ ∈ C̄ for ζ 6= 0; let {XA} = {xµ; ξm} be local coordinates on M (i.e.

{xµ} are coordinates on U ⊂ M0 and {ξm} are coordinates on V ), and let {ua} be local

coordinates on N0. Then the BV field (φ, Φ) ∈ F is locally described by the superfields

that are the values of Φ∗(U) on the generators {XA} of M(U):

Φ∗(U) : XA 7→ ΦAζ
0 (u)eζ + ΦAζ

a (u)θaeζ + ΦAζ
a1a2

(u)θa1θa2eζ + · · · = ΦAζ(u, θ)eζ . (7.50)

Here θa := dN0u
a are the odd generators of Ω•(φ−1(U)). The splitting condition (7.49)

allows to define the coefficients of 1 that define a local map φU : φ−1(U) → U as xµ ◦
φU(u) = Φµ0

0 (u). By using a standard argument we see that φU(u) = φ(u), i.e. we recover

the global map φ.

Let us denote the symplectic form as ω = dXAωABdXB; we construct the degree -1

symplectic form Ω on F as

Ω =

∫

N0

Tr
(
δΦA ωAB δΦB

)
=

= (−1)(|A|+dimN0+1)·|ζ|+(n+1)nC
∫

N0

δΦAζ Π(eζ , eη) ωAB δΦBη , (7.51)

where ΦA = Φ∗(XA) is the right hand side of (7.50) and the expression under trace in the

first line implicitly uses the multiplication m in C. The abstract AKSZ action is

S[Φ] =
1

2

∫

N0

Tr
(
ΦAωAB(dN0 + D)ΦB

)

︸ ︷︷ ︸
Skin

+ (−1)n+1

∫

N0

Tr(Φ∗(Θ))

︸ ︷︷ ︸
Sint

. (7.52)

The kinetic term may be also written as

Skin = (−1)(|A|+dimN0)·|ζ|+nC dimN0 ·
∫

N0

(
(−1)|A|+dimN0

1

2
ΦAζ Π(eζ , Deη) ωAB ΦBη+

+(−1)|ζ|
1

2
ΦAζ Π(eζ , eη) ωAB dN0Φ

Bη

)
. (7.53)

If Θ is expanded in local coordinates on M as (7.46), then the expansion analogous to

(7.47) in this setting is

Sint = (−1)n+1+n·nC

∫

N0

ΘATr(eζ) ΦAζ+(−1)(|A|+dimN0+1)·|ζ|1
2
ΘABTr(m(eζ , eη)) ΦAζΦBη+· · ·

We again claim that {S, S} = 0.
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Example 10 Taking the trivial dg Frobenius algebra C = R, we obtain standard AKSZ

models on Maps(T [1]N0,M).

Example 11 Taking N0 = pt, specifying some finite dimensional dg Frobenius alge-

bra C with splitting (7.49) and a finite-dimensional target (M, ω, Θ), we obtain a finite-

dimensional abstract AKSZ model. A particular class of such sources is provided by the

de Rham cohomology of connected closed orientable manifolds C = H•
dR(Σ), viewed as

dg Frobenius algebras with D = 0 and Π associated to Poincaré duality. Since Σ is con-

nected, splitting (7.49) is automatic: C = R · 1 ⊕ H≥1
dR (Σ). For these models Skin = 0,

and the AKSZ action is just the pull-back of the function Θ on the target. These are the

examples that we studied in (4.31) when Σ is two-dimensional and in (5.38) when Σ is

three-dimensional.

Example 12 (Source given by fiber cohomology of a fiber bundle.) Suppose E is a fiber

bundle over N0 with typical fiber F (closed connected orientable manifold), endowed with

a flat connection ∇E. Then we define fiber differential dfib : Ω•(E) → Ω•+1(E) as follows:

for 0-forms f ∈ C∞(E) we define dfib by the property iv(dfibf) := v⊥(f) (where iv is the

convolution with arbitrary vector field v ∈ Vect(E) and the projection to fiber v 7→ v⊥ is

the projection to second term in the splitting of tangent bundle TE = T||E⊕T⊥E defined

by the connection ∇E); then we extend dfib to all forms on E by Leibniz rule and property

dEdfib + dfibdE = 0 (where dE is the de Rham differential on E). Flatness of ∇E implies

that d2
fib = 0. Then we construct sheaf J over N0 as the cohomology of dfib:

Γ(N0,J ) = H•
dfib

(Ω•(E)) .

Locally J splits as (7.48) with C = H•(F ) (de Rham cohomology of the fiber).

In particular we can take a trivial fiber bundle E = N0 × F with canonical flat con-

nection ∇E. Then dfib is just the de Rham differential along fiber dfib = idN0 ⊗ dF and the

fiber cohomology sheaf J splits globally:

Γ(N0,J ) = Ω•(N0)⊗H•(F ) .

Abstract AKSZ models with source J and some target (M, ω, Θ) may in some cases

arise as a partial reduction of usual AKSZ models on Maps(T [1]E,M). The simplest

example here is: E is the 2-torus, viewed as a trivial bundle over circle N0 = S1 with fiber

a circle F = S1, and M is a Poisson manifold. The corresponding abstract AKSZ model

is a partial reduction of Poisson sigma model on torus.

We hope to explore this set of examples in more detail in a future publication.
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Remark 13 Global sections Γ(N0,J ) of the sheaf J themselves form a dg Frobenius

algebra with differential DJ = dN0 + D (where dN0 is the de Rham differential on N0),

multiplication mJ coming from wedge product of forms and multiplication m on C, and

with the pairing ΠJ (χ, ψ) =
∫
N0

Tr(m(χ, ψ)). When the target is a graded vector space,

we can apply the vector space construction of Subsection 7.1 with Γ(N0,J ) as source. We

easily verify that the two constructions coincide. Remark that requirement (7.49) is not

needed in the vector space version, so that more general Frobenius algebras are allowed in

the vector space version.

8 Conclusions

In this paper we studied a canonical reduction of the AKSZ-BV field theory to a finite

dimensional BV theory which governs the semi-classical approximation. As illustration of

the general construction, we discussed the two dimensional Poisson sigma model and the

three dimensional Courant sigma model.

Our main perspective has been the odd symplectic reduction of the infinite dimensional

manifold of fields. It is important to remark that one can look at the reduced action SBV

as the leading contribution in the effective BV action which controls the low energy fields

(we can call them either ”constant” maps or zero modes). It is convenient to consider

the idea of effective BV theories suggested by Losev [20] (see [21], [5] and [10] for further

developments). In fact, given any embedding of the cohomology in the space of forms of

the source, one can look at the reduced variables as ”infrared” degrees of freedom of the full

theory. The effective action is then defined by integrating over the ”ultraviolet” degrees of

freedom and, in the perturbative approach, is a series in ~ and in the hamiltonian function

Θ of the target. From this point of view, the reduced BV manifolds that we studied in

this paper are the spaces of the infrared degrees of freedom and the action SBV is the

lowest order in the expansion of the effective action. In principle one can calculate the

corrections by applying Feynman diagrams techniques.

From the examples considered in this paper, it is natural to consider the generalization

of the AKSZ construction [1]. In Section 4.2 we observed that the reduced BV theory

can be described in terms of ”supermaps” to the target graded manifold. The novelty is

that the formal variables of the source manifold have to satisfy some constraints and thus

they cannot be anymore considered as the coordinates of a graded manifold. This is the

generalization of the AKSZ construction that we introduced in Section 7. The examples
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that appeared in this paper have sources that are commutative graded algebras seen as

sheaves over a point and so are zero dimensional TFT’s. One can consider generalized

AKSZ theories in any dimension, as we described for instance in the Example (12), that

will be the object of future study.

Finally, one can consider more general type of BV reductions, not necessary to the

constant map configurations. Moreover many ideas presented here can be applied to a

wider setup than simply AKSZ-BV theories. For example, it could be interesting to study

the reduction of the two dimensional BV theories described in [27, 28].
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A Computation of Berezinian (5.39)

We show here that the volume form introduced in (5.39) is globally defined on Map(XΣ,M).

The coordinates z = (Xµ, ξa,P µ) defined as coefficients of the superfields (5.36) depend

on the choice of coordinates {xµ} on M and of a trivialization {ea} of E. If we change to

coordinates {yi = yi(x)} on M and to trivialization {eα = taα(x)ea}, the coordinates on

Map(XΣ,M) change to z̃ = (Xi, ξα,P i) accordingly as

Xi = yi(X) , ξα = tαa (X)ξa , P i =
∂xµ

∂yi
(X)P µ +

1

2
ξaξb ∂tαa

∂yi
(X)gαβtβb (X) . (A.54)

The quadratic term in the transformation of P i can be removed by introducing a connec-

tion on the vector bundle E. In fact, the coordinate P Γ
µ = P µ + 1

2
Γb

µaξ
agbcξ

c transforms

as a tensor

P Γ
i =

∂xµ

∂yi
(X)P Γ

µ .

It can be easily checked that the Berezinian of the transformation from {Xµ, ξa,P µ} to

{Xµ, ξa, P Γ
µ} is one so that the coordinate volume forms are the same. Equivalently, in
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order to compute the Berezinian of the transformation z̃(z) we are allowed to ignore the

quadratic term in the transformation of P in (A.54).

The final result is that the berezinian of the transformation matrix I = (∂z̃
∂z

) is

BerI = Ber

(
I00 I01

I10 I11

)
= (det tαa )2(1−b1) .

We first compute it with respect to the transformation yi = yi(x) with fixed trivialization.

Let us order the relevant coordinates z = {z0, z1}, where z0 are the even ones and z1 are

the odd ones, as z0 = (xµ, γµ, FµI , α
+µ
I ) and z1 = (αI

µ, F
+µI , γ+µ, x+

µ ). It is important to

see where the zeros are located in I, so that at the end only few matrix elements (the

diagonal ones) enter the result. By inspection of the degree in (A.54) we can easily write

I00 =
∂z̃0

∂z0

=




∂yi

∂xµ 0

∗ ∂γi

∂γµ

0 0

0 0

∗
∂FiI

∂FµJ
∗

0
∂α+i

I

∂α+µ
J




I01 = ∂z̃0

∂z1
=




0 0

0 0

0 0

0 0

∗ 0 0

0 0




I11 =
∂z̃1

∂z1

=




∂αI
i

∂αJ
µ

∗
0 ∂F+iI

∂F+µJ

0 0

0 0

∗
∂γ+i

∂γ+µ 0

∗ ∂x+i

∂x+µ




I10 = ∂z̃1

∂z0
=


 ∗ 0 0

0 0

∗ ∗


 ,

where the block structure is easily understood. It is then easy to compute that

I01I
−1
11 I10 =




0 0

0 0

0 0

0 0

∗ 0 0

0 0




so that

BerI = det(I00 − I01I
−1
11 I10)/ det I11 = det I00/ det I11 = 1 .

Consider now the change of trivialization eα = taα(x)ea, without changing coordinates {xµ}.
Let us order the relevant coordinates as follows: the even ones are z0 = (xµ, α+µ

I , AaI , β+
a )

and the odd ones are z1 = (F+µI , γ+µ, βa, A+
aI). Since we are ignoring the quadratic terms

in (A.54) the coefficients of P µ do not appear. Then we compute

I00 =




δµ
ν 0

0 δI
Jδµ

ν

0 0

0 0

∗
∂AαI

∂AaJ 0

∗ ∂β+
α

∂β+
a




I01 =




0 0

0 0

0 0

0 0

∗ ∗ 0

∗ ∗
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I11 =




δµ
ν δI

J 0

0 δν
µ

0 0

0 0

∗
∂βα

∂βa 0

∗ ∂A+
αI

∂A+
aI




I10 =




0 0

0 0

0 0

0 0

∗ 0 0

∗ 0


 .

We then compute that

I01I
−1
11 I10 =




0 0

0 0

0 0

0 0

∗ 0 0

∗ 0




and finally we get

BerI = det(I00 − I01I
−1
11 I10)/ det I11 = det I00/ det I11 = (det tαa )2(b1−1) .

B Relative (co)homology

We recall in this appendix basic facts about relative (co)homology and Lefschetz duality

for manifolds with boundary [14].

Let Σ be a smooth manifold of dimension d with boundary ∂Σ. The relative k-chains

with real coefficients are defined as Ck(Σ, ∂Σ) = Ck(Σ)/Ck(∂Σ), i.e. the chains in Σ

modulo the chains in ∂Σ. We will always work with real coefficient and we will omit

it in the notation. The usual boundary ∂ goes to the quotient and defines the rela-

tive homology Hk(Σ, ∂Σ). An alternative description of chains is obtained by defining

C ′
k(Σ, ∂Σ) = {(ck, σk−1) , ck ∈ Ck(Σ), σk−1 ∈ Ck−1(∂Σ)} with boundary ∂(ck, σk−1) =

(∂ck + (−)kσk−1, ∂σk−1). It is easy to check that the map (ck, σk−1) ∈ C ′
k(Σ, ∂Σ) → ck ∈

Ck(Σ, ∂Σ) is a quasisomorphism.

The exact sequence 0 → Ck(∂Σ) → Ck(Σ) → Ck(Σ, ∂Σ) → 0 gives rise to the long

exact sequence in homology

. . . → Hk(∂Σ) → Hk(Σ) → Hk(Σ, ∂Σ) → Hk−1(∂Σ) → . . . , (B.1)

where the last map sends [c] ∈ Hk(Σ, ∂Σ) → [∂c] ∈ Hk−1(∂Σ), for some c ∈ Ck(Σ).

The complex of relative cochains C•(Σ, ∂Σ) can be described as the restriction of de

Rham complex to those forms ω whose restriction ω|∂Σ to the boundary is zero. We denote

the relative cohomology as HdR(Σ, ∂Σ). By the universal coefficient theorem we have that

H•
dR(Σ) = H(Σ)∗•. The alternative description for k-relative cochains is C ′k(Σ, ∂Σ) =

ΩkΣ ⊕ Ωk−1∂Σ, with differential d(ωk, νk−1) = (dωk, dνk−1 − (−)kωk|∂Σ). The map ωk ∈
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Ck(Σ, ∂Σ) → (ωk, 0) ∈ C ′k(Σ, ∂Σ) is a quasisomorphism. The pairing is then defined as

〈ωk, ck〉 =

∫

ck

ωk .

or alternatively as

〈(ωk, νk−1), (ck, σk−1)〉 =

∫

ck

ωk +

∫

σk−1

νk−1 .

The above notion of relative (co)homology makes sense for any subspace of Σ, in

particular we can consider (union of) components of ∂Σ. If ∂Σ = ∪i∈I∂iΣ and ∂JΣ =

∪i∈J∂iΣ, for J ⊂ I, we will consider the relative homology H(Σ, ∂JΣ) and cohomology

HdR(Σ, ∂JΣ). Let I = I1 ∪ I2, with I1 ∩ I2 = ∅; the choice of the fundamental class

[Σ] ∈ Hd(Σ, ∂Σ) determines the following isomorphism (for a proof see Theorem 3.43 of

[14])

Hk(Σ, ∂I1Σ) = Hd−k
dR (Σ, ∂I2Σ) .

In particular, the case I1 = ∅ or I2 = ∅ is known as Lefschetz duality,

Hk
dR(Σ, ∂Σ) ∼ Hd−k(Σ) , Hk

dR(Σ) ∼ Hd−k(Σ, ∂Σ) .

Let us describe more explicitly the case d = 2 and consider a compact surface Σg,n of

genus g and n boundary components.

Since H0(Σg,n, ∂Σg,n) = H2(Σg,n) = 0, by Lefschetz duality we get that H2
dR(Σg,n) =

H0
dR(Σg,n, ∂Σg,n) = 0. The Lefschetz duality in degree one can be seen as the non degener-

acy of the pairing H1
dR(Σg,n)⊗H1

dR(Σg,n, ∂Σg,n) → R, (a, b) → ∫
Σg,n

a∧b. Equivalently, for

any basis {cI} for H1
dR(Σg,n) and {gI′} for H1

dR(Σg,n, ∂Σg,n) the matrix A
(g,n)
II′ =

∫
Σg,n

cI∧gI′

is non degenerate. Let us denote with A(g,n)I′J the inverse matrix. It will be useful even

the (possibly degenerate) matrix B
(g,n)
I′J ′ =

∫
Σg,n

gI′ ∧ gJ ′ .
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ONE-DIMENSIONAL CHERN-SIMONS THEORY

ANTON ALEKSEEV AND PAVEL MNËV

Abstract. We study a one-dimensional toy version of the Chern-Simons the-
ory. We construct its simplicial version which comprises features of a low-
energy effective gauge theory and of a topological quantum field theory in the
sense of Atiyah.
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1. Introduction

We begin (see section 2) by considering a one-dimensional version of the Chern-
Simons theory on a circle. This is a gauge theory in the Batalin-Vilkovisky formal-
ism defined by the action

(1)
1
2

∫
(ψ, dψ) + (ψ, [A,ψ]),

where the field ψ is an odd function on the circle with values in a quadratic Lie
algebra g, and the field A is an even 1-form with values in g. We address the
problem of constructing an effective BV action induced on a triangulation of the
circle.

This problem is interesting by itself since it is related to discretization of differ-
ential geometry. Indeed, the action (1) can be viewed as a generating function for
natural operations on differential forms on the circle: the de Rham differential, the
wedge product and the integral over the circle (more precisely, it is a generating
function for a unimodular cyclic DGLA structure on g-valued forms, cf. [7]). In
this language, the effective action on a triangulation is a generating function for
some discretized (homotopy) version of this structure induced on cochains of the
triangulations (viewed as discrete differential forms).

Another motivation for studying the effective action for (1) is that it might give
a new insight for constructing a discrete version of the 3-dimensional Chern-Simons
theory. Such a discrete Chern-Simons theory would allow to compute invariants
of 3-manifolds as finite-dimensional integrals, and it would be compatible with
the gauge symmetry (i.e. it would satisfy the Batalin-Vilkovisky quantum master
equation).

The effective action for the one-dimensional Chern-Simons theory on a triangu-
lated circle turns out to be given by an explicit but somewhat bizarre formula (42).
It immediately raises a number of questions. For instance, the result is expected to
satisfy the quantum master equation (QME) and to be compatible with simplicial
aggregations (merging several 1-simplices of the triangulation). How can we check
this directly? Another desire is to represent the result (42) in a “simplicially-local”
form.

It turns out that answers to these questions come from the following construction.
We give a new definition of the one-dimensional simplicial Chern-Simons theory in
the “operator formalism”, i.e. in the language of Clifford algebras Cl(g) (section
3.2.1). The partition function for a simplicial complex is an element of Cl(g)⊗i

(where i is half the number of boundary points of the simplicial complex), and
it given by a product of local Cl(g)-valued expressions (61) for 1-simplices. In
particular, for a triangulated circle the partition function takes values in numbers
(and it also depends on simplicial “bulk fields”). In section 4.4.2, we establish
the equivalence between the operator formalism and the path integral formalism of
section 2. Consistency with simplicial aggregations is checked straightforwardly in
the operator language (section 3.2.2). The partition function for an interval can be
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shown to satisfy equation (68):

~
∂

∂ψ̃a

∂

∂Aa
ZI +

1
~

[
1
6
fabcψ̂aψ̂bψ̂c, ZI

]

Cl(g)

= 0

which is interpreted as a version of the quantum master equation adjusted for
the presence of the boundary. This immediately implies the QME with boundary
contributions for arbitrary one-dimensional simplicial complex (73) and the usual
QME for the triangulated circle (44).

To formulate one-dimensional simplicial Chern-Simons theory in the spirit of
Atiyah’s axioms of TQFT (section 4.2), we choose a complex polarization of g:

gC = h⊕ h̄

(which can always be introduced if g is even-dimensional; however, by introducing
a complex polarization we break the O(g)-symmetry of the original problem). The
Clifford algebra Cl(g) is isomorphic to the matrix (super-)algebra End(∧•h) =
End(Fun(Πh)). Therefore, the space of states associated to a point in the one-
dimensional Chern-Simons theory is Hpt = Fun(Πh) — the super vector space of
polynomials in (dim g)/2 odd variables. The super-space Hpt is endowed with an
odd third-order differential operator δ. One-dimensional “cobordisms” are now
equipped with triangulations. To a triangulated cobordism Θ we associate the
“space of bulk fields” Fbulk

Θ , equipped with the BV Laplacian ∆bulk
Θ . The partition

function for a triangulated cobordism satisfies the quantum master equation (80).
In addition to the operations of gluing and disjoint union (which are standard in
Atiyah’s picture), simplicial aggregations are allowed for triangulated cobordisms.
The original continuum theory can be thought of as the simplicial theory in the
limit of dense triangulation.

Matrix elements of the partition function for a triangulated cobordism can be
written as path integrals for the one-dimensional Chern-Simons with BV gauge
fixing in the bulk and holomorphic-antiholomorphic boundary conditions (section
4.4.2). This brings us back to the formalism of effective BV actions. The action for
an interval is given by a Gaussian integral and it is easy to compute it explicitly
(115).
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2. Simplicial Chern-Simons theory on the circle

In this section we study the Chern-Simons theory on the circle in Batalin-
Vilkovisky (BV) formalism and construct an effective BV action induced on cochains
of a triangulation. Much of this discussion is inspired by [7] and [14] . In particular,
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the reader is referred to sections 2 and 3.2 of [7] for details of the effective BV action
construction.

2.1. Continuum theory on the circle: fields, BV structure, action. Let g be
a quadratic Lie algebra with Lie bracket [, ] and non-degenerate ad-invariant pairing
(, ). We will denote by {T a} an orthonormal basis in g and by fabc = (T a, [T b, T c])
the structure constants in this basis. We will also use the Einstein summation
convention for the Lie algebra indices.

The Chern-Simons theory on a 3-manifold M can be constructed as an AKSZ
sigma model [1] with the space of fields

F = Maps(ΠTM,Πg) = Πg⊗ Ω•(M).

That is, F is the space of maps of super-manifolds from the parity-shifted tangent
bundle of M to the parity-shifted Lie algebra. Equivalently, this is the space of
differential forms on M with values in Πg. From the canonical integration measure
on ΠTM and thew even symplectic structure ωΠg = 1

2δXa∧δXa on Πg (we denote
by {Xa} the set of odd coordinates on Πg associated to the orthonormal basis {T a}
on g) one constructs an odd symplectic form (the “BV 2-form”) on F :

(2) ω =
1
2

∫

M

(δα, δα).

Here the superfield α is the canonical odd map (the parity-shifted identity operator)

(3) α : F → g⊗ Ω•(M)

which can be viewed as the generating function for coordinates on F with values
in g-valued differential forms on M . By splitting α into components according to
the degrees of differential forms we obtain

α = A(0) + A(1) + A(2) + A(3)

where A(p) takes values in g-valued p-forms.1 Since α is totally odd, A(0) and A(2)

are intrinsically odd, A(1) and A(3) are intrinsically even (the intrinsic parity is the
total parity minus the de Rham degree modulo 2). The Chern-Simons action is
built of the 1-form 1

2Xa ∧ δXa on Πg (which is a primitive for ωΠg) and the odd
function on Πg

(4) θ =
1
6
fabcXaXbXc

which satisfies {θ, θ}Πg = 0. The action is given by formula,

(5) S =
∫

M

1
2
(α, dα) +

1
6
(α, [α, α]).

By the general construction [1], S satisfies the classical master equation

{S, S} = 0

where {, } is the BV anti-bracket on functions on F defined by the odd symplectic
form ω.

1In the BV formalism, A(1) is the “classical field”, A(0) is the “ghost”; A(2) and A(3) are the
“anti-fields” for A(1) and A(0), respectively.
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We would like to define the one-dimensional Chern-Simons theory on the circle
S1 by substituting M = S1 into the construction described above. Then, the space
of fields becomes

F = Maps(ΠTS1,Πg) = Πg⊗ Ω0(S1)⊕Πg⊗ Ω1(S1)

The superfield α can now be written as

(6) α = ψ + A,

where the component ψ = T aψa(τ) takes values in g-valued functions on the
circle and is intrinsically odd (τ is the coordinate on S1); and the component
A = dτ T aAa(τ) takes values in g-valued 1-forms on the circle and is intrinsically
even. Thus, {ψa(τ), Aa(τ)} are odd and even coordinates on F , respectively. The
space F is equipped with an odd symplectic structure (2):

(7) ω =
∫

S1
(δψ, δA),

defining the anti-bracket {•, •} : Fun(F)× Fun(F) → Fun(F),

{f, g} =
∫

S1
dτ f

( ←−
δ

δψa(τ)

−→
δ

δAa(τ)
−

←−
δ

δAa(τ)

−→
δ

δψa(τ)

)
g

and the BV Laplacian ∆ : Fun(F) → Fun(F)

∆f =
∫

S1
dτ

δ

δψa(τ)
δ

δAa(τ)
f.

Note that the operator ∆ is ill-defined on local functionals.
The action (5) can be written in terms of components (6) of the superfield as

(8) S =
1
2

∫

S1
((ψ, dψ) + (ψ, [A,ψ])) .

Here d is the de Rham differential on S1. By the general AKSZ construction2, the
action S satisfies the classical master equation

{S, S} = 0.

Näıvely, one could also say that the unimodularity of g implies unimodularity of
g⊗ Ω•(S1), and therefore the quantum master equation is fulfilled

1
2
{S, S}+ ~∆S = 0.

However, ∆S is ill-defined in continuum theory.

Remark 1. The Z2-grading on the space of fields of the Chern-Simons theory on
a 3-manifold can be promoted to a Z-grading (by setting F = Maps(T [1]M, g[1]))
in such a way that the odd symplectic form Ω attains grade3 −1 (so that the anti-
bracket has degree +1) and the action S is in degree zero. However, this does not
apply to the one-dimensional Chern-Simons theory which is essentially Z2-graded:
there is no consistent Z-grading on the space of fields.

2.2. Effective action on the cohomology of the circle.

2Or, in the algebraic language, due to relations (Leibniz identity, Jacobi identity, cyclicity of
differential, cyclicity of Lie bracket) in the cyclic dg Lie algebra g⊗ Ω•(S1), cf. [7].

3Grade is defined as the total degree minus the de Rham degree of a differential form.
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2.2.1. Harmonic gauge. Let’s split the space of differential forms on the circle into
constant 0- and 1-forms and those with vanishing integral4: Ω•(S1) = Ω′•(S1) ⊕
Ω′′•(S1) where

Ω′•(S1) = {f + dτ g | f, g ∈ R},(9)

Ω′′•(S1) = {f ′′(τ) + dτ g′′(τ) |
∫

S1
dτ f ′′(τ) = 0,

∫

S1
dτ g′′(τ) = 0}.(10)

It induces the splitting for fields into infrared and ultraviolet parts F = F ′ ⊕ F ′′,
where

F ′ = {ψ0 + dτ A0 | ψ0 ∈ Πg, A0 ∈ g},
F ′′ = {ψ′′ + A′′ |

∫

S1
dτ ψ′′(τ) = 0,

∫

S1
A′′ = 0}.

This splitting respects both the BV 2-form and the de Rham differential. We define
the Lagrangian subspace L ⊂ F ′′ as

(11) L = {ψ′′ + A′′ | A′′ = 0}.

2.2.2. Effective action on cohomology. 5 We define the effective action W on F ′ by
the fiber BV integral

(12) e
1
~W (ψ0,A0,~) =

∫

L
e

1
~S(ψ0+ψ′′, dτ A0+A′′) =

=
∫
Dψ′′ e

1
2~

∫
S1(ψ0+ψ′′,(d+dτ adA0 )(ψ0+ψ′′)).

The Lagrangian subspace L ⊂ F ′′ is uniquely6 fixed by the requirement that the
“free” part of the action 1

2

∫
S1(ψ, dψ) be non-degenerate when restricted to L.

Integral (12) is Gaussian, and it yields the following result.

Proposition 1. The effective BV action W of the one-dimensional Chern-Simons
theory is given by

(13) e
1
~W (ψ0,A0,~) = det1/2

g

(
sinh adA0

2
adA0

2

)
· e− 1

2~ (ψ0,adA0ψ0).

A simple form of the 0-loop part is due to the fact that multiplication by constant
1-forms respects the splitting of forms into infrared and ultraviolet parts (9,10).7

The functional determinant is easily computed e.g. by using the exponential basis
{e2πikτ} for 0-forms on the circle.

4Properties of being constant for a 1-form and being of integral zero for a 0-form are non-
covariant. This is not a problem as choosing a gauge always relies on introducing some additional
structure. In the case of harmonic gauge, this extra structure is the parametrization of the circle.

5More precisely, we consider the effective action as a function on Πg ⊗ H•(S1), i.e. on the
parity-shifted de Rham cohomology of the circle (which we represented by harmonic forms) with
coefficients in g.

6This a special property of the one-dimensional theory related to the fact that the de Rham
operator d : Ω′′0(S1) → Ω′′1(S1) is an isomorphism, and there is unique chain homotopy K =
d−1 : Ω′′1(S1) → Ω′′0(S1).

7Higher order terms in the 0-loop effective action would correspond to Massey operations on
the de Rham cohomology (cf. [7], [14]). In the case of the circle, Massey operations vanish.
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The effective action (13) satisfies the quantum master equation
∂

∂ψa
0

∂

∂Aa
0

e
1
~W (ψ0,A0,~) = 0.

The classical master equation is implied by the Jacobi identity and by cyclicity
property of the Lie bracket on g; the quantum part of master equation follows from
the fact that the one-loop part of W is manifestly ad-invariant.

2.3. Simplicial Chern-Simons action on circle. Let’s assume that the circle
S1 is glued of n intervals I1 = [p1, p2], . . . , In = [pn, p1] (where p1, . . . , pn is a
cyclically ordered collection of points on the circle), and that each interval Ik is
equipped with a coordinate function τ : Ik → [0, 1]. We will denote a point of Ik

with coordinate τ by (k, τ). We will assume n to be odd (otherwise, our gauge will
be inconsistent, see remark 2). We denote this “triangulation” of the circle by Ξn.

2.3.1. Cyclic Whitney gauge. Splitting of fields into infrared and ultraviolet parts
is defined by splitting for differential forms on the circle Ω•(S1) = Ω′•Ξn

(S1) ⊕
Ω′′•Ξn

(S1), where we split 0-forms into continuous piecewise-linear ones and those
with vanishing integrals over each Ik, and we split 1-forms into piecewise-constant
ones and the orthogonal complement of piecewise-linear 0-forms:

(14) Ω′•Ξn
(S1) = {f ′ + dτ g′ | f ′|Ik

= (1− τ)fk + τfk+1, g′|Ik
= gk ∀k}

Ω′′•Ξn
(S1) = {f ′′+dτ g′′ |

∫

Ik

dτf ′′ = 0,

∫

Ik

τdτ g′′+
∫

Ik+1

(1−τ)dτ g′′ = 0 ∀k}

where fk, gk ∈ R are numbers. Thus, Ω′•Ξn
(S1) ∼= Rn|n (as a super-space). As a

cochain complex, Ω′•Ξn
(S1) is isomorphic to C•(Ξn), the cochain complex of the

simplicial complex Ξn. As in section 2.2.1, this splitting agrees with the de Rham
differential, and the associated splitting for fields F = F ′⊕F ′′ agrees with the BV
2-form.

We call splitting (14) the “cyclic Whitney gauge”, because our representatives
Ω′• for cell cochains of triangulation are exactly the Whitney forms [16] for Ξn.
The word “cyclic” indicates that Ω′′• is constructed as an orthogonal complement
of Ω′• with respect to the Poincaré pairing

∫
S1 • ∧ •.

Coordinates on F ′ are given by values of ψ′ at the vertices of triangulation:

(15) ψk = ψ′(pk) ∈ Πg,

and by integrals of A over intervals:

(16) Ak =
∫

Ik

A′ ∈ g.

The BV 2-form on F ′ is given by

(17) ω′ =
n∑

k=1

δψa
k + δψa

k+1

2
∧ δAa

k.

We will denote F ′ = FΞn to emphasize its dependence on n. We have FΞn
∼=

Πg⊗ C•(Ξn).

Remark 2. The requirement that n be odd is needed since for n even the piecewise-
linear 0-form

f(k, τ) = (−1)k(τ − 1/2)
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belongs to both the infrared and ultraviolet subspaces.

As in section 2.2.1, we define the Lagrangian subspace L ⊂ F ′′ by setting the
1-form part of the ultraviolet field to zero (11).

2.3.2. Chain homotopy, dressed chain homotopy. Let us define the infrared projec-
tor P ′ : Ω•(S1) → Ω′•Ξn

(S1) by formula

(18) f + dτ · g 7→

7→
n∑

k=1

(∫

Ik

dτ ′ f − (1− 2τ) ·
(∫

Ik+1

dτ ′ f −
∫

Ik+2

dτ ′ f + · · ·+
∫

Ik−2

dτ ′ f −
∫

Ik−1

dτ ′ f

))
θIk

+

+dτ

n∑

k=1

(∫

Ik

dτ ′ g +
∫

Ik+1

(1− 2τ ′)dτ ′ g −
∫

Ik+2

(1− 2τ ′)dτ ′ g + · · · −
∫

Ik−1

(1− 2τ ′)dτ ′ g

)
θIk

,

where θIk
is the function on the circle with value 1 on Ik and zero elsewhere.

The chain homotopy κ : Ω1(S1) → Ω0(S1) is uniquely defined by the properties

d κ + κ d = id− P ′,(19)
P ′κ = 0,(20)
κP ′ = 0.(21)

Lemma 1. The operator κ defined by relations (19), (20), (21) acts on the 1-form
dτ · g ∈ Ω1(S1) by8

(22) κ(dτ · g)(k, τ) =
n∑

k′=1

∫

Ik′
dτ ′κ((k, τ), (k′, τ ′)) g(k′, τ ′),

where the integral kernel is given by

(23) κ((k, τ), (k′, τ ′)) =
{

θ(τ − τ ′)− 1
2 − τ + τ ′ if k = k′

(−1)k−k′2( 1
2 − τ)( 1

2 − τ ′) if k′ < k < k′ + n

and θ is the unit step function. In addition, the kernel has the anti-symmetry
property:

κ((k′, τ ′), (k, τ)) = −κ((k, τ), (k′, τ ′))

To obtain formula (23), one observes that relations (19) and (20) imply the
differential equation

(24)
∂

∂τ
κ((k, τ), (k′, τ ′)) = δk,k′δ(τ − τ ′) + Ck(k′, τ ′)

subject to conditions
(25)∫ 1

0

dτ κ((k, τ), (k′, τ ′)) = 0, κ((k, 1), (k′, τ ′)) = κ((k + 1, 0), (k′, τ ′)) ∀k.

Here Ck(k′, τ ′) are some functions independent of τ . Solving (24) together with
(25) immediately yields (23). This proves the uniqueness property. In order to
prove existence, one checks that (23) satisfies (19), (20), (21).

8Recall that (k, τ) denotes a point on the circle which belongs to the interval Ik and which
has a local coordinate τ . Hence, the integral kernel here is actually a function on S1 × S1.
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We will also need the “dressed” chain homotopy (i.e. dressed by the connection)
κA′ : g ⊗ Ω1(S1) → g ⊗ Ω0(S1), where A′ =

∑n
k=1 AkθIk

is a piecewise-constant
g-valued 1-form on the circle. The operator κA′ is uniquely defined by the properties

(id−P ′)dA′ κA′ + κA′ dA′(id− P ′) = id− P ′,(26)
P ′κA′ = 0,(27)
κA′P ′ = 0,(28)

where dA′ = d + adA′ . One can summarize these properties by saying that κA′ :
Ω′′1Ξn

(S1) → Ω′′0Ξn
(S1) is the inverse of the operator (id−P ′)dA′(id−P ′) : Ω′′0Ξn

(S1) →
Ω′′1Ξn

(S1). The dressed chain homotopy can either be expressed perturbatively as a
series

κA′ = κ− κ adA′ κ + κ adA′ κ adA′ κ− · · · ,

or it can be computed explicitly by solving the differential equation (26).
To present an explicit formula for the integral kernel of κA′ (defined as in (22)),

we have to first introduce some notation. Let F (A, τ) be an End(g)-valued function
on the interval [0, 1] depending on an anti-symmetric matrix A ∈ so(g) ⊂ End(g)
and defined by the following properties

F (A, •) ∈ SpanEnd(g)(1, e−Aτ ),(29)
∫ 1

0

dτ F (A, τ) = 0,

F (A, 0) = 1.

Property (29) is equivalently stated as (d + A)F (A, •) = const (this constant de-
pends on A). It is convenient to introduce notation

R(A) = −F (A, 1) ∈ End(g).

More explicitly, we have

F (A, τ) =
1
2

(
coth A

2 + 1
)
e−Aτ −A−1

1
2

(
coth A

2 + 1
)−A−1

,(30)

R(A) = −A
−1 + 1

2 − 1
2 coth A

2

A−1 − 1
2 − 1

2 coth A
2

.(31)

We will use notation

(32) µk(A′) = R(adAk−1)R(adAk−2) · · ·R(adAk+1)R(adAk
) ∈ End(g).

The following reflection properties

F (−A, τ) = −F (A, 1− τ)
R(A)

, R(−A) = R(A)−1, µk(A′)T = µk(A′)−1

mean that R(A) and µk(A′) take values in orthogonal matrices O(g) ⊂ End(g).
We can now present the result for the integral kernel of the dressed chain homo-

topy κA′ :

Lemma 2. The operator κA′ defined by relations (26), (27), (28) acts on a g-valued
1-form dτ · β ∈ g⊗ Ω1(S1) by formula

(33) κA′(dτ · β)(k, τ) =
n∑

k′=1

∫

Ik′
dτ ′ · κA′((k, τ), (k′, τ ′)) ◦ β(k′, τ ′),
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where the integral kernel is given by

(34) κA′((k, τ), (k′, τ ′)) =

=





(
θ(τ − τ ′)− 1

2 + 1
2 coth adAk

2

)
e(τ ′−τ)adAk − (adAk

)−1+

+F (adAk
, τ)

(
1

1+µk(A′) − 1
1+R(adAk

)

)
F (−adAk

, τ ′) if k = k′,

(−1)k−k′F (adAk
, τ)R(adAk−1) · · ·R(adAk′ )

1
1+µk′ (A′)

F (−adAk′ , τ
′) if k′ < k < k′ + n

This integral kernel is anti-symmetric:

κA′((k′, τ ′), (k, τ))T = −κA′((k, τ), (k′, τ ′))

To obtain (34) we proceed as in the derivation of (23). The differential equation
implied by (26) is as follows:

(35)
(

∂

∂τ
+ adAk

)
κA′((k, τ), (k′, τ ′)) = δk,k′δ(τ − τ ′) + Ck(k′, τ ′).

Conditions (25) are still fulfilled. Solving (35) with these conditions imposed yields
formula (34).

2.3.3. Simplicial action. Simplicial Chern-Simons action SΞn for the triangulation
Ξn of circle is defined by the fiber BV integral

(36) e
1
~SΞn (ψ′,A′,~) =

∫

L
e

1
~S(ψ′+ψ′′,A′+A′′).

As in the case of induction to cohomology, one puts A′′|L = 0, and the integral
becomes Gaussian:

(37) e
1
~SΞn (ψ′,A′,~) =

∫
Dψ′′ e

1
2~

∫
S1 (ψ′+ψ′′,dA′ (ψ

′+ψ′′)).

Expanding the integrand as

(ψ′, dA′ψ
′) + (ψ′′, dψ′′) + (ψ′′, adA′ψ

′′) + 2(ψ′′, adA′ψ
′)

one can consider the second term as the “free” part of the action and the third and
fourth terms as a perturbation. In this way, we arrive at the following Feynman
diagram expansion for SΞn :

(38)

SΞn =
1
2
(ψ′, dψ′) +

1
2
(ψ′, adA′ψ

′)− 1
2
(ψ′, adA′κ adA′ψ

′) +
1
2
(ψ′, adA′κ adA′κ adA′ψ

′)− · · ·
︸ ︷︷ ︸

S0
Ξn

+

+ ~
1

2 · 2 trg⊗Ω0(S1) (κ adA′κ adA′)− ~ 1
2 · 3 trg⊗Ω0(S1) (κ adA′κ adA′κ adA′) + · · ·

︸ ︷︷ ︸
~S1

Ξn

Here the first line is the sum of “tree” diagrams and the second line is the sum of
“wheel diagrams”.

The tree part of SΞn can be expressed in terms of the dressed chain homotopy,

(39) S0
Ξn

=
1
2

∫

S1
(ψ′, dψ′) +

1
2

∫

S1
(ψ′, adA′ψ

′)− 1
2

∫

S1
(ψ′, adA′κA′adA′ψ

′).
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For the 1-loop part, we first write

S1
Ξn

=
1
2

trg⊗Ω0(S1) log(1 + κ adA′).

Then, by using the general formula

∂

∂s
tr log Ms = tr

(
M−1

s

∂Ms

∂s

)

one obtains

S1
Ξn

=
∫ 1

0

ds
∂

∂s

(
1
2

trg⊗Ω0(S1) log(1 + κ adsA′)
)

=
1
2

∫ 1

0

ds trg⊗Ω0(S1) (1 + κ adsA′)−1κ︸ ︷︷ ︸
κsA′

adA′ .

One can evaluate the functional trace in the integrand in the coordinate represen-
tation (i.e. in the basis of delta-functions) by expressing it in terms of the integral
kernel (34) restricted to the diagonal S1 ⊂ S1 × S1:

(40) S1
Ξn

=
∫ 1

0

ds
1
2

n∑

k=1

∫ 1

0

dτ trg (κsA′((k, τ), (k, τ))adAk
) .

There is an ambiguity in this expression since the integral kernel (34) is discontin-
uous on the diagonal. We regularize this ambiguity by using the convention

(41) θ(0) =
1
2

Observe that the value assigned to θ(0) does not really matter: changing the con-
vention for θ(0) changes S1

Ξn
by ∝ trgadA′ = 0. It is interesting that the integral

over the auxiliary parameter s in (40) can be computed explicitly. By putting to-
gether (39) and (40) and substituting (34) we obtain the following explicit result
for the simplicial Chern-Simons action on the triangulated circle.

Theorem 1. Simplicial Chern-Simons action on the triangulated circle is given by

(42) SΞn =

= −1
2

n∑

k=1

(
(ψk, ψk+1) +

1
3
(ψk, adAk

ψk) +
1
3
(ψk+1, adAk

ψk+1) +
1
3
(ψk, adAk

ψk+1)
)

+

+
1
2

n∑

k=1

(ψk+1 − ψk,

(
1−R(adAk

)
2

(
1

1 + µk(A′)
− 1

1 + R(adAk
)

)
1−R(adAk

)
2R(adAk

)
+

+(adAk
)−1 +

1
12

adAk
− 1

2
coth

adAk

2

)
◦ (ψk+1 − ψk))+

+
1
2

n∑

k′=1

k′+n−1∑

k=k′+1

(−1)k−k′(ψk+1 − ψk,
1−R(adAk

)
2

R(adAk−1) · · ·R(adAk′ )·

· 1
1 + µk′(A′) ·

1−R(adAk′ )
2R(adAk′ )

◦ (ψk′+1 − ψk′))+

+ ~
1
2

trg log

(
(1 + µ•(A′))

n∏

k=1

(
1

1 + R(adAk
)
· sinh adAk

2
adAk

2

))
.
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In the last term (the 1-loop contribution) µ•(A′) stands for µl(A′) for arbitrary
l. For different l, these matrices differ by conjugation. Hence, the expression
detg(1 + µ•(A′)) is well defined.

2.3.4. Remarks.

Remark 3. In deriving formula (42) we were sloppy about additive constants (we
did not pay attention to normalization of the measure in the functional integral
(37)). We chose an ad hoc normalization

SΞn(0, 0, ~) = −~ n− 1
2

dim g log 2

which turns out to be consistent with the operator formalism (see section 3.1).

Remark 4. Setting n = 1 in (42) yields the effective action on cohomology (13).

Remark 5. By expanding (42) in a power series with respect to A′ we get back the
perturbative expansion (38)),

(43) SΞn
=

= −1
2

n∑

k=1

(ψk, ψk+1)−1
2

n∑

k=1

(
1
3
(ψk, adAk

ψk) +
1
3
(ψk+1, adAk

ψk+1) +
1
3
(ψk, adAk

ψk+1)
)

+

+
1
2

n∑

k′=1

k′+n−1∑

k=k′+1

1
72

(−1)k−k′(ψk+1 − ψk, adAk
adAk′ (ψk′+1 − ψk′))−

−~ n− 1
2

dim g log 2+~
1

2 · 2




n∑

k=1

1
12

trg(adAk
)2 +

n∑

k′=1

k′+n−1∑

k=k′+1

1
36

trg(adAk
adAk′ )


+O((A′)3).

Remark 6. Näıvely, at large n the simplicial action SΞn can be viewed as a lattice
approximation to the continuum action (8). For ψ and A fixed, we have

SΞn

(
{ψk = ψ(k/n)}, {Ak =

∫ (k+1)/n

k/n

A}
)
−→ S(ψ, A) +O(1/n)

when n tends to infinity. The point is that rather than being just an approxima-
tion the simplicial theory (FΞn , SΞn) is exactly equivalent to the continuum theory
(F , S) for any finite n.

Remark 7. The simplicial theory is constructed by the fiber BV integral from the
continuum theory. Hence, we expect the simplicial action to satisfy the quantum
master equation

(44) ∆Ξne
1
~SΞn = 0

with BV Laplacian associated to the BV 2-form (17),

(45) ∆Ξn =
n∑

k=1

∂

∂ψ̃a
k

∂

∂Aa
k

,

where

(46) ψ̃k =
ψk + ψk+1

2
.
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However, the BV Laplacian in the continuum theory is ill-defined. Therefore, the
quantum master equation (44) is not automatic, and it must be checked indepen-
dently. It is easy to do it in low degrees in A′ by using the expansion (43). We will
prove the quantum master equation via the operator approach in section 3.2.3.

Remark 8. Another property we expect from the simplicial theory is its compatibil-
ity with simplicial aggregations Ξn+2 → Ξn. We will prove this property in section
3.2.2.

Remark 9. The gauge choice (14) is actually rigid up to diffeomorphisms of intervals
Ik. More exactly, if we require compatibility of the splitting Ω = Ω′ ⊕Ω′′ with the
de Rham differential and with the pairing

∫
S1 • ∧ • (i.e. so that Ω′ and Ω′′ be

subcomplexes of Ω, and Ω′′ be orthogonal to Ω′), then the splitting is completely
determined by the images of basis 1-cochains of Ξn in Ω1(S1). If in addition, we
require that the image of each basis 1-cochain e

(1)
k be supported exactly on the

respective interval Ik ⊂ S1 (a kind of simplicial locality property), we obtain the
splitting (14) up to diffeomorphisms of intervals Ik taking the representatives of
basis 1-cochains e

(1)
k to constant forms θIk

dτ . It is important to note that we are
implicitly assuming that the splitting for fields is induced by the splitting for real-
valued differential forms. If we drop this assumption and allow splittings of g⊗ Ω
which are not obtained from a splitting of Ω by tensoring with g, we can introduce
other gauges.

Remark 10. The embedding of cell cochains of Ξn to the space of differential forms
in (14) is the same as in the 1-dimensional simplicial BF theory [14]: 0-cochains are
represented by continuous piecewise-linear functions, and 1-cochains are represented
by piecewise-constant 1-forms. However, the projection (18) is very different. In
fact, it is non-local: for 0-forms instead of evaluation at vertices (as in simplicial BF)
we have a sum of integrals over all intervals Ik with certain signs. Anf for 1-forms,
instead of integration over one interval we have an integral over the whole circle
with a certain piecewise-linear integral kernel. Thus, in the splitting Ω = Ω′ ⊕ Ω′′

the infrared part is like in the simplicial BF theory, but the ultraviolet part is
different.

Remark 11. The action (42) can be viewed as a generating function of a certain
infinity-structure on g ⊗ C•(Ξn). In more detail, this is a structure of a loop-
enhanced (or “quantum”, or “unimodular”) cyclic L∞ algebra with the structure
maps (operations) c

(l)
k : ∧k(g⊗ C•(Ξn)) → R related to the action (42) by

SΞn =
1∑

l=0

∞∑

k=2

~l

k!
c
(l)
k (ψ′ + A′, · · · , ψ′ + A′︸ ︷︷ ︸

k

)

where the superfield ψ′ + A′ is understood as the parity-shifted identity map
FΞn → g ⊗ C•(Ξn) (as in (3)). The quantum master equation (44) generates
a family of structure equations on operations c

(l)
k . In particular, c

(0)
k satisfy the

structure equations of the usual (nonunimodular) cyclic L∞ algebra. This alge-
braic structure on g-valued cochains of Ξn can be viewed as a homotopy trans-
fer of the unimodular cyclic DGLA structure on g ⊗ Ω•(S1). Only the first two
cyclic operations, c

(0)
2 : ∧2(g ⊗ C•(Ξn)) → R and c

(0)
3 : ∧3(g ⊗ C•(Ξn)) → R are

simplicially-local. All the other operations are non-local. We can also use the pair-
ing on g⊗C•(Ξn) (induced by the pairing

∫
S1(•, •) on g-valued differential forms)
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to invert one input in cyclic operations. This gives an oriented (non-cyclic) version
of the unimodular L∞ structure (see e.g. [10]) on g⊗C•(Ξn) with structure maps
l
(0)
k : ∧k(g ⊗ C•(Ξn)) → g ⊗ C•(Ξn) and l

(1)
k : ∧k(g ⊗ C•(Ξn)) → R related to the

cyclic operations c
(l)
k by the following formula

c
(0)
k+1(ψ

′ + A′, · · · , ψ′ + A′︸ ︷︷ ︸
k+1

) =


ψ′ + A′, l

(0)
k (ψ′ + A′, · · · , ψ′ + A′︸ ︷︷ ︸

k

)


 , k ≥ 1

c
(1)
k = l

(1)
k , k ≥ 2

In this unimodular L∞ algebra, only the differential l
(0)
1 is local while all other

operations (including the binary bracket l
(0)
2 : ∧2(g ⊗ C•(Ξn)) → g ⊗ C•(Ξn)) are

non-local — unlike in the simplicial BF theory [14] where all higher operations are
simplicially-local.

Remark 12. The dressed chain homotopy κA′ can be used to construct the non-
linear map U : FΞn

→ F ,

U : ψ′ + A′ 7→ ψ′ + A′ − κA′adA′ψ
′.

It sends the infrared field ψ′ + A′ to the conditional extremum of the continuum
action S restricted to {ψ′ + A′} ⊕ L. The tree part of the simplicial action can be
expressed in terms of U ,

S0
Ξn

= S(U(ψ′ + A′)) =

=
∫

S1

1
2
(U(ψ′ + A′), d U(ψ′ + A′)) +

1
6
(U(ψ′ + A′), [U(ψ′ + A′), U(ψ′ + A′)])

In the language of infinity algebras, U is an L∞ morphism intertwining the DGLA
structure on g⊗ Ω•(S1) and the L∞ structure on g⊗ C•(Ξn).

Remark 13. There are two natural systems of g-valued coordinates on the space of
simplicial BV fields FΞn : {ψk, Ak} and {ψ̃k, Ak} (where variables ψ̃k are defined
by (46)). The first coordinate system is associated to the realization of the space
of fields through the cochain complex of a triangulation: FΞn = Πg ⊗ C•(Ξn).
The second coordinate system is associated to the realization through 1-chains and
1-cochains: FΞn

∼= g ⊗ C1(Ξn) ⊕ Πg ⊗ C1(Ξn) (or instead of 1-chains of Ξn one
can talk of 0-cochains of the dual cell decomposition Ξ∨n : FΞn

∼= Πg ⊗ C0(Ξ∨n) ⊕
Πg ⊗ C1(Ξn)). The convenience of the first coordinate system is that the abelian
part of the simplcial action (42) is local in variables (ψk, Ak). The convenience of
the second coordinate system {ψ̃k, Ak} is that the BV Laplacian becomes diagonal
(45).

3. Approach through operator formalism

In this section, our strategy is to give a new definition of the one-dimensional
Chern-Simons theory. It will be inspired by the definition of section 2.1, but we
will be able to consider our theory on an interval and to define a concatenation
(gluing) procedure. We will check that the results obtained by the new approach
are consistent with those of section 2.

For the rest of the paper, we will assume that dim g = 2m is even. This is im-
portant for theorem 2 (the correspondence between the operator and path integral
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formalism): its proof relies on recovering the path integral by using the funda-
mental representation of Clifford algebra Cl(g) (section 4.1) which is simpler for
dim g = 2m.

3.1. One-dimensional Chern-Simons theory in operator formalism.

3.1.1. First approximation. We would like to define the one-dimensional Chern-
Simons theory (8) as a quantum mechanics where components of the quantized
odd field {ψ̂a} are subject to the anti-commutation relations

(47) ψ̂aψ̂b + ψ̂bψ̂a = ~ δab,

i.e. {ψ̂a} are generators of the Clifford algebra Cl(g). The even 1-form (connection)
field A = dτ T aAa(τ) is non-dynamical, and it is treated as a classical background.
The evolution operator for the theory on the interval is defined as a path-ordered
exponential of A in the spin representation:

(48) UI(A) =
←−−−
P exp

(
− 1

2~

∫

I
dτ fabcψ̂aAb(τ)ψ̂c

)
∈ Cl(g)

Here, the intuition is as follows: the term 1
2

∫
(ψ, dψ) in the action (8) generates the

canonical anti-commutation relations (47) while the term 1
2

∫
(ψ, [A,ψ]) generates

the time-dependent quantum Hamiltonian Ĥ(τ) = − 1
2fabcψ̂aAb(τ)ψ̂c which ap-

pears in (48). The evolution operator for the concatenation of intervals I1 = [p1, p2],
I2 = [p2, p3] with connections A1, A2 is naturally given by the product of the cor-
responding evolution operators in the Clifford algebra:

U[p1,p3](A1θ[p1,p2] + A2θ[p2,p3]) = U[p2,p3](A2) · U[p1,p2](A1).

As in section 2.3.2, θ[pk,pk+1] = θIk
denotes the function taking value 1 on the

interval Ik and zero everywhere else. The partition function for a circle is given by

ZS1(A) = StrCl(g)
←−−−
P exp

(
− 1

2~

∫

I
dτ fabcψ̂aAb(τ)ψ̂c

)
∈ R,

where StrCl(g) is the super-trace on Cl(g) defined as

(49) StrCl(g) : â 7→ (i~)m ·
(
Coefficient of ψ̂1 · · · ψ̂2m in â

)
.

3.1.2. Imposing the cyclic Whitney gauge. Our next task is to model in operator
formalism the fiber BV integral (36) for the theory on circle. We will look for
the analogue of the cyclic Whitney gauge introduced in section 2.3.1. For the
connection A, imposing the gauge just amounts to saying that A is now infrared,
i.e. a piecewise-constant connection A′ =

∑n
k=1 dτAkθIk

with Ak ∈ g. For ψ, we
would like to restrict the integration to ψ’s with given integrals (average values)
ψ̃k = ψk+ψk+1

2 over intervals Ik. So, we are interested in the integral

(50) e
1
~SΞn =

∫
Dψ e

1
2~

∫
S1 ((ψ,dψ)+(ψ,adA′ψ))

n∏

k=1

δ

(∫

Ik

dτ ψ − ψ̃k

)
=

=
∫ n∏

k=1

Dλk e−
∑n

k=1(λk,ψ̃k)

∫
Dψ e

1
2~

∫
S1 ((ψ,dψ)+(ψ,adA′ψ))+

∑n
k=1(λk,ψ)

︸ ︷︷ ︸
ZΞn (λ′,A′)

.
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Here we got rid of δ-functions at the cost of introducing odd auxiliary variables
λk = T aλa

k ∈ Πg. One can organize them into an odd piecewise-constant function
on the circle λ′ =

∑n
k=1 λkθIk

which plays the role of a source for the field ψ. The
entity ZΞn(λ′, A′) that appeared in the integrand can be written in the operator
formalism as

(51) ZΞn
(λ′, A′) = StrCl(g)

←−
n∏

k=1

exp
(
− 1

2~
fabcψ̂aAb

kψ̂c + λa
kψ̂a

)
.

Then, the partition function of the one-dimensional Chern-Simons theory on the
circle (in the Whitney gauge) is given by the odd Fourier transform of (51):

(52) ZΞn(ψ′, A′) = (i~)−nm
∫ n∏

k=1

Dλk e−
∑n

k=1 λa
kψ̃a

k ZΞn(λ′, A′).

Remark 14. To be precise with signs, we should introduce an ordering convention
for the Berezin measure in (52). We set

n∏

k=1

Dλk =
−→∏

n
k=1

−→∏
2m
a=1Dλa

k.

Theorem 2. For n odd and dim g = 2m even, one has

(53) ZΞn(ψ′, A′) = e
1
~SΞn (ψ′,A′),

where the right hand side is given by (42) and the left hand side is defined by
(51,52).

We will prove this theorem in section 4.4.2 by constructing a path integral rep-
resentation for ZΞn . But first (see sections 3.1.3, 3.1.4) we will perform some direct
tests of formula (53).

Remark 15. Note that we can define the right hand side of (53) only for n odd
while the definition of left hand side makes sense for both even and oddn. A simple
computation shows that for n even the partition function ZΞn(ψ′, A′) vanishes at
ψ′ = 0, A′ = 0. This agrees with the observation that for n even the Whitney gauge
does not apply (see section 2).

Remark 16. We chose the normalization for the super-trace in Clifford algebra (49)
and for ZΞn (52) in a way consistent with the path integral formalism (see (76),
(77)).

3.1.3. Consistency check: the effective action on cohomology. 9 The first test of
the correspondence (53) is the case of n = 1. Let us first compute the following
expression in the Clifford algebra with two generators Cl2:
(54)

ϕ(ψ̃1, ψ̃2, a) = (i~)−1

∫
Dλ1Dλ2 e−λ1ψ̃1−λ2ψ̃2

StrCl2 exp
(
−1
~
ψ̂1aψ̂2 + λ1ψ̂1 + λ2ψ̂2

)
,

where a ∈ R is a number. For the exponential under the super-trace we have

(55) exp
(
−1
~
ψ̂1aψ̂2 + λ1ψ̂1 + λ2ψ̂2

)
=

(
−2
~

sin(a/2)− sin(a/2)
a/2

λ1λ2

)
ψ̂1ψ̂2+

9For reader’s convenience, we present explicit calculations in the Clifford algebra here and in
subsequent sections; the general reference for the Clifford calculus is [4].
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+
sin(a/2)

a/2
(λ1ψ̂1 + λ2ψ̂2) +

(
cos(a/2) + ~

1
a

(
cos(a/2)− sin(a/2)

a/2

)
λ1λ2

)
.

In this expression, only the first term contributes to the super-trace in (54), and
we obtain

ϕ(ψ̃1, ψ̃2, a) =
∫

Dλ1Dλ2 e−λ1ψ̃1−λ2ψ̃2
(
−2
~

sin(a/2)− sin(a/2)
a/2

λ1λ2

)
=

=
sin(a/2)

a/2
− 2
~

sin(a/2)ψ̃1ψ̃2 =
sin(a/2)

a/2
e−

1
~ ψ̃1aψ̃2

.

Next let us consider an anti-symmetric block-diagonal matrix with blocks 2× 2

(56) A =




0 a1

−a1 0
0 a2

−a2 0
. . .

0 am

−am 0




∈ so(g) ⊂ End(g).

Then, we have

(57) (i~)−m
∫ ∏

a

Dλa e−λaψ̃a

StrCl(g) exp
(
− 1

2~
ψ̂aAabψ̂b + λaψ̂a

)
=

=
m∏

p=1

ϕ(ψ̃2p−1, ψ̃2p, ap) = det1/2
g

(
sinh A

2
A
2

)
· e− 1

2~ ψ̃aAabψ̃b

.

Since both the left hand side and the right hand side of (57) are SO(g)-invariant,
the equality actually holds for all anti-symmetric matrices A, and in particular for
A = adA0 , where A0 ∈ g. Thus, we have shown that

ZΞ1(ψ̃, A0) = det1/2
g

(
sinh adA0

2
adA0

2

)
· e− 1

2~ (ψ̃,adA0 ψ̃)

The right hand side coincides with (13), so we have checked the correspondence
(53) in the case of n = 1.

3.1.4. Consistency check: the case of mutually commuting {Ak} and ψ′ = 0. Now
we would like to perform a direct check of the correspondence (53) at the point
ψ′ = 0 (i.e. neglecting the tree part of the simplicial action) and assuming that
[Ak, Ak′ ] = 0 for all k, k′ = 1, . . . , n. That is, we will check that

(58) (i~)−nm
∫ n∏

k=1

Dλk StrCl(g)

←−
n∏

k=1

exp
(
− 1

2~
fabcψ̂aAb

kψ̂c + λa
kψ̂a

)
=

= det1/2
g

(
1 +

∏n
k=1 R(adAk

)∏n
k=1(1 + R(adAk

))
·

n∏

k=1

sinh adAk

2
adAk

2

)
.

We use the idea of section 3.1.3 to reduce (58) to a computation in Cl2. Since
all Ak mutually commute, we can choose an orthonormal basis in g, such that the
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matrices adAk
simultaneously assume the standard form (56). Then, both sides of

(58) factorize into contributions of 2×2 blocks, and it suffices to check the identity

(59) (i~)−n
∫ n∏

k=1

(Dλ1
kDλ2

k) StrCl2

←−
n∏

k=1

exp
(
−1
~
ψ̂1akψ̂2 + λ1

kψ̂1 + λ2
kψ̂2

)
=

= det1/2

(
1 +

∏n
k=1 R(iσ2ak)∏n

k=1(1 + R(iσ2ak))
·

n∏

k=1

sinh iσ2ak

2
iσ2ak

2

)
.

Here σ2 =
(

0 −i
i 0

)
is the second Pauli matrix, and iσ2ak =

(
0 ak

−ak 0

)
. To

evaluate the left hand side of (59), we use the result (55) for the Clifford exponential:

l.h.s of (59) = (i~)−n StrCl2

←−
n∏

k=1

(
sin(ak/2)

ak/2
ψ̂1ψ̂2 + ~

1
ak

(
sin(ak/2)

ak/2
− cos(ak/2)

))

An easy way to evaluate this expression is to use the matrix representation Cl2 →
End(C1|1) which maps

ψ̂1 7→
(
~
2

)1/2 (
0 1
1 0

)
, ψ̂2 7→

(
~
2

)1/2 (
0 −i
i 0

)
, StrCl2 7→ StrEnd(C1|1),

and

StrEnd(C1|1) :
(

α β
γ δ

)
7→ α− δ

is the standard super-trace on matrices of the size (1|1) × (1|1). Using this repre-
sentation, we obtain

l.h.s of (59) =

i−nStrEnd(C1|1)

n∏

k=1




1
ak

(
sin(ak/2)

ak/2 − cos(ak/2)
)

+ i
2

sin(ak/2)
ak/2 0

0 1
ak

(
sin(ak/2)

ak/2 − cos(ak/2)
)
− i

2
sin(ak/2)

ak/2




= i−n
n∏

k=1

sin(ak/2)
ak/2

· 2i Im
n∏

k=1

(
i

2
+

1
ak
− 1

2
cot(ak/2)

)
=

= 2
n∏

k=1

sin(ak/2)
ak/2

· Re
n∏

k=1

1
1 + R(iak)

.

In the last line we used the assumption that n is odd.
To evaluate the right hand side of (59), first observe that the matrix

1 +
∏n

k=1 R(iσ2ak)∏n
k=1(1 + R(iσ2ak))

=
1∏n

k=1(1 + R(iσ2ak))
+

1∏n
k=1(1 + R(−iσ2ak))

is constructed from matrices iσ2ak =
(

0 ak

−ak 0

)
and is therefore of form

(
α β
−β α

)

(i.e. belongs to SpanR(1, iσ2)), and that it is symmetric. Hence, it is actually a

multiple of the identity matrix
(

α 0
0 α

)
, and the determinant may be expressed as

det1/2

(
1 +

∏n
k=1 R(iσ2ak)∏n

k=1(1 + R(iσ2ak))

)
=

1
2

tr
(

1 +
∏n

k=1 R(iσ2ak)∏n
k=1(1 + R(iσ2ak))

)
=
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=
n∏

k=1

1
1 + R(iak)

+
n∏

k=1

1
1 + R(−iak)

= 2 Re
n∏

k=1

1
1 + R(iak)

Now it is obvious that (59) is verified, and this implies (58).

3.2. One-dimensional Chern-Simons with boundary.

3.2.1. One-dimensional simplicial Chern-Simons in the operator formalism. Con-
catenations. There is a natural construction of the one-dimensional simplicial Chern-
Simons theory in the operator formalism: to a one-dimensional oriented simplicial
complex Θ (a collection of i(Θ) triangulated intervals and c(Θ) circles) it associates
a partition function

(60) ZΘ ∈ Fun(g⊗ C1(Θ)⊕Πg⊗ C1(Θ)︸ ︷︷ ︸
Fbulk

Θ

)⊗ Cl(g)⊗i(Θ),

where we think of variables Ak ∈ g as coordinates on g-valued simplicial 1-cochains
of Θ with parity shifted, and we think of variables ψ̃k ∈ Πg as coordinates on
g-valued simplicial 1-chains of Θ. The partition function ZΘ is defined by the
following properties:

• For a single interval with a standard triangulation, we have

(61) ZI = (i~)−m
∫ 2m∏

a=1

Dλa e−λaψ̃a

exp
(
− 1

2~
fabcψ̂aAbψ̂c + λaψ̂a

)
.

• For a disjoint union of Θ1 and Θ2,

ZΘ1tΘ2 = ZΘ1 ⊗ ZΘ2 .

• For a concatenation Θ1 ∪ Θ2 with intersection Θ1 ∩ Θ2 = p being a single
point embedded as a boundary point of positive orientation p1 ∈ Θ1 belong-
ing to the i-th triangulated interval of Θ1, and embedded as a boundary
point of negative orientation p2 ∈ Θ2 belonging to the j-th triangulated
interval of Θ2, we have:

(62) ZΘ1∪Θ2 = m(ZΘ2 ⊗ ZΘ1).

Here m : Cl(g)⊗Cl(g) → Cl(g) is the Clifford algebra multiplication, and m
in (62) acts on Clifford algebras associated to the j-th triangulated interval
of Θ2 and the i-th triangulated interval of Θ1.

• If the simplicial complex Θ′ is obtained from Θ by closing the i-th triangu-
lated interval into a circle, we have:

(63) ZΘ′ = StrCl(g)ZΘ,

where the super-trace is taken over the Clifford algebra associated to the
i-th interval of Θ.

Obviously, this construction gives (52) for a triangulated circle Θ = Ξn, and due
to the correspondence (53) it is consistent with the results of section 2.

Remark 17. We may regard ZI as a contribution of an open interval. Then, the
concatenation (62) is understood as taking a disjoint union of open triangulated
intervals and then gluing them together at the point p. Likewise, (63) is understood
as gluing together of two end-points of the same interval. Thus, a contribution
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of point is either the (1,2)-tensor10 m on the Clifford algebra or the (0,1)-tensor
StrCl(g), depending on whether we are gluing together two different or the same
connected component.

Remark 18. Once we come to a description of the one-dimensional Chern-Simons
theory in terms of Atiyah-Segal’s axioms and specify the vector space associated
to a point (the space of states), properties (62) and (63) become a single sewing
axiom (see section 4.2 below).

3.2.2. Simplicial aggregations. Let Θ′ be the interval [p1, p3] with the standard
triangulation, and let Θ be the subdivision of Θ′ with three 0-simplices p1, p2, p3 and
two 1-simplices [p1, p2], [p2, p3]. The aggregation morphism rξ acts on simplicial
chains as

rξ
C• : C•(Θ) → C•(Θ′)

αp1e
p1 + αp2e

p2 + αp3e
p3 + αp1p2e

p1p2 + αp2p3e
p2p3 7→

7→ (αp1 + (1− ξ)αp2)e
′p1 + (αp3 + ξαp2)e

′p3 + (ξαp1p2 + (1− ξ)αp2p3)e
′p1p3 ,

and on simplicial cochains as

rξ
C• : C•(Θ) → C•(Θ′)

αp1ep1+αp2ep2+αp3ep3+αp1p2ep1p2+αp2p3ep2p3 7→ αp1e′p1
+αp3e′p3

+(αp1p2+αp2p3)e′p1p3
.

Here 0 < ξ < 1 is a parameter determining the relative weight of intervals [p1, p2]
and [p2, p3] inside [p1, p3] (the symmetric choice corresponds to ξ = 1/2). Basis
chains and cochains corresponding a simplex σ are denoted by eσ and eσ, respec-
tively. We use primes to distinguish the basis of C•(Θ′), C•(Θ′) ; α..., α

... are
numerical coefficients.

One can also introduce the subdivision morphism which is dual to the aggregation
morphism:

iξC• = (rξ
C•)

∗ : C•(Θ′) → C•(Θ), iξC• = (rξ
C•)

∗ : C•(Θ′) → C•(Θ).

More explicitly,

iξC• : α′p1
e′p1 + α′p3

e′p3 + α′p1p3
e′p1p3 7→ α′p1

ep1 + α′p3
ep3 + α′p1p3

(ep1p2 + ep2p3),

iξC• : α′p1e′p1
+ α′p3e′p3

+ α′p1p3e′p1p3
7→

7→ α′p1ep1 + ((1− ξ)α′p1 + ξα′p3)ep2 + α′p3ep3 + α′p1p3(ξep1p2 + (1− ξ)ep2p3).

Aggregation and subdivision morphisms are chain maps. Moreover, they are quasi-
isomorphisms.

These maps induce an embedding iξΘ,Θ′ : Fbulk
Θ′ ↪→ Fbulk

Θ and projection rξ
Θ,Θ′ :

Fbulk
Θ → Fbulk

Θ′ for the spaces of “bulk fields”

Fbulk
Θ = g⊗ C1(Θ)⊕Πg⊗ C1(Θ), Fbulk

Θ′ = g⊗ C1(Θ′)⊕Πg⊗ C1(Θ′).

That is, we have a splitting

(64) Fbulk
Θ = iξΘ,Θ′(Fbulk

Θ′ )⊕F ′′bulk,ξ
Θ,Θ′ .

In more detail, we split the bulk fields as

ψ̃1 = ψ̃′ + (1− ξ)ψ̃′′, ψ̃2 = ψ̃′ − ξψ̃′′, A1 = ξA′ −A′′, A2 = (1− ξ)A′ + A′′.

10We mean the rank of the tensor: one time covariant, two times contravariant.
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The maps iξΘ,Θ′ and rξ
Θ,Θ′ are dual to each other with respect to the odd pairing

on Fbulk
Θ and Fbulk

Θ′ (thus, (64) is an orthogonal decomposition). We denote by
Lξ

Θ,Θ′ ⊂ F ′′bulk,ξ
Θ,Θ′ the Lagrangian subspace defined by setting to zero the 1-cochain

part of the ultraviolet field A′′.
We define the action of the aggregation map Θ → Θ′ on the partition function

of the one-dimensional simplicial Chern-Simons theory by the fiber BV integral
associated to the splitting (64):

(65) (rξ
Θ,Θ′)∗(ZΘ) =

∫

Lξ

Θ,Θ′

ZΘ ∈ Fun(Fbulk
Θ′ )⊗ Cl(g).

It is easy to give a direct check of the following statement.

Lemma 3.

(66) (rξ
Θ,Θ′)∗(ZΘ) = ZΘ′

Proof. Indeed, by definition (65) we have

(rξ
Θ,Θ′)∗(ZΘ) =

= (i~)m
∫ ←−

2m∏
a=1

Dψ̃′′a Z[p2,p3]

(
ψ̃′ − ξψ̃′′, (1− ξ)A′

)
·Z[p1,p2]

(
ψ̃′ + (1− ξ)ψ̃′′, ξA′

)
=

= (i~)−m
∫ ←−

2m∏
a=1

Dψ̃′′a
−→
2m∏
a=1

Dλa
2

−→
2m∏
a=1

Dλa
1 e−λa

1 (ψ̃′a+(1−ξ)ψ̃′′a)−λa
2 (ψ̃′a−ξψ̃′′a)·

· exp
(
−1− ξ

2~
fabcψ̂aA′bψ̂c + λa

2ψ̂
a

)
· exp

(
− ξ

2~
fabcψ̂aA′bψ̂c + λa

1ψ̂a

)
.

Here we made a change of coordinates (λ1, λ2) → (λ = λ1+λ2, ν = (1−ξ)λ1−ξλ2).
The integral over ψ̃′′ produces the delta-function δ(ν); by integrating over ν we
obtain

(rξ
Θ,Θ′)∗(ZΘ) = (i~)−m

∫ −→
2m∏
a=1

Dλa e−λaψ̃′a ·

· exp
(
−1− ξ

2~
fabcψ̂aA′bψ̂c + (1− ξ)λaψ̂a

)
· exp

(
− ξ

2~
fabcψ̂aA′bψ̂c + ξλaψ̂a

)
=

= (i~)−m
∫ −→

2m∏
a=1

Dλa e−λaψ̃′a · exp
(
− 1

2~
fabcψ̂aA′bψ̂c + λaψ̂a

)
= ZΘ′ .

¤

Remark 19. We normalize the measure on Lξ
Θ,Θ′ in such a way that relation (66)

holds with no additional factors.

Up to now, we only discussed the elementary aggregation which takes an interval
subdivided into two smaller intervals and into an interval with the standard trian-
gulation (that is, one removes the middle point p2 and merges intervals [p1, p2] and
[p2, p3]). A general simplicial aggregation for a one-dimensional simplicial complexe
is a sequence of elementary aggregations made at each step on an incident pair of
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intervals. In particular, there are many simplicial aggregations for triangulated
circles: Ξn → Ξn′ with n > n′.

The following is an immediate consequence of (66):

Proposition 2. For a general simplicial aggregation

r = rξl

Θl−1,Θ′ ◦ · · · ◦ rξ2
Θ1,Θ2

◦ rξ1
Θ,Θ1

: Θ → Θ′

(where Θ is an arbitrary one-dimensional simplicial complex and Θ′ is some aggre-
gation of Θ), one has

(67) r∗(ZΘ) = ZΘ′ .

The compatibility with aggregations is an important property expected from a
simplicial theory. In particular, (53) implies that the simplicial action for a circle
SΞn

given by (42) is compatible with simplicial aggregations Ξn → Ξn′ for n, n′

odd.

3.2.3. Quantum master equation.

Lemma 4. 11 The partition function for an interval (61) satisfies the following
differential equation:

(68) ~
∂

∂ψ̃a

∂

∂Aa
ZI +

1
~

[
1
6
fabcψ̂aψ̂bψ̂c, ZI

]

Cl(g)

= 0,

where [, ]Cl(g) denotes the super-commutator on Cl(g).

Proof. We will check (68) using variables (λ, A). We have,
(69)(

~λa ∂

∂Aa
+

1
~

[
1
6
fabcψ̂aψ̂bψ̂c, •

]

Cl(g)

)
exp

(
− 1

2~
fabcψ̂aAbψ̂c + λaψ̂a

)
= 0.

After the Fourier transform from the variable λ to the variable ψ̃, this expression
becomes (68)). Observe that

(70) ~λa ∂

∂Aa
exp

(
− 1

2~
fabcψ̂aAbψ̂c + λaψ̂a

)
=

=
∫ 1

0

dτ eτ(− 1
2~ fabcψ̂aAbψ̂c+λaψ̂a) · 1

2
fabcψ̂aλbψ̂c · e(1−τ)(− 1

2~ fabcψ̂aAbψ̂c+λaψ̂a).

Next, compute commutators in the Clifford algebra,

(71)
[
1
6
fabcψ̂aψ̂bψ̂c, λa′ ψ̂a′

]

Cl(g)

= −~
2
fabcψ̂aλbψ̂c,

and

(72)
[
1
6
fabcψ̂aψ̂bψ̂c,

1
2
fa′b′c′ ψ̂a′Ab′ ψ̂c′

]

Cl(g)

=

=
1
12

fabcfa′b′c′Ab′([ψ̂aψ̂bψ̂c, ψ̂a′ ]ψ̂c′ − ψ̂a′ [ψ̂aψ̂bψ̂c, ψ̂c′ ]) =

=
~
4
fabcfa′b′c′Ab′(δca′ ψ̂aψ̂bψ̂c′−δcc′ ψ̂a′ ψ̂aψ̂b) =

~
4
fabcfcb′c′Ab′(ψ̂aψ̂bψ̂c′+ψ̂c′ ψ̂aψ̂b) =

11In a different setting equation (68) appeared in [2].
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=
~
6
fabcf cb′c′Ab′(ψ̂aψ̂bψ̂c′ + ψ̂c′ ψ̂aψ̂b + ψ̂bψ̂c′ ψ̂a)

︸ ︷︷ ︸
=0 by Jacobi identity

+

+
~
12

fabcf cb′c′Ab′(ψ̂aψ̂bψ̂c′ + ψ̂c′ ψ̂aψ̂b − 2ψ̂bψ̂c′ ψ̂a) =

=
~
24

fabcfcb′c′Ab′((ψ̂aψ̂bψ̂c′+ψ̂c′ ψ̂aψ̂b−2ψ̂bψ̂c′ ψ̂a)−(ψ̂bψ̂aψ̂c′+ψ̂c′ ψ̂bψ̂a−2ψ̂aψ̂c′ ψ̂b)) =

=
~
24

fabcf cb′c′Ab′(ψ̂a[ψ̂b, ψ̂c′ ] + [ψ̂c′ , ψ̂a]ψ̂b − ψ̂b[ψ̂c′ , ψ̂a]− [ψ̂b, ψ̂c′ ]ψ̂a) = 0.

For brevity, we are omitting the subscript in [, ]Cl(g) in computations. Identities
(71,72) imply

1
~

[
1
6
fabcψ̂aψ̂bψ̂c, exp

(
− 1

2~
fabcψ̂aAbψ̂c + λaψ̂a

)]

Cl(g)

=

= −
∫ 1

0

dτ eτ(− 1
2~ fabcψ̂aAbψ̂c+λaψ̂a) · 1

2
fabcψ̂aλbψ̂c · e(1−τ)(− 1

2~ fabcψ̂aAbψ̂c+λaψ̂a).

Together with (70), this implies (69) which finishes the proof of (68). ¤
Let us denote12 by

θ̂ :=
1
6
fabcψ̂aψ̂bψ̂c

the Clifford element in (68).

Proposition 3. The partition function for any one-dimensional simplicial complex
Θ satisfies the differential equation

(73) (~∆bulk
Θ +

1
~

δΘ)ZΘ = 0,

where

∆bulk
Θ =

∑

k

∂

∂ψ̃a
k

∂

∂Aa
k

(the sum goes over all 1-simplices of Θ), and

δΘ =
i(Θ)∑

j=1

[
θ̂(j), •

]
Cl(g)

.

Here the sum goes over connected components of Θ that are triangulated intervals;
θ̂(j) denotes θ̂ as an element of the j-th copy of Cl(g).

Proof. Equation (73) follows from (68). The compatibility with disjoint unions is
obvious as ∆bulk

Θ1tΘ2
= ∆bulk

Θ1
+ ∆bulk

Θ2
, and δΘ1tΘ2 = δΘ1 + δΘ2 . For concatenations,

it suffices to check the case of two triangulated intervals Θ1 and Θ2:

(~∆bulk
Θ1∪Θ2

+~−1δΘ1∪Θ2)ZΘ1∪Θ2 =
(
~∆bulk

Θ1
+ ~∆bulk

Θ2
+ ~−1

[
θ̂, •

]
Cl(g)

)
◦(ZΘ2 ·ZΘ1) =

= ZΘ2 ·
((
~∆bulk

Θ1
+ ~−1

[
θ̂, •

]
Cl(g)

)
◦ ZΘ1

)
+

((
~∆bulk

Θ2
+ ~−1

[
θ̂, •

]
Cl(g)

)
◦ ZΘ2

)
·ZΘ1 = 0.

12The notation stems from the fact that this is a quantization of the Maurer-Cartan element
θ ∈ Fun(Πg) (4).
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The compatibility with closure of a triangulated interval into a triangulated circle
follows from StrCl(g)[θ̂, ZΘ]Cl(g) = 0. ¤

Remark 20. We understand (73) as a kind of quantum master equation with the
boundary term δΘZΘ. It is tempting to think of the operator ∆bulk

Θ + δΘ appearing
in (73) as a new BV Laplacian adjusted for the presence of the boundary.

Corollary 1. In the case of a triangulated circle Θ = Ξn, the partition function
satisfies the usual (non modified) quantum master equation

∆Ξn
ZΞn

= 0.

4. Back to path integral

Sections 4.1 and 4.4 mostly go along the lines of the standard derivation of the
path integral representation for quantum mechanics, see [8].

4.1. Representation of Cl(g), complex polarization of g. The Clifford algebra
Cl(g) admits a representation ρ on the space of polynomials of m odd variables
Fun(C0|m) ∼= C[η1, . . . , ηm]. This representation is defined on generators of Cl(g)
as

(74) ρ : ψ̂a 7→




1√
2

(
ηp + ~ ∂

∂ηp

)
if a = 2p− 1,

i√
2

(
ηp − ~ ∂

∂ηp

)
if a = 2p.

In fact, ρ : Cl(g) → End(Fun(C0|m)) ∼= End(C2m−1|2m−1
) is an isomorphism of

super-algebras. There is a natural identification

φ : End(Fun(C0|m)) ∼−→ Fun(C0|m ⊕ C0|m) ∼= C[η1, . . . , ηm, η̄1, . . . , η̄m].

This is not an algebra morphism with respect to the standard algebra structure on
polynomials. Instead, it takes the product of endomorphisms into the convolution;
see [3], [8]). We are interested in the composition Φ = φ ◦ ρ : Cl(g) → Fun(C0|m ⊕
C0|m) which maps

(75) Φ :





1̂ 7→ e
1
~

∑
q ηq η̄q

ψ̂2p−1 7→ 1√
2
(ηp + η̄p)e

1
~

∑
q ηq η̄q

ψ̂2p 7→ i√
2
(ηp − η̄p)e

1
~

∑
q ηq η̄q

and sends the product in Cl(g) into the convolution

(76) Φ(α̂ · β̂)(η2, η̄1) =

= ~m

∫ ∏
p

(Dηp
1Dη̄p

2) Φ(α̂)(η2, η̄2) · e 1
~

∑
q η̄q

2ηq
1 · Φ(β̂)(η1, η̄1).

Formula (76) is a key point in reconstructing the path integral from the operator
formalism. Another useful identity is as follows,

(77) StrCl(g)(α̂) = ~m

∫ ∏
p

(DηpDη̄p) e
1
~

∑
q η̄qηq · Φ(α̂)(η, η̄).

More generally, a representation of type (74) is associated to a choice of a linear
complex structure J on g compatible with the pairing:

J : g → g, J2 = −idg, (Ja, b) = −(a, Jb) for a, b ∈ g.
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It induces the splitting of the complexified Lie algebra gC = C ⊗ g into “holomor-
phic” and “anti-holomorphic” subspaces:

(78) gC = h⊕ h̄,

where J acts on h, h̄ by multiplication by +i and −i, respectively. (Note that h
and h̄ are complex subspaces of gC with respect to the standard complex structure;
bar in h̄ does not mean conjugation.) The subspaces h are h̄ are Lagrangian with
respect to the pairing (, ). The complex Lagrangian polarization (78) induces a
polarization for the parity-reversed Lie algebra

(79) Πg = Πh⊕Πh̄.

We denote coordinates on Πh by η1, . . . , ηm and coordinates on Πh̄ by η̄1, . . . , η̄m.
The representation ρ : Cl(g) = ̂Fun(Πg) → End(Fun(Πh)) sends quantized holo-
morphic coordinates to multiplication operators and quantized anti-holomorphic
coordinates to partial derivatives:

ρ :
{

η̂p 7→ ηp· ,
ˆ̄ηp 7→ ~ ∂

∂ηp .

Morphism (75) from Cl(g) to the convolution algebra Fun(Πh ⊕ Πh̄) is given on
generators by

Φ :

{
η̂p 7→ ηpe

1
~

∑
q ηq η̄q

,
ˆ̄ηp 7→ η̄pe

1
~

∑
q ηq η̄q

,

and it extends to the other elements of Cl(g) by the convolution formula (76).
We will use notation π, π̄ for projections from Πg to Πh and Πh̄, respectively.

We denote by ι, ῑ embeddings of Πh and Πh̄ into Πg.

4.2. One-dimensional Chern-Simons in terms of Atiyah-Segal’s axioms.
To a point with positive orientation we associate the vector super-space (the space
of states)

Hpt+ = Fun(Πh) ∼= C[η1, . . . , ηm],

and to a point with negative orientation – the dual space

Hpt− = (Hpt+)∗ = Fun(Πh̄) ∼= C[η̄1, . . . , η̄m].

To an interval I = [p1, p2] we associate the partition function

Zρ
I := ρ(ZI) ∈ Fun(Πg⊕ g)⊗Hp+

2
⊗Hp−1︸ ︷︷ ︸

∼=End(Hpt+ )

given by formula (61) in representation ρ (see equation (74)). In general, to a one-
dimensional simplicial complex Θ we associate the partition function (60) of section
3.2.1 taken in representation ρ:

Zρ
Θ := ρ⊗i(Θ) ◦ ZΘ ∈ Fun(Fbulk

Θ )⊗ (Hpt+ ⊗Hpt−)⊗i(Θ).

The one-dimensional Chern-Simons theory features three types of operations:
• To a disjoint union Θ1 t Θ2 corresponds the tensor product for partition

functions.
• To a sewing of boundary points p−1 and p+

2 in a simplicial complex Θ cor-
responds the convolution of spaces of states Hp+

2
and Hp−1

.
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• To a simplicial aggregation r : Θ → Θ′ corresponds a fiber BV integral r∗
which reduces the space of bulk fields from Fbulk

Θ to Fbulk
Θ′ .

In addition, Hpt+ is equipped with an odd third-order differential operator

δρ = ρ(θ̂) : Hpt+ → Hpt+ ,

and Hpt− is equipped with minus its dual −(δρ)∗ : Hpt− → Hpt− . The partition
function Zρ

Θ satisfies the quantum master equation

(80) (~∆bulk
Θ + ~−1δρ

Θ)Zρ
Θ = 0,

where the “boundary BV operator” δρ
Θ is the sum over boundary points of Θ of

operators δρ or −(δρ)∗ acting on the corresponding Hpt (depending on whether the
orientation of pt is positive or negative).

Remark 21. δρ is “almost” a coboundary operator: its square is proportional to
identity:

(81) (δρ)2 = −~
3

48
fabcfabc · idHpt+

(see [11]). This implies that the boundary BV operator for an interval

δρ
I = δρ ⊗ idHpt− − idHpt+

⊗ (δρ)∗ : Hpt+ ⊗Hpt−︸ ︷︷ ︸
∼=End(Hpt+ )

→ Hpt+ ⊗Hpt−︸ ︷︷ ︸
∼=End(Hpt+ )

squares to zero
(δρ
I)

2 = 0

Cases when δρ squares to zero (i.e. when fabcfabc = 0) are quite interesting as
then the reduced space of states for a point Hred

pt+ emerges (see remarks 25, 34, 35
below).

Remark 22. The space of states Hpt+ can be viewed as a geometric quantization
of the classical phase super-space Πg (viewed as an odd Kähler manifold). The
operator δρ is the quantization of the Maurer-Cartan element θ (4); the operator
~−1δρ

I is the quantization of the Hamiltonian vector field {θ, •} on Πg.

Remark 23. Topological quantum mechanics (TQM) in the sense of A. Losev [12]
assigns to an interval a manifold Geom (the “space of geometric data”) and to a
point — a vector superspace H endowed with an odd coboundary operator Q. The
evolution operator U for an interval is a differential form on Geom with values in
End(H) and has to satisfy the “homotopy topologicity” equation

(82) (d + adQ) U = 0,

where d is the de Rham operator on Geom. A standard class of examples of TQMs
comes from choosing Geom = R>0 (with coordinate t > 0) and setting

(83) U(t, dt) = e[Q,G] t+dt G = e(d+adQ)◦(tG)

where G is an odd operator on H. For instance, for the Hodge TQM [12] on a
Riemannian manifold M , one sets H = Ω•(M), Q = dM and G = d∗M — the Hodge
operator on forms on M . For the Morse TQM [17], [9], one takes the sameH and Q,
but now G = ιv is the substitution of the gradient vector field. The one-dimensional
Chern-Simons theory on an interval can be viewed as a TQM: here Geom = g (with
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coordinates Aa), H = Fun(Πh), Q = ~−1δρ. The odd Fourier transform in variable
ψ̃ of the partition function for an interval (61) is

(84) U(A, λ) = ρ
(
e−

1
2~ fabcψ̂aAbψ̂c+λaψ̂a

)
= e(d+~−1adδρ )◦ ~−1ρ(Aaψ̂a)

where d = ~λa ∂
∂Aa is the de Rham operator on Geom. Note that the expression

(84) is similar to (83) where we make a substitution tG 7→ ~−1ρ(Aaψ̂a). The
quantum master equation (68) is equivalent to

(85) (d + ~−1adδρ) U(A, λ) = 0

which is exactly the “homotopy topologicity” equation (82). The peculiarity of the
one-dimensional Chern-Simons theory viewed as a TQM is that δρ is not necessarily
a coboundary operator on H.

4.3. Integrating out the bulk fields. In section 3.2.2, we discussed simplicial
aggregations which reduce the space of bulk fields of the 1-dimensional Chern-
Simons theory Fbulk

Θ → Fbulk
Θ′ according to combinatorial moves applied to the

triangulation Θ → Θ′. It is interesting to consider the “ultimate aggregation” —
integrating out the bulk fields completely. This procedure should yield the partition
function in the sense of Atiyah-Segal (i.e. without bulk fields). We will denote it
by Z◦.

For an interval, we have

(86) (i~)m

∫
Dψ̃ ZI(ψ̃, A) = e−

1
2~ fabcψ̂aAbψ̂c

.

We view (86) as a BV integral over the Lagrangian subspace

(87) LA = {ψ̃ + A| ψ̃ is free, A fixed} ⊂ Fbulk
I .

This subspace depends on the value of A, and integral (86) also depends on A.
However, this dependence is adθ̂-exact:
(88)

e−
1
2~ fabcψ̂a(A+δA)bψ̂c−e−

1
2~ fabcψ̂aAbψ̂c

=
1
~

[θ̂, e−
1
2~ fabcψ̂aAbψ̂c+ 1

~ δAa ψ̂a

]Cl(g)+O((δA)2)

(this can be checked analogously to the proof of lemma 4). Therefore, we should
understand the partition function Z◦I as an element of cohomology of the operator
adθ̂ (the fact that (86) is adθ̂-closed is an immediate consequence of the quantum
master equation (68)). More exactly, Z◦I is the class of Clifford unit 1̂ in adθ̂-
cohomology:

(89) Z◦I = [1̂] ∈ Hadθ̂
(Cl(g))

Equivalently, in terms of representation ρ, we have

(90) ρ(Z◦I) = [idHpt+
] ∈ Hδρ

I
(End(Hpt+)).

Remark 24. If the contraction of structure constants fabcfabc for g is nonzero, the
cohomology class (89), (90) vanishes since

1̂ = − 24~−3

fabcfabc
adθ̂ θ̂
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In fact, whole cohomology group Hadθ̂

∼= Hδρ
I

vanishes since very adθ̂-cocycle α̂ ∈
Cl(g) is automatically exact:

α̂ = − 24~−3

fabcfabc
adθ̂(θ̂ · α̂).

Remark 25. If fabcfabc = 0, we can define the reduced space of states for a point
as the δρ-cohomology:

Hred
pt+ := Hδρ(Hpt+), Hred

pt− := H−(δρ)∗(Hpt−) = (Hred
pt+)∗

By Künneth formula, we have

(91) Hδρ
I
(End(Hpt+)) ∼= Hred

pt+ ⊗Hred
pt− .

The partition function (90) is then represented by the identity operator

ρ(Z◦I) : Hred
pt+

id−→ Hred
pt+ .

For a circle, we can obtain the partition function Z◦S1 (which is just a number)
either as a Clifford super-trace of (86) or as a BV integral of the effective action
(13) over the Lagrangian subspace (87). Either way, we have

(92) Z◦S1 = 0

due to non-saturation of fermionic modes either in Clifford super-trace or in the
Berezin integral over ψ̃.

4.4. From operator formalism to path integral.

4.4.1. Abelian one-dimensional Chern-Simons theory. The one-dimensional abelian
Chern-Simons theory associates to an interval I the unit of Cl(g) (here g can be
viewed as a Euclidean vector space; the Lie algebra structure is irrelevant). The
path integral arises upon applying the map (75) to this trivial partition function:

(93) Φ(1̂)(ηout, η̄in) = Φ(1̂ · 1̂ · · · 1̂︸ ︷︷ ︸
N

)(ηout, η̄in) =

=
∫ (

N−1∏

k=1

~mDηkDη̄k+1

)
·

·exp
1
~

(〈ηout, η̄N 〉+ 〈η̄N , ηN−1〉+ 〈ηN−1, η̄N−1〉+ · · ·+ 〈η2, η̄2〉+ 〈η̄2, η1〉+ 〈η1, η̄in〉) =

=
∫ (

N−1∏

k=1

~mDηkDη̄k+1

)
· exp

1
~

(
〈η1, η̄in〉+

N∑

k=2

〈ηk − ηk−1, η̄k〉
)

.

For convenience, we set η̄1 := η̄in, ηN := ηout and introduced a notation

〈η, η̄〉 :=
∑

q

ηq η̄q.

In the exponential of (93), N terms of type 〈ηk, η̄k〉 correspond to Clifford units,
and N − 1 terms of type 〈η̄k+1, ηk〉 correspond to convolutions kernels as in (76);
the symbol DηkDη̄k+1 is defined as

∏
p(Dηp

kDη̄p
k+1). Expression (93) corresponds

to triangulating an interval by N smaller intervals; the terms in the exponential
correspond to 0- and 1-simplices of this triangulation. In the limit N → ∞, one
formally writes (93) as a path integral over paths η(τ), η̄(τ) with η at the right
end-point and η̄ at left end-point of I fixed by the boundary conditions.
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Lemma 5.

(94) Φ(1̂)(ηout, η̄in) =
∫

η̄(0)=η̄in, η(1)=ηout

DηDη̄ · exp
1
~

(
〈η(0), η̄(0)〉+

∫

I
〈dη, η̄〉

)

A perturbative computation of the path integral (94) is trivial: the integral is
given by the contribution of the critical point

η(τ) = ηout, η̄(τ) = η̄in for all τ ∈ [0, 1]

and yields
Φ(1̂)(ηout, η̄in) = e

1
~ 〈ηout,η̄in〉.

It is instructive to write the integral (94) in terms of the field ψ instead of fields
η, η̄. For simplicity, we first choose a complex polarization (as in (74))

(95)

{
ψ2p−1 = 1√

2
(ηp + η̄p)

ψ2p = i√
2
(ηp − η̄p) ⇔

{
ηp = 1√

2
(ψ2p−1 − iψ2p)

η̄p = 1√
2
(ψ2p−1 + iψ2p)

(this corresponds to the complex structure J on g which assigns ψ2p−1 as “real”
coordinates and ψ2p as “imaginary” coordinates on Πg). We have,

∑
p

ηp
kη̄p

k =
∑

p

iψ2p−1
k ψ2p

k ,

∑
p

η̄p
k+1η

p
k =

∑
p

ψ2p−1
k+1 ψ2p−1

k + ψ2p
k+1ψ

2p
k

2
−

∑
p

i
ψ2p−1

k+1 ψ2p
k − ψ2p

k+1ψ
2p−1
k

2
.

Substituting these expressions into the integral representation (93) for Φ(1), we
obtain

(96) Φ(1̂)(ηout, η̄in) =
∫ (

~m/2Dη1

)(
N−1∏

k=2

(i~)mDψk

)(
~m/2Dη̄N

)
·

· exp
1
~

(
N−1∑

k=1

1
2
(ψk+1, ψk) +

∑
p

N−1∑

k=1

i

2
(ψ2p−1

k+1 − ψ2p−1
k )(ψ2p

k+1 − ψ2p
k )+

+
∑

p

i

2
ψ2p−1

1 ψ2p
1 +

∑
p

i

2
ψ2p−1

N ψ2p
N

)
.

Here Dψk :=
←−∏

aDψa
k is the Berezin measure on Πg; the variable ψ1 is constructed

by formulae (95) from the integration variable η1 and the boundary value η̄1 := η̄in,
and ψN is constructed from the integration variable η̄N and the boundary value
ηN := ηout.

Remark 26. We think of integral (93) as corresponding to cutting the interval
I = [pin, pout] into N intervals [pin, p2] ∪ [p2, p3] ∪ · · · ∪ [pN , pout]. Integration
variables ηk, η̄k+1 are associated to the point pk+1 (more specifically, to the right
end of interval [pk, pk+1] and to the left end of the interval [pk+1, pk+2], respectively);
the boundary value η̄in corresponds to the point pin, the boundary value ηout — to
the point pout. However, variables ψk are linear combinations of ηk and η̄k. Thus,
they are not associated to any single point, but rather to a pair of neighboring
points (pk, pk+1).
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Again, we formally write the limit N →∞ of the integral (96) as a path integral
over paths ψ : I → Πg with a fixed anti-holomorphic projection of ψ at the right
end-point of the interval and a fixed holomorphic projection at the left end-point:

Lemma 6. The path integral expression for the partition function of the abelian
Chern-Simons theory on an interval is given by

(97) Φ(1̂)(ηout, η̄in) =
∫

π̄(ψ(0))=η̄in, π(ψ(1))=ηout

Dψ·

· exp
1
~

(∑
p

i

2
ψ2p−1(0)ψ2p(0) +

∫

I

1
2
(ψ, dψ) +

∑
p

i

2
ψ2p−1(1)ψ2p(1)

)
.

The exact meaning of the conditional measure on paths in (97) is the formal
N → ∞ limit of the measure in (96). The second term in the exponential in (96)
does not contribute to the limit N → ∞: once we assume that ψk are values of a
differentiable path ψ(τ) at times τ = k/N , the contribution of this term becomes
of order O(1/N).

For a general complex structure J on g, path integral (97) becomes

Φ(1̂)(ηout, η̄in) =

=
∫

π̄(ψ(0))=η̄in, π(ψ(1))=ηout

Dψ·exp
1
~

(
i

4
(ψ(0), Jψ(0)) +

∫

I

1
2
(ψ, dψ) +

i

4
(ψ(1), Jψ(1))

)
.

4.4.2. Path integral for the non-abelian one-dimensional Chern-Simons theory in
the cyclic Whitney gauge. End of proof of theorem 2. To obtain a path integral
representation for the partition function of the one-dimensional Chern-Simons the-
ory on an interval (61) we use the same strategy as in section 4.4.1: we cut the
interval into N smaller intervals and then apply the map Φ (75). The new point
here is that for small intervals we have to use the “heat kernel” approximation
which gives an exact result only in the limit N →∞.

Applying Φ to ZI (61), we have

(98)

Φ(ZI)(ηout, η̄in) =
∫

(i~)−mDλ·e−(λ,ψ̃)·Φ
(

exp
(
− 1

2~
(ψ̂, [A, ψ̂]) + (λ, ψ̂)

))
ηout, η̄in) =

=
∫

(i~)−mDλ·e−(λ,ψ̃)·Φ
((

exp
(
− 1

2~N
(ψ̂, [A, ψ̂]) +

1
N

(λ, ψ̂)
))N

)
(ηout, η̄in) =

=
∫

(i~)−mDλ · e−(λ,ψ̃)

∫ (
N−1∏

k=1

~mDηkDη̄k+1

)
·

· Φ
(

exp
(
− 1

2~N
(ψ̂, [A, ψ̂]) +

1
N

(λ, ψ̂)
))

(ηout, η̄N ) · e 1
~ 〈η̄N ,ηN−1〉 · · ·

· · · e 1
~ 〈η̄2,η1〉 · Φ

(
exp

(
− 1

2~N
(ψ̂, [A, ψ̂]) +

1
N

(λ, ψ̂)
))

(η1, η̄in).

Next, we need to evaluate the partition function for a small interval in the limit
N →∞:

(99) Φ
(

exp
(
− 1

2~N
(ψ̂, [A, ψ̂]) +

1
N

(λ, ψ̂)
))

(η, η̄) =
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= Φ
(

1̂− 1
2~N

(ψ̂, [A, ψ̂]) +
1
N

(λ, ψ̂) +O
(

1
N2

))
(η, η̄) =

= e
1
~ 〈η,η̄〉

(
1− 1

2~N
(ψ, [A,ψ]) +

1
N

(λ, ψ) +
i

4N
tr (J · adA) +O

(
1

N2

))
.

Here ψ is a linear combination of η, η̄, prescribed by the choice of a complex struc-
ture J (e.g. (95)); the term with a trace appeared due to the following identity:

Φ(ψ̂aψ̂b)(η, η̄) = e
1
~ 〈η,η̄〉

(
ψaψb +

~
2
δab +

i~
2

Jab

)
.

Here the third term generates the trace term in (99). Substituting the “heat kernel”
asymptotics (99) into (98), we get

(100) Φ(ZI)(ηout, η̄in) =

=
∫ (

N−1∏

k=1

~mDηkDη̄k+1

) ∫
(i~)−mDλ · e(λ, 1

N

∑N
k=1 ψk−ψ̃)·

·e i
4 tr(J·adA)·e 1

~ (〈ηout,η̄N 〉+〈η̄N ,ηN−1〉···+〈η̄2,η1〉+〈η1,η̄in〉)·e− 1
2~N

∑N
k=1(ψk,[A,ψk])+O

(
1
N

)
.

Taking the limit N →∞, we obtain the following.

Proposition 4. The Chern-Simons partition function for an interval is given by
the path integral:

(101) Φ(ZI)(ηout, η̄in) = e
i
4 tr(J·adA)

∫

π̄(ψ(0))=η̄in, π(ψ(1))=ηout,
∫
I dτψ(τ)=ψ̃

Dψ·

· exp
1
~

(∫

I

1
2
(ψ, (d + dτ · adA)ψ) +

i

4
(ψ(0), Jψ(0)) +

i

4
(ψ(1), Jψ(1))

)

The conditional measure on paths ψ(τ) with a fixed holomorphic projection at τ = 1,
a fixed anti-holomorphic projection at τ = 0 and with a fixed integral over τ in (101)
is the N →∞ limit of the measure in (100).

Applying concatenation formulae (76), (77) to (101), we obtain a path integral
representation of the Chern-Simons partition function for one-dimensional simpli-
cial complexes:

Corollary 2. For a triangulated interval Θ = [pin, p2]∪ [p2, p3]∪ · · · ∪ [pn, pout] we
have

(102)

Φ(ZΘ)(ηout, η̄in) = e
∑n

k=1
i
4 tr(J·adAk

)

∫

π̄(ψ(pin))=η̄in, π(ψ(pout))=ηout,
∫ pk+1

pk
dτψ(τ)=ψ̃k

Dψ·

·exp
1
~

(∫

I

1
2
(ψ, (d + dτ · adA)ψ) +

i

4
(ψ(pin), Jψ(pin)) +

i

4
(ψ(pout), Jψ(pout))

)
.

For a triangulated circle Ξn = [p1, p2] ∪ · · · ∪ [pn−1, pn] ∪ [pn, p1], we obtain:

(103) ZΞn = e
∑n

k=1
i
4 tr(J·adAk

)

∫
∫ pk+1

pk
dτψ(τ)=ψ̃k

Dψ · e 1
2~

∫
I(ψ,(d+dτ ·adA)ψ).
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Remark 27. Expression (103) returns us to the “näıve” path-integral (37) for the
simplicial Chern-Simons on a circle, up to a somewhat puzzling factor e

∑
k

i
4 tr(J·adAk

).
The explanation is as follows: the path integral in (103) was obtained from the path
integral with boundaries (102) by concatenation formula (77). Hence, it is secretly
using the normal ordering prescribed by the choice of a complex structure J on
g (which dictates the regularization for the one-loop determinant in (103)). This
implicit dependence on J is exactly cancelled by the factor e

∑
k

i
4 tr(J·adAk

) (indeed,
we know that the left hand side of (103) is defined in terms of the Clifford algebra
Cl(g) and therefore cannot possibly depend on J). For the näıve path integral (37),
we implicitly assumed the symmetric normal ordering by making a regularization
(41) in our computation of the one-loop determinant (the important point is that
θ(0) is a number, and not a matrix).

Path integral representation (103) returns us to perturbative computation of
section 2.3 and thus finishes the proof of theorem 2.

Remark 28. It is easy to compute (101) in the case of A = 0:

(104) Φ(ZI |A=0)(ηout, η̄in) = 2−m e
1
~ (〈ηout,η̄in〉−2〈ηout−η̃,η̄in− ¯̃η〉),

where η̃, ¯̃η are holomorphic and anti-holomorphic components of the bulk field ψ̃.
We can also write (104) as

Φ(ZI |A=0)(ηout, η̄in) = 2−m e
1
~ ( i

2 (ψbd,Jψbd)−i(ψbd−ψ̃,J(ψbd−ψ̃))),

where ψbd = ι(ηout) + ῑ(η̄in) is the linear combination of boundary fields ηout, η̄in.

4.5. Simplicial action on an interval.

Proposition 5. The path integral for the Chern-Simons partition function on an
interval (101) is given by

(105) Φ(ZI(ψ̃, A))(ηout, η̄in) = det1/2
g

(
sinh adA

2
adA

2

)
· det−1/2

g M(adA)·

·exp
1
~

(
〈ηout, η̄in〉 − 1

2
(ψ̃, adAψ̃) +

1
2

(
η̃ − ηout

¯̃η − η̄in

) ·M(adA) ·
(

η̃ − ηout
¯̃η − η̄in

))
,

where the bilinear form M(adA) in basis (η, η̄) is represented by the block matrix

(106) M(adA) =
(

R−+R−1
++ −1−R−− + R−+R−1

++R+−
1 + R−1

++ R−1
++R+−

)
.

Here symbols R±± stand for blocks of R(adA) (defined by formula (31)) in the basis
(η, η̄):

(107) R(adA) =
(

R++ R+−
R−+ R−−

)
.

Proof. The path integral (101) is Gaussian with a critical point ψcr(τ) being the
solution of

(108) (d + dτ adA)ψcr = const

subject to conditions ∫
dτ ψcr(τ) = ψ̃,(109)
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π(ψcr(1)) = ηout,(110)
π̄(ψcr(0)) = η̄in.(111)

Equation (108) together with (109) gives

(112) ψcr(τ) = ψ̃ + F (adA, τ)(ψcr(0)− ψ̃),

where F (adA, τ) is defined by (30). The value of the action (together with boundary
terms) for this path is

(113) S(ψcr) + boundary terms =

= −1
2
(ψ̃, adAψ̃)− 1

2
(ψ̃, ψcr(1)− ψcr(0))

︸ ︷︷ ︸
1
2

∫
(ψcr,dAψcr)

+
1
2
〈ηcr(0), η̄in〉+

1
2
〈ηout, η̄

cr(1)〉.

Boundary values of ψcr can be found as follows: (112) implies that

ψcr(1) = (1 + R(adA))ψ̃ −R(adA)ψcr(0).

Solving equation this together with (110) and (111) in coordinates (η, η̄), we obtain
(114)(

ηout

η̄cr(1)

)
=

(
1 + R++ R+−

R−+ 1 + R−−

)(
η̃
¯̃η

)
−

(
R++ R+−
R−+ R−−

)(
ηcr(0)
η̄in

)
.

Here ηcr(0) and η̄cr(1) are the unknowns. Solving (114), we get

ηcr(0) = ηout + (1 + R−1
++)(η̃ − ηout) + R−1

++R+−(¯̃η − η̄in),

η̄cr(1) = η̄in −R−+R−1
++(η̃ − ηout)− (−1−R−− + R−+R−1

++R+−)(¯̃η − η̄in).

By substituting into (113), we obtain the exponential in (105).
The pre-exponential in (105) can be derived as follows. We know that it is a

function of A only (since it is a square root of a functional determinant of the
operator13 dA acting on functions with vanishing integral, vanishing holomorphic
part at τ = 1 and vanishing anti-holomorphic part at τ = 0); let us denote it by
G(A). Closing the interval into a circle (by using (77)), we find∫
~mDηoutDη̄in e

1
~ 〈η̄in,ηout〉·Φ(ZI(ψ̃, A))(ηout, η̄in) = det1/2

g M(adA)·G(A)·e− 1
2~ (ψ̃,adAψ̃).

Comparing with the known result for a circle (13), we obtain the pre-exponential
in (105). ¤

Remark 29. In this computation, we neglected the factor of e
i
4 tr(J·adA). If we did

not, it would anyway be cancelled by the pre-exponential obtained by compari-
son with (13) (and this result is obtained by an explicit computation in operator
formalism in section 3.1.3).

We can define the simplicial Chern-Simons action for the interval SI(ψ̃, A; ηout, η̄in)
by

e
1
~SI(ψ̃,A;ηout,η̄in) = Φ(ZI(ψ̃, A))(ηout, η̄in),

or explicitly

(115) SI(ψ̃, A; ηout, η̄in) =

13More exactly, the determinant of a matrix of the bilinear form
∫
(•, dA•).
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= 〈ηout, η̄in〉 − 1
2
(ψ̃, adAψ̃) +

1
2

(
η̃ − ηout

¯̃η − η̄in

) ·M(adA) ·
(

η̃ − ηout
¯̃η − η̄in

)
+

+
~
2

trg log

(
sinh adA

2
adA

2

)
− ~

2
trg log M(adA).

Remark 30. Expansion of (115) as a power series in A starts as

(116) SI(ψ̃, A; ηout, η̄in) =

=
i

2
(ψbd, Jψbd)−i(ψbd−ψ̃, J(ψbd−ψ̃))−1

2
(ψ̃, adAψ̃)−1

6
(ψbd−ψ̃, J adAJ (ψbd−ψ̃))+O(A2)−

− ~m log 2 + ~
i

12
tr(J adA) +O(~A2),

where ψbd = ι(ηout) + ῑ(η̄in).

We can obtain the action for a simplicial complex Θ by gluing actions (115) for
individual intervals using concatenation formulae (76), (77). E.g. for a triangulated
interval Θ = [pin, p2] ∪ [p2, p3] ∪ · · · ∪ [pn, pout] we have

(117) e
1
~SΘ(ψ̃1,A1,...,ψ̃n,An;ηout,η̄in) =

∫ n−1∏

k=1

(~mDηkDη̄k+1) ·

· exp
1
~

(
SI(ψ̃n, An; ηout, η̄n) + 〈η̄n, ηn−1〉+ · · ·+ 〈η̄2, η1〉+ SI(ψ̃1, A1; η1, η̄in)

)
.

For a triangulated circle Ξn = [p1, p2] ∪ · · · ∪ [pn−1, pn] ∪ [pn, p1], we have

(118)

e
1
~SΞn (ψ̃1,A1,...,ψ̃n,An) =

∫ n∏

k=1

(~mDηkDη̄k+1)·exp
1
~

n∑

k=1

(
SI(ψ̃k, Ak; ηk, η̄k) + 〈η̄k+1, ηk〉

)
.

Remark 31. Looking at formulae (117), (118), it is tempting to identify 〈η̄k+1, ηk〉
as a simplicial action for the point pk+1.

Remark 32. Formula (118) explains how the simplicially non-local expression (42) is
produced from a simplicially local expression (the sum of contributions of individual
intervals — the integrand in (118)). The key is integration over boundary fields
{ηk, η̄k}.

Let us introduce the notation fpqr
±±± for structure constants14 of g in the basis

(η, η̄):
(119)

θ =
1
6
fabcψaψbψc =

1
6
fpqr
+++ηpηqηr+

1
2
fpqr
++−ηpηq η̄r+

1
2
fpqr
+−−ηpη̄q η̄r+

1
6
fpqr
−−−η̄pη̄q η̄r.

(this is the same θ as in (4) rewritten in holomorphic-antiholomorphic coordinates
on Πg). Then, the quantum master equation (68) for the action (115) has the
following form:

(120)

~
∂

∂ψ̃a

∂

∂Aa
e

1
~SI(ψ̃,A;η,η̄) +

1
~

(
1
6
fpqr
+++ηpηqηr +

~
2
fpqr
++−ηpηq ∂

∂ηr
− ~

2
fpqq
++−ηp+

14Here we mean the structure constants of the cyclic operation (•, [•, •]) : ∧3g → R.
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+
~2

2
fpqr
+−−ηp ∂

∂ηq

∂

∂ηr
− ~

2

2
fppr
+−−

∂

∂ηr
+
~3

6
fpqr
−−−

∂

∂ηp

∂

∂ηq

∂

∂ηr

)
e

1
~SI(ψ̃,A;η,η̄)−

− e
1
~SI(ψ̃,A;η,η̄) 1

~

(
~3

6
fpqr
+++

←−
∂

∂η̄p

←−
∂

∂η̄q

←−
∂

∂η̄r
+
~2

2
fpqr
++−

←−
∂

∂η̄p

←−
∂

∂η̄q
η̄r − ~

2

2
fpqq
++−

←−
∂

∂η̄p
+

+
~
2
fpqr
+−−

←−
∂

∂η̄p
η̄q η̄r − ~

2
fppr
+−−η̄r +

~3

6
fpqr
−−−η̄pη̄q η̄r

)
= 0.

Remark 33. The one-dimensional BF theory is a special case of the one-dimensional
Chern-Simons theory where the complex polarization (78) is compatible with the
Lie algebra structure on g. In more detail, let h in (78) be a Lie subalgebra, and
let the Lie algebra structure on g be given by a semidirect product of h with its
coadjoint module h̄:

g = hn h̄.

In this case, formula (115) for SI simplifies: the block R+− in (107) vanishes, and
the matrix M(adA) (106) becomes

M(adA) =
(

R−+R−1
++ −1−R−−

1 + R−1
++ 0

)
, det1/2

g M(adA) = deth(1 + R−1
++).

In (119), only the second term on the right hand side survives:

θ =
1
2
F r

pqη
pηqη̄r.

(Here F r
pq are the structure constants of h; we distinguish between upper and lower

indices to emphasize that we do not assume that h comes with a pairing). So, the
quantum master equation (120) is simplified:

(121) ~
∂

∂ψ̃a

∂

∂Aa
e

1
~SI(ψ̃,A;η,η̄) +

1
~

(
~
2
F r

pqη
pηq ∂

∂ηr
− ~

2
F q

pqη
p

)
e

1
~SI(ψ̃,A;η,η̄)−

− e
1
~SI(ψ̃,A;η,η̄) 1

~

(
~2

2
F r

pq

←−
∂

∂η̄p

←−
∂

∂η̄q
η̄r − ~

2

2
F q

pq

←−
∂

∂η̄p

)
= 0.

(If in addition h is unimodular, the last terms in brackets vanish.) Note that the
result for BF theory that we obtain from (115) cannot be directly compared to the
result in [14] as the choice of gauge fixing is very different15.

Remark 34. Another interesting point about the BF case is that fabcfabc = 0.
Hence, the operator δρ : Hpt+ → Hpt+ becomes a coboundary operator. If we
assume in addition that h is unimodular, then (Hpt+ , δρ) can be identified with the
Chevalley-Eilenberg complex of Lie algebra h. Thus, the reduced space of states
associated to a point (see remark 25) is the Chevalley-Eilenberg cohomology of h:

Hred
pt+

∼= HCE(h).

15Indeed, here we fix the field A to be constant on the interval, and we fix the integral ψ̃ of
field ψ over the interval, and the the holomorphic and anti-holomorphic projections of ψ at the
right and left end-points of the interval. The gauge used in [14] fixes π(A) to be constant, π̄(A) to
be a sum of delta-functions at the ends of the interval; and it fixes the values π(ψ) at the ends of
the interval and the integral for π̄(ψ). The latter gauge choice features better simplicial locality
properties, but is only h-equivariant.
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Therefore, the cohomology space

(122) Hadθ̂
(Cl(g)) ∼= Hδρ

I
(End(Hpt+)) ∼= HCE(h)⊗ (HCE(h))∗

becomes non-trivial. In this case, the partition function Z◦I can be understood as
an identity operator acting on the Chevalley-Eilenberg cohomology HCE(h).

Remark 35. One can also view the one-dimensional version of the BF theory with
cosmological term [6] as a special case of the one-dimensional Chern-Simons theory
for g = h⊕h∗, where h is itself a quadratic Lie algebra, and the Lie algebra structure
on g is given by

(123) θ =
1
2
F pqrηpηq η̄r + κ

1
6
F pqrη̄pη̄q η̄r.

Here F pqr are the structure constants of h (in an orthonormal basis) and the pa-
rameter κ is the “cosmological constant”. For Lie algebra g, we automatically have
fabcfabc = 0, and remark 25 applies in this case.

Let us denote g with Lie algebra structure defined by (123) by gBF,κ. Then,
one-dimensional Chern-Simons theories with Lie algebras gBF,κ and h are related,
similarly to the 3-dimensional case [6]. In particular, for continuum action on the
circle we have

(124) SgBF,κ
(ι(η) + ῑ(η̄)︸ ︷︷ ︸

ψ

, ι(A) + ῑ(Ā)︸ ︷︷ ︸
A

) =

=
1
2κ

(
Sh

(
η + κ η̄,A + κ Ā

)− Sh

(
η − κ η̄,A− κ Ā

))

where ι and ῑ denote the embeddings of h, h∗ into gBF,κ and on the right hand side
we implicitly use the isomorphism h ∼= h∗ given by the pairing on h. Relation (124)
implies the following relation for partition functions for triangulated circle Ξn for
Lie algebras gBF,κ and h:

(125) ZgBF,κ, Ξn({ι(ηk) + ῑ(η̄k)}, {ι(Ak) + ῑ(Āk)}; ~) =

= Zh, Ξn({ηk+κ η̄k}, {Ak+κ Āk}; 2κ ~)·Zh, Ξn({ηk−κ η̄k}, {Ak−κ Āk};−2κ ~).

Remark 36. Another special case of a one-dimensional Chern-Simons theory can
be constructed from a Lie bialgebra h. Here we set g = h ⊕ h∗ with the canonical
pairing and with Lie algebra structure on g defined by

θ =
1
2
F r

pqη
pηq η̄r +

1
2
Gqr

p ηpη̄q η̄r.

Here F r
pq and Gqr

p are structure constants of the Lie bracket and co-bracket on h.
This is a one-dimensional version of the Lie bialgebra BF theory, cf. [13] (the
underlying unimodular Lie bialgebra for continuum theory on circle is h⊗Ω•(S1)).
It does not seem to enjoy any particular simplifications with respect to the general
case other than having a canonical complex polarization on g.

Remark 37. The odd third-order differential operator in variables ψ̃, A, ηout, η̄in

that appears in (120) endows the algebra of functions Fun(Πg⊕ g⊕Πh⊕Πh̄) with
a structure of homotopy BV algebra in the sense of Tamarkin-Tsygan [15]. In gen-
eral, the same applies to Fun(Fbulk

Θ ⊕ (Πh)×i(Θ)⊕ (Πh̄)×i(Θ)) for any 1-dimensional
simplicial complex Θ. If Θ has no boundary, this homotopy BV structure is strict.
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THE POISSON SIGMA MODEL ON CLOSED
SURFACES

FRANCESCO BONECHI, ALBERTO S. CATTANEO, AND PAVEL MNEV

Abstract. Using methods of formal geometry, the Poisson sigma
model on a closed surface is studied in perturbation theory. The ef-
fective action, as a function on vacua, is shown to have no quantum
corrections if the surface is a torus or if the Poisson structure is
regular and unimodular (e.g., symplectic). In the case of a Kähler
structure or of a trivial Poisson structure, the partition function on
the torus is shown to be the Euler characteristic of the target; some
evidence is given for this to happen more generally. The methods
of formal geometry introduced in this paper might be applicable
to other sigma models, at least of the AKSZ type.
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1. Introduction

In this note we study the Poisson sigma model [17, 20] with world-
sheet a connected, closed surface Σ. To do so we treat the Poisson struc-
ture on the target manifold M as a perturbation and expand around
the vacua (a.k.a. zero modes) of the unperturbed action.1 As a critical
point of the latter in particular contains a constant map, we have first
to localize around its image x ∈ M . To glue perturbations around
different points x, we use formal geometry [16]. Our first result is that
the perturbative effective action (as a function on the moduli space of
vacua for the unperturbed theory) has no quantum corrections if Σ is
the torus or if the Poisson structure is regular and unimodular (e.g.,
symplectic). In the former case, under the further assumption that the
Poisson structure is Kähler, we can also perform the integration over
vacua and show that the partition function is the Euler characteristic
of M . For a general Poisson structure we can use worldsheet super-
symmetry to regularize the effective action2 and study it like in [22];
this argument is however a bit formal unless some extra conditions on
the Poisson structure are assumed.

Notice that on the torus we need not assume unimodularity. For
other genera, the requirement of unimodularity was first remarked in
[6] where the leading term of the effective action on the sphere was also
computed.

The techniques presented in this note, in particular the way of using
formal geometry to get a global effective action, should be applicable to
other field theories, in particular of the AKSZ type [1]. The techniques
of subsection 4.3 and of subsections 5.2 and 5.3 should also extend to
higher dimensional AKSZ theories in which the source manifold is a
Cartesian product with a torus.

The torus case may also be understood as follows. Recall that the
BV (Batalin–Vilkovisky) action for the Poisson sigma model can be
given in terms of the AKSZ construction [10]. It is a function on the
infinite dimensional graded manifold Map(T [1]Σ, T ∗[1]M). On a cylin-
der Σ = S1 × I, the partition function should be interpreted as an
operator on the Hilbert space associated to the boundary S1. As the
theory is topological, this operator is the identity and the partition

1What we compute is then 〈e i
~Sπ 〉0 where Sπ is the interaction part depending

on the target Poisson structure π and 〈 〉0 denotes the expectation value for the
Poisson sigma model with zero Poisson structure.

2We prove that the regularized effective action does not depend on the regular-
ization as long as one is present. However, in principle this is not the same theory
as the non regularized one.
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function on the torus is just its supertrace. Now, in the case of triv-
ial Poisson structure, the BFV (Batalin–Fradkin–Vilkovisky) reduced
phase space associated to the boundary is the graded symplectic man-
ifold T ∗T ∗[1]M = T ∗T [−1]M . If we choose the vertical polarization
in the second presentation, the Hilbert space will be C∞(T [−1]M),
i.e., the de Rham complex with opposite grading. It is then to be ex-
pected that the partition function on the torus should be the Euler
characteristic of M . In the perturbative computation, however, the
final result is usually of the form 0 · ∞, but in the Kähler case we get
an unambiguous answer. We might then think of a Kähler structure
on M , if it exists, as a regularization of the Poisson sigma model with
trivial Poisson structure.3 Notice that, if such structures exist, they
are open dense in the space of all Poisson structures on M . Another
regularization, which produces the same result, consists in adding the
Hamiltonian functions of the supersymmetry generators for the effec-
tive action. Formally, this can even been done before integrating over
fluctuations around vacua.

Finally, notice that apart from the cases mentioned above we do ex-
pect the effective action to have quantum corrections. Moreover, the
naively computed effective action in formal coordinates might happen
not to be global. We show however that it is always possible to find a
quantum canonical transformation which makes it into the Taylor ex-
pansion of a global effective action. Its class modulo quantum canonical
transformations is then the well-defined object associated to the theory.

Section 2 is a crash course in formal geometry (essentially following
[11, §2]). In Section 3, we develop the construction of [11, §6] to define
the effective action in formal coordinates. Next using the results of
Section 4, we show that, in the two special cases mentioned above,
the effective action has no quantum correction and is the expression
in formal coordinates of a global effective action. In Section 5, we
study the effective action for the case of the torus and perform the
computation of the partition function. Finally, in Section 6 we study
the globalization of the effective action in general.

Acknowledgment. We thank G. Felder, T. Johnson-Freyd, T. Willwacher
and M. Zabzine for useful discussions. A.S.C. thanks the University of
Florence for hospitality.

3That is, we regularize STrC∞(T [−1]M) id = 〈1〉0 as

〈1〉0 := lim
ε→0

〈e iε
~ Sπ 〉0.

We then show that, in the Kähler case, 〈e iε
~ Sπ 〉0 is independent of ε and equal to

the Euler characteristic of M .
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2. Formal local coordinates

We shortly review the notion of formal local coordinates following
the simple introduction of [11, §2] (for more on formal geometry see
[2, 7, 16]).

A generalized exponential map for a manifold M is just a smooth
map φ : U → M , where U is some open neighborhood of the zero
section of M in TM , (x, y ∈ Ux) 7→ φx(y), satisfying φx(0) = x and
dyφx(0) = id ∀x ∈ M . As an example, one may take the exponential
map of a connection.

If f is a smooth function on M , then the function φ∗f ∈ C∞(U)
satisfies d(φ∗f) = df ◦ dφ. Denoting by dx (dy) the horizontal (ver-
tical) part of the differential, we then get dx(φ

∗f) = df ◦ dxφ and
dy(φ

∗f) = df ◦dyφ. Because of the assumptions on φ, there is an open
neighborhood U ′ ⊂ U of the zero section of M in TM on which dyφ is
invertible. As a consequence, on U ′ we have the formula

(2.1) dx(φ
∗f) = dy(φ

∗f) ◦ (dyφ)−1 ◦ dxφ.

Notice that, for each x, φ∗xf is a smooth function on Ux. By Tφ∗xf ∈
ŜT ∗

xM we then denote its Taylor expansion in the y ∈ Ux-variables
around y = 0.4 In doing this, we associate to f ∈ C∞(M) a section

Tφ∗f of ŜT ∗M over M . We may now reinterpret (2.1) as a condition
on the section Tφ∗f simply taking Taylor expansions w.r.t. y on both
sides. Notice that in the definition of Tφ∗f and in the resulting con-
dition only the Taylor coefficients of φ appears. We are thus let to
considering two generalized exponential maps as equivalent if all their
partial derivatives in the vertical directions, for each point of the base
M , coincide at the zero section. We call formal exponential map an
equivalence class of generalized exponential maps.

If φ is a formal exponential map, then Tφ∗f ∈ Γ(ŜT ∗M) is con-
structed as above just by picking any generalized exponential map in
the given equivalence class. Choosing local coordinates {xi} on the
base and {yi} on the fiber, we have explicit expressions

(2.2) φi
x(y) = xi + yi +

1

2
φi

x,jky
jyk +

1

3!
φi

x,jkly
jykyl + · · · ,

and the class of φ is simply given by the collection of coefficients φx,•.
One can easily see that the coefficients φi

x,jk of the quadratic term
transform as the components of a connection. We will refer to this as

4Here Ŝ denotes the formal completion of the symmetric algebra.
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the connection in φ. Also explicitly we may compute

(2.3) Tφ∗xf = f(x) + yi∂if(x) +
1

2
yjyk(∂j∂kf(x) + φi

x,jk∂if(x)) + · · · .

Above we have proved that sections of ŜT ∗M of the form Tφ∗f
satisfy (the Taylor expansion of) equation (2.1). One can easily prove
that the converse is also true. In fact, one has even more. We may
think of the Taylor expansion of the r.h.s. as an operator acting on the

section Tφ∗f . Actually, for every section σ of ŜT ∗M one can define

a section R(σ) of T ∗M ⊗ ŜT ∗M by taking the Taylor expansion of
−dyσ◦(dyφ)−1◦dxφ. Notice that R is C∞(M)-linear. As a consequence
we have a connection5

(X, σ) ∈ Γ(TM)⊗ Γ(ŜT ∗M) 7→ iXR(σ) ∈ Γ(ŜT ∗M)

on ŜT ∗M . One can check that this connection is flat. We can also
regard R as a one-form on M taking values in the bundle End(ŜT ∗M).

Also notice that ŜT ∗M is a bundle of algebras and that R acts as
a derivation; so we can regard R as a one-form on M taking values

in the bundle Der(ŜT ∗M), which is tantamount to saying the bundle

of formal vertical vector fields X̂(TM) := TM ⊗ ŜT ∗M . Notice that
the flatness of the connection may be expressed as the MC (Maurer–
Cartan) equation

(2.4) dxR +
1

2
[R,R] = 0,

where [ , ] is the Lie bracket of vector fields. Finally, equation (2.1)
may now be expressed by saying that dσ +R(σ) = 0 if σ is of the form
Tφ∗f for some f . Below we will see that also the converse is true.

We first extend this connection to a differential D on the complex

of ŜT ∗M -valued differential forms Γ(Λ•T ∗M ⊗ ŜT ∗M).6 The main
result is that the cohomology of D is concentrated in degree zero and
H0

D = Tφ∗C∞(M). This can be easily seen working in local coordinates
again:

R(σ)i =
∂σ

∂yk

((
∂φ

∂y

)−1
)k

j

∂φj

∂xi
.

5This is the Grothendieck connection in the presentation given by the choice of
the formal exponential map φ.

6Since Γ(Λ•T ∗M ⊗ ŜT ∗M) is the algebra of functions on the formal graded
manifold M := T [1]M ⊕ T [0]M , the differential D gives M the structure of a
differential graded manifold. In particular since D vanishes on the body, we may
linearize at each x ∈ M and get an L∞-algebra structure on TxM [1]⊕TxM⊕TxM .
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Using (2.2) we get R = δ + R′ with δ = −dxi ∂
∂yi and R′ a one-form on

the base taking value in the vector fields vanishing at y = 0. Hence we
have D = δ + D′ with

D′ = dxi ∂

∂xi
+ R′.

Notice that δ is itself a differential and that it decreases the polynomial
degree in y, whereas the operator D′ does not decrease this degree. The
fundamental remark is that the cohomology of δ consists of zero forms
constant in y. This is easily shown by introducing δ∗ := yi ι ∂

∂xi
and

observing that (δδ∗ + δ∗δ)σ = kσ if σ is an r-form of degree s in y and
r + s = k. By cohomological perturbation theory the cohomology of
D is isomorphic to the cohomology of δ, which is what we wanted to
prove.

Finally, observe that, if σ is a D-closed section, we can immediately
recover the function f for which σ = Tφ∗f simply by setting y = 0,
f(x) = σx(0), as follows from (2.3).

We can now extend the whole story to other natural objects. Let
V(M) denote the multivector fields on M (i.e., sections of ΛTM), Ω(M)
the differential forms, Wj(M) := Γ(SjTM) and Oj(M) := Γ(SjT ∗M).

We use similar symbols for formal vertical vector fields V̂(TM) :=

Γ(ΛTM ⊗ ŜT ∗M) and formal vertical differential forms Ω̂(TM) :=

Γ(ΛT ∗M ⊗ ŜT ∗M). We have injective maps

Tφ∗ := T (φ∗)−1 : V(M) → V̂(TM), Tφ∗ : Ω(M) → Ω̂(TM).

Similarly, we set Ŵj(TM) := Γ(SjTM ⊗ ŜT ∗M) and Ôj(TM) :=

Γ(SjT ∗M ⊗ ŜT ∗M) and get

Tφ∗ := T (φ∗)−1 : Wj(M) → Ŵ(TM), Tφ∗ : Oj(M) → Ôj(TM).

We can now let R naturally act on V̂(TM), Ω̂(TM), Ŵj(TM) and

Ôj(TM) by Lie derivative and hence get a differential D on the cor-
responding complexes of differential forms. Notice that D respects
the Gerstenhaber algebra structure (by the vertical Schouten–Nijenhuis

bracket) of V̂(TM) and the differential complex structure (by the ver-

tical differential) of Ω̂(TM), so that these structures are induced in
cohomology. By the same argument as above, we get that all these

cohomologies are concentrated in degree zero with H0
D(V̂(TM)) =

Tφ∗V(M), H0
D(Ω̂(TM)) = Tφ∗Ω(M), H0

D(Ŵj(TM)) = Tφ∗Wj(M),

and H0
D(Ôj(TM) = Tφ∗Oj(M). Notice in particular that a section is
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in the image of Tφ∗ if and only if

dxσ + LRσ = 0.

In order to recover, in local coordinates, the global object correspond-
ing to a solution to the above equation, we should only observe that
by assumption dyφx(0) = id, so that it is enough to evaluate the com-
ponents of σ at y = 0 and to replace formally each dyi by dxi and each
∂

∂yi by ∂
∂xi . More explicitly, if σx(y) = σx;i1,...,in(y) dyi1 · · · dyin is equal

to Tφ∗ω, then
ω(x) = σx;i1,...,in(0) dxi1 · · · dxin .

If on the other hand, σx(y) = σi1,...,in
x (y) ∂

∂yi1
· · · ∂

∂yin is equal to Tφ∗(Y ),

then

Y (x) = σi1,...,in
x (0)

∂

∂xi1
· · · ∂

∂xin
.

One can immediately extend these results to direct sums of the
vector bundles above. Notice that cohomology also commutes with

direct limits. This implies that the cohomology of
∏

j Ŵj(TM) is

also concentrated in degree zero and coincides with Tφ∗
∏

j Wj(M).

Now we have that
∏

j Wj(M) = Γ(ŜTM) whereas
∏

j Ŵj(TM) =

Γ(Ŝ(TM ⊗ T ∗M)). Similarly, we see that the cohomology with values

in Ŝ(T ∗M ⊗ T ∗M) is concentrated in degree zero and coincides with

Tφ∗Γ(ŜT ∗M). To summarize:

H•
D(Γ(Ŝ(TM ⊗ T ∗M))) = H0

D(Γ(Ŝ(TM ⊗ T ∗M))) = Tφ∗Γ(ŜTM)

and

H•
D(Γ(Ŝ(T ∗M ⊗ T ∗M))) = H0

D(Γ(Ŝ(T ∗M ⊗ T ∗M))) = Tφ∗Γ(ŜT ∗M).

2.1. Gauge transformations. We now wish to consider the effects of
changing the choice of formal exponential map. Namely, let φ be a fam-
ily of formal exponential maps depending on a parameter t belonging to
an open interval I. We may associate to this family a formal exponen-
tial map ψ for the manifold M × I by ψ(x, t, y, τ) := ((φ)x,t(y), t + τ),
where τ denotes the tangent variable to t. We want to define the as-

sociated connection R̃: on a section σ̃ of ŜT ∗(M × I) we have, by
definition,

R̃(σ̃) = −(dyσ̃, dτ σ̃) ◦
(

(dyφ)−1 0
0 1

)
◦

(
dxφ φ̇
0 1

)
.

So we can write R̃ = R + C dt + T with R defined as before (but now
t-dependent),

C(σ̃) = −dyσ̃ ◦ (dyφ)−1 ◦ φ̇
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and T = −dt ∂
∂τ

. We now spell out the MC equation for R̃ observing
that dxT = dtT = 0 and that T commutes with both R and C. The
(2, 0)-form component over M × I yields again the MC equation for R,
whereas the the (1, 1)-component reads

Ṙ = dxC + [R,C].

Hence, under a change of formal exponential map, R changes by a

gauge transformation with generator the section C of X̂(TM).
Finally, if σ is a section in the image of Tφ∗, then by a simple com-

putation one gets

σ̇ = −LCσ,

which can be interpreted as the associated gauge transformation for
sections.

3. PSM in formal coordinates

The Poisson sigma model (PSM) [17, 20] is a topological field theory
with source a two-manifold Σ and target a Poisson manifold M . Before
getting to the BV action for the PSM, we fix the notations and intro-
duce the AKSZ formalism [1] (for a gentle introduction to it, especially
suited to the PSM, see [10]). Let Map(T [1]Σ, T ∗[1]M) be the infinite
dimensional graded manifold of maps from T [1]Σ to T ∗[1]M . It fibers
over Map(T [1]Σ,M). We denote by X a “point” of Map(T [1]Σ,M) and
by η a “point” of the fiber. In local target coordinates, the super fields
X and η have simple expressions:

Xi = X i + ηi
+ + βi

+,

ηi = βi + ηi + X+
i ,

where we have ordered the terms in increasing order of form degree on
Σ. The ghost number is 0 for X and η, 1 for β, −1 for η+ and X+,
and −2 for β+. As unperturbed BV action one considers

S0 :=

∫

Σ

ηi dXi.

Notice that it satisfies the classical master equation (CME) (S0, S0) = 0
if Σ has no boundary or if appropriate boundary conditions are taken
(which we assume throughout). Here ( , ) is the BV bracket corre-
sponding to the odd symplectic structure on the space of fields for
which the superfield η is the momentum conjugate to the superfield X.
Formally one may also assume ∆S0 = 0 where ∆ is the BV operator,
so S0 satisfies also the quantum master equation (QME).
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To perturb this action, we pick a multivector field Y on M . We may
regard it as a function on T ∗[1]M . We then define SY as the integral
over T [1]Σ of the pullback of Y by the evaluation map

ev : T [1]Σ×Map(T [1]Σ, T ∗[1]M) → T ∗[1]M.

Explicitly, for a k-vector field Y , we have

SY =
1

k!

∫

Σ

Y i1,...,ik(X)ηi1 . . . ηik .

This construction has several interesting properties. First, (S0, SY ) = 0
(for ∂Σ = ∅ or with appropriate boundary conditions). Second, for any
two multivector fields Y and Y ′, we have (SY , SY ′) = S[Y,Y ′]. The BV
action for the PSM with target Poisson structure π is recovered as
S = S0 +Sπ. Notice that by the above mentioned properties it satisfies
the CME. As for the quantum master equation, we refer to [12], where
it is shown that one can assume ∆Sπ = 0 if the Euler characteristic of
Σ is zero or if π is unimodular. In the latter case, one picks a volume
form v on M such that divv π = 0 and defines ∆ according to it.

We consider Sπ as a perturbation, so we expand the functional inte-
gral around the critical points of S0. They consist of closed superfields.
In particular, the component X of X will be a constant map, say with
image x ∈ M . Fluctuations will explore only a formal neighborhood of
x in M , so as in [11, §6], it makes sense to make the change of variables

X = φx(A), η = dφx(A)∗,−1B,

where φ is a formal exponential map and the new superfields (A, B) are
in Map(T [1]Σ, T ∗[1]TxM). Notice that this change of variables

φx : Map(T [1]Σ, T ∗[1]TxM) → Map(T [1]Σ, T ∗[1]M)

is a local symplectomorphism and that

Tφ∗xS0 =

∫

Σ

Bi dAi.

The moduli space of vacua (i.e., the space of critical points modulo
gauge transformations) is now Hx := H•(Σ)⊗TxM⊕H•(Σ)⊗T ∗

xM [1].
(Here H•(Σ) is regarded as a graded vector space with its natural
grading.) We should regard H =

⋃
xHx as a vector bundle over M ,

but for the moment we concentrate on a single x. Later on we will also
consider the remaining integration over vacua and, in particular, over
M (which actually shows up as the space of constant maps Σ → M);
see Section 5.
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We may repeat the AKSZ construction on Map(T [1]Σ, T ∗[1]TxM).
In particular, if Y is a function of degree k on T ∗[1]TxM (i.e., a formal
vertical k-vector field), we may construct a functional

SY =
1

k!

∫

Σ

Y i1,...,ik(A)Bi1 . . . Bik .

In particular, we have
Tφ∗xSπ = STφ∗xπ.

As a result, we have a solution Sx := Tφ∗xS of the QME and may
compute its partition function Zx (as a function on Hx) upon inte-
grating over a Lagrangian submanifold L of a complement of Hx in
Map(T [1]Σ, T ∗[1]TxM):

Zx :=

∫

L
e

i
~Sx .

Notice [19, 12] that there is an induced BV operator ∆ on Hx and that
Zx satisfies ∆Zx = 0. Moreover, upon changing the gauge fixing L, Zx

changes by a ∆-exact term. We wish to compare the class of Zx with
the globally defined partition function morally obtained by integrating
in Map(T [1]Σ, T ∗[1]M). For this we have to understand the collection

{Zx}x∈M as a section Ẑ : x 7→ Zx of ŜH∗ (we hide the dependency on ~
here) and compute how it changes over M . Using all properties above

and setting Ŝ : x 7→ Sx, we get7

dxẐ =
i

~

∫

L
e

i
~ Ŝ SdxTφ∗π = − i

~

∫

L
e

i
~ Ŝ (SR, Ŝ).

Notice that this may also be rewritten as

dxẐ = −∆

∫

L
e

i
~ Ŝ SR

if we assume ∆SR = 0. This is correct if Σ has zero Euler characteristic
or if divTφ∗v R = 0. From the equation dxTφ∗v + LRTφ∗v = 0, we see
that the latter condition is satisfied if and only if dxTφ∗v = 0. Given a
volume form v, it is always possible to find a formal exponential map φ
satisfying this condition; actually, one can even get Tφ∗xv = dy1 . . . dyd

∀x.
We can collect the above identities nicely if we define8

S̃ := Ŝ + SR.

7The choice of L might be different for different xs, but for simplicity we assume
it not to be the case.

8For π = 0, S̃ is also the BV action for the BF∞-theory [19] with target the L∞
algebra of footnote 6. See also [14].
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Notice that S̃ is of total degree zero (the term SR has ghost number
minus one but is a one-form on M) and satisfies the modified CME

dxS̃ +
1

2
(S̃, S̃) = 0

and by assumption also ∆S̃ = 0 (so it satisfies a modified QME as
well). We then define

(3.1) Z̃ :=

∫

L
e

i
~ S̃

as a nonhomogeneous differential form on M taking values in H. It
satisfies

dxZ̃ − i~∆Z̃ = 0.

Remark 3.1. We are now also in a position to understand the change

of Z̃ under a change of the formal exponential map. Using the results
of subsection 2.1, we immediately see that

˙̃
Z = (dx − i~∆)

∫

L
e

i
~ S̃ i

~
SC ,

assuming ∆SC = 0. The assumption is verified if Σ has zero Euler
characteristic or if we let φ vary only in the class of formal exponential
maps that make Tφ∗v constant. Notice that the space of such formal

exponential maps is connected. Therefore, the class of Z̃ under these
transformations is independent of all choices needed to compute it.

Finally, we consider the effective action S̃eff defined by the identity

Z̃ = e
i
~ S̃eff . It is a differential form taking values in ŜH∗[[~]] and satisfies

the modified QME

(3.2) dxS̃eff +
1

2
(S̃eff, S̃eff)− i~∆S̃eff = 0.

This equation formally follows from the properties of BV integrals.
In the case when Σ has no boundary, it may be proved directly by

considering the expansion of S̃eff in Feynman diagrams and applying the
usual Stokes theorem techniques on integrals over configuration spaces,
see [18, 13]. If Σ has a boundary, additional terms corresponding to
several points collapsing to the boundary together may appear and
spoil (3.2). From now on we therefore assume that Σ is closed.

Equation (3.2) contains both information on the QME satisfied by

the zero-form component S̃
(0)
eff and on its global properties. The equa-

tions are in general mixed: we do not simply get a flat connection with

respect to which S̃
(0)
eff is covariantly constant. However, it is possible to

find a modified quantum BV canonical transformation that produces
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a flat connection with respect to which the zero form part of the effec-
tive action is horizontal and hence global; we postpone this discussion
to Section 6. In the remaining of this Section, we concentrate on two
special cases where the general theory is not needed.

The first special case is when Σ is a torus. In Section 4, see Lemma 4.4,
we will show that, in an appropriate gauge, there are no quantum cor-
rections, so

S̃eff = S̃
(0)
eff + S̃

(1)
eff ,

where S̃
(0)
eff is the zero-form obtained by restricting STφ∗π to vacua and

S̃
(1)
eff is the one-form obtained by restricting SR to vacua. One can

explicitly check, see Section 5, that ∆S̃
(0)
eff = ∆S̃

(1)
eff = 0. Hence the

modified QME now simply yields the CME for S̃
(0)
eff ,

(S̃
(0)
eff , S̃

(0)
eff ) = 0,

the flatness condition for S̃
(1)
eff ,

dxS̃
(1)
eff +

1

2
(S̃

(1)
eff , S̃

(1)
eff ) = 0,

and the fact that S̃
(0)
eff is covariantly constant,

dxS̃
(0)
eff + (S̃

(1)
eff , S̃

(0)
eff ) = 0.

Now notice that (S̃
(1)
eff , ) is just the natural action of R on the sections

of H. Hence we can conclude that S̃
(0)
eff is just Tφ∗(S|vacua).

The second special case is when π is regular and unimodular (and
Σ is any two-manifold). Also in Section 4 we will show that, upon

choosing an appropriate formal exponential map, S
(0)
eff and S

(1)
eff have

no quantum corrections. Therefore, we may use the same reasoning as

above and conclude that S̃
(0)
eff is just Tφ∗(S|vacua).

A final important remark is that in the two cases above the effective
action depends polynomially on all vacua but, possibly, for those re-

lated to the X field; therefore, S
(0)
eff is a section of SH̃∗⊗ ŜT ∗M , where

H̃x = H>0(Σ)⊗ TxM ⊕H•(Σ)⊗ T ∗
xM [1] is the moduli space of vacua

excluding those for X. The corresponding global effective action S|vacua

will then be a section of SH̃∗, i.e., a function on the vector bundle H̃
(polynomial in the fibers). Notice that this vector bundle is diffeomor-
phic, by choosing a connection (e.g., the one contained in the choice
of φ), to the natural global definition of the moduli space of vacua as
presented, e.g., in [5].
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4. Some computations of the effective action

In this Section we discuss the perturbative computation for the ef-
fective action and show that it has no quantum corrections in two
important cases.

4.1. Factorization of Feynman graphs. Consider the effective ac-

tion S̃eff defined in (3.1) by the identity Z̃ = e
i
~ S̃eff . Here the Lagrangian

subspace L in the complement of Hx inside the space of fields

(4.1) Fx = Map(T [1]Σ, T ∗[1]TxM) ∼= Ω•(Σ)⊗ (TxM ⊕ T ∗
x [1]M)

accounts for the gauge fixing. Let L have the factorized form

(4.2) L = LK ⊗ (TxM ⊕ T ∗
x [1]M)

where LK ⊂ Ω•(Σ) is defined as

LK = kerP ∩ ker K

with P the projector from differential forms on Σ to (the chosen rep-
resentatives of) de Rham cohomology of Σ and

K : Ω•(Σ) → Ω•−1(Σ)

a linear operator satisfying
(4.3)

dK + Kd = id− P , PK = KP = 0, KT = K, K2 = 0

(i.e., K is the chain homotopy between identity and the projection to
cohomology, also known as a parametrix). The transpose is w.r.t. the
Poincaré pairing on forms

∫
Σ
• ∧ •. We assume the operator K (which

now determines the gauge fixing) to be an integral operator with a
distributional integral kernel ω ∈ Ω1(Σ × Σ) – the propagator. An
explicit construction may be done along the same lines as in [8, 9]. Let
us introduce a basis {χα} in the cohomology space H•(Σ); denote the
matrix of the Poincaré pairing by Παβ =

∫
Σ

χα ∧ χβ. In terms of ω,
properties (4.3) read:

(1) dω = δdiag−
∑

α,β(Π−1)αβχα⊗χβ, where δdiag is the delta-form
supported on the diagonal of Σ× Σ;

(2)
∫

Σ(1)
ω π∗1χα =

∫
Σ(2)

ω π∗2χα = 0, ∀α, where Σ(1) and Σ(2) denote

the two factors of Σ×Σ, and π1 and π2 are the two projections
from Σ× Σ to its factors;

(3) t∗ω = ω, where t : Σ×Σ → Σ×Σ is the map swapping the two
copies of Σ;

(4)
∫

Σ(2)
π∗12ω π∗23ω = 0, where Σ(2) denotes the middle factor in

Σ×Σ×Σ, whereas π12 and π23 are the projections from Σ×Σ×Σ
to the first two and last two factors, respectively.
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Notice that the restriction of ω to the configuration space C0
2(Σ) :=

{(u, v) ∈ Σ : u 6= v} is smooth and it extends to the Fulton–MacPherson–
Axelrod–Singer compactification as a smooth form. In [13] it is shown
how to implement the property PK = KP = 0 on the propagator.
Once this is done, the propagator will also satisfy the property K2 = 0.
This is proved exactly as in [12, Lemma 10].

The perturbation expansion for the effective action (3.1) has the form

(4.4) Seff(Az.m., Bz.m.; ~) =
∑

Γ

(i~)l(Γ)

|Aut(Γ)| W target
Γ (Az.m., Bz.m.) ·W source

Γ

where the sum is over connected oriented graphs Γ with leaves9 deco-
rated by basis cohomology classes {χα}; l(Γ) stands for the number of
loops, |Aut(Γ)| is the number of graph automorphisms; {Az.m., Bz.m.} =
{Aαi, Bα

i } are the coordinates on the moduli space of vacua Hx.

The “target part” W target
Γ of the contribution of a graph to S̃eff is a

homogeneous polynomial function on Hx of degree equal to the number
of leaves, computed using the following set of rules:

(1) to an incoming leaf of Γ decorated by χα one associates Aαi

(2) to an outgoing leaf decorated by χα one associates Bα
i

(3) to a vertex with m inputs and n outputs one associates the
expression

∂i1 · · · ∂imY j1···jn

– the m-th derivative of n-vector10 contribution to the action
S.

(4) for every edge contract the dummy Latin indices for the two
constituent half-edges.

The result of contraction is a polynomial function on Hx.
The “source” (or “de Rham”) part W source

Γ is a number defined as
(4.5)

W source
Γ =

∫

Σ×V (Γ)


 ∏

edges (hin,hout)

π∗v(hin),v(hout)ω


 ·

( ∏

leaves l

π∗v(l)χαl

)

9A leaf for us is a loose half-edge, i.e., one not connected to another half-edge to
form an edge.

10In the standard setup for the Poisson sigma model, only the perturbation by
Poisson bivector field Y = πij∂i ∧ ∂j is present in the action, hence all vertices
have to have exactly two outputs, otherwise the graph does not contribute. In the
present case, we also have the vector field R.
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where V (Γ) is the number of vertices, πv : Σ×V (Γ) → Σ is the projection
to v-th copy of Σ, πu,v : Σ×V (Γ) → Σ×Σ is the projection to u-th and v-
th copies of Σ; v(h) is the vertex incident to the half-edge h. Notice that
all these integrals converge. The usual way to show this is to observe
that the integrals are actually defined on configuration spaces (i.e., the
complements of all diagonals in the Cartesian products of copies of Σ)
and that the propagators ω extend to their compactifications.

Remark 4.1. The factorization into source- and target contributions for
Feynman diagrams in the expansion (4.4) is due to the factorization of
the space of fields (4.1) and to the fact that our ansatz for the gauge
fixing (4.2) is compatible with this factorization.

Remark 4.2. The orientation of Γ is irrelevant for the source parts
W source

Γ .

4.2. Regular Poisson structures. If π is nondegenerate, it is always
possible to find a formal exponential map φ such that Tφ∗π is constant
(in the y variables). One simply has to go to formal Darboux coordi-
nates. Notice, moreover, that divv π = 0 if for v one chooses v to be
the Liouville volume form ωk/k!, k = dim M/2. It then follows that
Tφ∗v is also constant and that divTφ∗v R = 0. A slight generalization
occurs when π is regular (i.e., its kernel has constant rank) and uni-
modular (notice that this is not guaranteed if π is degenerate [21]).
After choosing v such that divv π = 0, it is again possible to find a
formal exponential map φ such that Tφ∗π and Tφ∗v are both constant
and hence divTφ∗v R = 0.

In the perturbative expansion, we may thus assume that we have
a bivalent vertex, corresponding to Tφ∗π, with no incoming arrows.
If one of the outgoing arrows is replaced by a vacuum mode (i.e., a
cohomology class), the result is zero by the property PK = KP = 0,
otherwise it is zero by the property K2 = 0. As a result, every graph
containing a Tφ∗π-vertex will vanish, apart from the one with both

outgoing arrows evaluated on vacua. As a consequence S
(0)
eff and S

(1)
eff

have no quantum corrections.

4.3. Axial gauge on the torus Σ = T2 := S1 × S1. In the case of a
torus, differential forms have a bigrading with respect to the two circles.
One may choose the axial gauge11 by setting the superfields to vanish
if they have nonzero degree with respect to the first circle. Näıvely this
implies the propagator to be the product of a propagator for the de

11The axial gauge for topological field theories was originally proposed in the
context of Chern–Simons theory in [15].
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Rham differential on the first circle and the identity operator on the
second circle (just plug in the gauge fixed fields into in the unperturbed
action to realize this). This argument however does not take vacua into
account nor the fact that the axial gauge fixing does not fix all the gauge
freedom. In fact, one can prove that the propagator in the axial gauge
has one additional term, see (4.7) below.

To start with a rigorous construction of the propagator, observe that
differential forms on a circle admit the Hodge decomposition

Ω•(S1) = Ω•
Harm(S1)︸ ︷︷ ︸

Span(1,dτ)

⊕ Ω̃0(S1)︸ ︷︷ ︸
{f(τ) | ∫

S1 f(τ)dτ=0}

⊕ Ω̃1(S1)︸ ︷︷ ︸
{g(τ)dτ | ∫

S1 g(τ)dτ=0}

(In our convention the coordinate τ on the circle runs from 0 to 1).
The associated chain homotopy operator is

KS1 : g(τ)dτ 7→
∫

S1

ωS1(τ, τ ′)g(τ ′)dτ ′

with the integral kernel

ωS1(τ, τ ′) = θ(τ − τ ′)− τ + τ ′ − 1

2

Projection to harmonic forms on the circle (representatives of cohomol-
ogy) is

PS1 : f(τ) + g(τ)dτ 7→
∫

S1

(dτ ′ − dτ) ∧ (f(τ ′) + g(τ ′)dτ ′)

For the torus we may decompose the de Rham complex in the fol-
lowing way:

(4.6) Ω•(S1 × S1) = Ω•(S1)⊗̂Ω•(S1) =

= Ω•
Harm(S1)⊗ Ω•

Harm(S1)︸ ︷︷ ︸
∼=H•(S1×S1)

⊕ Ω̃0(S1)⊗̂Ω• ⊕ Ω•
Harm(S1)⊗ Ω̃0(S1)︸ ︷︷ ︸
LK

⊕

⊕ Ω̃1(S1)⊗̂Ω• ⊕ Ω•
Harm(S1)⊗ Ω̃1(S1)

The associated chain homotopy operator is

(4.7) K = KS1 ⊗ idS1︸ ︷︷ ︸
KI

+PS1 ⊗KS1︸ ︷︷ ︸
KII

: Ω•(S1 × S1) → Ω•−1(S1 × S1)
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Its integral kernel (the propagator) is

(4.8) ω =

(
θ(σ − σ′)− σ + σ′ − 1

2

)
· δ(τ − τ ′) · (dτ ′ − dτ)

︸ ︷︷ ︸
ωI

+

+ (dσ′ − dσ) ·
(

θ(τ − τ ′)− τ + τ ′ − 1

2

)

︸ ︷︷ ︸
ωII

where we denote by σ, τ ∈ R/Z the coordinates on the first and the
second circles, respectively.

Remark 4.3. The chain homotopy (4.7) arises from the composition of
two quasi-isomorphisms:

Ω•(S1)⊗̂Ω•(S1) Ω•Harm(S1)⊗ Ω•(S1)⊕ Ω̃0(S1)⊗̂Ω•(S1)⊕ Ω̃1(S1)⊗̂Ω•(S1)
y

Ω•Harm(S1)⊗ Ω•(S1) Ω•Harm ⊗ Ω•Harm ⊕ Ω•Harm(S1)⊗ Ω̃0(S1)⊕ Ω•Harm(S1)⊗ Ω̃1(S1)
y

Ω•Harm(S1)⊗ Ω•Harm(S1)

i.e., we first contract the first circle to cohomology, then the second
one.

4.4. Vanishing of quantum corrections.

Lemma 4.4. For the Poisson sigma model in the axial gauge on torus,
the source parts W source

Γ vanish for all connected graphs Γ except for
trees with one vertex (“corollas”).

Proof. Let us introduce the basis in cohomology of the torus:

χ(0,0) = 1, χ1,0 = dσ, χ(0,1) = dτ, χ(1,1) = dσ ∧ dτ

Define a decoration c of Γ as an assignment of bidegree

c(h) ∈ {(0, 0), (1, 0), (0, 1), (1, 1)}
to each half-edge h of Γ (so that on leaves the bidegree coincides with
the prescribed leaf decoration α) together with an assignment of an
index c(e) ∈ {I, II} to each edge e. Define the source part for a
decorated graph Γ as
(4.9)

W source
Γ,c =

∫

Σ×V (Γ)


 ∏

edges e=(hin,hout)

π∗v(hin),v(hout)ωc(e)|c


·

( ∏

leaves l

π∗v(l)χαl

)
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where the ω|c symbol means the component of the propagator (as an el-
ement of Ω•(S1×S1)⊗̂Ω•(S1×S1)) of de Rham bidegrees c(hin), c(hout)
where hin, hout are the constituent half-edges of the edge; ωc(e) is one of
the two pieces of propagator, ωI or ωII , as defined in (4.8). Then we
have

W source
Γ =

∑

decorations c

W source
Γ,c

The source part W source
Γ,c vanishes automatically unless the following

conditions are satisfied simultaneously:

(i) At every vertex there is exactly one incident half-edge decorated
by (1, •), all others are (0, •).

(ii) At every vertex there is exactly one incident half-edge decorated
by (•, 1), all others are (•, 0). (This half-edge may be the same
as in (i)).

(iii) Compatibility between edge decorations and half-edge decora-
tions: for any edge e = (h1, h2) we have

(c(e) = I) =⇒
[

c(h1) = (0, 0), c(h2) = (0, 1) or
c(h1) = (0, 1), c(h2) = (0, 0)

(c(e) = II) =⇒
[

c(h1) = (0, 0), c(h2) = (1, 0) or
c(h1) = (1, 0), c(h2) = (0, 0)

(iv) Number of edges decorated as I adjacent to any given vertex
should be different from one.

(v) If a vertex has no adjacent I-edges, then the number of adjacent
II-edges should be different from one.

Requirements (i,ii) follow directly from degree counting in (4.9); (iii)
follows from the formula for propagator (4.8); (iv,v) follow from the
property KS1PS1 = 0 and from the fact that harmonic forms on a
circle are closed under wedge multiplication.

Fix some decoration c of Γ satisfying (i–v). Consider the subgraph
ΓI of Γ obtained by deleting all II-edges in Γ; ΓI may be disconnected.
Let ΓI = taΓ

a
I where Γa

I are the connected components of ΓI . Due to
(ii), the number of vertices V a

I of Γa
I is equal to the number of (0, 1)-half-

edges in Γa
I which is in turn greater or equal to the number of edges

Ea
I due to (iii). Hence the Euler characteristic of Γa

I non-negative:
V a

Γ − Ea
Γ ≥ 0. Therefore Γa

I is either a tree or a 1-loop graph. Next,
property (iv) shows that Γa

I has to be a wheel graph, with arbitrary
number of leaves attached at vertices, or a corolla. On the other hand,
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if ΓI contains a wheel then the corresponding source part vanishes:

(4.10)

W source
Γ,c =

∫

(S1×S1)×V

(dτ1−dτ2)δ(τ2−τ1)∧· · ·∧(dτn−dτ1)δ(τ1−τn)∧F =

∫

(S1×S1)×V

(dτ1 ∧ dτ2 ∧ · · · ∧ dτn + (−1)ndτ2 ∧ · · · dτn ∧ dτ1)︸ ︷︷ ︸
=0

∧

∧ δ(τ2 − τ1) · · · δ(τ1 − τn) ∧ F = 0

where n is the length of the wheel and F ∈ Ω•((S1 × S1)×V ) is some
differential form.

Remark 4.5. Argument (4.10) has the fault that the integrand is singu-
lar and the result is 0 · δ(0). This can be remedied by regularizing the
propagator ω, e.g., by changing δ(τ − τ ′) in (4.8) to a smeared delta-
function. Notice that the source parts of all diagrams except corollas
still vanish exactly: in this vanishing argument the chain homotopy
equation is never used; we only use the de Rham bigrading properties,
PK = 0 and the fact that harmonic forms on a circle are closed under
multiplication.

Thus we have shown that W source
Γ,c vanishes unless ΓI is a collection

of corollas (i.e. there are no I-edges).
Now fix a decoration c satisfying (i–v) with c(e) = II for all edges.

Repeating the Euler characteristic argument as above (using properties
(i,iii)), we show that Γ has to be either a tree or a 1-loop graph and
using property (v) we show that it has to be either a wheel or a corolla.
If it is a wheel then

(4.11) W source
Γ,c =

∫

(S1×S1)×V

(dσ1 − dσ2) ∧ · · · ∧ (dσV − dσ1) ∧ F =

=

∫

(S1×S1)×V

(dσ1 ∧ · · · ∧ dσV + (−1)V dσ2 ∧ · · · ∧ dσV ∧ dσ1)︸ ︷︷ ︸
=0

∧F =

= 0

Therefore W source
Γ,c vanishes for any decoration c unless Γ is a corolla.

This concludes the proof of the Lemma. ¤
An immediate consequence of the Lemma is that the effective ac-

tion Seff
x is just the restriction of the action Sx to vacua: there are no

quantum corrections.



124 F. BONECHI, A. S. CATTANEO, AND P. MNEV

5. The partition function on the torus

Let Seff be the global effective action on the moduli space of vacua for
the torus T2. In Lemma 4.4, we have shown that it has no quantum cor-
rections. The moduli space of vacua can be viewed as Map(R2[1], T ∗[1]M)
and in [5] it has been remarked that the action restricted to vacua is
the AKSZ action for this mapping space. In local coordinates the su-
perfields are

(5.1) xµ = xµ + e1η+µ
1 + e2η+µ

2 − sb+µ , eν = bν + e1ην1 + e2ην2 + sx+
ν ,

where s = e1e2 is the generator of H2
dR(T2) normalized to

∫
R2[1]

ds s = 1.

If π is the Poisson bivector field on M , then

(5.2) Seff =
1

2

∫

R2[1]

ds πµν(x)eµeν .

There exists a canonical Berezinian given by the coordinate volume
form

(5.3) ν = dx · · · dx+ · · · db · · · db+ · · · dηi · · · dη+
i · · · .

If we denote with ∆ the corresponding Laplacian, the AKSZ action
satisfies

∆e
i
~Seff = 0

and defines a class in ∆-cohomology.

5.1. Kähler gauge fixing and Euler class. Now let π be symplectic
such that π−1 is the Kähler form of the hermitian structure (J, g). In
the complex coordinates {xi} of M we have πī = igī. Let us fix a
complex structure on T2 defined by z = θ1 + τθ2, for τ = τ1 + iτ2 and
τ2 > 0. Let

η+µ
z = (η+µ

2 − τ̄ η+µ
1 )/2iτ2 , ηzµ = (η2µ − τ̄ η1µ)/2iτ2 .

Let Lε,τ be the following Lagrangian submanifold of Map(R2[1], T ∗[1]M):

(5.4) η+i
z = η+ı̄

z̄ = ηzi = ηz̄ı̄ = x+ = b+ = 0 .

Let us define

pk = ηz̄k + Γj
kiη

+i
z̄ bj ,

where Γ are the Christoffel symbols of the Levi-Civita connection. All
fiber coordinates b, p, η+ transform tensorially with respect to a trans-
formation of coordinates on M so that Lε,τ = (T ∗[1]+T ∗M +T [−1])M .
After a straightforward computation we get

Seff = τ2

(
Rj

sl̄k
gsr̄η+k

z̄ η+l̄
z bjbr̄ + gij̄pipj̄

)
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=
1

2
τ2

(
Rµλbµbλ + gµνpµpν

)
.

The induced Berezinian on Lε,τ reads

√
ν =

dxµ · · · dbµ · · · dpµ · · · dη+µ · · ·
(2π)m

,

with m = dim M .12 If we perform the fiberwise integration with respect
to the fibration Lε,τ → T [−1]M , we get

1

(2π)m

∫
dpµ · · · dbµ · · · e i

~Seff =

=
1

(2π)m

1

(i~)m
2

∫
dbµ · · · 1

det(τ2gµν)1/2
e

i
2~ τ2Rµνbµbν =

=
1

(2π)
m
2

∫
db′µ · · ·

1

det(gµν)1/2
e−

1
2
Rµνb′µb′ν =

=
1

(2π)
m
2

√
g Pf(R) ∈ C∞(T [−1]M) = ΩM,

which, by the Chern–Gauss-Bonnet theorem, is a representative of the
Euler class. Notice that ~ and τ2 disappear in the final formula. (The
main reason for this is that scaling the b and p variables by the same
factor preserves the Berezinian since the former are odd and the latter
are even variables.) Finally, we can integrate over M getting

Z = χ(M),

the Euler characteristic of M . (Actually, by the argument in the Intro-
duction that the partition function should be the Euler characteristic,
we might in reverse think of this result as one more physical proof of
the Chern–Gauss–Bonnet theorem, in the case of Kähler manifolds.)

Remark 5.1. In this Section we have assumed the existence of a Kähler
structure on M . We expect the above results to hold if we just use
an almost Kähler structure, but computations become much more in-
volved.

12We choose here the standard convention that the measure for a pair of even
conjugate coordinates p, q is dp dq/(2πi~), whereas the measure for a pair of odd
conjugate coordinates b, η+ is i~ db dη+. This is consistent with the standard nor-
malization ∫

e
i
~pq dp dq

2πi~
=

∫
e

i
~ bη+

i~ db dη+ = 1.
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Remark 5.2. Another possible gauge fixing consists in setting all +
variables to zero. The effective action then reduces to πµν(x)ηµ1ην2 and
is independent of the b variables. If M is compact, the integrals over the
η and x variables is finite (and proportional to the symplectic volume of
M); because of the b-integration, the partition function then vanishes.
If M is not compact, the partition function is ambiguous and of the
form 0 · ∞. This gauge fixing is then in general not equivalent to the
Kähler one used above. From the considerations in the Introduction,
the Kähler gauge fixing is the one compatible with the Hamiltonian
interpretation of the theory.

5.2. Regularized effective action. We now show that the symme-
tries of Seff induce a regularization which allows one to compute the
partition function for every Poisson structure and to show that, inde-
pendently of the Poisson structure, one gets the Euler characteristic of
the target.13

The main remark is that the effective action and the symplectic
form are invariant under the action of the Lie algebra of divergenceless
vector fields of R2[1] on the moduli space of vacua. This Lie algebra
is spanned by the vector fields ∂

∂e1 ,
∂

∂e2 , e2 ∂
∂e1 , e1 ∂

∂e2 and e1 ∂
∂e1 − e2 ∂

∂e2 .
The fifth vector field is generated by the previous ones and we are not
going to need it in the following. We lift the first four vector fields
first to Map(R2[1],M) and next to its cotangent bundle shifted by
one. We will denote the resulting vector fields by δ1 , δ2, K1 and K2,
respectively. Since they have degree −1 or 0 and the symplectic form
has degree −1, they are also automatically Hamiltonian with uniquely
defined Hamiltonian functions τ1 and τ2 (of degree −2), and ρ1 and ρ2

(of degree −1). The Lie algebra relations translate into the Poisson
bracket relations

(5.5) (τ2, ρ1) = τ1, (τ1, ρ2) = τ2, (τ1, ρ1) = 0, (τ2, ρ2) = 0.

Also notice that we have

(5.6) K1 ◦ δ1 = K2 ◦ δ2 = 0,

which implies that ρi Poisson commutes with every δi-exact function.
Finally, since we started with divergenceless vector fields, we get

(5.7) ∆τ1 = ∆τ2 = ∆ρ1 = ∆ρ2 = 0.

Remark 5.3. Even though we do not need the explicit form of these
vector fields and their Hamiltonian functions, we give them for com-
pleteness of our presentation. From the defining formulae δix = ∂x

∂ei ,

13We thank T. Johnson-Freyd for pointing out this approach.
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δie = ∂e
∂ei K1x = e2 ∂x

∂e1 , K1e = e2 ∂e
∂e1 , K2x = e1 ∂x

∂e2 and K2e = e1 ∂e
∂e2 , we

get

δ1 = η+µ
1

∂

∂xµ
+ b+µ ∂

∂η+µ
2

+ η1µ
∂

∂bµ

− x+
µ

∂

∂η2µ

,

δ2 = η+µ
2

∂

∂xµ
− b+µ ∂

∂η+µ
1

+ η2µ
∂

∂bµ

+ x+
µ

∂

∂η1µ

,

K1 = η1µ
∂

∂η2µ

+ η+µ
1

∂

∂η+µ
2

,

K2 = η2µ
∂

∂η1µ

+ η+µ
2

∂

∂η+µ
1

.

The corresponding Hamiltonian functions, with respect to the symplec-
tic structure

ω =

∫
de2de1 δxµδeµ = δxµδx+

µ + δη+µ
1 δη2µ − δη+µ

2 δη1µ − δb+µδbµ,

are given by

τ1 = x+
µ η+µ

1 − η1µb
+µ,

τ2 = x+
µ η+µ

2 − η2µb
+µ,

ρ1 = −η1µη
+µ
1 ,

ρ2 = η2µη
+µ
2 .

We now turn back to the effective action. It turns out that it is not
only δ1- and δ2-closed, but actually exact:

Seff = δ2δ1σ, σ :=
1

2
πµν(x)bµbν .

From all the above it follows that Seff Poisson commutes not only with
τ1 and τ2, but also with ρ1 and ρ2. Notice that the Jacobi identity for
π implies (Seff , σ) = 0.

Now consider the regularized effective action

Sε,t1,t2
eff := εSeff − i~(t1τ1 + t2τ2),

which satisfies the QME for all ε, t1, t2. By all the above it follows that

∂

∂t1
e

i
~S

ε,t1,t2
eff = ∆

(
1

t2
e

i
~S

ε,t1,t2
eff ρ1

)
,

∂

∂t2
e

i
~S

ε,t1,t2
eff = ∆

(
1

t1
e

i
~S

ε,t1,t2
eff ρ2

)
,
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which means that, as long as the parameters t1 and t2 are different
from zero, the regularized effective action is independent of them up to
quantum canonical transformations. We also have

∂

∂ε
e

i
~S

ε,t1,t2
eff = ∆

(
i

~t2
e

i
~S

ε,t1,t2
eff δ1σ

)
= −∆

(
i

~t1
e

i
~S

ε,t1,t2
eff δ2σ

)
,

which implies that, as long as one of the parameters t1 and t2 is different
from zero, the regularized effective action is independent of ε up to
quantum canonical transformations. This in particular means that the
partition function is independent of ε and that, in order to compute it,
we may simply set ε to zero.

To perform the final computation we further deform the regularized
effective action by adding one more irrelevant term. Namely, let G be
a function on Map(R2[1],M). Then

S0,t1,t2,G
eff := −i~(t1τ1 + t2τ2 + δ2δ1G)

satisfies the QME for all t1, t2, G. Moreover, if we take a path G(t) of
such functions, we get

∂

∂t
e

i
~S

0,t1,t2,G(t)
eff = ∆

(
e

i
~S

0,t1,t2,G(t)
eff δ1Ġ(t)

t2

)
= −∆

(
e

i
~S

0,t1,t2,G(t)
eff δ2Ġ(t)

t1

)
,

which means that, as long as one of the two parameters t1 and t2
is different from zero, adding the new term is irrelevant up to quan-
tum canonical transformations. We are now ready to compute the
partition function. Namely, we choose L := Map(R2[1],M) as the La-
grangian submanifold of Map(R2[1], T ∗[1]M) over which we integrate.
Since τ1|L = τ2|L = 0, we get

Z =

∫

L
e

i
~S

0,t1,t2,G
eff =

∫

Map(R2[1],M)

eδ2δ1G

and we already know that the last integral is independent of G. We
only have to make sure that G is chosen is such a way that the integral
is well defined (choosing G = 0, e.g., would lead to∞·0). A good choice
is G := gµν(x)η+µ

1 η+ν
2 where gµν is a Riemannian metric on target. An

explicit computation [3, 4] then shows that Z = χ(M).

Remark 5.4. Switching ε to zero first and then turning on the regular-
izing term in G is a bit formal since we pass through the solution to
the QME where both terms are absent. This solution has a singular
integral (of the type 0 · ∞) on L. In order to find a non formal reg-
ularization it is necessary to have additional structure on the Poisson
manifold. For instance let us look for G such that Sε,t1,t2,G

eff satisfies the
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QME for any ε, preserving the property that the variation of G pro-
duces a quantum canonical transformation. Indeed, let us assume G as
above but let g be possibly degenerate. If (Seff , G) = 0 then Sε,t1,t2,G

eff

satisfies the QME and the change of G is a quantum canonical trans-
formation. This property is equivalent to require that π ◦ g = 0 and
LV g = 0 for every vector field V tangent to the symplectic leaves. In
special cases we may find such a g and in addition a Kähler structure
on the leaves, compatible with the symplectic structure, such that a
gauge fixing given by a mixture of what we discussed in this subsection
and the Kähler one is available. We plan to investigate the geometrical
conditions needed for this gauge fixing in the future.

5.3. Regularization on the space of fields. The argument of the
previous subsection may formally be lifted to the space of fields to show
that the regularized action is actually independent, up to quantum
canonical transformations, of the Poisson structure. Let s1 and s2

denote the coordinates on the two S1 factors of the torus T2, and let
e1 and e2 denote the corresponding fiber coordinates on T [1]T2. We
now denote by δ1, δ2, K1 and K2 the lifts of the vector fields ∂

∂e1 ,
∂

∂e2 ,

e2 ∂
∂e1 and e1 ∂

∂e2 to the space of fields F = Map(T [1]T2, T ∗[1]M). We
denote by τ1, τ2, ρ1 and ρ2 their Hamiltonian functions. They satisfy
(5.5) and (5.6), and formally also (5.7).

Remark 5.5. For completeness, we give explicit expressions also in this
case, even if we are not going to need them. If we write

X = X + η+
1 e1 + η+

2 e2 + β+e1e2,

η = β + η1e
1 + η2e

2 + X+e1e2,

we then have

δ1X = −η+
1 , δ1η

+
2 = β+, δ1β = η1, δ1η2 = −X+,

δ2X = −η+
2 , δ2η

+
1 = −β+, δ2β = η2, δ2η1 = X+,

and

K1η
+
2 = η+

1 , K2η
+
1 = η+

2 ,

K1η2 = η1, K2η1 = η2.

With respect to the symplectic form

Ω =

∫

F
δXδη =

∫

T2

(δXµδX+
µ −δη+µ

1 δη2µ+δη+µ
2 δη1µ+δβ+µδβµ) ds1ds2,
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the corresponding Hamiltonian functions are

τ1 =

∫

T2

(−η+µ
1 X+

µ + β+µη1µ) ds1ds2,

τ2 =

∫

T2

(−η+µ
2 X+

µ + β+µη2µ) ds1ds2,

ρ1 =

∫

T2

η+µ
1 η1µ ds1ds2,

ρ2 = −
∫

T2

η+µ
2 η2µ ds1ds2.

Notice that despite their non covariant look the above formulae are
actually globally well defined.

The action S = S0 + Sπ is δ1- and δ2-closed; it turns out that the
interaction part Sπ is actually exact:

Sπ = δ2δ1σπ, σπ :=

∫

T2

1

2
πµν(X)βµβν ds1ds2.

From all the above it follows that S Poisson commutes not only with
τ1 and τ2, but also with ρ1 and ρ2. Notice that the Jacobi identity for
π implies (S, σπ) = 0.

Now consider the regularized action

Sε,t1,t2 := S0 + εSπ − i~(t1τ1 + t2τ2),

which satisfies the CME and formally also the QME for all ε, t1, t2. By
all the above it follows that, formally,

∂

∂t1
e

i
~Sε,t1,t2 = ∆

(
1

t2
e

i
~Sε,t1,t2ρ1

)
,

∂

∂t2
e

i
~Sε,t1,t2 = ∆

(
1

t1
e

i
~Sε,t1,t2ρ2

)
,

which means that, as long as the parameters t1 and t2 are different
from zero, the regularized action is independent of them up to quantum
canonical transformations. We also have, again formally,

∂

∂ε
e

i
~Sε,t1,t2 = ∆

(
i

~t2
e

i
~Sε,t1,t2δ1σ

)
= −∆

(
i

~t1
e

i
~Sε,t1,t2δ2σ

)
,

which implies that, as long as one of the parameters t1 and t2 is different
from zero, the regularized action is independent of ε up to quantum
canonical transformations. This in particular means that the partition
function is independent of ε and that, in order to compute it, we may
simply set ε to zero. It is now easy to see that, for a reasonable choice
of propagators, the effective action for S0,t1,t2 is simply the restriction
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to vacua, that is the the regularized effective action S0,t1,t2
eff considered

in the previous subsection.

6. Globalization of the effective action

We now go back to the problem of globalizing S̃
(0)
eff in the general case.

Recall that S̃eff ∈ Γ(ΛT ∗M ⊗ ŜH∗[[~]]) satisfies the modified QME

(3.2). We write S̃eff =
∑m

i=0 S̃
(i)
eff , where S̃

(i)
eff is the i-form component

and m = dim M . In form degree zero, we have

1

2
(S̃

(0)
eff , S̃

(0)
eff )− i~∆S̃

(0)
eff = 0,

which is the usual QME.
The modified QME is preserved under modified quantum canonical

transformations. Namely, T ∈ Γ(ΛT ∗M ⊗ ŜH∗[[~]]) of total degree −1
generates the infinitesimal transformation

δS̃eff = dxT + (S̃eff , T )− i~∆T

which preserves the modified QME at the infinitesimal level. Notice
that, setting T =

∑m
i=0 T (i), we get in form degree zero

δS̃
(0)
eff = (S̃

(0)
eff , T (0))− i~∆T (0),

which is a usual infinitesimal quantum canonical transformation. The
goal of this Section is to prove the following

Theorem 6.1. There is a quantum canonical transformation starting

at order 1 in ~ that makes the form degree zero part S̃
(0)
eff of the effective

action closed with respect to the induced Grothendieck differential D =

dx + (SR|vacua, ) on Γ(ΛT ∗M ⊗ ŜH∗[[~]]), where SR|vacua denotes the
evaluation of SR on vacua.

This will ensure that the so obtained effective action, call it Š
(0)
eff ,

is the image under Tφ∗ of a global effective action Seff . Since Š
(0)
eff ∈

Γ(ŜH∗[[~]]), it follows from the discussion just before subsection 2.1

that Seff is a section of ŜH̃∗[[~]],14 i.e., a formal power series in ~
of functions on H̃ (formal in the fiber coordinates). Again, we may

identify H̃ with the canonical global moduli space of vacua by using a
connection (e.g., the one in φ). By Remark 3.1, we conclude that the
class of Seff under quantum canonical transformations is a well-defined
object independent of all choices.

14Recall that H̃x = H>0(Σ)⊗ TxM ⊕H•(Σ)⊗ T ∗x M [1].
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6.1. Proof of Theorem 6.1. We start with a simple observation:

Lemma 6.2. Write S̃
(i)
eff =

∑∞
k=0 ~kS

(i)
k . If the propagator satisfies the

properties in (4.3), then S
(i)
0 = 0 ∀i > 1, whereas S

(0)
0 and S

(1)
0 are

obtained by the evaluation on vacua of Ŝ and SR, respectively.

Proof. The terms for k = 0 correspond to trees in the expansion in
Feynman diagrams; so, using the notations of Section 4, what we have
to prove is that the source part W source

Γ vanishes for any tree Γ contain-
ing more than one vertex.

This is checked by the following degree counting argument. Consider
a tree Γ containing more than one vertex. Let Vk be the number of
vertices in Γ of internal valence (i.e., not counting the leaves) equal to
k ≥ 1. Then the total number of vertices is

V =
∑

k≥1

Vk,

the number of internal edges is

(6.1) E =
1

2

∑

k≥1

kVk,

and the Euler characteristic of Γ is

(6.2) 1 = V − E =
∑

k≥1

2− k

2
Vk.

Next, the source part W source
Γ vanishes automatically due to KP =

PK = 0 and K2 = 0, unless the following two properties hold for the
decoration of leaves by cohomology classes χα ∈ H•(Σ):

(i) At every vertex of internal valence 1 there are at least two inci-
dent leaves decorated by cohomology classes of non-zero degree.
(Otherwise W source

Γ vanishes due to KP = 0.)
(ii) At every vertex of internal valence 2 there is at least one incident

leaf decorated by a cohomology class of non-zero degree. (Other-
wise W source

Γ vanishes due to K2 = 0.)

This gives a lower bound E + 2V1 + V2 for the form degree of the
integrand in (4.5); since it should coincide with the dimension of the
space Σ×V it is integrated against, we have the inequality

(6.3) E + 2V1 + V2 ≤ 2V.

By (6.1) this is equivalent to

1

2
V1 +

∑

k≥3

k − 4

2
Vk ≤ 0.
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Subtracting (6.2) from this inequality, we get
∑

k≥3

(k − 3)Vk ≤ −1

which is a contradiction. Thus it is impossible to find a decoration of
leaves of Γ satisfying properties (i) and (ii) simultaneously. Therefore,
W source

Γ vanishes for any decoration. ¤

We now set S(1)′ = S̃
(1)
eff − S

(1)
0 and S(i)′ = S̃

(i)
eff for i > 1.

Lemma 6.3. There is a modified quantum canonical transformation
starting at order 1 in ~ after which all S(i)′ for i ≥ 1 vanish.

Proof. We work by induction on the order of ~. At order zero the

statement holds by Lemma 6.2. Assume that S
(i)′
r = 0 ∀i ≥ 1 and ∀r <

k. Then the modified quantum master equation yields the identities

DS
(i)′
k + ΩS

(i+1)′
k = 0, ∀i ≥ 1,

with D := dx + (S
(1)
0 , ) and Ω := (S

(0)
0 , ). We already know that

D2 = Ω2 = 0 and that D and Ω commute. If T =
∑∞

r=k ~rTr is
a generator starting at the order k, we then have the infinitesimal
transformations

δS
(i)′
k = DT

(i−1)
k + ΩT

(i)
k , ∀i ≥ 1.

By dimensional reasons DS(m)′ = 0, with m = dim M , and since
the D-cohomology is concentrated in degree zero, we can find a τ ∈
Γ(ΛT ∗M ⊗ ŜH∗) such that S(m)′ = Dτ . We now consider the trans-

formation with generator T = −~kτ . Hence we get δS
(m)′
k = −Dτ ,

δS
(m−1)′
k = −Ωτ and δS

(i)′
k = 0 for i < m−1. Integrating this transfor-

mation up to time 1, we make S
(m)′
k vanish; as a result the new S

(m−1)′
k

will be D-closed. We may then proceed like this until we make all the
S(i)′ vanish. This proves our claim.

Notice that these transformations may change the S
(i)′
r for r > k.

Moreover, the generator used to kill S
(1)′
k will act on S

(0)
r for r ≥ k by

a quantum canonical transformation. ¤
This completes the proof of Theorem 6.1.
As a final remark, observe that in the case when π is regular and uni-

modular we start with S(1)′ = 0, so we have two different but equivalent
ways of getting the global action. One consists in taking the original

S̃
(0)
eff , the other in applying the method described in this Section since

nothing guarantees that the remaining S(i)′ vanish at the start. After

applying the method we get another effective action Š
(0)
eff that simply
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differs from S̃
(0)
eff by a quantum canonical transformation and is also

the image of Tφ∗ of a global action which we denote by Š. Eventually,
the two global effective actions S and Š simply differ by a quantum
canonical transformation starting at order ~.

7. Conclusions and perspectives

In this paper we have studied the effective action of the Poisson
sigma model on a closed surface Σ, where the Poisson structure π on
the target M is treated perturbatively and, for consistency, has to be
assumed to be unimodular unless Σ is a torus. We have shown how
to obtain a global effective action Seff as an ~-dependent function on
the moduli space of vacua of the theory with zero Poisson structure,
around which we are perturbing. Because of the freedom in the choice
of gauge fixing and the details of globalization, Seff is, as usual, only
well-defined up to quantum canonical transformations. By a reasonable
choice of the class of allowed gauge fixings—namely, those for which
the propagator enjoys properties (4.3)—we make sure that the order
zero Seff,0 of the effective action is fixed and equal to the evaluation on
vacua of the Poisson-dependent part Sπ of the action; moreover, the
remaining quantum canonical transformations will start at order 1.

In the cases when Σ is a torus or π is regular and unimodular, we
have shown that Seff has (a representative with) no quantum correc-
tions. In the particular case when Σ is a torus, π is nondegenerate
and there is a compatible complex structure, we can use the latter to
gauge-fix the remaining integration over vacua: the final result is that,
as expected from the Hamiltonian formulation and from comparison
with with the A-model, the partition function is the Euler characteris-
tic of the target. An alternative approach that produces the same result
consists in regularizing the effective action by adding the Hamiltonian
functions of supersymmetry generators. In general, the effective ac-
tion modulo quantum canonical transformations is an invariant of the
Poisson structure.

Recall that each order in ~ of Seff is actually a section of a vector

bundle Zg := ŜH̃∗ over the target M whose structure is fixed by the
genus g of the source Σ. These sections are just tensors of a particular
sort. The lowest order in the quantum master equation for Seff implies
that Seff,0 solves the classical master equation, i.e., that it defines a
differential on Γ(Zg), which we call the genus g Poisson complex. Since
Seff,0 is also ∆-closed, the lowest nonvanishing quantum contribution
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to Seff is a cocycle in the genus g Poisson complex15 and defines an
invariant of the Poisson structure, which might be possible to compute
in concrete examples.
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CLASSICAL BV THEORIES ON MANIFOLDS WITH
BOUNDARY

ALBERTO S. CATTANEO, PAVEL MNEV, AND NICOLAI RESHETIKHIN

Abstract. In this paper we extend the classical BV framework to gauge the-
ories on spacetime manifolds with boundary. In particular, we connect the BV
construction in the bulk with the BFV construction on the boundary and we
develop its extension to strata of higher codimension in the case of manifolds
with corners. We present several examples including electrodynamics, Yang-
Mills theory and topological field theories coming from the AKSZ construction,
in particular, the Chern-Simons theory, the BF theory, and the Poisson sigma
model. This paper is the first step towards developing the perturbative quan-
tization of such theories on manifolds with boundary in a way consistent with
gluing.
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1. Introduction

One of the key features in quantum field theory is locality. Physically, it is based
on the concept of an ideal point-like particle. Mathematically, it means that the
action in the corresponding classical field theory should be a local functional.

In quantum field theory locality is expected to correspond to the gluing property
of the partition function for manifolds with boundary. For a quantum field theory on
Minkowski cylinders this implies the usual composition law for evolution operators.
In topological and conformal field theories the locality as a gluing property of
partition functions was discussed in [4, 51, 56].

In this paper we formulate the classical Batalin-Vilkovisky (BV) framework for
theories on manifolds with boundary. This combines the properties of the stan-
dard BV [8] and the Batalin-Fradkin-Vilkovisky (BFV) [9] frameworks. Recall that
standard BV theories are odd symplectic extensions of classical gauge theories by
ghosts, anti-fields and antighosts. The gauge symmetry appears as a cohomological
Hamiltonian vector field whose Hamiltonian function is an extension of the classi-
cal action. The BFV theories give a similar cohomological description of the gauge
symmetries on the boundary. Another relation between BV and BFV theories is
described in [30].

This paper should be considered as a first step towards the perturbative quan-
tization of classical BV theories on manifolds with boundary, and possibly with
corners.
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In case of topological field theories the ultimate goal is to construct perturbative
topological invariants of manifolds with boundary which satisfy the cutting-gluing
principle. All known classical topological field theories are gauge theories. Exam-
ples are the BF theory, the Chern-Simons theory, and the Poisson sigma model
(see Sections 5 and 7 for definitions and details).

Recall some basic facts about BV theories. These are classical field theories with
Z-graded spaces of fields which appear naturally in quantization of gauge theories.
The BV construction is a generalization of the Faddeev-Popov [25] and BRST [10]
methods. The BV construction is particularly important in cases when the gauge
symmetry is given by a non-integrable distribution on the space of fields or when
the gauge symmetry is reducible with stabilizers of varying rank. Examples of such
theories include the Poisson sigma model and the non-abelian BF theory when the
dimension of spacetime is greater then 3. Examples of theories where the gauge
symmetry is an integrable distribution include Yang-Mills and Chern-Simons. Even
in cases when the distribution is integrable, BV formalism is useful because it is
compatible with Wilsonian renormalization of Feynman diagrams, see e.g. [23].

Topological field theories such as Chern-Simons, BF theories and the Poisson
sigma model are special for several reasons. First, in the perturbative quantization
of such theories Feynman diagrams have no ultraviolet divergencies. Another reason
is that the natural choice of gauge condition, the Lorenz gauge, is induced by a
choice of metric on the spacetime manifold. Thus the gauge independence of the
Feynman diagram expansion in such theories implies that the partition function is
metric independent and therefore is a topological invariant.

All these three examples, Chern-Simons, BF and the Poisson sigma model, fit
into the general AKSZ construction [1]. The AKSZ construction also gives other
examples of topological field theories such as the Rozansky-Witten model and others
[21].

There is a consensus that perturbative quantization of the classical Chern-Simons
theory gives the same asymptotical expansions as the combinatorial topological field
theory based on quantized universal enveloping algebras at roots of unity [45], or,
equivalently, on the modular category corresponding to the Wess-Zumino-Witten
conformal field theory [56, 42] with the first semiclassical computations involving
torsion made in [56]. However this conjecture is still open despite a number of
important results in this direction, see for example[47, 3].

One of the reasons why the conjecture is still open is that for manifolds with
boundary the perturbative quantization of Chern-Simons theory has not been de-
veloped yet. On the other hand, for closed manifolds the perturbation theory
involving Feynman diagrams was developed in [32, 27, 7] and in [5, 35, 13]. For
the latest development see [19]. Closing this gap and developing the perturbative
quantization of Chern-Simons theory for manifolds with boundary is one of the
main motivations for the project started in this paper.

Having laid the framework of classical BV-BFV theory, in a forthcoming work
we plan to discuss the formal perturbative quantization of BV theories on manifolds
with boundary. The main difference with respect to the formal perturbative quan-
tization for closed spacetime manifolds is that in addition to a choice of gauge fixing
in the bulk, one has to fix a polarization in the space of boundary fields. Given
such choices, the partition function is a function on the space of leaves of bound-
ary polarization. Its value on a leaf is the path integral (understood as a series of
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Feynman diagrams) over fluctuations lying in the gauge fixing submanifold with
boundary values being in a fixed leaf of this polarization. The resulting partition
function is a state in the space of boundary states determined by the polarization.
We expect that the equation (10) will be replaced by a deformed quantum master
equation for this state, as it happens in the example of 1d Chern-Simons theory [2].
Gluing along a boundary component will be simply given by pairing the partition
functions in the space of boundary states.

A classical BV-BFV theory is a functor from the spacetime category to the BFV
category. One should expect a similar description in the quantum case. Classically
it extends to higher categories, and we anticipate that quantum counterparts of
such extensions are higher category versions of topological quantum field theories.

In this paper spacetime manifolds are always compact oriented, possibly with
boundary and corners.

In this paper we will use freely the notion of a Z-graded manifold. See [11, 20],
and the Appendix B for details. To simplify the terminology we will call Z-graded
manifolds simply graded manifolds. By a point in a graded manifold we understand
the application of the functor of points.

This paper is organized in the following manner. In section 2 we recall the basic
structure of classical BV theory for closed spacetime manifolds.

Section 3 is the central part of the paper. Here we formulate the BV-BFV
framework for gauge theories. In this section we propose the analog of the Classical
Master Equation for spacetime manifolds with boundary. We define the relevant
moduli spaces and address the problem of composing them when we glue two space-
time manifolds together. We also show that first order BV theories naturally extend
to lower dimensional strata.

In section 4 we introduce the notion of BFV category. We also define the classical
BV theory as a functor from the spacetime category to the BFV category.

In section 5 we describe several examples of BV-BFV extensions of classical
gauge theories: electrodynamics, Yang-Mills theory, scalar field and the abelian BF
theory. The latter is in fact topological and is an example of the AKSZ construction.

The AKSZ construction which provides a class of examples of topological BV-
BFV theories is described in section 6. This construction is determined by the choice
of a target manifold, which should be a Hamiltonian differential graded manifold.
An AKSZ theory extends to strata of all codimensions.

Further examples of BV-BFV extensions of AKSZ theories are described in sec-
tion 7. We start with abelian and non-abelian Chern-Simons theories, then we
describe the non-abelian BF theory and the Poisson sigma model.

In Appendix A we review some useful facts about coisotropic submanifolds and
reduction. In Appendix B we recall some basic facts on graded manifolds. A
brief discussion of smooth points on moduli spaces associated to differential graded
manifolds is given in Appendix C. Elements of Cartan calculus for local forms and
functionals on mapping spaces are developed in Appendix D and applications to
AKSZ theories are presented.
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2. Classical BV theories for closed spacetimes

2.1. Non-reduced theory. When the spacetime manifold N is closed, the space
of fields FN in a BV theory is a graded manifold with a symplectic form ωN of
degree −1 and the action functional SN of degree zero. Usually fields are sections
of or connections on a fiber bundle on N . Some basic facts on graded manifolds
are summarized in Appendix B. The degree in the grading on the space of fields is
usually called the ghost number. Thus, gh(ωN ) = −1 and gh(SN ) = 0. The space
of fields is usually infinite dimensional. The BV data should satisfy the following
property: the Poisson bracket of the action functional with itself is zero [8, 9] (see
also [49, 52]). This property is known as the classical master equation (CME). The
action functional generates the Hamiltonian vector field QN of degree 1. The CME
implies that the Lie derivative of this vector field squares to zero.

Most interesting for applications both in physics and in geometry and topology
are local theories. The notion of locality is more transparent for theories on space-
time manifolds with boundary, see section 3. For closed manifolds locality implies
natural isomorphisms FN1tN2 ' FN1 × FN2 and the additivity of the symplectic
form and of the action: ωN1tN2 = ωN1 + ωN2 , SN1tN2 = SN1 + SN2 .

We will use the following definition of classical BV theory for closed spacetime
manifolds.

Definition 2.1. For a closed spacetime N a BV theory [8] on the space of fields
FN is a triple (ωN , QN , SN ) where ωN is a symplectic form on FN with gh = −1,
QN is a vector field on FN with gh = 1, and SN is a function on FN with gh = 0,
subject to

ιQN ωN = (−1)nδSN , L2
QN

= 0

where LQ is the Lie derivative for the vector field Q.

These two equations imply the classical master equation

{SN , SN} = 0,

which can also be written as
LQN

SN = 0

The first equation in the definition means that the vector field QN is Hamiltonian
and therefore it preserves the symplectic form:

LQN
ωN = 0,
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Critical points of the action functional SN are solutions to Euler-Lagrange (EL)
equations

(1) δSN = 0,

Because the space of fields is an odd-symplectic manifold, solutions to the EL
equations are also zeroes of the Hamiltonian vector field generated by SN , i.e. of
the cohomological vector field QN . Denote the space of solutions to Euler-Lagrange
equations (1) by ELN .

Because vector field QN is Hamiltonian, and Poisson brackets of local functionals
are defined, we can write LQN

F = {SN , F} for the action of the vector field QN

on the functional F . Denote by VF the vector field generated by F , then LVF
G =

{F, G}. It is clear that vector fields [QN , VF ] annihilate the functional SN :

L[QN ,VF ]SN = {{SN , F}, SN} = 0

This follows from CME and from the Jacobi identity. Thus, any such vector field
can be considered as a local (off-shell) gauge symmetry of SN .

From now on we will consider only first order BV theories. In such theories the
action functional is local and it is linear in derivatives of fields. It is well known that
any local theory can be reformulated as a first order theory by adding corresponding
“momenta” variables in fields.

2.2. Other degrees. So far we have assumed the symplectic form ωN to have
degree −1. But everything can be generalized to the case when the degree is some
integer k (we fix however the degree of the cohomological vector field QN to be 1).
In this setting the action SN will have degree k +1 [46]. Only a few remarks are in
order

(1) Unless k = 0, ωN is automatically exact (so for k = 0 we need this extra
assumption). In the following, we will be interested in specifying a primitive
1-form of the same degree k.

(2) Unless k = −1, the condition LQN
ω = 0 implies that QN is Hamiltonian

and that the Hamiltonian function SN is uniquely determined.
(3) Unless k = −2, the condition Q2

N = 0 implies {SN , SN} = 0.

We will mainly be interested in the cases k = −1 (BV manifolds) and k = 0 (BFV
manifolds). For extended BV theories, we will also be interested in k positive. We
are not aware of any application of the cases k < −1.

2.3. The Q-reduction. The vector field QN vanishes on the subspace ELN ⊂ FN .
It also defines the Lie subalgebra Ṽ ectQ of the Lie algebra of vector fields on FN

generated by vector fields which are Lie brackets with QN , i.e. by vector fields of
the form [V, QN ]. This Lie subalgebra in general does not determine a distribution
on FN . However, the restriction of Ṽ ectQ to ELN defines an integrable distribution
V ectQ.

Definition 2.2. The Q-reduction ELN/Q of ELN is the space of leaves of the
distribution V ectQ.

Assume that X is a zero of QN such that the leaf of V ectQ through X is a
smooth point in ELN/Q. Define the linear operator Q̂X : TXFN → TXFN as the
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linearization of QN at X. If we write QN in local coordinates as QN =
∑

a qa(X)∂a,
the operator Q̂X acts on the basis ∂a in TXFN as

Q̂X∂a =
∑

b

∂aqb(X)∂b

Because QN squares to zero we have Q̂2
X = 0. By definition TXELN = ker(Q̂X).

Also observe that V ectQ|X = Im(Q̂X) ⊂ TXELN . From now on for geometric
considerations we will focus only on smooth points as defined in the Appendix C.

Proposition 2.3. For a smooth point [X] ∈ ELN/Q, there is a natural linear
isomorphism

T[X]ELN/Q = ker(Q̂X)/Im(Q̂X)

2.4. The symplectic reduction. The following Proposition says that if the sub-
space ELN is a submanifold then it is a coisotropic submanifold.

Proposition 2.4. If X ∈ ELN is a smooth point, then TXELN ⊂ TXFN is a
coisotropic subspace.

Proof. The invariance of ωN with respect to the vector field QN means that LQN
ωN =

0. If X is a zero of QN this implies ωN (Q̂Xξ, η) = ωN (ξ, Q̂Xη).
These properties of Q̂X imply ωN (Q̂Xξ, Q̂Xη) = ωN (ξ, Q̂2

Xη) = 0. Therefore
Im(Q̂X) is an isotropic subspace and therefore its symplectic orthogonal Im(Q̂X)⊥

is coisotropic.
On the other hand

(2) Im(Q̂X)⊥ = {ξ | ωN (ξ, Q̂Xη) = 0, for any η}
= {ξ | ωN (Q̂Xξ, η) = 0, for any η} = ker(Q̂X)

This proves that TXELN = ker(Q̂X) is a coisotropic subspace. Because we
used only nondegeneracy of the form ωN on TXF , the proof works both in finite-
dimensional and in the infinite-dimensional case.

¤
Recall the definition of the symplectic reduction of a coisotropic submanifold of a

symplectic manifold. The symplectic reduction C of the coisotropic submanifold C
in the symplectic manifold S is the space of leaves of the characteristic foliation of C.
The characteristic foliation of C is spanned by Hamiltonian vector fields generated
by the vanishing ideal IC (the ideal in the commutative algebra of functions on
S generated by functions vanishing on C). When C is a smooth manifold, it is a
symplectic manifold. Otherwise only at smooth points the tangent space to C has
a natural symplectic form. If [X] is such a smooth point, the tangent space T[X]C

is naturally isomorphic to TXC/(TXC)⊥.

Remark 2.5. An alternative proof of the Proposition 2.4 is algebraic. Observe that
the vanishing ideal for ELN is generated by functionals of the form {SN , T} where
{., .} is the Poisson bracket for the form ωN and T is a local functional. The simple
calculations shows that

{{S, U}, {S, T}} = {S, {U, {S, T}}}
The bracket {U, {S, T}} is a local functional if U and T are. Therefore the vanishing
ideal is a Poisson algebra and therefore ELN is coisotropic in the algebraic sense.
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In Proposition 2.4 we proved that Im(Q̂X)⊥ = ker(Q̂X). This implies Im(Q̂X) ⊂
ker(Q̂X)⊥, which means that the Q̂-distribution on ELN is contained in the char-
acteristic distribution. In the finite dimensional case the inclusion becomes an
equality.

Assumption 2.6. In classical field theory we set

(3) Im(Q̂X) = ker(Q̂X)⊥,

as an assumption.

This corresponds to certain ellipticity condition for QN . In all our examples this
condition follows from the usual Hodge-de Rham decomposition.

Remark 2.7. As a consequence of condition (3) the characteristic foliation of ELN

is the same as the foliation by V ectQ, and in particular, if [X] ∈ ELN is a smooth
point, then

(4) T[X]ELN = ker(Q̂X)/Im(Q̂X)

In other words, locally the symplectic reduction of ELN coincides with its Q-reduction:
ELN = ELN/Q.

We will call ELN = ELN/Q the EL-moduli space for N . If the cohomology
spaces of Q̂X are finite dimensional at a generic point X, the EL-moduli space is
finite dimensional, but possibly singular.

Remark 2.8. With the appropriate assumptions the ring of functions on the re-
duced space ELN/Q is isomorphic to the cohomology space of the ring of functions
on FN with the differential LQN

(the Lie derivative with respect to QN ). To be
more specific, one should expect that the smooth locus of EL/Q is isomorphic to the
smooth locus of Spec(HQ(Fun(FN ))) with the appropriate definition of Spec and
of the ring of functionals Fun(FN ).

Because δSN = 0 on the subspace ELN ⊂ FN we have the following Proposition.

Proposition 2.9. The action is constant on connected components of ELN .

3. BV theories for spacetime manifolds with boundary

3.1. Non-reduced theory.

3.1.1. Non-reduced BV-BFV theory. In this section, unless otherwise specified, N is
an n-dimensional spacetime manifold, with ∂N being its n− 1 dimensional bound-
ary. The BV theory for spacetime manifolds with boundary consists of two parts.

First, in the bulk we have the same data as for BV theory, that is: the space of
fields FN which is a graded (the degree is called ghost number) symplectic manifold
with the symplectic form ωN with gh = −1, the cohomological vector field QN with
gh = 1 and the action functional SN of ghost number zero.

Second, on the boundary we have the BFV data [9] which consist of: the space
of boundary fields F∂N which is a graded (usually infinite dimensional) symplectic
manifold with the symplectic form ω∂N which is exact ω∂N = (−1)n−1δα∂N with
gh = 0, and a vector field Q∂N with gh = 1. The sign in (−1)n−1 is here because it
appears naturally in AKSZ examples of topological gauge theories. The BFV data
satisfy the following conditions:
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(5) Q2
∂N = 0, LQ∂N

ω∂N = 0

These conditions imply that Q∂N is Hamiltonian vector field [46] with ghost
number 1, with the Hamiltonian S∂N , which is by definition the BFV action. In
Appendix B we recall this construction.

A BV theory on a spacetime with boundary can be regarded as a pairing of the
BV data with the BFV data through the natural mapping π : FN → F∂N which is
the restriction of fields to the boundary.

We will say that BV theory in the bulk and BFV theory on the boundary agree
and form the BV-BFV theory on the manifold with boundary if the restriction
mapping is a surjective submersion and if the BV data in the bulk and BFV data
on the boundary satisfy the following conditions

(6) Q2
N = 0, δπ(QN ) = Q∂N , LQ∂N

ω∂N = 0

(7) ιQN
ωN = (−1)nδSN + π∗(α∂N ),

The sign is purely conventional, but it fits well with the natural definition of BV
data for AKSZ theories.

Note that first two equations imply that

(8) Q2
∂N = 0

which means BFV axioms are satisfied. The equation (7) implies

(9) LQN
ωN = (−1)nπ∗(ω∂N )

which means, in particular, that in BV-BFV theory the symplectic form is no longer
Q-invariant.

The bulk action satisfies an important identity which describes how the action
changes with respect to gauge transformations.

Proposition 3.1. The following identity holds in any BV-BFV theory

(10) LQN SN = (−1)dim(N)π∗(2S∂N − ιQ∂N
α∂N )

Remark 3.2. We can remove the signs (−1)n by redefining vector fields QN , Q∂N

and the 1-form α∂N . Set Q = (−1)nQN , Q∂ = (−1)nQ∂N and α∂ = (−1)n−1α∂N .
Then δπ(Q) = Q∂ , ιQωN = SN − π∗(α∂) and LQωN = π∗(ω∂N ).

Proof. By definition of the Lie derivative

LQN = ιQN δ − διQN

and the same formula for the Lie derivative holds for Q∂N . The sign is minus in
this formula because ιQ is an even operation. We will prove the Proposition by
applying LQN to the equation:

ιQN
ωN = (−1)nδSN + π∗(α∂N )

By definition of LQN and because of Q2
N = 0 we have [LQN , ιQN ] = LQN ιQN −

ιQN
LQN

= 0 and we already know that

LQN
ωN = −π∗δα∂N = (−1)n+1π∗ω∂N ,

Therefore we have identities:

(11) LQN
ιQN

ωN = ιQN
LQN

ωN = −π∗ιQ∂N
δα∂N ,
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Now we can apply the Lie derivative of QN to the classical master equation:

(12)
LQN

ιQN
ωN = (−1)nLQN

δSN+LQN
π∗α∂N = −(−1)nδιQN

δSN+π∗(LQ∂N
αpaN ) =

− (−1)nδLQN S + π∗(ιQ∂N
δα∂N − διQ∂N

α∂N )

Here, in the last line, we used the formula for the Lie derivative LQ∂N
. Using (11)

and the identity δS∂N = ιQ∂Nω∂N we arrive at:

−π∗(δS∂N ) = −(−1)nδLQN
SN + π∗(δS∂N )− π∗(διQ∂N

α∂N )

This is equivalent to

δ((−1)nLQN
SN − π∗(2S∂N − ιQ∂N

α∂N )) = 0

We have δ( function of degree 1) = 0, which means the function must vanish. This
proves the Proposition.

¤
Remark 3.3. In the definition of BV-BFV theory we made an assumption that ω∂

is exact. This assumption can be removed. Two examples, a charged particle in an
electro-magnetic field, and the WZW model suggest that a more natural condition
is to require that there is a line bundle L∂ over F∂N . The symplectic form is
ω∂N = (−1)n−1δα∂N where α∂N is a connection on L∂ . The condition

LQN ωN = (−1)nπ∗ω∂N

implies that the connection (−1)n i
~ (−ιQN

ωN + π∗α∂N ) on the line bundle π∗(L∂)
over FN is flat. In this case the action functional SN should be regarded as a
horizontal section sN = exp( iSN

~ ) of π∗(L∂) and the equation (7) becomes

(δ + (−1)n i

~
(−ιQN

ωN + π∗α∂N ))sN = 0

3.1.2. Digression: gauge invariance. Now let us discuss the gauge invariance of BV-
BFV theory. When ∂N 6= ∅, Poisson bracket of local functionals is not defined. In
this case we will call the vector field V Hamiltonian if there exists a local functional
F such that

ιV ωN = δF

Recall that a vector field V is called projectable if for all X ∈ FN

δπX(VX) = vπ(X)

for some vector field v on F∂N . The gauge invariance of the BV-BFV action can
be formulated as the following statement:

Proposition 3.4. If V is a projectable Hamiltonian vector field, then the vector
field [QN , V ] preserves SN up to a pullback from the boundary:

L[QN ,V ]SN = (−1)dim Nπ∗(ιvLQ∂N
α∂N + ιQ∂N

Lvα∂N )

Indeed, we have:

(13) L[QN ,V ]SN = LQN LV S + LV LQN SN =

ιQN διV δSN + (−1)dim NLV π∗(2S∂N − ιQ∂N
α∂N ) =

= (−1)dim N (ιQ∂N
διQN ιV ωN + π∗(−ιQ∂N

διvα∂N+

2ιvδS∂N − ιvδιQ∂N
α∂N )) = (−1)dim Nπ∗(ιvLQ∂N

α∂N + ιQ∂N
Lvα∂N )
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Here we used identities δSN = (−1)dim N (ιQN ωN−π∗α∂N ), ιV ωN = δF , LQN LQN F =
1
2L[QN ,QN ]F = 0, δS∂N = (−1)dim N−1ιQ∂N

ω∂N = ιQ∂N
ω∂N = ιQ∂N

δα∂N , and F is
the generating function for V and v is the projection of V to the boundary.

As a corollary we also have the formula

δL[QN ,V ]S = −(−1)dim Nπ∗(L[Q∂N ,v]α∂N )

3.1.3. The boundary structure from the bulk. Let us show that a first order BV
theory of spacetime manifolds (on the bulk) induces BFV theory on the boundary.
Denote the pullback of fields to the boundary by FN |∂N (we say pullback because
fields are usually either sections of a fiber bundle, or connections). The differential
of the action can be written as the bulk part plus the boundary contribution from
the use of Stokes theorem:

δSN [X] =
∫

N

A ∧ δX − (−1)nπ∗α̃∂N [X]

where α̃∂N is a one-form on the space FN |∂N and A defines the Euler-Lagrange
equation. The kernel of δα̃∂N forms a distribution on the space FN |∂N . Denote
by F∂N the space of leaves of this distribution. We have a natural projection
π : FN → F∂N .

Denote by α∂N the form on F∂N corresponding to the form α̃∂N on FN |∂N
1 .

Taking into account that for closed manifolds the vector field QN is Hamiltonian,
generated by the classical action functional, we conclude that the bulk term in the
differential of the action functional is (−1)nιQN ωN . Thus, we have equation (7).

Observe that QN is projectable to F∂N denote its projection by Q∂N = δπ(QN ).
For any form θ on boundary fields we will have LQN

π∗(θ) = π∗(LQ∂N
θ). Equations

Q2
N = 0 and (9) imply that L2

QN
ωN = π∗(LQ∂N

ω∂N ) = 0. Therefore LQ∂N
ω∂N = 0.

It is clear that the BFV action induced by a first order BV theory is also of first
order.

3.1.4. Some properties of non-reduced BV-BFV theories. Associated with BV and
BFV data we have the following important subspaces in the space of bulk fields
and in the spaces of boundary fields:

• The space ELN ⊂ FN of zeroes of the vector field QN .
• The space EL∂N ⊂ F∂N of zeroes of the vector field Q∂N .
• The space LN = π(ELN ) ⊂ F∂N of boundary values of solutions of Euler-

Lagrange equations. It is clear that LN ⊂ EL∂N ⊂ ELN .

Proposition 3.5. a) The subspace EL∂N is locally coisotropic in F∂N (its tangent
space at a smooth point is coisotropic in the tangent space to the space of fields at
this point).

b) ELN is still locally coisotropic when ∂N 6= ∅.
The proof of a) is identical to the proof of Proposition 2.4 for closed manifolds.

The same proof carries through for b) by requiring η to vanish on the boundary. The
algebraic proof outlined after Proposition 2.4 also works, the only difference is that
one should take local functionals with test functions vanishing on the boundary.
An example of such functional is

∫
N

αa ∧ Xa where Xa are coordinate fields and
αa are test functions which vanish on ∂N .

1Strictly speaking the form α̃∂N becomes a connection on a line bundle over F∂N with the
curvature ω∂N . However in our examples this line bundle is trivial. This is why for the time being
we will assume this and will regard α∂N as a 1-form.
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Proposition 3.6. The subspace LN ⊂ EL∂N ⊂ F∂N is locally isotropic.

Proof. Assume X is a smooth point of ELN The equation (7) implies that

(14) ωX(Q̂Xξ, η)− ωX(ξ, Q̂Xη) = ω̃π(X)(δπ(ξ), δπ(η))

were ξ, η are tangent vectors to FN at the point X. If ξ and η are tangent to
ELN ⊂ FN then Q̂Xξ = Q̂Xη = 0. Therefore ω̃π(X)(δπ(ξ), δπ(η)) = 0 which means
that δπ(TXELN ) = Tπ(X)LN is an isotropic subspace in Tπ(X)F∂N . ¤

We proved that LN is always isotropic. We will prove in Section 3.4.3 (Corollary
3.21) that under a natural regularity assumption (see Definition 3.18), LN is in fact
Lagrangian.

Another natural property of a BV-BFV classical field theory is locality. If two
spacetime manifolds N1 and N2 have common boundary Σ (say Σ ⊂ ∂N1 and it is
identified by an orientation preserving diffeomorphism with part of the boundary
of N2) then

FN1∪ΣN2 = FN1 ×FΣ FN2

SN1∪ΣN2 = SN1 + SN2

3.2. The reduction of the boundary BFV theory. The boundary manifold
∂N is closed. This is why both the Q-reduction and the symplectic reduction for
the boundary BFV theory work as they do for the BV theory on closed spacetime
manifolds. The additional structure in the BV-BFV theory is the reduction of
the submanifold LN ⊂ EL∂N and the reduction of the fibers of the fiber bundle
π : ELN → LN .

3.2.1. The Q-reduction. The following Proposition is an immediate corollary of the
identity δπ ◦QN = Q∂N ◦ δπ.

Proposition 3.7. The distribution V ectQ∂
on F∂N generated by Lie brackets of

vector fields with Q∂N is parallel to LN .

Definition 3.8. Define Q-reductions of LN and of EL∂N as the space of leaves of
V ectQ∂

through LN and EL∂N respectively.

In general these spaces are singular. Because our goal here is to develop the set
up for the perturbative quantization in a vicinity of a generic classical solution, we
will focus on smooth points of EL∂N and LN and tangent spaces at such points.
See Appendix C below for the discussion of smooth points.

3.2.2. The symplectic reduction. Let EL∂N be the symplectic reduction of EL∂N .
We make the following assumption, which is the analogue of (3) for the boundary
fields:

Assumption 3.9. We assume that for any l ∈ EL∂N ,

(15) ker(Q̂l)⊥ = Im(Q̂l)

in TlF∂N , where Q̂l is the linearization of Q∂N at l.

The following Proposition is the counterpart of the Remark 2.7.

Proposition 3.10. Under the assumption (15), locally, the symplectic reduction
of EL∂N is equal to its Q-reduction.
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The difference from Remark 2.7 is just in the shift of gradings.
Denote by LN ⊂ EL∂N the image of LN with respect to this reduction. That is

LN is the space of leaves of the characteristic foliation of EL∂N through LN . This
Proposition implies that locally the reduction LN of LN is equal to its Q-reduction
LN/Q .

Under the regularity assumption (see Definition 3.18, Proposition 3.20), LN ⊂
EL∂N is a Lagrangian submanifold.

3.3. The reduction of the bulk BV theory. The meaning of the Q-reduction
is passing from fields to gauge classes of fields. This is why it is natural to reduce
not the whole space of solutions to Euler-Lagrange equations but a subspace with
fixed boundary conditions. Points of this reduced space correspond to gauge classes
of fields with boundary values in a given boundary gauge class.

The space ELN is naturally fibered over LN = π(ELN ) where π : FN → F∂N is
the restriction mapping.

For l ∈ LN denote by [l] the leaf of V ectQ∂N
through l, i.e. the image of l in the

Q-reduced space LN/Q. Denote by EL(N, [l]) the fiber of π over [l],

EL(N, [l]) = π−1([l]) ∩ ELN

Because the restriction mapping π intertwines vector fields QN and Q∂N , the
vector field QN is parallel to EL(N, [l]). It also induces the projection of reduced
spaces p : ELN/Q → LN/Q where ELN/Q is the space of leaves of V ectQ in ELN .

Definition 3.11. The reduced space EL(N, [l])/Q is the space of leaves of V ectQ
on EL(N, [l]).

Because the projection π intertwines vector fields QN and Q∂N the reduced space
EL(N, [l])/Q is the fiber of p over [l]: EL(N, [l])/Q = p−1([l]).

Assume that the image of X ∈ ELN in EL(N, [π(X)])/Q is a smooth point. We
have the natural mappings of tangent spaces:

(16)

T[X]ELN/Q
ι←−−−− T[X]EL(N, [l])/Q

δp

y
T[l]LN/Q ⊂ T[l]EL∂N/Q

where l = π(X), and the horizontal mapping is the natural inclusion of fibers,
Im(ι) = ker(δp). We know that T[X]ELN/Q ' H(TXFN ; Q̂X), and that T[l]EL(∂N)/Q '
H(TlF∂N ; Q̂l)2.

We also know that the short exact sequence

TXFN
i←−−−− ker(δπ)X

(δπ)X

y
TlF∂N

gives the long exact sequence

· · · → H•
Q̂X

(ker(δπ)X)
[i]→ H•

Q̂X
(TXFN )

[δπX ]→ H•
Q̂l

(TlF∂N )
φ→ H•+1

Q̂X
(ker(δπ)X) → · · ·

2Recall that Q̂X is the linearization of QN at X ∈ ELN and Q̂l is the linearization of Q∂N at
l = π(X) ∈ EL∂N .
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on the Q̂-cohomology spaces.
Truncating this long exact sequence we obtain the short exact sequence

(17)

HQ̂X
(TXFN )

[i]←−−−− HQ̂X
(ker(δπ)X)/φ(HQ̂l

(TlF∂N ))

[δπX ]

y
[δπX ](HQ̂X

(TXFN )) ⊂ HQ̂l
(TlF∂N )

Because we have natural isomorphisms HQ̂X
(TXFN ) ∼= T[X]ELN/Q, HQ̂l

(TlF∂N ) ∼=
T[l]EL∂N/Q and [δπX ](HQ̂X

(TXFN )) = T[l]LN/Q ⊂ T[l]EL∂N/Q we can identify
T[X]EL(N, [l])/Q with the fiber of [δπX ]. We proved the following:

Proposition 3.12. If [π(X)] ∈ ELN/Q is a smooth point, then

T[X]EL(N, [l])/Q ∼= HQ̂X
(ker(δπX))/φ(HQ̂l

(TlF∂N ))

Here is another, equivalent characterization of this space. By definition

TXEL(N, [l]) = {ξ ∈ ker(Q̂X) | δπX(ξ) ∈ Im(Q̂l)}
On the other hand (V ectQ)X = Im(Q̂X). Therefore the tangent space to the
reduced space is the quotient

TXEL(N, [l])/Q = {ξ ∈ ker(Q̂X) | δπX(ξ) ∈ Im(Q̂l)}/Im(Q̂X)

This implies the following.

Proposition 3.13. We have

TXEL(N, [l])/Q ∼= {ξ ∈ ker(Q̂X) | δπX(ξ) = 0}/{ξ ∈ Im(Q̂X) | δπX(ξ) = 0}
3.4. Symplectic EL-moduli spaces. In previous sections we introduced EL-
moduli space as the Q-reduction of the space of solutions to Euler-Lagrange equa-
tions. In case when ∂N = ∅ we proved that they carry a symplectic structure coming
from symplectic reduction, but this is no longer true in the case with boundary.

In this subsection, for the case with boundary we will introduce a different re-
duction which is symplectic (see subsection 3.4.3), fibers over the Q-reduction and
has simple gluing properties. We call it the symplectic EL-moduli space.

Denote the bulk and boundary EL-moduli spaces by

MN = ELN/QN , M∂N = EL∂N/Q∂N

When N is fixed, we will usually suppress the subscript N for brevity.

3.4.1. The main construction. Denote by Ṽect
rel

Q the space of vector fields of the
form [QN , v] where v is a vertical vector field, i.e. a vector field tangent to the

fibers of π. This space is also a Lie subalgebra of ṼectQ. The restriction of Ṽect
rel

Q

to EL gives a distribution which we denote by VectrelQ .
Define the symplectic EL-moduli space Msymp as the space of leaves of VectrelQ

on EL:
Msymp = EL/VectrelQ

It is clear that
T[X]Msymp = ker(Q̂X)/Q̂X(ker(δπX))
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The restriction to the boundary π : F → F∂ induces the projection π∗ :
Msymp → EL∂ .

The distribution VectQ on EL induces the distribution b onMsymp which projects
to the distribution VectQ∂ on EL∂ by δπ∗. It is easy to see that b is involutive and
that

b[X] ' Im(Q̂X)/Q̂X(ker(δπX))

where [X] is the leaf of VectrelQ through X. The image of this projection can be
thought of as a quotient distribution VectQ/VectrelQ .

Notice that there is a natural isomorphism TXF/ ker δπX ' TlF∂ where l =
π(X). We also have a natural degree 1 surjective map

β : TF∂ ³ b, βX : TlF∂ ³ b[X]

defined as follows: for ξ ∈ TXF and ξ + ker(δπ) being identified with an element
in TlF∂ , we set

βX(ξ + ker(δπ)) = Q̂X(ξ) + Q̂X(ker(δπ))
The following statement follows immediately from Q̂2

X = 0.

Lemma 3.14. β vanishes on Im(Q̂l).

The usual EL-moduli space, i.e. space of leaves of VectQ on EL, is naturally
isomorphic to the space of leaves of b on Msymp. This follows immediately from
the definition of Msymp.

Finally, from the definitions above, it is clear that the following diagram is com-
mutative:

(18)

b[X] b[X]
⊂−−−−→ T[X]Msymp

β[X]

x (δπ∗)[X]

y (δπ∗)[X]

y

Tl[−1]F∂
Q̂l−−−−→ (VectQ∂

)l
⊂−−−−→ TlEL∂

3.4.2. More on tangent spaces. Define the vertical component T vert
[X] Msymp of the

tangent space T[X]Msymp as

T vert
[X] Msymp = ker((δπ∗)X) ⊂ T[X]Msymp

and denote the quotient map by χ : T vert
[X] Msymp → T[X]QM where M is the usual

EL-moduli space for N , i.e. the space of leaves of VectQ on EL, and [X]Q is the
leaf of VectQ through X.

The projection π : F → F∂ restricted to EL induces the natural projection
πQ
∗ : M→M∂ . Recall that the fiber of πQ

∗ over [l] ∈M∂ is the space EL(N, [l])/Q

discussed in Section 3.3; the image of πQ
∗ is the Q-reduction of the space L ⊂ EL

discussed in Section 3.2. Denote by ψ = δπQ
∗ the corresponding mapping of tangent

bundles, ψ[X]Q : T[X]QM→ T[l]M∂ .
The restriction of the mapping β : TF∂ → b defined earlier to ker(Q̂l) vanishes on

Im(Q̂l) and therefore induces a linear mapping (β∗)[X] : Tl[−1]M∂ → T vert
[X] Msymp.

We have a sequence of linear maps:

(19) · · · → T[l][−1]M∂
β∗−→ T vert

[X] Msymp χ−→ T[X]QM ψ−→ T[l]M∂ → · · ·
Proposition 3.15. This is an exact sequence.
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Proof. Sequence (19) can be written as

· · · → H•−1

Q̂l
(TlF∂) → H•

Q̂X
(T vert

X F) → H•
Q̂X

(TXF) → H•
Q̂l

(TlF∂) → · · ·
which is induced from the short exact sequence in the non-reduced picture

0 → T vert
X F → TXF → TlF∂ → 0

by passing to Q̂-cohomology and so is exact by snake lemma. ¤

3.4.3. Symplectic structure, Lefschetz duality. Denote by Q̂vert
X the restriction of

Q̂X to T vert
X F .

We know (cf. the proof of Proposition 3.5) that in TXF we have

Im(Q̂vert
X )⊥ = ker(Q̂X), Im(Q̂X)⊥ = ker(Q̂vert

X )

Assumption 3.16. We will assume that also the opposite holds:

(20) ker(Q̂X)⊥ = Im(Q̂vert
X ), ker(Q̂vert

X )⊥ = Im(Q̂X)

This is a stronger version of assumption (3); in our examples it follows from
Hodge-Morrey decomposition theorem for manifolds with boundary [14]. It imme-
diately implies that VectrelQ coincides with the characteristic distribution on EL,
thus we have the following.

Proposition 3.17. Assuming (20), Msymp is the symplectic reduction of EL and
carries a degree −1 symplectic structure ω coming from F .

Definition 3.18. We call a BV-BFV theory regular if the assumption (20) holds
for any X ∈ EL, together with the assumption (15) for any l ∈ EL∂ .

Symplectic structure ω on F induces a bilinear pairing HQ̂vert
X

⊗HQ̂X
[1] → R or

equivalently T vert
[X] Msymp ⊗ T[X]Q [1]M → R which is well-defined due to (14) and

non-degenerate due to (20). Together with the symplectic structure on M∂ = EL∂

it gives the Lefschetz duality for the long exact sequence (19), i.e. a non-degenerate
pairing on T vert

[X] Msymp ⊕ T[X]Q [1]M⊕ T[l]M∂ :

(21) 〈•, •〉 :





T vert
[X] Msymp ⊗ T[X]Q [1]M → R

T[X]Q [1]M⊗ T vert
[X] Msymp → R

T[l]M∂ ⊗ T[l]M∂ → R
Observe that (14) implies that the map χ is self-adjoint with respect to 〈•, •〉, and
ψ and β∗ are adjoint to each other, therefore Lefschetz duality can be stated as an
injective chain map between the complex (19) and the dual one:

· · · −−−−−−→ T[l][−1]M∂
β∗−−−−−−→ Tvert

[X] Msymp χ−−−−−−→ T[X]QM
ψ−−−−−−→ T[l]M∂ −−−−−−→ · · ·

y
y

y
y

· · · −−−−−−→ T∗[l][−1]M∂
ψ∗−−−−−−→ T∗

[X]Q
[−1]M χ∗−−−−−−→ (Tvert

[X] )∗[−1]Msymp (β∗)∗−−−−−−→ T∗[l]M∂ −−−−−−→ · · ·

In case of a topological field theory, the complex (19) consists of finite dimensional
vector spaces and vertical arrows in the diagram above become isomorphisms.

The form ω induces presymplectic structures ωsymp,vert on the fibers of π∗ :
Msymp → EL∂ . The form ωsymp,vert can be written in terms of Lefschetz duality
as:

ωsymp,vert
[X] = 〈•, χ(•)〉 : T vert

[X] Msymp ⊗ T vert
[X] [1]Msymp → R
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Proposition 3.19. Fibers of πQ
∗ : M→M∂ carry a natural degree −1 symplectic

structure coming from F .

Proof. By non-degeneracy of (21), the kernel of ωsymp,vert is exactly the kernel of
χ. Thus ωsymp,vert induces a non-degenerate degree −1 symplectic structure on
Im(χ) = ker(ψ) ⊂ T[X]QM and hence on fibers of πQ

∗ : M→M∂ . ¤
Thus, the Q-reduced fibers EL(N, [l])/Q have natural symplectic structure. We

call these reduced fibers the moduli spaces of vacua.

Proposition 3.20. The image of πQ
∗ : M→M∂ is locally Lagrangian in M∂ .

Proof. Indeed, for a smooth point [l] = [π(X)] ∈ M∂ , tangent space to the image
of πQ

∗ is Im(ψ : H•
Q̂X

(TXF) → H•
Q̂l

(TlF∂)). Lagrangianity is proven as follows:

Im(ψ)⊥ = {a ∈ HQ̂l
(TlF∂) | 〈a, ψ(b)〉 = 0 ∀b ∈ HQ̂X

(TXF)}
= {a ∈ HQ̂l

| 〈β∗(a), b〉 = 0 ∀b ∈ HQ̂X
}

= ker(β∗)
= Im(ψ)

where in the third line we used the non-degeneracy of Lefschetz pairing. ¤
The following is a corollary of the above, using also Propositions A.1 and 3.7:

Corollary 3.21. The space L = π(EL) ⊂ F∂ is locally Lagrangian.

3.4.4. Digression: fibers of πQ
∗ via symplectic reduction. Let Λ ⊂ F∂ be a La-

grangian submanifold which is transversal to L = π(EL). Assume that Λ intersects
L at the point l. The subspace π−1(Λ) ⊂ F is the space of fields with boundary
values on Λ. We will assume that the subspace π−1(Λ) is symplectic.

Let us prove that the subspace π−1(Λ) ∩ EL is locally coisotropic in π−1(Λ).
For this we need to prove that at a smooth point X the tangent space SX =
TXπ−1(Λ) ∩ EL is a coisotropic subspace in TXF .

Because Lagrangian subspaces L and Λ are transversal, the intersection of their
tangent spaces is trivial, TXΛ∩TXL = {0}, and therefore for each ξ ∈ TXπ−1(Λ)∩
EL we have δπX(ξ) = 0. Thus

SX = {ξ ∈ ker(Q̂X) | δπ(ξ) = 0}
Denote

IX = {ξ ∈ Im(Q̂X) | δπ(ξ) = 0}
Observe that IX ⊂ SX and that

(22) SX/IX
∼= TXEL(N, [l])/Q

by Proposition 3.13.

Lemma 3.22. For a smooth point X, the symplectic orthogonal subspace to IX in
TXπ−1(Λ) is SX .

Proof. The symplectic orthogonal of IX in TXπ−1(Λ) is:

I⊥X = {η ∈ TXπ−1(Λ) | ωN (η, ξ) = 0, for any ξ ∈ IX}
That is for any ξ = Q̂Xλ such that δπ(λ) ∈ ker(Q̂∂). The orthogonality of ξ and η
is equivalent to

ω(Q̂Xη, λ) + ω∂(δπ(η), δπ(λ)) = 0
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for any λ such that δπ(λ) ∈ ker(Q̂l). Because the first term should vanish for all
λ, we have η ∈ ker(Q̂X). Thus the last term should vanish separately for any such
λ. This implies that δπ(η) is symplectic orthogonal to ker(Q̂l). By condition (15)
this implies that δπ(η) ∈ Im(Q̂l). Because Im(Q̂l) ⊂ TlL and because L and Λ are
transversal, we have δπ(η) = 0. Therefore I⊥X = SX .

¤

Corollary 3.23. The subspace SX ⊂ TXπ−1(Λ) is coisotropic. Thus π−1(Λ)∩ EL
is locally coisotropic in π−1(Λ).

Lemma 3.24. The symplectic orthogonal subspace to SX in TXπ−1(Λ) is IX .

Proof. By Lemma 3.22, I⊥X = SX , which implies IX ⊆ S⊥X . On the other hand, due
to (22) and to Proposition 3.19, SX/IX is symplectic and thus IX has to coincide
with S⊥X . ¤

The following is the immediate corollary of the Lemma above.

Proposition 3.25. The symplectic reduction of SX is

SX = SX/IX

Comparing with the Q-reduction of TXEL(N, [l]) we see that two reductions are
naturally isomorphic:

TXπ−1(Λ) ∩ EL = TXEL(N, [l])/Q

Thus the fiber of πQ
∗ : M→M∂ over [l] coincides with the symplectic reduction of

π−1(Λ) ∩ EL in π−1(Λ).

3.4.5. Example: symplectic EL-moduli space for the abelian Chern-Simons theory.
In the abelian Chern-Simons theory, see section 7.1 for details, the following occurs:

• The symplectic EL-moduli space is

Msymp = EL/VectrelQ =

= {A ∈ Ω•+1(N) | dA = 0}/(A ∼ A + dα for any α ∈ Ω•(N) s.t. α|∂N = 0)

• The restriction map π∗ : Msymp → EL∂ = Ω•+1
closed(∂N) sends the class

[A] ∈Msymp to A|∂N ∈ EL∂ (which is well defined).
• Fibers of π∗ are isomorphic to the relative cohomology H•+1(N, ∂N).
• The map β[A] : TA|∂N

F∂N → T[A]Msymp sends α∂ ∈ Ω•(∂N) to [dα̃] for
arbitrary α̃ ∈ Ω•(N) such that α̃|∂N = α∂ .

• Taking the quotient of Msymp by the distribution b = im(β) gives the usual
EL-moduli space

Msymp/b = M = H•+1(N)

which is the absolute de Rham cohomology of N .
• Exact sequence (19) is the usual long exact sequence of relative cohomology

· · · → H•(∂N) → H•+1(N, ∂N) → H•+1(N) → H•+1(∂N) → · · ·
• The symplectic form ω on Ω•(N) descends to

ω([A], [B]) =
∫

N

A ∧B
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on Msymp. Lefschetz duality (21) is the usual Lefschetz duality between
absolute and relative cohomology, plus Poincaré duality for the cohomology
of the boundary.

3.5. The gluing (cutting) of symplectic EL-moduli spaces.

3.5.1. The non-reduced case. Assume that a manifold N is cut into two pieces
N1, N2 along a codimension 1 submanifold N∂

2 such that ∂N1 = N∂
1 t N∂

2 and
∂N2 = N∂

2 tN∂
3 . We have natural commutative diagram:

(23)

FN −−−−→ FN1y
y

FN2 −−−−→ FN∂
2

The space of fields FN is the subspace in the fiber product of spaces FN1 and
FN2 over FN∂

consisting of fields which are smooth at N∂ .
The Euler-Lagrange space for N is the fiber product of Euler-Lagrange spaces

for N1 and for N2 :
ELN = ELN1 ×ELN∂

2
ELN2

3.5.2. The gluing. The gluing for symplectic EL-moduli spaces goes as follows. Let
N1, N2 be two spacetime manifolds with boundaries ∂N1 = N∂

1 t N∂
2 and ∂N2 =

(N∂
2 )′ t N∂

3 respectively. Assume that N∂
2 diffeomorphic to (N∂

2 )′, and denote by
N the result of gluing N1 and N2 along the common boundary component:

N = (N1 tN2)/(N∂
2 ∼ (N∂

2 )′)

The spaceMsymp
N can be constructed intrinsically in terms ofMsymp

N1
andMsymp

N2

as follows:
(i) First consider the fiber product

(24) M̃ = Msymp
N1

×EL
N∂

2
Msymp

N2

For any point X̃ ∈ M̃, we have a map

(25) β̃X̃ : Tπ1(X̃)FN∂
1
× Tπ2(X̃)FN∂

2
× Tπ3(X̃)FN∂

3
→ TX̃M̃

induced from the two maps

(β1 × β2)[X1] : Tπ1(X1)FN∂
1
× Tπ2(X1)FN∂

2
→ T[X1]Msymp

N1

(β2′ × β3)[X2] : Tπ2′ (X2)F(N∂
2 )′ × Tπ3(X2)FN∂

3
→ T[X2]Msymp

N2

(ii) The space Msymp
N now can be identified with the leaf space of the distribution

β̃(0× TFN∂
2
× 0) on M̃:

Msymp
N = M̃/β̃(0× TFN∂

2
× 0)

It inherits the quotient distribution

bN = b1
N × b3

N = im(β̃)/β̃(0× TFN∂
2
× 0)

parameterized by TFN∂
1
× TFN∂

3
.
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The important point here is that the gluing of symplectic EL-moduli spaces is
done in intrinsic terms of the symplectically reduced picture, i.e. in terms of the
ingredients of diagram (18): (Msymp,F∂ , Q∂ , π∗, β).

3.5.3. Gluing tangent spaces. The construction of gluing of symplectic EL-moduli
spaces described above implies the following Mayer-Vietoris type long exact se-
quence for T[X]Msymp:

(26) · · · → T[π2(X)][−1]MN∂
2

(β2−β2′ )∗−−−−−−→ T[X]Msymp
N →

→ T[X1]Msymp,Q2
N1

⊕ T[X2]Msymp,Q2′
N2

→ T[π2(X)]MN∂
2
→ · · ·

HereMsymp,Q2
N1

is the quotient ofMsymp
N1

by the distribution b2. Similarly,Msymp,Q2′
N2

is the quotient of Msymp
N2

by the distribution b2′ . 3

We have a similar long exact sequence for the tangent space to the usual EL-
moduli space:
(27)
· · · → T[π2(X)][−1]MN∂

2
→ T[X]MN → T[X1]MN1⊕T[X2]MN2 → T[π2(X)]MN∂

2
→ · · ·

Here [X] is the space of leaves of VectQ through X.

3.5.4. Example: gluing in abelian Chern-Simons theory. Here we will give an ex-
ample of gluing symplectic EL-moduli spaces. Let N = N1 ∪N∂

2
N2 as before.

Then

M̃ =
{A ∈ Ω•+1(N) | dA = 0}

A ∼ A + dα for any α ∈ Ω•(N) s.t. α|N∂
1

= α|N∂
2

= α|N∂
3

= 0

Mapping (25) acts as

β̃[A] : (α∂
1 , α∂

2 , α∂
3 ) 7→ [dα̃]

Here (α∂
1 , α∂

2 , α∂
3 ) ∈ TA|

N∂
1
FN∂

1
× TA|

N∂
2
FN∂

2
× TA|

N∂
3
FN∂

3
and α̃ ∈ Ω•(N) is any

form such that α̃|N∂
k

= α∂
k for k = 1, 2, 3. The class [dα̃] ∈ T[A]M̃ does not depend

on the choice of α̃. To pass from from M̃ to Msymp
N we should mod out differentials

of forms on the interface N∂
2 extended to N . Now we can write the symplectic EL-

moduli space as the quotient

Msymp
N = M̃/β̃(0× Ω•(N∂

2 )× 0) '

' {A ∈ Ω•+1(N) | dA = 0}
A ∼ A + dα for any α ∈ Ω•(N) s.t. α|N∂

1
= α|N∂

3
= 0

It is equipped with two commuting distributions b1
N , b3

N parameterized by Ω•(N∂
1 ), Ω•(N∂

3 )
respectively.

Mayer-Vietoris sequence (26) becomes the following:

· · · → H•(N∂
2 ) → H•+1(N, N∂

1 tN∂
3 ) →

→ H•+1(N1, N
∂
1 )⊕H•+1(N2, N

∂
3 ) → H•+1(N∂

2 ) → · · ·

3An equivalent description: Msymp,Q2
N1

= ELN1/V ectrel1Q where V ectrel1Q is the distribution

generated by vector fields of the form [QN1 , v] with v tangent to the fibers of π1. Likewise,

Msymp,Q2′
N2

= ELN2/V ectrel3Q .
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whereas the version for usual EL-moduli spaces (27) reads

· · · → H•(N∂
2 ) → H•+1(N) → H•+1(N1)⊕H•+1(N2) → H•+1(N∂

2 ) → · · ·
3.6. Higher codimensions. The BV-BFV theory is the extension of the BV the-
ory to manifolds with boundary. In a similar way the BV theory extends to higher
codimension submanifolds.

Definition 3.26. The following collection of data is called a k-extended BV
theory in dimension n.

For each i = 0, . . . , k − 1, a k-extended BV theory assigns to every (n − i)-
dimensional manifold Ni with boundary Ni+1:

(1) a space of fields FNi which is a graded manifold with exact symplectic form
ωNi

= (−1)n−iδαNi
with gh(ωNi

) = gh(αNi
) = i− 1, and with cohomolog-

ical vector field QNi
,

(2) a projection πi : FNi → FNi+1 ,
(3) an action functional SNi

on FNi
with gh(SNi

) = i.
These data should satisfy the following axioms:
• δπi−1(QNi−1) = QNi

,
• ιQNi−1

ωNi−1 = (−1)n−i+1δSNi−1 + π∗i (αNi)
We call k-extension of a given BV theory in dimension n a k-extended theory with
the original data for i = 0.

Definition 3.27. A BV field theory has length k if k is the maximal number such
that in its k-extension for i = 1, . . . , k, all πi−1(ELNi−1) = LNi−1 ⊂ ELNi ⊂ FNi

are Lagrangian and all Q-reduced fibers are finite dimensional. Here ELNi ⊂ FNi

is the set of zeroes of the vector field QNi . If k is equal to n, we say that the theory
is maximally extended.

Usually BV field theories have length 1. For example, scalar field theory in
dimension greater than one or Yang-Mills theory in dimension greater than two.
We never consider theories of length zero. In the rest of the paper we will show
that scalar field theory in dimension 1, Yang-Mills theory in dimension 2 and all
AKSZ theories are maximally extended (this includes BF , Chern-Simons theories
and the Poisson sigma model). Notice that scalar theory in dimension one is just
quantum mechanics and the Yang-Mills theory is dimension 2 is known to be almost
topological [57] (meaning that it only depends on the topology of the spacetime
manifold and on its volume).

Remark 3.28 (Extended BV theories on manifolds with corners). A k-extended
BV theory in dimension n naturally leads to an associated theory on n-dimensional
manifolds with corners up to codimension k. Namely, to such a manifold N we
associate the data for N0 = N and N1 the union of the codimension one4 strata
in ∂N . To each such stratum N ′ ⊂ ∂N we associate the data for N1 = N ′ and
N2 the union of the codimension one strata in ∂N ′ (notice that this is the union
of only some codimension two strata in ∂N). To each such stratum N ′′ ⊂ ∂N ′ we
associate the data for N2 = N ′′ and N3 the union of the codimension one strata in
∂N ′′ (notice that this is the union of only some codimension two strata in ∂N ′ and
in turn of some codimension three strata in ∂N), and so on.

4Here and in the following, the codimension of a boundary stratum is computed in terms of
the bulk manifold.
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3.7. Boundary conditions. In the current paper we insist on having free bound-
ary conditions. An alternative approach, first explored in [18, 43], fixes boundary
conditions in a way compatible with the BFV structure on the boundary. This cor-
responds to choosing a Lagrangian submanifold L of the BFV space of boundary
fields to which the boundary cohomological vector field is tangent and on which the
boundary 1-form vanishes. Equivalently, the boundary action should vanish on L.
We call such Lagrangian submanifolds adapted.

At first sight, it would also seem natural to impose L to be transversal to the
Lagrangian submanifold LM . However, this condition is too restrictive and rules
out a lot of interesting boundary conditions. Instead, a better assumption would
be that the intersection of L with LN should be finite dimensional after reduction.

As shown in [18], in the case of AKSZ theories, one can obtain an adapted
Lagrangian submanifold L by choosing an adapted Lagrangian submanifold Li of
the target manifold M for each boundary component ∂iN of the spacetime N .
The submanifold L =

∏
i Map(T [1]∂iN,Li) in this case is an adapted Lagranian in

F∂N . Notice that usually one does not require the decomposition ∂M = ∪i∂iM to
be disjoint, rather the pairwise intersections are assumed to be of lower dimension.
The adapted Lagrangian submanifolds of the target are usually referred to as branes.

In the case when the target is T ∗[1]P , with P a Poisson manifold, one can eas-
ily show that a brane is necessarily of the form N∗[1]C, where C is a coisotropic
submanifold of P and N∗C denotes its conormal bundle. When the target is a dif-
ferential graded symplectic manifold (with symplectic form of degree 2) associated
to a Courant algebroid over a manifold N , then a brane covering N is the same as
a Dirac structure.

An intermediate type of boundary condition consists in splitting the boundary
into two components and in choosing an adapted Lagrangian submanifold of the
BFV space of fields on the first component while keeping free boundary conditions
for the second component. The analysis performed in this paper still holds for
boundary fields of the second component. This mixed approach might have several
applications. For example [15], the study of the Poisson Sigma Model on the disk
whose boundary is split into an even number of ordered intervals Ii with boundary
conditions on I2s determined by the C = P ∀s leads to the construction of what is
known as the relative symplectic groupoid integrating P .

3.8. gh = 0 part of the BV-BFV theory.

3.8.1. Non reduced theory. The gh = 0 part of the BV-BFV theory is a first order
classical field theory with the space of fields FN = F (0)

N (the gh = 0 part of FN ),
the classical action S

(0)
N = SN |F(0)

N

.

The gh = 0 part of the space of boundary fields F∂N = F (0)
∂N is a symplectic

manifold with the symplectic form ω
(0)
∂N = δα

(0)
∂N which is the gh = 0 part of the

symplectic form ω∂N on boundary BFV fields. The one-form δα
(0)
∂N is the gh = 0

part of the form α∂N and it determined by the gh = 0 part of the classical action.
Gauge transformations are gh = 0 part of the BV-BFV gauge transformations

generated by vector fields [V, Q] and they are Hamiltonian on the boundary.
The gh = 0 part of the coisotropic submanifold EL∂N ⊂ FN is a coisotropic

submanifold C∂N = EL(0)
∂N ⊂ FN . It consists of boundary fields which can be
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extended to a solution to Euler-Lagrange equations in the vicinity of the boundary
in N .

In regular BV theories the space of solutions to the Euler-Lagrange equations
ELN = EL(0)

N projects to the Lagrangian subspace LN = L(0)
N = π(ELN ) ⊂ C∂N ⊂

F∂N .

3.8.2. The reduction. The classical moduli space ELN/GN is the gh = 0 part of the
EL-moduli space ELN/QN and maps to the reduced phase space C∂N/G∂N = C∂N ,
which is in turn the gh = 0 part of the boundary EL-moduli space EL∂N . Here GN

denotes the distribution on ELN induced by VectQN
, likewise for G∂N ; also G∂N

can be seen as the coisotropic distribution on C∂N .
In the regular case, the image of

(28) π∗ : ELN/GN → C∂N

is the reduced Lagrangian LN/G∂N = LN .

Remark 3.29. In regular case, there is also the following relation between the
smooth loci (cf. Appendix C) of moduli spaces:

(29)

T ∗vert[−1](ELN/GN )smooth ⊆−−−−→ (ELN/QN )smooth

π∗

y π∗

y
(C∂N )smooth ⊆−−−−→ (EL∂N )smooth

Here T ∗vert denotes the dual of the vertical tangent bundle of the fibration (28). Hor-
izontal arrows in (29) may be strict inclusions (e.g. abelian Chern-Simons theory
where EL-moduli spaces contain additional smooth pieces: H0(N) and H3(N), cf.
section 7.1.3), or may be equalities (e.g. non-abelian Chern-Simons theory with a
simple gauge group G).

4. The BFV category

4.1. Spacetime categories. Recall that an n-dimensional spacetime category is
the category of n-dimensional cobordisms which may have additional structure
(smooth, Riemannian etc.). See [4, 51, 54] for the discussion of various examples.

In most general terms objects of a d-dimensional spacetime category are (d− 1)-
dimensional manifolds (space manifolds). In specific examples of spacetime cat-
egories, space manifolds are equipped with a structure (orientation, symplectic
structure, Riemannian metric, etc.).

A morphism between two space manifolds Σ1 and Σ2 is a d-dimensional manifold
M , possibly with a structure (orientation, symplectic, Riemannian metric, etc.),
together with the identification of Σ1 tΣ2 with the boundary of M . Here Σ is the
manifold Σ with reversed orientation.

Composition of morphisms is the gluing along the common boundary. Here are
examples of spacetime categories.

The d-dimensional topological category. Objects are smooth, compact,
oriented (d − 1)-dimensional manifolds. A morphism between Σ1 and Σ2 is a d-
dimensional smooth compact oriented manifold with ∂M = Σ1 t Σ2. The ori-
entation on M should agree with the orientations of Σi in a natural way. The
composition consists of gluing two morphisms along the common boundary.
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The d-dimensional Riemannian category. Objects are oriented (d − 1)
Riemannian manifolds with collars. Morphisms between two objects N1 and N2

are oriented d-dimensional Riemannian manifolds M , such that ∂M = N1 t N2.
The orientation on all three manifolds should naturally agree, and the metric on M
agrees with the metric on N1 and N2 on a collar of the boundary. The composition
is the gluing of such Riemannian cobordisms. For details see [54].

The d-dimensional metrized cell complexes. Objects are (d−1)-dimensional
oriented metrized cell complexes (edges have length, 2-cells have area, etc.). A
morphism between two such complexes C1 and C2 is an oriented metrized d-
dimensional cell complex C together with two embeddings of metrized cell com-
plexes i : C1 ↪→ C, j : C2 ↪→ C where i is orientation reversing and j is orientation
preserving. The composition is the gluing of such triples along the common (d−1)-
dimensional subcomplex.

This is the underlying category for all lattice models in statistical mechanics.

The Pseudo-Riemannian category The difference between this category and
the Riemannian category is that morphisms are pseudo-Riemannian with the sig-
nature (d− 1, 1). This is the most interesting category for physics. When d = 4 it
represents the spacetime structure of our universe.

4.2. The BFV category. The category BFV has the following objects, morphisms
and compositions of morphisms.

Objects of BFV are triples (F , α,Q) where F is an exact graded symplectic
manifolds with the symplectic form ω = dα with ghost number 0, and Q is a
cohomological vector field (i.e. its Lie derivative squares to zero) with ghost number
1. The symplectic form should be preserved by Q:

LQω = 0

Let EL be the space of zeroes of the vector field Q. The restriction of the Lie
subalgebra V ectQ = [V ect(F), Q] ⊂ V ect(F) defines an involutive5 distribution on
EL.

Morphisms between (F1, α1, Q1) and (F2, α2, Q2) are differential graded mani-
folds F with symplectic form ωF with ghost number −1, with cohomological vector
field QF with ghost number 1, with the function SF (action function) on F with
gh(SF ) = 0, and with two projection mappings πi : F → Fi. These data should
satisfy the following conditions:

• Projections πi are mappings of differential graded manifolds, i.e. δπi(QF ) =
Qi.

• The following identity should hold

ιQFωF = (−1)nδSF − π∗1(α1) + π∗2(α2),

• Let ELF be the zero-locus of the vector field QF , then LF = (π1 ×
π2)(ELF ) ⊂ F1×F2 should be Lagrangian. Here F1 is the dg manifold F1

with symplectic form −ω1.

5We will always assume that this distribution is actually integrable, which is not automatic in
the infinite dimensional case.



CLASSICAL BV THEORIES ON MANIFOLDS WITH BOUNDARY 161

• For each Lagrangian submanifold L which is generic, relative to LF (the
intersection is transversal), the preimage (π1 × π2)−1(L) ⊂ F should be
symplectic.

Composition of morphisms Let F : F1 → F2 and F ′ : F2 → F3 be two morphisms
in BFV. The composition F ′ · F is the fiber product F ×F2 F ′ = {(x, x′) ∈ F ×
F ′|π2(x) = π2(x′)}. It is a submanifold in F ′ ×F .

The symplectic form on F ′ · F is the pullback of the symplectic form on F ′ ×
F . The vector field Q + Q′ on F ′ × F is tangent to F ′ · F ⊂ F ′ × F and it
induced the vector field Qcomp on the fiber product. The action function is additive:
SF

′·F (x, x′) = SF (x) + SF
′
(x′).

Let f be a mapping which assigns to each object F of BFV the functional fF

on F . Define the mapping Ff : BFV → BFV as as follows. It acts trivially on F . It
acts on one forms αΣ as

αF → αF + δfF

and does not change QF . On the morphism (F , ωF , QF , SF ) : F1 → F2 this
mapping acts it as follows. It acts trivially on ωF , on QF , and on F while on the
action SF it acts as

SF → SF + π∗1(fF1)− π∗2(fF2)

It is easy to see that F is a covariant endofunctor for BFV.

Remark 4.1. The notion of BV-BFV category introduced above has a natural
generalization where the objects are quadruples (F ,L, α, Q). Here F is a Z-graded
manifold, L is a line bundle over it, α is a connection on L and Q is a cohomological
degree 1 vector field on F .

A morphism between (F1, L1, α1, Q1) and (F2, L2, α2, Q2) is a Z-graded manifold
with the same data as before but instead of SF being a function on F we have a
section of the line bundle LF = π∗(L1×L2) over F which is horizontal for the flat
connection (−1)n−1 i

~ (ιQFωF + π∗1(α1)− π∗2(α2)) on LF , cf. Remark 3.3.

4.3. The BV functor. Now classical BV-BFV theories can be regarded as functors
from spacetime categories to BFV category.

Fix a spacetime category. A classical BV-BFV field theory for a spacetime from
this category defines the covariant functor, the BV functor, from the spacetime
category to the BFV category.

On objects: The BV functor assigns the space of fields FΣ to the object Σ of the
spacetime category with the BFV data αΣ and QΣ.

On morphisms: The BV functor assigns the space of fields FN for a morphism
N : Σ1 → Σ2 with the BV data ωN , QN , SN , and mappings πi : FN → FΣi .

The properties of the BV-BFV field theories guarantee that this mapping is a
covariant functor.

Remark 4.2. The BFV category is 1-category. The corresponding BV functor is
a functor from 1-category of cobordisms to the BFV category. This can be extended
to higher categories. The natural target structure is a k-extended BFV category. It
is a k-category. The k-extended classical BV field theory is the k-functor from the
k-category of k-cobordisms to the k-extended BFV category, similar to k-extended
topological quantum field theories [6, 39]. We will discuss extended theories in
another publication.
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5. Examples of BV-BFV theories

5.1. Electrodynamics. Here we will consider the BV-extended classical Euclidean
electrodynamics in the trivial U(1)-bundle. Spacetime manifolds in Euclidean
electrodynamic are smooth oriented n-dimensional Riemannian manifolds. By
∗ : Ωi(N) → Ωn−i(N) we denote the Hodge operation induced by the metric on N .

5.1.1. The BV-BFV structure for classical electrodynamics. The space of fields
in the BV-extended classical electrodynamics on the spacetime manifold N is
T ∗[−1]EN . Here EN = Ω1(N) ⊕ Ωn−2(N) ⊕ Ω0(N)[1] where the first summand
is the space of connections A in the trivial U(1) bundle over N , the second sum-
mand is the space of fields B, the Hamiltonian counterpart (“momentum”) of A,
the third summand is the space of ghost fields. The total space of fields in BV
classical electrodynamics is

FN = Ω1(N)⊕ Ωn−2(N)⊕ Ω0(N)[1]⊕ Ωn−1(N)[−1]⊕ Ω2(N)[−1]⊕ Ωn(N)[−2]

We will use notations A,B, c,A†, B†, c† for the fields from corresponding sum-
mands6. Here we regard Ωk(N) as a vector space concentrated in degree zero.

The BV-symplectic form on the space of fields is the canonical symplectic form
on T ∗[−1]EN :

ωN =
∫

N

(δA ∧ δA† + δB ∧ δB† + δc ∧ δc†)

It has degree −1.
The BV-extended action of the classical electrodynamics on N has degree zero:

SN =
∫

N

(
B ∧ F (A) +

1
2
B ∧ ∗B + A† ∧ dc

)
,

where F (A) = dA is the curvature of the connection A. The vector field QN is

QN =
∫

N

(
dc ∧ δ

δA
+ dB ∧ δ

δA†
+ (∗B + dA) ∧ δ

δB† + dA† ∧ δ

δc†

)

and it has gh = 1.
It acts on coordinate fields as

QNA = dc, QNA† = dB, QNB† = ∗B + dA, QNc† = dA†

On other coordinate fields QN acts trivially. Here and below we are using the same
notation for the vector field QN an for its Lie derivative.

The boundary BFV theory has the space of fields

F∂N = Ω1(∂N)⊕ Ωn−2(∂N)⊕ Ω0(∂N)[1]⊕ Ωn−1(∂N)[−1]

We will denote corresponding fields by A,B, c, A† respectively. The projection
π : FN → F∂N acts as

π(A) = i∗(A), π(B) = i∗(B), π(c) = i∗(c), π(A†) = i∗(A†), π(B†) = 0, π(c†) = 0

The boundary symplectic form is the differential of the form

α∂N =
∫

∂N

(B ∧ δA + A† ∧ δc)

ω∂N = δα∂N =
∫

∂N

(δB ∧ δA + δA† ∧ δc)

6Here we discuss the minimal BV extension of Hamiltonian classical electrodynamics.
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The boundary vector field Q∂N = δπQN is

(30) Q∂N =
∫

∂N

(
dB ∧ δ

δA†
+ dc ∧ δ

δA

)

The boundary action is

S∂N =
∫

∂N

c ∧ dB

Proposition 5.1. The data described above satisfy the BV-BFV axioms.

Proof. The only non-trivial computation is to check the classical master equation
(7) when ∂N 6= ∅. Contracting the vector field QN with the symplectic form ωN

we obtain

ιQN
ωN =

∫

N

(dc ∧ δA† + δA ∧ dB + δB ∧ (∗B + dA) + dA† ∧ δc)

The differential of the action is easy to compute:

δSN =
∫

N

(δB ∧ dA + B ∧ dδA + δB ∧ ∗B + δA† ∧ dc + A† ∧ dδc)

Comparing these two formulae and using the Stokes formula we obtain the classical
master equation . ¤

Remark 5.2. The connection field A in electrodynamics is called the vector poten-
tial. When n = 4 and N = [t1, t2] ×M is equipped with Minkowsky metric choose
a basis e0, e1, e2, e3 in the tangent space where e0 is a time direction. On ELN the
components B0i, i = 1, 2, 3 give the magnetic field on M and the components Bij

give the electric field.

5.1.2. The Q-reduction of ELN . The Euler-Lagrange equations in the bulk are:

dB = 0, B = − ∗ dA, dA† = 0, dc = 0

Note that this implies the usual Maxwell’s equation for the vector potential d∗dA =
0.

This defines the subspace ELN ⊂ FN :

(31) ELN = {(A,B) ∈ Ω1(N)⊕ Ωn−2(N) | d ∗ dA = 0, B = − ∗ dA}⊕
⊕ Ω0

closed(N)[1]⊕ Ωn−1
closed(N)[−1]⊕ Ω2(N)[−1]⊕ Ωn(N)[−2]

The summands correspond to fields A,B, c, A†, B†, c† respectively.

Proposition 5.3. The Q-reduced space of solutions to the Euler-Lagrange equa-
tions is

(32) ELN/Q ' Ω1
Maxw(N)/Ω1

exact(N)⊕H0(N)[1]⊕Hn−1(N)[−1]⊕Hn(N)[−2]

Here Ω1
Maxw(N) is the space of solutions to Maxwell’s equations, i.e. 1-forms A ,

such that d ∗ dA = 0. The summands represent quotient spaces in fields A, c,A†, c†

respectively.

Proof. Let us first find the Q-reduced tangent space to ELN :

TXELN/Q = ker(Q̂X)/Im(Q̂X)
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Because ELN is a vector space its tangent space, which is isomorphic to ker(Q̂X),
is given by (31). The image of Q̂X is easy to compute:

(33) Im(Q̂X) = Ω1
exact(N)⊕ {(A†, B†) ∈ Ωn−1(N)[−1]⊕

Ω2(N)[−1] | A† = dβ, B† = ∗β + exact, β ∈ Ωn−2(N)} ⊕ Ωn
exact(N)[−2]

Here the components correspond to fields A, A†, B†, c† respectively. Let us prove
now that

(34) {(A†, B†) ∈ Ωn−1(N)⊕ Ω2(N) | A† = dβ,

B† = ∗β + exact, β ∈ Ωn−2(N)} = Ωn−1
exact(N)⊕ Ω2(N)

By the Hodge-Morrey decomposition (see for example [14] and references therein)
we can write Ω(N) = Ωcoclosed(N) + Ωexact(N). Using this decomposition, for an
exact (n − 1)-form A† = dγ and an arbitrary 2-form B† we can write B† − ∗γ =
∗θ + dη with θ closed. Then A† = dβ, B† = ∗β + dη for β = γ + θ and therefore
the r.h.s. of (34) is the subspace of l.h.s. and since to opposite inclusion is obvious
we proved (34).

Now we can write

Im(Q̂X) = Ω1
exact(N)⊕ Ωn−1

exact(N)[−1]⊕ Ω2(N)[−1]⊕ Ωn
exact(N)[−2]

Together with the formula (31) this proves the Proposition. ¤

Proposition 5.4. When ∂N = ∅
ELN/Q = H1(N)⊕H0(N)[1]⊕Hn−1(N)[−1]⊕Hn(N)[−2]

The summands correspond to fields A, c, A†, c† respectively.

Proof. A 1-form A satisfies the Maxwell’s equation d ∗ dA = 0 if and only if dA ∈
ker(d∗). The metric on N gives the Hodge decomposition:

Ω(N) = H(N)⊕ Ωd−exact(N)⊕ Ωd∗−exact(N)

where H(N) are harmonic forms representing cohomology classes of N . It is clear
from this decomposition that the first summand in (32) is H1(N). ¤

When N does not have a boundary the space ELN/Q described above has a natu-
ral symplectic structure given by the Poincaré pairing between H1(N) an Hn−1(N)
and between H0(N) and Hn(N).

5.1.3. The reduction of boundary structures. Recall that the space of boundary
fields is

F∂N = Ω1(∂N)⊕ Ωn−2(∂N)⊕ Ω0(∂N)[1]⊕ Ωn−1(∂N)[−1]

Where the summands correspond to pullbacks of fields A,B, c,A† respectively. The
Euler-Lagrange equations on the boundary (equations for zeroes of the vector field
Q∂N ) are

dB = 0, dc = 0

Thus, the space of solutions to boundary Euler-Lagrange equations is

EL∂N = Ω1(∂N)⊕ Ωn−2
closed(∂N)⊕ Ω0

closed(∂N)[1]⊕ Ωn−1(∂N)[−1]

Because it is a vector space, it is isomorphic to its tangent space at every point.
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Similarly to the discussion for the bulk, for l ∈ EL∂N we get

(35) Im(Q̂l) = Ω1
exact(∂N)⊕ Ωn−1

exact(∂N)[−1] ⊂ TlEL∂N

Taking the quotient space ker(Q̂∂N )/Im(Q̂∂N ) and identifying the tangent space
with the space itself we prove the following.

Proposition 5.5. The Q-reduced space of boundary fields is

EL(∂N)/Q = Ω1(∂N)/{exact} ⊕ Ωn−2
closed(∂N)⊕H0(∂N)[1]⊕Hn−1(∂N)[−1]

Here summands correspond to fields A,B, c, A† respectively.

This space is clearly infinite-dimensional. It coincides with the symplectic re-
duction of EL∂N with symplectic structure given by the natural pairing between
the first and the second and between the third and the fourth summands.

Proposition 5.6. BV-extended classical electrodynamics is a regular theory (in the
sense of Definition 3.18).

Proof. By direct calculation, we have

ker(Q̂X) = {(a, b) ∈ Ω1 ⊕ Ωn−2 | b = − ∗ da, db = 0}︸ ︷︷ ︸
∼=Ω1

cl⊕Ωn−2
coex,cl

⊕(36)

⊕Ω0
cl[1]⊕ Ωn−1

cl [−1]⊕ Ω2[−1]⊕ Ωn[−2],

Im(Q̂X) = Ω1
ex ⊕ Ωn−1

ex [−1]⊕ Ω2[−1]⊕ Ωn
ex[−2],(37)

ker(Q̂vert
X ) = Ω1

cl,D ⊕ Ω0
cl,D[1]⊕ Ωn−1

cl,D[−1]⊕ Ω2[−1]⊕ Ωn[−2],(38)

Im(Q̂vert
X ) = Ω1

ex,D ⊕ Ωn
ex,D[−2]⊕(39)

⊕{(db, da + ∗b) ∈ Ωn−1 ⊕ Ω2 | a ∈ Ω1
D, b ∈ Ωn−2

D }︸ ︷︷ ︸
∼=Ωn−1

ex,D⊕(Ω2
ex,D⊕Ω2

cocl,N)

[−1]

Here we use a shorthand notation with ex, cl, coex, cocl,D, N standing for exact,
closed, coexact, coclosed, Dirichlet, Neumann respectively (the last two indicating
the imposed boundary condition; Ωex,D means exact, with the primitive being
subject to Dirichlet condition). Hodge-Morrey decomposition theorem implies that
subspaces (36) and (39) are mutually orthogonal in TXFN , and (38) and (37) are
mutually orthogonal too. Thus the assumption (20) holds.

Also,

ker(Q̂l) = Ω1
∂ ⊕ Ωn−2

cl,∂ ⊕ Ω0
cl,∂ [1]⊕ Ωn−1

∂ [−1]

and

Im(Q̂l) = Ω1
ex,∂ ⊕ Ωn−1

ex,∂ [−1]

(where ∂ stands for forms on the boundary) are mutually orthogonal in TlF∂N due
to Hodge decomposition on ∂N , thus the assumption (15) also holds. Therefore
electrodynamics is a regular theory. ¤

5.1.4. The Lagrangian subspace LN and its reduction. Now let us describe the evo-
lution relation LN = π(ELN ) ⊂ F∂N and its reduction. Due to regularity, LN
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is Lagrangian. This subspace consists of pullbacks of fields A,B, c,A† satisfying
Euler-Lagrange equation in N :

(40) LN = {(i∗(A), i∗(− ∗ dA)) ∈ Ω1(∂N)⊕ Ωn−2(∂N) | d ∗ dA = 0, A ∈ Ω1(N)}
⊕ i∗(Ω0

closed(N))[1]⊕ i∗(Ωn−1
closed)[−1]

The Q-reduction of the Lagrangian subspace LN , or equivalently, its symplectic
reduction is:

(41) LN/Q = {(i∗(A), i∗(− ∗ dA)) ∈ Ω1(∂N)⊕ Ωn−2(∂N) |
d ∗ dA = 0, A ∈ Ω1(N)}/{ exact A} ⊕ H̃0(∂N)[1]⊕ H̃n−1(∂N)[−1]

Here H̃i(∂N) are cohomology classes of ∂N which are pullbacks of cohomology
classes on N .

5.1.5. Gauge classes of solutions to Euler-Lagrange equations with fixed gauge classes
of boundary values. It is clear that the tangent space TXEL(N, [l]) depends neither
on X nor on l and is

(42)
{(A,− ∗ dA) ∈ Ω1(∂N)⊕ Ωn−2(∂N) | d ∗ dA = 0, i∗(A) exact , A ∈ Ω1(N)}⊕

⊕ Ω0
closed(N, ∂N)[1]⊕ {A† ∈ Ωn−1

closed(N)[−1] | i∗(A†) exact }⊕
⊕ Ω2(N)[−1]⊕ Ωn(N)[−2]

For the quotient space we have:

(43) TXEL(N, [l])/Im(Q̂X) =

=
H1(N, ∂N)
H0(∂N)

⊕ Hn−1(N, ∂N)
Hn−2(∂N)

[−1]⊕H0(N, ∂N)[1]⊕Hn(N)[−2]

It is the Q-reduction of the tangent space TXEL(N, [l]). It is a finite dimensional
symplectic space. Since we are in a linear case, EL(N, [l])/Q is isomorphic to (43).

5.1.6. Codimension 2 BV structure. Here we will describe the extension of the BV
electrodynamics to codimension 2 strata. Let Σ be an (n−1)-dimensional manifold
with the boundary ∂Σ. The boundary ∂Σ is closed and the space of boundary fields
is

F∂Σ = Ωn−2(∂Σ)⊕ Ω0(∂Σ)[1]
where the summands correspond to pullbacks of fields B and c from Σ to the
boundary. We will denote the pullbacks of B and c by the same letters.

The restriction mapping π : FΣ → F∂Σ acts as π(A) = π(A†) = 0 and π(B) = B,
π(c) = c.

The symplectic structure on this space is exact

ω∂Σ =
∫

∂Σ

δB ∧ δc = δα∂Σ

where
α∂Σ =

∫

∂Σ

δB ∧ c

The action and the vector field Q on F∂Σ are trivial:

S∂Σ = 0, Q∂Σ = 0
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Proposition 5.7. The action SΣ =
∫
Σ

c ∧ dB satisfies the equation (7).

The proof is a straightforward computation.
It is clear that

EL∂Σ = F∂Σ,

The evolution relation LΣ = π(ELΣ)

LΣ = i∗(Ωn−2
closed(Σ))⊕ i∗(Ω0

closed(Σ))[1]

When there is only one connected component of the boundary

LΣ = Ωn−2
exact(∂Σ)⊕ Ω0

closed(∂Σ)[1]

Because Q∂Σ = 0 the reduction is trivial: the reduced structures are the same
as non-reduced ones. The reduced fiber over l = (B, c) is

EL(Σ, [l])/Q = Ω1(Σ)/{exact} ⊕ Ωn−2
closed(Σ)⊕H0(Σ, ∂Σ)[1]⊕Hn−1(Σ)[−1]

This space is infinite dimensional for n > 2 and it is finite dimensional when n = 2.

Remark 5.8. The reduced space LΣ/Q and fibers of π : ELΣ/Q → LΣ/Q are
infinite dimensional when n > 2. When n = 2 they are finite dimensional. This
corresponds to two dimensional electrodynamics which is an almost topological field
theory [57].

5.2. Yang-Mills theory. As in the classical Euclidean electrodynamics spacetime
manifolds in the Yang-Mills theory are oriented compact smooth, possibly with
boundary (and with corners), Riemannian manifolds. Let g be the Lie algebra of
a finite dimensional simply connected Lie group G with g-invariant scalar product.
To simplify notations we assume that g is a matrix algebra and that the scalar
product is given by the trace: < a, b >= tr(ab).

5.2.1. The non-reduced theory. In the first order formulation of Yang-Mills theory
fields are connections A in a principal G-bundle P over N and (n−2)-forms B with
coefficients in the associated adjoint bundle. For simplicity, we assume that the
principal bundle is trivial and consider connections as 1-forms with coefficients in
g and B fields as (n− 2)-forms with coefficients in g. The ghost fields c are 0-forms
with coefficients in g. The BV extension includes anti-fields A†, B†, c†. The total
space of BV extended Yang-Mills theory is7

FN = g⊗ Ω1(N)︸ ︷︷ ︸
A

⊕ g⊗ Ωn−2(N)︸ ︷︷ ︸
B

⊕ g⊗ Ω0(N)[1]︸ ︷︷ ︸
c

⊕

⊕ g⊗ Ωn−1(N)[−1]︸ ︷︷ ︸
A†

⊕ g⊗ Ω2(N)[−1]︸ ︷︷ ︸
B†

⊕ g⊗ Ωn(N)[−2]︸ ︷︷ ︸
c†

This is a graded infinite dimensional vector space with the symplectic form

ωN =
∫

N

tr
(
δA ∧ δA† + δB ∧ δB† + δc ∧ δc†

)

The action functional is

SN =
∫

N

tr

(
B ∧ FA +

1
2
B ∧ ∗B + A† ∧ dAc + B† ∧ [B, c] +

1
2
c† ∧ [c, c]

)

7Here, as in the case of classical electrodynamics we only discuss the minimal BV extension.
When n = 4 the BV extension of Yang-Mills theory can also be presented in a different way using
the decomposition of 2-forms into self-dual and anti-self-dual parts, see [16] and [22].
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where FA = dA + 1
2 [A, A], and the cohomological vector field is

QN =
∫

N

tr

(
dAc ∧ δ

δA
+ [B, c] ∧ δ

δB
+

1
2
[c, c] ∧ δ

δc
+

(
dAB + [A†, c]

) ∧ δ

δA†
+

+
(
FA + ∗B + [B†, c]

) ∧ δ

δB† +
(
dAA† + [B, B†] + [c, c†]

) ∧ δ

δc†

)

The boundary structure. We will denote the pullback to the boundary of
forms A,B,A†, c by the same letters. The space of boundary fields is the quotient
space of the pullback of FN to the boundary over the kernel of the form δα̃∂N , as
it is explained in section 3.1:

F∂N = g⊗ Ω1(∂N)[1]︸ ︷︷ ︸
A, gh=0

⊕ g⊗ Ωn−2(∂N)[n− 2]︸ ︷︷ ︸
B, gh=0

⊕

⊕ g⊗ Ω0(∂N)[1]︸ ︷︷ ︸
c, gh=1

⊕ g⊗ Ωn−1(∂N)[n− 2]︸ ︷︷ ︸
A†, gh=−1

The structure of an exact symplectic manifold on F∂N is given by

α∂N =
∫

∂N

tr
(
B ∧ δA + A† ∧ δc

)
,

ω∂N =
∫

∂N

tr
(
δB ∧ δA + δA† ∧ δc

)

The vector field Q∂N and the action S∂N for the boundary BFV theory are

Q∂N =
∫

∂N

tr

(
dAc ∧ δ

δA
+ [B, c] ∧ δ

δB
+

+(dAB + [A†, c]) ∧ δ

δA†
+

1
2
[c, c] ∧ δ

δc

)
,

S∂N =
∫

∂N

tr

(
B ∧ dAc +

1
2
A† ∧ [c, c]

)

The codimension 2 structure. Let Σ be a stratum of codimension 2. The
BV-BFV theory on N and on ∂N induce the following data associated on Σ (see
section 3.1. The space of fields:

FΣ = g⊗ Ωn−2(Σ)[n− 2]︸ ︷︷ ︸
B, gh=0

⊕ g⊗ Ω0(Σ)[1]︸ ︷︷ ︸
c, gh=1

,

Here we denoted the pullback of B and of c to Σ by the same letters. The rest
of the BFV data, the exact symplectic form, the vector field Q and the action S
(which can be obtained from Q by the Roytenberg’s construction) are:

αΣ =
∫

Σ

tr(B ∧ δc),

ωΣ =
∫

Σ

tr(δB ∧ δc),

QΣ =
∫

Σ

tr

(
[B, c] ∧ δ

δB
+

1
2
[c, c] ∧ δ

δc

)
,

SΣ =
∫

Σ

tr

(
1
2
B ∧ [c, c]

)
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5.2.2. The non-reduced gh = 0 part.
The bulk. The fields A and it Hamiltonian counterpart remain, so the space of
fields is

FN = g⊗ Ω1(∂N)︸ ︷︷ ︸
A

⊕ g⊗ Ωn−2(∂N)︸ ︷︷ ︸
B

The classical action is

Scl
N =

∫

N

tr

(
B ∧ FA +

1
2
B ∧ ∗B

)

Its critical points are solutions to Euler-Lagrange equations

dAB = 0, FA + ∗B = 0

or, equivalently
dA ∗ FA = 0, B = − ∗ FA

Infinitesimal gauge transformations are infinitesimal automorphisms of the trivial
G-bundle over N , i.e. elements of the Lie algebra Map(N, g), They act as

A 7→ A + dAα, B 7→ B + [B, α]

where α ∈ Ω0(N, g).
The boundary. Boundary fields in the Yang-Mills theory are pullbacks of fields

A and B. We will denote them by the same letter:

F∂N = g⊗ Ω1(∂N)︸ ︷︷ ︸
A

⊕ g⊗ Ωn−2(∂N)︸ ︷︷ ︸
B

The exact symplectic structure on F∂N is given by

αcl
∂N =

∫

∂N

tr(B ∧ δA)

ωcl
∂N =

∫

∂N

tr(δB ∧ δA) = δαcl
∂N

Euler-Lagrange subspace, gh = 0 part of EL∂N , is defined by the constraint

dAB = 0

Boundary gauge transformations are:

A 7→ A + dAα, B 7→ B + [B, α]

The action of the Lie algebra of gauge transformations is Hamiltonian with the
moment map µ : F∂N −→ g⊗ Ωn−1(∂N):

(A,B) 7→ dAB

Codimension 2 part. The gh = 0 part of the codimension 2 structure is given
by the pullback of B to the boundary:

FΣ = g⊗ Ωn−2(Σ)

with no constraints and the gauge transformations given by

B 7→ B + [B, α]

where α ∈ Ω0(Σ, g).
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5.2.3. The reduction in the gh = 0 part. The space ELN is naturally isomorphic
to the space of solutions to the Yang-Mills equation dA ∗ F (A) = 0.

The classical moduli space is naturally isomorphic to the space of gauge classes
of solutions to the YM equation:

ELN/GN =

= {(A,B) | A ∈ g⊗Ω1(N), dA∗FA = 0, B = −∗FA}/{(A, B) ∼ (A+dAα, B+[B,α])}
The reduced phase space is naturally isomorphic to the cotangent bundle of the

space of gauge classes of all connections:

EL∂N/G∂N =

{{(A,B) | A ∈ g⊗Ω1(∂N), B ∈ g⊗Ωn−2(∂N), dAB = 0}}/{(A,B) ∼ (A+dAα,B+[B, α])}
The gh = 0 part of the EL-moduli space for a codimension 2 stratum is simply

ELΣ/GΣ
∼= (g⊗ Ωn−2(Σ))/G

where Σ is (n− 2)-dimensional and the quotient is by the adjoint action of G.
The restriction map

π∗ : ELN/GN → EL∂N/G∂N

is the pullback of the connection A and of the form B to the boundary. The fibers
are finite-dimensional. One way to see this is by homological perturbation theory
around electrodynamics.

The reduced phase space EL∂N/G∂N is infinite-dimensional for n ≥ 3. The case
n = 2 is special as for n = 2 we have

EL∂N/G∂N
∼= T ∗MG

∂N

where MG
∂N denotes the moduli space of flat G-connections on ∂N which is finite-

dimensional.
Under the regularity assumption, the image of π∗ is Lagrangian. Smooth loci

of EL-moduli spaces for the bulk and the boundary are described by diagram (29)
with horizontal arrows being equalities (we assume the group G to be simple for
this to hold).

5.3. Scalar field.

5.3.1. The non-reduced picture. For the massless free n-dimensional scalar field the
bulk BV data is:

FN = Ω0(N)︸ ︷︷ ︸
φ

⊕Ωn−1(N)︸ ︷︷ ︸
p

⊕Ωn(N)[−1]︸ ︷︷ ︸
φ†

⊕Ω1(N)[−1]︸ ︷︷ ︸
p†

ωN =
∫

N

(δφ ∧ δφ† + δp ∧ δp†)

SN =
∫

N

(p ∧ dφ +
1
2
p ∧ ∗p)

QN =
∫

N

(
dp ∧ δ

δφ†
+ (dφ + ∗p) ∧ δ

δp†

)



CLASSICAL BV THEORIES ON MANIFOLDS WITH BOUNDARY 171

The boundary BFV data in this theory is:

F∂N = Ω0(∂N)︸ ︷︷ ︸
φ

⊕Ωn−1(∂N)︸ ︷︷ ︸
p

α∂N =
∫

∂N

p ∧ δφ

ω∂N = δα∂N =
∫

∂N

δp ∧ δφ

Q∂N = 0
S∂N = 0

It is easy to derive them from the BV data in the bulk as it is explained in section
3.1. It is clear that the theory has length one.

For the Euler-Lagrange space we have

(44) ELN = {(φ, p, φ†, p†) | dp = 0, p = − ∗ dφ}
At the boundary EL∂N = F∂N .

5.3.2. The reduction. Similarly to the case of electrodynamics we have,

ker(Q̂)/Im(Q̂) ' Ω0
Harm(N)⊕Hn(N)[−1]

where Ω0
Harm(N) are harmonic zero-forms on N ; the first summand correspond

to the field φ and the second to φ†. Because of the linearity, the moduli space
ELN/QN is given by the same formula.

Remark 5.9. If ∂N = ∅ then ELN/QN ' H0(N) ⊕ Hn(N)[−1] is a finite-
dimensional odd-symplectic space.

Because Q∂N = 0, the reduced boundary Euler-Lagrange space is the space of
boundary fields:

(45) EL∂N/Q∂N = F∂N = Ω0(∂N)⊕ Ωn−1(∂N)

The reduced evolution relation is the same as the non-reduced one:

(46) LN =

= {(φ, p) ∈ F∂N | p = −(∗dφ̃)|∂N for φ̃ a harmonic continuation of φ into N} '
' Ω0(∂N)

Because the harmonic continuation φ̃ exists and is unique, the subspace LN is
Lagrangian.

The restriction (the pullback to the boundary) mapping is surjective over LN

(47)

ELN/QNy
LN ⊂ EL∂N/Q∂N

Its fibers are finite-dimensional odd-symplectic spaces canonically isomorphic to

(48) H0(N, ∂N)⊕Hn(N)[−1] ' T ∗[−1]Rk

Where k ≥ 0 is the number of closed connected components of N .
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5.3.3. Massive scalar field. The BV extension of the massive scalar field is similar
to the massless scalar filed. The space of fields and the symplectic structure are
the same. The action and the vector field QN are

SN =
∫

N

(
p ∧ dφ +

1
2
p ∧ ∗p− m2

2
φ ∧ ∗φ

)
(49)

QN =
∫

N

(
(dp−m2 ∗ φ) ∧ ∂

∂φ†
+ (dφ + ∗p) ∧ ∂

∂p†

)
(50)

The boundary data are unchanged. The reduced bulk Euler-Lagrange space is

(51) ELN/QN ' Ω0
Klein−Gordon(N)

Here Ω0
Klein−Gordon(N) is the space of functions satisfying the equation ∆φ−m2φ =

0. It fibers over L ' Ω0(∂N) with zero fibers. That is, when m 6= 0 the fibers of
the EL-moduli spaces over given boundary values are trivial.

It is also easy to construct BV extensions of scalar fields interacting with the
Yang-Mills theory, and to generalize it to Dirac and Majorana fermions.

5.4. Abelian BF theory.

5.4.1. The BV-BFV structure of BF theory. Here we will focus on the BV-BFV
extension of the classical abelian BF gauge theory. Let us start with the description
of the corresponding BV theory.

The space of fields in this theory is:

FN = Ω•(N)[1]⊕ Ω•(N)[n− 2]

For coordinate fields we will write A ∈ Ω•(N)[1] and B ∈ Ω•(N)[n − 2]. Here
Ω•(N) is regarded as a Z-graded vector space with Ωk(N) being its component of
degree −k.

Remark 5.10. The BV-BF theory is an example of the AKSZ theory ( cf. section
6) with the target manifold T ∗[1]R and with Θ = 0.

Remark 5.11. Dimensions n = 2, 3 are special. When n = 2 the theory is equiv-
alent to the topological sector of electrodynamics. When n = 3 it is equivalent to
two copies of abelian Chern-Simons theories.

The BV symplectic form

ωN =
∫

N

δA ∧ δB

The total degree (ghost number) is gh(ωN ) = −1.
The action functional is:

SN =
∫

N

B ∧ dA
The vector field QN is

QN =
∫

N

(
dA ∧ δ

δA + dB ∧ δ

δB
)

On “coordinate functions” it acts as

(52) QNA = dA, QNB = dB
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The space ELN of solutions to Euler-Lagrange equations, i.e. the space of zeroes
of the vector field QN , is the space of closed forms:

ELN = Ω•closed(N)[1]⊕ Ω•closed(N)[n− 2]

Clearly this space is coisotropic in FN .
The space of boundary fields is:

F∂N = Ω•(∂N)[1]⊕ Ω•(∂N)[n− 2]

and the natural restriction map π : FN → F∂N is the pullback of forms to the
boundary.

The space of boundary fields is a symplectic space with the exact symplectic
form of degree 0:

ω∂N = δα∂N , α∂N =
∫

∂N

A ∧ δB
The boundary cohomological vector field Q∂N = δπQN is

Q∂NA = dA, Q∂NB = dB
The Euler-Lagrange subspace EL∂N ⊂ F∂N is the subspace of closed forms on

∂N .

Proposition 5.12. The data described above is an example of the BV-BFV theory.

The proof is a straightforward computation which proves identities from section
3.1.

The evolution relation LN ⊂ EL∂N consists of closed forms on ∂N which extend
to closed forms on N .

Proposition 5.13. The subspace LN ⊂ EL∂N ⊂ F∂N is Lagrangian.

To prove this Proposition we need the following lemma.

Lemma 5.14. Denote by ι∗ : H•(∂N) → H•(N) the pushforward by ι : ∂N ↪→ N in
homology. The subspace ker(ι∗) is isotropic in H•(∂N) with respect to the bilinear
form given by the intersection pairing.

Proof. Let U and V be two cycles in N relative to the boundary, with dim(U) +
dim(V ) = dim(N) + 1, and let u = ∂U , v = ∂V be their boundaries in ∂N . By
general position argument we can assume that U ∩ V is a one dimensional chain.
This chain gives a cobordism between u ∩ v and the empty set. Hence the sum of
coefficients in u ∩ v, which is the intersection pairing, vanishes. ¤

Proof of Proposition 5.13. By the natural identification of H•(∂N)∗ with H•(∂N),
the annihilator of ker(ι∗) is Im(ι∗). Therefore, by Lemma 5.14, the subspace Im(ι∗)
is coisotropic in H•(∂N).

Because LN ⊂ ELN is isotropic by Proposition 3.6, the reduced space LN is
also isotropic. Since we just proved that it is coisotropic, we conclude that it
is Lagrangian. By Proposition A.1 the preimage of a Lagrangian subspace with
respect to the symplectic reduction is Lagrangian if it contains the kernel of the
presymplectic form. In our case this kernel consists of exact forms on ∂N , and
exact forms are clearly in LN .

¤

Proposition 5.15. Abelian BF theory is regular.
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Proof. We have

ker(Q̂X) = Ω•closed(N)[1]⊕ Ω•closed(N)[n− 2],(53)

Im(Q̂X) = Ω•exact(N)[1]⊕ Ω•exact(N)[n− 2],(54)

ker(Q̂vert
X ) = Ω•closed(N, ∂N)[1]⊕ Ω•closed(N, ∂N)[n− 2],(55)

Im(Q̂vert
X ) = d(Ω•(N, ∂N))[0]⊕ d(Ω•(N, ∂N))[n− 3],(56)

ker(Q̂l) = Ω•closed(∂N)[1]⊕ Ω•closed(∂N)[n− 2],(57)

Im(Q̂l) = Ω•exact(∂N)[1]⊕ Ω•exact(∂N)[n− 1](58)

Due to Hodge-Morrey decomposition for forms on N , pairs of subspaces (53), (56)
and (55), (54) are mutually orthogonal. Due to Hodge decomposition on ∂N ,
subspaces (57), (58) are also mutually orthogonal. Thus the theory is regular. ¤

5.4.2. The reduction of boundary structures. From section 2.4 we know that the
Q-reduced Euler-Lagrange space coincides with its symplectic reduction and is

EL∂N/Q = EL∂N = H•(∂N)[1]⊕H•(∂N)[n− 2]

The reduced space LN/Q is the space of cohomology classes of closed forms on ∂N
which continue to closed forms on N , and we already proved that it is Lagrangian.

5.4.3. The reduction of of bulk fields. The Q-reduced space of solutions to the EL
equations is:

ELN/Q = H•(N)[1]⊕H•(N)[n− 2]

To compute the space EL(N, [l])/Q, for l ∈ LN consider the natural exact sequence:

0 → Ω•(N, ∂N) → Ω•(N) ι∗→ Ω•(∂N) → 0

where ι∗ is the pullback to the boundary corresponding to the inclusion mapping
ι : ∂N ↪→ N , and Ω•(N, ∂N) are forms vanishing on the boundary (their pullback to
the boundary is zero). It induces the standard long exact sequence for cohomology
spaces:

. . . → H•(N, ∂N)
χ→ H•(N) ι∗→ H•(∂N)

β→
→ H•+1(N, ∂N)

χ→ H•+1(N) ι∗→ H•+1(∂N)
β→ . . .

For l ∈ LN the Q-reduction of the space EL(N, [l])) = π−1([l]) ∩ ELN is the
Q-reduced space EL(N, [l])/Q = (π−1([l]) ∩ ELN )/Q

(59) EL(N, [l])/Q = Im(χ)[1]⊕ Im(χ)[n− 2] '
' H•(N, ∂N)/Im(β)[1]⊕H•(N, ∂N)/Im(β)[n− 2]

Recall that [l] is the leaf of V ectQ through l. Due to regularity, (59) is symplectic,
with the symplectic structure coming from the Lefschetz duality between H•(N)
and H•(N, ∂N).

In terms of the long exact sequence of the pair (N, ∂N), the reduced space LN

is:

LN/Q = Im(ι∗)[1]⊕ Im(ι∗)[n− 2] ⊂ H•(∂N)[1]⊕H•(∂N)[n− 2]
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Remark 5.16. The symplectic reduction of ELN is infinite dimensional and, as a
vector space,

ELN = H•(N, ∂N)[1]⊕H•(N, ∂N)[n− 2]⊕ Ω•closed(∂N)[1]⊕ Ω•closed(∂N)[n− 2]

Indeed, it is easy to check that the symplectic orthogonal subspace EL⊥,symp
N to ELN

is
Ωexact(N, ∂N)[1]⊕ Ωexact(N, ∂N)[n− 2]

where Ωexact(N, ∂N) is the space of exact forms with the pullback to the boundary
being zero. The symplectic reduction is the quotient space ELN/EL⊥,symp

N . It is the
symplectic EL-moduli space discussed in section 3.4 and comes with residual gauge
symmetry data, which in particular allow for a simple gluing formula.

5.4.4. BV extensions to strata of codimension k. The BF theory can be maximally
extended. On an n− k dimensional stratum Nk the space of fields is

FNk
= Ω•(Nk)[1]⊕ Ω•(Nk)[n− 2]

The symplectic form is

ωNk
=

∫

Nk

δA ∧ δB
The cohomological vector field QNk

is

QNk
=

∫

Nk

(
dA ∧ δ

δA + dB ∧ δ

δB
)

The action is

SNk
=

∫

Nk

B ∧ dA
Formulae for α, Q, S are structurally the same for all k. This is a general feature

of AKSZ theories of which abelian BF theory is an example.

5.4.5. The gh = 0 part of the abelian BF theory. In this section we will consider
the restriction of the abelian BF theory to the fields with gh = 0.

The gh = 0 part of the space of fields is FN = Ω1(N)⊕Ωn−2(N). The action is
the restriction of the BV action to the gh = 0 sector:

SN =
∫

N

B ∧ dA

where A ∈ Ω1(N) and B ∈ Ωn−2(N).
Euler-Lagrange equations are:

dA = 0, dB = 0,

Solutions are closed forms

ELN = Ω1
closed(N)⊕ Ωn−2

closed(N)

This is the degree zero part of the space ELN in the BF -BV theory.
The gauge group GN = Ω0(N)⊕ Ωn−3(N) acts on fields as

A 7→ A + dα, B 7→ B + dβ

Vector fields generated by these transformations are degree zero parts of vector
fields V ectQ . The action of the abelian BF theory is invariant with respect to
these transformations.
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The set of gauge classes of solutions is the degree zero part of the Q-reduced
Euler-Lagrange space:

ELN/GN = H1(N)⊕Hn−2(N)

Non-reduced boundary theory. The boundary fields are:

F∂N = Ω1(∂N)⊕ Ωn−2(∂N)

This is a symplectic manifold with the symplectic form induced by the intersec-
tion pairing:

ω∂N =
∫

N

δA ∧ δB

This form is restriction of the symplectic form in the BF theory to the gh = 0
subspace in the space of fields.

The boundary Euler-Lagrange subspace consists of closed 1- and (n − 2)-forms
on ∂N :

EL∂N = Ω1
closed(∂N)⊕ Ωn−2

closed(∂N)
It is a coisotropic subspace of F∂N .

The evolution relation LN = π(ELN ) is the space of closed 1- and (n− 2)-forms
on ∂N which continue to closed forms on N . As follows from Lemma 5.14, LN is
a Lagrangian subspace in EL∂N .

Reduced boundary theory. Boundary gauge group G∂N = Ω0(∂N)⊕Ωn−3(∂N)
is the pullback of the group of gauge transformations on N to the boundary.

The symplectically reduced Euler-Lagrange subspace EL∂N is the set of leaves of
the characteristic foliation of EL∂N (the foliation of EL∂N by Hamiltonian vector
fields generated by the ideal IEL∂N

of functions on F∂N vanishing on EL∂N .

Remark 5.17. Because the action of the gauge group is Hamiltonian with

Hα =
∫

∂N

α ∧ dB, Hβ =
∫

∂N

β ∧ dA

The reduced space EL∂N is also the result of Hamiltonian reduction: EL∂N =
J−1(0)/G∂N , where J : F∂N → [Ω0(∂N)⊕Ωn−3(∂N)]∗ is the moment map (A,B) 7→
(Hα,Hβ). It is also clear that EL∂N = J−1(0).

The Q-reduced Euler-Lagrange space

EL∂N/G∂N = H1(∂N)⊕Hn−2(∂N)

has the natural symplectic structure given by the Poincaré pairing.
The reduced evolution relation LN/G∂N consists of cohomology classes of closed

forms on ∂N which continue to closed forms on N . In other words, this is the image
of the restriction mapping:

H1(N)⊕Hn−2(N) ι∗⊕ι∗→ H1(∂N)⊕Hn−2(∂N)

where ι : ∂N ↪→ N is the inclusion of the boundary mapping. As follows from the
Proposition 5.13, it is a Lagrangian subspace.

The kernel of the restriction map is isomorphic to

H1(N)/Im(β0)⊕Hn−2(N)/Im(βn−3)
Here βi : Hi(∂N) → Hi+1(N, ∂N) is the mapping in the long exact sequence of

the pair (N, ∂N).



CLASSICAL BV THEORIES ON MANIFOLDS WITH BOUNDARY 177

6. The AKSZ construction of classical topological gauge theories

In this section we will recall the construction of classical topological field theories
for closed manifolds known as the AKSZ construction [1] and we will extend this
construction to manifolds with boundary. We will show that this extension gives
an example of a BV theory for spacetimes with boundary. The AKSZ construction
generalizes the BV extension of the BF gauge theory.

6.1. The target manifold.

6.1.1. Hamiltonian dg manifolds. The AKSZ construction requires the choice of a
Hamiltonian differential graded manifold as the target space.

Recall that a differential graded (dg) manifold is a pair (M, Q) where M is a
graded manifold and Q is a cohomological vector field of degree one. A vector field
is cohomological if its Lie derivative squares to zero.

A dg manifold is a dg symplectic manifold of degree m if it has a symplectic form
ω of degree m which is Q-invariant (i.e. LQω = 0 where LQ is the Lie derivative
with respect to Q). We denote the degree by deg.

Definition 6.1. A dg symplectic manifold (M, ω,Q) of degree m is Hamiltonian
if there exists an element Θ ∈ Fun(M) with deg(Θ) = m + 1 such that

(60) {Θ, Θ} = 0

and Q is the Hamiltonian vector field of Θ.

Remark 6.2. A graded symplectic manifold is always exact when deg(ω) 6= 0:
ω = dα. If deg(ω) = 0 we will require it to be exact. A dg symplectic manifold is
automatically Hamiltonian when deg(ω) 6= −1,−2. See section 2.2 and [46].

Notice that a Hamiltonian dg manifold is actually defined by the symplectic
form and by the function Θ satisfying (60). The vector field Q is defined as the
Hamiltonian vector field of Θ and acts of functions as on functions on M as:

Qf = {Θ, f}
In local coordinates

Qf =
∑

ab

Θ
←−
∂

←−
∂ xa

ωab

−→
∂
−→
∂ xb

f

For polynomial functions f we have

df

dt
(x + tε) =

∑
a

εa

−→
∂

−→
∂ xa

f =
∑

a

f

←−
∂

←−
∂ xa

εa

were deg(t) = 0.
The condition (60) implies

Q2 = 0

Because deg(ω) = m, we have deg(ω−1) = −m and because deg(Θ) = m + 1, we
have deg(Q) = 1.
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6.1.2. Examples of Hamiltonian dg manifolds. Here we will give few examples of
Hamiltonian dg manifolds.

Example 1. Let m = 2, g be a finite dimensional Lie algebra with an invariant
inner product, and xa be coordinates on g in an orthonormal linear basis ea

8 .
Choose M = g[1] with deg(xa) = 1 and define

ω =
1
2

∑
a

dxa ∧ dxa

and
Θ =

1
6

∑

abc

fabcx
axbxc

where fabc are structure constants of g in the basis ea. Clearly deg(ω) = 2, and
deg(Θ) = 3, which agrees with m = 2.

The differential Q in this example is given by

Q =
1
2

∑

abc

f c
abx

axb ∂

∂xc

which corresponds to the Chevalley-Eilenberg differential for the Lie algebra g.
This example describes the target space for the Chern-Simons theory in the BV

formalism.
Example 2 Let n be any integer and g be a finite dimensional Lie algebra.

Define
M = g[1]⊕ g∗[n− 2] = T ∗[n− 1](g[1])

Let xa be coordinates on g, and pa be corresponding coordinates on the dual space
g∗, gh(xa) = 1, gh(pa) = n− 2. Define

ω =
∑

a

dpa ∧ dxa, α =
∑

a

padxa

Θ =
1
2

∑

abc

fa
bcpaxbxc

It is is clear that deg(ω) = n− 1 and deg(Θ) = n.
This is the target space for BF models. When n = 2 this space is the same as

in the next example (Poisson sigma model) for M = g∗ with the Kirillov-Kostant
Poisson structure.

Example 3 Let m = 1 and M = T ∗[1]M , where M is a finite dimensional
Poisson manifold with the Poisson tensor π. Let xi be local coordinates on M , and
pi be corresponding coordinates on the cotangent space T ∗x M . The grading is such
that deg(xi) = 0 and deg(pi) = 1

Define
ω =

∑

i

dpi ∧ dxi, α =
∑

i

pidxi

and
Θ =

1
2

∑

ij

πij(x)pipj

Condition (60) is equivalent to the fact that π is Poisson. Clearly deg(ω) = 1, and
deg(Θ) = 2 which agrees with m = 1.

This example describes the target space in the Poisson sigma model.

8g can be also a Lie superalgebra
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Example 4 When m = 2 and the Lie algebra has an invariant bilinear form, the
Example 2 can be modified by adding a cubic term in p to Θ. For this we identify g
and g∗ using the Killing form and assume xa, pa are coordinates in an orthonormal
basis. The new potential is

Θ =
1
2

∑

abc

fa
bcpaxbxc ± 1

6
fabcpapbpc

This Hamiltonian dg manifold is isomorphic to two copies of the Hamiltonian dg
manifold from the first example.

Example 5 When m = 3 and g has an invariant bilinear form, we can add a
quadratic term to Θ. The new potential is

Θ =
1
2

∑

abc

fa
bcpaxbxc +

1
2

∑
a

p2
a

6.2. The space of fields. Fix a Hamiltonian dg manifold (M, ω, Θ) of degree
n− 1. The classical n-dimensional AKSZ field theory with the target manifold M
on the spacetime manifold N has FN = Map(T [1]N,M) as the space of fields9. We
assume that the spacetime is a compact oriented smooth manifold. See Appendix
B for basic facts on graded manifolds and their mapping spaces. As in the previous
sections we will say that the grading on the space of fields is given by ghost numbers
gh.

Let f be a smooth function of fixed degree on M and X ∈ FN , then the com-
position Xf = f ◦X is a smooth function on T [1]N . Let ξi be local coordinates on
the fiber Tu[1]N , u ∈ N . Then Xf at (ξ, u) can be written as

Xf (ξ, u) =
n∑

k=0

Xf (u)i1,...,ik
ξi1 . . . ξik

with gh(Xf (u)i1,...,ik
) = deg(f)− k.

We have natural identification φ : C∞(T [1]N) ' Ω(N). In coordinates this
mapping brings the function Xf to the form

φ(Xf )(u) =
n∑

k=0

Xf (u)i1,...,ik
dui1 ∧ · · · ∧ duik

Let xa, a = 1, . . . n be homogeneous local coordinates on M. Denote by Xa the
composition of the field X ∈ FN and the coordinate function xa. Component fields
Xa can be regarded as forms φ(Xa)(u) on N , a = 1, . . . , n:

(61) φ(Xa)(u) =
d∑

k=0

Xa(u)i1,...,ik
dui1 ∧ · · · ∧ duik

We will denote the component of degree k by Xa
k (u). We will also call forms Xa(u)

coordinate fields, or superfields, when it will not cause a confusion.
As it follows from the definition of Xa(u)i1,...,ik

the ghost number of this field is
gh(Xa

k ) = deg(xa)− k.

9The AKSZ construction does not have to have T [1]N as the source graded manifold. However
we will consider only these cases, as they seem to be more important in field theory
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6.3. The non-reduced AKSZ theory for spacetime manifolds with bound-
ary.

6.3.1. The AKSZ theory in terms of coordinate fields. The AKSZ action consists
of “kinetic” and “interaction” parts:

SN [X] = Skin
N [X] + Sint

N [X]

Let xa be local coordinates on M and α(x) =
∑

a αa(x)dxa. In local coordinates
the “kinetic” part of the AKSZ action is

Skin
N [X] =

∫

N

∑
a

αa(X(u)) ∧ dXa(u)

Here and below Xa(u) are coordinate components of fields as in (61). It is easy
to see that gh(Skin

N ) = 0.
The “interaction” part of the AKSZ action is the functional

Sint
N [X] =

∫

N

Θ(X)

where Θ is the potential function for the target manifold. Because deg(Θ) = n,
the action has the zero grading, i.e. gh(Sint

N ) = 0. Here and below the expression∫
N

Θ(X) for a homogeneous polynomial Θ(x) =
∑
{a}Θ{a}xa1 . . . xak of degree k

on M means
∑
{a}Θ{a}

∫
N

Xa1 ∧ · · · ∧Xak .
Assume that in local coordinates ωM = 1

2

∑
ab ωabdxa ∧ dxb, then

ωN =
1
2

∫

N

∑

ab

ωab(X(u)) ∧ δXa(u) ∧ δXb(u)

where δXa(x) is the de Rham differential on the space of fields.
In local coordinates, the action of QN on local functionals is:

QNF =
∫

N

(
dXa + ωab(X) ∧ ∂Θ

∂xb
(X)

)
∧ δF

δXa

Here ωab are components of the Poisson bivector field corresponding to the sym-
plectic form ω. Because deg(ω) = n− 1 and deg(Θ) = n, we have gh(QN ) = 1.

It acts on coordinate fields as:

(62) QNXa = dXa + ωab(X) ∧ ∂Θ
∂xb

(X)

The variation of SN :

δSN [X] =
∫

N

(δXa(u) ∧ ∂aαb(X(u)) ∧ dXb(u) + αa(X(u)) ∧ δdXa(u) + δΘ(X))

After integration by parts this expression becomes∫

∂N

αa(X(u)) ∧ δXa(u) +
∫

N

(
ωab(X(u)) ∧ dXa(u) +

∂Θ
∂Xb

(X(u))
)
∧ δXb(u)

In this section we assume that ∂N = ∅, which means the first term is absent. The
Euler-Lagrange equations are:

(63) dXa(u) +
∑

b

ωab(X(u)) ∧ ∂Θ
∂xa

(X(u)) = 0

The same formulae hold for the boundary BFV action S∂N , for the boundary
symplectic form ω∂N , and for the boundary cohomological vector field Q∂N . One
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should simply substitute ∂N instead of N . The only difference is the degree change.
Because dim(∂N) = n− 1, gh(S∂N ) = 1, gh(ω∂N ) = −1 and gh(Q∂N = −1 as in
the bulk N .

The BV and BFV data described above have the right grading and give an
example of a BV-BFV theory:

Proposition 6.3. The cohomological vector field QN is Hamiltonian, up to a
boundary term:

(64) ιQN
ωN = (−1)dim(N)δSN + π∗α∂N

We defer the proof to Appendix D.

Remark 6.4. When N has a non-empty boundary, the AKSZ action depends of
the choice of the form α, not only on its cohomology class as in case of closed
manifolds. Let S̃N be the action corresponding to α̃ = α + df , then

S̃N [X] = SN [X] +
∫

N

df(X) = SN +
∫

∂N

f(X)

Any AKSZ theory can be maximally extended. On an n−k dimensional stratum
Σ the space of fields is the space of maps FΣ = Map(T [1]Σ,M). The symplectic
form ωΣ, the form αΣ, the action functional SΣ and the vector field QΣ are all given
by the same formulae as above. The difference from the n-dimensional stratum is
only in the grading:

gh(ωΣ) = k − 1, gh(QΣ) = 1, gh(SΣ) = k

7. Examples of AKSZ theories

7.1. Abelian Chern-Simons theory. The target space for this AKSZ theory is
R[1] with symplectic structure ω = da ∧ da, where a is the coordinate on R[1] and
Θ = 0.

7.1.1. The bulk BV theory. The space of fields on the 3-dimensional spacetime
manifold N is :

FN = Ω•(N)[1]

The fields corresponding to forms of degree 0, 1, 2, 3 will be denoted by c, A, A†, c†

respectively. The ghost numbers are 1, 0,−1,−2. We will write A = c+A+A†+c†

for the BV superfield.
The symplectic form, the vector field Q, and the classical action are:

ωN =
1
2

∫

N

δA ∧ δA =
∫

N

(δc ∧ δc† + δA ∧ δA†)

QN =
∫

N

dA ∧ δ

δA =
∫

N

(dc ∧ δ

δA
+ dA ∧ δ

δA†
+ dA† ∧ δ

δc†
)

SN =
1
2

∫

N

A ∧ dA =
1
2

∫

N

(A ∧ dA + A† ∧ dc + c ∧ dA†)

The Euler-Lagrange space is

ELN = Ω•closed(N)[1]



182 ALBERTO S. CATTANEO, PAVEL MNEV, AND NICOLAI RESHETIKHIN

7.1.2. The boundary BFV theory. Boundary fields are pullbacks of the bulk fields
to the boundary.

F∂N = Ω•(N)[1]

We will use the same notation for pullbacks as for bulk fields. This means 0, 1, 2
forms will be denoted by c, A, A† respectively. They have ghost numbers 1, 0,−1.

The one form α∂N , the symplectic structure, the vector field Q and the action
for the boundary BFV theory are:

α∂N =
1
2

∫

∂N

A ∧ δA =
1
2

∫

∂N

(A ∧ δA + c ∧ δA† + A† ∧ δc)

ω∂N =
1
2

∫

∂N

δA ∧ δA =
∫

∂N

(
1
2

δA ∧ δA + δc ∧ δA†
)

Q∂N =
∫

∂N

dA ∧ δ

δA =
∫

∂N

(
dc ∧ δ

δA
+ dA ∧ δ

δA†

)

S∂N =
1
2

∫

∂N

A ∧ δA =
∫

∂N

c ∧ dA

The boundary Euler-Lagrange space is

EL∂N = Ω•closed(∂N)[1]

The evolution relation LN ⊂ EL∂N is the subspace of forms in Ω•closed(∂N)[1] which
continue to closed forms on N .

Abelian Chern-Simons theory is regular, which is proven similarly to Proposition
5.15.

7.1.3. Reduced BV-BFV theory. Reduced bulk and boundary Euler-Lagrange spaces
are

ELN/Q ' H•(N)[1], EL∂N/Q ' H•(∂N)[1]

respectively. The symplectic form on EL∂N/Q is given by the Poincaré duality.
The pullback mapping π : FN → F∂N induces the mapping of reduced spaces:

π∗ : ELN/Q → EL∂N/Q

The reduced evolution relation LN/Q = Im(π∗) ⊂ EL∂N/Q is a Lagrangian sub-
space.

Because π∗ is a linear mapping, its fiber over any point of EL∂N/Q is simply
ker(π∗). This space

ker(π∗) ' H•(N, ∂N)/H•−1(∂N)[1]

has a natural symplectic structure of degree −1 coming from the Lefschetz duality.

7.1.4. The gh = 0 part of the theory. The gh = 0 part of the space of fields is
FN = Ω1(N). The gh = 0 part of V ectQ gives the gauge action of Ω0(N) on
the space of fields: A → A + dβ where A ∈ FN and β ∈ Ω0(N). The abelian
Chern-Simons action

Scl
N =

1
2

∫

N

A ∧ dA

is gauge invariant when ∂N = ∅. When N has non-empty boundary the gauge
transformation generated by β changes the action by

∫
∂N

β ∧A.
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The space ELN is the space of closed 1-forms on N . The space of boundary
fields F∂N = Ω1(∂N) is exact symplectic with

α∂N =
1
2

∫

∂N

A ∧ δA, ω∂N = δα∂N =
1
2

∫

∂N

δA ∧ δA

The gh = 0 part of the boundary Euler-Lagrange space, the space C∂N , is the space
of closed 1-forms on ∂N . It is clearly coisotropic. The gauge action is Hamiltonian
with the momentum map µ = d : Ω1(∂N) → Ω2(∂N), where we consider Ω2(N) as
the dual space to the abelian Lie algebra of 0-forms.

The gh = 0 part of the moduli space ELN/Q is the space of gauge orbits
ELN/GN , and we have the natural isomorphism ELN/GN ' H1(N). The gh = 0
part of the moduli space EL∂N/Q is isomorphic to the space C∂N/G∂N of gauge
orbits through C∂N , or equivalently, since the action is Hamiltonian, this space is
the symplectic reduction of C∂N . It is clear that we have the natural isomorphism
C∂N/G∂N ' H1(∂N). This space is symplectic with the symplectic structure given
by the Poincaré duality.

The pullback to the boundary π : FN → F∂N induces the restriction mapping
π∗ : H1(N) → H1(∂N). The subspace

LN = Im(π∗) ⊂ H1(∂N)

is Lagrangian. The fiber over any point of C∂N/G∂N is ker(π∗).

7.2. Non-abelian Chern-Simons theory. In this case the target manifold is
constructed from a Lie algebra g with an invariant scalar product (for example a
simple Lie algebra). The target manifold is described in details in section 6.1.2.
We assume that the Lie algebra and the corresponding simply connected Lie group
are matrix groups and will write tr(ab) for the Killing form evaluated on two Lie
algebra elements.

7.2.1. The bulk BV theory. Fields are graded connections in a principal G-bundle
over the spacetime N . We assume the bundle is trivial, so the space of fields is

FN = Ω•(N, g)[1]

Here Ω•(N, g)[1] = Ω•(N) ⊗ g[1]. The fields corresponding to forms of degree
0, 1, 2, 3 will be denoted by c, A, A†, c† respectively. The ghost numbers are 1, 0,−1,−2.
We will write A = c + A + A† + c† for the BV superfield.

The symplectic form, the vector field Q, and the classical action are:

ωN =
1
2

∫

N

tr(δA ∧ δA) =
∫

N

tr(δc ∧ δc† + δA ∧ δA†),

(65) QN =
∫

N

tr

(
(dA+

1
2
[A,A]) ∧ δ

δA
)

=

=
∫

N

tr

(
dAc ∧ δ

δA
+ (F (A) + [c, A†]) ∧ δ

δA†
+ (dAA† + [c, c†]) ∧ δ

δc†
+

1
2
[c, c] ∧ δ

δc

)
,

(66) SN =
∫

N

tr

(
1
2
A ∧ dA+

1
6
A ∧ [A,A]

)
=

=
∫

N

tr

(
1
2
A ∧ dA +

1
6
A ∧ [A, A] +

1
2
A† ∧ dAc +

1
2
c ∧ dAA† +

1
2
c† ∧ [c, c]

)
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The Euler-Lagrange space is the space of flat graded connections

ELN = {A ∈ FN | dA+
1
2
[A,A] = 0}

In coordinate fields the Euler-Lagrange space consists of c, A,A†, c† which satisfy

[c, c] = 0, dAc = 0, F (A) + [c, A†] = 0, dAA† + [c, c†] = 0

The tangent space atA ∈ ELN is kernel of Q̂A. It consists of elements (γ, α, α†, γ†) ∈
Ω•(N)[1] such that

(67) [γ, c] = 0, dAγ + [α, c] = 0, dAα + [c, α†] + [γ, A†] = 0,

dAα† + [c, γ†] + [A†, α] + [c†, γ] = 0,

The point A belongs to the gh = 0 part of ELN if and only if c = c† = A† = 0
and F (A) = 0. The gh = 0 part of ELN is the space flat connections. The tangent
space to ELN at such point is naturally isomorphic to

(68) Ω•dA−closed(N, g)

where forms are closed with respect to the differential dA = d + [A, ·].
In this case the reduced tangent space is

ker(Q̂A)/Im(Q̂A) ' H•
dA

(N, g)

7.2.2. The boundary BFV theory. Boundary fields in the non-abelian Chern-Simons
theory are pullbacks of the bulk fields to the boundary.

F∂N = Ω•(N, g)[1]

We will use the same notation for pullbacks as for bulk fields. This means 0, 1, 2
forms will be denoted by c, A, A† respectively. They have ghost numbers 1, 0,−1.

The one form α∂N , the symplectic structure, the vector field Q and the action
for the boundary BFV theory are:

α∂N =
1
2

∫

∂N

tr(A ∧ δA) =
1
2

∫

∂N

tr(A ∧ δA + c ∧ δA† + A† ∧ δc),

ω∂N =
1
2

∫

∂N

tr(δA ∧ δA) =
∫

∂N

tr

(
1
2
δA ∧ δA + δc ∧ δA†

)
,

Q∂N =
∫

∂N

tr

((
dA+

1
2
[A,A]

)
∧ δ

δA
)

=

=
∫

∂N

tr

(
dAc ∧ δ

δA
+ (F (A) + [c, A†]) ∧ δ

δA†
+

1
2
[c, c] ∧ δ

δc

)
,

S∂N =
∫

∂N

tr

(
1
2
A ∧ dA+

1
6
A ∧ [A,A]

)
=

∫

∂N

tr

(
c ∧ F (A) +

1
2
[c, c] ∧A†

)

The boundary Euler-Lagrange space is the space of graded flat g-connections on
∂N :

EL∂N = {A ∈ F∂N |dA+
1
2
[A,A] = 0}

The evolution relation LN ⊂ EL∂N is the subspace of graded flat g-connections on
G× ∂N which continue to flat graded g-connections on G×N .

The flatness of the graded connection A means its graded components satisfy

[c, c] = 0, dAc = 0, F (A) + [c, A†] = 0,
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The tangent space TAEL∂N ⊂ TAF∂N is the kernel of Q̂A:

(69) ker(Q̂A) = {(γ, α, α†)|[γ, c] = 0, dAγ+[α, c] = 0, dAα+[c, α†]+[γ, A†] = 0}
In gh = 0 part of EL∂N we have c = A† = 0 and F (A) = 0

(70) ker(Q̂A) = {(γ, α, α†)| dAγ = 0, dAα = 0} ' Ω•dA−closed(∂N, g)[1]

Im(Q̂A) = {(0, dAγ̃, dAα̃)}
Thus, in this case the reduced tangent space is

ker(Q̂A)/Im(Q̂A) ' H•
dA

(∂N, g)[1]

The smooth locus of the Euler-Lagrange space EL∂N is the vector bundle over
the space of flat connections on ∂N with fibers ⊕i 6=1Ωi

dA−closed(∂N). The smooth
locus of the boundary EL-moduli space for the non-abelian Chern-Simons theory
is isomorphic to a vector bundle over the smooth locus of the representation vari-
ety Hom(π1(∂N), G)/G with fiber H0

dA
(∂N, g) ⊕ H2

dA
(∂N, g) with the symplectic

structure naturally extending the Atiyah-Bott symplectic form on the representa-
tion variety.

Regularity for non-abelian Chern-Simons theory can be proven using homolog-
ical perturbation theory around the abelian Chern-Simons theory. This argument
extends to general AKSZ theories.

7.2.3. Reduced BV-BFV theory. Reduced Euler-Lagrange spaces for the bulk and
for the boundary are the spaces of leaves of the foliation V ectQ on ELN and EL∂N

respectively. We will write

ELN/QN = {A ∈ FN |dA+
1
2
[A,A] = 0}/{A 7→ A+ dλ + [A, λ]|λ ∈ Ω•(N)}

and similarly for ∂N . These notations indicate that leaves of V ectQ should be
considered as gauge orbits on ELN .

The projection π : FN → F∂N (the pullback to the boundary) defines the
mapping

π∗ : ELN/QN → EL∂N/Q∂N

Its image LN/Q ⊂ EL∂N/Q is Lagrangian.
Tangent spaces to ELN and EL∂N are kernels of corresponding operators Q̂ and

are described in components in (67), (69). The image of Q̂ is also easy to compute.
For the bulk we have

Im(Q̂A) = {[γ̃, c], dAγ̃+[α̃, c], dAα̃+[c, α̃†]+[γ̃, A†], dAα̃†+[c, γ†]+[A†, α̃]+[c†, γ]}
for the boundary:

Im(Q̂A) = {([γ̃, c], dAγ̃ + [α̃, c], dAα̃ + [c, α̃†] + [γ̃, A†])}
The reduced spaces are quotient spaces ker(Q̂)/Im(Q̂). In other words these are
cohomology spaces of the cochain complexes Ω•(N)[1] and Ω•(∂N)[1] respectively
with respect to the differential dAω = [c, ω] + dAω + [A†, ω].

When A is of degree zero, i.e. c = c† = A† = 0 and F (A) = 0 we have

TAELN/QN = H•
dA

(N, g)[1], TAEL∂N/Q∂N = H•
dA

(∂N, g)[1]
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7.2.4. The gh = 0 part of the theory. The non-reduced gh = 0 part of the theory
has the space of fields FN = Ω1(N, g). In case of a general principal G-bundle, this
is the space of connections. The classical action is the Chern-Simons functional:

Scl
N =

∫

N

tr

(
1
2
A ∧ dA +

1
6
A ∧ [A,A]

)

Its critical points are flat connections: F (A) = dA + 1
2 [A,A] = 0. The g-valued

zero-forms act by infinitesimal gauge transformations A 7→ A + dAα, α ∈ ω0(N, g).
The gh = 0 part of the space of boundary fields is F∂N = Ω1(N, g). This is an

exact symplectic space with

α∂N =
1
2

∫

∂N

tr(A ∧ δA), ω∂N = δα∂N =
1
2

∫

∂N

tr(δA ∧ δA)

The degree zero part C∂N of the boundary Euler-Lagrange space is the space of
flat connections in a trivial G-bundle over ∂N . It is coisotropic in the space of all
connections.

The gauge group G∂N = Map(∂N, G) acts on F∂N by Hamiltonian transfor-
mations. Infinitesimally, the action is A → A + dAα. The momentum map
µ : Ω1(N, g) → Ω2(N, g) is the curvature. The symplectic reduction of C∂N coin-
cides with the Hamiltonian reduction. The reduced space C∂N/G∂N is the moduli
space of flat G-connections on the trivial G-bundle over ∂N .

The reduced gh = 0 part of the Euler-Lagrange space is the moduli space of flat
connections in the trivial G-bundle over N . The mapping π∗ : MG

N → MG
∂N is

the natural restriction mapping of representations of π1(N) to representations of
π1(∂N) ⊂ π1(N). The image of this mapping is the Lagrangian subvariety inMG

∂N ,
the fibers are those representations of π1(N) which restrict trivially to π1(∂N). For
detailed exposition of the global aspects of the classical Chern-Simons theory see
[26].

7.3. Non-abelian BF theory. The target space for the non-abelian BF theory
is described in section 6.1.2.

7.3.1. The bulk BV theory. The space of fields in the BV-extended non-abelian BF
theory is

FN = Ω•(N, g)[1]⊕ Ω•(N, g)[n− 2]

ωN =
∫

N

tr(δB ∧ δA)

QN =
∫

N

tr

((
dA+

1
2
[A,A]

)
∧ δ

δA + dAB ∧ δ

δB

)

SN =
∫

N

tr

(
B ∧

(
dA+

1
2
[A,A]

))

The Euler-Lagrange space:

ELN = {(A,B) ∈ FN |dA+
1
2
[A,A] = 0, dAB = 0}

As in the Chern-Simons theory we are interested in the smooth locus of the
Euler-Lagrange space which is, in this case, a vector bundle over the space of flat
connections on G×N with fiber (⊕i 6=1Ωi

dA−closed(N, g)[1])⊕Ω•dA−closed(N, g)[n−2]
over a flat connection A.
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7.3.2. The boundary BFV theory. The space of boundary fields is

F∂N = Ω•(∂N, g)[1]⊕ Ω•(∂N, g)[n− 2]

The BFV structure on it is given by the AKSZ construction:

α∂N =
∫

∂N

tr(B ∧ δA), ω∂N = δα∂N =
∫

∂N

tr(δA ∧ δB)

Q∂N =
∫

∂N

tr

((
dA+

1
2
[A,A]

)
∧ δ

δA + dAB ∧ δ

δB
)

S∂N =
∫

∂N

tr

(
B ∧

(
dA+

1
2
[A,A]

))

The boundary Euler-Lagrange space is

EL∂N = {(A,B) ∈ F∂N |dA+
1
2
[A,A] = 0, dAB = 0}

7.3.3. The gh = 0 part of the theory. The degree zero gauge theory has the space
of fields FN = Ω1(N, g) ⊕ Ωn−2(N, g) we will denote 1-forms A and (n − 2)-forms
B. The action is

Scl
N =

∫

N

tr(B ∧ F (A))

Euler-Lagrange equations are

F (A) = 0, dAB = 0

Infinitesimal gauge transformations act as

A → A + dAµ, B → B + [B, µ] + dAλ

The space of boundary fields is the pullback of bulk fields. The restriction
mapping is the pullback. The symplectic structure on the space of bulk fields is
exact with ωN = δαN where

αN =
∫

∂N

tr(B ∧ δA), ωN =
∫

∂N

tr(δA ∧ δB)

The coisotropic submanifold C∂N is the gh = 0 part of EL∂N . The Lagrangian
submanifold LN = π(ELN ) consists of pairs (A,B) where A is a flat connection on
∂N which continues to a flat connection on N and B ∈ Ωn−2(∂N, g) is horizontal
with respect to the flat connection A and extends to a horizontal (n − 2)-form on
N .

The reduced space ELN/GN is a vector bundle over the moduli space of flat
connections on the trivial G-bundle on N with fiber Hn−2

A (N, g) over a gauge class
[A].

The moduli space EL∂N/G∂N has the same structure and can be identified with
T ∗MG

∂N .

7.4. BF +B2 theory. In this theory the space is 4-dimensional. The target space
is the same as the one for the BF theory.



188 ALBERTO S. CATTANEO, PAVEL MNEV, AND NICOLAI RESHETIKHIN

7.4.1. The bulk BV theory. The space of fields is the same as in the 4-dimensional
BV -extended BF -theory with the same symplectic structure.

The action and the vector field QN are:

QN = tr

∫

N

((
dA+

1
2
[A,A] + B

)
∧ δ

δA + dAB ∧ δ

δA
)

SN = tr

∫

N

(
B ∧

(
dA+

1
2
[A,A]

)
+

1
2
B ∧ B

)

The Euler-Lagrange space:

ELN = {(A,B) ∈ FN | dA+
1
2
[A,A] + B = 0, dAB = 0} ' Ω•(N, g)[1]

Indeed, the first condition F (A) + B = 0 gives no restriction on A, and the second
condition dAB = 0 follows from the first one and from the Bianchi identity.

7.4.2. The boundary BFV theory. The space of boundary fields is the same as for
the BF theory with the same symplectic structure of degree 0.

The boundary vector field Q∂N and the boundary action are

Q∂N = tr

∫

∂N

((
dA+

1
2
[A,A] + B

)
∧ δ

δA + dAB ∧ δ

δA
)

S∂N = tr

∫

∂N

(
B ∧

(
dA+

1
2
[A,A]

)
+

1
2
B ∧ B

)

The boundary Euler-Lagrange space:

EL∂N ' Ω•(∂N)[1]

7.4.3. The gh = 0 part of the theory. The space of fields is the same as the space
of fields of the non-abelian BF theory in four dimensions. The action is

Scl
N = tr

∫

N

(
B ∧ F (A) +

1
2
B ∧B

)

Euler-Lagrange equations are

B + F (A) = 0, dAB = 0

The second equation follows from the first and from the Bianchi identity. Infinites-
imal gauge transformations are

A 7→ A + dAα− β, B 7→ B + [B,α] + dAβ

The reduced theory is trivial:

ELN/Q = {0}, EL∂N/Q = {0}
so the gh = 0 part of it also trivial.

7.5. The Poisson sigma model. The target space for the Poisson sigma model is
described in section 6.1.2. In this section M is a Poisson manifold with the Poisson
tensor π(x). In local coordinates π(x) =

∑
ab πab(x)∂a∂b.
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7.5.1. The bulk BV theory. In case of the Poisson sigma model the spacetime is
two dimensional. The space of fields in the models is FN = Map(T [1]N,T ∗[1]M).
We will use coordinate field X̃a = Xa + η+,a + β+,a for coordinates qa on M and
η̃a = βa + ηa + X†

a for coordinates pa in the cotangent directions. Components of
fields X̃a and η̃a are forms of degree 0, 1, 2 respectively. They have ghost numbers
gh(X) = 0, gh(η†) = −1, gh(β†) = −2, gh(β) = 1, gh(η) = 0, gh(X†) = −1. The
symplectic form and the action functional are given by the AKSZ construction:

ωN =
∫

N

∑
a

δη̃a ∧ δX̃a =
∫

N

∑
a

(δXa ∧ δX†
a + δη+,a ∧ δηa + δβ+,a ∧X†

a)

SN =
∫

N

∑
a

(
η̃a ∧ dX̃a +

1
2

∫

N

∑

ab

πab(X̃) ∧ η̃a ∧ η̃b

)

In field components this action is

(71) SN =
∫

N

(
ηa ∧ dXa − η+,a ∧ βa +

1
2
πab(X) ∧ ηa ∧ ηb + πab(X) ∧ βa ∧X†

b +

η+,a ∧ ∂aπbc(X) ∧ βb ∧ ηc +
1
2
β+,c ∧ ∂cπ

ab(X) ∧ βb ∧ βc +
1
4
η+,c ∧ η+,d ∧ ∂c∂dπ

ab(X) ∧ βa ∧ βb

)

The vector field Q is

QN =
∫

N

(
(dX̃a + πab(X̃) ∧ η̃a ∧ η̃b) ∧ δ

δX̃a
+ (dη̃a +

1
2
∂aπbc(X̃) ∧ η̃b ∧ η̃c) ∧ δ

δη̃a

)

The Euler-Lagrange space ELN is the space of zeroes of Q (the space of critical
points of SN ), or the space of solutions to

dX̃a + πab(X̃) ∧ η̃a ∧ η̃b = 0, dη̃a +
1
2
∂aπbc(X̃) ∧ η̃b ∧ η̃c

7.5.2. The boundary BFV theory. We will use the same notations for coordinate
fields in the space of boundary fields F∂N = Map(T [1]∂N, T ∗[1]M). In terms of
this coordinate fields the BFV data for the Poisson sigma model are:

α∂N =
∫

∂N

η̃a ∧ δX̃a

ω∂N =
∫

∂N

δη̃a ∧ δX̃a

Q∂N =
∫

∂N

(
(dX̃a + πab(X̃) ∧ η̃a ∧ η̃b) ∧ δ

δX̃a
+ (dη̃a +

1
2
∂aπbc(X̃) ∧ η̃b ∧ η̃c) ∧ δ

δη̃a

)

S∂N =
∫

∂N

(∑
a

η̃a ∧ dX̃a +
1
2

∑

ab

πab(X̃) ∧ η̃a ∧ η̃b

)
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Appendix A. Coisotropic submanifolds and reduction

In this paper we use the definition of Lagrangian submanifolds as submanifolds
which are both isotropic and coisotropic. This is because many of the symplectic
spaces we work with are infinite dimensional. In finite dimensional symplectic
manifolds, Lagrangian submanifolds have half-dimension of the total manifold. In
the infinite dimensional case this property becomes meaningless.

Let W be a presymplectic space (possible infinite-dimensional) and K ⊂ W be
the kernel of its presymplectic form. Then W ′ = W/K is symplectic. Denote by
p : W → W ′ the natural projection map. For a subspace L ⊂ W define L′ ⊂ W ′ as
L′ = p(L) = L/L ∩K.

It is clear that p−1(L) = L+K, and it is easy to see that p−1((L′)⊥) = L⊥. Here
A⊥ is the orthogonal space with respect to the symplectic (presymplectic) form.

Proposition A.1. The subspaces L and L′ have the following properties:
(1) L is isotropic if and only if L′ is isotropic.
(2) If L is Lagrangian, then L′ is also Lagrangian.
(3) If L′ is Lagrangian and K ⊂ L, then L is Lagrangian.

Proof. For ξ, η ∈ W , denote by [ξ], [η] ∈ W ′ the equivalence classes of these ele-
ments. By definition of the symplectic structure on W ′:

([ξ], [η])W ′ = (ξ, η)

The first statement is obvious from this definition.
Now assume that L is coisotropic, i.e. if (ξ, η) = 0 for any η ∈ L, then ξ ∈ L.

This implies that also (ξ + κ1, η + κ2) = 0 for each κi ∈ K . But this means
that if ([ξ], [η])W ′ = 0 for each [η] ∈ L′ then [ξ] ∈ L′. This means L′ is contains its
symplectic orthogonal and therefore is coisotropic. We proved the second statement.

To prove the last statement, we have to prove that if L′ is coisotropic and K ⊂ L
then L is coisotropic. Then the first statement implies the third one.

Assume L′ is coisotropic, i.e. that if ([ξ], [η])W ′ = 0 for each [η] ∈ L′ then
[ξ] ∈ L′. But this means that if (ξ + κ1, η + κ2) = 0 for each η ∈ L and κ1, κ2 ∈ K
then ξ ∈ L + K. If K ⊂ L, this means that if (ξ, η) = 0 for each η ∈ L then ξ ∈ L.
That is that L ⊂ W is coisotropic.

¤

An important particular case is when W is a coisotropic subspace in a bigger
symplectic space. In this case K = W⊥. The space W ′ is the Hamiltonian reduction
of the space W .

Remark A.2. If L ⊂ V , the space V is symplectic and W ⊂ V is coisotropic but
we do not assume that L ⊂ W , then the first statement holds when L′ = p(L ∩W )
but the second and the third statements do not hold in general unless V is finite
dimensional.

Now, let W be a presymplectic manifold and K ⊂ TW be the integrable distri-
bution which is the kernel of the presymplectic form. Assume the space of leaves
of K is a smooth manifold W ′. Let L ⊂ W be a submanifold, and L′ be the space
of leaves of K which passes through L. Assume it is also smooth. Then Propo-
sition A.1 holds but the condition in the last statement should be replaced with
K|L ⊂ TL.
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Appendix B. Some facts on graded manifolds

B.1. Graded manifolds. Recall that a smooth super manifold M with body Me

is a sheaf of super algebras over Me locally isomorphic to the tensor product of the
algebra of smooth functions on the body with an exterior algebra. Namely, there
is an atlas {(Uα, φα)} of Me with super algebra isomorphisms

Φα : M |Uα
→ C∞(φα(Uα))⊗

∧
V ∗ =: Aα

for a fixed vector space V . The coordinate map φαs take values in some given
vector space W . For infinite dimensional supermanifolds one needs more structure:
W is assumed to be a Banach or Fréchet space and, if V is infinite dimensional,
the tensor product has to be completed (the dual has also to be defined properly).

If V = ⊕k∈ZVk and W = ⊕k∈ZWk are Z-graded vector spaces (it is safer to
assume they have only finitely many nontrivial, but possibly infinite dimensional,
summands), then Aα gets additional structure as it contains the Z-graded subal-
gebra of polynomial functions where by definition linear functions on Wk or Vk

have degree −k. To extend the notion of grading to nonpolynomial functions, we
introduce the local graded Euler vector field E as follows: Pick graded bases (i.e.,
bases adapted to the decompositions) {xi} and {yi} of W ∗ and V ∗, respectively;
then define

E :=
∑

i

|xi|xi ∂

∂xi
+

∑

i

|yi|yi ∂

∂yi
,

where |xi| := −k for xi ∈ (Wk)∗ and |yi| := −k for yi ∈ (Vk)∗. Notice that this
definition is independent of the choice of graded bases. We then say that a function
f is of degree k if it satisfies E(f) = kf .

If it is possible to choose an atlas of M as above such that all transition functions
are compatible with the local graded Euler vector fields on charts,10 then we say that
M is a graded manifold. Notice that a graded manifold is a super manifold with
additional structure; namely, that of a globally well-defined graded Euler vector
field, which we will keep denoting by E. A global function is said to have degree k
if it satisfies

E(f) = kf.

One may let E act on vector fields and differential forms by Lie derivative and define
degree accordingly. Namely, a vector field X has degree k if satisfies [E, X] = kX
and a differential form α has degree k if LEα := iEdα + diEα = kα. Notice that
the graded Euler vector field has degree zero. We recall from [46] some useful facts
whose proof is a straightforward computation:

(1) Let ω be a closed form of degree m 6= 0. Then ω = dθ with θ = 1
m ιEω.

(2) Let X be a vector field of degree l and ω a closed X-invariant form of degree
m with m + l 6= 0. Then ιXω = dS with S = 1

m+l ιEιXω.
In particular, this implies that symplectic forms of degree different from zero are au-
tomatically exact and that a symplectic cohomological vector field is automatically
Hamiltonian if the degree of the symplectic form is different from −1.

Definition B.1. Morphisms of graded manifolds are morphisms of the underlying
supermanifolds that respect the graded Euler vector fields.

10That is, for any two charts Uα and Uβ we have Eβ(Φβ ◦ Φ−1
α )∗f = (Φβ ◦ Φ−1

α )∗Eαf for all

f ∈ Aα.
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Remark B.2. A different definition of graded manifolds commonly used in the
literature is that of a sheaf M of graded algebras over the degree zero body M0

locally isomorphic to the tensor product of smooth functions on the degree zero body
with the graded symmetric algebra of a graded vector space. In this setting functions
(and transition functions) are polynomial in the coordinates of degree different from
zero. To distinguish graded manifolds defined this way from the ones defined above
we will call them polygraded manifolds. Notice that a polygraded manifold is not a
super manifold with additional structure. On the other hand, if a graded manifold
happens to have an atlas for which all transition functions are polynomial in the
coordinates of degree different from zero, then it can be given the structure of a
polygraded manifold simply by restricting the sheaf. In all the examples discussed
in this paper we could work with polygraded manifolds, but this would be problematic
for functional integral quantization where one exponentiates the action and wants
to consider integration.

Remark B.3. A common notion in the literature is that of an N-manifold. This is
a graded manifold with no coordinates of negative degree. They are commonly used
as targets of the AKSZ construction. Notice that by degree reasons all transition
functions are polynomial in the coordinates of degree different from zero.

Remark B.4. A special class of (poly)graded manifolds are those in which the Z
and Z2 gradings agree. This means that W2k+1 = 0 = V2k for all k or, equivalently,
that for all k homogenous sections of degree 2k (2k +1) are even (odd) with respect
to the original super algebra grading. These graded manifolds occur in the BV
formalism whenever no fermionic physical fields are present. In this paper we will
restrict to this case throughout.

B.2. Mapping spaces. Let M and N be finite dimensional super manifolds. Then
the set of morphisms Mor(M, N) can naturally be given the structure of a (usually
infinite dimensional) manifold (non super) as follows: If the target is a super vector
space Z, then Mor(M, Z) is the (usually infinite dimensional) vector space

(72) (C∞(M)⊗ Z)e = C∞(M)e ⊗ Ze ⊕ C∞(M)o ⊗ Zo

For the general case, one applies this construction to local charts of the target to
define local charts of the manifold of morphisms.

It is important to extend this construction to define the mapping space Map(M, N)
as a (usually infinite dimensional) super manifold with body Mor(M, N). Again
this is done in terms of local charts, so it is enough to define Map(M, Z). This
is just the super space C∞(M) ⊗ Z (of which (72) is the even part). The main
property of the mapping space is

Mor(X ×M,N) = Mor(X, Map(M,N)) ∀X.

Vector fields on the source and on the target can naturally be lifted to the
mapping space. If XM (YN ) is a vector field on M (N), we denote by X̌M (ŶN )
its lift. Notice that the map YN 7→ ŶN is a morphism of Lie algebras, whereas the
map XM 7→ X̌M is an antimorphism.

If M and N are graded manifolds, with graded Euler vector fields EM and
EN , then one can give Map(M, N) the structure of a (usually infinite dimensional)
graded manifold with graded Euler vector field

EMap(M,N) = ÊN − ĚM .
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The set of morphisms from M to N in the category of graded manifolds can then
be regarded as the degree zero submanifold of Map(M, N).

Remark B.5. In the category of polygraded manifolds, one can also define the
mapping space as a polygraded manifold. In this case the local data are given by
Map(M, Z) for Z a graded vector space. Here Map(M, Z) is defined as the graded
tensor product

C∞(M)⊗ Z =
⊕

k

(C∞(M)⊗ Z)k

with
(C∞(M)⊗ Z)k =

⊕

j

C∞(M)j ⊗ Zk−j .

Appendix C. On smooth points of the moduli space EL/Q

Here we will discuss the notion of smooth points in the EL-moduli spaces which
we use throughout the paper. We will use notations: F for the space of BV fields,
F for its gh = 0 part, EL for BV Euler-Lagrange space and EL for its gh = 0 part.
We assume F is given together with the cohomological vector field Q. Denote by
V ectQ the Lie subalgebra of the Lie algebra of vector fields on F formed by Lie
brackets with Q and by G the distribution on the body F of F induced by the
span of V ectQ. The distribution G on F should be regarded as infinitesimal gauge
transformations.

For a x ∈ F the Taylor expansion of a vector field Q in the formal neighborhood
of x is:

Qformal
x = Q(0)

x + Q(1)
x + Q(2)

x + · · ·
where each

Q(k)
x ∈ Coder(ŜTxF)

is the extension of a k-linear map Q̂
(k)
x : Sk(TxF) → TxF to a coderivation of ŜTxF

by co-Leibniz identity. The linear maps Q̂
(k)
x arise from the Taylor expansion of Q

at x. By the natural inclusion Coder(ŜTxF) ↪→ Der(ŜT ∗xF), Qformal
x acts on ŜT ∗xF

as a derivation.
If x ∈ EL ⊂ F , then Q̂

(0)
x = 0 and Qformal

x endows Tx[−1]F with the structure
of L∞ algebra with differential Q̂

(1)
x and higher polylinear operations Q̂

(k)
x , k ≥ 2.

We define the formal neighborhood of [x] ∈ EL/G in EL/Q as

(73) U formal
[x] (EL/Q) := Spec(HQformal

x
(ŜT ∗xF))

It can be regarded as the “BV” (or “stable”) version of the Maurer-Cartan set for
the L∞ structure on Tx[−1]F . When operations Q̂

(k)
x for k ≥ 2 are identically zero,

the spectrum (73) is
H

Q̂
(1)
x

(TxF)

which means that the formal neighborhood of [x] in EL/Q is the graded vector
space H

Q̂
(1)
x

(TxF).

When operations Q̂
(k)
x do not vanish for k ≥ 2 they induce operations Q̂

′(k)
x on

the cohomology space Vx = H
Q̂

(1)
x

(TxF). These operations endow the graded space
Vx[−1] with the structure of minimal L∞ algebra. In other words the formal series

Q′x = Q′(0)
x + Q′(1)x + Q′(2)x + · · · ∈ Coder(Ŝ(Vx))
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is a (formal) cohomological vector field on Vx. Note that first two terms vanish by
our assumptions.

This construction is known as homological perturbation theory [33] (see also
[31] for a more concise exposition), more specifically, as the homotopy transfer of
L∞ algebras [37, 38]. By the same homological perturbation theory the formal
neighborhood of [x] ∈ EL/G ⊂ EL/Q is

U formal
[x] (EL/Q) = Spec(HQ′x(Ŝ(Vx)∗))

This is a singular variety unless Q′
x vanishes.

This is why we define a smooth point [x] ∈ EL/G as a point for which all induced
L∞ operations Q̂

′(k)
x vanish. The set of such points we will call the smooth locus

of the body of the EL-moduli space and will denote it (EL/G)smooth.
The smooth locus in the EL-moduli space is a graded vector bundle over (EL/G)smooth

with fiber H 6=0

Q̂
(1)
x

(TxF) over [x]. Here H 6=0 means that we do not count the cohomol-

ogy in ghost number 0 to avoid double counting of geometric (gh = 0) directions
for the tangent space.

Appendix D. Cartan calculus of local differential forms

D.1. Transgression map from forms on the target to forms on the map-
ping space. Recall that the space of fields in the AKSZ theory is FN = Map(T [1]N,M)
with M a Hamiltonian dg manifold.

Consider natural projections

FN × T [1]N ev→ M
p ↓
FN

Here ev(f, x) = f(x) and p(f, x) = f . The pullback ev∗ of a from M gives a form
on FN × T [1]N . Let Ω be a form on FN × T [1]N of type (k, 0). The pushforward
p∗ of a form on FN × T [1]N gives a form on FN .

p∗(Ω)(X) =
∫

T [1]N

i∗X(Ω)

Here iX is the composition of the natural isomorphism of T [1]N with the fiber
(X, T [1]N) = p−1(X) and the embedding of this fiber into FN × T [1]N . The
integration over T [1]N is defined as usual taking into account natural isomorphism
φ : C∞(T [1]N) ' Ω•(N). If f ∈ C∞(T [1]N)

∫

T [1]N

f
def=

∫

N

φ(f)

Having in mind this formula we will write for p∗

p∗(Ω)(X) =
∫

N

Ω

The transgression map is defined as

TN := p∗ev∗ : Ω•(M) → Ω•(FN )
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Given α ∈ Ω•(M) which is α =
∑
{a} αa1,...,ak

dxa1 . . . dxak in local coordinates,
its transgression is

(74) (TNα)(X) =
∫

N

∑
a1,...,ak

αa1,...,ak
(X(u))δXa1(u) . . . δXak(u)

where Xa(u) are coordinate fields and δXa(u) are their de Rham differentials (on
FN ).

Define the space of ultra local forms Ω•uloc(FN ) as the image of the transgression
map.

D.2. De Rham and lifted vector fields. Recall that the de Rham differential for
N can be regarded as a vector field DN on T [1]N of degree 1. The identification of
forms on N with functions on T [1]N identifies the action of the de Rham differential
on forms with the action of the vector field DN on functions on T [1]N . In local
coordinates {ui} on N and ξi = dui on Tu[1]N the Lie derivative of a function
along the de Rham vector field on T [1]N is DNf =

∑
i ξi ∂f

∂ui .
The de Rham vector field ĎN is defined as the lift of de Rham vector field ξi ∂

∂ui

on N to the mapping space FN .
Indeed, the tangent space TXFN is the space of mappings Y : T [1]N → TM

such that (ξ, u) 7→ Y (u, ξ) ∈ TX(u,ξ)M. A vector field V on FN is a section of the
tangent bundle, i.e. it assigns a vector VX : FN → TXFN to each X ∈ FN .

For de Rham vector field ĎN on FN the vector (ĎN )X ∈ TXFN is the mapping

(ĎN )X : T [1]N DN→ T (T [1]N) dX→ TM
Here dX : T (T [1]N) → TM is the differential of X. In local coordinates:

(ĎN )X(ξ, u) =
∑

a

∑

{i},j

∂Xa
i1,...,ik

∂uj
(u)ξjξi1 . . . ξik

∂

∂xa

The de Rham vector field on FN has ghost number +1.
Another important class of vector fields on FN comes from lifting vector fields

on M to the mapping space FN . If v : M→ TM is a vector field on M, its lifting
is the vector field v̂ on FN with v̂X ∈ TXFN given by the mapping

T [1]N X→M v→ TM
D.3. Local differential forms. Local differential forms11 are defined as substitu-
tions of several copies of ĎN into an ultra-local form:

(75) T k
Nχ := (ιĎN

)kTNχ, k ≥ 0

The space of forms Ω•(M) is naturally bi-graded with (de Rham degree of forms
on M, Z-grading on M). The space Ω•(FN ) is also naturally bi-graded with
(de Rham degree of forms on FN , ghost number). Transgression mappings T k

N :
Ω•(M) → Ω•(FN ) are bi-graded with

deg(T k
N ) = (−k,− dim(N) + k)

Also note that if χ ∈ Ωn(M) and k > n, by degree reasons we have T k
Nχ = 0.

Let {xa} be local coordinates on M and Xa(u) be corresponding coordinate
fields. If α =

∑
{a} αa1,...,ak

dxa1 ∧ · · · ∧ dxak is a differential form on M written in

11Note that, by our definition, local 0-forms are special cases of local functionals.
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local coordinates, the corresponding local forms on FN can be written in coordinate
fields as

T l
N (α) =

∫

N

∑

{a}={aI}t{aII}
α{aI}t{aII}(X(u)) ∧ dX{aI}(u) ∧ δX{aII}(u)

Here the sum is taken over partitions of the set {a} into two subsets, so that {a}
is a shuffle of {aI} and {aII}. We denote dX{a} = dXa1 ∧ · · · ∧ dXak .

We will use the notation Ω•loc(FN ) for the space of such forms.

D.4. The Cartan calculus. Let us denote π : FN → F∂N the restriction map
(pullback by the natural inclusion ∂N ↪→ N) and let

(76) π∗ : Ω•(F∂N ) → Ω•(FN )

be the pullback by π for differential forms on the space of fields.
Objects we introduced satisfy the following properties:

(i) De Rham differential δ on FN acts on local forms by

(77) δ(T k
Nχ) = (−1)dim(N)(T k

Ndχ− k · π∗(T k−1
∂N χ))

where d is the de Rham differential on target.
(ii) “Total derivative property”, which is a special case of (77) for k = deg χ + 1:

(78) χ ∈ Ωn(M) ⇒ Tn+1
N (dχ) = (n + 1) · π∗(Tn

∂Nχ)

(iii) Substitution of ĎN into a local form:

(79) ιĎN
(T k

Nχ) = T k+1
N χ

by definition (75).
(iv) Substitution of a lifted vector field into a local form:

(80) ιv̂(T k
Nχ) = (−1)(gh(v)+1)·dim(N)T k

N (ιvχ)

for any vector field v ∈ Vect(M) of ghost number gh(v) on target.
(v) Rules for commuting the substitution of a vector field on FN with the map

π∗ (76):

ιĎN
π∗ = π∗ιĎ∂N

(81)

ιv̂π∗ = π∗ιṽ(82)

Here ṽ is the lifting of the vector field v on M to a vector field on F∂N .
This is a manifestation of the fact that vector fields ĎN , v̂ ∈ Vect(FN ) are
projectable by the restriction map π : FN → F∂N with projections being
Ď∂N , ṽ ∈ Vect(F∂N ) respectively.

(vi) The Lie derivative of a local form along ĎN :

(83) LĎN
(T k

Nχ) = (−1)dim(N)π∗(T k
∂Nχ)

We define the Lie derivative by Cartan formula LV := [ιV , δ] = ιV ◦ δ +
(−1)gh(V )δ ◦ ιV for any vector field V ∈ Vect(FN ). With this definition the
formula (83) comes as a consequence of (77), (79), (81).

(vii) Lie derivative of a local form along a lifted vector field:

(84) Lv̂(T k
Nχ) = (−1)gh(v)·dim(N)T k

N (Lvχ)

(this is a consequence of (77), (80), (82)).
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(viii) Commutators of vector fields:

(85) [ĎN , ĎN ] = 0

This is because d2 = 0 on the source N . Also

(86) [ĎN , v̂] = 0

and

(87) [û, v̂] = [̂u, v]

D.5. Applications to AKSZ theories.

D.5.1. Invariant definition of AKSZ theories. Recall that the target manifold in
an n-dimensional AKSZ theory is a Hamiltonian dg manifold of degree n − 1. In
other words, it is symplectic with an exact symplectic form ω = dα ∈ Ω2(M) and
deg(ω) = n− 1 and with a potential function Θ of degree n such that {Θ, Θ} = 0.
The potential function generates the cohomological vector field Q of degree 1:

ιQω = dΘ

By definition of Q, the symplectic form ω is Q-invariant, i.e.

LQω = 0

where LQη is the Lie derivative of η. The condition {Θ,Θ} = 0 implies that

L2
Q = 0

which we will write as Q2 = 0.
The AKSZ action is the following local functional on the space Map(T [1]N →

M)
SN = Skin

N + Sint
N

where

Skin
N = T 1

Nα

Sint
N = T 0

NΘ

are kinetic and interaction parts of the action respectively. Here T k
N are the trans-

gression maps defined above.
The BV cohomological vector field QN in this theory is defined as

QN = Qkin
N + Qint

N ∈ Vect(FN )

with

Qkin
N = ĎN

Qint
N = Q̂

Here Q̂ is the lift of the vector field Q on M to a vector field on FN , see subsection
D.2.

The BV 2-form and its primitive 1-form:

ωN = T 0
Nω

αN = T 0
Nα

Note that with our conventions we have an extra sign: ωN = (−1)dim(N)δαN .
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These formulae applied to the boundary ∂N of N also define the BFV action
S∂N , the cohomological vector field Q∂N , BFV 2-form ω∂N and its primitive 1-form
α∂N .

D.5.2. Proof of Proposition 6.3. Using the definition of QN and the Cartan calculus
we can compute the contraction of kinetic and interaction parts of QN with ωN :

ιQkin
N

ωN = ιĎN
(T 0

Nω) = T 1
Nω = T 1

Nδα

The rule (77) from Cartan calculus on local forms implies that this is equal to

(88) (−1)dim(N)δT 1
Nα + π∗(T 0

∂Nα) = (−1)dim(N)δSkin
N + π∗α∂N

Contracting Qint
N with ωN we obtain

ιQint
N

ωN = ιQ̂(T 0
Nω) = T 0

N (ιQω)

Here in the last equality we used (80). Because Q is a Hamiltonian vector field
generated by Θ, ιQω = dΘ and for the above expression we obtain

(89) T 0
N (dΘ) = (−1)dim(N)δ(T 0

NΘ) = (−1)dim(N)δSint
N

Here the first equality follows from (77).
Equations (88), (89) together give (64).

D.5.3. Further applications to the AKSZ formalism. Here we will reprove the Propo-
sition 3.1 using the Cartan calculus.

Proposition D.1. The following identity holds:

(90) LQN
SN = (−1)dim(N)π∗(2S∂N − ιQ∂N

α∂N )

Proof. The proof is computational:

(91) LQkin
N

Skin
N = LĎN

T 1
Nα = (−1)dim(N)π∗(T 1

∂Nα) =

= (−1)dim(N)π∗(ιQkin
∂N

α∂N ) = (−1)dim(N)π∗(2Skin
∂N − ιQkin

∂N
α∂N )

Here we used ιQkin
∂N

α∂N = Skin
∂N .

(92) LQkin
N

Sint
N = LĎN

(T 0
NΘ) = (−1)dim(N)π∗(T 0

∂NΘ) =

= (−1)dim(N)π∗(Sint
∂N )

(93) LQint
N

Skin
N = LQ̂(T 1

Nα) = (−1)dim(N)T 1
N (LQα) =︸︷︷︸

Cartan formula
= (−1)dim(N)T 1

N (ιQdα− dιQα) = (−1)dim(N)T 1
Nd(Θ− ιQα)

Here we used the Cartan formula and the exactness of the symplectic form on the
target, ω = dα. Now applying (78) we obtain

(94) = (−1)dim(N)π∗T 0
∂N (Θ− ιQα) = (−1)dim(N)π∗(Sint

∂N − ιQint
∂N

α∂N )

(95) LQint
N

Sint
N = LQ̂T 0

NΘ = (−1)dim(N)T 0
N (LQΘ) = 0

Collecting (91)–(95), we obtain (90).
¤
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The following is a corollary of Proposition 6.3 but here we give an independent
proof.

Proposition D.2. The following holds:

(96) LQN ωN = (−1)dim(N)π∗ω∂N

Proof. Indeed:

(97) LQkin
N

ωN = LĎN
(T 0

Nω) = (−1)dim(N)π∗ T 0
∂Nω︸ ︷︷ ︸
ω∂N

where we used the rule (83). Also,

(98) LQint
N

ωN = LQ̂(T 0
Nω) = (−1)dim(N)T 0

N (LQω) = 0

where we used the rule (84) and the fact that the target cohomological vector field
is symplectic. Putting (97) and (98) together we get (96). ¤
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CLASSICAL AND QUANTUM LAGRANGIAN FIELD THEORIES
WITH BOUNDARY

ALBERTO S. CATTANEO, PAVEL MNEV, AND NICOLAI RESHETIKHIN

Abstract. This note gives an introduction to Lagrangian field theories in the
presence of boundaries. After an overview of the classical aspects, the coho-
mological formalisms to resolve singularities in the bulk and in the boundary
theories (the BV and the BFV formalisms, respectively) are recalled. One of
the goals here (and in [7]) is to show how the latter two formalisms can be put
together in a consistent way, also in view of perturbative quantization.
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1. Introduction

Lagrangian field theories are used to describe physical models. Their quantiza-
tion is somehow expected to satisfy Segal’s [25] axioms (which generalize in higher
dimensions our understanding of quantum mechanics). Roughly speaking they say

A. S. C. acknowledges partial support of SNF Grant No. 200020-131813/1. P. M. acknowledges
partial support of RFBR Grants Nos. 11-01-00570-a and 11-01-12037-ofi-m-2011 and of SNF Grant
No. 200021-137595.
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that a d-dimensional quantum field theory should provide a functor from the cate-
gory of d-dimensional cobordisms (with possible extra structures) to the category of
vector spaces and linear maps. This program has been completed in conformal field
theories. Atiyah proposed a stricter version of these axioms in the case of topologi-
cal field theories, which was first realized by the Reshetikhin–Turaev invariant [20]
which may be thought of as some nonperturbative quantization of Chern–Simons
theory [28, 11]. Another example is implicitly present in an old work by Migdal
[19].

It would be interesting to understand how this picture emerges from the pertur-
bative functional integral quantization of Lagrangian fields theories. An important
application would be the construction of perturbative quantum field theories on
manifolds out of topologically simple or geometrically small pieces, where the com-
putations might be more tractable. Even in the case of topological field theories
this would produce new insight (and might possibly lead to a full understanding of
the relation between the perturbative expansion of Chern–Simons theory and the
asymptotics of the Reshetikhin–Turaev invariant).

The first step in developing this program, performed in [7], consists in developing
the analogous pictures in the classical formalism and in the BV formalism [5] which
is the main tool for the perturbative quantization of theories with symmetries.
In principle, this already yields the possibility of constructing moduli spaces of
solutions to variational problems out of computations on topologically simple or
geometrically small pieces.

This note reviews some results of [7], see Section 5, with a didactical introduc-
tion through classical Lagrangian field theory given in Sections 2 and 3, and with
the BFV formalism [4], being outlined in Section 4. Notice that Section 5 is self
contained, so the hasty reader who does not need a motivation or an introduction
might well jump directly there.

As a final remark, notice that in this paper every manifold is assumed to be
compact, though possibly with boundary.

Acknowledgment. We thank F. Bonechi, H. Bursztyn, A. Cabrera, K. Costello, C.
De Lellis, G. Felder, V. Fock and E. Getzler for useful discussions. We especially
thank J.Stasheff for helpful comments on a first draft. A.S.C. thanks University of
Florence, IMPA and Northwestern University for hospitality.

2. Lagrangian field theory I: Overview

We start reviewing classical Lagrangian mechanics. This is usually defined by
specifying a Lagrangian function L on the tangent bundle TN of some manifold
N . The action S[t0,t1] corresponding to an interval [t0, t1] is a function on the path
space N [t0,t1] defined by

(2.1) S[t0,t1][x] =
∫ t1

t0

L(ẋ(t), x(t)) dt.

The Euler–Lagrange (EL) equations describe the critical points of the action. As
this requires integration by parts, one usually puts appropriate boundary conditions
for the boundary terms to vanish, e.g., one fixes the initial and final values x(t0)
and x(t1). In the sequel we will want to avoid this.
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2.1. Symplectic formulation. The typical example is Newtonian mechanics on a
Riemannian manifold. In this case N is a Riemannian manifold and the Lagrangian
is L(q, v) = 1

2m||v||2 − V (q), where || || is the norm induced by a metric on N , V
is a function on N and m is a parameter (usually assumed to be strictly positive).
The EL equations in this case are the Newton equations with force given by −∇V .
They admit, locally, a unique solution if initial position and velocity are specified.
We denote by C = TN the space of such initial conditions. Here C stands here for
Cauchy, but we will see later it can also stand for coisotropic. Notice the peculiar
coincidence that C is the same as the space on which L is defined. This will not be
the case in further examples.

One usually reformulates the problem in symplectic terms using the Legendre
mapping φL : TN → T ∗N , (v, q) 7→ (p(v, q), q), with pi = ∂L

∂vi . The Newton
equations of motions now become first order and their solution yields the sym-
plectic flow ΦHL

with respect to the canonical symplectic form ωcan on T ∗M
and Hamiltonian function HL given by the Legendre transform of L: HL(p, q) =
piv

i(p, q) − L(v(p, q), q). Here we have used the inverse of the Legendre mapping
φ−1

L : T ∗N → TN , (p, q) 7→ (v(p, q), q), where v(p, q) is the inverse to p(v, q). Since
in the following we will also be interested in degenerate Lagrangians, for which the
Legendre mapping is not a local diffeomorphisms, we now recall how to reformulate
things without going to the cotangent bundle. The first simple fact is that

(2.2) α =
∂L

∂vi
dqi

is a well-defined one-form on C = TN (it would be more precise to write αL in-
stead of α to stress the dependency on L, but we regard L as given for the whole
discussion). Moreover, ω := dα is non degenerate precisely when the Lagrangian
is regular, i.e. when the Legendre mapping is a local diffeomorphism. In this case,
one can also easily show that ω = φ∗Lωcan. We can now formulate the Hamiltonian
evolution directly on C. For later considerations, however, it is better to consider
the graph of the Hamiltonian flow instead of the flow itself. Borrowing notations
from the cotangent bundle, we then consider L[t0,t1] = (φ−1

L ×φ−1
L )(graph(ΦHL

|t1t0)).
As a Hamiltonian flow is a symplectomorphism and as the graph of a symplecto-
morphism is a Lagrangian submanifold of the Cartesian product with reversed sign
of the symplectic form on the first factor, we have that L[t0,t1] is Lagrangian sub-
manifold in C̄ × C . The fact that it comes from the graph of a flow yields the
property

(2.3) L[t1,t2] ◦ L[t0,t1] = L[t0,t2], lim
t1→t0

L[t0,t1] = graph of the Id map .

The limit has to be understood by putting an appropriate topology on the space of
submanifolds of C.

The crucial point now is that L[t0,t1] may be defined directly without making
reference to the Hamiltonian flow. Let

π[t0,t1] : N [t0,t1] → C × C
{x(t)} 7→ ((ẋ(t0), x(t0)), (ẋ(t1), x(t1)))

and let EL[t0,t1] ⊂ N [t0,t1] be the space of solutions to the EL equations. Then we
simply have

(2.4) L[t0,t1] = π[t0,t1](EL[t0,t1]).
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This is the fundamental equation we are going to use. Notice that (2.3) immediately
follow from this new definition (the limiting property follows from the fact that C
is the space of initial conditions that guarantee local existence and uniqueness).

To insure that L[t0,t1] is Lagrangian we have to make some further observations.
First we observe that, if we do not impose boundary conditions, the variational
calculus yields

(2.5) δS[t0,t1] = EL[t0,t1] +π∗[t0,t1]
α,

where EL[t0,t1] is the term containing the EL equations that we reinterpret as a
one-form on N [t0,t1]. Notice that we also interpret the variation symbol δ as the
de Rham differential on Ω•(N [t0,t1]). The appearance of the same α here and in (2.2)
is crucial. The equation yields in fact, after differentiation, π∗[t0,t1]

ω = −δ EL[t0,t1],
which in turn implies that the restriction of ω to L[t0,t1] vanishes (observe here that
the space of solutions to the EL equations on M [t0,t1] is the zero locus of EL[t0,t1]

and that π[t0,t1] is a surjective submersion). This amounts to saying that L[t0,t1] is
isotropic.

In addition we know that a unique solution is given, locally, once we specify
initial conditions in TN or, equivalently, if we specify initial and final position for
a short enough time interval [t0, t1]. Hence, if we fix initial and final positions Q0

and Q1 and let LQ0,Q1 := {(v, q, v′, q′) ∈ C × C|q = Q0, q′ = Q1}, we get that,
for t1 sufficiently close to t0, LQ0,Q1 ∩ L[t0,t1] consists of one point; by dimension
counting, assuming the intersection is transversal, this implies that L[t0,t1] has half
dimension than C and so is Lagrangian1. Finally, if t0 and t1 are not close, we can
decompose the interval into short ones on which we can use the previous argument
and recover L[t0,t1] as the composition of the canonical relations corresponding to
the subintervals. Hence L[t0,t1] is also a canonical relation.

After understanding this, we can also think of more general boundary conditions
by replacing LQ0,Q1 with another submanifold L of C×C on which α vanishes. The
latter condition ensures that the variational problem has no boundary contributions.
It also implies that L is isotropic. In order to have, generically, intersection points
of L with L[t0,t1], one has to require L to have maximal dimension, and hence to
be Lagrangian2. Now, the intersection L ∩ L[t0,t1] can be considered as the space
of solutions to the EL equations. Notice however that this intersection might as
well be empty or contain (infinitely) many points, though generically, it will be a
discrete set.

2.2. A degenerate example: geodesics on the Euclidean plane. We now
consider the non-regular Lagrangian L(v, q) := ||v||, where || || is the Euclidean
norm and v, q ∈ TR2. The action is still given by (2.1) which we now define
only on the space N

[t0,t1]
0 of immersed paths (i.e., we impose the condition γ̇(t) 6= 0

∀t ∈ [t0, t1]). The EL equations have as solutions parameterized segments of straight
lines in R2. By analogy with Newtonian mechanics the Cauchy data include initial
position and initial velocity, but these data do not give uniqueness: they define
one end of the segment and its slope but do not define a parametrization of the

1Here is another argument. For a short interval, the initial and final positions specify a unique
solution. Hence initial and final positions determine initial and final velocities, which implies the
L is a graph, hence Lagrangian.

2 If L is Lagrangian but α does not vanish on it, we can modify the action by adding boundary
terms such that the modified one-form α is vanishing on L
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segment uniquely. Nevertheless, let us consider what will happen if we take the
“wrong” space of Cauchy data C = TR2 \ {zero section}. We defer to Remark 2.3
the discussion of the “true” space of Cauchy data.

Using polar coordinates for the velocities, we can write C = R2×S1×R>0 with
coordinates the position q, the normalized velocity v (i.e. ||v|| = 1) and the speed
ρ. Then (2.2) yields α = v · dq, so that ω = dv · dq is clearly degenerate (as it
does not have a dρ component). On the other hand, (2.4) (with π the evaluation
of position and velocity at the initial and at the final point) yields

L[t0,t1] = {(q0,v, ρ0), (q1,v, ρ1))|(q1 − q0) parallel to v}
which is clearly not a graph but can easily be checked to be Lagrangian in C × C
(see Appendix A for the definition of Lagrangianity in the case of a degenerate
two-form).

In this example one can can easily get rid of the degeneracy of ω by taking
the quotient by its kernel which is the span of the vector fields v · ∂

∂q and ∂
∂ρ

(geometrically, these vector fields represent the space directions parallel to the
velocity and the rescalings of the velocity). The quotient turns out to be TS1 with
symplectic structure given by pullback of the canonical one on T ∗S1 by the induced
metric on S1. Notice that the base S1 here is the space of normalized velocities,
whereas the tangent fiber can be thought of as the space direction orthogonal to
the given velocity. One can also project L[t0,t1] down to the quotient TS1 × TS1 .
The result is just the graph of the identity map on TS1. This is a consequence of
the fact that the action is invariant under reparametrization. Notice that this is an
example of topological theory: the action does not depend of the metric on [t0, t1].

In this example we passed to the quotient space which appeared to be smooth.
However that in general reduction may produce very singular quotients, so passing
directly to the reduced space had better be avoided. Instead, as we will see, it is
better to use the BV-BFV approach.

Remark 2.1. Notice that the one-form α = v · dq is not horizontal with respect to
the kernel of ω, so it cannot be reduced to TS1. On the other hand, we may regard
α as a connection one-form on the trivial line bundle on C. We can then reduce
this line bundle to a line bundle over TS1 and reduce α as a connection.

Also notice that evaluating the action on a solution yields a well-defined func-
tion SHJ (the Hamilton–Jacobi action) on L[t0,t1] which is just the length of the
path. Again, SHJ cannot be reduced to a well-defined function on TS1× TS1, but
exp i

~SHJ can be reduced to a section of the reduced line bundle.

Remark 2.2. If one considers the same example but now with the Minkowski metric,
also in higher dimensions, and considers only timelike velocities (i.e., with ds2 =
dt2 − dx2, one assumes ||v|| > 0), the reduction yields TH, where H is the upper
hyperboloid v2

0 − v2 = 1, and the symplectic structure is obtained by pullback of
the canonical one on the cotangent bundle by the hyperbolic metric on H (which is
induced by the Minkowski metric). The reduced Lagrangian is again just the graph
of the identity.

Remark 2.3. We mentioned above that TR2 \{zero section} is not the true space of
initial conditions because giving initial position and velocity does not select a unique
parametrized segment. In order to obtain uniqueness in a formal neighborhood of
the initial point we can enlarge C by setting C̃ = TR2 \{zero section}×R∞, where
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the coordinates on R∞ are all higher derivatives of the path. In other words here we
work with the space of jets. Define the one form α̃ as the pull-back of α with respect
to the natural projection C̃ → C. It is clear the R∞ factor is in the kernel of α̃ and
of ω̃ = ω. This is the reason why this factor can be completely neglected just as we
neglected the space R > 0 of speeds in the discussion above. The reduction of C̃
is the same as that of C. Boundary values (2.4) of solutions to the Euler-Lagrange

equations define a Lagrangian subspace in C̃× C̃). Its reduction is again the graph
of the identity.

2.3. Example: Free scalar field theory. We now describe an example of a field
theory in dimension d. The space time in such theory is a Riemannian d-manifold
(M, gM ). The space of fields is RM (functions on M) and the action is

S(M,gM )[φ] =
1
2

∫

M

gµν
M ∂µφ∂µφ dvolgM

=
1
2

∫

M

(dφ, dφ)dvolgM

where φ ∈ RM . Solutions to the EL equations are harmonic functions on M .
In order to understand the boundary structure for an arbitrary space time mani-

fold M consider first a thin neighborhood of its boundary Σ = ∂M . That is consider
a short cylinder Σ× [0, ε] where (Σ, gΣ) is a (d− 1)-dimensional Riemannian mani-
fold and gM = gΣ +ds2, s ∈ [0, ε]. A unique solution to the EL equation is obtained
if one specifies the values of φ and of its normal derivative on Σ× {0}. This gives
the natural space of Cauchy data associated to Σ, CΣ = RΣ × RΣ. Similarly to
(2.2) the boundary term in the variation of SΣ×[0,ε] gives the one-form

α(Σ,gΣ) =
∫

Σ

χ δφ dvolgΣ

with (χ, φ) ∈ CΣ. Here χ should be thought of as the restriction to Σ× {0} of the
normal derivative of the bulk field φ. Notice that ω(Σ,gΣ) = δα(Σ,gΣ) is (weakly)
nondegenerate.

For a general Riemannian d-manifold M with boundary ∂M , we have the sur-
jective submersion πM : RM → C∂M obtained by evaluating the field φ and its
normal derivative on the boundary. Formula (2.5) still holds (with a little change
in notation):

δS(M,gM ) = EL(M,gM ) +π∗Mα(∂M,gM |∂M ).

Moreover, in the spirit of (2.4), define L(M,gM ) ⊂ C∂M as πM (EL(M,gM )).
It is easy to see that L(M,gM ) is Lagrangian. Indeed, the Dirichlet problem

for φ has unique solution on M . Thus, if φ ∈ ELM , its boundary values define
the the normal derivative of φ at the boundary. This map from the Dirichlet
data to Neumann data is known as the Dirichlet-to-Neumann mapping. Thus,
the submanifold LM ∈ C∂M is the graph of the Dirichlet-to-Neumann mapping
R∂M → R∂M .

Notice that one may distinguish the connected components of ∂M into incoming
and outgoing: ∂M = ∂inM t ∂outM . Denoting ∂inM with opposite orientation by
∂inMopp, we may then view L(M,gM ) ⊂ C∂inMopp × C∂outM as a canonical relation
from C∂inMopp to C∂outM .

2.4. Conclusions. From these examples we see that the Hamiltonian framework
for non-regular Lagrangians has to be replaced by its weaker version. However,
certain important patterns remain. We have seen in these examples that that i)
in all cases we were able to derive a, possibly degenerate, two-form on the space
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of initial conditions associated to the boundary of the space time and ii) we were
able to assign to the bulk of the space time a Lagrangian/isotropic submanifold
(not necessarily a graph) in such spaces. In the next Section we will see that this
a quite general fact.

3. Lagrangian field theory II (after V. Fock)

In an unpublished account [10], V. Fock has considered the general structure of
Lagrangian field theories on manifolds with boundary. We give here our recapit-
ulation of this account. (To different levels of generality, this structure has been
rediscovered many times, see e.g. [13, 24] and references therein.)

Notice that this Section is rather about a philosophical account leading to a
concrete construction than a precise mathematical formulation. For simplicity, we
also assume that all the ”spaces” occurring in the following are actually (possibly
infinite dimensional) manifolds.

A Lagrangian field theory is specified by
(1) fixing the dimension d of the source manifolds;
(2) fixing a class of d-manifolds, possibly with extra structure, such as a metric

in the example of subsection 2.3;
(3) associating a space of fields FM (functions, maps to a fixed target manifold,

sections of bundles, connections,. . . ) to every d-manifold M in the class;
(4) defining a density, the Lagrangian L, of the fields and finitely many of their

derivatives.3

The action functional associated to a manifold M , as a function on FM , is then
given by SM =

∫
M

L. The variation of the action, neglecting the boundary terms,
yields the EL equations. We denote by ELM ⊂ FM the space of solutions to the
EL equations on a given manifold M .

Let now Σ be a (d− 1)-manifold. We extend it to a d-manifold M := Σ× [0, ε]
(taking care of the possible additional structure). The variational calculus on this
particular M produces two new pieces of data:

(1) The space CΣ of Cauchy data consisting on the information on the fields
(and their derivatives) that one has to specify on Σ so that there is a
unique solution to EL equations on Σ× [0, ε] for ε small enough (possibly,
one might have to work with a formal neighborhood of 0 like in the example
of subsection 2.2).

(2) A one-form αΣ on CΣ arising from the Σ × {0}-boundary contribution to
the variation of SΣ×[0,ε].

One can see that the Lagrangian is regular iff ωΣ := dαΣ is non degenerate.
Using these data, one can further develop the induced structure. Namely, for

every M in the class we now have a surjective submersion

πM : FM → C∂M

and the variation of the action leads to the fundamental equation

(3.1) δSM = ELM +π∗Mα∂M .

Again we define LM := πM (ELM ) ⊂ C∂M . It follows from (3.1) that LM is
isotropic (i.e., the restriction of ω∂M vanishes). In most examples LM is actually
Lagrangian.

3For a precise definition, see, e.g., [9]
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Remark 3.1. From now on for simplicity we are going to assume that all FM and CΣ

can be given a manifold structure and that ELM and LM are smooth submanifolds
and, apart from the following counterexample, we are always going to assume that
LM is Lagrangian.

Example 3.2 (LM is not Lagrangian). Consider a one-dimensional example with
target R2, space of fields F[t0,t1] = (R2)[t0,t1], with Lagrangian L ∈ C∞(TR2) given
by L(vx, vy, x, y) = 1

2y v2
x and with the action S[t0,t1] =

∫ t1
t0

1
2y(t) ẋ(t)2 dt. This

example is related to the one given in [16](section 1.2.2) where it is used to disprove
a related conjecture by Dirac. Note also that this is a 1-dimensional version of the
Polyakov string action.

The EL equations are ẋ2 = 0 and d
dt (y ẋ) = 0, the latter being trivially implied

from the first. The x-component of a solution is then completely determined by its
initial value, whereas the y-component is completely free. To get formal uniqueness
of solutions to the EL equations define C = R×R∞. Here the second factor contains
the information about y and all its derivatives at the initial time. The variation
of the action is

∫ t1
t0

( 1
2δyẋ2 + y ẋ δẋ) dt. However the boundary term here is absent

because we have to assume ẋ = 0 on the boundary in order to have a solution and
therefore α = 0. The projection π[t0,t1] : F[t0,t1] → C × C is then simply given by

π(x(·), y(·)) = (x(t0), y(t0), ẏ(t0), ÿ(t0), . . . , x(t1), y(t1), ẏ(t1), ÿ(t1), . . . )

so that L[t0,t1] = {(x, y0, y1, y2, . . . , x, ỹ0, ỹ1, ỹ2, . . . ), x, yi, ỹi ∈ R ∀i}. Now L[t0,t1] is
obviously isotropic since ω = 0. On the other hand, since ω = 0, L⊥[t0,t1]

= C 6= L.
Hence L[t0,t1] is not Lagrangian.

As in subsection 2.3, we can decide to split the boundary of a given d-manifold
M into incoming and outgoing boundary components, ∂M = ∂Min t ∂Mout, and
regard LM as a canonical relation from C∂Mopp

in
to C∂Mout , which we will call the

evolution relation since it generalizes the evolution flow.
Suppose we cut a manifold M along a submanifold Σ into two manifolds M1 and

M2 in such a way that ∂inM ⊂ ∂M1 and ∂outM ⊂ ∂M2. Then we set ∂inM1 =
∂inM , ∂outM1 = Σ, ∂inM2 = Σopp and ∂outM2 = ∂outM . We then have

LM = LM2 ◦ LM1

since a solution on M corresponds to solutions on M1 and M2 that match on Σ.
This composition of canonical relations replaces the usual composition of flows.

In particular, in the case of a cylinder Σ× [t0, t1] we have

LΣ×[t0,t1] = LΣ×[t,t1] ◦ LΣ×[t0,t]

for all t ∈ (t0, t1). On the other hand, in general we cannot expect LΣ :=
limt1→t0 LΣ×[t0,t1] to be the graph of the identity on CΣ as this will happen only
in regular theories. We call gauge theories those for which LΣ, which can be seen
to be an equivalence relation, is not the graph of the identity.

Remark 3.3 (Evolution correspondences). Recall that the Cauchy space CΣ de-
termines uniqueness only locally (or just formally, like in example 3.2 or in re-
mark 2.3) on cylinders. Therefore, we may miss some important information by
looking only at LM . The information about nonuniqueness is contained in the
fibers of πM : ELM → LM . Notice that by cutting M along some Σ as above
we get ELM = ELM2 ×CΣ ELM1 , so we may also interpret ELM as a canonical
correspondence, the evolution correspondence.
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It is tempting to think in terms of gluing manifolds along boundary components
instead of cutting them (even though this might require some extra pieces of data,
like collars, or to work up to homotopy as in [18]). From this perspective we could
think of Lagrangian field theories as inducing a functor from the cobordism category
(of manifolds with appropriate structure) to the extended presymplectic category.
We may think of this as the classical version of the Segal–Atiyah [25, 3] axioms for
quantum field theory.

Remark 3.4. Recall that a closed two-form on a manifold P is called presymplectic
if its kernel is a subbundle of TP (in finitely many dimensions this is equivalent to
requiring ω to have constant rank). There is no reason why the two-forms ωΣ we
obtained above should be presymplectic, but this is a fundamental requirement for
making sense of the rest of this program. This requirement puts some constraints
on the theories one can write down.

Remark 3.5. In the above description the two-form is always exact. On the other
hand, physical examples with non exact symplectic forms abound. One source for
them is reduction, see the next subsection, others arise from dropping the restrictive
condition that the action is a (well defined) function. More generally, one should
think of the action S, or rather of the Gibbs weight exp i

~S, as the section of a line
bundle over FM . In this more general setting, αΣ/~ is no longer a one-form on CΣ,
but a connection one-form on a line bundle.

A simple example where this occurs is that of a charged particle moving in a
magnetic field on a manifold N . The action contains the term

∫ t1
t0

Ai(x(t)) ẋi(t) dt,
where A = Aidxi is the vector potential regarded as a one-form. This term is also
equal to

∫
γ

A, where γ is the image of the path. If we make a gauge transformation,
the action then changes by boundary terms. Such action is not a function on the
space of paths when A is a connection on some nontrivial line bundle E over N .
Using the evaluation map at the endpoints, we can pullback this line bundle to
F[t0,t1]. Namely, we define E[t0,t1] = ev∗t0E

∗ ⊗ ev∗t1E. We can then see the Gibbs
weight as a section of (E[t0,t1])

⊗k (where k = 1/~ is an integer). The boundary
one-form α has the term A as a contribution from the magnetic term in the action
and therefore α/~ is defined only as a connection on p∗E⊗k, where p is the projection
from C = TN to N . The symplectic form ω is the canonical one for a particle on
N plus the curvature of A.

Another example is the WZW model, as discussed in [12] [14]. In this paper, for
simplicity, we will assume that the action is defined as a function.

3.1. Reduction. If the two-form ωΣ is degenerate, one may perform reduction by
its kernel. If the leaf space CΣ is smooth it inherits a symplectic structure ωΣ.
We may also project an evolution relation LM to the reduction and denote this by
LM . If it is a smooth submanifold of CΣ, it is automatically isotropic. Actually,
in all the examples at hand it is Lagrangian. (In example 3.2, this is trivial since
the reduction of C is zero-dimensional.) Finally, notice that at the reduced level
limt1→t0 LΣ×[t0,t1] is the graph of the identity on CΣ. In TFTs, this is so even
without taking the limit.

Remark 3.6. In general we cannot expect αΣ to be horizontal with respect to the
kernel of ωΣ, even though this happens in most examples discussed in this paper
(with the notable exception of subsection 2.2). If this is not the case, we should
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regard αΣ as a connection one-form on the trivial line bundle EΣ := CΣ×C. Since,
by definition, the restriction of this line bundle to each leaf is flat, we may reduce
to a line bundle with connection (EΣ, αΣ) if the holonomy of αΣ is trivial on each
leaf. Equivalently, we may think of αΣ as a contact form on the total space of EΣ.
Its reduction, if smooth, will be a contact manifold EΣ. Under the same conditions
as above it will be the total space of a line bundle with connection over CΣ.

Remark 3.7. In general the reduced space CΣ is singular and we want to avoid
reduction. We will see in the next Sections how to give a good cohomological
replacement for it. However, some partial reduction is very often possible and
useful. See for example Remark 2.3. We will see several other examples in the
following.

3.2. Axiomatization. By the above discussion we see that a Lagrangian field
theory in d dimensions induces the following ”categorical” description:

• The source category is a category of cobordisms: objects are (d− 1)-man-
ifolds and morphisms are d-manifolds with boundary. Depending on the
theory there might be restriction or additional data (e.g., a metric). Com-
position of morphisms is given by gluing along boundary components; one
way to make sense of this consists in putting a choice of collar of the bound-
ary in the additional data.

• The target ”category” has (usually infinite-dimensional) presymplectic man-
ifolds as its objects and correspondences with Lagrangian (or just isotropic)
image as morphisms.

A few comments are in order.
(1) What is actually important is not really gluing manifolds along common

boundary, but cutting manifolds along submanifolds. This structure is more
relevant than the categorical structure and much less problematic.

(2) In the case of a regular field theory, the dynamics of the problem on the
space time M may be recovered by choosing boundary conditions—viz.,
the choice of a submanifold L of the symplectic manifold C∂M—and take
the fiber of the evolution correspondence ELM over the intersection points
between L and the evolution relation LM as the space of solutions for these
boundary conditions. We might require for a field theory to be good that
these fibers should be generically finite dimensional; we call elements of
these fibers the (classical) vacua of the theory.

In order for the variational problem to be well-defined, we have to avoid
boundary terms and, as a consequence, require L to be such that the re-
striction of α∂M to it vanishes. This in particular implies that L must be
isotropic. In order to have, generically, solutions, we should also require L
to be maximally isotropic, i.e., Lagrangian.

(3) In a non regular theory, boundary conditions are also given by the choice of
a Lagrangian submanifold L on which the one-form α vanishes. In the re-
duced theory, one considers the intersection between the reduction of L and
that of the evolution relation LM and the fibers over them. In addition, one
also has to consider a reduction of these fibers. This is an additional piece of
data (not contained in the Lagrangian function defining the field theory). A
more refined definition of the target category would then require endowing
the evolution correspondences ELM with an integrable distribution—the
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gauge symmetries of the theory—with the consistency requirement that its
image in the evolution relation LM should coincide with the restriction of
the characteristic distribution of the presymplectic manifold.

(4) The above setting might be too rigid as the one-form α∂M might not restrict
to zero on the Lagrangian submanifold L one wishes to consider. To add
more flexibility, one can allow changing α∂M by an exact term df . By
consistency with (3.1) we see that in the Lagrangian field theory we started
with we have to change the action by π∗Mf . To preserve locality we might
want f itself to be a local functional. By using Stokes Theorem, we may
also write this as a bulk term. The original Lagrangian is changed by a
total derivative (which is hence invisible on a manifold without boundary).

(5) In the target “category,” we might also work in the more refined setting
where objects are endowed with a line bundle with connection whose cur-
vature is the presymplectic form (a prequantization bundle). The shift of
α∂M by an exact form in the previous comment should now be replaced
by a gauge transformation for the connection one-form. In addition, we
may take care of the Hamilton–Jacobi action as a covariantly closed sec-
tion of the pullback of the flat line bundle from the evolution relation to
the evolution correspondence. If the fibers of the correspondence over the
relation are connected, this defines a section of the flat line bundle over the
relation. In many relevant examples in addition the line bundle over the
presymplectic manifold is trivial; in these cases, the presymplectic form is
exact and the Hamilton–Jacobi action is a function.

(6) It might also make sense to allow for singular presymplectic manifolds or
for singular relations/correspondences.

3.3. Perturbative quantization. The perturbative functional integral may be
extended in the presence of boundary.4 Assume first that the theory is regular. For
simplicity, assume that the symplectic manifold C∂M is endowed with a Lagrangian
foliation along which α∂M vanishes and with a smooth leaf space B∂M .5 Denote by
p∂M the projection C∂M → B∂M . We then define the boundary vector space H∂M

as the space of functions on B∂M and the state ψM associated to the bulk M as

ψM (φ) =
∫

Φ∈π−1
M (p−1

∂M (φ))

e
i
~SM (Φ) [DΦ].

The integral is defined by the formal saddle point approximation around critical
points. As explained in the previous subsection, we may allow for some finite-di-
mensional degeneracy. In this case, we should think of ψM as a function on the
total space of the bundle of vacua over B∂M . If this makes sense, one could also
eventually perform the remaining finite-dimensional fiber integration.

In non-regular theories we have two (related) problems. The first is that on the
boundary space of fields we only have a presymplectic structure. The second is that
the critical points are degenerate (with infinite-dimensional fibers). To approach
this problem we have to require as an additional piece of data the choice of gauge
symmetries. The idea is that the situation reduces to the regular one if we mod

4What we call here perturbative perhaps should be called semiclassical. Strictly speaking the
perturbative expansion would be taking a formal power series expansion in coupling constants of
the action.

5A more general setting would require a discussion of geometric quantization.
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out by gauge symmetries in the bulk and by the characteristic foliation on the
boundary. However, this usually leads to singular spaces and, even when it is not
the case, one should make sense of the functional integral on the quotient. The way
out is to replace reduction by its cohomological version. When ∂M = ∅ this goes
under the name of BV formalisms [5] and it is known as BFV formalism [4] in the
case of boundary reduction by the characteristic foliation. The goal of this note
(and of [7]) is to show how the two formalisms fit together in a consistent way.

3.4. An alternative approach. Instead of introducing the space CΣ of Cauchy
data directly, one can “derive” it from the following construction which is somehow
more natural and better fitted to the BFV formalism which will be discussed in
Section 4. The space of Cauchy data obtained in this way may not coincide with
the one introduced previously, but the two construction agree after reduction.

The main idea is to associate to a (d − 1)-manifold Σ the space F̃Σ of germs of
fields at Σ× {0} on Σ× [0, ε]. We will call it the space of preboundary fields. The
boundary term in the variational calculus yields, as above, a one-form α̃Σ on F̃Σ

and the fundamental equation (3.1) now reads

(3.2) δSM = ELM +π̃∗M α̃∂M ,

where π̃M is the natural surjective submersion from FM to F̃∂M .
We then introduce ω̃Σ := dα̃Σ. This two-form will have a huge kernel but is

assumed to be presymplectic. We denote by (F ∂
Σ , ω∂

Σ) the reduced space, which we
will call the space of boundary fields. For the rest of the discussion, we are going
to assume F ∂

Σ is a smooth manifold. In general, we do not require α̃Σ to be basic.
If the trivial line bundle with connection α̃Σ on F̃Σ may be reduced to a smooth
line bundle on F ∂

Σ , we will denote by α∂
Σ the induced connection one-form.

For simplicity, we are now going to assume that α̃Σ is indeed horizontal, so α∂
Σ

is a one-form on F ∂
Σ , and leave the general case to the reader. If we denote by πM

the composition of π̃M with the natural projection from F̃∂M to F ∂
∂M , we get

δSM = ELM +π∗Mα∂
∂M .

Out of it we get that LM := πM (ELM ) is isotropic. We finally define the (new
version of the) space of Cauchy data CΣ as the space of points of F ∂

Σ that can be
completed to a pair belonging to LΣ×[0,ε] for some ε. Notice that we think of F ∂

Σ

as a relation from the one-point manifold to F ∂
Σ and of LΣ×[0,ε] as a relation from

F ∂
Σ to itself, we may write

CΣ =
⋃

ε∈(0,+∞)

LΣ×[0,ε] ◦ F ∂
Σ .

Notice that F ∂
Σ is coisotropic in itself. If ∀ε we assume LΣ×[0,ε] also to be so—

and hence to be Lagrangian—, then each composition is coisotropic (up to some
infinite-dimensional subtleties), and so will be the union. However, it may happen
that CΣ is coisotropic even if the Ls are not Lagrangian.

3.4.1. Examples.

Example 3.8. Consider a nondegenerate Lagrangian function on TN as at the
beginning of Section 2. The space F̃pt is just the infinite jet bundle over N . The
one-form is given in (2.2). The kernel of the corresponding two-form consists of all
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jets higher than the first, so F ∂
pt = TN . Since every point in it can be completed

to a pair in L[0,ε], for ε small enough, we recover Cpt = TN .

Example 3.9. In the case discussed in subsection 2.2, F̃pt is the open submanifold
in the infinite jet bundle over R2 obtained by requiring the first jet to be different
from zero. The reduced space F ∂

pt is TS1 with symplectic form obtained by pullback
from the cotangent bundle using the metric and LI is the graph of the identity for
every interval I; hence, Cpt = F ∂

pt = TS1. Notice that in this example the space of
Cauchy data given by this construction is different from the previous one, thought
their reductions are obviously the same. Moreover, in this example the one-form
α̃pt is not basic. The induced one-form connection α∂

pt is the one discussed in
remark 2.1.

Example 3.10. We now work out the new description of example 3.2. Here F̃pt

is the infinite jet bundle over R2 and α̃pt = yvxdx. The kernel of the two-form is
given by all jets higher than the first for x, by all jets higher then the zero jet for
y, and by X := y ∂

∂y − vx
∂

∂vx
. So in this case the form is not presymplectic. To

solve this problem we assume (vx, y) 6= (0, 0). This means that the original space of
fields FI has to be defined as paths in R2 that can hit the x-axis only with non zero
x-velocity. The reduction is then F ∂

pt = R2. If we denote by (p, q) its coordinates we
have α∂

pt = pdq. Moreover, π[t0,t1](x(·), y(·)) = (y(t0)ẋ(t0), x(t0), y(t1)ẋ(t1), x(t1)).
Since ELI consists of paths that are constant in the x-direction, we get L[t0,t1] =
{(0, q, 0, q), q ∈ R} which is clearly not Lagrangian. On the other hand, we have
Cpt = {(0, q), q ∈ R} which is coisotropic.

Example 3.11 (Electrodynamics). We now discuss the case of electrodynamics
(we leave to the reader the generalization to nonabelian Yang–Mills theory). The
space of fields on a manifold M is the space AM of connection one-forms for a fixed
line bundle over M . The action is SM (A) = (dA,dA) =

∫
M

dA∧∗dA, where ( , ) is
the Hodge pairing of forms for a fixed metric on M and ∗ is the Hodge ∗-operation.
The EL equations are d∗dA = 0, where d∗ is the formal adjoint of d with respect
to the Hodge pairing.

For simplicity of exposition, we now reformulate electrodynamics in the first-
order formalism (and leave to the reader its study in the usual second-order formal-
ism). Namely, we enlarge the space of fields to FM := AM × Ωd−2(M) and extend
the action to

SM (A,B) =
∫

M

B ∧ dA +
1
2
B ∧ ∗B

The EL equations are dA+∗B = 0 and dB = 0. Hence, B is completely determined
by A and then A must satisfy d∗dA = 0.

On the space of preboundary fields F̃Σ we have the one-form α̃Σ =
∫
Σ

B∧ δA. It
then follows that the space of boundary fields is F ∂

Σ = AΣ×Ωd−2(Σ) with one-form
α∂

Σ =
∫
Σ

BδA and symplectic form ω∂
Σ = dα∂

Σ.
Let us now consider LΣ×[0,ε]. The equation dB = 0 restricts to the boundary,

so it has to be satisfied by a field in LΣ×[0,ε]. We will call the direction along
[0, ε] vertical. The evolution will impose some other conditions, but we claim that
CΣ = AΣ × Ωd−2

closed(Σ), namely that no other conditions have to be imposed on
the first boundary component. The reason is that A on the first boundary can
always be extended to a solution. In the axial gauge (i.e., when we require that
the vertical component of A vanishes), the solution is unique once we specify the
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vertical derivative of A at the first boundary. But this first derivative may be
chosen, actually uniquely, so as to yield the given closed B on the boundary.

Notice that B—despite the notation—is the electric field on the boundary (or,
better, the (d− 1)-form corresponding to the electric vector field using the metric)
and the equation dB = 0 is just the Gauss law (i.e., divergence of electric field
equal to zero). The characteristic distribution on CΣ consists of just the gauge
transformations on A.

Example 3.12 (Abelian BF theories). We may consider the “topolological” limit
of the first-order formulation of electrodynamics, i.e., drop the term with the Hodge
∗ operator. This way we get the action SM =

∫
M

B ∧ dA on the same space of
fields FM = AM × Ωd−2(M). This theory is called abelian BF theory.

The space of boundary fields is the same as for electrodynamics. What changes
are the Lagrangian submanifolds LM . Since the EL equations are just dA = 0 and
dB = 0, we see that LM consists closed A and B on the boundary that can be
extended to closed A and B in the bulk. As a result CΣ = Aflat

Σ ×Ωd−2
closed(Σ). The

characteristic distribution consists of gauge transformations for A and shifts of B
by exact forms.

4. The BFV formalism

In this Section we address the problem of reformulating the reduction of a
presymplectic manifold C cohomologically.

If we work in the setting of subsection 3.4, our presymplectic submanifold is
actually given as a coisotropic submanifold of a symplectic manifold. Otherwise,
we first recall that Gotay [15] proved that every presymplectic manifold (C,ωC) may
be embedded into a symplectic manifold (F, ωF ) as a coisotropic submanifold such
that ωC is the restriction of ωF to C. Moreover, such an embedding is unique up to
neighborhood equivalence. The existence part is simply proven by taking F = D∗,
where D is the kernel of ωC , and ωF = p∗ωC + σ∗ωcan, where p is the projection
D∗ → C, ωcan is the canonical symplectic form on T ∗C and σ is a splitting of
T ∗C → D∗. Notice that ωcan is exact; so an exact presymplectic manifold can be
coisotropically embedded into an exact symplectic manifold6.

We are then led to consider the problem of how to describe symplectic reduction
of a coisotropic submanifold cohomologically. This goes under the name of BFV
formalism [4].

We start with the finite dimensional setting. Locally, a coisotropic submanifold C
of F can be described as the common zero locus of some differentiably independent
functions φi on F . The characteristic foliation is then the span of the Hamiltonian
vector fields Xi of the φis. The space of functions on the quotient C, if it is smooth,
is the same as (C∞(F )/〈φ1, φ2, . . . 〉)(X1,X2,... ), where 〈φ1, φ2, . . . 〉 denotes the ideal
generated by the φis and the exponent denotes taking the subalgebra invariant
under all the Xis. The goal is to describe this space (actually this Poisson algebra)
as the zeroth cohomology of a complex (actually the differential graded Poisson
algebra of functions on a graded symplectic manifold).

To do this we add to F new odd coordinates bi of degree −1 and define a
vector field Q on the supermanifold so obtained by imposing Q(f) = 0 for any

6 In this note we will not focus on subtleties of this statement in the infinite dimensional
setting.
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f ∈ C∞(F ) and Q(bi) = φi. The cohomology is concentrated in degree zero
and yields C∞(F )/〈φ1, φ2, . . . 〉. To select the invariant part, we add more odd
coordinates ci of degree +1 and extend Q to the supermanifold so obtained F by
requiring Q(bi) = φi, Q(ci) = 0 and Q(f) = ciXi(f). This Q is a Hamiltonian
vector field on F with respect to the symplectic form ωF +dbi dci and Hamiltonian
function ciφi; yet, in general it is not a differential on C∞(F). However, using
cohomological perturbation theory one can prove [26] that the Hamiltonian function
may be deformed in such a way this occurs. The construction may also be globalized
[6, 17, 22]. To summarize, we have the

Theorem 4.1. Let C be a coisotropic submanifold of a finite-dimensional symplec-
tic manifold F . Then one can embed F as the body of a supermanifold F with an
additional Z-grading endowed with an even symplectic form ωF of degree zero and
an even function S of degree +1 such that its Hamiltonian vector field Q squares
to zero and its cohomology in degree zero is isomorphic as a Poisson algebra to the
algebra of functions on C that are invariant under its characteristic distribution.
This construction is unique up to symplectomorphisms of F if one requires it to be
minimal (in terms of the newly added coordinates).

In the case of field theory, the analogous result—with the additional condition
that S and ωF are local—was proved long ago by [4] (in the description above
the index i is now replaced by a worldsheet coordinate and the sum over i by an
integral). Notice however that, in order to get S as a local functional, one often
has to add extra fields of degree greater than +1 (and consequently extra fields
of degree less than −1). In any case, the final result is what we will call a BFV
manifold.

Definition 4.2. A BFV manifold is a triple (F, ω,Q) where F is a supermanifold
with additional Z-grading, ω is an even symplectic form of degree zero, and Q is
an odd symplectic vector field of degree +1 satisfying [Q,Q] = 0.

Remark 4.3. Recall that Q symplectic means LQω = 0. On the other hand the
Z-grading amounts to the existence of an even vector field E of degree zero (the
graded Euler vector field) such that the grading on functions, forms and vector
fields is given by the eigenvalues of the Lie derivative LE . We then have LEω = 0
and [E,Q] = Q. This then implies that Q is automatically Hamiltonian, ιQω = dS,
with S = ιEιQω (this remark is due to Roytenberg [21]). Notice that the condition
[Q, Q] = 0 implies the “classical master equation” (CME) in the BFV formalism:

{S, S} = 0,

where { , } denotes the Poisson bracket induced by ωF .

The coisotropic submanifold C can also be recovered geometrically. Namely,
one defines EL as the zero locus of Q. More precisely (when EL is singular as
is often the case), one considers the ideal IEL generated by functions of the form
{S, f} with f ∈ C∞(F). This ideal is clearly a Lie subalgebra (with respect to
the Poisson bracket) thanks to the CME. This amounts to saying that EL is a
coisotropic submanifold. The original C is just its body.

Remark 4.4 (Quantization). The (geometric) quantization of F is in this setting
replaced by a quantization of F with a compatible quantization of S. Namely,
one has to produce a graded vector space HF quantizing (F , ωF ) together with an
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odd operator Ω of degree 1 quantizing S and satisfying Ω2 = 0. Notice that the
CME is the classical counterpart of the last equality and there might be obstruction
(“anomalies”) in finding such an Ω. If everything works, however, one can consider
the cohomology of Ω. Its degree zero component may be thought of the quantization
of the reduction of C.

4.1. BFV as a boundary theory. In Section 3 we saw that a d-dimensional
Lagrangian field theory associates a space CΣ with a closed (often exact) two-form
ωΣ to a (d− 1)-dimensional manifold Σ. It was part of the assumptions that CΣ is
a manifold and that ωΣ is presymplectic. Following the description above, we now
associate to Σ a BFV manifold (F∂

Σ, ω∂
Σ, Q∂

Σ). (The upper symbol ∂ is a reminder
that this is the boundary construction as in the following we will have a similar
construction, with similar notations, for the bulk.) If we work in the settings of
subsection 3.4, then we take F ∂

Σ to be the degree zero part of F∂
Σ.

An important remark is that other cohomology groups may turn out to be non-
trivial. As an example, consider first-order electrodynamics as in example 3.11.
Recall that the space of boundary fields on Σ is AΣ × Ωd−2(Σ) whereas CΣ =
AΣ × Ωd−2

cl (Σ). To implement the BFV construction we add odd fields c ∈ Ω0(Σ)
of degree +1 and b ∈ Ωd−1(Σ) of degree −1 and consider the BFV action SΣ =∫
Σ

cdB. The Hamiltonian vector field Q acts trivially on c and B. On the other
hand Qb = dB and QA = dc. So the BFV cohomology yields functions on
H0(Σ)[1] × Aflat

Σ /gauge × Ωd−2
cl (Σ) × Hd−1(Σ)[−1]. The extra factors, in degree

0 and d − 1, express the stacky nature of the reduction and become even more
important in the nonabelian Yang–Mills case.

5. The BV formalism for manifolds with boundary

The BV formalism [5] deals with the degeneracy problem for an action in the
bulk. In the BV case, as in Sections 2 and 3, we have a d-dimensional Lagrangian
field theory, i.e. the assignment of a space of fields FM and an action SM =

∫
M

L
over FM to a d-manifold M . But in addition we have a distribution DM ⊂ TFM on
FM which describe the “symmetries’. This distribution does not have to be given by
an action of a Lie group. It is involutive and of finite codimension when restricted
to ELM . The construction aims at cohomologically resolving the quotient of ELM

by the symmetries. Let us sketch the last point assuming at the beginning that our
manifold M has no boundary. The BV construction proceeds by

(1) first extending the space of fields FM to the supermanifold DM [1] ⊂ T [1]FM

(i.e., one assigns degree 1 and the according Grassmann parity to coordi-
nates on fibers of DM ),

(2) extending the action SM to a new local functional SM on FM := T ∗[−1]DM [1]
which has the two following properties:
(a) It satisfies the classical master equation (CME) {SM ,SM} = 0, where

{ , } is the (degree +1) Poisson bracket associated to the canonical
symplectic form (of degree −1) on FM , and

(b) the restriction of DM to ELM is the same as the restriction of the char-
acteristic distribution of the coisotropic submanifold ELM of critical
points of SM to its degree zero part.



218 A. S. CATTANEO, P. MNEV, AND N. RESHETIKHIN

The solution can be found by cohomological perturbation theory. In order to pre-
serve locality, it is often necessary to extend the above procedure by allowing de-
pendent symmetries and resolving their relations by adding new variables of degree
2 (ghosts for ghosts) and so on. The final result is anyway a supermanifold with
odd symplectic form of degree −1 and a solution of the CME.

Remark 5.1. The CME is also the starting point for making sense of the integral
of e

i
~SM over FM . In the saddle point approximation, one expands around critical

points, i.e., points of ELM . If the action is degenerate—namely, its Hessian at
a critical point is degenerate—one cannot even begin the perturbative expansion.
However, if one quotients by a distribution as above, one saves the game (or at least
reduces the problem to a residual finite dimensional integration). This quotient
might be very singular; also notice that in general situations the distribution is
not even involutive outside of ELM ; and even if everything worked out properly,
it might be difficult to define the perturbative functional integral on the quotient,
which might have a much more involved manifold structure. The way out is to
extend SM to a (possibly ~-dependent) solution S̃M of the quantum master equation
(QME) on FM . Namely, one picks a Berezinian ρ (formally, since we are working
in an infinite dimensional context) on FM and defines the BV Laplacian ∆ by
∆f = 1

2 divρ Xf , where Xf is the Hamiltonian vector field of a function f and
divρ is the divergence operator with respect to ρ. One requires ρ to restrict to
the original measure on FM and to be compatible with the symplectic structure:
namely, one requires ∆2 = 0. The QME then reads 1

2{S̃M , S̃M}− i~∆S̃M = 0. The
limit of S̃M for ~→ 0 solves the CME and is taken to be SM . One actually starts
with SM and tries to extend it to a formal power series in ~ that solves the QME
if there are no obstructions (“anomalies”). A consequence of the QME is that the
integral of e

i
~ S̃M on a Lagrangian submanifold is invariant under deformations of

the Lagrangian submanifold. One then replaces the originally ill-defined integral
over FM by the integral over a deformation of the Lagrangian submanifold DM [1]
where it is well-defined. We refer to [23] for a good introduction.

Definition 5.2. A BV manifold is a triple given by a supermanifold with additional
Z-grading, an odd symplectic form of degree −1 and a function of degree 0 that
satisfies the CME, i.e. Poisson commutes with itself.

We may then formulate the result of the BV construction in d-dimensional La-
grangian field theory as the assignment of a BV manifold (FM , ωM ,SM ) to a d-man-
ifold M . Notice that as a consequence of the CME the Hamiltonian vector field
QM of SM ,

(5.1) ιQM
ωM = δSM ,

is cohomological, i.e., it satisfies [QM , QM ] = 0.

5.1. The case with boundary. Now let us allow M to have a nonempty boundary.
Since the BV construction is local it still assigns to M a quadruple (FM , ωM ,SM , QM ).
It is still true that ωM is symplectic and that QM is cohomological. On the other
hand, SM is no longer its Hamiltonian. The problem is that (5.1) involves integra-
tion by parts. We may overcome this problem working as in the previous Sections
(in particular, subsection 3.4).

Namely, we define the space F̃Σ of preboundary fields on a (d − 1)-manifold Σ
as the germs at Σ × {0} of FΣ×[0,ε]. Integration by parts in the computation of
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δSΣ×[0,ε] yields a one-form α̃Σ on F̃Σ. We denote by ω̃Σ its differential—which we
assume to be presymplectic—and by (F∂

Σ, ω∂
Σ) its reduction. We also assume that

α̃Σ reduces to a connection one-form α∂
Σ on F∂

Σ. In most examples, α∂
Σ will be an

actual one-form.
If we take care of boundary terms, instead of (5.1) we now get

(5.2) ιQM
ωM = δSM + π̃∗M α̃∂M ,

where π̃M is the natural surjective submersion from FM to F̃∂M . If we denote by
πM the composition of π̃M with the natural surjective submersion from F̃∂M to
F∂

∂M , we finally get the fundamental equation of the BV theory for manifolds with
boundary [7]:

(5.3) ιQM
ωM = δSM + π∗Mα∂

∂M ,

To complete the description of the theory with boundary, we still have to study
QM . The first obvious remark is that it is π̃M -projectable. More precisely, for every
Σ, there is a uniquely defined vector field Q̃Σ (automatically cohomological) on F̃Σ

such that for every M the vector field QM projects to Q̃∂M : namely, Q̃∂M (φ) =
dφ̂π̃M (QM (φ̂)), ∀φ ∈ F̃∂M and ∀φ̂ ∈ π̃−1

M (φ).
Let us now differentiate (5.2). Using the fact that ωM is closed, we get LQM ωM =

π̃∗M ω̃∂M (which by the way proves that QM is not even symplectic). We now apply
LQM

to this equation. Using the fact QM is cohomological and projectable, we
get π̃∗MLQ̃∂M

ω̃∂M = 0. Since π̃M is a surjective submersion, we conclude that
LQ̃∂M

ω̃∂M = 0.

Actually, this proves that, for every Σ, ω̃Σ is Q̃Σ-invariant. This implies that Q̃Σ

is projectable to the reduction. To show this, we have just to check that [Q̃Σ, X]
belongs to the kernel of ω̃Σ for every X in the kernel. This follows from the identities
ι[Q̃Σ,X]ω̃Σ = [LQ̃Σ

, ιX ]ω̃Σ = 0.
We conclude that, for every Σ, there is a uniquely defined vector field Q∂

Σ on F∂
Σ

(automatically cohomological and symplectic) to which Q̃Σ projects. This has two
fundamental consequences:

(1) To each (d− 1)-dimensional manifold Σ, we now associate a BFV manifold
(F∂

Σ, ω∂
Σ, Q∂

Σ), see definition 4.2.
(2) For each d-manifold M , QM πM -projects to Q∂

M .
These two final observations together with (5.3) constitute the framework of the BV
formalism extended to manifolds with boundaries [7], which we call the BV-BFV
formalism.

Definition 5.3. We define a BV-BFV manifold over a given exact BFV manifold
(F∂ , ω∂ = dα∂ , Q∂) as a quintuple (F , ω,S, Q, π) where F is a supermanifold with
additional Z-grading, ω is an odd symplectic form of degree −1, S is an even
function of degree 0, Q is a cohomological vector field and π : F → F∂ is a surjective
submersion such that

(1) ιQω = dS + π∗α∂ ,
(2) Q∂ = dπQ.

The definition may be extended to BV-BFV manifolds over a BFV manifold with
connection α∂ . This requires introducing a line bundle over F∂ and viewing
exp( i

~S) as a section of the pulled-back bundle.
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Remark 5.4 (Axiomatization). We may now reformulate Lagrangian field theories
axiomatically as a ”functor” from some ”cobordisms category” to a category where
the objects are BFV manifold with connection and the morphisms are BV-BFV
manifolds over the Cartesian product of the objects.

Remark 5.5. Notice that using this method the BFV construction associated to
the boundaries is obtained from the BV construction in the bulk and does not
have to be done independently. Also recall that, by general principles [21], Q∂

Σ is
Hamiltonian with a uniquely defined odd Hamiltonian function S∂

Σ of degree +1.
This yields as a consequence the following generalization of the CME

(5.4) QM (SM ) = π∗M (2S∂
∂M − ιQ∂

∂M
α∂

∂M ),

which can be proved as follows. First differentiate (5.3) to obtain LQM
ωM =

π∗Mω∂
∂M . Then apply ιQM

to (5.3) and use the obtained equation and the fact that
QM is cohomological and projects to Q∂

∂M to obtain the differential of (5.4). Then
observe that the differential of a function of degree 1 vanishes if and only if the
function itself vanishes (we have no constants in degree +1).

Example 5.6 (First-order electrodynamics). We return to example 3.11 (first-
order YM is explained in details in [7]; we leave the usual second-order formulation
as an exercise to the reader). Since we want to implement gauge transformations
for A, we define DM [1] by adding the “ghost field” c ∈ Ω0(M) which is odd and of
degree +1. Gauge transformations are given by the vector field dc in the A-direction
(here d denotes the de Rham differential on M). The BV space of fields FM =
T ∗[−1]DM [1] is then

Ω0(M)[1]×AM × Ω2(M)[−1]× Ωd−2(M)× Ωd−1(M)[−1]× Ωd(M)[−2].

We add a superscript + to denote the canonically conjugate coordinates (a.k.a.
antifields) to the fields: namely, B+ ∈ Ω2(M)[−1], A+ ∈ Ωd−1(M)[−1], c+ ∈
Ωd(M)[−2]. The BV action is just

SM =
∫

M

B ∧ dA +
1
2
B ∧ ∗B + A+ ∧ dc.

The cohomological vector field QM acts as follows (we omit the terms where the
action is zero):

QMA = dc, QMA+ = dB, QMB+ = ∗B + dA, QMc+ = dA+.

On the space of preboundary fields on a (d − 1)-manifold Σ, we get α̃Σ =
∫
Σ

B ∧
δA+A+ δc. We immediately see that the kernel of ω̃Σ consists of all jets of B+ and
c+ and all jets higher then the zeroth of A,B, A+, c. Moreover, α̃Σ is also basic.
We then get

F∂
Σ = Ω0(Σ)[1]×AΣ × Ωd−2(Σ)× Ωd−1(Σ)[−1].

Projecting the cohomological vector field, we get the cohomological vector field
Q∂

Σ, which acts by Q∂A+ = dB and Q∂A = dc and has Hamiltonian function
S∂

Σ =
∫
Σ

c dB.
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5.2. EL correspondences. We now define the space ELM as the space of zeros
of QM and L∂M as its image under πM . This generalizes the classical story of
evolution correspondences and evolution relations. Notice that (5.3) implies that
L∂M is isotropic, and we are going to assume that it is actually Lagrangian. There
are two problems to be tackled though: the first is that ELM is not smooth in
general, the second is that we are usually interested in reduction, which is even
more singular in general.

One way to avoid the first problem is by working with an algebraic description
only, but we will often pretend that we are dealing with smooth manifolds. Namely,
instead of ELM we consider its vanishing ideal IELM

, i.e., the ideal generated by
functions of the form QMf , with f ∈ C∞(FM ). This ideal is a Lie algebra with
respect to the Poisson bracket, which amounts to saying that ELM is coisotropic.
If M has no boundary, this is obvious since QM is symplectic and squares to
zero. If M has a boundary, this is still true since, to generate it, it is enough
to consider functions f that “vanish near the boundary” (namely, functions in
π∗M,UFU where U is compact in the interior of M and πM,U is the restriction map).
The characterstic distribution DM is generated by the Hamiltonian vector fields of
functions of the form Qf . If f is as above, we have Qf = {S, f} and hence the
characteristic distribution is generated by vector fields of the form [Q,X] where X
is a Hamiltonian vector field vanishing near the boundary (we assume here that
components of Q on EL are differentiably independent). The reduction ELM of
ELM by DM carries again a symplectic form of degree −1 (if it is singular, this has
to made sense of; e.g., by considering the open smooth locus or using the language
of derived algebraic geometry [27]).

If M has a boundary, it makes sense to consider another reduction, namely by
the distribution DQ

M ⊃ DM generated by vector fields of the form [Q,X] where X
is Hamiltonian (but with no vanishing condition). More precisely, observe that,
since QM projects to Q∂

∂M , we have that L∂M is contained in EL∂
∂M , the space

of zeros of Q∂
∂M , which is also coisotropic. Hence its characteristic distribution,

generated by vector fields of the form [Q∂
∂M , X] with X Hamiltonian, is tangent to

L∂M . Now let ` be a point in L∂M and let [`] denote its orbit. Then DQ
M restricts

to π−1
M ([`]) ∩ ELM and we denote by E [`] its quotient. The union of the E [`]s over

[`] ∈ L∂M is the quotient ELM Q
of ELM by DQ

M , which is by itself a quotient of
the symplectic reduction ELM .

In [7] it is shown that each fiber E [`] carries a symplectic form of degree −1. This
follows from a different but equivalent description of this quotient. Namely, pick a
Lagrangian submanifold L of F∂

∂M transversal to L∂M at `. Then one shows that
π−1

M (`) ∩ ELM is coisotropic in π−1
M (L) and that its reduction is E [`].

We call E [`] the moduli space of vacua at [`] and we assume it to be finite
dimensional (if this is not the case, it means that we have not considered enough
symmetries).

Notice that there is in principle a second (usually coisotropic) submanifold C′Σ of
FΣ. Namely, the elements of FΣ are zeroes of Q∂

Σ which can be extended as zeroes
of QΣ×[0,ε] for some ε > 0. It is meaningful to require C′Σ = CΣ. Otherwise, it again
means that we have not taken enough symmetries into account.

Remark 5.7 (Axiomatization). If reduction were always nice, we could get the fol-
lowing induced axiomatization of a d-dimensional Lagrangian field theory in the
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BV-BFV formalism. To a (d− 1)-manifold Σ we associate a symplectic superman-
ifold EL∂

∂M and to a d-manifold M we associate the “evolution correspondence”
ELM Q

→ EL∂
Σ which has a Lagrangian image and whose fibers are finite dimen-

sional symplectic manifolds in degree −1. If we cut a manifold M along a sub-
manifold Σ, we may try to recover ELM out of the composition of the evolution
correspondences, and some more data, for the two halves. This problem started to
be addressed in [7].

Example 5.8 (Electrodynamics—continued). In [7], to which we refer for details,
it is shown that, in the case of first-order electrodynamics, for any ` we have

E [`] ' H1(M, ∂M)⊕Hn−1(M)[−1]⊕H0(M, ∂M)[1]⊕Hn(M)[−2],

which is indeed finite-dimensional. (Here H∗(M, ∂M) denotes cohomology relative
to the boundary.)

5.3. Extended theories. The construction in subsection 5.1 may be applied iter-
atively to go to lower and lower dimension. Namely, there we have obtained a BFV
structure (F∂

Σ, ω∂
Σ, Q∂

Σ), to which we canonically associate a function S∂
Σ, for every

(d − 1)-dimensional manifold Σ without boundary; yet, since the construction is
local, we can use these data on a (d − 1)-dimensional manifold Σ with boundary.
Again what is not going to work is the condition that S∂

Σ is the Hamiltonian func-
tion of Q∂

Σ. We correct this equation using the induced one-form on the space of
preboundary fields on ∂Σ and reduce by the kernel of the two form. Since S∂

Σ has
degree 1, this will also be the degree of the induced symplectic form.

As a result, to a (d−2)-manifold γ we associate a triple (F∂∂
γ , ω∂∂

γ = dα∂∂
γ , Q∂∂

γ ),
where ω∂∂

γ is an odd symplectic form of degree +1 and Q∂∂
γ is a cohomological, sym-

plectic vector field (hence automatically Hamiltonian with a uniquely defined even
Hamiltonian function S∂∂

γ of degree +2). To a (d − 1)-manifold Σ with boundary
we now associate a quintuple (F∂

Σ, ω∂
Σ, Q∂

Σ,S∂
Σ, π∂

Σ), where ω∂
Σ is an even symplectic

form of degree 0, Q∂
Σ is a cohomological vector field, S∂

Σ is an odd function of degree
+1 and π∂

Σ : F∂
Σ → F∂∂

∂Σ is a surjective submersion such that

(1) ιQ∂
Σ
ω∂

Σ = dS∂
Σ + (π∂

Σ)∗α∂∂
∂Σ,

(2) Q∂∂
∂Σ = dπQ∂

Σ.

We can now consider the zero locus EL∂∂
∂Σ of Q∂∂

∂Σ, which is coisotropic and contains
L∂

Σ := π∂
Σ(EL∂

Σ). Repeating the same analysis as above, we conclude that EL∂
ΣQ

→
EL∂∂

∂Σ has fibers with a symplectic structure in degree zero. Notice that in general
these fibers will not be finite dimensional (it would be too restrictive to ask for
that).

The construction may now be iterated to (d − 2)-manifolds with boundaries.
Every time the degree of the symplectic form and of the action increase by 1.
However, it probably makes sense to continue this construction only as long as the
E∂∂...∂

[`] spaces are finite dimensional.
Typically, at some point we get S∂∂...∂ = 0, so that E∂∂...∂

[`] is the whole space
of fields in the bulk over a point on the boundary and this will usually be infinite
dimensional.

On the other hand, in topological field theories of the AKSZ type [2], this
construction can be iterated down to dimension 0 always with finite dimensional
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E∂∂...∂
[`] fibers; see [7] for details. Hence we can speak of fully extended field theo-

ries. These looks like the BV-BFV version of [18].

Example 5.9 (Electrodynamics—continued). In example 5.6, we got the BFV
structure for first-order electrodynamics. Applying the above reasoning, we first
consider the space of preboundary fields with one-form α̃∂∂

γ =
∫

γ
B δc. The kernel

of its differential consists of all jets for A and A+ and and all jets higher than the
zeroth for B and c, and α̃∂∂

γ is basic. Hence we get

F∂∂
γ = Ω0(γ)[1]× Ωd−2(γ).

One can also easily realize that Q∂∂
γ = 0. Moreover, one can also compute, see [7],

EL∂
ΣQ

= Ω1(Σ)/Ω1(Σ)exact ⊕ Ωd−2
closed(Σ, ∂Σ)⊕H0(Σ, ∂Σ)[1]⊕Hd−1(Σ)[−1],

which is infinite dimensional for d > 2. If d = 2, this space is finite dimensional,
so it makes sense to extend the theory down to codimension two. This is another
way of observing that two-dimensional electrodynamics is almost topological (this
holds also for nonabelian Yang Mills theories).

5.4. Perturbative quantization. We may finally present the generalization of
the formalism discussed in subsection 3.3 to the case of degenerate Lagrangians in
the BV-BFV formalism. For simplicity, we assume that the boundary one-form
α∂

∂M is globally well-defined and that F∂
∂M is endowed with a Lagrangian foliation

on which α∂
∂M vanishes and which has a smooth leaf space B∂M . The space of

functions on B∂M defines the boundary graded vector space H∂M . Let p∂M be the
projection F∂

∂M → B∂M . To produce a state ψM associated to the bulk M we first
have to choose an embedding of EL[p−1

∂M (φ)∩LM ] into π−1
M (p−1

∂M (φ)) and a tubular
neighborhood thereof. Then we have to pick a Lagrangian submanifold Lφ in the
fiber of this tubular neighborhood. Finally,

ψM (φ) =
∫

Lφ

e
i
~SM (Φ) [DΦ].

Notice that ψM (φ) is also a function on the moduli space of vacua EL[p−1
∂M (φ)∩LM ].

As already observed, each of these spaces carries a symplectic structure of degree
−1 and is by assumption finite dimensional. The integral has to be computed
perturbatively. One can then define a BV operator ∆ on the moduli spaces of
vacua and (if the theory is not anomalous) a coboundary operator Ω on H∂M . By
general BV arguments we expect that ψM satisfies the following generalization of
the QME

(5.5) ~2∆ψM + ΩψM = 0,

whose classical limit should correspond to (5.4).
An example where this kind of quantization has been performed and a solution to

(5.5) has been explicitly obtained is described in [1]. Other examples are currently
being studied [8].

Appendix A. Some useful facts

A relation from a set X to a set Y is just a subset of X × Y . If R1 is a relation
from X to Y and R2 is a relation from Y to Z, the composition R2 ◦R1 from X to
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Z is defined as

R2 ◦R1 = {(x, z) ∈ X × Z : ∃y ∈ Y (x, y) ∈ R1, (y, z) ∈ R2}.
The composition is associative. If φ : X → Y and ψ : Y → Z are maps, then
graph(ψ) ◦ graph(φ) = graph(ψ ◦ φ).

If X and Y are symplectic manifolds, a relation from X to Y is called canonical
if it is a Lagrangian submanifold. A map φ : X → Y is a symplectomorphism iff
graph(φ) is a canonical relation. The composition of of two canonical relations in
general is not a submanifold. On the other hand, being Lagrangian is preserved if
X and Y are finite dimensional; otherwise one can only ensure being isotropic in
general. A composition of isotropic relations is again isotropic.

In this paper, we often work with presymplectic and weakly symplectic forms.
Recall that a closed two-form ω is presymplectic if it has constant rank and is weakly
symplectic if it defines an injective linear map from the tangent to the cotangent
bundle (in finitely many dimensions, this implies that the form is also symplectic).

The notion of Lagrangian submanifold naturally extends to presymplectic and
weakly symplectic manifolds. A submanifold L of (M,ω) is called Lagrangian, if
TxL⊥ = TxL ∀x ∈ L. Here

TxL⊥ := {v ∈ TxM : ωx(v, w) = 0 ∀w ∈ TxL},
which makes sense also if ωx is degenerate. Similarly, L ⊂ M is coisotropic if TL⊥ ⊂
TL and it is isotropic when TL ⊂ TL⊥. Here ⊥ means orthogonal subbundle with
respect to the two-form ω.
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[27] B. Toën, G. Vezzosi, “From HAG to DAG: derived moduli stacks”, in: Axiomatic, enriched
and motivic homotopy theory, NATO Science Series 131 II (2004) 173–216.

[28] E. Witten, “Quantum Field Theory and the Jones Polynomial,” Commun. Math. Phys. 121,
351–399 (1989).

Institut für Mathematik, Universität Zürich, Winterthurerstrasse 190, CH-8057
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A CONSTRUCTION OF OBSERVABLES FOR AKSZ SIGMA
MODELS

PAVEL MNEV

Abstract. A construction of gauge-invariant observables is suggested for a
class of topological field theories, the AKSZ sigma-models. The observables
are associated to extensions of the target Q-manifold of the sigma model to a
Q-bundle over it with additional Hamiltonian structure in fibers.

Contents

1. Introduction 227
1.1. Logic of the construction 228
1.2. Plan of the paper 229
1.3. Acknowledgements 230
Terminology, notations 230
2. AKSZ reminder 230
2.1. Target data. 231
2.2. The AKSZ sigma model. 231
2.3. Examples 233
3. Hamiltonian Q-bundles 234
3.1. Q-bundles reminder 235
3.2. Trivial Hamiltonian Q-bundles 235
3.3. General Hamiltonian Q-bundles 236
3.4. Examples 236
4. BV pre-observables and observables 238
4.1. Pre-observables and observables for a classical ambient BV theory 238
4.2. Pre-observables and observables for a quantum ambient BV theory 241
5. AKSZ pre-observable associated to a Hamiltonian Q-bundle 243
6. From pre-observables to observables 246
6.1. Case N = point 247
6.2. Case of 1-dimensional observables. 248
6.3. Torsion-like observables 249
7. Examples of observables 253
7.1. Observables with N a point. 253
7.2. Wilson loop observable in Chern-Simons theory 254
7.3. “Wilson loops” in Poisson sigma model 255
7.4. Torsion observables in Chern-Simons theory 256
7.5. A codimension 2 (pre-)observable in BF theory 258
8. Final remarks 259
8.1. Extension to source manifolds with boundary. 259
References 261

226



A CONSTRUCTION OF OBSERVABLES FOR AKSZ SIGMA MODELS 227

1. Introduction

The interest in observables in topological field theories is largely due to the ap-
plications in algebraic topology, where expectation values of observables are known
to yield (at least in some examples) invariants of knots and links under ambient
isotopy or, more generally, cohomology classes of spaces of embeddings. The semi-
nal example here was given in the work of Witten [16], where the expectation value
of the Wilson loop observable in Chern-Simons theory with gauge group SU(2),
associated to a knot in the 3-sphere, was found out to yield the Jones polynomial
of the knot.

Given a diffeomorphism-invariant action SΣ of a topological field theory on a
manifold Σ with space of fields FΣ, one is particularly interested in observables
O ∈ C∞(FΣ) associated to embedded submanifolds i : γ ↪→ Σ which depend on
fields only via their pull-back from Σ to γ:

(1) Oγ,i(X) = O(i∗X)

where X is the field. Such observables are automatically invariant with respect to
diffeomorphisms φ : Σ → Σ in the sense that

(2) Oγ,φ◦i((φ−1)∗X) = Oγ,i(X)

where (φ−1)∗X is the pull-back of the field by φ−1.
On a formal level, the expectation value of the observable

(3) 〈Oγ,i〉 =
∫

FΣ

DX Oγ,i(X) eiSΣ(X)

is diffeomorphism-invariant

(4) 〈Oγ,φ◦i〉 = 〈Oγ,i〉
due to (2), diffeomorphism-invariance of the action SΣ and of the path integral
measure DX. This means in particular that the expectation value is an invariant
of the embedding i : γ ↪→ Σ under ambient isotopy.

Since topological field theories possess gauge symmetry, one also requires that
the observable is gauge-invariant, so that in the path integral (3) one could pass to
integration over gauge equivalence classes of fields.

In this paper we employ Batalin-Vilkovisky (BV) formalism to treat systems
with gauge symmetry (cf. e.g. [15] for details). In particular the space of fields FΣ

becomes extended to an odd-symlectic Q-manifold FΣ with the action SΣ extended
to a function on FΣ, satisfying the master equation1 {SΣ, SΣ} = 0 and generating
the cohomological vector field QΣ as its Hamiltonian vector field. In this formalism
the gauge-invariance of the observable is expressed as

(5) QΣO = 0

and the path integral (3) for the expectation value is traded for an integral over
a Lagrangian submanifold L in FΣ, with L playing the role of the gauge-fixing
condition.

One idea how to construct an observable for a gauge theory in BV formalism
is to consider an extension of the BV theory (FΣ, SΣ) to a BV theory on a larger
space (FΣ × Faux, SΣ + Saux) with Faux the space of “auxiliary fields” and Saux

1In this outline we do not make explicit distinction between classical and quantum master
equation. We write the classical one which also coincides with the quantum one if ∆ΣS = 0
for ∆Σ the BV Laplacian. Likewise, we write the classical gauge-invariance condition on the
observable QΣO = 0 which coincides with the quantum one if ∆ΣO = 0, cf. section 4 for details.
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the action for auxiliary fields Y which is also allowed to depend on the “ambient”
fields X ∈ FΣ. Then one uses the BV push-forward construction

(6) O(X) =
∫

Laux⊂Faux
DY eiSaux(X,Y )

(propositions 1, 3 in section 4, cf. also [13]) to integrate out the auxiliary fields
and produce an observable for the ambient theory (FΣ, SΣ). In this paper we call
such extensions by auxiliary fields “pre-observables” (to be more precise, we use a
slightly better definition with equation (40) on Saux instead of the master equation
on SΣ + Saux, which still suffices to produce an observable, cf. definition 6 and
remark 5).

In this paper we consider observables obtained by the construction outlined
above for topological sigma models coming from AKSZ construction [1] (cf. a brief
reminder in section 2), where FΣ is the mapping space from the tangent bundle of Σ
with shifted parity of fibers to a target Q-manifold M with additional Hamiltonian
structure (cf. definition 1). In this setting we give a construction of pre-observables
(section 5), which associates a pre-observable for the AKSZ sigma model to an
embedded submanifold i : γ ↪→ Σ and an extension of the target M to a Q-
bundle over M with additional Hamiltonian structure in fibers (the “Hamiltonian
Q-bundle”, cf. section 3). For the ambient and auxiliary actions to have degree
zero, degrees of Hamiltonian structures in the base and the fiber of the target
Q-bundle have to match2 dimensions of Σ and γ respectively.

Having a pre-observable for an AKSZ sigma model, we construct the corre-
sponding observable by the BV push-forward (6). By construction, this observable
is gauge-invariant in the sense of (5) and satisfies (1), and so formally produces
expectation values which are invariant under ambient isotopy. Of course, the prob-
lem with this definition of the observable is that (6) is generally a path integral. In
section 6 we consider several simple cases when this integral can be made sense of
and its expected properties can be rigorously checked:

• case when the fiber in the target is a point (which gives rise to observables
given by an exponential of an integral of a local expression),

• case of one-dimensional observables (when the path integral becomes a path
integral of quantum mechanical type and can be regularized via geometric
quantization, which gives rise to certain generalization of Wilson loops),

• case when the integral (6) is Gaussian which gives rise to a class of observ-
ables which we call “torsion-like” for their similarity to Ray-Singer torsion.

In section 7 we give explicit examples of observables falling within one of the
three classes above. In particular, we recover the usual Wilson loop observable in
Chern-Simons theory, with the corresponding path integral expression being the
Alekseev-Faddeev-Shatashvili path integral formula for the Wilson loop [2]. We
also recover the Cattaneo-Rossi “Wilson surface” observable for BF theory [9].

In this paper we concentrate only on the construction of observables, we are not
calculating their expectation values.

1.1. Logic of the construction.

(i) For an AKSZ sigma model on manifold Σ with target M, find a Hamiltonian
Q-bundle E over M. Then for every embedded submanifold i : γ ↪→ Σ of
fixed dimension matching the degree of Hamiltonian structure in fibers of E ,
we construct a pre-observable.

2More precisely, degrees of Hamiltonians (not of symplectic structures) have to match the
dimensions.
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(ii) Take the fiber BV integral (6) over the auxiliary fields of the pre-observable
constructed in step (i) to obtain an observable for the AKSZ sigma model.

Unlike step (i), step (ii) is not canonical, in the sense that it is a quantization
problem: the path integral has to be made sense of (and the gauge-invariance of
the result has to be checked) which can be done for certain classes of target Q-
bundles, but it is not clear whether it is possible to do in greater generality3.

1.2. Plan of the paper. The logical organization of the exposition is as follows.

• Sections 2, 3.1, bits of 4 concerning BV observables — background re-
minders.

• Section 5 — step (i) of the main construction.
• Section 3 — auxiliary construction for step (i) of the main construction.
• Section 4 — motivation for step (ii) of the main construction.
• Section 6 — examples for step (ii) of the main construction.
• Section 7 — fully explicit examples.

Section 2 is a short reminder of the AKSZ construction of topological sigma
models in Batalin-Vilkovisky formalism. We also recall how some well-known topo-
logical field theories fit into the construction: Chern-Simons theory, BF theory,
Poisson sigma model.

In section 3 we first briefly recall the standard notion of a Q-bundle and then
define a “Hamiltonian” Q-bundle, preparing the grounds for the construction of
pre-observables in section 5. We start with the definition 2 of a trivial Hamiltonian
Q-bundle (“trivial” here means trivial as a fiber bundle; the cohomological vector
field is not required to be a sum of a cohomological vector field on the base and
another one on the fiber). All our examples are of this type, but for the completeness
of the exposition, we also give a slightly more general definition 3, which does
not explicitly rely on the total space being a direct product. However in a local
trivialization definition 3 boils down to definition 2.

In section 4 we recall the standard notions of classical and quantum observables
in BV formalism and introduce the notion of a pre-observable, which comes in three
modifications:

(i) Classical pre-observable, definition 6: essentially, an extension of the action
of the ambient classical BV theory to a solution of classical master equation
on the space of fields extended by auxiliary fields. We give a technically
more convenient definition with equation (40) required instead of the classical
master equation on extended space of fields (cf. remark 5 for the relation
between the two).

(ii) Semi-quantum pre-observable, definition 7, suited for integrating out auxiliary
fields to obtain an observable for the ambient theory (proposition 1).

(iii) Quantum pre-observable for a quantum ambient BV theory (i.e. one with
the action satisfying the quantum master equation), definition 9: this is also
an extension of the ambient theory by auxiliary fields, plus an extension of
the action to a solution of quantum master equation on the extended space.
From a quantum pre-observable one can induce a quantum observable for the
ambient theory, by integrating out auxiliary fields (proposition 3).

3One can indeed try to define the path integral perturbatively, as sum of Feynman diagrams
represented by integrals over compactified configuration spaces of tuples of points on γ. However,
for the formal argument of proposition 1 that the result is gauge-invariant to become rigorous,
one has to prove that the hidden boundary strata of the configuration spaces appearing in the
calculation of QΣO (cf. the proof of proposition 6) do not contribute, which is not true in general
case.
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In this section in the discussion of quantization we always work with spaces of
fields as with finite dimensional spaces and the integrals are over finite-dimensional
super-manifolds. In the context of local field theory, the BV push-forward becomes
a path integral, so the proofs given in section 4 stop to work and the propositions
become conjectures that have to be proven by more delicate means (cf. the proofs
of propositions 5, 6 in section 6).

Section 5 is the logical core of the paper. Here we give the construction of a
classical pre-observable for an AKSZ theory out of an extension of the target to a
Hamiltonian Q-bundle.

In section 6 we treat several classes of situations when the BV push-forward yield-
ing an observable out of a pre-observable constructed in section 5 can be performed
rigorously: case of target fiber being a point, case of 1-dimensional observables (via
geometric quantization), case when the BV push-forward is given by a Gaussian
integral.

In section 7 we specialize the constructions of section 6 to present several explicit
examples, including the Wilson loop together with its path integral representation
known from [2], Cattaneo-Rossi codimension 2 observable for BF theory, torsion
observables in Chern-Simons and BF theories, etc.

1.3. Acknowledgements. I wish to thank Anton Alekseev, Alberto Cattaneo,
Andrei Losev and Nicolai Reshetikhin for inspiring discussions. This work was par-
tially supported by RFBR grant 11-01-00570-a and by SNF grant 200021 137595.

Terminology, notations

Terminology.

• Q-manifold (or bundle) = differential graded manifold (or bundle).
• Ghost number = internal degree (to distinguish from de Rham degree of a

differential form) = Z-grading on functions on Z-graded manifolds.
• Observable = gauge-invariant functional on the space of fields (cf. section

4 for definitions).
• Expectation value = correlator.

Conventions. We set the Planck’s constant ~ = 1 (cf. remark 6 on how to
re-introduce ~).

Notations. We use M,N , E ,F etc. for Z-graded manifolds, M, N etc. for
ordinary (non-graded) manifolds; Σ always denotes the source (spacetime) manifold
of the sigma model, γ is typically a submanifold of Σ on which the observable is
supported. We use L for a Lagrangian submanifold of a degree -1 symplectic graded
manifold.

We denote by X(M) the Lie algebra of vector fields on M. For a fiber bundle
π : E → M, we denote by Xvert(E) the Lie algebra of vertical vector fields on the
total space E , i.e. the space of sections Γ(E , T vertE) of the vertical distribution on
E , T vertE = ker(dπ) ⊂ TE .

We denote the degree (the ghost number) of functions/differential forms/vector
fields on a graded manifold by | · · · |.

2. AKSZ reminder

What follows is a very short reminder of the AKSZ construction of topological
sigma models in Batalin-Vilkovisky formalism, to fix the terminology and notation.
We refer the reader to the original paper [1] and the later expositions in [7], [14]
for details.
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2.1. Target data. Let M be a degree n sympectic Q-manifold, i.e. a Z-graded
manifold endowed with a degree 1 vector field Q satisfying Q2 = 0 (the cohomo-
logical vector field) and with a degree4 n symplectic form ω ∈ Ω2(M) which is
compatible with Q, i.e. LQω = 0.

Assume5 that Q has a Hamiltonian function Θ ∈ C∞(M) with |Θ| = n + 1,
{Θ, •}ω = Q and satisfying

(7) {Θ, Θ}ω = 0

Also assume that ω is exact, with α ∈ Ω1(M) a primitive.

Definition 1. We call the set of data (M, Q, ω = δα, Θ) a Hamiltonian Q-manifold
of degree n.

2.2. The AKSZ sigma model. Fix a Hamiltonian Q-manifold M of degree n ≥
−1 and let Σ be an oriented closed manifold, dim Σ = n + 1. Then one constructs
the space of fields as the space of graded maps between graded manifolds from the
degree-shifted tangent bundle T [1]Σ to M:

(8) FΣ = Map(T [1]Σ,M)

It is a Q-manifold with the cohomological vector field coming from the lifting of Q
on the target and of the de Rham operator dΣ on Σ (viewed as a cohomological
vector field on T [1]Σ) to the mapping space:

(9) QΣ = (dΣ)lifted + (Q)lifted ∈ X(FΣ)

Transgression map. The following natural maps

(10)

FΣ × T [1]Σ ev−−−−→ M
p

y
FΣ

(where p is the projection to the first factor) allow us to define the transgression
map

(11) τΣ = p∗ev∗ : Ω•(M) → Ω•(FΣ)

Here p∗ is the fiber integration over T [1]Σ (with the canonical integration measure).
Map τΣ preserves the de Rham degree of a form, but changes the internal grading
(the ghost number) by −dimΣ.

If u ∈ X(T [1]Σ), v ∈ X(M) are any vector fields on the source and the target and
ψ ∈ Ω•(M) is a form on the target, then for the Lie derivatives of the transgressed
form along the lifted vector fields we have

LuliftedτΣ(ψ) = 0(12)

LvliftedτΣ(ψ) = (−1)|v| dim ΣτΣ(Lvψ)(13)

The finite version of (12) is that for Φ : T [1]Σ → T [1]Σ a diffeomorphism of the
source, we have

(14) (Φ∗)∗τΣ(ψ) = τΣ(ψ)

where Φ∗ : FΣ → FΣ is the lifting of Φ to the mapping space and (Φ∗)∗ : Ω•(FΣ) →
Ω•(FΣ) is the pull-back by Φ∗.

4By “degree” here we mean the internal Z-grading coming from the grading on M.
5In fact (cf. [14]), for n 6= −1 the symplectic property of the cohomological vector field

(LQω = 0) implies existence and uniqueness of the Hamiltonian Θ = 1
n+1

ιEιQω where E is the

Euler vector field. Maurer-Cartan equation (7) follows from Q2 = 0 for n 6= −2. Also, for n 6= 0,
a closed form ω is automatically exact.
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The BV 2-form and the master action. One obtains the degree −1 symplectic
form (the “BV 2-form”) on FΣ from the target by transgression6:

(15) ΩΣ = (−1)dim ΣτΣ(ω) ∈ Ω2(FΣ)

The Hamiltonian function for QΣ (the master action) is constructed as

(16) SΣ = ιdlifted
Σ

τΣ(α)
︸ ︷︷ ︸

Skin
Σ

+ τΣ(Θ)︸ ︷︷ ︸
Starget

Σ

∈ C∞(FΣ)

It automatically satisfies the classical master equation

{SΣ, SΣ}ΩΣ = 0

One can summarize the construction above by saying that we have a degree −1
Hamiltonian Q-manifold structure on the mapping space (8): (FΣ, QΣ, ΩΣ, SΣ).
The primitive 1-form for the BV 2-form can also be constructed by transgression
as τΣ(α).

Note that exact shifts of the target 1-form, α 7→ α + δf , with f ∈ C∞(M) leave
SΣ unchanged.

Why AKSZ theory is topological. For φ ∈ Diff(Σ) a diffeomorphism of Σ, denote
φ̃ ∈ Diff(T [1]Σ) the tangent lift of φ to T [1]Σ. Then

(17) (φ̃∗)∗SΣ = SΣ, (φ̃∗)∗ΩΣ = ΩΣ

because of (14) and because dΣ ∈ X(T [1]Σ) commutes with φ̃, since the latter is a
tangent lift.

In coordinates. Let xa be local homogeneous coordinates on the target M, let uµ

be local coordinates on Σ and θµ = duµ be the associated degree 1 fiber coordinates
on T [1]Σ. Then locally an element of FΣ is parameterized by

(18) Xa(u, θ) =
dim Σ∑

k=0

∑

1≤µ1<···<µk≤dim Σ

Xa
µ1···µk

(u) θµ1 · · · θµk

︸ ︷︷ ︸
Xa

(k)(u,θ)

Coefficient functions Xa
µ1···µk

(u) are local coordinates of degree |xa| − k on the
mapping space FΣ. Expression (18) is known as (the component of) the superfield,
and it can be regarded as a generating function for the coordinates on the mapping
space FΣ.

For any function f ∈ C∞(M), we have

(19) ev∗f = f(X) =

= f(X(0)) + Xa
≥1 · (∂af)(X(0)) +

1
2
Xa
≥1X

b
≥1 · (∂b∂af)(X(0)) + · · ·

∈ C∞(FΣ × T [1]Σ)

where we denoted Xa
≥1 =

∑
k≥1 Xa

(k) the part of the superfield of positive de Rham
degree with respect to Σ; ev is the horizontal arrow in (10).

Let α and ω be locally given as α = αa(x) δxa and ω = 1
2 ωab(x) δxa∧ δxb. Then

the BV 2-form and its primitive are:

ΩΣ = (−1)dim Σ

∫

Σ

1
2

ωab(X) δXa ∧ δXb, αΣ =
∫

Σ

αa(X) δXa

6We introduce the sign (−1)dim Σ in this definition to avoid signs in the formula for the action
below. The reader may encounter different sign conventions for the AKSZ construction in the
literature.
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(Note that we use δ to denote the de Rham differential on the target M and on
the mapping space FΣ. We reserve symbol d for the de Rham differential on the
source Σ.)

The master action is:

SΣ(X) =
∫

Σ

αa(X) dXa

︸ ︷︷ ︸
Skin

Σ

+
∫

Σ

Θ(X)
︸ ︷︷ ︸

Starget
Σ

If the cohomological vector field on the target is locally written as Q = Qa(x) ∂
∂xa

then the cohomological vector field (9) is determined by its action on the compo-
nents of the superfield:

QΣXa = dXa + Qa(X)
Critical points of SΣ are (with our sign conventions) Q-anti-morphisms between

T [1]Σ and M, i.e. Q-morphisms between (T [1]Σ, d) and (M,−Q).

2.3. Examples. Here we recall some of the standard examples of the AKSZ con-
struction.

Chern-Simons theory [1]. Let g be a quadratic Lie algebra, i.e. a Lie algebra
with a non-degenerate invariant pairing (, ). Denote by ψ : g[1] → g the degree
1 g-valued coordinate on g[1]. We choose the target Hamiltonian Q-manifold of
degree 2 as

(20) M = g[1], Q =
〈

1
2
[ψ,ψ],

∂

∂ψ

〉
,

ω =
1
2
(δψ, δψ), α =

1
2
(ψ, δψ), Θ =

1
6
(ψ, [ψ, ψ])

where 〈, 〉 is the canonical pairing7 between g and g∗. The associated AKSZ sigma
model on a closed oriented 3-manifold Σ has the space of fields

FΣ = Map(T [1]Σ, g[1]) ∼= g[1]⊗ Ω•(Σ)

The superfield is

(21) A = A(0) + A(1) + A(2) + A(3)

with A(k) a coordinate on FΣ with values in g-valued k-forms on Σ, with internal
degree (ghost number) 1− k, for k = 0, 1, 2, 3. The BV 2-form is

ΩΣ = −1
2

∫

Σ

(δA, δA)

and the action is
SΣ =

∫

Σ

1
2
(A, dA) +

1
6
(A, [A,A])

This is the action of Chern-Simons theory in Batalin-Vilkovisky formalism.
In case g = R with abelian Lie algebra structure, we have Q = Θ = 0 on the

target and

(22) FΣ = Ω•(Σ)[1], ΩΣ = −1
2

∫

Σ

δA ∧ δA, SΣ =
1
2

∫

Σ

A ∧ dA

This is the abelian Chern-Simons theory in BV formalism.
BF theory. For g a Lie algebra (not necessarily quadratic8) and D a non-negative

integer, we define the target Hamiltonian Q-manifold of degree D − 1 as

7We will generally be using notation 〈, 〉 for the canonical pairing V ⊗ V ∗ → R between a
vector space V and its dual; sometimes we will indicate the respective V as a subscript: 〈, 〉V .

8However, for the consistency of quantization, in particular for the quantum master equation
(48), one has to require that g is unimodular.
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(23) M = g[1]⊕ g∗[D − 2], Q =
〈

1
2
[ψ, ψ],

∂

∂ψ

〉
+

〈
ad∗ψξ,

∂

∂ξ

〉
,

ω = 〈δξ, δψ〉, α = 〈ξ, δψ〉, Θ =
1
2
〈ξ, [ψ, ψ]〉

Here ψ : g[1] → g is as before and ξ : g∗[D − 2] → g∗ is the g∗-valued coordinate
on g∗[D − 2] of degree D − 2; ad∗ is the coadjoint action of g on g∗.

The associated AKSZ sigma model on a closed oriented D-manifold Σ has the
space of fields

(24) FΣ = g[1]⊗ Ω•(Σ)⊕ g∗[D − 2]⊗ Ω•(Σ)

The superfields associated to ψ and ξ are respectively

A =
D∑

k=0

A(k), B =
D∑

k=0

B(k)

with A(k) a g-valued k-form on Σ of internal degree 1−k; B(k) is a g∗-valued k-form
of internal degree D − 2− k. The BV 2-form and the action are:

(25) ΩΣ = (−1)D

∫

Σ

〈δB, δA〉, SΣ =
∫

Σ

〈
B, dA +

1
2
[A,A]

〉

This is the BF theory in BV formalism.
In abelian case, g = R, we have Q = Θ = 0 on the target and

(26) FΣ = Ω•(Σ)[1]⊕ Ω•(Σ)[D − 2],

ΩΣ = (−1)D

∫

Σ

δB ∧ δA, SΣ =
∫

Σ

B ∧ dA

Poisson sigma model [7]. Let M be a manifold endowed with a Poisson bivector
π ∈ Γ(M,∧2TM). We construct the target Hamiltonian Q-manifold of degree 1 as

(27) M = T ∗[1]M,

Q =
〈

π(x), p ∧ ∂

∂x

〉

∧2TxM

+
1
2

〈
∂

∂x
π(x), (p ∧ p)⊗ ∂

∂p

〉

(∧2T⊗T∗)xM

,

ω = 〈δp, δx〉, α = 〈p, δx〉, Θ =
1
2
〈π(x), p ∧ p〉∧2TxM

Here x and p stand for the local base and fiber coordinates on T ∗[1]M respectively.
Note that all objects in (27) are globally well defined.

The corresponding AKSZ sigma model on an oriented closed surface Σ has the
space of fields

FΣ = Map(T [1]Σ, T ∗[1]M)
with superfields

X = X(0) + X(1) + X(2), η = η(0) + η(1) + η(2)

associated to local coordinates x and p on the target, respectively. Here X(k) and
η(k) are k-forms on Σ with internal degrees −k and 1 − k respectively. The BV
2-form and the action are:

ΩΣ =
∫

Σ

〈δη, δX〉, SΣ =
∫

Σ

〈η, dX〉+
1
2
〈π(X), η ∧ η〉

3. Hamiltonian Q-bundles

In this section we briefly recall the standard notion of a Q-bundle and then intro-
duce “Hamiltonian Q-bundles”, an auxiliary notion necessary for our construction
of observables.
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3.1. Q-bundles reminder. Recall that a “Q-bundle” [11] is a fiber bundle in the
category of Q-manifolds.

In particular, a trivial Q-bundle is trivial bundle of graded manifolds

π : M×N︸ ︷︷ ︸
E

→M

where the base M is endowed with a cohomological vector field Q and the total
space is endowed with a cohomological vector field Qtot in such a way that π is a
Q-morphism, i.e. dπ(Qtot) = Q. This implies the following ansatz for Qtot:

(28) Qtot = Q +A
where A ∈ Xvert(E) ∼= X(N )⊗̂C∞(M) is the vertical part of Qtot. Cohomological
property for Qtot is equivalent to

(29) QA+
1
2
[A,A] = 0

plus the cohomological property for Q. Note that in the first term on the l.h.s. of
(29) we are thinking of Q as acting on C∞(M) part of A. Equivalently, we can lift
Q to a horizontal vector field on E and write the first term as [Q,A].

3.2. Trivial Hamiltonian Q-bundles.

Definition 2. We define a trivial Hamiltonian Q-bundle of degree n′ ∈ Z as the
following collection of data.

(i) A trivial Q-bundle

π : E = M×N →M
with Qtot = Q +A as in (28).

(ii) The fiber N is endowed with a degree n′ exact symplectic form ω′ = δα′ and
a degree (n′ + 1) Hamiltonian Θ′ ∈ C∞(E) satisfying A = {Θ′, •}ω′ and

(30) QΘ′ +
1
2
{Θ′, Θ′}ω′ = 0

Remark 1. (Roytenberg) Symplectic structure ω′ is automatically exact for n′ 6= 0,
since ω′ = δ

(
1
n′ ιEω′

)
where E is the Euler vector field on N .

Remark 2. If n′ = 0, then ω′ is not automatically exact. In this situation, exactness
condition may be relaxed9 to the Bohr-Sommerfeld condition that ω′/2π defines an
integral cohomology class in H2(N ). Then the role of primitive 1-form α′ is taken
by a Hermitian line bundle L′ over N equipped with a U(1)-connection ∇′ of
curvature ω′.

Remark 3. For a Hamiltonian Q-manifold of degree n 6= −2, equation {Θ, Θ} = 0
follows from the fact that Θ is the Hamiltonian for a cohomological vector field
(Jacobi identity implies { 1

2{Θ, Θ}, •} = Q2(•) = 0 which implies that {Θ, Θ} is a
constant of degree n + 2 and thus vanishes unless n = −2).

Observe that this argument fails for the fiber N : applying the same reasoning
to derive the equation (30) from (29), we obtain that l.h.s. of (30) is a pull-back of
some function on the base of degree n′ + 2, which does not imply that it is zero.

9Cf. remark 8 for the motivation: primitive α′ (or connection ∇′ in the relaxed version) will
be needed in the construction of section 5 to define the kinetic part of the auxiliary action.
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3.3. General Hamiltonian Q-bundles. The assumption of triviality of the bun-
dle E , used in the definition 2, can be relaxed as follows.

Definition 3. A Hamiltonian Q-bundle is the following set of data:
(i) A Q-bundle π : E →M.
(ii) A degree n′ exact pre-symplectic form ω′ = δα′ on the total space E , with

the property that the distribution kerω′ ⊂ TE is transversal to the vertical
distribution T vertE ; thus kerω′ defines a flat Ehresmann connection ∇ω′ on
E .

(iii) A Hamiltonian function Θ′ ∈ C∞(E) satisfying

ιQtotω′ = δvertΘ′

where δvert = (ivert)∗ ◦ δ is the vertical part of de Rham differential on E ; we
denoted ivert : T vertE ↪→ TE the natural inclusion. We also require that

(Qhor +
1
2
Qvert)Θ′ = 0

where the splitting Qtot = Qhor + Qvert of the cohomological vector field on E
into the horizontal and the vertical part is defined by connection ∇ω′ .

Remark 4. Note that one can introduce a local trivialization of E consistent with
the flat connection∇ω′ (i.e. where the horizontal distribution kerω′ ⊂ TE is defined
by the direct product structure on E|U coming from the local trivialization, where
U ⊂ M is a trivializing neighborhood). In such a trivialization, we recover back
the definition 2. In this sense, definition 3 does not bring in a drastic increase of
generality.

3.4. Examples.
(i) Let g be a Lie algebra and let ρ : g → so(R) ⊂ End(R) be a representation

of g on by anti-symmetric matrices on a Euclidean vector space R, (, ). Then
for any k ∈ Z we can define a degree 4k + 2 trivial Hamiltonian Q-bundle
with base M = g[1] and fiber N = R[2k + 1]. Let ψ be the degree 1 g-valued
coordinate on g[1] and let x be the degree 2k + 1 R-valued coordinate on
R[2k + 1]. Then we set

(31) Q =
1
2

〈
[ψ, ψ],

∂

∂ψ

〉

– the Chevalley-Eilenberg differential, and

(32) A =
〈

ρ(ψ)x,
∂

∂x

〉
, ω′ =

1
2
(δx, δx),

α′ =
1
2
(x, δx), Θ′ =

1
2
(x, ρ(ψ)x)

where 〈, 〉 denotes the canonical pairing between a vector space and its dual. It
is a straightforward check that this comprises the data of a trivial Hamiltonian
Q-bundle of degree 4k + 2, according to definition 2.

As a variation of this example, we may require that the pairing (, ) is anti-
symmetric (so that R is a symplectic space instead of Euclidean) and that
ρ : g → sp(R) ⊂ End(R) is a symplectic representation. Then formulae
(31,32) define a Hamiltonian Q-bundle structure of degree 4k on g[1]×R[2k]
(note that here we choose an even degree shift for the fiber).

(ii) Example above generalizes straightforwardly to the setting of L∞ algebras
and L∞ modules. Namely, let g be an L∞ algebra with operations {lj :
∧jg → g}j≥1. Also, let R be graded vector space with graded symmetric
pairing (, ) of degree q and with the structure of an L∞ module over g with



A CONSTRUCTION OF OBSERVABLES FOR AKSZ SIGMA MODELS 237

the module operations {ρj : ∧jg⊗R → R}j≥0, where we additionally require
that operations (•, ρj(· · · ; •)) are graded anti-symmetric w.r.t. the two entries
in the module. For ψ a g-valued degree 1 coordinate on g[1] and x a R-valued
degree 2k + 1 coordinate on R[2k + 1], we construct a trivial Hamiltonian
Q-bundle with M = g[1], N = R[2k + 1] and the data are:

(33) Q =
∑

j≥1

1
j!

〈
lj(ψ, . . . , ψ),

∂

∂ψ

〉

for the base and

(34) A =
∑

j≥0

1
j!

〈
ρj(ψ, . . . , ψ; x),

∂

∂x

〉
, ω′ =

1
2
(δx, δx),

α′ =
1
2
(x, δx), Θ′ =

∑

j≥0

1
2j!

(x, ρj(ψ, . . . , ψ;x))

This comprises the data of a trivial Hamiltonian Q-bundle of degree 4k+2+q.
(iii) Example (ii) admits the following variation. If h is an L∞ algebra with I ⊂ h

an L∞ ideal10, then there is a natural Q-bundle

(35) π : h[1] → (h/I)[1]

with bundle projection being the quotient map and with the fiber I. If in
addition we fix a section of the quotient map h → h/I, i.e. a splitting of the
short exact sequence

(36) I → h → h/I

and if I carries a degree q cyclic11 inner product, then (35) becomes a Hamil-
tonian Q-bundle of degree 2 + q. Explicitly, the structure on the base M =
(h/I)[1] is again given by (33) with {lj} the quotient L∞ operations on h/I, ψ
the degree 1 (h/I)-valued coordinate on (h/I)[1]. The structure on the fiber
N = I[1] is:

(37) A =
∑

j≥0,k≥0,j+k≥1

1
j!k!

〈
PIλj+k(ψ, . . . , ψ︸ ︷︷ ︸

j

, x, . . . , x︸ ︷︷ ︸
k

),
∂

∂x

〉
,

ω′ =
1
2
(δx, δx), α′ =

1
2
(x, δx),

Θ′ =
∑

j≥0,k≥0,j+k≥1

1
j!(k + 1)!

(x, PIλj+k(ψ, . . . , ψ︸ ︷︷ ︸
j

, x, . . . , x︸ ︷︷ ︸
k

))

where PI : h → I is the projection to the ideal fixed by the choice of splitting
of (36), {λj} are the L∞ operations on h, x is the degree 1 I-valued coordinate
on I[1] and (, ) is the cyclic pairing on I.

(iv) Let g be a Lie algebra and suppose there is a Hamiltonian action of g on
an exact symplectic manifold (M,ωM = δαM ) with equivariant moment map
µ : M → g∗. Then we set M = g[1] as in (i), with the structure (31). For the
fiber, we set N = M and

(38) A = {〈ψ, µ〉, •}, ω′ = ωM , α′ = αM , Θ′ = 〈ψ, µ〉

10Recall that a subspace I ⊂ h is called an L∞ ideal if the L∞ operations on h take values in
I if at least one argument is in I.

11By cyclic property for the pairing on the ideal we mean that extending the pairing on I to
h by zero on h/I, we obtain a degenerate cyclic pairing for the L∞ algebra h.
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This is the data of a trivial Hamiltonian Q-bundle of degree 0 on g[1] ×M .
Exactness condition for ωM can be relaxed to the Bohr-Sommerfeld integrality
condition, cf. remark 2.

(v) For any Q-manifold (M, Q), given a function θ ∈ C∞(M) satisfying

Qθ = 0, |θ| = p

we can construct a trivial Hamiltonian Q-bundle over M of degree p− 1 with
fiber N a point, A = 0, ω′ = 0, Θ′ = θ (and we formally prescribe degree
p− 1 to ω′).

4. BV pre-observables and observables

In this section we recall some basic structures of BV formalism: classical and
quantum BV theory (cf. [15]), observables in classical and quantum setting . We
also introduce the notion of a pre-observable12: an extension of a BV theory by
auxiliary fields endowed with an odd-symplectic structure and an action (which is
also dependent on the fields of the ambient theory). Given a pre-observable, one
can construct an observable by integrating out the auxiliary fields (propositions
1, 3). Pre-observables come in three versions: purely classical, semi-quantum –
suited for integrating out auxiliary fields to produce a classical observable for the
ambient theory, and quantum – suited for integrating out auxiliary fields to produce
a quantum observable for the ambient theory.

Throughout this section in our treatment of quantum objects we are assum-
ing that the spaces of fields are finite-dimensional. This is almost never the case
in the interesting examples. In the setting of local quantum field theory, when
the spaces of fields are infinite-dimensional, measures on fields are problematic to
define; however the BV Laplacians and the integrals over auxiliary fields (which
are perturbative path integrals now) can be made sense of with an appropriate
regularization/renormalization procedure (one systematic approach is via Wilson’s
renormalization flow, cf. [10]). Proofs of propositions 1, 3 cannot be taken for
granted in the infinite-dimensional setting, and should be redone within the frame-
work of perturbative path integrals (cf. e.g. the proof of proposition 6 in section
6.3).

In view of this, our treatment of quantum objects in this section should be viewed
as a simplified discussion, to motivate the interest in pre-observables and argue that
given a pre-observable one can expect a path integral expression for an observable.

4.1. Pre-observables and observables for a classical ambient BV theory.

Definition 4. We will call a (classical) BV theory a Hamiltonian Q-manifold of
degree −1, i.e. a quadruple (F , Q, Ω, S) consisting of a Q-manifold (F , Q) (the
space of fields with the BRST operator), the degree −1 symplectic structure (the
BV 2-form) Ω and the degree 0 action S satisfying {S, •}Ω = Q and the classical
master equation:

(39) {S, S}Ω = 0

Definition 5. A (classical) observable for a classical BV theory (F , Q, Ω, S) is a
degree 0 function13 O ∈ C∞(F) satisfying

Q(O) = 0

12This is not a part of the standard BV lore; the term is sometimes used in a totally different
sense in the literature.

13We will be assuming degree 0 condition for observables by default, but sometimes it is
interesting to relax it. In such cases we will indicate the degree explicitly.
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Observables O and O′ are called equivalent if O′−O = Q(Ψ) for some Ψ ∈ C∞(F),
i.e. O′ and O give the same class in Q-cohomology.

Definition 6. For a classical BV theory (F , Q, Ω, S) (which we will call the ambient
theory), a pre-observable is a degree −1 Hamiltonian Q-bundle over F . We will call
the fiber the space of auxiliary fields Faux, which comes with its own degree −1
symplectic structure Ωaux and the action for auxiliary fields Saux ∈ C∞(F ×Faux)
satisfying

(40) QSaux +
1
2
{Saux, Saux}Ωaux = 0

Remark 5. Note that if in addition to (40) we have the property

{Saux, Saux}Ω = 0

then the pre-observable gives a new classical BV theory

(F × Faux, Q + {Saux, •}Ω+Ωaux , Ω + Ωaux, S + Saux)

Note also that this cohomological vector field on F × Faux differs from the one
arising from the Q-bundle structure by the term {Saux, •}Ω and is in general not
projectable to F .

In the case when Faux is finite-dimensional, it makes sense to introduce the
following notion.

Definition 7. For a classical BV-theory (F , Q, Ω, S), a semi-quantum pre-observable
is a quadruple (Faux, Ωaux, µaux, Saux) consisting of a Z-graded manifold Faux and
a degree −1 symplectic form Ωaux on it. Further,

• Faux is endowed with a volume element µaux compatible with Ωaux in the
sense that the associated BV Laplacian on C∞(Faux),

∆aux : f 7→ 1
2

divµaux{f, •}Ωaux

satisfies
(∆aux)2 = 0

• Degree 0 action Saux ∈ C∞(F × Faux) satisfies

(41) QSaux +
1
2
{Saux, Saux}Ωaux − i∆auxSaux = 0

or, equivalently,

(42) (Q− i∆aux) eiSaux
= 0

We call two semi-quantum pre-observables (Faux,Ωaux, µaux, Saux) and (Faux,Ωaux, µaux, S̃aux)
equivalent, if there exists a degree −1 function Raux ∈ C∞(F × Faux) such that

(43) eiS̃aux − eiSaux
= (Q− i∆aux)

(
eiSaux

Raux
)

Infinitesimally, this equivalence condition can be written as

(44) S̃aux − Saux = QRaux + {Saux, Raux}Ωaux − i∆auxRaux +O(R2)

In particular, a classical pre-observable can be promoted to a semi-quantum pre-
observable if there exists a volume element µaux on Faux compatible with Ωaux,
such that in addition to (40) we have ∆auxSaux = 0.

Given a semi-quantum pre-observable, one can construct an observable for the
ambient classical BV theory using fiber BV integrals [13] as follows.
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Proposition 1. Given a semi-quantum pre-observable (Faux, Ωaux, µaux, Saux), set

(45) OL =
∫

L⊂Faux
eiSaux√

µaux|L ∈ C∞(F)

for L ⊂ Faux a Lagrangian submanifold. Then:
(i) OL is an observable, i.e. Q(OL) = 0.
(ii) If Lagrangian submanifolds L and L′ can be connected by a Lagrangian homo-

topy, then the difference OL′ − OL is Q-exact, i.e. observables OL and OL′
are equivalent.

(iii) Given two equivalent semi-quantum pre-observables Saux and S̃aux, the asso-
ciated observables OL and ÕL are equivalent.

Proof. Applying Q to the integral (45), we obtain

(46) Q(OL) = Q

∫

L
eiSaux

=
∫

L
(Q− i∆aux)eiSaux

= 0

where we used (42) and the Stokes’ theorem for BV integrals [15], that the BV
integral of a ∆-coboundary vanishes. We suppress the measure in the short-hand
notation for integrals here. This proves (i).

Now let {Lt}t∈[0,1] be a smooth family of Lagrangian submanifolds of (Faux, Ωaux)
connecting L = L0 and L′ = L1. An infinitesimal deformation of a Lagrangian sub-
manifold Lt is given by a graph of a Hamiltonian vector field14

(47) “
d

dt
Lt” = graph({•, Ψt}Ωaux) ∈ Γ(Lt, NLt)

viewed as a section of the normal bundle of Lt, with Ψt ∈ C∞(Lt), |Ψt| = −1 the
generator. Hence,

d

dt
OLt =

d

dt

∫

Lt

eiSaux|Lt

=
∫

Lt

{eiSaux
, Ψt}Ωaux + eiSaux ·∆aux(Ψt)

=
∫

Lt

∆aux
(
eiSaux

Ψt

)
−∆aux

(
eiSaux

)
·Ψt

=
∫

Lt

∆aux
(
eiSaux

Ψt

)
+ iQ

(
eiSaux

)
·Ψt

= Q

(
i

∫

Lt

eiSaux
Ψt

)

The term ∆aux(Ψt) in the second line comes from the transformation of measure√
µaux|Lt by the infinitesimal shift of Lagrangian (47). This calculation implies that

OL′ −OL = Q

(∫ 1

0

dt i

∫

Lt

eiSaux
Ψt

)

and thus proves (ii).
Item (iii) follows immediately from the construction (45), our definition of equiv-

alence (43) and the Stokes’ theorem for BV integrals:

ÕL −OL =
∫

L
eiS̃aux − eiSaux

14A general infinitesimal Lagrangian deformation is given by graph(ι(Ωaux)−1χt) for any degree

−1 closed 1-form χt ∈ Ω1(Lt). Since in non-zero degree a closed form is automatically exact (cf.
remark 1), we have (47) with the generator Ψt = ιEχt.
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=
∫

L
(Q− i∆aux)

(
eiSaux

Raux
)

= Q

(∫

L
eiSaux

Raux

)

¤

Here we are implicitly assuming convergence of the integral (45), and for the
proof of (ii) the integral over Lt should converge for every t ∈ [0, 1].

The following construction allows one to produce new semi-quantum pre-observables
out of old ones by partially integrating out the auxiliary fields.

Proposition 2. Given a semi-quantum pre-observable (Faux, Ωaux, µaux, Saux), as-
sume that Faux is given as a product15, Faux = Faux

z ×F̃aux, so that Ωaux and µaux

split:
Ωaux = Ωaux

z + Ω̃aux, µaux = µaux
z × µ̃aux

Define Saux
z ∈ C∞(F × Faux

z ) by

eiSaux
z =

∫

L̃⊂F̃aux
eiSaux√

µ̃aux|L

with L̃ a Lagrangian submanifold of (F̃aux, Ω̃aux). Then
(i) (Faux

z ,Ωaux
z , µaux

z , Saux
z ) is a semi-quantum pre-observable for the same ambi-

ent classical BV theory.
(ii) The observable for the ambient theory induced from Saux

z using (45) with La-
grangian Lz ⊂ Faux

z is equivalent to the one induced directly from Saux using
Lagrangian L ⊂ Faux, provided that L can be connected with Lz × L̃ by a
Lagrangian homotopy in Faux.

Proof. Similarly to (46), we have

(Q− i∆aux
z ) eiSaux

z =
∫

L̃
(Q−i∆aux

z − i∆̃aux

︸ ︷︷ ︸
−i∆aux

) eiSaux
= 0

which proves (i). Item (ii) is an immediate corollary of (ii) of proposition 1. ¤

4.2. Pre-observables and observables for a quantum ambient BV theory.
In the case when the space of fields of the ambient theory F is finite-dimensional,
it makes sense to introduce the following notions.

Definition 8 (cf. [15]). A quantum BV theory is a quadruple (F , Ω, µ, S) where
(F , Ω) is a Z-graded manifold with a degree −1 symplectic form Ω; µ is a volume
element on F , compatible with Ω as in definition 7, i.e. the BV Laplacian ∆ : f 7→
1
2divµ{f, •}Ω satisfies ∆2 = 0; the degree 0 action S ∈ C∞(F) is required to satisfy
the quantum master equation

(48)
1
2
{S, S}Ω − i∆S = 0

or, equivalently,
∆ eiS = 0

For a quantum BV theory it is convenient to introduce a degree 1 second order
differential operator

δBV = {S, •}Ω − i∆ = e−iS(−i∆)eiS

which satisfies (δBV)2 = 0.

15Subscript “z” refers to auxiliary zero-modes.
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Definition 9. A quantum observable16 for a quantum BV theory is a degree 0
function O ∈ C∞(F) satisfying

δBVO = 0

which is equivalent to
∆

(
O eiS

)
= 0

Observables O and O′ are called equivalent if O′−O = δBV(Ψ) for some Ψ ∈ C∞(F),
i.e. O′ and O give the same class in δBV-cohomology.

Given a quantum observable, one can define its correlator as

(49) 〈O〉L =

∫
L⊂F O eiS√µ|L∫
L⊂F eiS√µ|L ∈ C

where L is a Lagrangian submanifold of (F ,Ω) and we are assuming convergence.
By the Stokes’ theorem for BV integrals, this expression does not change with
Lagrangian homotopy of L: 〈O〉L = 〈O〉L′ , and also correlators of equivalent ob-
servables coincide: 〈O〉L = 〈O′〉L, cf. [15].

Finally, if both F and Faux are finite-dimensional, the following definition makes
sense.

Definition 10. A quantum pre-observable for a quantum BV theory is a semi-
quantum pre-observable (Faux, Ωaux, µaux, Saux) where instead of equation (41) we
require that S + Saux satisfies the quantum master equation on F × Faux:

(∆ + ∆aux) ei(S+Saux) = 0

The analog of proposition 1 in the setting of quantum BV theory is as follows.

Proposition 3. Given a quantum pre-observable (Faux,Ωaux, µaux, Saux), define
again OL as

OL =
∫

L⊂Faux
eiSaux√

µaux|L ∈ C∞(F)

for L ⊂ Faux a Lagrangian submanifold. Then:
(i) OL is a quantum observable, i.e. δBVOL = 0.
(ii) If Lagrangian submanifolds L and L′ can be connected by a Lagrangian ho-

motopy, then the difference OL′ −OL is δBV-exact.

Proof. The proof is obtained from the proof of proposition 1 by replacing Q by
−i∆, Saux by S + Saux and O by O eiS everywhere. ¤

Similarly, proposition 2 holds in the context of quantum pre-observables.

Remark 6. It is customary for perturbative quantization to introduce a formal
parameter (the “Planck’s constant”) ~ by making a rescaling

(50) Ω → ~−1Ω, S → ~−1S

(which means Ωold = ~−1Ωnew etc.) where the new action is a formal power series
in ~, S ∈ C∞(F)[[~]]. Hamiltonian vector field {S, •}Ω does not rescale and the

16Here we define a quantum observable in the framework of Lagrangian field theory in BV
formalism, as something that can be averaged over the space of fields to yield a correlator (49). In
other contexts one has quite different definitions of quantum observables: e.g. in the framework of
Atiyah’s topological quantum field theory [12], an observable is a pair consisting of a submanifold

γ ⊂ Σ of the spacetime manifold and a vector Ôγ in the space of states associated to the boundary
of a tubular neighborhood of γ in Σ. The passage from the first picture to the second one goes
through path integral quantization of the ambient topological theory on the tubular neighborhood
(as on a manifold with boundary) with the insertion of observable.
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BV Laplacian rescales as ∆ → ~∆. For the structure on auxiliary fields, one does
the same:

(51) Ωaux → ~−1Ωaux, Saux → ~−1Saux

With these redefinitions the equation (41) on semi-quantum pre-observables be-
comes

QSaux +
1
2
{Saux, Saux}Ωaux − i~∆auxSaux = 0

and can be solved by obstruction theory order by order in ~ for Saux = Saux
(0) +

~Saux
(1) + ~2 Saux

(2) + · · · starting from Saux
(0) a solution of (40). Likewise, the BV

push-forward formula (45) becomes

O =
∫

L⊂Faux
e

i
~Saux√

µaux|L ∈ C∞(F)[[~]]

and can be evaluated by the stationary phase formula.
Note that one can also introduce two independent Planck’s constants ~, ~aux for

the ambient (50) and auxiliary (51) theory respectively.

5. AKSZ pre-observable associated to a Hamiltonian Q-bundle

Let (M, Q, ω = δα, Θ) be a Hamiltonian Q-manifold and Σ a closed oriented
spacetime manifold, dim Σ = |ω|+ 1. Then we have the AKSZ theory with

(52) FΣ = Map(T [1]Σ,M), QΣ = (dΣ)lifted + Qlifted,

ΩΣ = (−1)dim ΣτΣ(ω), SΣ = ιdlifted
Σ

τΣ(α) + τΣ(Θ)

as in section 2.
Given a trivial Hamiltonian Q-bundle over M with fiber data (N ,A, ω′ =

δα′, Θ′), a closed oriented manifold γ of dimension dim γ = |ω′|+ 1 and a smooth
map17 i : γ → Σ, we can construct a pre-observable for the AKSZ theory (52) with
target M as follows. Set

(53) Fγ = Map(T [1]γ,N ), Aγ = (dγ)lifted + p∗Alifted,

Ωγ = (−1)dim γτγ(ω′), Sγ = ι(dγ)liftedτγ(α′) + p∗τ tot
γ (Θ′)

Here the notations are as follows.
• τγ : Ω•(N ) → Ω•(Fγ) and τ tot

γ : Ω•(E) → Ω•(Map(T [1]γ, E)) are the
transgression maps, defined as in (11); E = M×N is the total space of the
target Hamiltonian Q-bundle.

• Map p = i∗ : FΣ → Map(T [1]γ,M) is the pull-back of ambient fields by
i : γ → Σ and p∗ : C∞(Map(T [1]γ,M)) → C∞(FΣ) is the pull-back by p.
By the trivial extension to auxiliary fields, p = p× idFγ also maps FΣ×Fγ

to Map(T [1]γ, E).
• (dγ)lifted ∈ X(Fγ) ⊂ Xvert(FΣ×Fγ) is the lifting of the de Rham differential

on γ to a vector field on the mapping space Map(T [1]γ,N ).
• Alifted is the lifting of the vertical vector field A ∈ Xvert(E) to a vertical

vector field on the mapping space Map(T [1]γ, E), so that p∗Alifted becomes
a vertical vector field on FΣ ×Fγ .

Proposition 4. The data (53) defines a classical pre-observable for the AKSZ
theory (52), in particular

(54) QΣSγ +
1
2
{Sγ , Sγ}Ωγ = 0

17By default, we assume that i is an embedding, cf. remark 10 below.
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Proof. First let us check that Aγ as defined in (53) is the Hamiltonian vector field
for Sγ . Introduce the notations for the source (kinetic) and target parts of Aγ and
Sγ :

Aγ = (dγ)lifted︸ ︷︷ ︸
Akin

γ

+ p∗Alifted

︸ ︷︷ ︸
Atarget

γ

, Sγ = ι(dγ)liftedτγ(α′)︸ ︷︷ ︸
Skin

γ

+ p∗τ tot
γ (Θ′)︸ ︷︷ ︸

Starget
γ

Then we have

(55) ιAkin
γ

Ωγ = ι(dγ)lifted(−1)dim γτγ(ω′) = ι(dγ)liftedδτγ(α′) =

= L(dγ)liftedτγ(α′)︸ ︷︷ ︸
=0 by (12)

+δι(dγ)liftedτγ(α′) = δSkin
γ = δvertSkin

γ

and

(56) ιAtarget
γ

Ωγ = p∗ιAlifted(−1)dim γτ tot
γ (ω′) =

= (−1)dim γp∗τ tot
γ ( ιAω′︸︷︷︸

=δvertΘ′

) = δvertp∗τ tot
γ (Θ′) = δvertStarget

γ

Here δvert stands for the de Rham differential in the fiber direction, as in section
3.3. Collecting (55,56), we get

{Sγ , •}Ωγ = Aγ

Next, let us prove (54). Note that

QΣSkin
γ = 0

since Skin
γ does not depend on the ambient fields (i.e. is a function on FΣ × Fγ ,

constant in the direction of FΣ); also

Qkin
Σ Starget

γ = p∗(Qkin
Σ |γτ tot

γ (Θ′)) = 0

as in (12), where Qkin
Σ |γ is the lifting of dγ to Map(T [1]γ,M), extended to a hori-

zontal vector field on Map(T [1]γ, E). Thus

(57) QΣSγ +
1
2
{Sγ , Sγ}Ωγ =

= Qtarget
Σ Starget

γ +
1
2
{Skin

γ , Skin
γ }Ωγ + {Skin

γ , Starget
γ }+

1
2
{Starget

γ , Starget
γ }Ωγ

=
1
2
{Skin

γ , Skin
γ }Ωγ +Akin

γ Starget
γ︸ ︷︷ ︸

0 by (12)

+(Qtarget
Σ +

1
2
Atarget

γ )Starget
γ

Here the first term on the r.h.s. has ((dγ)lifted)2 = 0 as its Hamiltonian vector field
on Fγ , thus it is a degree 1 constant function on Fγ , and hence vanishes. Therefore,
continuing the calculation (57) and using (13), we have

(58) QΣSγ +
1
2
{Sγ , Sγ}Ωγ = (−1)dim γp∗τ tot

γ (QΘ′ +
1
2
AΘ′) =

= (−1)dim γp∗τ tot
γ (QΘ′ +

1
2
{Θ′, Θ′}ω′) = 0

since the target is a Hamiltonian Q-bundle and equation (30) holds there. This
finishes the proof. ¤

In coordinates. Alongside with the superfield (18) for the ambient theory on Σ,
we now have a superfield for the auxiliary theory on γ:

(59) Y i(v1, . . . , vdim γ , ξ1, . . . , ξdim γ) =
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=
dim γ∑

k=1

∑

1≤ν1<···<νk≤dim γ

Y i
ν1···νk

(v1, . . . , vdim γ) ξν1 · · · ξνk

︸ ︷︷ ︸
Y i
(k)(v,ξ)

associated to local homogeneous coordinates yi on N . Here v1, . . . , vdim γ are local
coordinates on γ and ξν stands for dvν , ν = 1, . . . , dim γ.

Let α′ and ω′ be locally given on N as α′ = α′i(y) δyi, ω′ = 1
2ω′ij(y) δyi ∧ δyj .

Then the BV 2-form for auxiliary fields is:

Ωγ = (−1)dim γ

∫

γ

1
2

ω′ij(Y ) δY i ∧ δY j

Its primitive is:

αγ =
∫

γ

α′i(Y ) δY i

The action for auxiliary fields is:

Sγ =
∫

γ

α′i(Y ) dY i +
∫

γ

Θ′(i∗X,Y )

Vertical part of the cohomological vector field Aγ acts on the auxiliary superfield
by

AγY i = dY i +Ai(i∗X, Y )
if on the target we have A = Ai(x, y) ∂

∂yi .

Remark 7. In the case when i(γ) ⊂ Σ is an embedded submanifold of positive
codimension, the expression

(60) {Sγ , Sγ}ΩΣ

is ill-defined, because it formally contains
∫
Σ
(δγ)2 · · · where δγ is the delta function

supported on on i(γ) ⊂ Σ. On the other hand, if we use adapted local coordi-
nates u1, . . . , udim Σ on Σ in which i(γ) is given by udim γ+1 = · · · = udim Σ = 0,
the auxiliary action Sγ only depends on the components of the ambient superfield
Xa

µ1···µk
with µ1, . . . , µk ≤ dim γ, whereas the BV 2-form ΩΣ couples the compo-

nents Xa
µ1···µk

and Xb
ν1···νl

if and only if {µ1, . . . , µk}t{ν1, . . . , νl} = {1, . . . , dimΣ}
(for the sake of this argument we choose local Darboux coordinates on M in which
ωab(x) does not depend on x). So, formally (60) is ∞· 0, and we naively regularize
it to zero. Thus, by remark 5, we have (in the sense of our regularization) the
classical master equation on FΣ ×Fγ :

(61) {SΣ + Sγ , SΣ + Sγ}ΩΣ+Ωγ = 0

In the case when i : γ → Σ is a diffeomorphism, we have

{Sγ , Sγ}ΩΣ = {Starget
γ , Starget

γ }ΩΣ = (−1)dim Σp∗τ tot
γ ({Θ′, Θ′}ω)

Thus, (61) holds if and only if on the target we have

(62) {Θ′, Θ′}ω = 0

in addition to (30).

Remark 8. If dim γ = 1, ω′ is not automatically exact. The interesting case is when
ω′ is not exact but satisfies Bohr-Sommerfeld integrality condition, see remark 2.
We assume that γ is a circle; the discussion extends to a disjoint union of circles
trivially. The kinetic part of the action for auxiliary fields Skin

γ cannot be defined
as in (53), because the primitive α′ does not exist globally on N . Instead one can
define

(63) eiSkin
γ (Y ) := HolY ∗(0)∇′(γ) ∈ U(1)
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– the holonomy around γ of the pull-back of the connection ∇′ (cf. remark 2) by
Y(0) : γ → N . Here the l.h.s. should be viewed as one symbol. Target part of the
action is defined as before, so we have

eiSγ(X,Y ) = ei
∮

γ
Θ′(i∗X,Y )HolY ∗(0)∇′(γ)

Otherwise, using Stokes’ theorem one can rewrite the kinetic part of the auxiliary
action as

(64) Skin
γ (Y ) =

∫

D

Ỹ ∗
(0)ω

′

for D a disc bounded by γ and Ỹ(0) an arbitrary extension of Y(0) from γ to D. Due
to integrality of ω′/2π, arbitrariness of Ỹ(0) results in (64) being defined modulo
multiples of 2π:

Skin
γ (Y ) ∈ R/2πZ

From this point of view, the l.h.s. of (63) is well-defined.
It is easy to see that the proof of proposition 4 still works in this case (e.g.

because one can find a primitive of ω′ in the tubular neighborhood of the loop
Y(0)(γ) ⊂ N ).

Remark 9. Pre-observable (53) is invariant w.r.t. Diff(γ) (reparametrizations) and
Diff(Σ) (ambient diffeomorphisms) in the following sense. Let us denote explicitly
the dependence of Sγ on i : γ → Σ (through p = i∗ in (53)) as Sγ(X, Y ; i). Then
for an ambient diffeomorphism Φ ∈ Diff(Σ) and a reparametrization φ ∈ Diff(γ)
we have

(65) Sγ(X,Y ; Φ ◦ i ◦ φ) = Sγ(Φ∗X, (φ−1)∗Y ; i)

which can be seen directly from the definition (53).

6. From pre-observables to observables

The general idea of passage from pre-observables constructed in section 5 to
observables for the underlying AKSZ theory is by means of integrating out the
auxiliary fields as in proposition 1, i.e.

(66) Oγ =
∫

L⊂Fγ

eiSγ ∈ C∞(FΣ)

where L is a Lagrangian submanifold of (Fγ ,Ωγ). When we want to emphasize the
dependence of Oγ on the map i : γ → Σ, we will write Oγ,i.

Assuming that we can make sense of the path integral (66), the observable Oγ

is expected to have the following properties:
(i) Oγ depends on the fields of the ambient AKSZ theory only via pull-back by

i : γ → Σ.
(ii) Gauge invariance: QΣOγ = 0 (which is, indeed, our definition of an observ-

able).
(iii) The class of Oγ in QΣ-cohomology is independent of deformations of the gauge

fixing L (as a Lagrangian submanifold of Fγ).
(iv) The class of Oγ in QΣ-cohomology is invariant under isotopy of γ (reparametriza-

tions of γ homotopic to identity): for φ ∈ Diff0(γ), we have

Oγ,i◦φ = Oγ,i + QΣ(· · · )
(v) Invariance under ambient diffeomorphisms: for Φ ∈ Diff(Σ), we have

Oγ,Φ◦i(X) = Oγ,i(Φ∗X)
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(vi) Invariance of the correlator 〈Oγ〉 under ambient isotopy: for Φ ∈ Diff0(Σ), we
have

〈Oγ,Φ◦i〉 = 〈Oγ,i〉
Here (i) follows from our construction of the pre-observable (53) and (v) follows
from (i). Properties (ii) and (iii) are expected to hold in view of the proposition 1
for finite-dimensional fiber BV integrals. Property (iv) formally follows from (65),
(iii) and Diff(γ)-invariance of the measure on Fγ :

(67) Oγ,i◦φ =
∫

L⊂Fγ

DY eiSγ(X,Y ;i◦φ) =
∫

L
DY eiSγ(X,(φ−1)∗Y ;i)

=
∫

(φ−1)∗L
(φ−1∗)∗(DY ) eiSγ(X,Y ;i) =

∫

(φ−1)∗L
DY eiSγ(X,Y ;i)

=
∫

L
DY eiSγ(X,Y ;i) + QΣ(· · · ) = Oγ,i + QΣ(· · · )

Here
∫
LDY · · · should be understood as

∫
L
√

µ|L · · · where µ is the path integral
measure on Fγ . Note that we do use the fact that φ is an isotopy rather than a
general diffeomorphism, since otherwise Lagrangians L and (φ−1)∗L are not guaran-
teed to be homotopic. Property (vi) formally follows from (v), Diff(Σ)-invariance
of the AKSZ action (17) and of the path integral measure on FΣ, and from the
BV-Stokes’ theorem:

(68) 〈Oγ,Φ◦i〉 =
∫

L⊂FΣ

DX Oγ,Φ◦i(X) eiSΣ(X) =
∫

L
DX Oγ,i(Φ∗X) eiSΣ(X)

=
∫

Φ∗L
(Φ∗)∗(DX) Oγ,i(X) eiSΣ((Φ−1)∗X) =

∫

Φ∗L
DX Oγ,i(X) eiSΣ(X)

=
∫

L
DX Oγ,i(X) eiSΣ(X) = 〈Oγ,i〉

Remark 10. For our construction of observable Oγ it is not a priori necessary to
impose any restrictions on the map i : γ → Σ. However, if we want to make
sense of the correlator 〈Oγ〉 via perturbation theory for the path integral (which
is outside of the scope of this paper), we have to require that i is an embedding.
The technical reason is that if i : γ → Σ is not an embedding, it does not lift
to a map between compactified configuration spaces of pairs of points on γ and
Σ, Conf2(γ) → Conf2(Σ), which prevents one from defining the pull-back of the
propagator of the ambient theory to γ, which in turn leads to Feynman diagrams
for the correlator being ill-defined.

We will not try to give meaning to the path integral (66) in the most general
situation here, but rather will discuss several special cases.

6.1. Case N = point. In the case when N is a point the target Hamiltonian Q-
bundle is described in example (v) in section 3.4: A = 0, ω′ = 0, Θ′ = θ ∈ C∞(M)
— a Q-cocycle of degree p for the target M. The associated pre-observable (53)
for a p-dimensional closed manifold γ and a map i : γ → Σ is:

Fγ = point, Aγ = 0, Ωγ = 0, Sγ(X) =
∫

γ

θ(i∗X)

The passage to the observable (66) is trivial in this setting, since there are no
auxiliary fields:

(69) Oγ = ei
∫

γ
θ(i∗X)

This observable obviously satisfies properties (i–v) above.
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6.2. Case of 1-dimensional observables. Let i : γ = S1 → Σ be a circle mapped
into Σ and suppose we have a Hamiltonian Q-bundle of degree 0 over the AKSZ
target (M, Q, ω = δα, Θ) with fiber data (N ,A, ω′ = δα′, Θ′). We will assume
for simplicity that N is concentrated in degree 0, i.e. (N , ω′) is an ordinary (non-
graded) symplectic manifold.

In local coordinates, the auxiliary superfield (59) is:

Y i(u, du) = Y i
(0)(u) + Y i

(1)(u) du

where u is the coordinate on γ = S1 and index i corresponds to local coordinates
on N . For the pre-observable (53) we have

(70) Fγ = Map(T [1]γ,N )

=
{

(Y(0), Y(1)) | Y(0) : γ → N , Y(1) ∈ Γ(γ, T ∗γ ⊗ Y ∗
(0)TN )[−1]

}
,

Ωγ = −
∮

γ

ω′ij(Y(0)) δY i
(0) ∧ δY j

(1) +
1
2
Y k

(1) ∂kω′ij(Y(0)) δY i
(0) ∧ δY j

(0),

Sγ =
∮

γ

α′i(Y(0)) dY i
(0) + Θ′(i∗X, Y )

One natural choice of Lagrangian in (66) is to set

(71) L = Map(γ,N ) ⊂ Map(T [1]γ,N )

I.e. the 1-form component Y(1) of the auxiliary superfield vanishes on L. With this
choice (66) becomes

(72) Oγ =
∫

Map(γ,N )

DY(0) ei
∮

γ
α′i(Y(0)) dY i

(0)+Θ′(i∗X,Y(0))

=
∫

Map(γ,N )

DY(0) ei
∮

γ
α′i(Y(0)) dY i

(0)+i∗Xa
(1) ∂aΘ′(i∗X(0),Y(0))

Note that with this gauge fixing, one formally has a strict version of property (iv),
namely that Oγ is invariant under isotopy of γ (instead of only the class of Oγ in
QΣ-cohomology being invariant). This follows from invariance of L under Diff(γ),
together with Diff(γ)-invariance of the path integral measure DY(0).

The quantum mechanical path integral (72) can be understood in the Hamil-
tonian formalism, using the fiber geometric quantization of the target Hamiltonian
Q-bundle, as follows.

Proposition 5. Assume that the symplectic manifold (N , ω′) can be geometrically
quantized to a complex vector space of states H and the Hamiltonian Θ′ ∈ C∞(M×
N ) can be quantized (viewing coordinates on M as external parameters) to an
operator-valued function on M, Θ̂′ ∈ C∞(M)⊗ End(H) satisfying

(73) QΘ̂′ + i (Θ̂′)2 = 0

(the quantum counterpart of the equation (30)). Then define Oγ as the trace of a
path ordered exponential18

(74) Oγ = trH P exp
(

i

∮

γ

Θ̂′(i∗X)
)

Then
QΣOγ = 0

i.e. Oγ is an observable.

18To define the path ordered exponential, we need to choose a starting point p ∈ γ, but the
dependence on p is cancelled by taking the trace.
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Proof. Let j : [0, 1] → Σ be a path in Σ parameterized by t ∈ [0, 1]. Let us denote
ψ = Θ̂′(j∗X) ∈ Ω•([0, 1])⊗̂C∞(FΣ)⊗End(H), also let ψ(0)(t) and ψ(1)(t, dt) be the
0- and 1-form components of ψ. Consider the path ordered exponential

(75) Wj = P exp
(

i

∫ 1

0

ψ(1)

)

= lim
N→∞

←−−−−∏

0≤k<N

(
idH + i ι 1

N ∂t
ψ(1)(k/N, dt)

)
∈ C∞(FΣ)⊗ End(H)

Then

(76) QΣWj = −i

∫ 1

0

P exp
(

i

∫ 1

t

ψ(1)

)
·QΣψ(t, dt) · P exp

(
i

∫ t

0

ψ(1)

)

= −i

∫ 1

0

P exp
(

i

∫ 1

t

ψ(1)

)
·
(

dt
∂

∂t
ψ(0)(t)− i

[
ψ(0)(t), ψ(1)(t, dt)

])·P exp
(

i

∫ t

0

ψ(1)

)

= −i lim
N→∞

N−1∑

l=0

←−−−∏

l<k<N

(
idH + i ι 1

N ∂t
ψ(1)

(
k

N
, dt

))
·

·
(

ψ(0)

(
l + 1
N

)(
idH + i ι 1

N ∂t
ψ(1)

(
l

N
, dt

))
−

(
idH + i ι 1

N ∂t
ψ(1)

(
l

N
, dt

))
ψ(0)

(
l

N

))
·

·
←−−−∏

0≤k<l

(
idH + i ι 1

N ∂t
ψ(1)

(
k

N
, dt

))

= −i
(
ψ(0)(1) ·Wj −Wj · ψ(0)(0)

)

where we used that due to (73), we have QΣψ = dψ− i
2 [ψ,ψ]. For j = i : S1 → Σ,

we have j(0) = j(1) and applying (76), we get

QΣOγ = trH QΣWj = −i trH [Θ̂′(X(0)(j(0))),Wj ] = 0

¤

Note that the construction of proposition 5 does not require ω′ to be exact, it is
enough to require that ω′ satisfies Bohr-Sommerfeld integrality condition.

6.3. Torsion-like observables. Now let again i : γ → Σ be an oriented closed
manifold of arbitrary dimension mapped into Σ and suppose that N is a finite-
dimensional graded vector space, ω′ is a graded-antisymmetric pairing on N of
degree dimΣ− 1 and Θ′ is quadratic in N directions:

Θ′(x, y) =
1
2

ω′(y, θ(x)y)

with θ ∈ C∞(M)⊗ End(N ) of degree 1. Equation (30) is then equivalent to

(77) Qθ − θ2 = 0

We also assume that

(78) StrN θ(x) = 0

where StrN stands for the super-trace over N .
One way to make sense of the expression (66) is to choose a Riemannian metric

on γ. Then we have the Hodge decomposition for differential forms on γ with values
in N

(79) N ⊗ Ω•(γ)︸ ︷︷ ︸
Fγ

= N ⊗ Ω•harm(γ)︸ ︷︷ ︸
Fz

γ

⊕N ⊗ Ω•exact(γ)⊕
L̃︷ ︸︸ ︷

N ⊗ Ω•co−exact(γ)︸ ︷︷ ︸
F̃γ



250 PAVEL MNEV

which can be used to first take the BV integral over the complement of harmonic
forms, as in proposition 2, an then take the BV integral over the zero-modes (har-
monic forms):

(80) Oγ =
∫

Lz⊂Fz
γ

DYz

∫

L̃⊂F̃γ

DỸ e
i
2

∫
γ

ω′(Y,dY +θ(i∗X)Y )

where Y = Yz + Ỹ is the splitting of the auxiliary superfield into the harmonic part
and the part in the complement; Fz

γ comes with the degree −1 symplectic structure
Ωz

γ induced from ω′ and the Poincaré pairing on cohomology of γ; Lz ⊂ Fz
γ is a

Lagrangian vector subspace w.r.t. Ωz
γ .

The internal integral in (80) is a path integral and can be made sense of using
perturbation theory19:

(81) Oz
γ(X, Yz) = exp

(
i

2

∫

γ

ω′(Yz, θ(i∗X) (id + G θ(i∗X))−1Yz)+

+StrN
∑

k≥2

(−1)k

2k

∫

Confk(γ)

←−−−∏

1≤j≤k

π∗j+1,jη · π∗j θ(i∗X)




The notations here are:
• Confk(γ) is the Fulton-Macpherson-Axelrod-Singer compactification of the

configuration space of k points on γ, cf. [5].
• G = d∗(∆+Pharm)−1 : Ω•(γ) → Ω•−1(γ) is the Hodge-theoretic inverse of d;

its integral kernel extends to a smooth (dim γ−1)-form η on Conf2(γ) (the
Hodge propagator), cf. [5]. By Pharm we denote the orthogonal projection
to harmonic forms, using the Hodge inner product.

• πj+1,j : Confk → Conf2 is the map associated to forgetting all points except
points j and j + 1; also πj : Confk → Conf1 = γ is forgetting all points
except the point j. By convention, πk+1,k = π1,k.

• In the first term in the exponential in (81), θ(i∗X) is understood as a
multiplication operator on Ω•(γ) and an endomorphism of N , depend-
ing on ambient fields. Expression (id + G θ(i∗X))−1 is understood as∑∞

k=0(−1)k(G θ(i∗X))k.
The BV integral over zero-modes in (80) then is:

(82) Oγ =
∫

Lz⊂Fz
γ

e
i
2

∫
γ

ω′(Yz,θ(i∗X) (id+G θ(i∗X))−1Yz)√µz|Lz ·

· exp


StrN

∑

k≥2

(−1)k

2k

∫

Confk(γ)

←−−−∏

1≤j≤k

π∗j+1,jη · π∗j θ(i∗X)




where µz is some fixed translation-invariant volume element on Fz.

Remark 11. The requirement that the integral over zero-modes in (82) should con-
verge imposes the following restriction on Lz. If {Y I

Lz
} are coordinates on Lz and

if we write ∫

γ

ω′(Yz, θ(i∗X) (id + G θ(i∗X))−1Yz) = Y I
Lz

HIJ (i∗X)Y J
Lz

then we require the even-even block (i.e. the block pairing coordinates Y I
Lz

of even
degree with coordinates Y J

Lz
of even degree) of the matrix (HIJ ) to be invertible.

One universal way to satisfy this condition is to choose Lz ⊂ Fz
γ by setting all even

19We are working modulo constants here. We are also implicitly assuming convergence of the
sum over k in (81).
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coordinates on Fz
γ to zero. With this choice, the integral over Lz in (82) is (up to

normalization) the Pfaffian of (HIJ ).

Proposition 6. (i) Expression (82) is an observable, i.e.

QΣOγ = 0

(ii) Dependence of Oγ on deformations of Riemannian metric on γ and on defor-
mations of Lz is QΣ-exact.

Proof. Define Sz
γ ∈ C∞(FΣ ×Fz

γ) by (81) and Oz
γ = eiSz

γ :

(83) Sz
γ =

1
2

∫

γ

ω′(Yz, θ (id + G θ)−1Yz)−

− i StrN
∑

k≥2

(−1)k

2k

∫

Confk(γ)

←−−−∏

1≤j≤k

π∗j+1,jη · π∗j θ

where θ actually means θ(i∗X).
First let us check that Sz

γ is a semi-quantum pre-observable, i.e. satisfies the
equation (41):

(84) QΣSz
γ +

1
2
{Sz

γ , Sz
γ}Ωz

γ
− i∆zS

z
γ = 0

Indeed, we have

(85)
1
2
{Sz

γ , Sz
γ}Ωz

γ
=

1
2

∫

γ

ω′(Yz, (id + θ G)−1θ Pharm θ (id + G θ)−1Yz)

(86) −i∆zS
z
γ = − i

2
StrFz

γ

(Pharm θ (id + G θ)−1
)

(87) QΣSz
γ = −1

2

∫

γ

ω′(Yz, (id + θ G)−1 (dθ + θ2)︸ ︷︷ ︸
QΣθ(i∗X)

(id + Gθ)−1Yz)−

+
i

2
StrN

∑

k≥2

(−1)k

∫

Confk(γ)


←−−−∏

2≤j≤k

π∗j+1,jη · π∗j θ


 · π∗2,1η · π∗1(dθ + θ2)

Using Stokes’ theorem, (87) can be written as

(88) QΣSz
γ =

1
2

∫

γ

ω′(Yz, (id + θ G)−1θ ([d,G]− id) θ (id + Gθ)−1Yz)+

+
i

2
StrN

∑

k≥2

(−1)k+dim γ

∫

Confk(γ)


←−−−∏

2≤j≤k

π∗j+1,jη · π∗j θ


 · π∗2,1dη · π∗1θ+

+
i

2
StrN

∑

k≥2

(−1)k

∫

Confk(γ)


←−−−∏

2≤j≤k

π∗j+1,jη · π∗j θ


 · π∗2,1η · π∗1θ2−

− i

2
StrN

∑

k≥2

(−1)k+k dim γ

k

∫

∂Confk(γ)

←−−−∏

1≤j≤k

π∗j+1,jη · π∗j θ

Two last terms here cancel due to the contribution of principal boundary strata
of Confk(γ), where points j and j + 1 collapse (and we use the property of the
propagator that the fiber integral of η over fibers of ∂Conf2(γ) → γ is the constant
function −(−1)dim γ1 ∈ C∞(γ)). Hidden boundary strata (i.e. those corresponding
to the collapse of ≥ 3 points) do not contribute due to the fact that the collapsed
subgraph of the “wheel” graph either has a vertex of valence 2, and then the integral
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vanishes by (anti-) symmetry of η on ∂Conf2(γ) w.r.t. the antipodal involution, or
the collapsed subgraph has an isolated vertex, and then the integral vanishes for
degree reasons, cf. [6].

Since [d,G] = id − Pharm and since dη = −(−1)dim γPharm where Pharm ∈
Ωdim γ(γ × γ) is the integral kernel of Pharm, collecting (85,86,88) we get the semi-
quantum master equation (84).

Next, knowing that (84) holds, we infer by proposition 1 that Oγ =
∫
Lz⊂Fz

γ
eiSz

γ

given by (82) satisfies QΣOγ = 0. Thus we proved (i).
To prove (ii) we first note that deformations of Lz induce QΣ-exact shifts in Oγ

by proposition 1.
Next we check the dependence of Sz

γ on metric on γ. Let us now be more
careful with the space of zero-modes and define it as Fz

γ = N ⊗ H•(γ) – the N -
valued de Rham cohomology of γ; it comes with a metric-dependent embedding of
cohomology into differential forms i : H•(γ) ↪→ Ω•(γ) which realizes cohomology
classes by harmonic forms. In view of this redefinition we should now write i(Yz)
instead of Yz in (83).

Now assume that we have a path in the space of Riemannian metrics on γ,
gt ∈ Met(γ) with t ∈ [0, 1] the parameter. Then we have the t-dependent Hodge-
theoretic inverse Gt for de Rham operator, the t-dependent propagator ηt and the
t-dependent embedding of cohomology into differential forms it with exact time-
derivatives:

d

dt
Gt = [d,Ht],

∂

∂t
ηt = dζt,

∂

∂t
it = djt

for some linear operator Ht : Ω•(γ) → Ω•−2(γ) with smooth integral kernel ζt ∈
Ωdim γ−2(γ × γ) and some jt : H•(γ) → Ω•−1(γ); Ht, ζt and jt depend on gt and
∂
∂tgt. Then one can introduce the “extended” versions of G, η and i:

G̃ = Gt + dt Ht ∈ Ω•([0, 1])⊗̂End(Ω•(γ))

η̃ = ηt + dt ζt ∈ Ωdim Σ−1([0, 1]× Conf2(γ))

ĩ = it + dt jt ∈ Ω•([0, 1])⊗̂Hom(H•(γ), Ω•(γ))

They satisfy respectively(
dt

∂

∂t
+ [dγ , •]

)
G̃ = id− Pharm

(
dt

∂

∂t
+ dConf2(γ)

)
η̃ = −(−1)dim γPharm

(
dt

∂

∂t
+ dγ

)
ĩ = 0

Next, we define the extended version of Sz
γ , S̃z

γ ∈ Ω•([0, 1])⊗̂C∞(FΣ ×Fz
γ) by sub-

stituting G̃ instead of G, η̃ instead of η and ĩ(Yz) instead of Yz into (83). Repeating
our proof of (84) in the extended case we find that

(
dt

∂

∂t
+ QΣ

)
S̃z

γ +
1
2
{S̃z

γ , S̃z
γ}Ωz

γ
− i∆zS̃

z
γ = 0

which, when we decompose S̃z
γ into the 0-form and 1-form parts w.r.t. t, S̃z

γ =
Sz

γ(t)+ dtRz
γ(t), is equivalent to semi-quantum master equation (84) for Sz

γ(t) plus
the equation

(89)
∂

∂t
Sz

γ(t) = QΣRz
γ(t) + {Sz

γ(t), Rz
γ(t)}Ωz

γ
− i∆zR

z
γ(t)

Therefore (cf. (44)) semi-quantum pre-observables Sz
γ(t) are equivalent for all values

of the parameter t and so by item (iii) of proposition 1, dependence of the induced
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observable Oγ(t) =
∫
Lz⊂Fz

γ
eiSz

γ(t) on t is QΣ-exact. This finishes the proof of
(ii). ¤

7. Examples of observables

Here we will illustrate the construction of AKSZ pre-observables/observables of
sections 5, 6 by several explicit examples.

7.1. Observables with N a point. First we give some examples of the situation
described in section 6.1.

• For abelian Chern-Simons theory (22) we may take θ = cψ ∈ C∞(R[1])
with c ∈ R any constant. This yields by (69) a 1-dimensional observable
for i : γ = S1 ↪→ Σ

Oγ = eic
∮

γ
i∗A(1)

— the abelian Wilson loop; parameter c can be viewed as the weight of a
one-dimensional representation of the gauge group R. Note that this is also
an observable for the abelian BF theory (26).

• For D-dimensional abelian BF theory, take θ = cξ with c ∈ R a parameter.
The associated observable for a closed oriented submanifold i : γ ↪→ Σ of
codimension 2 is

(90) Oγ = eic
∫

γ
i∗B(D−2)

• For 2-dimensional BF theory assume that g is quadratic so that we can
identify g∗ with g and let ρ : g → End(R) be a representation. Set
θ = −i log trRf(ρ(ξ)) for f ∈ C∞(R) a function. The corresponding 0-
dimensional observable for γ ∈ Σ a point is

(91) Oγ = trRf(ρ(B(0)|γ))

• For 2-dimensional abelian BF theory take θ = f(ξ)ψ for f ∈ C∞(R). The
corresponding 1-dimensional observable for i : γ = S1 ↪→ Σ is

(92) Oγ = ei
∮

γ
i∗(A·f(B))

Note that for f non-constant, Oγ depends non-trivially on components of
the superfields of ghost number 6= 0, namely on A(0) and B(1):

Oγ = ei
∮

γ
i∗(A(1)·f(B(0))+A(0)·B(1)·f ′(B(0)))

• For Poisson sigma model and θ = f ∈ C∞(M) a Casimir of the Pois-
son structure (i.e. [π, f ] = 0, with [, ] the Schouten-Nijenhuis bracket on
polyvector fields on M), we get a 0-dimensional observable for γ a point in
Σ:

(93) Oγ = ei f(X(0)|γ)

• For Poisson sigma model and v ∈ X(M) a Poisson vector field (i.e. [π, v] =
0), set θ = 〈p, v(x)〉. The associated 1-dimensional observable is:

(94) Oγ = ei
∮

γ
i∗〈η,v(X)〉

Note that if ṽ = v+[π, f ] – another Poisson vector field giving the same class
in Poisson cohomology of M as v, then the observable Õγ constructed from
ṽ by (94) is equivalent to Oγ : 〈p, ṽ(x)〉 − 〈p, v(x)〉 = Qf(x) on the target
implies

∮
γ

i∗〈η, ṽ(X)〉 − ∮
γ

i∗〈η, v(X)〉 = −QΣ

∮
γ

i∗f(X) on the mapping
space FΣ. This implies in turn

Õγ = Oγ + QΣ

(
−i

∫ 1

0

dt ei
∮

γ
i∗〈η,(1−t)v(X)+tṽ(X)〉

∮

γ

i∗f(X)
)
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Thus (94) defines a map from Poisson cohomology of M in degree one to
QΣ-cohomology in degree zero.

Note that the observable (91) is a special case of (93) when we take M to be
g∗ with Kirillov-Kostant Poisson structure. Also, (92) is a special case of (94) for
M = R with π = 0.

7.2. Wilson loop observable in Chern-Simons theory. Here we will combine
the discussion of section 6.2 with the example (iv) of section 3.4.

Let g be a quadratic Lie algebra and let (M, ωM ) be a symplectic manifold with a
Hamiltonian action of g with equivariant moment map µ : M → g∗. Further, we as-
sume that ωM satisfies Bohr-Sommerfeld integrality condition and is the curvature
of a U(1)-connection ∇ on a line bundle L over M .

Then we have a degree 0 Hamiltonian Q-bundle structure on g[1] ×M → g[1],
with base structure given by (20) and fiber structure (38), with the correction
that now we relaxed the exactness condition on ωM . Applying the construction of
section 5 to this target data we get the following 1-dimensional pre-observable for
Chern-Simons theory:

(95) Fγ = Map(T [1]γ,M)

= {(Y(0), Y(1)) | Y(0) : γ → M, Y(1) ∈ Γ(γ, T ∗γ ⊗ Y ∗
(0)TM)[−1]},

Ωγ = −
∮

γ

ωM (Y ) = −
∮

γ

ωij(Y(0))δY i
(0) ∧ δY j

(1) +
1
2
Y k

(1)∂kωij(Y(0))δY i
(0) ∧ δY j

(0),

eiSγ = HolY ∗(0)∇(γ) ei
∮

γ
〈i∗A,µ(Y )〉 = HolY ∗(0)∇(γ) ei

∮
γ
〈i∗A(1),µ(Y(0))〉+〈i∗A(0),Y

i
(1)∂iµ(Y(0))〉

where i : γ = S1 ↪→ Σ is a circle embedded into 3-manifold Σ, A =
∑3

k=0 A(k) is
the superfield of the ambient Chern-Simons theory, Y = Y(0) + Y(1) is the auxil-
iary superfield (21), with components Y(0), Y(1) having internal degrees 0 and −1
respectively; indices i, j, k refer to local coordinates on M .

To construct an observable out of the pre-observable (95), we impose the gauge
fixing (71) which consists in setting Y(1) = 0. The path integral (72) reads

(96) Oγ =
∫

Map(γ,M)

DY(0) HolY ∗(0)∇(γ) ei
∮

γ
〈i∗A(1),µ(Y(0))〉

Assume that there exists a Lagrangian polarization P of (M,ωM ) such that the
geometric quantization of (M, ω, L,∇, P ) yields a space of statesH and components
µa ∈ C∞(M) of the moment map are quantized into operators µ̂a ∈ End(H) such
that the map µ̂ : g → End(H) sending generator Ta ∈ g into µ̂a is a Lie algebra
homomorphism (i.e. µ̂ is a representation of g on H). Then

Θ̂′ = −i〈ψ, µ̂〉 ∈ C∞(g[1])⊗ End(H)

(where we view µ̂ as an element of g∗⊗End(H)) is the quantization of Θ′ = 〈ψ, µ(x)〉
satisfying (73). Then the construction of proposition 5 produces out of the pre-
observable (95) the usual Wilson loop of the connection component A(1) of the
ambient superfield in representation µ̂ along γ:

(97) Oγ = trHP exp
∮

γ

µ̂(i∗A(1))

which is indeed a gauge invariant observable (i.e. QΣOγ = 0) for Chern-Simons
theory on Σ.

Expression (97) can be viewed as a regularization of the path integral (96).
Coadjoint orbit case. In case when (M, ωM ) is an integral coadjoint orbit of

a compact Lie group G such that g = Lie(G), with ωM the Kirillov symplectic
structure and µ : M ↪→ g∗ the embedding of M into g∗ (which corresponds to



A CONSTRUCTION OF OBSERVABLES FOR AKSZ SIGMA MODELS 255

the coadjoint Hamiltonian action of G on M), formula (96) becomes the Alekseev-
Faddeev-Shatashvili path integral formula for the Wilson loop [2]. The respective
µ̂ is the irreducible representation of G associated by Kirillov’s orbit method to the
coadjoint orbit M , and (97) is just the Wilson loop in this irreducible representation.

7.3. “Wilson loops” in Poisson sigma model. Let (M, π) be a Poisson man-
ifold, (N, ωN = δαN ) an exact symplectic manifold and F : N → X(M) a map20

with the property

(98)
1
2
{F, F}ωN

+ [π, F ] = 0

where [, ] is the Schouten-Nijenhuis bracket on polyvector fields on M ; expres-
sion 1

2{F, F} is a map from N to bivectors on M , given in local coordinates as
1
2 (ω−1(y))ab ∂

∂ya F i(x, y) ∂
∂yb F j(x, y) ∂

∂xi ∧ ∂
∂xj where {xi} are local coordinates on

M and {ya} are local coordinates on N . Then we have a degree 0 Hamiltonian
Q-bundle structure on T ∗[1]M × N → T ∗[1]M with base structure (27) and fiber
structure

(99) N = N, A = 〈p, {F, •}ωN 〉,
ω′ = ωN , α′ = αN , Θ′ = 〈p, F 〉 ∈ C∞(T ∗[1]M ×N)

The corresponding 1-dimensional pre-observable for Poisson sigma model asso-
ciated to (M, π) is given by Fγ , Ωγ as in (95), changing M to N , and the auxiliary
action is

Sγ =
∮

γ

αa(Y ) dY a + 〈i∗η, F (i∗X, Y )〉

The corresponding observable is formally given (in the gauge (71)) by the path
integral (72):

(100) Oγ =
∫

Map(γ,N)

DY(0) ei
∮

γ
αa(Y(0)) dY a

(0)+〈i∗η,F (i∗X,Y(0))〉

Assume that (N, ωN ) can be geometrically quantized to a space of states H and
F is quantized to an operator-valued vector field F̂ ∈ End(H)⊗̂X(M) satisfying

(101) [π, F̂ ] + iF̂ ∧ F̂ = 0

Then (74) gives

(102) Oγ = trHP exp
(

i

∮

γ

〈i∗η, F̂ (i∗X)〉
)

which can be regarded as the evaluation of the path integral (100) via Hamiltonian
formalism. By proposition 5, Oγ is indeed an observable for the Poisson sigma
model.

Remark 12. Note that in case N = point we get back the observable (94). Also,
in case M = g∗ with Kirillov-Kostant Poisson structure and requiring that F takes
values in constant vector fields on F , equation (98) becomes the equation on equi-
variant moment map and the corresponding observable (102) is the usual Wilson
loop (97) for 2-dimensional BF theory.

20Alternatively, one can view F as a vertical vector field on the trivial fiber bundle N×M → N .
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7.4. Torsion observables in Chern-Simons theory. Fix n′ ∈ {−1, 0, 1, 2} and
m ∈ Z (only the parity of m will matter for our discussion). Let again g be a
quadratic Lie algebra and let ρ : g → End(R) be a representation on a vector
space R with values in traceless matrices (cf. (78)). Then we have a degree n′

Hamiltonian Q-bundle structure on g[1] ⊕ R[m] ⊕ R∗[n′ − m] → g[1] with base
structure (20) and fiber structure

(103) N = R[m]⊕R∗[n′ −m], A =
〈

ρ(ψ)q,
∂

∂q

〉
+

〈
ρ∗(ψ)p,

∂

∂p

〉
,

ω′ = 〈δp, δq〉, α′ = 〈p, δq〉, Θ′ = 〈p, ρ(ψ)q〉
where ρ∗ : g → End(R∗) is the representation dual to ρ; q is the R-valued coordinate
of degree m on R[m] and p is the R∗-valued coordinate of degree n′−m on R∗[n′−m].

The corresponding pre-observable for Chern-Simons theory on a closed oriented
3-manifold Σ, for i : γ ↪→ Σ an embedded closed oriented (n′ + 1)-manifold, reads:

(104) Fγ = R[m]⊗ Ω•(γ)⊕R∗[n′ −m]⊗ Ω•(γ), Ωγ =
∫

γ

〈δp, δq〉,

Sγ =
∫

γ

〈p, dq〉+ 〈p, ρ(i∗A)q〉

where q =
∑n′+1

k=0 q(k) and p =
∑n′+1

k=0 p(k) are the auxiliary superfields correspond-
ing to q and p; component q(k) is a R-valued k-form on γ with internal degree m−k
and p(k) is a R∗-valued k-form on γ of internal degree n′ −m− k.

Pre-observable (104) can be pushed forward to zero-modes (in the sense of propo-
sition 2) as in section 6.3:

(105) Fz
γ = R[m]⊗H•(γ)⊕R∗[n′ −m]⊗H•(γ), Ωz

γ =
∫

γ

〈δpz, δqz〉,

Sz
γ =

∫

γ

〈pz, ρ(i∗A)(id + G ρ(i∗A))−1qz〉 − i log tor(γ, i∗A, ρ)

where we introduced the notation

(106) tor(γ, i∗A, ρ) = exp trR

∑

k≥2

(−1)k

k

∫

Confk(γ)

←−−−∏

1≤j≤k

π∗j+1,jη · π∗j ρ(i∗A)

Notations G, η, π are the same as in section 6.3. We use harmonic representatives
for zero-modes qz, pz in Fγ .

Taking the BV integral over zero-modes in (105) we obtain the observable for
Chern-Simons theory on Σ:

(107) Oγ =
∫

Lz⊂Fz
γ

√
µz|Lz ei

∫
γ
〈pz,ρ(i∗A)(id+G ρ(i∗A))−1qz〉 · tor(γ, i∗A, ρ)

with Lz ⊂ Fz
γ a Lagrangian subspace and µz a translation invariant volume element

on Fz
γ . Proposition 6 implies that Oγ is QΣ-closed and that deformations of gauge-

fixing induce QΣ-exact shifts in Oγ .
In case n′ = 0, m = 1, with γ = S1, (107) can be evaluated explicitly21:

(108) Oγ =
∫

R[1]⊕R∗[−1]

dqz
(0) dpz

(0) ei
∮

γ
〈pz

(0),ρ(A)qz
(0)〉 · detR

(
sinh ρ(A/2)

ρ(A/2)

)

= detR

(
ρ(W )1/2 − ρ(W )−1/2

)
= detR(ρ(W )− idR)

21One trick to simplify the calculation is to use gauge-invariance of Oγ to pick the constant

representative of the gauge equivalence class of connection i∗A.
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where W = P exp
∮

γ
i∗A(1) is the holonomy of the ambient connection around γ

(since this requires the choice of a starting point on γ, one can think of W as a
group element defined modulo conjugation). We also denote A = log W .

In (108) we used the gauge-fixing Lagrangian (71). In particular, the gauge-fixing
for the integral over zero-modes is

(R[1]⊕R∗[−1])⊗H0(γ)︸ ︷︷ ︸
Lz

⊂ (R[1]⊕R∗[−1])⊗H•(γ)︸ ︷︷ ︸
Fz

γ

Remark 13. Observable (108) is only interesting (not identically zero) for repre-
sentations ρ such that det ρ 6≡ 0, i.e. ρ(x) does not have zero eigenvalue for x in
an open dense subset of g. In particular, (108) is identically zero for ρ = ad the
adjoint representation.

Remark 14. Observable (108) has the property that it only depends on i∗A(1) and
not on the other components of the ambient field. Also, it is the only representative
of its class in QΣ-cohomology which depends only on i∗A, for degree reasons (since
C∞(FΣ|γ) is non-negatively graded; we denote FΣ|γ = Map(T [1]γ,M) the space
of pull-backs of ambient fields to γ).

In case n′ > 0, Oγ defined by (107) generally depends on i∗A(k) for 0 ≤ k ≤ n′+1.
Also, there is no canonical representative of the class of Oγ in QΣ-cohomology and
no canonical choice for the gauge-fixing Lagrangian L ⊂ Fγ .

For n′ = −1, convergence requirement for the integral over zero-modes (107)
forces (cf. remark 11) Lz = (R[m]⊕R∗[−1−m])odd which yields Oγ = 0.

For n′ = 2, for γ a connected closed oriented 3-manifold with non-zero first Betti
number, we may take m = 1 and choose the gauge-fixing for zero-modes as

(109) Lz = (R[1]⊕R∗[1])⊗ (H0(γ)⊕ λ⊥︸︷︷︸
⊂H1(γ)

⊕ λ︸︷︷︸
⊂H2(γ)

)

where λ is any line in H1(γ) and λ⊥ is its orthogonal complement in H2(γ) w.r.t.
the Poincaré duality.

If the condition det ρ 6≡ 0 as in remark 13 holds, Oγ defined with zero-mode
gauge-fixing (109) is well-defined on an open subset of FΣ|γ and is not identically
zero.

In case dim H1(γ) = 1, Lagrangian (109) is the same as in remark 11, i.e.
Lz = (Fz

γ)odd. In case dim H1(γ) > 1, the Lagrangian (Fz
γ)odd yields Oγ which

is identically zero.
In case of γ a rational homology sphere, H1(γ) = 0, construction (109) is not

applicable. However, one can take

Lz = (R[1]⊕R∗[1])⊗H0(γ)

which produces an observable Oγ of degree −2 dim R.

Remark 15. In case n′ = 2 and γ = Σ, i = id, property (62) does not generally
hold, so (104) is a pre-observable in the sense of definition 6, but SΣ + Sγ does not
satisfy the classical master equation (61) on the space FΣ × Fγ . On the level of
observable Oγ this means that QΣOγ = 0, but SΣ − i log Oγ does not satisfy the
classical master equation on FΣ.

In case n′ = 1, for γ a connected closed oriented surface of genus g > 0, we may
take m = 0 and set

Lz = R⊗ (H0(γ)⊕ λ⊥)⊕R∗[1]⊗ (H0(γ)⊕ λ)
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where λ is again any line H1(γ) and λ⊥ is its orthogonal in H1(γ) w.r.t. the
Poincaré duality. Assuming det ρ 6≡ 0, with this choice of Lz we produce an ob-
servable Oγ of degree (2g− 2) dim R which is well-defined and non-zero on an open
subset of FΣ|γ .

Expression (107) also is an observable for BF theory in dimension D. In this
case n′ should satisfy −1 ≤ n′ ≤ D − 1. For n′ = 2k and γ a closed oriented
submanifold of Σ of dimension 2k + 1, we may take m = 2k + 1 and choose the
gauge-fixing Lz as

Lz = (R[2k + 1]⊕R∗[−1])⊗ L′
where L′ ⊂ H•(γ) a Lagrangian subspace with the property

(110) dimL′j = dimL′2k−j

where L′j = L′ ∩Hj(γ), which is equivalent to

(111) dimL′j = Bj −Bj−1 + · · ·+ (−1)jB0

where Bj = dim Hj(γ). For L′ to exist, we require that for γ the combinations of
Betti numbers on the r.h.s. of (111) are non-negative. Assuming det ρ 6≡ 0, property
(110) ensures that the integral over zero-modes in (107) exists and is non-zero in
an open subset of FΣ|γ .

7.5. A codimension 2 (pre-)observable in BF theory. The following example
is due to Cattaneo-Rossi [9]. Let M = g[1]⊕ g∗[D− 2] with the structure of degree
D − 1 Hamiltonian Q-manifold as in (23). One constructs a trivial degree D − 3
Hamiltonian Q-bundle over M with fiber data

(112) N = g⊕ g∗[D − 3], A = 〈[ψ, q],
∂

∂q
〉+ 〈ad∗ψp,

∂

∂p
〉+ (−1)D〈ξ, ∂

∂p
〉,

ω′ = 〈δp, δq〉, α′ = 〈p, δq〉, Θ′ = 〈p, [ψ, q]〉+ 〈ξ, q〉
Here q is the g-valued coordinate of degree 0 on g and p is the g∗-valued coordinate
of degree D − 3 on g∗[D − 3]; ψ and ξ are coordinates on M as in section 2.3.

Given a closed oriented D-manifold Σ and a closed oriented submanifold i : γ ↪→
Σ of codimension 2, by the construction of section 5 we get a pre-observable for the
BF theory on Σ associated to the Hamiltonian Q-bundle (23,112):

Fγ = g⊗ Ω•(γ)⊕ g∗[D − 3]⊗ Ω•(γ),(113)

Ωγ = (−1)D

∫

γ

〈δp, δq〉,(114)

Sγ =
∫

γ

〈p, dq〉+ 〈p, [i∗A,q]〉+ 〈i∗B,q〉(115)

where q =
∑D−2

k=0 q(k) and p =
∑D−2

k=0 p(k) are the auxiliary superfields correspond-
ing to q and p; q(k) and p(k) are k-forms on γ with values in g and g∗ respectively,
having internal degrees −k and D − 3− k respectively.

Push-forward of the pre-observable (113–115) to zero-modes (in the sense of
proposition 2) is evaluated as in section 6.3:

(116) Fz
γ = g⊗H•(γ)⊕ g∗[D − 3]⊗H•(γ), Ωz

γ =
∫

γ

〈δpz, δqz〉,

Sz
γ =

∫

γ

〈i∗B + (−1)Dad∗i∗Apz, (id + G adi∗A)−1qz〉 − i log tor(γ, i∗A, ad)

where tor is as in (106), for ρ = ad the adjoint representation of g.
In the case of abelian BF theory, g = R, (116) yields

(117) eiSz
γ = ei

∫
γ
〈i∗B,qz〉
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which is an observable if we understand qz ∈ H•(γ) as an external parameter (the
crucial point here is that by construction (117) satisfies the semi-quantum master
equation (42), but the last term in (42) vanishes since Sz

γ depends only on qz).
Taking qz = c · 1 ∈ H0(γ), we obtain the observable (90).

In [9] it is shown that in the case of “long knots” RD−2 ∼ γ ⊂ Σ = RD,
embeddings of RD−2 into RD with prescribed linear asymptotics, the push-forward
of pre-observable (113–115) to zero-modes yields, upon fixing the values of zero-
modes to qz = c ⊗ 1 ∈ g∗ ⊗ Ω0(γ) and pz = 0, an observable, generalizing (90) in
non-abelian case.

8. Final remarks

In this paper we presented a two-step construction of classical observables in
AKSZ sigma models, which consists of: (i) constructing an extension of the AKSZ
theory to a BV theory on a larger space of fields using an extension of the target
to a Hamiltonian Q-bundle, (ii) using the BV push-forward to the original space of
fields to produce an observable. We also provided some examples, and in particular
recovered the well-known Wilson loop observable in Chern-Simons theory together
with its path integral representation [2] and the Cattaneo-Rossi “Wilson surface”
observable in BF theory.

There are natural questions to this construction not answered here, to which we
hope to return in a future publication:

• Extend the zoo of explicit examples. In particular,
– give more explicit examples of “Wilson loops” in Poisson sigma model,

section 7.3 (which requires a solution of (98) as the input for step (i)
of the construction and its quantization satisfying (101) for step (ii))
other than those mentioned in remark 12;

– give an example corresponding to a non-trivial Hamiltonian Q-bundle
over the target of the AKSZ sigma model.

• Calculate the isotopy invariants of embeddings given by expectation values
of our observables.

8.1. Extension to source manifolds with boundary. Our construction of ob-
servables possesses an extension to the case when the source manifold Σ has a
boundary ∂Σ, and the submanifold γ ⊂ Σ on which the observable is supported
is also allowed to have boundary, ∂γ ⊂ ∂Σ. We will outline this extension here,
treating gauge theories with boundary in “BV-BFV formalism” [8]. For a more
detailed example, Chern-Simons theory on a manifold with boundary with Wilson
lines ending on the boundary, the reader is referred to [4].

Recall [8] that a gauge theory on manifold Σ with boundary ∂Σ in BV-BFV
formalism is described by the following data:

• A degree 0 Hamiltonian Q-manifold (F∂Σ, Q∂Σ,Ω∂Σ = δα∂Σ, S∂Σ) — “the
BFV phase space” (or “the space of boundary fields”) associated to the
boundary ∂Σ.

• A Q-manifold (FΣ, QΣ) (“the space of bulk fields”) endowed with a Q-
morphism π : FΣ → F∂Σ (restriction of fields to the boundary), a degree
-1 symplectic form ΩΣ and a degree 0 action SΣ ∈ C∞(FΣ) satisfying

(118) δSΣ = ιQΣΩΣ + π∗α∂Σ
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Equation (118) replaces the condition that SΣ is the Hamiltonian function for QΣ

in definition 4, and its consequence QΣSΣ = π∗(ιQ∂Σα∂Σ − 2S∂Σ) or, equivalently,
1
2
{SΣ, SΣ}ΩΣ︸ ︷︷ ︸
:=ιQΣ ιQΣΩΣ

+π∗S∂Σ = 0

replaces the classical master equation.
AKSZ sigma models on manifolds with boundary fit naturally into BV-BFV

formalism: one takes the standard construction (8,9,15,16) for the bulk and sets

F∂Σ = Map(T [1]∂Σ,M), Q∂Σ = dlifted
∂Σ + Qlifted, Ω∂Σ = τ∂Σ(ω),

α∂Σ = (−1)dim Σ−1τ∂Σ(α), S∂Σ = (−1)dim Σ−1
(
ιdlifted

∂Σ
τ∂Σ(α) + τ∂Σ(Θ)

)

for the boundary; Q-morphism π : Map(T [1]Σ,M) → Map(T [1]∂Σ,M) is the pull-
back by the inclusion ∂Σ ↪→ Σ.

A classical observable for a gauge theory in BV-BFV formalism (generalizing
definition 5) can be defined as the following collection of data.

• A graded vector space (the auxiliary space of states) H∂γ and a degree 1
element

δ∂γ ∈ C∞(F∂Σ)⊗ End(H∂γ)
satisfying

Q∂Σδ∂γ + δ2
∂γ = 0

• A degree 0 H∂γ-valued function of bulk fields

Oγ ∈ C∞(FΣ)⊗H∂γ

satisfying
(QΣ + π∗δ∂γ)Oγ = 0

The locality requirement is that Oγ only depends on the restrictions of bulk fields
to γ; likewise, δ∂γ should only depend on the restrictions of boundary fields to ∂γ.

We can also define a pre-observable in the BV-BFV context as the following
data.

• A degree 0 Hamiltonian Q-bundle over (F∂Σ, Q∂Σ) with fiber data (F∂γ ,A∂γ , Ω∂γ =
δα∂γ , S∂γ).

• A trivial Q-bundle over (FΣ, QΣ) with fiber data (Fγ ,Aγ), with projection
π̄ : Fγ → F∂γ such that dπ̄(Aγ) = A∂γ , with fiber degree -1 symplec-
tic structure Ωγ and with degree 0 auxiliary action Sγ ∈ C∞(FΣ × Fγ)
satisfying

δvertSγ = ιAγ Ωγ + π̄∗α∂γ , QΣSγ +
1
2
{Sγ , Sγ}Ωγ︸ ︷︷ ︸
:=ιAγ ιAγ Ωγ

+π∗totS∂γ = 0

where δvert is the de Rham differential on Fγ and πtot = π× π̄ : FΣ×Fγ →
F∂Σ ×F∂γ .

Passing from a pre-observable to observable is a quantization problem. We con-
struct H∂γ as the geometric quantization of the symplectic manifold (F∂γ ,Ω∂γ)
and δ∂γ as the geometric quantization of S∂γ :

(119) H∂γ = GeomQuant(F∂γ , Ω∂γ), δ∂γ = iŜ∂γ

For simplicity, assume that the Lagrangian polarization of F∂Σ used for the geo-
metric quantization is the vertical polarization of a fibration p : F∂Σ → B. Then
Oγ is given by the following modification of the fiber BV integral:

(120) Oγ(X, b) =
∫

Lb⊂π̄−1p−1b

DY eiSγ(X,Y )
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for b ∈ B, X ∈ FΣ; Y runs over Fγ ; Lb is a Lagrangian in π̄−1p−1b ⊂ Fγ .
Given an AKSZ theory on Σ with target M and a Hamiltonian Q-bundle over

M, as a first step, we construct a pre-observable with the bulk data given by old
formulae (53) and boundary data given by the same formulae with γ replaced by
∂γ:

F∂γ = Map(T [1]∂γ,N ), A∂γ = dlifted
∂γ + p∗∂Alifted, Ω∂γ = τ∂γ(ω′),

α∂γ = (−1)dim γ−1τ∂γ(α′), S∂γ = (−1)dim γ−1
(
ιdlifted

∂γ
α∂γ + p∗∂τ tot

∂γ (Θ′)
)

where p∂ : Map(T [1]∂Σ,M) → Map(T [1]∂γ,M) is the restriction of ambient
boundary fields to ∂γ.

As the second step, we pass from this pre-observable to an observable using
construction (119,120).
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Abstract

We consider the Chern-Simons theory with Wilson lines in 3D and in
1D in the BV-BFV formalism of Cattaneo-Mnev-Reshetikhin. In partic-
ular, we allow for Wilson lines to end on the boundary of the space-time
manifold. In the toy model of 1D Chern-Simons theory, the quantized
BFV boundary action coincides with the Kostant cubic Dirac operator
which plays an important role in representation theory. In the case of 3D
Chern-Simons theory, the boundary action turns out to be the odd (de-
gree 1) version of the BF model with source terms for the B field at the
points where the Wilson lines meet the boundary. The boundary space of
states arising as the cohomology of the quantized BFV action coincides
with the space of conformal blocks of the corresponding WZW model.

1 Introduction

In the case of complicated space-time topology, a promising approach to quan-
tization of general field theories involves cutting the space-time manifold into
simple pieces, where the problem is more easily solved, and then gluing back
the individual elements to obtain the final answer. This method was proposed
by Atiyah and successfully applied by Witten in [15] to study the quantiza-
tion of the Chern-Simons theory with Wilson lines (cf. also [9]). Following this
idea, a systematic program to understand quantization in the Batalin-Vilkovisky
formalism for field theories with degeneracies on manifolds with boundaries has
been initiated in [6]. As a part of the construction, a Batalin-Fradkin-Vilkovisky
model is associated to the boundary of the space-time manifold. The canonical
quantization of this boundary BFV model provides a space of boundary states,
together with a cohomological invariance condition that defines the admissible
quantum states of the theory among all boundary states. In the case of quan-
tum field theories on manifolds without boundary, the partition function and
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4, Switzerland

†Institut für Mathematik, Universität Zürich, Winterthurerstrasse 190, CH-8057, Zürich,
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other correlation functions are complex-valued. In the presence of a boundary,
the correlators of the bulk theory take values in this boundary space of states.

The aim of this paper is to apply the BV-BFV formalism of [6] to the Chern-
Simons theory on manifolds with boundary, with Wilson lines ending on the
boundary. The BV formulation of this theory on closed manifolds is well under-
stood (and served as the motivating example for the AKSZ construction). We
will also consider the one-dimensional Chern-Simons model, obtained when the
AKSZ construction is carried out in one dimension.

We include in our construction Wilson lines which may end on the boundary
of the manifold. This requires some extra work in BV-BFV formalism. Our
treatment is based on the path integral representation for Wilson loops suggested
in [1], [7]. This is also an example of a more general construction of observables
for AKSZ sigma models proposed in [12].

We compare our answers with those obtained using the geometric quantiza-
tion for the boundary [15] and using canonical quantization [10], [8].

One of our main results is the boundary BFV action for Chern-Simons theory
with Wilson lines, which has the form of an odd (degree 1) version of BF action
modified by source terms for the B field at points where the Wilson lines meet
the boundary. We also consider the toy model of one-dimensional Chern-Simons
theory and derive the corresponding boundary action. Its quantization coincides
with Kostant cubic Dirac operator. We compare the BV-BFV results for the
one-dimensional model with the ones obtained in [3] on segments, and also see
how Wilson lines can be added to the one-dimensional model. In the three-
dimensional case, the boundary space of states, arising as the cohomology of
the quantized BFV action, coincides with the space of conformal blocks of the
WZW model on the boundary (in the picture of [10]).

We begin in section 2 with the treatment of Wilson lines in the BV formalism.
We also provide a short introduction to the relevant aspects of the BV formalism.
In section 3 we describe the BV formulation of the Chern-Simons theory with
Wilson lines, applying the AKSZ construction to this special setting. Then we
proceed to explain how the bulk model gets supplemented with a boundary BFV
theory if the underlying manifold has a boundary. We repeat this procedure in
section 4 for the one-dimensional Chern-Simons model. The Z2-grading that
replaces the usual Z-grading in this case leads to certain subtleties with the
master equation. In section 5 we present the quantization of the boundary BFV
models and describe the arising spaces of quantum states, that we compare with
known results for the quantization of the involved models.
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2 Wilson lines in the BV formalism

In this section, we start with a brief introduction to the BV formalism. The
main point is to incorporate the Wilson line observables in this approach.

2.1 A short introduction to the BV formalism

We know that the path integral in quantum field theories is not well defined if the
classical action Scl defined over the space of classical fields Fcl is degenerate, for
instance due to gauge symmetries. The Batalin-Vilkovisky formalism provides
a general method for the perturbative calculation of partition functions and
correlators.

In the BV formalism, the space of fields is augmented to a BV space of
fields FBV , a graded infinite-dimensional manifold equipped with a symplectic
structure ΩBV of degree -1 called the BV structure. The grading (usually Z,
sometimes Z2) is commonly referred to as “ghost number”, in relation with the
Faddeev-Popov prescription. The BV bracket is defined as the Poisson bracket
obtained by inverting the BV structure,

{F, G} = Ω−1
BV (δF, δG),

and obviously has a ghost number 1. Note that the variational operator δ can
be interpreted as a de Rham differential in the space of fields. In many cases
of interest, the BV space of fields is a cotangent bundle where the degree of
the fibers is shifted to −1, which ensures its canonical symplectic form has the
proper degree. Coordinates along the cotangent fibers are then called antifields.
In the case of gauge theories, where the degeneracy arises under the action of
a gauge group, the BV space of fields is simply the shifted cotangent bundle
of the BRST space of fields which contains all classical fields as well as the
ghosts parametrizing the gauge symmetries (basically the infinitesimal gauge
parameters with a ghost number shifted by one), FBV = T ∗ [−1]FBRST .

At the classical level, infinitesimal gauge transformations and the classical
action can be used to construct a differential acting on the functionals on the BV
space of fields. Geometrically, this differential corresponds to a cohomological
vector field Q on FBV . Moreover, Q is a Hamiltonian vector field,

ıQΩBV = δSBV ,

with the Hamiltonian function being the BV action SBV that reduces to the
classical action when all antifields are set to zero. The condition Q2 = 0 follows
from the classical master equation {SBV , SBV } = 0, and determining the BV
formulation of a given theory amounts to determining an extension of the classi-
cal action to the BV space of fields that satisfies this classical master equation.

2.2 The AKSZ construction

While it is usually difficult to find the BV formulation of a given field theory
with a degenerate action, the study of the geometric interpretation of the clas-
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sical master equation in [4] led to an insightful procedure to construct solutions
thereof, called the AKSZ construction after its authors. A formalized more
recent treatment can be found in [5].

In this construction, the target space of the theory is a graded manifold
Y equipped with a symplectic structure ωY of degree n − 1 and a compatible
cohomological vector field QY of degree 1, in the sense that it preserves the
symplectic structure, LQY

ωY = 0. We also want ωY to be associated to a
Liouville one-form αY (of degree n − 1 as well), namely ωY = δαY . Here δ
denotes the de Rham exterior derivative on Y , while we keep the usual d for
the one on the source manifold N of the model. For n 6= 0 (see for instance [13]
for details), QY can be shown to be Hamiltonian, i.e. there exists a function
ΘY of degree n on Y such that ıQY

ωY = δΘY . Like in the BV formalism, the
nilpotency of QY follows from the condition {ΘY , ΘY }Y = 0, where the curly
braces with a subscript Y denote the Poisson bracket on Y associated to its
symplectic structure.

The BV space of fields is then given by maps between the odd tangent bundle
of some n-dimensional manifold N and the graded manifold Y ,

FAKSZ = Map(T [1]N, Y ).

The odd tangent bundle is naturally equipped with a cohomological vector field,
the de Rham vector field, which can be expressed as

D = θµ ∂

∂xµ

in coordinates xµ of the base manifold N and θµ of the odd fibers. Notice also
that real-valued functions on T [1]N can be interpreted as differential forms on
N (by expanding the function in powers of θµ),

C∞(T [1] N,R) ' Ω•(N),

which allows to define a canonical measure µ on T [1]N : the Berezinian inte-
gration along all odd fibers simply extracts the top-form out of this expansion
and it remains to integrate it over the base N .

Roughly, the idea behind the AKSZ construction involves lifting the sym-
plectic structure ωY from the target space to define the BV structure ΩAKSZ

on the space of fields. In effect, we replace functions and differential forms on
Y by functionals on the space of fields with values in differential forms on N
and their variations (which also explains the choice of δ to denote the exte-
rior derivative on Y ), and we integrate over the source space T [1]N using its
canonical measure µ,

ΩAKSZ =
∫

T [1]N

µ ω̃Y . (1)

The tilde denotes the extension from function on Y to functional on the space of
fields. The Berezinian integration along the fibers will lower the ghost number
of ωY from n− 1 to −1 as required.
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In a second stage we need to lift the cohomological vector field QY on the
target-space Y as well as the de Rham vector field D on the source-space T [1]N
to the space of fields, and combine them to form the BV cohomological vector
field Q discussed above that will happen to be Hamiltonian. Its generating
functional is nothing but the BV-AKSZ action

SAKSZ =
∫

T [1]N

µ
(
ıQD

α̃Y + Θ̃Y

)
, (2)

where QD = ΣiDφi δ
δφi is the lift of the de Rham vector field (φi denotes generic

coordinates on the space of fields). This AKSZ action automatically solves the
classical master equation as a consequence of the integrability condition on ΘY

and the fact that the integral of exact forms vanishes provided ∂N = ∅.
As an example of the AKSZ construction, we derive here the BV formulation

of the Chern-Simons theory, which corresponds to the special case n = 3 with
Y = g [1], where g is a Lie algebra equipped with an invariant scalar product.
As required, the target space g [1] supports a symplectic structure of degree 2
and a Hamiltonian cohomological vector field of degree 1 (sometimes called a
Q-structure). If we denote with δ the exterior derivative on g [1] and ψ a generic
element, the symplectic form, its Liouville potential and the Hamiltonian of the
cohomological vector field respectiviely can be written as

ωg[1] = −1
2

(δψ, δψ) , (3)

αg[1] = −1
2

(ψ, δψ) , (4)

Θg[1] = −1
6

(ψ, [ψ, ψ]) . (5)

Note that Grassmanian variables ψ anticommute, but so do differential forms of
odd degree, which explains why ωg[1] may be built out of a symmetric product.

If we use coordinates xµ, µ = 1, 2, 3 on N and corresponding Grassma-
nian coordinates θµ on the odd fibres of T [1] N , we can decompose the fields
A ∈ Map(T [1] N, g [1]) into g-valued differential forms of various degrees and
grading,

A = γ + Aµθµ +
1
2
A+

µνθµθν +
1
6
γ+

µνσθµθνθσ, (6)

specifically
γ ∈ Map(N, g[1]),
A ∈ Γ(T ∗N ⊗ g),
A+ ∈ Γ(

∧2
T ∗N ⊗ g[−1]),

γ+ ∈ Γ(
∧3

T ∗N ⊗ g[−2]).

These fields are endowed with two gradings, namely the ghost-grading (that
stands in square brackets when non-zero) and the degree as a differential form.
Their sum, the total degree, should amount to 1, since each θµ has a ghost
number 1, and all terms in the decomposition (6) should have the same total
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ghost number of 1. As usual, the fields of ghost number 0 are the classical fields,
here a g-valued connection A, and the fields of ghost number 1 are simply called
ghosts. The other two fields are their antifields (which in the BV formalism
means canonically conjugated), as is clear when one computes the BV structure,

ΩCS
BV =

∫

T [1]N

µ ω̃g[1] = −
∫

T [1]N

µ (δA, δA)

=
∫

N

((
δγ+, δγ

)− (
δA+, δA

))
=

∫

N

(− (
δγ, δγ+

)
+

(
δA, δA+

))
.

(7)

Note that the commutation rules for the fields (which are simultaneously
functions on F and differential forms on N) are determined by the total degree
(the de Rham degree of the differential form plus the ghost number): two fields
of odd total degree anti-commute, and commute if at least one field has even
total degree.

It remains to compute the BV action, which is straightforward in the AKSZ
scheme,

SCS
BV =

∫

T [1]N

µ
(
ıQD

α̃g[1] + Θ̃g[1]

)

=
∫

T [1]N

µ

(
(A, DA) +

1
6

(A, [A,A])
)

=
∫

N

(
1
2

(A, dA) +
1
6

(A, [A,A])− (
A+, dγ + [A, γ]

)
+

(
γ+,

1
2

[γ, γ]
))

.

(8)

In the two terms involving only physical fields, we recognize the classical action
of the Chern-Simons theory. The other terms complete the BV action, and by
construction, it is clear that it satisfies the classical master equation. Neverthe-
less, we will show it explicitly, mainly to present an example of calculations in
the space of fields, on which we will rely in the rest of this paper.

2.3 Calculations in the BV formalism

First of all, we need to find the BV bracket, simply by inverting the BV structure
(7), without forgetting that the product between two differential forms in the
space of fields really means the exterior product,

δφ+δφ = δφ+ ∧ δφ = δφ+ ⊗ δφ± δφ⊗ δφ+,

where the sign depends on the commutation rules between φ and φ+. We find
the following expression for the BV bracket of two functionals F1 and F2,

{F1, F2} =
∫

N

((
F1
←−
δ

δγ
,

−→
δ F2

δγ+

)
−

(
F1
←−
δ

δγ+
,

−→
δ F2

δγ

)

−
(

F1
←−
δ

δA
,

−→
δ F2

δA+

)
+

(
F1
←−
δ

δA+
,

−→
δ F2

δA

)) (9)
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where the functional derivatives
−→
δ

δφ and
←−
δ

δφ for φ ∈ {A,A+, γ, γ+, g+} are the
duals of the differentials δφ in the space of fields (which can be interpreted as
variations of fields in the framework of variational calculus). We need to make
the difference between right- and left-derivatives due to the commutation rules
that depend on ghost numbers and degrees of differential forms on N .

All the fields of the Chern-Simons model are g-valued, so taking the func-
tional derivative of a real-valued functional F on F by one of these fields should
produce a g∗-valued result, but we can use the non-degenerate scalar product
(·, ·) to identify g with its dual. If F is constructed as an integral, like an action,
the left- and right-derivatives by a field φ ∈ {A, A+, γ, γ+, g+} can be defined
as the components of the exterior derivative with respect to the local frame
induced by these coordinate-fields of F ,

δF (φ1, . . . , φn) =
∫

∂N

n∑

j=1

(
δφj ,

−→
δ F

δφj

)
=

∫

∂N

n∑

j=1

(
F
←−
δ

δφj
, δφj

)
.

If on the other hand F is a local functional, we may still express it as an integral
provided we filter its position with a Dirac distribution, a distribution that will
stick to the functional derivative.

At a later stage, we will need to consider Lie group-valued fields of the form
g ∈ Map(N, G). The problem with such a field is that its variation does not
take value in g, but rather in the tangent space at g of the Lie group G. Natural
coupling with the other g-valued fields via the invariant scalar product involves
the right multiplication by g−1 to bring it back to the Lie algebra, explicitly
δg g−1. The dual derivative δ

δg assumes its value in T ∗g−1G, which is isomorphic
to Tg−1G thanks to the invariant non-degenerate scalar product, and we need
to apply this time left-multiplication by g to get back to the Lie algebra. If the
functional F depends also on g, we find for the derivative

δF (φ1, . . . , φn, g) =
∫

∂N

n∑

j=1

(
δφj ,

−→
δ F

δφj

)
+

(
δg g−1, g

−→
δ F

δg

)
.

To compute
{
SCS

BV, SCS
BV

}
, we need the derivatives of the Chern-Simons BV

action. We find

δSCS
BV =

∫

N

((
δA, dA +

1
2

[A, A] +
[
A+, γ

])

+
(
δγ,−dAA+ − [

γ+, γ
])

+
(
δA+,−dAγ

)
+

(
δγ+,

1
2

[γ, γ]
))

,

(10)

where we introduced the covariant derivative dA = d+[A, ·]. Note that we need
to integrate by parts to find the contribution of the exterior derivatives, such as

∫

N

(A, δdA) =
∫

N

(A, dδA) = −
∫

∂N

(A, δA) +
∫

N

(dA, δA) ,
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where the boundary term vanishes for a closed manifold N . When we consider
source spaces with boundaries, these terms will no longer vanish, and they will
contribute to a one-form in the boundary space of fields. For now we can check
the classical master equation,

1
2

{
SCS

BV, SCS
BV

}
=

∫

N

((
SCS

BV

←−
δ

δγ
,

−→
δ SCS

BV

δγ+

)
−

(
SCS

BV

←−
δ

δA
,

−→
δ SCS

BV

δA+

))

=
∫

N

((
dAA+ +

[
γ+, γ

]
,
1
2

[γ, γ]
)

−
(

dA +
1
2

[A,A] +
[
A+, γ

]
,−dAγ

))

= 0.

In the last step we make repeated use of the invariance of the scalar product,
the Jacobi identity for g, and the Stokes theorem.

We are now fully prepared to describe Wilson lines in the BV formalism.

2.4 Wilson Lines

In gauge theories, a degeneracy arises under the local action of a Lie group
on the space of fields, the gauge group. In what follows, we will denote by G
the gauge group, and g its associated Lie algebra. Their so-called gauge field
is a connection A in a principal G-bundle over some manifold N . The gauge
symmetry is parametrized in the BV (and BRST) formalism by a ghost field
γ ∈ Map(N, g [1]). The BV variation of these two fields depends only on their
behavior under gauge transformations and not on the specific type of the un-
derlying ambient theory. We assume that the dynamics and the gauge structure
of this ambient theory is encoded in the BV action Samb and the corresponding
BV structure Ωamb (both defined as integrals over N), and of course that Samb

solves the ambient classical master equation
{
Samb, Samb

}
amb

= 0. The part
of this ambient BV bracket involving the gauge connection and the ghost field
relevant for our further investigation is defined by the BV variation of these
fields, namely {

Samb, A
}

= QA = dAγ,{
Samb, γ

}
= Qγ = 1

2 [γ, γ] . (11)

Natural non-local observables to consider in gauge theories are given by
Wilson-loops, traces of the holonomy of the connection A along a curve Γ em-
bedded in N in given representations of the Lie algebra,

WΓ,R [A] = TrRPexp
(∫

Γ

A

)
,

where P stands for the path-ordering and R labels the representation of g.
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This cumbersome path-ordering can be removed at the price of integrating
over all inequivalent gauge transformations along the loop [1],

WΓ,R [A] =
∫
Dg exp

(∫

Γ

〈T0, g
−1Ag + g−1dg〉

)
. (12)

The dual algebra element T0 ∈ g∗ encodes the representation R, along the lines
of the orbit method [11] that links unitary irreducible representations of Lie
groups and their coadjoint orbits. This expression for the Wilson loop can be
absorbed into an extended action by adding the auxiliary term

SWilson =
∫

Γ

〈Ad∗g(T0), A + dg g−1〉 (13)

to the ambient action Samb of the model under consideration. In this last step we
replaced the adjoint action on the second factor of the product by the coadjoint
action on the first factor, to emphasize the role of the coadjoint orbit O of T0.

Now we would like to find a BV formulation of this contribution, so as to
obtain a BV action of the full model with Wilson loops. The partition function
of such a model with an action extended to take into account a Wilson line as
an auxiliary term actually corresponds to the expectation value of this Wilson
line in the pure theory,

ZSamb+Saux = 〈WΓ,R〉Samb .

We note that the coadjoint orbitO supports the Kirillov symplectic structure
ωO, of ghost number 0, and that the curve Γ carrying the Wilson line has
dimension 1, the first two main ingredients for the AKSZ construction for n = 1.
It is thus tempting to try to apply the prescription proposed in [12] to construct
observables within the AKSZ formalism. Nonetheless, [12] treats exclusively the
case of an ambient theory of the AKSZ type, whereas we want to consider gauge
theories, with the sole requirement that their space of fields contains a gauge
connection and an associated ghost field obeying the relations (11). The obvious
solution is to study a gauge theory of the AKSZ type, a condition fulfilled by the
Chern-Simons model, the main subject of this paper. The BV formulation of the
Wilson line contribution will happen to remain valid for other gauge theories.

So following [12], the auxiliary fields are the maps between the odd tangent
bundle of the curve Γ and the coadjoint orbit,

Faux = Map(T [1] Γ,O).

This auxiliary space of fields needs to be equipped with its own BV structure,
Ωaux, that once added to the BV structure Ωamb of the ambient theory will
provide the BV structure Ω = Ωamb +Ωaux of the full model with space of fields
F = Famb ⊕ Faux. Then it will be possible to add to the ambient action Samb

an auxiliary term Saux that obeys certain constraints to obtain a solution of the
master equation of the full model.
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The definition of Ωaux is similar to the one of the AKSZ-BV structure (1),
we just need to change the source space and the symplectic structure of the
target,

Ωaux =
∫

T [1]Γ

µΓ ω̃O.

Here µΓ is obviously the canonical measure on T [1] Γ.
Unfortunately, the Kirillov symplectic form on the coadjoint orbit is in gen-

eral not exact, so it is in general not possible to find a Liouville one-form,
which we would normally use to construct the kinetic term of the auxiliary
action. However, in the case of integrable orbits, we may pick a line bundle
(the pre-quantum line bundle in the language of geometric quantization) and a
connection αO thereon with curvature ωO,

δαO = ωO

(we recall that in the target spaces of AKSZ theories, we denote by δ the exterior
derivative), and we can simply use this connection to construct the kinetic term
of the auxiliary action.

This formulation is not very practical to carry out calculations. To find
expressions easier to deal with, we apply the defining property of the Kirillov
symplectic form, that the pullback by the projection map

π : G → O ' G/Stab(T0) (14)

brings it to an explicit presymplectic form ωG on G,

π∗(ωO) = ωG = −〈Ad∗g(T0),
1
2

[
δg g−1, δg g−1

]〉. (15)

This two-form is the contraction of T0 with the exterior derivative of the Maurer-
Cartan one-form on G. It thus admits a potential

αG = −〈Ad∗g(T0), δg g−1〉. (16)

As it happens, the pullback by the projection map π brings the connection αO
over to the one-form αG,

π∗(αO) = αG,

that we will use in the place of the more cumbersome connection to compute
certain quantities. Since ωG is degenerate, it is not possible to construct a
Poisson bracket out of it, unless we restrict it to invariant functions on G, such
as the ones obtained by pullback of functions on the coadjoint orbit O by the
projection map π.

It remains to define the interaction term. The idea of [12] is to construct a
function ΘO on g [1] × O that will generate together with Θg[1] a Hamiltonian
cohomological vector field on g [1]×O. While Θg[1] already satisfies an integra-
bility condition on its own and generates a cohomological vector field Qg[1], the
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integrability condition for ΘO needs to be slightly adapted to account for the
mixed term, namely

Qg[1]ΘO +
1
2
{ΘO,ΘO}O = 0.

As it happens, the function

ΘO = 〈Ad∗g(T0), ψ〉 (17)

satisfies this requirement and naturally extends the term 〈Ad∗g(T0), A〉 that al-
ready appeared in the classical part (13). This integrability condition is most
easily checked by pulling it back by π to a function on g [1] × G, where the
Poisson bracket {·, ·}O becomes {·, ·}G, which can be explicitly determined by
inverting ωG.

We now have all the ingredients to construct the auxiliary BV action, that
we just need to combine into a formula similar as the usual AKSZ action (2),

Saux =
∫

T [1]Γ

µΓ

(
ıQD α̃O + Θ̃O

)
.

By construction, if Samb is the AKSZ action of the Chern-Simons model, the
total action

S = Samb + Saux

automatically satisfies the classical master equation generated by the total BV
structure

Ω = Ωamb + Ωaux.

We claimed that it remains true when Samb is the BV action of a generic gauge
theory with gauge group G. To verify this assertion, we need to compute

1
2
{S, S} =

1
2

{
Samb, Samb

}
+

{
Samb, Saux

}
+

1
2
{Saux, Saux} . (18)

The first two terms involve only the ambient BV structure, since Samb does not
depend on the auxiliary fields. The first one vanishes due to the master equation
of the BV ambient model. To compute the second term, we should know the
exact dependence of the auxiliary term Saux on the ambient fields A and γ, and
to compute the last one, we need an expression of the auxiliary BV structure
Ωaux that we know how to invert.

These two issues can be addressed by using the projection map (14) to define
an extended space of fields,

F̂aux
G = π∗(Faux) =

{
(g, g+)|g ∈ Map(Γ, G), g+ ∈ Ω1(Γ)⊗ g∗(TO) [−1]

}
.

The subscript G emphasizes the fact that the coadjoint orbit is replaced by the
whole group.

This projection map, now seen as a map between spaces of fields,

π : F̂aux
G → Faux,
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acts on the group-valued component g by sending it to its image Ad∗g(T0) in
the coadjoint orbit of T0. It can be used to pull back differential forms on the
auxiliary space of fields (such as the auxiliary BV structure, a two-form, or
the auxiliary BV action, a zero-form) to this extended space of fields, where it
is easier to compute BV brackets of G-invariant functionals given the explicit
formulas for the pullbacks of the auxiliary BV structure and of the auxiliary
action.

In F̂aux
G , both fields g and g+ can be combined into a superfield of total

degree 0 that we can use to express the pullback of the auxiliary BV structure
and action,

H(x, θ) = Ad∗g(x)(T0)− θg+(x).

Here x is a coordinate of Γ and θ a Grassmanian coordinate on the odd fibers
of T [1] Γ, and g+(x) is the component of the one-form g+ expressed in this
coordinate system, g+ = g+(x)dx.

We now have all the tools to compute the pullback of the auxiliary BV
structure,

Ω̂aux
G = π∗(Ωaux) =

∫

T [1]Γ

µΓ π∗(ω̃O) =
∫

T [1]Γ

µΓ ω̃G

= −
∫

T [1]Γ

µ δ〈H, δg g−1〉 =
∫

Γ

δ〈g+, δg g−1〉

=
∫

Γ

〈δg+, δg g−1〉+ 〈g+,
1
2

[
δg g−1, δg g−1

]〉,

(19)

and of the auxiliary BV action,

Ŝaux
G = π∗(Saux) =

∫

T [1]Γ

µΓ

(
ıQD

α̃G + π∗(Θ̃O)
)

=
∫

T [1]Γ

µΓ

(〈H, Dg g−1〉+ 〈H,A〉)

=
∫

Γ

(〈Ad∗g(T0), A + dg g−1〉 − 〈g+, γ〉) .

(20)

The additional term 〈g+, γ〉 encodes the action of gauge transformations of the
ambient model on the auxiliary classical field Ad∗g(〈T0).

We insist on the fact that Ω̂aux
G is only a pre-BV structure in F̂aux

G , it is
closed but degenerate. Nevertheless, like its finite dimensional counterpart ωG,
it can be used to define a BV bracket on invariant functionals, such as the ones
obtained by pullback from Faux, for instance Ŝaux

G .
We can turn our attention to the pullback of the last two terms in (18). To

compute the second one, we notice that
{
Samb, ·} acts as a differential (namely

Q) on the fields of the ambient model, of which only A and γ appear in the
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auxiliary action (20), so that we may simply use the relations (11) to find
{

Samb, Ŝaux
G

}
=

∫

Γ

(〈Ad∗g(T0), Q(A)〉 − 〈g+, Q(γ)〉)

=
∫

Γ

(
〈Ad∗g(T0), dAγ〉 − 〈g+,

1
2

[γ, γ]〉
)

.

(21)

Next, the bracket of the third term contains only contributions from the auxil-
iary structure, and we may compute

1
2

{
Ŝaux

G , Ŝaux
G

}
=

∫

Γ

(
〈g Ŝaux

G

←−
δ

δg
,

−→
δ Ŝaux

G

δg+
〉+ 〈g+,

1
2

[
Ŝaux

G

←−
δ

δg+
,

−→
δ Ŝaux

G

δg+

]
〉
)

=
∫

Γ

(
〈(d + ad∗A)Ad∗g−1T0, γ〉+ 〈g+,

1
2

[γ, γ]〉
)

.

(22)

The first line displays the BV bracket of invariant functionals on F̂aux
G con-

structed out of the pre-BV structure Ω̂aux
G .

The sum of these two terms yields the integral of an exact term that vanishes
since Γ is closed (for now), and the pullback of the classical master equation is
satisfied,

π∗
(

1
2

{
Samb + Saux, Samb + Saux

})
= 0.

Furthermore, since the left-hand side of this last equality is G-invariant, it be-
haves nicely enough under the projection π so that Samb + Saux still solves the
classical master equation at the level of F = Famb ⊕Map(T [1] Γ,O), also for
generic gauge theories.

2.5 Quadratic Lie algebras

In many cases of interest, the Lie algebra g is equipped with a non-degenerate
scalar product (·, ·), which we can use to define an isomorphism β : g∗ → g, that
we can apply to T0, H and g+. The relation β(Ad∗g(T0)) = Adg (β(T0)) will be
very useful, in particular we can replace the canonical pairing between g and g∗

with the scalar product,

〈Ad∗g(T0), ·〉 = (Adg(β(T0)), ·) ,

and thus identify coadjoint orbits with adjoint orbits.
In the rest of this article, we will assume that g admits such a non-degenerate

scalar product. We will make use of it to write down all actions and BV struc-
tures, and we will simply consider T0, H and g+ to be elements of g instead
of its dual, g∗ (we drop the β for simplicity). Coadjoint orbits will therefore
be identified with adjoint orbits. To summarize the main results of this section
with this new convention, we can re-write the auxiliary BV structure (19) as

Ω̂aux
G =

∫

Γ

(δg+, δg g−1) + (g+,
1
2

[
δg g−1, δg g−1

]
) (23)
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and the auxiliary BV action (20) as

Ŝaux
G =

∫

Γ

(
(Adg(T0), A + dg g−1)− (g+, γ)

)
. (24)

3 3D Chern-Simons Theory with a Wilson line

Our main goal in this paper is to study the behaviour of Chern-Simons models on
a manifold N with boundaries and Wilson lines ending on these boundaries, both
in three and one dimension, in the BV formalism. The presence of a boundary
requires either a careful choice in the boundary conditions for the fields, so as
to keep the classical master equation under control, or the application of the
recently developed BV-BFV formalism for gauge theories with boundaries [6],
which presents the big advantage that it allows to glue pieces together along
their boundary.

In order to obtain the BV-BFV formulation of the three-dimensional Chern-
Simons model with a boundary supporting some Wilson lines, we first need
to determine the BV theory of the bulk. Actually we already know all its
ingredients. Obviously, we will treat the Wilson lines as an auxiliary part of
the action, as described in section 2, added to the ambient Chern-Simons action
(8),

Samb = SCS
BV .

To include Wilson lines to our model, say n of them, we need to extend the
ambient space of fields

Famb = Map(T [1]N, g [1])

carrying the ambient BV structure Ωamb = ΩCS
BV with an auxiliary part

Faux =
n⊕

k=1

Map(T [1] Γk,Ok)

made of n components, one for each Wilson line labeled by k. We recall that we
denote by Ok the (co)adjoint orbit of a Lie algebra element T0,k encoding the
representation in which the k-th Wilson line is computed and by Γk the curve
embedded in N supporting this Wilson line. The BV structure of this auxiliary
space of fields is the sum of N copies of the auxiliary BV structure of a single
Wilson line,

Ωaux =
n∑

k=1

∫

T [1]Γk

µΓk
ω̃Ok

.

The auxiliary BV action is similarly constructed as a sum,

Saux =
n∑

k=1

∫

T [1]Γk

µΓk

(
ıQD

α̃Ok
+ Θ̃Ok

)
.
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From now on, unless specified otherwise, a superscript “amb” will always
describe a quantity associated to the BV formulation of the bare Chern-Simons
model, be it a BV structure, a BV action or a BV space of fields, “aux” will
always describe a quantity associated to the BV formulation of the auxiliary
contribution of n Wilson lines, and no superscript will mean a BV quantity of
the full model, namely F = Famb⊕Faux, Ω = Ωamb+Ωaux and S = Samb+Saux.

Before we consider the case of a source manifold with boundary, we need to
compute the Hamiltonian vector field Q generated by S, i.e. satisfying

ıQΩ = δS. (25)

Once the BV structure Ω is inverted to form the BV bracket {·, ·}, this is
equivalent to

Q = {S, ·} .

This relation is linear in Q and S, namely ıQambΩ = δSamb and ıQauxΩ = δSaux.
We will again use the projection maps πk : G → Ok to pull back the auxiliary
action and the auxiliary BV structure to the space of fields

⊕n
k=1 F̂aux

G where
the calculations are easier. Note that we need one copy of F̂aux

G for each Wilson
line. The results can then be easily brought over to the actual auxiliary space
of fields by the n projections πk.

For the ambient Hamiltonian vector field we obtain

Qamb =
{
Samb, ·} =

(
(
dAA+ +

[
γ+, γ

])
,

−→
δ

δγ+

)
− 1

2

(
[γ, γ] ,

−→
δ

δγ

)

−
((

dA +
1
2

[A,A] +
[
A+, γ

])
,

−→
δ

δA+

)
+

(
dAγ,

−→
δ

δA

)
,

(26)

and for its auxiliary counterpart

Q̂aux
G =

{
Ŝaux

G , ·
}

=−
∑

k

(
Adg (T0,k)δ(Γk),

−→
δ

δA+

)
−

(
dA(Adg (T0,k)),

−→
δ

δg+

)

−
(

γ, g

−→
δ

δg

)
−

∑

k

(
g+δ(Γk),

−→
δ

δγ+

)
.

(27)

Here δ(Γk) denotes a Dirac distribution two-form centred on Γk to filter the
curve out of the whole manifold N . The fields g and g+ that appear in front
of these Dirac two-forms are defined only on the Wilson lines. The functional
derivatives appearing right after them act on functionals in the bulk, but their
results are zero- and one-forms that make sense on the curves Γk. Since the
ambient and the total actions solve classical master equations, we know that
Qamb and Q = Qamb + Qaux are cohomological, but not Qaux.

If the source space has a boundary, on which might end an open Wilson line
along one or more curves Γk (for simplicity, we will assume all of them), these
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cohomological vector fields cease to be Hamiltonian due to boundary effects
affecting the variation of the differentiated terms in the action. The integration
by part required to compute the contribution of these terms to the variation of
the action now contains a surface integral. The BV-BFV formalism is based on
the observation that this correction can be seen as a one-form in the boundary
space of fields F∂ . This boundary space of fields contains the restriction of
the fields of the bulk BV theory to their value on the boundary of the source
manifold, ∂N in the case of our ambient theory,

⋃n
k=1 ∂Γk for the auxiliary

model describing the Wilson lines. We denote by

π∂ : F → F∂

the projection corresponding to this restriction. The correction to the Hamilto-
nian condition (25) can be expressed as

δS = ıQΩ + π∗∂(α∂). (28)

The exterior derivative of this one-form,

Ω∂ = δα∂ ,

happens to be symplectic and is called the BFV structure. It is a two-form
of ghost number 0 in the boundary space of fields. The corrected Hamiltonian
condition (28) is linear in α∂ , too, so we may decompose the boundary BFV
structure

Ω∂ = Ωamb
∂ + Ωaux

∂

and compute it in two parts. The ambient one corresponds to the Chern-Simons
model,

Ωamb
∂ =

∫

∂N

(
1
2

(δA, δA) +
(
δγ, δA+

))
, (29)

and could actually be derived in a two-dimensional adaptation of the AKSZ
construction. To compute the auxiliary part, we make use of the usual trick to
do calculations in the augmented space of fields. The result

Ω̂aux
∂,G =

∑

k

∫

∂Γk

(
Adg(T0,k),

1
2

[
δg g−1, δg g−1

])
(30)

is the sum of 2k copies of the symplectic form ωG of the target space of the
augmented space of fields F̂aux

∂,G, one carried by each extremity of every Wilson
line. Using the relation (15), we immediately find the BFV structure on the
actual auxiliary boundary space of fields Faux

∂ =
⊕n

k=1 Map(∂Γk,OK),

Ωaux
∂ =

∑

k

∫

∂Γk

ω̃Ok
, (31)

where ω̃Ok
is evidently the Kirillov symplectic form on the k-th (co)adjoint orbit

Ok lifted to the space of fields.
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The curve Γk being one dimensional, we have ∂Γk = {zk, z′k} ⊂ ∂N , and
what the last integral really means is

∫
∂Γk

ω̃Ok
= ω̃Ok

(zk)− ω̃Ok
(z′k).

In the last step of the construction of the boundary BFV model, we know
that the restriction of Q to the boundary surface ∂N is Hamiltonian with respect
to the BFV structure, and the boundary BFV action is defined as its generating
functional,

ıQ∂
Ω∂ = δS∂ .

Ghost number counting shows that the BFV action has ghost number 1.
In the case of the Chern-Simons model with Wilson lines, we calculate the

restriction of Q̂G = Qamb + Q̂aux
G in the extended space of fields,

Q̂∂,G =−
(

1
2

[γ, γ] ,
−→
δ

δγ

)
−

((
dA +

1
2

[A,A] +
[
A+, γ

])
,

−→
δ

δA+

)

+

(
dAγ,

−→
δ

δA

)
−

∑

k

(
Adg(T0,k)δ(Γk),

−→
δ

δA+

)
−

(
γ, g

−→
δ

δg

)
,

(32)

which leads to the two contributions

Samb
∂ = −

∫

∂N

((
dA +

1
2

[A,A] , γ
)

+
(

A+,
1
2

[γ, γ]
))

(33)

and
Ŝaux

∂,G = −
∑

k

∫

∂Γk

(Adg(T0,k), γ) (34)

to the boundary BFV action. As expected, the G-valued field g appears only in
a (co)adjoint action, so the projection to the auxiliary space of fields is straight-
forward, and we obtain the BFV action

S∂ =−
∫

∂N

((
dA +

1
2

[A,A] , γ
)

+
(

A+,
1
2

[γ, γ]
)

+
∑

k

(Adg(T0,k), γ) (δ(2)(zk)− δ(2)(z′k))

)
.

(35)

In the last line, we have cast everything into the integral over ∂N by making
use of Dirac distributions centered on the extremities of the Wilson lines.

We recognize in the boundary BFV action of the Chern-Simons model with
Wilson lines an odd version of the two-dimensional BF model with sources,
where the role of the B field is taken over by the restriction to the boundary of
the ghost field γ of the bulk theory.

We conclude this section with a short remark regarding the insertions (la-
beled by zk and z′k) of the boundary model. In our setting, with Wilson lines
ending on the boundary, these insertions always come in pairs of points carrying
the same representation, one insertion at each end of a Wilson line. If we con-
sider Wilson graphs in the bulk model, which are a natural generalizations of
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the Wilson lines, we can obtain any configuration of points and representations
as insertions. Wilson graphs are observables modeled after Wilson lines, but
based on oriented graphs instead of curves. Each edge carries a representation
of g and contributes with a similar term as a Wilson line to the total action,
while each vertex carries an intertwining operator between the representations
of the attached edges. If the formulation of these intertwining operators is
straightforward in the operator formalism, their description is more involved in
the path-integral formalism and goes beyond the scope of this paper, where we
will for simplicity consider only Wilson loops and open Wilson lines.

4 1D Chern-Simons Theory with a Wilson line

The AKSZ construction for the Chern-Simons model can also be carried out
in one dimension [3]. In this section, we will see how to add a Wilson line to
this model, by following the same procedure as in the previous section. The
main difference comes from the fact that the Wilson line is now a space-filling
observable, and that the BV bracket of the auxiliary term with itself will pick up
terms from the ambient part of the BV structure. Moreover, as stated before, we
will now use a Z2-grading, since a Z-grading is not possible in one dimension,
so instead of denoting the ghost number in square brackets, we will use the
parity-reversing operator Π.

Given a one-dimensional manifold Γ (in general a disjoint union of circles
and open segments), the space of fields is

Famb = Map(ΠTΓ, Πg), (36)

where g is again assumed to be equipped with an invariant scalar product (·, ·).
The target space Πg supports the same geometric structures as before, that

we may again transpose to the space of fields.
If x is a coordinate on Γ and θ a Grassmanian coordinate on the odd fibers of

ΠTΓ, we can decompose the fields Ψ ∈ Map(ΠTΓ, Πg) into a g-valued fermion
ψ and a g-valued one-form A = A(x)dx,

Ψ = ψ + θA(x). (37)

We repeat the same procedure to find the BV structure

Ωamb = −
∫

ΠΓ

µ (δΨ, δΨ) =
∫

Γ

(δψ, δA) (38)

and the BV action

Samb =
∫

ΠΓ

µ

(
1
2

(Ψ, DΨ) +
1
6

(Ψ, [Ψ,Ψ])
)

=
∫

Γ

1
2

(ψ, dAψ) . (39)

The g-valued one-form A can be interpreted as a connection for some principal
G-bundle over Γ, where G is a Lie group integrating g. The odd g-valued scalar
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ψ serves simultaneously as a ghost for the gauge symmetry and an antifield for
A.

In order to add Wilson lines to this model, we need to extend the space
of fields, the BV structure and the action with precisely the same auxiliary
structure Ωaux and action Saux as in the three-dimensional case, except that
they are now supported directly by the base manifold of the ambient source
space Γ. We consider a single Wilson line for simplicity, it is easy to add similar
terms for additional lines. Furthermore we assume it covers the whole source
space Γ. Actually it could involve only some of the connected components of Γ,
and the other ones would support a bare (in the sense that there are no Wilson
lines) one-dimensional Chern-Simons model. Notice also that instead of γ we
write ψ to emphasize the fact that it plays simultaneously the role of γ and A+

of the previous model.
We insist once more that since the Wilson line is a space-filling observable,

we need to check that the classical master equation is solved, a result which is
not guaranteed by the AKSZ construction due to the term {Saux, Saux}ambient

coming from the auxiliary part of the action and the ambient part of the BV
structure. If we use again the projection map π : G → O to pull differential
forms from the auxiliary space of fields Faux to the extended one F̂aux

G , we can
calculate

1
2

{
ŜG, ŜG

}
=

∫

Γ

((
ŜG
←−
δ

δA
,

−→
δ ŜG

δψ

)
+

(
g
ŜG
←−
δ

δg
,

−→
δ ŜG

δg+

)

−1
2

(
ŜG
←−
δ

δg+
,

[
g+,

−→
δ ŜG

δg+

]))

=
∫

Γ

(
−1

2
[ψ, ψ] + AdgT0, dAψ + g+

)
+ (−dA(AdgT0),−ψ)

− 1
2

(
ψ,

[
g+,−ψ

])

=
∫

Γ

(
AdgT0, g

+
)

= −1
2

∫

ΠTΓ

µ (H,H)

= −1
2

∫

ΠTΓ

µ

(
Saux←−δ

δΨ
,

−→
δ Saux

δΨ

)
,

(40)

and the last line shows it explicitly. Nevertheless, this term vanishes, since g+

takes value in the tangent space THO at H = AdgT0 to the adjoint orbit, which
is easily seen to be orthogonal to H with respect to the invariant scalar product
on g.

Again, before we turn to the case of a source space with a boundary, we
need to compute the Hamiltonian cohomological vector field Q generated by S,
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or more accurately its counterpart in the extended space of fields, namely

Q̂G =
((

dAψ + g+
)
,

δ

δA

)
+

((
−1

2
[ψ,ψ] + Adg(T0)

)
,

δ

δψ

)

−
(

ψ, g
δ

δg

)
−

(([
ψ, g+

]
+ dA(Adg(T0))

)
,

δ

δg+

)
.

(41)

If the source space has a boundary, in other words if some of its components are
segments, we can repeat the procedure to construct the BFV boundary model.
We first calculate the image of the symplectic potential of the boundary BFV
structure in the augmented space of fields from the variation of the BV action,

α̂∂,G =
∫

∂Γ

(
1
2

(ψ, δψ) +
(
T0, g

−1δg
))

, (42)

and the corresponding pre-BFV structure,

Ω̂∂,G =
∫

∂Γ

(
1
2

(δψ, δψ)− 1
2

(
Adg(T0),

[
δg g−1, δg g−1

]))
. (43)

We see that the second term is connected to the pullback by the projection map
π : G → O of the Kirillov-Kostant-Souriau symplectic structure, and we obtain
as a BFV structure in the proper boundary space of fields

Ω∂ =
∫

∂Γ

(
1
2

(δψ, δψ) + ω̃O

)
. (44)

In all these expressions, the integral over ∂Γ is nothing but a sum over the
boundary points, with each term carrying a sign given by the orientation of its
segment.

The restriction of the cohomological vector field Q̂G to the boundary,

Q̂∂,G =
((

−1
2

[ψ,ψ] + Adg(T0)
)

,
δ

δψ

)
−

(
ψ, g

δ

δg

)
, (45)

is Hamiltonian with respect to the BFV structure, and it is generated by the
BFV action of the boundary model,

S∂ =
∫

∂I

(
−1

6
(ψ, [ψ, ψ]) + (Adg(T0), ψ)

)
. (46)

Finally we show that S∂ solves the master equation of the BFV model,

{S∂ , S∂} = Q∂S∂ =
∫

∂Γ

(T0, T0) = 0. (47)

As stated before, the last integral is really a sum over the boundary elements
of ∂Γ with a sign assigned to their orientation, and since they come in pairs, at
each end of every segment, the overall sum vanishes.
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5 Boundary Quantum States

Upon quantization, the partition function and correlators of a field theory de-
fined on a manifold N without boundary are complex numbers. In the pres-
ence of a boundary, one should rather expect quantum states, elements of a
Hilbert space associated to each component of the boundary ∂N , according to
the Atiyah-Segal picture of quantum field theory. The disjoint union of bound-
ary components corresponds to the tensor product of the associated Hilbert
spaces. Then gluing together a pair of components of ∂N corresponds to taking
the scalar product of the two corresponding factors of the tensor product.

For instance, if N = [0, 1] is an interval, the partition function of the BV-
BFV model should take value in some Hilbert space of the form H⊗H, with one
factor for each component of the boundary ∂N = {0, 1}, and upon gluing the
two ends, contracting this tensor product using the scalar product on H should
yield the BV partition function of the same model constructed on the circle S1.

If the bulk theory is studied in the BV formalism, the boundary information
is encoded in the associated BFV model, at least at the classical level, as we saw
in the particular cases of the Chern-Simons theory in one and three dimensions,
possibly with Wilson lines.

To pass to the quantum level, we first observe that a BFV boundary model
can be canonically quantized. The BFV structure, a symplectic structure of
ghost number 0 in the space of fields, is used to define the (anti)commutation
rules for the quantized fields. These act on the Hilbert spaceHBFV

∂ associated to
the boundary where the partition function of the bulk takes value. This Hilbert
space inherits a grading from the ghost number of the classical fields. In this
picture, the BFV action S∂ , which was the generator of the cohomological vector
field on the boundary Q∂ , can be quantized by replacing the classical fields with
their quantized counterparts, and we obtain the quantized BFV charge Ŝ∂ . Its
action on the boundary space of states squares to zero and it roughly encodes
the gauge transformations. At the classical level, a physical observable is a
functional annihilated by the cohomological vector field Q generated by the BV
action in the bulk and the BFV action S∂ on the boundary, and two observables
are gauge equivalent if they differ by a Q-exact term. At the quantum level, the
role of Q is taken over by the BFV charge Ŝ∂ : a gauge invariant boundary state
should be annihilated by the BFV charge, and two states are gauge-equivalent
if they differ by a BFV-exact term. Moreover, we require physical states to
depend only on physical quantum fields, and not on the ghosts or the antifields.
In other words, the space of boundary quantum states should correspond to the
BFV-cohomology at ghost number zero H0

Ŝ∂
(HBFV

∂ ).
The relation with the quantized bulk theory is that the partition function

(and all the other correlators) should obviously be gauge invariant and there-
fore belong to this cohomology H0

Ŝ∂
(HBFV

∂ ). Its determination thus becomes a
subject of interest.

We will start with the one-dimensional Chern-Simons theory, a simpler
model where all calculations can be done until the end, before we study the
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more interesting three-dimensional model.

5.1 1D Chern-Simons Theory

The zero-dimensional boundary model of the one-dimensional Chern-Simons
theory contains g-valued fermions and bosonic fields H = Adg(T0) which take
value in the (co)adjoint orbit O. Once quantized, the fermions form a Clifford
algebra Cl(g). If (ta)dimg

a=1 is an orthononormal basis of g with structure constants
fabc, we obtain the anticommutation rules

[
ψ̂a, ψ̂b

]
= ~δab (48)

for the quantized fermions.
For the bosonic content of the model, the Kirillov symplectic form on the

(co)adjoint orbits is the inverse of the restriction from g∗ ' g to O of the
Kirillov-Kostant-Souriau Poisson structure, so that the commutator of two O-
valued quantized fields is simply given by their Lie bracket. If we use the basis
(ta) of the Lie algebra to write

H = Adg(T0) = Xa ta,

we can express the commutation rules with the structure constants of the Lie
algebra, [

X̂a, X̂b

]
= ~fabcX̂c. (49)

The corresponding sector of the algebra of quantum operators is a representation
of the enveloping algebra U(g) of the Lie algebra g, namely ρR(U(g)) ⊂ End(VR).
This representation is simply the representation R in which we computed the
Wilson loops in the previous sections.

We can use these operators ψ̂ and X̂ to construct the expectation value of
the Wilson line 〈WΓ,R〉 in the operator formalism, such as in [3], where the
partition function for the one-dimensional Chern-Simons model is derived in
both the path-integral and the operator formalism. If the curve Γ is open, this
expectation value maps the space of fields to the boundary space of quantum
states which is the cohomology at level 0 of the quantum BFV charge,

〈WI,R〉 ∈ H0
Ŝ∂

(H∂).

We need to find this cohomology.
The BFV charge

Ŝ∂ =
∫

∂Γ

X̂aψ̂a − 1
6
fabcψ̂aψ̂bψ̂c (50)

carries one copy of the cubic Dirac operator [2]

D = X̂aψ̂a − 1
6
fabcψ̂aψ̂bψ̂c
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at each boundary point of Γ. This operator squares to

D2 =
1
2

[D, D] =
1
2
X̂aX̂a − 1

48
fabcfabc,

a central element in the quantum Weil algebra U(g)⊗ Cl(g), which guarantees
that the action of the BFV charge squares to zero.

It is known that this cohomology in trivial ([2],[3]). The resulting quantized
BV-BFV is therefore not very interesting, so we should turn to the more involved
problem of the three-dimensional Chern-Simons theory.

5.2 3D Chern-Simons Theory

We may now repeat the same procedure for the three-dimensional model. The
first observation is that the treatment of the part coming from the extremities
of the Wilson lines, namely the terms in the insertion points labeled by zk and
z′k, is essentially the same as in the one-dimensional model. Each insertion con-
tributes to the overall BFV structure with a term in (31), that when canonically
quantized gives the algebra of operators (49) we encountered in the quantization
of the one-dimensional model. We can formally express the quantization map

Adg(zk)(Tk,0) = Xk,a(zk)ta 7→ ρk(X̂a(zk))ta.

Even though the orbits might be different for different insertions, the commu-
tation rules (49) are identical for all of them, only the representation ρk differs,
as we emphasized on the right-hand side.

In the next step, if we choose a complex structure on the boundary surface
Σ = ∂N , we get a polarization of the connection

A = Azdz + Azdz, (51)

which allows us to rewrite the ambient part of the BFV structure (29) in Dar-
boux coordinates of the corresponding sector Famb

∂ of the BFV space of bound-
ary fields,

Ωamb
∂ =

∫

∂N

dzdz
(
(δAzδAz) +

(
δγ, δA+

))
. (52)

Consequently, we may perform the canonical quantization by choosing among
each pair of conjugated fields one quantum field and replace the other one by
the corresponding functional differential, for instance

Az → a,
Az → − δ

δa ,
γ → γ,

A+ → δ
δγ ,

(53)

so as to obtain canonical (anti)commutation rules. Note that a is a boson and
γ a fermion.

284



The Hilbert space HBFV
∂ of boundary states on which act all these operators

is therefore the space of functionals in a and γ with value in a tensor product
of all the representation space associated to each insertion,

HBFV
∂ = Fun

(
a, γ;

⊗

k

Vρk
⊗ Vρk

)
.

We recall it is graded by the ghost number.
Among these states, we want to determine the cohomology H0

Ŝ∂
(HBFV

∂ ) of
the BFV charge at ghost number zero, made up of the quantum states of the
BV-BFV model. At degree zero, we are considering functionals ψ of the g-
valued (0, 1)-form a, independent of the ghosts γ, which take value in the tensor
product of all representation spaces associated to the extremities of the Wilson
lines of the models.

The BFV charge

Ŝ∂ =−
∫

∂N

dzdz

((
∂a + ∂

δ

δa
+

[
a,

δ

δa

]
, γ

)

−
∑

k

(
ρk(X̂a(zk))δ(z − zk)− ρk(X̂a(zk′))δ(z − zk′)

)
(ta, γ)

+
(

1
2

[γ, γ] ,
δ

δγ

))
(54)

acts on the Hilbert space HBFV
∂ via multiplication and differentiation by the

quantum fields a and γ and via the obvious action of the representation ρk on
its representation space Vρk

.
At ghost number zero, BFV quantum states ψ are therefore subject to the

condition
(

∂a + ∂
δ

δa
+

[
a,

δ

δa

]
−

∑

k

(
ρk(X̂a(zk))δzk

(z)− ρk(X̂a(zk′))δzk
(z)

)
ta

)
ψ = 0.

(55)
This actually coincides with the constraint (1) in [10] imposed to the Schrödinger
picture states in the canonical quantization of the Chern-Simons model on Σ×R
at genus 0, or the constraint (2.2) in [8] in the same situation at genus 1, where it
is found that the cohomology H0

Ŝ∂
(HBFV

∂ ) coincides with the space of conformal
blocks in the WZW model for a correlator of fields inserted at the extremities
of the Wilson lines.

The condition (55) for quantum states also appears in the geometric quanti-
zation framework, see for instance constraint (3.4) in [15], therefore the space of
states in geometric quantization coincides with the space of quantum boundary
states in BV-BFV quantization.
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