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CHAPTER 1

Basic Concepts

This chapter is a summary of the basic concepts introduced in Lin-
ear Algebra I which will be used in this course.

1.1. Groups, rings, and fields

Definition 1.1 (Groups). A group is a set G with a distinguished
element e, called the neutral element, and an operation, called “multi-
plication,”

G×G → G
(a, b) 7→ ab

,

which is associative—i.e., a(bc) = (ab)c for all a, b, c ∈ G—and which
satisfies ae = ea = a. Moreover, for all a ∈ G, there is an element
denoted by a−1, and called the inverse of a, satisfying aa−1 = a−1a = e
for all a ∈ G.

One can show that the inverse is unique, that (a−1)−1 = a and that
(ab)−1 = b−1a−1 for all a, b ∈ G.

Definition 1.2 (Abelian groups). A group G is called abelian if,
in addition, ab = ba for all a, b ∈ G. If G is abelian, one often uses
the additive notation in which the neutral element is denoted by 0, the
multiplication is called “addition” and denoted by

(a, b) 7→ a+ b,

and the inverse of an element a is denoted by −a (and called the “ad-
ditive inverse” or the “opposite” of a).

Examples 1.3. Here are some examples of groups:

(1) Z with the usual 0 and the usual addition is an abelian group
(in additive notation).

(2) Z>1 with e = 1 and the usual multiplication is an abelian
group (not in additive notation).

5
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(3) Invertible n×n matrices form the group GLn with e the iden-
tity matrix and the usual multiplication of matrices; this group
is nonabelian for n > 1.1

(4) The set Aut(S) of bijective maps of a set S to itself form a
group with multiplication given by the composition and neu-
tral element given by the identity map. If S = {1, . . . , n} this
group is called the symmetric group on n elements and is de-
noted by Sn (or Sym(n)); its elements are called permutations.

Definition 1.4 (Rings). A ring is an abelian group (R, 0,+) to-
gether with a second associative operation, called “multiplication,”

R×R → R
(a, b) 7→ ab

,

which is also distributive; i.e.,

a(b+ c) = ab+ ac and (a+ b)c = ac+ bc

for all a, b, c ∈ R. A ring R is called:

(1) a ring with one if it possesses a special element, denoted by 1,
such that a1 = 1a = a for all a ∈ R;

(2) a commutative ring if ab = ba for all a, b ∈ R.

Examples 1.5. Here are some examples of rings:

(1) Z—with the usual addition, multiplication, zero, and one—is
a commutative ring with one.

(2) The set 2Z of even numbers—with the usual addition, multi-
plication, and zero—is a commutative ring without one.

(3) The set Matn×n of n × n matrices, with the usual addition
and multiplication, with 0 the matrix whose all entries are
0, and with 1 the identity matrix, is a ring with one. It is
noncommutative for n > 1.

(4) Polynomials form a commutative ring with one.
(5) If I is an open interval, the set C0(I) of continuous functions on

I, the set Ck(I) of k times continuously differentiable functions
on I, and the set C∞(I) of functions on I that are continuously
differentiable any number of times are commutative rings with
one. Recall that the operations are defined as

(f + g)(x) := f(x) + g(x), (fg)(x) := f(x) g(x), x ∈ I.

1We assume, without explicitly recapping, the knowledge of matrices, including
the notion of sum, product, and transposition. We will recap trace and determinant
in Section 1.6.
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The zero element is the function 0(x) = 0 for all x and the one
element is the function 1(x) = 1 for all x.

Definition 1.6 (Fields). A field K is a commutative ring with
one in which every element different from zero is invertible. This is
equivalent to saying that K× := K \ {0} is a commutative group (not
in additive notation).

The only fields we are going to consider in this course are the field
R of real numbers and the field C of complex numbers.

Many of the results we present actually hold for any field, and most
of the results hold for any field of characteristic zero, like R or C, i.e.,
a field K such that there is no nonzero integer n satisfying na = 0 for
a nonzero element a of K.2

Definition 1.7 (Subobjects). A subset of a group/ring/field which
retains all the structures is called a subgroup/subring/subfield.

1.2. Vector spaces

A vector space over a field K, whose elements are called scalars, is
an abelian group (V,+, 0)—in additive notation—whose elements are
called vectors, together with an operation

K× V → V
(λ, v) 7→ λv

,

called multiplication by a scalar or scalar multiplication,3 satisfying

λ(µv) = (λµ)v, (λ+ µ)v = λv + µv, λ(v + w) = λv + λw,

for all λ, µ ∈ K and all v, w ∈ V .

Example 1.8 (Column vectors). The set Kn of n-tuples of scalars,
conventionally arranged in a column and called column vectors, is a
vector space withv1

...
vn

+

w1

...
wn

 :=

v1 + w1

...
vn + wn

 , 0 :=

0
...
0

 ,

and

λ

v1

...
vn

 :=

λv1

...
λvn

 .

2By na one means the sum a+ · · ·+ a with n summands.
3not to be confused with the scalar product a.k.a. the dot product or the inner

product
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The scalars vi are called the components of the column vector, which
is usually denoted by the corresponding boldface latter v.4

Example 1.9 (Row vectors). The set (Kn)∗ of n-tuples of scalars,
conventionally arranged in a row and called row vectors, is a vector
space with(
v1, . . . , vn

)
+
(
w1, . . . , wn

)
:=
(
v1 + w1, . . . , vn + wn

)
, 0 :=

(
0, . . . , 0

)
,

and
λ
(
v1, . . . , vn

)
=
(
λv1, . . . , λvn

)
.

The scalars vi are called the components of the row vector, which is
also usually denoted by the corresponding boldface latter v.4

Remark 1.10 (Components and indices). The scalars forming a
row or column vectors are called its components. We will consistently
denote the components of a column vectors with an upper index and
the components of a row vectors with a lower index. This is a nowa-
days standard convention (especially in physics) that comes in handy
with Einstein’s convention for sums (which we will introduce in Defi-
nition 1.33).

Example 1.11 (The trivial vector space). The vector space V =
{0} consisting only of the neutral element 0 is called the trivial vector
space. It is denoted by 0, but also by K0 (and, if you wish, (K0)∗).

Remark 1.12 (The zero notation). Observe that the symbol 0 is
used for all of the following:

(1) The neutral element of an abelian group in additive notation.
(2) The zero element of a ring or a field.
(3) The zero element of a vector space.
(4) The vector space consiting only of the zero element (0 = {0}).
(5) A constant map having value 0 (e.g., the continuous real func-

tion x 7→ 0 for all x ∈ R, or the map V → W , v 7→ 0, where
V and W are vector spaces).

(6) A matrix whose entries are all equal to 0 (even though we will
prefer the notation 0).

Example 1.13 (Polynomials). The ring K[x] of polynomials in an
undetermined x with coefficients in K (i.e., expressions of the form
p = a0+a1x+· · ·+adxd, for some d, and ai ∈ K for all i) is also a vector
space over K with scalar multiplication λp := λa0 +λa1x+ · · ·+λadx

d

and the usual addition the addition of polynomials (i.e., addition of the
coefficients).

4 Other common notations are ~v and v.
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Example 1.14 (Functions). The rings of functions Ck(I), k ∈ N∪
{∞}, of Example 1.5.(5) are also vector spaces over R with scalar
multiplication (λf)(x) := λ f(x).

Definition 1.15 (Subspaces). A subset W of a vector space V that
retains all the structures is called a (vector) subspace. Equivalently,
W ⊆ V is a subspace iff for every w, w̃ ∈ W and for every λ ∈ K we
have w + w̃ ∈ W and λw ∈ W .

Definition 1.16 ((Direct) sums of subspaces). If W1 and W2 are
subspaces of V , we denote by W1 + W2 the subset of elements of V
consisting of sums of elements of W1 and W2; i.e.,

W1 +W2 = {w1 + w2, w1 ∈ W1, w2 ∈ W2}.
It is also a subspace of V . If W1 ∩W2 = {0}, the sum is called the
direct sum and is denoted by W1 ⊕W2.

Remark 1.17. A vector v ∈ W1 ⊕ W2 uniquely decomposes as
v = w1 + w2 with w1 ∈ W1 and w2 ∈ W2. The vectors w1 and w2 are
called the components of v in the direct sum.

Proof. If v = w̃1 + w̃2 were another decomposition, by taking the
difference we would get w1 − w̃1 = w̃2 − w2. Since the left hand side
is in W1, the right hand side is in W2, and W1 ∩W2 = {0}, we have
w1 − w̃1 = 0 = w̃2 − w2. �

Remark 1.18. Vice versa, if every vector in W1 +W2 has a unique
decomposition v = w1 +w2 with wi ∈ Wi, i = 1, 2, then this is a direct
sum (i.e., W1 ∩W2 = 0).

Proof. Suppose v ∈ W1∩W2. From 0 = v−v, we see that the first
summand, v, is the component of 0 in W1 and the second summand,
−v, is its component in W2. Since we can decompose the zero vector
also as 0 = 0 + 0 (and 0 belongs to both W1 and W2), by the assumed
uniqueness of the decomposition, we then have v = 0. �

Definition 1.19. If W is a subspace of V , a susbpace W ′ such
that V = W ⊕W ′ is called a complement.

Every subspace admits a complement, see Lemma 1.27 and Propo-
sition 1.55. This is elementary in the case of finite-dimensional vector
spaces and requires the axiom of choice for infinite-dimensional ones
(see Digression 1.56).

Definition 1.20. We may generalize Definition 1.16 to a sum of
several subspaces W1, . . . ,Wk:

W1 + · · ·+Wk := {v1 + · · ·+ vk, vi ∈ Wi, i = 1, . . . , k}.
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We generalize the notion of direct sum via the property in Re-
mark 1.18:

Definition 1.21. A sum W1 + · · ·+Wk is called a direct sum, and
it is denoted by

W1 ⊕ · · · ⊕Wk or
k⊕
i=1

Wi,

if every vector v in it has a unique decomposition v = w1 + · · · + wk
with wi ∈ Wi, i = 1, . . . , k.

Remark 1.22. An easier criterion is the following. A sum W1 +
· · ·+Wk is a direct sum iff the zero vector has a unique decomposition.

Proof. If the sum is direct, the zero vector has a unique decom-
position by definition, like every other vector.

Vice versa, suppose that the zero vector has a unique decomposition
and that a vector v can be written both as w1 + · · · + wk and as
w′1 + · · · + w′k with wi, w

′
i ∈ Wi. By taking the difference of these

two decompositions, we get (w1 − w′1) + · · · + (wk − w′k) = 0, which
then implies wi = w′i for every i. Therefore, the decomposition of every
vector in the sum is unique. �

Remark 1.23. A consequence of this is that for any 0 < r < k we
have

k⊕
i=1

Wi =
r⊕
i=1

Wi ⊕
k⊕

i=r+1

Wi.

Proof. We have to prove that
⊕r

i=1 Wi ∩
⊕k

i=rWi = 0. If v is
in the intersection, we may uniquely decompose it as w1 + · · · + wr
and as wr+1 + · · · + wk with wi ∈ Wi. Taking the difference, we get
0 = w1 + · · ·+wr−wr+1−· · ·−wk. By uniqueness of the decomposition

in
⊕k

i=1Wi, we get wi = 0 for every i. �

Remark 1.24. Note that, by definition, W1 ⊕W2 = W2 ⊕W1 and
that, by the last remark, (W1 ⊕W2) ⊕W3 = W1 ⊕ (W2 ⊕W3), where
W1, W2 and W3 are subspaces of V . Therefore, the direct sum is
commutative and associative. It also have a “neutral element,” namely
the zero subspace 0 := {0}.

Remark 1.25 (Infinite sums). Let (Wi)i∈S be a, possibly infinite,
collection of subspaces of a vector space V . Their sum is the subspace
of V consisting of all vectors of the form wi1 + · · ·+ wik , wij ∈ Wij for
j = 1, . . . , k and some integer k. This sum is direct, denoted by⊕

i∈S

Wi,
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if each vector in it has a unique decomposition (or, equivalently, if
wi1 + · · · + wik = 0, wij ∈ Wij , ij 6= ij′ for j 6= j′, implies wij = 0 for
all j).

Definition 1.26 (Direct sums of vector spaces). If V1 and V2 are
vector spaces over the same field, we denote by V1 ⊕ V2—and call it
the direct sum of V1 and V2—the Cartesian product V1 × V2 of pairs of
elements of V1 and V2 with the following vector space structure:

(v1, v2)+(ṽ1, ṽ2) := (v1 + ṽ1, v2 + ṽ2), 0 := (0, 0), λ(v1, v2) := (λv1, λv2).

The spaces V1 and V2 are identified with the subspaces {(v, 0), v ∈ V1}
and {(0, v), v ∈ V2} of V := V1⊕V2. Under this identification, V1∩V2 =
{0}, so the notation for the direct sum of the vector spaces V1 and V2

fits with that of the direct sum of the subspaces V1 and V2 of V . This
generalizes to a collection V1, . . . , Vk of vector spaces over the same
field. By

⊕k
i=1 Vi, we denote the Cartesian product V1 × · · · × Vk with

(v1, . . . , vk) + (ṽ1, . . . ṽk) := (v1 + ṽ1, . . . , vk + ṽk),

0 := (0, . . . , 0),

λ(v1, . . . , vk) := (λv1, . . . , λvk).

Again, we may regard Vi as the subspace of
⊕k

i=1 Vi consisting of
ktuples with 0 in each position but the ith.

Note that Kn = K⊕· · ·⊕K with n summands. As a subspace of Kn,
the kth summand consists of vectors in which only the kth component
may be different from zero.

Moreover, Kn = Kr ⊕ Kl for all nonnegative integers r and l with
r+ l = n. In this case, as a subspace of Kn, the first summand consists
of vectors whose last l components are zero, and the second summand
consists of vectors whose first r components are zero. We use this
decomposition (with l = 1) for the following

Lemma 1.27. Every subspace of Kn has a complement.

Proof. Let W be a subspace of Kn. We want to show that we
can always find a subspace W ′ of Kn such that W ⊕W ′ = Kn (i.e.,
W ∩W ′ = {0} and W +W ′ = Kn).

If n = 0, there is nothing to prove, since necessarily W = {0} and
W ′ = {0}.

Otherwise, we prove the lemma by induction on n > 0. If n = 1, the
proof is immediate: In case W = {0}, we take W ′ = K. If, otherwise,
W contains a nonzero vector v, then W = K, since every vector in K
can be written as λv; therefore, W ′ = {0}.
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Now assume we have proved the lemma for Kn, and let W be a
subspace of Kn+1. Let W1 be the subspace of vectors in W whose last
component is zero and let W2 be the subspace of vectors of W whose
first n components are zero. We can view W1 as a subspace of the
first summand, Kn, in the decomposition Kn+1 = Kn ⊕ K and W2 as
a subspace of the second summand, K. By the induction assumption,
there is a complementW ′

1 ofW1 in the first summand and a complement
W ′

2 of W2 in the second. Then W ′
1⊕W ′

2 is a complement of W in Kn. �

1.3. Linear maps

A map F : V → W between K-vector spaces is called a linear map
if

F (λv + µṽ) = λF (v) + µF (ṽ)

for all λ, µ ∈ K and all v, ṽ ∈ V .

Examples 1.28. Here are some examples of linear maps:

(1) The inclusion map of a subspace is linear.
(2) If V is the direct sum of vector spaces V1 and V2—i.e., V =

V1 ⊕ V2 as in Definition 1.26—then we have the linear maps,
called canonical projections, πi : V → Vi, i = 1, 2, given by

πi(v1, v2) = vi.

If we regard V1 and V2 as subspaces of V , we may also regard
the projections as linear maps Pi : V → V :

P1(v1, v2) = (v1, 0) and P2(v1, v2) = (0, v2).

More precisely, Pi = ιi ◦ πi where ιi is the inclusion of Vi into
V .

(3) Multiplication, from the left, by an m × n matrix defines a
linear map Kn → Km.

(4) Multiplication, from the right, by an m × n matrix defines a
linear map (Km)∗ → (Kn)∗.

(5) The derivative defines a linear map Ck(I)→ Ck−1(I), f 7→ f ′

(we assume k ∈ N>0 ∪ {∞}).

Remark 1.29. Here are some facts and notations.

(1) If F is linear, one often writes Fv instead of F (v).
(2) The image of a linear map F : V → W 5 is denoted by imF or

F (V ) and is a subspace of W .

5i.e., the set of vectors w ∈W for which there is a v ∈ V with w = F (v)
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(3) The subset of elements of V mapped to 0 by a linear map
F : V → W is denoted by kerF and is called its kernel. It is
a subspace of V . A linear map F turns out to be injective iff
kerF = {0}.

(4) The composition of linear maps, say, F : V → W and G : W →
Z, is automatically linear. Instead of G ◦ F one often writes
GF .

(5) If a linear map F is linear and invertible, its inverse map F−1

is automatically linear.
(6) A linear map F : V → W is also called a homomorphism from

V to W .
(7) An invertible linear map F : V → W is also called an isomor-

phism from V to W .
(8) If an isomorphism from V to W exists, then V and W are

called isomorphic and one writes V ∼= W .
(9) A linear map F : V → V is also called an endomorphism of V

or a linear operator (or just an operator) on V . If it is invertible,
it is also called an automorphism. The identity map, denoted
by Id or IdV or 1, is an automorphism.

(10) If F is an endomorphism of V , a subspace W of V is called
F -invariant if F (W ) ⊆ W (i.e., F (w) ∈ W for every w ∈ W ).
The restriction of F to an invariant subspace W then yields
an endomorphism of W .

We introduce the following sets of linear maps and their additional
structures:

(1) Hom(V,W ) is the set of all homomorphisms from V to W . If
F,G ∈ Hom(V,W ), we define F +G ∈ Hom(V,W ) by

(F +G)(v) := F (v) +G(v).

We denote by 0 the zero homomorphism 0(v) = 0 for all v ∈
V . With the scalar multiplication (λF )(v) := λF (v), the set
Hom(V,W ) is a vector space over K.

(2) End(V ) = Hom(V, V ) is the set of all endomorphisms of V .
As a particular case of the above, it is a vector space over K.
It is also a ring with one, where the multiplication is given by
the composition and the one element is the identity map.

(3) Aut(V ) ⊂ End(V ) is the set of all automorphisms of V . It is
a group with multiplication given by composition.

Remark 1.30 (Injective linear maps). Note that a linear map F
is injective iff kerF = 0. In fact, if F is injective, then Fv = 0 = F0



14 1. BASIC CONCEPTS

implies v = 0. On the other hand, the equality Fv = Fv′ implies, by
linearity, that v − v′ ∈ kerF , so if kerF = 0 then we have v = v′.

Definition 1.31 (Dual space). The vector space Hom(V,K) is usu-
ally denoted by V ∗ and called the dual space of V . Note that V ∗, like
every Hom space, is itself a vector space. An element α of V ∗ is a linear
map V → K and is usually called a linear functional. In addition to the
notation α(v) to indicate α ∈ V ∗ evaluated on v ∈ V , one often writes
(α, v).6

Example 1.32. A row vector α = (α1, . . . , αn) ∈ (Kn)∗ defines a
linear functional on Kn viav1

...
vn

 7→ (α,v) :=
n∑
i=1

αiv
i. (1.1)

One can show that these are all possible linear functionals on Kn, so
(Kn)∗ is the dual of Kn, which justifies the notation.

Definition 1.33 (Einstein’s convention). In these notes we will
follow a very handy convention introduced by A. Einstein according
to which, whenever an index appears twice in an expression, once as
a lower and once as an upper index, then a sum over that index is
understood.

Example 1.34. According to Einstein’s convention, the evaluation
of a row vector α on a column vector v, as in equation (1.1), is simply
written as

(α,v) = αiv
i.

Definition 1.35 (Bidual space). The dual space of the dual space
V ∗ of a vector space V is denoted by V ∗∗ and is called the bidual space
of V .

Remark 1.36. Note that every v ∈ V defines a linear functional
on V ∗ by V ∗ 3 α 7→ v(α) := α(v). Therefore, we may regard V
as a subspace of V ∗∗. We will see (Proposition 1.62) that, if V is
finite-dimensional, one actually has V = V ∗∗.

Remark 1.37 (Direct sum). Suppose V = V1 ⊕ V2 as in Exam-
ple 1.28.(2). Then we have the following relations among the projec-
tions:

P1 + P2 = 1, P 2
1 = P2, P 2

2 = P2, P1P2 = P2P1 = 0.

6This notation actually indicates the induced bilinear map V ∗ × V → K.
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Remark 1.38. More generally, an endomorphism P of V is called
a projection if

P 2 = P.

Note that Q := 1−P is also a projection and that we have PQ = QP =
0. This is related to the previous remark as follows: define V1 := imP
and V2 := imQ. Then we have V = V1 ⊕ V2 and P1 = P and P2 = Q.

Remark 1.39 (The dual map). A linear map F : V → W induces
a dual map F ∗ : W ∗ → V ∗ as follows: an element α of W ∗—i.e., a linear
functional on W—is mapped to F ∗α ∈ V ∗ defined by

(F ∗α)(v) := α(Fv).

Note that F ∗ is also linear. Moreover, F ∗∗ restricted to V is the map
F again. We will see in Section 1.5.2 that the dual of a map is related
to the transposition of matrices.

1.4. Bases

A basis of a K-vector space V is a collection (ei)i∈S of elements of
V such that for every vector v ∈ V there are are uniquely determined
scalars vi ∈ K, only finitely many of which are different from zero, such
that

v =
∑
i

viei.

Note that, by omitting the zero summands, this is a sum of finitely
many terms. The scalars vi are called the components of v in the given
basis. Using Einstein’s convention (see Definition 1.33), we write the
expansion of v in the basis (ei)i∈S as

v = viei.

Remark 1.40. In order to use Einstein’s convention, one has to be
consistent with the positioning of the indices. Typically we will use
lower indices for basis elements and, consequently, upper indices for
components of vectors. In some cases, see below, we use upper indices
for basis elements and, consequently, lower indices for components of
vectors.7

Example 1.41 (The standard bases). The space Kn has the stan-
dard basis (e1, . . . , en) where ei denotes the column vector that has a 1

7As will be explained later, we use upper indices for a basis of a dual space.
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in the ith position and a 0 otherwise. The space (Kn)∗ also has a stan-
dard basis, now with upper indices (e1, . . . , en), where ei denotes the
row vector that has a 1 in the ith position and a 0 otherwise. Namely:

v =

v1

...
vn

 =⇒ v = viei

v =
(
v1, . . . , vn

)
=⇒ v = vie

i

Remark 1.42 (Related concepts). Some important concepts are
related to the notion of basis. All the vectors mentioned in the following
list belong to a fixed K-vector space V .

(1) A linear combination of a finite collection v1, . . . , vk of vectors
is a vector of the form λivi with λi ∈ K. The set

Span{v1, . . . , vk} := {λivi, λi ∈ K}
of all linear combinations of v1, . . . , vk is called their span and
is a subspace of V . If the set contains a single vector v, instead
of Span{v} we also use the notation Kv, so

Kv = {λv, λ ∈ K}.
(2) A linear combination of a collection (ei)i∈S of vectors is by

definition a linear combination of a finite subcollection. When
writing λivi, it is then assumed that only finitely many λis are
different from zero. The set Spani∈S ei of linear combinations
of the vectors in the collection is also a subspace of V .

(3) A collection (ei)i∈S of vectors is called a system of generators for
V if every vector of V can be expressed as a linear combination
of the eis (but we do not require uniqueness of this expression).
In other words, Spani∈S ei = V . Each ei is called a generator.

(4) A collection (ei)i∈S of vectors is called linearly independent if a
linear combination can be zero only if all the coefficients are
zero. That is, if

λiei = 0 =⇒ λi = 0 ∀i.
The collection is called linearly dependent otherwise.

(5) A basis is then the same as a linearly independent system of
generators.

One can esily see that the following hold:

(1) If F : V → W is injective and (ei)i∈S is a linearly independent
family of vectors in V , then (Fei)i∈S is a linearly independent
family of vectors in W .
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(2) If F : V → W is surjective and (ei)i∈S is a system of generators
in V , then (Fei)i∈S is a system of generators in W .

Therefore,

Proposition 1.43. If F : V → W is an isomorphism and (ei)i∈S
is a basis of V , then (Fei)i∈S is a basis of W .

Moreover, one has the

Theorem 1.44. Any two bases of the same vector space have the
same cardinality.

If V admits a finite basis (i.e., a basis (ei)i∈S with S a finite set),
then it is called a finite-dimensional vector space; otherwise, it is called
an infinite-dimensional vector space.

Digression 1.45 (Existence of bases). By definition a finite-dimen-
sional vector space has a basis (actually, a finite one). By the axiom
of choice one can prove that every vector space has a basis (actually,
the existence of bases for all vector spaces is equivalent to the axiom
of choice).

Definition 1.46 (Dimension). If V is finite-dimensional with a
basis of cardinality n (i.e., |S| = n), then we set

dimV = n

and call it the dimension of V . Usually we then choose S = {1, . . . , n}
and denote the basis by (e1, . . . , en). Note that the trivial vector space
V = {0} is zero-dimensional. In particular, we have

dimKn = dim(Kn)∗ = n ∀n ∈ N.

If V is infinite-dimensional, we set

dimV =∞.

Remark 1.47 (Dimension over a field). The same abelian group
V may sometimes be regarded as a vector space over different fields
K. In this case, it is convenient to to remember which field we are
considering when computing the dimension: we will write dimK V for
the dimension of V as a K-vector space.

Remark 1.48 (Complex spaces as real spaces). In particular, a case
we will often encounter is that of a complex vector space V (i.e., a vector
space over C). For every real λ, we still have the scalar multiplication
v 7→ λv, so V may also be regarded as a real vector space (i.e., a vector
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space over R). If BC = (e1, . . . , en) is a basis of V as a complex vector
space, then8

BR = (e1, . . . , en, ie1, . . . , ien)

is a basis of V as a real one. In fact, every v ∈ V may uniquely be
expanded as λiei with λi ∈ C. Writing λi = ai+ibi, with ai and bi real,
we get the expansion v = aiei + biiei, so BR is a system of generators
over R.9 Moreover, if aiei+ biiei = 0 for ai, bi ∈ R, then λiei = 0; linear
independence of BC over C implies, for all i, λi = 0 and, therefore,
ai = bi = 0, which is linear independence of BR over R. Therefore, BR
is basis. We conclude that dimC V = n implies that dimR V = 2n; i.e.,

dimR V = 2 dimC V.

One can prove that a linearly independent collection (e1, . . . , en)
in an n-dimensional space is automatically a basis. This in particular
implies the following

Proposition 1.49. If V is a finite-dimensional vector space and
W is a subspace of V of the same dimension, then W = V .

Remark 1.50 (Direct sums and bases). There is a strong relation-
ship between the notions of direct sums and bases. Namely, by Defini-
tion 1.21, a collection (v1, . . . , vn) is a basis of V iff V =

⊕n
i=1 Kvi.

Remark 1.51 (Union of bases). Another relation is the following.

If V =
⊕k

i=1Wi and Bi = (vi,j)j=1,...,di is a basis of Wi, then

B := ∪ki=1Bi = (vi,j) i=1,...,k
j=1,...,di

is a basis of V . As a consequence,

dim
k⊕
i=1

Wi =
k∑
i=1

dimWi. (1.2)

Proof. By Definition 1.21, every v ∈ V uniquely decomposes as
v = w1+· · ·+wk with wi ∈ Wi. By definition of basis, every wi uniquely
decomposes as wi =

∑di
j=1 αi,jvi,j. Therefore, v uniquely decomposes

as v =
∑k

i=1

∑di
j=1 αi,jvi,j. �

8Here i denotes the imaginary unit, and iej is the scalar multiplication of the
scalar i with the vector ej .

9A standard convention in mathematics is to use italic characters for variables
and roman characters for constants. The imaginary unit, being a constant, is then
denoted by i, whereas i is a variable, like, e.g., the index in ei. By handwriting it
is however better to avoid using a variable i when the imaginary unit also appers.
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Remark 1.52 (The basis isomorphism). A basis B = (e1, . . . , en)
of V determines a linear map

φB : Kn → V

by

φB

v1

...
vn

 := viei.

In particular, we have
φBei = ei

for all i. Note that φB is an isomorphism with inverse φ−1
B : V → Kn

the map that sends v ∈ V to the column vector with components the
components of v in the basis B. The vector φ−1

B v is called the coordinate
vector of v. Note that we then have

dimV = n ⇐⇒ V ∼= Kn.

Remark 1.53. If V and W have the same finite dimension, then,
by composition of the above, we get an isomorphism V → W . Note
that such an isomorphism depends on the choice of bases.

Remark 1.54 (Bases and frames). When we define the isomor-
phism of Remark 1.52, the order in which we take the basis vectors
(e1, . . . , en) matters. This is an additional choice to just the notion of a
basis (which is by definition a collection, i.e., a set, of linearly indepen-
dent generators). A basis with a choice of ordering is more precisely
called a frame. According to a general habit, we will be sloppy about
it and speak of a basis also when we actually mean a frame as, e.g., in
Remark 1.52.

An immediate consequence of the basis isomorphism is the following

Proposition 1.55. Every subspace of a finite-dimensional vector
space has a complement.

Proof. Let V be n-dimensional, and let Z be a subspace of V .
By choosing a basis B, we have the isomorphism φB : Kn → V . Then
W := φ−1

B (Z) is a subspace of Kn. By Lemma 1.27, it has a complement
W ′. Finally, φB(W ′) is a complement of Z. �

Digression 1.56. By the axiom of choice, one can show that a
subspace of any vector space has a complement.

Definition 1.57 (Change of basis). If B and B′ are bases of an
n-dimensional space V , the composition

φB′B := φ−1
B′ φB ∈ Aut(Kn)
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is called the corresponding change of basis.

Remark 1.58. If you have a vector v ∈ V , then φ−1
B v is the column

vector of its components in the basis B. The column vector φ−1
B′ v of its

components in the basis B′ is then related to φ−1
B v by

φ−1
B′ v = φB′Bφ

−1
B v.

Therefore, φB′B maps the coordinate vector in the B basis to the co-
ordinate vector in the B′ basis. (A more descriptive, but also more
cumbersome, notation would be φB′←B instead of φB′B.)

B′ basis

V V

Kn Kn

φB′B

φB′ φB B basis

Remark 1.59 (The dual basis). A basis B = (e1, . . . , en) of V
allows defining uniquely the components vi of any vector v. The map

ei : V → K
v 7→ vi

is linear for every i. The collection B∗ := (e1, . . . , en) of linear func-
tionals is called the dual basis of V ∗—more precisely, the basis of V ∗

dual to B—and satisfies, by definition,

ei(ej) = δij :=

{
1 if i = j,

0 if i 6= j,

where δij is called the Kronecker delta. It is indeed a basis of V ∗. In

fact, if α := αie
i = 0, then 0 = α(ej) = αj for every j, so (e1, . . . , en)

is linearly independent. Moreover, given any α ∈ V ∗, we get

α(v) = α(viei) = viα(ei) = ei(v)α(ei) = (α(ei)e
i)(v),

which shows that (e1, . . . , en) is a system of generators and that, in
particular, we can compute the component αi of α as α(ei).

Example 1.60. The basis (e1, . . . , en) of (Kn)∗ is the dual basis to
(e1, . . . , en).

More generally, we have proved the

Proposition 1.61. If V is a finite-dimensional vector space, then

dimV ∗ = dimV.
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This also implies that dimV ∗∗ = dimV . As a consequence of Re-
mark 1.36 and of Proposition 1.49, we get the

Proposition 1.62. If V is a finite-dimensional vector space, then

V ∗∗ = V.

Remark 1.63 (Canonical and noncanonical maps). A linear map is
called canonical if it does not depend on any additional structure. For
example, if W is a subspace of V , the inclusion map is canonical. If
V = W1⊕W2, the projections from V to W1 and W2 are also canonical.
If W is a subspace of V , we can always find a complement W ′, so we
can write V = W ⊕ W ′ and, therefore, get a projection V → W .
This projection is not canonical because it depends on the choice of
a complement. Similarly, we saw that that every element V defines a
linear functional on V ∗, so we have a canonical inclusion map of V into
V ∗∗. If V is finite dimensional, we then have a canonical isomorphism
between V and V ∗∗: we therefore write V = V ∗∗. On the other hand,
by Proposition 1.61 and Remark 1.53, we also have an isomorphism
between V and V ∗, but this is not canonical because it depends on the
choice of a basis. Explicitly, the map V → V ∗ sends viei to

∑n
i=1 v

iei

(not that we cannot use Einstein’s convention in this case).

Example 1.64. With respect to the standard basis, the isomor-
phism Kn ∼−→ (Kn)∗, as at the end of the previous remark, is the trans-
position map v 7→ vT: v1

...
vn

 7→ (v1, . . . , vn).

1.5. Representing matrices

If F : V → W is a linear map and (ei)i∈S is a basis of V , then the
values of F on the eis are enough to reconstruct F ; in fact, every v ∈ V
is uniquely expanded as viei, so by linearity we get

F (v) = viF (ei).

Vice versa, we can define a linear map F : V → W by specifying wi :=
F (ei) ∈ W for all i ∈ S.

If (ēı̄)ı̄∈S̄ is a basis of W , we may expand F (ei) as

F (ei) = Aı̄i ēı̄, (1.3)

where, by Einstein’s convention, a sum over ı̄ is understood. The scalars
Aı̄i are the entries of the representing matrix A of F . On a generic vector



22 1. BASIC CONCEPTS

v = viei ∈ V we then get

F (v) = viAı̄i ēı̄.

We now assume that V and W are finite-dimensional: say, dimV =
n and dimW = m. Then

A = (Aı̄i) i=1,...,n
ı̄=1,...,m

=


A1

1 A1
2 · · · A1

n

A2
1 A2

2 · · · A2
n

...
...

. . .
...

Am1 Am2 · · · Amn


is called an m× n matrix.

Remark 1.65. Note that we consistently put the indices in upper
and lower positions. We will also encounter matrices with only lower
indices representing bilinear forms.

Remark 1.66 (Normal form). Given a linear map F : V → W
between finite-dimensional vector spaces, one can always find bases
e1, . . . , en of V and ē1, . . . , ēm of W such that the representing matrix
of F reads

A =

(
1r 0r,n−r

0m−r,r 0m−r,n−r

)
,

where 1r denotes the r × r identity matrix and 0i,j denotes the i × j
zero matrix. Here r = dim imF is called the rank of F . From this
presentation it also follows that the kernel of F corresponds, under the
isomorphism to Kn induced by the basis, to vectors of the form

0
...
0

vr+1

...
vn


,

which show that dim kerF = n− r. We thus get the dimension formula

dim kerF + dim imF = dimV (1.4)

for any linear map F : V → W .

If F : V → W is an isomorphism, then kerF = 0 (see Remark 1.30)
and imF = W , so we get dimV = dimW . If, on the other hand, V and
W have the same finite dimension n, then each of them is isomorphic
to Kn by the basis isomorphism of Remark 1.52. Therefore,

Proposition 1.67. Two finite-dimensional vector spaces are iso-
morphic iff they have the same dimension.



1.5. REPRESENTING MATRICES 23

1.5.1. Operations. If B is the representing matrix of another
linear mapG : V → W , with respect to the same bases, the representing
matrix of F +G is A+B, where addition is defined entry-wise:

(A+B)ı̄i = Aı̄i +B ı̄
i .

If G is instead a linear map W → Z, the collection (ẽı̃)ı̃=1,...,k is a
basis of Z, and B is the corresponding k ×m representing matrix of
G, then the representing matrix of GF is the k×n matrix BA, where
the matrix multiplication is defined by10

(BA)ı̃i = B ı̃
ı̄A

ı̄
i.

1.5.2. Duals. If F ∗ : W ∗ → V ∗ is the dual map, see Remark 1.39,
of a linear map F : V → W with representing matrix A, then we get,
for α = ᾱ ē

̄ ∈ W ∗ and v = viei ∈ V ,

F ∗(α)(v) = α(Fv) = ᾱ ē
̄(viAı̄i ēı̄) = αı̄A

ı̄
i v

i,

where ē1, . . . , ēm is the dual basis to ē1, . . . , ēm. To compute the ith
component of F ∗α, we evaluate on v = ei getting (F ∗α)i = αı̄A

ı̄
i, so

F ∗(α) = αı̄A
ı̄
i e
i.

To get the representing matrix of F ∗, we then compute

F ∗(ēı̄) = Aı̄i e
i. (1.5)

The difference between (1.3) and (1.5) is that in the former we sum
over the upper index whereas in the latter we sum over the lower index
of the matrix A. In the usual notation with two lower indices, this
correponds to summing over the first or second index, and the two
representing matrices are related by the exchange of the indices—the
operation known as transposition: if A is the representing matrix of F ,
with respect to some bases, then AT is the representing matrix of F ∗

with respect to the dual bases.

Remark 1.68. When working with vector spaces of row or column
vectors, the standard basis is always assumed, unless otherwise speci-
fied. A linear map between such subspaces is then always understood as
the corresponding matrix. We would in particular write A : Kn → Km

to denote the linear map with representing matrix A with respect to
the standard bases, i.e., the map v 7→ Av, where we use matrix mul-
tiplication. Note that the jth row of A is equal to Aej. One can also
easily see that the dual map, acting on row vectors, is instead given by
α 7→ αA.

10Comparing with the usual way of writing a product of matrices, we see here
that the upper index is the first index and the lower index is the second index.
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1.5.3. Change of basis. If we want to keep track of the chosen
bases, we need a more descriptive notation. Let B = (e1, . . . , en) be
the chosen basis of V and B̄ = (ē1, . . . , ēm) the chosen basis of W . The
representing matrix of a linear map F : V → W with respect to the
bases B and B̄ is then denoted by FB̄B.

As we identify linear maps Kn → Km with their representing ma-
trices with respect to the standard bases, we may regard FB̄B as an
m × n matrix or, equivalently, as a linear map. In the latter case, we
have, in terms of the basis isomorphisms of Remark 1.52,

FB̄B = φ−1
B̄ FφB.

If we choose another basis B′ of V and another basis B̄′ of W , we
then have, using the notation of Definition 1.57,

FB̄′B′ = φ−1
B̄′ FφB′ = φ−1

B̄′ φB̄FB̄Bφ
−1
B φB′ = φB̄′B̄FB̄BφBB′ ,

i.e.,

FB̄′B′ = φB̄′B̄FB̄BφBB′ .

It is easy to remember this formula, for it looks similar to the formula
for matrix product, with indices replaced by bases.

Remark 1.69 (Equivalence of matrices). The formula for the change
of bases motivates the following definition of equivalence of matrices.
Two m × n matrices A and B are called equivalent if there is an in-
vertible m×m matrix T and an invertible n× n matrix S such that

A = TBS.

By this definition, any two representing matrices of the same linear
map are equivalent, as we may see by setting A = FB̄′B′ , B = FB̄B,
S = φBB′ , and T = φB̄′B̄. Note that, explicitly, we have

Aı̄
′

i′ = T ı̄
′

ı̄ B
ı̄
iS

i
i′ .

Also useful are the formulae

e′i′ = Sii′ei and ēı̄ = T ı̄
′

ı̄ ē
′
ı̄′ .

Let us prove the first (the second is analogous):

Sii′ei = Sii′φBei = φB(Sii′ei) = φB(φBB′ei′) = φB′ei′ = e′i′ ,

where we also used the linearity of φB and the definition φBB′ = φ−1
B φB′ .
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1.5.4. Endomorphisms. If F is an endomorphism of a finite-di-
mensional vector space V , one usually chooses the same basis (say, B)
for V as source and target space. In this case, the representing matrix
of V , now a square matrix,11 with respect to the basis B is written FB
and we have

FB = φ−1
B FφB.

If we pass to another basis (say, B′), we then have

FB′ = φB′BFBφBB′ .

Observing that the isomorphisms φB′B and φBB′ are inverse to each
other, we can also write

FB′ = φ−1
BB′FBφBB′ .

Remark 1.70 (Similarity of matrices). The formula for the change
of basis for the representing matrix of an endomorphism motivates the
following definition of similarity of matrices. Two n×n matrices A and
B are called similar if there is an invertible n× n matrix S such that

A = S−1BS.

By this definition, any two representing matrices of the same endomor-
phism are similar.

1.5.5. Bilinear forms. A bilinear form on a K-vector space V is
a map B : V × V → K that is linear in both arguments; viz.,

B(λ1v1 + λ2v2, w) = λ1B(v1, w) + λ2B(v2, w),

B(v, λ1w1 + λ2w2) = λ1B(v, w1) + λ2B(v, w2).

If B = {e1, . . . , en} is a basis of V , the representing matrix B of a
bilinear form B has the entries

Bij := B(ei, ej). (1.6)

Note that, consistently with the r.h.s., we use lower indices for the
entries of the representing matrix.

Now consider a new basis B′ = {e′1, . . . , e′n} and denote by S the
matrix representing, in the standard basis of Kn, the change of basis
φBB′ ; i.e., as we showed above,

e′i′ = Sii′ei.

Denoting by B′ the representing matrix of B in the basis B′, we then
have

B′i′j′ = Sii′BijS
j
j′ .

11i.e., a matrix with the same number of rows and columns
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Remark 1.71 (Congruency of matrices). The formula for the change
of basis of a bilinear form motivates the following definition of congru-
ency of matrices. Two n× n matrices B and B′ are called congruent if
there is an invertible n× n matrix S such that

B′ = STBS,

where T denotes transposition. By this definition, any two representing
matrices of the same bilinear form are congruent.12

1.6. Traces and determinants

Trace and determinant are particularly important functions on square
matrices which we review here.

The trace of an n×n matrix A is the sum of its diagonal elements.
If we write A = (Aij), then

trA = Aii,

where we used Einstein’s convention. If we we write A = Aij, then we
have to write the sum symbol explicitly: trA =

∑n
i=1Aii. (The fact

that this second notation is incompatible with Einstein’s convention is
related to the fact that the trace of a bilinear form is not a natural
operation.)

Immediate properties of the trace are

(1) trAT = trA for every n× n matrix, and
(2) trAB = trBA for all n× n matrices A,B.

The second property implies trS−1BS = trB, so similar matrices—
see Remark 1.70—have the same trace. Therefore, we can make the
following

Definition 1.72. The trace of an endomorphism F of a finite-di-
mensional vector space V is the trace of any of its representing matrices:
trF := trFB, where B is any basis of V .

Congruent matrices may on the other hand have different traces.
For this reason the trace of a bilinear form is not a well-defined concept,
as it depends on the explicit choice of a basis.13

We conclude with a few additional properties of the trace:

12Note that in the explicit formula (1.6) it is the upper index of the first S that
is the same as the first index of B, whereas in the usual product of matrices—see
footnote 10—it should be the lower index to be involved. It is for this reason that
the first S is actually transposed.

13It is well-defined if we may restrict to a special class of bases that are related
to each other by an orthogonal transformation, i.e., if we only allow congruences
B′ = STBS with SST = 1.
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(1) The trace is linear: tr(λA+λB) = λ trA+µ trB for all n×n
matrices A,B and for all scalars λ, µ.

(2) tr 1n = n if 1n is the identity matrix on Kn.
(3) tr : End(V )→ K is a linear map: tr(λF+λG) = λ trF+µ trG

for all endomorphisms F,G of the finite-dimensional space V
and for all scalars λ, µ.

(4) tr IdV = dimV .

The determinant of a square matrix can be uniquely characterized by
some properties or can be, equivalently, defined by an explicit formula.
The defining properties are the following:

(1) The determinant is linear with respect to every column of the
matrix.

(2) The determinant vanishes if any two column of the matrix are
equal.

(3) The determinant of the identity matrix is 1.

One can show that, for every n, there is a unique map Matn×n(K)→ K
satisfying these three properties, and this map is called the determi-
nant. In words, one says that the determininant is the unique alter-
nating multilinear normalized map on the columns of a square matrix.
Some derived properties are the following:

(D.1) Properties (1) and (2) above hold taking rows instead of colums.
(D.2) detAT = detA for every n× n matrix A.
(D.3) If two columns (or two rows) are exchanged the determinant

changes sign.
(D.4) If one adds to a column a linear combination of the other columns

(or to a row a linear combination of the other rows) the deter-
minant does not change.

(D.5) det(λA) = λn detA for every n × n matrix A and every scalar
λ.

(D.6) The determinant of a diagonal matrix or of an upper triangular
matrix or of a lower triangular matrix is equal to the product of
its diagonal elements.

(D.7) detAB = detA detB for all n× n matrices A,B.
(D.8) detA 6= 0 iff A is invertible. By the previous property, we also

see that in this case, detA−1 = (detA)−1.
(D.9) A collection v1, . . . ,vn of vectors of Kn is a basis iff the deter-

minant of the matrix S whose ith column is vi is different from
zero. (Note that vi = Sei for all i.)

(D.10) The determinant of a block-diagonal matrix is the product of the
determinants of its blocks: det ( A 0

0 D ) = detA detD, where A
and D are square matrices.
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(D.11) More generally, det ( A B
0 D ) = detA detD, where A and D are

square matrices.

The last property is derived from the others by the following remarks.
We should distinguish the case when A is invertible and when it is not.
In the second case, there is some nonzero vector v in the kernel of A.
By completing v with zeros, we get a nonzero vector in the kernel of
det ( A B

0 D ), which is then also not invertible. In this case, both sides
of the equality vanish by (D.8). If, on the other hand, A is invertible,
we can write ( A B

0 D ) = ( A 0
0 D )

(
1 A−1B
0 1

)
. The determinant of the first

matrix on the right hand side is detA detD by (D.10), whereas the
determinant of the second is 1 by (D.6).

The determinant of an n× n matrix A = Aij can also be explicitly
computed by the Leibniz formula

detA =
∑
σ∈Sn

sgnσA1
σ(1) . . . A

n
σ(n), (1.7)

where sgnσ is the sign of the permutation σ.14 In particular,

det

(
a b
c d

)
= ad− bc.

The determinant can also be computed in terms of the Laplace expansion
along the ith row

detA =
n∑
j=1

(−1)i+jAijd
i
j,

where dij is the determinant of the matrix obtained by removing the ith
row and the jth column from A. For example, the Laplace expansion
of a 3× 3 matrix along the first row is

det

a b c
d e f
g h i

 = a det

(
e f
h i

)
− b det

(
d f
g i

)
+ c det

(
d e
g h

)
.

An analogus formula for the expansion along a column also exists as a
consequence of (D.2).

The determinant may also be used to compute the inverse of an
invertible matrix as

A−1 =
1

detA
adjA,

14Every permutation may be written, in a nonunique way, as a product of trans-
positions, i.e., permutations that exchange exactly two elements. The parity of the
number of occurring transpositions does not depend on the decomposition. The sign
of a permutation is then defined as −1 to the number of occurring transpositions.
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where adjA denotes the adjugate matrix of A, i.e., the matrix whose
(i, j) entry is (−1)i+j times the determinant dji of the matrix obtained
by removing the the jth row and and ith column from A. This formula
is theoretically important—it shows, e.g., that the entries of A−1 are
rational functions of the entries of A—but practically not so useful,
apart from the 2× 2 case, which is also easy to remember:(

a b
c d

)−1

=
1

ad− bc

(
d −b
−c a

)
. (1.8)

Namely, apart from dividing by the determinant, we just have to swap
the diagonal entries and change the sign of the off diagonal entries.

Determinants may also be used, via property (D.8), to establish
whether a linear map F : V → W between finite-dimensional vector
spaces is invertible. By Proposition 1.67, we know that a necessary
condition is that V and W have the same dimension, say, n. A repre-
senting matrix of F is then an n×n matrix, which by (D.8) is invertible
iff its determinant is different from zero.15 On the other hand, F is in-
vertible iff any of its representing matrices is so. Therefore, we have
the

Proposition 1.73. A linear map F : V → W between finite-di-
mensional vector spaces is invertible iff dimV = dimW and the deter-
minant of any of its representing matrices is different from zero.

It follows from (D.7) and (D.8) that detS−1BS = detB, so similar
matrices—see Remark 1.70—have the same trace. Therefore, we can
make the following

Definition 1.74. The determinant of an endomorphism F of a finite-di-
mensional vector space V is the determinant of any of its representing
matrices: detF := detFB, where B is any basis of V .

In particular, an endomorphism is invertible iff its determinant is
different from zero.

Remark 1.75 (Discriminants). Congruent matrices may on the
other hand have different determinants. We see however, from (D,2)
and (D.7) that B′ = STBS implies detB′ = (detS)2 detB, so the
determinant changes by a factor that is the square of a nonzero scalar.
The discriminant of a matrix is by definition its determinant up to such a

15Note that this statment is independent of the chosen bases. In fact, any
two representing matrices of F are equivalent n × n matrices A and B, as in
Remark 1.69, i.e., A = TBS, where S and T are invertible. We then have, by
(D.7), detA = cdetB, where c = detS detT is a nonzero number.
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factor. It follows that congruent matrices have the same discriminant
and that we may define the discriminant of a bilinear form as the
discriminant of any of its representing matrices. If we work over C,
where every element is a square, the only meaningful statement we
can make is whether the discriminant is equal to zero or different from
zero. Over R, we can refine this and speak of strictly positive, strictly
negative or zero discriminants.



CHAPTER 2

Linear ODEs and Diagonalization of
Endomorphisms

In this chapter we discuss the problem of bringing an endomor-
phism, via a suitable choice of basis, to a diagonal representing matrix,
whenever possible. We start by motivating this problem with the study
of systems of linear ordinary differential equations with constant coef-
ficients.

2.1. Differential equations

An ordinary differential equation (ODE) is an equation whose un-
known is a differentiable function of one variable that appears in the
equation together with its derivatives.

Newton’s equation F = ma is an example of an ODE. In this case,
the unknown is a path x(t).1 In normal form (i.e., with the highest
derivative set in evidence on the left hand side) the equation reads

ẍ =
1

m
F (x, ẋ, t).

A solution is a specific function x(t) that satisfies the equation for all t
in some open interval (possibly the whole of R). In the one-dimensional
case, this is a single equation, but if we consider the problem in three
space dimensions, we get a system of ODEs—one equation for each
component. We also get a system is we describe the interaction of
several particles.

The order of an ODE (or of a system of ODEs) corresponds to
highest derivative occurring in it. For example, Newton’s equation (like
many fundamental equations in physics) is a second-order ODE. It is
possible to reduce the order by the following trick, which we illustrate in
the case of Newton’s equation. Namely, we introduce the momentum
p := mv. We can then rewrite Newton’s equation as the first-order

1By path we mean a (twice) differentiable map whose domain is an interval.

31
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system 
ẋ =

p

m

ṗ = F
(
x,

p

m
, t
)

where now the pair (x, p) is regarded as the unknown.
The Cauchy problem for a system of first-order ODEs consists of the

system together the specification of the variables at some initial time.
The theory of ODEs is discussed in the analysis classes, and there

it is proved, under some mild conditions, that a Cauchy problem has a
unique solution (in an open interval around the initial time).

We will consider here only linear (systems of) first-order ODEs with
constant coefficients, where methods of linear algebra can be used.

2.1.1. Linear ODEs with constant coefficients. ODEs are
called linear if the unknown and its derivatives appear linearly. The
ODE is called homogenous if there is no term independent of them,
inhonogeneous otherwise.

A linear first-order ODE is then the equation ẋ = ax, when homo-
geneous, and ẋ = ax+b, when inhomogeneous, where a and b are given
functions of t. We say that the equation has constant coefficients if a
is constant.

Notation 2.1. It is a standard practice in the theory of ODEs to
write (t) after a variable to specify that it is not assumed to be constant.
If (t) does not appear, the variable is assumed to be a constant. The
unknown function is written without (t) in the equation, as the notation
x(t) is reserved for writing a solution. Therefore, a linear first-order
ODE constant coefficients is written as

ẋ = ax+ b(t). (2.1)

In the homogeneous case—i.e., when b(t) = 0—we write

ẋ = ax. (2.2)

Example 2.2 (Growth processes). The homogenous equation ẋ =
ax with constant a describes a growth process where the growth ẋ
is proportional to the quantity x itself (properly speaking, we have
a growth when a > 0 and a decay when a < 0). Such equation is
widely used: e.g., in economics to describe capital growth by compound
interest, in biology to describe growth (or decline) of a population, in
physics to describe radioactive decay.

To solve (2.2), we introduce y(t) := e−atx(t). Differentianting we
get ẏ = e−at(ẋ − ax). Therefore, x is a solution to (2.2) iff ẏ = 0,
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i.e., y = c, where c is a constant. We then get the general solution
x(t) = eatc. We can also rephrase this as the

Proposition 2.3. The Cauchy problem{
ẋ = ax
x(0) = x0

for a homogenous linear ODE with constant coefficient a has the unique
solution

x(t) = eatx0. (2.3)

The solution is defined for all t ∈ R.

By the same trick, we may also study the associated nonhomoge-
nous equation (2.1), where b(t) is not necessarily assumed to be con-
stant. Namely, we write again y(t) := e−atx(t). In this case, x is a
solution to (2.1) iff ẏ = e−at b(t), so we can get y, and hence x, by

integrating e−atb(t). Namely, we have y(t) = c +
∫ t

0
e−as b(s) ds, where

c is a constant. Therefore, we have the general solution

x(t) = eatc+

∫ t

0

ea(t−s) b(s) ds. (2.4)

This leads to the

Proposition 2.4. The Cauchy problem{
ẋ = ax+ b(t)
x(0) = x0

for a nonhomogenous linear ODE with constant coefficient a has the
unique solution

x(t) = eatx0 +

∫ t

0

ea(t−s) b(s) ds. (2.5)

The solution is defined for all t ∈ R.

2.1.2. Systems of linear ODEs with constant coefficients.
A system of the form

ẋ = Ax+ b(t), (2.6)

where A is a given n × n matrix (with constant entries), called the
coefficient matrix, and b is a given map from an open interval to Rn,
is called a system of n linear ODEs with constant coefficients. For b(t)
the zero map, we have the system

ẋ = Ax, (2.7)

which is called homogeneous.
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Example 2.5 (Harmonic oscillator). Consider Newton’s equation
in one dimension with force F = −kx, where k is a given positive
constant. The second-order ODE mẍ = −kx may be rewritten as the
system {

ẋ =
p

m
ṗ = −kx

which can be brought in matrix form ẋ = Ax by setting x = ( xp ) and

A =

(
0 1

m
−k 0

)
.

Example 2.6 (Homogenous nth-order linear ODE with constant
coefficients). Consider the ODE

x(n) + a1x
(n−1) + · · ·+ an−1ẋ+ anx = 0, (2.8)

where a1, . . . , an are given constants. This ODE can be rewritten as a
system by defining

x :=


x
ẋ
...

x(n−2)

x(n−1)

 .

In fact, we have

ẋ =


ẋ
ẍ
...

x(n−1)

x(n)

 =


ẋ
ẍ
...

x(n−1)

−a1x
(n−1) − · · · − an−1ẋ− anx

 .

Therefore, the ODE (2.8) is equivalent to the system (2.7) with

A =


0 1
0 0 1
· · · · · · · · · · · · · · ·
0 · · · · · · 0 1
−an −an−1 · · · −a2 −a1

 , (2.9)

where all the nondisplayed entries are equal to zero.

Example 2.7 (Infinite-dimensional examples). In physics one also
studies equations involving functions of several variables together with
their partial derivatives—these are called partial differential equations
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(PDEs). Several important PDEs in physics are linear. For example,
the wave equation

1

c2

∂2ψ

∂t2
= ∆ψ,

the heat equation
∂ψ

∂t
= α∆ψ,

and the Schrödinger equation

i

~
∂ψ

∂t
= − ~2

2m
∆ψ + V ψ.

In these examples, ψ is a function (real in the first two cases and com-
plex in the third) of the time variable t and the space variables x, y, z;

∆ = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
is the Laplace operator; c, α, ~, and m are real con-

stants (respectively: velocity, diffusivity, Planck constant, mass); and
V is a real function of the space variables (the potential). Each of these
equations may be viewed as a system of linear ODEs with constant coef-
ficients in the infinite-dimensional vector space C2(R3) of twice differen-
tiable functions in the space variables. The unknown ψ(t;x, y, z) is then
viewed as map R → C2(R3), t 7→ ψt, with ψt(x, y, z) := ψ(t;x, y, z).
The techniques we present in this section for finite systems of linear
ODEs with constant coefficients may be extended to these infinite-di-
mensional systems, but we will not do it here.

Example 2.8 (Diagonal case). The homogeneous system (2.6) may
be easily solved if the coefficient matrix is diagonal. Namely, suppose
A = D with D diagonal with diagonal entries λ1, . . . , λn:

D =

λ1

. . .
λn

 . (2.10)

The system then splits into n independent equations

ẋ1 = λ1x
1, . . . , ẋn = λnx

n.

The ith equation has the general solution xi(t) = eλitci, where ci is
a constant. It then follows that the associated Cauchy problem with
initial condition x(0) = x0 has the unique solution xi(t) = eλitxi0,
which is defined for all t ∈ R, for i = 1, . . . , n. If we denote by eDt the
diagonal matrix with diagonal entries eλ1t, . . . , eλnt,

eDt =

eλ1t

. . .

eλnt

 , (2.11)
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we can write the unique solution as

x(t) = eDtx0. (2.12)

Digression 2.9 (Upper triangular case). The homogenous case
when the coefficient matrix is upper triangular may also be easily
solved. To illustrate the idea, we consider the two-dimensional case
with A =

(
λ1 β
0 λ2

)
. We then have the two equations

ẋ1 = λ1x
1 + βx2, ẋ2 = λ2x

2.

The second equation is independent of x1 and has the general solution
x2(t) = eλ2tc2, where c2 is a constant. We may plug this solution into
the first equation getting the nonhomogenous equation

ẋ1 = λ1x
1 + β eλ2tc2,

which can be solved using (2.4) with b(t) = eλ2tβc2. If λ1 6= λ2, we
then get

x1(t) = eλ1tc1 +
eλ2t

λ2 − λ1

βc2,

where c1 is a new constant. If λ1 = λ2 = λ, we get instead

x1(t) = eλtc1 + t eλtβc2.

Note that in the “degenerate case” when λ1 = λ2, the solution does
not only depend on exponential functions but also has a factor t. The
general case, with A upper triangular, is solved similarly. One solves
the equations iteratively from the last equation, which only depends
on the last component of x, to the first. Every time one inserts the
solution into the previous equation, which then turns out to be a non-
homogeneous linear ODE that can be solved by (2.4). By induction
one sees that the inhomogenous term b(t) is a linear combination of
products of exponential and polynomials. In conclusion, the general
solution will also be given by a linear combination of products of expo-
nentials and polynomials. If the diagonal entries are all different, the
general solution is simply a linear combination of exponentials.

2.1.3. The matrix exponential. Following the examples of the
solutions (2.3) and (2.12), we now want to get a general solution to
(2.7) in the form of an exponential.

The exponential of a square matrix A is defined by extending to
matrices the usual series defining the exponential of a real or complex
number:

eA :=
∞∑
k=0

1

k!
Ak = 1 +A+

1

2
A2 + · · · .
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One can easily see that the series converges for any matrix A and,
moreover, that the power series

eAt =
∞∑
k=0

tk

k!
Ak = 1 + tA+

t2

2
A2 + · · · .

has infinite radius of convergence. It follows that it defines a smooth
(i.e., infinitely often continuously differentiable) function and that tak-
ing a derivative commutes with the sum, so we get

d

dt
eAt = eAtA = AeAt. (2.13)

Moreover, from
eA0 = 1,

we see that U(t) := eAt is the unique solution to the matrix Cauchy
problem {

U̇ = AU
U (0) = 1

Remark 2.10. The matrix exponential has the following proper-
ties, which can be easily proved:

(1) As in the case of the exponential of a number,

eA(t+s) = eAt eAs (2.14)

for all t, s ∈ C. In particular, taking s = −t, we see that

1 = eAte−At,

so eAt is always invertible and its inverse is e−At.
(2) If A and B commute (i.e., AB = BA), then in the product

of two exponentials we can rearrange the factors. Therefore,
we have

eA+B = eA eB if AB = BA. (2.15)

Note that this equation does not hold if A and B do not
commute because on the right hand side all powers ofA comes
to the left and all powers of B to the right, whereas on the
left hand side powers of A and B come in all possible orders.

(3) For every invertible matrix S, we have

eS
−1AS = S−1eAS. (2.16)

This follows from (S−1AS)k = S−1AkS, which is easily proved
for all k.

One more interesting property of the matrix exponential is given
by the following
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Proposition 2.11. Let A be a square matrix. Then

det eAt = et trA

for every t.

Proof. We consider the function d(t) := det eAt and compute its
derivative. Using (2.14) and the multiplicativity of the determinant—
i.e, property (D.7) on page 27—we have d(t+h) = d(t)d(h). Therefore,
using d(0) = 1, we have

ḋ(t) = lim
h→0

d(t+ h)− d(t)

h
= lim

h→0

d(h)− 1

h
d(t) = ad(t)

with a := ḋ(0). By Proposition 2.3, we then have d(t) = eat. To
complete the proof, we only have to show that a = trA. This can be
done explicitly by using the Leibniz formula (1.7):

det eAh = det(1 + hA+O(h2)) = 1 + h trA+O(h2).

�

We may use the matrix exponential to solve any homogeneous linear
system of ODEs with constant coefficients ẋ = Ax by the same trick we
used in the case of a single equation. Namely, we introduce y := e−Atx.
Differentianting, thanks to (2.13), we get ẏ = e−At(ẋ−Ax). Therefore,
x is a solution to (2.7) iff ẏ = 0, i.e., y = c, where c is a constant
vector. We then get the general solution x(t) = eAtc. We can also
rephrase this as the

Proposition 2.12. The Cauchy problem{
ẋ = Ax
x(0) = x0

for a homogenous linear system of ODEs with constant coefficients has
the unique solution

x(t) = eAtx0. (2.17)

The solution is defined for all t ∈ R.

By the same trick, we may also study the associated nonhomoge-
nous equation (2.6), where b(t) is a (not necessarily constant) map from
an interval to Rn. Namely, we write again y := e−Atx. In this case, x
is a solution to (2.6) iff ẏ = e−At b(t), so we can get y, and hence x,

by integrating e−At b(t). Namely, we have y(t) = c +
∫ t

0
e−As b(s) ds,

where c is a constant vector, and the integral is computed componen-
twise. Therefore, we have the general solution

x(t) = eAtc+

∫ t

0

eA(t−s) b(s) ds. (2.18)
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2.1.4. Computing the matrix exponential. The practical prob-
lem consists in computing the exponential of a given matrix A. The
simplest case is when the matrix A is diagonal, A = D with D as in
(2.10). In fact, we have

Dk =

λk1 . . .

λkn

 ,

so eDt is as in (2.11). This way we recover the solution discussed in
Example 2.8.

Thanks to (2.13), we can also explictly compute the exponential
of a diagonalizable matrix, i.e., a square matrix A that is similar to a
diagonal matrix D. Writing

S−1AS = D

for some invertible matrix S, we get the solution to the associated
Cauchy problem in the form

x(t) = S−1

eλ1t

. . .

eλnt

Sx0,

where λ1, . . . , λn are the diagonal elements of D. In the next sections
we will develop methods to determine the scalars λ1, . . . , λn and the
matrix S, whenever possible.

Remark 2.13. Not every matrix is diagonalizable. Consider, e.g.,
A = ( 0 1

0 0 ). Pick an invertible matrix S = ( a bc d ). Computing S−1 as in
(1.8), we then get

S−1AS =
1

ad− bc

(
dc d2

−c2 −cd

)
.

Since S is invertible, the entries c and d cannot be both zero, so the
right and side cannot be a diagonal matrix.

Digression 2.14. By Digression 2.9, and by (2.13), we can also
explicitly compute the exponential of a matrix that is similar to an
upper triangular matrix. This turns out to be always possible if we
work over complex numbers. (See Section 2.4.)

Example 2.15. Consider again the nondiagonalizable matrix A =
( 0 1

0 0 ). We can compute its exponential explicitly as follows. We easily
see that A2 = 0, which in turn implies An = 0 for all n > 1. Therefore,

eAt = 1 + tA =

(
1 t
0 1

)
.
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This exponential actually solves the problem of the free particle

mẍ = 0,

which is the same as the harmonic oscillator of Example 2.5 but with

k = 0. The coefficient matrix is in this case A =
(

0 1
m

0 0

)
, i.e., 1

m
times

the matrix considered above. In this case, we have

eAt = 1 + tA =

(
1 t

m
0 1

)
.

The solution to the Cauchy problem is then(
x(t)
p(t)

)
= eAt

(
x0

p0

)
=

(
1 t

m
0 1

)(
x0

p0

)
=

(
x0 + t

m
p0

p0

)
.

This yields the usual formula

x(t) = x0 +
p0

m
t.

2.2. Diagonalization of matrices

Suppose A is diagonalizable, i.e., S−1AS = D for some invertible
matrix S and a diagonal matrix D. If λi is the ith diagonal entry of
D, then we have Dei = λiei. Denoting by vi the ith column of S, i.e.,
vi = Sei, we get

Avi = ASei = SDei = λiSei = λivi.

This motivates the following

Definition 2.16 (Eigenvectors and eigenvalues). A nonzero vector
v is called an eigenvector of a square matrix A if there is a scalar λ,
called the eigenvalue to the eigenvector v, such that

Av = λv. (2.19)

We then have the

Theorem 2.17. A square matrix is diagonalizable iff it admits a
basis of eigenvectors.

Proof. If S−1AS = D is diagonal, then, by the above discussion,
the vectors vi = Sei are eigenvectors. They are a basis because S is
invertible. (Note that S defines the change of basis from the standard
basis (e1, . . . , en) to the basis (v1, . . . ,vn).)

On the other hand, if (v1, . . . ,vn) is a basis of eigenvectors, we
define S as the matrix whose ith column is vi. It is invertible by
property (D.9) on page 27. We then have

Dei = DS−1vi = S−1Avi = λiS
−1vi = λiei,
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which shows that D is diagonal with diagonal entries λ1, . . . , λn. �

Remark 2.18 (Linear systems of ODEs). Back to our problem
ẋ = Ax, assuming we have a basis of eigenvectors (v1, . . . ,vn) of A,
we have the expansion x(t) = ξi(t)vi, with uniquely determined scalars

ξ1(t), . . . , ξn(t) for each t. The system then becomes ξ̇1 = λ1ξ
1, . . . ,

ξ̇n = λnξ
n, which is solved by ξi(t) = eλitξi0, with (ξ1

0 , . . . , ξ
n
0 ) the

components of the expansion of x0: x0 = ξi0vi. Therefore, we get the
unique solution to the Cauchy problem in the form

x(t) =
n∑
i=1

eλitξi0vi. (2.20)

Remark 2.19 (Choice of field). For our application to linear sys-
tems of ODE we assume A to have real (or complex) entries. On the
other hand, the general problem of diagonalization, Theorem 2.17, and
the rest of the discussion make sense for every ground field.

Now note that we can rewrite the eigenvector equation (2.19) as
(A− λ1)v = 0. This shows the following

Lemma 2.20. A scalar λ is an eigenvalue of the square matrix A
iff A− λ1 is not invertible.

Proof. A−λ1 is invertible iff its kernel is different from zero. This
happens iff there is a nonzero vector v such that (A− λ1)v = 0. �

It follows, from property (D.8) on page 27, that the eigenvalues
of A are precisely the solutions to det(A − λ1) = 0. This motivates
considering the function

PA := det(A− λ1).

If A is an n × n matrix, by the Leibniz formula (1.7) we see that PA

is a polynomial of degree n,

PA = b0λ
n + b1λ

n−1 + · · ·+ bn.

In particular, b0 = (−1)n, b1 = (−1)n−1 trA, and bn = detA.

Definition 2.21 (Characteristic polynomial). The polynomial PA

is called the characteristic polynomial of the square matrix A.

We may summarize the previous discussion as the

Proposition 2.22. The eigenvalues of a square matrix are the
roots of its characteristic polynomial.
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In the quest for the diagonalization ofA, we first compute its eigen-
values by this proposition. Next, we proceed to the determination of
its eigenvectors. That is, for each root λ of the characteristic polyno-
mial of A, we consider the system Av = λv of n linear equations (with
unknown the components v1, . . . , vn of the vector v). We know that
this system has nontrivial solutions because A− λ1 is not invertible.

Note that for every eigenvalue there are infinitely many eigenvec-
tors. For example, if v is a λ-eigenvalue, then so is av for every scalar
a 6= 0. More generally, if v1 and v2 are λ-eigenvalues, then so is any
nonzero linear combination of them.

In order to diagonalize a matrix, we have to determine all its eigen-
values, but there is no need to find all the corresponding eigenvectors:
it is enough to find a basis of eigenvectors (if possible).

Example 2.23. Let A = ( 0 b
c 0 ). Its characteristic polynomial is

PA = det
( −λ b

c −λ
)

= λ2 − bc. Assuming bc > 0, we have the two real

distinct roots λ± = ±
√
bc. The eigenvector equation Av = λ+v is

then the system {
bv2 =

√
bc v1

cv1 =
√
bc v2

The first equation yields the relation v2 =
√

c
b
v1. The second equation

does not yield any new independent condition (this is a consequence of
A−λ+1 being not invertible). Therefore, we have a 1-parameter family
of solutions (we can choose v1 ∈ R as the parameter). For example, for

v1 = 1 we have the eigenvector v+ =
(

1√
c
b

)
. A similar computation

yields the eigenvector v− =
(

1
−
√

c
b

)
to the eigenvalue λ−.2 One can

easily check that (v+,v−) is a basis of R2. The transformation matrix
and its inverse are then

S = (v+ v−) =

(
1 1√
c
b
−
√

c
b

)
, S−1 =

1

2

1
√

b
c

1 −
√

b
c

 .

One can then explicitly verify that S−1AS =
(√

bc 0

0 −
√
bc

)
.

2If b and c are both positive, we could also pick v1 =
√
b, getting v2 =

√
c and

v± =
( √

b
±
√
c

)
.
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Example 2.24. Consider the matrix A of (2.9) associated to a
homogenous nth-order linear ODE with constant coefficients as in Ex-
ample 2.6. It is a good exercise to show that in this case

PA = (−1)n(λn + a1λ
n−1 + · · ·+ an−1λ+ an).

Therefore, the characteristic equation PA = 0 may be obtained from
(2.8) by formally substituting λk to x(k) for k = 0, . . . , n. Equivalently,
it may be obtained by inserting into (2.8) the ansatz x(t) = eλt.

To be sure that the roots of the characteristic polynomial exist, we
assume from now that we work over C and make use of the

Theorem 2.25 (Fundamental theorem of algebra). A nonconstant
complex polynomial has a root. As a consequence, it splits into a prod-
uct of linear factors.

The characteristic polynomial PA of a complex n × n matrix A
factorizes as

PA = (−1)n (λ− λ1)s1 · · · (λ− λk)sk ,
where λ1, . . . , λk are the pairwise distinct roots of PA. Note that k ≤ n.
The exponent si is called the algebraic multiplicity of λi. Note that we
have s1 + · · ·+ sk = n.

Remark 2.26 (Linear systems of ODEs). The coefficient matrix A
of a linear system of ODEs is usually assumed to be real, and we are
interested in a real solution x(t). The trick is to regard A as a complex
matrix; assuming it then to be diagonalizable, we may find a basis of
eigenvectors and proceed as in Remark 2.18. The unique solution to
the Cauchy problem is still given by (2.20), i.e.,

x(t) =
n∑
i=1

eλitξi0vi,

where now the λis, ξ
i
0s, and vis may be complex. If the initial condition

x0 is real, then the unique solution is also real, which ensures that the
sum of complex vectors on the right hand side of (2.20) yields a real
vector. It is always possible to rearrange this sum of complex exponen-
tials times complex vectors into a real sum involving real exponentials
and trigonometric functions as we explain in the next example and,
more generally, in Section 2.2.1.

Example 2.27 (Harmonic oscillator). In the Example 2.5 of the

harmonic oscillator, we have A =
(

0 1
m

−k 0

)
. The characteristic polyno-

mial is

PA = det(A− λ1) =

(
−λ 1

m
−k −λ

)
= λ2 + ω2
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with ω :=
√

k
m

. The complex eigenvalues are then ±iω. To find the

eigenvectors, we then study first the equation Av = iωv. Writing
v = ( ab ), we get the equation

b

m
= iωa

(with the second equation in the system a multiple of this one). By
choosing a = 1, we get the eigenvector v = ( 1

imω ). Similarly, one sees
that v̄ = ( 1

−imω ) is an eigenvector for −iω. (This is a general fact: if
v is an eigenvector with eigenvalue λ for a real matrix A, then v̄ is
an eigenvector for λ̄; this follows from taking the complex conjugation
Av̄ = λ̄v̄ of the equation Av = λv. See also Remark 2.36.) Since
(v, v̄) is a basis of C2, the matrix A is diagonalizable. The general real
solution x of the associated linear system of ODEs has then the form

x(t) = zeiωt

(
1

imω

)
+ z̄e−iωt

(
1

−imω

)
for some complex constant z. In particular, the first component is

x(t) = zeiωt + z̄e−iωt = A cos(ωt+ α)

if we write z = A
2
eiα.

Remark 2.28. Note that a nonzero vector cannot be the eigenvec-
tor of two different eigenvalues. In fact, if Av = λv and Av = µv, we
get by taking the difference that (λ − µ)v = 0. If λ 6= µ, we then get
v = 0.

Another important observation is the following

Lemma 2.29. A collection (v1, . . . ,vm) of eigenvectors of an n ×
n matrix A corresponding to pairwise distinct eigenvalues is linearly
independent.

Proof. Suppose
∑m

i=1 αivi = 0. Pick k ∈ {1, . . . ,m}. If we apply∏
j 6=k(A− λj1) to the sum, all the terms with i 6= k are killed. On the

other hand, ∏
j 6=k

(A− λj1)vk =
∏
j 6=k

(λk − λj)vk.

Therefore, αk
∏

j 6=k(λk − λj)vk = 0. Since vk 6= 0 and λj 6= λk for all

j 6= k, we get αk = 0. Repeating this argument for each k ∈ {1, . . . ,m},
we see that every αk has to vanish. �

This immediately implies the following useful criterion.
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Proposition 2.30. If the n × n matrix A has n pairwise distinct
eigenvalues, then it is diagonalizable.

Proof. Let λ1, . . . , λn be the pairwise distinct eigenvalues of A.
Choose an eigenvector vi for each eigenvalue λi. By Lemma 2.29 this
is a basis. �

To study the diagonalization procedure in general, we need the
following

Definition 2.31. Let λ be an eigenvalue of A. The space

Eig(A, λ) := ker(A− λ1)

is called the eigenspace of A associated with λ.3 The dimension

d := dim Eig(A, λ)

is called the geometric multiplicity of λ.

Remark 2.32. One can show that d ≤ s for every eigenvalue, where
s is the algebraic multiplicity and d is the geometric multiplicity. (We
will prove this as Corollary 2.52 in Section 2.4.1.)

We have the following generalization of Proposition 2.30.

Theorem 2.33. Let λ1, . . . , λk be the pairwise distinct eigenvalues
of the n × n matrix A and let di denote the geometric multiplicity of
λi. Then A is diagonalizable iff d1 + · · · + dk = n. In this case, we
have

Kn = Eig(A, λ1)⊕ · · · ⊕ Eig(A, λk).

Proof. We use the criterion of Remark 1.22 to show that the sum
Eig(A, λ1) + · · ·+ Eig(A, λk) is direct.

Suppose we have v1+· · ·+vk = 0, vi ∈ Eig(A, λi). If some of the vis
were different from zero, then we would have a zero linear combination
of eigenvectors corresponding to pairwise distinct eigenvalues, which is
in contradiction with Lemma 2.29. Therefore, the zero vector has a
unique decomposition and the sum is direct.

By (1.2), the direct sum Eig(A, λ1)⊕· · ·⊕Eig(A, λk) has dimension
d1 + · · · + dk. By Proposition 1.49, it is then the whole space Kn iff
d1 + · · ·+ dk = n.

In this case, for i = 1, . . . , k let (vi,j)j=1,...,di be a basis of Eig(A, λi).
By Remark 1.51, the union of these bases is a basis of the whole space.
Since every vi,j is an eigenvector, A is then diagonalizable by Theo-
rem 2.17. �

3In principle we may define Eig(A, λ) for any scalar λ. However, if λ is not an
eigenvalue, we have Eig(A, λ) = 0.
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Digression 2.34. By Remark 2.32, one then also has that A is
diagonalizable iff the geometric multiplicity of every eigenvalue is equal
to its algebraic multiplicity.

The procedure for the diagonalization of a square matrix A is then
the following:

Step 1. Find all the pairwise distinct roots λ1, . . . , λk of the charac-
teristic polynomial PA.

Step 2. For every root λi choose a basis of Eig(A, λi) and use it com-
pute the dimension di.

Step 3. If d1 + · · ·+dk = n, then we have found a basis of eigenvectors
and A is diagonalizable.

Remark 2.35. We have seen in Remark 2.13 the example A =
( 0 1

0 0 ) of a nondiagonalizable matrix. Let us see what goes wrong with
the diagonalization procedure. The characteristic polynomial is PA =
detA =

( −λ 1
0 −λ

)
= λ2. We therefore only have the eigenvalue λ = 0,

which comes with algebraic multiplicity 2. An eigenvector ( ab ) must
then satisfy ( 0 1

0 0 ) ( ab ) = 0, i.e., b = 0. The eigenspace of λ = 0 is then
the span of ( 1

0 ), which shows that the geometric multiplicity is 1. In
particular, Eig (( 0 1

0 0 ) , 0) ( C2.

2.2.1. Digression: The real case. Suppose now that A is a real
n×n matrix—e.g., the coefficient matrix of a real system of ODEs. To
proceed, we regard it as a complex matrix. Its eigenvalues may then
be complex numbers.

Remark 2.36. Since PA is in this case a real polynomial, any com-
plex root comes with its complex conjugate root. Therefore, if λ is
not real, we also have a distinct eigenvalue λ̄. Suppose that z ∈ Cn is
an eigenvector to the eigenvalue λ, i.e., Az = λz. By taking complex
conjugation, we get Az̄ = λ̄z̄, so z̄ is an eigenvector to the eigenvalue
λ̄.

Now suppose that A is diagonalizable as a complex matrix. We
want to show that one can find a convenient basis of real vectors associ-
ated to the complex eigenvectors so that we can bringA in a convenient
normal form.

To proceed let us introduce the following notation. We denote by
EigC(A, λ) ⊆ Cn the eigenspace to the eigenvalue λ of A as a complex
matrix. If λ is real, we denote by EigR(A, λ) ⊆ Rn the eigenspace to
the eigenvalue λ of A as a real matrix.

If λ is a real eigenvalue, one can show that dimR EigR(A, λ) =
dimC EigC(A, λ).
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If λ is not real, then we write λ = α+ iβ, with α and β its real and
imaginary parts. Let v be a λ-eigenvector. Then, by Remark 2.36, v̄
is a λ̄-eigenvector. As v and v̄ belong to different eigenspaces, they
are linearly independent. Now let u and w be the real and imaginary
parts of v, i.e., v = u + iw with u and w real vectors. We also have
v̄ = u− iw. Note that (u,w) is a basis of SpanC{v, v̄}. Moreover, we
have

Au = A
v + v̄

2
=
λv + λ̄v̄

2
= αu− βw,

Aw = A
v − v̄

2i
=
λv − λ̄v̄

2i
= βu+ αw.

Therefore, the restriction of A to SpanR{u,w} has the representing
matrix

(
α β
−β α

)
in the basis (u,w).

If we now do this for every nonreal eigenvalue λi = αi+iβi, αi and βi
real, passing from the basis (vi,1, . . . ,vi,di , v̄i,1, . . . , v̄i,di) of EigC(A, λ)⊕
EigC(A, λ̄) to the basis (ui,1,wi,1, . . . ,ui,di ,wi,di), with ui,j andwi,j the
real and imaginary parts of vi,j, we get the

Proposition 2.37. Let A be a real n× n matrix that is diagonal-
izable as a complex matrix. Then there is an invertible real matrix S
such that S−1AS has the block form

λ1

. . .
λr

B1

. . .
Bs


,

where λ1, . . . , λr are the real eigenvalues of A, and the Bjs are 2 × 2
blocks of the form

Bj =

(
αj βj
−βj αj

)
, αj, βj ∈ R,

corresponding each to a pair (λj, λ̄j) of conjugate nonreal eigenvalues.

Remark 2.38. If we want to apply this result to the solution of
linear system of ODEs with constant coefficients, we have to compute
the exponential of t times the block matrix in the proposition. To do
so, it is enough to compute the exponential of each block. For each of
the real eigenvalues, we then simply get the 1× 1 block eλit. For each
block Bj we observe that Bj = αj1 + βj ( 0 1

−1 0 ). By (2.15), we then
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get

eBjt = eαjte( 0 1
−1 0 )βjt.

It is a useful exercise to check that4

e( 0 1
−1 0 )x =

(
cosx sinx
− sinx cosx

)
.

Therefore,

eBjt = eαjt
(

cos(βjt) sin(βjt)
− sin(βjt) cos(βjt)

)
.

This shows that the solution to a linear system of ODEs with constant
coefficients whose coefficient matrix is diagonalizable as a complex ma-
trix can be written in terms of real exponentials and trigonometric
functions as announced at the end of Remark 2.26.

2.3. Diagonalization of endomorphisms

The problem of diagonalization and the results we have discussed
for matrices can be generalized to endomorphisms. We present them
here, also as an occasion to recapitulate what we have seen.

Definition 2.39. An endomorphism F of a vector space V is called
diagonalizable if there is a basis B such that FB is a diagonal matrix.

Note that if v is an element of such a basis, we have v 6= 0 and
Fv = λv for some scalar λ.

Definition 2.40 (Eigenvectors and eigenvalues). A nonzero vector
v is called an eigenvector of an endomorphism F if there is a scalar λ,
called the eigenvalue to the eigenvector v, such that Fv = λv.

We clearly have the

Theorem 2.41. An endomorphism F of V is diagonalizable iff V
admits a basis of eigenvectors of F .

If V is finite-dimensional, by Definition 1.74, we may define the
characteristic polynomial of an endomorphism F as

PF := det(F − λ Id).

We then have the

Lemma 2.42. The eigenvalues of an endomoprhism of a finite-di-
mensional space are the roots of its characteristic polynomial.

4This can either be done by explicit resumming the exponential series or by
solving the harmonic oscillator with k = m = 1.
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We also have the following generalization of Lemma 2.29 (with es-
sentially the same proof).

Lemma 2.43. A collection of eigenvectors of an endomorphism cor-
responding to pairwise distinct eigenvalues is linearly independent.

This implies again the

Proposition 2.44. If an endomorphism of an n-dimensional space
has n pairwise distinct eigenvalues, then it is diagonalizable.

We also associate to an eigenvalue λ of F ∈ End(V ) its eigenspace

Eig(F, λ) := ker(F − λ Id)

and its geometric multiplicity

d := dim Eig(F, λ).

We have Eig(F, λ) ∩ Eig(F, µ) = 0 for λ 6= µ and the following

Theorem 2.45. Let λ1, . . . , λk be the pairwise distinct eigenvalues
of an endomorphism F of an n-dimensional space V and let di denote
the geometric multiplicity of λi. Then F is diagonalizable iff d1 + · · ·+
dk = n. In this case, we have

V = Eig(A, λ1)⊕ · · · ⊕ Eig(A, λk).

If PF splits into linear factor (e.g., if the ground field is C) as

PF = (−1)n (λ− λ1)s1 · · · (λ− λk)sk ,
then si is called the algebraic multiplicity of λi.

Remark 2.46. For every eigenvalue λi, we have di ≤ si. Therefore,
F is diagonalizable iff di = si for every i.

In applications it is often important to diagonalize two different en-
domorphisms at the same time. Of course one has first of all to assume
that each of them is diagonalizable. We say that two diagonalizable
endomorphisms F and G on a vector space V are simultaneously diag-
onalizable if they possess a common basis of eigenvectors.

Proposition 2.47 (Simultaneous diagonalization). Two diagonal-
izable endomorphisms F and G on a vector space V are simultaneously
diagonalizable iff they commute, i.e., FG = GF .

Proof. See Exercise 2.10 �

In the case of matrices, the above proposition reads more explictly
as follows.
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Corollary 2.48. Two diagonalizable matrices A and B com-
mute (i.e., AB = BA) iff there is an invertible matrix S such that
S−1AS = D and S−1BS = D′ where D and D′ are diagonal matri-
ces.

2.3.1. The spectral decomposition. Suppose F ∈ End(V ) is
diagonalizable. If we decompose V = Eig(A, λ1)⊕· · ·⊕Eig(A, λk), we
have, as in every direct sum, a unique decomposition of every v ∈ V
as v = w1 + · · · + wk with wi ∈ Eig(A, λi). We let Pi : V → V be the
linear map that assigns to a vector v its ith component wi. The Pis
are a complete system of mutually transversal projections; i.e.,

P 2
i = Pi ∀i, PiPj = PjPi = 0 ∀i 6= j,

k∑
i=1

Pi = Id .

Since the ith component of a vector is an eigenvector to λi, we have
FPiv = Fwi = λiwi = λiPiv for every v ∈ V . As an identity of maps,
this reads FPi = λiPi. Summing over i, we then get

F =
k∑
i=1

λiPi. (2.21)

The set {λ1, . . . , λk} of the pairwise distinct eigenvalues of F is called
its spectrum and (2.21) is called the spectral decomposition of F .5

2.3.2. The infinite-dimensional case. In Example 2.7, we have
seen that some important PDEs in physics are linear and can be viewed
as linear ODEs on some infinite-dimensional space.

We will not treat this case here in general, but we will consider an
example: the wave equation on a one-dimensional space interval, a.k.a.
the vibrating string. Namely, we want to study the PDE

1

c2

∂2ψ

∂t2
=
∂2ψ

∂x2
,

where the unknown ψ is a function on R× [0, L] 3 (t, x).6 We assume
that the string endpoints are fixed:

ψ(t, 0) = ψ(t, L) = 0 for all t

5This terminology ultimately comes from physics, namely from the fact that the
spectral lines of an atom are computed in quantum mechanics by taking differences
of eigenvalues of a certain endomorphism, the Hamiltonian operator of the electrons
in the atom.

6More generally, we could consider an interval [a, b], but translating it to [0, L],
with L = b− a its length, simplifies the discussion.
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(this models, e.g., the string of a musical instrument). We then intro-
duce the infinite-dimensional vector space

V := {φ ∈ C∞([0, L]) | φ(0) = φ(L) = 0}

and regard ψ as a map R→ V .
The right hand side of the wave equation uses the endomorphism

F := d2

dx2
of V . We now want to find its eigenvectors, i.e., φ ∈ V \ {0}

such that

φ′′ = λφ

for some complex scalar λ. Denoting by ±α the two square roots of λ,
we see that the general solution to this equation is

φ(x) = Aeαx +Be−αx,

where A and B are complex constants. The endpoint conditions φ(0) =
φ(L) = 0 amount to the linear system{

A + B = 0
AeαL + Be−αL = 0

which has a nontrivial solution (B = −A 6= 0) iff the coefficient matrix(
1 1

eαL e−αL

)
is degenerate. Since its determinant is e−αL − eαL, we may

have a nontrivial solution iff e2αL = 1, i.e., α = iπk
L

with k an integer.
The case k = 0 yields φ = 0, which is not an eigenvector. For k 6= 0,

we take A = 1
2i

(and hence B = − 1
2i

), so we have the real eigenvector

φk(x) = sin

(
πkx

L

)
corresponding to the eigenvalue λ = −π2k2

L2 . Note that φ−k = −φk, so
they are not linearly independent. Therefore, we only consider k > 0.

By Lemma 2.43, the collection (φk)k∈Z>0 is linearly independent in
V . Therefore, on the subspace V ′ spanned by this collection, we have
that the set of eigenvalues (a.k.a. the spectrum) is{

−π
2k2

L2
, k ∈ N>0

}
.

If the two initial conditions, ψ|t=0 and ∂ψ
∂t
|t=0, for the wave equation

are linear combinations of the φks, we may then write the unique so-
lution to the Cauchy problem as a linear combination of the φks with
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time-dependent coefficients. In fact, suppose

ψ|t=0 =
∞∑
k=1

bk0φk,

∂ψ

∂t
|t=0 =

∞∑
k=1

vk0φk,

where only finitely many of the bk0s and of the vk0s are different from
zero. We can then consider a solution of the form

ψ =
∞∑
k=1

bkφk,

where the coefficients bk are now functions of time, and the sum is
restricted to the ks for which bk0 6= 0 or vk0 6= 0. The wave equation
then yields separate ODEs for each of these ks, which we can assemble
into the Cauchy problems b̈k = −π2c2k2

L2 bk
bk(0) = bk0

ḃk(0) = vk0

Interestingly, it turns out that one can also make sense of infinite
linear combinations

∑∞
k=1 bk sin

(
πkx
L

)
, where (bk) is a sequence of real

numbers with appropriate decaying conditions for k → ∞. This is
an example of Fourier series. We will return to this in Example ??,
where we will also learn a method to compute the coefficients bk of an
expansion.

2.4. Trigonalization

Even though not every matrix can be diagonalized, it turns out
complex matrices can be brought to a nice upper triangular form. More
precisely, we have the

Theorem 2.49. Let A be a n×n matrix whose characteristic poly-
nomial splits into linear factors (e.g., a complex matrix),

PA = (−1)n (λ− λ1)s1 · · · (λ− λk)sk . (2.22)

Then there is an invertible matrix S such that

S−1AS = D +N ,

where D is a diagonal matrix with the eigenvalues of A as its diagonal
entries, N is an upper triangular matrix with zeros on the diagonal,
and DN = ND.
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Before we prove the theorem, let us see its consequences for the
exponential of a real or complex matrix A (and hence for the associ-
ated system of ODEs). By (2.16), we have that eA = SeD+NS−1. By
(2.15), we have eD+N = eDeN . We already know how to compute the
exponential of a diagonal matrix, so we are only left with the expo-
nential of N . Observe that N applied to a vector whose last k < n
components are equal to 0 yields a vector whose last k+ 1 components
are equal to 0. Therefore, Nn applied to any vector yields the zero
vector. In conclusion, Nm = 0 for all m ≥ n. One says that N is
nilpotent (meaning that it has a vanishing power). It follows that eN

is a finite sum. These results do not change if we multiply A by t, so
we get

eAt = S−1eDt

(
n−1∑
r=0

tr

r!
N r

)
S.

In particular, this means that a solution of the associated system of
ODEs is a combination of exponentials and polynomials.

Also note that eN is an upper triangular matrix with 1s on the
diagonal, so det eN = 1. Therefore, det eAt = det eDt. Since D is
diagonal, we obviously have det eDt = et trD. On the other hand, we
have trA = trD. In conclusion,

det eAt = et trA

for every t. This is a purely algebraic proof of Proposition 2.11. (In
the theorem we assume that PA splits into linear factors, which might
not be the case if A is real. In this case, we can however regard A as
a complex matrix, apply the theorem, and get the last identity; finally,
we observe that both the left and the right hand side are defined over
R.)

2.4.1. Proof of Theorem 2.49. The eigenspace of A associated
with the eigenvalue λ may be viewed as the largest subspace on which
the restriction of A − λ1 is zero. Since we are looking for a basis
in which the representing matrix minus the diagonal matrix with the
eigenvalues as its diagonal entries is nilpotent, we define the generalized
eigenspace associated with the eigenvalue λ as

Ẽig[A, λ] := {v | ∃m ∈ N (A− λ1)mv = 0}.

More precisely, we say that v is a generalized λ-eigenvector of rank
m > 0 if (A − λ1)mv = 0 but (A − λ1)m−1v 6= 0. Note that every

nonzero vector in Ẽig[A, λ] is a generalized λ-eigenvector with a well-
defined rank. In particular, an eigenvector in the original sense is a
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generalized eigenvector of rank 1, so

Eig(A, λ) ⊆ Ẽig[A, λ].

Also observe that A−λ1 applied to a generalized λ-eigenvector of rank
m > 1 yields a generalized λ-eigenvector of rank m− 1.

Finally, note that Ẽig[A, λ] is A-invariant, so also (A− λ1)-invari-

ant. We denote by Nλ the restriction of A− λ1 to Ẽig[A, λ]. By the
definition of generalized eigenspace, Nλ is nilpotent.

Let (v1, . . . ,vd) be a basis of Ẽig[A, λ]. We order the basis in such
a way that the rank of vj is less than or equal to the rank of vj+1 for
j = 1, . . . , d − 1. It follows that Nλ is represented in this basis by
an upper triangular matrix with zeros on the diagonal. Moreover, Nλ

clearly commutes with λ IdẼig[A,λ]. We are then done after proving the

following

Proposition 2.50. Under the assumptions of Theorem 2.49:

(1) the algebraic multiplicity si of λi is equal to the dimension δi
of Ẽig[A, λi] for every i, and

(2) we have the decomposition Kn = Ẽig[A, λ1]⊕ · · · ⊕ Ẽig[A, λk].

In fact, it is enough to choose a basis of each generalized eigenspace,
ordered by rank as above. In the basis of Kn given by the union of these
bases, A is represented by a matrix D +N as in the theorem.7

We start by proving the

Lemma 2.51. The sum Ẽig[A, λ1] + · · ·+ Ẽig[A, λk] is direct.

Proof. We use the criterion of Remark 1.22. Suppose we have

v1 + · · ·+ vk = 0, vi ∈ Ẽig[A, λi].
Suppose, by contradiction, that some vi is different from zero, and

let mi > 0 be its rank. Since wi := (A − λi1)mi−1vi 6= 0 is an eigen-
vector for λi, we have

k∏
j=1

(A−λj1)mj−1vi =
∏
j 6=i

(A−λj1)mj−1wi =
∏
j 6=i

(λi−λj)mj−1wi =: zi.

Since
∏

j 6=i(λi − λj)mj−1 is different from zero, we get that zi 6= 0.

If we now apply
∏k

j=1(A − λj1)mj to v1 + · · · + vk = 0, we get∑
r:vr 6=0 zr = 0. Since the zrs in the sum are also different from zero,

this is in contradiction with Lemma 2.29.

7In particular, the restriction of D to Ẽig[A, λj ] is λj Id
Ẽig[A,λj ]

, whereas the

restriction of N is Nλj
.
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Therefore, the zero vector has a unique decomposition and the sum
is direct.

�

Proof of Proposition 2.50. Note that part (1) of the state-
ment implies part (2) using Lemma 2.51. In fact,

dim(Ẽig[A, λ1]⊕ · · · ⊕ Ẽig[A, λk]) = δ1 + · · ·+ δk = s1 + . . . sk = n,

so the direct sum is the whole space Kn.
Therefore, we will only prove statement (1) by induction on the

dimension n. For n = 1 there is nothing to prove, as in this case

A = (λ) and Ẽig[A, λ] = Eig(A, λ) = K.
Next, we assume we have proved (1), and hence (2), for dimensions

up to n− 1. We pick an i ∈ {1, . . . , k}, denote by Ai the restriction of

A to Ẽig[A, λi], which is A-invariant, and choose a complement W to

Ẽig[A, λi] in Kn. With respect to the decomposition Kn = Ẽig[A, λi]⊕
W , A has the form (

Ai B
0 C

)
,

where B is the composition of the restriction of A to W with the

projection to Ẽig[A, λi] and C is the composition of the restriction of
A to W with the projection to W .

By property (D.11) of the determinant, we have PA = PAi
PC . If

we take a rank-ordered basis of Ẽig[A, λi], we have that Ai is repre-
sented by an upper triangular matrix with diagonal entries equal to λi.
Therefore, by property (D.6), PAi

= (−1)δi(λ − λi)
δi . In conclusion,

PA = (−1)δi(λ− λi)δiPC . Comparing with (2.22), we have that

PC = (−1)dimW (λ− λ1)s
′
1 · · · (λ− λk)s

′
k

with s′j = sj for j 6= i and s′i = si − δi. We claim that s′i = 0, which
in particular implies δi = si. Since this can be done for every i, this
completes the proof of the proposition.

We now prove the claim that s′i = 0. Since dimW < n and PC

splits into linear factors, we may apply the induction hypothesis, so8

W = Ẽig[C, λ1]⊕ · · · ⊕ Ẽig[C, λk].

Consider the space V = Ẽig[A, λi] ⊕ Ẽig[C, λi]. For v in the first

summand, we have Av ∈ Ẽig[A, λi]; for v in the second summand,
we have Av = Bv + Civ, where Ci denotes the restriction of C to

Ẽig[C, λi], which is a C-invariant subspace. Therefore, the restriction

8We actually choose a basis to identify W with KdimW and apply statement
(2) to the representing matrix of C.
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AV of A to V has the following form with respect to the decomposi-
tion:9 (

Ai B
0 Ci

)
.

One easily proves, by induction on r, that

(AV − λi1)r =

(
Ai − λi1 B

0 Ci − λi1

)r
=

(
(Ai − λi1)r Br

0 (Ci − λi1)r

)
for some matrix Br. If v ∈ Ẽig[C, λi] has rank r, we then have (A −
λi1)rv = Brv. Since this is now an element of Ẽig[A, λi], there is an
s such that (A− λi1)sBrv = 0. This means that (A− λi1)r+sv = 0,

i.e., v ∈ Ẽig[A, λi]. Finally, since Ẽig[C, λi] belongs to a complement

of Ẽig[A, λi], the only vector in their intersection is 0. We have thus

proved that Ẽig[C, λi] = 0 and, hence, that s′i = 0. �

Another interesting consequence of part (1) of Proposition 2.50 is
the following result, announced in Remark 2.32.

Corollary 2.52. The geometric multiplicity of every eigenvalue
is less than or equal to its algebraic multiplicity.

Proof. Since Eig(A, λi) ⊆ Ẽig[A, λi], we have dim Eig(A, λi) ≤
δi = si. �

2.5. Digression: The Jordan normal form

By choosing a more suitable basis of each Ẽig[A, λi], the strictly up-
per triangular matrix N of Theorem 2.49 may be put in a “canonical”
form that can be more easily dealt with.

For this we need the notion of a Jordan block (after the French math-
ematician Camille Jordan). For a scalar λ and a positive integer
m, the Jordan block Jλ,m is the m×m upper triangular matrix whose
diagonal entries are equal to λ, the entries right above the diagonal are
equal to 1, and all other entries vanish; e.g.,

Jλ,1 =
(
λ
)
, Jλ,2 =

(
λ 1
0 λ

)
, Jλ,3 =

λ 1 0
0 λ 1
0 0 λ

 ,

9By abuse of notation, we keep writing B, but what appears here is actually

the restriction of B to Ẽig[C, λi].
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and

Jλ,4 =


λ 1 0 0
0 λ 1 0
0 0 λ 1
0 0 0 λ

 .

A Jordan matrix is a block diagonal matrix whose diagonal blocks are
Jordan blocks.

Theorem 2.53. Let A be a matrix as in Theorem 2.49. Then there
is a basis in which A is represented by a Jordan matrix. More precisely,

for each eigenvalue λi, the generalized eigenspace Ẽig[A, λi] has a basis
in which the restriction of A is represented by a Jordan matrix of the
form Jλi,m1

. . .
Jλi,mk

 ,

with 0 < m1 ≤ · · · ≤ mk and m1 + · · ·+mk = si.

To prove the theorem, it is enough to prove the statement for each
generalized eigenspace separately. By definition of generalized eigen-

space, the restriction N i of A−λ1 to Ẽig[A, λi] is nilpotent. It follows
that it is enough to prove the following

Proposition 2.54. Let N be a nilpotent operator on an n-dimen-
sional vector space V . Then there is a basis of V in which N is repre-
sented by a Jordan matrix of the formJ0,m1

. . .
J0,mk

 ,

with 0 < m1 ≤ · · · ≤ mk and m1 + · · ·+mk = n.

To prove the proposition, we need some preliminary remarks. The
first remark is that a nilpotent operator is not invertible, so it has a
nonzero kernel.

We say that a vector v in V has rank m > 0 if Nmv = 0 but
Nm−1v 6= 0. For a vector v of rank m we define

vj := Nm−jv

for j = 1, . . . ,m. The vectors v1, . . . , vm are called a Jordan chain (note
that vm = v and that v1 is in the kernel of N). We denote by Jor(v)
their span:

Jor(v) := Span{v1, . . . , vm}.
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The next remark is that Jor(v) is N -invariant and that the vectors
v1, . . . , vm form a basis. That they generate Jor(v) is obvious by def-
inition, so we only have to check that they are linearly independent.
Suppose αivi = 0 for some scalars α1, . . . , αm. Applying Nm−1 to this
linear combination yields αmNm−1v = 0, which implies αm = 0. If we
then apply Nm−2 to the linear combination, knowing that αm = 0 we
get αm−1Nm−1v = 0 which implies αm−1 = 0, and so on. In particular,
this shows that dim Jor(v) = m.

The final remark is that, by construction, the restriction of N to
Jor(v) in the basis (v1, . . . , vm) is represented by the Jordan block J0,m.

The strategy to prove Proposition 2.54 consists then in decomposing
V into spans of Jordan chains.

Note that the vector v of rank m we started with to define Jor(v)
might be in the image of N , say, v = Nw. In this case, we may extend
the Jordan chain Jor(v) to the Jordan chain Jor(w) ) Jor(v) (note
that wi = vi for j = 1, . . . ,m and that wm+1 = w). If v is not in the
image of N , we say that v1, . . . , vm is a maximal Jordan chain and that
v is a lead vector for it. Proposition 2.54 is then a consequence of the
following

Lemma 2.55. Let N be a nilpotent operator on an n-dimensional
vector space V . Then there is a collection v(1), . . . , v(k) of lead vec-
tors10 of ranks m1, . . . ,mk, respectively, such that V = Jor(v(1))⊕· · ·⊕
Jor(v(k)).

Note that we may arrange the lead vectors v(1), . . . , v(k) so that
0 < m1 ≤ · · · ≤ mk as in Proposition 2.54.

Proof of the lemma. We prove the lemma by induction on the
dimension n of V . If n = 0, there is nothing to prove.

Next, assume we have proved the lemma up to dimension n − 1.
Let W ⊆ V be the image of N . Note that W is N -invariant. By the
dimension formula (1.4), we have dimW = n − dim kerN < n, since
N has nonzero kernel, so we can apply the induction assumption to
W . Namely, we can find vectors v(1), . . . , v(k) in W such that W =
Jor(v(1))⊕ · · · ⊕ Jor(v(k)). (The v(i)s are lead vectors in W but not in
V .)

We now have two cases to consider. The first case is when W ∩
kerN = 0.11 In this case V = W ⊕ kerN . A basis (z(1), . . . , z(l)) of
kerN produces the decomposition kerN = Jor(z(1)) ⊕ Jor(z(l)) (note

10We write v(i) for the lead vectors and v(i),j for the vectors in the corresponding

Jordan chain.
11This case in particular happens when n = 1.
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that Jor(z(i)) = Kz(i), for z(i) is in the kernel of N). This concludes the
proof in this case.

The other case is when W ∩kerN 6= 0. Let W ′ be a complement of
W + kerN in V . In particular, the restriction of N to W ′ is injective.
Therefore, we have uniquely determined w(1), . . . , w(k) in W ′ satisfying
v(i) = Nw(i) for i = 1, . . . , k.

We claim that (w(1), . . . , w(k)) is a basis of W ′. This completes the
proof of the lemma, since it yields the decomposition V = Jor(w(1))⊕
· · · ⊕ Jor(w(k))⊕ Jor(z(1))⊕ Jor(z(l)), where (z(1), . . . , z(l)) is a basis of
a complement of W in W + kerN .

To prove the claim, take some v in W ′. We have to show that it
has a unique decomposition in w(1), . . . , w(k). Since Nv is in W , we
may expand it in the basis (N jiv(i))i=1,...,k, ji=0,...,m′i−1, where m′i is the
rank of v(i) in W . Note that all these vectors but v(1), . . . , v(k) are
in the image of N2. Therefore, we have uniquely determined scalars
α1, . . . , αk and some vector w such that Nv =

∑
i α

iv(i) +N2w. Setting
ṽ := v −

∑
i α

iw(i), we get Nṽ = N2w, so ṽ − Nw ∈ kerN and hence
ṽ ∈ W + kerN . Since, however, ṽ ∈ W ′, which is a complement of
W + kerN , we get ṽ = 0 and hence v =

∑
i α

iw(i). �

Exercises for Chapter 2
2.1. Applying the formula eAt = SeS

−1AStS−1, compute eAt for A =
( 0 2

8 0 ) using S = ( 1 1
2 −2 ).

2.2. Let A = ( 0 1
−1 0 ).

(a) Compute An for all integers n > 0.
Hint: Distinguish the cases n even and n odd.

(b) Using the above result and writing the exponential series as

eAt =
∞∑
s=0

1

(2s)!
t2sA2s +

∞∑
s=0

1

(2s+ 1)!
t2s+1A2s+1,

show that

eAt =

(
cos t sin t
− sin t cos t

)
.

Hint: Use the series expansions of sin and cos.

2.3. Let A = ( 1 0
0 −1 ) and B = ( 0 1

0 0 ). Compute eAt, eBt, eAteBt, eBteAt,
and e(A+B)t. (Hint: Proceed as in the previous exercise.)
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2.4. Determine the characteristic polynomial of the following matrices,
and find their eigenvalues and a basis of eigenvectors:

A =

(
2 1
1 2

)
, B =

0 1 0
1 0 1
0 1 0

 , C =

 1 −1 −1
−1 3 −1
−1 −1 3

 .

2.5. Let A =

(
2 1
2 3

)
.

(a) Find the similarity transformation that diagonalizes A, i.e.,
find a matrix S such that S−1AS = D is a diagonal matrix
and compute D explicitly.

(b) Using your results just obtained, find the solution to the Cauchy
problem given by

dx

dt
= Ax, x(0) =

(
1
0

)
.

2.6. In this exercise we prove that PA(A) = 0 for any 2× 2 matrix,12

where PA(λ) is the characteristic polynomial of A in λ. For this
we can proceed as follows:
(a) Show that for any 2× 2 matrix A the characteristic polyno-

mial can be written as

PA(λ) = λ2 − tr(A)λ+ det(A).

(b) We will now interpret it as a polynomial in the matrix A.
Show that

A2 − tr(A)A+ det(A) 1 = 0.

2.7. Let J be an endomorphism of V satisfying J2 = id.
(a) Show that λ = ±1 are the only possible eigenvalues of J .
(b) Using

v =
v + Jv

2
+
v − Jv

2
,

show that J is diagonalizable.

12The result actually holds for matrices of any size and is known as the Cayley–
Hamilton theorem.
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2.8. Motivated by the study of the vibrating string where the endpoints
are free to slide frictionless in the vertical direction, we consider
the endomorphism F := d2

dx2
of the vector space

V := {φ ∈ C∞([0, `]) | φ′(0) = φ′(`) = 0}.

Find all eigenvalues of F and a corresponding linearly independent
system of eigenvectors.

2.9. Let

A =

 5 −1 −2
−1 5 2
0 0 6

 .

(a) Find all eigenvalues of A.
(b) Find linearly independent eigenvectors corresponding to all

eigenvalues.
(c) Find an invertible matrix S such that S−1AS is upper trian-

gular.
Hint: Find an appropriate basis for each generalized eigen-
space.

2.10. The goal of this exercise is to show that two diagonalizable en-

domorphisms F and G on a vector space13 V are simultaneously
diagonalizable—i.e., possess a common basis of eigenvectors—iff
they commute—i.e., FG = GF .
(a) Assume that F and G have a a common basis of eigenvectors.

Show that they commute.
(b) Now assume that F and G commute.

(i) Show that every eigenspace of F is G-invariant.
(ii) Let (λ1, . . . , λk) be the pairwise distinct eigenvalues of

F . Let v be an eigenvector of G with eigenvalue µ. Let
v = v1 + · · ·+ vk be the unique decomposition of v with
vi ∈ Eig(F, λi). Show that Gvi = µvi for every i.
Hint: Use point (a) and the uniqueness of the decompo-
sition.

(iii) Show that Eig(G, µ) =
⊕k

i=1(Eig(F, λi) ∩ Eig(G, µ)).14

Hint: Use point (b).

13For notational simplicity, we assume V to be finite-dimensional.
14Some of these intersections might be the zero space.
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(iv) Conclude that

V =
⊕

i=1,...,k
j=1,...,l

Eig(F, λi) ∩ Eig(G, µj),

where (µ1, . . . , µl) are the pairwise distinct eigenvalues
of G.

(v) Conclude that F and G have a common basis of eigen-
vectors.
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