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Abstract. We study the automorphic Green function grp on quotients of the hyperbolic
plane by cofinite Fuchsian groups I', and the canonical Green function gr¢™ on the stan-
dard compactification X of such a quotient.

We use a limiting procedure, starting from the resolvent kernel, and lattice point
estimates for the action of I' on the hyperbolic plane to prove an “approximate spectral
representation” for grp. Combining this with bounds on Maaf forms and Eisenstein series
for I', we prove explicit bounds on grp. From these results on gri- and new explicit bounds
on the canonical (1,1)-form of X, we deduce explicit bounds on gri@".

1. Introduction and statement of results

1.1. Automorphic Green functions

Let H= {z € C | 3z > 0} be the hyperbolic plane, and let T be a cofinite Fuchsian group. The
automorphic Green function grp for the Laplace operator Ar on I'\H is an important object in
the theory of automorphic forms. The first goal of this paper is to study grp quantitatively, and
in particular to obtain explicit upper and lower bounds. One result that can be stated without
introducing too much notation is the following corollary of Theorem 5.1. The function u(z, w) is the
hyperbolic cosine of the hyperbolic distance, and Ls(z,w), defined in (2.2) below, is a real-valued
function outside the diagonal on H x H with a logarithmic singularity of the form —% log |z — w]
as z — w.

Theorem 1.1. Let T'y be a cofinite Fuchsian group, let Yy be a compact subset of T'o\H, and let
0 > 1 and n > 0 be real numbers. There exist real numbers A and B such that the following holds.
Let T' be a subgroup of finite index in T'g such that all non-zero eigenvalues of —Ar are at least 7).
Then for all z,w € H whose images in I'g\H lie in Yy, we have

A<grp(z,w)+ Y Ls(z,yw) < B.

yel
u(zyw)<s

1.2. Canonical Green functions

Every compact connected Riemann surface of positive genus has a canonical Green function grg™.
This is a fundamental object in the intersection theory on arithmetic surfaces developed by
Arakelov [1], Faltings [8] and others, where it is used to define local intersection numbers of
horizontal divisors at Archimedean places.

Let X be the standard compactification of I'\H obtained by adding the cusps. We assume
that X has positive genus. The second goal of this paper is to derive explicit bounds on gr¢" from
our bounds on grp. The following theorem illustrates our results. For simplicity, we only give an
upper bound; see Theorem 7.1 for more precise results.

Theorem 1.2. Let I be a congruence subgroup of level n of SLa(Z) such that the compactifica-

tion X of T\H has positive genus. Then the canonical Green function gr@" satisfies

sup gré® < 1.6 - 10* 4+ 7.7n + 0.088n2.
XxX
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1.3. Overview

In Sections 2 and 3, we collect the necessary results about Fuchsian groups, making them more
explicit where necessary. In Section 4, we give a construction of the automorphic Green function grp
involving the resolvent kernel and use this to “sandwich” gr (with the logarithmic singularity
removed) between two functions that, unlike grp itself, admit spectral representations. In Section 5,
we bound these functions in a way that lends itself to explicit evaluation, obtaining results implying
Theorem 1.1. We then extend our bounds on grp(z,w) to the case where Yy is obtained by cutting
out discs around the cusps in I'o\H and where one or both of z and w lie in such a disc.

Let X be the compactification of I'\H; we assume that X has positive genus. We give
new explicit bounds on the canonical (1,1)-form of X in Section 6 and on the canonical Green
function gri@" in Section 7. We apply our results to congruence subgroups of SL2(Z) in Section 8.
Finally, a number of bounds on Legendre functions that we will need have been collected in an
appendix.

1.4. Remarks

Our results are valid for any cofinite Fuchsian group, although we are motivated by the case of
arithmetic groups, and in particular congruence subgroups of SLs(Z). Bounds on the canonical
Green functions of the modular curves X;(n), i.e. in the case I' = I';(n), are relevant to recent
work of Edixhoven, Couveignes et al. [5] and of the author [3], where Arakelov theory is employed
to obtain a polynomial-time algorithm for computing Galois representations attached to Hecke
eigenforms over finite fields.

This article may be compared with earlier work of Jorgenson and Kramer on bounding canon-
ical and automorphic Green functions of compact Riemann surfaces [14, especially Theorem 4.5].
Jorgenson and Kramer consider compact Riemann surfaces X of genus at least 2, which are of
the form X = I'\H for a cofinite Fuchsian group I without elliptic and parabolic elements. They
obtain bounds on the automorphic Green function by comparing it to the heat kernel on X. They
also find an interesting expression for the canonical Green function in terms of data associated to
the hyperbolic metric. The work of Jorgenson and Kramer will be generalised to cofinite Fuchsian
groups with parabolic elements by A. Aryasomayajula in his forthcoming thesis [2].

Our method starts likewise with comparing grp to a kernel that can be written as a sum
over I'. However, the subsequent arguments are rather different and altogether less involved. Let
us note some of the differences. First, we allow arbitrary cofinite Fuchsian groups, which is the
natural setting for modular curves. Second, the procedure that we apply in §4.1 to construct grp
as a limit of a family of kernels K, for a — 1 leads to bounds that are independent of the specific
family. We take K, to be the resolvent kernel with parameter ¢ — 1, but the heat kernel with
parameter ¢ — oo could have been used with the same result; see [3, §11.5.2]. Finally, our bounds
are much easier to make explicit than those in [14]; this is illustrated in Section 8.

Acknowledgements. Part of this paper was written during a stay at the Max-Planck-Institut fiir
Mathematik in Bonn; I am grateful for its hospitality. I thank Ariyan Javanpeykar for comments
on an earlier version. The computations outlined in Section 8 were carried out using PARI/GP [17].

2. Fuchsian groups and Green functions

2.1. Hyperbolic geometry

The hyperbolic plane H is the unique two-dimensional, complete, connected and simply connected
Riemannian manifold with constant Gaussian curvature —1. We identify H with the complex
upper half-plane; this gives H a complex structure. In terms of the standard coordinate z = x + 1y,
the Riemannian metric is

dzdz dz? + dy?

(S22 y?

and the associated volume form is

_idzANdz  dx Ndy
PTG T
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Instead of using the geodesic distance r(z,w) on H directly, we use the more convenient function

u(z,w) = coshr(z,w)

|2 — w|?
2(32)(Sw)
Let A denote the Laplace—Beltrami operator on H, given by
2092 2
A =y*(0; +0,).

The Green function for A is the unique smooth real-valued function gry; outside the diagonal
on H x H satisfying

gry(z,w) = %log |z —w|+0(1) asz— w,
Agry( ,w) =146, forallweH,
gri(z,w) = O(u(z,w)™) as u(z,w) — oo,
where A is taken with respect to the first variable. It is given by
gru(z, w) = —L(u(z, w)),

where
1 1 u—+1

Tar L1

(2.1)

For later use, we define
Ls(z,w) = L(u(z,w)) — L(6) for § > 1 and z,w € H. (2.2)

The group SL2(R) acts on H by isometries. Under the identification of H with the complex
upper half-plane, this action on H is the restriction of the action on P!(C) by Mébius transforma-
tions. Elements of SL2(R)\ {£1} are classified according to their fixed points in P1(C) as elliptic
(two conjugate fixed points in P1(C) \ P*(R)), parabolic (a unique fixed point in P*(R)), and
hyperbolic (two distinct fixed points in P*(R)).

2.2. Fuchsian groups

A Fuchsian group is a discrete subgroup of SLy(R). A Fuchsian group T is cofinite if T\H has
finite volume with respect to the measure induced by . We will exclusively consider cofinite
Fuchsian groups, and for such a group I' we write

volr = / jis
N\H

Let T be a cofinite Fuchsian group. We define the quotient T'\H in a stack-like way. The terms
smooth function on T\H and smooth T'-invariant functions on H will have the same meaning.
Furthermore, the value of an integral over I'\H is 1/#(I' N {£1}) times the integral over the
corresponding Riemann surface. This implies that if f is a I'-invariant function on H and IV is a
subgroup of finite index in I, then

/ S =(T:T')- frg
I'\H r\H

Furthermore, this definition justifies the method of “unfolding”: if f is a smooth function with
compact support on H and F is the function on T'\H defined by

F(z) =Y f(v2),

yel

[ Fu= [ fom.
H H

Let X be the standard compactification of T\H. It is useful to keep in mind that the space
of cusp forms of weight 2 for I", the space of holomorphic differentials on X, and the space of
holomorphic differentials on the coarse moduli space of X are all isomorphic. We write g, for
the dimension of these spaces, and call it the genus of X. To avoid any subtleties, the reader
can restrict himself to groups containing neither —1 nor any elliptic elements and with all cusps
regular, such as I';(n) for n > 5.

then



2.3. Cusps

Let I" be a cofinite Fuchsian group. The cusps of I" correspond to the conjugacy classes of non-
trivial maximal parabolic subgroups in I'. Every such subgroup has a unique fixed point in P1(R).
Let ¢ be a cusp of I'. We choose a representative I'; of the corresponding conjugacy class and an
element o, € SLy(R) such that o.00 € PY(R) is the unique fixed point of I', in P!(R) and such
that

{#F1}o Teoe = (£1}{(5 1) | b € Z}.

Such a o, exists and is unique up to multiplication from the right by a matrix of the form :t(é f)
with « € R; see Iwaniec [12, §2.2]. We define
¢H—C

2+ exp(2mio; 1 z)

and
ye: H — (0, 00)

1
2 Qo tz = _ D8 1eE)] ‘2%(2)'.
Y

For all v € T', we write

b
c = .f _1 c: a .
can =l itoctin = (0 })

Then we have
Fc={yeT|Cy) =0}
It is known that the set {C.(y) | v € ',y € T'.} is bounded from below by a positive number, and

that if € is a real number satisfying the inequality

0 < e < min Cc(y), (2.3)
~el’
€T

then for all z € H and v € I one has the implication
Ye(z) > 1/e and yc(yz) > 1/e = ~€T..
For any e satisfying (2.3), the image of the strip
{z+iy|0<z<landy>1l/e} CH
under the map
HH —T\H

is an open disc D.(¢) around ¢, and the map ¢, induces a chart on T'\H identifying D.(e) with
the punctured disc {z € C | 0 < |z| < exp(—27/€)}. A compactification of I'\H can be obtained
by adding a point for every cusp ¢ in such a way that g. extends to a chart with image equal to
the disc {z € C | |z| < exp(—27/¢)}. Let D.(e) denote the compactification of D (e) obtained by
adding the boundary D, (¢) in I'\H and the cusp c.

Remark. Let us fix a point w € H and write I, for the stabiliser of w in I'. The behaviour of
grp(z,w) as z — w is

T
grp(z,w) = #2 “log |z — w| as z — w.
T

Furthermore, the behaviour of grp(z, w) as z moves toward a cusp ¢ of I is

1
grp(z,w) = ol logyc(z) + O(1) as yc(z) — oo.



2.4. The automorphic Green function
Let I' be a cofinite Fuchsian group. The restriction of the Laplace operator A to the space of smooth
and bounded functions on I'\H can be extended to an (unbounded, densely defined) self-adjoint
operator on the Hilbert space L?(I"\H), which we denote by Ar.

The operator Ar is invertible on the orthogonal complement of the constant functions in the
following sense: there exists a unique bounded self-adjoint operator Gr on L?(T'\H, ;) such that
for all smooth and bounded functions f on T'\H the function Gr f satisfies

1
ArGrf=f——— [ fug and / Gr fiigg = 0.
volr Jr\u r\H

There exists a unique function grp on I'\H x T'\H that satisfies grp(z, w) = grp(w, z), is smooth
except for logarithmic singularities at points of the form (z,+z), and has the property that if f is
a smooth and bounded function on T'\H, then the function Grf is given by

Grif(z) = / o B ).

The function grp is called the automorphic Green function of the Fuchsian group I'.

2.5. The canonical (1,1)-form

Let X be a compact connected Riemann surface of genus g, > 1. The C-vector space Q'(X) of
global holomorphic differentials on X has dimension g, and is equipped with the inner product

The canonical (1,1)-form on X is

where B is any orthonormal basis of Q!(X) with respect to ( , ). The form p$" is independent

of the choice of B.

Let us now assume that X is (the coarse moduli space associated to) the compactification of
IMH with I a cofinite Fuchsian group. We define a smooth and bounded function Fr on I'\H by
Fr(z) = Y (32)°f(2)1%,

feB
where B is any orthonormal basis for the space of holomorphic cusp forms of weight 2 for I'. The

can

(1,1)-forms pu¢™ and pyy are related by

1
un = L By, (2.4)

9Ix
2.6. The canonical Green function of a Riemann surface

Let X be a compact, connected Riemann surface of positive genus. Let % denote the star operator
on smooth 1-forms, given with respect to any local holomorphic coordinate z = x + iy by
xdx = dy, *dy = —dzx.
If we identify X locally with the hyperbolic plane, the operator dxd sending functions to (1, 1)-forms
is related to the Laplace operator A as follows: if f is any smooth function on X, then
dxdf = Af - g
For every smooth (1, 1)-form a on X, there exists a unique smooth function h, on X such that

d*dha:oz—</ a)ug?“ and /ha,uCXan:O.
b's b's

There exists a unique function gri@” on X x X that satisfies gri@"(z, w) = gr¢®(w, 2), is smooth

except for a logarithmic singularity along the diagonal, and has the property that if « is a smooth
(1,1)-form on X, then the function h, is given by

ha(z) = /EX er¢™ (z, w)a(w).

The function gr¢" is called the canonical Green function of X.



2.7. Comparison of automorphic and canonical Green functions

There is a standard way to relate the automorphic and canonical Green functions, which we will
use to find explicit bounds on the canonical Green function. Let I' be a cofinite Fuchsian group,
and let X be the compactification of I'\H. We define a function hApr:T'\H — R by

he(z) = /w g B ()

1 (2.5)
=— grp(z, w) Fp(w) pg (w).
9x Jwel'\H
By the defining properties of grr, the function hr satisfies
1 1
Ah]" = 7F1" - / FF,UH
9x gx volr Jr\u
1 1
= —rp — ——
X volr
This implies that the canonical Green function gr¢" can be expressed as
B (2vw) = gip(evw) ~ hee) ~ he(w)+ [ heus, (26)
'\H

3. Tools

3.1. The Selberg—Harish-Chandra transform

Let P, denote the Legendre function of the first kind of degree v; see for example Iwaniec [12]equa-
tion 1.43 or Erdélyi et al. [6, §3.6.1].

Let 6:[1,00) — R be a smooth function with compact support. The Selberg—Harish-Chandra
transform, or Mehler—Fock transform, of 8 is defined by

hg(s) =27 /100 0(u)Ps_1(u)du, (3.1)

see for example Iwaniec [12, equation 1.62']. The function 6 can be recovered from hy.
Let f:H — C be an eigenfunction of —A with eigenvalue A = s(1 — s). Then we have

“Af=sl-9)f = [ 6(u(zw)f(w)pr(w) = ho(s) f(2). (3.2)

weH

In particular, taking f = 1, we see that
hg(0) = hg(1) = 27r/ 0(u)du. (3.3)
1

The identity (3.2) holds more generally than just for smooth functions € with compact support; see
Selberg [19, pages 60-61]. It will be enough for us to state a slightly weaker, but more convenient
sufficient condition (cf. Selberg [19, page 72] or Iwaniec [12, equation 1.63]). Let € > 0 and 8 > 1,
and let & be a holomorphic function on the strip {s € C | —e < Rs < 1+¢} such that h(s) = h(1—s)
and such that s + |h(s)||s(1—s)|? is bounded on this strip. Then A is the Selberg-Harish-Chandra
transform of a suitable function 6, and (3.2) holds for the pair (6, h).

More generally, let k be a real number, and let Ay = y*(92 + 92) — ikyd, denote the Laplace
operator of weight k¥ on H. Let #:[1,00) — R be a piecewise smooth function with compact
support. We define

o) (2, w) = (“’ - Z)k/QG(u(z, w)).

Z—w
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Let Ps ) be the generalisation of the Legendre function Ps_;(u) given by Fay [9, §1] (note
that our definition of weight is twice that of [9]):

2 ® k kE u—1

Ps’k(u—"—l) F<52,5+2,1,u—i_1>. (34)

We define the Selberg—Harish-Chandra transform of weight k of the function 6 as
WP (s) = 2m / 0(w) Py (u)du. (3.5)

1
If f is an eigenfunction of —Aj with eigenvalue s(1 — s), then we have
/ 0% (2, w) f(w)dw = h{ (s) £ (2); (3.6)
weH

see Fay [9, Theorem 1.5].
3.2. Automorphic forms

For simplicity, we take k € {0,2} from now on. We write

k/2 k
(k) _ cz+d _ (cz +d) _(a b
'\ (v, 2) (cz+ yi et dfF for ~ ca)€ SLo(R) and z € H.

We recall that an automorphic form (of Maaf§) of weight k for T" is a smooth function f: H — C
with the following properties:

(1) the function f satisfies the transformation formula

f(vz) =W (y,2)f(z) forally el and z € H;

(2) for every cusp ¢ of I, there exists x € R such that |f(2)] = O(y.(2)") as y.(z) — oc.
A cusp form of weight k for I' is a function f satisfying (1) and the following strengthening of (2):
(2") for every cusp ¢ of ' there exists € > 0 such that |f(z)] = O(exp(—ey.z)) as y.(z) — .

Let L2(T'\H, k) denote the Hilbert space of square-integrable automorphic forms of weight k
for I', equipped with the Petersson inner product.
Let 0:[1,00) — R be a smooth function with compact support. Then we have

(%) (7,2) o)

Sy () for all 7 € SLo(R) and z,w € H.

0F) (2, yw) =
Let T be a cofinite Fuchsian group. We define

K (zw) = 0™ (,w)0®) (2,qw). (3.7)
yel’

This function satisfies
k k
Kﬁé(w, z) = Kl(ﬂ";(z,w)

and, for all vy € T,
K vz, w) = v (9, 2) K1) (2, w),

Klgfg (z,yw) = ¥ (4, w)_lKIgfg (z,w).

Now (3.6) implies that if f is an automorphic form of weight k for T" satisfying —Ay f = s(1 —s)f,
then

/ o O @) = 1), (3.8)



3.3. Spectral theory of the Laplace operator for Fuchsian groups

Let T' be a cofinite Fuchsian group. The spectrum of —Ar on L?(I'\H) consists of a discrete part
and a continuous part.
The discrete spectrum consists of eigenvalues of —Ar and is of the form {\;}32, with

0:A0<>\1S)\2§...7 /\j‘)OO&Sj%OO.
Let {qu}‘]?‘;o be a corresponding orthonormal set of eigenfunctions. For each j > 0, we define
s; € C by

Aj = si(1—sj),

with s; € [1/2,1] if \; <1/4. For \; > 1/4, the s; are only determined up to s; <+ 1 — s;.

The continuous part of the spectrum of —Ar is the interval [1/4, c0) with multiplicity equal to
the number of cusps of I'. The continuous spectrum does not correspond to eigenfunctions, but to
“wave packets” constructed from the non-holomorphic Eisenstein series introduced by Maaf [16].
These series are defined as follows: for every cusp ¢ of I' the series

E(z,8) = Z (ye(v2))® (2 € H,s € C with Rs > 1)
'YGFc\F

converges uniformly on sets of the form K x {s € C | s > 0} with K a compact subset of H
and § > 1. In particular, E(z, s) is a holomorphic function of s for $ts > 1. The Eisenstein—Maaf}
series admit a meromorphic continuation and functional equation (Selberg [20]; cf. Faddeev [7, §4],
Hejhal [10, § VI.11 or Appendix F] or Iwaniec [12, Chapter 6]). The function z — E.(z,s), for s
not a pole, satisfies the differential equation

—ArE.( ,8)=s(l—s)E.( ,s).

For s € C with s = 1/2, the Eisenstein-Maa$ series z — E.(z, s) are integrable, but not square-
integrable, on I'\H. In contrast, the “wave packets” mentioned above are square-integrable.

In the remainder of the article, we will often consider integrals over the line s = 1/2. For
this we need an orientation; we fix one by requiring that the map ¢ — 1/2 4 it from R with the
usual orientation to the line s = 1/2 preserves orientations.

It is known (see Iwaniec [12, Theorems 4.7 and 7.3]; cf. Faddeev [7, Theorem 4.1]) that every
smooth and bounded function f:T'\H — C has the spectral representation

- 1
F =3 b+ D [ bl Bl (5:9)

where ¢ runs over the cusps of I and the coefficients b; and b.(s) are given by

b= [ foum and b= [ T .
I\H I\H

The right-hand side of (3.9) converges to f in the Hilbert space L?(T'\H). If in addition the smooth
function Af:T'\H — C is bounded, the convergence is uniform on compact subsets of H.

With regard to these spectral representations, the effect of the operator Gr from the intro-
duction is as follows: if f has the spectral representation (3.9), then Grf has the corresponding
spectral representation

Gufla)==3 iﬂjﬂ@(z) Y » S(bl(f)s)mz s)ds. (3.10)

(Note the absence of the eigenvalue \g = 0.)



There is an analogous result (see Iwaniec [12, Theorem 7.4]) for functions on H x H of the form
> er O(u(z,yw)), where 0:[1,00) — R is a function whose Selberg-Harish-Chandra transform hg
exists and satisfies the conditions of §3.1. In this situation, the function

KyoHxH —R
(z,w) — Ze(u(z,’yw))

yel’

is I'-invariant with respect to both variables and admits the spectral representation

oo

Ko(z,w) = Z ho(sj)p;(2)d;(w) + Z ﬁ /% e he(s)Ec(z,s)E.(w, s)ds, (3.11)

Jj=0

where the expression on the right-hand side converges uniformly to Ky for (z,w) in compact subsets
of T\H x I'\H, and also with respect to the L2-norm in the variable w, uniformly for z in compact
subsets of I'\H.

8.4. A point counting function

We fix a real number U > 1, and define

Oy [1, OO) — R
1 ifu<U; (3.12)

“H{o ifu>U.

From (3.1) and the formula for [ P, (w)dw found in Erdélyi et al. [6, §3.6.1, equation 8], we see
that the Selberg—Harish-Chandra transform of 0y is

hy(s) = 2nV/U2 — 1P Y (V). (3.13)

Here P! is the Legendre function of the first kind of degree v and order u; see [6, §3.2].

Now let I be a cofinite Fuchsian group. We introduce the following point counting function.
For any two points z, w in H and any U > 1, we denote by Np(z,w,U) the number of translates
of w by elements of I lying in a disc around z of radius r given by cosh(r) = U, i.e.

NF(Z’w7U) = #{'V el | u(zv'7w) < U}
=3ty (uz,yw)). (3.14)

yel’

This is I'-invariant in z and w separately.

Lemma 3.1. Let U € [1,3], and let s € C be such that s(1 — s)(U — 1) € [0,1/2]. Then hy(s) is
a real number satisfying
(4r = 8)(U — 1) < hy(s) < 8(U —1).

Proof. This follows from (3.13) and Lemma A.1. O

3.5. Bounds on eigenfunctions

The convergence of the spectral representation (3.11) can be deduced from suitable bounds on the

function
Or:H x [0,00) — [0,00)

(z,\) —> Z |¢j(z)|2+2ﬁ/m=1/2 ’Ec(z,s)’2ds. (3.15)

Ji A <A s(1—s)<A

We will prove a bound on &1 which holds uniformly for all subgroups I' of finite index in a given
cofinite Fuchsian group I'g. This will give a similar uniformity in Section 5.
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Lemma 3.2. Let I' be a cofinite Fuchsian group. Then the function ®r(z, \) satisfies

Br(z,\) < ﬁNp(z, 2,17)\ for all z € H and all A > 1/4.
—

Proof. Let z € H and A > 1/4. We put

1
U=1+—~¢€(1,3].
+5y €(L,3]

From Bessel’s inequality one can deduce (see Iwaniec [12, §7.2]) that
1 2
> o)+ 3 1 [y @B ods < [ NG, U (w)
, i s=1/2 weT\H
Jr A <A ¢ s(1—s)<X
From the definition (3.15) of ®r and the bound hy(s) > (2r—4)/A given by Lemma 3.1, we deduce
)\2
BN S o [ Ve D)
(2m —4)? wel\H "
We rewrite the integral on the right-hand side by partial unfolding as follows [12, page 109]:

/ Ne(z w0, UPpg(w) = 3 / 00 (2,7 0) 0 (2, 7'0) g2 ()
wel\H S rer Jwer\H

> / . Ou (2, w)0u (vz, w) g (w).

ver
The last integral can be interpreted as the area of the intersection of the discs of radius r around
the points z and vz of H, where coshr = U. By the triangle inequality for the hyperbolic distance,
this intersection is empty unless
u(z,vz) < cosh(2r) = 2U% — 1;

furthermore, the area of this intersection is at most 2r(U — 1) = w/A. From this we deduce that
/ Nr(z,w,U)?pg(w) < ENp(z,z,2U2 -1
wel'\H A

Since 2U?2 — 1 < 17, this proves the lemma. O

3.6. The hyperbolic lattice point problem

Let T be a cofinite Fuchsian group. The hyperbolic lattice point problem for I' is the following
question: what is the asymptotic behaviour of the point counting function Nr(z,w,U) from (3.14)
as U — oo? This question has been studied intensively, for example by Delsarte [4], Huber [11,
Satz BJ, Patterson [18, Theorem 2] and Selberg, using spectral theory on I'\H; see Iwaniec [12,
Chapter 12]. We consider functions

67,05:[1,00) - R

of the form
1 ifl1<u<U,
0?}(u){¥_;} fU<u<V,
0 itV <u,
1 ifl1<u<T,
Gg(u){g_éﬁ ifT<u<U,
0 ifU<u
for certain T, V', depending on U, with 1 < T < U < V; these will be chosen below.
1
0
01 \%

Figure 1: The functions HJUF and 0.
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By (3.1), the Selberg—Harish-Chandra transforms of 05 are

U U

hJr —27T/ P q(u V u—27r/ P q(u V Ud
U— T—u

hy (s )f27r/1 Ps_1(u )U du727r/1 Ps_1(u )U_Tdu.

Integrating by parts and applying the integral relation between the Legendre functions P, and P, 2
given in Erdélyi et al. [6, §3.6.1, equation 8], we get

hir(s) = 2m — ;
L, v ., (3.16)
- (U2 - )P (U) - (I° - 1)P(T)
hy(s) = 2w U_T
In particular, it follows from (3.3) or the formula Py ?(u) = (u — 1)/(2u + 2) that
(1) =27(U—-1)+7(V—-U) and h;(1)=27U—-1)—7(U —T). (3.17)

We define functions K% and K;; on T'\HxI'\H by the following sums, which are finite because
the functions Gi have compact support

Kizw Zei u(z, yw))
yel’

Our choice of 95 implies the inequalities
K (z,w) < Np(z,w,U) < K (z,w) forall z,w € Hand U > 1. (3.18)
The functions h% satisfy the conditions of § 3.1, so the functions K 5 have spectral representations

KE(z,w) Zh 5;)0;(2) 5 (w +Z4m/§ﬁ 1/2 Ec(z,8)Ec(w, s)ds. (3.19)

Jj=

We now explain how to choose T and V as functions of U such that (3.19) gives good estimates
for Np(z,w,U) as U — co. Let § > 1 be given. We fix parameters a™, o™, 87 and 8~ satisfying

61+04_

+ + —
0,1/2 0 < . 3.20
cO.1/2, FF>0. 5 < (320)
We choose T and V as functions of U as follows:
TU)=U-B U (U2-1), VU)=U+pU " (U?-1). (3.21)

The last inequality in (3.20) ensures that if U > §, then T'(U) > 1.
For later use, we will keep the parameters a® and S variable for greater flexibility. To obtain
the best known error bound in the hyperbolic lattice point problem, the right choice is a® = 1/3,
so that
V-U~BU?? and U-T~pU? asU — .

This choice leads to the estimate

_1
Nr(z,w,U) = Z 2% /7 Elss )(;5 (2)¢; (W)U + OU?)  as U — oo, (3.22)

7 2/3<Sj <1 ( 1)
with an implied constant depending on I' and the points z and w.
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The dominant term in (3.19) as U — oo comes from the eigenvalue Ay = 0, corresponding to
sp = 1. Since |¢g|? is the constant function 1/volr, the number of lattice points inside a disc of
radius r, where coshr = U, is asymptotically equivalent to the area 27(U — 1) of this disc divided
by the area of a fundamental domain for the action of I', as one would intuitively expect.

4. An approximate spectral representation of the automorphic Green function

Let I be a cofinite Fuchsian group. The automorphic Green function grp formally has the spectral
representation

[eS) 1 ~
— ——F, E .
grp(z, w) zz: ¥ Z p /ERS e (= s) (z,8)Ec(w, s)ds

The problem is that this expansion does not converge. Neither should one be tempted to write grp
by “averaging” gry as a (likewise divergent) sum

?
grr(z,w) = ) grp(z, ).
yel’

However, both of these divergent expressions have at least some value as guiding ideas for what
follows. In fact, we will bound grp(z,w) by means of certain functions R 5(z,w), defined in (4.5)
below, that reflect the above formal spectral representation of grp.

4.1. A construction of grr using the resolvent kernel

We will give a construction of the automorphic Green function gri using the family of auxiliary

functions
Ga: (17 OO) — [07 OO)

U — %Qa_l(u)
m

for a > 1, where @, is the Legendre function of the second kind of degree v; see Erdélyi et al. [6,
§3.6.1]. By [6, §3.6.2, equation 20], we have

Qofw) = 3 log

which shows that g; equals the function L from (2.1). By (3.1) and [6, §3.12, equation 4], the
Selberg—Harish-Chandra transform of g, is

ha(s) = /100 P 1(u)Qq—1(u)du

1
- (a—s)(a—1+s) (41)
1

- s(I1—s)+ala—1)

log

Foralla > 1, the sum . go(u(2, yw)) converges uniformly on compact subsets of Hx H not
containing any points of the form (z,vz) and defines a continuous function that is square-integrable
in each variable; see Fay [9, Theorem 1.5]. We can therefore define

K'{(z,w)eHxH|2z¢Tw} — R

(z,w %Zga u(z, yw)) — Cq, (4.2)
vyel’
where ) - ) .
Co = il go(u)du = ——he(1) =

volr volp volra(a —1)°

The constant ¢, is such that the integral of K. over I'\H with respect to each of the variables
vanishes. Up to this constant, K is the resolvent kernel with parameter a.

The resolvent kernel admits a meromorphic continuation in the variable a, and the constant
term in the Laurent expansion at a = 1 equals — grp. The following proposition makes this precise.
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Proposition 4.1. The family of functions {K! },~1 converges uniformly to — grp on compact
subsets of I'\H x I'\H, and also with respect to the L?-norm in the variable w, uniformly for z in
compact subsets of T\H.

Proof. This is presumably well known (cf. Fay [9, Theorem 2.3] or Iwaniec [12, Theorem 7.5]), but
lacking a reference for this precise result, we sketch a proof.

For all a,b > 1, one shows using (4.1) that he(s) — hp(s) satisfies the conditions of §3.1, so
that the function

(K = K3)(zw) = Y (galulz,7w)) = go(u(z,yw))) = ca + ¢y

yel’

has the spectral representation (without the eigenvalue A\g = 0, because of the definition of ¢,)

(K, — Z — ho(s5))¢;(2 )ng(w)
=1 (4.3)

+Z4m /3% 1/2 — hy(s))Ec(z, ) Ec(w, s)ds.

We claim that {KL — K} }4p>1 converges to 0 in the desired sense as a, b\, 1. In particular,
{K!'}4>1 converges to a symmetric continuous function outside the diagonal on I'\H x I'"\H that
is square-integrable with respect to each variable separately. We fix o € (0,1/2) such that the
spectrum of —Ar is contained in {0} U [o(1 — 0), 00).

Again using (4.1), one finds real numbers C, 4, with Cy s — 0 as a,b N\, 1, such that the
following holds. We have

[ - Z — hy(s5)] - 16 (2) 5 (w)]
Z47TZ /5}65 1/2 hb( )| ’EC(ZV‘S)EC(U},S)MS

< Cuso (chj(l — 7)) 165(2)d;(w)]

j=1
1 -2 F
Y0 JRIRCERE) rEc<z,s>Ec<w,s>|ds)-

By the Cauchy—Schwarz inequality and Lemma 3.2, the right-hand side converges to 0 uniformly
on compact subsets of I'\H x I'\H. Furthermore, by (4.3) and Plancherel’s theorem, we have

/GF\H|K£ RO ZVL 57) = h(37)| 10 (=)
Jrzm/%l/Jha(s)hb(s)|2|Ec(z,s)|2ds
<Cly. (Z(Sj(l —5)) (=)

j=1

+ zc: ﬁ /§Rs_1/2 (s(1— s))_4’Ec(z,s)‘2ds>.

By Lemma 3.2, the last factor is bounded on compact subsets of I'\H. This implies that the
right-hand side converges to 0 uniformly on compact subsets of I\H as a,b N\, 1, and hence
{K! — K{}a,b>1 converges to 0 with respect to the L?-norm in the variable w, uniformly for z in
compact subsets of T'\H.
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The fundamental property (3.2) of the Selberg—Harish-Chandra transform implies that if f is
a smooth and bounded function on I'\H, with spectral representation (3.9), then

. - 3 ialS5)Pj(% L s s z,8)ds
[ 00 = St + S [ )itz s

Taking the limit, using the L2-convergence that we just proved and applying (3.10), we get

/wer\H il\ml K} (z,w) f (w) pgg (w) = lim o KT (2, w) f (W) pigg (w)
B oo b | 1 bc(s)
= j; sj(lij—sj)%(z) + Z o /éRs=1/2 S0 = S)Ec(,zys)ds
=—Grf(z)

— 7/ grr(z, w) f(w)pg (w).
wel'\H

Since the set of smooth and bounded functions is dense in L?(I"\H), this proves that the limit of
the convergent family of functions {K!},~1 equals — grp. O

4.2. An approximate spectral representation

We now exploit the estimates for the hyperbolic lattice point problem given in §3.6. We choose
parameters a® and S* satisfying (3.20). Using these, we define functions T(U), V(U), 05 (u),
hli](s) and Kﬁ(z, w) as in §3.6. Furthermore, we fix a real number § > 1. In the following, we will
treat elements v € I' differently depending on whethere u(z, yw) < § or u(z,yw) > 9.

We define

1 [ hi(s)
o) — U
I (s) = o /6 72 1dU for 0 < s < 1, (4.4)
oo ~ 1 ~
Rﬁs(z, w) = Z I (55)65(2) 5 (w) + Z P /ER s I (5)Ec(2, 8)Ec(w, s)ds, (4.5)
j=1 c 8=
1 gt 0+1 _ 1 B8~ 0+1
QF,S VOIF <2a+6a+ og 2 >7 qF,(S VOl]“ (2a5a + 0g 2 ) ( 6)

The intuition behind the following theorem is that although the automorphic Green func-
tion grp does not admit a spectral representation, it can be bounded (after removing the loga-
rithmic singularity) by functions that do admit spectral representations. The terms qﬁ s below

correspond to the eigenvalue 0, while the terms Rf{ 5(z,w) correspond to the non-zero part of the
spectrum.

Theorem 4.2. Let I be a cofinite Fuchsian group. For all § > 1 and for every choice of the
parameters a® and % satisfying (3.20), the automorphic Green function of T' satisfies the in-
equalities

,q;é - Rl‘f’é(z, w) < grp(z,w) + g Ls(z,yw) < —gp s — Rp 5(2,w).
~el
u(z,yw)<s

Proof. For any U > 4, the inequality (3.18) implies that the number of elements v € T' with
0 < u(z,yw) < U can be bounded as

AU) < #{yel'|d <u(z,qw) <U} < BU), (4.7)
where the functions A, B:[d,00) — R are defined by
A(U) = K (z,w) — Nr(z,w,8) and B(U) = K (2,w) — Nr(z,w,0).

The functions A and B are continuous and increasing. By the estimates from §3.6, they are
bounded linearly in U as U — oo, with an implied constant depending on the group I', the points
z and w and the functions 7" and V.
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Let {ha}a>1, {gatas1 and {KL},>1 be as in §4.1. For all @ > 1, applying partial summation
and (4.7) gives

[ dwavw s Y g <- [ a0
5 o 5
u(z,yw)>8
Using the definition (4.2) of K!', we deduce the upper bound
oo 27T oo
Kiw < Y aluzow) - [ d@BOU -2 [ g
er 1
U(Z77w)§6

The definition of B implies

[ dws@iar = [ g s eooav - Neews) [ g
é § é

- [ o) (K5ew - 2w -v)ao+ 25 [T dow - na
+ Nr(z,w,0)gq(0).

volr Js
Using integration by parts, we rewrite the second integral in the last expression as follows:

0 o) )
/5 gL (U)(U — 1)U = / gL (U)(U — 1)dU — / gL (U)(U — 1)dU

2T
volr

_ _Amga(U)dU—/lég;(U)(U—1)dU.

We can now rewrite our upper bound for K }; (z,w) as

Kiw < Y (aluw) - 0.0) - [ a0k - 250 - )
yer 5 T
u(z,yw)<s
o [0
— | g.(U)(U —1)dU.
volr J;

Lemma A.2 implies

o u—+1

and equality holds for a = 1. By the dominated convergence theorem, we may take the limit a \, 1
inside the integrals. Together with Proposition 4.1, this leads to

a—1
1/ 2 1 ,
(31) wqsdwso

1 [ 2 dU 1 0+1
L > Kt - — U -1 1 .
grp(z,w) + ;er 5(2,yw) = 2m /5 ( v (zw) volr< )) 21" vl ° 2
u(z,yw)<d

In the integral, we insert the spectral representation (3.19) of K}, the formula (3.17) for hf;(1)
and the fact that |¢g|?> = 1/volp. We then interchange the resulting sums and integrals with the
integral over U, this is permitted because the double sums and integrals converge absolutely, as
one deduces from Lemma 3.2 and (3.22). This yields
1 [ 27 au 1 *V-U

K (20) = (U = 1)) 5 = Rf dU.

( o(zw) = r W=D ga—g = frs o)+ 5000 | ga—y

21 Js
Finally, we note that

/ LU= ﬁ+/ Ul qu
5 4

U2 -1
B+
R
This proves the lower bound of the theorem. The proof of the upper bound is similar. O

Remark. The only inequality responsible for the fact that the inequalities in Theorem 4.2 are not
equalities is (4.7).
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5. Bounds on the automorphic Green function

5.1. Bounds on h(s) and I3 (s)

We keep the notation of §4.2. In addition, we choose real numbers o* such that
0<at <ot <1/2 and 0<a <o <1/2.
Given a real number o < 1/2, we consider the strip
Se={seClo<Rs<1-o0}. (5.1)

Let s € S,+, and let p,+(u) be the elementary function defined by (A.6) below. From (3.16),
Corollary A.6 and (3.21), we obtain

(p0'+ (V) + Do+ (U)) U1+a+ )

:27T|s(1—s)|_5/4 FUT-1)

Similarly, for s € S,

‘ha(s)l < 271”5(1 _ S)|*5/4 (pg* (U) + Po— (T))UIJFQ_ |

p=(U%-1)
Substituting this in the definition (4.4) of I, we obtain
—5/4 _ _ —5/4
115 (s)| < DF[s(1— )| 7" and |15 ()] < Dy |s(1 — )| ", (5.2)
where N
o'} 1% U U1+a
D;_ _ i/ (pa+( ) +po+( )) dU,
B+ 5 (U2 - ]‘)2 (5 3)
o) o U o T U1+o¢7 ’
D;:i/ (Po- (U) +po-(T)) U
B~ Js (U2 —1)?

5.2. Bounds on grp

Theorem 5.1. Let I' be a cofinite Fuchsian group. Let § > 1 and n € (0,1/4] be real numbers
such that the spectrum of —Ar is contained in {0} U [n,00). Let o, 0=, a™, o=, %, 8~ be real
numbers satisfying (3.20) and the inequalities

0<at <ot <1/2, 0<a <o <1/2 and o*(1—0F)<n.
Then the automorphic Green function grp- satisfies the inequalities

A(z,w) < grp(z,w) + Z Ls(z,yw) < B(z,w) for all z,w € H,

~el’
u(zyw)<s

where

—5/4 Nr(z,2,17) + Np(w,w, 17
Aeow) = —ait g~ Df i (T av) Mo T Nel 1)

o (21 — 4 2 ’
—5/4 N, 17+ N 17
_ _ ™ n F(Z,Z, )+ 1"(’UJ,7.U, )
B(z,w) = —qp s + D; G 1) ( 1 + 4\/5) 5 .
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Proof. In view of Theorem 4.2, we have to bound the absolute values of the functions lef s(zw)
from (4.5). Applying the triangle inequality and the Cauchy—Schwarz inequality, we see that

SE(2) + S*(w)

’Rﬁé(z"vwﬂ S ) )

where ST and S~ are defined by
oo 1 )
SE(z) = IE(s)||6:(2)]? + —/ IE(s)||Ec(z, 8)| ds.
=S el + S [ )

Let ®r(z,A) be as in (3.15). Applying (5.2), we obtain (with 0®r /0 taken in a distributional
sense)

(e’ . 1 s/
540/} < LN G+ o [ 60 e

_ 00
<y |¢j(z>|2+/ ATV (2 A)dA
Jia<1/4 1/4

B _ o0 5 [ _
=7 5/4@1‘(2’, 1/4) + {)\ 5/4@1“(2,)\)} oy + 1 /1/4 A 9/4(I)F(2, A)dA
5

= (/" =25/ P (2,1/4) + 1 A"ABr (2, N)dA.
1/4

The bound on ®r(z, A) given by Lemma 3.2 implies

S*(z) < DF — " Np(z,2,17) <(n5/4 —25/2).

5 o0
=z A4\ d\
=7 r—ap +4/1/4 A )

>~

—5/4

4

™

(21 — 4)2

= D¥ Np(z,z,17)<n +4\/§>.

This proves the theorem. O

We emphasise that the choice of the parameters 6, n, o, a®, 8% (satisfying the conditions of
the theorem) only has a quantitative influence on the bounds. In principle, the same values can be
taken simultaneously for all groups satisfying the condition that  imposes on the spectrum. The
optimal choice depends on the behaviour of the function Nr(z, z,17); see Section 8.

Proof of Theorem 1.1. Let the notation be as in the theorem; we may assume 7 < 1/4. We apply
Theorem 5.1 to I', with parameters o*, a* and 8% depending only on 1 and not on T'. It is clear
that the factor 1/volr occurring in the definition (4.6) is bounded by 1/volr,, and that Nr(z, z,17)
is bounded by Nr,(z, z,17). It remains to remark that Nr,(z, z,17) is bounded on Y. O

The bounds given by Theorem 5.1 are easy to make explicit. First, the real numbers Dgt
from (5.3) can be bounded in elementary ways or approximated by numerical integration. Second,
a straightforward computation shows that for z =z + iy € H and v = (‘: Z) € SLy(R), we have

w(z,7y7) = % ((a ~ea)? o+ <b * (@ _j)x - 0”2)2 + () + (d+ cm)2>. (5.4)

This can be used for concrete groups I' to find an upper bound on Ny(z,z,U) for U > 1, as we
will show in Section 8.
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5.3. Extension to neighbourhoods of the cusps
The bounds given by Theorem 5.1 do not have the right asymptotic behaviour when z or w are
near the cusps of I'. This means that we have to do some more work to find suitable bounds on
the automorphic Green function grp(z,w) in this case.

Let D and D denote the open and closed unit discs in C, respectively. We recall that the
Poisson kernel on D is defined by

1P
=P

=143 "> ™
n=1 n=1

P(¢)

We will use the notation y
P(t,¢) = P(exp(2mit)().

Lemma 5.2. The Poisson kernel satisfies

1
/ P(a,()P(—a,n)da = P(Cy) for all (,n € D (5.5)
0
and o _
P(t,¢) = % (t T % (log 11__‘3::;(_;:;;24 ~log 1 = g)) for all ¢ € D. (5.6)

Proof. The first claim can be verified in several ways, for example using the residue theorem,
Fourier series, or the fact that the Poisson kernel solves the Laplace equation with Dirichlet bound-
ary conditions. The second claim is straightforward to check. O

Let grp denote the Green function for the Laplace operator on [:); this is an integral kernel
for the Poisson equation Af = g with boundary condition f =0 on dD. It is given explicitly by
1 ¢—

grp(¢,n) = %log

”‘ for all ¢, 5 € D with ¢ # 1.
]

For all £ € D and t € R, we write

A t) = %(log(l — exp(—2mit)€) — log(1 — exp(2mit)€)).

Lemma 5.3. The function \(&,t) satisfies

Ay, ] 1
2 dy+ = log(l —¢)| < — forallt .
/0 ” vts og( 5)‘ <15 fora >0

Proof. We expand \(&,t) for € € D in a Fourier series:

M) = - (i«sp@nt)_ifp(M>

211 n

n=1 n=1
1 i & sin(2mnt)
™= n
This implies
EX(Ey 1 =& [tsin(2mny
/ ( )dy —— Z 7/ gdy
0 Y T Jo Y
1 oo n 2mnt
_1 Z 57/ smxd
T n Jo T



Here si(y) is the sine integral function normalised such that lim,_, ., si(y) = 0:

si(y):/ ST e
y

X

It is known that

si(0) = g and [si(z)| < for all x > 0.

8=

From this we get
o0

PAEY) , I m € 1o €nsi(2mne)
[ =535 -1y

1 1 < & si(2mnt)
fﬂlog(lfﬁ)*;;f

2
and
2. £ si(2mnt) > 1
<
Z n - Z n(2mnt)
n=1 n=1
1 1
= et 2
1 72
27t 6
This proves the claim. [

For § > 1 and u > 1, we write
Js(u) = max{0, L(u) — L(J)}.
For £ € D, § > 1 and € > 0, we write

Ns.o(€) = /t L (1 + (622 > Plexp(2mit)€)dt.

Lemma 5.4. The function Ns . satisfies

1 2 0—1 1
|N5,€(§)— E-;arctan\/T—f—%logH—ﬂ

-1
r5:( —— + arctan d ) (5.7)

<ers forall€e D,

where
0—1 2

Proof. We note that

<6 = |t| <,

where

V26 —2

By the definition of Jg, this gives

Ns.o(€) = /T <L (1 + (?2> - L(é)) P(t,¢)dt.




Using (5.6), integrating by parts, and taking the contributions for positive and negative ¢ together,
we obtain

Ns.o(€) = — /_: L (1+ (et)?/2) (t + %m <log Lo exp(-2mi)e 1= €>>dt

1 — exp(2mit)€ 517 ¢

B T , 1 1 — exp(—2mit)& 1 — exp(2mit)&
= —/O EtL' (14 (et)?/2) (2t + 9 (log = exp@ri)e log T~ exp(—2nit)E >>dt

- _ /T EtL (1 + (et)?/2) (2t + A&, 1) + M€, t))dt

0

Using the definition (2.1) of L and rearranging gives

1 (M, (1 1
LT 2(et) 1T £t+)\§t)
T2 (2 4+ (et )>dt+27r < 4+ et ) dt (5:8)
178 1 [T 4 (gt—i—)\é
2w o 4+ (et)? dt+27r/0 44 (et)?

We consider the two integrals in the last expression one by one. As for the first integral, we have

T ) eT/2 )
[ e T
0 4+(€t) € 0 1+.’I}

4
— 2 arctan =& (5.9)
€ 2

4 /16 —1
= —arctan4{/ ——.
€ 2

As for the second integral in (5.8), let us write for convenience

Y P (R (1))
If_/o 4+ (et)? t dt

and

. _
Ae(t) = /O Wdy +log |1 —¢|.

Then we have
A ) + A1)

Ay = 52

and Ag(0) =log|1 +¢|.

Integration by parts gives

4 T 8%t
I§:—log|1—€|+mAg(T)+/o mlxg(ﬂdt.

By Lemma 5.3, it follows that

4 1 i 8et 1
Ie +log|l = ¢|| < +—F—5— — —dt
¢ +log[1 - ¢]] *+4—|—(67)2 67‘+/0 (4 + (et)?)2 6t

The integral can be evaluated by elementary means, and the result is

1
I +log |1 — ¢|| < o + %arctan%
_ ()2 4 arctan /2=t
=15\ \/ 57 T arctan 5
Combining this with (5.8) and (5.9) proves the claim. O
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Lemma 5.5. Let I" be a cofinite Fuchsian group, and let 6 > 1 and € > € > 0 be real numbers
satisfying the inequalities

(0+V&—1)"%¢ < min Ce(y) and (048> —1)e <

~yel
v€Tl

(a) For all z,w € H with y.(z) > 1/€¢ and y.(w) > 1/€¢ and all ¥ € ', we have
u(z,yw) <6 = v eTl..
(b) For all z,w € H such that y.(z) > 1/e and such that the image of w in T\H lies outside D.(€'),
and for all v € T, we have u(z,yw) > 4.
Proof. Let z, w and v be as in (a). We write

_ a b
o tvo = = (C d)-

Suppose v € I'.. Then our assumptions imply

lelfe' > (6+ /02 — 1)/, (5.10)

We have
u(z,yw) = u(o!
=u(o; 2,7 o7 w)

ootz —y/o twl|?

2,00 )

2(Soct2)(Sy'o  w)

Q1 ro—1,0)2
(So 7tz — 9oy

w)

- 2(S0: 12) (S o tw)

_ 1< So; 12’ + S’y’oclw)
2\ Sy'oc Soclz

_ (y (2 )ICU twrd? ye(w) >
2 Ye(w) ye(2)|coc tw + d|?

ye(2)leotw +d? _ ye(2)(cye(w))?
Ye(w) - Ye(w)
= PYe(2)ye(w)
(Icl/€)?
>0 +1/62 1.

Using the fact that the function z — = 4+ 2~ is increasing for = > 1, we obtain

u(z, yw) ((5+\/527)

=J.

From (5.10), we deduce

v

5+\/627)

This proves (a).
Now let z, w and 7 be as in (b). Our assumption that the image of w in I'\H lies outside D, (¢’)
implies
Ye(yw) < 1/6/

and hence




Using the fact that the function x — 271

2o w)

ye(2) yc(vw)>
ye(yw) — ye(2)

u(z,yw) = u(o

Y

Y%

This proves (b).

is increasing for > 1 as in the proof of (a), we get

O

In the following proposition, we extend our bounds on grp to the neighbourhoods D.(e.) of
the cusps. We will commit the following abuse of notation: for z € H and S a subset of I'\H, we

write z € S if the image of z in T'\H lies in S.

Proposition 5.6. Let I' be a cofinite Fuchsian group, and let § be a real number with § > 1. For

every cusp ¢ of T, let €, > €. > 0 be real numbers satisfying the inequalities

GO+ VE )Y < min C(y), and (54 VE e <l

ye
Y€l

and small enough such that the discs D.(e€l.) are pairwise disjoint. Let
Y = (M\H) \ | |Dc(eo).
c
Let A and B be real numbers satisfying

A< grp(z,w) + Z Ls(z,yw) < B for all z,w €Y.
yel
u(z,yw)<d

(a) If ¢ is a cusp such that z € D¢(e.), w € Y and w ¢ D(€.), we have

1
A <grp(z,w) — volr log(ecy.(2)) < B.

(a’) If ¢ is a cusp such that w € D(e.), z € Y and z € D.(€.), we have

1
A <grp(z,w) — volr log(ecyc(w)) < B.

(b) If ¢, 0 are two distinct cusps such that z € D (e.) and w € Dy(€p), we have

1 1
A< grp(z,w) — E log(ecye(2)) — E log(ecyc(w)) < B.

(¢c) If ¢ is a cusp such that z,w € D.(e.), we have

Ac < (e, w) = #0 0 {1 - 5= loglac() — ge(w)

1 1 -
" Yolr log(€eqye(2)) — volr log(ecye(w)) < B,

where A, and B, are defined using the function rs from (5.7) by

Ao = A+ #(T N {£1}) [1/ (1 2 arctan 4 / H) - 627‘5:|,
€ s 2
B, = B+ #(I'n{£1}) Ll/ (1 — %arctan 1/ 5;1> + 627‘5} .
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Proof. In view of §2.3 (or Lemma 5.5(a)), the discs D.(e.) D D.(e.) are well defined. Further-
more, the assumption that the discs D, (e) are pairwise disjoint implies that for every cusp ¢, the
boundaries of D,(e.) and D.(e.) are contained in Y.

Let us prove part (a). We keep w € Y fixed and consider grp(z, w) as a function of z € D(e.).
The defining properties of grp imply

1
grp(z,w) = E log(ecyc(2)) + hyw(2) for all z € D¢(e,),

with h,, a real-valued harmonic function on D¢ (e.). By construction, h,(z) coincides with grp(z, w)
for z on the boundary of D,(e.). This implies

1 ~
hw(z):/o grp(oc(a+i/e), w)P(—a, q.(2) exp(2n/e.))da.

By Lemma 5.5(b), there are no v € T such that u(z,yw) < §. By the assumption (5.11) on A
and B, we conclude
A< hy(z) <B forall z€ D(e).

This proves (a). Part (a’) is equivalent to (a) by symmetry, and (b) is proved in a similar way.
It remains to prove part (c¢). We identify D, (e.) with the closed unit disc D via the map

D (€.) = D
z— (= qc(2) exp(27/€l).

Let grp, (o) be the Green function for the Laplace operator on D.(€.), given in terms of gr,, by

8o (e (2 w) = #IN{£1}) - 8rp(Cs Cw)-

The factor #(I' N {£1}) arises because of how we defined integration on I'\H in Section 1.
Fixing w and considering grr- as a function of z, we have

1
grr(z,w) = grp,_ (o) (2,w) + — log(elyc(2)) + hyw(z) for all z € D(el),
¢ r

where hy, is a real-valued harmonic function on D (€,). By construction, hy,(z) coincides with
grr(z,w) for z on the boundary of D.(e.). This implies

1
hy(2) = / grr(oc(a+i/el), w)P(—a,(,)da.
0
Applying the same argument to grp(o.(a + i/€.), w) as a function of w, we obtain
1 / 1 !/
gI'F(Z, IU) = gI‘Dr (e’c)(z7 U]) + E log(ecyc(z)) + E log(€cyC(w)) + K(Z7 U]), (512)

where K is the function on D(e.) x D(e.) defined by

1 1
K(z,w) = / / grr(oc(a+ifel),oc(b+i/e.))P(—b,(w)P(—a,(,)dbda.
a=0 Jb=0
In (5.11), we may replace I by I'; in view of Lemma 5.5(a), i.e., we have

A < grp(z,w) + Z Ls(z,yw) < B for all z,w € dD(e.).

vyel.
(o) <5
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Substituting this in the definition of K (z,w) and “unfolding” the action of T'¢, we get
A < K(z,0) + #(0 1 {£1)M (G Cu) < B, (5.13)

where M is the function on D x D defined by

M(¢,n) = /:O /beR Js(u(oc(a+ifec), oc(b+ /) P(=b,n)P(~a,¢)dbda.

Making the change of variables
b=a+1

and noting that
u(oc(a+ifel),oc(b+i/e.)) =ula+i/e.,b+i/e.)
(b—a)?
2/e?
(ect)?
5

=1+

we obtain ) ,
M(¢,m) = /a:O /teR Js (1 + (6;5)) P(—a —t, 17)]5(—(1, ¢)dt da.

Interchanging the order of integration, noting that

P(—a —t,n) = P(a, exp(2mit)i)
and using (5.5), we simplify this to

mic = [ as(1+ 95 ooy

- N&,e/( (Cﬁ)

Applying Lemma 5.4, we conclude from (5.13) that

1

K(z,w) < B+ #(I'Nn{*1}) (27r

* L2 §—1
log |1 — (. Cw| — = ;arctan — +€/c7"6>7
C

!
6(

1 . 1 2 0—1
K(z,w) > A+ #IT n{£l}) (27r log |1 — (.C(w| — = - — arctan - e'cr(;).

‘We now note that

1 Cz — Cw
B (e =#(IT N{£l})  — log| ———=—
grDc(ec)(va) #( { }) 2 og 1_ Cz(w
— #(T N {£1}) | o logle(2) — ge(w)| + = — o= log 1 — €.,
= o 0g [qc\Z qc\w e Gy og 26wl | -
Combining this with (5.12) and the above bounds on K(z,w) yields the proposition. O

6. Bounds on the canonical (1,1)-form

Let T be a cofinite Fuchsian group. In this section we find bounds on the function FT that are
easy to evaluate explicitly in concrete cases. We essentially adapt the methods of Iwaniec [12,
§7.2] from weight 0 to weight 2. This method is more elementary than that of Jorgenson and
Kramer [13], and our bounds are easy to make explicit, as the example in Section 8 shows.
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Proposition 6.1. For every cofinite Fuchsian group I, all z € H and all a > 1, we have

(a —1)Nr(z,2,2a% — 1)

Fr(z) < at1y?
2

87 (log

Proof. Let (f1,..., fy) be an orthonormal basis of the space of holomorphic cusp forms of weight 2
for I'. We write

;(2) = (32) f;(2).
Then the ¢; are annihilated by the operator Ay, and (¢1, ..., d,) is an orthonormal system in the

Hilbert space L?(I'\H, 2) of automorphic forms of weight 2 for I.
Let z € H and a > 1 be given. We apply §§3.1 and 3.2 with

1 f1<u<a
0(u) = -7 ="
(u) {O if u > a.

In the Hilbert space L2(I'\H, 2), we consider KI(?’(), (z,w), as a function of w, and the orthonormal
system (¢1,...,¢4). From Bessel’s inequality and (3.8), we obtain

g
3¢ 2 K® 2 ]
; @ (0)g,(2)|* < /w B (0] e

The left-hand side is equal to ’héz)(0)|2Fp(z). The right-hand side is a function I'\H — [0, 00),
which we denote by x(z). The definition (3.7) gives

K(z) = Y v (9,w)0% (2, nw)v® (v2, )0 (2, 72w) g (w).
Y1,72€l

Putting v = 7174 1 we obtain after a straightforward computation

k() = 3 v D09 [ 0wz wim(w).

~er weH

This implies

K<Y [ 0 w0tz ) w)

yel’

By the definition of #, the integral on the right-hand side can be interpreted as the area of the
intersection of the discs of area 2m(a — 1) around z and 7z, respectively. By the triangle inequality
for the hyperbolic distance, this intersection is empty unless

u(z,v2) < 2a* — 1.
This implies
k(z) < 2m(a — 1)Nr(z, 2, 24® — 1),
and hence

1h$P (0))2Fr(2) < 2m(a — 1)Nr (2, 2,2a° — 1).

We evaluate h((f)(O) using (3.4) and (3.5). The hypergeometric series terminates after two
terms and gives

2
u+1

Poa(u) =

This implies
|
1 (0) = 4r log ; .

This finishes the proof. O
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The above proposition does not give the correct asymptotic behaviour of Fr(z) for z close to
a cusp of I'. The following result extends our bounds to neighbourhoods of the cusps.

Lemma 6.2 (cf. Jorgenson and Kramer [13, Theorem 3.1]). Let T' be a cofinite Fuchsian group,
let ¢ be a cusp of T, and let € be a real number satistying (2.3). Then for all z € D.(¢), we have

Fr(z) < (eyc(z))2 exp(4n/e — dmy.(z)) sup Fr

8D, (¢)
sup Fr if € < 2m,
9D (e)
< € 2
(— exp(2m/e — 1)) sup Fr ife> 2.
2m aD.(¢)

Proof. Every holomorphic cusp form f of weight 2 for I' has a g-expansion of the form

f(2)dz =Y acn(f)ge(2)" - d(o;'z)  with ac,(f) € C.

n=1

This implies
2

(S2)*[f(2)|* = ye(2)”

Z en(f)ge(2)"

Applying this to an orthonormal basis of the space of holomorphic cusp forms of weight 2, we see
that the function

f(2)
qc(2)

e(2) " exp(dmye(2)) Fr() = 3

feB

extends to a subharmonic function on D, (¢). By the maximum principle for subharmonic functions,
the function assumes its maximum on the boundary. This implies the first inequality. The second
inequality follows from the easily checked fact that the function (ey.(z))? exp(4n/e — 47y (z)) for
y > 1/e assumes its maximum at y = 1/(27) if € > 27, and at y = 1/e if € < 2. O

7. Bounds on the canonical Green function

If " is a Fuchsian group and X is the compactification of I'\H obtained by adding the cusps, we
write

1 1
r=— Frut — ——. 7.1
9x Jr\H X volr (7.1)

It follows from Lemma 3.2 that for any compact subset Y of I'\H, there exists C > 0 such that
the function ®r(z, ) defined by (3.15) satisfies

Or(z,\) <CX forall zeY and A > 1/4. (7.2)

Theorem 7.1. Let T' be a cofinite Fuchsian group, and let X be the compactification of T'\H
obtained by adding the cusps. Let § be a real number with 6 > 1. For every cusp ¢ of T, let
€. > €. > 0 be real numbers satisfying the inequalities

e.(6+ V02— 1)1/2 < min Ce(v) and (6+ V6% —1)e <€

YE
RlAN

and small enough such that the discs D.(e.) are pairwise disjoint. Let Y be the compact subset
of T\H defined by
Y =0\H)\ || D).

¢ cusp
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Let A and B be real numbers such that the automorphic Green function grr satisfies (5.11), and
let C > 0 be such that the function ®r(z,\) satisfies (7.2). Let n € (0,1/4] be such that the
spectrum of —Ar is contained in {0} U [, 00). With the notation

1
S = (47724’4> OCF7

F; 2
T(@:M( ) for all ¢ > 0,

ry = 2471-(“ —l—arctanq/ _1>
A, _A—i—#(Fﬂ{:tl}){ <1—2arctan\/6;1) —e'cr(;},

B. = B+ #(' n{£1}) [ <1 _2 arctan 5gl> + e/crg] ,
€. m

we have the following bounds on the canonical Green function gri@”(z, w):

(a) If zyw € Y, we have

A28 —(o/n<grt(zw)+ Y Ls(z,yw) < B+28.

yel
u(z,yw)<d

(b) Ifcisacuspsuch that z € D(e.), w € Y and w ¢ D(€l.), or such that w € D(e.), z € Y and
z & D(€.), then we have
—25 —(r/n < gt (z,w) < B+ 25 + T'(e.).
(c) If ¢, ® are two distinct cusps such that z € D¢(e.) and w € Dy(ey), we have
A—=28—(r/n<gr¥(z,w) < B+254T(e.) + T(eo).
(d) If ¢ is a cusp such that z,w € D.(€.), we have

A, —25— Cr/n < gr¢t(z,w) — #(T N{£1}) - % log|qc(2) — gc(w)| < B+ 28 + 2T (el).

Our proof of Theorem 7.1 is based on the equation (2.6), the bounds on the automorphic
Green function from §5, and on bounds on the function hr defined by (2.5). The proof of the
latter bounds occupies most of this section; Theorem 7.1 then follows without difficulties.

Lemma 7.2. LetT', Y, n and C be as in Theorem 7.1. Then the function
M, W+ —|E. 2d
ORI ICIED S NS remer LI

j>1"7
satisfies

1
Mr(z) < (4772 + 4)0 for all z € Y.
Proof.. Separating the terms with A; < 1/4, we get (with 0®r /0 taken in a distributional sense)
1 9Pp(z,N)
Mr(z) = Z |¢J( 2)? + FTOM
1/4
J:0<X;<1/4 J

®(z,1/4) + [A Or(z, A)] _1/4+2/1/4 A73®p(z, A)dA

6><I>p(z 1/4) +2/1/4 A73®p (2, N)dA

+2C A‘Qd)\
1/4

< —

=~ Q

+8C

‘r—\dm"_' dw"_' 3{0"—‘

+4

Q

IN
/\/\/-\/—\3 —_

8
®
|

W
3
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where the second inequality follows from (7.2). O

Lemma 7.3. Let I, Y, n and C be as in Theorem 7.1, and let {r be as in (7.1). Then we have
1
|hr(2)|? < (4772 + 4> C¢r forallz€Y.

Proof. Let X be the compactification of I'\H. Since the function Fr is smooth and bounded, we
may consider its spectral representation, say

1
—F b — be(s)Ec(z,s)ds. 7.3
) = b + X g L, btz s (73)
Then the definition of Ar implies that it has the spectral representation

Z ¢J 247” /éﬁg e S 1 s Ec(z,s)ds; (7.4)

j>1

note the absence of the term corresponding to j = 0. Now the Cauchy—Schwarz inequality implies

i <20 (S Dok [ o)

j>1

Next, it follows from (7.3), the identity |a| = 1/volr and (2.4) that

1 1\?
bil? + / / (F z —) z
> 1bil Zm o I e O RS

j>1

1 / ) 1

= — Fr(z)py(z) — —— (7.5)
2 Joerm (=) (2) = o
1 1

—_ FF,ucan —
9x Jr\u X volp

Together with Lemma 7.2 and the definition of (r, this finishes the proof. O

We now extend our bounds on hr to the discs around the cusps.

Lemma 7.4. Let T' be a cofinite Fuchsian group, and let X be the compactification of T\H. Let
¢ be a cusp of T, and let € be a real number satisfying (2.3). For all z € D.(¢), we have
hp ((2) < hr(2) < hi (),

where

1
Htez) = sup he+ ——log(ep(2)
D (¢) r
and

_ . SUpPsp, () FT 7 € \2 1
hy (2) = inf hr— Di()(—) (1 — exp(4nm/e — 4dmyc(2))) + volr log(ey(z)).

BDc(e) gX

Proof. We note that

47

1
Ahif,c(z) = _E

and

SUPsD. (e) Fr 9
_ drt/e — 4m -
P (€ye(2))” exp(4m/e Ye(2)) volp

By the non-negativity of Frr and Lemma 6.2, this implies
Ahlfc(z) < Ahr(z) < Ahp (2).

Ahp (2) =

Therefore hJr — hr and hr — hy . are subharmonic functions on D.(€). By the maximum principle
for subharmonlc functions, each of these functions assumes its maximum on the boundary. The
definitions of hf{ . imply that these maxima are non-negative. O
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Finally, we prove bounds on the integral fF\H hrp$e™.

Lemma 7.5. Let I' be a cofinite Fuchsian group, let X be the compactification of T\H, and let
n > 0 be such that the spectrum of —Ar is contained in {0} U [n, o0). Then we have

—(r/n < / hru$™ < 0.
I\H

Proof. We use the spectral representations (7.3) and (7.4). We obtain

can 1
/ B = / he(2) - — Fr (=) (2)
\H 2€l\H Ix

__Z|b| 2417”/%

j>1

s=1/2 5(1 - S) -

We note that the right-hand side is non-positive. Next, the assumption that the spectrum of —Ar
is contained in {0} U [, c0) implies

/ h can >
I\H

Together with (7.5), this proves the claim. O

HOSIOTED Sy SN

7j>1

Proof of Theorem 7.1. Part (a) of the theorem follows from the comparison formula (2.6), the
bound (5.11) for grp, the bound on for hr given by Lemma 7.3, and the bound on fF\H hrpusg™
given by Lemma 7.5.

The proof of parts (b)—(d) is similar. We first note that, by Lemmata 7.3 and 7.4,

—S —T(e) < hr(z) — L log(e.ye(z)) < S for all z € Dc(e.),

volr

and similarly with €. in place of €.. Instead of (5.11) we now invoke Proposition 5.6, which gives
bounds for the function gr when one or both variables are near a cusp. As in the proof of (a), it
remains to apply the formula (2.6) and Lemma 7.5. O

8. Example: congruence subgroups of SLy(Z)

8.1. The automorphic Green function

Let us consider the case where I'g = SLa(Z). We will make the bounds from Theorem 1.1 explicit
for congruence subgroups I' C SLy(Z). By our convention for integration on I'\H if —1 € T', we
have 1 1 p

volp — VOISLz(Z) T
We start by fixing the various parameters. We choose
0 =2.
Selberg conjectured in [21] that the least non-zero eigenvalue A; of —Ar is at least 1/4, and he
proved that A; > 3/16. The sharpest bound so far, due to Kim and Sarnak [15, Appendix 2], is
A1 > (25/64)(1 — 25/64) = 975/4096. We may therefore take
7 = 975/4096.

We now consider the point counting function Ngy,,(z)(z, 2,U) defined by (3.14) on a rectangle
of the form
R = {il'-’-Zy €eH | Lmin S x S Tmax; Ymin S Yy S ymax}
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for given real numbers Ty < Tmax and 0 < Ymin < Ymax. 1he function z +— NSLz(Z)(z, z,U)on R

is clearly bounded from above by the number of matrices v = (‘; S) € SLy(Z) such that for some
z € R, the inequality

u(z,v2) <U (8.1)
holds. We now show how to enumerate these matrices. We distinguish the cases ¢ = 0 and ¢ # 0.
We assume (after multiplying by —1 if necessary) that a = d = 1 in the first case, and that ¢ > 0
in the second case. The total number of matrices v as above is then twice the number produced

by our enumeration.
In the case ¢ = 0, by (5.4), the inequality (8.1) reduces to

1+ 3(b/y)? <U.

This implies

[b] < YmaxV2U — 2.

In the case ¢ > 0, it follows from (5.4) and (8.1) that

o] < V20 /Yunin,
—V2U + cTmin < a < \/ﬁ‘i‘ CTmax,

—V2U — cmax < d < V2U — ¢Zmin-

Since ¢ # 0, the coefficients a, ¢, d and the condition ad — bc = 1 determine b. If v is a matrix
obtained in this way, we compute the minimum of u(z,~yz) for z € R using (5.4) to decide whether
there exists a point z € R satisfying (8.1).

Let Yy denote the compact subset in SLy(Z)\H which is the image of the rectangle

{z+iyeH|-1/2<z<1/2and V3/2 <y <2}

This is the complement of a disc around the unique cusp of SLo(Z). Dividing this rectangle into
100 x 100 small rectangles and bounding Ngr,,(z)(2,2,U) on each of them as described above, we
get

Nr,(z,2,17) <216 for all z € Y.

Given this upper bound for Ngp,,(z)(2,2,17), we fix the the remaining parameters experimentally
to optimise the bounds in the theorem below. This leads to the following values:

at =0.0366, BT =272, o =0.306,
a” =296-107%, B~ =0.668, o =0.250.

With these choices, a numerical calculation gives
i 5 <69.0, qr,>—216, Dy <185, Dy <9.61.

This implies the following explicit bounds on automorphic Green functions of congruence sub-
groups.

Theorem 8.1. Let I' be a congruence subgroup of SLo(Z). Then for all z,w € H whose images
in SLy(Z)\H lie in Y, we have

—2.87-10* <grp(z,w)+ Y La(z,yw) < 1.51-10%

~ver
u(z,yw)<2
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8.2. The canonical Green function

Let T' be a congruence subgroup of SLy(Z) such that the corresponding modular curve X has
positive genus. Let n be the level of I, i.e. the minimal positive integer with the property that I'
contains the kernel of the reduction map SLy(Z) — SL2(Z/nZ).

We define

e=(0+v02—-1)"%2~0139 and € = (0++62—-1)"2~0.518.
Let Yy denote the compact subset of SLy(Z)\H which is the image of the strip
{z+iyeH||z| <1/2 and V3/2 <y < 1/e}.

For every cusp ¢ of ', we let m, denote the ramification index of ¢ over the unique cusp co of SLo(Z);
this equals the index of the corresponding maximal parabolic subgroups considered modulo {£1}.
For the parameters €. and €., we take

ec =mee and €. =me.
Using the definition of C¢(7), it is not hard to show that

in C.(v) > me.
min (7)) = me
"/QF:

This implies that the parameters €. and €, satisfy the conditions in Theorem 7.1. Asin Theorem 7.1,
let Y be the complement of the discs D.(€.). Then Y is the inverse image of Yy in T'\H.

We will need an upper bound on the point counting function Np(z,z,17) for z € Yy. It is
clear from the definition of Nr(z,z,U) that

sup Nr(z,2,U) < sup Ngp,(z)(2,U).
z€Y z€Yy

Using the methods of §8.1, we have
Ngr,(z)(2,17) <226 for all z € Yj. (8.2)

We next compute suitable A and B satisfying (5.11). For this we use (8.2) and the remaining part
of §8.1, with the same parameters a®, 8 and ¥*. The result is

A=-3.00-10* and B =1.58 10
We next find a suitable value of the parameter C. We use Lemma 3.2, which says

Br(2,0) € ————Nop,(z)(2,17)A for all 2 € H and all A > 1/4.

(2m —4)
The inequality (8.2) implies that we can take
C =13T7.

We continue with explicit bounds on the canonical (1,1)-form. For the parameter a from
Proposition 6.1, we take
a =144

Again using the method from §8.1, we compute an upper bound for Ngp,,(z) (2, 2a® — 1) for z € Y.
The result is
NSLQ(Z)(Z,2(12 —1) <58 forall z € Yj.

Substituting this in the bound from Proposition 6.1, we see that

sup Fr < 25.7.
Y
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For every cusp ¢, Lemma 7.4 implies

2
sup Fr < rnax{l, (ic) }supr.
Dc(er) 2 Y

From the definition of €, and the fact that all ramification indices m. are bounded by the level n
of T', we conclude

ne\ 2
sup Fr < max{l, (—) }sup Fr
X 2m y
< max{25.7,0.0126n%}.

Finally, we consider the invariant (r. Using f <" =1 and gy > 1, we make the rather

coarse estimate
(r < sup Fr < max{25.7,0.0126n?}.
X

Proof of Theorem 1.2. With the above estimates, we obtain the following bounds on the various

constants in the theorem:
S < max{172,3.79n},

T(e.) < 0.00313n2,

T(e.) < 0.0436n2,
A > —3.00-10* — 0.0279n,
B. < 1.58-10* + 0.0279n.

The theorem follows from Theorem 7.1 and the above bounds. O

Appendix: Bounds on Legendre functions

In this appendix, we prove a number of bounds on the Legendre functions P#(z) and Q*(z) that
are used in the rest of the paper.

Lemma A.1. Let u € [1,3] and A\ > 0 be such that A(u — 1) < 1, and let s € C be such that
s(1 — s) = \. Then the real number P, (u) satisfies the inequahmes

(2_4/w)\/§§PS Y (u) < (4/m) Hi

Proof. We start by expressing the Legendre function P/ in terms of Gaul’s hypergeometric func-
tion F(a,b;c;z). Because of the many symmetries satisfied by the hypergeometric function (see
Erdélyi et al. [6, Chapter II]), there are lots of ways to do this. Using [6, § 3.2, equation 3] gives

Pl (u) = 4/ = F(sl 512 2“).

u—+1

Next we use the hypergeometric series for F'(a,b;c; z) with z < 1 (see [6, §2.1, equation 2]):

F(a,b;c;2) i (@)n ) (A1)

l
n=0 (C nlt:

where
Wn=Ty+n)/T(y) =yly+1)---(y+n-1).

Putting = = “771 for a moment, using (A.1) and applying the triangle inequality, we get the bound

(8)n(l —8)n

(2)pn!

|F(s,1—52—z)— 1| < Z (—x)"

n>1
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The assumption A(u — 1) < = is equivalent to Az < %. Therefore the n-th term in the series on

the right-hand side can be bounded as follows:

(InlL =5 _nl _ moo (501 = )+ k(k+ Da)
(2)n! (2)nn!
Po(A 4 k(k+1))
- (2)nn!
_ (3).) (é)
2

This implies that
|F(s,1—82;—z) — 1| < F(3,4:2:1) - 1

2’2’

=4/m—1,

where the last equality follows from the formula

T'(e)T(c—b—a)

Flabiel) = 5 ==

for Rc > 0 and Re > R(a +b) (A.2)

(see Erdélyi et al. [6, §2.1.3, equation 14] or Iwaniec [12, equation B.20]) and the fact that T'(3/2) =
/7/2. We conclude that

1 u—1]  Ju-—1 o N
P \/u—}—l‘_\/u—ﬁ—l‘F(s’l 8;2; ﬂc) 1|
u—1

<\ Wm -1

(Mﬁ—nvﬁ+i

which is equivalent to the inequalities in the statement of the lemma. O

Lemma A.2. For all real numbers v > 0 and u > 1, the real number Q) (u) satisfies

() wor s

Proof. We express @/, in terms of the hypergeometric function using [6, §3.6.1, equation 5, and
§3.2, equation 36]:

@MO( 2 >” 1 TAl+v)I2+v)

2
Fluv,1+v;2+2
u+l) -1 T(2+2v) < tyiaT Ay +1>

Since 2/(u + 1) < 1, the hypergeometric function is given by the series (A.1). The non-negativity
of all the arguments gives the bounds

2
OSF(V,1+V;2+2V;>
u—+1

<Fv,14+v;2+420;1)
_ T@+20rQ)
TR+ +v)’

the last equality follows from (A.2). Combining this with the above formula for @), (u) yields the
claim. O
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Lemma A.3. For all real numbers a, b and y with b > a > 0, we have
11 1\ (a®+yH)/2 _|Tla+iy)
@ + )T = [T+ i)

a b
1 1 1 (a2+y2)a/271/4
< — — | - == -_
<o (-0 (73)) e

Proof. We use Binet’s formula for logT' (see Erdélyi et al. [6, §1.9, equation 4]):

o0
logT'(2) = (2 — 3)logz — 2z + 3 log 27 —l—/ B(t) exp(—zt)dt for Rz > 0,
0

where
B(t) = (exp(t) — 1);1 —t 1+ %
% coth % —
= 3 .
We write

M(a,y) = R /0 " B(t) exp(—(a + iy)t)dt

o0
:/ B(t) exp(—at) cos(yt)dt.
0
Then we have

I'(a +1y)

1
T+ ay)

‘ = ?R((a—&-iy —1/2)log(a + iy) — (b+ iy — 1/2)log(b+iy))
_a+b+M(a’ay) _M(bay)
=(a—1/2)logla+iy| — (b —1/2)log|b + iy
—yarg(a+iy) + yarg(b+iy) —a+b+ M(a,y) — M(b,y).
We note that

h—
yarg(a + iy) — yarg(b + iy) = yarctan (ab—i—ay)g €[0,b—al.

Using b > a, we conclude

r .

log M <(a—1/2)logla+iy| — (b—1/2)log|b+iy| —a+ b+ M(a,y) — M(b,y)

Db+ iy)
and

log M > (a—1/2)log|a+iy| — (b—1/2)log |b+ iy| + M(a,y) — M(b,y).

Lb+y) | —

It remains to bound M(a,y) — M (b,y). The function B satisfies
0 < B(t) < lim B(z) =1/12 for all £ > 0.
z—0

Using this and the positivity of exp(—at) — exp(—bt), we bound M (a,y) — M(b,y) as follows:
(o)
‘M(a,y) — M(b, y)‘ < / B(t) (exp(—at) — exp(—bt)) |cos(yt)| dt
0

= /000 B(t)(exp(—at) — exp(—bt))dt

< 2 ), (exp(—at) — exp(—bt))dt

1 /1 1
S 12\a b))
This implies the inequality we wanted to prove.
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Corollary A.4. Forb>a>0,b>1/2, and y € R, we have

['(a +1y) 11 1 2 | . 2\—(b—a)/2
T < h— —(z_z a)/2.
‘F(bﬂy)’_eXp( o (a b)>(a e
Given a real number o € (0,1/2), we consider the strip S, defined by (5.1). We put
—1 1/4 1 1
C, =max{l,tanwo}(c™ — 1) exp| =+ ——7—— ),

37" 240 (5 + o) (A3)

c;=mwﬂmeﬂ®'“*yM@m(2+2M1(ﬂ@UQ'

Proposition A.5. Let m be an even non-negative integer, and let o € (0,1/2). For all s € S,
and all u > 1, we have

_ 5)|_(2m+1)/4 Coa™ 7 + CLa™ 7 I (5 —m)n| s,

R |

n=0

[P ()| < [s(1

where

-1
T =u-+\Vuz—1, u:x—i—x .

2
Proof. We use the following expression for P,"} (see Erdélyi et al. [6, § 3.2, equation 27]):

D(cl4s) gmes
Val(m+s) (x —z=1)m
INEEE) xms
VaL(m+1—s) (z —z=1)m

F(%—m,l—m—s;%—s;x_Q)

P () =

F(%fm,—ers;%Jrs;z*z).

Using the hypergeometric series (A.1) and the functional equation

T
FEIA—2) = sinrz’
we get
D(~4+s) = (4~ m)a(om 1= )
—1\ym p—m 2 m—1+s 2 n n
— P =
Ve e P ) = e Y EEmh ol
F(% B 5) m—s i (% - m)n(fm + 3)7, 2
Pm+1-—ys) = (2 +3), n!

F'A—s) TGE+s)T(n—m+s) meZn}
T(m+1—-s)T(n+1+s)0(—m+s)

i (3 —m)n{ sinm(m+s) (n—m+1—5) 1. o,
x
sinm(—3+s) D(n+3-—s)
sint(m+1—35)T(n—m+s) m—s—2n}

sinm( —s) T(n+3+s)

Basic trigonometric manipulations simplify this to

Ps—j;L(u) _ (71)777, tan(’”s) Z (§ _ m)n { F('ﬂ, —m+ 5) l,m7372n

Vr(z —z=hH)m n! L(n+ 3 +s)
F(TL —m+1- S) xm—1+s—2n}
L(n+ 3 —s)

n=0

(A4)
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On the right-hand side, the pole of tan(ws) at s = 1/2 is cancelled by a corresponding zero of the
function defined by the sum.

For fixed w > 1, we consider the holomorphic function

oo (1
(2m+1)/4 (§ —m)p Ln—m+s) . o o,
H(s) = (s(l - s)) tan(ms) g { I T
~ ol L(n+35+s) (A5)
F(n -m+1- S) xm—1+s—2n

D(n+ 3 —5s)

on S,, where we have fixed a branch of s — (s(1 — s))®™+1/4, Because H(s) = H(1 — s), the
Phragmén—Lindel6f principle gives

sup |H(s)| < sup |H(o + iy)].
SES, yeER

Together with (A.4), this implies

51— 8)| "™  sup, g [H(o +iy)|

VrA(? — 1))

Let y € R and s = 0 + ¢y. Then we have

[P} (u)] < for all s € 9,,.

2m+1)/4 m
’8(1 _ 8)‘( /4 _ (02 +y2)(2m+1)/8((1 . 0)2 +y2)(2 141)/8
A straightforward calculation gives
[tan7s| = |tan (o + iy)| < max{l,tannwo}.

Using Corollary A.3 and the assumption that m is even, we bound the quotients of I'-functions
appearing on the right-hand side of (A.5) independently of n:

T(n—m+s)|  [Pln+s)| T 1
’Hn+é+@'_wm+é+®ullmu+ﬂ
< exp <1+ ! )|n+o+iy|1/2 - L -
2 24(n+o)(n+i+o0) lo + iy|™/2|]1 — o + iy|™/2

1 1 1
o 5+ 240(} +a>) (@ ) (1 = )2 + g2/

IN

This implies

L'(n—m+s)

(2m+1)/4
1—
=) T(n+3+s)

1 1
< R
= oxp (2 T 210 +g))

(02 + y2)(2m+1)/8((1 _ 0)2 + yz)(2m+1)/8
. (0,2 + yQ)(m+l)/4((1 _ 0.)2 + y2)m/4

B 1 1 (1—0)2+y*)V/8
=exp (5T 1 2 2)1/8
2 240(5+40) (02 +y2)Y

- L, 1 (1—o0)t/4
ex —
=P 2T el oE

and hence
I'(n—m+s)

(2m+1)/4
s(l—s tanws| | ——————
€ ) | |‘F(n+§+s)

< Cs.
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Similarly,

F'n—m+1-ys)
L(n+ 3 —5s)

1 1 1
< —
<ow (3 24(1-0)(3 - a)) (U= o) )i D/i(0? 4 g2/t

and

Pn—m+1-s)
F(n+32—5s)

|S(1 . S)|(2m+1)/4

1 1
< exp ( + - )
2 24(1-0)(2-0)
o2 2)(2m+1)/8((1 _ 5)2 2\(2m+1)/8
(ot +y7) (( )" +y7)
((1 _ 0)2 + y2)m/4(0-2 =+ y2)(77L+1)/4

— exp (1 L )) (1= 0)* + 7)1/

=+
2" 2U1-0)G-0)) @+

- 1 N 1 (1—o)t/4
ex - .
=P 2T ua -G -0/ oA

This implies
'n—m+1-ys)
L(n+ 3 —s)

|s(1— 3)’(2m+1)/4 <

= fold

[tan s ’

We conclude that

0o /1
L _m), o o
sup |H (o +1iy)| < Z |(27')| (Col'm o=n 4 C(;CCm 1+o 2”)

n:
y€ER n=0

_ m—o !/ m—1+0 - ‘(% - m)nl —2n
— (Come e Cpamire) 3 L=l o
n=0 ’

This finishes the proof. O

With C, and C? as in (A.3), we define an elementary function p,:[1,00) — R by

C,2?77 + Clalte

po(u) = TN

(1- 7232 4 3z7%), where x =u+ Vu?— 1. (A.6)

Corollary A.6. For allo € (0,1/2), s € S, and u > 1, we have

9 _5/4 Po ()
P2 (u)] < Js(1—s)| 7> 21

Proof. We note that
—(=, for n =1,
.= { G

—3),  otherwise.

00 3 > (3 _3
I N s
—~ nl —~ nl
=(1-2)%%2+32
The claim immediately follows from this identity and Proposition A.5. O
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