Global class field theory

1. The idéle group of a global field

Let K be a global field. For every place v of K we write K, for the completion of K at v and U,
for the group of units of K, (which is by definition the group of positive elements of K, if v is a
real place and the whole group K if v is a complex place).

We have seen the definition of the idele group of K:
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where S runs over all finite sets of places of K. This is a locally compact topological group
containing K * as a discrete subgroup.

2. The reciprocity map

Let L/K be an extension of global fields and (L/K)* the maximal Abelian extension of K in-
side L. For any place v of K, we choose a place v’|v in (L/K)*, and we denote the corresponding
Abelian extension by ((L/K)*"),. The Galois group of this extension can be idenfied with the
decomposition group of v in Gal((L/K)P).

For every place v of K we have the local norm residue symbol

(L (L/K)™)0): K — Gal((L/K)™)o)-

This local norm residue symbol gives rise to group homomorphisms

(M) K - Gal(L/K)™)

v
by identifying Gal(((L/K)2P),) with the decomposition group of v in Gal((L/K)?P). Since (L/K )"
is Abelian, this map does not depend on the choice of a place of L above v.

We now define the global reciprocity map by taking the product of the local norm residue

maps:
( ,L/K):Jgx — Gal((L/K))

(oo — T (2.

This is a surjective homomorphism which only depends on (L/K)?*" and not on L/K itself; however,
it is still useful to define it for arbitrary L/K, as parts (iv) and (v) of the following theorem show.

Theorem 2.1. Let L/K be an extension of global fields, and let M/L/K be a tower of global
fields for (iii)—(v).
(i) The map ( ,(L/K)) is surjective and has kernel K*Np,,r(Jr), i.e. we have a short exact
sequence
1 — K*Np, g(Jr) — Jxg — Gal((L/K)™)

(ii) For every v, the image of KX (viewed as a subgroup of Ji ) under ( ,L/K) is the decompo-
sition group of v in Gal((L/K)?).
(iii) We have a commutative diagram

T —F (/K™

( ,M/K) l
Gal((L/K)*),
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where the vertical map is the canonical one (note that the maximal Abelian extension of K
in M contains the maximal Abelian extension of K in L).
(iv) We have a commutative diagram

I — &y

NL/KL l
( \M/K)

Jx —> Gal((M/K)?)

where the vertical map on the right is the canonical one (note that the maximal Abelian
extension of K in M is contained in the maximal Abelian extension of L in M ).
(v) We have a commutative diagram

T —— 2 (/)

l chr
(.M

I, ——Ga (M /L)),

where the map on the left is the canonical inclusion and the map on the right is the transfer
(or Verlagerung).

The most remarkable property of the global reciprocity map is the fact that K * is in its kernel.
We define the Hasse symbols on K* by

(M);KX%GM(L/K)’

v o (LN

(%

where i,: K — K, is the inclusion. Then the fact that the global reciprocity map vanishes on K *
is equivalent to the product formula

H(M> =1 forallz e K*.

v
v

Example (quadratic reciprocity law). Let p be a (positive) odd prime number and
K=Q, L=Q ( (—1>‘%p>

(note that (—1)7)771 p is the generator of pZ which is congruent to 1 modulo 4). Then the extension
L/Q is only ramified at p (we consider the extension C/R as unramified, following for example
Neukirch and Gras but in opposition to many other books). Let a be an integer coprime to 2p. To

compute (%) for a place v of Q, we use that by local class field theory this symbol is trivial

precisely when a is a norm in the extension L, /K,. Furthermore, by multiplicativity we reduce to
the case where a equals —1 or a positive odd prime number g # p. We distinguish the cases v = oo,
v =p and v = r with 7 a prime number different from p This means that we have to compute

(M» (LL/Q), (M) for r # p,

(2. (459, (24 v
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For convenience we will identify Gal(L/Q) with {£1}. We start with v = co. Since

_JR/R ifp=1 (mod4),
LOO/QOO_{C/R ifp=3 (mod 4)

we see that ¢ is always a norm in Lo /Q and that —1 is a norm in Lo /Qo if and only if p =1

(mod 4), i.c.
<M) — (-1 and <%) ~1.

oo

Next we compute (_ITL/Q) and (%) Since r is unramified in L/Q we have

<CL,L/Q> — O,ordr(a)

r

where o, € Gal(L/Q) is the Frobenius element at r, which gives

(M) =1 forallr,
r

(%) =1 for all r # gq,

(q,Lq/Q) oy

Next we use that o, is trivial if and only if ¢ is split in L/Q, which is the case if and only if

and

(_1);%11) is a square in Q. This means that

(q7Lq/Q> _ ((—1);7129) 7

where the right-hand side denotes the usual Kronecker symbol. Finally, to compute (—1770,) and

P
in the unique subgroup U? = p2 ;| x (1 + pZ,) of index 2 in Uy, i.e. if and only if it is a square

InOdulO p ThuS we see lhat
p p

p—1

= (_1)T

(49 ()

where the right-hand side is the usual quadratic residue symbol.
Now the product formula applied to the prime number ¢ 1 2p reads

(1) (F=2) -

(M), we note that an element of U, = Z) = p,,1 X (1 + pZ,) is a norm if and only if it is

and that

or equivalently



The other main theorem of global class field theory is the global existence theorem.

Theorem 2.2. For any closed subgroup N of finite index in Ji /K>, there is a unique Abelian
extension L of K such that the image of Jr/L* under the norm map J./L* — Jx/K>* (or
equivalently, by the previous theorem, the kernel of the reciprocity map Jx/K* — Gal(L/K))
equals N. This gives a Galois correspondence between the closed subgroups of finite index in Jg
containing K* and finite Abelian extensions of K (up to isomorphism, or viewed inside the maximal
Abelian extension of K ).

Remark. Given the existence of the correspondence stated in the theorem, the fact that it has the
Galois properties follows from parts (i) and (iii) of Theorem 2.1.

3. The class group formulation of class field theory
The closed subgroups of finite index in Jx containing K* are precisely the open subgroups con-
taining K™, and it is known that these are exactly the subgroups of Jx which contain K* and a
subgroup of the form
Un=[]Un
v

for some integral ideal m = [[,(m* N K) of K. This implies the existence of a conductor for every
Abelian extension L/K.

Definition. The conductor of a finite extension L/K is the least integral ideal f of K (least with
respect to divisibility) such that the open subgroup K*Np k(Jr) of Ji contains U;.

The group Ji /K*Uy, is called the ray class group modulo m. It is isomorphic to the group
Cly (K) = {fractional ideals of K coprime to m}/{(a) | a totally positive and 1 (mod m)}.

For any finite Abelian extension L/K whose conductor divides m, the global reciprocity map
induces a surjective homomorphism (the Artin map)

OéL/KZ Clm(K) — Gal(L/K)

The existence theorem can be rephrased that for every subgroup H C Cly(K) there exists an
Abelian extension Kp of Cly (/) such that the Artin map ok, /x — Gal(Kg/K) has kernel H.

The Abelian extension of K which corresponds to K *U,, under the correspondence of global
class field theory is called the ray class field modulo m and is denoted by K (y). In the class group
formulation of class field theory, K () corresponds to the trivial subgroup of Cly (K'). In particular,
the Artin map is an isomorphism:

Cl (K) = Gal(K (m)/K)

The conductor of K () divides m but is not necessarily equal to it.

A special example of a ray class field is the (narrow) Hilbert class field Hy of a global field K,
which is defined as the ray class field of K modulo 1. The extension Hy /K is the largest unramified
extension of K; note that according to our conventions the extension C/R is unramified. The so-
called principal ideal theorem states that every ideal of K becomes principal when extended to an
ideal of H.
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