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Introduction

Stability via Fourier

Consider a linear finite difference method (qn : Z→ Rm)

qn+1
i = L(. . . , qni−1, q

n
i , q

n
i+1, . . .) (1)

Inserting

qni =
∑
k

q̂n(k) exp(iki∆x) (2)

results in∑
k

q̂n+1(k) exp(iki∆x) =
∑
k

q̂n(k) exp(iki∆x)L
(
. . . , exp(−ik∆x), 1, exp(ik∆x), . . .

)

q̂n+1(k) = L
(
. . . , exp(−ik∆x), 1, exp(ik∆x), . . .

)
q̂n(k) =: L̃(k)q̂n(k) (3)
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Introduction

Stability via Fourier

q̂n+1(k) = L̃(k)q̂n(k) (4)

L̃(k) ∈ Cm×m is a complex-valued matrix with eigenvalues {λj(k)}j=1,...,m.

Definition 1 (Von Neumann stability)

The numerical method (1) is von Neumann stable if |λj(k)| ≤ 1 ∀k, ∀j = 1, . . . ,m.

The eigenvalues are zeros of the polynomial det(L̃− λ1) = 0.
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Introduction

Notation: f(z) ≡ 0 means f(z) = 0∀z ∈ C.

Definition 2

A polynomial f ∈ C[z]

f(z) = a0 + a1z + . . .+ anz
n (5)

is called

Schur, if all its zeros z0 (s.t. f(z0) = 0) are contained in the open unit disc D:
|z0| < 1.

von Neumann, if all its zeros z0 are contained in D: |z0| ≤ 1, or f is
non-vanishing constant.
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The theorem

The theorem
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The theorem

The theorem

Consider f(z) =
∑n

j=0 ajz
j a polynomial of degree n (an 6= 0) with f(0) 6= 0. (E.g.

f(z) = z + c, f ′(z) = 1)

Definition 3

1. f∗(z) :=

n∑
j=0

ān−jz
j f∗(z) = 1 + c̄z

2. f1(z) :=
f∗(0)f(z)− f(0)f∗(z)

z
f1(z) =

1 · (z + c)− c(1 + c̄z)

z
= 1− cc̄

Theorem 4 (Miller, 1971)

f (n ≥ 1) is von Neumann iff either

|f∗(0)| > |f(0)| and f1 is von Neumann, or

f1 ≡ 0 and f ′ is von Neumann

Here: 1 = |f∗(0)|
?
> |f(0)| = |c|, i.e. if |c| < 1, or if |c| = 1.
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The proof

The proof
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The proof

The proof

Recall the theorem:

Theorem 5 (Miller, 1971)

f (n ≥ 1) is von Neumann iff either

|f∗(0)| > |f(0)| and f1 is von Neumann, or

f1 ≡ 0 and f ′ is von Neumann

We will focus here on proving the first statement only.
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The proof

Rouché’s theorem

Theorem 6 (Rouché, 1862)

For any two holomorphic f and g inside some region K with closed contour ∂K, if
|g(z)| < |f(z)| on ∂K, then f and f + g have the same number of zeros inside K.
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The proof

Define D = {z : |z| < 1} and S = {z : |z| = 1}.

Lemma 7

For f ∈ C[z], |f∗(z)| = |f(z)| ∀z ∈ S

Proof : If z = eiϑ, then f∗(eiϑ) =
∑n

j=0 ān−je
iϑj = einϑ∑n

j=0 āje
−iϑj =

einϑf(eiϑ). Thus |f∗(z)| = |f(z)| ∀z ∈ S.
2
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The proof

Definition 8 (Self-inversive)

f is self-inversive if f and f∗ =
∑n

j=0 ān−jz
j have the same set of zeros.

Recall f1(z) :=
f∗(0)f(z)− f(0)f∗(z)

z
.

Theorem 9

i) f is self-inversive iff f1(z) ≡ 0, i.e. f∗(0)f(z) ≡ f(0)f∗(z).

ii) If f is self-inversive, then |f∗(z)| ≡ |f(z)|.

Proof : (⇒) If f and f∗ have the same set of zeros, then, for some
constant c

f∗(z) ≡ cf(z) (6)

Taking z = eiϑ, we learn by Lemma 7 that |c| = 1 and |f∗(z)| = |f(z)|
∀z ∈ C. Use now z = 0, then c = f∗(0)/f(0) which gives f∗(z) =
f∗(0)
f(0)

f(z) ∀z.
(⇐) Trivial. 2
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The proof

Let f = ψg with ψ its maximal self-inversive factor ψ and a completely non self
inversive factor g. (By splitting the set of zeros into two halves.)

Theorem 10

If f = ψg as above, then

i) f1(z) ≡ ψ∗(0)ψ(z)g1(z)

ii) |f∗(z)| − |f(z)| ≡ |ψ(z)|
(
|g∗(z)| − |g(z)|

)
Proof :

i) ψ is self-inversive, and thus by Thm. 9i ψ∗(0)ψ(z) ≡ ψ(0)ψ∗(z).

f1(z) =
ψ∗(0)ψ(z)g(z)g∗(0)− ψ(0)ψ∗(z)g(0)g∗(z)

z
(7)

= ψ∗(0)ψ(z)
g(z)g∗(0)− g(0)g∗(z)

z
(8)

ii) ψ is self-inversive and by Thm. 9ii |ψ∗(z)| ≡ |ψ(z)|. Using
(fg)∗ = f∗g∗ one obtains

|f∗(z)| − |f(z)| = |ψ∗(z)g∗(z)| − |ψ(z)g(z)| = |ψ(z)|
(
|g∗(z)| − |g(z)|

)
2
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The proof

Definition 11

If a polynomial f of degree n has (with multiplicities) p1 zeros in the open unit disc
D, p2 on its boundary S, p3 outside (p1 + p2 + p3 = n), we say that it is of type
(p1, p2, p3).

Wasilij Barsukow (Zurich) von Neumann stability Apr 2020 11 / 20



The proof

The proof

Lemma 12

Suppose f is a polynomial of degree n such that |f∗(0)| > |f(0)|. Then f is of type
(p1, p2, p3) iff f1 is of type (p1 − 1, p2, p3).

Proof : f is not self-inversive (Thm. 9ii). Let f = ψg with ψ its
maximal self-inversive factor ψ. Then, ∀z ∈ S by Lemma 7

|g∗(0)g(z)| = |g∗(0)||g∗(z)| (9)

By Thm. 10ii

|f∗(z)| − |f(z)| ≡ |ψ(z)|
(
|g∗(z)| − |g(z)|

)
(10)

|f∗(0)| > |f(0)| implies |g∗(0)| > |g(0)| and thus

|g∗(0)g(z)| > |g(0)g∗(z)| ∀z ∈ S (11)

Thus

g1(z) =
g∗(0)g(z)− g(0)g∗(z)

z
6= 0 ∀z ∈ S (12)

2
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The proof

Proof : (Cont’d.) We have shown that g1(z) 6= 0 ∀z ∈ S. Also g
does not have any zeros on S (otherwise ψ would not be a maximally
self-inversive factor).
Eqn. (11) allows to apply Rouché’s theorem: g∗(0)g(z) and g∗(0)g(z)−
g(0)g∗(z) have the same number of zeros in D. Hence g has one more
zero in D than does

g1(z) =
g∗(0)g(z)− g(0)g∗(z)

z
(13)

because g∗(0)g(z) − g(0)g∗(z) has the trivial zero z = 0. As g1 is of
degree one less than g, then g1 and g must have the same number of
zeros outside S.
Note that f(z) ≡ ψ(z)g(z) and (Lemma 10i) f1(z) ≡ ψ∗(0)ψ(z)g1(z), i.e.
ψ is a factor of both f and f1. Thus f is of type (p1, p2, p3) iff f1 is of
type (p1 − 1, p2, p3).

2
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The proof

The proof

This allows to prove the theorem:

Theorem 13 (Miller, 1971)

f (n ≥ 1) is von Neumann iff either

|f∗(0)| > |f(0)| and f1 is von Neumann, or

f1 ≡ 0 and f ′ is von Neumann

Proof : Suppose f is von Neumann (of type (p, n − p, 0)). Then the

absolute value of the product of its zeros is ≤ 1. Thus

∣∣∣∣ f(0)

f∗(0)

∣∣∣∣ =

∣∣∣∣ a0an
∣∣∣∣ ≤

1. Thus either

|f∗(0)| > |f(0)|. Then by Lemma 12 f1 is of type (p− 1, n− p, 0)
and hence von Neumann.

or |f∗(0)| = |f(0)|. (We skip this part of the proof.)

2
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The proof

The part omitted here can be found in Schur, 1918, Journ. f. Math. 148, 122-145
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The proof
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The proof

History

It seems that the entire theory has been given in [Schur, 1917]/[Schur, 1918].

An algorithmic review of these results is given already in [Cohn, 1922], and then in
[Miller, 1971] who emphasizes its use for finite differences and stability analysis.

If you like this kind of mathematics, have a look into this book: [Marden, 1966].
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Practical use
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Practical use

Implementation for parameter studies

boolean vonNeumann(double [][] f){

double f0abs2 = |f(0)|2;
double [][] fStar = starPolynomial(f);

double fStar0abs2 = |fStar(0)|2;
double [][] fOne = onePolynomial(f, fStar);

double [][] fPrime = primePolynomial(f);

return (

(isConstant(f)) ||

(( isZero(fOne)) && (vonNeumann(fPrime))) ||

(( fStar0abs2 > f0abs2) && (vonNeumann(fOne)))

);

}
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Practical use

Implementation for parameter studies

double [][] starPolynomial(double [][] poly){

for (int i = 0; i < poly.length; i++){

res[i][ Complex.RE] = poly[poly.length -1-i][ Complex.RE];

res[i][ Complex.IM] = -poly[poly.length -1-i][ Complex.IM];

}

return res;

}
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Summary

Summary

Whenever a von Neumann analysis is interesting, Miller’s (Schur’s) theorem is
a shortcut

Analytical statements about stability conditions:

possible without computing eigenvalues (important for DG/AF/. . . and/or for
systems)
algorithm consists of easy steps
there is no fundamental difficulty in multi-d

Analytical statements might be complicated because the stability region might
be complicated

Semi-analytical parameter studies

very quick with respect to experimental studies (and no influence of the initial
data)
easier than stability analysis without Fourier (and no influence of the grid size)
no information on the location of the eigenvalue inside D̄, but info on which
mode explodes: test case for checks
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