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Macdonald’s model and the tranémission of bilharzia

_ ANDREW D. BARBOUR
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: Summary

The paper considers a model for the transmission
of bilharzia based on Macdonald’s assumptions, in
the light of data observed in the field. It is shown,
in particular, that the threshold parameter governing
whether or not an endemic cycle can be established
is closely related to the proportion of infected snails
in a community, and that this proportion is normally
observed to be rather smaller than is compatible
with the model. By considering more sophisticated
models, allowing for the latent period of infection
in the snails, and also for spatial and seasonal
heterogeneity, the effective proportion of infected
snails, from the point of view of Macdonald’s model,
is shown to be rather larger, and expressions are
given whereby it can be evaluated from observable
quantities, However, for the data from Malirong
which are taken as illustration, it is also demonstrat-
ed that an even more plausible threshold value is
obtzined from a simple model incorporating human
immunity in addition to the assurnptions of Mac-
donald’s model, and that, if this model were
reasonable, human immunity would appear to be
the most important factor in controlling the level
of the disease in Malirong.

. 1. Introduction :

In order to arrive at policies for controlling
bilharzia, it is useful to have a model of the trans-
mission cycle, from which the qualitative effects
of various control measures can be assessed. The
first model proposed was that of MACDONALD (1965),
and it has since been developed, at the expense of
much greater complexity, to incorporate various
elements of realism which were ignored in the

original formulation: see, for example, NASELL &

HirscH (1973) and Lewis (1975). A simplified
version of Macdonald’s model is also the starting
point in this paper, but the developments from it

are made in a slightly different spirit. Realistic
complication is only introduced in so far as the
simple model fails to give satisfactory results, and
the aim of the paper is to show to what extent the
simple model can be a useful toel-for deciding
control policies, and to suggest-modifications when
it breaks down, ¢ - ’
In the basic model, transmission is assumed to
take place in an isolated homogeneous community,
There is a constant total] snail population of N:
deaths occur among infected snails at a rate § per

" infected snail, and each death is compensated by

the birth of an uninfected snail, Each infected snail,
regardless of how many miracidial penetrations it
has suffered, produces cercariae at a rate which
results in the development of mature female schisto-
somes in the human host population at a rate «.
Female schistosomes in the human host population
have a death rate y, and each one produces eggs at
a rate which gives rise to successful miracidial
penetrations of snails at a rate f. « and § are here
used as transmission terms which are simple
representations of complex sequences of biological
processes. .

If all the rates are interpreted as differential rates,
these assumptions lead to a pair of differential
eqguations fror the number X(t) of femaleschistosomes
in the human host population and the number
Y(t) of infected snails;

dX/dt = —X + aY;

(L.1) | |
dY/dt = —=38Y + gX(1 — Y/N).

The factor (1 — Y/N) in the rate of increase of
Y(t) reflects the fact that a miracidial penetration
only results in an extra infected snail if the snail
penctrated was previously uninfected, which will,
on the simplest indifference assumption, be the

Table 1—Accessible water area, snail denﬁity and praportion of infected snails, for ten colonies in

ng
' ' : Percentage of infected snails
Colony - Accessible water area  Snail density =~ May-June 1954 February-March 1956
Agoong south 5 70 0-9 10-8
Malirong pocket no 2 13 6-7 3-6 390
Naliwatan upstream 5 0-5 4-8 3-7.
Juber creek - . 3 4-0 4-7 18-7
Nalicaban creek 7 3-5 1-0 8-1
Agoong north 5 65 0-0 34
Malirong swamp 5 4-5 1-5 5-9
Villaco creek - - 12 4-6 -3 13-0.
- Naliwatan-downstream =~~~ - - 6 6-3 0:3 2
Vicob-Malaigang e 8 73 0-4 37 -
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case a proportion (1 —Y/N) of the time. It is
rather more plausible to think of x(f) = X(t)/N and
y(t) = Y{t)/N as almost continuous variables, and
1o write equation (1.1) equivalently as

(12) x=—m+tay y =—8y +8x(1 —y).
The approximation can be expected to hold only in
an endemic situation, when individual changes in
X and Y are of small importance, and this is the
case considered in this paper: the complementary
situation is discussed in BarBour (1977).

The assurnptions made in the model are obviously
unrealistic (perhaps one of the most important of
the simplifying assumptions is that the total snail
population remains constant and transmission is
not realistically related to snail or human density)
and for instance, they imply that uneven distribut-
ion of schistosomes among the human hosts and
differing social patterns between groups of human
hosts have no effect on transmission. This does not
preclude the possibility that the model may be
qualitatively reliable, and hence of practical im-
portance. The essential feature of it is the way in
which the reproductive cycle of the schistosomes is
controlled by the proportion of infected snails, a
high proportion infected resulting in a smaller
proportion of miracidia causing new snail infections.
Without it, the worm population would, on the
remaining assumptions of the model, either increase
indefinitely, or die out.  As it is, equations (1.2)
have equilibrium points, found by selving

13) —mray=0 oy +EI-y)=0;

if 7= affyd < 1, all trajectories (x(t), ¥(1)

governed by (1.2) converge to (0, 0} as t =, and,

no endemic situation is possible, whereas if n > 1,
all trajectories coverage to

except when x(0) == y(0) = 0. The key threshold
parameter 7, which governs whether or not an
endemic state is possibte, and which is a primary
target for control measures, depends symmetrically
on o, f, v and §, though the contact parameters

a and § themselves implicitly depend on features-

such as snail and human population densities, social
habits and the like. The current value of % in an
endemic situation can, according to the model, be
determined by observing the proportion of infected

snails, which is predicted to be 1 — 1/%. Typical

proportions observed are of the order of 5%,
giving » a value around 1-05. This is highly
implausible in view of the obviously stable trans-
mission cycle, since a change of 10% in highly
.variable factors such as e and £ would apparently
--be enough to cut transmission., It is with this
aspect of the model that the paper is principally
concerned.

2, The latent period of infection in snails

There is a straightforward way in which the
proportion of infected snails may be consistently
underestimated. In the basic model, a snail is
infected as soon as it is successfully penetrated by a
miracidium. In practice, snails are diagnosed as
infected either when they can be observed to shed
cercariae or when sporocysts c¢an be seen in their
crushed tissues, and neither technique is capable of
detecting a miracidial penetration until at least
three weeks after the event. Since the lifetime of a
snail, and in particular of a snail shedding cercariae,
is relatively short compared with this three week
delay, a substantial proportion of the spails which
should be counted, to compute the proportion
required for comparison with the model, may be
missed. In this section, a catalytic model is used
to show how to compensate for this discrepancy:
cf. MUENCH (1959).

Consider a cohort of snails born at time ¢, which
have a natural death rate a. Suppose that the snails
are also subject to infection at a rate g, but that the
infection remains latent for a fixed time a, during
which the death rate remains as a, after which it
becomes patent and the death rate increases to 8.
Let x(t) denote the fraction of the initial population
still alive and uninfected at time t (bearing in mind
that x(t)—>0 since no new uninfected snails arrive
in the cohort), y(t) the fraction alive and patently
infected, and z(t) the fraction alive and with latent
infection, the remaining fraction 1 — x(t) — y(t) —
2(t) being dead. Then the quantities x, ¥ and z
evolve according to differential equations, which are
set out, with their sclution, in Appendix 1.

Now consider a sample from the whole population
of snails alive at any particular moment. If the
sampling procedure does not differentiate between
snails of different ages, and if the birth rate of snails
is constant, the observed proportion of infected
snails will estimate Y/(X + Y + Z), whereas the
actual proportion of infected snails, latent and
patent, is (Y + Z)/(X + Y + Z), where

x= e

1]

Y =J‘u- y(t) dt;
A =J-: z(l;) dt.

The ratio (Y -+ Z)/Y, the factor by which the
observed proportion of infected snails underesti-
mates the actual proportion, comes out as

an 14PEm-n T
a
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‘The quantities a, B and a can be directly observed,
at least under laboratory conditions.

The assumption of constant death rates a and B8
for the snails implies negative exponential lifetime
distributions; if this were observed to be far from
the truth, time dependent rates o(t) and B(t) could
be introduced instead. Similar modifications could
be made to allow for a variable length of latent
period, seasonally varying birth rates, age sensitive
sampling procedures, and the like. A stochastic
model could also be used in the place of the deter-
ministic one used here. However, under the most
natural assumptions, the mean proportions in such
a model are actually the same as those computed
from the above formulation, .

As an example of the possible magnitude of the
correction factor (2.1), consider the parameter
values a = 9 weeks, a1 = 16 weeks, -1 = 6 weeks
derived from data on S. japonicum at Malirong,
published in PeSIGAN er al. (1958b). These would
lead to a correction factor of 3.0. The sampling
procedures used to determine the proportion of
infected snails in this study were, however, age
gensitive, in that the ring method largely used was
shown, by comparison with the tube method, to
miss a substantial proportion of young snails, and
also because, for the first two weeks of their life, the
host snails were aquatic. Taking account of this
information would reduce the factor by which the
proportion of infected snails was underestimated to
around 2.0. The proportions actually observed were
normally between 0% and 6%, rising to as much as
40°, in one locality in the rainy season, The steady
state analysis given above would probably be
appropriate for the low percentage figures, giving
effective proportions of between 0% and 12%: the
abrupt changes in conditions during the cnset of
the rainy season would need an analysis incorporat-
ing a time varying infection rate u(t).

: 3. Heterogeneity

The effects of the latent period computed in the
previous section may still not, in themselves, be
enough to account for the low proportions of infected
snails: indeed, even a true infection rate of 103
would leave relatively little apparent margin of
stability at Malirong, though the disease seems
nonetheless endemically stable. In this section, the
importance of heterogeneity, amongst people and
snails and also between seasons, is assessed.

The model in Section 1 is described in terms of
parameters a, B, v and 3, of which o and 8 in
particular are defined as quantities intrinsic to the
transmission cycle in the particular community.
The first step in assessing the effects of hetero-
geneity in the system is to express « and § in terms
of quantities which can be more easily compared

between communities. A reasonable attempt at this -

would seem to be to assume that the density of
miracidia in a particular piece of water. was pro-
portional to the product of the human population
density, the number of female schistosomes per
person, and the amount of contact with the water

per persen per day; and that the rate at which new .

snail infections occurred per-unit area of water was
proportional to the product of the density of
miracidia, the proportion of uninfected snails, and

possibly some function of snail density which would
reflect the efficiency of miracidia in finding a snail -
host at different snail densities, and which, at all
but very low snail densities, could probably be
ignored. Similarly, the rate of increase in the
female schistosome population within the human
host population might be proportional to the
product of the density of infected snails, the amount
of water contact per person per day, and the size
of the human population. These assumptions
would give differential equations for x(t) and y(t),
defined as in Section 1, similar to Equations (1.2):

(3.1) x=aqy—716  y=pB(—y)—dy;
where o and B now depend only on individual.
water contact rates, and where ¢ denotes the
density of the human population. Here, and
throughout the section, densities are with respect
to accessible water area. Since Equations (3.1) are
identical with (1.2), but for replacing « with <o,
their qualitative behaviour is exactly the same, The
threshold parameter » now becomes afo/y8, an
the endemic equilibrium is given by :

wo=(F -} 3}

leading, for instance, to an average worm burden
per human host of : :

folo=—2(1 —1/n),
Y

where p is the snail population density. .

If individual and spatial heterogeneity within the
community is to be taken into account, the following
extension of Macdonald’s model seems appropriate.
Suppose that the community consists of M people
living in an area where there are L ponds, and that .
person i spends an amount of time A;; per day in-
pond j, where the snail density is pjand the acces- -
sible water area A;. Then the universal contact rates
a and £ are plausibly replaced by a set of rates
ay = aAij; By = ﬁAii: and Equations (3.1) by the
following system of equations for [Xi(f)}i—1, the
number of female schistosomes within person i,
and [Y;{1))j=1, the number of infected snails in

pond i:

X;= aj;l Rﬂ YilA;— X
(3.2)

M .
Y;=8 -Z: X; Mij(1 = Yylo; A)) — 8Y;.
=
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Note that, under the homogeneous mixing assump-
tions of p; = p forall j and A; = A;/A for alliand j,
where A= J;-1 Aj, these equations can be com-
bined to yield equations (3.1) for x = J3;=; Xy/N,
y=2j=1Yi/N, where N = pA is the total number
of snails in the community. Note also that, in
what follows, spatial effects arising from con-
tinuous variation in conditions rather than from
variation between a discrete set of ponds can be
dealt with in an entirely similar way.

It is now no longer possible, in general, to derive
an explicit expression for the equilibrium solution
of (3.2), but there are some interesting things which
can nonctheless be deduced from the equations.
First, there is an immediate generalization of the
threshold parameter » as the largest eigenvalue p
of a transmission matrix given in (2) of Appendix 2.
The value of p determines whether or not an
endemic situation is possible; as with 5 in the simple
model, stable transmission is not possible unless
g > 1. Now u may differ from one set of water
contact rates A; to another, even when the total
water contact rate 3 A;; in the community remains
constant, and it turns out that, among all possible
choices of the Ay, the lowest value of g is given by
_homogeneous mixing,

Thus if, in reality, mixing is not homogeneous,
 the true value of the threshold parameter p will
normally exceed the value corresponding to homo-
geneous mixing with the same total amount of water
contact, and the disease will be more stable against
changes in the under-lying parameters than might
otherwise have been expected.

Unlike the threshold parameter g, the total
equilibrium schistosome burden’in the communicy
depends on the snail densities pj, and in a rather
complicated way. Even when p; is the same for all
ponds, it is not necessarily true that homogeneous
mixing leads to the lowest schistosome burden for
given amount of water contact. However, provided
that p; = p for all j, it can be shown that homogen-
eous mixing gives a stationary value of the total
schistosome burden which is locally almost a
minimum: se¢ Appendix 2(ii). - : o

The implications of spatial heterogeneity for
control purposes are complicated by the difficulty
of observing the individual transmission parameters
{(4i): it may often be the case that the quantities
Bjs pis and A; for the different ponds are the only
available data. However, progress is possible if
the simplifying assumption can be made that
A;=8; ;7 this assumption is equivalent to requiring
that the relative proportions of time spent exposed
at different ponds do not vary from person to
person, though the foral amounts of exposure may
differ. Equilibrium estimates for certain combina-
}ic;lns “of the parameters can then be derived, as:

ollows:. S

| | ) | )
33 N=lpipiAi(1—pp]| L px o Ak’(l_l’k)] :

L 2
M [Z: p; #j Aif(l "Pi)]
g 2y -l

¥ i=1 L !
Lél- p} of Al(t — Pj)]

(3.5 u=:'~;'(_§ Ei') (j‘; J\flAs)

i=1

i=1

L :
|E oot ma-n|
= n -
Lg.l P} o} Aj/(1 — Pj)]

Suppose now that eradication was to be attempted
by keeping a number of ponds disease free, at a
cost per pond of C per unit accessible water arca.
The effect on g of treating ponds 1, 2, ..., k would
be to remove the terms A{/A;, 1 €j <k, from the

sum Zy\?lAi in (3'5), at a cost of C.35=14;.

Thus it is most economical in general to reduce the
threshold by treating theose ponds for which
NJA? is largest, ie. for which pip/(1 —pj) is
largest: note that, if p; is the same for all ponds,
this procedure is, as one would expect, exactly that
of treating the most heavily infected ponds (in the
sense of maximal p;). Using (3.3), (3.4) and (3.5),
it would be possible to determine which ponds
should be treated to reduce p to a specified value
below unity with least cost, and to estimate what
that cost would be. -

An alternative precedure would be to attempt
eradication by treating members of the human
population as well, In an exacdy similar way, an
economical method would be to treat those people
with largest over-all water contact rates ;. Note
that only the ratios X;/6; are expressible in terms of
Pj» #; and A;, but that, within the terms of the
model, the relative - distribution of & over the
human population could be taken as being repre-
sented by the relative distribution of egp output
rate, Then, knowing the cost of treating each
person, an optimal combination of pond and human
treatinent could be found, by way of (3.3), (3.4) and
(3.5). In practice, since the time scale for eradicating
the disease in a community where not every human
is treated will be of the order of the lifetime of an
adult schistosome, and hence of an order significant
in the social time scale of the human population, it
would not necessarily be the same people who were
treated throughout the programme: typically, high
values could be expected in certain age groups
within the population, such as teenagers and, over
a ten-year period, the people ‘within-the-age group
would change, o

It should be mentioned that, in the model
formulated above, the snail densities do not appear
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explicitly in the threshold parameter, and so it is
not obvious (from the modell) that eliminating the
snail population would interrupt transmission.
This is because, at the beginning of Section 3,
miracidia were explicitly assumed to have the same
chance of penetrating a snail, provided that the snail
density was not too low, which is a reascnable
assumption if miracidia actively search for their
quarry. Naturally, at extremely low snail densities,
this assumption would break down, and the thres-
hold parameter would be reduced. The implication
remains, nonetheless, that an all or nothing policy
for snail control should be adopted in each pond:
reducing the density by half, while lowering the
over-all transmission levels, would not contribute
significantly to eradicaring the disease,

There is no way of telling from the observed
values pj, p; and A; alone whether or not the
assumption ){ij = & A is justified: the full range of
(A;) consistent with a given set of observation
(Pi» pj» A;) is described in Appendix 2(ii). However,
the threshold parameter p takes its minimal value
consistent with the observed pj, p; and A; when
A; is of the form Ajf;, the minimal value being
given by (3.5). Thus the simplifying assumption
Aj=8; Aj leads to an optimistic extreme value
for u. At the other extreme, one has the intuitive
upper bound for i, which can be established
directly from (3.2), of

. : -1
(3.6) u((l— max Pj) ,
1SjSL S

and this bound can also be attained.

In general, the difference between the true value
of u and that given in (3.5) is a measure of the
heterogeneity of the values (1 —p;)! between
ponds; if p; is the same for all ponds, (3.5) and the
upper bound (3:6) coincide. If the difference

might not be negligible, for instance if the discre-

pancy between (3.5) and (3.6) is large, it may be
necessary to make a more accurate estimate of u
by some means, for instance by direct measurement
of (A;). Knowing the values of X; as well would be
of no help in this context, :

When p; = p for all j, standard inequalities can
be used to show that the plausible averapge estimates

L

A_l 'Zl Aj(l —'pj)-l
j:

and
L -t
1-A" IZ A; p,-]
=1

for the threshold parameter u, if a homogeneous
mixing model had been assumed as an approxima-
tion to (3.2), are both smaller than the lower bound

given by (3.5) for possible values of g consistent

with pj, p; and Aj.  Thus the assumption A; = 6; A
in general represents an improvement over homo-
geneous mixing for the purpose of estimating .

The datz in PESIGAN er al. (1958b) provide an
example of the effect of heterogeneity on the
threshold parameter. Table I contains information
on p; and p; for ten smail colonies at Malirong,
taken from T'ables XXIII and XLVII of the paper,
together with a relative measure of A; for the
different colonies, roughly estimated from the map
in Fig. 17.

For May-June 1954, the threshold parameter is
computed, from (3.6) and (3.5), to lie between
1.045 and 1.050, and, for February-March 1956,
between 1,60 and 1.64. The correction suggested
at the end of Section 3, applied to the proportions
of infected snails, would increase the May-June
1954 value to around 1.1; an estimate of the corres-
ponding value for February-March 1956 would be
2.5. It is noticeable how close the upper and lower
bounds for the threshold are in this case, indicating
that those colonies with the highest proportion of
infected snails are overwhelmingly responsible for
transmission of the disease. Note also that homo-
geneous mixing threshold values would here be
computed at around 1.03 and 1.20 respectively
(uncorrected for latent period), so that the uneven
spatial distribution is equivalent to a further factor
of between 2 and 3 multiplying the average pro-
portion of infected snails.

Table XLVII and Fig. 38 of PESIGAN er al
(1958b) actually give figures for the percentage of
infected snails in fourteen different periods between
May 1954 and March 1956, which show that high
percentages of infected snails follow periods of high
rainfall, apparently because, in wet weather,
miracidia are more easily brought into contact with -
snails. The two periods chosen in Table I show the
extremes of the percentages of infected snails during
the annual cycle: percentages are high for around
three months, and low for the remainder of the
year. It is obvious from the size of the discrepancy
between the threshold values obtained in the two
periods that seasonal heterogeneity should also be
allowed for in the model, if the threshold parameter
is to have any useful meaning. Because adult
schistosomes have a relatively long life span, it is
reasonable to suppose that the number of schisto-
somes in the human population does not vary much
during the year. Then, letting 8, and S, represent-
the human to snail transmission rates in the high
and low transmission periods, t; and ta the propor-
tion of the year for which each period lasts, and
y; and y, the corresponding proportons of infected
snails, supposed to have reached equilibrium with
respect 10 f; and f., one gets three equations
analogous to (1.3): _

X =at y; + otz ya;
(3.7) B x(‘""Y:) =8y1;

Bz x(1 —y,) = &y,,
The threshold paﬁme'ter, given by the net repro-
ductive rate per worm when y; = y; = 0, comes

out to be (afy8) (B; t; + B; 1p), which, from (3.7),
can be expressed in terms of observable quantities as
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2 ' 2
(3.8) L§| 4 y;/(1 -y,-)]/ LZ.‘ t Yj].

Taking the corrected values y, = 0.6, ys = 0.09,
together with t; = 0.25, t; = 0.75, gives a threshold
of 2.07, equivalent to 507, of infected snails in a
homogeneous system. Again, a better estimate of
the threshold parameter is given by taking the
largest value among the possible choices than by
taking the average value, indicating that most of
the year’s transmission takes place around the wet
season.

Formula (3.8) has an immediate generalization if .

there are more than two distinct transmission
periods per year. Furthermore; the inequalities

o[£
gl [8]
g (5]

show that, once again, 'avcragcs based on the
assumption of a homogeneous model give too small
an estimate of the threshold parameter.

4. The response to hi.nfection of the human
ost

Macdonald’s model singles out the proportion of
infected snails as the key factor in controlling the
transmission cycle of bilharzia. If, even allowing
for the corrections mentioned so far, the threshold
parameter still seems too low, other possible
controlling factors should be investigated. One
possibility is that the schistosomes in a human host

influence his response to further infection, for
instance by encouraging an immune response or -

because of crowding effects which lead to decreased
egg output per female schistosome.

There is some evidence in favour of such a
response gwcn by age-prevalence curves, If the
sequence of times at which a human host is infected
by groups of one or more cercariae arise as a Poisson
process of constant rate, and if the lifetimes of
different schistosomes are independent, the age-
prevalence curves in a demographically stable
community should increase monotonically to an
eventual limit.. This is in contrast with the curves
peaking at around age 15 years and then settling
around a lower limit which are often observed in
practice: see, for example, JORDAN & WEBBE (1969),

pp. 151-158. A similar phenomenon in relation to

egg output is observed in PESIGAN er al. (1958a).
One explanation which would account for these
curves is that, because of changing social habits, the
infection rate is not constant over all age groups;

however, similar curves are observed even among
adult populations which have recently immigrated
into infected areas (KLoETZEL & DA S1Lva (1967)), so
this explanation may only furnish part of the truth.
Certain models allowing partial or complete ternpor-
ary immunity are also capable of producing curves
of the observed form, as for instance in LEWIS
(1974), though the conditions for this are not
entirely clear. For instance, a Markov model based
on the constant rate Poisson model above, but in
which the infecton rate is lower for presently
infected hosts, still gives monotone age-prevalence
curves, whereas a model in which a person, once
infected, remains infected for a fixed period, and
then becomes uninfected and susceptible again,
gwes curves of the observed form. Nonetheless, an
immune response could be at least partly responsible
for the shape of the age-prevalence curves.

To get some idea of the effect on the Macdonald
model of incorporating human immunity in the
system, suppose that an individual, once infected,
remains infected for a length of time negative
exponennally distributed with parameter f, during
which he is immune to further infection, and then
becomes susceptible again (note that these assump-
tions are not only somewhat implausible, but would
still lead to monotone age-prevalence curves). Then,
constructing a model along the lines followed in
Section 1, one arrives at differential équations for
x, the proportion of the human population infected,
and y, the proportion of the snail population in-
fected, as follows:

x =agy(l —x)— ¥x;

“.1) _

y=86"" x(1 ~y)=by,
where ¢ is defined above, a B and 3 are as in
Section 1, and ¢ is the rato of the number of snails
to the number of human beings in the commumtg
There is, as before, a threshold parameter y'=a BNJ
and an endemic state is only poss:blc ifg'>1
this case, the endemic equilibrium is given by

x=(1—-1m)1+ Viag):

(4.2)
- ¥ =(1 = 1Un)i(1 + ¢5/8).

These two equations can be solved for the rados
P/ad and $3/8, whose product is 1/7', giving

$6/8=x%(1/7 —1);
(4.3) . Ylap=§(1/x—1)
7 =[(1—-§-%)]"

Comparing (4.2) with (1.3), it can be seen that
$8/ B small and ys/a¢ large corresponds to a situation
where Macdonald’s snail factor is what limits the
transmission cycle; conversely, with ¢3/8 large and . .

ifagp small, human immunity is the important

imiting factor So if ¥, even allowing for the
corrections indicated in the earlier sections, were
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small, and if X, the overall prevalence in the human
populatmn, were around 509 or more, a reasonable
first estimate of 1{ would be given by (1 — X)1,
and not {1 —¥)! as sugpested by Macdonald’s
model. Under these conditions, any attempt at a
more precise determination of %° would require a
more sophisticated model than that given in (4.1):
the simplistic biological assumptions might reason-
ably be retained without making too serious a
difference, but the varying social habits of the
different members of the human population are
likely to be very significant as far as effects sum-
marised by X are concerned, and a treatment along
the lines of Section 3 would probably be needed.

PesIGAN et al. (1958a, b) give values of X of
around 0.8 for the area near Malirong, compared
with the value 0.5 for § which is arrived at after the
ad)ustmen'cs in Sections 2 and 3. These values
would give ¢8/8 = 0.8, dfad = 0.125, v’ = 10.0.
The threshold value of 10 seems more plausible
even than the value of 2 computed in Section 3,
for a community where the disease is highly stable,
The above analysis also suggests that human
immunity is the more important factor in limiting
the severity of the disease.

The implications of this model in relation to
eradication of bilharzia are not very different from
those of Macdonald’s- model, except in so far as a
better estimate of the threshold parameter is
obtained: the dependence of the threshold para-
meter on the transmission parameters is as before.

For control, if eradication proves impracticable, it -

would be moré effective, from the point of view of
reducing total schistosome burden, to treat the
human population (thus reducing the number who

were susceptible to infection) than to reduce the

snail population, if human immunity was the
important limiting factor; whereas, in the opposite
case, snail control would be preferable.

‘5. Conclusion

The main aim of the paper has been to show that,
for Macdonald’s model of the transmission of
bilharzia to be compatible with observation, it must
be seen as a simple approximation to a more compli-
cated phenomenon, and to deduce, from the more
complicated models, ways in which appropriate
parameter estimates for the simple model may be
arrived at. The features on which most emphasis
has been placed are the estimation of the threshold
parameter and the limiting of the transmission cycle
by the proportion of infected snails. In Section 4,
in particular, it is shown how, in an alternative
simple model allowing for human immunity, the
data of PESIGAN et al. (1958a, b) for Malirong are
consistent with a much more stable endemic
situation than can be obtained from Macdonald’s

model. This suggests that, without further biologic- -
al evidence to discriminate between such models, -
cost effective control must be governed largely by -

empirical considerations, since the discrepancy
between the threshold values obtained under the
two different models is so great. It is tempting to
take the endemic stability of bilharzia at Malirong
ag evidence in favour of the model incorporating
human immunity, but it is hardly conclusive

‘directly considered,

evidence: the final value arrived at for the threshold
parameter under Macdonald’s model was still
quite large.

The direction taken in the paper has bypassed a
number of phenomena, many of them mathematical-
ly interesting, many of them already investigated.
elsewhere. Animal reservoirs of infection are not
though the treatment in
Section 3 is sufficiently general to allow definitive
hosts to be other than human; in particular, the
empirical bounds (3.6) and (3.5) remain unchanged.
Absent also are the various stochastic effects—the
sexual behaviour of schistosomes, the number of
cercariae penetrating at one infection, the random
behaviour of human beings and so on—which
would be of essential importance in estimating the
distribution of the numbers of schistosomes in a
human host or the chance of an infected person
introducing infection into a new area, Since in-
fection with 8. japonicim may typically be by rather
few schistosomes (HAIRSTON (1962)), the conclusions
derived from the data in PESIGAN et @l (1958a, b)
by the methods of Sections 3 and 4 should perhaps
be treated with some care, though the particular
aspects considered seem relatively insensitive to
such effects. In any case, the results should stll
provide useful indications of what can be expected
in general, as well' as highlighting important
features of the particular local transmission cycle.
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Appendix 1 _
The differential equations governing the evolution
of x(t), y(t) and z(t) in the catalytic model of

Secton 2 are

dx(t)/dt =—(a + ) x(1)
(1) dz(t)/dt = ux(t)—ez(t) — p e H(t —2) x(t—a)
dy(t)/dt=u ef“ H(t — a) x(t — a) — fy(t),
where
1 if x>0

H =
@=10 i x<o.

The proportion of snails ﬁlwe at time t which are
observable as infected is then p(t)—y(t)[[x(t) +
y(t) + z(1)], whereas the proportion infected is

actually - q(t) = [y(t) 4- z(D)1{[x(r) 4+ y() + z(0)].
Solvmg (1), one obtains

x(l) =g (a+u)t

(e"' - l) e"(‘“'“"

(& — 1) em@tu,

y(t) = pe s [e‘ﬁ("l) - e-(a+u)(t-a)]
X (a+pu—p)" H(t—a),

i<a

x) = t>a
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from which expressions for p(t) and q(t) can be
deduced. Both p and q are increasing functions of
t, and, as t —»o0,

p(}—+1 and q)—~1 if B<a+gp,

p(t) » /(B —a) and q(t) > 1 —e (1 —uff —a))

if fra+u

It is possible to observe o, B and a, at least under
laboratory conditions, and p is then in principle
estimable by fitting the curve for p(t) to empirical
values of the proportions of snails of various ages
observed to be infected.

Appendix 2
Mathematical treatment of Section 3
(i) The threshold parameter _
A non-zere equilibrium solution to (3.2) can
occur if and only if the linear approximation to
(3.2) near the origin,

)‘(i =a z kij ijAj —vX;;
]

(1 )
Y, =82 XiNj—8Y;

is unstable. Standard manipulation eguates this to
the requirement that the Perron-Frobenius eigen-
value y of the LxL matrix U with components

@ o
2 Ui =% Aj E.: Ajj Aik

be greater than unity: p is thus the natural general-
jzation of the threshold parameter 7. If a and 8
are to be identified as over-all average water contact
rates per person, the elements Ay must be standard-
ised by the requirement that 3;; A; = M. Under
this restriction, g is minimized among possible
choices of (;) by the homogeneous mixing choice
Xi = Ay/A, for which x = a.fa/y, where o = M/A.
This can be seen as follows. Suppose that X is an
eigenvector of U with eigenvalue p, so that Ux = px.
Then the vector y with y,= x; Aj'/2 satisfies
Vy = py, where

@) Vi =(eBlr5) A L 2 ik ARV

V is symmetric, and so its largest eigenvalue, hence
also that of U, is given by

max y' Vy.
b4 !"=1. ;

Now the choice y; = (AjfA)Y, j= 1, ..., L, gives
yy=1 and

y' Vy= ("‘6’7“)}; (Ekl a,-k) > MaB/y5A,

this last because 5;;j 4 = M. Hence the Perron-
Frobenius eigenvalue of U is always at least
apfa/y3, and takes this value exactly if A= AjfA,
which is the case of homogeneous mixing. p also
attains this value if X3 = Aj/A 1+ €;, provided that

Z?:; €xj = Zk:l €y = 0 forall iandj.

(if) Bquilibrium schistosome burden

As an example to illustrate that homogeneous '

mixing does not necessarily lead to the lowest
schistosome burden for given amount of water
contact, consider a community in which L = M,
Aj=a, Ai=0 ifi=j, and affyfa = 2: then, if
M = 1/ V2.

xi=920ii_'”2?‘ll)- I1<isM,
T

and so
Z X; =PE (M_Z_ szu)
i b i
Choosing _
Au=M-M- V2,
Ni=IN2L2KISM,
gives

l . ’ . : .
Ly X =p2(1— 1) +OM™), s Moo,
M ¥ . .

compared with the larger homogeneous mixing

‘burden of pa/2y.

If perturbations of the form A;= Ay’A-}- 'eii

‘are considered, where j|e|i is small and 3;; €; =0,

the total schistosome burden can be expressed as

W,
@ X X=p- [M(l - 1/n)
i=1 ¥

L ’ : M
+ (AB/BMn?) -Z. ehlA +17! E. e.’.]
= ==

+ ofllell®),

where €;. = S_;l{=| €ik, €j5 Z¥=l €kj- This in-
dicates that homogeneous mixing yiclds a locally
minimal schistosome burden, at least to order
flef?; once again, perturbations (¢;) for which
€. = €.;= 0 have no effect. : T

(iit) Parameter estimation from pj, pj and A;.
‘Consider first the case when Aj = 6 A Then

without loss of generality, we can take 3; A =1,

so that the overall constraint on the amount of

water contact reduces to 3; 8 = M. Equations

{3.2) then reduce, in equilibrium, to
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L
i=
and -
_ M
(6) Yi(1— Yilp; Ajr1 ={88) ) .Zl &; X5,

pj p; and A; are assumed known, whence
j= pi pj Aj also, and there are the constraints

) )'ij=1. 2 0,=M

=1 i=]
It follows from (6) that'
A = pj pj Ajf(1 —p;h
and so, from (7)

L . -1
®) N=[p;p; A1 —pj)] l?;:p" Px A;J(l—pu)] :

hence also, from (6),

M L
@)y 6B iZ-l 8;X;= RE: Px Pk Axf(1 — Pi)-

The values of A; obtained in (8) can now be substi-
tuted into (5) to give an expression for X;f6;: in
particular, multiplying the it member of (5) by &;
and summing over i gives, using (9),

L 2
B $ Lglpjpj Aj’(l_pj)] -

=

a0 =2 6=
' Lgl 7} 0} AfC1 — p,-)]

Since also, if X; = 6; A;, the threshold eigenvalue
p is given by

e (¥ N (R )
an “";'E(Elai) (igl lj/Aj)-

it can be directly expressed in terms of 'pi, pj and
A;, through (10) and (8), as

L .
L; pf of A1 —p,-)=]. |

(12 w=T _
’E' p? o? A1 — Pj)] o

To find the full range of parameters consistent
with the observed values of pj, p; and A; let

A= (%) and q, B; y and 3 be any transmission
parameters giving rise to these values. Define
r; = pj pj» 8 = Aj{(1 —p;), and, as in (8), set

L
s = I;5; Z Iy Sk
M=t /k=l koK
let R denote the right hand side of (10), and write
(]3) Rij=8i R]+Eij>0,

where
e L L
(14 4 =j>:| Nij T .Z‘ Aj oyt
—_— J=

note that, in consequence,

Lo
(15) Z Eul’j=0. l<isM.
=1

Now if A, a, B, y and 3 are to give the particular
values pj, pj and A;, it follows, solving (3.2) in
equilibrium, that

- of M E
(16) 1—53—;1 > Aij Ak Tk =1 S

1<j<L
Substituting for X; from (13) and using (14),
Equ_ation {16) can be re-expressed as

: QB L M

(17 Ts= R*R™ nyt+ ;; kél Ak Ik igl 8; €,
| 1<j<L,

where

R*

I
318

2.6t

Multiplying the jth equation of (17) by rj and adding
over j gives _

o 1.' . |
(18) (Zl rfsj) (1—R*/R)=0,
J=
Becauée of (15); hence R* = R, i.e. (10) holds, and
M
19) X 6g;=0 1<j<L
e i=p. .. _ o

Thus any A, a, B, yand 3 giving rise to the observed
values of pj, p; and A; must be consistent with (10),
(13), (15) and (19); it is easy to show conversely
that any choice of 8; €; and a, B, v, 8 satisfying
(10), (13), (15) and (19} gives the specified values
of pj, py and A;.
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For any such choice, the matrix U of (2) can be
written as

_ M M
(20) Uy =£A}' Aj A Y 6} +_Z €ij €ik | .
8 i=1 i=1

from which it follows that the threshold parameter
g takes its minimal value consistent with the
observed p;, p; and A; when ¢; = 0 for all i and j,
the minimal value being given by (12). :

‘The method leading up to (20) carried over to
many phenomena which are maintained by inter-
mixing, Indeed, if A = (Ay) is an unknown MzxL
matrix of non-negative numbers which is known to
satisfy the L equations.

Q1) = ); i Ak b, 1<j<L,

where (a;, b,-)%=| are known non-negative quantities
then any matrix A of the form );; = @; A; consistent
with (21) gives rise to the minimum possible value
of the largest eigenvalue of any matrix of the form
AT AT AA, Equations (21) are typical of the equilib-
rium conditions for a disease maintained by inter-
mixing, and the value of the largest eigenvalue of a
"'matrix of the form AT AT AA will often determine
whether or not the disease can become endemic.

(v} The upper bound (3.6) .

An example, in which the upper bound (3.6) for
values of p consistent with (p;, pj, A;) is attained, is
constructed as follows. Take

A = [v8A, faf(1 — p,)] 7
Aj=0, j*1: :
M1 =0, i#1:

where max; pj is assumed, without loss of genet'ali?, .
ij

to be attained at j = 1: the remaining values of

can then be taken to be any set consistent with the

data pj, pj, Aj, 2 € § € L. The construction yields
values of A; which do not necessarily satisfy the
standardisation constraint 3;; Aj = M, but this
can be achieved if a« and § are adjusted in compensa-
tion. The resulting transmission scheme is degener-
ate, in the sense that person 1 and pond 1 form an

isolated comimunity within the larger group, but,
by standard continuity arguments, a community.
with no completely isolated sub-communities can
be constructed with y arbitarily close to the maxi-
mum given in (3.6).
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