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Abstract

The paper is concerned with the equilibrium distribution II,, of the n-th
element in a sequence of continuous-time density dependent Markov processes
on the integers. Under a (2+ «)-th moment condition on the jump distributions,
we establish a bound of order O(n~(®+1)/2,/Iogn) on the difference between the
point probabilities of II,, and those of a translated Poisson distribution with the
same variance. Except for the factor \/logn, the result is as good as could be
obtained in the simpler setting of sums of independent integer-valued random
variables. Our arguments are based on the Stein-Chen method and coupling.
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1 Introduction

Density dependent Markov population processes, in which the transition rates depend
on the density of individuals in the population, have proved widely useful as models
in the social and life sciences: see, for example, the monograph of Kurtz (1981), in
which approximations in terms of diffusions are extensively discussed, in the limit as
the typical population size n tends to infinity. In the present paper we consider local
approximation to their equilibrium distributions II,,. In Socoll & Barbour (2009) [SB],
total variation approximation to II,, by a suitably translated Poisson distribution was
shown to be accurate to order O(n~%/2), provided that the jump distributions satisfy
a (2 + a)-th moment condition for some 0 < o < 1. Here, we examine the approx-
imation of point probabilities by those of the same translated Poisson distribution,
and show in Theorem 1.1 that, under the same assumptions, the error is now of order
O(n=@*t1/2,/log n). This is only worse by the logarithmic factor than the best that
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can be obtained under comparable conditions for sums of independent integer valued
random variables.

A key ingredient in the proof of total variation approximation in [SB| was to show
that the total variation distance between II,, and its unit translate II,, * §; is of or-
der O(n=/?). Here, we need to establish a local limit analogue of this theorem. We
prove in Section 2 that the differences between the point probabilities of II,, and those of
its unit translate are uniformly bounded by a quantity of order O(n~'y/logn). An im-
portant step in proving this is to establish that, for some U > 1, the difference between
P[Z,(t) =k + 1| Z,(0) =] and P[Z,(t) = k| Z,(0) =i — 1] is of order O(n~'/logn),
uniformly for 7 in a set I such that IT,,(I¢) = O(n~!). This is achieved by a pathwise
comparison of probability densities, and using a martingale concentration inequality.
Note that, for sums of independent random variables, the corresponding difference is
always zero, so that this problem does not arise there.

The proof of Theorem 1.1 is undertaken in Section 3. The argument relies on the
Stein—Chen method (Chen, 1975) and Dynkin’s formula, exploiting the particularly
nice properties of the solutions to the Stein—Chen equation for one point subsets of Z .

Preliminaries
For each n € N, let Z,,(t), t > 0, be an irreducible continuous time pure jump Markov
process taking values in Z, with transition rates given by

¢ — 1+ j atrate n)\j<%>, i€, jeZ\{0},

where the \;(-) are prescribed functions on R. We then define the ‘overall jump rate’
of the process n='Z, at z € n='Z by

Az) = Y A(2),
JeZ\{0}
its ‘average growth rate’ by
F(z) == > N2,
JEZ\{0}

and its ‘quadratic variation’ function by n~1o?(z), where

JEZ\{0}

assumed to be finite for all z € R.
We make the following assumptions on the functions A;. The first requires a unique
attractive equilibrium for the deterministic drift process.

A1: There exists a unique ¢ satisfying F(c) = 0; furthermore, F’(¢) < 0 and, for any
n >0, py = inf._o>, [F(2)] > 0.



The next assumption controls the global behaviour of the transition functions A;,
limiting their growth away from the equilibrium ¢, as well as bounding a moment
of the jump distribution. The condition on \; is sufficient to exclude, for instance,
processes confined to the even integers, for which our results would not hold.

A2: (a) For each j € Z\ {0}, there exists ¢; > 0 such that
)\J(Z) SCj<1+|Z—C|)7 ZE]R, (11)
where the c¢; are such that, for some 0 < a <1, ZjeZ\{O} 1717T%¢; =1 84 < 00.
(b) For some \° >0, Ai(z) > 209 z€eR.
We also require some smoothness and uniformity of the functions A; near c.

A3: There exist ¢ >0 and 0 < § <1 and aset J C Z\ {0} such that

inf X;j(z) > e)Xj(c) >0, jeJ; N(z)=0forall |[z—c[ <9, j¢&J

|z—c|<d

A4: (a) For each j € J, \; is of class C* on |z — ¢| < 4.
(b) For ¢ as in A3,

1N 15 1A 1]s
L, = sup 2 < o0 Ly = — )
jes Aj(e) e 171A(c)

where || flls := sup|. <5 [(2)].
These assumptions imply in particular that the functions A and F are of class C? on
|z — c| <6, that 02 is of class C" there, and that their derivatives can be obtained by
differentiating inside their defining sums.

In [SB], under assumptions A1-A4, it is shown that the process Z, has an equilib-
rium distribution II,,, and that ﬁn = II,, * ¢ satisfies

drv (11, Po(nv.)) = O(n=/?), (1.2)
where v, := 02(c)/{—2F'(c)} and f’z)(nvc) denotes the centred Poisson distribution
Po(nv,) := Po(nv.) * d_|ny,|; here, 6, denotes the point mass at 7, and * denotes

convolution. In this paper we prove the complementary local limit approximation.

Theorem 1.1. Under Assumptions A1-A4, there exists a constant C' > 0 such that

sup ﬁn(k‘) - f%\)(nvc){k:} < Cn~@tV2 flogn.

keZ

This theorem shows that, even at the level of point probabilities, the approximation
to IL,, * 0_|nc| provided by the centred Poisson distribution Po(nw,) is almost exactly
the best that could be expected.

The proof is based on exploiting the equation

E(A,h)(Z,) =0, (1.3)
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where A, denotes the infinitesimal generator of Z,:

(A)(0) = Y nAj(i) [h(i + ) — h()], i€, (1.4)
ey

and where, here and subsequently, the quantity Z,, when appearing without a time
argument, is to be interpreted in such expressions as being a random variable having
the equilibrium distribution II,,. The equation (1.3) is a manifestation of Dynkin’s
formula, and it holds under rather mild conditions on h: see Hamza & Klebaner (1995).
The first step is to approximate A, h by replacing h(i + j) — h(i) with the first terms
of its Newton expansion:

h(i+j) — h(i) ~ jAR(i) + SA%h(i), (1.5)
where Af(i) := f(i+1)— f(i) and A?f := A(Af). Substituting (1.5) into (1.4) gives
(Aph)(@) ~ nF(i/n)gn(i) + 3n0®(i/n)Agn(i),

where we write g, for Ah; a precise version is given in Lemma 3.1. Then, considering
arguments i = |nc| + j with j/n small — the values to be expected in equilibrium —
and approximating F'(i/n) and %(i/n) near ¢ (where F(c) = 0), we obtain

(Ah) (@) = JF'(c)gn(j + [nc]) + 5no®(c)Agn(j + |nc)).

Dividing through by |F’(c)| yields the Stein operator for the centred Poisson distribu-
tion P/’B(nvc), applied to the function g (- + [nc|). This indicates that P/’B(nvc) is the
appropriate approximation for the centred equilibrium distribution ﬁn The rest of
the paper gives the argument necessary to dispose of the errors involved in this chain
of approximations.

2 Differences of point probabilities

As an essential step in proving Theorem 1.1, we first need to show that the differences
between the successive point probabilities of II,, are suitably small. The bound that
we achieve is of order O(n~'y/logn). In order to prove this result, we begin with two
lemmas. The first states that, for any U > 1, the distribution of Z,(U) has point
probabilities which are uniformly of order O(n~%/2), if Z,(0) is close enough to nc.

Lemma 2.1. Under Assumptions A1-A4, for any U > 1, there exists Cy1(U) < 00
such that
sup  sup  P(Z,(U) =k | Z,(0) =i) < Cor(U)n V2
kEZ |i—nc|<nd/2
Proof. Note that, for any integer valued random variable X,
supP(X =k) = sup{P(X <k)-PX+1<k)} < dp{L(X),L(X)=*d}, (2.1)
keZ kez
where £(X) denotes the distribution of X. Taking X = Z,,(U) and applying Lemma 4.5
completes the proof. O



The next lemma shows that the differences between successive point probabilities
of Z,(U) are uniformly close, to order O(n~*/log n), for a large range of values of Z,,(0)
and for a particular choice of U > 1. This is the result that we shall then be able to
extend to the equilibrium distribution IL,. For A* :=sup,_, <52 A(z), we set

U = max{1,1/2A*}; & = de Vs /4. (2.2)

Lemma 2.2. Under Assumptions A1-A4, and for U and ¢} defined above, there ezists
Cyo < 00 such that

sup  sup |P(Z,(U)=k|Z,0)=i—1)-P(Z,(U)=k+1]|Z,(0) =1)|

kEZ |i—nc|<nd’ /2
S 02.2 n_l AV 10g n.

Proof. We compare the probability measures L((Z,(u), 0 <u < U)|Z,(0) =i—1)*0,
and L((Z,(u), 0 < u < U)|Z,(0) = i) by examining the likelihood ratio of the
processes Z) =4 {Zn| Zn(0) =i — 1} and Z =4 {Z,,| Z,(0) = i} along paths with
the same set of jumps (j;, [ > 1) occurring at the same times (¢;, [ > 1). Z{V starts
from the state i — 1; we write z; :=n i — 1 + Zizljs} for the value of n='Z" at
time t;, { > 0, and z(u) := z if t; < u < t;41. The process Zﬁf) starts from the state i,
and thus has the same paths as Z 1. Then, using the notation v[0, 00) to denote
the function (v(t), ¢ > 0), the likelihood ratio of the two processes along the first m
steps of the path is given by

Sm = Sm Z[07 OO)) = Sm(’ZOaZl‘"7Zm;t1".'7tm)
ol ) m—1
Ny (zr+n7t -
{ i (2 )exp{_n(A(zl +n7h) = A=)t —tl)}} = [Iw
-0 )‘jz+1(zl) =

Note that, since |(1+ z)(1 +y) — 1| < 3|x| + |y| if |y| < 2, and since |ef — 1| < 2¢]| if
t <1, it follows that

/\jz+1 (Zl +n!
/\jl+1 (Zl)

provided that n{A(z) — A(z; +n )}t — ) < 1.
Now, if |2 — ¢| < §/2 and n™! < §/2, it follows from Assumptions A3 and A4 that

V,—1] < 3 ) _ 1‘ +2n)A(z + 071 = A(2)|(tes — 1)

. —1 )\/A -1 !
Ni(z+n )_1‘ < [\l < &; ‘A(z—l—n ) < | A'[[s < & (2.3)
Ai(2) neA;(c) ne A(z) nel(c) ne
Hence, for all n > 2/§, writing e;,1 := nA(z)(t;41 — t;), we have
Ly
Vi—1] < n—8{3 + 2141}, (2.4)



as long as
|21 —c| <6/2 andeither A(z) <A(zm+n"') or ey <ne/l. (2.5)
Now consider the random likelihood ratio process
(Sp(n ™ Zo,n™*Zy, ... o0 Zoi 11, ), m> 0),

where (75, 1 > 0) denote the jump times of the process zV, and Z, = 7(11)(77),
[ > 0, the sequence of states that it visits; define also E; := nA(n™'Z,_1)(n — 11_1).
Then S := (S, m > 0), is a martingale with mean 1 with respect to the filtration
Gm = 0(Zo, 21,y ..oy Zn; T1y - -y Tim), m > 0. We shall, for technical reasons, work
rather with another martingale S , which typically agrees with .S for a long time, but
which satisfies the inequality

. . 2L
|Smi1 — S| < n—;{3+2Em+1} (2.6)

for all m > 0. This we achieve by defining ¢ := min{o,, 1 <r < 3}, where
op = inf{l>0: n|[A(n ' [Z 1+ 1)) = A0 Z)|(m — 71) > 1}, (2.7)
oy == inf{l>0: S >2} and o3 = inf{l>0: [n7'Z —c|>3/2}, (2.8)

and then setting

Sm = Sm/\chm,ol )

where

oo {e/Vll if [ <min{m, 09,03} and A(z_1) > A(z_1 +n7');
ml =
’ 1 else.

Note that the only effect of the factor C), », is to multiply S by e instead of by V,, _; at
time o1, if o7 < min{oy, 03} and A(zy,—1) > A(25,_1 +n~'). The value e is chosen so
that the martingale property is preserved; and the modification also ensures that (2.6)
is still satisfied at time oy, since 2(e — 1) is no larger that 4L, E,, /{ne}, because, at
time o,

I < n‘A<ZU1—1 + n_l) - A(Zm—l)’(TGl - 7-01—1>

Az, - -1 L
(Zal 1+n ) _1 S Em _1a
A(zy,-1) ne

= E‘U1

in view of (2.3).

Now, from (2.6), and since also, by the strong Markov property, the conditional
distribution £(E;11 | G;) is the standard exponential exp(1) distribution for each , the
process S satisfies the conditions of the variant of the bounded differences inequality
for martingales given in Barbour (2008, Lemma 4.1), from which it follows that

vmlogm

~ L
P ]S, —1] >C = — Zn(o):z'—1] < 2exp{—3Clogm/928}
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for any m such that \/m/logm > 135C'/236. In particular, recalling (2.2), for m =
m(n) := [2nA*U], we have

P[|§m(n) —1|>C Liy/m(n) logm(n) Z,(0) =i — 1] < oS, (2.9)

ne
if we take C' := 928, as long as n > e and

n

> 5407, (2.10)

logn

Introducing the notation P, to denote P[-| Z,(0) = s|, and defining M, (U) =
min{l: 7, > U}, we would now like to use the equation

Pi[Zy(U) =k +1] =P y[Zo(U) +1 =k +1] = Ei 1{(Sar.w) — DI[Za(U) = K]},

together with the control over |§m(n) — 1] from (2.9), to establish the inequality that
we are looking for. However, the fact that Sy, ) may be unbounded makes this
complicated. Instead, we argue from

Ei{1[2,(U) = k +1]9(Zn[0,00))} = Ei 1 {1[Z,(U) + 1 = k + 1]g((Z, + 1)[0, 00))}
= Eit{(Svwy = DI[Za(U) + 1=k +1]g((Zy 4 1)[0,00))}, (2.11)

where
9((Z +1)[0,00)) = I[Sp, wtn,) (0" Z[0,00)) < 5] I[my (U, ty,) < m(n)],  (2.12)
for suitably chosen §, with m,, (U, ty,) := min{l : t, > U}. More explicitly, we have
9((Zn +1)[0,00)) = I[Swr, @) < 8/ I[M,(U) < m(n)]. (2.13)

We start by showing that the value of g((Z, + 1)[0,00)) is 1 with high probability, so
that (2.11) closely approximates the difference that we wish to bound.
First, if

1SZSI£3()((J¢NO) |zt —c[ <6/2, mu(Uty,) <m(n) and o, we,) —U <1,

it follows from (2.3) and the definition of m(n) that
L m
Sn < (14 2) " exp{IIst} < exp{1+20°T(La/o) + XU + 1)} = 5

for all m < m,, (U, ty,). Hence, with this definition of s, ¢g((Z, + 1)[0,00)) = 1 on
A3 N Ay N As, where Az = {035 > M,(U)}, Ay := {M,(u) < m(n)} and A5 :=
{tam,w)y — U < 1}. Now, from Lemma 4.3, for all |i — nc| < ndj, as defined in (2.2),
we have

P,_4[AS] = Pi_l[ sup |n'Z,(u) — c| > 5/2] < n 'Ky (2.14)

0<u<U



Then, by the Chernoff inequality (see Chung & Lu (2006, Theorem 4)),

Pia[AfNAs] = Pia[{Tmm < U} N Aj]
< Po(nA*U){(2nA*U,0)} < exp{—nA*U/3}, (2.15)

and P;_;[A¢] < e7?"’ is immediate from Assumption A2. Hence we have proved that
Piag((Zn +1)[0,00)) = 0] < m(n), (2.16)

where 7;(n) < Cn~! for some C' < oo. The same bound holds also for the probability
P;[9(Z,]0,00)) = 0], if we restrict ¢ further to the set |i — nc| < nd}/2, provided that
61/2 > n~! because S(z) is now computed with arguments shifted by n~!. Thus, and
from (2.11) and (2.13), we conclude that

Pi[Zn(U) = k + 1] = Pi1[Z,(U) = K|
< (B {(Sanaw) — DIZa(U) = K I[Sayy < 5 I[AJY +2m(n). (217)
However, it is immediate that
Evr{(Saty0) — DIZa(U) = K} [Sas, 0 < 3 T[Ad]}]
< B { (Suuw) = VIZa(U) = K 1[Sar,w) < ST[A] 1 [Sur, ) = Swaan]H
+ 8P [{Suw) # Sua)} N A4,

and, since Z,(U) is G, (y-measurable, it follows from the martingale property that

B 1 {(St, ) — VI[Zo(U) = K] I[Sar, ) < 5]][A4]][§MH(U)~: Su@)]
= Eies{(Son(n) — VI[Za(U) = k] I[Sasuwy < S [Ad] I[Satuoy = S}
< CLl \/m Viog m(n) Ps [ Zo(U) = k] + (26 — 1)n~*, (2.18)

the last inequality holding for all n > e satisfying (2.10), by (2.9).
It remains now first to bound

Pi,l[{gMn(U) # Saant N A < Piq[Ag N {U AFY,

where Ay := {0y > M, (U)} and Ay := {02 > M,,(U)}. We already have a bound (2.14)
for P;_1[A§]. Then, from (2.7) and the definition of Ej, and using (2.3), we have

L\E
ASNAsN Ay C U{ 7}Lgl>1},

so that
]P)Z‘_l[Atlj N A3 N A4] S m(n)e_"E/Ll.

Finally, on the set A5 N A; N A3 N Ay, we note that then

Ll\/m ) logm(n)
ne ’

|Smmy — 1| >




for all n > max{3,2A*} such that n/logn > 3(L,/¢)?, implying that, for n that also
satisfy (2.10),
P, 1[A5N A NA;N A < 2n78,

from (2.9). Combining these bounds, and noting also that, from Lemma 2.1,

Pi1[Z,(U) = k] < Con(U)/Vn,

for all |i — nc| < ndj, the lemma is proved. O

Theorem 2.3. Under Assumptions A1-A4, there exists a constant Cy3 > 0 such that

sup I, (k) — I, (k + 1)| < Cysn ty/logn.

keZ

Proof. Fix U as in (2.2). Since II,, is the equilibrium distribution of Z,, it is in
particular true that

1L, (k) — IL,(k + 1)| yZH (U) = k) —ZHn(i)]P’i(Zn(U) =k+1)]
ZH D|Pioy(Za(U) = k) = Py(Z,(U) = k +1)]
+ Z 1, (i — 1) — IL,(i)| Py(Z,(U) = k + 1).

With ¢} as in (2.2), note that one can write

ST (i = 1) [Bioy(Zo(U) = k) = B Zo(U) = k+ 1)

i€EZ

< W {|Zu+ 1= nel > s} +  sup [Py y(Zu(U) = k) = Pi(Zu(U) = + 1))

[i—nc|<nd}
and that

S (i — 1) — ()P Za(U) =k + 1) < Hn{yzn+1—nc|>n<sg}
€L

+ Hn{|Zn ~ e > ms;} v osup Py(Zy(U) = k + 1) - 2dpy {1, I, # 6, ).

[i—nc|<nd]
By applying the result of Corollary 4.2 three times, we obtain that
sup |11, (k) — I, (k + 1)|

keZ
< O YH+sup sup [Py (Z,(U)=k)—Py(Z,(U) =k +1)|

k€Z |i—nc|<nd]
+sup sup Pi(Z,(U)=k+1)-2dpy{Il,,II, * 6, }

k€Z |i—nc|<nd]

=: O(n_l) + Mn + Mon- (2.19)



The quantity 7y, is of order O(n~'y/logn), in view of Lemma 2.2; and Lemma 2.1 and
Theorem 4.4 together give the bound

Non < 02.1(U)n_1/2'04.4n_1/2 = O(n™").

This completes the proof of the theorem. Il

3 Local limit approximation for the equilibrium
distribution

As outlined at the end of the preliminaries, we start from the fact that E(A,h)(Z,) =0

for many functions h, and transform it using Stein’s method into a statement concern-

ing the closeness of 1I,, to a suitable translated Poisson distribution. The first step is

to recall a result from [SB], which shows that A,, can be expressed in a form which is
closer to that of the desired Stein operator.

Lemma 3.1. [SB, Lemma 1.1.] Suppose that 6%(z) < oo for all z € R. Then, for any
function h: Z — R with bounded differences, we have

n o2

(Am)) = 20*(2) 5 (i) + 0 (L) on(i) + Bulgi ),

where N7 f (i) :== f(i) — f(i — 1) and gn(i) := yh(i + 1) and, for any i € Z,

E.(g,1) = —gF(%>vg(i)+Zaj(9, ( ) Zb (9,1 M—J< )

Jj—1 J
a;j(g,i) = ()Vg +Zkvgz+J—k) = (2)V29(z+3—k+1);
—2
. 7j—1 J lf
bi(g.1) = <>V9 ZkVQz—J+k = (2)v g(i —j +Fk).
=2
Since F'(c) = 0, we note that, for i/n small, {— F’(c} YALR) (i + |nc]) is close to

7 57 OAG) = (= (1)) = e Agi(6) = (= (02 )

3

for g;:(i) :== gn(i + |nc]), where (nv.) = nv. — |nv.] denotes the fractional part of nv..
This is the Stein operator for the centred Poisson distribution Po(nv.) (Réllin, 2005),

acting on the function g;. Combining this observation with (1.3) and writing Y,, =
Zn — |nc| yields

0 = {-F'(0)} "E{(An)(Ys + [nc])}
= E{nvcAgp(Yn) — (i = (nve))gi(Yn) } + E{LH (g5, Yn) }, (3.1)
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say. If the error term E{H (g;,Y,)} can be controlled, then Stein’s method leads easily

to the approximation of £(Y,) = II, * 6_|,¢ by Po(nv.). For the approximation of
point probabilities, (3.1) needs to be analyzed for functions g that are translates of

the solutions to the Stein—Chen equation corresponding to single point sets.
Carrying out this recipe, and examining the form of H(g;}, Y, ), yields

supl(IL, — |ne))(r) — Po(nw.)(r)]

reZ
1

< ————sup [ER(n,r;Y,)| + sup nv. |E{/? Gnver (Yo + 1)}
_F( )TEZ

+ 31615 Po(nvc){r} -P(Y,, < —[nv.))

= Ry + Ry + Rn?n (32)
say, where
Y, .
R(n,r;Y,) = g[a%#) — 02(0)] < Gnver(Yn)
Y, + |nc Y,
[P D) - ) ()
+ F'(¢)(nve) G (Yn) + En(gnvc,r7 Y, + |nc]), (3.3)
and the function gy,, , is given by
N 0 it < —[nv]
Nnve,T l) = ’ . 3.4
e, (0 { gnvc,{T+LTch}(l + [nve)), if 1> —[nv.]. (3.4)
Here, for A C Z, g, 4 denotes the solution to the Stein-Chen equation
14(i) = Po(u){A} = pgua(i+1) —iguali), i=0. (3.5)
We further split the last term of (3.3) into
7
En(.gnvc,m Yn + LnCJ) = Z Enl (gnvc,ra Yn + |_7’LCJ )a
I=1
with
_ n Y, + |nc _
Bu(inr Yt nel) = 2 [p(2E D) po)] 95,00 (36)
el 3/
~ L 2 ~ . .
Bl Vot lnc) = 3[3° (5) 92 duer o i =k D] st (3
[Vn] . j—1
N o j N N .
En3(gnvc,r7 Yn + |_77,CJ) — [_ (2) V gnvc,r(Yn) + Z k v gnvc,r<Yn + J— k)
j=2 k=1
Y, + [nc] '
() o), 55)



7j—1

Bt Yo+ 116)) = 5 [(2) 0 02+ SRV G ¥ 7= 1)

i=[v/n] k=1
x 1) (Y"JFTL"CJ) (3.9)
lvnl
Buslinor Yo Lncl) = =3[ (5) 7 s =i+ B rs(0 (310
= .
Bl Yo 116)) = = 32 [(3) 7 G () = A9 (Vo = -4 )
« n{A_j(Y"%WS - A_j(c)}; (3.11)
Burlineor Yot lncl) = = Y [(3) 9t kaw iR
jz[vn]
X nAj(Y”JFTM). (3.12)

Our strategy for proving Theorem 1.1 is now to show that each of the terms R,;,

Rpo and Ry in (3.2) is of the desired order O(n~(@*1/2,/logn); clearly, the treatment
of R,1, which involves all the detail of E,(gny..r, Yn+ [n¢]), is to be the most laborious.
We begin by collecting some of the properties of the functions gy, ., defined in (3.4),

that appear frequently. We write || f|loo := sup;ez [f(9)], | fll = D icz [f(9)]-

Lemma 3.2. We have the following estimates:

D) MInverlloe < 1AGnverlloo < 1/ (n0e);

@) A ()l < 2/(n0e);

3) A G (@l < 4/ (n0c);

4) [ = () Gnwe ()] < h(4) + Po (nve){r + [nve]};
() 1= (nve)) Agno. ()] < i+ 1)+ h(i) + 1/ (nve),

where, in parts 4 and 5, we have h(i) > 0 for all i, and ||h(i)];, < 3.

Proof. For i < —|nv.|, Gny,»(1) = 0; for ¢ > —|nv.|, we have Gpy. () = g,.5(j), where
Jj =i+ |nv.], p = nv. and s = r + |nv.|, and g = g, s satisfies the Stein-Chen
equation

pg(j+1) = 3g(d) = L) —Po(uw{s},  7=0. (3.13)
Parts 1 and 2 now follow from the proof of Lemma 1.1.1 of Barbour, Holst & Jan-
son (1992), in which it is shown that the function g, , is negative and strictly de-
creasing in {1,2,..., s} and positive and strictly decreasing in {s+1,s+2,...}, with
Agus(s) < 1/(nv.). Part 3 is then immediate from part 2.
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For part 4, using the notation above and (3.13), we have

(Z - <nvc>)§nvc,r(i) = (] - :u)glt,s(j)
= 1Gus(G +1) = 9us(7)) = 13 (j) + Po (u){s}. (3.14)

This implies that

|(2 - <nvc>)§nvc,r(i)| S {M'Ag(]” + 1{3}(])} + Po (:U’){S}7
which, with part 2, proves part 4. It also follows immediately from (3.14) that
(0 = (nve)) Agnv.r (1) < (i + 1) + h(i) + |Gnoer (i + 1)1, (3.15)

for the same function h(i) := {u|Ag(j)| + 1(s(j)}, and part 5 follows on applying
part 1. ]

As a result of these bounds, combined with Theorems 4.4 and 2.3, we can estab-
lish two useful bounds on expectations of differences of the Gy, (Y, + ), under the
equilibrium distribution.

Lemma 3.3. For any r,l € Z, we have

~ 2044 .
(]-> E| v gn’IJC77’(Yn + l)| S n3/2’UC7
2~ 202.3
(2> |]E{V gm}c,r(Yn + l)}| S 20 vV 10g n.

Proof. For the first part, it is immediate that

| e (Yo + D] < supTL(i) > [ Guoer (0)].

!
Vez i€Z

By Lemma 3.2 (2) and (2.1), this is bounded in turn by dpy{Il,,, I, * 01 } 2/(nv,.), and
part 1 follows from Theorem 4.4. For the second part,

E{T Gner (Vo + DY = [ iaer (i = ne) + )(ILy (i +1) = T, (0)
< fsup @ =) = @O} X1 urli = )] (310
< sup 1L, (i — 1) = TL,(8)] - 2(nwe) ™,

where the last line uses Lemma 3.2 (2). Part 2 of the lemma now follows from Theo-
rem 2.3. [

Bounding a further set of expectations that appear repeatedly in the estimates first
needs another, technical lemma.
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Lemma 3.4. Let o be any probability distribution on Z. Suppose that s, f and h are
real functions on Z such that ||f|le < 00, ||AS|lw < 00 and ||h||;, < oo, which also
satisfy the inequality

[s@) (@) < [p@)]+k L <i<D, (3.17)
for some integers Iy < Iy and for some k < oo. Then

‘Zuz @OV f@] < e 1A/l + |2l sup |w = pisa] + kdry (g, 1o 61)

1 <i<lIg

+ |pns(h) f (I = D] + [ s(12) f(12)];

where ||9||(11,Iz) ‘= SUPr <<, l9(4)].

Proof. 1t is immediate that

> nisi) v 1)
< Z{Mz+131+ = 1@ G|+ s(h) F(I = D] + i s(B) (D)
< Z{MH i }s(4) ZMZH{SZ"‘U_S()}JC()

+ [pn s(L) (1 — 1)| + |, s(L2) f(12)]-

Clearly, the second term is bounded by || f||(1,,1,) [|AS]|(1,,1,)- For the first term, in view
of (3.17), we have at most

Ir—1 Ir—1
> {lpir = pal 1B} + B i — pual,
i=I1 =11

which is easily bounded by ||h]|;, supy, <;p, [1t: = pri1| +kdry (u, p* 1), in view of (2.1).
Note that the argument also goes through for I, = —oo and I, = oo, in which case
the final two elements in the bound disappear. O

This lemma is combined with Lemma 3.2 (4) and (5) to give the next corollary,
which is used as an ingredient in many of the estimates to be made.
Corollary 3.5. Suppose that |s(i)| < |i — |nc]| for all |i| < nd. Then, for any
0<0d <6 andalll € Z such that |l| < n(6 —4"), we have

(1) |E{s(Y, +1) vgmcr(Y +l) (Y] < n5’]}\

< sup |As(i) + 2(Cranny + Caany/9)/ (nve);
NVUc |i|<né
(2)  [E{s(Ya+1) V" Jover (Y +l) Y] < "5']}|
= g o A(Cun + Clara /o) ()
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Proof. We take II,, * _; for p and either g, , Or \/Gny.» for f in Lemma 3.4, noting
that parts 4 and 5 of Lemma 3.2 give the appropriate counterparts of (3.17). The
first three elements appearing in the bound given by Lemma 3.4 are in turn bounded
by using Lemma 3.2 (1), Lemma 2.2 and Theorem 4.4. The last two are bounded by
Lemma 3.2 (1) and Theorem 4.1. O

Proof of Theorem 1.1

We are now in a position to undertake the proof of Theorem 1.1, for which we need
to bound the terms Ry,, Ry, and R, in (3.2) to order O(n=(®*Y/2,/logn). First, we
show that Rs, is as small as O(n=3/2). This is because, from Barbour & Jensen (1989,
Remark to Lemma 2.1), if X ~ Po (u), then

1

sup P(X =k) < —.
keIZ) ( )< 2\/p
Hence, and from Corollary 4.2, it follows easily that
—_~ 1
Rs, = sup Po(nv. ){k} - -P(Y, < —|nv.|) = O(—) 3.18
= sup Pt ) (k) - B(Y, < ~lnue)) = O(—= (319)

For the quantity Ra, in (3.2), we just use Lemma 3.3 (2) to give

Ron = nv.sup [E{*Gno.r (Yo + D} < 2Co3n""/logn. (3.19)

rez

It thus remains to bound Ry,. To do so, we consider in turn the expectations of the
quantities appearing in (3.3) and in (3.6)—(3.12).
Beginning with the elements of ER(n,r;Y,,), we first have

e {2l () - 0] 9 gt} (3.20

which is of the form considered in Corollary 3.5 (1), with [ = 0 and

o(i) = 2[02<w)—02(c)].

n
For |i| <nd/2 and n > 2/, we have
[s()] < 3li— (o) (0*)lls and  [s(i) —s(i — 1| < 5 1) |5,
whereas, for |i| > nd/2, we have the simple bound
s < 5 ]o*e) + D st +n i)
jez

using Assumption A2. By Theorem 4.1 and Corollary 4.2, it follows that the latter
element contributes at most O(n™!) to [ER(n,r;Y,)|; for the former, Corollary 3.5
gives a bound of order O(n~1y/logn).

15



For the next term,

B {n[r (B ) - 0 - 2P0}

n

|Gnve.r(Yn)| is bounded by 1/(nv.), using Lemma 3.2 (1). The contribution from the
part |Y,,| < nd is thus easily bounded by

IE" s n™* BAY, (Y, < né]} + | F'lsn "] /v,

and E{Y;2I[|Y,, < nd]} = O(n) by Theorem 4.1, so that the whole contribution is of
order O(n1). If |Y,,| > nd, Assumption A2 and Theorem 4.1 guarantee a contribution
of the same order. The third term immediately yields

E[F'(c)(nve)Gnv..r (Ya)| < |[F7(0)]/(nve),

again of order O(n™!). All of these elements are of order O(n~'y/logn), at least as
small as the order O(n~(+%)/2,/logn) stated in the theorem, and it thus remains to
bound |E{E.(Gnv,.rs Yn + |nc])}| for 1 <1< 7.

For the term arising from (3.6), we have

e{2[r(2 D) - 2] 9 20}
which is of the form considered in Corollary 3.5 (1), with [ = 0 and
o = 3p(E) r]

and can be treated very much as was (3.20), yielding a bound of the same order. For
that arising from (3.7),

Lvn) _j

B3 Y [30(5) 9 O 1] (o)

j=2 k=2

we can use Lemma 3.3 (2) to bound the expectations E /2 gy, (Y +7 —k+1), giving
a contribution of at most

n2v, 3

S 1 2053 Cy3 84 1 2

g 6j3cjn 2 Vlogn < 2222 (402 flogn,
Ve

j=2

where we have also used Assumption A2.
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The next term is from (3.8), and is more complicated. For its summands, we write
Jj CA Y, + |nc|
L)oot s ufe {50 o)
k=1
J N Y, + |nc
- (2> \V4 gnvc,r(Yn) n {)\] (#) - )‘](C)}

S Yot~ {Aj(y" T W)}

n
k=1
-1 )
- . Y, + |nc Y.+ |nc|l+j5—Fk
+Zkvgnvc,r(yn+]_k)n{)‘](%>_)‘]< L 7,JL )}
k=1
= B (Yo, )+ ES (Y, d) + B3 (Y, ), (3.21)

say. The term E,(llg) (Y., ) is of the form considered in Corollary 3.5 (1), with [ = 0 and

s(i) = —n(‘;) {Aj(”incj)—xj(c)}.

For |i| <nd/2,

sl = (31— Gl Il and 1s) = st~ 0] < (3) Il

whereas, for |i| > nd/2, we have the direct bound

s()] < ey () 2 7l

using Assumption A2. From Corollary 3.5 and Assumption A4, the contribution from

the first part is of order
O(cj (‘;) n~'y/log n); (3.22)

the second part is also at most of this order, in view of Theorem 4.1, Corollary 4.2
and Lemma 3.2 (2). Adding over j < |/n], this gives a total contribution to the
quantity [E{E,3(Jnv.r Yn + [nc])}| of order O(n~1y/logn).

For E,%) (Y,,7), we now have a sum of terms of the form considered in Corol-
lary 3.5 (1), with [ = j — k and

s(i) = nk{Aj(iH”CJ)—Aj(c)}.

n

Supposing n to be large enough that /n < nd/2, we have
()] < KlIXjlls|i — (nve)| and [s(i) — s(i = 1)] < K[[Xjlls
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for |i| < nd/2, whereas, for |i| > nd/2, we have the bound
sG)| < mkey(2+ ).

Arguing very much as for (3.22), it thus follows that the total contribution to the
quantity |E{E,3(Gno..r, Yn + [nc])}] is again of order O(n"y/logn).
Finally, for E%) (Y., ), we again have a sum of terms. We first note that

(L) o (PRI

n n

for |i| < nd/2, and this leads to a contribution to |EE,(L?(ij)| of at most

-1
k(G = B)IXills/ (nve) < LagPe;/(6nve), (3.23)
k=1

Q

in view of Lemma 3.2 (1). For |i| > nd/2, there is the bound

j—1

. k 3 . '
‘Eé?(l,j)’ < Z U_Cj{2 +n 1(2’2‘ +j— k)}’

giving
[E{E (Yo, NIYal > nd/2]} < e ALP(Yal > n6/2] + n E( YVl T[]V > n5g])2£,)

because j < |y/n]. Adding (3.23) and (3.24) over j < |\/n] gives a total contribution

to [EEZ (Y,,, )| of order O(n~(1+9)/2) because of Assumption A2.
The term from (3.9) is much easier. For |i| < nd, we have the bound

Aj(%) < (14 0),

by Assumption A2, and E| <7 Gnu, » (Yo +1)| < 2(Cy.a/ve)n=3/2 for any [, by Lemma 3.3.
Hence

E|[- (;) 7 Gnwer (V) + i B Gnuer (Y + = B)] 0, (Y%L"CJ)I 1Ya] < ol

< j c](l—i—é) ”

and summing over j > [/n] gives a total contribution to (3.9) of at most

204.4

Ve

Se (1 + 5) 1+a)/2

in view of Assumption A2. For |Y,,| > nd, the j-contribution is bounded by

j2cj” ¥V Gnve,r |OOE{(77, + |Yn’)]“Yn| > n5]} < 2j20j(c{4~1,1} + 0{4-1,2})/(nUC)a
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in view of Lemma 3.2 (1) and Theorem 4.1, and summing over j > [y/n] gives a
contribution of order O(n~'=%/2). Hence the complete contribution from (3.9) is of
order O(n~(1+)/2),

The remaining terms (3.10)—(3.12) are treated in exactly the same way as those
in (3.7)—(3.9). In all, the largest order of any of the terms in (3.6)—(3.12) is of order
O(n=(+9/2,/logn), and since the other terms were of order O(n~'/Iogn), Theo-
rem 1.1 is proved. [

Appendix

The following results from [SB] are used in the proofs.

Theorem 4.1. [SB, Theorem 2.1.] Under Assumptions A1-A4, for alln large enough,
the process Z, has an equilibrium distribution I1,,, and

E{ln"'Z, —c| - U|In""'Z, —c| > 0)} < Canyn™

4.1
E{(n'Z, —¢)* - U|n""Z, — | <)} < Cuamn ', (4.1)

ford as in Assumption A8 and constants Cy1,1y and Ciaa2y; as before, in such expres-

sions, Z, is used to denote a random variable having the equilibrium distribution I1,,.

Corollary 4.2. [SB, Corollary 2.5.] Under Assumptions A1-A4, for any fixed 0" such
that 0 < &' < 6, there exists Cy2(0") < 0o such that

Pln'Z, —¢c| >8] < Cua(d )0t

Lemma 4.3. [SB, Lemma 3.1.] Under Assumptions A1-A/, for any U > 0 and
0 <n <4, there exists a constant Ky, < oo such that

P sup |Z,(t) — ne| > nn | Z,(0) =i] < n”'Ku,,
te[0,U]

uniformly in |i — nc| < (nn/2) exp{—||F"'||sU}.

Theorem 4.4. [SB, Theorem 3.2.] Under Assumptions A1-A/, there ezists a constant
Cy4 > 0 such that
dpy{IL, I, % 61} < Cuan™2,

where I1,, x 1 denotes the unit translate of 11,,.

Finally, we shall use the following result, which was used in [SB| to prove the
previous theorem; see, for example, (3.7) in the proof of [SB, Theorem 3.2].

Lemma 4.5. Under Assumptions A1-A4, for any U > 1, there exists a constant
Ky < 0o such that

Ay {L(Zo(U) | Zo(0) = 1), L(Zo(U) | Zo(0) = i) % 6,} < Kyn~2,

uniformly in |i — nc| < nd/2.
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