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Abstract of the system matrix and the computational complexity
We propose and analyze a new fast method for the nu- is reduced ta® (M?N log? N), while the storage com-
merical solution of time-domain boundary integral for- plexity stays at? (M?2N). In [2], [4] the M x M block
mulations of the wave equation. Discretization in time matrices are approximated by data sparse representations
is achieved by Lubich’s convolution quadrature method based on a cutoff and panel-clustering strategy. This leads
and in space by a Galerkin boundary element method. We to a significant reduction of the storage complexity while
show that the arising block Toeplitz system is after a small the computational complexity is reduced compared to the
perturbation equivalent to a a decoupled system of dis- naive approach (costO (N?M?)) but increased com-
cretized Helmholtz equations. Each of these systems canpared to the FFT approach.
efficiently be solved by a fast data-sparse method (e.g. In this paper, we will propose a third approach which
FMM, panel clustering). Further savings can be achieved combines the advantages of the FFT-technique with the
by noticing that in some cases the solutions of many of data sparse approximation: The block Toeplitz system
the Helmholtz problems can be replaced by zero. Finally is transformed to a decoupled system of discretized
the proposed method is inherently parallel. Helmholtz problems which can then be efficiently solved
We prove that the excellent stability and optimal con- by fast data sparse approximations. Thereby we re-
vergence of the convolution quadrature are inherited by duce both the storage and complexity estimates to
the new method. These results thereby pave the way to O(M N log® N), for a smalla > 1. A full version of
the efficient solution using fast data-sparse techniques. the paper [1], where all the results stated here are proved,
IS in preparation.
1 Introduction
Boundary value problems governed by the wave equa- 2 Integral formulation of the wave equation
tion arise in many physical applications such as electro- Let Q C R3 be a Lipschitz domain with boundaiy.
magnetic wave propagation or the computation of tran- We consider the homogeneous wave equation
sient acoustic waves. Since such problems are typically

formulated in unbounded domains, the method of integral Ofu=Au  inQx(0,T) (1a)
equations is an elegant tool to transform this partial dif- )

ferential equation to an integral equation on the bounded u(-,0) = du(-,0) =0 InQ (1b)
surface of the scatterer. w=g onl x (0,T) (1c)

In this paper we represent the solution of the wave
equation as a single layer potential thereby arriving at a on atime interval(0, T') for someT" > 0. For its solution,
boundary integral formulation of the problem. For dis- Wwe employ an ansatz assangle layer potential
retisation we employ the convolution quadrature method .
in time [5], [6] and a Galerkin boundary element method u(w,t) = / / k(z —y,t — 7)p(y, 7)dlydr  (2)
in space. 0Jr

The coefficient matrix in the arising system of linear
equations is a block-triangular Toeplitz matrix consigtin
of NV blocks of dimension\/ x M, whereN denotes the

for (z,t) € Q x (0,7) and wherek(z,t) is the funda-
mental solution of the wave equation,

number of time steps antf is the number of spatial de- 5t — ||z

grees of freedom. Due to the non-localness of the arising k(z,t) = W’ 3)
boundary integral operators, thd x M matrix blocks

are densely populated. 0(t) being the Dirac delta distribution. The ansatz (2) sat-

In the literature, there exist (at least) two alternatives isfies the homogeneous equation ( 1 a) and the initial con-
to solve this system efficiently. In [3], an FFT-technique ditions ( 1 b). The extensiom — I' is continuous and
is employed which makes use of the Toeplitz structure hence, the unknown densityin (2) is determined via the



boundary condition ( 1 cy(z,t) = g(z,t). This results
in the boundary integral equation for

t
/0 /F k(= .t — )y, T)dTydr = g(x,t)  (4)
forall (x,t) € I' x (0,7).

3 Timeand space discretisation
For the time discretisation, we employ the convolution

guadrature approach which has been developed by Lubich

in [3], [6]

We split the time interval0, T'] into N + 1 time steps
of equal lengthAt = T'/N and compute an approximate
solution at the discrete time levéls = nAt. The contin-

uous convolution operator is replaced by a discrete convo-

lution operator, and the resulting semi-discrete probkem i
given by

> [

foraln=1,...,N, xeTl.

If the time discretisation is related to a multistep
method defined by its generating polynomigk) (see
[5]) the kernel functions,2\ (d) are implicitly defined by

i (d, %) = iwﬁt(d)gn.

n=0
Here, k denotes the Laplace transform of the original
kernel k(d,s) = % For the rest of this paper we
consider the BDF2 multistep method definedy) =

H¢-1)(¢-3).

iUz =yl oar;(y)dly = g(z,tn),  (5)

We impose the integral equation not pointwise but in a
weak form: Findpa, p,, € S of the form (6) such that

>3 o [ [,

j=0m=1

b (y) b (2)dLydly

- / 9(2, tn)bi(z)dT
T

foralll <k < Mandn=1,...
as a linear system

Z A, i
=0

« (7)

, N. This can be written

:gn7*, nzo,...,N7

with

s
B = ( / g(x,mbk(a:)drw):;.

4 Transformation to a decoupled system of
Helmholtz problems

b (y)bg (x)dldIl

and

Let us definevyt :=0forn = —N,-N +1,...,—1.
With this definition we can extend the sum in (7)jte=
0,1,..., NN to obtain

Z ¢>]m/ / b () by () dTydT
J=0m=1
- / 9t ()b ()T (9)
r

For the space discretisation, we employ a standard The next step in our method is to replace ear;}f. by
Galerkin boundary element method. The space of piece- the trapezoid rule approximation of the Cauchy integral

wise constant, discontinuous functions is denoted by representation.
S_1,0 and the space of continuous, piecewise linear func-

tions by Sy ; The general notation i$' for the bound-
ary element space ard,, ) , for the basis. The mesh
width is denoted by:. For the space-time discrete solu-
tion at timet,, we employ the ansatz

St hn(y (6)

M
) = Z ¢n,mbm(y) )
m=1

where (¢, m) _, € RM are the nodal values of the dis-
crete solution at time stefp,.

The details and an error estimate are
given in the following proposition. For clearer exposi-
tion we introduce some extra notation. Lé&t,; :=
exp(—2mi/(N + 1)) andx; = i'y(/\C]lVH)/At. Then
we notice that

k(e = yll, v (A1) /AL = G yl),

([l —

whereG,.(-) is the fundamental solution of the Helmholtz
operatorA + k2
eind

Gi(d) = nd




Proposition 4.1 Let N € N, d > 0, At = T/N, and
)\ < e~ be given. There exists a constafit> 0 inde-
pendent of the parameters such that, fav < j < N,

N+1
d

—lj

A
ATl < Ce

w7 (d)

Substituting the above approximation in to (9) we ob-
tain a new system

oo
7 2 () G = [ ottt
1=0
where
¢l* = Z)\ ¢g *CN—H
7=0
and

A= [ [ Gualle = ol ()b (a)dr

Note that the unknowns (in the time domain) of the
above systems are denoted &Wm The approximation
¢~5A,h7n € S at timet, is then given analogously to (6)
Now, notice that if we take the Fourier transform of both
sides we obtairV + 1 decoupled problems:

Ady = / Ge1(@)b, (2)dT (10)
r
where
gati(z Z/\n 10 ) (N1
n=0

Therefore we have indeed reduced the problem of
solving numerically the wave equation to a system
of Helmholtz problems with wavenumbers;, |
0,1,...N.

The stability and convergence of the new method can
be derived using the techniques developed in [6] and [2].

Theorem 4.2 Letg be sufficiently compatible and smooth
(see [6]) and letS = Sy, 1,4, for m € {0,1}. Then if
AVHL < ChAL®, the solutionpay . , exists and satisfies
the error estimate

\|¢~5At,h,n — ¢(-,tn)||H_1/2(F) < Cg(At2 + hm+3/2)’

whereC' depends o’ andC;, depends on the right-hand
sideg.

5 Fast solution of the decoupled systems

To solve theN dense systems from the previous sec-
tion, fast methods (e.g. FMM, panel clustering) designed
for high-frequency Helmholtz problems (see e.g. [7]), can
be applied. In these methods dense sub-blocks of the ma-
trix are replaced by data-sparse (e.g. low rank) matrix
approximations. It is then possible to solve each dense
M x M system (10) inO(M log® M), for some small
a > 0, time and storage complexity. The conditions on
the error introduced so that the stability and optimal con-
vergence is preserved are developed in [1].

To reduce the costs even further we notice that if
a7 g(x,0) = 9/ g(x, T) = 0, forr = 0,1,... R (corre-
sponding to a smooth, time limited incoming signal) only
O(N3/E) systems need to be solved (see [1]). In fact if
07 g(x,0) = 07 g(z,T) = 0, for all » > 0 then we expect
to only have to solve)(log N) systems. For supporting
numerical evidence see [1].
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