NONLOCAL QUASILINEAR PARABOLIC EQUATIONS

HERBERT AMANN

Abstract. We give a survey of the most common approaches to quasilinear parabolic evolution equations, discuss their advantages and drawbacks, and present an entirely new approach based on maximal L_p regularity. Our general results apply, above all, to parabolic initial boundary value problems being nonlocal in time. This is illustrated by indicating their relevance for quasilinear parabolic equations with memory and, in particular, for time regularized versions of the Perona-Malik equation of image processing.

Dedicated to S.M. Nikols’kii on the occasion of his 100^{th} birthday

Introduction

In this paper we discuss a new approach to the abstract quasilinear parabolic equation u̇ + A(u)u = F (u) on (0, T ), u(0) = u^0, (0.1)

where T is a fixed positive number. Formulation (0.1) encompasses a great variety of concrete problems, most prominently parabolic initial boundary value problems of the form

∂_tu − ∇ · ( a(u)∇u ) = f(u) on Ω × (0, T ), χ⃗ν · a(u)∇u + (1 − χ)u = χg(u) on Γ × (0, T ),

u(·, 0) = u^0 on Ω,

(0.2)

where χ ∈ {0, 1}, Ω is a bounded smooth domain with boundary Γ, and ⃗ν is the exterior normal on Γ. In contrast to standard classical settings we are particularly interested in situations where a, f, and g are nonlocal functions of u. Of course, the matrix a(u) has to be uniformly positive definite on Ω for every admissible choice of u. It should also be mentioned that (0.2) encompasses systems as well if obvious interpretations are employed.

In the following section we review the standard known approaches to (0.1) and (0.2). Then, in the next section, we briefly discuss concepts of maximal regularity. In Section 3 we present our main new abstract theorem, and in the last section we indicate some of its applications illustrating the strength and novelty of our approach.

2000 Mathematical Subject Classification: 35K10, 35K22, 58D25, 34G20. Key words: nonlinear evolution equations, parabolic problems, maximal regularity.

1

1. Usual approaches

The following, somewhat vague remarks refer predominantly to (0.2) in the simple scalar case where a, f , and g are local functions.

The perhaps best known approach to (linear) parabolic problems is the

Galerkin approximation method

To the best of our knowledge, it has first been used in the context of nonlinear evolution equations by E. Hopf [24], who employed it to prove the existence of weak solutions to the Navier-Stokes equations. It has then been widely popularized by M.I. Višik and O.A. Ladyzhenskaya [40], O.A. Ladyzhenskaya [26], and others, in particular by J.-L. Lions [30]. In the context of linear problems the latter author developed it to a powerful abstract theory. Extensions to nonlinear problems have since been carried out by many writers (e.g., [13], [42], and numerous research papers), where in most cases only semilinear equations are studied. (Here and in the following, we restrict ourselves to giving easily accessible references, mostly books. This does not mean that we provide a correct historical account of the development. We leave it to the reader to trace the literature for the origins of a specific theory.)

The Galerkin method has the important advantage that

• it is relatively simple.

However, it has a number of serious shortcomings. Namely:

• It is restricted to a Hilbert space setting, which amounts to the weak H^1 setting in case of problem (0.2).

• It can be applied to coercive problems only, thus general systems cannot be handled.

• Due to the Hilbert space setting, strong growth restrictions for the nonlinearities f and g have to be imposed.

Another well known abstract method is based on

Monotone operators and accretive semigroups

In the context of evolution equations this has been developed, in particular, by Ph. Bénilan [10], H. Brezis [11], and M. Crandall [16], and has been refined and extended in numerous papers. Although it gives rather good results, mainly for degenerate problems, its range is severely restricted by the fact that it is crucially based on monotonicity properties and maximum principles. Thus

• it does apply neither to general systems nor to higher order problems, unless very particular structural conditions are satisfied.

As far as the standard (local) quasilinear parabolic problem (0.2) is concerned, there is the fundamental and deep work based on

A priori estimates and Leray-Schauder continuation techniques

developed at the beginning of the second half of the last century especially by O.A. Ladyzhenskaya, N.N. Ural’ceva, and V.A. Solonnikov, and exposed in their monumental work [27]. More recent extensions and refinements, concerning certain degenerate problems as well, are given in G. Lieberman’s book [29]. The results obtained by this method are optimal. However, their shortcomings are that

• this technique is essentially restricted to the scalar case and cannot be applied to general systems, • it is difficult to treat problems where blow-up occurs since global existence is essentially built in the proofs.

The most general and flexible approach to the abstract parabolic evolution equation (0.1), applying, in particular, to its concrete realization (0.2), is based on

Analytic semigroup techniques

This development has been initiated independently by T. Kato [25] and P.E. Sobolevskii [39]. These authors established mainly the linear theory, being the basis for treating quasilinear problems, and derived preliminary results for quasilinear problems. Analytic semigroups play a decisive role in D. Henry’s geometric theory of semilinear parabolic problems [22]. A satisfactory general abstract theory for quasilinear parabolic evolution equations has been established only relatively recently by the author [2], [3], and by A. Lunardi [31], where the latter restricts herself to a Hölder space theory.

The advantages of the approach by analytic semigroup techniques are manifold. In particular:

• It applies to weak as well as classical settings of quasilinear parabolic problems [2], [8].

• It applies to general (Petrowski parabolic) systems [2], [28]. • It allows for a geometric theory of quasilinear parabolic evolution equations in the spirit of the geometric theory of ordinary differential equations [1], [2], [37], [38].

• It is of great flexibility applying to a wide variety of nonstandard models like free and moving boundary value problems [19], equations with dynamic boundary conditions [18], singular Cauchy problems [20], equations with infinitely — even uncountably — many equations [4], etc., problems which are all out of reach of the other methods.

In principle, the approach by analytic semigroup techniques to (0.1) is quite simple and straightforward. It comprises two basic steps, namely:

• First, one acquires a good knowledge of existence, uniqueness, and continuity properties for the nonautonomous linear problem

u̇ + A(t)u = f(t) on (0, T ), u(0) = u^0. (1.1)

• Second, on the basis of the first step one specifies appropriate classes of functions v to which a prospective solution of (0.1) is likely to belong. Then, denoting by u(v) the unique solution of

u̇ + A ( v(t) ) u = F ( v(t) ) on (0, T ), u(0) = u^0,

in this class, it remains to establish a fixed point of the map v → u(v).

Of course, the preceding outline is drastically oversimplified and there are many difficulties in the realization of this scheme some of which we discuss now.

2. Maximal regularity

The semigroup approach to problem (0.1), outlined above, employs the following basic hypotheses:

• E, E_0, and E_1 are Banach spaces such that E_1 → E → E_0; • ( x → A(x) ) is a locally Lipschitz continuous map from E into L(E_1, E_0);

• − A(x) generates for each x ∈ E a strongly continuous analytic semigroup on E_0;

• F is a locally Lipschitz continuous map from E into E_0.

(2.1)

As usual, → denotes continuous injection and L(E_1, E_0) is the Banach space of all bounded linear operators from E_1 into E_0.

Under these hypotheses, and assuming that E is an interpolation space between E_0 and E_1 (adding some slight technical refinements), it can be shown that (0.1) is well posed and generates a local semiflow on E (cf. [2]). Although this result has numerous deep applications, indicated above, the fact that E has to be an intermediate space between E_0 and E_1 is a minor but, in some cases, unwanted restriction. It is intuitively clear that the optimal setting occurs if E = E_1.

The outline in the beginning of the preceding section makes it clear that a deep understanding of the linear problem (1.1) is decisive for the whole approach. Indeed, in order to carry out step 2, that is, to guarantee that the fixed point map v → u(v) is well defined, it turns out that one has to know that u̇ + A(t)u = f(t) on (0, T ), u(0) = 0, (2.2)

has for each f : (0, T ) → E a unique solution, provided f has appropriate time regularity and the solution is in the same regularity class. More precisely, put J := [0, T ) and suppose that

• X_j (J) are Banach spaces such that X_j (J) → L_1(J, E_j ), j = 0, 1;

• A ∈ L_∞ ( J, L(E_1, E_0) ) and (u → Au) ∈ L ( X_1(J), X_0(J) ) , } (2.3)

where, of course, (Au)(t) := A(t)u(t) for a.a. t ∈ J. Then A is said to possess maximal regularity with respect to ( X_1(J), X_0(J) ) if (2.2) has for each f ∈ X_0(J) a unique (distributional) solution u ∈ X_1(J) such that u̇ ∈ X_0(J). Note that, due to the second part of (2.3), this means that all three terms in (2.2) possess the same regularity, that is, u̇, Au, f ∈ X_0(J).

In general, it is unfortunately not true that maximal regularity holds, even if A and X_j (J) are ‘rather nice’. However, there are some important cases where it is satisfied. They are described in the following.

Maximal continuous regularity

The most natural choice is, of course, X_j (J) := C(J, E_j ), j = 0, 1.

In this case we obtain classical solutions

u ∈ C(J, E_1) ∩ C^1(J, E_0) whenever f ∈ C(J, E_0).

Clearly, we have to assume that t → A(t) is also continuous and not merely bounded and measurable. Sadly, in this simple and natural setting maximal regularity is only true under severe restrictions on the Banach spaces E_1 and E_0 which make concrete applications rather difficult. In particular, it does never hold if E_1 ≠ E_0 and E_0 is reflexive. Thus it rules out so important choices in the theory of partial differential equations as L_q(Ω) or H^{−1}_q (Ω) for 1 < q < ∞. On the other hand, (little) Nikols’kii or Hölder spaces are admissible. We refer to [3, Section III.3] for details, and to [15] for the corresponding nonlinear theory pertaining to (0.1), where references to concrete applications can be found as well.

Maximal Hölder regularity

Restrictions on the basic Banach spaces E_0 and E_1 can be completely dropped if we consider Hölder continuous solutions, that is, if we set

X_j (J) := C^α(J, E_j ), j = 0, 1,

for some α ∈ (0, 1). (In fact, more complicated subspaces of C^α(J, E_j ) have to be chosen, but we refrain from giving precise details.) In this case it is possible to develop a satisfactory theory even for fully nonlinear equations u̇ = Φ(u), provided it is assumed that Φ ∈ C^1(E_1, E_0) and Φ^′(e) generates for each e ∈ E_1 a strongly continuous analytic semigroup on E_0. This approach has been carried through by G. Da Prato and A. Lunardi, in particular, and is exposed in [31]. However, it turns out that it is not too well adapted to the quasilinear case where Φ(u) = −A(u)u + F (u). Furthermore, due to the high regularity involved it is not easy to apply it to concrete equations or to get global existence results since this setting requires a priori bounds in rather strong norms.

Maximal L_p regularity

From the modern viewpoint of partial differential equations an L_p theory is most desirable. More precisely, suppose that 1 < p < ∞ and choose

X_j (J) := L_p(J, E_j ), j = 0, 1.

Thus of interest are now H^1_p solutions, where

H^1_p := H^1_p ( J, (E_1, E_0) ) := L_p(J, E_1) ∩ H^1_p (˚ J, E_0 ) and H^1_p (˚ J, E_0 ) is the Sobolev space of E_0 valued distributions u on J̊ such that u and u̇ belong to X_0(J) = L_p(J, E_0). In this case maximal regularity with respect to ( X_1(J), X_0(J) ) is called maximal L_p regularity on J with respect to (E_1, E_0).

In order to guarantee that maximal L_p regularity holds one has to put assumptions on A as well as on the underlying Banach spaces E_1 and E_0. In the autonomous case a complete characterization, due to L. Weis [41], is based on the concept of R-boundedness, a new Mikhlin type Fourier multiplier theorem for operator valued symbols, and on results from the theory of Banach spaces. We refrain from giving details here and refer instead to the comprehensive presentation [17]. May it suffice to say somewhat informally that

maximal L_p regularity holds for ‘nice’ spaces like L_q (Ω), H^{−1}_q (Ω), and for ‘good’ operators, like those induced in these spaces by elliptic differential operators.

Finally, it should be mentioned that in all cases of maximal regularity discussed above, it is necessary that −A(t) generates for each t ∈ J an analytic semigroup on E_0.

3. Quasilinear parabolic problems

Now we return to problem (0.1) and discuss its well posedness in the framework of maximal L_p regularity. Thus we suppose that

• E_0 and E_1 are Banach spaces such that E_1^d→ E_0,

where^d→ means: dense injection. Having fixed (E_1, E_0), we simply write

H^1_p(J) := H^1_p ( J, (E_1, E_0) ) . We also set E := (E_0, E_1)_{1/p}′_{,p}, where (·, ·)_{θ,p} is the real interpolation functor of exponent θ ∈ (0, 1) and parameter p. Thus E is the trace space of H^1_p(J), and

E_1^d→ E^d→ E_0. (3.1)

It is known that H^1_p(J) → C ( J, E ) (e.g., [3, Theorem III.4.10.2]).

Due to (3.1) it is possible and not too difficult to carry out the semigroup approach based on assumption (2.1) under the additional hypothesis

• A(x) possesses for each x ∈ E maximal L_p regularity.

Indeed, this has been done by Ph. Clément and Sh. Li [14] in a concrete setting, and by J. Prüss [36] in an abstract framework. The proofs in this restricted setting are much simpler than the ones in the general case [2] not imposing maximal regularity hypotheses. However, the improvement for applications to concrete quasilinear parabolic problems is marginal.

Thus there arises the question:

what is the optimal setting for a maximal L_p regularity theory for problem (0.1)?

Clearly, seeking solutions in H^1_p(J), a minimal requirement is that

• A and F are defined on H^1_p(J) and u^0 belongs to E. (3.2)

This assumption is fundamentally different from the standard hypotheses (2.1) where A and F are defined on the Banach space E and, given a function u : J → E, the map ( A(u), F (u) ) : J → L(E_1, E_0) × E_0 is defined via ( A(u), F (u) ) (t) := ( A(u(t)), F (u(t)) ) , t ∈ J.

In other words, A and F are local operators (with respect to t) in the standard situation, whereas A and F can be nonlocal maps in case (3.2) holds.

Since we are concerned with evolution equations, in addition to (3.2) we need a further assumption guaranteeing that any time no information from the future is used. Thus we require the nonlocal maps to possess the Volterra property: • for every S ∈ (0, T ) and u ∈ H^1_p(J), ( A(u), F (u) )| J_S = ( A(u|J_S ), F (u|J_S ) ) . In other words: The restriction of ( A(u), F (u) ) to any subinterval J_S depends on the restriction of u to the same interval only.

After these preparations we can formulate the following existence, uniqueness, and continuity result.

3.1 Theorem Suppose that J := J_T := [0, T) for some T ∈ (0, ∞), that p ∈ (1, ∞),

and that E_0 and E_1 are Banach spaces such that E_1^d→ E_0. Also suppose that (i) A is a Volterra map from H^1_p(J) into L_∞ ( J, L(E_1, E_0) ) being uniformly Lipschitz continuous on bounded sets.

(ii) For each u ∈ H^1_p(J) and each T ∈ J the linear map A(u)|J_T possesses maximal L_p regularity on J_T with respect to (E_1, E_0).

(iii) F is a Volterra map from H^1_p(J) into L_p(J, E_0) and there exists r ∈ (p, ∞] such that F − F (0) is uniformly Lipschitz continuous on bounded subsets of H^1_p(J) with values in L_r(J, E_0).

(iv) u^0 ∈ (E_0, E_1)_{1/p}′_{,p}. Then:

(1) There exist a maximal T^∗ ∈ (0, T] and a unique solution u^∗ on J_T ∗ of (0.1) such that u^∗ ∈ H^1_p(J_T ) for 0 < T < T^∗, the maximal H^1_p solution.

(2) If T^∗ < T, then u^∗ /∈ H^1_p(J_T ∗ ). (3) Suppose that ( (A_j , F_j , u^0_j ) ) is a sequence satisfying hypotheses (i)–(iv) and converging towards (A, F, u^0). Let u^∗_j on (0, T^∗_j ) be the maximal H^1_p solution of

u̇ + A_j (u)u = F_j (u) on (0, T), u(0) = u^0_j .

If u^∗ ∈ H^1_p(J), then set S := T. Otherwise, fix any S ∈ (0, T^∗). Then there exists N ∈ N such that T^∗_j > S for j > N and the sequence (u^∗_j ) converges in H^1_p(J_S ) towards u^∗.

3.2 Remarks (a) In order to make the sense of convergence of the sequence data ( (A_j , F_j , u^0_j ) ) precise we put

[g]_{X,B} := sup_{v,w∈B}

v≠w

‖g(v) − g(w)‖_X ‖v − w‖_H1_{p(J)} , where B is a bounded subset of H^1_p(J) and X := L_∞ ( J, (E_1, E_0) ) or X := L_r(J, E_0).

Then ( (A_j , F_j , u^0_j ) ) → (A, F, u^0) means that A_j (0) → A(0) in L_∞ ( J, L(E_1, E_0) ) and [A_j − A]_{L∞(J,L(E1,E0)),B} → 0, that F_j (0) → F (0) in L_p(J, E_0) and

[F_j − F ]_{Lr (J,E0),B} → 0

for every bounded subset B of H^1_p(J), as well as u^0_j → u^0 in (E_0, E_1)_{1/p}′_{,p}.

(b) The proof of Theorem 3.1 is given in [6] (see Theorems 2.1 an 3.1 therein). In that paper it is only assumed that A(u) possesses for every u ∈ H^1_p(J) the property of maximal L_p regularity on J with respect to (E_1, E_0). The assumption that this is true for every subinterval J_T of J is missing. However, the latter is needed since the proofs in [6] use [5, Lemma 4.1], which is not complete. In fact, given any B ∈ L_∞ ( J, L(E_1, E_0) ) possessing maximal L_p regularity on J, the proof of that lemma shows that the linear problem u̇ + Bu = f on (0, T ), u(0) = 0 has for each T ∈ (0, T) and each f ∈ L_p(J_T , E_0) a solution u ∈ H^1_p(J_T ), but uniqueness remains open. (The importance of [5, Lemma 4.1] lies in the uniform estimates given there, however.)

(c) It should be noted that hypothesis (ii) can be weakened to:

• A(u) possesses for each u ∈ H^1_p(J) maximal L_p regularity on J with respect to (E_1, E_0), and zero is for each T ∈ (0, T) the only solution in H^1_p(J_T ) of

v̇ + A(u)v = 0 on (0, T ), v(0) = 0.

(3.3)

Proof. Clearly, assumption (ii) implies (3.3). Conversely, it follows from (3.3) and (the proof of) [5, Lemma 4.1] that, given any T ∈ (0, T) and any f ∈ L_p(J_T , E_0), the linear problem v̇ + A(u)v = f on (0, T ), v(0) = 0 possesses a solution v ∈ H^1_p(J_T ). □

4. Model applications

Theorem 3.1 has numerous applications to a wide variety of problems. For simplicity, we restrict ourselves here to indicate briefly some of them pertaining to parabolic problems being nonlocal in time.

Problems with memory

First we consider reaction-diffusion type equations of the form ∂_t ( e(u) ) + div ⃗ȷ(u) = f(u) on Ω × (0, ∞), χ⃗ν · ⃗ȷ(u) + (1 − χ)u = χg(u) on Γ × (0, ∞), u(·, 0) = u^0 on Ω, u = u on Ω × (−∞, 0).

(4.1)

We assume that α, β ∈ L_{s,loc}(R^+) for some s > 1 and a ∈ C^{2-} ( R, (0, ∞) ) . As usual, C^{(k+1)-} is the space of all C^k functions whose k^{th} derivatives are locally Lipschitz continuous. We also suppose that

e(u)(·, t) := u +

∫_t −∞ α(t − τ)u(τ) dτ =: u + α ∗_t u

and that either ⃗ȷ(u) := −a(β ∗_t u)∇u or ⃗ȷ(u) := −a(u)∇u − β ∗_t ( b(u)∇u ) (4.2) or ⃗ȷ(u) := −a(u)∇u − b ( u(t − τ) ) ∇u(t − τ), where τ > 0 is a fixed number and b ∈ C^{2-}(R). Then (4.1) is a quasilinear parabolic delay initial boundary value problem. Systems of this type occur in various applications, for example, in the theory of heat conducting rigid bodies with memory. In that case e is the initial energy, ⃗ȷ the heat flux vector, and u the temperature (see e.g., [21], [32], [34]). Other instances of problem (4.1) come up in the mathematical theory of climate models (cf. [23]), in mathematical biology, and in control theory, for example. It will be shown in another publication how Theorem 3.1 can be applied to (4.1) resulting in considerable improvements and generalizations of known results as well as opening up ways to investigate problems having been so far out of reach.

Time regularization of ill posed problems

Suppose that

a ∈ C^{2-} ( R^+, (0, ∞) ) , f ∈ C^{1-}(Ω × R × R^n) (4.3)

and consider the model problem ∂_tu − ∇ · ( a(|∇u|^2)∇u ) = f(x, u, ∇u) on Ω × (0, ∞), χ∂_{⃗ν} u + (1 − χ)u = 0 on Γ × (0, ∞),

u(·, 0) = u^0 on Ω.

(4.4)

Assume that S := S(t) is a regular level set of an appropriately smooth solution u at some time instant t ≥ 0. Then, near S, ∇ · ( a(|∇u|^2)∇u ) = a(|∇u|^2)Δu + 2a^′(|∇u|^2)D^2u∇u · ∇u

= a(|∇u|^2)Δ_S u + b(|∇u|^2)∂^2_ξ u,

(4.5)

where D^2u is the Hessian of u, Δ_S is the Laplace-Beltrami operator of S, the vector field ξ := −∇u/|∇u| gives the direction of steepest descent of u, and

b(s) := a(s) + 2sa^′(s), s ≥ 0.

Thus it may happen that b(s) < 0 for s belonging to some interval I of (0, ∞). Consequently, if |∇u(x)| ∈ I then (4.4) is a backward parabolic problem perpendicular to S, hence ill posed. This is the case, in particular, for

a(s) := 1/(1 + s), s ≥ 0,

where b(s) < 0 for s > 1. With this choice of a, with f = 0, and with the Neumann boundary condition, (4.4) is the Perona-Malik equation [35], well known in image processing and giving surprisingly good numerical results. However, there is no sound mathematical theory for this equation providing a theoretical justification of those results. For this reason various modifications of it have been proposed, most notably the space regularization method of F. Catté, P.-L. Lions, J.-M. Morel, and T. Coll [12]. These authors — and afterwards practically everybody considering modifications of the original Perona-Malik model — replace |∇u|^2 in the argument of a by |∇u_σ |^2, where u_σ denotes convolution in the space variable with a Gaussian of variance σ > 0. In this case it is not difficult to see that (4.4) is replaced by a well posed problem which is close to the equation of P. Perona and J. Malik. Unfortunately, space realization results in smoothing of sharp edges and thus produces an unwanted blurring of pictures (see [7] for numerical illustrations and a more detailed discussion).

In [7] we have proposed a time regularization method for the Perona-Malik and related ill posed problems, justifying, in particular, a model introduced by M. Nitzberg and T. Shiota [33] (see [9] for a Hölder space theory of the latter system). Our model does not smear sharp edges, is rather flexible, and gives extremely good numerical results. Its mathematical justification is a consequence of the following theorem pertaining to the time delayed version of (4.4):

∂_tu − ∇ · ( a(θ ∗_t |∇u|^2)∇u ) = f(x, u, ∇u) on Ω × (0, ∞), χ∂_{⃗ν} u + (1 − χ)u = 0 on Γ × (0, ∞), u = u^0 on Ω × (−S, 0],

(4.6)

where θ ∈ L_s ( (0, S) ) for some s ∈ (1, ∞] and S ∈ (0, ∞). (4.7)

4.1 Theorem Suppose that p, q ∈ (1, ∞) satisfy 2/p + n/q < 1 and that (4.3) and (4.7) hold. Then, given u^0 ∈ H^2_q satisfying the boundary conditions, there exists a maximal T^∗ ∈ (0, ∞] such that (4.6) possesses a unique solution u^∗ belonging to

H^{2,1}_{q,p} ( Ω × (0, T ) ) := L_p ( (0, T ), H^2_q ) ∩ H^1_p ( (0, T ), L_q ) for every T ∈ (0, T^∗). If T^∗ < ∞, then u^∗ /∈ H^{2,1}_{q,p} ( Ω × (0, T^∗) ) . If f is linearly bounded in u and ∇u and supp(θ) ⊂ (σ, S) for some σ ∈ (0, S), then u^∗ exists globally, that is, T^∗ = ∞.

Proof. The first two assertions follow from the more general Theorem 4.1 of [7], whose proof is based on Theorem 3.1. For the last claim we refer to Remark 5.1(b) of [7]. □

References

[1] H. Amann. Hopf bifurcation in quasilinear reaction-diffusion systems. In S. Busenberg, M. Martelli, editors, Delay Differential Equations and Dynamical Systems, Proceedings, Claremont 1990, pages 53–63, New York, 1991. Lecture Notes in Math. #1475, Springer Verlag.

[2] H. Amann. Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems. In Function spaces, differential operators and nonlinear analysis (Friedrichroda, 1992), volume 133 of Teubner-Texte Math., pages 9–126. Teubner, Stuttgart, 1993.

[3] H. Amann. Linear and Quasilinear Parabolic Problems, Volume I: Abstract Linear Theory.

Birkhäuser, Basel, 1995.

[4] H. Amann. Coagulation-fragmentation processes. Arch. Rat. Mech. Anal., 151 (2000), 339– 366.

[5] H. Amann. Maximal regularity for nonautonomous evolution equations. Adv. Nonl. Studies, 4 (2004), 417–430.

[6] H. Amann. Quasilinear parabolic problems via maximal regularity. Advances in Diff. Equ., 10 (2005), 1081–1110.

[7] H. Amann. Time-delayed Perona-Malik type problems, 2005. To appear. [8] H. Amann, P. Quittner. Semilinear parabolic equations involving measures and low-regularity data. Trans. Amer. Math. Soc., 356 (2003), 1045–1119.

[9] A. Belahmidi. Équations aux dérivées partielles appliquées à la restoration et à l’aggrandissiment des images. PhD thesis, CEREMADE, Université Paris-Dauphine, Paris, 2003. http://tel.ccsd.cnrs.fr.

[10] Ph. Bénilan. Équations d’ évolution dans un espace de Banach quelconque et applications.

PhD thesis, Univ. Paris, Orsay, 1972.

[11] H. Brezis. Opérateurs maximaux monotones et semi-groupes de contractions dans les espaces de Hilbert. North-Holland Publishing Co., Amsterdam, 1973.

[12] F. Catté, P.-L. Lions, J.-M. Morel, T. Coll. Image selective smoothing and edge detection by nonlinear diffusion. SIAM J. Numer. Anal., 29(1) (1992), 182–193.

[13] M. Chipot. Elements of nonlinear analysis. Birkhäuser Advanced Texts: Basler Lehrbücher.

[Birkhäuser Advanced Texts: Basel Textbooks]. Birkhäuser Verlag, Basel, 2000. [14] Ph. Clément, Sh. Li. Abstract parabolic quasilinear equations and application to a groundwater flow problem. Adv. Math. Sci. Appl., 3(Special Issue) (1993/94), 17–32.

[15] Ph. Clément, G. Simonett. Maximal regularity in continuous interpolation spaces and quasilinear parabolic equations. J. Evol. Equ., 1(1) (2001), 39–67.

[16] M.G. Crandall. Nonlinear semigroups and evolution governed by accretive operators. In Nonlinear functional analysis and its applications, Part 1 (Berkeley, Calif., 1983), volume 45 of Proc. Sympos. Pure Math., pages 305–337. Amer. Math. Soc., Providence, RI, 1986.

[17] R. Denk, M. Hieber, J. Prüss. R-boundedness, Fourier multipliers and problems of elliptic and parabolic type. Mem. Amer. Math. Soc., 166(788) (2003), viii+114.

[18] J. Escher. Quasilinear parabolic systems with dynamical boundary conditions. Comm. Partial Diff. Equ., 18 (1993), 1309–1364.

[19] J. Escher, G. Simonett. Moving surfaces and abstract parabolic evolution equations. In Topics in nonlinear analysis, volume 35 of Progr. Nonlinear Differential Equations Appl., pages 183– 212. Birkhäuser, Basel, 1999.

[20] P. Guidotti. Singular quasilinear abstract Cauchy problems. Nonlinear Anal., 32(5) (1998), 667–695.

[21] M.E. Gurtin, A.C. Pipkin. A general theory of heat conduction with finite wave speed. Arch.

Rat. Mech. Anal., 31 (1968), 113–126.

[22] D. Henry. Geometric Theory of Semilinear Parabolic Equations. Lecture Notes in Math.

#840, Springer Verlag, Berlin, 1981.

[23] G. Hetzer. Global existence, uniqueness, and continuous dependence for a reaction-diffusion equation with memory. Electron. J. Differential Equations, (1996), No. 05, approx. 16 pp. (electronic).

[24] E. Hopf. Über die Anfangswertaufgabe für die hydrodynamischen Grundgleichungen. Math.

Nachr., 4 (1951), 213–231.

[25] T. Kato. Abstract evolution equations of parabolic type in Banach and Hilbert spaces. Nagoya Math. J., 19 (1961), 93–125.

[26] O.A. Ladyzhenskaya. Mathematical Theory of Viscous Incompressible Flow. Gordon & Breach, New York, 1969.

[27] O.A. Ladyzhenskaya, V.A. Solonnikov, N.N. Ural’ceva. Linear and Quasilinear Equations of Parabolic Type. Amer. Math. Soc., Transl. Math. Monographs, Providence, R.I., 1968.

[28] J.-B. Leblond. Mathematical results for a model of diffusion and precipitation of chemical elements in solid matrices. Nonlin. Anal.: Real World Applic., 6 (2005), 297–322.

[29] G.M. Lieberman. Second order parabolic differential equations. World Scientific Publishing Co. Inc., River Edge, NJ, 1996.

[30] J.-L. Lions. Equations Différentielles Opérationelles et Problèmes aux Limites. Springer Verlag, Berlin, 1961.

[31] A. Lunardi. Analytic Semigroups and Optimal Regularity in Parabolic Problems. Birkhäuser, Basel, 1995.

[32] J. Meixner. On the linear theory of heat conduction. Arch. Rat. Mech. Anal., 39 (1971), 108–130.

[33] M. Nitzberg, T. Shiota. Nonlinear image filtering with edge and corner enhancement. IEEE Trans. Pattern Anal. and Machine Intelligence, 14 (1992), 826–833.

[34] J.W. Nunziato. On heat conduction in materials with memory. Quart. Appl. Math., 29 (1971), 187–204.

[35] P. Perona, J. Malik. Scale-space and edge detection using anisotropic diffusion. IEEE Trans.

Pattern Anal. Machine Intelligence, 12 (1990), 629–639.

[36] J. Prüss. Maximal regularity for evolution equations in L_p-spaces. Conf. Semin. Mat. Univ.

Bari, (285) (2002), 1–39 (2003).

[37] G. Simonett. Center manifolds for quasilinear reaction-diffusion systems. Nonlin. Anal., T.M.&A., 23 (1994), 515–544.

[38] G. Simonett. Invariant manifolds and bifurcation for quasilinear reaction-diffusion systems.

Nonlinear Anal., 23(4) (1994), 515–544.

[39] P.E. Sobolevskii. Equations of parabolic type in a Banach space. Amer. Math. Soc. Transl., Ser. 2, 49 (1966), 1–62.

[40] M.I. Višik, O.A. Ladyzhenskaya. Boundary value problems for partial differential equations and certain classes of operator equations. In American Mathematical Society Translations, Ser. 2, Vol. 10, pages 223–281. American Mathematical Society, Providence, R.I., 1958.

[41] L. Weis. Operator-valued Fourier multiplier theorems and maximal L_p-regularity. Math.

Ann., 319(4) (2001), 735–758.

[42] S. Zheng. Nonlinear evolution equations, volume 133 of Chapman & Hall/CRC Monographs and Surveys in Pure and Applied Mathematics. Chapman & Hall/CRC, Boca Raton, FL, 2004.

Institut für Mathematik, Universität Zürich, Winterthurerstr. 190, CH–8057 Zürich, Switzerland

E-mail address: herbert.amann@math.unizh.ch