On a quasilinear coagulation-fragmentation model with diffusion

Herbert Amann and Frank Weber

Abstract We consider a system of a very large number of particles of very different sizes, suspended in a carrier fluid. These particles move due to diffusion and superimposed transport processes, merge to form larger clusters, or fragment into smaller ones.

In the present paper a mathematical model for such processes is derived, consisting of an infinite quasilinear reaction-diffusion system, coupled to the Navier Stokes equations for the motion of the suspension. We prove the well-posedness of this problem, derive a positivity result, and show that the total mass of the suspended particles is conserved.

1 Introduction

The aim of this paper is to discuss the well-posedness of a mathematical model describing cluster growth. More precisely, we consider a very large number of particles of very different sizes, suspended in a carrier fluid. These particles, which are also called clusters, can coagulate to form larger particles, or fragment into smaller ones. Moreover, the clusters move due to diffusion and superimposed transport processes.

We describe this system by means of the particle size distribution function, which is a density measuring the number of clusters of a given size y at place x and time t. Two situations are considered simultaneously: the discrete case, where each cluster consists of an integer number of elementary particles, and the continuous case. Accordingly, in the discrete case the variable y runs through N \ {0}. Here the particle size distribution function has to satisfy a system of countably many coupled reaction-diffusion equations. In the continuous case the variable y takes on values in (0, ∞). Then the particle size distribution function is described by an integro-differential equation, which can be viewed as an uncountable reaction-diffusion system. In both cases we also take the motion of the suspension into account. It is described by the Navier-Stokes equations, coupled to the reaction-diffusion system.

In recent years the mathematical theory of coagulation-fragmentation processes has made considerable progress. Many contributions to this field, however, are confined to the discrete case and to kinetic models, in which neither diffusion nor the motion of the suspension is taken into account. Such problems were considered, for instance, by M. Aizenman and T. A. Bak (cf. [AB79]), I. W. Stewart (cf. [Ste89]-[Ste91]), or D. J. McLaughlin, W. Lamb, and A. C. McBride (cf. [MLM95]-[MLM98]). The first mathematically rigorous treatment of countable reaction-diffusion systems, describing coagulation-fragmentation processes, is due to Ph. Bénilan and D. Wrzosek (cf. [BW97]). Further results for such models were obtained by D. Wrzosek and Ph. Laurençot (cf. [Wrz97] and [LW98a]-[LW99]). Uncountable reaction-diffusion systems are investigated in the recent paper [Ama00a] by the first author. There the continuous case is treated simultaneously with the discrete one by considering the coagulation-fragmentation models as semilinear evolution equations in infinite-dimensional state spaces. However, as in the other papers mentioned above, the motion of the suspension is not taken into account.

Although coagulation-fragmentation processes with diffusion have also been considered in the physical literature, we are not aware of a rigorous derivation of those models. In the present paper suspensions of particles are viewed as a mixture with countably or uncountably many components. Then we fall back on basic principles from the classical theory of mixtures with finitely many components (cf. e.g. [LL66], [dGM84] or [RT95]). This leads to a (countable or uncountable) quasilinear reaction-diffusion system governing the behaviour of the particle size distribution function. In order to describe the motion of the suspension, we assume it to be a Newtonian fluid. Thus, the baricentric velocity of the mixture has to satisfy the Navier-Stokes equations, coupled to the reaction-diffusion system. This approach is justified by our subsequent analysis which shows that the model possesses a unique solution, where the particle size distribution function remains non-negative, and the flow is mass preserving.

Our paper is organized as follows. In Section 2 we derive the model and formulate the main results (in a simplified form). Section 3 is devoted to the proof that the principal part of our system, that is, the diffusion operator in an infinite-dimensional state space, generates an analytic semigroup. This derivation essentially relies on Fourier multiplier theorems in vector-valued Besov spaces. Note that an application of such tools in (less difficult) vectorvalued L_p-spaces requires an additional geometric assumption on the underlying Banach space, which is too restrictive for our problem. Having established the generation result, we show in Section 4 that our model can be formulated as a quasilinear Cauchy problem of parabolic type. Then existence of a unique maximal solution follows from the general abstract theory for those equations. Moreover, we derive a regularity result which enables us to prove conservation of the mass of all suspended particles. Finally, it is shown that the particle size distribution function remains positive for positive initial values.

Acknowledgement

The work performed by the second author of this paper was supported by the Swiss National Foundation.

Notations

In this section, we collect several basic notations used throughout the paper.

For x, y ∈ R we put x ∧ y := min{x, y} and x ∨ y := max{x, y}. The set R^{n×n}_{sym} consists of all symmetric matrices in R^{n×n} .

Let E, E_0, ..., E_m be Banach spaces. Then L(E_1, ..., E_m; E_0) denotes the Banach space of all m-linear continuous maps from E_1 × · · · × E_m into E_0. If m ≥ 2, elements of L(E_1, ..., E_m; E_0) are called multiplications. In the case m = 1 we put L(E_1, E_0) := L(E_1; E_0), and L(E) := L(E, E). The set {A ∈ L(E_1, E_0) ; A bijective, A^{−1} ∈ L(E_0, E_1)} is denoted by Lis(E_1, E_0), and Laut(E) stands for Lis(E, E).

If E_1 is continuously injected in E_0, we write E_1 → E_0. Moreover, the additional “d” in E_1^d→ E_0 indicates the density of this imbedding. The notation E_0 ˙= E_1 means that E_1 → E_0 and E_0 → E_1 hold.

An interpolation functor (·, ·)_θ is said to be admissible, if E_1^d→ E_0 implies E_1^d→ (E_0, E_1)_θ for θ ∈ (0, 1). Note that the standard real interpolation functor (·, ·)_{θ,p} of exponent θ ∈ (0, 1) and parameter p ∈ [1, ∞), and the standard complex interpolation functor [·, ·]_θ, θ ∈ (0, 1), satisfy this condition.

In our paper we employ various spaces F(J, E) of E-valued functions on a perfect interval J ⊂ R, where F ∈ { C^k, C^γ ; k ∈ N, γ ∈ (0, 1) ∪ {1−} } . Here C^k stands for k-times continuously differentiable maps, and C := C^0. Furthermore, C^γ means γ-Hölder continuity if γ ∈ (0, 1), and Lipschitz continuity if γ = 1−.

Let (M, μ) be a measure space and p ∈ [1, ∞]. Then L_p(M, E; μ) is the usual Lebesgue space of (equivalence classes of) E-valued integrable functions on M. In the case of M = R^n , if we use Lebesgue’s measure, then we write L_p(R^n , E). By W^s_p (R^n , E), we denote the usual Sobolev-Slobodeckii space of order s ≥ 0 and integrability index p ∈ [1, ∞]. Let k ∈ N. Then BUC^k(R^n , E) consists of all functions in C^k(R^n , E) whose derivatives are bounded and uniformly continuous. It is a Banach space with the norm u −→ ‖u‖_{BUC}k_{(R}n_{,E)} := max_{|ν|≤k} sup_{x∈R}n ‖∂^ν u(x)‖_E . If s ∈ (k, k + 1), then BUC^s(R^n , E) consists of all u ∈ BUC^k(R^n , E) satisfying

‖u‖_{BUC}s_{(R}n_{,E)} := ‖u‖_{BUC}k_{(R}n_{,E)} + max_{|ν|=k} sup_{x≠y} ‖∂^ν u(x) − ∂^ν u(y)‖_E |x − y|^{s−k} < ∞ . By B^s_{p,q}(R^n , E), we denote the Besov space of order s ∈ R and integrability indices p, q ∈ [1, ∞] consisting of E-valued distributions on R^n . It is known that B^s_{p,p}(R^n , E) ˙= { W^s_p (R^n , E) , p ∈ [1, ∞) BUC^s(R^n , E) , p = ∞

(1.1)

holds for s ∈ (0, ∞) \ N.

The letter c is often used to denote an arbitrary constant. If it depends upon additional parameters, say t, we sometimes indicate this by c(t).

2 The model and the main result

We consider a system of a very large number of particles, which are also called clusters. They are suspended in a carrier fluid filling all R^n , where n ∈ N \ {0}. The “size” of a particle is measured by the variable y, which, according to the concrete physical situation, takes its values either in Y = Ṅ = N \ {0} or in Y = (0, ∞). In the discrete case, Y = Ṅ , each cluster consists of an integer number of uniform elementary particles, called monomers. Accordingly, y is proportional to the number of monomers, forming the clusters. In order to describe situations where the particles are not supposed to be integer multiples of elementary units, we consider the continuous case, Y = (0, ∞), as well. Here the size y of a cluster represents its volume. Note that the use of infinite domains Y is a common and convenient practice to avoid (a priori given) upper bounds for the particle size.

To obtain a uniform model for both the discrete and the continuous case, which allows a simultaneous treatment, we introduce the measure space (Y, μ), where μ denotes the counting measure if Y = Ṅ , and the Lebesgue measure if Y = (0, ∞).

The system is described by the particle size distribution function, u(y) = u(t, x, y), depending on time t, spatial variable x ∈ R^n , and y ∈ Y . Thus, for any domain X ⊂ R^n and y_0, y_1 ∈ Y with y_0 ≤ y_1, the integral ∫ X ∫_{y1} y_0 u(t, x, y) dμ(y) dx gives the total number of clusters of size y ∈ [y_0, y_1], contained in X at time t. Note that in the discrete case this expression takes the form ∫ X y_1∑

y=y_0 u(t, x, y) dx . The basic artifice, which we use to treat the suspension of clusters, consists of considering the whole configuration as a mixture of infinitely many fluids. The components of this mixture are the “fluids of type y”, containing all particles of a given size y ∈ Y , as well as the carrier fluid, labelled by y = 0. For a uniform description we set Y_0 := {0} ∪ Y and define a measure dy on Y_0 by setting ∫ Y_0

F (y) dy := F (0) + ∫ Y F (y) dμ(y) for each continuous function F with compact support in Y_0.

Let ϱ(t, x, y) be the density of the fluid of type y ∈ Y_0 at time t and place x. We assume that there exists a positive constant η such that ϱ(t, x, y) = η y u(t, x, y) , t ≥ 0 , x ∈ R^n , y ∈ Y. (2.1) This means homogeneity of the suspension in the sense that the mass of each cluster is proportional to its size. Moreover, we assume the total density of the mixture to be constant: there exits a ϱ > 0 such that ∫ Y_0 ϱ(t, x, y) dy = ϱ(t, x, 0) + ∫ Y ϱ(t, x, y) dμ(y) = ϱ (2.2) holds for t ≥ 0 and x ∈ R^n . This means that the mixture, considered as a whole, is incompressible.

Let ⃗ω(t, x, y) denote the velocity of the fluid of type y ∈ Y_0. Then, ⃗v(t, x) := 1 ϱ ∫ Y_0 ϱ(t, x, y) ⃗ω(t, x, y) dy is the baricentric velocity of the mixture at time t ≥ 0 and place x ∈ R^n . Remark Hereafter we refrain from indicating dependencies on (t, x) ∈ [0, ∞) × R^n , except where this may cause confusion.

Conservation of mass

To obtain the equations governing the behaviour of the particle size distribution function, we fall back on arguments originally used for mixtures with a finite number of components

(cf. e.g. [LL66], [dGM84], or [RT95]). Accordingly, m(t, x, y) denotes the mass production density of the fluid of type y ∈ Y_0 at time t and place x. We assume the condition ∫ Y_0

m(y) dy = m(0) + ∫ Y m(y) dμ(y) = 0 (2.3)

to be satisfied, which means that the total mass of the mixture is conserved at each moment t ≥ 0 and at each position x ∈ R^n .

Due to standard arguments (cf. [dGM84] or [Ser59]), the continuity equation

∂_tϱ(y) + div [ϱ(y) ⃗ω(y)] = m(y) (2.4)

holds for each y ∈ Y_0. We now integrate (2.4) over Y_0. In view of the hypotheses (2.2) and (2.3), this yields div ⃗v = 0 . (2.5)

For each fluid of type y ∈ Y_0 the diffusive flux ⃗j(t, x, y) with respect to the baricentric velocity is defined as ⃗j(y) := ϱ(y) [⃗ω(y) − ⃗v ]. Inserting this into (2.4) and using (2.5) we obtain ∂_tϱ(y) + div⃗j(y) + ⃗v · grad ϱ(y) = m(y) , y ∈ Y_0 . (2.6)

Since (2.2) implies ϱ(0) = ϱ − ∫ Y ϱ(y) dμ(y), it suffices to study system (2.6) for y ∈ Y . Thus, taking (2.1) into consideration, we arrive at ∂_tu(y) + 1 η y div⃗j(y) + ⃗v · grad u(y) = 1 η y m(y) , y ∈ Y. (2.7) Finally, the diffusive flux ⃗j and the mass production density m remain to be specified.

For that purpose, we now make some constitutive assumptions.

The diffusive flux ⃗j is supposed to be given by ⃗j(y) := −a(u, y) grad ϱ(y) − ∫ Y b(u, y, y^′) grad ϱ(y^′) dμ(y^′) = −η y a(u, y) grad u(y) − η ∫ Y b(u, y, y^′) grad u(y^′) y^′ dμ(y^′)

(2.8)

for y ∈ Y , where a and b also depend, of course, on the spatial variable x ∈ R^n . We assume that the “principal diffusion coefficient” a is positive, and dominates the “cross diffusion coefficient” b in a way that will be specified later (cf. Definition 3.10).

The mass production density m is supposed to be of the form m(t, x, y) := η y [c_ψ(u)(t, x, y) + f_ϕ(u)(t, x, y)] , y ∈ Y, (2.9) where c_ψ and f_ϕ are reaction terms, describing the kinetic behaviour of the clusters due to coagulation and fragmentation, respectively.

First we consider the coagulation term. It is defined as

c_ψ(u)(y) := 1 2 ∫_y 0 ψ(y − y^′, y^′) u(y − y^′) u(y^′) dμ(y^′) − u(y) ∫ Y ψ(y, y^′) u(y^′) dμ(y^′) , y ∈ Y, (2.10)

where we set μ({0}) = 0 if μ denotes the counting measure on Y . The coagulation kernel ψ(x, y, y^′) describes the rate of coalescence of clusters of sizes y and y^′ at place x. This motivates the hypothesis 0 ≤ ψ(x, y, y^′) = ψ(x, y^′, y) , x ∈ R^n , y, y^′ ∈ Y. (2.11) The first integral on the right hand side of (2.10) expresses the fact that a particle of size y comes into being if two clusters of sizes y − y^′ and y^′ merge, where the factor 1/2 ensures that each combination is counted only once. Here we neglect simultaneous coalescence of more than two particles. The last term in (2.10) says that a cluster of size y disappears from the fluid of type y by merging into another one. Since coagulation does not produce or destroy mass, we ought to have ∫ Y c_ψ(u)(x, y) y dμ(y) = 0 , x ∈ R^n . This can actually be verified, provided the map (y, y^′) −→ y ψ(y, y^′) u(y) u(y^′) is integrable with respect to μ ⊗ μ.

The fragmentation term f_ϕ is given by

f_ϕ(u)(y) := ∫_∞ y ϕ(y^′, y) u(y^′) dμ(y^′) − u(y) y ∫_y 0 ϕ(y, y^′) y^′ dμ(y^′) (2.12)

for y ∈ Y , where the first integral describes the generation of clusters of size y by fragmentation of particles of larger size. We assume that the fragmentation rate ϕ(x, y^′, y) satisfies

0 ≤ ϕ(x, y^′, y) , x ∈ R^n , (y^′, y) ∈ Y^2_Δ := {(z^′, z) ∈ Y^2; 0 < z ≤ z^′}. (2.13)

The second term on the right hand side of (2.12) guarantees the disappearance of clusters of size y by splitting into smaller ones. Note that (2.12) describes multiple fragmentation. As in the case of coagulation, fragmentation does not create or annihilate mass. In fact, the identity ∫ Y f_ϕ(u)(x, y) y dμ(y) = 0 , x ∈ R^n , can easily be verified, if the map (y, y^′) −→ y ϕ(y^′, y) u(y^′) is integrable with respect to μ⊗μ.

The motion of the mixture

In order to describe the baricentric velocity of the suspension, we assume the mixture to be a Newtonian fluid. Consequently, ⃗v has to satisfy the Navier-Stokes equations

∂_t⃗v + (⃗v · grad) ⃗v − ν Δ⃗v = −ϱ^{−1} grad p + ⃗f (2.14)

with pressure p, constant viscosity ν > 0, and specific external force field ⃗f acting on the mixture. Here ⃗f is given by ⃗f(t, x) := 1 ϱ ∫ Y_0 ϱ(t, x, y) ⃗φ(t, x, y) dy, where ⃗φ(y) = ⃗φ(t, x, y) denotes the density of the specific external force field acting on the fluid of type y ∈ Y_0. From (2.1) and (2.2) we infer that ⃗f = ⃗f(u) = [ 1 − η ϱ ∫ Y u(y) y dμ(y) ] ⃗φ(0) + η ϱ ∫ Y u(y) ⃗φ(y) y dμ(y). (2.15) Formulation of the problem and the main result

Summarizing (2.5), (2.7)-(2.9), and (2.14), we can now formulate the following initial value problem.

Problem 2.1 Let the reaction terms c_ψ, f_ϕ, and the external force field ⃗f be given by (2.10), (2.12), and (2.15), respectively.

Then we search for functions u : J × R^n × Y → R, ⃗v : J × R^n → R^n , and p : J × R^n → R on a time interval J = [0, T ) with T ∈ (0, ∞], satisfying the equations

∂_tu(y) − div [α(u) grad u] (y) + ⃗v · grad u(y) = c_ψ(u)(y) + f_ϕ(u)(y) , y ∈ Y, ∂_t⃗v − ν Δ⃗v + (⃗v · grad) ⃗v = ⃗f(u) − ϱ^{−1} grad p , div ⃗v = 0 ,

in J × R^n , as well as the initial conditions

u(0, ·, y) = u_0(·, y) , y ∈ Y and ⃗v(0, ·) = ⃗v_0 in R^n ,

where [α(w) v](y) := a(w)(y) v(y) + 1 y ∫ Y b(w)(y, y^′) v(y^′) y^′ dμ(y^′). (2.16)

In Section 4 this model is investigated analytically. Our results, obtained there, are summarized in the following theorem. Note that, for simplicity’s sake, this formulation is confined to smooth data; to the most important case of diffusion operators with vanishing cross diffusion coefficient b; and to the (practically relevant) spatial dimensions n ∈ {2, 3}.

Theorem 2.2 Let n ∈ {2, 3}, and assume that the mappings

a : R × R^n × Y −→ R^{n×n}_{sym} , ψ : R^n × Y^2 −→ R , ϕ : R^n × Y^2_Δ −→ R , ⃗φ : R^n × Y_0 −→ R^n , u_0 : R^n × Y −→ R , ⃗v_0 : R^n × Y −→ R^n , are bounded smooth functions satisfying the following conditions. (C_1) ξ · a(ζ, x, y) ξ ≥ a_0 |ξ|^2 , ζ ∈ R , x ∈ R^n , y ∈ Y , ξ ∈ R^n . (C_2) The coagulation kernel and the fragmentation rate fulfil (2.11) and (2.13), respectively.

Moreover, there is a constant c > 0 such that 1 y ∫ Y ϕ(x, y, y^′) y^′ dμ(y^′) ≤ c < ∞ , x ∈ R^n , y ∈ Y. (C_3) The density ⃗φ(·, 0) of the specific external force field acting on the carrier fluid is compactly supported in R^n .

(C_4) The initial particle size distribution x −→ u_0(x, ·) has a compact support in the space E := L_1(Y ; (1 + y) dμ(y)). Moreover, u_0(x, y) ≥ 0 holds for x ∈ R^n and almost all y ∈ Y . The initial baricentric velocity ⃗v_0 of the suspension is divergence free and compactly supported.

Then problem 2.1, considered for the diffusion coefficient [α(w) v](y) : x −→ a(w, x, y) v(x, y), possesses a unique solution (u, ⃗v, p) with

u ∈ C^1(J, W^s_p (R^n , E) ∩ W^s_1 (R^n , E)) ∩ C(J, W^{s+2}_p (R^n , E) ∩ W^{s+2}_1 (R^n , E)) , ⃗v ∈ C^1(J, L_p(R^n , R^n )) ∩ C(J, W^2_p (R^n , R^n )) , p ∈ C(J, W^1_p (R^n , R)) and ∫ R^n p(t, x) dx = 0 , t ∈ J , where 0 < s < 1 and p > n/s, on a maximal time interval J = [0, T ). The particle size distribution function has the property u(t, x, y) ≥ 0 , t ∈ J , x ∈ R^n , a.a. y ∈ Y. Moreover, the total mass of the suspended particles, M(t) = η ∫ R^n ∫ Y u(t, x, y) y dμ(y)dx, (2.17) is conserved, i.e. M(t) = M(0), t ∈ J.

For the proof we refer to Section 4. Existence of a unique maximal solution and conservation of mass follow from Theorems 4.7 and 4.13, respectively. Note that both of these statements include the case of a non-vanishing cross diffusion coefficient b, dominated by a. Positivity of the particle size distribution function is shown in Theorem 4.16.

Remark 2.3 Theorem 2.2 remains valid for time dependent functions a, ψ, ϕ, ⃗φ, provided these dependencies are sufficiently smooth, and assumptions (C_1)-(C_3) of Theorem 2.2 hold uniformly with respect to t (cf. Remark 4.8).

3 Differential operators with operator-valued coeffcients

In this section we consider the differential operator A_α : u −→ {x −→ −div [α(x) grad u(x)]} (3.1) for functions u : R^n −→ E, where E denotes some Banach space. Our aim is to specify conditions on α = (α_{ij} ) : R^n −→ L(E^n), which ensure that −A_α generates an analytic semigroup of bounded linear operators on B^s_{p,q}(R^n , E).

This is done in two steps. Using a Fourier multiplier theorem, we first obtain a generation result for the special case of spatially constant α ∈ L(E^n). By means of a localization procedure, combined with perturbation arguments, this statement can be extended to the general case of variable coefficients.

Remark 3.1 Throughout the remainder of this paper, we work in various spaces, F(R^n , E), of E-valued distributions on R^n . In order to simplify the notation of these spaces, the specification (R^n , E) shall be omitted, if no misunderstandings seem likely. So, for example, we often write B^s_{p,q} instead of B^s_{p,q}(R^n , E).

3.1 Preliminaries

In the following discussion we provide the basic concepts and technical tools, needed in the sequel. Throughout this section E, E_0, ..., E_m are Banach spaces.

Let E_1^d→ E_0. Then H(E_1, E_0) denotes the set of A ∈ L(E_1, E_0) such that −A generates an analytic semigroup { e^{−tA}; t ≥ 0 } in L(E_0).

Moreover, the class A ∈ H(E_1, E_0; κ, ω) with κ ≥ 1 and ω > 0 consists of all operators A ∈ L(E_1, E_0) which satisfy ω + A ∈ Lis(E_1, E_0) and κ^{−1} ≤ ‖(λ + A)u‖_{E0} |λ| ‖u‖_{E0} + ‖u‖_{E1} ≤ κ , u ∈ E_1 \ {0} , Reλ ≥ ω . (3.2) Observe that H(E_1, E_0) = ⋃ {H(E_1, E_0 ; κ, ω); κ ≥ 1, ω > 0} (cf. [Ama95, I.1.2.2 Theorem]).

Remark 3.2 Condition (3.2) can be weakened as follows.

If there are constants κ ≥ 1, ω > 0 such that A ∈ L(E_1, E_0) satisfies ω + A ∈ Lis(E_1, E_0) and one of the estimates |λ| ‖u‖_{E0} ≤ κ ‖(λ + A)u‖_{E0} or ‖u‖_{E1} ≤ κ ‖(λ + A)u‖_{E0} , u ∈ E_1 , Reλ ≥ ω , then A ∈ H(E_1, E_0) (cf. [Ama95, I.1.2.1 Remark (a)]).

The following useful perturbation result for the class H(E_1, E_0) is proven in [Ama95, I.1.3.1 Theorem].

Lemma 3.3 Let A ∈ H(E_1, E_0; κ, ω), and assume that B ∈ L(E_1, E_0) satisfies ‖Bu‖_{E0} ≤ ε ‖u‖_{E1} + c ‖u‖_{E0} , u ∈ E_1 , for some ε ∈ (0, 1/κ) and c ≥ 0. Then we have A+B ∈ H(E_1, E_0; κ_∗, ω_∗) with ω_∗ := ω∨(c/ε) and κ_∗ := κ/(1 − κ ε).

Let (·, ·)_θ be an admissible interpolation functor, and define E_θ := (E_0, E_1)_θ for θ ∈ (0, 1). Then the following statement can be shown.

Corollary 3.4 Assume that A ∈ H(E_1, E_0) and B ∈ L(E_θ, E_0) for a given θ ∈ [0, 1). Then A + B ∈ H(E_1, E_0).

Proof. Using Young’s inequality, we see that the estimate ‖Bu‖_{E0} ≤ c ‖u‖_{Eθ} ≤ c ‖u‖^{1−θ}_{E0} ‖u‖^θ_{E1} ≤ ε ‖u‖_{E1} + c(ε) ‖u‖_{E0} , u ∈ E_1 , holds for each ε > 0. Thus, our assertion follows from Lemma 3.3. □ Next we consider pointwise multiplications in Besov spaces.

Proposition 3.5 For j ∈ {1, ..., m}, let p, p_j, q, q_j ∈ [1, ∞] and s, s_j ∈ (0, ∞). Moreover, assume that [(φ_1, ..., φ_m) −→ φ_1 • · · · • φ_m] ∈ L(E_1, ..., E_m; E).

Then the following statements are valid. (S_1) The conditions s ≤ min{s_j }, 1/p ≤ ∑_m j=1 1/p_j , q ≥ max{q_j ; s_j = s}, and s − n/p < { ∑ s_j <n/p_j (sj − n/pj ) if min{sj − n/pj} < 0 min{s_j − n/p_j } otherwise are supposed to be satisfied. Then the pointwise product (v_1, ..., v_m) −→ [x −→ v_1(x) • · · · • v_m(x)] (3.3) is m-linear and continuous from ∏_m j=1 B^{sj}p_j ,q_j (R^n , E_j ) into B^s_{p,q}(R^n , E).

(S_2) If s_2 = · · · = s_m > n/p and 0 < s < s_1 ∧ s_2 hold, then (3.3) is an m-linear continuous map BUC^{s1} (R^n , E_1) × ∏_m j=2 B^{s2}_{p,q}(R^n , E_j) −→ B^s_{p,q}(R^n , E). (S_3) In the case of m = 2, statement (S_2) holds for 0 < s_2 = s < s_1.

Proof. Our first assertion is a special case of [Ama91, Theorem 4.1]. Using (1.1), statement (S_2) follows from (S_1). For the proof of (S_3) we refer to [Ama91, Remark 4.2 (b)]. □

Remark 3.6 For p ∈ [1, ∞) and s ∈ (0, 1], let W^{−s}_p (R^n , E) contain all E-valued distributions u on R^n which have a representation u = ∑ |ν|≤1(−1) |ν|∂^ν u_ν (3.4)

with {u_ν }_{|ν|≤1} ∈ W^{1−s}_p (R^n , E)^{n+1}. Equipped with the norm u −→ ‖u‖_W −s_p := inf {( ∑ |ν|≤1 ‖uν ‖ p W^{1−s}_p (R^n,E) )_{1/p}} , where the infimum is taken over all those representations, W^{−s}_p (R^n , E) is a Banach space. Assume that [(φ_1, φ_2) −→ φ_1 • φ_2] ∈ L(E_1, E_2; E). Then a pointwise product of a distribution u ∈ W^{−1}_p (R^n , E_1) and a function v ∈ W^1_∞(R^n , E_2) can be introduced as follows. Using the representation (3.4) of u we set u • v := ∑ |ν|≤1(−1) |ν|∂^ν w_ν , where w_ν ∈ L_p(R^n , E) is given by

w_ν (x) := { u_ν (x) • v(x) + ∑ |η|=1 uη(x) • ∂ η v(x) , |ν| = 0 u_ν (x) • v(x) , |ν| = 1 . It is easily verified that this definition does not depend on the representation (3.4) of u. Moreover, [(u, v) −→ u • v] ∈ L(W^{−1}_p (R^n , E_1), W^1_∞(R^n , E_2); W^{−1}_p (R^n , E)),

and u • v coincides with the usual pointwise product if u and v are smooth.

For p ∈ [1, ∞), we now introduce the Banach space

ℓ_p(E) := { (u_j) ∈ E^N ; ‖(u_j)‖_{ℓp(E)} := [∑ j∈N ‖u_j‖^p_E ]_{1/p} < ∞ } . The following interpolation result is a special case of [Tri78, 1.18.1 Theorem].

Lemma 3.7 Let E_1 → E_0. Then (ℓ_p(E_0), ℓ_p(E_1))_{θ,p} ˙= ℓ_p((E_0, E_1)_{θ,p}) holds for p ∈ [1, ∞) and θ ∈ (0, 1).

3.2 Spatially constant coefficients

In the following, we consider the differential operator A_α, given by (3.1), for spatially constant α ∈ L(E^n). Our aim is to formulate conditions on α, which guarantee that A_α := −div ∘ α ∘ grad = − ∑ i,j α_{ij} ∂^2_{ij} lies in H(B^{s+2}_{p,q} , B^s_{p,q}) for p, q ∈ [1, ∞) and s ∈ R. We first introduce the symbol a_α : R^n −→ L(E) , ξ −→ ξ · αξ = ∑_n i,j=1 ξiξj αij of A_α and define the following subset of L(E^n).

Definition 3.8 Let M ≥ 1 be given. Then Eℓℓ(E; M) = Eℓℓ(M) denotes the class of all α ∈ L(E^n) whose symbols a_α satisfy the condition {λ ∈ C ; Re λ ≥ 0} ⊂ ρ(−a_α(ξ)) , ξ ∈ S^{n−1} := {x ∈ R^n ; |x| = 1}, (where ρ(−a_α(ξ)) is the resolvent set of −a_α(ξ)), and (1 + |λ|) ‖ ‖(λ + a_α(ξ))^{−1} ‖ ‖_{L(E)} ≤ M , Re λ ≥ 0 , ξ ∈ S^{n−1}. We now are able to prove a generation result for A_α with constant α ∈ Eℓℓ(M). Proposition 3.9 Assume that p, q ∈ [1, ∞) and s ∈ R. Then, for given M ≥ 1 and ω > 0, there exists a constant κ = κ(M, ω) such that A_α = −div ∘ α ∘ grad ∈ H(B^{s+2}_{p,q} , B^s_{p,q}; κ, ω) holds for all α ∈ Eℓℓ(E; M) with ‖α‖_{L(E}n_) ≤ M.

Proof. Since ξ −→ a_α(ξ) is a homogeneous polynomial of degree two, it follows that ‖∂^ν a_α(ξ)‖_{L(E)} ≤ c (1 + |ξ|)^{2−|ν|} , ξ ∈ R^n . (3.5) Setting ξ^′ := ξ/|ξ|, ξ ∈ R^n \ {0}, and recalling the assumption α ∈ Eℓℓ(E; M), we moreover obtain ‖ ‖(λ + a_α(ξ))^{−1} ‖ ‖_{L(E)} = |ξ|^{−2} ‖ ‖(λ|ξ|^{−2} + a_α(ξ^′))^{−1} ‖ ‖_{L(E)} ≤ M (|ξ|^2 + |λ|)^{−1} , ξ ∈ R^n \ {0} , Reλ ≥ 0 . Thus, for each ω > 0 there exists a c(ω) > 0 such that ( 1 + |λ| + |ξ|^2 ) ‖ (λ + a_α(ξ))^{−1} ‖ ‖_{L(E)} ≤ c(ω) M , ξ ∈ R^n \ {0} , Reλ ≥ ω . (3.6)

Estimates (3.5) and (3.6) enable us now to apply [Ama97, Theorems 7.1 and 7.3] to the symbol a_α. This shows that a_α is a Fourier multiplier for B^s_{p,q}, and F^{−1}a_αF = a_α(D) = A_α has the asserted property. □ The remainder of Section 3.2 is devoted to an example which arises from the diffusion operator in Problem 2.1. Namely, we consider the mapping α = α[a, b] : u −→ [ y −→ a(y)u(y) + 1 y ∫ Y b(y, y^′)u(y^′) y^′ dμ(y^′) ]

on E^n with E := L_1(Y ; (1 + y) dμ(y)), where

a ∈ E_a := L_∞(Y, R^{n×n}_{sym} ) and b ∈ E_b := L_1(Y, L_∞(Y, R^{n×n}_{sym} ); (1 + 1/y) dμ(y)).

These conditions ensure that α = α[a, b] belongs to L(E^n), and satisfies ‖α‖_{L(E}n_) ≤ ‖a‖_{Ea} + ‖b‖_{Eb} . Definition 3.10 Let a_0 > 0 and q ∈ [0, 1) be given. Then α = α[a, b] with (a, b) ∈ E_a ×E_b is said to be of class eℓℓ(a_0, q), if

a(y) := min { ξ · a(y)ξ ; ξ ∈ S^{n−1} } ≥ a_0 (3.7)

holds for almost all y ∈ Y , and b(y, y^′) := max { ξ · b(y, y^′)ξ ; ξ ∈ S^{n−1} } satisfies ∫ Y 1 a(y) ‖ b(y, ·) ‖ L_∞(Y ) (1 + 1/y) dμ(y) ≤ q . (3.8)

We now prove that eℓℓ(a_0, q) is contained in a class Eℓℓ(L_1(Y ; (1 + y) dμ(y)); M).

Proposition 3.11 For given a_0 > 1 and q ∈ [0, 1), there exists a constant M = M(a_0, q) such that eℓℓ(a_0, q) → Eℓℓ(L_1(Y ; (1 + y) dμ(y)); M).

Proof. We represent the symbol of α by a_α = a_a + a_b with a_a(ξ)u := {y −→ [ξ · a(y)ξ]u(y)} , ξ ∈ R^n , and a_b(ξ)u := { y −→ 1 y ∫ Y [ξ · b(y, y^′)ξ]u(y^′) y^′ dμ(y^′) } , ξ ∈ R^n , where the conditions a ∈ E_a, b ∈ E_b ensure that a_a(ξ), a_b(ξ) ∈ L(E) hold for ξ ∈ R^n . Let us first consider a_a. Using (3.7) we obtain the estimate |λ + ξ · a(y)ξ| ≥ c (|λ| + ξ · a(y)ξ) ≥ c (a_0 + |λ|) ≥ M(a_0) (1 + |λ|) , Reλ ≥ 0 , ξ ∈ S^{n−1}, which implies {a : u −→ [y −→ a(y)u(y)]} ∈ Eℓℓ(M(a_0)). (3.9) Next the operators Q_λ(ξ) := (λ + a_a(ξ))^{−1}a_b(ξ) ∈ L(E), Reλ ≥ 0, ξ ∈ S^{n−1}, represented by Q_λ(ξ)u : y −→ 1 y [λ + ξ · a(y)ξ] ∫ Y [ξ · b(y, y^′)ξ]u(y^′) y^′ dμ(y^′), are considered. From condition (3.8) it follows that ‖Q_λ(ξ)u‖_E ≤ ∫ Y ∫ Y | | |b(y, y^′) a(y) u(y^′) | | | (1 + 1/y) y^′ dμ(y^′) dμ(y) ≤ q ‖u‖_E holds for Reλ ≥ 0, ξ ∈ S^{n−1}, and u ∈ E. Hence we obtain I + Q_λ(ξ) ∈ Laut(E), and therefore,

λ + a_α(ξ) = (λ + a_a(ξ)) (I + Q_λ(ξ)) ∈ Laut(E) , Reλ ≥ 0 , ξ ∈ S^{n−1}.

Thus, in view of (3.9), the resolvents satisfy the estimate ‖ (λ + a_α(ξ))^{−1} ‖ L(E) ≤ ‖ (λ + a_a(ξ))^{−1} ‖ L(E) ‖ (I + Q_λ(ξ))^{−1} ‖ L(E) ≤ M(a_0) 1 − q (1 + |λ|)^{−1} , Reλ ≥ 0 , ξ ∈ S^{n−1} ,

which proves our assertion. □

3.3 Spatially variable coefficients

We now consider the general case of operator-valued coefficients α, which depend on the spatial variable x ∈ R^n .

According to Proposition 3.5 (S_3), the pointwise product (α, v) −→ α • v := [x −→ α(x)v(x)] is a bilinear continuous mapping from BUC^t(R^n , L(E^n)) × B^s_{p,q}(R^n , E^n) into B^s_{p,q}(R^n , E^n), provided 0 < s < t. In particular, this implies {α −→ Λ_α := [v −→ α • v]} ∈ L(BUC^t(R^n , L(E^n)), L(B^s_{p,q}(R^n , E^n))) (3.10) for 0 < s < t. As a consequence, we obtain the following result.

Lemma 3.12 Let p, q ∈ [1, ∞], t ∈ (−1, ∞) and s ∈ (−1, t). Then,

[α −→ A_α = −div ∘ Λ_α ∘ grad] ∈ L(BUC^{t+1}(R^n , L(E^n)), L(B^{s+2}_{p,q} , B^s_{p,q})) .

Proof. Since grad ∈ L(B^{s+2}_{p,q} , B^{s+1}_{p,q} (R^n , E^n)) and div ∈ L(B^{s+1}_{p,q} (R^n , E^n), B^s_{p,q}) (cf. [Ama97, Theorem 6.2]), our assertion follows from (3.10). □

Remark 3.13 In addition to Λ_α we introduce the mappings

Λ̃_αv := [ x −→ ∑_n i,j=1 αij (x) • vij (x) ] , Λ̂_βw := [ x −→ ∑_n j=1 β_j (x) • w_j (x) ]

for functions α_{ij}, β_j : R^n −→ L(E) and v_{ij} , w_j : R^n −→ E. Similarly, as above, it follows that [ α −→ Λ̃_α ] ∈ L(BUC^t(R^n , L(E^n)), L(B^s_{p,q}(R^n , E^{n×n}), B^s_{p,q})) and [ β −→ Λ̂_β ] ∈ L(BUC^t(R^n , L(E^n, E)), L(B^s_{p,q}(R^n , E^n), B^s_{p,q})) hold for p, q ∈ [1, ∞] and 0 < s < t. Consequently, we are able to rewrite A_α (in nondivergence form) as A_α = −Λ̃_α ∘ D^2 − Λ̂_{divα} ∘ grad

with D^2u := (∂^2_{ij} u), div α := ( ∑_n i=1 ∂_iα_{ij} ), where [ α −→ Λ̃_α ∘ D^2 ] ∈ L(BUC^t(R^n , L(E^n)), L(B^{s+2}_{p,q} , B^s_{p,q})), [ α −→ Λ̂_{divα} ∘ grad ] ∈ L(BUC^{t+1}(R^n , L(E^n)), L(B^{s+1}_{p,q} , B^s_{p,q})), (3.11)

provided 0 < s < t.

The aim of our following considerations is to extend the generation result of Proposition 3.9 to the case α ∈ BUC^{1+t}(R^n , Eℓℓ(M)). For that purpose, we fix an arbitrary ε ∈ (0, 1] and define the open covering U = {U_j ; j ∈ N} := {x_j + ε Q ; x_j ∈ ε Z^n} of R^n , where Q denotes the open ball {x ∈ R^n ; |x| < √ n }, and the enumeration of the U_j is chosen in such a manner that j ≥ k implies |x_j | ≥ |x_k|. Note that U has finite multiplicity, i.e.

∃ κ = κ(n) : card {j ∈ N ; x ∈ U_j } ≤ κ , x ∈ R^n . (3.12)

For each j ∈ N, we introduce the smooth diffeomorphism φ_j : U_j ←→ Q , x −→ (x − x_j)/ε . Moreover, let π ∈ C^∞(R^n , [0, 1]) be a function with supp (π) ⊂⊂ Q and π = 1 on Q/2. Then we define π_j := π ∘ φ_j [∑ i∈N (π ∘ φ_i)^2 ]_{−1/2} .

It is easily verified that

π_j ∈ C^∞(R^n , [0, 1]) , supp (π_j ) ⊂⊂ U_j , j ∈ N , and ∑ j∈N π^2_j (x) = 1 , x ∈ R^n . Moreover, for each m ∈ N, there exists a constant c = c(m) such that sup_{x∈R}n |∂^ν π_j (x)| ≤ c ε^{−|ν|} , j ∈ N , |ν| ≤ m. (3.13) Finally, we choose χ ∈ C^∞(R^n , [0, 1]) with supp (χ) ⊂⊂ Q and χ = 1 on supp (π). Then it follows that the functions χ_j := χ ∘ φ_j ∈ C^∞(R^n , [0, 1]) satisfy supp (χ_j) ⊂⊂ U_j , χ_j = 1 on supp (π_j ) , π_j ≤ χ_j ≤ 1 , j ∈ N .

Lemma 3.14 Let p ∈ [1, ∞) and s ∈ [−1, ∞). Then, r : ( W^s_p )_N −→ W^s_p , (u_j) −→ ∑ j∈N π_j u_j is a retraction in L(ℓ_p(W^s_p ), W^s_p ). A co-retraction is given by r^c : W^s_p −→ ( W^s_p )_N , u −→ (π_j u), i.e., r^c ∈ L(W^s_p , ℓ_p(W^s_p )) and r ∘ r^c = id_W s_p .

Proof. From [AHS94, Proofs of Lemma 9.1 and Corollary 9.2] we already know that r ∈ L(ℓ_p(W^s_p ), W^s_p ) and r^c ∈ L(W^s_p , ℓ_p(W^s_p )) (3.14) hold for p ∈ [1, ∞) and s ∈ [0, ∞). The aim of the following steps is to extend this result to s = −1, and then by interpolation to s ∈ [−1, 0).

First we consider the mapping r. Let (u_j) be a sequence in ℓ_p(W^{−1}_p ). According to the definition of W^{−1}_p , there are functions u_{j,ν} ∈ L_p such that u_j = ∑ |ν|≤1(−1) |ν| ∂^ν u_{j,ν} , j ∈ N . (3.15) Hence the products π_j u_j may be represented by π_j u_j = ∑ |ν|≤1 (−1) |ν| ∂^ν v_{j,ν} (3.16) with v_{j,ν} = { π_j u_{j,ν} + ∑ |η|=1 ∂ η π_j u_{j,η} , |ν| = 0 π_j u_{j,ν} , |ν| = 1 ∈ L_p (cf. Remark 3.6). Thus, we obtain the identity ∑_{k+ℓ} j=k π_j u_j = ∑ |ν|≤1(−1) |ν| ∂^ν ∑_{k+ℓ} j=k v_{j,ν} , k, ℓ ∈ N , which shows that ∑_{k+ℓ} j=k π_j u_j ∈ W^{−1}_p holds for k, ℓ ∈ N. Moreover, the finite multiplicity (3.12) of U, and inequality (3.13) enable us to derive the uniform estimate ‖ ‖ ‖ ∑_{k+ℓ} j=k π_j u_j ‖ ‖ ‖^p_{W −1p} ≤ ∑ |ν|≤1 ‖ ‖ ‖ ∑_{k+ℓ} j=k v_{j,ν} ‖ ‖ ‖^p_{Lp} ≤ κ^{p−1} ∑ |ν|≤1 ∑_{k+ℓ} j=k ‖v_{j,ν} ‖^p_{Lp} ≤ c(ε) ∑_{k+ℓ} j=k ∑ |ν|≤1 ‖uj,ν‖ p L_p , k, ℓ ∈ N . Since the function u_{j,ν} ∈ L_p , representing u_j in (3.15), were chosen arbitrarily, we arrive at ‖ ‖ ∑_{k+ℓ} j=k π_j u_j ‖ ‖_{W −1p} ≤ c(ε) {∑_{k+ℓ} j=k ‖u_j‖^p_{W −1p} }_{1/p} , k, ℓ ∈ N . Hence, r(u_j) = ∑ j∈N π_j u_j exists in W^{−1}_p , and satisfies the estimate ‖r(u_j)‖_W −1_p ≤ c(ε) ‖(u_j)‖_{ℓp(W} −1_{p )} . This proves r ∈ L(ℓ_p(W^{−1}_p ), W^{−1}_p ).

Let us consider now the mapping r^c. We choose u ∈ W^{−1}_p and u_ν ∈ L_p such that u = ∑ |ν|≤1(−1) |ν| ∂^ν u_ν . (3.17)

Then the products π_j u are represented by formula (3.16) (with u and u_ν instead of u_j and u_{j,ν} , respectively), so that estimate (3.13) leads to ‖π_j u‖^p_{W −1p} ≤ c ∑ |ν|≤1 ‖vj,ν‖ p L_p ≤ c(ε) ∑ |ν|≤1 ‖χj uν‖ p L_p , j ∈ N . Recalling the finite multiplicity (3.12) of U, we consequently obtain ‖r^cu‖^p_{ℓp(W −1p )} ≤ c ∑ |ν|≤1 ∑ j∈N ‖χ_j u_ν‖^p_{Lp} ≤ c κ ∑ |ν|≤1 ‖uν‖ p L_p . Since the representation (3.17) of u was chosen arbitrarily, this leads to ‖r^cu‖_{ℓp(W} −1_{p )} ≤ c ‖u‖_W −1_p , and therefore to r^c ∈ L(W^{−1}_p , ℓ_p(W^{−1}_p )).

Using (W^{−1}_p , L_p)_{s+1,p} ˙= W^s_p for s ∈ (−1, 0) (cf. [Ama, VII.3.2.2 Theorem]), as well as Lemma 3.7, we see that (3.14) holds for p ∈ [1, ∞) and s ∈ [−1, ∞). Since r ∘ r^c = id_W s_p is obvious, this completes our proof. □

Remark 3.15 Analogous to the proof of Lemma 3.14, the following statement can be derived. Let p ∈ [1, ∞) and s ∈ [−1, ∞). Then,

[u −→ (χ_j u)] ∈ L(W^s_p , ℓ_p(W^s_p ))

and [ (u_j) −→ ∑ j∈N χ_j u_j ] ∈ L(ℓ_p(W^s_p ), W^s_p ).

We now are able to derive the main result of Section 3.

Theorem 3.16 Assume that p, q ∈ [1, ∞), t ∈ (−1, 1] and s ∈ (−1, t).

Then, for a given M ≥ 1, there exist κ ≥ 1 and ω > 0 such that [α −→ A_α] ∈ C^{1−}(BUC^{t+1}(R^n , Eℓℓ(M)), H(B^{s+2}_{p,q} , B^s_{p,q}; κ, ω)) . Proof. (a) Let ρ be a function in BUC^∞(R^n , R^n ) such that ρ(x) = { x, if x ∈ supp (π) ⊂⊂ Q, x/|x|, if x ∈ R^n \ Q. We set ρ_j : x −→ x_j + ε ρ(φ_j(x)) and consider A_{αj} with α_j := α ∘ ρ_j for j ∈ N. The aim of this part of our proof is to show that A_{αj} ∈ H(W^{s+2}_p , W^s_p ; κ_∗, ω_∗), where κ_∗ and ω_∗ are independent of j.

We first consider the operators A_α0_j , whose (spatially constant) coefficients are defined by α^0_j := α ∘ ρ^0_j with ρ^0_j : x −→ ρ_j (x_j ) = x_j . Proposition 3.9 ensures that, for a given ω_0 > 0, there exists κ_0 = κ_0(M, ω_0) such that

A_α0_j ∈ H(B^{s+2}_{p,q} , B^s_{p,q}; κ_0, ω_0) , j ∈ N . (3.18)

To derive the desired result for A_{αj} we employ the perturbation Lemma 3.3. This requires an estimate of A_{αj} − A_α0_j which is uniform with respect to j ∈ N. Setting r := 1 ∧ (1 + t) and fixing some r_0 ∈ (0, r), we obtain ‖ ‖(α_j − α^0_j ) (x) ‖ ‖_{L(En)} ≤ c |ρ_j(x) − x_j |^r = c ε^r |ρ(φ_j(x))|^r ≤ c ε^r as well as ‖ ‖(α_j − α^0_j ) (x) − (α_j − α^0_j ) (y) ‖ ‖_{L(En)} ≤ c ε^r |ρ_j (x) − ρ_j (y)|^r ≤ c ε^r |ρ(φ_j(x)) − ρ(φ_j (y))|^{r0} (|ρ(φ_j(x))| + |ρ(φ_j (y))|)^{r−r0} ≤ c ε^r |φ_j(x) − φ_j(y)|^{r0} = c ε^{r−r0} |x − y|^{r0} for x, y ∈ R^n and j ∈ N. Both inequalities lead to the estimate ‖ ‖α_j − α^0_j ‖ ‖_{BUCr0 (Rn,L(En))} ≤ c ε^{r−r}0 , j ∈ N , (3.19) which enables us to investigate the differences A_{αj} −A_α0_j . We first consider the case t ∈ (0, 1]. According to Remark 3.13,

A_{αj} − A_α0_j = A_{αj −α}0_j = −Λ̃_{αj −α}0_j ∘ D^2 − Λ̂_{divαj} ∘ grad .

We fix t_0 ∈ (s, t) with t_0 > 0 and apply (3.11). In view of the inequality (3.19) and the interpolation result (B^s_{p,q}, B^{s+2}_{p,q} )_{1/2,q} ˙= B^{s+1}_{p,q} , this yields ‖ ‖A_{αj −α}0_j u ‖ ‖_{Bsp,q} ≤ c ‖ ‖α_j − α^0_j ‖ ‖_{BUCt0 (Rn,L(En))} ‖u‖_{Bs+2p,q} + c ‖α_j ‖_{BUC}t+1_{(Rn,L(En))} ‖u‖_Bs+1_{p,q} (3.20) ≤ c ε^{t−t0} ‖u‖_Bs+2_{p,q} + c(ε) ‖u‖_Bs+1_{p,q} ≤ c ε^{t−t0} ‖u‖_Bs+2_{p,q} + c(ε) ‖u‖_Bs_{p,q} for u ∈ B^{s+2}_{p,q} , j ∈ N, and ε > 0. In the case t ∈ (−1, 0], we represent the difference A_{αj} −A_α0_j as A_{αj −α}0_j = −div ∘ Λ_{αj −α}0_j ∘ grad. For t_0 ∈ (s, t), Lemma 3.12 and inequality (3.19) imply ‖ ‖A_{αj −α}0_j ‖ ‖_{L(Bs+2p,q ,Bsp,q )} ≤ c ‖ α_j − α^0_j ‖ BUC^{t0+1}(R^n,L(E^n)) ≤ c ε t−t_0 , j ∈ N , ε > 0 , so that (3.20) remains valid.

Recalling (3.18) and fixing ε < 1/κ_0 in (3.20), we now see that Lemma 3.3 leads to the desired statement: there are κ_∗ ≥ 1 and ω_∗ > 0 such that

A_{αj} = A_α0_j + A_{αj −α}0_j ∈ H(B^{s+2}_{p,q} , B^s_{p,q}; κ_∗, ω_∗) , j ∈ N . (3.21)

(b) Next we consider the mapping A : ( W^{s+2}_p )_N −→ ( W^s_p )_N , (u_j) −→ (A_{αj} u_j) . Since (3.21) holds uniformly with respect to j ∈ N, it can easily be verified that

A ∈ H(ℓ_p(W^{s+2}_p ), ℓ_p(W^s_p ); κ_∗, ω_∗).

(c) In the following, we construct a left inverse to λ + A_α for Reλ ≥ ω_L with a suitable ω_L > 0. For that purpose,

B : W^{s+2}_p −→ ( W^s_p )_N , u −→ B_ju := ( π_j A_αu − A_{αj} (π_j u) ) is considered. In view of α − α_j|_{supp (πj )} = 0, it follows that

B_ju := (div ∘ Λ_{αj} )(u gradπ_j ) + gradπ_j · [(Λ_α ∘ grad)u] , j ∈ N .

Since (3.10) implies

[α −→ div ∘ Λ_α] ∈ L(BUC^{t+1}(R^n , L(E^n)), L(W^{s+1}_p (R^n , E^n), W^s_p ))

as well as

[α −→ Λ_α ∘ grad] ∈ L(BUC^t(R^n , L(E^n)), L(W^{s+1}_p , W^s_p (R^n , E^n))), and ε is fixed (cf. part (a)), we obtain ‖B_j u‖_W s_p ≤ ‖ ‖(div ∘ Λ_{αj} )(u gradπ_j ) ‖ ‖_{W sp} + c ‖(Λ_α ∘ grad) (χ_j u)‖_{W sp (Rn,En)} ≤ c ( ‖α_j‖_{BUC}t+1_{(R}n_{,L(E}n_{))} + ‖α‖_{BUC}t_{(R}n_{,L(E}n_{))} ) ‖χ_j u‖_W s+1_p ≤ c ‖χ_j u‖_W s+1_p , u ∈ W^{s+1}_p , j ∈ N . (3.22)

According to Remark 3.15 this leads to ‖Bu‖_{ℓp(W} s_{p )} ≤ c ‖(χ_j u)‖_{ℓp(W} s+1_{p )} ≤ c ‖u‖_W s+1_p , u ∈ W^{s+1}_p , so that B ∈ L(W^{s+1}_p , ℓ_p(W^s_p )). Thus, the perturbation result of Corollary 3.4 ensures that A + B ∘ r ∈ H(ℓ_p(W^{s+2}_p ), ℓ_p(W^s_p ); κ_L, ω_L) holds for a κ_L ≥ 1 and an ω_L > 0. In particular, this implies λ + A + B ∘ r ∈ Lis(ℓ_p(W^{s+2}_p ), ℓ_p(W^s_p )) , Reλ ≥ ω_L ,

so that the operator

L_λ := r ∘ (λ + A + B ∘ r)^{−1} ∘ r^c ∈ L(W^s_p , W^{s+2}_p ) , Reλ ≥ ω_L ,

can be defined. As a consequence of

π_j (λ + A_α)u = (λ + A_{αj} )(π_j u) + π_j A_αu − A_{αj} (π_j u) = (λ + A_{αj} )(π_j u) + (Bu)_j , u ∈ W^{s+2}_p , j ∈ N ,

we moreover obtain r^c ∘ (λ + A_α) = (λ + A + B ∘ r) ∘ r^c. Thus, L_λ has the desired property L_λ ∘ (λ + A_α) = r ∘ r^c = id_W s+2_p , Reλ ≥ ω_L.

(d) Analogous to the preceding part of our proof, a right inverse to λ + A_α can be constructed. We consider the operator C : ( W^{s+2}_p )_N −→ W^s_p , (u_j) −→ ∑ j∈N [ A_α(π_j u_j) − π_j A_{αj} u_j ] , which can be rewritten as C : (u_j) −→ ∑ j∈N C_j u_j with

C_j u := −(div ∘ Λ_α)(u gradπ_j) − gradπ_j · [ (Λ_{αj} ∘ grad)u ] , j ∈ N . Analogous to (3.22) we derive ‖C_ju‖_W s_p ≤ c ‖χ_j u‖_W s+1_p ≤ c ‖u‖_W s+1_p , u ∈ W^{s+1}_p , j ∈ N , so that, by finite multiplicity of U, ‖C(u_j)‖_{W sp} = ‖ ‖ ∑ j∈N χ_j (C_j u_j) ‖ ‖_{W sp} ≤ c ‖(Cjuj)‖_{ℓp(W} s_{p )} ≤ c ‖(uj)‖_{ℓp(W} s+1_{p )} follows for (u_j) ∈ ℓ_p(W^{s+1}_p ). Thus, C belongs to L(ℓ_p(W^{s+1}_p ), W^s_p ). Since Lemma 3.7 implies (ℓ_p(W^s_p ), ℓ_p(W^{s+2}_p ))_{1/2,p} ˙= ℓ_p(W^{s+1}_p ), Corollary 3.4 ensures that A + r^c ∘ C ∈ H(ℓ_p(W^{s+2}_p ), ℓ_p(W^s_p ); κ_R, ω_R) holds for a κ_R ≥ 1 and an ω_R > 0. This enables us to define R_λ := r ∘ (λ + A + r^c ∘ C)^{−1} ∘ r^c ∈ L(W^s_p , W^{s+2}_p ) , Reλ ≥ ω_R .

In view of ∑ j∈N (λ + A_α)(π_j u_j) = ∑ j∈N [ π_j (λ + A_{αj} )u_j + A_α(π_j u_j) − π_j A_{αj} u_j ]

= [r ∘ (λ + A ) + C](u_j) , (u_j) ∈ ℓ_p(W^{s+2}_p ) , we moreover obtain the identity (λ + A_α) ∘ r = r ∘ (λ + A + r^c ∘ C) which leads to the desired property (λ + A_α) ∘ R_λ = r ∘ r^c = id_W s+2_p , Reλ ≥ ω_R.

(e) From the preceding parts of our proof it follows that λ + A_α ∈ Lis(W^{s+2}_p , W^s_p ) , Reλ ≥ ω := ω_L ∨ ω_R , where (λ + A_α)^{−1} = L_λ = R_λ. Using A + B ∘ r ∈ H(ℓ_p(W^{s+2}_p ), ℓ_p(W^s_p ); κ_L, ω_L), and Lemma 3.14, we obtain |λ| ‖ ‖(λ + A_α)^{−1}u ‖ ‖_{W sp} = |λ| ‖ ‖[r ∘ (λ + A + B ∘ r)^{−1} ∘ r^c] u ‖ ‖_{W sp} ≤ c κ_L ‖r^cu‖_{ℓp(W} s_{p )} ≤ c ‖u‖_W s_p , u ∈ W^s_p , Reλ ≥ ω . In view of Remark 3.2, this ensures that A_α ∈ H(W^{s+2}_p , W^s_p ). Since this holds for an arbitrary s ∈ (−1, t), we also have A_α ∈ H(W^{s+δ+2}_p , W^{s+δ}_p ) ∩ H(W^{s−δ+2}_p , W^{s−δ}_p ) , provided 0 < δ < (t − s) ∧ (s + 1). Consequently, the interpolation result ( W^{s−δ}_p , W^{s+δ}_p ) 1/2,q .= B_{sp,q} , p, q ∈ [1, ∞) , s ∈ R , leads to A_α ∈ H(B^{s+2}_{p,q} , B^s_{p,q}). This completes our proof. □ Remark 3.17 The basic idea of the construction of resolvents, carried out in parts (c)-(e) of the preceding proof, goes back to [AHS94, Proposition 3.2]. We now are able to extend the result of Theorem 3.16 to operators A_{α,β} : u −→ {x −→ −div [α(x) grad u(x)] + β(x) grad u(x)} with β = (β_i) : R^n −→ L(E^n, E). Namely, the following can be proven.

Corollary 3.18 Let p, q ∈ [1, ∞), t ∈ (0, 1] and s ∈ (0, t).

Then, given M ≥ 1, there are κ ≥ 1 and ω > 0 such that [(α, β) −→ A_{α,β}] is Lipschitz continuous from BUC^{t+1}(R^n , Eℓℓ(M)) × BUC^t(R^n , L(E^n, E)) into H(B^{s+2}_{p,q} , B^s_{p,q}; κ, ω).

Proof. Since Proposition 3.5 (S_3) ensures that (β, v) −→ [x −→ β(x) v(x)] is a bilinear continuous mapping from BUC^t(R^n , L(E^n, E)) × B^s_{p,q}(R^n , E^n) into B^s_{p,q} = B^s_{p,q}(R^n , E), we obtain {β −→ [u −→ β grad u]} ∈ L(BUC^t(R^n , L(E^n, E)), L(B^{s+1}_{p,q} , B^s_{p,q})). Hence our assertion follows by the perturbation result of Lemma 3.4. □

4 Existence and Uniqueness

In the following, we return to the coagulation-fragmentation model of Section 2. The aim is to show that Problem 2.1 possesses a unique maximal solution, where the sought particle size distribution function remains positive for positive initial values.

Our proof can be outlined as follows. Choosing suitable Banach spaces E_i = E_i × F_i, i ∈ {0, 1}, and an admissible interpolation functor (·, ·)_θ, we will show (in Section 4.1) that there is some β ∈ (0, 1) such that the operator family A(υ), formally given by υ = ( u ⃗v ) −→ A(υ) := ( −div α(u) grad 0 0 −ν Δ ) , has the property [υ −→ A(υ)] ∈ C^{1−}((E_0 , E_1 )_β, H(E_1 , E_0 )). Then (in Section 4.2) the mapping

F (υ) = ( F_1(u, ⃗v ) F_2(u, ⃗v ) ) := ( c_ψ(u) + f_ϕ(u) − ⃗v · grad u −P (⃗v · grad) ⃗v + P ⃗f(u) ) , where P denotes the Helmholtz projection, is investigated. For a suitable γ ∈ (0, β), we derive [υ −→ F (υ)] ∈ C^{1−}((E_0 , E_1 )_β, (E_0 , E_1 )_γ ). Now our coagulation-fragmentation model can be formulated as an abstract quasilinear Cauchy problem

υ̇(t) + A(υ(t))υ(t) = F (υ(t)) , t > 0 , υ(0) = υ_0,

in E_0 , and an existence result, stated in [Ama93], may be applied. This ensures that the problem possesses a unique maximal solution υ ∈ C^1(J, E_0 ) ∩ C(J, E_1 ) (on the maximal time interval J = [0, T (υ_0)) ), provided υ_0 ∈ E_1 .

4.1 Diffusion and Stokes operator

This section is devoted to the second order differential operators on the left-hand side of Problem 2.1.

First we consider A_{α(w)}u : R^n −→ E , x −→ −div [α(x, w) grad u(x)], where E denotes a Banach space of real-valued functions on Y (specified in 4.2), and w −→ α(w) = α(·, w) is supposed to fulfil the following condition.

Assumption 4.1 There are constants σ and τ with 0 < σ ≤ τ < σ + 1 ≤ 3, such that α ∈ C^{1−}(BUC^τ (R^n , E), BUC^σ(R^n , Eℓℓ(E; M)). We fix s, p ∈ R satisfying −1 ∨ (τ − 2) < s < σ − 1 , p > n/(2 + s − τ) , (4.1) and introduce the spaces E_0 := B^s_{p,p} = B^s_{p,p}(R^n , E) , E_1 := B^{s+2}_{p,p} = B^{s+2}_{p,p} (R^n , E).

Moreover, E_θ is the real interpolation space (E_0, E_1)_{θ,p} of exponent θ ∈ (0, 1), which can be characterised as E_θ .= B^{s+2θ}_{p,p} , θ ∈ (0, 1) (4.2) (cf. e.g. [Ama, VII.1.3.6 Theorem]). Since (4.1) implies 1/2 < (n/p − s + τ)/2 < 1 and (1 − s)/2 < 1 , (4.3) we are able to fix β > 1/2 with [(1 − s)/2] ∨ [(n/p − s + τ)/2] < β < 1 . (4.4) This choice guarantees, in particular, that τ < s + 2β − n/p, and therefore, E_β .= B^{s+2β}_{p,p} → BUC^τ (cf. e.g. [Ama91, (48)]). (4.5) Hence Assumption 4.1 implies [w −→ α(w)] ∈ C^{1−}(E_β , BUC^σ(R^n , Eℓℓ(E; M))). Recalling the generation result of Theorem 3.16 we arrive at [ w −→ A_{α(w)} ] ∈ C^{1−}(E_β, H(B^{s+2}_{q,q} , B^s_{q,q})) , q ∈ [1, ∞). (4.6) Now the Helmholtz projection and the Stokes operator are introduced. To that end, let F_0 := L_{p,σ}(R^n , R^n ) be the closure of {⃗v ∈ C^∞_0 (R^n , R^n ) ; div ⃗v = 0} in L_p(R^n , R^n ), and F_1 := W^2_{p,σ}(R^n , R^n ) := W^2_p (R^n , R^n ) ∩ L_{p,σ}(R^n , R^n ).

Then the Helmholtz projection P_p of L_p(R^n , R^n ) onto L_{p,σ}(R^n , R^n ) is given by P_p = I − (R_j R_k)_{j,k∈{1,...,n}} , where R_j , j ∈ {1, ..., n}, are the Riesz transforms R_j := F^{−1}r_j F with symbol r_j(ξ) = ξ_j/|ξ|. Since R_j ∈ L(W^m_p (R^n )), m ∈ N, holds by Mikhlin’s multiplier theorem, this implies P_p ∈ L(W^{2i}_p (R^n , R^n ), F_i) , i ∈ {0, 1}. Using the property B^{2θ}_{p,p}(R^n , R^n ) .= (L_p(R^n , R^n ), W^2_p (R^n , R^n ))_{θ,p}, θ ∈ (0, 1), we arrive at P_p ∈ L(B^{2θ}_{p,p}(R^n , R^n ), F_θ), (4.7) where the spaces F_θ := (F_0, F_1)_{θ,p} , θ ∈ (0, 1), are characterised by F_θ .= B^{2θ}_{p,p,σ}(R^n , R^n ) := B^{2θ}_{p,p}(R^n , R^n ) ∩ L_{p,σ}(R^n , R^n ) (4.8) (cf. [Ama00b, Theorem 3.4]). It is known that the Stokes operator, S_p : F_1 −→ F_0 , u −→ −ν Δ u , has the property S_p ∈ H(F_1, F_0). (4.9) For further references and a more comprehensive treatment of the Stokes scale we refer to [Ama00b, Section 3].

Our considerations are summarized in the following statement. Lemma 4.2 Assume that w −→ α(w) satisfies Assumption 4.1, and let E_0 := E_0 × F_0 = B^s_{p,p}(R^n , E) × L_{p,σ}(R^n , R^n ), E_1 := E_1 × F_1 = B^{s+2}_{p,p} (R^n , E) × W^2_{p,σ}(R^n , R^n ), where s, p ∈ R fulfil (4.1). Then the real interpolation spaces E_θ := (E_0 , E_1 )_{θ,p} of exponent θ ∈ (0, 1) are characterised by E_θ .= B^{s+2θ}_{p,p} (R^n , E) × B^{2θ}_{p,p,σ}(R^n , R^n ), and [ υ = ( w ⃗v ) −→ A(υ) := ( A_{α(w)} 0 0 S_p )] ∈ C^{1−}(E_β , H(E_1 , E_0 )) holds for β ∈ R with (n/p − s + τ)/2 < β < 1.

Proof. According to [Ama95, I.2.3.3 Proposition], the characterization of the interpolation spaces E_θ , θ ∈ (0, 1), follows from (4.2) and (4.8). Our second assertion is a consequence of (4.6), (4.9), and [Ama95, I.1.6.1 Theorem]. □

4.2 Reaction terms, convection terms, and external forces

We now consider the right-hand side of the coagulation-fragmentation model. For that purpose, let the space E be given by E := L_1(Y ; (1 + y) dμ(y)) = L_1(Y ; dμ(y)) ∩ L_1(Y ; y dμ(y)).

For a motivation of this choice we refer to Section 4.4.

Let us first consider the coagulation term c_ψ, given by (2.10), where ψ is supposed to satisfy the following condition.

Assumption 4.3 The coagulation kernel ψ : R^n ×Y ×Y −→ R belongs to BUC^{σ+1}(R^n , K_c), where K_c = K_c(Y × Y ) denotes the closed subspace {k ∈ L_∞(Y × Y ) ; k(y, y^′) = k(y^′, y) for almost all y, y^′ ∈ Y } of L_∞(Y × Y ), and σ is the real number specified in Assumption 4.1. For k ∈ K_c and v, w ∈ E, we introduce the mapping c_k(v, w)(y) := 1 2 ∫_y 0 k(y − y^′, y^′) v(y − y^′) w(y^′) dμ(y^′) − v(y) ∫_∞ 0 k(y, y^′) w(y^′) dμ(y^′) , y ∈ Y, which has the property [(k, v, w) −→ c_k(v, w)] ∈ L(K_c, E, E; E). Since (4.1) and (4.4) imply n/p < s + 2β < σ + 1 , (4.10) Proposition 3.5 (S_2) ensures that the pointwise product c_k(v, w) : x −→ c_{k(x)}(v(x), w(x)) (4.11) of functions (k, v, w) : R^n −→ K_c × E × E is a multiplication [(k, v, w) −→ c_k(v, w)] ∈ L(BUC^{σ+1}(R^n , K_c), B^{s+2β}_{p,p} , B^{s+2β}_{p,p} ; B^{s+2γ}_{p,p} ), (4.12) provided γ < β. Recalling (4.2) and Assumption 4.3, we consequently obtain [u −→ c_ψ(u) = c_ψ(u, u)] ∈ C^∞(E_β, E_γ ) , γ ∈ (0, β). (4.13) Now the fragmentation term f_ϕ, defined by (2.12), can be treated analogously. To that end, we impose the following condition on ϕ.

Assumption 4.4 Let Y^2_Δ be the set {(y, y^′) ∈ Y ×Y ; 0 < y^′ ≤ y}. Moreover, K_f = K_f (Y^2_Δ) denotes the Banach space { k ∈ L_∞(Y^2_Δ) ; [ y −→ Φ_k(y) := 1 y ∫_y 0 k(y, y^′) y^′ dμ(y^′) ] ∈ L_∞(Y ) }

with norm k −→ ‖k‖_{L∞(Y} 2_{Δ)} + ‖Φ_k‖_{L∞(Y )}. Then the fragmentation kernel ϕ : R^n × Y^2_Δ −→ R is supposed to lie in BUC^{σ+1}(R^n , K_f ).

It is easily seen now that f_k(v) : y −→ ∫_∞ y k(y^′, y) v(y^′) dμ(y^′) − Φ_k(y) v(y) , y ∈ Y , defines a multiplication [(k, v) −→ f_k(v)] ∈ L(K_f , E; E). Then, according to (4.10), Proposition 3.5 (S_3) shows that { (k, v) −→ [ f_k(v) : x −→ f_{k(x)}(v(x)) ]} ∈ L(BUC^{σ+1}(R^n , K_f ), B^{s+2β}_{q,q} ; B^{s+2β}_{q,q} )

holds for q ∈ [1, ∞). By virtue of Assumption 4.4, this implies [u −→ f_ϕ(u)] ∈ L(B^{s+2β}_{q,q} ) , q ∈ [1, ∞). (4.14) We now consider ⃗v · grad u : y −→ ⃗v · grad u(y). To that end, γ ∈ (0, β) is assumed to satisfy the additional condition 0 < γ < β − 1/2 , (4.15) which ensures that s + 2γ < s + 2β − 1 < 2β. Moreover, s + 2β − 1 > 0 and 2β > 2β − 1 > n/p + τ − s − 1 > n/p (4.16) hold by (4.1), (4.4), and Assumption 4.1. Hence Proposition 3.5 (S_1) implies [(w, ⃗v ) −→ ⃗v · w ] ∈ L(B^{s+2β−1}_{p,p} (R^n , E^n), B^{2β}_{p,p}(R^n , R^n ); B^{s+2γ}_{p,p} ), and therefore, [(u, ⃗v ) −→ ⃗v · grad u] ∈ L(B^{s+2β}_{p,p} , B^{2β}_{p,p}(R^n , R^n ); B^{s+2γ}_{p,p} ). (4.17) In view of F_β .= B^{2β}_{p,p,σ}(R^n , R^n ) → B^{2β}_{p,p}(R^n , R^n ), it follows that

[(u, ⃗v ) −→ ⃗v · grad u] ∈ C^∞(E_β , E_γ ). (4.18)

We now consider the convection term ⃗v −→ (⃗v · grad) ⃗v. In view of (4.16) and the inequality 2γ < 2β − 1, which holds by (4.15), Proposition 3.5 (S_1) ensures that [(v, w) −→ v w] ∈ L(B^{2β}_{p,p}(R^n , R), B^{2β−1}_{p,p} (R^n , R); B^{2γ}_{p,p} (R^n , R)).

This implies [(v, w) −→ v ∂_iw] ∈ L(B^{2β}_{p,p}(R^n , R), B^{2β}_{p,p} (R^n , R); B^{2γ}_{p,p} (R^n , R)) , i ∈ {1, ..., n}, and therefore, [(⃗v, ⃗w ) −→ (⃗v · grad) ⃗w ] ∈ L(B^{2β}_{p,p}(R^n , R^n ), B^{2β}_{p,p}(R^n , R^n ); B^{2γ}_{p,p}(R^n , R^n )). In view of (4.7), we consequently obtain [⃗v −→ P_p(⃗v · grad) ⃗v ] ∈ C^∞(F_β, F_γ ). (4.19) Finally, the external force field ⃗f, given by (2.15), is considered under the following condition.

Assumption 4.5 Let ⃗φ : R^n × Y −→ R^n be in BUC^{σ+1}(R^n , L_∞(Y, R^n )). Furthermore, there is some δ > 0 such that ⃗φ(·, 0) ∈ BUC^{σ+1}(R^n , R^n ) ∩ B^δ_{p,p}(R^n , R^n ). First we introduce [ ( ⃗w, u) −→ b( ⃗w, u) := η ϱ ∫ Y ⃗w(y) u(y) y dμ(y) ] ∈ L(L_∞(Y, R^n ), E; R^n ). Then, in view of (4.10), Proposition 3.5 (S_3) ensures that b( ⃗w, u) : x −→ b( ⃗w(x), u(x)) is a multiplication [( ⃗w, u) −→ b( ⃗w, u)] ∈ L(BUC^{σ+1}(R^n , L_∞(Y, R^n )), B^{s+2β}_{p,p} ; B^{s+2β}_{p,p} (R^n , R^n )). Since 2γ < s + 1 + 2γ < s + 2β holds by (4.15), we may apply the continuous imbedding B^{s+2β}_{p,p} (R^n , R^n ) → B^{2γ}_{p,p}(R^n , R^n ), which, together with Assumption 4.5, leads to [u −→ b(⃗φ − ⃗φ(·, 0), u)] ∈ C^∞(E_β, B^{2γ}_{p,p}(R^n , R^n )). In the following, let γ satisfy the additional assumption γ < δ/2, ensuring that ⃗φ(·, 0) ∈ B^δ_{p,p}(R^n , R^n ) → B^{2γ}_{p,p}(R^n , R^n ). Consequently, [ u −→ ⃗f(u) = ⃗φ(·, 0) + b(⃗φ − ⃗φ(·, 0), u) ] ∈ C^∞(E_β , B^{2γ}_{p,p}(R^n , R^n )) is valid. Recalling property (4.7), we finally arrive at [ u −→ P_p ⃗f(u) ] ∈ C^∞(E_β, F_γ ). (4.20) Our considerations are summarized in the following statement.

Lemma 4.6 Let Assumptions 4.3, 4.4, and 4.5 be satisfied. Then there are β, γ ∈ R with 0 < γ < β < 1 such that [ υ = ( u ⃗v ) −→ F (υ) := ( c_ψ(u) + f_ϕ(u) − ⃗v · grad u −P_p(⃗v · grad) ⃗v + P_p ⃗f(u) )] ∈ C^∞(E_β , E_γ ).

Proof. Our assertion follows from (4.13), (4.14), (4.18), (4.19), and (4.20). □

4.3 Existence of a unique maximal solution

The results obtained in Sections 4.1 and 4.2 enable us to formulate the following existence theorem for Problem 2.1. Here (and in the sequel) we do not explicitly mention the pressure p, since it is well-known that it can be recovered from the velocity ⃗v of the suspension by

p = − ∑_n j,k=1 Rj Rk(vj vk). Theorem 4.7 Assume that the diffusion coefficient α, the coagulation kernel ψ, the fragmentation rate ϕ, and the external force field ⃗f satisfy Assumptions 4.1, 4.3, 4.4, and 4.5, respectively. Moreover, s, p ∈ R are supposed to fulfil (4.1), and E denotes the space L_1(Y, (1 + y) dμ(y)).

Then, for each initial value υ_0 = (u_0, ⃗v_0) ∈ B^{s+2}_{p,p} (R^n , E) × W^2_{p,σ}(R^n , R^n ), Problem 2.1 possesses a unique maximal solution υ = (u, ⃗v ) with υ ∈ C^1(J, B^s_{p,p}(R^n , E) × L_{p,σ}(R^n , R^n )) ∩ C(J, B^{s+2}_{p,p} (R^n , E) × W^2_{p,σ}(R^n , R^n )), where J = J(υ_0) denotes the maximal existence interval [0, T (υ_0)).

Proof. Applying the Helmholtz projection P_p to the Navier-Stokes equations, and using the notation introduced in Sections 4.1 and 4.2, we formulate the coagulation-fragmentation model 2.1 as the abstract Cauchy problem

υ̇(t) + A(υ(t))υ(t) = F (υ(t)) , t > 0 , υ(0) = υ_0, (4.21)

in E_0 . Now Lemmas 4.2 and 4.6 guarantee the existence of β, γ ∈ R with 0 < γ < β < 1 such that [υ −→ (A(υ), F (υ))] ∈ C^{1−}(E_β , H(E_1 , E_0 ) × E_γ ).

As a consequence, the existence result [Ama93, 12.1 Theorem] applies to the Cauchy problem (4.21), and proves our assertion. □

Remark 4.8 Existence of a unique maximal solution to Problem 2.1 can also be proven for time-dependent data. In that case, our coagulation-fragmentation model is formulated as the abstract Cauchy problem

υ̇(t) + A(t, υ(t))υ(t) = F (t, υ(t)) , t > 0 , υ(0) = υ_0,

and the desired statement follows from [Ama93, 12.2 Remark (a)], provided [(t, υ) −→ (A(t, υ), F (t, υ))] ∈ C^{1−}(J × E_β , H(E_1 , E_0 ) × E_γ ). Remark 4.9 The maximal solution υ = (u, ⃗v ) to Problem 2.1 has the Hölder regularity υ ∈ C^{1−θ}(J, B^{s+2θ}_{p,p} (R^n , E) × B^{2θ}_{p,p,σ}(R^n , R^n )), θ ∈ (0, 1). This property follows from [Ama95, II.1.1.2 Proposition] and Theorem 4.7.

Remark 4.10 The maximal existence interval J = [0, T (υ_0)) of the solution υ = (u, ⃗v ), obtained by Theorem 4.7, does not depend on the choice of s. This can be proven by means of the following bootstrapping argument.

For i ∈ {0, 1} we define F_i := B^{s′+2i}_{p,p} × W^{2i}_{p,σ}(R^n , R^n ), and set F_θ := (F_0 , F_1 )_{θ,p} ˙= B^{s′+2θ}_{p,p} × B^{2θ}_{p,p,σ}(R^n , R^n ) , θ ∈ (0, 1) , where s^′ ∈ R satisfies s < s^′ < (s + 1) ∧ (σ − 1). Together with (4.1) and (4.3), this condition enables us to choose a β^′ > 1/2 with [(1 − s^′)/2] ∨ [(n/p − s^′ + τ)/2] < β^′ < 1 − (s^′ − s)/2 < 1 .

By Lemmas 4.2 and 4.6 we then obtain [w −→ (A(w), F (w))] ∈ C^{1−}(F_β′ , H(F_1 , F_0 ) × F_0 ).

Since E_{1−ε} → F_β′ holds for ε := 1 − (s^′ − s)/2 − β^′ ∈ (0, 1), Remark 4.9 implies [t −→ (A(υ(t)), F (υ(t)))] ∈ C^ε(J, H(F_1 , F_0 ) × F_0 ).

It follows by [Ama95, II.1.2.1 Theorem] that the linear Cauchy problem ẇ(t) + A(υ(t))w(t) = F (υ(t))) , t ∈ J \ {0}, w(0) = υ_0 , has a unique solution w ∈ C^1(J, F_0 ) ∩ C(J, F_1 ). Thus, υ − w ∈ C^1(J, E_0 ) ∩ C(J, E_1 ) fulfils ż(t) + A(υ(t))z(t) = 0 , t ∈ J \ {0}, z(0) = 0 . (4.22) Since Lemma 4.2 and Remark 4.9 imply [t −→ A(υ(t)] ∈ C^{1−β}(J, H(E_1 , E_0 )), the existence and uniqueness result of [Ama95, II.1.2.1 Theorem] ensures that (4.22) possesses only the trivial solution in C^1(J, E_0 )∩C(J, E_1 ). Consequently, the function υ equals w, and therefore, it belongs to C^1(J, F_0 ) ∩ C(J, F_1 ). This proves our assertion.

4.4 Conservation of mass

It is the aim of this section to show that the total mass of all suspended particles, given by (2.17), is finite at each moment t ∈ J, and conserved. For that purpose, we first derive the following regularity result.

Proposition 4.11 Let the assumptions of Theorem 4.7 be satisfied, ensuring that Problem 2.1 possesses the maximal solution υ = (u, ⃗v ) on the time interval J. Then the particle size distribution function u has the property u ∈ C^1(J, B^s_{p,p}(R^n , E) ∩ B^s_{1,1}(R^n , E)) ∩ C(J, B^{s+2}_{p,p} (R^n , E) ∩ B^{s+2}_{1,1} (R^n , E)).

Proof. Our proof is based on a bootstrapping argument, where the unique maximal solution υ = (u, ⃗v ), obtained by Theorem 4.7, is inserted into the nonlinearities of the considered reaction-diffusion equation. This leads to a linear problem, whose solution has the desired regularity, and can be identified with u.

First we consider the operator family {A(t) := A_{α(u(t))} ; t ∈ J}. From (4.6) it follows that [ u −→ A_{α(u)} ] ∈ C^{1−}(E_β, H(B^{s+2}_{p,p} , B^s_{p,p}) ∩ H(B^{s+2}_{1,1} , B^s_{1,1})). Setting X_i := B^{s+2i}_{p,p} ∩ B^{s+2i}_{1,1} , i ∈ {0, 1}, and using the easily verified imbedding H(B^{s+2}_{p,p} , B^s_{p,p}) ∩ H(B^{s+2}_{1,1} , B^s_{1,1}) → H(X_1, X_0), we obtain [ u −→ A_{α(u)} ] ∈ C^{1−}(E_β , H(X_1, X_0)). In view of Remark 4.9, this implies [ t −→ A(t) = A_{α(u(t))} ] ∈ C^{1−β}(J, H(X_1, X_0)). (4.23) For a treatment of the coagulation term, we consider c_k(v, w) defined by (4.11). Analogous to (4.12), it follows by means of Proposition 3.5 (S_1) and (1.1) that [(k, u, w) −→ c_k(u, w)] ∈ L(BUC^{σ+1}(R^n , K_c), B^{s+2β}_{p,p} , B^{s+2β}_{1,1} ; B^s_{1,1}). Thus, [(u, w) −→ c_ψ(u, w)] ∈ L(E_β, B^{s+2β}_{p,p} ∩ B^{s+2β}_{1,1} ; B^s_{p,p} ∩ B^s_{1,1}) (4.24) holds. We now observe that, X_i → B^{s+2i}_{q,q} for i ∈ {0, 1} and q ∈ {1, p} implies X_θ := [X_0, X_1]_θ → [B^s_{q,q}, B^{s+2}_{q,q} ]_θ ˙= B^{s+2θ}_{q,q} , q ∈ {1, p} , θ ∈ (0, 1) (cf. e.g. [Ama, Chapter VII]). This leads to the relation

X_θ → [B^s_{p,p}, B^{s+2}_{p,p} ]_θ ∩ [B^s_{1,1}, B^{s+2}_{1,1} ]_θ .= B^{s+2θ}_{p,p} ∩ B^{s+2θ}_{1,1} → X_0 , θ ∈ (0, 1), (4.25) whose application to (4.24) yields {u −→ [w −→ c_ψ(u, w)]} ∈ L(E_β, L(X_β, X_0)). (4.26) From (4.14), we analogously infer {w −→ f_ϕ(w)} ∈ L(X_β, B^{s+2β}_{p,p} ∩ B^{s+2β}_{1,1} ) → L(X_β, X_0). (4.27) Finally, the term w −→ ⃗v · grad w is considered. According to Proposition 3.5 (S_1) we have [(w, ⃗v ) −→ w ⃗v ] ∈ L(B^{s+2β−1}_{1,1} (R^n , E^n), B^{2β}_{p,p}(R^n , R^n ); B^s_{1,1}), so that [(w, ⃗v ) −→ ⃗v · grad w] ∈ L(B^{s+2β}_{1,1} , B^{2β}_{p,p}(R^n , R^n ); B^s_{1,1}) holds. In view of (4.17) this leads to {⃗v −→ [w −→ ⃗v · grad w]} ∈ L(F_β, L(B^{s+2β}_{p,p} ∩ B^{s+2β}_{1,1} , B^s_{p,p} ∩ B^s_{1,1})). Consequently, (4.25) implies {⃗v −→ [w −→ ⃗v · grad w]} ∈ L(F_β, L(X_β, X_0)). (4.28) Summarizing (4.26), (4.27), and (4.28), we obtain the property {υ −→ [w −→ g(υ)w := c_ψ(u, w) + f_ϕ(w) − ⃗v · grad w]} ∈ L(E_β , L(X_β, X_0)), which, by virtue of Remark 4.9, leads to [t −→ B(t) := −g(υ(t))] ∈ C^{1−β}(J, L(X_β, X_0)). Due to this property and (4.23), Corollary 3.4 ensures that [t −→ L(t) := A(t) + B(t)] ∈ C^{1−β}(J, H(X_1, X_0)). As a consequence, the existence result of [Ama95, II.1.2.1 Theorem] applies to the linear Cauchy problem ẇ(t) + L(t)w(t) = 0 , t ∈ J \ {0}, w(0) = u_0, (4.29) in X_0, and guarantees a unique solution w ∈ C^1(J, X_0) ∩ C(J, X_1).

Hence it remains to be proven that w equals u. Since u obviously fulfils (4.29) as well, the difference u − w ∈ C^1(J, E_0) ∩ C(J, E_1) is a solution to the homogeneous problem ż(t) + L(t)z(t) = 0 , t ∈ J \ {0}, z(0) = 0 . (4.30) On the other hand, we also have [t → L(t)] ∈ C^{1−β}(J, H(E_1, E_0)). Thus, [Ama95, II.1.2.1 Theorem] ensures that (4.30) possesses only the trivial solution in C^1(J, E_0) ∩ C(J, E_1). Consequently, u equals w, and therefore, it has the asserted regularity. □ Corollary 4.12 For θ ∈ [0, τ/2), where τ > 0 is given in Assumption 4.1, the particle size distribution function u belongs to C^θ(J, L_1(R^n , E)). In particular, the total mass M(t) of all suspended particles is finite at each moment t ∈ J, and has the property M ∈ C^θ(J). Proof. According to [Ama95, II.1.1.2 Proposition], it follows that u ∈ C^1(J, B^s_{1,1}) ∩ C(J, B^{s+2}_{1,1} ) → C^θ(J, B^{s+2(1−θ)}_{1,1} ).

From (4.1), we moreover infer the inequality 2θ ≤ τ < s + 2, which implies s + 2(1 − θ) > 0, and therefore, B^{s+2(1−θ)}_{1,1} → L_1. This proves our assertion. □ We now are able to prove the following conservation law.

Theorem 4.13 Let the hypotheses of Theorem 4.7 be satisfied, where the constant σ, given in Assumption 4.1, is supposed to satisfy the additional condition σ > 1. Then, the total mass M(t) of all suspended particles is finite and conserved on the maximal time interval J of existence, i.e.

M(t) = M(0) = η ∫ R^n ∫ Y u_0(x, y) y dμ(y)dx , t ∈ J. Proof. In view of the additional assumption σ > 1, the constant s can be chosen in such a manner that it satisfies both (4.1) and s > 0. Thus, the particle size distribution function u has the regularity u ∈ C^1(J, B^s_{p,p} ∩ B^s_{1,1}) ∩ C(J, B^{s+2}_{p,p} ∩ B^{s+2}_{1,1} ) → C^1(J, L_1(R^n , E)), which implies M ∈ C^1(J). From (4.23), (4.26), (4.27), and (4.28), it follows that A_{α(u)}u, c_ψ(u), f_ϕ(u), ⃗v · grad u ∈ C(J, B^s_{p,p} ∩ B^s_{1,1}) → C(J, L_1(R^n , E)). Hence, the reaction-diffusion equations in Problem 2.1 may be integrated over Y × R^n with respect to y dμ(y) ⊗ dx. Since the arguments of [Ama00a, Proof of Lemma 7.1] lead to ∫ R^n ∫ Y [ (A_{α(u)}u)(t, x, y) + (⃗v · grad u)(t, x, y) ] y dμ(y) dx = 0 , t ∈ J, and it can easily be verified that ∫ R^n ∫ Y [c_ψ(u)(t, x, y) + f_ϕ(u)(t, x, y)] y dμ(y) dx = 0 , t ∈ J, this yields Ṁ(t) = 0, t ∈ J. □

Remark 4.14 In view of hypothesis (2.3), Theorem 4.13 implies ∫ R^n m(t, x, 0) dx = 0 , t ∈ J , i.e. the mass of the carrier fluid is conserved. This reflects the fact that the particles do not interact with the carrier fluid during the process.

4.5 Positivity of the particle size distribution function

In this section our considerations on the coagulation-fragmentation model, Problem 2.1, are confined to the spatial dimensions n ∈ {2, 3}, and to diffusion operators with vanishing cross diffusion coefficient b. The aim is to prove that, in this special case, the particle size distribution function u(t) = u(t, ·, ·) remains non-negative for t ∈ J, provided the initial value u_0 is positive.

First we specify a suitable condition on the diffusion coefficient.

Assumption 4.15 There are constants σ, τ with 1 < σ ≤ τ < 2 < σ + 1 ≤ 3, and a_0 > 0, such that α ∈ C^{1−}(BUC^τ (R^n , E), BUC^σ(R^n , eℓℓ(a_0, 0)).

This means that the diffusion coefficient (2.16) is of the form [α(w) v](y) := a(w)(y) v(y), where a ∈ C^{1−}(BUC^τ (R^n , E), BUC^σ(R^n , L_∞(Y, R^{n×n}_{sym} ))) is positive definite. Theorem 4.16 Let n ∈ {2, 3}, and suppose that the hypotheses of Theorem 4.7 are satisfied, where Assumption 4.1 is substituted by the (stronger) Assumption 4.15. Moreover, the additional conditions ψ(x, y, y^′) ≥ 0 and ϕ(x, y, y^′) ≥ 0 are assumed to be satisfied for x ∈ R^n , a.a. (y, y^′) ∈ Y × Y , and a.a. (y, y^′) ∈ Y^2_Δ, respectively.

Then, u(t, x, y) ≥ 0 holds for t ∈ J, x ∈ R^n , and a.a. y ∈ Y , provided the initial value u(0, x, y) = u_0(x, y) is non-negative.

Proof. Since Proposition 3.11 implies BUC^σ(R^n , eℓℓ(a_0, 0)) → BUC^σ(R^n , Eℓℓ(M)) for an M = M(a_0), Theorem 4.7 and Proposition 4.11 guarantee existence of a maximal solution υ = (u, ⃗v ) ∈ C(J, (B^{s+2}_{p,p} ∩ B^{s+2}_{1,1} ) × W^2_{p,σ}(R^n , R^n )) ∩ C^1(J, (B^s_{p,p} ∩ B^s_{1,1}) × L_{p,σ}(R^n , R^n )) to Problem 2.1, where s ∈ (0, σ − 1) and p > n/(2 − τ) can be chosen. In view of Remark 4.9 and (4.5), the function u belongs to C^{1−β}(J, BUC^τ (R^n , E)). Hence, Assumption 4.15 implies α(u) ∈ C^{1−β} (J, BUC^σ(R^n , eℓℓ(a_0, 0))).

Since p > n/(2 − τ) ≥ n/(2 − σ) guarantees F_1 → W^2_p (R^n , R^n ) → BUC^σ(R^n , R^n ), we obtain ⃗v ∈ C(J, F_1) → C(J, BUC^σ(R^n , R^n )). Consequently, (α(u(t)), ⃗v(t)) ∈ BUC^σ(R^n , eℓℓ(a_0, 0) × R^n ) , t ∈ J. (4.31) We now observe that u ∈ C(J, B^{s+2}_{1,1} ) ∩ C^1(J, B^s_{1,1}) solves the semilinear Cauchy problem ż(t) + A_υ(t)z(t) = c_ψ(z(t)) + f_ϕ(z(t)) , t ∈ J \ {0}, z(0) = u_0 , with A_υ(t) : w −→ A_{α(u(t))}w + ⃗v · grad w , t ∈ J , which coincides with the model considered in [Ama00a]. Thus, in view of (4.31) and our assumptions on the kernels ψ, ϕ, the result of [Ama00a, Theorem 6.3] can be applied. This yields our assertion. □

References

[AB79] M. Aizenman and T. A. Bak, Convergence to equilibrium in a system of reacting polymers, Comm. Math. Phys. 65 (1979), no. 3, 203–230.

[AHS94] H. Amann, M. Hieber, and G. Simonett, Bounded H_∞-calculus for elliptic operators, Differential Integral Equations 7 (1994), no. 3, 613–653.

[Ama] H. Amann, Linear and Quasilinear Parabolic Problems, Volume II, Monograph in preparation.

[Ama91] H. Amann, Multiplication in Sobolev and Besov spaces, Nonlinear Analysis, Scuola Norm. Sup., Pisa, 1991, pp. 27–50.

[Ama93] H. Amann, Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems, Function Spaces, Differential Operators and Nonlinear Analysis (Stuttgart Leipzig) (H. J. Schmeisser and H. Triebel, eds.), B. G. Teubner Verlagsgesellschaft, 1993, pp. 9–126.

[Ama95] H. Amann, Linear and Quasilinear Parabolic Problems, Volume I : Abstract Linear Theory, Birkhäuser Verlag, Basel Boston Berlin, 1995.

[Ama97] H. Amann, Operator-valued Fourier multipliers, vector-valued Besov spaces, and applications, Math. Nachr. 186 (1997), 5–56.

[Ama00a] H. Amann, Coagulation-fragmentation processes, Arch. Rational Mech. Anal. 151 (2000), 339–366.

[Ama00b] H. Amann, On the strong solvability of the Navier-Stokes equation, J. math. fluid mech. 2 (2000), 16–98.

[BW97] Ph. Bénilan and D. Wrzosek, On an infinite system of reaction-diffusion equations, Adv. Math. Sci. Appl. 7 (1997), no. 1, 351–366.

[dGM84] S. R. de Groot and P. Mazur, Nonequilibrium Thermodynamics, Dover Publications Inc., New York, 1984, Reprint of the 1962 original.

[LL66] L. D. Landau and E. M. Lifschitz, Lehrbuch der theoretischen Physik. Band VI: Hydrodynamik, Akademie-Verlag, Berlin, 1966, In deutscher Sprache herausgegeben von Gerhard Heber.

[LW98a] Ph. Laurençot and D. Wrzosek, The Becker-Döring model with diffusion. I. Basic properties of solutions, Colloq. Math. 75 (1998), no. 2, 245–269.

[LW98b] Ph. Laurençot and D. Wrzosek, The Becker-Döring model with diffusion. II. Long time behavior, J. Differential Equations 148 (1998), no. 2, 268–291.

[LW98c] Ph. Laurençot and D. Wrzosek, Fragmentation-diffusion model. Existence of solutions and their asymptotic behaviour, Proc. Roy. Soc. Edinburgh Sect. A 128 (1998), no. 4, 759–774.

[LW99] Ph. Laurençot and D. Wrzosek, Coagulation model with partial diffusion, Z. Angew. Math. Phys. 50 (1999), no. 4, 559–573.

[MLM95] D. J. McLaughlin, W. Lamb, and A. C. McBride, On a coagulation-fragmentation equation, Evolution equations (Baton Rouge, LA, 1992), Dekker, New York, 1995, pp. 277–286.

[MLM97a] D. J. McLaughlin, W. Lamb, and A. C. McBride, An existence and uniqueness result for a coagulation and multiple-fragmentation equation, SIAM J. Math. Anal. 28 (1997), no. 5, 1173–1190.

[MLM97b] D. J. McLaughlin, W. Lamb, and A. C. McBride, Existence results for non-autonomous multiple-fragmentation models, Math. Methods Appl. Sci. 20 (1997), no. 15, 1313–1323.

[MLM97c] D. J. McLaughlin, W. Lamb, and A. C. McBride, A semigroup approach to fragmentation models, SIAM J. Math. Anal. 28 (1997), no. 5, 1158–1172.

[MLM98] D. J. McLaughlin, W. Lamb, and A. C. McBride, Existence and uniqueness results for the non-autonomous coagulation and multiple-fragmentation equation, Math. Methods Appl. Sci. 21 (1998), no. 11, 1067–1084.

[RT95] K. R. Rajagopal and L. Tao, Mechanics of Mixtures, World Scientific Publishing Co. Inc., River Edge, NJ, 1995.

[Ser59] J. Serrin, Mathematical principles of classical fluid mechanics, Handbuch der Physik (herausgegeben von S. Flügge), Bd. 8/1, Strömungsmechanik I (Mitherausgeber C. Truesdell), Springer-Verlag, Berlin, 1959, pp. 125–263.

[Ste89] I. W. Stewart, A global existence theorem for the general coagulation-fragmentation equation with unbounded kernels, Math. Methods Appl. Sci. 11 (1989), no. 5, 627–648.

[Ste90a] I. W. Stewart, On the coagulation-fragmentation equation, Z. Angew. Math. Phys. 41 (1990), no. 6, 917–924.

[Ste90b] I. W. Stewart, A uniqueness theorem for the coagulation-fragmentation equation, Math. Proc. Cambridge Philos. Soc. 107 (1990), no. 3, 573–578.

[Ste91] I. W. Stewart, Density conservation for a coagulation equation, Z. Angew. Math. Phys. 42 (1991), no. 5, 746–756.

[Tri78] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, North- Holland Publishing Company, 1978.

[Wrz97] D. Wrzosek, Existence of solutions for the discrete coagulation-fragmentation model with diffusion, Topol. Methods Nonlinear Anal. 9 (1997), no. 2, 279–296.

H. Amann and F. Weber Universität Zürich Institut für Mathematik Winterthurerstr. 190 CH-8057 Zürich Switzerland amann@math.unizh.ch fweber@math.unizh.ch