Advances in Differential Equations Volume 3, Number 6, November 1998, pp 753-813.

ELLIPTIC BOUNDARY VALUE PROBLEMS INVOLVING MEASURES:

EXISTENCE, REGULARITY, AND MULTIPLICITY

Herbert Amann

Math. Institut, Universität Zürich, Winterthurerstr. 190, CH–8057 Zürich, Switzerland

Pavol Quittner

Institute of Applied Mathematics, Comenius University, SK–84215 Bratislava, Slovakia

Abstract. In this paper we study linear and semilinear second order elliptic boundary value problems with measures as data. We are particularly interested in the noncoercive case where we establish existence and multiplicity results, given suitable growth and monotonicity restrictions for the nonlinearities.

1. Introduction. This paper is concerned with semilinear elliptic boundary value problems (BVPs) of the types −Δu = f(x, u, ∇u) + μ u = 0 ∂_ν u = g(x, u) + σ_1 in Ω , on Γ_0 , on Γ_1 ,

(1.1)

and −Δu = h(x, u) + μ u = σ_0 ∂_ν u = σ_1 in Ω , on Γ_0 , on Γ_1 .

(1.2)

Here Ω is a bounded smooth domain in R^n , where n ≥ 2, and Γ := Γ_0 ∪ Γ_1 denotes its boundary, the ‘Dirichlet boundary’ Γ_0 and the ‘Neumann boundary’ Γ_1 being open in Γ and disjoint. Moreover, μ, σ_0, and σ_1 are bounded

Received for publication March 1998 AMS Subject Classifications: 35J67, 35J15, 35J25, 47H07, 47H15 2

Radon measures, and f, g, and h are given continuous functions satisfying the following growth restrictions: |f(x, ξ, η)| ≤ c(1 + |ξ|^{r1} + |η|^{r0} ) , |g(y, ξ)| ≤ c(1 + |ξ|^{r2} ) , |h(x, ξ)| ≤ c(1 + |ξ|^{r0} ) (1.3)

for (ξ, η) ∈ R × R^n and (x, y) ∈ Ω × Γ, where

1 < r_0 < n n − 1 , 1 < r_1 < n n − 2 , 1 < r_2 < n − 1 n − 2 . (1.4)

We show that these problems — in fact, their generalizations which are obtained by replacing −Δ by a general second order strongly uniformly elliptic operator in divergence form, and ∂_ν by a corresponding boundary operator — can be put in a functional-analytical framework. Using this fact we will be able to derive existence, regularity, and multiplicity results by invoking methods from nonlinear functional analysis.

Elliptic problems involving measures have been studied by many authors. Much of the published work deals with the problem of obtaining precise information on the singularities of (possible) solutions. For this aspect, which we do not touch here, we refer to [31], [25], and the references therein.

As for existence results: in almost all papers known to us existence is proven by approximating the given problems by smooth ones and by subsequent limiting procedures. This requires a priori estimates, of course. Thus this approach is essentially restricted to coercive problems, that is, to the case where f is independent of η, and f, g, and h are decreasing in ξ (at least asymptotically). In this situation it is, however, possible to replace −Δ by a second order quasilinear operator satisfying suitable monotonicity conditions (see the survey [11] and the references therein, as well as [21], [26], [15], [16], for example; in this connection we also refer to [12] and [9]).

In our paper we are primarily concerned with the noncoercive case. In this situation only very few existence results seem to be known. In fact, Baras and Pierre [8] study the existence of positive solutions for

−Δu = u^{r1} + λμ in Ω , u = 0 on Γ , (1.5)_λ

where μ is a positive bounded Radon measure and λ ∈ R^+ . They show that (1.5)_λ has for each sufficiently small λ > 0 at least one positive solution (in a suitably generalized sense) belonging to L_{1,loc}. They also show that the restriction for r_1 specified in (1.4) is optimal: if r_1 ≥ n/(n − 2) then there exists a positive μ ∈ L_1(Ω) such that (1.5)_λ has no solution for λ > 0.

The methods of [8] rely heavily on the fact that (1.5)_λ involves the Laplace operator. Indeed, it is one of the main points of [1] that the results of [8] remain valid if −Δ is replaced by −∇ · (a∇·) + a_0, where a(x) is a positive definite (n × n)-matrix depending continuously differentiably on x ∈ Ω, and a_0 ∈ L_∞(Ω) is nonnegative.

In [31, Theorems 3.9 and 3.10] it is shown that there exists λ^∗ > 0 such that (1.5)_λ has for each λ ∈ (0, λ^∗) at least one positive solution and no such solution for λ > λ^∗, provided 0 ∈ Ω and μ = δ_0, the Dirac mass at zero. The proof uses in an essential way the facts that the differential operator is the Laplacian and that μ is Dirac’s measure.

As a very special case of our multiplicity result it follows that there exists λ^∗ := λ^∗(μ) > 0 such that (1.5)_λ has at least two positive solutions for 0 < λ < λ^∗ and no solution for λ > λ^∗, provided μ ≠ 0.

Another multiplicity result for radial solutions of the problem

−Δu = λ_1e^u − λ_2δ_0 for |x| < 1 , u = 0 for |x| = 1 ,

where λ_1, λ_2 are suitable positive numbers, was recently obtained by Spielmann [28]. His result is based on a phase plane analysis and it cannot be extended to non-radial situations.

In [2] the authors consider problem (1.1) with Γ_1 = ∅ and assume that f is nonnegative and convex with respect to η. Then they show that (1.1) does not possess a positive solution if μ is large enough, provided f is independent of ξ and superlinear in η (see [2, Theorem 2.1]). In particular, it follows that there exists λ^∗ > 0 such that

−Δu = |∇u|^{r0} + λμ in Ω , u = 0 on Γ , (1.6)_λ

does not have a positive (weak) solution for λ > λ^∗. But in [2] there is no existence result for (1.6)_λ. The conditional existence assertion of [2, Theorem 5.1] guarantees that (1.6)_λ possesses a positive solution if there exists a positive supersolution (in the distributional sense). However, the existence of such a supersolution has not been established.

It is an easy consequence of our Theorem 9.4 and of the positivity assertion of Theorem 5.1 that there exists λ_∗ > 0 such that (1.6)_λ has for each λ ∈ (0, λ_∗) a positive solution u_λ. In fact, it is the only small positive solution and the map λ → u_λ is continuously differentiable from (0, λ_∗) into W^1_p (Ω) with 1 ≤ p < n/(n − 1).

Now we describe some of our main results for problems (1.1) and (1.2). For easy statements we impose more stringent conditions than are needed in some cases. More precise and more general theorems are found in the main body of this paper. We also restrict ourselves to the case where f is independent of η. Thus we can handle problems (1.1) and (1.2) simultaneously. However, there is an important difference: if the Dirichlet boundary is charged by a nontrivial measure, we cannot allow a nonlinearity on the Neumann boundary and we have to impose a more severe growth restriction.

To be more precise, we consider the problem −Δu = f(x, u) + λμ u = λσ ∂_ν u = g(x, u) + λσ in Ω , on Γ_0 , on Γ_1 ,

(1.7)_λ

where μ and σ are bounded positive Radon measures on Ω and Γ, respectively, such that (μ, σ) ≠ (0, 0), and λ ∈ R^+ . We also suppose that f and g are continuously differentiable and that |∂_2f(·, ξ)| ≤ c(1 + |ξ|^{r−1}) , |∂_2g(·, ξ)| ≤ c(1 + |ξ|^{ρ−1}) , ξ ∈ R , where either

σ |Γ_0 = 0 , 1 < r < n/(n − 2) , 1 < ρ < (n − 1)/(n − 2) , or σ |Γ_0 > 0 , 1 < r < n/(n − 1) , g = 0 .

(1.8)

If σ |Γ_0 = 0, we can assume that n/(n − 1) < r < n/(n − 2) and ρ ≤ (1 − 1/n)r (1.9) by increasing r, if necessary. Then we put p_• := nr/(n + r).

By a solution u of (1.7)_λ we mean a weak solution in the following sense:

• if σ |Γ_0 = 0 then u ∈ W^1_{p•} (Ω) with u|Γ_0 = 0 and ∫ Ω ∇v · ∇u dx = ∫ Ω vf(·, u) dx + λ ∫ Ω v dμ + ∫ Γ_1 vg(·, u) dΓ + λ ∫ Γ_1 v dσ for all v ∈ C^1(Ω) satisfying v = 0 on Γ_0;

• if σ |Γ_0 > 0 then u ∈ L_r(Ω) and − ∫ Ω uΔv dx = ∫ Ω vf(·, u) dx + λ ∫ Ω v dμ − λ ∫ Γ_0 ∂_ν v dσ + λ ∫ Γ_1 v dσ for all v ∈ C^2(Ω) satisfying v = 0 on Γ_0 and ∂_ν v = 0 on Γ_1.

Of course, it is understood that all conditions on Γ hold in the sense of traces. Note that p_•, resp. r, is the smallest number such that f(·, u) ∈ L_1(Ω) and g(·, u) ∈ L_1(Γ_1) for all u ∈ W^1_{p•} if σ |Γ_0 = 0, and f(·, u) ∈ L_1(Ω) for all u ∈ L_r(Ω) if σ |Γ_0 > 0, respectively.

It should be observed that, thanks to the results of Baras and Pierre [8], the growth restriction on f is optimal if σ |Γ_0 = 0. On the other hand, if σ |Γ_0 > 0 then the optimal condition should perhaps be r < (n + 1)/(n − 1) as is suggested by [31, Section 4.1]. Note, however, that in this reference another concept of solution is employed that is weaker than ours.

The following result shows that solutions to (1.7)_λ possess much better regularity properties than required for the well-posedness of the problem.

Theorem 1.1. If u is a solution of (1.7)_λ then

u ∈ { W^{2−ε}_1 (Ω) if σ |Γ_0 = 0 , W^{1−ε}_1 (Ω) if σ |Γ_0 > 0 ,

for each ε ∈ (0, 1). Thus, by Sobolev’s embedding theorem,

u ∈ { W^1_p (Ω) if σ |Γ_0 = 0 , L_p(Ω) if σ |Γ_0 > 0 ,

for 1 ≤ p < n/(n − 1).

The first part of this regularity theorem, which is a special case of Theorem 9.3, is new even in the simplest case. All the other works dealing with nonlinear elliptic problems involving measures guarantee only that u ∈ W^1_p (Ω) for 1 ≤ p < n/(n − 1) if σ |Γ_0 = 0.

Next we describe some of our existence results, where we restrict ourselves to the case of positive solutions. For this we assume, in addition to the above growth restrictions, of course, that ( f(·, 0), g(·, 0) ) = (0, 0), there exist ω ≥ 0 and ω_Γ ≥ 0 such that ∂_2f(·, ξ) ≥ −ω , ∂_2g(·, ξ) ≥ −ω_Γ , ξ ∈ R^+ , and ∂_2f(·, 0) < α_0 , ∂_2g(·, 0) ≤ 0 ,

(1.10)

where α_0 is the least eigenvalue of the elliptic eigenvalue problem

−Δu = αu in Ω , u = 0 on Γ_0 , ∂_ν u = 0 on Γ_1 .

The following theorem is a vast generalization of all the known existence results for the noncoercive case. Its proof is given in Section 14.

Theorem 1.2. Let (1.10) be satisfied. Then there exists λ^∗ ∈ (0, ∞] such that problem (1.7)_λ has for each λ ∈ (0, λ^∗) a positive solution u_λ and no solution at all for λ > λ^∗. If λ ∈ [0, λ^∗) then every solution u_λ of (1.7)_λ satisfies u_λ ≥ u_λ, where u_0 := 0. The map λ → u_λ is left continuous and strictly increasing from [0, λ^∗) into W^1_{p•} (Ω) if σ |Γ_0 = 0, and into L_r(Ω) if σ |Γ_0 > 0. If the maps ξ → f(x, ξ) and ξ → g(y, ξ) are either both convex or both concave on R^+ for (x, y) ∈ Ω × Γ, then λ → u_λ is continuously differentiable, and u_λ is an isolated solution of (1.7)_λ in W^1_{p•} (Ω) or L_r(Ω), respectively. If there exists β > 0 such that f(·, ξ) ≥ α_0ξ − β for ξ ∈ R^+ then λ^∗ < ∞.

Finally, we describe our main multiplicity result, a special instant of Theorem 14.1, in the present situation. For this we impose a superlinearity condition on f with a precise asymptotic behavior. Namely, we assume that

there exist t ∈ (1, r] and a bounded and everywhere strictly positive function ℓ such that |∂_2f(·, ξ)| ≤ c ( 1 + |ξ|^{t−1} ) for ξ ∈ R, and ξ^{−t}f(x, ξ) → ℓ(x) (ξ → ∞) , uniformly with respect to x ∈ Ω .

If Γ_0 ≠ Γ then t < (n + 1)/(n − 1) and ρ < (t + 1)/2 .

(1.11)

It should be noted that t is restricted to be smaller than (n + 1)/(n − 1) if Γ_1 ≠ ∅, even if g = 0. (Of course, the boundedness of ℓ is a consequence of the uniform convergence in (1.11), which implies ℓ ∈ C(Ω). However, in the main body of this paper we drop the continuity assumption on f with respect to x. Then ℓ is no longer automatically bounded. Moreover, it would seem natural to put t = r. But since we assume (1.9) if σ |Γ_0 = 0, for convenience, this would impose an unnecessary restriction.)

Theorem 1.3. Let assumptions (1.10) and (1.11) be satisfied. Then there exists λ_∗ ∈ (0, λ^∗] such that problem (1.7)_λ has for each λ ∈ [0, λ_∗) at least two solutions. If the maps ξ → f(x, ξ) and ξ → g(y, ξ) are both convex on R^+ then λ_∗ = λ^∗.

For example, there exists λ^∗ ∈ (0, ∞) such that

−Δu = u^t in Ω , ∂_ν u = u^ρ + λσ on Γ , u ≥ 0 ,

has at least two solutions for 0 ≤ λ < λ^∗ and no solution for λ > λ^∗, provided t < (n + 1)/(n − 1) and ρ < (t + 1)/2. Or there exists λ^∗ ∈ (0, ∞) such that

−Δu = u^r + λμ in Ω , u = 0 on Γ , u ≥ 0 , (1.12)

has at least two solutions for 0 ≤ λ < λ^∗ and no solution for λ > λ^∗, provided 1 < r < n/(n − 2). There remains, of course, the question whether there exists a solution if λ = λ^∗. For this we give a positive answer in Section 15 if we restrain the growth restriction even more. For simplicity, we confine ourselves to problem (1.12).

Theorem 1.4. Suppose that 1 < r < 2/(n − 2). Then problem (1.12) possesses exactly one solution for λ = λ^∗.

It should be observed that Theorem 1.4 restricts n to be 2 or 3.

Now we briefly describe the contents of the following sections. In Section 2 we collect the basic results from [5] on linear elliptic boundary value problems in interpolation-extrapolation spaces, and we discuss the relations between these spaces and bounded Radon measures. In Section 3 we establish local and global a priori estimates in these weak settings. The results of those two sections are basic for the whole paper.

In Section 4 we introduce the concepts of weak and very weak solutions for linear elliptic boundary value problems involving measures. As an easy application of the results of Section 2 we prove a regularity theorem which is optimal in the framework of Sobolev-Slobodeckii spaces. We also formulate global a priori estimates.

It is worthwhile to point out that everything proven in Sections 2–4 holds for (normally) elliptic systems as well.

Section 5 discusses positivity properties. In particular, we establish the inverse positivity of elliptic boundary value problems in the weak settings as well as existence and monotonicity properties of a principal eigenvalue.

It should be mentioned that the results of Sections 2–5 are also of importance for the study of semilinear parabolic equations involving measures. This will be done in a forthcoming paper.

In Section 6 we start with the discussion of semilinear problems. In particular, we establish our general regularity result and a local existence and uniqueness theorem. In the following section we generalize the well-known sub- and supersolution theorem to semilinear problems involving measures.

In Section 8 we turn our interest to parameter-dependent problems and positive solutions. By specializing the general results of the preceding section we show that the set of parameters for which there exists a positive solution is an interval and that there exists a least positive solution u_λ such that the map λ → u_λ is increasing and left continuous. We also derive a sufficient condition for this interval to be bounded. In addition, we establish an abstract condition — in terms of fixed point index properties of u_λ and a priori bounds for families of solutions — guaranteeing the existence of at least two solutions.

It should be observed that Sections 6–8 deal with general, possibly nonlocal nonlinearities depending nonlinearly on measures as well.

Sections 9–11 are devoted to problems of the types (1.1) and (1.2) involving local nonlinearities and general elliptic differential operators (in Section 9 even systems are admissible). Besides of establishing some technical lemmas we adapt the results of Sections 6–8 to that setting.

It should be mentioned that the existence and structure theorems proven in Sections 6–11 are more or less straightforward applications of some of the results on fixed point equations in ordered Banach spaces contained in [3]. This is due to the fact that — on the basis of our results for linear elliptic boundary value problems in spaces of measures, developed in the earlier sections — we can reformulate the boundary value problems as equivalent fixed point equations in suitable ordered Banach spaces, where the nonlinear maps are order-preserving. However, in the present case we have to work in spaces whose positive cones have empy interiors. This is due to the fact that the solutions of our problem are unbounded, in general, and so do not belong to C(Ω). This is in contrast to the situation for classical boundary value problems. Thus we cannot rely on those results of [3] which use properties of positive cones with nonempty interiors. This is the case for the multiplicity results proven in [3] and the computations of local fixed point indices, in particular. Hence, in order to determine fixed point indices we have to work much harder. This is done in Section 12 where we also derive a condition guaranteeing that the λ-interval, for which u_λ exists, is not reduced to {0}.

In order to use the information on the fixed point index established in Section 12 to prove multiplicity theorems, we have to establish a priori bounds for all solutions. This is done in Section 13 by building on ideas of Gidas and Spruck [19]. In Section 14 we combine the results of the preceding sections to prove the main result of this paper as far as the nonlinear case is being concerned. In the last section we briefly discuss the question of the existence of a solution for λ = λ^∗.

2. Linear Elliptic Boundary Value Problems. We write E := E(Ω) for the Banach space

C^2(Ω, R^{n×n}_{sym} ) × C^1(Ω, R^n ) × C^1(Ω, R^n ) × C(Ω, R) × C^1(Γ, R) ,

with R^{n×n}_{sym} being the space of symmetric (n × n)-matrices. We define for each (a,⃗b,⃗c, a_0, d) ∈ E a linear differential operator A on Ω by Au := −∇ · (a∇u +⃗bu) + ⃗c · ∇u + a_0u and a boundary operator B on Γ by Bu := δ { ∂_{νa} u + (γ⃗b · ⃗ν + d)γu } + (1 − δ)γu . Here δ : Γ → {0, 1} is defined by δ^{−1}(j) := Γ_j for j ∈ {0, 1}, and γ denotes the trace operator. Moreover, ∂_{νa} u := ⃗ν · γ(a∇u) is the conormal derivative with respect to A, where ⃗ν is the outer unit-normal on Γ.

Then (A, B) is said to be a linear BVP on Ω (of order at most two in divergence form). We topologize the set of these BVPs by identifying them with E by means of (A, B) ↔ (a,⃗b,⃗c, a_0, d). Then E := E(Ω) is defined to be the subset of all strongly uniformly elliptic BVPs, that is, (A, B) ∈ E belongs to E iff a(x) is positive definite for each x ∈ Ω. Note that E is open in E .

We associate with each (A, B) ∈ E its formally adjoint BVP, defined by A^♯v := −∇ · (a∇v + ⃗cv) +⃗b · ∇v + a_0v and B^♯v := δ { ∂_{νa} v + (γ⃗c · ⃗ν + d)γv } + (1 − δ)γv , as well as its Dirichlet form a(v, u) := ⟨∇v, a∇u +⃗bu⟩ + ⟨v,⃗c · ∇u + a_0u⟩ + ⟨γv, dγu⟩_∂ . Here ⟨u, v⟩ := ∫ Ω uv dx is the L_p(Ω)-duality pairing and ⟨u, v⟩_∂ := ∫ Γ uv dΓ stands for the L_p(Γ)-pairing.

We denote by W^s_p := W^s_p (Ω) the Sobolev-Slobodeckii spaces for s ∈ R and 1 ≤ p < ∞, and write ‖·‖_{s,p} for their norms, where ‖·‖_{0,p} = ‖·‖_p. We also put

∂W^s_p := W^{s−1/p}_p (Γ_0) × W^{s−1−1/p}_p (Γ_1) , s ∈ R , 1 < p < ∞ .

Here and in the following it is understood that obvious modifications are employed if Γ_0 or Γ_1 is empty.

If E and F are locally convex spaces, we write L(E, F ) for the space of all continuous linear operators from E into F , endowed with the topology of uniform convergence on bounded sets, and Lis(E, F ) is the subset of all isomorphisms in L(E, F ). Recall that Lis(E, F ) is open in the Banach space L(E, F ), if E and F are Banach spaces.

It follows from the trace theorem that (A, B) ∈ L(W^2_p , L_p × ∂W^2_p ) for 1 < p < ∞ and (A, B) ∈ E . This fact can be expressed more precisely by

E → L(W^2_p , L_p × ∂W^2_p ) , 1 < p < ∞ , (2.1)

where → denotes continuous injection.

It is the purpose of the following considerations to associate with an elliptic BVP (A, B) ∈ E suitable weak formulations. For this we introduce the Banach spaces W^s_{p,B} for s ∈ [−2, 2]\(Z + 1/p) and 1 < p < ∞ by

W^s_{p,B} := { u ∈ W^s_p ; Bu = 0 } , 1 + 1/p < s ≤ 2 , { u ∈ W^s_p ; (1 − δ)γu = 0 } , 1/p < s < 1 + 1/p , W^s_p , 0 ≤ s < 1/p , (W^{−s}_{p′,B♯} )^′ , s ∈ [−2, 0)\(Z + 1/p) , where p + p^′ = pp^′ and the dual space is formed with respect to the duality pairing ⟨·, ·⟩ induced by the L_p-pairing. We denote the norm in W^s_{p,B} by ‖·‖_{s,p} as well. This will not lead to any confusion since the spaces W^s_p will only be used for s > −1 + 1/p in which case W^s_{p,B} is a closed linear subspace of W^s_p (see Remark 2.4(b)).

First we show that the ‘negative’ spaces W^{−s}_{p,B} and ∂W^{−s}_p contain bounded Radon measures if s and p satisfy suitable restrictions.

Let X be a σ-compact metric space and denote by C_0(X) the Banach space of all continuous real-valued functions on X vanishing at infinity, endowed with the maximum norm. Then M(X), the Banach space of bounded Radon mesures on X, is the dual of C_0(X), that is, M(X) = [ C_0(X) ]_′ , (2.2)

with the usual identification of continuous linear functionals on C_0(X) with bounded Radon measures.

Lemma 2.1. Fix (A, B) ∈ E and p ∈ (1, 1^∗), where 1^∗ := n/(n − 1).

(i) If 1/p < s < 2 − n/p^′ then

M(Ω ∪ Γ_1) × M(Γ_1) → W^{s−2}_{p,B} × W^{s−1−1/p}_p (Γ_1) .

(ii) If 0 ≤ s < 1 − n/p^′ then M(Ω ∪ Γ_1) × M(Γ) → W^{s−2}_{p,B} × ∂W^s_p . Proof. First note that k < k + 1 − n/p^′ < k + 1/p for k ∈ N . Hence the spaces W^s_{p,B} are well-defined if the above restrictions for s are met. Also note that 2 − s > n/p^′ > 1/p^′ implies (1 − δ)γv = 0 for v ∈ W^{2−s}_{p′,B♯} and s ≠ 1/p. Hence Sobolev’s embedding theorem entails W^{2−s}_{p′,B♯}^d→ C_0(Ω ∪ Γ_1) , 0 ≤ s < 2 − n/p^′ , s ≠ 1/p , as well as W^{k+1/p−s} p^′ (Γk) d → C(Γ_k) , 0 ≤ s < k + 1 − n/p^′ , k = 0, 1 , (2.3)

where^d→ denotes dense injection. Thus (2.2) implies M(Ω ∪ Γ_1) → W^{s−2}_{p,B} , 0 ≤ s < 2 − n/p^′ , s ≠ 1/p , and [ W^t_p′ (Γ) ]_′ = W^{−t}_p (Γ) for 0 ≤ t ≤ 2 guarantees, together with (2.2) and (2.3), that M(Γ_k) → W^{s−k−1/p} p (Γ_k) , k = 0, 1 .

This proves the assertions. □

Remark 2.2. Suppose that 1 < p < 1^∗ and 0 ≤ s < 1 − n/p^′. Then W^{s−2}_{p,B} and W^{s−1−1/p} p (Γ_1) contain singular distributions which are not measures.

Proof. Suppose, for example, that μ_j ∈ M(Ω) has compact support in Ω for 1 ≤ j ≤ n. Put ⃗μ := (μ_1, . . . , μ_n) and observe that ∇ · ⃗μ is a distribution of order 1 with compact support in Ω, which is not a measure, in general. Fix ψ ∈ D, where D := D(Ω) is the space of test functions on Ω, such that ψ equals 1 on the support of ⃗μ, and set ⟨∇ · ⃗μ, v⟩ := ⟨∇ · ⃗μ, ψv⟩ = − n∑ j=1 ∫ Ω ∂_j (ψv) dμ_j

for v ∈ W^{2−s}_{p′,B♯} → C^1(Ω). Then ∇ · ⃗μ belongs to (W^{2−s}_{p′ ,B♯} )^′ = W^{s−2}_{p,B} , and the assertion is proven for W^{s−2}_{p,B} .

Note that W^{1+1/p−s} p^′ (Γ1) d → C^1(Γ_1)^d→ C(Γ_1)

so that C^1(Γ_1)^′ → W^{s−1−1/p}_p (Γ_1), which entails the assertion for the boundary space. □

Suppose that (A, B) ∈ E and that s ∈ [0, 2]\(N + 1/p). Consider the elliptic BVP Au = f in Ω , Bu = g on Γ , (2.4) with (f, g) ∈ W^{s−2}_{p,B} × ∂W^s_p . Then u is said to be a W^s_p -solution of (2.4) if the following is true: u ∈ W^s_p and

• if 1 + 1/p < s ≤ 2 then Au = f holds in Ω in the sense of distributions and Bu = g on Γ in the sense of traces;

• If 1/p < s < 1 + 1/p then (1 − δ)γu = (1 − δ)g and a(v, u) = ⟨v, f⟩ + ⟨γv, δg⟩_∂ , v ∈ W^{2−s}_{p′,B♯} ; • if 0 ≤ s < 1/p then ⟨A^♯v, u⟩ = ⟨v, f⟩ + ⟨ (δ − 1)∂_{νa} v + δγv, g ⟩ ∂ , v ∈ W^{2−s}_{p′,B♯} . More precisely: a W^s_p -solution is said to be

• strong if 1 + 1/p < s ≤ 2 ; • weak if 1/p < s < 1 + 1/p ; • very weak if 0 ≤ s < 1/p .

Note that a weak W^1_2 -solution is a weak solution in the variational sense.

It is well-known that for each (A, B) ∈ E there exists ω ∈ R such that (λ + A, B) belongs to Lis(W^2_p , L_p × ∂W^2_p ) for Re λ > ω and 1 < p < ∞. This and (2.1) imply that

E_0 := E_0(Ω) := { (A, B) ∈ E ; (A, B) ∈ Lis(W^2_p , L_p × ∂W^2_p ), 1 < p < ∞ }

is a nonempty open subset of E.

The following extension theorem is the basic solvability and continuity result for problem (2.4).

Theorem 2.3. Suppose that (A, B) ∈ E_0. There exists, for each p ∈ (1, ∞) and each s ∈ [0, 2]\(N + 1/p), a unique extension A_{s,p} ∈ Lis(W^s_p , W^{s−2}_{p,B} × ∂W^s_p ) of (A, B). If 1 < q ≤ p < ∞ and 0 ≤ t ≤ s ≤ 2 with t /∈ N + 1/q then

A_{t,q} ⊃ A_{s,p} . (2.5)

The map E_0 → Lis(W^s_p , W^{s−2}_{p,B} × ∂W^s_p ) , (A, B) → A_{s,p} (2.6) is analytic.

Lastly, u = A^{−1}_{s,p}(f, g) for (f, g) ∈ W^{s−2}_{p,B} × ∂W^s_p iff u is a W^s_p -solution of (2.4).

Proof. This is a consequence of the results in [5, Sections 4–9] (also see [6]), where the analyticity of (2.6) follows from the fact that this map is the restriction to E_0 of a continuous linear one. □

Since A_{s,p} is uniquely determined by (A, B) we denote it again by (A, B) without fearing confusion.

Remarks 2.4. (a) Suppose that K is a compact subset of E. Then there exists ω ∈ R such that (λ+A, B) ∈ Lis(W^s_p , W^{s−2}_{p,B} ×∂W^s_p ) , 1 < p < ∞ , s ∈ [0, 2]\(N +1/p) , for Re λ > ω and (A, B) ∈ K.

Proof. This follows from Theorem 2.3 and the fact that the assertion is true for s = 2, as is well-known from the standard L_p-theory of elliptic BVPs (e.g., [6]). □

(b) Observe that 1/p < s < 1 + 1/p iff 1/p^′ < 2 − s < 1 + 1/p^′. Thus W^{2−s}_{p′,B♯} = W^{2−s}_p′_{,B} = { v ∈ W^{2−s}_p′ ; (1 − δ)γv = 0 } , 1/p < s < 1 + 1/p . Also note that W^{−s}_{p,B} = W^{−s}_p = (W̊^s_p′ )^′ , −1 + 1/p < −s ≤ 0 . (2.7)

Proof. Equality (2.7) follows from the density of D in W^s_p′ , that is, from W̊ s_{p′} = W s_{p′} = W s_{p′,B♯} for 0 ≤ s < 1/p′. □ It should be mentioned that the above theory of generalized linear elliptic BVPs is an extension and simplification of the Lions-Magenes theory of generalized L_p-solutions (see [22]). However, there is an important difference: in [22] the right-hand side of Au = f is restricted to lie in a space of distributions on Ω, which, in general, cannot be explicitly described. In our case f has to belong to W^{s−2}_{p,B} , which is a space of distributions iff the space D of test functions is dense in W^{2−s}_{p′,B♯} . However, W^{s−2}_{p,B} has a natural description as the dual of W^{2−s}_{p′,B♯} , which is most useful — as we shall see below — and makes it a natural and optimal choice.

3. A Priori Estimates. It is not difficult to derive a priori estimates from Theorem 2.3. For later use we include local estimates. Here and below 1 denotes the function which is equal to 1 everywhere.

Theorem 3.1. Suppose that p ∈ (1, ∞) and s ∈ [0, 2]\(N + 1/p). Also suppose that φ, ψ ∈ C^3(Ω) with ψ | supp(φ) = 1, and γ(a∇φ) = 0 if s < 1/p. Then ‖φu‖_{s,p} ≤ c ( ‖φAu‖_{s−2,p} + ‖γφBu‖_{∂W} s_p + ‖ψu‖_{s−1,p} ) , u ∈ W^s_p , uniformly with respect to (A, B) in compact subsets of E. Proof. First we note that ∂_j ∈ L(W^s_{p,B}, W^{s−1}_{p,B} ) , 1/p < s < 1 + 1/p , 1 ≤ j ≤ n . (3.1) Indeed, this is clear if s ≥ 1. Thus assume 1/p < s < 1. Then W^{s−1}_{p,B} = W^{s−1}_p by Remark 2.4(b). If Γ = Γ_0 then W^s_{p,B} = W̊^s_p and (3.1) follows from the well-known fact that ∂_j ∈ L(W̊^k_p , W̊^{k−1}_p ) , k ∈ Z , 1 ≤ j ≤ n , and by interpolation, thanks to W̊^s_p .= (W̊^k_p , W̊^{k+1}_p )_{s−k,p} , k < s < k + 1 , k ∈ Z , where (·)_{θ,p} is the real interpolation functor and .= means ‘equivalent norms’ (e.g., [30] or [6]). If Γ = Γ_1 then W^s_{p,B} = W^s_p and (3.1) is obtained by the usual restriction procedure from ∂_j ∈ L ( W^s_p (R^n ), W^{s−1}_p (R^n ) ) (cf. [30, Theorem 4.2.2] and recall that W^s_p = B^s_{p,p}). Finally, in the intermediate case where Γ ≠ Γ_j for j = 0, 1, assertion (3.1) follows from the two cases just discussed and the fact that ∂_j is a local operator (by reducing the question by means of local coordinates to full-space and half-space problems, respectively).

Denote by M_a point-wise multiplication u → au. Then it is obvious that (a → M_a) ∈ L ( C^1(Ω), L(W^k_{p,B}) ) , k ∈ {0, 1} . Since W^s_{p,B} .= (L_p, W^1_{p,B})_{s,p} , s ∈ (0, 1)\{1/p} , (e.g., [5]), it follows, by employing duality and (M_a)^′ ⊃ M_a as well, that (a → M_a) ∈ L ( C^1(Ω), L(W^s_{p,B}) ) , s ∈ [−1, 1]\(Z + 1/p) . (3.2)

Now suppose that 1 + 1/p < s ≤ 2. Then A(φu) = φAu + [A, φ](ψu) , B(φu) = γφBu + [B, φ](ψu) , (3.3) with [A, φ]u := −2∇φ · a∇u + ( (⃗c −⃗b) · ∇φ − ∇ · (a∇φ) ) u and [B, φ]u := δ(∂_{νa} φ)γu. It is an easy consequence of (3.1) and (3.2) that ( (A, B) → ( [A, φ], [B, φ] )) ∈ L ( E, L(W^{s−1}_p , W^{s−2}_{p,B} × ∂W^s_p ) ) . (3.4)

Let K be a compact subset of E. By Remark 2.4(a) we can fix ω > 0 such that (λ + A, B) ∈ Lis(W^s_{p,B}, W^{s−2}_{p,B} ). Then we obtain from (3.3) that φu = (ω + A, B)^{−1} ( φAu + ωφu + [A, φ](ψu), γφBu + [B, φ](ψu) ) . (3.5)

Since the map B → B^{−1} is smooth from Lis(E, F ) into L(F, E), with E and F being Banach spaces, it follows that ‖φu‖_{s,p} ≤ c ( ‖φAu‖_{s−2,p} + ω ‖φu‖_{s−2,p} + ‖[A, φ](ψu)‖_{s−2,p} + ‖γφBu‖_{∂W} s_p + ‖[B, φ](ψu)‖_{∂W} s_p )

for u ∈ W^s_p and (A, B) ∈ K. Now (3.4) implies the assertion.

Next suppose that 1/p < s < 1 + 1/p. Then a(v, φu) = a(φv, u) + ⟨ v, C_φ(ψu) ⟩ (3.6) with ⟨v, C_φu⟩ := ⟨ ∇φ · a∇v + (⃗c · ∇φ)v, u ⟩ = ⟨ ∇v, (a∇φ)u ⟩ + ⟨ v, (⃗c · ∇φ)u ⟩ . Thus, using (3.1) and (3.2) together with the definition of the spaces W^s_{p,B},

it is not difficult to verify that C_φ ∈ L ( E, L(W^{s−1}_{p,B} , W^{s−2}_{p,B} ) ) . (3.7)

Since v ∈ W^{2−s}_{p′,B♯} implies φv ∈ W^{2−s}_{p′,B♯} by Remark 2.4(b), it follows from (3.6)

and the weak formulation of problem (2.4) that u being a W^s_p -solution of

(2.4) implies (1 − δ)γ(φu) = (1 − δ)(γφ)g and a_ω(v, φu) = ⟨ v, φf + ωφu + C_φ(ψu) ⟩ + ⟨ γv, δ(γφ)g ⟩ ∂ , v ∈ W^{2−s}_{p′,B♯} , where a_ω := a + ω⟨·, ·⟩. Consequently, by Theorem 2.3, φu = (ω + A, B)^{−1} ( φAu + ωφu + C_φ(ψu), γφBu ) , u ∈ W^s_p . (3.8)

Now the assertion is implied by (3.7) and the arguments used in the preced-

ing case.

Lastly, suppose that 0 ≤ s < 1/p. Then ⟨A^♯v, φu⟩ = ⟨ A^♯(φv), u ⟩ + ⟨ v, C_φ(ψu) ⟩ (3.9) with ⟨v, C_φu⟩ := − ⟨ [A^♯, φ]v, u ⟩ . Since −[A^♯, φ]v = 2∇φ · a∇v + av = 2∇v · a∇φ + av where a := (⃗c −⃗b) · ∇φ + ∇ · (a∇φ) ∈ C^1(Ω), it follows that γ(a∇φ) = 0 im-

plies (1 − δ)γ ( [A^♯, φ]v ) = 0 for v ∈ W^{2−s}_{p′,B♯} . Hence ( (A, B) → [A^♯, φ] ) ∈ L ( E , L(W^{2−s}_{p′ ,B♯} , W^{1−s}_{p′ ,B♯} ) ) , thanks to (3.2). Consequently, |⟨v, C_φu⟩| ≤ ‖[A^♯, φ]‖_{L(W} 2−s_{p′ ,B♯ ,W} 1−s_{p′,B♯ )} ‖v‖_{2−s,p}′ ‖u‖_{s−1,p} for (v, u) ∈ W^{2−s}_{p′,B♯} × W^{s−1}_{p,B} , which shows that C_φ ∈ L ( E, L(W^{s−1}_{p,B} , W^{s−2}_{p,B} ) ) . (3.10)

Also note that B^♯(φv) = γφB^♯v + δ(∂_{νa} φ)γv = 0 , v ∈ W^{2−s}_{p′,B♯} , (3.11) thanks to γ(a∇φ) = 0. Thus φv ∈ W^{2−s}_{p′,B♯} whenever v ∈ W^{2−s}_{p′,B♯} . Thus we infer

from (3.9) that φu = (ω + A, B)^{−1} ( φAu + ωφu + C_φ(ψu), (γφ)Bu ) (3.12)

and the assertion follows from (3.10) and the arguments of the first case. □

Corollary 3.2. Suppose that 1 < p < ∞ and s ∈ [0, 2]\(N + 1/p). Then ‖u‖_{s,p} ≤ c ( ‖Au‖_{s−2,p} + ‖Bu‖_{∂W} s_p + ‖u‖_{s−2,p} ) , u ∈ W^s_p , uniformly with respect to (A, B) in compact subsets of E.

Proof. This follows from (3.5), (3.8), and (3.12), respectively, by setting φ = ψ = 1, and by observing that [A, 1] = 0, [B, 1] = 0, and C_1 = 0. □

Remarks 3.3.

(a) Suppose that 1 < p < ∞ and 0 ≤ s < 1/p. Also assume φ, ψ ∈ C^3(Ω) satisfy ψ | supp(φ) = 1 and δ∂_{νa} φ = 0. Given σ ∈ (−1 + 1/p, s], ‖u‖_{s,p} ≤ c ( ‖φAu‖_{s−2,p} + ‖γφBu‖_{∂W} s_p + ‖ψu‖_{σ,p} ) , u ∈ W^s_p , uniformly for (A, B) in compact subsets of E.

Proof. Observe that ( (A, B) → [A^♯, φ] ) ∈ L ( E, L(W^t_p′_{,B}♯ , W^{t−1}_{p′,B♯} ) ) , 1/p^′ < t < 1 + 1/p^′ . Hence the argument leading to (3.10) shows that C_φ ∈ L ( E , L(W^σ_{p,B} , W^{σ−1}_{p,B} ) ) , −1 + 1/p < σ < 1/p . Since δ∂_{νa} φ = 0 implies that φv ∈ W^{2−s}_{p′,B♯} whenever v ∈ W^{2−s}_{p′,B♯} , thanks to (3.11), the arguments of the preceding proof imply the statement. □ (b) Suppose that u is a W^s_p -solution of (2.4) and denote by X the complement of supp(f) ∪ supp(g) in Ω. Then u|X ∈ C^2(X).

Proof. This follows by an obvious bootstrapping argument from Theorem 3.1. □

Remarks 3.4.

(a) Suppose that δ is constant on Γ. Then the exceptional set N + 1/p can be replaced by {δ + 1/p}. Thus s = 1 + 1/p is admissible in the case of a pure Dirichlet boundary condition (δ = 0), and s = 1/p is admissible if we consider pure Neumann type boundary conditions (δ = 1). (b) For simplicity, we have imposed more regularity for (A, B) than actually needed. For example, it suffices throughout this paper to assume that a_0 ∈ L_∞(Ω). Moreover, the assumption a ∈ C^2 has only been used in the proof of Theorem 3.1. Theorem 2.3 remains valid for a ∈ C^1. The regularity hypotheses can be further relaxed if we are interested in W^s_p -solutions for s in a given subset of [0, 2]\(N + 1/p) only. For details we refer to [5] (also see [6]). □

4. Linear Problems Involving Measures. In this paper we are particularly interested in the case where the right-hand sides in (2.4) are measures.

To formulate the optimal regularity results we introduce suitable locally convex spaces.

Suppose that J ⊂ R is an interval and { E_t ; t ∈ J } is a family of Banach spaces such that s > t implies E_s → E_t. Then, given s ∈ J, we put E_{s−} := ⋂ t<s E_t := lim_{←−} t↑s E_t , E_{s+} := ⋃ t>s E_t := lim_{−→} t↓s E_t , provided s > inf J or s < sup J, respectively. It is obvious that E_{s−} is a Fréchet space.

It follows from the trace theorem that W^s_{1,B} := { u ∈ W^s_1 ; (1 − δ)γu = 0 } is a well-defined closed linear subspace of W^s_1 for 1 ≤ s ≤ 2. Hence W^{1−}_1 and W^{2−}_{1,B} are well-defined. Lemma 4.1. W^{1−}_1 = ⋂ 1<p<1^∗ ⋂ 0≤s<1−n/p^′ W^s_p and W^{2−}_{1,B} = ⋂ 1<p<1^∗ ⋂ 1≤s<2−n/p^′ W^s_{p,B} . Proof. From Sobolev’s embedding theorem we deduce that W^t_1 → W^s_p if 1 > 1/p = 1 − (t − s)/n > 0 . (4.1) If t − s increases from 0 to 1 then 1/p, defined by (4.1), decreases from 1 to 1/1^∗, that is, p increases from 1 to 1^∗. Thus we infer from (4.1) that W^{1−}_1 → ⋂ 1<p<1^∗ ⋂ 0≤s<1−n/p^′ W^s_p (4.2)

and that W^{2−}_{1,B} → ⋂ 1<p<1^∗ ⋂ 1≤s<2−n/p^′ W^s_{p,B} . (4.3)

On the other hand, W^s_p → W^s_1 implies that the right-hand side of (4.2) injects continuously in ⋂ 1<p<1^∗ ⋂ 0≤s<1−n/p^′ W^s_1 .

If 0 < t < 1 then we can find p ∈ (1, 1^∗) such that 1 − n/p^′ > t. Hence ⋂ 1<p<1^∗ ⋂ 0≤s<1−n/p^′ W^s_1 → W^t_1 , 0 < t < 1 .

Consequently, the space on the right-hand side of (4.2) injects continuously in W^{1−}_1 . Similarly, it follows that the space on the right-hand side of (4.3) injects continuously in W^{2−}_{1,B}. This proves everything. □

Corollary 4.2. W^{1−}_1 → L_1∗_− and W^{2−}_{1,B} → W^1_1∗_{−,B} := ⋂ 1<p<1^∗ W 1 p,B. After these preparations we can prove the following regularity theorem for very weak and weak solutions, respectively, of problem (2.4) in the case where f and g are measures.

Theorem 4.3. Suppose that (A, B) ∈ E_0(Ω). Then (A, B)^{−1} ∈ L ( M(Ω ∪ Γ_1) × M(Γ), W^{1−}_1 ) and (A, B)^{−1} ∈ L ( M(Ω ∪ Γ_1) × ( {0} × M(Γ_1) ) , W^{2−}_{1,B} ) . Proof. This follows from Theorem 2.3 and Lemmas 2.1 and 4.1. □

In analogy to the definition of W^s_{p,B} we put

C^k_B := C^k_B(Ω) := { { u ∈ C^1(Ω) ; (1 − δ)γu = 0 } , k = 1 , { u ∈ C^2(Ω) ; Bu = 0 } , k = 2 . Suppose that (A, B) ∈ E and (μ, σ) ∈ M(Ω ∪ Γ_1) × M(Γ). Then u is said to be a very weak solution of the elliptic BVP

Au = μ in Ω , Bu = σ on Γ , (4.4)

iff u ∈ L_1 and ∫ Ω (A^♯v)u dx = ∫ Ω v dμ − ∫ Γ_0 ∂_{νa} v dσ + ∫ Γ_1 γv dσ , v ∈ C^2_B♯ . (4.5) If σ |Γ_0 = 0 then u is called weak solution of (4.4) iff u ∈ W^1_{1,B} and a(v, u) = ∫ Ω v dμ + ∫ Γ_1 γv dσ , v ∈ C^1_B♯ . (4.6) It is easily verified that each weak solution is a very weak one as well.

Using these definitions we can prove the main result of this section.

Theorem 4.4. Suppose that (A, B) ∈ E_0(Ω). Then the elliptic BVP (4.4) has for each (μ, σ) ∈ M(Ω ∪ Γ_1) × M(Γ) a unique very weak solution u, and u belongs to W^{1−}_1 . If σ |Γ_0 = 0 then u is a weak solution and belongs to W^{2−}_{1,B}. Moreover, given s ∈ [0, 1), ‖u‖_{s,1} ≤ c ( ‖μ‖_{M(Ω∪Γ1 )} + ‖σ‖_{M(Γ)} ) and, if σ |Γ_0 = 0, then ‖u‖_{1+s,1} ≤ c ( ‖μ‖_{M(Ω∪Γ1 )} + ‖σ‖_{M(Γ1 )} ) , where c depends on s, Ω, and (A, B) only. In fact, c can be chosen to be independent of (A, B) if these operators vary in a compact subset of E_0(Ω).

Proof. The asserted existence and regularity as well as the stated estimates are easy consequences of Theorems 2.3 and 4.3. As for uniqueness, it suffices to show, since each weak solution is also a very weak one, that u ∈ L_1 and ∫ Ω (A^♯v)u dx = 0 , v ∈ C^2_B♯ , (4.7)

imply u = 0. Given φ ∈ D, classical elliptic theory guarantees the existence of a unique v_φ ∈ C^2_{B♯} satisfying A^♯v = φ. Hence it follows from (4.7) that ∫ Ω φu dx = 0 for each φ ∈ D, which shows that u = 0. □

Corollary 4.5. Given p ∈ [1, 1^∗), ‖u‖_p ≤ c ( ‖μ‖_{M(Ω∪Γ1 )} + ‖σ‖_{M(Γ)} ) and, if σ |Γ_0 = 0, then ‖u‖_{1,p} ≤ c ( ‖μ‖_{M(Ω∪Γ1 )} + ‖σ‖_{M(Γ1 )} ) , where c depends on p, Ω, and compact subsets of E_0 containing (A, B), only.

Proof. This is a consequence of Corollary 4.2. □

Linear elliptic boundary value problems whose right-hand sides are measures occur in control theory, for example. In this connection the Neumann problem Au = μ in Ω , ∂_{νa} u = σ on Γ (4.8)

for the operator A := −∇ · (a∇·) + a_0 with a_0 > 0 has been studied by Casas [13]. In that paper it is shown, building on a priori estimates of Stampacchia [29], that (4.8) has a unique solution in W^1_1∗_− and that the a priori estimate of Corollary 4.5 is satisfied in this case.

Remarks 4.6.

(a) It is clear that M(Γ_1) can be identified with the linear subspace of M(Ω ∪ Γ_1) consisting of those measures in M(Ω ∪ Γ_1) whose supports are contained in Γ_1. Thus there is an ambiguity in (4.4) as far as σ_1 ∈ M(Γ_1) is concerned: namely, we can put σ_1 in the equation on Ω or in the boundary condition on Γ_1. However, this is a formal inconsistency only since (4.4) does not have a meaning except the one given in (4.5) or (4.6), respectively. But there is no such ambiguity in (4.5) or (4.6). Nevertheless, we prefer formulation (4.4) for its intuitive appeal.

(b) Everything said up till now remains valid for normally elliptic systems and complex-valued coefficients. For this we also refer to [5]. □

5. Positivity. So far our spaces of distributions could be complex Banach spaces. Now we restrict ourselves to the real setting and discuss order properties. Thus in the remainder of this paper all vector spaces are over the reals. If, in a given formula, there occur explicitly complex numbers or it is referred to the spectrum or the resolvent set of a linear operator, it is always understood that the corresponding complexifications are being considered.

Let E, F , and E_1, . . . , E_n be ordered Banach spaces (OBSs), whose positive cones we denote by E^+, F^+, and E^+_1 , . . . , E^+_n , respectively. Then the space E_1 × · · · × E_n is always given the product order whose positive cone equals the product of the positive cones E^+_j . A bounded linear operator T from E into F is positive iff T (E^+) ⊂ F^+, and we write T ∈ L^+(E, F ) in this case. The real line is always given the natural order whose positive cone equals R^+ . Then (E^′)^+ := L^+(E, R) is the dual wedge of E^+. It is a cone, hence E^′ is an ordered Banach space, iff E^+ is total in E, that is, E^+ − E^+ is dense in E. In the following all our positive cones will be total and the dual spaces are always given the dual order induced by the respective dual positive cones. If G is a Banach space such that G → E then G is given the natural order induced by E whose positive cone equals G ∩ E^+ = i^{−1}(E^+), where i is the injection G → E. Thus i ∈ L^+(G, E).

Let X be a σ-compact metric space. Then C_0(X) is endowed with the natural order whose positive cone equals C^+_0 (X) := { u ∈ C_0(X) ; u(x) ≥ 0, x ∈ X } . It follows that C_0(X) is an OBS, in fact: a Banach lattice. Consequently, M(X) is a Banach lattice as well. Given μ ∈ M^+(X) and 1 ≤ p < ∞, the Banach space L_p(X, μ) is also given its natural order whose positive cone equals

L^+_p (X, μ) := { u ∈ L_p(X, μ) ; u(x) ≥ 0 μ-a.e. } . Then L_p(X, μ) is also a Banach lattice.

By means of the preceding definitions and conventions it follows that W^s_p and W^s_{p,B} as well as ∂W^s_p are OBSs, whenever they are defined. Moreover, the injections W^s_{p,B} → W^t_{q,B} , ∂W^s_p → ∂W^t_q , −2 ≤ t ≤ s ≤ 2 , 1 < q ≤ p < ∞ , are positive, when defined.

Suppose 1 < p < ∞ and s ∈ [0, 2]\(N + 1/p). For (A, B) ∈ E we put A_{s−2,p} := A|W^s_{p,B} ∈ L(W^s_{p,B}, W^{s−2}_{p,B} ) , and consider A_{s−2,p} as a linear operator in W^{s−2}_{p,B} . Due to Theorem 2.3 and Remark 2.4(a), A_{t−2,q} ⊃ A_{s−2,p} , 0 ≤ t ≤ s ≤ 2 , 1 < q ≤ p < ∞ , (5.1) provided t /∈ N + 1/q. Since W^s_{p,B} −→ W^t_{q,B} , 0 ≤ t < s ≤ 2 , t /∈ N + 1/q , (5.2) where −→ denotes compact injection, we infer from Remark 2.4(a) that A_{s−2,p} has compact resolvent. Then it is an easy consequence of (5.1) that the spectrum and the eigenspaces of A_{s−2,p} are independent of s and p. Henceforth we often simply denote A_{s−2,p} by A if no confusion seems likely.

Theorem 5.1. Suppose that (A, B) ∈ E. Then A possesses a least real eigenvalue λ_0 := λ_0(A, B), the principal eigenvalue of (A, B). It is simple and possesses a positive eigenfunction φ ∈ C^2_B satisfying φ(x) > 0 for x ∈ Ω ∪ Γ_1 and ∂_{νa} φ(x) < 0 for x ∈ Γ_0. Moreover, λ_0 is the only eigenvalue of A having a positive eigenfunction, and there is no eigenvalue λ ≠ λ_0 with Re λ ≤ λ_0. Lastly, if λ > −λ_0 then

(λ + A, B)^{−1} ∈ L^+(W^{s−2}_{p,B} × ∂W^s_p , W^s_p ) (5.3)

for s ∈ [0, 2]\(N + 1/p) and 1 < p < ∞.

Proof. The assertions concerning the spectrum of A and the eigenfunction φ follow from [4, Theorem 12.1], the preceding remarks and standard regularity theory. (In the proof of Theorem 12.1 in [4] it has been referred to [27, appendix] to assert that a positive irreducible compact linear operator on a Banach lattice has a strictly positive spectral radius. However, this does not follow from the results in [27], but is Theorem 3 in [14].) Suppose that s = 2 and p > n. Then (5.3) is a consequence of [7, Theorem 2.4]. Note that (W^2_p )^+ ⊂ (W^2_q )^+ and that L_p × ∂W^2_p is dense in L_q × ∂W^2_q for p > q. Hence the continuity of (A, B)^{−1} entails (5.3) for s = 2 and all p ∈ (1, ∞). In [5, Theorem 8.7] it has been shown that (λ + A_{s−2,p})^{−1} is positive for s ∈ [0, 2]\(N + 1/p), provided λ is sufficiently large. That proof applies to all λ > −λ_0 to guarantee that (λ + A)^{−1} ∈ L^+(W^{s−2}_{p,B} , W^s_{p,B}) , s ∈ [0, 2]\(N + 1/p) , 1 < p < ∞ . By mollifying (in local coordinates) it is not difficult to see that (∂W^2_p )^+ is dense in (∂W^s_p )^+ for 0 ≤ s < 2. Fix λ > −λ_0 and p ∈ (1, ∞). From what we know already it follows that

(λ + A, B)^{−1} |{0} × ∂W^2_p ∈ L^+(∂W^2_p , W^2_p ) .

Hence, by density and continuity, (λ + A, B)^{−1} |{0} × ∂W^s_p ∈ L^+(∂W^s_p , W^s_p ) , s ∈ [0, 2]\(N + 1/p) . Thus the decomposition

(λ + A, B)^{−1}(f, g) = (λ + A)^{−1}f + (λ + A, B)^{−1}(0, g)

implies (5.3). □

Remarks 5.2. Suppose that (A, B) ∈ E.

(a) Since (A^♯, B^♯) ∈ E we can define A^♯ by A^♯_{s−2,p}′ := A^♯ |W^{s−2}_{p′ ,B♯} . Then Theorem 5.1 holds for (A^♯, B^♯) and A^♯. Since A_{0,p} and A^♯_{0,p}′ have common points in their resolvent sets one verifies that A^♯_{0,p}′ = (A_{0,p})^′. This implies that λ_0(A, B) = λ_0(A^♯, B^♯) and that there exists a positive eigenfunction φ^♯ of A^♯ possessing the same properties as φ.

(b) The operator A_{s−2,p} is characterized as follows: • if 1 + 1/p < s ≤ 2 then A_{s−2,p} = A|W^{s−2}_{p,B} ; • if 1/p < s < 1 + 1/p then ⟨v, A_{s−2,p}u⟩ = a(v, u) , (u, v) ∈ W^s_{p,B} × W^{2−s}_{p′,B♯} ; • if 0 ≤ s < 1/p then ⟨v, A_{s−2,p}u⟩ = ⟨A^♯v, u⟩ , (u, v) ∈ W^s_{p,B} × W^{2−s}_{p′,B♯} .

Proof. See [5, Section 8]. □ (c) The map

L_∞ × C^1(Γ_1) → R , (b, β) → λ_0(A + b, B + δβγ)

is strictly increasing and continuous.

Proof. The isotonicity follows by an obvious modification of the proof of [23, Proposition 3.2(i)] employing [7, Theorem 2.4].

The proof of Theorem 5.1 shows that [ λ + λ_0(A + b, B + δβγ) ]_{−1} is a simple eigenvalue of the compact linear map (λ + A + b, B + δβγ)^{−1} | |L_p × {0} ∈ L(L_p) , where λ is a sufficiently large positive number and p > n. Hence the asserted continuity is a consequence of the upper semicontinuity of the spectrum. □

6. Semilinear Equations: The General Case. Throughout Sections 6–13 we suppose that

(A, B) ∈ E and λ_0 := λ_0(A, B) > 0 . (6.1)

It follows from Theorem 5.1 that (A, B) ∈ E_0 and (A, B)^{−1} is positive.

Henceforth we put

M_j := { M(Ω ∪ Γ_1) × M(Γ) , j = 0 , M(Ω ∪ Γ_1) × M(Γ_1) , j = 1 .

We identify M_1 with the closed linear subspace M(Ω ∪ Γ_1) × {0} × M(Γ_1) of M := M_0 and write m = (μ, σ) for a generic point of M. Observe that M is a Banach lattice.

We suppose that 1 < p < 1^∗ and 0 ≤ s_j < 1 − n/p^′ and put E_j := W^{sj +j}_p for j ∈ {0, 1}. We also suppose that

(F_j , G_j ) ∈ C(E_j × M, M_j ) . (6.2)

Then, given m ∈ M, we consider the semilinear elliptic BVP

Au = F_j (u, m) in Ω , Bu = G_j (u, m) on Γ . (6.3)_{j,m}

By a solution u of (6.3)_{j,m} we mean an element u ∈ E_j such that u is a very weak or a weak solution, respectively, of the linear BVP Au = μ_u in Ω, Bu = σ_u on Γ, where μ_u := F_j (u, m) and σ_u := G_j (u, m) for j = 0 or j = 1, respectively.

Lemma 6.1. Put T_j (u, m) := (A, B)^{−1} ( F_j (u, m), G_j (u, m) ) , (u, m) ∈ E_j × M . Then

(i) T_j ∈ C ( E_j × M, W^{(1+j)−} 1 ) . (ii) Suppose that U × M ⊂ E_j × M. If (F_j , G_j )(U × M) is bounded in M_j then T_j (U × M) is bounded in W^{(1+j)−}_1 and contained in a compact subset of E_j .

(iii) If (F_j , G_j ) is [strictly] increasing on U × M then T_j is also [strictly] increasing on U × M .

(iv) If m ∈ M then u is a solution of (6.3)_{j,m} iff u is a fixed point of T_j(·, m) in E_j .

Proof. (i) and (ii) are easy consequences of (A, B) ∈ E_0, Theorem 4.3, Corollary 4.2, the fact that L_1 → M(Ω ∪ Γ_1), and the Rellich-Kondrachov theorem.

(iii) follows from the positivity of (A, B)^{−1}, and (iv) is obvious. □

As an immediate consequence of this lemma we find the following regularity result.

Corollary 6.2. If u is a solution of (6.3)_{j,m} for some m ∈ M then u belongs to W^{(1+j)−}

1 , hence to W^j_1∗_−.

First we prove an almost trivial existence and uniqueness theorem. Here and below we omit the index j everywhere if no confusion seems possible.

Theorem 6.3. Suppose that (F, G) ∈ C^1(E × M, M). Also suppose that m^∗ ∈ M and u^∗ is a solution of (6.3)_m∗ such that the linearized problem

Av = ∂_1F(u^∗, m^∗)v in Ω , Bu = ∂_1G(u^∗, m^∗)v on Γ (6.4)

has the trivial solution only. Then there exists an open neighborhood U × M of (u^∗, m^∗) in E × M such that (6.3)_m has for each m ∈ M exactly one solution u = u(m) ∈ U. The map m → u(m) is continuously differentiable on M.

Proof. Define Φ ∈ C^1(E × M, E) by Φ(u, m) := u − T (u, m). Then Φ vanishes at (u^∗, m^∗), and ∂_1Φ(u^∗, m^∗) = id − ∂_1T (u^∗, m^∗). Since

∂_1T (u^∗, m^∗)v = (A, B)^{−1} ( ∂_1F(u^∗, m^∗)v, ∂_1G(u^∗, m^∗)v )

it follows that ∂_1F(u^∗, m^∗) is a compact linear map of E into itself. Thus ∂_1Φ(u^∗, m^∗) is a Fredholm operator of index zero. The assumption on the linearized problem (6.4) implies that ∂_1Φ(u^∗, m^∗) has a trivial kernel. Hence ∂_1Φ(u^∗, m^∗) ∈ Lis(E, E), and the assertion follows from the implicit function theorem. □

Remark 6.4. Suppose that (A, B) ∈ E. Fix ω > −λ_0(A, B). Then problem (6.3)_{j,m} is equivalent to

(A + ω)u = F_j (u, m) + ωu in Ω , Bu = G_j (u, m) on Γ .

Thus, since λ_0(A + ω, B) = λ_0(A, B) + ω > 0, it is no loss of generality to assume that λ_0(A, B) > 0. □

7. Sub- and Supersolutions. Suppose that m ∈ M. Then w is said to be a subsolution of (6.3)_m iff w ∈ E and Aw ≤ F(w, m) in Ω , Bw ≤ G(w, m) on Γ . (7.1) If both inequality signs in (7.1) are reversed then w is a supersolution of (6.3)_m.

Lemma 7.1. Suppose that m ∈ M. Then w is a subsolution [resp. supersolution] of (6.3)_m iff w ≤ T (w, m) [resp. T (w, m) ≤ w].

Proof. This is immediate by Lemma 2.1 and (5.3). □

It is a consequence of Lemmas 6.1 and 7.1 that the well-known techniques of nonlinear functional analysis in OBSs can be applied to problem (6.3)_m. As a first result we prove a generalization of the method of sub- and supersolutions to the present setting.

Theorem 7.2. Suppose that w is a subsolution of (6.3)_m and ^w is a supersolution of (6.3)_{^m} such that (w, m) ≤ ( ^w, ^m). Also suppose that (F, G) is increasing on the order interval [ (w, m), ( ^w, ^m) ] , and that ( F(·, m), G(·, m) ) is, for each m ∈ [m, ^m], bounded on [w, ^w].

Then (6.3)_m has for each m ∈ [m, ^m] a least solution u(m) and a greatest solution ^u(m) in [w, ^w]. Furthermore, u(·) and ^u(·) are increasing maps from [m, ^m] into E. If ( F(u, ·), G(u, ·) ) are strictly increasing on [m, ^m] for u ∈ [w, ^w] then u(·) and ^u(·) are also strictly increasing.

Proof. It follows from Lemma 6.1 that T is increasing on [ (w, m), ( ^w, ^m) ] , and that T (·, m) is compact on [w, ^w] for each m ∈ [m, ^m]. Hence w ≤ T (w, m) ≤ T (w, m) , T ( ^w, m) ≤ T ( ^w, ^m) ≤ ^w , m ∈ [m, ^m] . Thus [3, Corollary 6.2] guarantees the existence of the least and the greatest fixed point of T (·, m) in [w, ^w]. Suppose that m ≤ m_0 < m_1 ≤ ^m. Then

u(m_1) = T ( u(m_1), m_1 ) ≥ T ( u(m_1), m_0 ) , with a strict inequality sign if ( F(u, ·), G(u, ·) ) , hence T (u, ·), are strictly increasing. Thus T (·, m_0) has a fixed point u in [ w, u(m_1) ] , which is distinct from u(m_1) if T (u, ·) is strictly increasing. Consequently, u(m_0) ≤ u ≤ u(m_1) which shows that u(·) is increasing, and strictly increasing if T (u, ·) is strictly increasing. Similarly, we prove the assertion for ^u(·). □

Remark 7.3. Theorem 7.2 remains valid if it is only assumed that there exists a constant ω ≥ 0 such that (u, m) → ( F(u, m) + ωu, G(u, m) + δωγu ) is increasing on [ (w, m), ( ^w, ^m) ] . Proof. Clearly, problem (6.3)_m is equivalent to (A + ω)u = F(u, m) + ωu (B + δωγ)u = G(u, m) + δωγu in Ω , on Γ .

Since Remark 5.2(c) implies λ_0(A + ω, B + δωγ) ≥ λ_0(A, B) > 0, the assertion follows. □

8. Positive Solutions. Now we restrict our considerations to the study of positive solutions. For this purpose we assume that

(F, G)(0, 0) = 0 and (F, G) is increasing on E^+ × M^+ and bounded on bounded subsets of E^+ × M^+ and on order intervals in E^+ × M^+ .

(8.1)

We also suppose that

m : R^+ → M is continuous and increasing with m(0) = 0 . (8.2)

We put

Σ := { (λ, u) ∈ R^+ × E^+ ; (λ, u) is a solution of (6.3)_{m(λ)} }

and Λ := { λ ∈ R^+ ; there exists u ∈ E^+ with (λ, u) ∈ Σ } . We also define S ∈ C(R^+ × E^+, E^+) by S(λ, u) := T ( u, m(λ) ) , λ ∈ R^+ , u ∈ E^+ . Then it follows from Lemma 6.1 and assumptions (8.1) and (8.2) that S is well-defined, increasing, and maps bounded sets and order intervals into compact sets. Moreover, (λ, u) ∈ Σ iff u = S(λ, u).

Theorem 8.1. Λ is an interval (possibly degenerate) containing 0, and problem (6.3)_{m(λ)} has for each λ ∈ Λ a least positive solution u_λ. The map Λ → E^+, λ → u_λ is increasing and left continuous. If S(·, u) is strictly increasing on R^+ for u ∈ E^+ \{0} then λ → u_λ is also strictly increasing. If λ^∗ := sup Λ < ∞ then λ^∗ ∈ Λ iff the set { u_λ ; λ^∗ − ε < λ < λ^∗ } is bounded in E_j for some ε > 0.

Proof. Thanks to the preceding observations this follows from [3, Theorem 20.3], where it suffices to observe that the normality of the positive cone had only been presupposed to guarantee that the map under consideration sends order intervals into compact sets. □

The next proposition gives a sufficient condition for λ^∗ to be finite. Here and below we denote by φ^♯ a fixed positive eigenfunction of A^♯. For abbreviation we also set

C^♯ := { (δ − 1)∂_{νa} + δγ , j = 0 , γ , j = 1 . Proposition 8.2. Suppose that β ∈ C(R^+ , R) satisfies λ_0⟨φ^♯, u⟩ + β(λ) ≤ ⟨ φ^♯, F ( u, m(λ) )⟩ + ⟨ C^♯φ^♯, G ( u, m(λ) )⟩ ∂ (8.3)

for (λ, u) ∈ Σ, where λ_0 := λ_0(A, B). If lim_{t→∞} β(t) > 0 then λ^∗ < ∞.

Proof. By testing (6.3)_{m(·)} at (λ, u) ∈ Σ with φ^♯ and by taking into acount Remarks 5.2, the very weak or weak formulation, respectively, of (6.3)_{m(·)}, and the hypothesis, we see that β(λ) ≤ 0 for (λ, u) ∈ Σ. This proves the assertion since Λ is an interval. □

It should be remarked that the idea behind Proposition 8.2 is the same as the one in [3, Proposition 20.2].

Since S(λ, ·) is continuous and maps bounded subsets of E^+ into compact ones the fixed point index i ( S(λ, u), U ) := i ( S(λ, ·), U, E^+ ) is well-defined for each open subset U of E^+ with u ≠ S(λ, u) on ∂U (cf. [3, Theorem 11.1]). The next proposition evaluates this fixed point index in a simple situation. It is the basis for certain multiplicity results. Here and below B is the open unit ball in E, and B^+_ρ := ρB ∩ E^+ for ρ > 0. By ∂B^+_ρ we mean the boundary of B^+_ρ in E^+.

Proposition 8.3. Suppose that λ^• ≥ 0 and ρ > 0 are such that { (λ, u) ∈ Σ ; 0 ≤ λ ≤ λ^• } ⊂ B_ρ . (8.4)

Also suppose that, given T > 0, there exists R > 0 such that each positive solution of

Au = F(u, 0) + τφ in Ω , Bu = G(u, 0) on Γ , 0 ≤ τ ≤ T , (8.5)

belongs to B_R . Lastly, let estimate (8.3) be satisfied for λ = 0 and each u ∈ E^+. Then i ( S(λ, ·), B_ρ ) = 0 for 0 ≤ λ ≤ λ^•.

Proof. By testing (8.5) with φ^♯ and using (8.3) for λ = 0 and u ∈ E^+ it follows that β(0) + τ⟨φ^♯, φ⟩ ≤ 0 whenever τ ∈ R^+ and u is a solution of (8.5). Since ⟨φ^♯, φ⟩ > 0 we infer that there exists τ^∗ > 0 such that (8.5) has no solution for τ ≥ τ^∗. Put ~S(τ, u) := (A, B)^{−1}(F(u, 0) + τφ, G(u, 0)) , u ∈ E^+ , τ ≥ 0 . Then ~S(0, ·) = S(0, ·), and there exists ρ > 0 such that S(λ, ·) and ~S(τ, ·) have no fixed points on ∂B^+_ρ for 0 ≤ λ ≤ λ^• and 0 ≤ τ ≤ τ^∗, respectively. Thus, by the homotopy invariance of the fixed point index, i ( S(λ, ·), B^+_ρ ) = i ( S(0, ·), B^+_ρ ) = i ( ~ S(τ^∗, ·), B^+_ρ ) = 0 for 0 ≤ λ ≤ λ^•, where the last equality holds since ~S(τ^∗, ·) has no fixed point at all. □

Suppose that u^∗ is an isolated fixed point of S(λ, ·) in E^+ for some λ ∈ Λ. Then the local index i ( S(λ, ·), u^∗ ) := lim_{ρ→0} i ( S(λ, ·), (u^∗ + ρB ) ∩ E^+ )

is well-defined.

Corollary 8.4. Let the hypotheses of Proposition 8.3 be satisfied. Suppose that λ ∈ Λ ∩ [0, λ^•] and that u_λ is an isolated fixed point of S(λ, ·) in E^+ lying in B_ρ . If i ( S(λ, ·), u_λ ) ≠ 0 then (6.3)_{m(λ)} has at least two solutions in E^+.

Proof. This follows by the additivity property of the fixed point index. □

It should be remarked that in the literature there seem to be no results on elliptic BVPs involving measures in the same general form as in problem (6.3)_{j,m}. In all papers known to us measures are simply added to the nonlinearities as in model problems (1.1) and (1.2), except for [24], where equations containing a term uμ are being considered.

It is the main purpose of Sections 6–8 to show that the precise results for the linear BVPs given in Section 1 allow a reformulation of the nonlinear BVP as a fixed point equation on a suitable ordered Banach space involving a compact map. Thus we can appeal to well-known general theorems from nonlinear functional analysis to obtain existence theorems etc. Using this observation it is easy to obtain further results by imposing more specific conditions like asymptotic linearity or concavity, for example. We leave this to the interested reader.

9. Semilinear Equations: Local Nonlinearities. In this section we study generalizations of problems (1.1) and (1.2), namely problem Au = f(x, u, ∇u) + μ in Ω , Bu = δg(x, u) + σ on Γ (9.1)_m and problem Au = h(x, u) + μ in Ω , Bu = σ on Γ , (9.2)_m

respectively, where m := (μ, σ) ∈ M and f, g, and h are Carathéodory functions satisfying estimates (1.3) and (1.4).

By increasing r_1, if necessary, we can (and will) assume that 1 r_1 ≤ ( 1 r_0 − 1 n ) ∧ ( 1 − 1 n ) 1 r_2

. (9.3)

First we show that (9.1) and (9.2) can be cast in form (6.3)_{j,m} so that the results of Sections 6–8 are applicable.

Let X, Y , and Z be nonempty sets and let ψ be a map from X × Y into Z. Then we set ψ^♮(u)(x) := ψ ( x, u(x) ) for u : X → Y and x ∈ X. Thus ψ^♮ is the Nemytskii operator induced by ψ.

Suppose that 1 < p < 1^∗ and put

s_j (p) := { n (_1 p −^1_{r0} ) + , j = 0 , [ n (_1 p −^1_{r1} ) − 1 ] + , j = 1 .

Note that 0 ≤ s_j (p) < 1 − n/p^′. If 0 ≤ t < 1 − n/p^′ then, by Sobolev’s embedding theorem, W^{t+j}_p → L_{pj} (t), where

p_j (t) := pn n − p(t + j) < n n − (1 + j) . Observe that (9.3) implies p_j (t) ≥ r_j for t ≥ s_j (p). Put F_0(u) := h^♮(u) and F_1(u) := f^♮(u, ∇u). The above considerations, the Krasnosel’skii-Vainberg theorem (eg., [5, Lemma 14.2]), and the commutativity of the diagrams

W^t_p L_{p0} (t)

L_1

F_0 h^♮

W^{t+1}_p W^{t+1}_p × (W^t_p )^n

L_1 Lp_1(t) × (Lp_0(t))^n

F_1

(id, ∇)

f^♮

guarantee that F_j ∈ C(W^{t+j}_p , L_1) , s_j (p) ≤ t < 1 − n/p^′ . Similarly, W^{t+1−1/p} p (Γ) → L_{p2(t)} with

p_2(t) := p(n − 1) n − p(t + 1) < n − 1 n − 2 . Set G(u) := g^♮(γu). Since (9.3) entails p_2(t) ≥ r_2 for t ≥ s_1(p), the commutativity of the diagram

W^{t+1}_p W^{t+1−1/p}_p (Γ)

L_1(Γ) Lp_2(t) G γ

g^♮

implies G ∈ C ( W^{t+1}_p , L_1(Γ) ) , s_1(p) ≤ t < 1 − n/p^′ . Lastly, we put F_j (u, m) := F_j (u) + μ and G_j (u, m) := { σ , j = 0 , δ ( G(u) + σ ) , j = 1 , for u ∈ W^{t+j}_p and m := (μ, σ) ∈ M.

Lemma 9.1. If s_j (p) ≤ t < 1 − n/p^′ then (F_j , G_j ) ∈ C(W^{t+j}_p × M, M_j ), and this map is bounded on bounded sets. If f is independent of η ∈ R^n then (F_j , G_j ) is bounded on order intervals as well. If f is independent of η and f, g, and h are increasing in ξ then (F_j , G_j ) is also increasing. Proof. This follows from the above considerations. □

Now we assume that

f(·, 0, 0), g(·, 0), and h(·, 0) are bounded a.e. and f, g, and h are continuously differentiable with respect to (ξ, η) ∈ R × R^n , and condition (1.3) is replaced by |∂_2f(x, ξ, η)| ≤ c ( 1 + |ξ|^{r1−1} + |η|^{r0/r′1} ) , |∂_3f(x, ξ, η)| ≤ c ( 1 + |ξ|^{r1/r′0} + |η|^{r0−1} ) , |∂_2g(y, ξ)| ≤ c ( 1 + |ξ|^{r2−1} ) , |∂_2h(x, ξ)| ≤ c ( 1 + |ξ|^{r0−1} ) for (ξ, η) ∈ R × R^n and a.a. (x, y) ∈ Ω × Γ.

(9.4)

It is easily verified that (9.4) implies (1.3).

Lemma 9.2. Let assumption (9.4) be satisfied. If s_j (p) ≤ t < 1 − n/p^′ then (F_j , G_j ) ∈ C^1(W^{t+j}_p × M, M_j ) and (∂F_j , ∂G_j ) is bounded on bounded sets. Proof. This follows by an obvious modification of the proof of Lemma 9.1, using the ‘differentiable version’ of the Krasnosel’skii-Vainberg theorem. □ We can assume that n/(n − 1) < r_1 < n/(n − 2) and define p_• ∈ (1, 1^∗) by 1 p_• := 1 r_j + j n , j = 0, 1 , so that s_j(p) = 0 for p_• ≤ p < 1^∗. Of course, j = 1 if we consider problem (9.1)_m, and j = 0 for (9.2)_m. It follows from Lemma 9.1 that the following definitions are meaningful:

u is a weak solution (in W^1_{p•} ) of problem (9.1)_m if u ∈ W^1_{p• ,B} and a(v, u) = ∫ Ω vf(·, u, ∇u) dx + ∫ Ω v dμ + ∫ Γ_1 γvg(·, γu) dΓ + ∫ Γ_1 γv dσ (9.5) for v ∈ W^1_p′_{•,B};

u is a very weak solution (in L_{p•} ) of problem (9.2)_m if u ∈ L_{p•} and ∫ Ω (A^♯v)u dx = ∫ Ω vh(·, u) dx + ∫ Ω v dμ − ∫ Γ_0 ∂_{νa} v dσ + ∫ Γ_1 γv dσ (9.6) for v ∈ W^2_{p′•,B♯} . Of course, a weak or a very weak solution, respectively, of (9.1)_m or (9.2)_m, respectively, is just a solution of (6.3)_{1,m} or (6.3)_{0,m}, respectively.

For these types of solutions we have the following regularity result.

Theorem 9.3. Suppose that u is a weak [resp. a very weak] solution of (9.1)_m [resp. (9.2)_m]. Then u belongs to W^{2−}_1 [resp. W^{1−}_1 ], hence to W^1_1∗_− [resp. L_1∗_−].

Proof. Put p := p_•. Then (9.5) [resp. (9.6)] and Lemma 9.1 imply that u is a weak [resp. very weak] solution of (9.1)_m [resp. (9.2)_m] iff u is a solution (in W^j_{p•} ) of problem (6.3)_{j,m} where j = 1 [resp. j = 0]. Thus Corollary 6.2 entails the assertion. □

Theorem 9.4. Let assumption (9.4) be satisfied. Suppose that m^∗ ∈ M and u^∗ is a weak [resp. very weak] solution of (9.1)_m∗ [resp. (9.2)_m∗ ]. Also suppose that the linear BVP Av = ∂_2f(·, u^∗, ∇u^∗)v + ∂_3f(·, u^∗, ∇u^∗) · ∇v Bv = δ∂_2g(·, u^∗)v in Ω ,

on Γ , [ resp. Av = ∂_2h(·, u^∗)v in Ω , Bv = 0 on Γ ]

has the trivial solution only. Then there exists a neighborhood U × M of (u^∗, m^∗) in W^1_{p•} × M [resp. L_{p•} × M] such that (9.1)_m [resp. (9.2)_m] has for each m ∈ M exactly one weak [resp. very weak] solution in U.

Proof. This is a consequence of Lemma 9.2 and Theorem 6.3. □

Remark 9.5. It should be noted that everything said so far in this section is also true — with the obvious modifications — if (A, B) is a normally elliptic system. □

Clearly, u is said to be a weak [resp. very weak] subsolution of (9.1)_m [resp. (9.2)_m] if u ∈ W^1_{p•} [resp. L_{p•} ] and u satisfies (9.5) [resp. (9.6)] with the equality sign replaced by ≤ and only nonnegative test functions v being admitted. Similarly, weak [resp. very weak] supersolutions are defined by replacing the equality signs by ≥ .

10. The Sub- and Supersolutions Theorem. In the remainder of this paper we consider the case where f is independent of η ∈ R^n . To be more precise, we consider the BVP

Au = f(x, u) + μ in Ω , Bu = δg(x, u) + σ on Γ , (10.1)_m

with m = (μ, σ) ∈ M and f and g being Carathéodory functions such that |f(x, ξ)| ≤ c ( 1 + |ξ|^r ) , |g(y, ξ)| ≤ c ( 1 + |ξ|^ρ ) for ξ ∈ R and a.a. (x, y) ∈ Ω × Γ, where r and ρ satisfy (1.8) and (1.9), and f(x, ·) and g(y, ·) are increasing for a.a. (x, y) ∈ Ω × Γ.

(10.2)

We put j := 0 if σ |Γ_0 ≠ 0 and j := 1 otherwise. Note that now 1 p_• = 1 r + j n , j = 0, 1 . By a solution of (10.1)_m we mean a weak solution in W^1_{p•} if σ |Γ_0 = 0 and a very weak solution in L_{p•} if σ |Γ_0 ≠ 0. Similar definitions apply to sub- and supersolutions of (10.1)_m.

The preceding considerations together with Theorem 7.2 lead directly to the following fundamental existence theorem which generalizes the wellknown sub- and supersolutions theorem for classical elliptic BVPs.

Theorem 10.1. Suppose that w is a subsolution of (10.1)_m and ^w is a supersolution of (10.1)_{^m} such that (w, m) ≤ ( ^w, ^m). Then (10.1)_m has for each m ∈ [m, ^m] a least solution u(m) and a greatest solution ^u(m) in [w, ^w] and the maps u(·) and ^u(·) are strictly increasing.

Remark 10.2. For Theorem 10.1 to remain valid it suffices to assume that ( f(x, ·), g(y, ·) ) is increasing on [ w(x), ^w(x) ] × [ γw(y), γ ^w(y) ] for a.a. (x, y) ∈ Ω × Γ. □

11. Parameter-Dependent Problems. Now we investigate the existence of positive solutions. For this we assume, in addition to (10.2), that ( f(·, 0), g(·, 0) ) = (0, 0) and m = (μ, σ) > 0 . (11.1)

Then we consider the parameter-dependent problem Au = f(x, u) + λμ in Ω , Bu = δg(y, u) + λσ on Γ . (11.2)_{λm} The next theorem guarantees, in particular, that each solution of (11.2)_{λm} is positive if λ > 0. Recall that λ_0 := λ_0(A, B).

Theorem 11.1. Theorem 8.1 is valid for problem (11.2)_{λm}. If there exists β > 0 such that

f(x, ξ) ≥ λ_0ξ − β , ξ ∈ R^+ , a.a. x ∈ Ω , (11.3)

then λ^∗ < ∞.

Proof. From our earlier considerations we know that (11.2)_{λm} is a special case of problem (6.3)_{j,λm}, where j = 0 if σ |Γ_0 ≠ 0, and j = 1 otherwise. This implies the first assertion.

We deduce from (11.3) that ⟨ φ^♯, F (u) ⟩ ≥ λ_0⟨φ^♯, u⟩ − β ∫ Ω φ^♯ dx , u ∈ (W^j_{p•} )^+ .

Since φ^♯ ∈ C^2 with φ^♯(x) > 0 for x ∈ Ω ∪ Γ_1 and ∂_{νa} φ^♯(x) < 0 for x ∈ Γ_0 we

see that α := ∫ Ω φ^♯ dμ + ⟨C^♯φ^♯, σ⟩_∂ > 0. Hence ⟨ φ^♯, F (u) + λμ ⟩ + ⟨ C^♯φ^♯, δG(u) + λσ ⟩ ≥ λ_0⟨φ^♯, u⟩ + β(λ) for (λ, u) ∈ Σ, where β(λ) := λα − β ∫ φ^♯ dx. Hence β(λ) → ∞ as λ → ∞,

and λ^∗ < ∞ follows from Proposition 8.2. □

12. Index Computations. Now we strengthen hypotheses (10.2) by

assuming differentiability. More precisely, we suppose that m = (μ, σ) > 0

and f and g are Carathéodory functions such that ( f(x, ·), g(y, ·) ) ∈ C^1(R, R) with |∂_2f(x, ξ)| ≤ c ( 1 + |ξ|^{r−1} ) , |∂_2g(y, ξ)| ≤ c ( 1 + |ξ|^{ρ−1} ) for a.a. (x, y) ∈ Ω × Γ and ξ ∈ R,

where r and ρ satisfy (1.8) and (1.9), ( f(x, 0), g(y, 0) ) = (0, 0) and ( ∂_2f(x, ·), ∂_2g(y, ·) ) ≥ (α, 0) for a.a. (x, y) ∈ Ω × Γ and some α > 0.

(12.1)

We set E := W^j_{p•} and T (u) := (A, B)^{−1} ( F (u), δG(u) ) for u ∈ E. Then S(λ, u) = T (u) + λL(m) , (λ, u) ∈ R × E , where

L(m) := (A, B)^{−1}(μ, σ) ∈ W^{(j+1)−}_1

and L(m) > 0. It follows from (12.1) and Lemma 9.2 that S ∈ C^1(R × E, E)

and that ∂_2S(λ, u)v = ∂T (u)v = (A, B)^{−1} ( ∂F (u)v, δ∂G(u)v ) with ( ∂F (u)v, ∂G(u)v ) = ( (∂_2f)^♮(u)v, (∂_2g)^♮(γu)γv ) . Note that E → L_r and that [ v → ( ∂F (u)v, ∂G(u)v )] ∈ L ( L_r, L_1 × L_1(Γ) ) . Hence ∂T (u) is a compact endomorphism of L_r. In this interpretation we

denote it by K(u).

Lemma 12.1. Suppose u ∈ E^+. Then the spectral radius κ(u) of K(u) is positive and a simple eigenvalue. There exist an eigenfunction ψ(u) of K(u) which is positive a.e. in Ω and a stricly positive eigenvector ψ^′(u) of [ K(u) ]_′ to the eigenvalue κ(u). Moreover, κ(u) is the only eigenvalue of K(u) possessing a positive eigenfunction, and the map u → κ(u) is continuous on E^+.

Proof. Since u ≥ 0 it follows from (12.1) that K := K(u) is a positive endomorphism of L_r. Note that Kv ≥ (A, B)^{−1}(αv, 0) = αA^{−1}v , v ∈ L^+_r . Hence K^kv ≥ α^kA^{−k}v , v ∈ L^+_r , k ∈ N . (12.2) Since A^{−1} ∈ L(L_q, W^2_q ) for q ∈ (1, ∞) and W^2_q → L_{q1} with 1/q_1 ≥ 1/q − 2/n we can fix k_0 > 1 such that (α^{−1}A)^{−k0+1} ∈ L(L_r, L_q ) for some q > n. Thus, by the maximum principle [4, Theorem 6.1], w := w(v) := α^{k0} A^{−k0} v is continuous on Ω and everywhere positive on Ω ∪ Γ_1, provided v ∈ (L^+_r )\{0}. Hence we deduce from (12.2) that K^{k0} v ≥ w. Consequently, K(λ − K)^{−1}v = ∞∑ k=1 λ^{−k}K^kv ≥ λ^{−k0} K^{k0} v ≥ λ^{−k0} w , v ∈ (L^+_r )\{0} ,

for every λ > κ := κ(u). This shows that K is irreducible (cf. [27, V.7.7 and App. 3]). Since L_r is a Banach lattice, de Pagter’s theorem [14, Theorem 3] guarantees that κ > 0. Now [27, App. 3.2] implies that κ is a simple eigenvalue of K, that it possesses a positive eigenfunction ψ, and that K^′ has a strictly positive eigenvector ψ^′ belonging to κ. Note that

ψ = κ^{−1}Kψ = κ^{−k0} K^{k0} ψ ≥ κ^{−k0} w(ψ) (12.3)

so that ψ is positive a.e. in Ω.

Suppose that t is an eigenvalue of K possessing a positive eigenfunction v. Then, by applying ψ^′ to tv = Kv, it follows that t⟨ψ^′, v⟩ = κ⟨ψ^′, v⟩. Since ψ^′ is strictly positive, ⟨ψ^′, v⟩ > 0, so that t = κ.

Lastly, observe that the map u → K(u) is continuous from E into L(L_r). Since K(u) is compact, κ_0(u) is an isolated simple eigenvalue for u ∈ E^+. Thus the upper continuity of the spectrum entails that κ(·) is continuous □

Remark 12.2. It should be observed that (12.3) contains more precise information on ψ(u). For example, if j = 1 then (12.3) also implies that γψ(u)(y) > 0 for a.a. y ∈ Γ_1. □

It is easily seen that Lemma 12.1 guarantees the existence of a positive eigenvalue, namely 1/κ(u), and of a corresponding positive eigenfunction, namely ψ(u), for the elliptic eigenvalue problem Aw = λ∂_2f(·, u)w in Ω , Bw = λδ∂_2g(·, u)w on Γ whenever u ∈ E^+. However, thanks to the low regularity of ∂_2f(·, u) and ∂_2g(·, u), the eigenvector ψ^′(u) cannot be interpreted as the solution of the ‘dual’ linear eigenvalue problem which is obtained by replacing (A, B) by (A^♯, B^♯).

Lemma 12.3. The set Λ_0 := { λ ∈ Λ ; κ(u_λ) < 1 } is open in Λ, and

(λ → u_λ) ∈ C^1(Λ_0, E^+) .

If λ ∈ Λ_0 then u_λ is an isolated fixed point of S(λ, ·) in E. If κ(0) < 1 then λ^∗ > 0. Lastly, if λ^∗ is finite and a limit point of Λ_0 in Λ then κ(u_λ∗ ) = 1.

Proof. Put Ψ(λ, u) := u − S(λ, u) = u − T (u) − λL(m). Then Ψ is continuously differentiable and ∂_2Ψ(λ, u)v = v − ∂T (u)v , (λ, u) ∈ R × E , v ∈ E . (12.4) Moreover, Ψ(λ, u) = 0 for (λ, u) ∈ Σ.

Suppose that λ_0 ∈ Λ_0. Since κ(u_{λ0} ) < 1 and κ(u_{λ0} ) is the spectral radius of K(u_{λ0} ), it follows from (12.4) and the fact that K(u_{λ0} ) equals ∂T (u_{λ0} ) as an endomorphism of L_r, that ∂_2Ψ(λ, u_{λ0} ) is an automorphism of E. Hence the implicit function theorem guarantees the existence of a neighborhood J × U of (λ_0, u_{λ0} ) in R × E and of a map u(·) ∈ C^1(J, U) such that Ψ(λ, u) = 0 holds for (λ, u) ∈ J × U iff λ ∈ J and u = u(λ).

Assume that 0 < λ_0 < λ^∗. Then the left continuity and isotonicity of λ → u_λ implies that u(λ) = u_λ for λ ∈ J ∩ R^+ . Hence suppose that λ_0 = 0. Since κ(0) < 1 we can compute u(λ) for λ sufficiently small by the iteration scheme

u_{n+1} = S(λ, u_n) = T (u_n) + λL(m) , n ∈ N , u_0 = 0 .

From this we infer that u(λ) > 0 for 0 < λ < ε, which entails that λ^∗ > 0 and u(λ) = u_λ for 0 ≤ λ < ε and a suitable ε > 0.

Finally, it follows from u_λ = u(λ) for λ ∈ Λ_0 that Λ_0 is open in Λ. The last assertion is a consequence of the continuity of u → κ(u) in E^+, which is guaranteed by Lemma 12.1. □

Remarks 12.4. (a) Suppose that f(x, ·) and g(y, ·) are either both convex or both concave on R^+ for a.a. (x, y) ∈ Ω × Γ. Then (0, λ^∗) ⊂ Λ_0.

Proof. The assumption entails that ( ∂_2f(x, ·), ∂_2g(y, ·) ) is either increasing or decreasing on R^+ for a.a. (x, y) ∈ Ω × Γ. This implies that either

K(u) ≤ K(v) or K(v) ≤ K(u) for 0 ≤ u ≤ v. Suppose that 0 ≤ λ_0 < λ_1 and λ_1 ∈ Λ and set u_j := u_{λj} . Since λ → u_λ is strictly increasing, it follows that

u_1 − u_0 > T (u_1) − T (u_0) =

∫_1 0 K ( u_0 + t(u_1 − u_0) ) dt (u_1 − u_0)

≥ K(u_0)(u_1 − u_0)

or u_1 − u_0 > K(u_1)(u_1 − u_0), respectively. Now the assertion is obtained by applying either ψ^′(u_0) or ψ^′(u_1), respectively, to these inequalities. □ (b) Suppose that λ^∗ < ∞. Also suppose that f(x, ·) is strictly convex and g(y, ·) is convex for a.a. (x, y) ∈ Ω × Γ. If λ^∗ ∈ Λ then problem (11.2)_λ∗_m is uniquely solvable.

Proof. Let u ≠ u^∗ := u_λ∗ be a solution of (11.2)_λ∗_m. Then u > u^∗ and, similarly as in the proof of (a), we see that u − u^∗ > K(u^∗)(u − u^∗). Thus, by applying ψ^′(u^∗) to this inequality, it follows that κ(u^∗) < 1 which contradicts Lemma 12.3. □ (c) Assume that ( ∂_2f(·, 0), ∂_2g(·, 0) ) ∈ C(Ω) × C^1(Γ). If

λ_0 ( A − ∂_2f(·, 0), B − δ∂_2g(·, 0)γ ) > 0 (12.5)

then κ(0) < 1.

Proof. Observe that κ(0)ψ = K(0)ψ with ψ > 0 iff ψ ∈ (W^2_{∞−})^+ and [ A − κ(0)^{−1}∂_2f(·, 0) ] ψ = 0 [ B − κ(0)^{−1}δ∂_2g(·, 0)γ ] ψ = 0 in Ω , on Γ .

Hence it follows from Theorem 5.1 that κ(0) is the unique solution of

ϕ(t) := λ_0 ( A − t^{−1}∂_2f(·, 0), B − t^{−1}δ∂_2g(·, 0)γ ) = 0 , t > 0 .

Since ( ∂_2f(·, 0), ∂_2g(·, 0) ) ≥ (α, 0), Remark 5.2(c) implies that ϕ is a strictly increasing function of t. Hence assumption (12.5) guarantees that ϕ(t) > 0 for t ≥ 1, which proves the assertion. □

Lemma 12.5. i ( S(λ, ·), u_λ ) = 1 for λ ∈ Λ_0.

Proof. Fix λ ∈ Λ_0 and put u_0 := u_λ and S(u) := S(λ, u). Lemma 12.3 guarantees the existence of ε_0 > 0 such that u_0 is the only fixed point of S in u_0 + ε_0B . Note that

S(u) − u_0 = T (u) − T (u_0) = K(u_0)(u − u_0) + r(u, u_0)(u − u_0) , u ∈ E ,

where r(u − u_0) → 0 as u → u_0 in E. Fix α and β with κ(u_0) < α < β < 1. Since κ(u_0) is the spectral radius of K(u_0) we can fix an equivalent norm — again denoted by ‖·‖ — on E such that ‖K(u_0)‖ ≤ α (e.g., [20, Lemma 2.2]).

Hence choosing ε_1 ∈ (0, ε_0) so small that ‖r(u, u_0)‖ ≤ β − α for u ∈ u_0 + ε_1B , it follows that ‖S(u) − u_0‖ ≤ α ‖u − u_0‖ + (β − α) ‖u − u_0‖ = β ‖u − u_0‖ < ‖u − u_0‖ for ‖u − u_0‖ ≤ ε_1. Thus ‖ ‖(tS(u) + (1 − t)u_0) − u_0 ‖ ‖ = t ‖S(u) − u_0‖ < ε , 0 ≤ t ≤ 1 , for u ∈ u_0 + ε∂B^+ and 0 < ε ≤ ε_1. Hence tS(u) + (1 − t)u_0 has no fixed point on u_0 + ε∂B^+ for 0 < ε ≤ ε_1 and 0 ≤ t ≤ 1. Since tS(u) + (1 − t)u_0 belongs to E^+ for u ∈ E^+ and 0 ≤ t ≤ 1, the homotopy invariance of the fixed point index guarantees that i ( S, (u_0 + εB ) ∩ E^+ ) = i ( u_0, (u_0 + εB ) ∩ E^+ ) = 1 for 0 < ε ≤ ε_1, where the last equality sign follows from the normalization property of the fixed point index (see [3, Theorem 11.1]). This proves the assertion. □

13. A Priori Estimates. In this section we establish a priori bounds for solutions of problem (11.2)_{λm}. Combined with the results of the preceding section these bounds will imply the existence of multiple solutions.

We begin with a technical lemma for which we observe that p^′_• > n.

Lemma 13.1. Let φ, ψ ∈ C^3(Ω) be such that ψ equals 1 in a neighborhood of supp(φ). Fix p_0 ∈ (p_•, 1^∗) and define s_j and t_j by 1 s_j := (r − 1) ( 1 p_0 − j n ) , 1 t_j := (ρ − 1)n n − 1 ( 1 p_0 − j n ) . Also fix α ∈ (0, 1 − n/p^′_•). Let ( (A_k, B_k) ) be a relatively compact sequence in E such that inf_k λ_0(A_k, B_k) > 0 and let ( (a_k, b_k) ) be a bounded sequence in L_{sj} × L_{tj} (Γ_1). Suppose that u_k ∈ W^j_{p•} and

A_ku_k = a_ku_k in Ω , B_ku_k = δ_{1,j} b_kδγu_k on Γ , k ∈ N . (13.1)

Then u_k ∈ C^α(Ω) for k ∈ N . If the sequence (ψu_k) is bounded in W^j_{p•} then (φu_k) is bounded in C^α(Ω).

Proof. It follows from (13.1) that

u_k = (A_k, B_k)^{−1}(a_ku_k, δ_{1,j} b_kδγu_k) = P_ku_k + δ_{1,j} Q_ku_k , (13.2) where P_ku := A^{−1}_k a_ku , Q_ku := R_kb_kδγu , and R_kg := (A_k, B_k)^{−1}(0, g) , g ∈ W^{−1−1/p}_p (Γ_1) , 1 < p < ∞ .

Sobolev’s embedding theorem, Hölder’s inequality, and Theorem 2.1 imply the commutativity of the following diagram of continuous linear maps: a_k· W^{2−j}_p Lq_j Lr_j

W^{2−j}_{πj} W^2_{rj} P_k A^{−1}_k (13.3)

with 1 π_j ≥ 1 r_j − j n ≥ 1 q_j + 1 s_j − j n ≥ 1 p − 2 − j n + 1 s_j − j n = 1 p − 2 n + (r − 1) ( 1 p_0 − j n ) (13.4)

for 1 < p < ∞ with p ≥ p_• if j = 1. Similarly, we see that

W^1_p W^{1−1/p}_p (Γ) L_q(Γ)

W^1_π W^{1+1/t−ε}_t L_t(Γ_1) γ Q_k b_kδ· R_k

with 1 π ≥ ( 1 − 1 n ) 1 t + ε n ≥ ( 1 − 1 n )( 1 q + 1 t_1 ) + ε n ≥ 1 p − 1 n + ( 1 − 1 n ) 1 t_1 + ε n = 1 p − 1 − ε n + (ρ − 1) ( 1 p_0 − 1 n ) (13.5)

for p_• ≤ p < ∞, provided 0 < ε < 1/t. The restriction p ≥ p_• for j = 1 stems from the fact that we have to insure that r_j > 1 in (13.4) and t > 1 in (13.5). Since 1/q_j ≥ 0, the second inequality in (13.4) implies r_j ≤ s_j . Now we infer from the first inequality in (13.4) that 1/π_j ≥ 1/s_j − j/n. Note that p_0 > p_• entails 1 s_j − j n < 1 − 1 r − j n = 1 − 1 p_• = 1 p^′_• . This shows that (13.3) holds for p ≥ p_• if π_j ≤ p^′_•.

Similarly, since 1/q ≥ 0 we deduce from the second inequality in (13.5) that t ≤ t_1 so that the first inequality in (13.5) gives 1 π ≥ ( 1 − 1 n ) 1 t_1 + ε n . Since p_0 > p_• implies ( 1 − 1 n ) 1 t_1 < ρ − 1 r ≤ 1 − 1 n − 1 r = 1 p^′_• (thanks to j = 1 in this case), we see that Q_k ∈ L(W^1_p , W^1_π ), provided 1/π is greater than or equal to 1/p^′_• + ε/n.

Thanks to 0 < ε < 1/t and t ≤ t_1 we can fix ε with 0 < ε < n 2 ( 1 r − 1 + 2 n ) ∧ 1 t_1 ∧ ( 1 − n p^′_• − α )

independently of p ≥ p_•. Observe that − 2 n + (r − 1) ( 1 p_0 − j n ) < − 2 n + (r − 1) ( 1 p_• − j n ) = 1 − 2 n − 1 r < − 2ε n and − 1 − ε n + (ρ − 1) ( 1 p_0 − 1 n ) < − 1 − ε n + ρ − 1 r ≤ ε n + 1 − 2 n − 1 r < − ε n . (13.6)

Hence it follows from (13.4) and (13.5) and the above considerations that

P_k ∈ L(W^{2−j}_p , W^{2−j}_{q(p)} ) , Q_k ∈ L(W^1_p , W^1_{q(p)}) , (13.7) where 1/q(p) ≥ (1/p − ε/n) ∨ (1/p^′_• + ε/n) for p ≥ p^′_•. Suppose that j = 0. By replacing W^{2−j}_p in (13.3) by L_r it follows that

P_k ∈ L(L_r, W^2_{p1} ) , 1 p_1 := 1 r + r − 1 p_0 < 1 . Thus we deduce from (13.2) that u_k ∈ W^{2−j}_{p1} , 1 p_1 := { 1/r + (r − 1)/p_0 , j = 0 , 1/p_• , j = 1 . An obvious bootstrapping argument, based on (13.2) and (13.7), shows that u_k ∈ W^{2−j}_p with 1/p ≥ 1/p^′_• + ε/n for k ∈ N . Since 1/p^′_• + ε/n < (1 − α)/n, thanks to the choice of ε, we see that u_k belongs to W^1_{n/(1−α)}, hence to C^α(Ω), for k ∈ N .

Now we prove the boundedness assertion. First assume that j = 0. Let φ_0, φ_1 ∈ C^3(Ω) satisfy φ_0 | supp(φ_1) = 1 and suppose the sequence (φ_0u_k) is bounded in L_p for some p ≥ p_•. Then the sequence (φ_1a_ku_k) is bounded in L_q, where 1 q ≥ 1 p + 1 s_0 = 1 p + r − 1 p_0 . Since W^1_p′ → L_q′ if 1/q ≤ 1/p + 1/n, and since (r − 1)/p_0 < 1 − 1/r < 1/n, it follows that L_q → W^{−1}_{p,B} . Hence Theorem 3.1 implies that ( (φ_1u_k) ) is bounded in W^1_p , and we infer from W^1_p → L_π with 1/π ≥ 1/p − 1/n that the boundedness of the sequence (φ_0u_k) in L_p implies the boundedness of (φ_1u_k) in L_π with 1/p − 1/π ≤ 1/n.

Set φ_0 := ψ and fix an integer ℓ > 2 + n(1/r − 1/s_0). Also set φ_ℓ := φ and choose φ_i ∈ C^3(Ω) such that φ_{i−1} equals 1 in a neighborhood of supp(φ_i) for 1 ≤ i ≤ ℓ − 1. Since (φ_0u_k) is bounded in L_r we deduce inductively from the previous considerations that (φ_{ℓ−1}u_k) is bounded in W^1_{s0} . Hence (φa_ku_k) is bounded in L_{s0} and Theorem 3.1 guarantees that (φu_k) is bounded in W^2_{s0} . Since 2 − n/s_0 > 1 we see that W^2_{s0} → C^α(Ω), so that (φu_k) is bounded in C^α(Ω).

Next suppose that j = 1. Let φ_0, φ_1 ∈ C^3(Ω) satisfy φ_0 | supp(φ_1) = 1 and let (φ_0u_k) be bounded in W^1_p for some p ≥ p_•. Then ( γ(φ_0u_k) ) is bounded in L_τ (Γ), where 1 τ ≥ n n − 1 ( 1 p − 1 n ) . Hence (γφ_1b_kδγu_k) is bounded in L_t(Γ_1) for 1 t ≥ 1 τ + 1 t_1 ≥ n n − 1 ( 1 p − 1 n + (ρ − 1) ( 1 p_0 − 1 n )) . (13.8)

Note that L_t(Γ_1) → W^{s−1−1/p}_p (Γ_1) if W^{1+1/p−s}_p′ (Γ_1) → L_t′ (Γ_1), which is the case if 1 t ≤ n n − 1 ( 1 p − s − 1 n ) . (13.9)

Inequalities (13.8) and (13.9) are compatible iff s n ≤ 2 n − (ρ − 1) ( 1 p_0 − 1 n ) . (13.10)

By (13.6) we see that the term on the right-hand side of this inequality is strictly bigger than (1 + 2ε)/n.

Since (φ_0u_k) is bounded in W^1_p it follows that (φ_1a_ku_k) is bounded in L_q for 1 q ≥ 1 p − 1 n + 1 s_1 = 1 p − 1 n + (r − 1) ( 1 p_0 − 1 n ) . (13.11)

Furthermore, L_q → W^{s−2}_{p,B} if W^{2−s}_p′ → L_q′ , which is the case for 1 q ≤ 1 p + 2 − s n . (13.12)

Inequalities (13.11) and (13.12) are compatible iff s n ≤ 3 n − (r − 1) ( 1 p_0 − 1 n ) . (13.13)

Since (r − 1)(1/p_0 − 1/n) < 1 − 1/r, the term on the right-hand side of estimate (13.13) is also strictly bigger than 1/r − 1 + 2/n + 1/n > (1 + 2ε)/n. Thus, setting s := 1 + ε, both inequalities (13.10) and (13.13) are satisfied. Consequently, (φ_1a_ku_k) is bounded in W^{s−2}_p and (γφ_1b_kδγu_k) is bounded in W^{s−1−1/p} p (Γ_1). Since (φ_0u_k) is trivially bounded in W^{s−1}_p , Theorem 3.1 implies that (φ_1u_k) is bounded in W^s_p . Thus we see that (φ_1u_k) is bounded in W^1_π , provided 1/π ≥ 1/p − ε/n. Since t ≤ t_1 and q ≤ s_1 we find that 1/p ≥ 1/p^′_• + ε/n. Hence we see that (φ_1u_k) is bounded in W^1_π if 1/π is greater than or equal to (1/p − ε/n) ∨ 1/p^′_•. Now the boundedness of (φu_k) in W^1_p′_• , consequently in C^α(Ω), follows by a bootstrapping argument which is analogous to the one used for the case j = 0. □

Let φ be a smooth diffeomorphism of R^n onto itself. Then φ induces smooth diffeomorphisms of Ω onto φ(Ω) and of Γ_i onto φ(Γ_i) for i = 0, 1, all of them being denoted by φ again, without fearing confusion. Note that φ(Γ) is the boundary of φ(Ω), and φ(Γ) = φ(Γ_0) ∪ φ(Γ_1). We define the push-forward (φ_∗A, φ_∗B) ∈ E ( φ(Ω) ) of (A, B) by (φ_∗A, φ_∗B) := φ_∗ ∘ (A, B) ∘ φ^∗ , where φ^∗w := w ∘ φ is the usual pull-back by φ, and φ_∗ := (φ^{−1})^∗ is the corresponding push-forward.

We also define the push-forward (φ_∗μ, φ_∗σ) ∈ M ( φ(Ω) ∪ φ(Γ_1) ) × M ( φ(Γ) ) of (μ, σ) ∈ M(Ω ∪ Γ_1) × M(Γ) by ∫ φ(Ω) v d(φ_∗μ) := ∫ Ω φ^∗v dμ , ∫ φ(Γ) w d(φ_∗σ) := ∫ Γ φ^∗w dσ for v ∈ C_0 ( φ(Ω) ∪ φ(Γ_1) ) and w ∈ C ( φ(Γ) ) , respectively. It is obvious that

‖φ_∗μ‖_{M(φ(Ω)∪φ(Γ1 ))} = ‖μ‖_{M(Ω∪Γ1)} , ‖φ_∗σ‖_{M(φ(Γ))} = ‖σ‖_{M(Γ)} . (13.14)

Now we consider the particularly simple case where φ := (· − z)/ε for some z ∈ R^n and ε > 0. Denote by ω_n Lebesgue’s measure on R^n and by ω_Γ the Riemann-Lebesgue volume measure on Γ. Then

φ_∗ω_n = ε^nω_n , φ_∗ω_Γ = ε^{n−1}ω_{φ(Γ)} . (13.15)

We set A_εw := −∇ · (a_ε∇w + ε⃗b_εw) + ε⃗c_ε · ∇w + ε^2a_{0,ε}w and B_εw := δ ( ∂_{νaε} w + ε(γ⃗b_ε · ⃗ν + d_ε)γw ) + (1 − δ)γw where a_ε := φ_∗a = a(z + ε·), etc. It is easily verified, by using the very weak or weak formulation, respectively, that

φ_∗A = ε^{−2}A_ε , φ_∗B = ε^{−1}δB_ε + (1 − δ)γ . (13.16)

From this and (13.15) one sees that problem (11.2)_{λm} is transformed into A_εw = ε^2f_ε(·, w) + ε^{2−n}λμ_ε B_εw = δ ( εg_ε(·, w) + ε^{2−n}λσ_ε ) + (1 − δ)ε^{1−n}λσ_ε in Ω_ε := ε^{−1}(Ω − z) , on Γ_ε ,

(13.17)

where we have put f_ε(·, w) := f(z + ε·, w) and g_ε(·, w) := g(z + ε·, w) as well as (μ_ε, σ_ε) := (φ_∗μ, φ_∗σ) and Γ_ε := φ(Γ).

Finally, we impose assumption (1.11), in addition to (12.1), of course. Using this precise information on the asymptotic behavior of f — and to some extent of g — we can now establish the following a priori bounds.

Lemma 13.2. Let assumptions (1.11) and (12.1) be satisfied and suppose that λ^• ∈ Λ. Then { u ∈ E ; (λ, u) ∈ Σ, λ ≤ λ^• } is bounded in E.

Proof. We proceed by contradiction using the ideas of [19].

(i) Assume that (λ_k, u_k) ∈ Σ satisfy λ_k ≤ λ^• and ‖u_k‖ → ∞ as k → ∞. Put v_k := u_{λk} . Since λ → u_λ is increasing we see that 0 ≤ v_k ≤ v where we set v := u_λ• ∈ W^{(1+j)−}_1 . Hence the sequence (v_k) is bounded in L_r and, if j = 1, it follows that 0 ≤ γv_k ≤ γv, so that (γv_k) is bounded in L_ρ(Γ). This implies that the sequence (( f^♮(v_k), δg^♮(γv_k) )) is bounded in L_1 × L_1(Γ_1).

Note that

v_k = (A, B)^{−1} ( f^♮(v_k), δg^♮(γv_k) ) + λ_kL(m) , k ∈ N . Hence we infer from Theorem 4.3 that the sequence (v_k) is bounded in W^j_{p0} .

Observe that

A(u_k −v_k) = a_k(u_k −v_k) in Ω , B(u_k −v_k) = b_kδγ(u_k −v_k) on Γ , (13.18)

where a_k := a(u_k, v_k) with a(u, v) := ∫_1 0 (∂_2f)^♮ ( v + s(u − v) ) ds and b_k := b(u_k, v_k) with b(u, v) := δ ∫_1 0 (∂_2g)^♮ ( γv + sγ(u − v) ) ds ,

respectively. Since u_k ∈ W^{(1+j)−}_1 → W^j_{p0} by Theorem 9.3 and Corollary 4.2, it follows from (12.1) that

(a_k, b_k) ∈ L_{sj} × L_{tj} (Γ_1) . (13.19)

Lemma 13.1 and (13.19) imply u_k − v_k ∈ C^α(Ω) for a suitable α > 0. Thus there exists x_k ∈ Ω with

0 ≤ (u_k − v_k)(x_k) = max_Ω (u_k − v_k) =: M_k , k ∈ N .

Suppose that the sequence (M_k) is bounded. Then the boundedness of (v_k) in W^j_{p0} and u_k = (u_k − v_k) + v_k imply that the sequence ( v_k + s(u_k − v_k) ) is bounded in L_{np0/(n−jp0)} uniformly with respect to s ∈ [0, 1]. If j = 1 then the sequence (γv_k) is bounded in L_{(n−1)p0 /(n−p0)}(Γ). Hence the sequence ( γv_k + sγ(u_k − v_k) ) is also bounded in L_{(n−1)p0/(n−p0 )}(Γ), uniformly with respect to s ∈ [0, 1]. From this and (12.1) we deduce that ( (a_k, b_k) ) is bounded in L_{sj} × L_{tj} (Γ_1). Now Lemma 13.1 (with φ = ψ = 1) implies that the sequence (u_k − v_k) is bounded in E which, thanks to the boundedness of (v_k) in W^j_{p0} → E, contradicts ‖u_k‖ → ∞.

(ii) Thus we can assume that M_k → ∞ as k → ∞, so that

ε_k := M^{(1−t)/2} k → 0 (k → ∞) . Now we consider the diffeomorphisms φ_k := (· − x_k)/ε_k of R^n . We also put ~w_k := ε^{2/(t−1)} k φ_{k,∗}w_k , w_k ∈ {u_k, v_k} , and ~f_k(·, ξ) := ε^{2t/(t−1)} k f_{εk} (·, ε^{−2/(t−1)} k ξ) as well as ~g_k(·, ξ) := ε^{(t+1)/(t−1)} k g_{εk} (·, ε^{−2/(t−1)} k ξ) for ξ ∈ R. Then it follows from (13.17) that ~w_k satisfies A_{εk} ~w_k = ~f_k(·, ~w_k) + α_kμ_{εk} B_{εk} ~w_k = δ ( ~g_k(·, γ ~w_k) + α_kσ_{εk} ) + (1 − δ)β_k σ_{εk} in Ω_{εk} , on Γ_{εk} ,

(13.20)

where α_k := ε^{−n+2t/(t−1)} k λ_k , β_k := ε^{−n+(t+1)/(t−1)} k λ_k . Note that 2t/(t − 1) > n since t ≤ r < n/(n − 2). Also (t + 1)/(t − 1) > n since t ≤ r < n/(n − 1) < (n + 1)/(n − 1) if j = 0. Thus α_k → 0 and we can also assume that β_k → 0, since β_k is only present if j = 0. Also note that ~u_k − ~v_k ∈ C^α(Ω) and that

0 ≤ max_Ω (~u_k − ~v_k) = (~u_k − ~v_k)(0) = 1 . (13.21)

By passing to a suitable subsequence we can assume that x_k → x_∞ ∈ Ω. Now we have to distinguish between the two cases x_∞ ∈ Ω and x_∞ ∈ Γ.

(a) Suppose that x_∞ ∈ Ω and set B_R := { x ∈ R^n ; |x| < R } for R > 0. Then, given R > 0, there exists k_R such that B_{R+1} ⊂ Ω_{εk} for k ≥ k_R. Set p_j := np_0/(n − jp_0). Then ‖~v_k‖_{Lpj (BR+1)} ≤ ‖~v_k‖_{Lpj (Ωεk )} = ε^{m(t)}_k ‖v_k‖_{pj} → 0 since

m(t) := 2 t − 1 − n p_j > 2 t − 1 − n r = n t − 1 ( 1 r − t r + 2 n ) ≥ n t − 1 ( 1 r − 1 + 2 n ) > 0 . Thus (13.21) implies that the sequence (~u_k) is bounded in L_{pj} (B_{R+1}).

Denote by A_k the operator A_{εk} with its coefficients restricted to B_{R+1} and let B_k be the trace operator on ∂B_{R+1} for k ∈ N . Then ( (A_k, B_k) ) is a relatively compact sequence in E(B_{R+1}) satisfying inf_k λ_0(A_k, B_k) > 0. It follows from (13.20) that A_k(~u_k − ~v_k) = ~a_k(~u_k − ~v_k) B_k(~u_k − ~v_k) = γ(~u_k − ~v_k) in B_{R+1} , on ∂B_{R+1} ,

(13.22)

where ~a_k :=

∫_1 0 (∂_2 ~f_k)^♮ ( ~v_k + s(~u_k − ~v_k) ) ds .

Observe that ∂_2 ~f_k(·, ξ) = ε^2_k∂_2f_{εk} (·, ε^{−2/(t−1)}_k ξ) , ξ ∈ R . Hence we deduce from (1.11) that |∂_2 ~f_k(·, ξ)| ≤ ε^2_kc ( 1 + ε^{−2}_k |ξ|^{t−1} ) ≤ c(1 + |ξ|^{r−1}) , x ∈ R , (13.23)

for k ∈ N . Thus the boundedness of the sequences (~u_k) and (~v_k) in L_{pj} (B_{R+1}) implies that (~a_k) is bounded in L_{sj} (B_{R+1}). Fix φ, ψ ∈ D(B_{R+1}) such that ψ | supp(φ) = 1 and φ|B_R = 1. Since ( ψ(~u_k − ~v_k) ) is bounded in L_r(B_{R+1}) we deduce from (13.22) and Lemma 13.1 (by observing that the boundary values do not play any rôle in this argument) that ( φ(~u_k − ~v_k) ) is bounded in C^α(B_{R+1}). Consequently, the sequence (~u_k − ~v_k) is bounded in C^α(B_R). Since the latter space is compactly embedded in C(B_R) we can assume, by passing to a suitable subsequence, that (~u_k − ~v_k) converges in C(B_R) to some w. Since ~v_k → 0 in L_r(B_R) it follows that ~u_k → w in L_r(B_R), hence in L_t(B_R). This implies, thanks to (1.11), that ~f_k(·, ~u_k) = f(x^k + ε^k·, M^k ~u^k) (M_k ~u_k)^t ~u^t_k → ℓ(x_∞)w^t in L_1(B_R). Thus, by passsing to the limit in the very weak, resp. weak, formulation of A_k ~u_k = ~f_k(·, ~u_k) + α_kμ_{εk} using test functions φ ∈ D(B_R) only, we see that

A_∞w = ℓ(x_∞)w^t (13.24)

in D^′(B_R), where A_∞v := −∇ · ( a(x_∞)∇v ) . Letting R → ∞ it follows that (13.24) holds in D^′(R^n ). It also follows that w ∈ C(R^n ) with w ≥ 0 and w(0) = 1. Thus w is a positive solution of (13.24) belonging to C^2(R^n ) which, after employing a linear change of variables, contradicts [18, Theorem 1.1].

(b) Suppose that x_∞ ∈ Γ. By a smooth change of variables we can assume that x_∞ = 0 and that Ω is a neighborhood of zero in the closure of the halfspace H^n := { x ∈ R^n ; x^n > 0 }. Set

Q_R := { (y, x^n) ∈ R^{n−1} × R ; |y| < R, 0 < x^n < R } , R > 0 . Also put ⃗e := (0, . . . , 0, 1) ∈ R^n and η_k := x^n_k /ε_k ≥ 0. Let R > 0 be fixed, choose a smooth domain Ω_R such that

Q_{R+1} ∩ H^n ⊂ Ω_R ⊂ Q_{R+2} ,

and set Ω_{R,k} := Ω_R − η_k⃗e. By extending d ∈ C^1(R^{n−1} ) to a C^1-function on R^n we can assume that B_{εk} is well-defined on ∂Ω_{R,k}. Fix d_0 ∈ C^1(∂Ω_R) with d_0 > 0 and having its support contained in ∂Ω_R ∩ H^n . Define B_k to be B_{εk} + δd_0(· + η_k⃗e)γ and observe that (A_k, B_k) ∈ E(Ω_{R,k}) for k ∈ N . Define a linear automorphism ψ_k of R^n by ψ_k(x) := x + η_k⃗e and note that φ_k(Ω_{R,k}) = Ω_R. It is easily verified that ( (ψ_{k,∗}A_k, ψ_{k,∗}B_k) ) k∈N is a relatively compact sequence in E(Ω_R) satisfying inf_k λ_0(ψ_{k,∗}A_k, ψ_{k,∗}B_k) > 0.

There exists k_R such that ~u_k and ~v_k are well-defined on Ω_{R,k} for k ≥ k_R and satisfy (13.20) on Ω_{R,k}.

(i) Suppose that lim η_k = 0. Then, by passing to a suitable subsequence, we can assume that η_k → 0. Thus Ω_{R,k} → Ω_R as k → ∞.

Assume that x_∞ = 0 ∈ Γ_0. In this case an obvious modification of the arguments of step (a) shows that

A_∞u = ℓ(0)u^t in H^n , u = 0 on ∂H^n

possesses a positive solution in C^2(H^n). Hence we arrive once more at a contradiction to [18, Theorem 1.1].

Thus suppose that 0 ∈ Γ_1. Since (13.20) is valid on Ω_{R,k} it follows that A_k(~u_k − ~v_k) = ~a_k(~u_k − ~v_k) B_k(~u_k − ~v_k) = ~b_kγ(~u_k − ~v_k) in Ω_{R,k} , on ∂Ω_{R,k} ∩ ∂H^n , (13.25)

where ~b_k :=

∫_1 0 (∂_2~g_k)^♮ ( γ~v_k + sγ(~u_k − ~v_k) ) ds . Observe that ∂_2~g_k(·, ξ) = ε_k∂_2g_{εk} (·, ε^{−2/(t−1)}_k ξ) , ξ ∈ R . Hence we deduce from (12.1) that |∂_2~g(·, ξ)| ≤ ε_kc ( 1 + ε^− 2(ρ−1) t−1 k |ξ|^{ρ−1} ) ≤ c(1 + |ξ|^{ρ−1}) , ξ ∈ R , (13.26)

thanks to ρ < (t + 1)/2.

First suppose that j = 1. Since (v_k) is bounded in W^1_{p0} it follows that (γv_k) is bounded in L_{(ρ−1)t1} (Γ). Note that ‖γ~v_k‖_{L(ρ−1)t1 (∂ΩR,k ∩∂H}n_{−ηk⃗e)} ≤ ε^{n(t)}_k ‖γv_k‖_{L(ρ−1)t1 (Γ)} with

n(t) := 2 t − 1 − n − 1 (ρ − 1)t_1 = 2 t − 1 − n ( 1 p_0 − 1 n ) > 2 t − 1 − n r > 0 . Consequently, ( ψ_{k,∗}(γ~v_k) ) is bounded in L_{(ρ−1)t1} (B_{R+1} ∩ ∂H^n ). It follows from (13.21) that ( ψ_{k,∗}(γ~u_k) ) is bounded in L_{(ρ−1)t1} (B_{R+1} ∩ ∂H^n ) as well.

Thus we deduce from (13.26) that (ψ_{k,∗}~b_k) is bounded in L_{t1} (B_{R+1} ∩ ∂H^n ). The arguments of step (a) show that (ψ_{k,∗}~a_k) is bounded in L_{s1} (Ω_R).

Fix φ, ψ ∈ C^3(Ω_R) such that ψ | supp(φ) = 1 and φ|Q_R = 1, and such that φ vanishes on ∂Ω_R ∩ H^n . Then ( φψ_{k,∗} ( ~a_k(~u_k − ~v_k) )) is bounded in L_{s1} (Ω_R), hence in W^{−1}_{p,Bk} (Ω_R), provided 1 p ≥ (r − 1) ( 1 p_0 − 1 n ) − 1 n . (13.27)

Similarly, it follows that ( φψ_{k,∗} (~ b_kγ(~u_k − ~v_k) )) is bounded in L_{t1} (∂Ω_R), hence in W^{−1/p}p (∂Ω_R), provided 1 p ≥ n − 1 n 1 t_1

= (ρ − 1) ( 1 p_0 − 1 n ) . (13.28)

Note that (r − 1) ( 1 p_0 − 1 n ) − 1 n < 1 − 1 r − 1 n < 1 n and that (ρ − 1) ( 1 p_0 − 1 n ) < ρ − 1 r ≤ 1 − 1 n − 1 r < 1 n . Thus we can fix p > n satisfying (13.27) and (13.28). Now (13.25) and Theorem 3.1 imply that ( φψ_{k,∗}(~u_k − ~v_k) ) is bounded in W^1_p (Ω_R), thus in C^β (Ω_R) with β := 1 − n/p > 0. Consequently, ( ψ_{k,∗}(~u_k − ~v_k) ) is bounded in C^β(Q_R).

By selecting a subsequence we can assume that ( ψ_{k,∗}(~u_k − ~v_k) ) converges in C(Q_R) to some w. Now we see, as in step (a), that w satisfies (13.24) in D^′(Q_R).

Observe that |~g_k(·, γ~u_k)| ≤ c ( ε^{(t+1)/(t−1)} k + ε^{(t+1−2ρ)/(t−1)} k |γ~u_k|^ρ ) . (13.29)

Also note that ( ψ_{k,∗}(γ~u_k) ) is bounded in L_{(ρ−1)t1} (B_{R+1} ∩ ∂H^n ), hence in L_ρ(B_{R+1} ∩ ∂H^n ). Thus, since 2ρ < t + 1, we infer from (13.29) and the weak formulation of (13.20) with ~w_k := ~u_k, pushed forward to Ω_R, using test functions which vanish in a neighborhood of ∂Ω_R ∩ H^n that

B_∞w = 0 on Q_R ∩ ∂H^n ,

where B_∞ := ⃗ν · γ ( a(0)∇· ) . Finally, by letting R → ∞ we see that

A_∞w = ℓ(0)w^t in H^n , B_∞w = 0 on ∂H^n . (13.30)

By standard regularity theory w ∈ C^2(H^n), and w ≥ 0 with w(0) = 1. Suppose that j = 0. In this case g = 0 and it is obvious that we are led to problem (13.30) as well.

By employing an obvious linear change of coordinates in (13.30) we arrive at a contradiction to [10, Corollary 2.1].

(ii) Suppose that lim η_k = ∞. By selecting a suitable subsequence we can assume that η_k → ∞. In this case Ω_{R,k} contains B_{R+1} for all sufficiently large k. Now we reach a contradiction by modifying the arguments of (a) in an obvious way.

(iii) Lastly, assume that 0 < lim η_k ≤ lim η_k < ∞. By going to a subsequence we can assume that η_k → η for some η > 0. Then, by modifying the arguments of step (i) suitably, we once more obtain a positive classical solution of (13.30), hence a contradiction.

This shows that our hypothesis that ‖u_k‖ → ∞ cannot be sustained. Hence the lemma has been proven. □ Lemma 13.3. Let assumptions (1.11) and (12.1) be satisfied and fix T > 0. Then the set of all positive solutions of Au = f(x, u) + τφ in Ω , Bu = δg(x, u) on Γ , 0 ≤ τ ≤ T , (13.31)_τ is bounded in E.

Proof. By Sobolev’s embedding and the Krasnosel’skii-Vainberg theorem we infer from the commutativity of the diagrams E Lr

M(Ω ∪ Γ_1) L_1 F f^♮

and W^1_{p•} W^{1−1/p•}_{p•} (Γ) L_{r/1}∗ (Γ)

M(Γ_1) L_1(Γ_1) L_{r/1}∗_ρ(Γ1) γ δG δg^♮

and from Theorem 4.3 that (A, B)^{−1}(F + τφ, δG) ∈ C(E, W^{2−}_1 ) , (13.32) and that this map is bounded on bounded sets, uniformly with respect to τ ∈ [0, T ]. Now suppose that p_• < p < n and put p^∗ := np/(n − p). Then

W^1_p L_p∗

L_p∗_{/r} F f^♮ γ W^1_p W^{1−1/p}_p L_p∗_{/1}∗ (Γ)

L_p∗_{/r}(Γ_1) L_p∗_{/1}∗_ρ(Γ_1) δG δg^♮ and Theorem 2.3 imply that (A, B)^{−1}(F, δG) maps W^1_p continuously and boundedly into W^s_{p∗ /r} for s < 1 + r/p^∗. From this we infer that

(A, B)^{−1}(F + τφ, δG) ∈ C(W^1_p , W^1_π ) (13.33)

whenever 1/π > r/1^∗p^∗, and that this map is bounded on bounded sets, uniformly with respect to τ ∈ [0, T ].

Note that 1 p − r 1^∗p^∗ = 1 p − ( 1 − 1 n )( 1 p − 1 n ) r = r p ( 1 r − 1 + 2 n ) − r n ( 1 p − 1 + 1 n )

> r n [( 1 r − 1 + 2 n ) − ( 1 p − 1 + 1 n )] . Put β := r(1/r − 1 + 2/n)/2n and ε_0 := (1/r − 1 + 2/n)/2. Then it follows from the last estimate that we can choose 1/π > r/1^∗p^∗ such that 1 π < 1 p − β , 1 p := 1 − 1 n + ε , 1 n − 1 < ε ≤ ε_0 . (13.34)

From (13.32) and Corollary 4.2 we infer that each solution of (13.31)_τ belongs to W^1_{p0} , where 1/p_0 := 1 − 1/n + ε_0 < 1/p_•. Hence we deduce from (13.33) and (13.34) in finitely many steps that each solution of (13.31)_τ belongs to W^1_q for a suitable q > n, hence to C^α(Ω) for an appropriate α > 0. Furthermore, if the solution set is bounded in C(Ω), uniformly with respect to τ ∈ [0, T ], then its image under (f^♮, δg^♮) is bounded in L_1 × L_1(Γ_1), also uniformly with respect to τ ∈ [0, T ]. Then the arguments leading to (13.32) show that the solution set is bounded in E, uniformly with respect to τ ∈ [0, T ].

Now we can proceed by contradiction. Thus suppose that the assertion is false. Then there exist (u_k, τ_k) ∈ E × [0, T ] such that u_k is a positive solution of (13.31)_τ and ‖u_k‖ → ∞ as k → ∞. By the preceding considerations we know that u_k ∈ C(Ω) and we can assume that M_k := max_Ω u_k → ∞ as k → ∞. Now an obvious modification of part (ii) of the proof of Lemma 13.2 leads to a contradiction, thus proving the assertion. □

14. General Existence and Multiplicity Results. Finally, we prove the main result of this paper concerning semilinear parameter-dependent BVPs whose prototypes are problems (1.1) and (1.2).

We suppose that (A, B) ∈ E and (μ, σ) ∈ M with (μ, σ) > 0. Then we consider the problem Au = f(x, u) + λμ in Ω , Bu = δg(y, u) + λσ on Γ (14.1)_λ for λ ∈ R^+ , where f and g are Carathéodory functions being continuously differentiable with respect to the second variable and satisfying the growth restrictions |∂_2f(x, ξ)| ≤ c ( 1+|ξ|^{r−1} ) , |∂_2g(y, ξ)| ≤ c ( 1+|ξ|^{ρ−1} ) , ξ ∈ R , (14.2)

for a.a. (x, y) ∈ Ω × Γ, where r and ρ obey (1.8) and (1.9). We suppose that ( f(x, 0), g(y, 0) ) = (0, 0) , a.a. (x, y) ∈ Ω × Γ , (14.3)

and that there exists (ω, ω_Γ) ≥ (0, 0) such that

∂_2f(x, ·) ≥ −ω , ∂_2g(y, ·) ≥ −ω_Γ , a.a. (x, y) ∈ Ω × Γ . (14.4)

Lastly, we suppose that

λ_0 ( A − ∂_2f(·, 0), B − δ∂_2g(·, 0)γ ) > 0 , (14.5)

and we put α_0 := λ_0(A, B + δω_Γγ).

Theorem 14.1. Let the above hypotheses be satisfied. Then the assertions of Theorem 1.2 are true for problem (14.1)_λ.

If, in addition, assumption (1.11) is fulfilled then the assertions of Theorem 1.3 hold for problem (14.1)_λ as well.

Proof. Fix ~ω > ( −λ_0(A, B) ) ∨ ω and put ( ~A, ~B) := (A + ~ω, B + δω_Γγ). Also set ~f(·, ξ) := f(·, ξ) + ~ωξ and ~g(·, ξ) := g(·, ξ) + ω_Γξ for ξ ∈ R. Then problem (14.1)_λ is equivalent to ~Au = ~f(x, u) + λμ in Ω , ~Bu = δ~g(x, u) + λσ on Γ , (14.6)_λ and λ_0( ~A, ~B) = λ_0(A, B + δω_Γγ) + ~ω ≥ λ_0(A, B) + ~ω > 0 , (14.7)

thanks to Remark 5.2(c). It is an immediate consequence of (14.2)–(14.4) that ( ~f, ~g) satisfies condition (12.1) with α := ~ω − ω. If f(·, ξ) ≥ α_0ξ − β then (14.7) implies ~f(·, ξ) ≥ λ_0( ~A, ~B)ξ − β , ξ ∈ R^+ . (14.8) Thus the validity of the assertions of Theorem 1.2 for problem (14.1)_λ follows by applying Theorem 11.1, Lemma 12.3, and Remark 12.4(c) to problem (14.6), taking into consideration that ~A − ∂_2 ~f(·, 0) = A − ∂_2f(·, 0) and ~B − δ∂_2~g(·, 0)γ = B − δ∂_2g(·, 0)γ.

If f satisfies (1.11) then it is clear that ~f satisfies (1.11) as well. Hence we infer from Lemma 13.2 that, given λ^• ∈ Λ, the set of all solutions of (14.6)_λ with 0 ≤ λ ≤ λ^• is bounded in E. Lemma 13.3 guarantees that, given T > 0, the set of all positive solutions of ~Au = ~f(x, u) + τφ in Ω , ~Bu = δ~g(x, u) on Γ , 0 ≤ τ ≤ T , is bounded in E. Clearly, hypothesis (1.11) implies the validity of (14.8). Hence we infer from the proof of Theorem 11.1 that the assumptions of Proposition 8.3 are satisfied in the present situation. Now the second part of the assertion follows from Corollary 8.4, Lemma 12.3, Remarks 12.4, and Lemma 12.5. □

Remark 14.2. It is clear from the above proof that the first part of Theorem 14.1 remains valid if (14.2) is replaced by |f(x, ξ)| ≤ c ( 1 + |ξ|^r ) , |g(y, ξ)| ≤ c ( 1 + |ξ|^ρ ) , ξ ∈ R , for a.a. (x, y) ∈ Ω × Γ, and if (f, g) is only supposed to be differentiable at ξ = 0. □

Proof of Theorem 1.2. Put (A, B) := ( −Δ, δ∂_{νa} + (1 − δ)γ ) . Then

λ_0 ( A − ∂_2f(·, 0), B − δ∂_2g(·, 0)γ ) > λ_0(A − α_0, B) = 0

by the last part of assumption (1.10). Thus condition (1.10) implies the validity of (14.3)–(14.5). Consequently, the assertion follows from the first part of Theorem 14.1. □

15. Existence of Solutions for λ = λ^∗. Lastly, we consider the question whether λ^∗ belongs to Λ. It is well-known from the theory of classical elliptic BVPs that this is not the case, in general (cf. [3]).

For convenience, we restrict ourselves to a simple situation and leave it to the reader to study more general cases.

Theorem 15.1. Suppose that g = 0, and let assumptions (14.3)–(14.5) and (1.11) be satisfied. Also suppose that σ |Γ_0 = 0, and let t < 2/(n − 2). Then λ^∗ ∈ Λ. If f(x, ·) is strictly convex for a.a. x ∈ Ω then problem (14.1)_λ∗ is uniquely solvable.

Proof. By passing to the equivalent problem (14.6)_λ we can assume that λ_0(A, B) > 0. Put w := (A, B)^{−1}(μ, σ) ∈ W^{2−}_1 . (15.1) Then u is a solution of (14.1)_λ iff

A(u − λw) = f(x, u) in Ω , B(u − λw) = 0 on Γ . (15.2)_λ

If u ∈ E then we infer from t < 2/(n − 2) that f^♮(u) ∈ L_p for some p > n/2. Hence (15.2)_λ, A^{−1} ∈ L(L_p, W^2_p ), and W^2_p → C^α, where α := 2 − n/p, imply that u − λw ∈ C^α(Ω) whenever u is a solution of (14.1)_λ.

Recall that Theorem 14.1 guarantees λ^∗ < ∞. Let (λ_k) be a sequence in Λ. Put u_k := u_{λk} and M_k := max_Ω(u_k − λ_kw) ≥ 0 for k ∈ N and suppose that ‖u_k‖ → ∞. Then ‖u_k‖_r → ∞ and it follows from ‖u_k‖_r ≤ ‖u_k − λ_kw‖_r + ‖λ_kw‖_r ≤ |Ω|^{1/r} M_k + λ^∗ ‖w‖_r that M_k → ∞. Now part (ii) of the proof of Lemma 13.2 leads to contradictions. This proves that { u_λ ; 0 < λ < λ^∗ } is bounded in E, and Theorem 8.1 guarantees that λ^∗ ∈ Λ.

The uniqueness assertion follows from Remark 12.4(b). □

Remark 15.2. There are other conditions guaranteeing that λ^∗ ∈ Λ. For example, if Ω is convex and supp(μ) ⊂⊂ Ω then problem (1.12) is solvable for λ = λ^∗ if 1 < r < n/(n − 2).

Proof. Thanks to Theorem 8.1 we have to establish the boundedness of { u_λ ; λ ∈ Λ } in E. Due to Theorem 4.3, it is sufficient to find L_r-estimates for the solutions u := u_λ. Testing (1.12) with φ yields L_r(K)-estimates for any compact set K ⊂ Ω. Since u is a solution of the equation −Δu = u^r in Ω_ε := { x ∈ Ω ; dist(x, Γ) < ε } for ε > 0 small, the results of Gidas, Ni and Nirenberg [17] imply ∂_ν u(x − tν) < 0 for t < ε/2 and x ∈ Γ. Hence ∫ Ω_{ε/4} u^r dx ≤ c ∫ Ω\Ω_{ε/4} u^r dx . We refrain from giving details. □

Acknowledgement. This research has been supported in part by Swiss National Science Foundation and by VEGA Grant 1/4190/97.

References

[1] D.R. Adams, M. Pierre, Capacitary strong type estimates in semilinear problems, Ann. Inst. Fourier 41 (1991), 117–135.

[2] N.E. Alaa, M. Pierre, Weak solutions of some quasilinear elliptic equations with data measures, SIAM J. Math. Anal. 24 (1993), 23–35.

[3] H. Amann, Fixed point equations and nonlinear eigenvalue problems in ordered Banach spaces, SIAM Review 18 (1976), 620–709.

[4] H. Amann, Dual semigroups and second order linear elliptic boundary value problems, Israel J. Math. 45 (1983), 225–254.

[5] H. Amann, Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems, Function Spaces, Differential Operators and Nonlinear Analysis, H.J. Schmeisser, H. Triebel, editors, 1993, pp. 9–126.

[6] H. Amann, Linear and Quasilinear Parabolic Problems, Volume II: Function Spaces and Linear Differential Operators, in preparation, 1999.

[7] H. Amann, J. López-Gómez, A priori bounds and multiple solutions for superlinear indefinite elliptic problems, J. Diff. Equ., in print.

[8] P. Baras, M. Pierre, Critère d’existence de solutions positives pour des équations semi-linéaires non monotones, Analyse Non Linéaire, Ann. Inst. H. Poincaré 2 (1985), 185–212.

[9] P. Bénilan, H. Brézis, M. Crandall, A semilinear elliptic equation in L^1(R^n ), Ann.

Scuola Norm. Sup. Pisa, Ser. IV 2 (19975), 523–555.

[10] H. Berestycki, I. Capuzzo-Dolcetta, L. Nirenberg, Superlinear indefinite elliptic problems and nonlinear Liouville theorems, Top. Meth. in Nonl. Anal. 4 (1994), 59–78.

[11] L. Boccardo, Problemi differenziali ellittici e parabolici con dati misure, Boll. UMI (7) 11-A (1997), 439–461.

[12] H. Brézis, W.A. Strauss, Semi-linear second-order elliptic equations in L^1, J. Math.

Soc. Japan 25 (1973), 565–590.

[13] E. Casas, Boundary control of semilinear elliptic equations with pointwise state constraints, SIAM J. Control and Optimization 31 (1993), 993–1006.

[14] B. de Pagter, Irreducible compact operators, Math. Z. 192 (1986), 149–153. [15] G. Dolzmann, N. Hungerbühler, S. Müller, The p-harmonic system with measurevalued right hand side, Analyse Non Linéaire, Ann. Inst. H. Poincaré 14 (1997), 353–364.

[16] G. Dolzmann, N. Hungerbühler, S. Müller, Non-linear elliptic systems with measurevalued right hand side, Math. Z. 226 (1997), 545–574.

[17] B. Gidas, W. Ni, L. Nirenberg, Symmetry and related properties by the maximum principle, Comm. Math. Phys. 68 (1979), 209–243.

[18] B. Gidas, J. Spruck., Global and local behavior of positive solutions of nonlinear elliptic equations, Comm. Pure Appl. Math. 34 (1981), 525–598.

[19] B. Gidas, J. Spruck., A priori bounds for positive solutions of nonlinear elliptic equations, Comm. Partial Diff. Equ. 6 (1981), 883–901.

[20] M.A. Krasnosel’skii, Positive Solutions of Operator Equations, Noordhoff, Groningen, 1964.

[21] J. Liang, J.F. Rodrigues, Quasilinear elliptic problems with nonmonotone discontinuities and measure data, Portugaliae Math. 53 (1996), 239–252.

[22] J.-L. Lions, E. Magenes, Problemi ai limiti non omogenei (I–VII), Ann. Scuola Norm. Sup. Pisa (I) 14 (1960), 259–308; (III) 15 (1961), 39–101; (IV) 15 (1961), 311– 326; (V) 16 (1962), 1–44. Ann. Inst. Fourier (II) 11 (1961), 137–178. J. d’Analyse Math. (VI) 11 (1963), 165–188. Ann. Mat. Pura Appl. 4 (VII) 63 (1963), 201–224.

[23] J. López-Gómez, The maximum principle and the existence of principal eigenvalues for some linear weighted boundary value problems, J. Diff. Equ. 127 (1996), 263–294.

[24] A. Malusa, L. Orsina, Existence and regularity results for relaxed Dirichlet problems with measure data, Ann. Mat. Pura Appl. (4) CLXX (1996), 57–87.

[25] M. Marcus, L. Veron, The boundary trace of positive solutions of semilinear elliptic equations, Calculus of Variations, Applications, And Computations And Elliptic And Parabolic Problems. Pont-à-Mousson 1997, H. Amann et al., editors, Pitman Research Notes in Math., Longman Sci. & Tech., 1998.

[26] J.M. Rakotoson, Properties of solutions of quasilinear equations in a T -set when the datum is a Radon measure, Indiana Univ. Math. J. 46 (1997), 247–297.

[27] H.H. Schaefer, Topological Vector Spaces, Springer Verlag, New York, 1971. [28] R. Spielmann, A semilinear elliptic equation with Dirac measure as right-hand side, Z. Anal. Anwendungen 16 (1997), 919–943.

[29] G. Stampacchia, Le problème de Dirichlet pour les équations elliptiques du second order à coefficients discontinus, Ann. Inst. Fourier 15 (1965), 189–258.

[30] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, North Holland, Amsterdam, 1978.

[31] L. Veron, Singularities of Solutions of Second Order Quasilinear Equations, Pitman Research Notes in Math., #353, Longman Sci. & Tech., 1996.