Maximal regularity and quasilinear evolution equations Herbert Amann

1. Abstract theory

Let E_0 and E_1 be Banach spaces such that E_1^d→ E_0, set J := J_{T0} := [0, T_0) for some fixed positive T_0, and suppose that 1 < p < ∞. Put

W^1_p (J) := W^1_p ( J, (E_1, E_0) ) := L_p(J, E_1) ∩ W^1_p (J̊, E_0).

Then B ∈ L_∞ ( J, L(E_1, E_0) ) possesses the property of maximal L_p regularity on J with respect to (E_1, E_0) if the map W^1_p (J) → L_p(J, E_0) × E, u → ( u̇ + Bu, u(0) ) is a bounded isomorphism, where E is the real interpolation space (E_0, E_1)_{1/p}′_{,p} and the overdot denotes the distributional derivative on J̊. Since (e.g., [1, Theorem III.4.10.2]) W^1_p (J) → C(J, E), (1) u(0) is well defined. The set of all such maps B is denoted by

MR_p(J) := MR_p ( J, (E_1, E_0) ) . We also write MR := MR(E_1, E_0) for the set of all C ∈ L(E_1, E_0) such that the constant map t → C belongs to MR_p(J). Since the latter property is independent of p and the (bounded) interval (e.g., [3]), this notation is justified.

We are interested in quasilinear evolution equations of the form

u̇ + A(u)u = f(u) on J̊, u(0) = u^0. (2)

By a solution on J_T , where 0 < T ≤ T_0, we mean a u ∈ W^1_{p,loc} (J_T ) satisfying (2) in the sense of distributions on J̊_T or, equivalently, a.e. on J_T .

Henceforth, we write C^{1−} for spaces of locally Lipschitz continuous maps, and C^{1−} if the Lipschitz continuity is uniform on bounded subsets of the domain (which is always the case if the latter is finite dimensional).

Due to (1) it is natural to assume that

(A, f) ∈ C^{1−} ( E, L(E_1, E_0) × E ) . (3)

Indeed, this type of assumption has been used in practically all investigations of (2). In particular, Clément and Li [11] were the first to study (2) — in a concrete setting — by imposing the maximal regularity hypothesis that A(e) ∈ MR for each e ∈ E. Recently, Prüss [13] has extended this method to a nonautonomous abstract setting.

An assumption like (3) uses only part of the information contained in the statement: u ∈ W^1_p (J). Consequently, it imposes stronger restrictions on (A, f) than the hypothesis that this map be defined on W^1_p (J), which, after all, is the space in which solutions live.

Considering a map

(A, f) : W^1_p (J) → L_∞ ( J, L(E_1, E_0) ) × L_p(J, E_0)

we say that it possesses the Volterra property if, given u ∈ W^1_p (J) and 0 < T < T_0, the restriction of (A, f)(u) to J_T depends on u|J_T only. Now we can formulate our main result, whose proof is found in [2].

Theorem Suppose that • A ∈ C^{1−} ( W^1_p (J), MR_p(J) ) ; • f − f(0) ∈ C^{1−} ( W^1_p (J), L_r(J, E_0) ) for some r ∈ (p, ∞], and f(0) ∈ L_p(J, E_0);

• (A, f) possesses the Volterra property; • u^0 ∈ E. Then:

• there exist a maximal T^∗ ∈ (0, T_0] and a unique solution u of (2) on J^∗ := J_T ∗ ; • the map (A, f, u^0) → u is locally Lipschitz continuous with respect to the natural Fréchet topologies of the spaces occurring above;

• if u ∈ W^1_p (J^∗), then J^∗ = J, that is, u is global.

The following proposition gives two important sufficient conditions for maximal regularity in the nonautonomous case.

Proposition (i) If B ∈ C(J, MR), then B ∈ MR_p(J).

(ii) Let V^d→ H^d→ V^′ be real Hilbert spaces and let B ∈ L_∞ ( J, L(V, V^′) ) be such that there exist constants α > 0 and β ≥ 0 with ⟨ v, B(t)v ⟩ + β ‖v‖^2_H ≥ α ‖v‖^2_V , a.a. t ∈ J, v ∈ V,

where ⟨·, ·⟩ : V × V^′ → R is the duality pairing. Then B ∈ MR_2 ( J, (V, V^′) ) . Proof (i) has been shown in [14] by constructing an evolution family. A simple direct proof is given in [3].

(ii) is a consequence of the well known Galerkin approach to evolution equations in a variational setting, essentially due to J.-L. Lions (see [2] for details). ■

2. Applications

To give an idea of the scope of the Theorem we consider two model problems. For this we suppose that

• Ω is a bounded Lipschitz domain; • a ∈ C^{1−}(R, R) and a(ξ) ≥ α > 0 for ξ ∈ R.

We also set Q := Ω × J and Σ := ∂Ω × J.

Example 1 (nonlocal problems) Let a_0, m ∈ L_∞(Ω) and 1 ≤ λ < 1 + 4/n. Denote by Ω^′ a measurable subset of Ω. Then the nonlocal parabolic problem

∂_tu − ∇ · ( a ( m ∫ Ω^′ u(x, ·) dx ) ∇u ) = a_0 |u|^{λ−1} u + f_0 on Q, u = 0 on Σ, u(·, 0) = u^0 on Ω, has for each f_0 ∈ L_2(Q) and u^0 ∈ L_2(Ω) a unique maximal weak solution u. If f_0 and u^0 are positive, then so is u. It is global if a is bounded and a_0 ≤ 0. ■

By a maximal weak solution we mean, of course, a

u ∈ W^1_{2,loc} ( J^∗, (˚ H^1(Ω), H^{−1}(Ω) )) satisfying u(0) = u^0 and

⟨v, u̇⟩ + ⟨ ∇v, a ( m ∫ Ω^′ u(x, ·) dx ) ∇u ⟩ = ⟨ v, a_0 |u|^{λ−1} u + f_0 ⟩ a.e. on J^∗ and for every v ∈ D(Ω).

We mention that an application of the results in [13], based on hypothesis (3), would require λ = 1.

Problems of this type have been intensively studied by M. Chipot and coworkers (cf. [4]–[10] and [15]–[18]). More precisely, in those papers the differential equations are either of the form ∂_tu − a ( ⟨v, u⟩ ) Δu = f_0, where v ∈ L_2(Ω), or they are semilinear with nonlocal lower order terms. (The Laplace operator can be replaced by a general second order elliptic operator.) It is crucial that a ( ⟨v, u(·, t)⟩ ) is a pure function of t, that is, independent of x ∈ Ω.

The proofs, except the ones in [18], rely on Schauder’s fixed point theorem and are completely different from our approach.

Example 2 (equations with memory) Assume that Ω has a C^2 boundary, that b, f ∈ C^{1−}(R, R), that k ∈ L_ρ(R^+ , R) for some ρ > 1, and μ is a bounded Radon measure on [0, ∞) with supp μ ⊂ [0, S) for some 0 < S ≤ ∞. Also suppose that 2/p + n/q < 1. Then

∂_tu − ∇ · ( a(μ ∗ u)∇u ) + k ∗ ( ∇ · (b(u)∇u) ) = f(u) + f_0 on Q, u = 0 on Σ, u = u on Ω × (−S, 0],

has for each f_0 ∈ L_p ( J, H^{−1}_q (Ω) ) and each

u ∈ W^1_p ( (−S, 0), (˚ H^1(Ω), H^{−1}(Ω) )) a unique maximal weak solution

u ∈ W^1_{p,loc} ( (−S, T^∗), (˚ H^1_q (Ω), H^{−1}_q (Ω) )) . (4)

If there exists r > 0 such that supp μ ⊂ [r, S), then the unique maximal weak solution in (4) of

∂_tu − ∇ · ( a(μ ∗ u)∇u ) = f_0 on Q, u = 0 on Σ with u|(−S, 0] = u is global. ■

Choosing for μ the Dirac measure supported on {r} for some r > 0, it follows that the retarded quasilinear parabolic problem

∂_tu − ∇ · ( a ( u(t − r) ) ∇u ) = f_0 on Q, u = 0 on Σ,

has for each f_0 ∈ L_p ( J, H^{−1}_q (Ω) ) and each u ∈ W^1_p ( (−S, 0], (˚ H^1_q (Ω), H^{−1}_q (Ω) )) , where S > r, a unique global weak solution in (4) (with T^∗ = T ).

It should be remarked that problems like the one of Example 2 cannot be treated at all by theorems invoking hypotheses of type (3).

There is a large literature on parabolic equations involving delays and memory terms. However, most of it concerns semilinear equations. Very little seems to be known about an L_p theory for quasilinear equations with memory terms in the top order part (see [12] and the references therein, and [19]). In fact, we do not know of any result for quasilinear equations in which (nondistributed) delay terms occur within the diffusion matrix.

For proofs of the above facts and many more examples we refer to [2].

References

[1] H. Amann. Linear and Quasilinear Parabolic Problems, Volume I: Abstract Linear Theory.

Birkhäuser, Basel, 1995.

[2] H. Amann. Maximal regularity and local, nonlocal, and retarded quasilinear parabolic problems, 2004. In preparation.

[3] H. Amann. Maximal regularity for nonautonomous evolution equations. Adv. Nonl. Studies, (2004).

[4] N.H. Chang, M. Chipot. On some model diffusion problems with a nonlocal lower order term. Chinese Ann. Math. Ser. B, 24(2) (2003), 147–166.

[5] M. Chipot. Elements of nonlinear analysis. Birkhäuser Advanced Texts: Basler Lehrbücher.

[Birkhäuser Advanced Texts: Basel Textbooks]. Birkhäuser Verlag, Basel, 2000. [6] M. Chipot, B. Lovat. Some remarks on nonlocal elliptic and parabolic problems. Nonlinear Anal., 30(7) (1997), 4619–4627.

[7] M. Chipot, B. Lovat. On the asymptotic behaviour of some nonlocal problems. Positivity, 3(1) (1999), 65–81.

[8] M. Chipot, B. Lovat. Existence and uniqueness results for a class of nonlocal elliptic and parabolic problems. Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal., 8(1) (2001), 35–51.

[9] M. Chipot, L. Molinet. Asymptotic behaviour of some nonlocal diffusion problems. Appl.

Anal., 80(3-4) (2001), 279–315.

[10] M. Chipot, A. Rougirel. On some class of problems with nonlocal source and boundary flux.

Adv. Differential Equations, 6(9) (2001), 1025–1048.

[11] Ph. Clément, S. Li. Abstract parabolic quasilinear equations and application to a groundwater flow problem. Adv. Math. Sci. Appl., 3(Special Issue) (1993/94), 17–32.

[12] J. Prüss. Quasilinear parabolic Volterra equations in spaces of integrable functions. In Semigroup theory and evolution equations (Delft, 1989), volume 135 of Lecture Notes in Pure and Appl. Math., pages 401–420. Dekker, New York, 1991.

[13] J. Prüss. Maximal regularity for evolution equations in L_p-spaces. Conf. Semin. Mat. Univ.

Bari, (285) (2002), 1–39 (2003).

Maximal regularity and quasilinear evolution equations 5

[14] J. Prüss, R. Schnaubelt. Solvability and maximal regularity of parabolic evolution equations with coefficients continuous in time. J. Math. Anal. Appl., 256(2) (2001), 405–430.

[15] A. Rougirel. Blow-up and convergence results for a one-dimensional non-local parabolic problem. Z. Anal. Anwendungen, 20(1) (2001), 93–113.

[16] A. Rougirel. A result of blowup driven by a nonlocal source term. Nonlinear Anal., 47(1) (2001), 113–122.

[17] A. Rougirel. Blow-up rate for parabolic problems with nonlocal source and boundary flux.

Electron. J. Differential Equations, (2003), No. 98, 18 pp. (electronic).

[18] M. Siegwart. Nonlocal Quasilinear Parabolic Problems. Doctoral dissertation, Universität Zürich, Switzerland, 2003.

[19] R. Zacher. Quasilinear parabolic problems with nonlinear boundary conditions. Doctoral dissertation, Universität Halle-Wittenberg, Germany, 2003.